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Preface

This Model Textbook for Mathematics Grade 9 has been developed by NBF according to the
National Curriculum of Pakistan 2022-2023. The aim of this textbook is to enhance learning
abilities through inculcation of logical thinking in leamers, and to develop higher order
thinking processes by systematically building the foundation of learning from the previous
grades. A key emphasis of the present textbook is creating real life linkage of the concepts
and methods introduced. This approach was devised with the intent of enabling students to
solve daily life problems as they grow up in the leaming curve and also to fully grasp the
conceptual basis that will be built in subsequent grades.

After amalgamation of the efforts of experts and experienced authors, this book was
reviewed and finalized after extensive reviews by professional educationists. Efforts were
made to make the contents student friendly and to develop the concepts in interesting ways.

The National Book Foundation is always striving for improvement in the quality of its
textbooks. The present textbook features an improved design, better illustration and
interesting activities relating to real life to make it attractive for young learners. However,
there is always room for improvement, the suggestions and feedback of students, teachers
and the community are most welcome for further enriching the subsequent editions of this
textbook.

May Allah guide and help us (Ameen).

Dr. Raja Mazhar Hameed
Managing Director
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REAL NUMBERS

In this unit the students will be able to:

* Recall the history of numbers.

= Recall the set of real numbers as a union of sets of rational and irrational
numbers.

Depict real numbers on the number line.

Demonstrate a number with terminating and non-terminating recurring decimals
on the number line.

Give decimal representation of rational and irrational numbers,

Know the properties of realnumbers.

Explain the concept of radicals and radicands.

Diferentiate between radical form and exponential form of an expression.
Transform an expression given in radical form to an exponential form and vice
versa.

Recall base, exponent and value.

* Apply the laws of exponents to simplify expressions with real exponents.

. 8 " 8 0

A number is an abstract idea used in counting
and measuring. A symbol which represents a
number is called a numeral, but in common
usage the word number is used for both the idea
and the symbol. In addition to their use in
counting and measuring, numerals are often
used for labels (telephone numbers), for
ordering (serial numbers), and for codes (ISBN,
i.¢. Intemational Standard Book Number). In
mathematics, the definition of number has been
extended over the vears to include such numbers
as zero, negative numbers, rational numbers,
irrational numbers, real numbers and complex
numbers.




Can you imagine a world without numbers?
In our daily conversations, our domestic activities and at our jobs, we cannot spend a single day
without using numbers. Our lives will be quite strange without involvement of numbers. In this
way one can imagine about the life of a person in the era when numbers were not discovered.

There is an interesting story regarding how humans started using numbers for the first time. The
story is about a shepherd boy who used pebbles to count his goats /sheep he sent for grazing each
day to avoid missing any. The number discovered in that way were simply the counting numbers
which are now called Natural numbers. People usually used their fingers or sticks to count
objects and were symbolized by tally marks. They counted objects by carving tally marks into
cave walls, bones, woods or stones about 30000 BC. In fact, the earliest numerals recorded so far
were simple marks for small numbers and special symbol for 10. These symbols appeared in
early Egyptians inscriptions around 3500 BC to 3000 BC.

Sumerians Contribution to Numeral System

numerals :
Around 5000 BC. Sumerian was a Great civilization settled at the |

e They were first to construct buildings. .

* They initiated modern agriculture, so they were keen about fundamental calculations.

e They depended on rise and fall of sun to estimate time, which showed that they were
keen observers of angles and geometry.

e They used cuneiforms on clay tablets.

Babylonians Contribution to Numeral System
Babylonians system of numerals based on Earlier Sumerian numeral system basically, as they

were descendants of Sumerian. They relied upon a series of cuneiform marks to represent digits.
This was a sexagesimal system of numbers (system with base 60). This concept is still in use
today as in division of time we use 60 minutes, 60 seconds eic.

Although they carried complicated algebraic calculations and knew about the concept of
nothingness but they didn't symbolize it ever rather they used a space between digits to represent
zero. It made their numbers and calculations quite ambiguous. Around Babylon, clay was
abundant so they made a lot of use of clay tablets impression with cuneiforms. The cuneiforms
and numerals occur together in some documents from about 3000 BC. They seem to have some
convention regarding the use. Cuneiform was always used for wages due while wages paid were
written in curvilinear.

Greek Contribution to Numeral System A

The early Greeks, like their predecessors Egyptians and Babylonians, also repeated units to 9 and
probably had * — ™ symbols for ten and “ O ” for 100.The Greek system of abbreviation in
numbers called Attick numerals is present in the record of 5* century BC but probably was used
much earlier. Like Babylonians and Romans, the ancient Greeks knew about nothingness but did

not symbolize the concept.

Unit-01 HReal Numbers Natiomnal Book Femenadation




Researchers had discovered that many other civilizations developed positional notation of
numbers independently including the Ancient Chinese and Aztecs.
Romans Contribution to Numeral System

Romans used tally marks on tally sticks or tally bones. Like early humans they also used V to
represent five and X for ten. Ancient Romans incorporated these symbols into their seven
symbol system. The Roman empire was very vast and this system of numerals was used thus
widely throughout Europe from early 2000 years ago to late middle ages. Like the Babylonians,
the Ancient Roman Numeral system lacked to symbolize nothingness. This system was
maintained for nearly 2000 years in commerce and scientific literature.

10100 1000 10,000 100,008 1,000,000
IN 8 & + ©- X
Egyptian hieroglyphic numerals, 3300 B.C.

iv.

vi.
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Discovery of Zero (the sooper Hero)
Historians believed that Mayans living in central America used the idea of zero in their calendar
system but they were isolated from other world so it couldnot caoce in outer world. Some
historians give the crown of symbolizing nothingness to the Indian mathematician and
astronomer Brahmagupta in 628 AD. It is also narrated that a great Muslim Mathematician Abu
Muhammad Musa al Khwarizmi, who was also an astronomer and a geographer, contributed
much to our modern understanding of maths. He described a number system based on 10
numerals from zero to nine in 7" century in his book “The use of the Hindu Numerals'( <
iglialae Yidinl 4) | He called this new digit as *Sifr’. This useful system was soon adopted by
Arabs.

Zero in the Europe

Fibonacci, the son of an Italian merchant discovered that Arab traders were using accounting
system based on 0-9 numerals. He quickly understood its importance and improved book
keeping and accounting in Europe. In 1202, he published a book describing this number system.
He elaborated in the book about practical application i.¢. how to convert one currency into other,
calculation of profit and losses and other important business needs. In ltaly *Sifr' became
‘zefero’ which later became zero.

Discovery of zero brought a new set of numbers called set of whole numbers and it reduced the
hurdles in calculation and understanding numbers.

Negative Numbers

The Chinese Mathematician Diophantus was most probably the first who used negative numbers
around 200 BC in his work. He represented the amount of debt or loss. Then in 7" century the
Indian Brahmagupta wrote rules for adding, subtracting, multiplying and dividing negative
numbers. The discovery of negative numbers gave existence to the set of Integers.

Rational Numbers

Pythagoras the Greek mathematician used fractions for the first time in mathematics around
500BC, which was infact the discovery of rational numbers. The word rational came from ratio.
Irrational Numbers

Soon after the discovery of rational numbers by Pythagoras, one of his early follower, Hippasus
of Metapontum was working to find the hypotenuse of a right isosceles triangle with 2 equal
sides of length 1 unit. He came with a strange answer (V2) and concluded that the answer is not
reasonable number because it cannot be written in a/b form. He called such numbers as irrational
(meaning stupid, nonsense or not reasonable). It is narrated that Hippasus was drowned in the sea
for his new concept of numbers as it was against their self made religion.

Real numbers
The set of real numbers was thus completed with the discovery of rational and irrational
numbers. We know today that the set of reals contain both and there is no such real number

which is neither rational nor irrational.
Earlier mathematicians particularly Richard Dedekind have precisely defined the concept of real
numbers which include both rational numbers such as % and irrational numbers such as /2 .

The real numbers are used to solve real life problems such as finding velocity, speed or distance,
the profit or loss of a business, the difference in stock market etc.
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1.2.,1 Number Line

We use a number line to visualize real numbers and their relation to
_ each other. To construct a number line, we choose a point
'1 corresponding to the number ‘0°. Points at equally spaced intervals

are then associated with the integers, The positive integers are to the
right of ‘0" and negative integers are to the left of 0. All other real
numbers are associated with a point which is called the coordinate
' of that point. The point associated with zero is called the origin.

Usually few integers are shown on a number line to indicate the unit length of the line, that is,
the distance between any two consecutive integers. |
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A number line is shown in figure below.

e —— 3
Negative numbers 0 Positive numbers

T | L T T

-+ e P— s o |
6 -5-4-3-2-1 0 12‘I'a 4 5'¢ %

(Unit length)

oo =7

The basic properties of real numbers are w.r.t addition and multiplication. In this section, some
of the properties of these operations are reviewed. The following results are true for any real
numbers a, b and c.

. — = — —
Nameofthe [
Ehme

Closis a+beR a+beR 6+4=10eR 6x4 = 24€R
Commutative a+b=b+a ash=bea 4+1=”T+4 4x7:;;4
4 L] : " 4+(6+8) = (4+6)+8 [4%(6%B) = (4=6) =8
Associative |a+{b+c) = (a+b)tc| as(bec) = (ash) oc i - 192
ldstntl'fjl' a+0=a=0a ael = lea=a 'fl'i““::’*‘ﬁ ﬁ-"ﬂ:é*ﬁ
Yo 4 14+(-14) = —14+14 ¥ o
a)=—a+a | as==—ea=1 [I4H-14) 4x__ = __x14
Inverse e a @ =0 14 14

1.3.1 Distributive Property of Multiplication over Addition
The distributive property involves both operations i.e., addition and multiplication
Distributive property says, for all real numbers a, b, and c:

BNy ~ ThokegComer

. = - = 1 ich _:I:Ill.m.hﬂ m the ‘ddilli'fﬂ
Example 1: Ifa=5, b= 6 and ¢ = 9, then verify that im“‘h.hwm_
a (b+c)=ab+ac. ¥Do all real numbers have their

E inverses.
Solution: a(b+c)=5(6+9)=5(15)=75 multipliostiveinverses.
Thus:

a(b+c¢)=ab+ac

Unit-01 Real Numbers Natiomal Book Fiundation




Raemmn ey

Example 2: Use the distributive property to simplify

2(5+3) e
o g ‘over subtraction |
Solution: 32[1 + l]= 32 % 1 +32 = 1 a(b+c) =gab + ac a(b=c)=wob-—as ko holds,
B8 4 8 4
=4+8=12
1.3.1 Properties of Equality and Inequality of Real Numbers

Equality and Inequality Symbols

There are three symbols which can be used to show the pnsmhle relations between any two real
numbers ‘@’ and ‘b’. These are <, = and >, where ‘=" is equality symbol and ‘< and >' are
inequality symbols.

Following table shows the use of these symbols.

a 15 less than b a<bh
a is equal to b a=bh
a is greater than b a>bh

If a and b are real numbers, then only one of the following statement is true
(i) a<b (ii) a=b (iii)) a>b
This property is known as Trichotomy Property.

A mathematical statement with the equality sign is called an *equality’. A mathematical
statement in which we do not use the symbol of equality but other symbols like *<" or *

>*or both, is called an ‘inequality’.

Properties of Equality of Real Numbers
The following properties are true for any real numbers a, b and c.

Reflexive a=a

Symmetric Ifa=bthenb=a
Transitive Ifa=bandb=cthena=c
Additive Ifa=bthena+c=b+c

Nattonal Book Founshetion




Multiplicative If a= b then ac = be or ca = cbh, where c 2 0
3 Cancellation w.r.L. addition Ifa+c=b+cthen a=b
!
Cancellation ': Ifac=bc then a =j
w.r.t. multiplication Ifca=chbthena=5h) wherec=0

Properties of Inequality of Real Numbers

The following properties are true for any real numbers a, b and ¢.

Tricho Eithera> b If 2<3, then
s e ora=bora<h 2#3and2#3
Ifa<bandb<cthena<e |If3<5and5<7,then3 <7
Transitive Ha>bandb>cthena>c¢ | If-2>-5and -5>-7,
- e N e |
Additiv Ifa<b thena+c<bh+c |If3<5 then3+10<5+10
> [fa>b,thena+e>b+e¢ | 1f-5>-8, then
' ~-542>-8+2
= __". (n) Forc<0anda, b eR, {a) For—4 <0,
(1) If @ > b then ac < be (i) If3>2, then
I(-4)<2(4)
e 12<-8
o (ii) Ifa<b, thenae>be | (i) If 3 <S5, then
| 3(—4) > 5(-4)
- -12>-20
i (b Forc=0anda, b eR, (b) For3=10
' (i) If a = b, then ac > be (i) If 5= 2, then 5(3) > 2(3)
15>6
Multiplicative (ii) If a < b, then ac < be (i) If 2 < 3, then 2(5) < 3(5)
10< 15

addition

(i) If & <B, then ~> L
a

(iii) If2 <3, then ~>1
N

Cancellation wrt | Ifa+tc<b+cthena<b

Ifa+c>b+cthena>b

f2+3<5+3then2<5
If44+3>24+3thend>2

"Cancellation w.r.t | Ifac<bcandc>0

multiplication

Unit-01 Real Numbers

thena<b

ifac<becandc<0
| thena>b

ifac>bcandec >0
| thena > b

ifac=beandc<0
| thena<bh

If2x3<4x3then2<4

If-3x2>-3x4then2<4
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Example 3: Show the following numbers on a number line.
: (a) 4 (b) % (c) - % @v2  (e)-7
' Solation: -l::.-.‘E..CE—D.é'—f?ii*- W
6 543210 12 3 4 5 6 7 8
(a)  The number 4 is four units to the right of 0, therefore, A is representing 4 on number line, i
(b) % =(.875 is between 0 and 1, which is a terminating decimal. Point B in the figure is *
a representing % on the number line.
fc) - % =_0.333... or - 0.3 is between 0 and -1, which is a recurring decimal. Point C in
the figure is representing —%un the number line.

(d) Since V2 =1.414213 ..., is between | and 2. Point D in the figure is the location of v2 .
{e)  Since -1 =-3.14159... is between -3 and —4. Point E in the figure is the location of — .

13.2 Representation of Real Numbers on Number Line

The representation of real numbers on a number line is called graphing the real numbers or
graph of the real numbers.

Example 4: Represent the following sets of real numbers on a number line.

(@ x=2 (b) -6<x<4
Solution: “Try to imagine the
(a) The inequality x < 2 specifies all real numbers less than or equal to 2, MMm‘
¢ This set is represented on a real number line as follows. v mﬁ;‘“’ “Iﬂr“
SEERS NI 1 - S8 SR, at most which ever
C T I TR & 1 | suitable in this case.

A filled circle indicate that 2 is included in the set.
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(b) The inequality — 6 < x < 4 specifies all real numbers between — 6 and 4, as shown
on the number line.

H<x<{
‘l 2 L i 1 i i L : + 4 H
Haf <5 =4 3=2-1 0 a2 3 4

We use hollow circle to indicate that both -6 and 4 are not included in the set.

(¢) x > — 4 specifies all real numbers greater than —4.

T B e e
x>—4

4 -3-2-1 01 23 4 5 6

We use hollow dot to indicate that — 4 is not included in the set.
(d) -2<x<1 isthe set of all real numbers between -2 and | including -2 but excluding 1.
-2< x<|
— P p—pif———1
=5 4 -3 240023 X 5

1.  Represent each number on the number line.

. 3 ” =1 | :
(1) i (1) o, (iif) 45 (iv) V8
. 1 = 1 7
v) 8 vi) 45 o) 3 (viii) -2
2. Identify the property that justifies.
() Ix@E-2)=y-2 (i) (02)5=1
(ill) (x+2+y=y+(x+2) (iv) -(3b)+(3b)=0
(v) (x+5)-1=x+(5-1) (vl -3(2-y)=-6+3y
3.  Represent the following on a number line.
(i) x=<0 (i) -3<x<3 (iii) x=>=-8
(iv) x>0 (v) x<=3 (vi) —4<x<4 '
4.  Identify the properties of equality and inequality of real numbers that justifies the 4
statement. «
(1) 9x=9% (i) Ifx+2=y andy=2x-3,thenx+2=2x-3

(iii) If2x+3=y theny=2x+3 (iv) If3<4 then-3>-4

(v) If2y+2w=pandp=>50,then2y+2w=50

(vi) Ifx+4>y+4, thenx>y (vii) If2<5and5<9,then2<9
(vili) If-18<-16,then9>8
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1.4.1 Square Root

A square root of a positive number ‘n’ is another number ‘m’ whose square is ‘n." Any positive
number has two square roots, which are additive inverses of each other.

For example, 4 is a square root of 16, because (4)* =16 and — 4 is also a square root of 16,
because (— 4)* = 16. Therefore, the two square roots of 16 are —4 and 4, which are additive
inverse of each other.

1.4.2 Principal Square Root
Positive square roots are called ‘principal square roots’. e.g. J25=5,4J81 =9etc.

In expressions like V25 entire v/25 is called a square radical or radical. The symbol J s
called a radical sign and the number ‘25" under the radical sign is called the radicand.
Definition of n™ Root

|
For any real numbers ‘a’ and ‘b’ and any positive integern> 1, if a"=b, then a=b" , where
‘n’ is the index of the radical.

We read a” = b as ‘b is the n® power of a’ am:lsn=|:rE as ‘a is the n" root of b’
For example, y* =x, tmm;',r'=.1|ri =Ux

Here 3 is the index of radical and y is the cubic root of x.

Example 5:




1.43 Properties of Radicals
1. Product and Quotient Rules for Radicals

For any integer n > 1 and for all real numbers ‘a’ and ‘b’ for which the operations are defined

@) Yaxlb=1ab » Product rule for radicals
c.g. Vo = V27 = {IIS:ZT
(i) and ﬁ =‘E » Quotient rule for radicals e v—E‘E: i:

Example 6: Use the product rule for radicals to simplify the following, Assume that all
variables represent positive numbers.

(@ 3275 b) ‘E\ﬁ © B2
x \y

Solution:

(a) Jf&ﬁ = 14ab

o L=z
x Ny Xy

(¢)  The product rule for radicals does not apply to
ﬁv@ , because the indices are not same.

2. Reducing the Index

If the index of the radical and the exponent of the radicand have a common factor, the expression
can be written with a smaller index.

We will explain it with the help of an example, Consider §9° | here the index of the radical is
12 and exponent of radicand is 6. Also 6 is the common factor of 12 and 6 . So we can write the
expression with a smaller index as follows.

Yo =912 =97 =9 =3

Example 7: Write the given expression with a smaller index. Assume that variable t represents
positive numbers.
I
t

1o

10

Solution : ¥r'° =¥

2
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Laws ol Exponents / Indices

1.5.1 Base and Exponents

We use exponent to indicate the repeated multiplication of the same factors,
The exponent indicates that how many times a factor, called the base, occurs in the

. multiplication form.

e.g
- v  Exponent
2 3.333=3"

The expression 3* is an exponential form read as

‘three to the fourth power’, where as 3333 is -M-Dﬁh[iﬁﬁ-iﬁﬁp}uﬂu&u A
the factored form. The words *square” and ‘cube’ who extensively used exponential notation as it is used

' are sometimes used for exponents ‘2" and ‘3’ today. However, for some unknown reason, he always

] respectively, rather than ‘to the second power’ used xx for x°.

’ and *to the third power’,

oy o LR RSN S S

When the exponent is a natural number, the base can be any real number.
: - Weuse an exponent as a convenient way to write repeated multiplication |

|
Base ‘
I
|
[

1.5.2 Rational Exponents
When we perform operations with exponents, we have to define a zero exponent and a negative
exponent. This may lead us to define a rational exponent.

|
Definition of b"

1 1
If b is a real number and n is a positive integer, then b + . Ubeg 87 =B

Definition of b"

R If m and n are positive integers with no common factor except | and n # 0, then

" e , 1y
b'=[b'] =(1fb_]"' for all real numbers b. e.g. 36: = [36‘] .

We can use this definition to write expressions with rational exponents as radicals.
! The number *n” indicates the index of the radical and the number ‘m” indicates the power to
I which the radical is to be raised.

| The procedure for evaluating b* can be summarized as follows.
I. Determine the nth root of b.
[1. Raise the result to the m power.

llnlt-'ll] Real Nllmb(:l‘b Nutinal Bood Fewwdation




Example 8: In the following table:
(a) perform the operation in column-A and compare the result to the value of radical in column-B,

Caoliimn-B

{h}whﬂtdﬂmﬂbﬂmﬂﬂmutmmmtﬂrﬂfm } '"". {158 ralical Torm)
exponent and the index of the radical? -

Solution:

(a)

6.9 =3 ad o=
(i) 645=(4’)§=4 and Y64=4
(i) 81% =3 and YBi=()¢ =3
(iv) 325 =2 and V3 =2

(b) In each part, the exponential and the radical expression have the same value. The
denominator of the exponent is the same as the index of the radical.
Example 9: Simplify:
2

: |
(a) 83 (h) 36°
Solution:

=27 =4 =(6)' =216

Negative Rational Exponents
For integral exponents, we define;

a™ -ai provideda#0.eg. 8= et

We can extend this definition to negative rational exponents.

Hmmdnmmymnmmmmumnfﬂ:mﬂmmdmm#m .
factor other than | and if b # 0, then b » -—-—— for all bek.hwhhh&ﬁ qm
&l
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Example 10: Simplify.

=3 —

[ (a) 16 * fh}(%%)’

| Solution: :

1 3 =3

& Sy &)

| . : (a) 16 (16)_: (b) 5

[ # £t 4 [E};

i il _ [is
25

’£=_5_
4° 4

Example 11: Write exponential cxpmssmn.s as an equivalent radical expression.

\ (&) (-7) ®) (2)°

[ 1 3 1

‘ Solution: (a) (—?}i =(-7)*3 (@®) @2)°= kg)’]s
- (@9)* 0

‘ =49

| 1.5.3 Properties of Exponents

| If m and n are rational numbers, then for non zero real numbers a and b for which the
expressions are defined, the following are the properties of exponents.

l.

= =a"" — Quotient rule
rﬂﬂtf_*mimm iv) (a™)" =a™ - Power of a power rule
a q-@lnﬂ'b'ﬂ- Power of a product rule
(b -.amnnwmh

i) a™.a" =a™" —»Product rule if)

PRI T R S —

DR

Example 12: Use the properties of exponents to evaluate each of the following.
[ 1 1
@ (5*F (b) 27.87

- ey
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Solution:
I
@ [(s°F

(b)

zl-".‘ .SI!".‘.
1 I
=(2.8) =(16)°

=(4%) =4

Example 13: Use properties of exponents to simplify each of the following. Assume that all

variables represent positive numbers. (Write all results with positive exponents.)

13 =2
(a) a’(a®-a’

)

I 5 =2

Solution: (a) a'(a*—a?)
L3

=a'a’—-a

I =

igd
s kR
33 33

—a® } —g
& -1
a®—a?

&
yu
-

- iy

I

a?’ a

(b)

(b)

— — I
! 1
x 2
?

= |k..-,
b= lad
| MU . |
T | -
il
ey
B | Tl
 ——— v
-
[

1. By using the property of product and quotient rule for radicals, write each expression as a

iy Y

single radical and simplify.
i Ve.¥6 (i)

iv) V10.311 W)

(vii) ¥s00 (viiiy ¥10.37

7

(vi

) /5000
U5

2. Write each exponential expression as an equivalent radical expression and simplify if

possible.

2

(i) (216)*
2
(iv) (216)°

Unit-01 Real Numbers
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(29)°

(1000)°  (vi) [i]
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. possible.
! o (F @ Ke] @ -6
T (iv) (JE)' (v) —[’5)2 (vi) —(’*“_“T

] 3. Write cach radical expression as an equivalent exponential expression and simplify if

|
1 p 4. Use the properties of exponents to simplify each of the following. Assume that all variables
1 represent positive numbers. (write all results with positive exponents.) .
- ] |
| -0 =ty 3 4 2321
| e i e 2 R L
.' 16" - 22 |
. -4 ) G Y .
F O 2 1 S .07 V1
| w XX @ |5 o) (2]
| 1 2‘?1
¥

32
., a-l b:l 3 C]

5. Use suitable laws of exponents to show that
P pie L o A s 1 1 2 3 2 b
(F o)~ ) -

1.5.4 Application of Real Numbers in Daily Life

All the numbers we use in our daily life situations are Real numbers. We cannot imagine life
without numbers, For instance we use natural numbers in counting our objects in the pantry,
books in the library, animals or birds at a farm, stock taking in inventory of a factory etc.
Similarly, we have a vast use of integers while recording or understanding temperature, gain or
loss, rise or fall etc. Rational numbers have also the vast contribution in daily life situations such as
use of ratio, proportion, fractions and percentages in financial matters like income, expenditure,
savings, and payment of wages to employees, rents of buildings, profit, loss sharing in business
o managements, risk calculations. The irrational numbers as obvious from the name are not
reasonable or they don’t make a sense for non-mathematicians. But for mathematicians they have '
really big scope of usage. Engineers, technicians, opticians while working with circles, spheres
or cylinders and finding their areas, perimeters or volume, which include m are working with
t irrational numbers. Then we find irrational numbers like in architecture, navigation and fluid
| mechanics, where transcendental functions are in frequent use.

n.—-—-r1.'—"_l_ "

—. — e v - 2 ——
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Example 14:

A cooking oil company produces four types of oils in packing of 1 litre , 5 litre & 10 litre. The
inventory is shown in the table.

Name / packing size | 1 litre 5 litre 10 litre

Cooking oil-1 5000 2500 1000

Cooking oil-II 5000 2500 1000 e
Cooking oil-ITI 5000 2500 1000

Cooking oil-IV 5000 2500 1000 ] .

After removal of 40% of an item, it is to be replenished. The daily removal of 1lire cooking oil-11
packing is 20% and for 10 litre cooking oil-IV packing, daily removal is 5%. Find

a) Number of daily removed | litre cooking oil-II packing.

b) After how many days, 1 litre cooking oil-II are to be replenished?

¢) Number of daily removed 10 litre cooking oil-IV packing.

d) After how many days, 10 litre cooking oil-I'V packing are to be replenished?

Solution:
Total 1 litre cooking oil-1T packing in inventory = 5000
a) Number of daily removed I lire cooking oil-1I packing = 20% of 5000

20 I
=== % 5000 4

= 1000
b) After 40% removal, replenishment is to be made.

Here 40% of 5000 = 2000
After two days the replenishment is due.

¢) Number of daily removed 10 lire cooking oil-IV packing = 5% of 1000

5
=23 1000
100 ]

=50
d) Here 40% of 1000 = 400 but packs removed per day are 50.
Therefore 400 =50 =8
After 8 days the replenishment is due.

|. On his last bank statement, Qasim had a balance of Rs. 1,75,000 in his checking account. He
wrote one cheque for Rs, 45,790 and another for Rs. 112,921. What is his current balance?
| 2. Last week Wajid drove 283.4 km on 16.2 litres of petrol. He says that he averaged about 1.75
km/liter. Is his answer reasonable? Explain.
3. Salma bought 3.2 yard of fabric for a total price of Rs. 139.2. How much did the fabric cost
per yard?

Unit-01  Real Numbers Natiomal ook Foundsation |
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Mmbmmmafﬂﬁoulndnuﬁnulm

Momina walks 3.5 km/h. She took a 12 h walk. How far did she walk.

The hiking club went on a 7day trip. Each day they hiked between 5.5 and 7.5 miles. It is
reasonable to assume that clubbing the days the club hiked.

a. Less than 35 miles
. Between 35 and 55 miles

¢. Equally 55 miles

d. More than 55 miles

For a class party the students council purchased 42 balloons at Rs, 1.85 each. What is the
total amount the student council paid for the balloons?

A group of friends made 4-yard long rectangular banner. They paid Rs. 3.75 per yard for the
fabric and Rs.9 for the firm to go around the banner, 10-yard perimeter. What was the width
of the banner?

A shoe factory has an asset for Rs. 2000,000 of which > is the capital and rest is the debt.
Find the amount of capital and debt. (Asset = capital + debt)

World lowest temperature in past 100 years was recorded to be-89.2C at Vostok, Antarctica
on July 21, 1983. Covert this temperature into Fahrenheit and Kelvin scales.

(F=§c+3z ., K=U+27m)

A company was penalized by the government act for low quality production. If the company
has 3 share holders. Farah, Maryam and Tehreem investing in the ratios of 1 : 2 : 3 and the
amount of penalty is Rs. 456,868.97. Find the amount of penalty paid by each of 3 share
holders.

Wmmmmwwm -
memlmbmunﬂhmdnrpwﬁwhnﬁmﬂiﬂ‘-ﬁ.ﬁmlhﬂnﬁhm
of b, symbolically it is represented asa=%6.




l

* The symbol/ is called the radical sign, the number n is called index of the radical and b
is called radicand.
* Laws of exponents

(i) a™a"=a™* —>Productrale (i) :—,,=a““"—erﬁmtmh

(1ii) a*':--s;-—p Negative exponent (iv)  (a™)" =a™ — Power 10 a power rule
(v) (ab)" =a"h" > Power of a product rule

. n "
(vi) (-5} =E—_ —» Power of a quotient rule

b) T
m a-ag*; 0

1. Encircle the correct option in the following. Uy -
. (1) a(b+c—d)equals
() a(b+c+d) (6) ac+ab-ad (c)ab+ac+ad (d)ab-ac—ad
(if) a"a®+a'is

(a) a~* (b) a'*® (c) a".a’* (@ —'—r; |
o

(iii) Yabis equal to

() Vab (b) n@b) (<) (ab)" @  (ab)"
(iv) Which number is self-multiplicative inverse?
(a) 3 (b) -3 © = (d) o
(v) Ifa>0,then Jais
(@) real (b) integer (c) irrational  (d) rational
(vi) Ifa+b=a, what is value of b? - |
{(a) 1 (b) -1 c) .a (d) 0 |
{vii) Ifab= 1, what is value of b? ]
1 1 -
— il __1 i
fa) 1 (b) : (c) = (d)

(viii) According to reflexive property : y*-17 =7
@) Y17 (b) ¥—17 @ »Y-17 @ -V-y
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(ix) Ifa.b=a, what is value of b?
O ®1 () a (d) -1
a

(x) Ifab=1, whatisb called?

multiplicative inverse of a (b) additive identity

(€) multiplicative identity (d) self-multiplicative inverse

(xi) Commutative property does not hold with respect to:

(a) addition (b) multiplication
{c) subtraction (d) both (a) and (b)

Represent each number on the number line.

0 5 @ T G 2<x<s @) x26
Write each exponential expression as an equivalent radical expression and simplify if
possible.

@ (-2 G (275 G (16
(iv) (¥-8) (v) (x“z)’.(.r“)’

Use the properties of exponents to simplify each of the following.
alyx 3

_an3 o v o 2 34 0

. =2) 2}, (=2) (i) 2 :2 xa.st
(=2)" - =

N

Determine whether each statement is true or false. If false, give an example of a number
that shows the statement is ture.

Every rational number is an integer.

Every real number is an irrational.

Every irrational number is a real number

Every integer is a rational number.

Every real number is either rational number or an irrational number.

g p R TP

Real Numbers

Natinmal Bood Foyndation



LOGARITHMS .

In this unit the stodents will be able to:

Express a number in standard form of scientific notation and vice versa.
Define logarithm of a number to the base a.

Define a common logarithm, characteristic and mantissa of log of a number.
Use tables to find the log of a number.

Give concept of antilog and use tables to find the antilog of a number.
Prove the four basic laws of logarithm.

Apply laws of logarithm to convert lengthy processes of multiplicatior
mmmwpmofﬁmﬂimw.

= — - = _— - - e

October 8, 2005 is an unforgettable day in the
history of Pakistan, when the earth started
shaking violently and in few minutes the worst
disaster had ruined many of the towns and
villages from the face of the earth. This
earthquake measured 7.6 on Richter scale but
what is a Richter scale? Answer to this question
will be explained in this unit.
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Exponents provide an efficient way of writing very large
as well as very small numbers. For example:

approximate mass of Uranus is 87 trillion trillion kg

i.e. 87 followed by 24 zeros or

87, 000000000000, 000000000000,

This style of expressing a number is called standard form
which is not useful for such a large number, since some error may occur while writing or telling
it. There is another method of writing such numbers, to make them handy.

This method involves integral exponents of 10. In this method the mass of Uranus is
8.7x10,000,000,000,000,000,000,000,000 kg = 8.7x10% kg. This method is called Scientific
notation.

For example: 5.3 x 107,7.412 x 107, 1.592 = 10°,

How to Write in Scientific Notation

» Place the decimal point after first left hand nonzero digit, the resulting number is d.
(Position after first left hand nonzero digit is called reference position.)

» Count the number of digits moved by the decimal point. This is absolute value of n.

» If decimal point is moved to left, value of n is positive,

» If decimal point is moved to right, the value of n is negative.

e.g 'llrI;;t‘lH =05.432 %10 or 5.432 %107
and 5¥ 4312 = 5.432 x10?

Example 1: Convert the following into scientific notation:
(2) One light year: 5880,000,000,000 miles

v |
5 880000000000.0 = 5.88 x 10"

0.000004 92=492x10"g

Standard Notation: The number already written in scientific notation, can be converted to
standard notation by the multiplication of its two factors.




Example 2: Convert the followings into standard notation.
(a) Density of hydrogen = 8,99 x 10~ g/cm’

= -5
8.99 % 107 =0 00008 .99 * 10~ = 0.0000899 Exponeat is positive so the
(b) Number of air sacs in lungs = 3.5 = 10

3.5 x 10%= 3 ,50000000 0 > 10" = 350000000.0 or 350000000 )
Example 3: The closest star to the Earth (other than Sun ) is Alpha Centauri, 4.35 light years -
from Earth. How many kilometers from Earth is Alpha Centauri?

If one light year = 9460920 million km. Write the answer in scientific notation,

Solution: One light year = 9460920 = 10° km
Distance between Earth and Alpha Centauri
=4.35 light years = 4.35 x 9460920 = 10" km
= 41155002 % 10° =4,1155002 =10°*10’
=4.1155002 10" km

Example 4: The speed of light is approximately
3 = 10° kmv/s and distance bétween earth and sun is approximately 1.5 = 10* km. If the sun is
suddenly to burn out, how long would it take for earthlings to know about it? Write the answer
in standard notation.

Solution: Formula for finding time, if the speed and distance are given, is

Time = Distance/Speed

Here, speed of light = 3x10" km/s and distance between Earth and Sun =1.5x 10"km.

(]
Timc=M =0.5 % 10** sec=0.5 x" 10 sec = 500 sec or 8 min 20 sec

3x10°km/ s

1. Write the following in scientific notation.
(i) 0.00053407 (i1) 53400000 (iii)  0.000000000012 (iv) 2.5326
2. Write the following in standard notation.

(i) 9.067 =107 (i) 5.64x10" (i) 6.53x10° (iv) 3.1415 < 10” .
3. Simplify the following by converting into the form indicated. ‘

(i) 563.71 x 107 = 2,54 x10* ———4 scientific notation

. ]
(i1) E—f?}:li S standard notation
2.549x 5067 <10’ N3 '
(111) 0 R scientific notation
(iv) 0.0009988 = 10" ————» standard notation

Nuthowtard Herk Fowmalanion
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4. If it takes 5 seconds to recite ‘Kalma Pak’ once, how many hours will it take to recite "Kalma
Pak®' one million times? Convert hours into days and write the answer in standard form.
Round off the answer, discarding the decimal part.

5, Distance between Earth and Sun is 9.3225600%10" miles. If speed of light is approximately
1.86,000 x10° miles per second, how long does it take for light to reach the Earth. Convert the

answer in minutes writing in standard form.

2.2.1 Why We Use Logarithms

Population of the world is growing and the
radioactive wastes are decaying continuously. SUSNIE, SOUR SYRPICE SRR
The mathematical tool used to predict the future h'.'ml g ﬁjwwﬂ

and explore the past of such rates of growth and Lo AR

decay over time, is an exponential relation.

i.c. an equation of the form x=b" where b, x and y are real numbers,b>0,x>0

and b # 1. This relation is widely used by archaeologists, scientists and business people. The
inverse relation of this exponential relation is called logarithmic relation.

Definition of Logarithm

While evaluating logarithms, remember that a logarithm is an exponent, e.g. if
log,81= 2, then 2 is the logarithm of 81 with base 9, since 9 raised to power 2 gives 81.

Example 5: Convert the following exponential equations to logarithmic equations and the
logarithmic equations to exponential equations.

(a) 27 =128, here base = 2, exponent = 7 and x = 128

exponent
l .t |
" 2128 e bog . %8 = Y
[ Base $
a. Archaeologists, for finding the age of very
old bones, fossils ete. !
{ [ b. Scientists for finding the life time of
?_] A il P _3 Iwﬂﬂmm
) W o g

(¢ VY125=50r (125)° =5

125 =5 & log. 5= % |
|
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Example 6: Check whether these logs are defined or not?

(a)

(b)

()

(d)

bg,2= y = 1¥=2

None of the exponents of 1 can give answer 2, so log, 2 is undefined.
bgy )=y = §=-]

None of the exponents of 5 can give answer ‘-1°, so log, (~1) is undefined i.e. log of
negative number is not defined.

bg, 0=y = 2'=0

None of the exponent of 2, can give answer 0, so log of 0 is not defined.
Is log, (4-2x)=y trueornot forx=0,1,2.

bg, @-20)=y = ¥=4-2

Ifx=0, then2'=4is true fory=2.

Ifx=1, then2'=2istrue fory=1.

If x=2, then 2"=0 is not true for any value of y.

Example 7: Find the value of unknowns by converting logarithmic form to exponential form.

(a)
(b)

(c)

(d)

1
As bases are same 50 exponents must be same. i.e. 3y=1or y= —

Example 8: Find y if log, (v’ +1)=log, 28
Solution: log, (y' +1)=log, 28

Unit-02  Logarithms

bg, x=4 = 2%=x = x=2x2x2x2=16

4 -3 3 -2 3-1‘! l 1
Io — —T — ) b_?-. e B 4 P h"?=2 =7
ol v 8. 7
As exponents are same, 50 bases must be same ie b=2
og,3=y = 27¥=3 or [31]’=3 = 3¥%=3

3

= +1=28 or y=28-1=27
y=427 =3
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1. Check whether log , (7 —x) is defined for

(i) x=0 (i) x=1 (iif) x=6 (iv) x>7
2. Convert the form of following equations i.e. from exponential form to logarithmic form and
vice versa

3
() bg,r=5 () b4 =

27
V) 1253 =25 o) bg, 102 =y (vii) (256) ¢ =
(vil) log, &’ +1)=2 (ix) bg,(2x-3)=1(x) 2&x+1=2

3. Find the value of x in the following questions.
(H  log,3=1 () bog,,9=2
(iv)  log,64=x+1 (V) bg,x=4

4. Find the unknowns appeared in the question 2.

(M  bg,216=3 (i) 7'=2401

(i) Jog,81=x
(Vi) g, (*~1)=3

2.2.2 Common Logarithm
There are two most commonly used bases for logarithm i.e.'10" and ‘e =2.71828"(an irrational
number). Base 10 was used by Henry Briggs.

These logarithms are also called Briggs's logarithms, denoted by log x or simply
log x. If none of the base is mentioned with log then it is obviously a common logarithm e.g.
log ,,36 can be simply written as log 36.

Logarithm of a number = Characteristic + Mantissa

2.2.3 Characteristic

TR aadh oo el o e Hadd ik anmndiedaids
D wadaate ! ot il | o g o et iyt o hii
i

Characteristic is an integer. It is infact the integral power of & e rgran "

10, when the number is written in scientific notation. e.g log 1 =0

characteristic of log 3.3 x 10” is ‘2" and in log 5.632 x 107, *logl0'=1
characteristic is negative 4. This negative characteristic is ::’::5::

usually written as 4. * log 10"=12

Characteristic of the log of some number can also be found it Ko ot
using reference position. In 0.00532, the reference position o 150 If 1< X <10,

is between 5 and 3. By counting the number of digits between  then 0 <logx < 1.

the decimal point and the reference position we get the
numerical value of the characteristic however, the sign is
taken negative if the reference position is on right side of
the decimal point and it is taken positive otherwise.




2.24 Mantissa
Decimal part or the fractional part of a logarithm is called mantissa.

Mantissa is always a nonnegative number less than 1, i.e. it can be either zero or positive but
never negative. Mantissa is found from the log table.

A small part of log table:

W i 7 ) 3 5 1 7 W ¥ 1L % 314 S -1 ¢ 3
10 | oooo [ ooes | oowe | o128 f 0190 [ s | sy | asa Lonss | wona |4 & 12 | s J_:; % 138 2
11 ] 14 | 0433 | D452 | 0331 | 50F | ooy | odes | ogaz | o719 | o7ss a3 1|.:|I :i :: g g itli i:
12 | 0792 | 0GR | ORG4 | ORSS | 09G4 | oo | yong | jone | 072 | d10s ; I tll] 1|: :F.' illl i i: ﬁ
e R e e A T T I 3.3yl u n ;r} > ;:
14 | 1461 | as2 | 1523 ] ASS3 | MM ) G | jaas | aem | apoa | v ; Y s E :: Bl 12
15 | 1761 | 1790 | WNIK | 1847 [ URTS | oy | asan | 1ess | 1em7 | 2004 AR A

Example 9: Find (a) log 156.3 (b) log 0.0123
Solution: (a) log 156.3 = log 1.563 = 10°
characteristic = 2

Convert the number into scientific notation

mantissa = .1 93 or 0.1939
log 156.3 = characteristics + mantissa = 2+ 0.1939 = 2.1939

(b) log 0.0123 =log 1.230 = 107
charactm'lstic ==2'0or 2

For mantissa, use the log table to see the number present at the intersection of row of 12 and the column of 3 i.e.
0899, as there is no difference table for *0' so mark the decimal point before the first digit i.e. mantissa is .0899.

mantissa = .H_BEIQ :
log 0.0123 = 2 +.0899 = 2 .0899 (never write *~2.0899")

Example 10: Find  log 1009 ' —

Solution: - Number of digis
log 1009 = log 1.009 = 107 o 09 in a whole number = characteristics +1
characteristic = 3 i.e If characteristic of log of some
mantissa = 0038 (# .38) ;hnh number is 3, then the number

digits in that number will be
s log 1009 =3.0038 341l
see Example 10 for confirmation.
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Find the logarithms of following numbers if possible.

I. 5313 2. 4580 3. 9613 4. 1109
5. 5239 6. 0.01207 7. 0.0093 8. 1 Trillion '
9. 0.00004 10. 4 11. 4000 12. 54

13. 1.009 14. 0.1009 15. -4

2,25 Antilogarithm
The inverse operation of taking log is called antilog. An antilog is used to cancel the effect of log.

Antilogarithm tables are used for finding it. Before finding antilog, recall that log x consists of
two parts, characteristic and mantissa. For finding antilog, mantissa is used for looking in the
antilog table. Characteristic is not used in table, however characteristic is used for locating the
decimal point in the number obtained from antilog table.

A small part of Antilog of Table:

1] I 1 3 4 3 & 7 8 9 =it 4 5 & T & @
A5 | 2818 | 2835 | 2831 | JH38 | 2444 | 2RS| | IMSK | 2864 | 2BT7L | 2677 - - 3 3 & 5 3 6
46 | 3884 | 2891 | 2897 | 2904 | 2911 | 2917 | 2924 | 2931 | 2938 | 2944 | 1 1 2 | 3. 3 4 | 5 5 6
47 | 2951 | 295 | 2965 | 2972 | 2979 | 2985 | 2992 | 2999 | 3006 | 3013 | 1 1 2 | 3 3 4 | 5 § 6
AR | 3020 | 3027 | 3034 | 3041 | 3048 | I058 | 3062 | J069 | 3076 | 1083 I ] I 4 4 3 5 &
A9 | 3090 | 3097 | 3105 | 3112 ) 319 | 3126 | 3133 | 3141 | 3148 | 3155 1 1 2 3 4 4 5 6 6

Example 11(a): Find antilog 2.4541
Solution: 2.4541 is obviously log of some number so, §
characteristic =2 (integral part), mantissa = 4541 (fractional part)

- antilog 2.4541 = 284.5
(b) Iflogx = 2.0000, then find x.
Solution:  Jog x = 2.0000
antilog(log ¥) = antilog (2.0000)  ( taking antilog on both sides.) |
x=antilog ( 2.0000)
here, characteristic = 2 and mantissa = 0000 (see log table at the back of this book.)

Unit-02 Logarithms Nationa! Book Faundation



~. x = antilog ( 2 .0000)
=.01000
Example 12: Find antilog of 2.4900
Solution: antilog 2.4900
characteristic= 2 mantissa = .4900

antilog (2 .49) = I. 03 A 090 = 0.03090

Find the antilog of following numbers.

1. 24324 2. 1.5890 3. 02425 4. 3.5636
5. 4 6. 0.0038 7. 1.2429 8. 2.9281
9, 3.5219 10. 0.0000 1. -3 12. 5.9990
13. 24900 14, 0.49000 15, 2.34

Commuon and Natural Lovarithm

John Napier started developing log tables with base e, so the logarithms with base e are called
natural logarithms or Naperian logarithms, represented by “/n x°.
23.1

Napier spent last 20 years of his life working with log tables of base e, which he never finished

and died. Henry Briggs, then completed these tables. The difference between common and
natural logarithms is depicted below.

 Log Type | Representation Base Nature of base | Properties
Common log x 10 Rational mlt; 0 :
(Briee”) log 10 *=x
Natural In x e=2.71828 Irrational Inl =0
i

2 oo Losaritns 4

Laws of logarithms are closely related to the laws of exponents, since logarithms in nature, are
exponents. The laws of exponents are given in unit 1 . In this section the laws of exponents are
used to develop some laws of logarithms, for solving complicated equations involving exponents
and logarithms. Also the complicated questions of multiplication, division and root extraction are
converted to handy sums of addition and subtraction.

Unit-02 Logarithms
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2.4.1 Product Law of Logarithms
For any real numbers m, n and b where b= 1, log,mn=logysm+logyn

Proof: Let logym=x logyn=y
Their respective exponential equations are
m=b" ...... (iii)) and n=b"
Now product of equations (iii) and (iv) is
mxn=b".
mn=b""" « using product rule of exponents
+logarithmic form of above equation

or itlogyn < substituting the values of x and y

The Product law of logarithms states that:

Example 13 (a): Use the product rule to expand log. (x* " z). _
Solution log. (x* ' z) = log. x* + log. " + log. z

(b) Use product rule to combine In a + In/b + In ¢* in a single logarithmic term.
Solution Ina+invb+Inc =in(aJb ')

2.4.2 The Quotient Law of Logarithm
For any positive numbers m, n and b, where b= 1.
Iog,% = logym-logsn

Proof: Let logym=x and logyn=y
Respective exponential forms of above equations are
(iii) and n=b"

Dividing (iii) by (iv) i.e.

P -~

The Quotient law of logarithms states that:




Example 14 (a): Use quotient law of logarithms to expand log E!- .

(b) Use quotient law of logarithms to combine log 39 - log t — log b into single logarithmic
term.

1
Solution (8): log %= log 13~ (log 7 +logb)= log 13 —log 7—logb

Solution(b): Jog 39 —log t - log b= log 39 — (log t + log b) = log 39 — log tb = log %Eg -

2.4.3 The Power Law of Logarithm
For any real number m, nand b, wherem >0, b>0,b = 1,logym"=nlog,m
Proof: Let lﬁg pM=Xx
Converting into exponential equation i.e m = b"
m"=(b)" < takingn™ power on both sides.
or m" =b™ « using power of power rule .
= logym" =nx « converting into logarithmic form .

+ substituting the value of x.
The Power Law of logarithms states that:

Example 15(a): Use power law of logarithms to expand logs 100 }
Solution: logs 100~ =—3 log, 100
4

(b) Use power law of logarithms to combine — 3

log 5 7

.
3

4
Solution: _EIUE & T=log; 7

2.44 Change of Base Law of Logarithms

Although only common logarithms and natural logarithm are programmed into a calculator still
the logarithms for other positive real bases can be found by changing that base into some
frequently used base that is ‘e’ or ‘10", The law which enables us to change the base is called
change of base law which is given below.,

If a, b and m are positive real numbers and, a# 1, b= 1, then
log.,m=logym.log,b
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Proof: Letlogym=x
= m=b «converting above equation into exponential equation.
log,m=1log.b" «taking log on both sides with base ‘a’".
log »m = x. log 4 b «—applying power law of logarithm.

ar

Example 16: Convert the base of log, 536 into 10.
bog,536  ~ log536

Solution: log, 536 = it og b

i
2.3
Example 17(a): Use laws of logarithms to expand log i‘p <5
!
$pigd _ 3.4 5 e - ]
Solution: log o =log(5p"q: )-log(4+s U') <«using quotient law of log
5

=Iug$+lugp’+lugq% ~[log 4 + log /s +log '] «using product law of log

=-Iogi‘+2k:gp+%logq-—lng4—%lugs—3lngt «using power law of log
(b) Use laws of logarithms to evaluate

(log25V3 (i) log,(og,8" ~log ;27 +log ;; 10)
hg..,ﬁﬁ
lo

Solution: (i) log25+v3= E
1a

« change of base law

1
[hgs-i-hg:!’]

log 2
=[0.6990 + % (0.4771)] + (0.3010)

=(log5 + ;} log3) + log2

09376
= Soi0 - 1148

(i) Evaluate log, (log, 87 ~ log ; 27 +log ;; 10)
g ,(log , 8* ~log ; 27 + log .- 10)
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“hgz(bgz{zjr 'bﬂﬁ((ﬁr)] ‘*‘hﬂ,.'m(“'rl_n}:J

=hg=[hg=Zf'-hgﬁ(ﬁ]b*#hgﬁ(\(ﬁrj
=hgj(5hg=2—ﬁhgﬁﬁ+2hgﬁ\fﬁ] ( logy b* = x)
= log,(6-6+2)

=log,2 =1 (= logy b= 1)
c. If logy2=0.3010, log, 3=0.4771 and log, 5= ﬂﬁm then evaluate

log , 0.0036, applying laws of logarithms.

Solution: | 0036=
n: logy 0.003 lugt.{l

2“32
5.

|“Eh{ 5,

2 Ings,;l 2logp2-4logy 5
2(0.4771) - 2(0.3010) — 4(0.6990)
—2.4438

lngu{

(which is negative number having both characteristic and mantissa as negative.)
Since mantissa can never be negative, to make the mantissa positive check the next positive
integer to the magnitude of the answer. The next integer is *+3" as shown on the number line

S FEas B = I >
0 1 24 3 SR
24438 —p

Now ‘add 3 to” and ‘subtract 3 from’ the answer

i.e. log, 0.0036 =-2.4438 +3 -3 =0.5562 - 3.

The positive term is mantissa and negative term is characteristic.
So, log, 0.0036 = 3.5562

Important results deduced from Laws of Logarithms
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1. Use laws of logarithms to expand the followings.

1
(Hlog9t {“Jlog? (i) log {:;Ii}} () log ‘%::

1 I L
5°t'a’ Tt  om 5.512pm*
o 5.l “___. e A Ll
(v)iog( Ya.41p’° ) (Rlog db’ (viDlog 4/5.91a’b

. Use laws of logarithms to combine the followings into single logarithmic terms.
() 3logx-Slogy

(ii) -;-lnrgl + % logr— ngugs

(iif) -:; [log 57.7 — 3log 9.24 + 4 log 36.6 — 2 log 23.3]

(iv) Slog6—Tlog9.42 + %lugt— -;—lng 322+ %lﬂﬂﬂ

5 1 |
v¥) —log37.74 — — log 53.71 + —log 28.83
(v) 2 log 7 3 og 308

Use laws of logarithms to evaluate the followings,
(i) logs 15 (i logeyfo (i) log; 65 (iv)log ;5 72.34 (V)log f5 343

If logy2=0.3010, logy 3=04771, logy 5= 0.6990
then evaluate the followings with laws of logarithms,

6 100 {450 ' 2
i —- ii — (i iv 0. -
l}]ﬂgh 5 ( l‘lﬂgh 9 ( ﬂlﬂgbﬁ‘ ( ”‘Dgh 024 (I'}Iagh 5‘5

2.5 Applications of Logarithms

Common logarithms appear in many scientific formulae.
Richter Scale

Opening of this unit depicts the 2005 earthquake in Pakistan, when thousands of people lost their
lives. The Richter Scale used for measuring the magnitude (M) of earthquake is a logarithmic
scale. If | is intensity of its shock waves and I, is a constant then

M=1log (+-)
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Example 18: An earthquake that occurred in Pakistan in 2005, measured 7.6 on the Richter
scale. In 1978, an earthquake in China measured 8.2 on the Richter scale. How many times, the
China’s earthquake was stronger than the Pakistan’s earthquake.

Solution: Let I, be the intensity of Pakistan’s earthquake and 1, be the intensity of China’s
earthquake.
I 5

As M=1 =
8 ug{f}

]

/
T‘hm.?.ﬁ=lng(!—‘ logli—logly .......... i

i

8.2=log {::—‘} log I, - log Iy

4
Subtracting (i) from (jj)
logl; - logl, =82-176

'
= Ing{f—'}=l}.6

- I ’ . : :
antilog log ( }i ) = antilog 0.6 (taking antilog on both sides)

1

- ‘;—:‘3_98=4

!
- China’s earthquake is nearly 4 times stronger than Pakistan’s earthquake.
Example 19; Use laws of logarithms to evaluate.

V8.59 3{556] { ||
(a) 5 $ |—
251 2]
V8.59 x (55.6)°

Solution: E let x=
® 2.51x+42.12
Then, by taking common log on both sides.

V/8.59 x (55.6)°
2.51x+/2.12

[ !
= log (8.59)" + log (55.6)° - log (2.51) — Jog (2.12)°

log x = log

l
= ilng 8.59 + 2 log55.6 — log 2.51 —-;- log (2.12)

]
"‘ '3”[!}.934{}] +2(1.7451) - (0.3997) —% (0.3263)
=0.3113 +3.4902 - 0.3997 - 0.1632

log x =3.2386
antilog log x = antilog 3.2386 Taking antilog on both sides
x = 1732.21
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1 '22
log x = log 3\/5— + 7 « Taking common log on both sides

3
l 1
163 zzJ: AW N
logx=log | —|° —log| = | ==log(—)-=log(—
og x ug[aj ug[:, F108(5) -7 log (=)
I 1
—-‘5 (log 16 - log 3) - 3 (log22 -log 7)
1 1 ! |
=—logl6—=log3- — log22+ — log7
G OF PINGIEEG g e TN
| | 1
=-3'; (1.2041) — 3 (04771) - = (1.3424) + = (0.8451)
logx = 04014 - 0.1590 - 0.6712 + 0.4226
log x = -0.0062
logx = (-0.0062+ 1)-1  « making mantissa positive
= 0.9938 - |
log x = 1.9938
Taking antilog on both sides.
antilog log x = antilog 1,9938
x = (09858
Example 20: Find the number of digits in 5.
Solution:

By finding the log of the given whole number, we can find the relevant characteristic. But the
number of digits in a whole number is always one more than the characteristic of the log of that
number.

Now log 5™ =50 log 5
=50 x(.6990) = 34.95
Characteristic = 34

Number of digits in 5*' = characteristic + 1 =34+ 1 =35
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1. Find the number of digits in
“) 3!! {m lm oo ‘m} 21# (M 5!1‘ {?] 529]!
2, Evaluate applying laws of logarithms.
65.89 47.27x5.321

23.57 x 5. bl
® x5967 M) =5, W) S a1

V129.4 P~ J39.24 x Y1931
Y2737 164.4 x J23.91

(v)

(27.98)’

v (28.73)

3. The Kansu, China earthquake of 1920 was measured about 8.5 on Richter Scale and the
Tokyo, Japan carthquake of 1923 was measured 7.8 on that scale how many times
stronger was the 1920 carthquake than 1923 earthquake?




Encircle the correct option in the following.
Ifa=b = 10" is written in scientific notation then ,

(a) 0sb<10 () 0<b<l0 () 1<H=10
In 0.537, reference position is

(a) after0 (b) after7 (¢) after5 before 7
log ,100is

@ 2 (b) -2 (c) impossible
If log(x+3)=log(15x —4)thenxis

(@) 05 (b 7 (<) 2
log ,7° +log,4"is

() 3 L) e (c) @ +3
For the log 0.00327, characteristic is

@ -2 (h) =3 (c) ¢ @ 0
log,(M + N) is

(a) log, MN (b) log,M+log,N (c) (d) none of these
log, g" is

(a) glog,h (b) log,(gh) (c) (d) hlog,b
log,M —log N is

log , M M og, N
) — (b) logy— ¢ | M d) =2
) Dguﬁ (c) 0g (d) M

(x)

() 4 ) 8
(xi) loglBis
(n) 3log2+logd (b)log2+2log3 (¢)3log3 +2log2 (d)2log3+3log2

(xif) log5-log8+log3d-log2is

S5x2 15 30
] et 2=l Sty X,
(a) %823 (b) log 16 (c) log " (d) log -2

(xiii) log,, 100" is
(n) 2 (d) impossible
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(xiv)

(xv)

(xvi)

(xvii)

(xviii)

Scientific notation of 6.25 is
(@) 625x10'  (b) 6.25x10° (c) 6.25x10 (d) 0.625x10°
Base of natural logarithm is
(a) rational number(b)  integer (c) irrational number (d) 10
Iflog -25=4thenxis
(a) +5 b)) -5 (¢) 5 (d) impossible -
log ;; 10 + log ; 10 is
L log - 10* - log . 10 4 1 10*~10
(a) logj; To oz 10 —log 510 (o) (d) log ; (10°-10)
S5log2-2logsis
(log 2)° log 2° 2? S 2
—== log = d) —log-
Convert the following into scientific notation.
(i) 53.36 (i)  0.0000000000000102 (iiiy 523.4 x 107
Convert the following into standard notation.

() 7.232x 107 (ii) 10.53 x 10° x 20.31 (iii) 5.6 x 10°
Evaluate the following.

(i) bog, 5~ bog, 2° (i) bog, 4-log, 1 (iii) log,(log, x~ log,b™)

Find x if
(i) log, 9-bg, 1=x () log, x- log, 16'4 =3
(iii) log 2 (¥~ 1) =logz 3 (v) log,x=1log,(8 bg,y)

If logy 2=0.3010,log 3 = 04771 & log, 5= 0.6990, then evaluate the following by
applying laws of logarithms.

(i log v 30 (i) logy 0.24 (iii) logys 360
0.5327x42.97 ]" .

0.0059

Simplify with the help of laws of logarithm [

Prove that:

og,U * kg, ¥V x kg, W =1
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SETS AND RELATIONS

In this unit the studenty will be able to;

* Describe mathematics as a study of patterns, structures and their relationships.

* Identify sets and apply operations on three sets (subset, overlapping and disjoint
cases) using Venn diagrams.

* Solve problems on classification and cataloging by using Venn diagram for
scenarios involving two sets and three sets.

* Verify and apply laws of union and intersection of three sets through analytical and
Venn diagram method.

* Apply concepts from set theory to real world problems (such as in demographic
classification, categorizing products in shopping malls and music playlist).

* Explain product, binary relations and identify domain and range of binary relations.

* Recognize that a relation can be represented by tables, ordered pairs and graphs.

ALLAH iy ~das—shas created
this huge universe and a part of it
is exposed to humans but a big
part of it is still unknown to
humans. It is estimated that there
are 200 billions to 2 trillion
galaxies in the observable
universe. The adjoining figure
shows a set of 10 naked eye
galaxies.




TR

Definition:
A set is a well-defined collection of distinct objects.
The term well-defined, means that the objects follow a given discipline with which presence or
absence of some object in the set is checked.
For instance, if we say that we have a collection of lighter stones, then this collection is not well
defined. Instead of this, if we say that we have a collection of stones weighing less than 1kg, this
collection is well defined.
A set may consist of objects of different types.
e.2. A-set of luminous objects may contain a star, a moon, a tube light or a candle.
Similarly, a set of objects present in a library may include books, tables, chairs, newspapers,
keys, locks, stock registers etc.
Example 1:
(a) A set of Pnime numbers which are also even i.e. {2}
(b) A set of Pakistani currency i.e.
{5, 10, 20, 50, 100, 500, 1000, 5000}

(c) A sctof flowers in my garden. 1.e.

{Pansy, Lilly, Daisy, Jasmine, Tulip, Rose, Hibiscus}
(d) A set of Natural numbers less than | 1.e. |}
(e) A set of all letters present in the word ‘set’ s, e, t}
(N A set of Natural numbers among 3, -9, 2,3, 4,2 ie. {2,3,4}.
The repeating elements are taken once only, since repetition is not allowed in a set.

Mathematics as a Study of Patterns, Structures and Relationships
In mathematics, patterns are more than a beautiful design. Patterns follow a predictable rule and
that rule allows us to predict what will come nexL.
For example:
In the set of even numbers,
{2,4,6,8,....}
a pattern exists and one can determine the next number(s) in the set.
1f we want to relate the above pattern with some real situation, we can ask the following question
to the students:
What will be the number of mangoes in next two boxes?

s (o0 |098|(%2|
o || 09 (999 | sos
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Students can easily predict the number of mangoes in the next two boxes.
Obviously, they will say: :

Number of box | Number of mangoes
5 10
6 12

In the same way, we can relate the set of square of natural numbers with structural geometry as:
(12,22, 3, 4%, ...} = {1,4,9, 16, .

2= 2=4 P=9

This example relates the patterns in numbers and geometry in the best way where the square
numbers represent area of various geometrical shapes.

Set Builder Form (Rule Method)
In set builder form, all the elements of a set are not listed, however we write the set by its
defining rule. While writing a set in this method, some variable say x is chosen which represents
all the elements of that set according to the defining rule.
e.g. A = Set of all integers, can be written in set builder form as
A= {x|xeZ) and read as
“A is the set of all elements x such that x belongs to Z"

Example 2: Write the following sets in the set builder form.
(i) B = Set of Prime numbers less than 17.
B={x|xe Pax<17)}.
(ii)  C=Set of multiples of 4 greater than or equal to 40,
C={4x|x eNax 2 10}.
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(i) D={1,2, 3,6}
D= {x|xisa factor of 6}.
(iv) “E = Set of squares of 1* three natural multiples of 10.
E={(10x)*|x eNAl< x < 3}.
Example 3:
() Theset G={15x|xe ZAx2 1}, in descriptive form is written as
G = Set of integral multiples of 15, greater than or equal to 15.
() ThesetH={y|y eWa ' —1=7}, in tabular formis H= {2}.
(illl) Thesetl = {x | xeWAa-3>x>-5},intabular formis 1= { }.

(iv) Thc&clJ={%|xEEn.r>ﬂ}. in tabular formis J={1,2,3,4, ...}

(V) ThesetK={y|y € Z Ay =9}, indescriptive method is
K = Set of negative integers containing *- 3" only.
Most Commonly used Sets of Numbers

. N = Setof Natural numbers ={1,2,3,4.........}

il. W= Setof Whole numbers = {0,1,2,3,4,....... }
iii. Z = SetofIntegers =f0 +1. 4+2 +£3..}
Iv. E = SetofEvennumbers ={0,+2 +4,%6,..}
V. O= SetofOddnumbers ={1,£3, %5 +,..}
vi P = SstofPrimenumbers =1{23,5 7 11,13,...3

vil. Q= Setof Rational numbers ={—-!p,q52nq:ﬂ}

viii. (' = Set of Irrational numbers = {x!’x#—u.p,qe th#-ﬂ}

ix. R =Setof Real numbers ={x/xeQvxe (')}

The above mentioned sets from (i-vi) are first written in descriptive method and then in tabular
form (Roster method).
However, the sets from (vii-ix) are first written in descriptive method then in set builder form.

Union of Sets
Let A and B be two given sets. Then union of A and B is the set of all those elements which are
taken either from A or from B or fromr both.

The union of A and B is denoted by *A\_B" and:

AUB={x|x e A v xeB}
eg. IfA={1,2,3,4,5)and B= {3,4, 1,7, 6}, then:
AUB={1,2,3,4,56,7)}
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Intersection of Sets
Let A and B be given sets then the intersection of A and B is the set of elements which belong to
both A and B.
The intersection of A and B is denoted by ‘A B’ and:

ANMB={x|x €A x €B}
eg. IfA=1{1,2,3,4,5} and B= {3,4, 1,7, 6}, then:

AnB={l1,3,4}
Difference of Sets
Difference of two sets A and B, denoted by A - B is a collection of those elements of A which
are not present in B. For the two sets A and B:

A-B={x|xeAn x B}
LetA ={1,2,3,4,5) and B= {3, 4, 6, 7, 8}, then:
A-B ={1,2,3,4,5}-1{3,4,6,7,8)={1,2,5}
In genera, A-B # B-A
Complement of a Set
Let Ac U (i.e. A is proper subset of the universal set). Then the set of all elements of U, which
are not in A, is called complement of A.
Complement of A is denoted by A or A"= U — A and is defined as:
(x| xeUna x €A}

g IfU={1,2,3,4,56,7}, A= {2, 4, 6}, then:
A=U-A={1,3,57)

Disjoint Sets

Two sets A and B are said to be disjoint if they have no common elements. ie. ANB=¢.

For example,

A=1{1,2,3} and B = {4, 5} are disjoint sets as both sets have no common element. i.e.
AnNB={1,2,3}n{4,5}=¢
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Venn diagram representing above disjoint sets is:

Overlapping Sets

Two sets A and B are called overlapping if:
(1) There is at least one element common in both the sets.
(i)  Neither of the sets is a subset of other set.

For example, the sets
A=1{2,3,5179}and B= {0, 3, 5, 8} are overlapping as
hnB={3.5};Eﬂandhandﬂmnmsuhsetsofeachnﬂmr.

Venn diagram representing above overlapping sets is:

Subset
Set A is called subset of a set B if every element of set A is also an element of B.
For example, the set A = {a, b, c}isasubset of B= {a, b, c, d, ... } as all elements of
set A are also elements of set B.

Venn diagram representing above subset case is:

Union and Intersection of Three Sets using Venn Diagrams

To find the union and intersection of three sets say A U B n C, first we find AU B or B n C and
then find the union or intersection with remaining set.

We use brackets to separate two sets from the third one because these represent different sets.

ie. (AUB)NC or AU(BNC)

Example 4:
Represent sets A = {0, 1,2, 3,4}, B= {3,4,5,6},C= {6, 7, 8, 9} through Venn diagram.
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Q= G

IfA=1{0,1,234),B=1{3,4,56andC=1{6,7,8,9},findAu(BnC)and An(BuC)
through Venn diagram.

Solution:

(i) | (i)

AU(BNC )=

Example 6:
IfP={ab,c,d e}, Q={fghi},R={defgj
Find (P v Q) m R and (P m Q) w R through Venn diagram.

Solution: .
(i) (ii)

ol |
(PuQ)nk = PNQ)UR =

Example 7: If P={3,5,7}, Q={1,3,5,7,9}, R={0,2, 5, 8}, then find P U (Q N R) using
Venn diagram.
Solution: P=1{3,5,7}, Q={1,3,5,7,9}, R={0,2,5, 8}
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Qnr={5} =N PU@QnR)={3,5 7= ’

YV erithication o VY enn Diavram

We illustrate the concept with the help of following examples. |
Associative Property of Union

Proof:
Let xeE(AvwBLC

= rE(AUB) or xeC
= (x€A or x€B) or xeC
-1 xEA or x€B or xe() |
= XEA or xe(Bu() !
= xEAUBUCO) ‘I
= (AUB)UC E€ AUBUCQC) (a) :
Similarly, we can prove that:
AUBUC) € (AUB)UC (b) |

From (a) and (b), we have:
(AuB)UC=AU(BUCC)
Example 8:
IfU={1,2,3,4,5,..,15,,A=1{2,4,6,8,10},B={1,2,3,4,5,6, 7} and
C=1{2,3,5,7, 11}, then verify the associative property of union using Venn diagram.

Solution:
LHS=(AuB)uUC RHS=AU (BuUC) .
gy 2 12 13 :

15

14

AvBuO=18

(auB)u c= S
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From both the figures, it is observed that same region is shaded.

Le. (AWB)LWC =AU (BUC)
Associative property of Union is verified.

Associative Property of Intersection

YEANB)NC
YyEAMB and y€EC
(vVEA and y€B) and y€C
yEA and (v€B and yE€CQ)
yEA and ye(BNC)
yEANBNO
(ANBNCEAN(BNMNC)
Similarly, we can prove that:
AnNnBNO cs(AnNnBNC (b)

From (a) and (b), we have: ,
(ANBNC=ANEBNO

Example 9:
KU={1,23,...11}, A={1.2,3,579}, B={1,2,3,4,5,6} and
C =15, 6,7, 8) then verify the associative property of intersection.

Solution:

LHS = (ANB)N C RHS=AN(BNC)

U

(AMB)NC
From both the figures it is observed that same regions are shaded.

ie. (ANBINC=AN(BNC)
.. Associative property of intersection is verified.
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,,
= 3
:

xEAU(B N C)
1rEA or x€(BNC)

TEA or (x€B and x€(C)

(rx€EA or x€B) and (xEA or x€()

xE(AUB) and x€(AUC)
xE(AUBIN((AVC)

AUBNC) EAUB N(AWC)
yEAUB) M (AWCQ)

YyE(AUB) and yE(ALC)

(v€EA or yEB) and (yEA or yECQ)
yEA or (y€éB and y€C)

yEA or yE(BMO)

YyEAU(BNCO)

(AUB)N(AVC) € AUBNCO) (b)
From (a) and (b), we have:

AVUBNO=(AUB)N((ALC)

-]
e

U0 LU LU E UL LY
5

il

(b) Distributive Property of Intersection over Union

Wi

Proof:
xEANBULO d
xEA and xe(BuU ()
xEA and (x€B or x€C)
(r€EA and xEB) or (xEA and x€C)
xE(ANB) or xe(ANCQC)
xE(ANBIUANCO)
ANBUC) € (ANBU(ANC) (a)
Again, let yE(A M B)W (A M C)

= yE(ANB) or ye(ANCQC)

= (vEA and vyEB) or (vEA and yEC)

0 0 L UUU &
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AU(BUC)=? « ANA'=?

AUNS?

ANA=? " AUA=?
e p———

B)=?

avienci=? | an(ency=?

i

- | antsucy=?
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yEA and (vEB or yEC)
yEA and yE(BUC)
yEAN(BUCO)

ANBUANC € An(BUC) (b)
From (a) and (b), we have:

ANBuUC=(ANBIUANC)

Example 10: Verify through Venn diagram

(@ AVBNC) =(AuB)Nn(Au()

) An(BuUC) = (AnB)u(AnC)

WhenU={x:xe Wa x$ 12}, A={x:xe WA x <4}

B={y:yeNa3sy<T7jandC={z:ze Na3Szs7}
Solution:
(a) AUu(BnC) = (AuBINn(AwC)

LHS=AU(BNC) RHS = (AUB) N (AUC)

U 10 1
12

12

AuB
BnC = 8 filn

Au@Bnc) = [ (AUB)~ (AUC)

(b) AnBuC) = (AnB)u(AnC

LHS=An(BuC) RHS=(ANB)U(ANC)
10 u 10

: .1 0

BuC = N AnB = [
- ME sl

4 AnC
An@BuUC) = [HEHE (AnB)UANCY = [,
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Shade A U(BnC),An(BuC),(AuB)uCand A n (B~ C) using following

Venn diagrams.

(i) (i) [

i [0 qé [ @

If X=f{ab.c,de},Y={ac e}, Z={gh,ij} then, find the following using Venn

diagram. *

(i) XuY)uz (i) Xu(Yuz) (i) (XnY)nZ
(iv) Xn(YnZz (v) XuY)nZ (vij (XnY)uZ
Verify associative law of union and intersection by using diagrams of question 1.
Verify:
(i) distributive property of union over intersection ,
(ii) distributive property of intersection over union,

by using diagrams of question 1.
Prove by using Venn diagram:
(a) PUQUR=PUQVR) @) ([PMNQ NR=PMN(QNR)
when  (j) P={0,1,2, 3}, Q=1{2,3,4,5.6}, R=1{5,6,7,8,9}
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(iily P={m.n,o0,p, q}, Q={r,stu}, R={t,u. v, w)

Verify XU (YN 2) = (X W Y)N(X U Z) using Venn diagram for the following sets.
X={-1,-2,-3}, Y={0,1,2,3}, Z={0, %1, %2 £3)

Verify X M (YU Z)=(XOY)U (XN2Z)

X = Set of first three Vowels, Y = Set of letters of the word * energy”,

Z = Set of letters of the word “algebra”

Application of Venn Diagrams

Venn diagram is a practical mathematical tool for solving real world problems of set theory. Few
of the examples depict the vital role of the Venn diagrams in problem solving.

Example 11: Among the ten teachers of a secondary school, five teach Mathematics and three
teach Biology. However, all these teachers also teach English? Show the data by Venn diagram.
Also find how many teachers teach only English.

Solution: If E represents set of English Teachers, M represents set of Mathematics Teachers, B
represents the set of Biology Teachers and then both M and B are the subsets of E, as shown in
the figure below,

From the Venn diagram it is observed that two of the teachers only teach English.
Example 12: In a survey, people were asked whether they like cricket, hockey or football.
Using the Venn diagram find the number of people playing:

(1) only cricket,
(i)  hockey and football,
(iii)  all three games, a
(iv)  either of the three games, ‘VA
(v)  neither of the three games, a
Also find number of people surveyed.
Solution: From Venn diagram, it is clear that:
(i) Number of people who play only cricket = 34
Which shows n(C — CHAF)
(ii)  Number of people who play both hockey and football =6+ 5 = 11
Which shows n(HF)
(iti)  Number of people who play all three games = 5
Which shows n{C—HF)
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(iv) Number of people who play either of the games =34 + 5+ 6 + 26 + 20 =91
Which shows n(CUHUF)
(v)  Number of people who do not play any game = 12
Which shows n(U — CUHUF)
Total number of people =n(U) =34 +5+ 6 + 26 + 20 + 12=103

Application of Set Theory

Applications of set theory are most frequently used in science and mathematics fields like
hiology, chemistry, and physics as well as in computer and electrical engineering. These
applications range from forming logical foundations for all branches of mathematics. Therefore,
understanding set theory is crucial for learning many subjects.

Following formulae are helpful in the set theory.

(i) For any two overlapping sets A and B:
« nf(AUB)=n(A)+n(B)-n(AnB)
« n(A-B)=n(AUB)-n(B)
. ‘ n(A-B)=n(A)-n(ANB)
« n(AUB)=n(A-B)+n(ANB)+n(B-A)

(11) For any two sets A and B that are disjoint *
* n(AUB)=n(A)+n(B)
« n(A-B)=n(A)
(1ii) For any three sets A, B and C:
n(A U B U C)=n(A) + n(B) + n(C) — n(A n B) = n(B n C) —n(A NO)+n(AnBNC)

Example 13:
In a class of 80 students, 40 like English, 34 like Mathematics and 9 like both. How many
students like either of both subjects and how many like neither?

Solution:
Total number of students = n(T) = 80
Number of students that like English = n(E) = 40
Number of students that like Mathematics = n(M) = 34
Therefore, total number of students that like both subjects is:
n(E U M) =n(E) + n(M) — n(E N M)
=40+34-9=65
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Number of students that do not like both subjects is:
n{T)-n(EUM)=80-65=15

D i S
lML‘II

Let A and B be two finite sets such that n(A) = 24, n(B) = 18 and n(A U B) = 31.
Find n{A n B).
Ifn(A - B) =23, n(A U B) = 44 and n(A N B) =2, then find n(B - A). Also find n(B),
(Hint: n(B) =n(A n B) + n(B - A)
In a group of 30 Mathematics students, 20 like Algebra and 15 like both Geometry and
Algebra, Show the data by Venn diagram, Also find how many students like Geometry.
In a street with 50 houses, 25 houses have lawns, 32 houses have car porch and 15 houses
have both lawn and car porch. Show the data by Venn diagram. Also find how many
houses have neither lawn nor porch.
In a survey of 940 children, 400 students were found studying at primary level, 240
students at elementary and 175 at secondary level. Create a Venn diagram to illustrate
this information. How many children were found out of school?
ABC Dairy polls its customers on their favorite flavor: chocolate, vanilla or mango? 100
customers said they like mango flavor, 90 customers said they like vanilla, 40 polled for
chocolate, 20 customers liked both mango and vanilla while 14 liked both chocolate and
vanilla. How many customers said they like:
(i) only mango? {(u) only vanilla (iii) only chocolate
In a survey of university 200 students were interviewed. It was found that:
42 students have laptops, 80 students have cell phones, 100 students have iPods,
23 students have both a laptop and a cell phone, 10 students have both a laptop and iPod,
14 students have both a cell phone and iPod and 8 students have all three items.
(u) How many students have only cell phone?
(b) How many students have none of the three items?
(c) How many students have both iPod and laptop but not cellphone?
In a girl college, every student plays either badminton or table tennis or both. If 350
students play badminton, 280 play table tennis and 150 play both. Find how many
students are there in the college?
Among 50 students, 8 are learning both English and Chinese languages. A total of 26
students are learning English. If every student is learning at least one language, how
many students are learning Chinese?
Out of 70 people, 48 like tea and 40 like coffee and each person likes at least one of the
two drinks. How many like both tea and coffee?
There are 46 students in science group and 50 students in arts group. Find the number of
students who are either in science or arts group.
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12. Ina group of people, 52 people can speak Arabic and 112 can speak French. How
many can speak Arabic only? How many can speak French only if 12 of them can speak
both languages? How many people were in the group?

13. In a high school, 360 students like reading story books, 170 like practical activities and
150 like both. Find
(i) The number of students who like reading story books only.
(ii) The number of students who like only practical activities.
(iii) The total number of students in the school.

14. In asurvey of 60 people, it was found that 25 people watch channel A, 16 watch channel
B, 13 watch channel C, 4 watch both A and B, 7 watch both B and C, 8 wiatch both A and
C. 3 watch all three channels. Find the number of people who watch at least one of the
channels? Also find number of people who do not watch these channels.

Ordered Pair

Pairs of two numbers in which order of numbers is not invertible, is called an ordered pair. The
numbers in an ordered pair are written within small brackets (parenthesis) and are separated by
comma.

For example, (a, b) is an ordered pair in which a is called first element and 5 is called second
element. By interchanging the positions of elements, the ardm*ef pair is changed.

As in geometry, position of a point is determined by ll :

ordered pair, therefore (2, 5) and (5, 2) represent two v ly]

different points.

Thus, (2, 5) = (5,2) , s

Equality of Two Ordered Pairs f

Two ordered pairs (a, b) and (c, d) are equal if: 5 R =t
a=cand b=d : 4 — +

Example 15:
Find the values of x and y when (x— 3y, 5x+ 1) = (4, 6)

Solution: By the equality of ordered pairs, we have:
x-3p=4 (1)
5x+1=6 (ii)
From equation (ii), Sx =61
x=5 =2 x=I
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Substituting x = 1 in equation (i), we get:
1-3y=4 = -3y=3 ;
= y==]
Cartesian Product of Sets

If A and B are two non-empty sets, then Cartesian product
A x B is the set of ordered pairs (x, y) such that

x € Aand y € B. Mathematically:
AxB={(x,»)|xeAnye B}

Similarly, B x A= {(3,x) |y e BAx € A}
eg IfA=1{0,1,2}, B={3, 4]}
then A x B= {0, 1,2} x {3,4}

= {(0, 3),(0,4),(1,3),(1,4),(2,3), (2, 4)}
A x B can also be represented through table as follows:

Ax<B 0 | 2
3 (0, 3) (1,3) (2,3)
4 (0, 4) (1,4) (2,4)

In the same way, we can find B =« A as:

BxA=1{3,4} x {0,1,2)
=1{(3,0),(3,1),(3,2),(4,0), (4, 1), (4, 2)}

Table for B x A is:

BxA

3

4

0

(3,0

(4,0)

|

3.1

4, 1)

2

(3,2)

(4,2)

Graph of A x Band B x A is as follow:

Scale: 2 squares
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From the definition, table and graph, we see that:

There are many subsets of A x B
e.g. Ri=¢, Ra= {(0, 3)}, Ra= {(1, 3), (0, 4)}, ...

Example 16:

Exhibit P x Q and Q x P by arrow diagram when P ={a, b, ¢} and Q = {d, e}.
Solution:

P x 0 = {{ﬂ. d}! {E. 'E]'. ﬂ?» d}- (b- E}! I:'C. d). {C. ﬂ]}
Q x P = {(d, a), (d, b), (d, ), (e, a), (e, b), (e, )}

I

Find the values of unknowns when:

(i) (a-b)=(7.1) (i) (2a 2b+3)=(-10,-b) (iii) (2a—-4,6)=(8,~b+1)
(iv) (x+2y, y=3)=(2,5) (V) (2x-y, y-3Ix)=(4,2)
(vi) (dx+ 6y, x—12y)=(6,-3) (vii) (5x+y, —x+y)=(6,1)

Let A= {1,4, 8} and B= {1, 0}. Find:

(i) AxB (i) BxA (ii) AXxA (ivv BxB

How many elements are therein A x B,B x A, A x Aand B x B?
LetE={1,3}and F= {4,6, 8}. Express E x F, F x E, E x E, F x F graphically.
IFL = M= {(0, 2), (0, 3), (0, 4), (1, 2), (1, 3), (1, 4)}, then find sets L, Mand M * L.
Giventhat A= {1,3,5},B={2,4},C= {6, 7}.

(i) Find A x (BwWC) (i) Find (A x B)\W (A x C)

(iii) Verify Ax(BUCQ)=(AxB)UAxC(C)

GiventhatD = {a,e,i}, E= {a,c}, F= {b, c}.
(i) Find D x (E M F) (i) Find (D x E) N (D x F)

(iii) Verify D x (E m F)=(D x E) m (D % F)
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7. Giventhat A= {x/x€N,x<3},B={y/yeEW,y<2}, C={0,2,4}.
(i) Verify Ax(B-C)=(AxB)-(AxC)
(i) Verify (A-B)xC=(AxC)-(BxC)

8 LetX={x/xeEW,x<2}and¥Y = {-1,-2,-3}. Exhibit X x Y and Y x X by arrow
diagram.

Binary Relation

A binary relation R in the set A x B is a subset of the Cartesian product A x B.
Symbolically R is the relation ina set A x B if and only if R A = B.
If R is elation from A to B, then:
R={(a,b)/a €A, bE B}
A binary relation can also be taken from only one set after taking Cartesian product of the set
with itself e.g. from A x A
If Ri is elation from A to A, then:
Ri={(a,b)/a€ A bEA}
Example 17:
If A = {5, 10, 15, 20, 25} then find the number of
binary relations in A.
Solutionz Number of elementsin A=n(A)=5
Number of elements in A x A=n(A x A)=5x5=125
Number of binary relations in A (or A x A) =2%

Example 18:
If P={2,3},Q= {% %}.ﬂm find all possible binary relations in Px Q.
Solution:
Number of elements in P=n (P) =2
Number of elements in Q =n (Q) =2
Number of elements in P x Q =n (PxQ) = n(P) x n(Q)

=2x2 =4
Number of binary relations in P x Q =2+

=23 =24=16

werva- (33 3] o
R O
R I PR i P
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Example 19:

LetA=1{1,2,3},B={0,1,3}and R={(a,b) /a € A, bE B} anda > b}, then find R
and show it by arrow diagram. '

Solution: ‘
A={1,2,3},B={0, 1,3} .
A x B={(1,0),(1,1),(1,3),(2,0),(2 1), (2, 3),(3,0), 3, 1), (3, 3)}
Now R={(a,b)/a €A, bEB} anda> b}

R={(1,0),(2,0),(2,1),(3,0),(3, 1)}

Domain of Binary Relation
Set of all the first elements of ordered pairs in a binary relation is called domain of that binary

relation.
In example | 8, Domain of Ry = {3} and Domain of Ris = {2, 3}.

Range of Binary Relation
Set of all the second elements of ordered pairs in a binary relation is called range of that binary
relation.

In example 18, Range of Re = {% %} and Range of R7 = {-;—}
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Example 20:
(a) If A = Set of Natural numbersand R= {(x, ) [xe Aaye Ajlee RCAx A

Then find the domain and range of R.
MY HT={0,%1,+£2) and Ri = {(x, ) |x € T Ay eT ax+y=0}, then find the Dom R
and Range R.

() IfE={2,4,6},F={0,1,2} and R2= {{x,)) | x € E,y € F ax + y=6}, then

() Writtc ExF (i) Write R2in tabular form (iii) Find Dom Rz and Range R2.

Solution:
@) R={(1, 1),(1,2),(1,3), ...4(2, 1), (2,2),(2,3), ...(3, 1), (3, 2), (3, 3),..}

So, Domain of R = {1, 2, 3, ...} = Set of Natural numbers
Range of R = {1, 2, 3, ...} = Set of Natural numbers
L DomR=RangeR=A
(b) Ri = {0, 0), (-1, 1), (1,=1), (-2, 2), (2, - 2)}
Dom R = {0, +1,£2}, Range R = {0, 2], 22}
(¢) ExF={(2,0), (2, 1),(2,2), (4,0), (4, 1), (4, 2), (6, 0), (6, 1), (6, 2)}
Rz = {(4, 2), (6, 0)}
Dom Rz = {4, 6}, Range Rz = {0, 2}

Inverse Relation
Let R= {(a, b)/a € A, b € B} be a relation from A to B then the inverse of R is defined by:
R'={(b,a)/ bEB,a€ A}

Example 21:
Given that A = {0, 2,3}, B={0,2,4,6,9, 16} and R = {(x, ) |[x cA Ay eB ax’ = y}.
Verify: DomR™' = RangeR and Range R™' = DomR

Solution:

Given A={0,2,3},B={0,2.4,6,9,16) andR = {(x,)) /[xEA, yEB} ax’ =y}
R in tabular form is:

R = {(0, 0),(2, 4), (3, 9)}

DomR={0,2,3} and RangeR={0,4,9)

Inverse of R is:

R = {(0,0), (4,2),(9,3)}

DomR™' ={0,4,9} and RangeR' ={(0,2,3)

Which shows that:

Dom R~ {0,4,9} = Range R and Range R™' = {0,2,3) = DomR
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1. Find the number of binary relations in the fnlluwmg cases.
(i) A={1,3},B={0,2,4} (i) a(C)=7 (iii) D={1,3,5}
2. Find all possible binary relations in the following cases mentioning the number of binary
relations in each case.

@ A={V2 3.5}, B={¥5} (i) C={(x,e} (i) D={(5},E= (1,10}

3.1fP= {7, 8,9} then find 2 binary relations from P to P. Also find domain and range of each
relation.
4. LletH=1{506,7,8,9and G={5,7,9, 11}. Write the following relations from H to G in
tabular form. .
(i) ‘isequal to’ (ii) ‘is less than’ (iii) ‘is greater than®
(iv) ‘is one less than’ (v) ‘is one greater than’ (vi) ‘is two less than'
5.LetC={2,4,6},D={4,6,8,9, 12} and R = {(x, )/ x € C, ¥ € D} A x i factor of y}.
(i)  Write R in tabular form. (i) Find domain and range of R.
| (i) Find R (iv) Represent R by arrow diagram.
6. LetR={(2,0),(4, 2), (6, 4), (8, 6),(10, 8)}
‘ (1)  Write R in set builder form. (11) Find domain and range of R.
(iii) Write R in tabular and set builder from.
| (iv) Represent R and R™' by arrow diagram.
| 7.LetA={0,1,3} and B={1,2,3,5,7}. Writt R={(x,) | x € A,y € BAy=2x+ 1} in
" tabular form. Also find R,
8. IfS= {1,248}, T={3" 3, 3%}, then write the following binary relations in tabular form.
' 9. Find the domain and range in each case.
() Ri={(xy)|xeS,yeTax=y} (ii) Ra={{x,»)|xeS,yeTay<x]
\ (iRa={(x,»)|xeS,yeTax+yeE} (iv)Ri={(x,y)|xe8,yeTAaxxyeO}
(V) Re={(x,») |x e S,y e TAy>2x}
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1. Encircle the correct option.
i. Set builder form of A - B is:

(@) ix|xe A} (b){x|xeA Axt B} (c) {x|xeA AxeB) (d) {x|xe B}
ii. IfAUB=Aand AnB =B, then:

(a) A=B (b)A2 B (c) A2B (d) A#B
iii. fAcBthenA-B=

(a) A (b) B (c) ¢ (d B-A
iv. FA-B=B-A= ¢, then:

(a)A=8B () B A (c)Ac B (d) alla,b& ¢
v. Setof common elements of A and A®is  set.

(a) infinite (b) null (€) universal (d) singleton
vi. Set of real numbers can be written in:

(a) tabular form. (b) descriptive form.

(¢) set builder form. (d) both b and c.
vil. IfR = {(2, 1), (4, 3), (2, 2)}, then Dom R =

(a) {2,.4,2}) (b) {2, 4} (c) {1, 3,2} (d) none of these
viil. fR= {(a,b)/a,be Z Aa+b =0}, then:

(a) Dom R = Range R (b) Range R = Dom R

(¢) Dom R = Range R (d) none of these.

ix. IfR={(a,b)/a,be Naax b= 12} then tabular form of R is:
(a) {(1, 12), (2, 6), (3, 4), (4, 3),(6,2), (12, 1)} (b) {(1, 12), (2, 6), (3, 4)}

(e) {(12, 1), (6, 2), (4, 3)} (d) {(1, 12), (4, 3), (2, 6)}
x. Ifn(A)=p, thenn(AxA)=

(a) p (b) 2p () 2p (d) p*
xi. If n (B) =1, then number of binary relations in B x B is:

(@)1 (b) £ () 2' @ 2"

2. If R={a,f,hs}andS = {b,¢,j, n}, then
(1)  Find the number of binary relations in R x S.
(i)  Write any 3 binary relations from R « S.
(i)  Write a binary relation whose domain is equal to set R.
(iv) Write a binary relation whose range is equal to set S,
(v)  Write a binary relation whose domain is equal to set R and range is equal to set S.

L
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3. Shade AU(BNC), AN(BUC), A-(BnC)and B-(AUC), inthe following Venn
diagram.

| 4. Verify associative properties of union and intersection through Venn diagram for
\ X = {2x| xe Nax<20},Y = Set of first 6 natural multiples of 3, Z = {6x | xe WA x <20}

Verify distributive law of union over intersection through Venn diagram for the following |

i

| sets.
| A=(1,2.3...}, B={-1,-2,-3,.}, C={0,£1,x2 3.} |
6. Verify distributive law of intersection over union through Venn diagram for the following
sets, |
P={ab,cde}, Q=fcdef], R={g h,ij, k] |

7. Create a Venn diagram to illustrate the following information regrading the subsets Aand B +
in the universal set. |
(i) n(A)=60,n(B)=48, n(A n B) =20, n(U) =90
(i) n(A)=34, n(B) =52, n(A U B) = 60, n(U) = 85 |
8. 10 boys participated in a Qiraat competition. Among them, Haani, Zubair and Haider recited |

in Naafi Qiraat style, Abdullah, Umer, Bilal and Ali recited in Al-Kissai Qiraat style while
Hassan, Jaffer and Usman recited in Al-Kufi Qiraat style. Represent boys participated in !
| Naafi, Al-Kissai and Al-Kufi styles by sets A, B and C respectively. Find: i

(1) Find tabular form of A, B and C.
(i1) Draw Venn diagram of situation.
(i) Find An(BNCF,(AUB)NC,A-(BnC)and A-(AUB). {

9. 100 candidates were appeared in an examination. Out of which 45 candidates passed in
Mathematics, 40 in Science and 50 in Health. If 12 were passed in Mathematics and Science,
|5 in Science and Health, 20 in Health and Mathematics and 5 were passed in all three
subjects.

(i) Tllustrate the above information by drawing a Venn diagram.
(iiy  How many candidates were passed at least one subject?
(iii) How many candidates did not pass any subject?
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Recall factorization of expressions of the following types. ’
ka+kb+ke, ac+ad+bc+bd,a £ 2ab+ ¥, @ —b, & +2ab+b -

Factorize the expressions of the following types: ‘
a'+a*h + b ora’ + 4b*, .l"+p.:+q. ad + bx + ¢,

(@ +bx+c)fa +bx+d)+k, (x+a)(x+b)(x+c)(x+d)+k
(x+a) (x +b) (x +0) (x + d) + kx*

& +3db+3ab’ + b, @ -3db+3ab’-b, &+ hH

Find highest: comarion factor (HIO) auil lesst comuion miltiple (LCM) of
Use factor or division wwdiod to determine highest common factor and least
common multiple.

Know the relationship between HCF and LCM.

Solve real life problems related to HCF and LCM.

Use highest common factor and least common multiple to reduce fractional
s VO

Find square root of algebraic expression by factorization and division.

= = —

Ansel Adams (1902 — 1984) wans a famous
American photographer known for his style of
detailed and focused photos that showed its
subjects simply and directly. To take sharp and
clear pictures, Adams had to focus the camera
precisely. The distance from the object to the
lens ‘p" and the distance from the lens to the
film *¢" must be calculated accurately to ensure
that sharp image. The focal length of the lens is
'f'. The formula that relates these measurements

is l+l=-1-_ This formula involves addition

P q
of two algebraic fractions with the help of
LCM.




The process in which an algebraic expression can be expressed as the product of its factors is
called its factorization. For example,

152y = (5x) (3xy) y
Here, 5x and 3xy are the factors of 15x7y.
Hence, the factorization process which converts expressions like 15 x” y into (5x)(3xy) is
essentially the opposite of the multiplication process.

ﬁMulliply‘_—! -

I‘nlﬂmmial = Factors
155y (5x) (3xy)

L, Factorize

In the previous grades, we have learnt about the factorization of polynomials of the following

types:

(i) ka+ kb +ke=k(a+b + ¢)

(ii) ac +ad + bec + bd= (c+d)(a+bh)

(i) a’+2ab+b =(a b)

(iv) a -b=(a+b)a-bh)

(v @& +2ab +b-¢ = (a+tb+c)(a+b-0c)
(vij & -2ab +b'-¢® =(a-b+c) (a-b-c)

Let us learn some more about the factorization of polynomials.

m—o Factorizing Expressions of the Forms

(@) a'+ak+b' (b) a +4b

() To factorize a* + a’h” + b* or a* + 4b*, we shall modify it and try to make it in appropriate
form to utilize the previous results for its factorization.

Consider: '+ + b = (d )Y + B + ()
Here first and last terms are perfect squares but middle term is not twice the product of the
square root of first and last term. So, we shall add and subtract @ *b*to make it twice.

Le including zero term

at+ah +b = (&) + &b+ @Y (VY -a'h
() +2ab (b)Y -d'b

(a +b ) ~(ab)

(a*+ b +ab)(a + - ab)

So, a‘'+a't +b' = (& +b +ab)(a+b -ab)
(b) Similarly, a* +64 &' =(a’y + (86"

o

ZeTo Lerm

{u Y 2 2 (a #(Hh*H [Hf:- ) =210 I?Hh )
{-:: + Bb° ]' l6a b‘

(a*+8h Y —idahl‘

= (a° + 8b" +4ab) (a” + 8" — 4ab)
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Example 1:  Factorize the expression 8 x* 26 x*m* +18m",
Solution:  8x*—26x’m’+18m’
=2(@x*-13x"m* +9m")
=2[@2 x%) - 13 m’ + (3m’)’)
=22 P+ 2 2 A)3n) + 3m?) - 22 x)(3m’) — 13 ¥’
=2[@2 2+ 3m’) —12Xm — 13 Xm’]
2 (24 + 3m’) —25x4m’ ]
2[(2 52+ 3nm®) = (5xm)’]
=225+ 3m* + Sxm)(2 X+ 3m® — Sxm)

M—r Factorization of a Trinomial of the Form

(i) F+px+q (i) ax’+bx+c

To factorize a trinomial of this form means to express the trinomial as the product of two
binomials. To factorize such trinomials keep in mind the following steps:
(1) Make a list of all possible factors of ‘product of extreme coefficients’.
(i) Select a pair of factors among the list such that:
e their sum is equal to middle coefficient if extremes terms have same signs.
e their difference is equal to middle coefTicient if extremes terms have opposite
signs.
Example 2: Factorize the following polynomials.
@ ¥-Ty+12  (®)  m-2m-15
Solution: (a) " —Ty+ 12 .
=) —4y-3y +12
=y(y-4)-3(-4)
=(y-4(-3)
So, y‘—?y+*2 = (y-3)(y-4)

product of -3 and -4

sum of -3 and 4

(b)) m -2m-15

=m’ —5m+3m-15
=m(m-5)+3(m-35)
=(m-5)(m+3)

Example 3: Factorize 3x° + 22 x— 16 «— when middle term is positive & last term
: 1S negative
Solution: Ix"+22x-16
=3x* +24x-2x-16
=(3x + 24x) - (2x+16)
=3x(x+8) -2(x+8)
=(x+8)(3x-2)
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Factorize the following polynomials.

1. 2¢y -6y + 2xy' 2. 3nx —3x—3ny + 3y _
3. 18+ 108y + 162y 4 (k+2) ' -8k+2)+16 |
5. 9 +4-169" - 12x 6. (F-DE+D-p+HEF-1
7. X —6ac+9’ - 16b° 8 1-Z-2y-y
9. Fmd a polynomial whose factorization is (x + y — 2¢) (x + 2¢ + ) by using an appropriate
formula. * |

10. Show the expression x° + -h" -4+ 4xy as the difference of two squares.
11. Find the rmasmg factor in the following.

® (27 -3-2N=(+3)( ) (b) (5 + 12v-9) =( ) (x+3)

Factorize the toliuwmg expressions.

12. x*+4m’ 13. m'+m’+1 14, 3" 21 + 244 ‘

15. X+x'+1 16. 4x'+256)° 17.  12=Tx+x {

18, X -9r+8 19. 105-29:+10 20 -3y"+13p—4

21, ¥ -21x+90 22. x4+x-2 23, 3+ 1lx+6

24. 2 - Sxy -3y 25. 8+6x-5¢ 26. 6-Tx-5x _
127, 28406 28 u'- 1307436 29, y'-12-64 3
m—b Factorizing Expressions of the Forms

(a) (ax’ +bx+c)ax’ + bx+d) +k

(b) (x+aMx+bMNx+clHx+d)+k
(€) (x+a)x+b)x+c)ix+d)+ ke

The process of factorizing expressions of above types will be explained in the following
examples.
(1) {ar’+h.r+cuu’+hw+d1+h
Exampled4;: Factonize: (x +3x—-4)(x" +3x+5)+8
We observe here I.hat first two terms inside both the parentheses are same. i.e.
(¥ +3x—4 (x* +3x+5) +8

G SR

Letx” +3x = a , then above expression will take the form
= (m—4)(a+5)+8
= afa+5)-4(a+5)+8 3
a’+5a-4a-20+8 = a +a-12
a® +4a —3a -12
(a* +4a)—(3a+12)
a(a+4)-3at+4) = (a+4)(a-3)
(" + 3x + 4)(x” + 3x - 3) .....by putting the value of a.
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(b) (x+a)(x+b)ix+c)(x+d)+k
To factorize such expressions, consider the the following examples.
Example 5a: Factorize: (x+5)(x+3)(x+2)(x+6)- 88
Solution: (x +5)(x+3)(x+2)(x+6)-88 notice here, 5 +3=2+6
=[x+5)(x+3)][(x+2)(x+6)] -88
=(+8x+15) (X +8c+12) - 88
Let x* + 8x = g, then above expression will take the form
=(a+15) (a+12)-88
=ag“+27a+ 180 — 88
=a* +27a+92
=a'+4a+23a+92
=(@*+4a)+ (23a+92)
=ag(a+4)+23(a+4)=(a+4) (a+23)

.. By back substitution
= (2 +8r+4) (P +8x+23)
Example Sb: Factorize the expression
(z+1)(z-5)(z-9)(z-3)+44

Solution: § ¥
(z+1 }[:;5 j{z-9]{z;3}+4¢

Combine (z+1) with (z—-9)and(z-5) with (z-3).
Re-arranging the given expression, we have
-z +11fa—9){- 3)(z-3) +44
=(£-82-9)(F -8z +15) +44

By putting =* - 8z = x in the above expression, (©)  (x+a)x+b)x+e)x+d)+ke

Rwill ko e S Example 6: Factorize the expression.
—-9)(x+15)+44 (x4 I x4 2)x+ 3 x+6)-3x°
#f +:‘:t Igﬁir —135+44 Solution: (x4 I x+6)(x+2)x+3)-3x"
=x +13x = Tx - 91 (% + 64 TxNx* + 64 5x) =35

=(F+13x) —(7x+91) 5
=x{x+13) -7(x+13) let X +6=y
=(x+13)(x-7) = (y+7x)p+5x)-3x"

Now replacing x by = — 8z , we have 3 +Sxp+ Tap+ 35%° = 3¢
=(£-8+13)(F£-8:-7) ¥ 4123y +320°

¥+ 8+ dxy +32x°
y(y+8x)+4x(y+8x)
{(y+8)y+4x)
putting the value of y

= (2% +64+8x)(x" + 6+ 4x)

= (X +8x+6)(x* +4x+6)
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m_' Factorizing expressions of the forms:

(a) o’ +3a’b+3ab’+b’
(b) a'-3a’b+3ab’-b’
We have studied in the previous unit that:

(i) a’+3a’b+3ab’ + b’ =(a+ by’
(if) a’—3a’b+3ab’-b' = (a-b)’
The technique of factorization is elaborated through following examples. i
Example 7:  Factorize the following expressions. g aiby
() 272" +1+27°+9a (i) ©+=-—-3
X X

(i) 4x*(2x-15)-25(5-6x)

Solution: ) : " ;
i 27 + 1 + 27n + Oa i e AL

(1) H ‘ p p (i) x+ e ~3x

—[Sai +(1y +3(3&}‘{l}+3{3a]( 1y

3 1
= (3a)' + 3 (o) (1) +3 Ga) (1) + (1) =% g

—[1a+l',l l 1Y
() 4 (2x-15)-25(5-6x) =(0-36Y [E] +3tx}[ ] [EJ

= 8x'—60x"— 125+ 150x i fotad

= 8xX-60x+150x~125 _[x_ﬂ

= 2P-302G)+320 6 -6)

= 2x-5)
m—' Factoriz,lng the sum and difference of two cubes
(a) 2’ + b’ (b) a' - b’

We have studied in the previous unit that:

2+ b = (atb)(@-sb+b) and ' - b =(@a-h)(@ +ab+b%)

Example 8: Factorize: X +27y

Solution: ;

As, a + b =(a+b) @ - ab + b)
_ | SR vy v ¥ : ¥

So, X+2= (@*+@) = x+ )| {x}‘—{x} (3y) + (39 ]

(x+ 3y V(=3 + )

L]

Example9: Factorize x*-)".
Solution:  x*—* =) -0
= +y)(x' =)

Factorization and Algebraic Manipulation National Book Foundarion
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=(x+y)( e —.lflf“'_l': )(x—=y)( X+ .::_v+y: )
=(x+yMx-—»)( X — Xy +_1-';r M % +xy+ ;."E )

Example 10: Factorize 8a’ - 125b’ - 2a+ 5b

Solution:  8a’ — 125b" ~2a+ 5b

(2a)’ - (5b)’ - (2a- 5b)

(2a-5b) [( 20 +(2a)(5b)+(5b) ]—(2a-5b)

(2a-5b) (4a’ + 10ab + 256" ) —(2a—5b)

(2a—5b) (4a° + 10ab+ 25b° - | )«—— factorout ( 2a—5b)

Factonze the following expressions completely.
1. ¥=125 2. 8c+1 3. 3p'q -8l 4, 27+512% 5. t*-64

6. *+y" T.2-x+@-2) 8. 64(x+y) -2

9, 27p’+ 144pq’ - 108p’q - 64q° 10. 8p’ +q' + 12p°q+ 6pq’

1. 1258 -y = 75 2y + 155y 12, p'-9’q+27pq’ - 27q°

13. (2 - 3x + 6) (2¢° — 3x) - 55 14. (Y +2y-3) (¥ +2y+11)+48
15. Wy-D(y-3)(y-4)+2 16. (k+2)(k-3) (k+5) (k+ 10) + 375
17. (x—5)x-6)(x+3)x+2)+12 18. (x+1)x+2)(x~3)(x~6)-21x"
19. (x=2)x—6)(x—-3)x—4)-2x" 20, (5-x)2+x)10—=x)1+x)-T7x*

21. The expression a° + 729 can be written in two ways as :
(a) sum of two squares (b)  sum of two cubes,
which one will be uaed fnr factoring it and why? Also factorize the given expression.

22. Express 8 + 12t + 6t° + " as the product of three factors. Is each factor a binomial or a
trinomial?

—— e —— g R . B | —

——

Highest Common Factor ol Algebraie Expressions

As algebra is an extension of arithmetic, so we apply almost the same rules for finding HCF of

two or more algebraic expressions (polynomials) as used in arithmetic.
4.2.1 Highest Common Factor by Factorization

A factor of a polynomial is an-other polynomial which divides it completely. The common

factor of two or more polynomials is a polynomial which divides them exactly.

The highest common factor of two or more than two polynomials is a highest degree
polynomial which divides the given polynomials exactly.
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(a) HCF of Monomial Expressions

To Find the HCF of Monomials: _

1. Determine the HCF of numerical coefficients by prime factorization.

Il. Determine the common variables and select their lowest power that appears in all
monomials.
This will be the HCF of variables.

Example 11: Find the HCF of 18ab’c, 30a’b"c’, 24b’c’.
Solution: First we find the HCF of numerical coefficients 18, 30 and 24 as

18=2x3
I0=2x3x5
24=2"x13
< HCFof 18,30 and 24 =2 x3=6
HCF of b%, b’ and b’ is b%. «<—— least common power of b b s i

HCF of ¢, ¢’ and ¢’ isc. <+—— least common power of ¢
Hence, required HCF = 6b’c

(b) HCF of Compound Polynomial Expressions

To Find the HCF of Compound Expressions:
I. Write each expression in complete factored form. Repeated factors should be expressed as

pOWETS.
IL. Select the least power of cach common factor.
I11. The highest commeon factor (HCF) is the product of results of step-11.

Example 12: Find the HCF of 2m’ — 2mn, 4m* — 4m’n® and 2m’ - 4m’n + 2mn’,
Solution: First factor each polynomial expression completely as
2m’ - 2mn =2m{m-n]
4m'—4m’n’ =4m’ (m’-n’)
=2'm’ {m+n]{m n)
2m’ —4mn + 2mn® =2m {m —erm +n }
=2m(m - n]
Common factors with least power are 2, m, m—n

Required HCF = 2m (m - n)
Enmple 13: Find the HCF of the following,
ar + Jax + 12a, ax’ — Sax — 24a, 2ax® + Sax - 3a
Snlul:iun:a.rl+?a.1+l'?a-—a{t‘+i".r 12)
=a(+4x+3x+12)
=afx(x+4)+3(x+4)]
=alx+3) (x+4)
ar — Sax—24a=a (¥ - 5x—24)
=a(x’ —8c+3x-24)
=a[x(x—8)+3 (x-8)]

Wegtitmned Houd Founglation
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2ar + Sax—3a =a(2x +5x-3)

What would be the

=a[2x2+&r—.t—3} HCF of a’-b’ and
=a[2¢(x+3)-1(x+3)] '™
=g(2x- 1) (x*3)

. Required HCF = product of all common factors with least power

=g (x+3)

1.(a) Find the HCF of the following monomials by completing the table.

Vionomuuals

16p’q, 9pq’r

10p°q’r, Sp’ar, 15p’qr’

14p*qr’, 28p°qr,
1.2 2
Tp'ar, 21p’qr |

Unit-04  Factorization and Algebraic Manipulation

(b)  Ifall common factors with least power of three unknown polynomials are 27, 3, pq and
(p+ q}z then what would be their HCF?

(¢)  Write any two polynomials of your choice having HCF as 1.

(d)  The only common factor of two polynomials is m — n and the only uncommon factor is
m’ + n’. Can you guess the unknown polynomials?

(¢) CanyﬂugumHCantwupnlynumia]sx]+51+imd | + 5x + x* without any

ure?
Find the HCF of the following by factorization.
2, (x+y)P, 2=y 3. (a-h)', a—2ab+b’
4. a’b-ab’, a’b’-a’d’ 5. xX'-49, ¥-4x-21
6. 12¢+x—1,15x +8x+1 7. o —d, acy - bex +ady —bd
8. m'-n', m'-n', m*-n’
v n.t2+1¢!x+as.Za.t:—iazx-ﬁa’.ﬂar+n2}:

4.2.2 Highest Common Factor by Division

Sometimes, it is difficult to factorize the given polynomials completely. In such cases,
we adopt division method to find the HCF of these polynomials.
We will explain the procedure with the help of the following example.

Example 14: Find the HCF of two polynomials X +x—5c+3and ¥’ +3x
Solution: The following steps will be followed for finding HCF.

Natiomal ook Fovdotion




Step-I: Arrange the given polynomialsin = ¥+ 3x) x" + ¥ ~Sx+3 (x-2

descending order w.r.t. the variables. + 0+

In this case, polynomials are already in -2~ Sx+3
descending order. F2¢" T 6x

Step-I1: Consider the higher degree polynomial as x+3)x+3x(x
dividend and lower degree polynomial as divisor and L el
start division process. 0
Step-II1: Since degree of remainder has become smaller — '
than the degree of divisor, so remainder will be taken as Divisor

divisor and divisor will be considered as dividend.
Continue the same process until we get 0 remainder. As x + 3 is the last divisor which gives
remainder as ‘0". Therefore, required HCF = x + 3

Example 15: Find the HCF of 12+ 16a + 7a’ +a’ and 13a + 5 + 14 +d’.

Solution: First arrange the given polynomials in descending order w.r.t. the variable.

ie. @ +7a’ +16a +12and @' + 5a*+ 13a + 14. Since degree of both the polynomials is same,
so any one can be taken as a divisor or dividend.

a’ +5a° +l3ﬁ'+l4) a'+7a’ +l&1+ll[ |
+a +5a° +13a+14

2a*+ 3a-— 2)J+5a:+13¢1+l4 f:aﬁ-?’
| &—— x2

' 24’ +10a* +26a+28

+2a" 434" - 2a

)

Ta’
x2
14a” +56a+ 56
+14a’ +2la~- 14

+28a2+428

I5a+70=35a+2)
a + 2) 2a’ 4 3a *E{JH"E

+2a +4a

Now divide 22° +3a —2bya +2.

S
~. Required HCF = g + 2 3 S 3
0

pa
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The least common multiple of two or more polynomials is a polynomial of lowest degree that
contains the factors of each polynomial.

4.3.1 Least Common Multiple by Factorization
The process of determining the LCM is almost identical to that for determining the HCF. Prime

factorization is also useful to determine the LCM of two or more polynomials. The LCM 1s
obtained by taking product of all factors (common and uncommon) with highest power.
(2) LCM of Monomial Expressions
To determine the LCM of two or more monomials, find LCM of the numerical coefficients and
LCM of each variable. Then find their product for the required LCM.
To understand this concept, consider the two monomials 45x"y and 60x’y"=.
First find the LCM of numerical coefficients 45 and 60 which is 180,
Now consider variables x, y and z.
LCM of x* and ¥’ = highest power of x appearing in any monomial = x
LCM of y and y* = highest power of y appearing in any monomial = %

LCM of z = highest power of z appearing in any monomial = z
Thus, required LCM = prnd:uil of LCM of coefTicients and [ C'M of each variable.
= 180xyz

Example 16: Find LCM of 18a’b'c’, 60a’b*c® and 424",
Solution: First we find the LCM of 18, 60 and 42 by pnime factorization as
18 =2x3%, 60 =2"x3x5, 42=2x3x7
.. LCM of 18, 60 and 42 = product of all factors with highest power
= %3 x5x7=1260
Now we find LCM of each variable as

LCM of a‘; and a: - a: (highest power of a)

LCM of b’ and b” = b" (highest power of b) Haleoma hias 60(x+1

LCM of ¢’ and ¢® = c” (highest power of ¢) english story hf,,,k,’_

*. Required LCM = 1260a"*b"c° 45(x+1) math fun books
(b) LCM of Compound Polynomial Expressions i S e

To understand the procedure, let us consider the following examples. | game number. What do

Example 17: Find LCM of x'y’ - x))! and ¥’y -»/’ you think can be the
Solution: First we factorize each polynomial completely. i s mm
.'l"}"]—x"}" = x{r} (x—y) . put i1 group. >

y-x7 = -y) = o E-pc+y)
We choose every factor with highest power as: v, x—yand x+ v,

Then their product is .r‘l_v‘* “Sx + (x —y)
: Required LCM = Xy’ (x + v)(x - )
= Xy (@-y)
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To find the LCM of Compound Expressions:
L thnuchpalyumal in complete factored form. Repeated factors should be expressed as

! IL Sclmthe'highutpuworofmwflmﬂmw.
| I1L The least common multiple is the product of the results of step I1.

T

Example 18: Find the LCM of 2~ 12xy + 16, ¥* - 6y + 8)7 and 3¢’ - 12)%. =9
Solution:
| 2 - 120y + 16y = 2(X° - 6y + 8)))
2 (x—4y)(x - 2¥)
(x - 4y)(x—2y)
3 - 4

R |

' .f:ﬁx_v+ Byz
- 120

i 3x + 2y)(x - 2y)
All factors with highest powers are 2, 3, x4y, x -2y, x+ 2y
‘ . Required LCM = 2 x 3 x (x—4y)(x — 2y)x + 2y)
= 6(x - 4y)(* — 4°) |
Note: Same pattern will be followed for more than three polynomials.

et

== : (

1. Give quick answers to these questions without doing any procedure. |
If HCF of two polynomials x° + 5x* + 6x and x° + 9x° +14x is obtained as x* + 2x, then:

(i) What would be the HCF of 5 (x* + 5x* + 6x) and x” + 97 + 14x? ‘
(i) What would be the HCF of x’ + 5x° + 6x and 2(x" + 9" + 14x)? . [
(iif) What would be the HCF of 3(x’ + 5x* + 6x) and 7(x" + 9x° + 14x)? H
(iv) What would be the HCF of 15(x* + 5x* + 6x) and 25(x* + 9x* + 14x)? |
(v) Does HCF of the given polynomials will remain unchanged if both are multiplied l

: by x?
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2. Find the LCM of the following menomials by completing the table.

() &Py, 4=
(i) 12%%, 24x°:
(i) 18z, 90z, 6x"y2’
(iv) x2’, 2v'x, 23.\‘3);:

Find the HCF of the following by division method.

3. a'+a-2,a 42 +a+2 4. O+20-4x 8,20+ T+ 4x -4
5. 2+ -x-2,3"-x+x-3 6. 3+2p*+Sp°, 5p+5p’+3+3p
7. 24x'—2x' —60x* - 32x, 18¢" — 6" - 39 — 18x

8. 20460 +x+3,3 497206, +32+ 20 + 6

Find the LCM of the following expressions.

9. 9a°b—b,6a’+2a 10. p’q-pd’, p'e*- p'q’

1. 4&fy—y, 28 +x 12. ¥-x—-6, 8 +x—-2.F-4x+3
3. n*=1,m® - 1m'=1 14, P+28-x-2,F-x-2,%-4
15. X +x-20,¥—10x+24, ¥ - x-30

4.3.2 Relation between HCF and LCM

Consider two polynomials P = a’—b”and Q = a’— 2ab + b’. For their LCM and HCF, first
factorize them as
P =a’ -b*=(a+b)a-b)
Q = a’-2ab+b’=(a-b)’
. HCFof PandQ=a-b
and LCM of P and Q = (a + b)a — b)’
Now HCF x LCM = (a—b )(a + b)(a—b)?
= (@ -b*)a-b)
= (a’ - b’)(a’ - 2ab + b’)
Also, productof Pand Q = (a’—b’)( a’ - 2ab + b’

Thus, LCM xHCF=P =Q

Hence, it can be generalized that:

product of their HCF and LCM = product of given polynomials
4.3.3 Finding of Least Common Multiple by Division

Sometimes, it is much difficult to find the LCM of given polynomials P and Q by factorization
method. Then in that case, we can find the LCM by division as follows. From the relation (1) we
have,
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P:r:Q P ) 0

LCM =
HCF  HCF
Procedure is illustrated through examples,

Example 19: Find the LCM of P= 10x* + 3¢’ + 8and Q = &' +3x + 10

Solution: First we will find their HCF as
5
8x' +3x+ Iﬂ)] 0x* +32" +8

x 4§ @ multiplying dividend by 4

400 +12x + 32
+ 40y + 50 + 15x
12¢ — 18 — 15x

where (12— 18— 15x) +3 = 4’ —6—5x = 4x' ~5x -6
Now, we will divide 8x"+3x+ 10 by 4’ —Sx -6
2x

4.r*-5x—ﬁ) 8x* +3x+10
+ R —llr —10%°

52+ 10+ 102 = 105 + 155 + 10
Again.{lﬂxz+ 1S+ 10)+5=2¢ +3x+2
2x—3

2% +3x+2) 4x' -5x—-6

+4.=: +4x +ﬁxz

i
—6 -9 -6
i)

. HCFis 2+ 3x + 2.

Now, we obtain the LCM using the following relation.
PxQ _ (10x* +3x" +8)8x* +3x+10)
HCF 2x* +3x+2

LCM =

HCF is not affected by
multiplying or dividing any
polynomial with any number
during the process of finding
HCF.

(Since, the HCF of two polynomials divides both of them exactly. So divide any polynomial of

numefrator by denominator.)
5 - 6x+4

2.1:+3,r+3) 10x* + 32+ 0x° +0x+8
-I-]ﬂl‘ +15x" +10x°
120 - 100+ 0x +8
—I’t —IS.r‘ 12x
&7 +12x 78
+ 8¢ 1_-111: + 8
(1]
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Hence, required LCM = (5x° - 6x + 4)(8x" + 3x + 10)

Example 20: Find the second polynomial Q when first polynomial P = x* - 5x + 6,
HCF = x—3 and LCM = x’- 9% + 26x - 24
Solution: P = ¥~ 5x+6, Q =7
LCM of Pand Q= x’ —9x* + 26x - 24 R e
HCF = x-3

J:—Z) x?=9x* +26x-24
_ HCF xLCM +x =2x°

P 72 + 26x-24
- (x=3)(x' —9x% +26x—24) = T + l4x

Q

Q x'-5x4+6 il o
0 _{1—3}(:1—9124-26.1;-—24} f]z 4
0

(x=3)x-2)
g X =9x" +26x-24
x—-2

Q = P-Tx+12

Find the HCF and LCM of the following.
i 16-4x, ¥+ x-6 i, a'-a’—a+l, at+at+1

il o +2¢° - 3x, 20" + 5 - 3x |

If HCF and LCM of two polynomials are x — 7 and x' — 100" + | 1x + 70

respectively. Then find product of two polynomials.

Product of two polynomials is x* + 3x’ — 12 — 20x + 48 and their HCF is x - 2.

Find their LCM.

The product of two polynomials is y* + 6y’ — 3" — 56y — 48 and their LCM is

'+ 23— 11y - 12. Find their HCF.

Find the second polynomial when,

First polynomial = x*+ ¥’ + x+ |, HCF=x+ 1 and LCM = (' + ){x* + '~ x - 1)

Find the LCM of polynomials 4x’ — 10x* + dx + 2 and 3x" - 2x* - 3x + 2 if their

HCFisx— 1. ehd '
In this topic addition, subtraction, multiplication and division of algebraic fractions will be
discussed.
4.4.1 Algebraic Fractions

: . 2
Algebraic expressions of the type X~ +2x+1 -1-t p
2x? —5x-3 :H ap

2
2

are called algebraic fractions.
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4.4.2 Multiplication of Algebraic Fractions
We multiply two or more algebraic fractions in the same way as common fractions in arithmetic. |

H‘% m% are two algebraic fractions, where T+ 0, U0, |
R S _RS |
Then, XU 10

In general, before finding the product of two or more algebraic fractions, we factorize the
numerator and denominator of each fraction, if possible, and divide out all the common factors,
to get the most reduced form of the resulting fraction.

Example 21: Find the indicated product.
x2 =1 T . +2
X +4x+4 x +2x-3

=l x%2
44x+4 x'+2x-3
= (x+1)x~1) - x+2
(x+20x+2) (x=1)¥x+3)

Solution:

_ x+1 1
| —x+23x+3 .
| . x+1 - x+1 [
| (x+2)x+3) X +5x+6 :
|

4.4.3 Division of Algebraic Fractions

G |
If 2 and - are two algebraic fractions, then x|

Q

s$,.1_5. 050 0. 020 0 |
U-:- 0 U“T UT,WMEU#.O,Q#ﬂmﬂT# (

To divide one fraction by another, invert the divisor and proceed as in multiplication because ‘to |
divide' by a fraction means ‘to multiply® by its reciprocal. :
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Example 22: Find the indicated operation.
rr-s r-s

Solution: =
(r+s)r—s) LLp
T r—§

s(r +s) sr+s’
r r

3x’ +6x°

2x* +x-6
3’ +6x°

2x +x-6 ¥ {612- 15%)
3x’ +6x° 1

2+ x-6 6x*-=15x
ea2) ]

(x+2)2x-3) 3x(2x-5)

Example 23: Simplify: + (6 - 15x)

Solution:

x > BNAAL -
- (2x-3)2x-5) 4x* ~16x+15

444 Addition and Subtraction of Algebraic Fractions

Algebraic fractions are added or subtracted just like arithmetic fractions i.e., by
manipulating LCM of their denominators.

Example 24: Simplify the following.
:'+1:+2+{-2x—2)
2x 2x
x’+2x+2+{-2x-2}
2x 2x
" X +2x+2+(-2x-2)
2x
_ X +2x42-2x-2
2x

Solution:

2

- 2
2x

- X
2

&
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Example 25: Perform the indicated operations.
~2x 3 3 8x-12

*+3 3—x x2'=9

-9 ~
A Solution: = 2 '-8{ 2 I
| 1+3 3—.’[.‘ .'l"'-g |
S —_ -2 |
: - 2_t+ 3  8&x-12 s " R (0T -
x+3 x-3 (x+3)(x-3) e
~2x{x—= - —(8x—
o = 2x(x=3)+(I)x+3) - (Bx-12) - LCM s (x+3)(x-3)
i (x+3)x—3) * !‘
. -3x—-9- - |
=2 +6x-3x-9-8x+12 simplify the parentheses
(x+3)x-3) [
l —2x —5x+3 renli I[
it - combine like terms . I
(x+3)x-3) '
=(2x? =
~—12x" +5x-3) <+ negative sign is taken as common [
(x+3)x-3) '
_ =12x-1Xx+3)
(x+3Nx=3) i
= "I_Z,.T:_l_l
(x-3)
| 2x-1 |
| - : +——— reduced form !
x—3

4.4.5 Algebraic Fractions with Combined Operations

When two or more operations occur in any algebraic expression then the rule for order of
operations (DMAS) must be followed. l
Example 26: Simplify. i
3ul +5uv+2v'  2u+6v  ut+6uv+9v

SOV U -4V wv-2w'
Solution: Division is performed before addition while simplifying an expression. ]
Therefore, first we will simplify fractions having *+' sign. {
3t 4 5uv+2v' | 2u+6v _u +6uv+ 9 !

W+ S5uv+6r W -4 wv-2w’

3t +5uv+ 2 2u+bv | wlv—2an
W+ Suv+6v' w4 u + Guv+ N

3’ + Suv+ 20 Au+3v)  wvu- 2v)
wl +S5uv4+6t  (wA2v(u-2v) (u+3)?
| 3u’ + Suv 4 2v* 2uv

w’ +S5uv+ 60t (u+2vNu+3v)

M -
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3’ + Suv+ 20 3 2uv
(e +2v)u+3v)  (u+2v)u+3v)
31+ Suv+ 29 + 2uv
(4 2v)(u + 3v)
3t + Tuv+ 207
(0 + 2v)u + 3v)
(3u + v +2v)
(1 + 2v)(u + 3v)

1.  Answer these without caicdnunrns.
i Product of what algebraic fraction andx’ +7x—-8is 1?

+.v’

m m+n
i i i i ?
Sum of what algebraic fraction and S m-'_ﬂz'*”z

iv. What is the product of an algebraic fraction and its reciprocal?

ii. Which algebraic fraction divided by ——— gives 1?

Simplify the following (where all the expressions in the denominator are non-zero).
2 Mx* -7x  x% 42x 5 @b'+3ab 2a+1
12 424 2x-1 r 4a’ -1 ab+3
a-b a'-b' s aud 5. 6x° y* L3y
a’+ab a’-2ab+b* a’+b’ =y x+y
8a’ -1 +6a’—13a+5x2a‘+u]
4a’ +2a° 15a-25 |5a°
x' ~8x-9 K.x —25 x*+4x-5
X =17x+72 x*-1 T 0% 48

| S 5 9 I a 5
2x-3y 4x’ -9y xx—yp) yx+y)
5x+5 . 6-2x 2a 5 4(3a+2)

32x-1) 2(1-2x) th 2a-3 6a+9 3(4a’ -9)

- F
R 5, =P g [1+—I”)

S+x—18x" 2+5x+2x7 l+g¢ p+p -p
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1.5 Square Root of Algebraic Expressions

The square root of an algebraic expression is defined as one of its equal factors e.g.,
x + y is the square root of ¥° + 2xy + 3* because,
X+ 2y 4y =+ )

The square root of an algebraic expression P is another algebraic expression Q which, when
squared, gives P. Thus, if P = (- Q)° then Q and — Q both are square roots of P.

Square root of an algebraic expression can be obtained in two ways.
I.  Factorization Method ii. Division Method
4.5.1 Square Root by Factorization Method
In this method, before applying the square root, given expression is written in the form of a
complete square. For example, to find the square root of 4a” + 12ab + 9b°, first we will convert
the given expression into a complete square as follows:
4a’ + 12ab + 9b° = (2a)" + 2(2a)(3b) + (3b)’
= (2a + 3b)’
=[% (2a+3b))*
Now, applying square root on both sides, we get.

Jda® +12ab +9b* =+ (2a +3b)

[ 2
Example 27: Find the square root of (a+—-] - 4 [a—l].
a d

Solution: To find square root of such type of expressions,
we can adopt two methods.
Method-1

el - G-

Il
8
|
b
+
|
fa
e W e
I
|._.
+
| %]
.|_
2%

[o- T4 =+ () mmmmn
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Method-11

or a -2+ ]—=.t'z

or e:1+-—-—xz+2
Substituting valuesfmmml:nns (a) and (b) in equation (i)
(a+1] —4[:;-1] = (FP+2)+2-4x
a a
= F-dx+4
= (x-2)

Now, replace x by a - % in equation (i1)

L e e
o

Example 28: Find the square root of (2a + 1)(2a + 3)(2a + 5)(2a + 7) + 16.
Solution: T X 7
(2a+ 1)(2a + 3)(2a + 5)2a + 7) + 16 = [(2a + 1) (2a + 7)] [(2a + 3) (2a + 5)] + 16

= (4a* + 16a + T)(4a” + 16a + 15) + 16
= (4a’ + 16a + 7)(4a’ + 16a + 7+ 8) + 16
(2a+ 1)2a+3)2a+5)2a+7)+ 16=x(x+8) + 16 ....(put4a’ + 16a + T=1x)
=X+ 8+ 16
=2+ 2(x)(4) + (4 = (x+4)°

Now replace x by 4a” + 16a + 7
(2a+ 1)(2a+3)2a + 5)2a+7)+ 16 = (4a" +16a + 7 + 4y =(4a’ +16a+ 11)’
Applying square root on both sides, we get

J(2a+1)2a+3)2a+5)2a+7)+16 = + (4a°+ 16a + 11)
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4.5.2 Square Root by Division Method

To understand this method, consider the following example.
Example 29: Find the square root of 9x* - 42xy + 49" by division method.

Solution: Ix=Ty « root

l\!‘}x’ =3x|-» 3x 9x’— 42xy +49)°

+3x [+ 9%

[, ;;2;3; % ] 6x-7y — 42xy +49)" o remainder
X *_4
7420 +49°

0 < remainder

*, Square root = + (3x - Ty)

Example 30: Find the square root of 4(1:’ + l) + 12[::4» -I—] +17,x #0.
X

X
i 4 12
Solution: 4[_1:- +l1]+ 12[;+ij+ 17= 4 +—+ 120+ —+17
X X X X
=47+ 12+ 17+ A - i, <— arrange in descending order
X x
2
2¢+3+ =
X
2
2x ad+ 12x+ 17+ 2 +il
X X
+4x"
4x+3 +12Jc+11'+£+i1
X X

.. Required square root is [Zx+3+ 2]

x
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Sometimes the given expression is not a perfect square and to make it a perfect square, we add
(subtract) some value to (from) it. Consider the following example.

Example 31: To convert x'+4x’ + 10x* + 10x + S into a perfect square,
i.  What should be added to it?
il. What should be subtracted from it?
iii. What should be the value of x?

Solution: First we try to find the square root of the given expression as
X' +2c+3

e a0 + 10x+ 5

+x!

47 + 10°% + 10x + 5

+4x° + 4x

6 + 10x+5

+ 6x +12¢ +9

- 2% -4

For a perfect square, remainder must be zero, but here remainder is — 2x — 4,
Hence,

i. Expression will be a perfect square if we add — (- 2x—4)=2x+ 4 init.
ii. Expression will be a perfect square if we subtract — 2x - 4 from it.
iii. For the value of x put remainder equal to zero as
“2x-4 =0
~2x=4 or x=-2
. For x=— 2, expression will be a perfect square.
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Example 32: For what values of m and n, 9x' — 24x’ - 14x° + mx + n is a complete square or
perfect squre?

Solution: First we try to find the square root of 9x* — 24x’ — 14x* + mx + n.

3¢ —4x -5

3¢ | 9x'-24x' 14 + mx+n
+9x*
G- 4x —24x* - l4.t'2 +mx+n
<24+ 168
. 6 —8x—5 ~302% 4 mx+n
~30x + 40x +25
mx—-40x+n-25

= x(m—40)+(n-25)

The, given expression will be a complete square if the remainder is zero. This is only possible if,
m-40=0 and n-25=0
or m = 40 and n=25
Hence, for m = 40 and n = 25 given expression will be a complete square

Find the square root of the following by factorization.
1. 16y°-56y+49 2. 25a'-30a’+ 92"

3
& [xl-l:] +4[1’—L1)+4, x=z0 4, (a1+—1—2-]~3(a—l]+l4fﬂ¢ﬂ
x x a a

5 (@a+2fa+4)Na+6)a+8)+16
Find the square root of the following by division,

6. X'+B8°+20°+ 16x+4 7. K+ 107+ 317+ 30x+ 9

8. 49b' + 184°b*+ 4a’b + a* + 28ab’ 9, 4¢' —12x° + 29" - 30x + 25
] 4

10. 1 =10x+27% - 10x" +x* 1, o +ad-— +2, x 20
X X

56 49 S |
. d-8a+2+ —=+=, a=»0 19; &=t e S
2 = 1 » 2 216
14. 4.1:"'+32:;r1'f-'='?*l.'i+gg‘+~I—238
X X
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To make a* - 10a* + 27a® - 9a + 2 a perfect square:

i.  What should be added in it? - ii. What should be subtracted from it?
iii. What will be the value of a?

Find the values of p and q if x*~ 12¢’ + px + g is a complete square.

For what value of k, the expression y* + 4y" + k + 1}...1‘ becomes a perfect
¥ ¥

square, where y =0.

4.5.3 Application of Factorization in Daily Life

We use various basic principles of mathematics quite unknowingly in our daily life. Like, we are
always using addition, subtraction, division and multiplication everywhere, from restaurants to
public transport. When children learn about numbers and basic mathematics. This happens because,
with time, we become familiar with the concepts. They can frequently apply these concepts in
solving their real life problems. Factorization is a similar example of this, we have a bunch of real-
life examples where we use factorization extensively, making our daily lives casier.

Example 33:
Mustafa is working on a space project to make a cuboid with the volume as the difference of

2 cubes of sides x and y respectively. Help him to find:

a. Expression for volume of the required cuboid.

b. Expression for any one side of required cuboid.

¢. Expression for Area of any one surface of required cuboid.

Solution:
Mustafa is working with cubes of volumes:
Volume 1: &* Volume 2 : y*
Difference of 2 volumes = x*—y*
a- Volume of required cuboid = x* — y*
b. x'=y' = (x—y)(* +xy+y?) (by fmmnzmg}
The volume of a cuboid is factorized in one linear and one quadratic factor. So the expression for

length is “x —y”
¢. The quadratic factor in above factorization represents Area of a surface. i-e Area of one surface
s +xy+y.
Example 34:
Volume of a cubical container is given by expression {.r’ 6x*y + 12xy? — 8y3) m®. Find:
. Expression for length of each side
. Expression for area of the base
>. Expression for total surface area
- Expression for cost of painting all outer surfaces at the rate of Rs.50/m?,

Unit-04  Factorization and Algebraic Manipulation




Solution:

Volume of cube = [3= x* — 6x*y + 12xy* — 8y*

o oR
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= (x—2y)°
Length of each side is (x — 2y) m
Base area = [*= (x — 2y)* m*
Surface area = 612 = 6 (x — 2y)* m*
Cost = rate X surface area = Rs. 50 X 6 x (x — 2y)*

= Rs. 300 (x — 2y)?

In a map of an industry, expression of area of a rectangular veranda is given by
(x*—2x—3)m*. Find:

a.  expressions for both dimensions of veranda.

b.  expression for perimeter of veranda.

¢.  expression for cost of fencing veranda (@ Rs. 200/m.

d.  expression for the cost of carpeting veranda floor @ Rs. 250/m?.

Area of a square shaped surface of a machine is given by the expression

(25x*—30x + 9)m?. Find:

a.  expression for the length of the surface.

b,  expression for the boundary of the surface.

¢.  expression for the cost of polishing the surface of machine @ Rs75/m’.

d.  expression for the cost of edging around 2 sides of the machine surface @ Rs 28/m.

Volume of a cubical oil tank in an oil refinery is expressed as

(125x°—150x* + 60x—8) m’. Find:

a.  expression for height of oil tank.

b,  expression for surface area of oil tank.

c.  expression for painting it from outside @ Rs32/m’.

A mechanical engineer working on wheels of a machine, finds their areas given by

A =né—6nx +9nand Az=! mx—10nx +25 7. Help him find radii of both wheels.
A machine has two squared shape pressers with areas expressed by 25 m* and 36n?
respectively. Difference of these areas describes a rectangular presser. Find dimension of
the rectangular pressers.

Distance covered by a missile to hit the target is given by expression (x* + 5x + 6)m.
Find:

a. the possible expression for speed of missile

b. the possible expression for time to reach the target




*  Factorization of expressions of the following types.

Type-I: ka+kb+kc=k(a+b+c)

Type-Il: ac+ad+bc+bd=(a+b)(c+d)

Type-lll: a’+2ab+b*=(a+b) and a’-2ab+b*=(a—-b)

Type-IV: a*~b’>=(a+b)(a-b)

Type-V: nl+2.ab+b1—c1-[a+-b+c)(a+b-c)and
a’~2ab+b'-c’=(a -b+cla-b-c)

Type-VI: a*+a’b®+ b'=(a® + b*+ ab) (a’+b* - ab)
a'+ 4b'= (a’ + 267+ 2ab)(a’ + 2b* - 2ab)

Type-VII: & +px+q  (factorize it write p as the sum of the factors of q)

Type-VIIL: ax’ +bx+¢  (factorize it write b as the sum of the factors of ac)

(x+a)x+b)e+e)x+d)+k (where a+b=c+d)

Typc-lx:{ (ar + bx + c)av* + bx + d) + k
(x +a) (x+b) (x + &) (x + d) + ke’

Type-X:  a’+3a’b+3ab’+ b’ = (a+ b)’ and &'~ 3a°b + 3ab® — b’ = (a— b)’
Type-XI:  a’+b'=(a+b)a’-ab+b%) and a’~ b'= (a— b)(a’ + ab + b

HCF of two or more polynomials is a highest degree polynomial which divides the
given polynomials exactly.
LCM of two or more polynomials is a least degree polynomial which is exactly
divisible by the given polynomials.
Product of two polynomials P and Q = Product of their HCF and LCM i.e.

P x Q= HCFxLCM

An algebraic expression of the form gwhml"mdetwonpmsiommd
Q =0 is called an algebraic fraction.

A fraction having rational expression in its denominator or numerator or both, is called a

complex fraction,

In case of division, after converting the fractions into multiplication form, follow the

same rules for
simplification as applied in the product of algebraic fractions.

Use ‘DMAS" rule while simplifying the algebraic fractions having more than one operation.

Square root of an algebraic expression is defined as one of its equal factors.

Square root of an algebraic expression ‘P’ is another expression ‘Q’ which, when squared,

gives ‘P’
i.e.if P = (£Q) then, + Q and - Q both are square roots of P.
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1. Encircle the correct option in the following.

(i) Factorsof —2—a+a’ are
(@) (a-2)a-1) (b) (a+1)a+2) (c)(a+2)fa- 1) (d) (a+1)¥a-2)

(ii) Factorization of x’ —x + % is
1 | , |
L e h = -2
(a) [“2] [x 2) ( I[x+2] (x=1)
(c) [I- er] (x+1) (d) (I-— %J [x— -;—)

(iii).  (x*+m*) x+m)(x*+m*)( x —m) is the factored form of
(@) x*-m' b x*+m €y x*-nm (@ x*+m
(iv). a'+64b'is the product of

(a)  a'-4ab+8b? and a’+ dab+ 8b* (b)a’+ 8b° + 4ab and a°— 8b® + d4ab

(c) [az + 8b%) (d) none of these
(v) x(2a+3b+7)+x(2a+3b+3) equals

(1) 2x(2a+3b+6) (b) 4x(2a+3b+6)

(<) x(2a+3b+ 7)(2a + 3b + 5) (d) (x+x)2a+3b+12)
(vi)  Which is the highest common factor of —122%7, 6xy", 24x'y*?

(@) -6 (b) 675 () 60 (d)y 247
(vii) 'What is the least common multiple of 12:¢)*, 6%, 24x’y?

@ Gy (b &Y (€ 6x (d) 245
(viii) ‘What is the highest common factor of 7x — 6xy and Sxy”* — 3x*?

@ (T-60(5' -3 (b)  (Tx—6xy) (5y'x —3%)

@) «x (@  x(7-6y) (5 -3%)

(ix) Least common multiple of 7x — 6xy and 5y°x — 3x is:

(@ (1-60 (5 —3x) (b)  (Tx-6x) (5 - 3

() =x (@  xX(7-6y) (5 ~3%)
(x) HCF of 7x* - 8" and 3¢’ - 5" is:

(@ 1 ) (-8 -5

€@ T° -8 @ -5
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LCM of 7x’ — 8y and 3x" - 5)” is:
@ 1 o (P-8HEd -5
€ -8 (@ 3X-5°
ﬁw‘
Whatlslheproductnf3w, and v’
w?  wv’ 2w

(a) ‘B?Xﬁw“ (b) “; (c)

J’
2

What is the quotient of %-&

3y 3
(a) 0 (b) 5y

What is the sum of 2d

3a 2a—a
® ﬂl—lmlI at—} ( ﬂ+@ —ﬂ{} a

What is the difference of ———and —* 7
xX+y  Xx+y

— — — 1 —
(@) = o) PENEE . Wyl 3 @ ==
x+y 2x+2y x+y x4y

If product of two polynomials is (a — b)” (a + ab + b%) and their HCF is a — b, what is
their LCM?

(a) a-b (b) (a—b)'(a’ +ab+b?)
(c)  (a-b)(a’+ab+b") (d) a’+ab+b?

If product of HCF and LCM of two polynomials is (x* — ") (x + y) then what will be the
product of these polynomials?

(@ x*—) ®)  @E-»EE+¥)

€© @@= ++)) @ - -+y)
i) What is the square root of 36x%'%?

(@)  &x%'® (b) 6y €) &) @ 16"
What is the square root of (15x° — 7%)* 2

@ +(15°-77% @) 15¢-7%)

(€) +(15x-7y) (d) £(15x-Ty)

Unit-04  Factorization and Algebraic Manipulation




(xx) What is the square root of [—[2; + . + 1)] ?
_ X

2 2
(a) i[l\:+£+[] (b) [2x+-!—+l] (c) 21+l+l (d) 1’21+l+l
X x X x

Factorize the following.

2.
4.
6.
8.
10.
12.
14,

15.

16.

17.

19.

20.

Unit-04

(a*-5Y-13(a"-5) +36 3. 6 + 19x + 15
(x+ 1) (x-3)x-5)(x-9)+44 & X128+ 16
Bx*+4x-5)(3x*-2+4x)-4 7. 2m* + m’n’ - 3n*

 + 102°Y - 56y° 9. x'+2ar—bx—2ab

a?-ps 1. 28 y+ 64x’y - 60x"y
Hx—y) —(x-y) L O Pz gy [.'n2 —4q + 3:!1."‘«1:]1
eyt -1y

Find the highest common factor of the following.
H F+3°-8-24,0+3-3x-9
() -3 -2¢-x-1,%"-3-x-1

Find the LCM of the following.

@ 20 +3x+1,2845x+2,7 +3x+2

() 3F+11c+6,30 +8x+4,x"+5x+6

Find the HCF and LCM of the following expressions.
a(a+c)-b(b+c),b(b+a)-c(ct+a),c(ctb)-a(a+b)

: 92 6a 101 4x 4°
Find the square oot of ——— 2 + -
: i % x* S5x 25 15 9a°

Simplify the following (all the expressions in the denominator are non-zero).

M

¢ —-2x-15

¥ rx—2 x*+5x+4 [(x*+3x+2 x+3
x R + x
x*-x-20 x'=x

1 | 1
- +
41 (e+)x+2) (x+1)x+2)x+3)
Find the values of @ and b if
£t + @ + b — 4x + 4 is a perfect square.

(i)
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LINEAR EQUATIONS AND
INEQUALITIES

In this pnit the students wil be able to!

* Recall linear equation in one variable.
* Solve linear equation with rational coefficients.
solutions.
Define absolute value.
‘Solve the equation, involving absolute value, in one variable,
Define inequalities (>, <) and (=, <).
Recognize properties of inequalities (i.e. trichotomy, transitive, additive
and multiplicative).

We can use equations and formulae to model a variety of real life problems and
situations. Business, industry, science, sports, travel, architecture and banking are
some of the areas that really depend upon equations and

inequalities to find the solutions to their problems. For example, consider the
following problem taken from our daily life. Sarim and Raahim are football
players in their school team.

If we want to compare their scores for the season, only one of ,
the following statements will be true.

# Sanm scored less umber of goals than Raahim.

« Sarim scored the same number of goals as Raahim.

» Sarim scored more number of goals than Raahim.
Let x and y represent the number of goals scored by Sarim and
Raahim respectively. We can compare their scores by using an
inequality or an equation as given below.
\_ x<y or xX=y or x>y




A linear equation in one variable is an equation that can be written in the standard form as
ax+ b =0 where a, b are real numbersand a 2 0 e.g.
! &+3=0,5x+3=5

5.1.1 To Find the Solution of Linear Equations

The solution of a linear equation in one variable is a replacement for the variable that makes

A linear equation in one variable (in standard form) has exactly one solution. For the solution of
such equations, we have to isolate the variable on either side of equal sign by a sequence of
equivalent equations.

We follow properties of equality i.e. addition, subtraction, multiplication and division properties
while solving first degree linear equations.

Example 1: Solve the following equation for x.
-Tx+24=3
Solution: -7x+24 =3 «+——— onginal equation
~Tx + 24 — 24 = 3 - 24 «+——— subtract 24 from both sides
~Tx =21 «——— divide both sides by -7
x =3

Check: To check this root, we replace the variable x by its value in the original equation and
simplify both sides.

—7x + 24 = 3 «——— onginal equation

=7(3) + 24 = 3 «—— replace ‘x’ by 3

—21 424 = 3+——simplify L.H.S
3 =3 «+——solution is checked
Thus, x=3 is required root.
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5.1.2 Selving Linear Equations Involving Fractions
The following examples illustrate this method.

Example 2: Solve % P +1

2 4

Belatlens (2%l aX oy

53y
LCM of 5. 2 and 4 = 20,
Zﬂxas—x—Zﬂxl=20xE+2ﬂ
12x-10 = §x+20
12x=5x= 20+ 10
7x = 30
111
i

X

Thus, x= %?- 15 the required root of the given equation.

< Funmaties
Example 3: Solve e I e ]
s e
2x+3 _3-4x sl 2o ﬁ.? -l
5 8 T R
By cross multiplication we get:
8(2x+3) = 5(3 - 4x)
16 +24 = 15 -20x
16x+20x= 15-24
I x='~9
A 1

36 4

Solution:

Thus, x=~£ is the root of given equation.
Example 4: Solve 0.7(x-1)-05x=1.1

Solution: 0.7(x=1)—0.5x
07x-07-05x
0.2x-0.7
0.2x

2x 18

x=9

Replace x by its value in the original equation.

0.7(9 —1) - 0.5(9) = 1.1

56-45 = 1.1

1.1 = 1.1
Thus, x= 9 is the required solution of the given equation.

1.1
1.1
1.1
1.8

W unnn
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Solve the following linear equations in one variable.

1. Sx-2-x=4-3x-27 2. 4a-3(5a-14)=5(7+a)-9
3. 7(2-5x)+27=18x-3(8 —4x)
- T | x=2 x+10
® ""_"'+‘_=n & =
4 T 5 3 + 5 5
6. 4{1"'2}_6(1_?}:12 . £+£_£+£='}E
3 7 2.5 475 6
8. v+l +y+| =2__}'+3 9 1(1_3}_'_4"'1:?_23"-‘
3 2 2 ey 7 5
l | | l
10. _'_="__]—_: 20 e — 0 - r)=
2y 6 4y Y ¥y 1. 4-03(1-x)=17

12, 05x=63-02x 13, 1.3x-02=03x-1.5

ving Radicals

5.2.1 Radical Equations

An equation in which the unknown letter (variable) appears under a radical sign is called
a radical equation.

Examples: Jx+1=7, Jx=9, Jx+2=5, J2x-3 = Jx+5

5.2.2 To Solve a Radical Equation
L. Arrange the terms such that a term with a radical sign is by itself on one side of the equation.

IL.  Square both sides of the equation.
IIL.  Selve the resulting linear equation for corresponding variable.
IV. Check the solution in the original equation.

National Book Fowndarion

Unit-05 Linear Equations and Inequalities

\.
i
g.
1_
;
{

e e e




Example 5: Solve Jx +3=7
Solution: J; +3 =7

Jx = 4

(Jx )= @y
= 16
Check: Replace x by 16 in the original equation.
Ji6+3=7
4+3=17
7 =7 «——— solution is checked
Hence, x = 16 is required solution.
While squaring both sides of a radical equation it is possible to get an extra root called
extrancous root that does not satisfy the original equation. Therefore, it is necessary to check
every root by substituting it into the original equation. Consider the following example for such
case:

Example 6: Solved+2 [3y+1=3 e E: I}-I-I 3
Solution: 4+23y+1 =3 “
2.By+1 = -l ...odd) 4+_J 4113

@ By+1 ) = (1) 4
43y+1) =1 +2
12y+4 =1
12y = -3 4+1 -

I 5

}’Z—E

Thus, y=—% is an extraneous root and solution set is ¢,

Note: In example 6, there is no need to solve the equation after step (i). We can directly say that
equation has no solution.

' Reduce the following radical equations into simple linear equations then find their solution. In
. case of extraneous solution, write ¢ for the solution set.
2z =4 . Jx=3=2
Jx-5=3 . J2x+1=9
. f5x-4 =14 . PBx=5=-10
. Jy+a-3=2 . 5-J2x-1=04

Linear Equations and Inequalities 01 Notiomisd Bowk Foundstion




9. Jy+l-12=-10 10. V5t-2 =V3t+4

11. ¥9-2x= 5x-12 12. 12-Jy+1=14
13, 4 J= +8=40 14, J“+6=Jﬁ+z
a+2 a-1 -
15.‘] z =J“2 16. 5x—4= J7x +2 :
z+3 z+6 &

5.4 Equations Involving Absolute Valuc

5.3.1 Defining an Absolute Value

The absolute value of a number is its distance from 0 on the number line, If x is any point on the
number line then its distance from 0 is denoted by |x|. The two vertical bars are called absolute
value bars, Since distance between any two points is always a positive number or zero, thus the
absolute value of a number is always a positive number or zero e.g. distance from 0 to 5 or from
0 to — 5 is 5 units on the number line.

Thus, |5 =5and [-5/ =5

The absolute value of a real number x, written as |x], is defined as
o |d=xifx 20
o | =-xifx<Oeg [9|=9 or |-3|=-(-3)=3

5.3.2 Solution of Absolute Value Equations

An equation that contains a variable inside the absolute value bars is called an
absolute value equation.

eg p+t1=5, |x-3=4

To solve the equations involving absolute value, we apply the basic definition of absolute value,

Example 7: Solve the equation |x = 8.

Solution: To solve such equation we have to consider both the possible values of the number
with absolute value.

Thus, if x| =8 then x=8 orx=-8.

The solution set is {8, 8}.

Example 8: Solve the equation [ = - 6.
Solution There is no real number x such that 11-| = — 6. So, this equation has no solution. Hence
the solution set is ¢.
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Conclusions
An absolute value equation of the form [ax+b[ = ¢, where a, b and ¢ are real numbers, a # 0
and ¢ > 0 is equivalent to two equations:

ax+b=¢ or ax+b=-c.
For the required solution set of the given absolute value equation, we solve both the equations
separately. !
Example 9: Solve the equation:

|2x+5| =11, where x € R.

Solution:
Step-1: Remove the absolute value bars and write two equations as
2x+5=11 or x+5=-11
Step-11: Now solve both the equations for x.
2x+5 = 11 &+5=-11
2x=11-5 ==11-5
2x=6 2x = -16
x=3 x=-8
Step-111: Hence 3 and —8 are roots of the absolute value equations. Thus, the solution set
is {3,—-8)

* The equation [x =k Ak > 0 has S0 SORRORE 350 k.
e The equation |y = 0 has one solution, namely x = 0.

+ The equation [« = k and k <0 has no solution and the solution set in this case is .

Example 10: Solve the absolute value equation.
Ims—xf_lhl;*ﬂ 4 where x e R
Solution: Before we remove the absolute value bars, try to isolate the absolute value
expressions on either side as
10-x [2x-35|
5 3
=g 2
[2x -5
10=x
2x—5
10-x _
2x-S
10-x _
2x—35
2(10 —-x)=5(2x - 5) 2(10 -x) =-5(2x- 5)

|

R R B 0
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20-2x = 10x-25 20-2x = -10x+25
—12x = -45 8x =5
45 15 5
I=s —=— = =
12 4 8
5

Thus, the solution set is {IT %}
Example 11: Solve the following absolute value equaiton.

la-l=[2a-3, aeR

Solution: |

By removing the absolute value bars we get two equations as: - |
a-1=2a-3 or a-1=-(2a-3)
—a=-2 a=1==2n+3 '
a=2 3a=4 i
.
-

The solution set is {2, %}

Solve the following absolute value equations, wherex, y,z € R.

1. |x[=§ 2. x+2l=6 3. sy-1=9 |,
4, Rk+1|=2 5. [6-3)y =0 6. 3|z-2 -4=-2
7. Rx=1|=3 8. PBx+2|=7 9. .l‘%‘iqg

_2 L
10. [5qd+10=5 1. “4_'}’{ =3 12 |-"2|'I| s [213 1

13, [5x=3=|x+7] 14. |z43 -3=5-|z+3

Linear Inequalities (or Inequations) in one Variable .

54.1 Defining an Inequality

There are many ways in which two expressions may be
unequal. The following symbols express some inequalities.
Inequality Symbols

islessthan eg —-5<7

is greater than eg. 10>-3

is less than or equal to e.g. 7 7

is greater than or equal to e.g. 5= 1
isnotequalto eg. 3.# 5

$IVIA V A
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A statement that “two algebraic expressions are not equal” is called an “inequality” or
“inequation.”

A linear inequality in one variable is an inequality (inequation) that can be written in the
standard form of ax + b <0 (or ax + b > 0) where a and b are real numbers and a = 0.

Examples: x<3, x>-2,x-5<-10, S59-T<3yp+9,-5>-7, 3 2x+l]

Remark: Above mentioned definition is also valid for the symbols < and 2.
Some examples of linear inequations are 4x+3 >0, y>-7, 8(x-2) €3 -5xand
X+3<—-3

An inequality written with the symbols < or > is called a strict inequality.

5.4.2 Solution of Linear Incqualities (in one variable)
The definitions of solution and solution set for inequalities are same as for equations.

A solution of an inequality is a replacement for the variable that makes the inequality true.
Solution set of an inequality is the set of all real numbers that satisfy the inequality.

Procedure:

The procedure for solving a linear inequality in one variable is almost identical to that for solving
a linear equation. Here, also to isolate the variable, we use “properties of inequalities”. These
properties are similar to the properties of equality but there is one important difference that when
both sides of an inequality are multiplied or divided by a negative number then direction of
the inequality symbol is reversed. e.g.

original inequality o _2<5
(= 30~ 2) > (- 3)(5) «=—— multiplying both sides by -3 and reversing
inequality symbol
6>—15 «—— simplest form

Two or more inequalities that have the same solution set are called equivalent inequalities
eg x+5<B8andx <3 are two equivalent inequalities.

Example 12: Solve the following inequality.
Bx+9<6x-7,wherex eR.
Solution: Bx+9<fx-17
8 -6x< -7-9
2x<—16
x<-—§
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The solution contais all real numbers less than — 8.
Check the solution by replacing x with any number less than - 8, for example — 9, as
8(-9)+9<6(-9) -
-72 +9<-54-7
—63 < — 61+— true statement

Thus the solution setis {x |x € R ~x<—8}.

Example 13: Solve the inequality.

3(—4+5)<-8(1-2y)+6,xeR
Solution: 3(-4+5) < -8(1-2y)+6
12415y -8+ 16y +6
=12+ 15y £ 16y -2
-y < 10
y2-10
2. Solution Set= {x|x e Ray 2 -10}

Example 14: Solve. %x+32%x+2,x e R

Solution: l:Jt+32-l*:1|.'+2
2 4

4{%1+3}E4{‘—:-1+-2}4— multiply both sides by LCM of denominators
2x+12 2x+8
x+1228
xz2-4

The solution setis {x |x eR Ax 2 -4},

Compound Inequalities

Twumequa]mulhﬂmmimdbyﬂmwmd“nd“ﬂﬂmwmd“nr“ﬂmnedmmpumd
incqualities e.g. 2x<6 and 3x+2>-4, 3x+5>7 or 4x-1<3

54.3 Solution of Compound Inequalities Joined with ‘or’

When two inequalities are joined with connective word *or’, it is necessary to solve each
inequality separately. The solution set of the compound inequality will be the union of both the
solution sets i.e., the solution set will satisfy either one or both
the inequalities.
Example 15: Solve the following.
2x+3>7 eor 4x-1<3; xeR
Solution: We will solve both the inequalities for x separately.
xx+3>7 or dx-1<3
>4  or 4xr<4
X2 or x<l1
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{x|]xeRax>2}or {x|xe Rax<l}
Now the union of both the solution sets is

[x|xe Rax>2o0rx<l1}
Hence, the solution set of the given compound inequality contains all real numbers greater than 2
or less than 1.

5.4.4 Solution of Compound Inequalities Joined with *and’

When two inequalities are joined with the connective word ‘and’ then the solution set of the
compound inequality will be the intersection of both the solution sets i.e. the solution set
contains all the solutions that satisfy both of the inequalities.

Example 16: Solve the compound inequality.
x—5>-landx+3<10,xe R

Solution: Solve both the inequalities for *x".
x-5>-1 and x+3<10
x>4 and x<7
fx|lxeRax>4)} and {x|xesRAax<T}
Intersection of two solution sets is { x |[x eR A4 <x <7}
i.e. Solution set consists of all real numbers that are greater than or equal to 4 and less than or
equal to 7.

Example 17: The sum of two times a number x and 3 is between 5 and 17. Between what two
numbers is the given number x?

Solution: Expression ‘sum of 2 times a number x and 3" can be written as 2x + 3. Then given
compound inequality is ‘5<2x+3<17".
Now we solve this compound inequality.

S5<%x+3<17

5-3<2x<17-3 <«——subtracting 3 from each part

2<2x<14

l<x<7 +—dividing each part by 2
Thus, x lies in between | and 7,
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Check whether the given value of each variable satisfies the inequality.
i) S5y-12>0; y=3 ii) 4-2x<9;, x=-3

i) S5->-4x+5 x=4 v) (z+4)<6;, z=-2

v)  5(x-2) >29x-3(2x—-4); =x=11

In the following cases, write each solution in the set notation form.

1) 2< x £5, wherexe N i) y<7, where ye N
i) zs<-3, whereze R iv) x £4, wherex e W

v) -4<x< ;—3,whm:e R

Solve the following inequalities.

2. 3x-2<7, xe N 3. 6x-5<35-Ix, xe W

4. 16-5y<4(y—1)-7, yve R 5. 10=(7-»23y-9,yeR

Solve the following compound inequalities, where x € R (6-10).

6. 5-3x<Il or x+3<-9 7. 2x+3<9 and x-5>-6

8 1=7-3x<22 9. Ix+2l<l-xo0or 3x+8>3-2x

10. 1-5x>16 and 3—1;59

11. The sum of five times a number x and 10 is less than -35 or greater than -5. What real

- numbers does x represent?

12. “Two times a number decreased by S is greater than or equal to the number increased by 8.
Find the possible values for the number.




1. Encircle the correct option in the following. absolutely correct.

(i).  Which one is the standard form of linear equation?

(a) ar+b=0 (b) ax+b=-c (c) ax+b>0 (d) ax+b=0
(if).  The exponent of the variable in linear equation is?

(a 1 (b) 2 0 - (d) 0

(iii).  Which one is the linear equation in one variable?
(@) ax+y=0 (b) xp+3=0 (¢) 2x+3=0(d)2¥+3=0

Which one is the solution of 12x + 17 = 657

82 65
(a) 48 (b) 7Y (c) 4 (d) 0

What number must be subtracted from the right side of 7x = 30 so that 4 is a solution of
the resulting equation?

(a) 7 b 2 ) 4 @) -2
Which property of equality will be applied to solve the equation —2x = %?
(a) Addition (b) Subtraction

(¢)  Division (d)  Addition and subtraction
Which one is the solution set of 5 |x| =257

(@)  {-25,25} (b) {25} ¢ 5} @@ {55
Which is the solution set of |4 +7=13?

(@) {-4} (b))  {4,-4} (0 {} d {-7,-3}
Which one is the solution set of V5x =-10?

(@ {} (b)  {-20} (c) {20} (d) {2}
Which one is the solution set of ¥/3x+1=57

(a) 25 (b) 8 ()
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(xi). Which one is the solution of - -E*:S‘?

X X

2 5 '
" = - d
(a) | (b) 3 (c) : (d) =zero

(xif). Which one is a strict inequality?

(0)  x+3e@d (b)) 1Ix>=S5 (¢) 2y-3<0 (d) 4x+520
(xiii). What should be value of *k" if x < y shows kx > ky?
(0)- k=0 (b) k>0 () k<0 () k=0

(xiv). Which one is the compound relation?

(a) 1+2x<4+x (b) 41+3:~5~:~ (3] .t+y:-5% (dix<0

{xv). Which one is the solution of 3 - %x.‘a 0?

(a) xz-6 (h) x<6 (c) x=6 (d) x<-6

(xvi). Which one is the solution of 2(x+ 6) € 3 (x +4)?

(@) x50 by x=z0 () x<24 (d) x=24

Solve the following.
2x—11 2x+10 (28-2x |1 | 2a 2

2. = - - 3. a=-—=|—+=

12 12 4 4 2 3 3
L 5. S5—|Sy+1|=-9

10

6. %x~lax+l,xER 7. 42y +3)—(6y—1)>10, yeR

8. %xs~3 or %xad. xeR

9. The difference between three times a number y and 18 is less than 12 or greater
than 39. What real numbers do y represent?
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TRIGONOMETRY AND BEARING

In this vait the students will be able to:

Measure an angle in sexagesimal and circular systems.

Convert an angle from D'M'S" to decimal form and vice versa.
Convert an angle from sexagesimal to circular system and vice versa.
Find length of circular arc when radius and central angle are given.
Find area of the sector of a circle.

Find the trigonometric ratios of 0%, 30, 45", 60°, 90°, 180", 270" and 360°.
Prove and apply trigonometric identities.

Find angles of elevation and depression.

Solve real life problems related to a right-angled triangle.

Interpret and use three figure bearings.

Find bearing of cardinal and intercardinal directions.

Solve real life problems related to bearing and trigonometry.

-
-
-
-
-
-
-
-
-
-
-
-

/'I'ﬁgonumctry is the branch of Mathematics that deals with the relationship of sides with
angles in a triangle. With trigonometry, finding out the heights of big mountains or towers is
possible. It is also used to find the distance between stars or planets in astronomy and is
widely used in physics, architecture, engineering and GPS navigation systems. Trigonometry
is based on the principle that if two triangles have the same set of angles, their
corresponding sides are in the same ratio.

The measurement along with direction of angles plays an important role in  satellite
navigation. By using trigonometric and bearing principles, navigation has become easier for
the military and hikers . Direction compass supports in getting clear picture of the angle
between cardinal and intercardinal directions.

.




0.1 Measurement of an Angl

Union of two rays having common end point forms an angle. An angleis positive or negative if
measured in anti-clockwise or clockwise direction respectively.

> Vertex Initial side
Clockwise A
i-clockwise Deehe e
(positive angle)
o > A
Vertex Initinl side B

Angle in standard position
An angle when drawn in the cartesian plane(rectangular coordinate system) is in standard
position if its vertex is at the origin and its initial arm. is directed along positive x-axis. Its
terminal arm may lie either on any of the axis or in any of the quadrants.
There are three systems of measurement of an angle.

i. Sexagesimal System or English System

il. Radian measure or Circular System

iii.  Centesimal or French System
Centesimal or French system is beyond the scope of this book.

6.1.1 Sexagesimal System

Draw a circle and divide its boundary into 360 equal arcs.
The central angle of each arc is of measure 1 degree (1°).
To draw an angle of 30°, we need 30 consecutive arcs of 1°,
As 90° is one fourth of 360°, so 90 consecutive arcs of 1°
form a quadrant of the circle. i.c., central angle of quadrant
of a circle is 90°. There are 180 arcs of 1° in a half circle
and all 360 arcs form a complete circle. i.e., central
angle of half circle is 180° and that of full circle it is 360°,
To measure the central angle of an arc whose length is
smaller than the length of arc of 1°, we divide the arc of 1°
into further 60 equal arcs. The central angle of each of these
small arcs is of measure | minute denoted as 1'. So, there are 60
in a degree. Similarly, there are 60 seconds(60") in a minute.
Thus, 1°=60' , 1'=60" ,1°=3600".
PO Sy T 3, e 3 \°

r=(%).1" = (%) 1" = (&) -

In sexagesimal system, an angle is measured in Degrees, Minutes and Seconds.

Example 1: Convert the following measures of angles into seconds. .
i. 30 , ii. 60° iil. 45°45'45"

Solution:
i. 30" =30 = 60" = 1800"
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ii. 60°=60 x60"=3600"=3600 x60" = 216000"

ill. 45°45'45" =45+ 45' + 45"
=45 x3600"+45 x 60" + 45"
=162000" + 2700" + 45" = 164745"
Example 2: Convert the following measures of angles into minutes

i. 36° il. 45" iii. 36°45'30"
Solution:
i 36° =136 x 60" = 2160'

ii. 45" = (45 xﬁ); = G)' = 0.75'

iii. 36°45'30" =36+ 45 + 30"
=36% 60" +45' + ()
=2160" + 45’ + 0.5’ = 2205.5'

Example 3: Write the following measures of angles into D°M'S".

i. 60.5° ii. 45.125° iii. 3600" iv. 216000" v. 20.555'
Solution:

i 60.5° =60°+0.5°

= 60"+ 0.5260"

= 60° + 30’ = 60°30'

45.125° =45+ 0.125°

=45+ 0.125x60'

=45+ 7.5

=45 + 7'+ 0.5 x 60" = 45°7'30"

L
3600" = (‘—m- = 60’ = 1° =1°0'0"

216000" = (22220’ = 3600" = (22)” = 60°0'0”

20,555'= 20" + 0.555'
= 20"+ 0.555%60"
=20'+33.3" =0°20'33"

Example 4: Write the following measures of angles in degrees correct to 4 decimal places.

i. 60°30'30" ii. 75°25'35"
Solution:
030'30" = £0° + (32)° 4 (32)"
L 60°30'30" = 60 +C.u)+ =
= 60° + 0.5° 4+ 0.0083° = 60.5083"

025357 = 750 4 (2)° 4 (35)’
75025'35 ?5+”)+mu

=75% 4 0.4167° + 0.0097° = 75.4264"




6.1.2 Circular System or Radian Measure

The ratio between length of circular arc and radius is
called radian. If length of an arc is equal to radius of
circle, then their ratio is |1 radian. i.e., one radian is
measure of central angle of an arc whose length is equal
to radius of the circle.

The ratio between circumference and radius of a circle
is 2m, therefore measure of a complete angle in circular
system is 2m radians.

In circular system, an angle is measured in radians.

In sexagesimal system measure of a complete angle is 360",
so  2m radians = 360"

m radians = 180"
| radian = % i
= 57%17"45"
Similarly,
1= radians = 0.0175 radians s
To convert measure of an angle given in radians to =38

1801 ? .

measure of an angle given in degrees to radians,

degrees, multiply its value by (— and to convert * L

multiply its value by — radians. %

Example 5:

Convert the following measures of angles in sexagesimal system (D°M'S").

T

i. 2.125 radians il. 0.5 radians iii. % radians iv. 2% radians
Solution: -
L 2.125 radians = 2.125 x (22 i "|
~ 2.125 x §7.2958° |
= 121.7535° |
= 121" +0.7535 60’ |
= 121"+ 45.21" ;

= 121"+ 45' + 0,21 x 60" =121%45'13"
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(1]
0.5 radians = 0.5 x (@)
=~ (.5 x 57.2958°
=~ 28.6479°
=28" +0.6479 = 60'
=28"+ 38.874'
=28" + 38" + 0.874 x 60" = 28°38'52"
n ’ _=® 18017
3 radians =7 x (22
_ (180 0 = o
(%) = o0
3 o

radians = == x

- -

Example 6:
Convert the following measures of angles in radians.
i 45° ii. 150" iii. 300° iv. 30°30'30”

Suiuﬁun:
i 45" =45X%mﬁmn=%mdims = (0.7854 radians
- 0l == . ST
ii. 150 =150 = s radians
B %mmm =~ 2.618 radians
300" =300 K%md.im-
=%mdim = 5.236 radians
30°30'30" = 30.5083"
=30.5083 * = radians
= 30.5083 x 0.0175 radians

1. Convert the following measure of angles in seconds.

L5 ii. 30" iii. 10°30 iv. 20°20'20"
2. Convert the following measure of angles in minutes.

L7 ii. 120" iii. 50°40' iv. 30°30'30"
3, Convert the following measure of angles in degrees and write the answer

correct to 4 decimals places.

i 135" ii. 150" iii. 60°60’ iv. 45°45'45"
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4. Write the following measures of angles in D°M'S".

i. 60.125° ii. 135.375" iii. 60.85’ iv. 255.45°
5. Convert the following in radians. Write the answers in terms of .

i 45° ii. 150° iii. 60°30' iv. 120°
6, Convert the following in radians. Use m=3.1416.

L 2T ii. 60° iil. 18045’ iv. 75°30'45"
7. Write the following radian measures of angles in D°M'S".

L o= i = v, =

v. 1 vi. 3.1416 vii. 12m vili. 5

6.2.1 Length of an Arc .
Length of a circular arc and radian measure of its central angle are directly proportional. i.c.,
ratio between length of an arc and radian measure of its central angle remains constant.
Consider a circle of radius r with centre O. Choose an arc of length [ on circumference. Let f be
the radian measure of central angle of that arc. Now choose another arc whose central angle is of
1 radian. The length (/) of such arc is equal to the radius. i.e. [y =r.

2001

l:8:r:1

[x1=rx8

[=10
So, length of a circular arc is product of
radius and radian measure of central angle.
Fig. (i)

6.2.2 Area of Sector of a Circle
The union of a circle and its interior region is the circular region. The circular region bounded by
an arc and its two corresponding radial segments is called sector of the circle. In figure (i) shaded
region is a sector of the circle with radius r and 6 the radian measure of central angle. Like arc
length, area(A) of sector is directly proportional to the radian measure of central angle.

arca of sector : 0 : : area of circle : complete angle

A0 o 2 Do You Know?
2nA=nr 0 From elementary geometry: |
wrig Are t.mgth.[t} = Central angle of sector{#) = Area of sector of circle (A) |
A= 2nr n ar-
2 L ey, |
_ ¥ Izu-r ; = - wr? 3
.2.’ : ST MENEES 1
where 0 is in radians. = Arc length( ) = rf and Arca of sector(A) =% ‘
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Example T:
Find length of an arc of a circle whose central angle and radius are given below.

=-:—rrld, r=2cm ji. 0=60°, r=30cm

ii. a-so‘.‘n-;frad.rnsnun
Now, [=rb
n
=30 KE
= 10m cm
=]10x=314
=314cm

Example 8:
Find area of the sector of a circle whose central angle is 120° and radius 5 cm.

Solution:
r=35cm,
0=120°=rad
A=Tt=l (5)*("‘)
=?m1 = 26.18 cm’
Example 9:

Ihelengthofmmmdmofmmrufacmlemdmmdlﬁcm respectively. Find radius
and central angle of sector.

Solution:

I=4cm,A=16cm’r =7, 0=2

As, [=r0
= rb=4

r T
Now A= -7%6
16= 272 x * (substituting the value of )

16 =2r
r=8cm
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( EXERCISE 6.2 )

. Find length of arc and area of sector for given radius and central angle.

L r=>5ocm, ﬂ"‘—l’ldlltlﬂ

it r=12m, —120“
jii. r=6dm, 0=60"45'30"

A central angle in a circle of radius 4 cm is 75”. Find the length of the intercepted arc and
area bounded by the sector.

Find radian measure of the central angle of a circular sector for the following data.
i. | =8cm, r=4cm

il | =85m, r=225m

iii. A=45cm’. r=10.70cm

iv. A=100cm’ [=10cm

Find radius of circle for the following information.

‘L | =4cm, B=nmdi&ns

i I =6m 0=15
iii. A= 2{}ﬂ¢m H=—mdtmts
iv. A=1m&m’:~mmn

A 30 inch pmdulum swings through an angle of 30°. Find the length of the arc in inches
through which the tip of the pendulum swings.

A motorcycle is traveling on a curve along a highway. The curve is an arc of a circle with
radius of 10 km. If the motorcycle’s speed is 42 km/h, what is the angle in degrees
through which the motorcycle will tum in 21 minutes?

Find perimeter and area of a half circle in the following figure by using the formulae

|
[=rf, A==r'80,
AU

Find the circular measure of the angle between the hour hand and minute hand of a clock
at:
i 90 clock ii. 02:30 iii.  06:45
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6.3 Iriconometric Katios

6.3.1 General Angle
In coordinate plane, the two axes divide the plane in four equivalent parts called quadrants. If we
place an angle in the coordinate plane such that its vertex

coincides with origin and one of its rays lies along ok
OX (+ve x-axis), then this angle is said to be in

standard position. The ray along OX is called initial

ray and second ray in the plane is called terminal ray.
Such an angle is called general angle.

Measure of an angle is positive in anticlockwise direction
and is negative in clockwise direction.

In the adjoining figure two angles in standard

position are drawn. Both have same terminal ray.

One of them is 150 (in anticlock wise direction) and

the other is -~ 210°(in clock wise direction).

Two angles having same terminal ray in standard
position are called co-terminal angles.

The measure of a general angle can be greater than 360°,

Y

g

To draw a general angle whose measure is greater than 360°,
we subtract any multiple of 360 from its value and try to find a
value less than 360°. Terminal ray of 360° or that of any of

its multiple coincides with 0", i.e.,, OX.

In general, two angles are co-terminal if their measures

differ by some multiple of 360°. e.g., to draw an

Mhgle of 390, first find 390° - 360" = 30°,

then draw 30" in anticlockwise direction.

390° and 30" have same terminal ray so they are co-terminal

angles.
Similarly, 150" and — 210" are co-terminal angles.

Thinking Corner!
How many co-terminal angles can be of an angle?
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6.3.2 Quadrantal Angles
If terminal ray of an angle in standard position coincides with any of the axes, then it is called
quadrantal angle. The measure of a quadrantal angle is a multiple of 90, 2
e.g,. 0°,90°% 180° 270°, 360", 450°, ... are the quadrantal angles.

In radian measure, quadrantal angle is a multiple of 5;- \w—
e.g., 0, 3-;, M, % 2m, 5?' 37 ... are quadrantal angles. < N

Terminal rays of 0°, 360°, 720", ... are along OX.

Terminal rays of 180", 540, 900, ... are along 0X'.
Terminal rays of 90°, 450°, 810", ... are along OY. A V¥
Terminal rays of 270°, 630°, 990°, ... are along OY". B(O, 1)
Unit Circle 1
A circle whose radius is of | unit is called a unit circle.

re

e
1,..

]

=Y

P(x, y)

¥
A(l, 0) >

In standard position centre of a unit circle is O (Origin).
The equation of a unit circle centered at O is x* +y* = 1.

Trigonometric Ratios
The ratio between any two sides of a right-angled triangle

00,0y Q

is called a trigonometric ratio. There are six possible trigonometric ratios corresponding to an
angle.In triangle ABC, £C = 90°, £A = 0, AB = ¢, BC = a and CA = b.With respect to an

acute angle 0, a is the length of perpendicular, b is the length of B
base and c is the length of hypotenuse.
Various trigonometric ratios are defined as: “ ¢
Perpendicular W Fase b E Perpendicular _ a
Hypotenuse ¢ Hypotenuse ¢’ Base iR B
Hypotenuse ¢ Hypotenuse ¢ Base = [ (] 5 A
Perpendicular a'  Base b Perpendicular a

e  The ratio of perpendicular and hypotenuse is sine of 0 denoted by sin 6.
- " Perpendicular _ a
S BHY G e t———"
Hypotenuse &
e The ratio of base and hypotenuse is cosine of 8 denoted by cos 6.
Base b

. — e —
/. cos § Hypotenuse ¢

¢ The ratio of perpendicular and base is tangent of 6 denoted by tan 0.

Perpendicular _ a

s tanf= Base ®

« The ratio of hypotenuse and perpendicular is cosecant 0 denoted by cosec 0.
. [P i T S
s i " Perpendicular a sinB

»  The ratio of hypotenuse and base is secant of 0 denoted by sec 0.

. soc = Hypotemuse _ ¢ _ 1

| Hase b cos
'« The ratio of base and perpendicular is cotangent of 8 denoted by cot 6.
Base b 1

| ot O = e endlcular o @an®

‘ s cosec 0, sec 0 and cot O are respectively reciprocals of sin 0, cos 6 and tan 6.
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6.3.3 Trigonometric Ratios with the Help of Unit Circle
Consider a unit circle centered at O.
Mark a point P(x, y) on the circle. Join P with O.

Draw PA perpendicular to x-axis.
OA =x, PA =y and OP = I(radius of circle).

If LAOP =, then sin § =% = y and cos 0 === x .
So.oourdmntesof?are{msﬂ sin 0).

i.e., x=cos 0 and y = sin 0. Msu,mna=§.
Reciprocal of y is cosec 0, reciprocal of x is sec 0 and reciprocal of > is cot .

If P is a point on a unit circle centered at O and ZAOP = 8, then coordinates of P are

(cos 6, sin 8).

6.3.4 Trigonometric Ratios of 30°, 45" and 60"

Trigonometric Ratios of 30°

To find trigonometric ratios of 30°, choose a point P(x,, y;) on unit circle in standard position
such that £O = 0 = 30°. Draw PA perpendicular to x-axis. As in a right-angled triangle length of
side opposite to 30° is half of hypotenuse, o in right angled triangle OAP, y; =3.

Equation of unit circle is X’ + y* = 1.

Put x=x, m&y=y.=§-inabowxequtiuntog=t

(%1 ¥y

:12=EMII=E{‘*PH=5inquadmmI)
Coordinates of P are U 1)
So,c0s30° =x; = E sm30°=y1 ='l ungo"n-l'!.—_

sec30"=>= 2 30”——=2mdm13ﬂ°=——vr'
xy \JT

Trigonometric Ratios of 45°
To find trigonometric ratios of 45", choose a point P(x;, y;) on a unit circle in standard position
such that 20 = 0 =45". Draw PA perpendicular to x-axis. Tnmgle{}AP is right isosceles.
Therefore, AP = OA or x; = y;.
Equation of unit circle is x* + y* = 1.
Put x=x; and y = y; = x; in above equation to get

x12+x12=1

2x;i=1

1

xiz=§ =x =_J—%.,alsuy1 =5
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: £ 3
Courdmnlnsnf?m(v,—?ﬁ).
u= —-1- i nﬁ -—i Dzﬁ-—
So, cos 45 xi—-ﬂ, sin 45 J":—ﬁ- tan 45 x1_1‘
sec45°=" = V2, cosec45"=> = V2, andcot45° =2 = 1,
x ¥ N

Trigonometric Ratios of 60"
To find trigonometric ratios of 60", choose a point P(x;, y) on unit circle in standard position
such that 20 = 0 = 60". Draw PA perpendicular to x-axis. As in a right-angled triangle two acute
angles are complementary so ZOPA = 30". As in a right-angled triangle length of side

opposite to 30° is half of hypotenuse, so x| =~.

Equation of unit circle is x* + y* = 1. A

Pulx=.r|=% and y =y, in above equation to get

@ +si-1

2 1 2_3 3 1
= . e — = = o
y=l=> 3 yi===y=-aliox =

Coordinates of P are %?
ook SL s 8
0P =2 =3, sec6t’=L=2
1 1

6.3.5 Signs of Trigonometric Ratios in the Four Quadrants
If P(xy, ¥, ) is a point on a unit circle such that £XOP = 0, then x; = cos 0 and y, = sin 0.
First Quadrant AY

If P lies in first quadrant, then 0 lies between 0” and *1: Y1)
90°. Both coordinates of P are positive i.e., x; > 0
and y, > 0. So, in first quadrant cos 8 > 0 and sin 6 > 0.
As the quotient and reciprocals of positive numbers are
also positive so in first quadrant all trigonometric ratios
are positive.

Second Quadrant v
If P lies in second quadrant, then 0 lies between 90” and
180°. In second quadrant abscissa of a point is negative
and ordinate is positive i.e. x; <0 and y, > 0.

So, in second quadrant cos 6 < 0 and sin 0 > 0,

As the quotient of a negative and a positive number is
negative so tan 6 < 0 and cot 6 <0.

As reciprocal of a negative number is negative and that

of positive number is positive so sec 8 < 0 and cosec 6 > 0.

=]
2t
<
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Third Quadrant
If P lies in third quadrant, then 0 lies between 180° and 270"

In third quadrant both abscissa and ordinate of a point are
negative i.e., x; <0 and vy, < 0. So, in third quadrant cosf <0
and sinf < 0. As the quotient of two negative numbers is positive
so tan 6 > 0 and cot 0 > 0. As reciprocals of negative numbers
are negative, so sec B <0 and cosec 0 <0.

Fourth Quadrant :
If P lies in fourth quadrant, then  lies between 270° and 360”,
In fourth quadrant abscissa of a point is positive and ordinate is

negative i.e. x; >0 and y, <0. x A

So in fourth quadrant cos 8 > 0 and sin 0 < 0. As the quotient € o O X
of a negative and a positive number is negative so tan 0 < 0 and 1

cot 8 < 0. As reciprocal of a negative number is negative and that Plxy. y,)
of positive number is positive, so sec 8 > 0 and cosec 0 < 0. NP

-3
.-
s
L
e
Ll
Lad
Ll
-
o
L
=i
-
-

The figure at right would be helpful to
understand the signs of trigonometric ratios
in different quadrants.

LARNNE

(AL AN

To Be Observed! N

When point P lies in any of the quadrants or on any of the axis, by joining it to origin, l

we get the angle # formed by terminal arm OP in standard position, then:
Mﬂwmq?ﬁmz—m_z

distance af P from arigin r
wﬁwmqnm;—m ==
distance of P from origin r

tan@ = lgebraic distance of P from x-axis _ y

algebraic distance of P from y-axis ¥ |

(due to the word ‘algebraic’, x and y will get +/— sign according to the quadrant of P) b
We consider r = 1 in a unit circle.

ey b e e T e ———
Ll

Unit-06 Trigonometry & Bearing




6.3.6 Evaluation of Trigonometric Ratios of an Angle if One of Them is Given
We can find all the trigonometric ratios of a particular angle if one of them is given i.e. if value
of ‘sin 0" is given, then we can find the remaining ratios, for the same value of 6.

Example 10:

Hsinﬂ-gmdmmﬂnalmyufﬂisinﬁmquadmnl,ﬂwnﬁndmnaininguigunometricmﬁmfnr

same value of 8,
Solution: Method |

Consider a right-angled triangle ABC, in which mC = 90", mA =0,

o oo perpendicular _ BC
By definition sin 6 = g et

But sin 0= (given)

So, BC=+v3and AB=2

By Pythagoras theorem AB* = AC’ + BC?
22 = AC? + (V3)
4=AC*+3

Method 11

Consider a unit circle at O. Mark a point P on the circle in first quadrant whose y coordinate is -25

The equation of unit circle is x* + y* = 1.
Puty=§
2+ (D=1

i 1 1
.t’z—l-:=: #Inii

. = ; 1
Since, P is in first quadrant so x> 0. ie., x= =
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6.3.7 Trigonometric Ratios of Quadrantal Angles

Trigonometric Ratios of 0*

To find trigonometric ratios of 0°, choose a point P(x;, y1) on unit circle in standard position such

that £XOP =0 = 0".

As P lies on x-axis so its coordinates arex; =1 andy; =0. -

So, cos 0" =X = 1
sin0"=y; = 0 _

o 1,0

tan0"=2===0 . 0

1

mmﬂ"=i=%=m[und=ﬁmd)
cutn“'-f‘-=%=m{undcﬁnad)
1

Trigonometric Ratios of 90"
To find trigonometric ratios of 90°, choose a point P(x;, y1) on unit circle in standard position
such that ZXOP = 0 = 90°.,
As P lies on y-axis so its coordinates are x; =0 and y; = 1.
Sﬂ,mmazx-[ =0

Sinmn=}'l = 1

PO, 1)

m9u°=§:=§=m(mdﬁmd)

mt?ﬂ"--}t=%=ﬂ
Trigonometric Ratios of 180"
To find trigonometric ratios of 180°, choose a point P(x;, y1) on unit circle in standard position
such that ZXOP = 0 = 180",
As P lies on x-axis at left side of O so its coordinates are
xy=-1 and f[“ﬂ.
So, cos 180" = x; = —1

sin 180" =y, = 0




Trigonometric Ratios of 270"

To find trigonometric ratios of 270", choose a point P(x,. y;) on unit circle in standard position
such that ZXOP =0 = 270",

As P lies on y-axis below origin, therefore its coordinates are x; = 0 and y; =~

So, cos 270" = x, = u

sin 2?ﬂ°=y1

tan 270° =2 ?‘= o (undefined)

sec:?n"*—x—l: = = o0 (undefined) >
cosec 2T0°=;“_—2= -1

cot 270" = :_i='-21'= P(0, 1)

Trigonometric Ratios of 360"
To find trigonometric ratios of 360", choose a point P(x,, y;) on unit circle in standard position
such that £XOP = 8 = 360", It coincides with 0.

As P lies on x-axis so its coordinates are x; = land y; =0,
So, cos 360" =x, = 1 "
sin 360" = y, = ﬂ .- .
oW A 360"
tan 360° =2 =2 =0 < 0{:'“
sec 360° == = 1 1
:1, 1
cosec 360" = — = - = = oo (undefined)
J"': W
mt3ﬁﬂ°=:7:=3=m(undeﬁmdj

1. Complet: the following table,

0 o’ 30" 45° 60" 99" 180° | 270° | 360"
sin 0 0 V3 -1
i

| cos 6 =

tan @ 1

cosec 0 o0 o0
sec B 2 |
| cot B ﬁ 0
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2. Evaluate the following.
i sin60"-cos30” Q.  sec 45" cosec 45" - sin 30° cos 60°

tan T - n =

i iv. cos®S—gin’S V. Sin = COS = — COS — §in —
1+ tan ;I:an A 3 3 2 3 2 3
3. Forf= E verify the following statements.
2tan@ . S |
itan® _ il. sin .‘:ﬂ = 3sin 0 — 4sin"0 i

fii. cos20=1-2sin"0 iv. sec’—tan’0 = | v. cosec’d=1+cot’d |
4. Wnite value of 8 for the following ratios (0 < 8 < 2m). I

i sinf=2 ii. cosecO=-1 . tanB=1 :

v, sec@="2 v. cos8=0

5. If terminal ray of 0 is in first quadrant and cos 0 = % then find remaining trigonometric ratios
|

of 0. .

6. If terminal ray of 0 is in second quadrant and cosec 0 = 2, then find the value of

sin®@ - cos®@
cos 8 (———- !
sin?8 + cos?0

|
1 _
|
|

7. Iftan 0 = - 1, and terminal ray of 0 is not in second quadrant, then find remaining
' trigonometric ratios of 0.

Identity is an equation which remains true for all possible replacements of variable involved in it.
eE (x+1)x—1) =x -l isan identity.
Trgonometric identity is an identity involving different trigonometric ratios in it. Trigonometric
identities are of many types. Some of them are given below.

i Reciprocal identities

il Quotient identities

il Pythagorean identities

= 6.4.1 Reciprocal Identities

Cosec B, sec 0 and cot 0 are reciprocals of sin 0, cos 0 and tan 0 respectively.
i = 1 s 2 P
Le. cosech = —, secl= e And coth = ——

Proves of these identities are left for students.
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6.4.2 Quotient Identities

_ sin@ _ cos@
L tan@= o fi. cotB= s
Proof:

Consider a right-angled triangle ABC, in which £C = 90",
£A=0,AB=c¢,BC=aand AC=b.
By definition, sin 8 = E ,cos8 = E andtan 8 = E.

tanB =

8
cos @
Similarly, we can prove the second quotient identity.
6.4.3 Pythagorean Identities
. sin*@+ cos’B=1
ii. sec’®d— tan®0= 1
iii. cosec?®— cot?6 =1
Proof:
Consider a right-angled triangle ABC,
in which 2C =90°, ZA=0, AB=¢,BC=aand AC=h.
i. sin®0 4+ cos?8= 1
By definition, sin @ = = and cos 6 = 2
By Pythagoras theorem, a+bi=¢’
Dividing this Pythagorean equation by ¢* we get
P e

= § (dividing numerator and denominator by c)
__5in

e — T —

Sl

@+ () -t

(sin8)? + (cos 8)*=1 or sin®8+ cos*8 = 1
ii.sec’d — tan’8 = 1

By definition, sec 8 = ‘-: and tan 8 =
By Pythagoras theorem, a+bi=c¢
Dividing this Pythagorean equation by b® we get

al B ¢?
B b2 bR

@ +1- @
(tan 8)* + 1 = (sec8)?

tan®*f + 1 = sec?® or
iii. cosec?8 — cot?f = 1

I'L.H

Tim

sec’d — tan‘8 =1

-2

By definition, cosec 8 = E and cot 8 =

Unii-06 Trigonometry & Bearing
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By Pythagoras theorem, a* + b’ =¢*
Dividing this Pythagorean equation by a® we get
a2 b

— —_— —

I at at
2 2

;! 1+ =5

‘ 1+ (cot8)? = (cosec8)?

: 1+ cot?d = cosec?d

. or cosec’f — cot?d =1

Example 11:

| Use basic trigonometric identities to prove the following relations.
4 i cos @ + sin @ tan @ = sec a

tinag _ seca+1l
seca —1 tan a

t i
sin®a+2cos a= 1 = 1
sin*u+3cosa-3 1-seca

pas
I.

Solution:

i L.H.S.=cosa+ sinatana
sino
CO5 @

=cosa+sina

sin® a
Ir =cpsa+t
CO8 a

_ cosfa+ sint @

COsS @

1

' = =geca = RH.S.
i COS @
i Hence, cosa+ sinatan o= seca

i, LHS=—0=

_ tana xsecrﬂ-l
seca —1 seca+l

ey

_ tan a(sec a+1)
secla — 1

__tan a(sec a+1)
tan? a

Lt
= i
I tna_ _ secas:

Hence, =
seca =1 tan a

_ sin*a+2cos a- 1
" sina+3cos a-3

iii. LHS

__ 1-cosa+2cos a-1
1-cos?a+3cos a—3
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—cosia+2cos
—cos?a+3cos a—-2

—cos a(cos a-2)
—(cos?a-3cos a+2)

Check why
Sin30’ cos 30" cos 90" 5in90) =0

cos a(cos a—2)
cosa—2cos a—cos a+2

cos a(cos a-2)
cos a(cos a - 2)=1(cos a-2)

cosafcosa-2)  cosa Cosa
osa—1

- (cos x—1)(cos a—2)  cosa-1 -

Cosa
1 = 1 i3 =
Tcosa 1 Ty cara R.H.S.
COS COE X
Sin*a+2Cos a— 1 1
Hence

Sin2a+3Cosa-3 1-Seca

Example 12:
Solve the following triangles. (Find unknown elements of the following triangles)
i AABC, £C=90", £A=30" a=6cm

fi. AABC, 2C=90"c=12cm,b=6V2 cm
i. Given Elements:
AABC, £C =90, £A=30",a=6 cm
Required Elements:
2B, b, c
Solution:
In AABC, A + 2B + £C =180°
30° + 2B + 90" = 180°
£B = 180" - 90 - 30° B P
£B=60" I
Ferpendicular "
Hypotenuse

sin 30" =2
1

2
c=12cm
In AABC, by Pythagoras theorem,
E=al+b
122 =6+ b’
144 = 36 + b’
b’ =144 - 36

sinf=

m

L]
c
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e

b=+108 =6v3cm

Therefore, required elements are B = 60", b=6v3 ¢cm, ¢ = 12 cm.
il. Given Elements:
AABC, £C=90", ¢ =12 em, b=6VZ cm
Required Elements:
LA, 2B, na
Solution: In AABC, by Pythagoras theorem,
¢=a"+b
122 =a* + (6v2)°
144 =2’ + 72
a'=144-72
'd: =72 c=]2cm
a=V72 =62 cm "

cos A = L
i Hypotenuse

b
cos LA =-

B

cos LA = Ei
LA =45"
In AABC, 2A + £B + 2C= 180"
45"+ 2B +90° = 180°
£B=180"-90"-45° = sB=45"

Therefore, required elements are ZA = 45", ZB=45", a=6VZ cm.

,.,
NI

J2 ek ¢ b = 6v2 cm
2

1. Prove the following relations by using basic trigonometric identities.

i (1 - sin’0) sec’® = 1

1-sinB s 2

il. i (sec® — tan B)
1-cos B sin@

ii. \Ji-l-cnsﬂ ~ 1+4cos@
: sin8-2sin’0
B¥s 2c05?0-cos@ tan®
V. VsecZB + cosecf = tan B + cot@
vi. —_— secf 4+ tan @

secf—tanf
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vii.  sin®@ + cos*@ =sin*f + cos’@

.
viil. tan f+5in 6 = sechH+1
tanf#=-sin @ sech-1

ix. sec®® + cosec?B = sec’fcosec?d
X. sin®@ + cos®6 = 1 — 3sin®fcos?P

2 2

2. I_f.rcnsE+_1's'u1B=m.andxsinﬂ—ycﬂsﬂ=n.pmvathatxz+} =m +n.

3. Find values of § for the following equations in the interval 0 < 6 < =.

| 2sin’ =§ . sin®=cos® fil. sec’®-2@n’0=0

4. Solve the following right-angled triangles

i AABC, 2C=90",a=4 cm,c=4VZ cm.

il. APQR, 2Q=90", 2P =60", PQ =4V3 cm.

iii. APQR, 2R =90", PR=8m, RQ=8m.

iv. AXYZ, £X=90", YZ=16m, XZ =8 m.

v. ALMN, LM = 10 cm, MN = 8 cm, NL =6 cm.

If x=r cos asin P, y = r cos a cos ) and z = r sin a, then find value of »* + y* + 2.

i

In _|1',-|| Ell'.. I"".1_\-\.'III.

Line of Sight

If an object P is observed from a point of observation O, then the line OP is called line of sight.
Angle of Elevation

If O is point of observation, OX is a horizontal
line (ray)and an object P lies above the line OX,
then the angle between the horizontal line and the
line of sight to an object above the honzontal line Horizontal line
is called angle of elevation . In the adjoining figure £XOP is angle of elevation.

Angie of Depression

If O is point of observation, OX is a horizontal

line (ray) and an object P lies below the line OX,
then angle between the horizontal line and the line of
sight to an object below the horizontal line is called
angle of depression. In the adjoining figure 2XOP is angle of depression.

Nietlomad Bood Fepmahsrion
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Applications

Example 13:
A ladder 10 m long leaning against a vertical wall makes an angle of 60" with wall. Find height
of ladder along the wall.

Solution:
Let AB is a ladder. BC is height of ladder along wall.
AC is along horizontal ground. In triangle ABC, 2C = 90",

So, height of ladder along wall = 10 m.

Example 14:
Anauruplnncnlana]titudcof?ﬂ{lmﬁndsthnmmshipsmsailingmwnrdsiti;nth:m
direction. The angles of depression of ships as observed from plane are 30° and 60°. Find
distance between ships.

Solution:

In the figure O is position of plane. A and B s
are two ships. £ZXOA and £XOB are angles
of depression. As alternate angles of parallel
lines are equal.
So, A =30° and 2B = 60°
Let AC =xand BC = y.
In right angled triangle ACO,
9

tan 30" ===
e
I

1 ——
ﬁ —
x=900v/3 = 1558.85m
In right angled triangle BCO,

00

mﬁﬂo=—
¥

Vi= ?:»F%:sm.ﬁzm
Distance between ships =x — y
= |1558.85 - 519.62
= 1039.23 m
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6.

From a point at a distance of 20 m from a tree, angle of elevation of top of a tree is 30", Find
height of the tree.

. The length of shadow of 10 m high pole is 10v¥3 m. Find angle of elevation of thesun.

The window of a room is in the shape of an equilateral triangle. The length of each side is
1.6m. Find height of the window.

The height of a slide in a children park is 5 m. A girl standing at the top of the slide observes
that angle of depression of its bottom is 30”, Find length of the slide.

Two pillars of equal height stand on either side of a roadway which is 120 m wide. At a point
on the road between pillars, the angles of elevation of the pillars are 60° and 30°. Find height
of each pillar and position of the point.

From the top of a tower of height 120 m, angles of depression of two boats on same side of
tower at water level are 60° and 45°. Find distance between the boats.

Two men on opposite sides of a tree are in line with it. They observe that angles of elevation
of top of tree are 30" and 60°. The height of tree is 15 m. Find distance between themen,

From the top of a tree, the angles of elevation and depression of the top and bottom of a
building are 30" and 45" respectively. If height of tree is 12 m, find height of building and
distance between tree and building.

From a point A on ground at a distance of 200m. angle of elevation of top of a tower is o.
There is another point B 80m nearer to the tower. The angle of elevation of top of tower from

Bisp. Iftan @ = §. find height of tower and value of 3.

10. A boat moving away from a light house 206.6 m high, takes 120 seconds to change the angle

Unit-6 Trngonometry & Bearimg Naatianiol Bowk Fowmdisti

of elevation of top of light house from 60° to 45°. Find the speed of boat.




When we want to move from one position to another, we need to know not only the distance to
be traveled but also the direction of movement. Direction sense is the ability to know a person's
current location and then find the correct way towards the destination. It helps us in getting clear

picture of bearing. & d
~ a;‘ Nasow ) HH‘IE% kit~ i
I+5 f w%l :mﬁlmh:-

Lol
8 S45"W . S45°E

The four cardinal directions are north, east, south and west. These are marked by the initials

N, E, S and W. Starting from north with an angle of zero degree, east is at right angle to north
and intercardinal direction north-east is at an angle of 45 degrees to north, Similarly south- east
i1s at angle of 135 degrees to north and so on,

Bearings are the angles measured clockwise from due north and are expressed as three digit
numbers. Bearings are mostly used by sailors and pilots to describe the direction they are
travelling and to navigate from one point to another. N N

B
N

A fig.a Z fig.c

In fig.a, the bearing of In fig.b, the bearing of In fig.c, the bearing of
point B from point A is 050, point C from point D is 230, point $ from point Q is 128,

Above figures are not drawn upto scale.
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Points to ponder!
* Bearing is an angle expressed with three-digit numbers
measured in clockwise direction from north.
e If a is acute, then f# = 180 + a (corresponding angles property)
=a=f— 180
This means that bearing of A from B = 180" 4 bearing of B from A

* Exact north has a bearing of 0" N
—_— P
X 4
Example 15: ’/J
Find the bearing of boat from lighthouse in A
the given figure.
N
Solution:

For finding the bearing of boat from light
house, first draw the north line at light house,
then draw the line connecting the light house
and the boat. Place your protractor with zero
point north and measure the angle from north
line to the line connecting light house and the
boat. Thus, the bearing of boat from light
house=T70.

(The figure is not drawn accurately)

(-. Thinking Corner!

For finding the bearing of light house from boat
draw north line at the boat, then draw the line
connecting the boat and the light house. Measure : |
the reflex angle to get the required bearing. :
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Example 16:

Arsalan travelled at a bearing of 70" for 10km to reach super market. Then, he travelled at a
bearing of 165" for 12km to reach a restaurant. Finally, he travelled at a bearing of 230" for
15km to reach his friend’s house. Make a labelled illustration to show his journey.

Solution:

In the figure, angles are not marked upto scale.

We can write bearing of
070" from starting point
to supermarket as N 70°'E.

Example 17: Friend's House
A ship sails from port A to port B at a bearing of 040" for 35 km. Then, it sails at a bearing of
130" for 50 km from port B to port C. Find:
(a) the distance between port A and port C
(b) the bearing of C from A
Solution:
(a) By drawing the path according to given information,
we observe that 8 = 130" — 40°= 90'(since two norths
at A and B are parallel).
Therefore, f = 180" — 90"=90".
Thus, triangle ABC is right with right angle at B.
In right AABC by using Pythagoras theorem,
wAC = /GrABY: % (mBCY?

= J(35)% + (50)2 = V3725 = 61.03 km
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(b) Bearing of C from A = 040"+ & :
First we find a in right AABC,
mBC
mAR
==~ 1.4286
= a = tan"'(1.4286) =55
Thus, bearing of C from A = 040"+ 055 =095

tan a =

1. Measure three Egurr.: i:_cnring of B from A with the t;élp of protractor in each of the following.

M N (ii) N (i)
& &
B
B
A
\
L B 9
A N |
2. School A and school B are marked, find |
the bearing of school A from school B.
School B
School A

3. Two boats A and B are Skm apart and the bearing of boat B from boat A is 250". Draw the
diagram showing relative positions of both boats, then find the bearing of boat A from boat B.
4: The positions of three ships A, B and C are such that the bearing of B from A is 045 and ship
C is to the east of A. If bearing of C from B is 180" and mAR = 10km, what is the bearing of
A from C? Also find the distance between ship A and shir C.
5. Babar Azam walked from point P to point Q at a bearing oi 050" for 3km. Then, he walked
from point Q to point R at a bearing of 140", Find the distance QR, if the distance between P
and R is Skm. Also find the bearing of R from P,
6. Rayyan spots a snake directly north from his location. Sarim is 25m east of Rayyan and spots
the same snake. If the bearing of Sarim from snake is 122" how far is Rayyan from the snake?
7. Bilal traveled 12km on his bike to reach school at a bearing of 060" from his home. Then, he
went to football ground from school at a bearing of 150°.If the football ground is at a distance
| of 5km from school, find the distance he has to cover to reach home from football ground?
8. A car leaves the garage at a beaing of 040" and travels in a straight line for 13km. How many 1
kilometres north and how many kilometres east has the car travelled from the garage?

Woahannnad Bk Fodanaked b
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1. Encircle the correct option in each of the following.
(i) Ifsinx= i—, what is the value of cos x 7

Jis 3 J17
(a) = (b) % (c) i
(i) msZTE=?
1 S | VE)
K %
W) —sing 1rsmp
(a) cosec’d (b) 2cosec’d (c) sec’d
(iv) =3-3tan’6="?
(a) 3cosec’d (b) —3cosec’d (c) —3sec’d
(v) If cosx = sin x,then the value of x is
(a) 30° (b) 45° (c) 60°
(vi) 4cosec’d—4dcot’8—4cos0’ =7
@ 0 ®) 1 © -1

(vii) Iftanx= %. then sinx="7?

a b a
R~ <

(viii) 50°30'=?

(a) 502° (b) 503° (¢) 50.4°
(ix) (1-cos’@)sec’@="
(a) cosec’@ (b) cot’d (¢) sec’d
(x) In which quadrant do the angles between 90° and 180° lie?
(n) Ist (b) 2nd (¢) 3rd
(xi) The system in which the angles are measured in radians is called
(a) CGS (b) sexagesimal (c) circular
(xii) 270° =7
i " "
(a) 7 (b) 2 (c) 5
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(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

(d)

& |5

Isec’d)

90°

50.5°
tan’@
4th

centesimal

in

2
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(xiii) What is the bearing of south-west direction line?
(a) 45° by 135° (c) 225 (dy 270°

(xiv) If an automobile travels at the bearing of is 070° from city A to city B , then the bearing
from city B to city A 18
(a) 070° (by 110° (c) 250" (d) 290°

(xv) A boat sails 4km north from point L to M, then it sails 3km west from M to P. What is the
bearing of P from L? Provide your answer to the nearest degree.
(a) 037° (by 053° () 217° (d) 323°

. v . -5 n
. Find sina , tanea and seca, if cosa =I—3~.whure;c‘:a < 1,

. The angle of elevation of a hot air balloon 500 m away, climbing up vertically, changes from
30° to 60° in 100 seconds. What is the upward speed in meters per second?

. Find the value of a in the following figure.

A

. The area of a right triangle is 50cm’, One of its angles is 45°. Find the lengths of the sides and
hypotenuse of the triangle.

. If the shadow of a building increases by 12 meters when the angle of elevation of the sun rays
decreases from 60° to 45°, what is the height of that building?

. From the top of a 100 mr.tm'high building, the angle of depression to the bottom of a second
building is 30°. From the same point, the angle of elevation to the top of the second building
is 20°. Calculate the height of the second building.

. A plane is 119km west and 100km south of an airport. At what bearing, the pilot wants to fly
directly back to the airport?
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In this unit the students will be able to:

COORDINATE GEOMETRY

»  Use conventions for coordinates in the Cartesian plane for the derivation of

Find distance between two points in the plane.

- & ® =W

Represent and identify collinear and non collinear points.

o

Derive mid-point formula and calculate mid-point of a line segment.
Apply distance and mid-point formulas to solve real life situations.

RS

Coordinate geometry plays a vital role in our daily
life, The adjoining figure shows a lamp  post
which 15 equidistant from two homes, so that both
the homes may get light from it equally. To erect
the lamp post at this point, an idea from coordinate
geometry is taken. Coordinate geometry helps us
in analyzing characteristics and properties of two-
dimensional geometrical shapes and develop
mathematical arguments about geometrical
relationships.




We use the concept of absolute value to define the distance between given points on a coordinate
line.

F3-1|=|1-(-3)|=4 [|6-3|=]3-6|=3
e —A
b
-3 -2 =1 0 1 Z J3ESNONERT "8
Fig. (1)
We note that the distance between the points with coordinates 3 and 6, shown in above fig.(1)
equals 3 units. This distance is the difference obtained by subtracting the smaller (left most)
coordinate from the larger (right most) coordinate (6 — 3 = 3).
If we use absolute values, (since |6 — 3| = |3 — 6| = 3), then order of subtraction does not matter.
Let a and b be the coordinates of two points A and B respectively, on a coordinate line. The
distance between A and B, denoted by d (A, B) is defined by
d(A,B)=AB=|b-a|
The number d (A , B) is the length of the line AB,
and d(A,B)=d(B,A)
|b—a|=|a—b|

So, we have
AB=d(A,B)=d(B,A)=BA
Hence, the formula d (A , B) = |b—a] is true regardless the sign of a and b.
Example 1:
A, B, C, D, E and F have coordinates — 6, ~4,~ 2, 0, 2 and 5 respectively on a coordinate line as
shown below.

A B C D E F
] B - * t + t + $ t t =+ } £ i
H-5 4 3-2-1 0 } 2124 5 6 T %
Find (a) d(A,B) by d(A,C) (¢) d(B.E)
(d) d(D,F) () d(A,F)

Solution: By definition we know that
(a) d (A ,B)=|b-a|,aand b are the co-ordinates of
points A and B respectively.
a=-6,b=-4
d(A,B)=AB=|-4—(-6)|=|-4+6/=2

Similarly,
(b) d(A,C)=AC= |-2-(-6)|=|-2+6|=4
(c) dB,E)=BE=|2- (-4)|=2+4{=6
(d) dD,F)=DF=|5-0|=|5|=5
(e) d(A,F)=AF=|5-(-6)|=|6+5]=11
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) The Disiance Formula 4

Given the o points P s, 1) and P, 3. the distance between these ot s gven by he

d(Py, P2)=PiP2= (x, &) +0op=2Yu . P T

Proof: If x; # x; and y; # y,, then plot two points Py and
P with coordinates (x;, v) and (x3, 1) respectively as
illustrated in figure (ii).

& Jaxis

(S B Py (x2,32)

i
L]

L2 - nl

C(0 5] | T -_,,-.---...Lx.:._.fij..-.upﬂ (x2, 1)
Pi(x, 1) :

- 4 X—-axXis
0 Ax,0) bea — xy B{-’fzf_ﬂf

[ws = w

x -

:fl Fig. (ii)

In the above figure PyA and P,B are perpendiculars drawn from two points Py(x; , »)
and Pa(xz , y2) on x-axis, and PyC and P;D are perpendiculars on y-axis.
The coordinates of the points A, B, C and D are also shown in figure accordingly.
Let the point where P,C meets P;B be P;, with coordinate (x; , v) so that AP,P;P; is a right
triangle with right angle at P;.
From figure, we have
d(A,B) =AB=P\P;= |y — x|
and d{C.D] =CD=dfP:.P3)= P2P3=l}'g—y|i
We next use the Pythagoras Theorem in right
triangle PP,P;
[d(P;, P2)]* = (d(Py, P5)] + [d(P;, Py)]”
or
PPy’ = PP5’ + PPy’
PP’ = e el 2

PPy = 'J{-": _'Il)z +{}'= _J’L]I
So d(PiP)=PiPs = lx, ~x, ) +0a—») =l =x,) +0y, -»,)

Unit-07 Coordinate Geometry Natiomal Roak Foumdation




Example 2:

Find the distance between the two points A (-1 ,3)and B (4, 15).

Solution:

By distance formula distance between two points with coordinates (x1. »1) and(x2, y2) is

d= J(x:_-tl}t“‘()’z‘}'l):
Let (-1, 3) be denoted by (x; , »1) i.e. x;=—1, », =3 and (4 ,15) be denoted by (x2, ¥2)
e =4, ;m=15
Now put them into the distance formula

AB=d =\|(4~(-1)}+(15-3)
d=J(a+1) +(12)
d =5 +12°
d=25+144

d =169
d=13

Collinear and Non-Collinear Point
A set of points that lie on a same straight line are said to be ccollinear. o

If three points A, B and C are collinear then, by distance formula,

we have; /
d(A,C) =d(A,B) +d(B,C) A

or AC = AB+BC

When three or more points do not lie on the same straight line, they are said to be
non—collinear points.

In the figure, points P, Q and R are non-collinear /-\

Example 3:

Prove that A (3, 2), B (4, 4) and C (5, 6) are collinear points.
Solution:

In first step we find the distance between them.
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By Distance Formula, distance between two points (x; , y) and (xz, ) is
d= J(xz*x,}z+[y,—y1)z
d(A,B)=AB=/(4-3) +(4-2)
AB= VI +2° = J1+4
AB =4S ......... (i)
d(B,C)= BC= (5-4) +(6-4)
BC= VI +2° = [1+4

BC= S ........ (ii) > X-axis
d(A,C) =AC= (5-3) +(6-2) B
AC= 27 4+ 4°
=J4+16 =20
=25 ........ (iii)
From (i), (ii) and (iii), we find that
AC =AB+BC
2J5 = J5+445
25 =245
Hence, the given points are collinear,
Example 4:
Prove that the points (3, 4), (3, 1) and (8 , 4) are the vertices of a right triangle.
Solution:

Suppose A (3 ,4), B (3, 1) and C (8 , 4) are the vertices of a triangle.
In first step we find the distance between them.

d(A,B)=AB= (-4 +(3-3)  y-axis
= J(=3)" +0* ‘
AB= 940

AB=3
d(B,C)=BC= (4-1f +(8-3)
= /3 +5° - b —t :H?’“: b p X-AXIS
=m —3—2—11II]4$&7I9
BC= 34
d(A,C)=AC= \/(8-3) +(4-4)

A[1.4) 8.4)
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= J25+0 =5

In right triangle we know that the greatest length is always the hypotenuse. So, BC is the
hypotenuse. By Pythagoras Theorem,

BC = AB* + AC?

(V3a) =52 +3?

34=25+9
34=34

Hence; A, B and C form a right triangle.

Find the distance between each pair of points.

() (2, 1and(1,5) (i) (1,1)and(7,9)
(i) (0,-5)and (-2, 1) (iv) (0,-5)and (10,5)
v) (4,-1)and(2,0) (v)  (-3,1)and(-2,-3)

(vii) (— z]and( 2, 1) (viii) [%.11] and [:3.%]

(ix) [-% —%Jand [“%"‘%] (x) [z%.si) and (5, 1)
Check by distance formula whether these points are collinear or not.
()  (0,1),(2,3)and (3,4)

(i)  (-5,-4),(1,0)and (6, 7)

(iii) (0, -5),(3,7) and (5, 15)

{iv} (‘6: 3)! “4. ?} ﬂlﬂ{—ﬁ,-aj

{"'} (ﬂ, 15}1 (2r 9‘). and (?! o E}

(vi) (1,-2),(7,8)and(-2,-7)

Check whether the following points are the vertices of

(a)  an equilateral triangle, (b) an isosceles triangle,

(¢)  aright triangle, (d) a scalene triangle.

() @3,5,3)and@,1) (i) (0,0),(1,V3)and(2,0)
(iii) (0,1),(8,4)and (0, 8) (iv) (-3, -5),(3, -3)and (0, 6)

V) 1, -1),¢1, 5)and (4, 2) (vi) (1,2),(7, i}mi(? 8)
Mmﬁndﬂupe:‘mtn‘nfﬁ‘hﬂninmhm__-- :
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4. Showthat A(-4,2),B(1,4),C(3.-1)and D (-2, - 3)are the vertices of a square.

5. Showthat A(—4,-1),B(0,-2),C(6,1)and D(2,2)are the vertices of a
parallelogram.

6. ShowthatA(1,2),B(7,2),C(7,8)and D (1, 8) are the vertices of a rectangle. Prove

! that its diagonals are also equal in length.

7. Showthat A (4,2),B(7,2),C(7,5)and D (4, 5) are the vertices of a square. Also
show that the length of its diagonals is same.

8 AreA(-6,2),B(1,2),C(1,5) and D (-6, 5) the vertices of a rectangle? Also plot
them.

9. Prove that the points A (-3, 0), B (3, 0), C (6, 4) and D (0, 4) are the vertices of a
parallelogram.

10. Show that A (2, -1), B (8, 1), C (8, 3)and D (2, 3) are the vertices of a rectangle and

prove that A ABC and A ABD form right triangles.

Mid-Point of Two given Points in a Coordinate Plane

Suppose, we have two points (2 , 4) and (6 , 10) and we want to find the distance between them.
First, we plot the points on the graph and join them. Then we can draw the lines that form a night
triangle by using these points as two of the corners.

y-axis
&
110 B(6,10)
19 10-
5 ¥
7 E (6,
Ie (6, v
| 5 y—4
¥ : ‘
3 Al2,4) Dix,4) Ci(6,4)
b2
L
- T t ﬂ‘ -T i i é é ....I-I.KI.S
Fig. (iii)
v

In the diagram, A ABC is drawn by drawing AC parallel to the x-axis and BC parallel to the
yp—axis. The coordinates of C are (6 , 4), where two lines AC and BC intersect.

Let P (x, y) be the mid point of AB. Draw PD parallel to the y—axis and PE parallel to the x—axis.
Then the coordinate of D and E are (x , 4) and (6 , y) and, AAPD and APBE are
congruent by (ASA).
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We have AD=PE , PD =BE
x-2=6-x, y—4=10-y
2x=8 2y=14
x=4 y=7
) The mid point of ABis P (4, 7).
i We can also find the mid point of A (2, 4) and B (6, 10) in this way
{ : P[2+ﬁ 4+Iﬂ]

'

2 2
=P4,7)

' Mid-Point Formula

In the above figure (iii) if we take A (x; , ;) instead of A (2, 4) and B (xz , y2) instead of
B (6, 10), then we have:
x—2=x—x; and 6—-x=x—=x
Similarly, y-4=y-y and 10-y=m-y

! We have already proved that
AD=PE - PD = BE
] X=X =Xa—X y  FP=RE-Y
2x=x;+x2 : y=w+n
1 i IH+x : y= »Wty:

2 2

To apply the mid point formula remember that: |
the x—coordinate of the midpoint = the average of the x—coordinates |

| and the y-coordinate of the midpoint = the average of the y-coordinates.

The mid-point P of the line segment from Py (x, y;) to P3 (x2, v2) is

F[-“:"‘-"t J*’:“‘.V:] |
o T S

Example 5:
By using mid point formula, prove that the diagonals of a parallelogram with vertices (1 , 1),
(2.,4),(6, 1)and (7, 4) bisect each other.

Solution:
. First we plot these vertices on a Cartesian plane as shown in the fig.(iv). In parallelogram ABCD,
> AC and BD are its diagonals. y-axis

i

Let both the diagonals intersect each other at point E(x , y). D(2,4) o7, 4)

By mid point formula, mid point of AC has the coordinates |
as

AL, 1) b ;
< > r-axis ,

€1 Fig. (iv)
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[ﬂ 4+1J

» 2
=(4,2.5)........ (i)
and the coordinates of the mid point of diagonal BD is [ﬂ.ﬂ]
— {4 - 25]‘ ....... (“]

From (i) and (ii) both the diagonals have the same mid point, so they bisect each other at point
E(4,2.5).

Example 6:

If (1, 4) is the midpoint of the line segment joining (6 , b) and (a, 2). Find a and &.

Solution:

By mid point formula, mid point of the line segment with end points (x; , ¥, ) and (x3, y7) is

[.x]+x, .}'|+J':]_

2 2
So, mid point of the line segment joining the end points (6 , &) and (a , 2) is

(ﬁﬂ; b+2)

2 2

By using the given condition, we have

["*“.M]ﬂl. 4

2 2

By the definition of equal ordered pairs,

DRt waa A2 Ly

2 2

b6t+ta=12 and b+2=8

a=2-6 and b=§-2

a=-—4 and b=6
Hence, a=-—4 and h=6
Example 7:
Use AXYZ in the adjoining figure to find the following,
(i) Midpoint L and M of XY and YZ respectively (5.12)
(i) d(L,M)andd(X,Z2)
(i)  The relationship between LM and XZ . .
Solution:
(1) By mid point formula the coordinates of L

(3"‘5 ‘2"’3) . [E_E) YZ3) M Z(74)
R 22
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() ) v

Now, d(X,Z) = J02-4) +(5-7)

= /8 +(-2F
= J64+4 =68 =217

(iii) From part (ii), we observe that
d(X,Z)=2timesd (L, M)

Or XZ=21LM
_ X
0: g
Hence,

Length of the line which is obtained by joining the mid points of any two sides of a triangle is
half of the length of third side.

EXERCISE 7.2

1. Find the mid point of the line segment joining the given points,
(i) 2,5).(6,9) (i)(-1,0),(2,2)
(iif) (1.4,-1.5),(2.6, 3.5)

2. Look at the quadrilateral ABCD in the adjoining figure
IfE, F, G and H are the mid points of its sides
as shown in the figure, then
(i) Find the coordinates of E, F, G and H
(ii) Draw line segments EF, FG, GH and HE

by joining the mid points of its sides. D

(iii) Find the distance of EF, FG, GH and HE (-3, 2)
(iv) Guess the type of quadrilateral EFGH.
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. Check by using the mid point formula whether the diagonals of trapezium PQRS with
verticesat P(1,0) ,Q(6,0),R(7,4), S( -1, 4) bisect each other or not.

. If vertices of a rhombus are A (-3,-1),B(0,0),C(1,3)and D (-2, 2)

Show that its diagonals bisect each other.

Also find the length of each diagonal. A3, 7)

. Look attheA ABC in the adjoining figure.

(i) Find the coordinates of the mid points D
and E of AB and AC respectively. B (-4, 0) C(4, 0)

(1) Findd(D,E)andd(B, C).

(i)  Find halfof d (B , C).

(iv)  Compare the length of DE and BC and draw conclusion.

. Hassan and Ali participated in a race
competition. They both have to start running

from different points on coordinate axes at a Ali
distance of 6 units from origin but they must
r . Ce—target
reach at the same target point C, after covering point
an equal distance. If Hassan starting point is on < >
x-axis and Ali's starting point is on y-axis as l Hassan
shown in the figure, then find the coordinates
of the:
(i) starting points of Hassan and Ali (i) target point C
. Label the missing coordinates of the vertices of the following figures.
(i) Square OLMN (ii) Rectangle ABCD \
) V-AXI18
_1--“.“5 "
N M C B (0, 2)
o ul “] - r-axiy = D {_ 4* ﬂ:l A » Y-AXIE
v
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I. Encircle the correct option in the following.

)] Ifﬂmcmnrdinatﬁnfﬁ:urpu‘mtsmh(%p—%]_ B[s, %), C(3,-2)and D[l. %]'thg

relationship between the distance AB and CD is:

(a) AB>CD () AB<CD (c) AB=CD (d}AB=%CD
(if) Ifaandb are any two points on a coordinate line (number line), then its mid
point will be:

a+b a b a b
o G20 o (35 a5t («3)
(i) (5,2).(7,0),(1, - 2) and (-1, 0) are the vertices of a
(2) parallelogram  (b) square (c) trapezium (d) kite
(iv)  The triangle with vertices (1,-3), (3, 2) and (-2, 4) is:
(1) aright triangle (b)  an isosceles triangle
(¢c) aright isosceles triangle (d)  anequilateral triangle




(v)

(v)

(vii)

(viii)

(ix)

(x)

(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)

Unit-07

Mid-point of (¢, — d) and (- d, c) is:
c d —c—-d -d-c
(a) [2, -2—) (b) [ 3k we ]
() (‘“’“’. ':“’] @ (c-d-d+0c)
2 2
If P(2, 3) is the mid point of A (x, 4) and B (- 3, y), then the ”
coordinates of (x, y) are:
-1 3+b x—3.  y+4
—, ——= 5,-1 ¢) | —, —— d)(7,2

® [2 z)rb:l{ ) t}(z 2)(){)

If two ordered pairs (4, 5) and [“T” b- 3], are equal then, the value of a is;

(a) 4 () 8 (c) 7 &y -5

In which quadrant, the point (- 4, — (— 6)) lies?

(a) first (b)  second (¢) third (d) fourth

In the adjoining figure of a line: : '

d (A ¥ C} =4 {B ' C) e A B C

(a) d(B,A) (b) d(C,B) f¢) d(A,B) (d) botha&e

The abscissa on y-axis is:

() 1 (b) «x () zero d »y

Minimum number of sides in a polygon is:

(a) 2 o) 3 (c) 4 (d) 5

If x <0 and y > 0, then (— x, ) will lie in quadrant:

(a) 1 (k) 1 (c) M (d v

The point (3, 5) is at minimum distance from:

(a) x-axis (b)  y-axis (c) origin (d) botha&b

If M is the mid point of the line segment LN, then LN : MN is:

(a) 241 (b) 122 (c) kil (d 1:3 )

All the bisectors of a line segment always pass through:

(a) x—axis (b)  origin (¢) mid-point (d) y-axis

The below figure is a kite, what will be the coordinates of the point of intersection of

both diagonals? A@3)

|
s - — e
D(0,0)

€) (0,00 (d) (2,0 B(5,0)

C(2,-3)
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xvii) In the given figure, if S is the mid point of PQ,
i then SR is P-2,4) s Q@9
@ 2 () +5
(c) 6 (d >
R(1,-1)
(xviif) If distance between two points A(c, 10) and B (0, —1) is 20 units, then the value of ¢ is:
(@ 2719 ) 331 € 3 (@ 40

(xix) The length of the hypotenuse of A XYZ whose vertices are (7, 4), (7, 1) and (-3, 1) 1s:
(8 3 (b) 10 (© V109 @ 91
(xx) The mid point of the hypotenuse of a right triangle with vertices (4, 0), (2, 1) and (-1, - 5)is:

o(3) o () ©[-He 3

(xxi) If end points of a diameter of the circle are (4, 5) and (6, 9), then coordinates of its center
will be;
@ (753 b (1,2) () (7 (d (0,0

(xxii) If two points (2, 3) and (4, 5) are at equal distance from (3, t) then, the value of t is:
(a) 5 b)) 4 (c) 3 @ 7

(xxiii) A point P(x, y) is at equal distance from both the axes and lies in the third quadrant. If it
is at a distance of 4 units from y-axis, then its coordinates are:
@ 44 b (4,-4) ) ‘49 @ 4.-9

(xxiv) A line AB intersects x—axis at C with a distance of 3 units from origin and y-axis at D
with a distance of 6 units from origin, then d (C, D) is:

@ 35 ® 33 € 3 @) 45

2. The consecutive vertices of a quadrilateral are A (0, 0), B (0, 5), C(4, 7) and D(4, 2).
Show that quadrilateral is a parallelogram.

3. Show that the four points (5, 8), (7, 5), (3, 5) and (5, 2) are the vertices of a rhombus.

4.  A(3,4),B(-1,7) and C (x, y) are three collinear points such that B is midpoint of AC .
Find values of x and y.
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GEOMETRY OF
STRAIGHT LINES

In this unit the students will be able to:

. Fmdﬂ:ﬂgmdmtofs&niahthmutmmdmﬂsnftwnpumﬂmaplm:m

Findlh:gnd:cntofpﬂ:l]dmdpupmdmtﬂaﬂmu, .
Derive equations of straight line in slope-intercept form, point-slope form, two |
points form, intercepts-form, symmetric form and normal form.

*  Show that the lincar equation in two variables represents a straight line.

¢ Reduce the general form of the equation of a straight line to other standard
forms.

e Find the angle between two coplanar intersecting lines.

e  Find the equation of family of lines passing through the point of intersection of
two given lines.

. Ca]culmanglesnfuamaleswhenﬂnslupmofudmmsim

e Apply concepts of coordinate geometry to real world problems.

To go from one floor to another at a library, you can take either the * 3
stairs or the escalator. You can climb stairs at a rate of 1.75 feet per }
second, and the escalator rises at a rate of 2 feet per second. You (¢
have to travel vertical distance of 28 feet. The equations showing !
the vertical distance d (in feet) traveled afterf seconds are:
Stairs: d=—1.75¢+28 Escalator: d=-2r+28

a. Graph the equations in the same coordinate plane.

b. Howmuch time do you save by taking the escalator?




aradhient !x[u.-iu,. b of Strateht Ling

Inclination of Straight Line
| The inclination of a straight line is the angle # which the line makes
with positive x-axis measured in anti-clockwise direction.

Gradient
When a car rides up a hill, its speed reduces. The steeper

| the hill, the harder it is to climb.

The measure of the steepness of hill is called gradient (slope).
Gradient is ratio of the vertical distance to the horizontal
distance.

Gradient =

vertical distance  rise
horizontal distance run

1
|
I
|
!
]

Where the angle 8 is inclination.

Gradient of Straight Line s
The gradient of straight line is defined as:

rise

B89

[ T T —

run
In the figure line AB is inclined at an angle # with x-axis.
rise

| : ;
| Gradient of line AB =—
run
=5 difference in y—coordinates of AB
difference in x~coordinates of AB p X-0xi$
_9=2 7
+ 8-4 4 '
2—-9 -7 7
' ternatively, gradient of AB e
}

Unit-08  Geometry of Straight Lines Natiomal Rool Fovndtion




Generally, gradient of a straight line is denoted by m.
Therefore, m = tang@

Example |:

(i) Find the gradient (slope) of line whose inclination is 45°,
(ii) Find inclination of line whose gradient 1s 1.732.
Solution:

(i) Here 6=45° ;
. Gradient = tan 45° = |

(i)  Gradient=tan 8 = 1.732
. Inclination = @ = tan”'(1,732) = 60°

Formula of Gradient s
If A(x,, yy) and B(xz, y2) are two points on a line AB, 4
dient of AB is PRI
=221 _Y1-V2 i
Xz =X X — X3 I
X : \6....o
Gradient of AB can not be 4 Sk £ or Y2~ 33 Alxy, yi) Clxa )
xz — .'l.‘t 1'1 =— x: N
» X-nxis

Vertical line

Horizontal line

» X-AXis = » X-0Xis
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Sign of Gradient _ :
TE-F SVITRHT MW 5 ‘Jl.'-J.Irh BMIAARMT ¢ DO |} 4301

y-axis el w8 . w bine (0
4 B 4
A1 M
viiol dhiw 4 bas o plans gr!!..-h.m ey bing (g Ml minsihinsgg owl =eodd
resdld y9vioagen «m bas (s oo bas o 10 2nmibarg 1
L

« : ~. p
]pru einsibaw ;o Jollog mg' lpothsw-nonowiil e

e Inthe figure 1, lmmm.umdﬂlﬁim‘%&m%w v x-aXis. As the *
value of tan @ umwmmmmﬁ‘m AB'is positive for
m{u{w N - m
hmdéﬂe?ﬂn&mw&m?mwﬁmwﬁ%&&%'i%mﬁ
value of tan £ is negative in second quadrant, therefore gradient of line LM is negative for
90° < f < 180°,

= Par *."“‘;’ﬂthpendiculnr}ﬂﬂﬁ linsq 518 O

y-axis y-axis
T h L * P
A b aslusilieaqeg 9 G 330 (01 LE)D (8 .S 48 0)A wienibroo

o Figure 1
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Figure 1 shows two parallel lines /; and /; making angle a with positive x-axis. |
If gradients of /, and [, are m, and m; respectively then: _
my=m;
Figure 2 shows two perpendicular lines p, andpzmakingm!glﬂamdﬂwithpmitivex-nis
respectively. If gradients of p; and p; are m, and m; respectively then:
1

Example 2:
Find gradients of lines joining: (i) A(1,4), B(3,6) (i) C(-3,5), X0, 3) '
Solution:

@)  CesdientotAB=22"Y1.5-% o

X;-x3 3-1

: - 3-5
(i)  Gradientof CD=2"31-

- axe
xz~=x¢y 0 -(—3) 3

Example 3:

Prove that lines AB and CD are parallel where A(3, 5), B(4, 6), C(7, 11), D(9, 13).
Solution:

. ¥Y2—¥1 6-5
= = S e— = I
Gradient of AB=m A ATS
13-11 2

= o= =]

=7 2z

Gradient of CD = m2=

As, m=m
Therefore, AB and CD are parallel lines.

Example 4:

Lines AB and CD with coordinates A(0, 3), B(2, 8), C(3, 10), D(8, k) are perpendicular. Find k.
Solution:

. et S
Gradient of AB oy =
k-10 _k-10

Gradient of CD = m2 =
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As, AB and CD are perpendicular,

| Therefore, myx ma=—1
5 k=10 (
= — x = —]
2 5
Sk =50
= = -1
| 10
= 5k-50 = -10 =2 5k=-10+50
= 5k= 40 = k=

| 2.

s

ot S, S5

11.

13.
14,

Find the gradient (slope) of line whose inclination is:

(i) 0° (ii) 30° (iii) 60° (iv) 90°

(v) 120° (vi) 150° (vii) 170° (viii) 45.5° |
Find inclination of the line whose slope is: |
(i 0 (ii) 0.577 (iii) —1.732 (iv) —0.364

Find gradient and inclination of lines joining: |
(i) A(2,6),B(5,8) (i) C(-2,4),D(1,-3) (i) EGS,-2), F(-2,-3) '
If A(-2, 6) and B(7, —3), find the slope of line:

(i) parallel to AB, (i) perpendicular to AB.

Find x if the slope of line passing through A(3, x), B(5, 8) is 4.

Find k if lines passing through A(k, 2), B(3, 5) and C(5, 1), D(8, 7) are parallel.

Find k if lines passing through P(-1, 2), Q(4, 7) and R(2, k), S(7, 10) are perpendicular.

Using slopes, prove that points X(0, -3), Y(4, 7) and Z(6, 12) are collinear.

Find value of y if points P(4, y), Q(5, 2) and R(6, 2y + 1) are collinear.

Prove by using slopes that points A(3, —1), B(-5, —=5) and C(1, 3) are vertices of a right

angled triangle.

Using slope, prove that A(-2, 1), B(6, 3), C(10, 5) and D(2, 3) are vertices of |
parallelogram.

P(x, y), Q(-2, 2), R(1, 4) and S(10, 1) are vertices of a parallelogram. Find P(x, y).
Three vertices of a rhombus are A(2, 1), B(3, 4) and C(~2, 3). Find fourth vertex.

If (5, 0), (0, 5) and (8, 8) are vertices of a triangle, find:
(i) slopes of sides. (ii) slopes of medians. (iii) slopes of altitudes.
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By
L My

In the figure, a.lllhcpqdﬂh :Hﬂn'___ :

IGLYE A0 1V

mulmmbﬁmxuh
Therefore, all points on the line satisfy the equation:

» x-axis

o 1fb> 0, then the line is above the x-axis (line /).
e If b <0, then the line is below the x-axis (line m).
o If b=0, then the line becomes x-axis and equation of x-axis become.y =0, ./, 1, |

T "3 0 & !
In the figure, illﬂ::;lmiutlmthclhlehinllelmy-uu ¥ -
imio] 29l 1o i J'mr}'ﬁrfﬁh-i.._rrm!-=:1;rJ::| !
in st a constapt distanon 4 ftom y-axis. o 0 oy i %e B 5 0l L
Thmfm'e.lllpamtlmﬂwhuuﬂaf}rﬂmoqmﬁon: ) 2

selt boit £ V)8 pns (0 SHA

o Ifa>0, ﬂlmthclin:ilunthﬂﬁﬁh!iﬁ?ﬁe’jilﬁiﬂﬁmn Ah of lallswsg
* Ia<o, mmmemuuunuhﬁ,ofﬂwmdmm)- R

(2 (L JA)Adg .lrr”‘ grizeng il 1 A boorl

. Ifann mmmml‘ xis mdeqmgql f mﬂa

Jaiease Aol it A baid

befbed B SH by b - H £ 14 2iniod-9K8 ssaolz gaial

If a line AB intersects x-axis at (@, 0), then a is ignsin balgn:
called . . oftheline AB: . (= (1)) 0 oo j:l'nﬂh]. 11t |
If a line AB intersects y-axis at (0, b), then b is netmolsllsma
called ;11,1 0of the line AB. . b mnw (1 00112 B (b )8 20
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3.

Derivations n| Standard Forms of l_-:|||.'i!inn~. of Stratght Lines

mﬁmmw}ﬁmww)mmdym c
iu:

. y=mx+c
Proof: |
lﬂﬂx,y)bemythnmthcmughllmnhﬁlhpnnmdy-Mn
wcmﬁutlhem;rﬂunmmam c).

As P y) and AO%) lie 0n e ine , theretiee slope of ke’ . S50, !
is:

m="— I"'A.[ﬂ,c)
= y—c=m ]
=2 y-m+c F(x-!’]'. ¢
mumofﬁqafmwmm qn ..,‘\i-_ asto0a
If ¢ = 0, then the line y = mx passes thr ' + » X-axis
Thuml Equaumufmvutul mughtlmepumngﬂmushpumtl!{xl.ﬂ}
with slope m is: )

1 y-n= M(I xl)
MHx,y}bemypphtmhmshthmimihnlopem EIETHEGE - [
and passing through point B(x), ). .

As P(x, ) and B(xy, yr) lie on the line /, therefor slope m P P(x, )
of the line is: . i
r—x B(xh}’l),
= y-n=mx-x) \'a
Which is equation of line / in point slope form. a o = g

I'wo-Point Form

nmmmﬂmmmwmmmmmmau, ¥1) and
B(xz, )2) is:

y-y = f:—:—::(x—n) or i—k¥'ﬁﬂr—n}'
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Proof:

Let P(x, ) be any point on the straight line / passing
through points A(xy, ;) and B(xz, ).

As A(xy, »1) and B(x3, 1) lie on the line /, therefor slope m

of the line is:
X2~
Xa— Xy
Now using point slope form of line, we have:
Ya—»

P—=Y= X=X
y-yi= A=l c-5)
=¥ X=X
or S e
Y=Yy Xa— X

Which is equation of line / in two-point form.

4. Two-Intercept Form

y-axis fw
4 =
r B {nrh}
/Py
A(xu ),
m
o~ \E » X-AXIs L
8]

Theorem: Equation of straight line having x-intercept a and y-intercept b is:

a b

Proof:
Let P(x, y) be any point on the straight line / with
x-intercept a and y-intercept b.
Obviously, A(a, 0) and B(0, b) lic on the line /.
Therefor slope m of line 1s:
_b-0
- 0-a
Now using point slope form of line, we have:

b-0
u_ﬂ(.t—ﬂ']

y—b=

= —ay+ab=bx
= bxtay=ab

a b

Which is equation of line [ in 2 intercept form.

(dividing both sides by ab)
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5. Symmetric Form y-::i;
If a is inclination of a line /, then slope of line is: B
m = tana
=  tana=21—2
X=X

sina y-y,

=

cosa@ XxX-—Xy \a

= = - - X-AXiE
w oESEareo 7K

cosa sina

Which is symmetric form oi equation.
6. Normal Form
Theorem: If p is perpendicalar from line / to the origin and « is the inclination of this
perpendicular then:
x cosa +y sina = p
Proof: 1"“:“‘
Let the line / intersects x-axis and y-axis at points !
A and B respectively. Let P(x, y) be any point on the “.|B
line / and OC be perpendicular to line from origin,

From right angled triangle OCB:
oc
Cos (90° - a) -E}_B'E%

T, 2 P
sine OB or OB i

As, OA and OB are x-intercept and y-intercept of AB, therefore using two-intercept form,

we have:
x ¥ x i ¥
=] = + = = i =
OA OB plcosa ' p/sinw. | . CetysRaTy
Which is normal form of equation of line /.
Example 4:
Find the equation of straight line with the following information:
(i) slope=§, y-intercept=13 (ii)  through (5, 0) with slope -3
(1i1) through (2, 4) and (-1, —4) (iv) x-intercept = 6, y-intercept = —4
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Solution:
(i) Slope=m =5, y-intercept = ¢ =3
Equation of line in slope intercept form is:  y=mx +¢ nI1ES
= y=5x+3 or Sr—p+3¥=0 _

| el s et } 5 : . 1|
) SOEHE ot il & 1o nounmil n

(i) (xL,»)=(5,0,m=-3

Equation of line in point slope form is: y — y; = m(x - x;) .
Substituting for (x,, i) and m, we have:
T e e e = gX— =
y—0=-3(x-5 = y=-3x+15 or 3x+y—15=0 |
(1) (o) =(2,4), (x2,32)=(-1,-4) poiEups (o nmol amemorva & doidW
Equauon of line in twn-poml form is:
i J" J’l A i_xfi v hos nigos sde o\ enil mett wmlesibosogr ] &1 o T cmesvoad T
— nlt bis (1]
Ya= xz—xl ]
Substituting the values, we have:
y=do xed 4 - ¥=d _x=F o0l
—hak =1 =2 | _-‘_u!'l "-"‘-’5"- LI BIXE-F #rsrmlm T BT N
Hy-4)=-8(x42) = -3;+iz=-ﬂx+16 A e |
sl of wlusitbnsagrog od 20 bk Y anil
=28 -3y-4=0

(iv) x-il:lteruept'";n =, f—intemcpt =h=—4
‘Equation of liné'in hlih-i:ntn'acpu form is:

= — - i s x
3 I — + -'r- =l
a b

Substituting the values, we have: : choade be
e e B 7

ﬁ q 30 -
or 2x-3y—12=0 40 80
Example 5: 80 w -~ =nmz
141 10)

Find the equation of straight line: ‘
(i) " thiSugh (3, 22 #nd perpendictilas fo the e Wit digpe a2/ oo HO b 2.0 |
(11) having y-intercept = —7 and parallel to the line with slope 4. visl 5V .
(iil) - through (=5, 1) and perpendicular to the line passing through (0, 9)@_{-2 ﬁ]
(iv) 1f]eugthnfpnrpeudmu1urﬁ‘umth¢mginiiﬁmwﬁlhlhdatﬁﬂ° H¢ /
Solution: .
() (Ln)=0,-2)
Slopenfglvenhne'“:i MOl et ad il Minsate Lo 1
Mmmmwmmmﬂmmm Flppq@fwmdh#wi

V bag (b ) duwcoedt

Hl 16 golsups 1o Mol Wwomon 20 ool

Unit-08  Geometry of Straight Lines P BRI Wil Book Funcaion




S e B —

e

1

.m=—§ o

iy Equnnunut'mqmredlmem | RS
y+2=";(1'—3} (point-slope form)

2 Jy+6=-x+3 = x+Iy+9=0

(ii) y-intercept =—7
Slope of given line = 4 x
As,mcmqmrndlmﬂspualleltutheglmﬁne.'tbaefﬁmslupt frbhﬁiredlmels
m=4 | ) oty pes owdt O
. Equation of required line is: : - .
y=dp=1 (slope intercept form) oy LSk -
= 4x-y-7=0 gt ;
(iil) (x1, ) =(=5, I}mdpﬂ-pmdmulnrmelmepuumgthmugh(ﬂ B}md{—z,ﬁ}

59 sﬂ_a ittt
Slope of given line = o v e = : | |
As, the required line is perpendicular to the given line, th:rcfurré,'u!npe of required

line is:

2
m=-—-= LT WIRLLE L AL A ' Liry st ot s : '
3 ') | i LEELRLYT) BT ¥ 1 I Jid £ VRN LY !
. Equation of required line is: 10 tnsisifisos
il Lo b ls
—1=- §(’+5) (point-slope form)

=2 Jy-3=--10 = 2+3Jy+7=0
(iv) p=6 and 8 =60°

Equahmoflmmnmuifamu
x cos 60° + y sinG02 =g i comiol bushinalz avonsy olm (1) nos
1 V3
E 53 2 i }l L T . ﬁ T [ W 1) ol |
= x+V3y=12 ;{lI :l+;‘°§y-12‘-:q o

{ gy oy | % 1§ i =T To e b L B I aed LF 1 Byt flodre

Genersd Form of Eguation of Steaieht Line
o st m!mkﬁm'mmm
bins (D 2Y0 (5 1Y eooins .f‘ﬁp+c-ﬂ. o 55 (1} poitais
whma,bandcarerealnﬁmbersmd,amdbcannotbebothzern
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Theorem:
A linear equation ax + by + ¢ = 0, in two variables x and y represents a straight line. Here a, b, ¢

are constants, and @ and b are not simultaneously zero.
Proof:

ax+by+ec=0 (1)
Case 1: When @ =0 and b # 0 then equation (1) takes the form.

by+e=0 or _‘P=—'E*

which represents equation of line parallel to x-axis.
Case 2: When a # 0 and b = 0 then equation (1) takes the form.
ax+ec=0 or r=—§

which represents equation of line parallel to y-axis.

Case 3: When a # 0 and & # 0 then equation (1) takes the form.
s e F*=0* "y Cp b

which represents slope-intercept form of equation of line with:

slope = — % and y-intercept = -%

__a_ _ coefficier s Ui ﬁl:n-ewm-m b
= ——— = --+ . 1.:-
S SR

Reduction of General Form of Equation of a Straight Line to Other Standard
Forms
We know that general form of equation of straight line in two variable is:
ax+by+e=0 (1)
We can reduce equation (1) into various standard forms as follows:

1. Slope-Intercept Form

From equation (1) we can write.
by=—ax—c=0 or y=-§x—£={—£x}+[—£}

which represents slope-intercept fonn of equation of line with:
slope = —-E and y-intercept =--
2. Point-Slope Form

Slnptofaquaﬁnn(l}is;a=-—-:-
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A point on equation (1) is (x1, 1) = (0, =7 ).

. Equation of line in point-slope form becomes:
_E_--_E _E —E:—E +£
y b bu-{ ED or ¥ b b{x b}

3. Two-Point Form

Two points on equation (1) can be taken as (xi, v1) = (0, --:-}ami (xx.mﬁ—ﬂi,n}_

~. Equation of line in two-point form is:

c
y—= x—-0 c a
e Sl = LR o R

4. Two-Intercept Form
From equation (1)

Z4Zoy o 22

ax+by=-c or

which is equation in two-intercept form with:

x—inhcrccpt=-£ and y-intercept = —E
5. Symmetric Form

Slope of equation (1) is m = tané = ==

-C -c —cfa —cfb =

b
AP S b tﬁ"
Sing === and Cosd = 7=— é
A.puintunaquaﬁun{l}iﬂ{.n,yi}={ﬂ."£}. @g_
. Equation of line in symmetric form is: B

c
x-x - x=0 y+=
ok B Aub £ PP Rl BPRAS B
Cos# Sing =
JaZsbi JaZ+d

6. Normal Form

Equation in normal form is:
xcosf + ysing = p (2)
From equation (1), we have:
ax+by=-¢ (3)
Equations (2) and (3) are identical, therefore:
A L
cosa sina  p
- _E=msﬂ=sinﬂ =Jm | 1
—-c a b +VaZ+b? +VaZ+bi
_ e
= P et
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ax .
TVaiip? | tvaieor  vaiibe |

(=) () - 7

e I

Now, dividing both sides by +Va? + b7, we get

by =

Which is required normal form of equation of lime., 110700 o i (1 moimps o s
Thempnfmdmalmchmsmmthmwﬂyﬂutnghthmdsﬂtmm ----- paupd
Example 6: - g

Reduce the equation 6x — 5y + 15 = 0 into: ' i

(i) slope-intercept form  (ii) two-intercept form (iii) point-slope form

(iv) two-point form (v) normal form (vi) symmetric form

Solution:

(ii)

{111)

(iv)

iv)

(vi)

Unit-08  Geometry of Straight Lines

Gx-5y+15=0 = 5y=5x+15 = y-—x+3

I i i Vil IS - 1 i
LY T ] =i i DRI 21 Hur

where:ngmdc‘i _ L= .

6x-5p+15=0 = 6x-5y=-I5
.. - B i
= -15) (—15) bl —15;s+15;5 A, _
-5!2 - mdy-mlacepl 3 Ls
Apumlmﬂwhn::s(rl.y;} (0, 3). Msoslupcofﬁhms=m =_(-- -'-‘.

Equation of line can be written as y -3 = g(r‘_ﬂl.._ L

sittl 1o oot
Two points on the line are (x1, 1) = (0, 3) and (12,32 ) = (5, 0)
Equation of line passing through both points is: '

y-3 x=0

0-3 'T:—u

Given equation can be written as 6x — 5y=—15
Or —6x+5y=15 (Makznghlsidepomtl\re}
Dmdmgbﬂlhmdesnf-ﬁx+5y= 15 by,{f-a)uaz—v“_sa +“ z§=ﬁ

I IR ik

15
T (@) (@)%
Winchlsnumulfmmufaqm_ i aTav i
Given equation is 6x — Sy + 15=10. 34 4
6 hich imolies si 6 5 =
m—umﬂ'-; which implies SMEJH and cosf = e




A point on the line is (x1,1) = (0, 3). .
Thus equation in symmetric form is: d@
Vo1 Ve

TN 1 1l 1B

}AA-Sp i - <oitd- PP - 1 P e

; 1 cmhorn =ty radesald
. Fin:lﬂuaqmﬁbnufhnrhﬂnhl!iuplﬂingmrwgh;, :

(i) (2,3) (i1) (8,0) I (iii) (-5, —9} i) (_—;,:-z-
' i owrt o1 Whan 8, DHAA al
2 Fmdlhunquaumufvr.m::nl Imr.pqmnnthmugh ' )i
14
(i) [i 5} (i1) (9 6) ! (Biy {—4 -7} nl (1. :)

=

OB Fmdaquﬁmufﬂ\ehmmﬁefulhmngmfnmhm
) W*%w-—a i) through (-5, T)mthslopedl
(i) through (4, -5) with slope©  (iv] ﬁuugh{—z.!i]hﬁthﬂahéundeﬁnéd
(v) through (-6, 1)and (2,~4) | /(i) through (2,-Hand(8,4) .
(vii) ;m-—&_gwns (viii) slope=-1, muwt-u

4 leg;nﬂivnuflmhqmm:ﬁmwbm o \ nnt boe s = 0 oal 24
(i) l-l'h.‘l':s =4, &Iwﬂltﬂ& U id) (x1, 1) = (6, -ﬁ}md 5~=30“ O nal

8 FMMM&WMM
| {1};;“;#5“'!&!0’ &= (ii) pwlﬂmdtmﬂ }

nbu.rﬁhugf . Pfl ealamh,
(i) y f—f’—d’fﬁndﬁlﬂ%iﬁeﬁumﬂulnpe—ﬁ

(i) through (5, —nmmmmlnmmmmm&* | = = 110 5qold

(iii) hlungy-mtermpt=4mdpﬂﬂidmﬂmhn=wnhnhpe-

(iv) huvm;x—mﬂcepw—zmdpnqmdmuhﬂuthﬂmcmtshﬁm
(v) through (=1, 4) and perpendicular to the line passing through (3, 0) and (1, =2)..,
(vi) through (6, —4) and parallel to the line passing through (-5, 2) and (3, 6). |
7. Find equation of the line through (3, 7) and parallel to the line 4x 3y £ 1=0. .,
% Find equation of the line through (-2, — I)mdperpendmzlnmﬂ:ulmu 2y =0, -
o, Find oquaion of pespendicuas bisecorofline segmentining (0, 6)9nd (2. 2). .
10. Fmdommofmedmmdnmuﬂqnfmﬂemmw
A(0,4),B(4,6)and C(-2,-2). .. - 5
f £ Rﬂmhqm(;) ﬁt+3y—ll=ﬂ (b} 4: 3y+?=_{l into:

(1) IIWO-MM {u} two»mmoaptfmm : hllill pl:lli.l;t rIl.';]‘.lll;=fri.'lll'lk!l
(iv) two-point form (v] normal form 0l Y Dsymmetrie form
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Anele Between Two ( oplanar Intersecting Lines

I'heorem:

Let I, and [; be two non-vertical non-perpendicular coplanar lines making angles @ and B with
positive x-axis respectively as shown in figure. y-axis
If m; and m; are the slopes of /, and L~ 4

respectively, then the angle 8 from /, to /; is L
e h

Mz =My
1+ m;m;

Frool: In AABC, f and 6 are two interior

angles and @ is non adjacent exterior angle. g
= f+0 . . B >

A oj B~

- o

(2]
tanf = o
e

= 8 = a-§
= tanf = tan(a-f)

= 0 tana — tan §
1+ tana tan
Astan @ =m; and tan B = m, ,
tan§ = 2L
1+ m; my
Example 7:

Find the measure of angle from /, to /»
if: slope of /; =— 1 and slope of ; =2
Solution:

slope of [y =m;=—1 and slope of l; = m;=2
If @ be the angle from /, to ; then:
mp-m; 2 =(-1)

tnd - 1+mym; 1+2(-1) P
tan”' (- 3) = 108.43°

Example 8:
Find the interior angles of triangle whose vertices are A(-2, 0), B(3, 0) and C(6, 5).
Solution:
Let the slopes of sides AB, BC and AC be denoted by m, m; and m; respectively.

T ek R M= etz 8
Let @, § and y be interior angles of AABC at vertex A, B and C respectively, then
Angle is measured from AB to AC.
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5.0

tanr.t=mrm1 =_'Gj—_ =2
14mam; 1+4(=)(0) B8

(s
=¢=m1(_)-32n A2, D}Slupﬂ m B0, u]

| kolch ol

5
my—my O~ 5
Im - = T ——
B~ Srmma ~ ()

= f=tan" (——}=121°

Ma—ms _ 24
1+m:m, 1+ iiii!, *

ﬂ'r=m"(‘;}=27"

Point of Intersection of Two St

Let /; and /; be two non-parallel straight lines such that:
h:ax+by+e=0 and hiax+by+ec=0

where ai1b; — a2b, # 0 otherwise [; || .

Let P(x;, ») be the point of intersection of /, and /;, then:

ayx; + by +e=0 (1)
asx) + by + 2 =0 @ B A AR AN
Solving (1) and (2) simultaneously, we get: X )/: \

h o
.- SO, (LG
bycz=bycy  @zCy—@y6; @ by—azhy
ﬂfz—b:-‘-'x dzCy—a4Cz
= x = and = —_—
ayb;-az0, M ayby-azby

Therefore, (—-——"‘2—*'1‘2' i S “)imqmd* point of intersection.

ayby—aby " ayby—a by

Example 9:

Find point of intersection of following lines.
x+2y=3 (i)
Ix-y=2 (ii)

Solution:

Multiplying equation (ii) by 2 we get:

Unit-08  Geometry of Straight Lines
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bx—2y= .4 | (1ii)
Adding (i) and (iii), we have:

Tx=T7 or x=1

Substituting x = 1, in equation (i), we get: : :
1+2y=3 = 29=2 or y=1 N .
. Required point of intersection is (1, 1), : St s

Fguation of Family of Lines

Let Iy and 13 be two' ﬂon-;nh'nllul_*s_n'ught lines:

O T et L

Imq.,t-bbw-!-q;ﬂ g , (i)

fz.a;x+bﬂ!+cz=ﬂ {Ii} -

with point of intersection P(x1, y.}-ﬂﬁ : :—::;—"1‘—1 o sinraeaisal: ﬁ

w:c-nufmdnfamilyoflinesthmughIhc_gp?ip”f_:_in;fw_qﬂr.i__:;._“ R
For a non-zero k, the equation: A . J :
ayx + by + o) +k(awx + by +¢3)=0 ) o SRl ol A
is also lincar and represents a straight line. big A2 Wi ‘ : .|. -,
Equation {m) reprewuts infinite number of Immrmmrmtum?f k and thmforntu
known agslamilydb! lincss % 0
It can be easily proved that if (x;, y;.}upummflmem?cnmof{l}and{ﬁlj,!hcpqumm(m]nlw
passes through (xi, y1).
mmwmm{:u}mﬂmmumfmﬂfnfhmmmgmmmnfmﬁ :
equations (i) and (ii). As mentioned nbuveﬂmnmm{m}repmts mﬁmtﬂ nmnbernfhncs :
by changing values of k. Furparhculnrvaluna-fk spuﬁmh:llmnfﬁmﬂyﬁm[m]mbe

determined by imposing one more

b

Example 10:
Fﬂmdhmmlmmtofmmoflm x+2y=ﬂ: y=3 |
(a) maﬂmushpomtﬂ n Mb) parallel o ko dy+7=0 " '

! 1o ol

Solution: il i
te fasrratt --qu;:i_’)pi'nm.lr Wl . (i)

ST SMG E' L 2

g ) =ur.!'.‘t}!-:ri3_:ﬂ'.‘1q.m|:'|.-|I . {il}

[ 4

¢ | g : Eenetlisht
WO LT ) DORBLS Snry g,

A family of lines through the point of intersection of lines (i) and (ii) is:
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x+2y+kix-y-3)=0
= (1+kx+(2-k)y-3k=0 (1ii)
(a) As equation (iii) passes through (1, 1), therefore: |
(1+kN1)+(2-k)1)-3k=0
= | +k+2-k-3k=0 = 3-3k=0 = Lk=I

Substituting the value of k in equation (iii), we get the required line as follows:
(I+1x+(2-1y-3%x1=0 = 2x+y-3=0
l - (b) Slope of line (1ii) 1s:

] 1+k
l m=-(35%) |
Ix-4y+7=0 (iv)

Slope of line (iv) is:

&)
Mg = |
-4/ 4

It is given that lines (iii) and (iv) are parallel, therefore:

1+k)_3 -1-k 3 -1-k _3 l
—— m— | — a —_— -
2k 4

= -
4 24k 4 -2+k .
4-1-Kk)=3(—2+k) =» -4-4k =-6+3k |
2
Tk=2 or k—;
Substituting the value of kinx + 2y + k{x - y-3) =0,

X +zy+§{.r—y—3}=n = Tx+ldy+2x~2y-6=0

=2 %+12y-6=0 I

Which is required line. “

1.  Find the measure of angle from /; to /; if;
(i) slopeofly=0andslopeofl=1 (ii)) slopeof/;=-10.5 and slope of /;=4.5
(iii) slope of /; = tan45” and slope of /; = tan135°

2. Find the measure of angle from /; to [, if: {
] (i) Ii: joining (2, 0) and (5, 0) I5: joining (2, 0) and (5, 5)
(ii) 1 joining (-2, 1) and (3, 4) I1: joining (-1, 3) and (4, 8)
J (iii)  /i: joining (-5, —4) and (5, 1) /;: joining (-3, 2) and (0, 5)
(iv)  1;: joining (2, —6) and (5, -9) 15: joining (5, -5) and (-10, -5)

k | e
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11.
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(v) I joining (0, -3) and (7, -9) h: joining (2, -2) and (-8, -12)

Find the interior angles of triangle ABC when:

(1) Slope of AB = 0, Slope of BC=—1, Slope of AC =1
(i)  Slope of AB = 0.25, Slope of BC = 1.25,  Slopeof AC=1
(ii))  Slope of AB= 04, Slope of BC=—1.5,  Slope of AC = 1.667 ’
(iv)  Slopeof AB= —1, Slope of BC = 0.8, Slope of AC= 0
Find angle between lines:

(i) 3x+2y+5=0 and 2x-3y+8=0

(i) x+2y-6=0 and 2x-4y+9=0

(i) 6x-y+1=0 and x-Ty+12=0

Find the interior angles of triangle XYZ whose vertices are:

(1) X(-2,3),Y(-3,-4),Z2(5,2) (i)  X(=3,2), Y(0,-1), Z(3,3)

(i) X(=2,0), Y(1,-4), Z(6, 6) (iv)  X(-4, 1), Y(0,-3), Z(4,3)
Find the point of intersection of lines:
(1) 2+y+1=0 and x-y-4=0

(i) x+y+3=0 and 2x-Sy+8=0

(i) 2x+5y+3=0 and 3x-4y-5=0

Find equation of line passing through point of intersection of lines
Ix+2y+1=0,x-2y+3=0and

(8) passing through point (1, 0). (b) parallel to 3x-4y+3=0.
Find the equation of family of lines passing through point of intersection of
6x+5y+3 =0 and 2x-S5y+ 13 =0 withslope 3.

Find equation of line passing through point of intersection of lines
2xx-5y+4=0,6x—4y+5=0and

(8) parallel to x-axis. ‘(b) parallel to y-axis.

Find equation of line passing through point of intersection of lines -
2x—y+2=0,x-2y+1=0and

(a) paralleltox—-2y+11=0 (b) perpendicularto 2x+ 5y +2=0.
Find equation of line passing through point of intersection of lines

x-2y+4 =0,3x-y-3=0and

(2) parallel to line passing through (2, -3) and (0, 4).

(b) perpendicular to line passing through (2, -3) and (0, 4).

Natiomal Book Foundation




Example 11: In the linear equation y = 1.12x + 8 if “x™ represents the number of kilometers
and “y" represents the cost of the bus fare.
(i} What will be the cost of bus fare after travelling 50 km?
(ii) Asif paid a bus fare of Rs. 480 in a journey. Find number of kilometers travelled by him?
Solution:
Given: y=112x+8 ....... (1)
(1) Substituting x = 50 in equation (i), we have:
y=1.12%50+8=64
= Cost of bus fare = Rs.64
(ii) Substituting y = 480 in equation (i), we have:
480=1.12x+8 = 1.12x=480-8=472
x=472+1.12=42143
. Numbers of kilometers = 421.43
Example 12:
Saadia buys mangoes @ Rs. 150 per kilogram and melon @ Rs. 80 per kilogram. She has Rs. 620
to spend on fruit. Write an equation in standard form that describes the situation. If she buys 2
kilograms of mangoes, how many kilograms of melon can she buy?
Solution:

Suppose x denotes number of kilograms of mangoes and y denotes number of kilograms of

melon.
The equation that describes this situation is:

150 x + B0 y = 620 (1)
As she buys 2 kilograms of oranges, substituting x = 2 into the equation (i) we get:

150(2) + 80 y =620 or 300+ 80y=~620

= 80y=620-300=320 = y=320+80=4

~. Saadia can buy 4 kilograms of melon.
Example 13:
The pollution index in a large city increases in an approximately linear fashion from 8 am until
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3 pm in autumn season. On 24™ November, the reading at 10:00 hours is around 80 parts per
million (ppm) and at 14:00 hours, the reading is 110 ppm.

{a) Write an equation for this situation.

(b) What does the gradient (slope) mean in terms of pollution?

(¢) What does the y-intercept mean in terms of pollution?

(d) What will be the pollution index at 12 pm?

Solution:
(a) Ift denotes time and p denotes pollution index then:
(tr, p1) = (10, 80) and (t2, p2) = (14, 110)
Using equation of line in two-point form, we have;
t=t: _ PP

tz=t; pPa-py

Substituting the values, we have:
t-10 _ p-80 - t-10_p-80

14-10 110-80 4 30
= 30(t—10)=4(p-80) = 30t—300=4p—320

= 30t-4p+20=0 = 15t-2p+10=0 ...... (1)
Which is required equation.
(b) From (i), we have:
2p=15t+10 = p=751+5 ...... (ii)

= m=75andc=§
Here the gradient 7.5 means that pollution index is increasing (@ 7.5 ppm per hour.

(c) y-intercept =c = 5 means that pollution index at 00:00 hours (12am) is 5 ppm.
You can plot graph to understand in a better way.
(d) Substituting t= 12 in equation (ii), we get:
p=75%12+5 =95 ppm

1. Nasir sold *fruiters’ @ Rs.120 per dozen and ‘Shakri Malta’ @ Rs. 150 per dozen and eamed
Rs. 1200. Write an equation in standard form that describes the situation. If he sold 4 dozen
of *Shakri Malta’, how many dozens of ‘fruiters’ he sold?
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The linear equation y = 1450 x + 2000 describes the total cost for staying in a hotel

for one day, where Rs. 2000 is the rent of room for maximum 8 people and
Rs.1450 is the food cost per person.
(1) Find the cost paid to hotel if a group of 7 people stays for one day.
(i)  How many people can stay in the hotel for Rs. 13,600 for one day?
If one company provides Rs. 5500 per week along with extra bonus of Rs. 700 and
the other offers Rs. 800 per day. Convert the data into linear equations and tell
which is better deal for two weeks?
A man eamns Rs. 120 per hour. He has Rs. 500 in addition with him.
(1) Write a lincar equation for the situation and tell how much will he get after 12 hours?
What does slope show in this situation?
(111)  What does y-intercept represent here?
Ali shifted in a rented house on first September. The electric meter of house was showing 44
units on that day. If the average electricity consumed is 18 units per day:
(i) Represent the situation through linear equation.
(i)  How many units are consumed till 30 September?
(i11)  What will be the bill after one month @ Rs. 20 per unit?
(iv)  After how many days, the meter shows 404 units?
Alia hired a taxi with a fixed charge of Rs. 1500 plus Rs. 450 per 30 minutes.
(i) Represent the relation as a linear equation.
(i)  What will be the cost of taxi fare after 5 hours?
(ili)  What is the slope of equation in the case?
(i) Derive the relation between Fahrenheit and Celsius scales in slope-intercept form.
(i) What does y-intercept and slope show in the equation?
(iii)  What is temperature in Fahrenheit when temperature in Celsius is 5°C?
A cricket team scores 96 runs in 16 overs and 180 runs in 30 overs.
(i) Write an equation of line for this situation.
(ii) What does the gradient mean in terms of scores?
(iii)  What does the y-intercept mean in terms of scores?
(iv)  What will be the predicted score after 45 overs?
(v)  After how many overs, the predicted score will be 2407
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Abdullah rented a truck for one day. The truck company charged Rs. 5000 per day and some |

additional money per kilometre. He drives 125 kilometres and paid Rs. 30,000,

(1) Write an equation in point-slope form that describes this situation.

(i) Find the amount per kilometre the truck rental company charges and relate it with
~ slope.

(1))  How much would it cost if Abdullah drove 180 km?

A ship starts travelling from Karachi with latitude of 25° N and longitude 67° E. If the ship

travels in a straight line and reaches a destination with latitude of 32° N and longitude 54° E,

then derive the equation of line in point-slope form. If the ship moves to another location

with a latitude of 39° N, what is longitude of that location?

. Length and width of a plot are in the ratio 2 : 1. |

(i) Write equation of line and find the length of plot if the width of plot is 30 feet,
(i) "What is slope in this case and what does it mean?

Netivwisd Bouk Fowmokarion
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: Encircle the correct option in the following.
(i)  Slope of two lies are 0 and oo, What is angle between both lines?
(@) 0 (b) 60° (c) 90° (d) 180°
(i)  Oneangle of right triangle ABC is determined by the line joining A(1, 2) and B(2, 3).
Find the third angle.
(a) 30° (b) 45° (c) 60° (d) 80°
(i)  Slopeof (1, 6) and (1, y) is 3. What is y?

(a) 10 (by U () —12 (d) 12
(iv) The line 5x — ky — 3 = 0 passes through (1, 2). What is k?

(@) 1 b - () -2 (d 2
(v)  The line 5x — 6 = 0 represents a line:

(a) parallel to x-axis (b) parallel to y-axis

(b) passing through origin (d) touching both axis
(vi)  Line y =0 represents: :

(@) X-axis (b) y-axis (c) aplane (d) a point
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(vii)  The line y = b, is above the x-axis, if

(@ b=0 (b) <0 (€) b>0 (d) b#0
(viil)  The line x= a, is left to the y-axis, if
(a) a=0 (b) a#0 (c) a=0 (d)a<0

(ix)  Slope of a line / is — 4. What is slope of a line perpendicular to 7
| 1
(a) i (b) 7 (c) 4 (d) -4

(x)  Whichof the following line has slope % ?
(8) 2x+3y=0 (b) 2x-3y=2 () 3x-2y=1 (d) 3x+2y=3

(xi)  The line y = 5x — 3 is written in the form:
(8) point-slope (b) two-intercept  (c) slope-intercept  (d) two-point
(xii)  x-intercept of the line x + y =5 is:
(a) 1 (b) -1 (¢) 5 (d) -5
(xiii) A line intersects both axis at (2, 0) and (0, 7) respectively. Its y-intercept is:
(a) -2 (b) 2 (c) -7 (d) 7
(xiv)  Point of intersection of lines 9x — Ty =0and 8x - 11y =0, is:
(2) (0,0) () (0,7) (€) (9,0) (d) (7,9)
Prove that A(3,-10), B(1, 4) and C(2, -3) are collinear points.
3. x-intercept of a line is double of y-intercept. Find equation of line if it passes
through (2, 1).

(2]

4. Reduce 5x — 2y + 1= 0 into slope intercept form and two intercept form.

5. (1) Reduce x — 3y = 3 into intercept form and find x- and y-intercepts
(ii) Find its slope and transform the equation into point slope form.

6. Normal form of an equation of line is x cos150° + y sin150° = 10. Transform the
equation into slope-intercept form and find its slope and y-intercept.

7. (1) Find vertices of triangle ABC.
(i1) Calculate slopes of its sides.
(iii) Find interior angles of triangle.

=R
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Lines OC and AB are shown in the graph. Find
(1) coordinates of end points of u

Two points P(4, —1) and Q(8, 3) lie on a line. Find:

(i) coordinates of mid-point M of PQ.

(it) slope of PM.

(1ii) the equation of line parallel to PQ through (-2, 2).

(1v) the equation of line perpendicular to PQ through (-2, 2).

Two points A(2, —2) and B(4, 6) lic on a line. Find:

(1) length of AB. (il) slope of BA.

(111) values of @ and b when the line AB i1s ax + by — 10=0.

(iv) the equation of line parallel to AB passing through (0, 3).

Find equation of line passing through mid-point of (4, 4) and (8, 0) parallel to the line

2
having slope =

OC and AB. HEEME C

(ii) slopes of both lines, P sE il ]
(iii) equations of both lines. ottt T 11
(iv) coordinates of point of intersection WE |

of both lines.

- ¥
|
++++++ M NN T N T W W ———

SR

Locate two points on the coordinate plane that satisfy the equation x — 2y = 2. Find :
(i) the slope of segment / connecting two points.

(11) slope of segment p perpendicular to /.

(iii) mid-point of the segment /.

(iv) equation of line passing through mid-point of segment / and slope of p.

(ol J
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GEOMETRY AND POLYGONS

In this unit the stndents will be able to:

e Differentiate between mathematical statement and its proof.
Differentiate between an axiom, conjecture and theorem.
Formulate simple deductive proofs (algebraic proofs that require showing LHS
equal to RHS e.g. (x-3)* +5=x"—6x + 14

o  Identify similarity of polygons and area and volume of similar figures.

e Solve problems using relationship between areas of similar figures and volumes
of similar solids.

s Solve real life problems that involve the properties of regular polygons,
triangles and parallelograms.

e  Solve real life problems using the following loci and the method of intersecting
loci for sets of points in two dimensions which are:
* ata given distance from a given point.
* at a given distance from a given straight line..
= equidistant from two given points.
= equidistant from two given intersecting straight lines.

-
Geometry has many uses, It is used whenever we
ask questions about the size, shape, volume, or
position of an object. As a school subject, it helps
to develop logical reasoning. Architects and
engineers use geometry in planning buildings,
bridges, and roads.

Geometry is used by navigators to guide boats,
planes, and even space ships. Military personnel
use geometry to guide vessels and aim guns and

missiles. Almost everything you do in your daily life involves geometry in some way. We
observe many geometrical shapes used in the construction of buildings like masjids, forts and in

Eﬂjwr buildings.

>




It is a branch of geometry in which geometrical statements are proved through logical reasoning.
The reasons can be taken from given information, basic assumptions or already proved results
and their corollaries elc.

Reasoning
Reasoning is a way of proving results. The statements without logical reasoning are not

acceptable. Different forms of reasoning are accepted in different cases. There are two types of
reasoning.

i Inductive reasoning ik Deductive reasoning
i. Inductive Reasoning

For example, if your school starts at 8:00 am daily and you left your home at 7:15 am for school
today, you arrived at school on time. So, to arrive at school on time you should leave your home
45 minutes before the school time daily. :

Inductive reasoning is commonly used in science. It is not always valid logically because it is not
always accurate to assume & general principle to be correct. In above example, perhaps ‘today’
there was less traffic, and if you leave the house at 7:15 am. On any other day, it might take
longer and you might be late for school due to heavy traffic.

ii. Deductive Reasoning

For example, if your school starts at 8:00 am and you leave your home at 7:15 am daily for
school, you arrive at school on time. So, to arrive at school on time today you should leave your
home 45 minutes before the school time.

Example 1:

Provethat 3x+9=3(x+3)

Solution:

Letx=1

LHS=3(1)+9=12, RHS=3(1+3)=3(4)=12

Similarly, the statement is true for all real numbers,

Hence proved.

Example 2:

Find (102)* =7

Solution:

General: (a + b)’ =a° + b* + 2ab
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Particular: (100 +2)% = 100° + 2° + 2 x 100 % 2
= 10000 + 4 + 400 = 10404

Applicability of Deductive Approach

Deductive approach is suitable for giving practice to the student in applying the formula or
principles or generalization which has been already arrived at. This method is very useful for
fixation and retention of facts and rules as it provides adequate drill and practice.

3 1 . i
viathematieal

When we solve any problem in mathematics, our solution is either right or wrong. There is no
midway to solve the problems.

=

1. Look at the following sentences:
(i) Sumof2and5is 7.
(1) Square root of 36 is 6.
(iii)  No line can pass through a point.
Here the first two sentences are true and third one is
false. .
.. Above are mathematical statements.
2. x+4=2(x+2)
This is a mathematical statement since both sides of the
sentence are equal when any real number is substituted
for x.
3. Now observe the following sentence.
(1) Product of numbers x and y is 10.
We are not sure the statement is true or false as the values of x and y are not known to us.
. The above statement is an open sentence.
(ii) If we write the sentence as follows:
‘Product of numbers x and y when x=5 and y=2, is 10".
Then the sentence is a mathematical statement (being true).
(ili) Again, if we write the sentence as follows:
‘Product of numbers x and y when x =4 and y= 3, is 10",
Then the sentence is again a mathematical statement (being false).

Naviomal Book Foundation
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Propaosition
A statement which may or may not be true is called a proposition.
There are three parts of proposition.
(i) The premise
It is an assumption that something is true.
(ii) The argument
The logical chain of reasoning that leads from the premises to the conclusion is known
as an argument..
(iii) The conclusion
The result obtained after giving argument to the premises is called conclusion.
The conclusion must be true if the premises are true and the argument is valid.

Fundamental assumptions are statements which are regarded true without any proof.
These assumptions play an important role in geometry.

1. Axiom
The word ‘Axiom’ is derived from the Greek word ‘Axioma’ which mean ‘true without any
proof’. Thus, an axiom is a mathematical statement which is assumed to be true without any
proof. Axioms are truths that have been derived on the basis of everyday experience and form
the basis for all other derivations. Axioms deal with numbers and their relations.
For example:
(i) A number is always equal to itself (reflexive property).

i.e. if x is any real number then x = x.

In geometry we can say that if AB is any line segment

then AB = AB.
(ii) Ifa = band b = ¢ thena = ¢ (Transitive property)

Or in geometry, if £A = £B and £B = £C, then £A = £C.

2. Postulate
Axioms related to geometry are called postulates.
Some postulates of geometry are given below.
(i) Infinite number of lines can pass through a point.
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(ii)  Through two different points one and only one line can pass.
(iif) If two points of a line lie in a plane, then whole line lies in that plane.

3. Conjecture
A statement that is believed to be true but its truth has not been proved is called a conjecture. In

other words, it is a true statement that needs proof.
For example, observe the following pattern of numbers:
L9006 .
If we are asked, ‘what is next number in the pattern?’. We observe that each next number is 4
more than previous one. So, the answer is 20,
. One of the conjectures is that, *the next number is 16 + 4 = 20"
Another conjecture could be ‘the next number is 16 + 5§ - 1 = 20"
None of the two has a proof but both conjectures follow simple mathematical rules and axioms.

Proof

A proof is a series of conjectures and axioms (postulates) and proved theorems that combine
together to give a true result.

No assumptions can be made in a mathematical proof. Every step must be proved in the logical
sequence. Mathematical proofs use deductive reasoning where a conclusion is drawn from
multiple premises. The premises in the proof are called statements.

Theorem

The word theorem is derived from Greek word ‘theorien’ which means “behold, contemplate or
consider.”

A mathematical statement which can be proved or supposed provable through logical reasons is
called a theorem.

Important Steps of Proof of a Theorem

i. Statement
A description of a geometrical theorem in words should be written first. It is called statement of

the theorem.

Ii. Figure

After writing the statement a neat figure should be drawn to explain or understand the given
information and the result to be proved.
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lii. Given

In this step only given information should be written symbolically so that it becomes easy to use
in the proof.

iv. Required to Prove

After given information it is necessary to write the result symbolically which is to be proved so
that our attention does not divert from the main objective at any stage.

v. Construction

The necessary addition in the figure can be done to prove the theorem easily. This addition in the
figure is called construction.

vi. Proof

It is the most important step. It consists of statements and facts along with their reasons through
which we obtain the required results.

Corollary

Some results which can be deduced directly from theorems are called corollanes.

Converse of a Theorem

If given and to prove of a theorem are interchanged, the new statement is called converse of a
theorem. It is not necessary that converse of a theorem is also a theorem.

What is the difference between axiom and conjecture?

Which of the following are mathematical statements?

(1) Differenceof 19and 12is7. (i) -2+7-3=2

(i) 34+16=50 (ivy a+b=9

(v) (a+bf=d"+2ab+ ¥V (vi) 2+2x2=6

(vii) The product of x and y is smaller than 5.

(viii) Ifxis real then eitherx<0orx>0orx=0,

(ix) Ifa>bandb>cthena<c

(x) xp+z=12 (xi) s—-t=4ifs=4andt=0
The sum of a and b is equal to 0.

Is this sentence a mathematical statement? If no! How can we make it a mathematical
statement?

Prove (x + 1)* + 5=x" +2x+ 6 by taking x=2, 5 and 10.

Find the next number in the pattern using conjecture.
1,3,7,15,31,

State the conjecture used.

Which of the following are axioms? How many of the axioms are postulates?
(i) Ifa=bthenb=a (1) 2 plus 2 make 4.

(iii)  One and only one line can pass through two points.

(iv)  Iftwo sides of a triangle are equal then opposite angles are also equal.
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(v)  Product of two negative real numbers is always greater than zero.

(vi)  All right angles are equal to one another.

(vii) The whole is greater than its part.

(viii) Ifa>bandc >dthena+c>b+d

(ix)  Itis possible to extend a line segment continuously in both directions.

(x)  When we add three consecutive even numbers, their sum is even. .
7. Explain all the steps of geometrical proof.

) Similarity of Polygons 4

Similar Figures
Two or more figures that have the same shape but not the same size are called similar figures,
Figures (i) and (ii) below represent the pairs of similar figures.

Fig. (i) Fig. (ii) O

The symbol for similarity is ‘~'. Thus, if two figures A and B are similar, then we write A - B,
Example 3: Are the following pairs of figures similar? Explain.

Fig.(a) Fig.(b) Q

Solution:
In Fig.(a), two quadrilaterals do not have the same shape. Hence, they are not similar,
In Fig.(b), two circles have the same shape but not the same size, therefore they are similar.

Class Activity 1: .
Look at the following triangles ABC and DEF. They have the same shape but not the same size. ;

Therefore AABC and ADEF are similar.
Now measure corresponding angles of both the triangles.
You will see that: ZA = £D ZB=<E and ZC=AF.

D
B C E F
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Class Activity 2: Draw the following figures.
R

Z
10em Jem S5cm
fHom
In APQR and AYYZ .
Y 4em X
8cm P

0, 0B IR
R S

Q

L2 . QR R
‘XY Yi. Xz

i.e. corresponding sides are proportional.
Hence APQR -~

Class Activity 3:
Look at the following figures.
In AABC and ADEF

ZA = /D =40°
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Example 4:

Check whether the following
figures are similar.
All measurements are in centimetres.
F o
C 4
(i) 4 4
2 / ¥\ 2
A B D E
(i) H
D C - G
45°
]
v = 4s°
Solution: E F
AC BC 1
—=—=— and ZC = £F
® DF EF 2

(if)  In quadrilaterals ABCD and EFGH
ZA=ZFE , ZB=/F, ZC=ZGand thus £D=2/H

Therefore, both quadrilaterals are similar.
Example 5: In the figure below ALMN ~ AXYZ . Find values of x and y.

x
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Example 6: In the figure height of pole is 7.5 m.
Find the height of wall.

Solution:

Let height of wall=CD=x

Join A to E and D.

Here BE || CD in the AACD

15x=45x 1.5
= BRIS ons
15
So, height of wall = 22.5m
Example 7:
In AABC, AB=10¢m, AC=5 em. Take D and E on AB

and AC respectively such that AD =4 cm and AE =2 cm.
IsDE // BC ?

Solution: As [As BD = AB — AD] .... (i)
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AE 2 -
— = AC - AE] .....
And EC 3 [ASEC=A E] (11)

From (i) and (i)
4D _AE
DB EC'

which shows that DE intersects AB and AC in the same ratio.

DE I/ BC

1. Which of the following pairs of figures are similar?

) M /
30" 60"

(iif) 3
4
(iv)
120°
6
/\
v)
4
12
(vi)
16
5
(vii)
el
6

Cieometry and Polygons

o NP
2
4

L
4.5 3
4
4
4
3
6
1.5
9

-
M

6
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s Find the unknown quantities in the following similar figures.
All measurements are in centimetres.

M

Unit=09  Geometry and Polygons




Unit-09

Two Triangles ABC and DEF are similar.

IfAB =6 cm, BC = 8 cm, CA = 4 cm, find the lengths of sides of ADEF,

While going back to home from school, Wajid noted that his shadow was ;
of his height. Find the height of pole nearby having shadow of 12 m.

- k.

Find the length of the larger rope of the hanging bridge, where x = y.

In the figure, OA is object lying in
front of a convex lens at a distance of
10 em. Find the distance of image from
the lens if its size is twice that of the object.

0

In the figure, an electricity tower is seen
through the telescope. Find height of Tower
tower if‘height of its image is 0.5 m.
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8. Findthevnlucsnhmknuwnqmﬁﬁelﬁ:tbafolluwingﬁgurﬁ.ﬁﬂthe

measurements are in centimeters.
@ UV||YZ ®) BC | DE
: y
Y z B 5 D 2 A

' 9. In the following figure, find the measure of £C
and ZAED.ISED || CB?

10. Inﬂ:eﬁgmt.AX}'Zismequi!ﬂunlu'imgle X
and LM | ¥Z . Find measure of a and b.
What type of triangle is XLM with respect
to sides and angles?
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11. Find the height of shorter tree if longer one is 12 m high from the ground level, where
observer is at a distance of 25 m from the shorter tree and distance between both trees is
Sm.

Area and

Area of Similar Figures

1. In the figure, AABC and ADEF are similar because:
AB BC ca

If A; and A; denote the areas
of AABC and ADEF respectively, then:

l ol 1 5
A1=EN43‘3=ﬁcm' and J"L3=Exﬂxﬁ=24{:m'
AB BC CA 1 A 6 4
W —=—=——=a nd — e
NV R o3 . & 26 2
AB\? Ay /BC\? Ay [CA
fore: =2 = —) r —-—(—-— s (—-
Therefore x \ox) TogN\E % =D

vVolume of Similar Ficures

Observer

D
A
' : 1 0cm
Nan Sem Hem
B dem C E 8cm F

2. Inthe figure, ABCD and EFGH are similar rectangles because:

AB _BD.1 A o
EF FG 2 -
2em

If A and A; denote the areas B Tom D
of rectangles ABCD and EFGH respectively, then:
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Therefore: :—:: (g)z & %.: L (%E)E

The saie Guibe Becved fir Ol Sie of cuskdrilaterals: Thus:

Figure shows two similar circles with radii 2cm and 3em respectively.

If ry = 2cm and r; = 3cm, then:

s -

If A, and A;denote the areas

of circles with radii r; and r; respectively, then:

Ai=mx2=4nrcm’ and A= mx3¥=9mcem’
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Example 8:

A
Triangles ABC and ADC with bases 3¢cm and 7cm respectively
have common height 6 cm. 6
Prove that the ratio of their areas is equal to ratio of bases
of both triangles. B, 3¢ 7 D

Solution:

Amaufmc=§x3xﬁ=9m2

Area of AADC =% x 7 % 6=2lcm’

Area of AABC 9

Area of AADC 21

Base of AABC

3
7 Baseof AADC

Example 9:
The ratio of the areas of the bases of two similar cylinders 1s 9 : 4.

The area of the base of the smaller cylinder is 240cm”,
(i) What is the area of base of larger cylinder?
(ii) Write the ratio of heights of both cylinders.

Solution:
(i) If A; and A; are areas of bases of larger and smaller cylinders respectively, then:
a3 .9 < o
A, 4 240 4
= Ay = = %240 = 540cm’

(i) Again, if &y and /; are heights of larger and smaller cylinders respectively, then:

hy\2 Ay n\2 sS40 9
ha Az hy 240 4
h
L s
ha 2

Example 10:
In the figure, BC || DE. Find:

A
; D_E' i) Area of AADE

W 3 () Area of AABC Sem
(iii) find the area of AADE if area of AABC is 256cm’. D E

iem
(iv) area of trapezium DBCE.

B C

National Book Foundation

Unit-09 Geometry and Polygons




Area of AADE (5 2 325

' () s of AABC

8/ 64
. Area of AADE 25 25
(iii) oy gy = Areaof AADE = it * Area of AABC

= Area of AADE = g X 256 cm? = 100 om?

(iv)  Area of trapezium DBCE = Area of AABC — Area of AABC
=256 — 100 = 156 cm®

1. Following pairs of shapes are similar. Find unknown area in each case. All measurements
are in cm and cm’.

(1)

4 L;"h =7
30° |
|

@) A =162 A1

g 4

" 6
(iii)

Ay =? A;= 996
=

(v)
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. In a map, length of a 10m wall is shown by Scm.

2. Following pairs of shapes are similar. Find unknown length x in each case. All

measurements are in cm and cm”.

.--'frﬂf
-::j;
(iv) T v
/ﬁ-l.' r',f'frr"' ‘-..‘ --_"""-——._q__
. As= 18D —
- 0 S ——— T [ v _
> (=
\;\_-ﬂ“"'

ik =

 Radii of two spheres are 6cm and 8cm respectively. Find:

(i) the ratio of areas of both spheres.
(ii) area of larger sphere if area of smaller sphere is 360cm’.
(iii) area of smaller sphere if area of larger sphere is 1600cm”.

_ Ratio of areas of two regular pentagons is 16 : 25. Find the ratio of sides of pentagons. Also

find length of side of second pentagon if length of side of first pentagon is 8cm.

_ In the figure, AB || YZ. If areas of triangles XAB X

and XYZ are in the ratio

XB AR

H.Sﬁ.ﬁnd;}-mdr—z.
Are the ratios equal?

Y Z
If area of wall shown on the map is 1400cm’, find the area of actual wall.

 Two cuboids are similar, Height of smaller cuboid is one-third of bigger one.

(i)  Find the ratio of surface area of larger cuboid to that of smaller one.
(i)  Find the surface area of bigger cuboid if surface arca of smaller cuboid is 350cm’,
A

. In the figure, BC || DE. Find:
_ BC ,AB  Areaof AABC i
) ppadZy () e ofAADE c
- Scm
D E
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(iii)  the area of AABC if area of AADE is 507cm’.
(iv)  area of quadrilateral BDEC.
What type of the quadrilateral is?

- m

Two solids are said to be similar if they have same shape. The ratio of corresponding lengths
(sides etc.) of two similar solids is constant called the scale factor of the solids.
I.  In the figure two cuboids are similar. Therefore:

. 1_ /
A B
= a=dk, b=ek,c=fk e
b d

a

Now if V; is volume of cuboid A and V; is the volume of cuboid B, then

abc dkek
B o TP 5 n=PW

V, def  def

n Mwmofmamjlk‘m the

Now if V is volume of cylinder P and V; is the volume of cylinder O, then

nrin

Rk HK

=k

7 nR*H

REH

"N

VlnkJ Vz

5... . I_n’ Sl
2 =g (k where k=
RMMnmﬂeﬁmﬁmMuMﬂnmm
the ratio of their masses is given by:

2o ()

.-—ﬂ_-."lhl-r-_-————nn——-_
¥
.

Noatbcerioef Boicsd Feammdation
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Example 11: Check whether the prisms are similar or not?

= 5

4

o ’

5
¥

Solution:

Leta=4,b=3, c=5andd=6,e=4.35,f=17.5.

s Gt | bl aels R w e 2
ML 36 B 3 48 asat \F 1E 78

Therefore, the two prisms are similar.

Example 12:
Find a: it the following solids are similar. Also find the ratio of volumes of both. How many times

is the volume of larger solid than smaller one?

& i ‘
Solution:

2cm
Let ﬁ1 =2cm, ﬁ:=4ﬂm. a=4cm,a="7

As the figures are similar, therefore:

hy  a, _ayh; 4x4
h: e h-:
3 3
Vi (I 2 1
o 8-~
Vay 2 4 8
= vV, = 8l

Hence, volume of larger solid is 8 times the volume of smaller one.

Example 13: '
In the figure two geometrically similar cylinders are shown. Find:
(i)  the ratio of volume of smaller

cylinder to larger cylinder.
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(ii) curved surface area of smaller cylinder if that of larger one is 250cm”.
(iii) volume of larger cylinder if volume of smaller one is 162¢m”.

Solution:

(i) KV, and V; are volumes of smaller and larger cylinders respectively, then:
i (3)3 o B
Va \5 Va 125

(ii) If A; and A; are areas of smaller and larger cylinders respectively, then:

Ay (3)2 Ay 9
— T — = —
A 5 250 25

= Ay = — %250 = 90cm’

162 f3\° 162 27
(111) e = =—

L il V» 125
227 %V, =162%125 = V= %§=?5ﬂcm’

I.  Detérmine whethear the solids e similar or not |
(1)

Iem fcm

(ii)
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(iv)

2lm

29m

20m

2. Solids are similar. Find the values of unknowns, Also find the ratios of volume

of solids.
(i) (11)

3. Solids are similar. Find the unknown volume.

(i) (i)
101t
A
. T 7T mm
21 mm i
21 mm S
Vi = 9000mm’ Va=1? Vi=?

Unit-09  Geometry and Polygons
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{iii) ; (iv)

Vz= 46!]-::::1 £5 zssm
4. Find thc ratio r:sf scale factors of the following pmrs of similar solids.

V=512m' V=1728 m’

5. Two swimming pools are similar with a scale factor of 4 : 5. The amount of chlorine mixture to

be added is proportional to the volume of water in the pool.
If three cups of chlorine mixture are needed for the smaller pool, how much of the chlorine

mixture is needed for the larger pool?
6. A model bus is built with a scale of 1 : 10. The model bus has a volume of 30 a;
What is the volume of the actual bus?

7. Solid A shown below is similar to solid B (not shown)
with a scale factor of 2 : 3. Find the surface area and
volume of solid B if surface area and volume of solid A
are 130 cm? and 280m cm’ respectively.

8. Solid 1 is similar to Solid 11. Find the scale factor of solid 1
to solid 1L

V=8’
V=125nft’

Nattonan! Beerk Foundetion
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9. Solid A and solid B are mathematically similar. The volume of solid A is
32 em’. The volume of solid B is 108 cm’. The height of solid Ais 10 cm.

Find the height of solid B.
10. P and Q are two similar solids. Solid P has surface area and volume 108cm? and

135¢m’ respectively. Find volume of solid Q if Q has surface area 300cm>.
11. Xand‘t’mtwosimﬂnn:ylindmsuphlhat:
base area of X : base area of Y = 16 : 25. Find:

(i)  ratio of heights of both cylinders.
(1) Ratio of areas of curved surface of cylinders.
(iii) Ratio of volumes of cylinders,
|2. The volume of one right circular cone is 8 times the other one. If the radius of larger cone is

12¢m, find the radius of the smaller one.
I3. Masses of two similar objects are 8 kg and 27kg respectively. If the height of first object is

2m, what is the height of second object?

Polygon

"Polygon’ is the Greek word where ‘poly " means ‘many” and ‘gon’ means ‘angles’,

A polygon is a two-dimensional convex figure that has a finite number of sides (at least three
sides). The sides (edges) of a polygon are made of straight line segments connected end to end to

form a closed shape.
The point where two line segments meet is called vertex of polygon.

Regular Polygon
If all the sides and interior angles of the polygons are equal, they are known as regular polygons.

Regular polygons are also equiangular.
The examples of regular polygons are equilateral triangle, square, pentagon, hexagon etc.

Irregular Polygon
If in a polygon at least one angle or one side is not equal in size then the polygon is called

irregular.

Nitiorad Bool Foundation
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Interior Angle of Polygon

Interior angles are the angles that are inside the
polygon formed by two adjacent sides.

Exterior Angle of Polygon

Exterior angle is the angle formed by any

side of the polygon and the extension of its adjacent
side.

Sum of Measures of Interior Angles of a Polygon
(i) Sum of measures of interior angles in a triangle is 180°.

B
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(i)  Sum of measures of interior angles in a quadrilateral is 360°,

In this way, we can find the sum of the interior angles of any polygon by splitting it into

triangles.

From the above discussion, it can be concluded that:
The sum of measures of all the interior angles of a polygon having n sides is:

(n—2) * 180°

For example, if a polygon has 10 sides, then n = 10,
Therefore, sum of measures of interior angles is:

(10 -2) = 180° = 1440°

Interior Angle of a Regular Polygon
The measure of each interior angle of n-sided regular polygon is given by the formula:

(n—2) x 180°
n
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Example 14:

Find interior angle of a regular nonagon.
Solution:

A nonagon has 9 sides, therefore n =9

If 8 is an interior angle of the nonagon then:
_ (9-2) x180°

a6 = 140°

Example 15:

Find the value of x in the following polygons.

(i) (if)
F

Solution:
(i)  The given polygon is hexagon and sum of measures of its interior angles is 720°.

90° + 155°+ 112° + x + 140° + 98° =720"
= x + 595 = 720
= x=T720- 595 =125
(i)  The given polygon is heptagon and sum of measures of its interior angles is 900°.
(x + 18%) +x + 138% + (x + 10%) + 130° + 130° + 132° = 900"
= 3x+558°=900°
= 3x = 900" - 558" =342°
= x = 34: =114°
Sum of Measures of Exterior Angles of a Polygon
Figure shows a regular hexagon.
As interior angle of a regular hexagon is 120°
and sum of measures of an interior and exterior
angles is 180°, therefore:
Interior angle + Exterior angle = 180°
120° + Exterior angle = 180°
=  Exterior angle = 180° — 120° = 60°
Now, hexagon has 6 sides, therefore:

Sum of measures of exterior angles of regular hexagon = 6 = 60"
= 360"
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: For a regular polygon having n sides:
exterior angle + interior adjacent angle = 180°
Sum of all exterior angles + Sum of all interior angles

— -

=n x |80°
So, sum of all exterior angles
=n % 180° — Sum of all interior angles
| Sum of all exterior angles = n x 180° — (n - 2) x 180°
| =nx180°-nx 180°+2 x |180°
= 180°n — 180°n + 360° = 360°
| . Sum of measures of exterior angles of a polygon is 360°.

el £ e 1 e it I

}

Exterior Angle of a Regular Polygon L
The measure of each exterior angle of an a-sided regular polygon is: :
s I.’

n ;

Example 16: Er
Exterior angle of a regular polygon is 120°. Identify the name of polygon. [
Solution: l :
Measure of exterior angles = 360" !
Measure of one exterior angle = 120° [
Number of exterior angles = o= = 3 :

Since the polygon has 3 exterior angles thercfore, it has 3 sides.
Hence it is an equilateral triangle.

i it W — .
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Example 17: |
Inaoenainpolygm.thcmnfﬂ':nmmufallmeiniaimmglesisequa!mmimlhatufthe -

exterior angles. What is the name of that polygon?

Solution:
Given that
Sum of interior angles = 2 x the sum of exterior angles

If n is number of sides of polygon, then: |
(n—2) * 1800 =2 x 3600

2 % 360°

=2 n-2=4 = n=2=0
180°

= a-2=
Hence the polygon is hexagon.

Example 18:

The measure of the exterior angles of a polygon are (x + 4)°, 3x —4)°, (7x - 3)%,
(2x + 3)°, (8x— 1) and (9x + 1)°.

(i) Identify polygon.  (ii) rindx. (iii) Find the measure of each angle.

Solution:

(i)  Since there are 6 exterior angles in the polygon, therefore polygon is hexagon.

(i) As the sum f measures of exterior angles in a polygon is 360°, therefore:
(x +4)° + (3x — 4)° + (Tx = 3)° + (2x + 3)° + (8x — 1)° + (9x + 1)° = 360°

= x+4°+3x-4°+7x-3%+ 2 +3°+8x— 1°+9x+ 1° =360

= 30x=360" = x=12°

(iii) Substituting the value of x in above expressions of angles, we get:
(12+4)°, (3 x12-4)°, (7 x12-3), (2 x12+3)°, (8 x12- 1), (9 x12+ )"
Or 16°32°, 81°%,27°, 95°, 109°
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1.

10.

11.

12.

13.

14,
15.

Find the number of sides of a regular polygon if each of its exterior angle is:

(a) 45° (b) 60° (e) 120° (d) 40°

Draw a regular pentagon whose exterior angles are p, g, r, s, t and each interior
angle is k. What is the measure of:

(a) each interior angle (b) each exterior angle
Each interior angle of a polygon is five times the exterior angle of the polygon. ‘
Find the number of sides.

Find the minimum interior angles and maximum exterior angles possible in a
regular polygon. Give reasons to support your answer.
Find the exterior angle of a regular polygon of:

(a) 5sides  (b)9sides  (c) 15 sides (d) 20sides
The ratio between an exterior angle and the interior angle of a regular polygon is
1 : 2. Find:

(a) the measure of each exterior angle.

(b) the measure of each interior angle.

(c) the number of sides in the polygon.
Is it possible to have a regular polygon each of whose exterior angle is 50°? Give
reason to support your answer.
Name the polygon whose sum of interior angles is equal to the sum of its exterior
angles. _
The sum of all the interior angles of a regular polygon is four times the sum of its
exterior angles. ldentify the polygon.
An exterior angle of a regular polygon is 12°. What is the sum of all the interior
angles?
Prove that each interior angle and its corresponding exterior angle in any
polygon are supplementary.
Find the number of sides in a regular polygon when the measure of each exterior
angle is 72°,
The exteriors angles of a pentagon are (y + 5)°, (2y + 3)°, (3y + 2)°, (4y + 1)°
and (S5y + 4)° respectively. Find the measure of each angle.
A convex polygon hfs 14 diagonals. Find the number of sides of the polygon.
Find the sum of all the interior angles of a polygon having 13 sides.

16. The sum of all the interior angles of a polygon is 2880°, How many sides does the polygon

have?
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Real Life Problems Involving Regular Polygons, Triangles and Parallelograms

The variety of polygons are commonly used in the modern
constructions. Because of its reasonably strong design, the
triangle is commonly used in construction. The usage of the
polygons minimizes the number of resources used to
construct a structure like lowering costs and increasing profits
in a corporate setting. The rectangle is another polygon which

is used in a variety of applications. For example, most of televisions are rectangular to make |

watching easier and more enjoyable. Photo frames and phone screens are in the same boat.

Perimeter of Polygon
Perimeter of any polygon 15 sum of measures of all sides.

Perimeter of pentagon shown in adjoining figure, is;

P=a+b+c+d+e+f

Perimeter of Regular Polygon

Perimeter of regular polygon = (number of sides) x (length of one side) D
P=nxg

Perimeter of a regular pentagon shown in adjoining figure, is:
P=s+s+s+s+s = S§s

Area of Regular Polygon

Area of a regular polygon is defined as:

A= (P)a)
Where ‘P” is perimeter of regular polygon and ‘a’ is called
apothem. Substituting the value of *P’, we have:

h=%{n51{a]=§ * (sa)
Where ‘s’ denotes the length of side.

. A=Z (P)@) =3 * (sa)
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Example 19:
Basement of a water tank is in the shape of regular pentagon having the side length 8 feet. Its
apothem is 7 feet. Find the perimeter and area of basement of tank.

Solution:

Number of sides of basement = 5
Side length of basement =s =8 fi
Apothem of basement = 7 ft
Perimeter of basement =5 * § =40 fi

Area of basement = % (40)(7) = 140 f*

I. Alawn is in the shape of equilateral triangle. Find the perimeter of lawn if length of one
side is Sm. Also find the cost of boundary wall of lawn @ Rs. 220 per metre.

Cricket ground in a village is in the shape of parallelogram. One side of ground is 65m
long and distance between parallel sides having length 65m is 42m. Find the cost of

planting grass (@ Rs.10 per square metre.
3. Base of a minaret of a Masjid is built in the shape of regular

"

pentagon as shown in the figure, Find the perimeter and area
of base of minaret.

4. A plot in the shopping area is in the shape of regular hexagon. One side of the plot is 10m
long. Find:
(i) the cost of fencing the plot @ Rs.160 per metre.

(ii)  area of the plot.

(iii) the cost of filling the plot @ Rs. 500 per m’
5. A room is in the shape of square having perimeter of 48 feet. Find:

(i) the cost of carpeting the floor @ Rs. 350 per m’

(ii)  the inner area of each wall if room is 10 feet high.

(iii)  the cost of painting inner sides of the room @ Rs.100 per m°.
6. Adtile is in the shape of regular hexagon. Each side of the

tile is one foot long. Find the perimeter of four tiles joined

together as shown in the figure.
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A locus is the set of points that satisfy a given condition. It is a path traced by a moving point
which moves according to some given geometrical condition.

Locus of a Point from a Fixed Point

A circle with centre 0 and radius remiis the locus of a point P
moving in a plane in such a way that its distance from a ;"'"* -
fixed-point 0 is always equal to r cm, .
This theorem helps to determine the region formed by all

the points which are located at the same distance from a

single point.

Locus of a Point from a Given Straight Line

Locus of a point that moves in such a way that its

distance from a fixed line [ is always equal to a cm. -

As clear from the figure, the locus of moving point

is a pair of straight lines m and n each parallel to /

and are located on either side of / at a distance a cm

from the line /.

This theorem helps to find the region formed by all the points which are located at the same
distance from a single line.
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Locus of a Point Equidistant from Two Given Points
The locus which is equidistant from the two given points A
say A and B, is the perpendicular bisectors of A
the line segment that joins the two points. X \\y
Hm,h:thcﬁgure'ﬁ'ﬁ?inthcpﬂpendicuhrhineﬂnr / E

of AB. RN

This theorem helps to determine the region formed by all ;

the points which are located at the same distance from points :

A and B. A

The region formed should be the perpendicular bisector of the line segment AB.

m./

Locus of the Point Equidistant from Two Given Intersecting Lines

The locus of point which is equidistant from the
two intersecting lines say m and », is considered A
to be a pair of lines that bisects the angle
formed by the two lines m and n.

In the figure, locus of point P forms a line /
which bisects the angle formed by two

i
|
v

intersecting lines m and n, and is equidistant from m

both lines. We say P lies on the bisector of angle formed by m and n.

Similarly, locus of point Q forms a line /; which bisects the angle formed by lines m and n, and is
equidistant from both lines. Thus, / and /, are the pairs of lines that bisect the angle formed at O.
We say Q lies on the bisector of angle formed by m and n.

This theorem helps to find the region formed by all the points which are located at the same

distance from the two intersecting lines.

Example 20:
Loci ofthreepuintaﬁ,ﬂnndCaree-quidimntfmmaﬁmdpuim& Prove that they form

concentric circles. Also sketch the figure.
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Solution:
Since the loci of the three points A, B and C are

equidistant from a fixed point O, therefore, point O j'l 0y
is the centre of circles formed by the movement of )
three points.

Hence the three circles formed are concentric circles.

Example 21:
A point P is moving parallel to a straight line / at a distance of 5m.
(1) Draw the locus of the path.
(ii)  Prove that the point is moving in straight line.
(111) How many paths are possible for the moving point P?
(iv)  Another point Q is moving 8m away from the line /. Explain why the point Q is not
the part of the locus?

Solution: -

=
- T
- -

(i) Locus of the path of point P is possible along <~
the lines m and » that are Sm apart from /.
(ii)  As the point P is moving parallel to straight .
line /, therefore it follows straight path too. &=
(iii)  Two paths which are along m and n.
(iv)  As the point Q is moving along straight line 8m away from /, therefore it is not part of

locus of point P which is Sm away from /.

Example 22:

Figure shows two isosceles triangles XAB and YAB on the same base AB. Show the produced
line XY bisects AB and is perpendicular to AB.

Solution;
Draw line through X and Y intersecting AB at M.
As AXARB is isosceles, therefore:

XA=XB (1)

A

Which shows that X is equidistant from A and B and hence lies on the perpendicular bisector of
AB. Similarly, AYAB is isosceles, therefore:

YA=YB (i)
Which shows that Y is equidistant from A and B and hence lies on the perpendicular bisector of
AB.
This shows that XY is perpendicular bisector of AB.
Also, (i) and (ii) show that every point on XY is equidistant from A and B,
Since M lies on XY, therefore M is mid-point of AB and consequently XYM is perpendicular
bisector of AB.
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Example 23:

Take three non-collinear points and find a point O which is equidistant from these non-collinear
points. Draw the locus of point passing through these three non-collinear points. What could be
the name of this locus? Give the point O a specific name.

Solution:

Let A, B and C be three non-collinear points in the plane. W A

Join AB and BC. e

Draw perpendicular bisector m of AB and n of BC. el

Both bisectors meet at 0. P A +0

As O'lies on perpendicular bisector of AB, therefore: h"‘“ﬂf'
DA =0B (i) ' C

Again, as O lies on perpendicular bisector of BC, therefore:
OB =0C (ii)

= OA=0B=0C (fromiandii)

Hence O is equidistant from points A, B and C, and if we draw a circle with centre O, we get a

locus of circle passing through three non-collinear points A, B and C called circumcircle.

Point O is called circumcenter.

n

. Draw AB = 6cm. Bisect AB at O and draw a locus of point P equidistant from O and
above AB. What could be the name of locus?

2. Draw coordinate axes, Take two points A and B on x-axis and y-axis respectively at a
distance of 4.5¢cm each. Draw a locus of points from A to B equidistant from origin. What
is specific name of this locus? How many such loci can be drawn around the ongin?

3. Draw a horizontal line /.

(i)  Takea point T above [ at a distance of 3cm and draw a locus of points through T
parallel to /.
_ (ii)  Now take a point Q below / at a distance of 3.2cm and draw a locus of points
' through Q parallel to /. .
I (iii)  What is distance between both loci?
4. Diagram shows a circle with centre P, X and Y
are two points on the circumference of the circle.
(1) Draw locus of points which are equidistant
from X and Y through P.
" (if)  Take another point Z on the locus outside
the circle and draw another circle of radius PZ.
(iii)  What is the relation of this circle with given circle?
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| 5. Drawaline AB. Let P and Q be two points not on AB but coplanar with AB,
| Draw the locus of points from P to Q.
| (1) What is the name of that locus?
(ii)  Is there any point on the locus PQ if extended which lies on line AB?
(iii)  How can we take points P and Q such that no point of the above locus lies in line
AB?
(iv)  How can we take points P and Q such that every point of line AB may lie on
locus?
. Draw an equilateral triangle PQR of suitable measurement.
(1) Draw right bisectors of any two sides and locate a point A where both bisectors
meet.
(i)  Draw angle bisectors of any two vertices and locate a point B where both
bisectors meet.
(i)  What is the relation between locus of A and B?
. Figure shows an isosceles triangle ABC.
Prove that the locus of bisector of angle

A
A is right bisector of side BC. // o \
_ C

. Draw three non-collinear points in the plane. o

Find the locus of the points which are equidistant form these three points.

How many such points exist?

. Take two lines AB and CD inclined at 60° intersecting at O.

(1) Draw a locus of points which are equidistant from both lines.

(i)  Draw bisector of 60°. :

(iii)  What is relation between locus of points equidistant from lines and angle
bisector?

(iv)  Draw bisector of adjacent angle at O find the relation between both angle
bisectors.
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o A mathematical statement which can be proved through logical reasons is called a theorem.

. Mmmﬁwmthtmﬂummhummmstﬂﬂdqﬁuw

e The ratio of areas of two similar figures is equal to the square of ratios of any two
corresponding lengths of the figures.

. mmﬁmﬂmmwlﬂiummﬂwmb&ﬂﬂnmﬂmm
corresponding lengths of the two solids.

polygons.
o Ifin a polygon at least one angle or one side is not equal in size then the polygon is called

irregular. .
« The sum of measures of all the interior angles of a polygon having n sides is:

(n—2) x 180°

Sum of measures of exterior angles of a polygon is 360°.
The locus of points in the plane equidistant from a given point is a circle.
The locus which is equidistant from the two given points say A and B, is the perpendicular
bisectors of the line segment that joins the two points.
Thehuuufpahnwﬂnhueqﬂnnﬁmﬁnmmlmwmmdm
considered to be a pair of lines that bisects the angle formed by the two lines m and n.
The locus of every point on the angle bisector of two intersecting lines, is equidistant from the

o If all the sides and interior angles of the polygons are equal. they are known as regular |

finés | |

1. Encircle the correct option in the following.

(1) Which of the following is polygon?

(a)circle (b) pyramid (¢) quadrilateral (d) sphere
(i)  Which of the following is regular polygon?

(a)kite (b) rhombus (c)rectangle (d) square
(iii)  If two triangles are similar, their corresponding sides are.

(a)proportional  (b) equal (c) congruent (d) parallel
(iv) What is the sum of interior angles for an irregular hexagon?

(a)120° (b) 720° (c) 135° (d) 360°
(v)  What is the sum of interior angles for a regular 12 sided polygon?

(a) 18007 (b) 2160° (c) 1980° (d) 360°
(vi) How many sides a regular polygon has if its exterior angle is 157

(a)20 (b) 21 (c) 24 (d) 25
(vii) Inthe figure, AB =21 cm and A P n

P divides AB in the ratio 3 : 4. What is length of AP?

(a)8 cm ()10 cm ()12 em (d)9 cm
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(viii) In the figure, > = 5. Which one is true?
(a) DE = BC (b) DE>BC
(c) DE = BC (d) DE Il BC

In the figure if x=y. Then the value of b is:
@ = (b)

cd
= (d)
[

(¢)

In the figure, A4BC is equilateral and pf // BC.
then AADE is

(a) right angled (b) scalene
(c) isosceles (d) equilateral

In the figure, GH // EF -
Thena:b="7

(a) DG:DE (b) DG : DH
(¢c) DG: GE (d) DE : EF

E = F
(xii) What is the sum of all the exterior angles of a |3-sided polygon whose one interior
angle is equal to x"7
(a) 90° + x (b) 360° (c) 360" + x (d) 180°+x
(xiil) Which polygon has both its interior and exterior angles the same?

(a) pentagon  (b) triangle (¢) square (d) hexagon
(x1v) The formation or expression of an opinion or theory without sufficient evidence for
proof is known as:
(n) axiom (b) conjecture (¢) corollary (cl) theorem
(xv) A mathematical statement that is proved true based on already accepted
statements is called:
(a) axiom (b) conjecture (¢) postulate (d) theorem
(xvi) A mathematical statement that is assumed to be true without proof is called:
(a) axiom (b) conjecture (¢) postulate (d) theorem
(xvii) Two solids with equal ratios of corresponding linear measures:
(@) are similar (b) are congruent
(c) have different area () have same volume

Find the exterior angle of a polygon with 6 sides.
Is it possible to have a polygon, in which sum of interior angles is 9 right angles?
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Is it possible to have a polygon whose sum of interior angles is 7200°7
Find the measure of each angle of a regular nonagon.
In the figure XY is a concave mirror OA is object and /B is its image.

(i)  Show that AOAP~ AIBP
(i) Find height of object if 1B =2 cm, OP = 10 cm, [P =4 cm.

A

Concave
mirror {

In the figure, AB =6 em, BD =9 cm.
Find the diameter of smaller circle,
if diameter of bigger one is 80 cm.

A 5 D
Prove that if vertex angles of two isosceles triangles are equal then the two triangles are
similar.
Find the length of BC and DE in the figure.

A 8 om " B4em D

Triangles SQT and POR are similar.
Find the ratio of area of triangle SQT
to that of triangle PQR.

3cm

Q Zem T decm R
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The following pyramids are similar and
larger pyramid has a surface area of 392 cm’.
What is the surface area of smaller pyramid?

The two cylinders are similar. What is the volume of the larger cylinder if the volume of
smaller cylinder is 40 ft’.

The following pairs of solids are similar. Find the surface area of red solid.
(i)

4m

Surface area = 336 m’

Surface area = 1800 in’.
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PRACTICAL GEOMETRY

In this unit the students will be able to;

Construct a triangle when two sides and included angle are given.
Construct a triangle when one side and two angles are given. 5
Cnmmﬁmmghwhmmmmmuppﬂs@mﬂdamm !

Draw angle bisectors, perpendicular bisectors, medians and altitudes of given ;
triangle. :
Verify the concurrency of angle bisectors, perpendicular bisectors, medians and

altitudes of given triangle. 3

-« & & @&

"o A
Pyramids of ancient Egypt remain among the largest and most impressive structures .
mnstrunmdbyanycwﬂmumﬂmbmldmgofth: pymm:dsmqun‘edanmsterynfart.
architecture, engineering and social urganmnon at a level unknown before that time. .
Observe an image of those pyramids, shown in below and try to visualize their excellence
in the field of construction.

Can you relate the geometrical shapes used in these pyramids with practical geometry?




Construction of Trianeles

Construction of Triangle when Measures of Two Sides and Included Angle are Given
Example 1:
Construct a triangle ABC when AB = 2.5 cm, BC=2.6 cm and £ B = 75",
Solution:
Steps of Construction:
(i) Draw AB = 2.5 cm.
(iiy  Construct an angle of 75° at point B with the help of
ruler and compasses and draw BD.
(iii)  With center B, draw an arc of radius 2.6 cm
intersecting BD at C.
(iv) JoinCtoA.
ABC is required triangle.

Construction of a Triangle when Measures of One Side and Two Angles are Given
Example 2:
Construct a triangle POR when QR = 3.8 cm, £P =60 and £0 = 90",

Solution: Angle R is required for construction. We know that:
ZP +Z2Q+ZR = 180°
60° +90°+ ZR = 180° A

4
ZR=30" \

Steps of Construction:

(1) Draw QR =38 cm. |

(i) Construct an angle of 90° at Q and draw OA.
(iii)  Construct an angle of 30° at R and draw RB. f( '
(iv) Both OA and RB intersect at point P.

Thus, POR is required triangle.

Construction of a Triangle when Measures of Two Sides and Angle Opposite to One of the
Sides are Given (Ambiguous Case)

In such construction, we are not sure that how many triangles can be constructed.

.. The above case is also called ambiguous case.

Let us solve some examples to explain this case.
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Example 3:
Construct a triangle ABC such that AB = 5.3 cm and BC=4.8 cm and £A = 60°.

Solution:

Steps of Construction:

(i) Draw AB = 5.3 cm.

(i)  Construct ZBAP = 60",

(111)  With centre B, draw an arc of radius 4.8 cm
which intersects AP at point C.
ABC is required triangle.

53 cm

Example 4:
“onstruct g triangle having lengths of two sides 4.8 em and 4.3 cm and angle of 60° opposite to

the side 4.3 em long. j

Solution:

Steps of Construction:

(1) Draw a line segment say A8 of length 4.8 cm.

(11)  Construct ZABD = 60°.

(i) With center A, draw an arc of radius 4.3 cm

D

intersecting BD at points Cand C.
(iv)  Join Cand C' to A.
Thus, two triangles ABC and ABC' are constructed. * 4.8cm B

Example 5:

Construct a triangle having lengths of two sides as 2.3 ¢m and 5.4 em and angle of 30° is
opposite to the side 2.3 cm.

Solution:

Steps of Construction:

(i) Draw a line segment LM of length 5.4 cm.
(ii) Construct ZMLA = 30",

(111) With centre M, draw an arc of radius 2.3 em

which does not intersect 4. a0t

. . k L 540
. Construction of triangle is not possible. 1
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{. Construct the following triangles.
(a) AABC when AB =58cm, AC =42cm, £A =90°

' (b) ALMN when LM =4cm, MN =47cm, ZM = 120°

(¢ APQR when PQ =72cm, ZP =45°, £Q =175°

(d) AXYZ when XY =Sem, ZX=30° ZZ =105°

Construct the following triangles where possible.

(a) AB =68cm, BC=8.1em, £A =90°

(b) DE=52c¢m, DF=4cm, ZLE = 45°

(¢) QR=70cm, PQ=56cm £ZR =T75°

(d XY=38em XZ=5cm, <£Y =60°

(e)  If two sides of lengths 5.7 cm and 7.5 cm are given and angle of 105° is opposite
to the side of length 7.5 em.

(h  Iftwo sides of length 6.1cm and 3.8 cm are given and angle of 30° is opposite to
the side of length 3.8 cm.

[ 3%
H

—— e ——

Bisectors ol Angles ol a 11 I.'.'H!_'_it

A ray which divides a given angle into two equal parts is called
bisector of that angle. In the figure BD divides angle ABC
into two equal angles ABD and CBD.

So BD is the bisector of angle ABC.

If we draw the bisectors of all the three angles of a triangle,
they meet at a single point inside the triangle. We say that the
angle bisectors of a triangle are concurrent. |

Example 6: Construct a triangle ABC such that AB = 4.7 cm, [
BC = 4.5 em and AC = 4.6 cm. Draw bisectors of three '
angles. Are they concurrent?

Solution: Steps of Construction:

(1) Draw BC = 4.5 cm.

(if)- With centre B, draw an arc of radius 4.7 cm.

(iii)  With centre C, draw another arc of radius 4.6 cm
intersecting first arc at 4. Join 4 to 8 and C.
ABC is the required triangle.

(iv) Draw bisectors of 4, ZB and ZC which
meet at point 0. B 4.5 em &

. Angle bisectors of triangle are concurrent. ]

——— ey =, -
—— —

Practical Geometry Nawwvomal foad Finmdariomn




&peg:ndicuhr]iuesemmt&omnvmIouppuailesidesat‘u'imglaismlledllﬁmdeﬂf
triangle,
In the adjoining figure, CE L AB . Also, CD is the
distance between point C and AB.
If we join Cto 4 and B, a triangle ABC is formed.
We say that CD is altitude of triangle ABC with
respect to base AB.
Similarly, we can draw altitudes with respect to
other sides. All the three altitudes meet at a single point.
~, The altitudes of a triangle are concurrent.
Example 7:
Construct AXYZ when:

XY=6cm, £X=45", £Y=60"
Draw altitudes of triangle. Are they concurrent?
Solution:
Steps of Construction:
(1) Draw XY =6cm.

(i)  Construct £¥X4 =45 and
ZXYB = 60°.

(iii) XA and ¥B meetat Z,

(iv) Draw altitudes XD L ¥Z, YE L XZ
and ZC L XY.

(v)  The three altitudes meet at O.
. Altitudes of a triangle are concurrent.




Perpendicular Bisectors ol Sides of Triangl

Bisector is a line which divides a line segment A
into two equal parts. In the figure, lines /,

m and n are the bisectors of 4B, Among the

i bisectors, the line m is perpendicular to AB. A 0 B
E So, m is a perpendicular bisector or right
bisector of AB . Point O is mid point of AB.
i.e. OA=0B
Example B: |
l Construct a A LMN when LM =4.1 em, MN =4 cm
and Z M = 90°. Draw perpendicular bisectors of sides of triangle. 4 A
Are they concurrent?
' Solution:
Steps of Construction:
(1) Draw LM =4.1 cm.
(i) Construct £LMA= 90",
(ii1) - With centre M, draw an arc of radius 4 cm
intersecting MA at N.
{iv) Join Nto L.
(v)  Draw right bisectors of LM , MN and

LN which meet at point O, |
.. Right bisectors of sides of a triangle arc concurrent.

Note: Look at the figures below.

| (a)  Right bisectors of an acute angled triangle meet inside the triangle.

(b)  Right bisectors of a right-angled triangle meet at the mid point of the hypotenuse.
(¢)  Right bisectors of an obtuse angled triangle meet outside the triangle.
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Median of a triangle is a line segment joining the mid puint
of a side to the opposite vertex.

In AABC, D is the mid point of AB.

». CD is the median of A ABC.

Example 9: A D R .
Construct a triangle and prove that the medians of a triangle are concurrent, .
Solution: Steps of Construction:
(i)  Constructa A POR .
(i)  With centres P and 0, draw two arcs of equal

radius (more than half of PQ), which meet at

two points L and M. LM bisects PO at A. ¢ B
(11i)  Similarly find midpoints 8 and C of the sides 3L

OR and PR respectively. " i
(iv) AR,BP and CQ are medians of triangle p W Q

‘M

which meet at point O.
Thus, medians of a triangle are concurrent.
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. Show that angle bisectors of the following triangles are concurrent.
(a) AABC when AB=58¢m BC=49¢cm, 7B =&0"°

(b) AXYZ when XY=55cm, £X=45", LY =75

. Show that altitudes of the following triangles are concurrent.

(a) AABC when AB=4¢m, BC=5em, AC=6cm.
(b)  APQR when PQ=4.6cm, OR=6.5cm, £P =90°

(c)  ALMN when LM =42cm MN=4cm, ZM =105°

. Show that right bisectors of the following triangles are concurrent.
(a) AXYZ when XY=45cem. YZ=5¢cm, ZX =48 cm
(b) APQOR when PQ=4cm, QR=58cm, £20 =90°

(c) ADEF when DE=5cm, EF=4cm, <ZLE=120"
Show that medians of the following triangles are concurrent.

(a) AABC when AB=58¢m, BC=5cm, £B =45°

(b) ADEF when DE=6em, £D =9", ZE =30"

. Construct a right triangle ABC such that £B = 90°

(a)  Find its orthocentre, where does it lie?

(b)  Find circumcentre M of the triangle. Is M the mid-point of hypotenuse AC. Is BM |
=CM?

. Construct an obtuse angled triangle DEF. Find its (a) circumcentre

(b) orthocentre. Check whether they lie inside or outside the triangle?

. Construct an isosceles triangle and find its

Unit-10  Practical Geometry

(a) centroid
(b) inscribed centre.
. Recognize altitudes, perpendicular bisectors and medians in the following triangles.

A R
(a) (b)

u T
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« If two sides and their non included angle are given, more than one triangle can be

Only one triangle can be constructed if:

(a) three sides are given.

(c) two angles and any side arc given.

The case in which we are not sure about the number of triangles to be constructed is
called an ambiguous case.

Angle bisectors of a triangle are always concurrent inside the triangle.

A line segment which joins vertex of a triangle to its opposite side perpendicularly is
called its altitude.

at tlmvuﬂexofnglnmglamd outside the triangle respectively.
mmnmmmufhypmmﬂmmwmay
Medians of triangles are concurrent inside the triangle.

The point of concurrency of

Angle bisectors of a triangle is called in-centre (inscribed centre)

Altitudes of a triangle is called orthocenter.

Perpendicular bisectors of a triangle is called circum-centre.

Medians of a triangle is called centroid.

Medians of a triangle divides each median in the ratio 2:1.

oo oo
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(i) A line which bisects an angle into two equal parts is

1. Encircle the correct.

(a) right bisector (b)  angle bisector (c) altitude (d)  median
(i) Which of the following is divided by a point called midpoint?
(a) an angle (b)  aline (c) alinesegment(d) aray

(ii) A line passing through mid point and perpendicular to a side of a triangle is
called
(a) right bisector (b)  angle bisector (c) mid point (d) altitude
(iv)  Two sides making arms of a right angle in right triangle are its

(2) altitudes (b)  medians (¢) vertices (d) bisectors
(v)  Right bisectors of a right triangle meet at mid point of
(1) medians (b)  altitude (c) side (d) hypotenuse

(vi) Medians of a triangle are

(a) collinear (b)  concurrent (¢) perpendicular (d) parallel
(vii) In an equilateral triangle angle bisectors, medians, altitudes and right bisectors

(a) are parallel  (b) are perpendicular (c) coincide (d) are collinear
(viii) Right bisectors of equiangular triangle are its

(a) angle bisectors (b) altitudes (¢) medians (d) Alla,b,c
(ix) Ifthree lines meet at a point, they are called

(a) intersecting (b)  perpendicular (c) collinear (d) concurrent
(x) Medians of a triangle intersect each other in the ratio.

(a) 1:2 (b) 3 (c) 3:1 (d) 2:3

2. Construct the following triangles.
(i) APOR when PQ= 6em, £ZP =30°, ZR = 90"
(ii) AXYZ when XY= 56cm, XZ = 52cm, £ZY = 60°.
(ili) AABC when BC= Tem, AC = 43cm, £B = 45",
3. Construct a right isosceles triangle whose hypotenuse is 6 cm.

4. Construct an equilateral triangle ABC. Find its

(n) incentre (b) circumcentre (c) orthocentre (d) centriod
Do they coincide?
5. A student wants to find incentre of an equilateral triangle but he does not know how to bisect

the angles. Can he find incentre by using any other method? Explain your answer by taking
an example.

6. Construct a triangle and find its centre of gravity. (Hint: Find centroid)
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BASIC STATISTICS

In this unit the students will he able to:

e Construct grouped frequency table, Histogram(unequal intervals) and frequency

polygon.
. &hﬂnﬁehﬂhmchcmm.ﬂadmn. Mode of grouped data.

.l Eﬂhﬂﬂﬁ@mymnWﬁmMﬁr
'+ Expected frequency.

= Related real life word problems.

"o ™

The famous Biologis Gregor Mendel demonstrated that pea
plant characteristic were transmitted as discrete units from
parent to off springs i.e in a genetic cross, the probability of

a pea plant of purple flowr with a pea plant of yellow flowrs, E
the dominate trait is expressed in 3 out of 4 of the offspring

and recessive trait is expressed in one out of 4 as shown in

the adjoining figure,

. J




Statistic plays vital role in our day to day life as in our lives we have to come across frequent
decisions based on some relevant past experiences or the related statistics already available. For
instance we may use statistics in eficient budgeting of our family , in finding the best prices for sale or
purchase of products of our interest, to predict risks in our business, to estimate best time to perform
various routine activities. Online shopping is an easily understandable example of this era where the
customers see reviews of others about a product and make decision to purchase or not to purchase. If
more than 50% reviews are in the favour it may be predicted that the product will be out of stock
soon. Similarly , to estimate the chances of failure or success of a project, probability has great
application. Quantifying and estimating investment and risk assessment in a project are very
important for financial planning , investment comparison and decision making.

v Ihstribution

In statistics it is very important to represent a data in a manageable way so that it becomes easy
to understand, analyze and to draw useful results. This useful presentation of data can be made

by various methods. Grouped frequency distribution is one of the most important methods to
represent the quantitative data. Data can be classified as:
Raw Data / Ungrouped Data

Data which has not been arranged in a systematic order is called raw data or ungrouped data.
Grouped Data

A tabular arrangement of data in which various items / values are arranged or distributed into
some classes and the number of items falling in each class is stated is called grouped data or a
frequency distribution.

Let us try to understand the above two categories of data with the help of an example. The points
scored by 50 participants of Maths Olympiad out of 100 are recorded below.

10 18 38 15 30 27 41 39 16 50 50 45 34 37 34 09 12 45 19 23 29 3] 28 17 08

19 2539 42 48 11 30 21 34 37 50 46 OB 15 15 16 21 28 32 37 41 19 29 48 50
This presentation of data is called ungrouped data. It is difficult to draw any useful conclusions
from the above data. To analyze the above results easily , it is better to distribute the students in
some groups according to their marks as follows.
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From the table it is easy to get the following results.

There are 4 participants whose scores are from 1 to 10.

There are 12 participants whose scores are from 11 to 20.

There are 11 participants whose scores are from 21 to 30.

There are 11 participants whose scores are from 31 to 40.

There are 12 participants whose scores are from 41 to 50.

34 participants scored more than 20 points.

Data represented in this form is called grouped data.

To convert an ungrouped data into grouped form, the students should be familiar with the
following terms.

(i) Number of Groups
A number of groups depends upon the size of data. There is no hard and fast rule for a number of
groups, but it is usually between 5 and 15.

(ii) Class Limits

A group or class is defined by two numbers. The smaller number is called lower class limit and
larger one is called upper class limit. In above example first group is (1 - 10), 1 is its lower class
limit and 10 the upper class limit. Both the lower and upper limits are included in the respective

Zroups.

(iii) Class Boundaries

In above example the values / marks between 10 and 11 are not included in any group. If marks
of a student are 10.5, then above mentioned classes are not suitable. To include such values we
should write the classes as

0.5-10.5, 10.5 - 20.5, 20.5 - 30.5, 30.5 — 40.5, 40.5 - 50.5.

The participants having scores between 0.5 and 10.5 including 0.5 are considered in the first
group. The participants having scores 10.5 will be in second group. The largest value of 0.5 -
10.5 and smallest value of 10.5 — 20.5 are same.

0.5 and 10.5 are lower and upper boundaries of first group. The class boundaries can be formed
from class limits as follows. First of all find difference between the lower class limit of second
class and upper class limit of first class. Then subtract half of this difference from lower limits of
all classes and add it to the upper limits of all classes. :

Adjustment factor = % (lower limit of a class — upper limit of the preceeding class) = 0.5

To understand the difference between class limits and class boundaries, look at the following
table.
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(iv) Size of Class Interval

Size of a class interval is the difference of lower limits or upper limits of two consecutive
classes. It is usually denoted by *h’.
e.g.in 1 — 10, 11 —20, 21 - 30, the size of class intervals is 10.

(v) Class Marks / Mid Values
It is the average of lower and upper limits or boundaries of a class. Class marks are denoted by x.

Class mark of 1 — 10is 1'% = 5.5 and that of 11 — 20 is ”"‘2'2“= 155

-

Note:
1. The difference of class marks of two consecutive classes is equal to the size of class interval h.

2. Class boundaries may be derived from the class marks x and size of class interval /s by using
the formula (x + % ).

(vi) Frequency

Number of repetitions of an individual value in an ungrouped data is called its frequency. In a
grouped data, number of values present in a group is called frequency of group. In Table |
frequency of group 1 — 10 is 4, because there are four students whose obtained marks are
between | and 10 both inclusive.

(vii) Cumulative Frequency
The sum of frequency of a class and the frequencies of all the preceding classes is called

cumulative frequency.

10.1.1 Construction of Frequency Distribution Table
We can construct a frequency distribution table in two ways.
(i) Tally bar method (i) Direct observation method

Tally Bar Method
Step I: Decide how many groups should be made in the table.
X —X

Step 11: Find approximate size of class interval by the formula ==,
n

Where h = size of class interval
x; = largest value in ungrouped data
x, = smallest value in ungrouped data
n = approximate number of classes

Step I11: Draw a table and write the class limits in first column according to the size of class
interval.

Step 1V: Choose the values from ungrouped data one by one and draw small tally marks in
second column against the respective group. If 5 or more values fall in a same group, then draw
5™ tally mark diagonally. It will make the counting of tally marks easier.

Step V: Count tally marks of each group and write their number against the respective class in
third column (column of frequencies).

Step VI1: Find sum of all frequencies and check that it must be equal to the number of values

present in ungrouped data i.e
number of total items in ungrouped data (n) = sum of frequencies in grouped data (3./)
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Example 1:

The following are masses in pounds of 40 boys at a gym.

147, 138, 164, 150, 132, 144, 125, 149, 157, 146, 158, 140, 136, 148, 152, 144, 168, 126, 138,

Eg lg;gl, 126, 154, 165, 146, 173, 142, 147, 135, 153, 140, 135, 161, 145, 135, 142, 150, 156,
., 128,

Make a frequency distribution table using an appropriate size of class interval by tally bar

Solution:
Step I: Let us distribute the data in 5 classes.
Step II; x=176,x=125,n = 5.
;.="""-=”‘5‘”5=m.zau
n 5
Step 1I:

Direct Observation Method

In this method the values of ungrouped data are written in second column of table against the
respective group instead of tally marks. The remaining process of construction of frequency table
by direct method is same as that of tally bar method. When ungrouped data are not arranged in
any order, then it is better to use tally bar method.

In example 1, the frequency table by direct method can be constructed as follows.

Discrete Frequency Distribution
If data is not in fractions and some values occur most often to constitute the whole data, then
data is called a discrete data there is no need of class boundaries and size of class interval is 1.
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Example 2:

A cubical die is rolled 30 times and numbers of dots on front face recorded each time are as
follows. . =
2,6,2,3,2,4,5,4,3,1,2,6,5,3,4,6,2,2,4,6,5,1,3,4,6,5,1,1,6,3

Make a discrete frequency distribution. Also make a column of cumulative frequency

Solution:

11.1.2 Construction of Histogram

Different types of charts and graphs are used to represent a data effectively. It becomes very casy
to get a quick idea about the data and to analyze by means of graphs and charts. In histogram,
data are represented by adjacent rectangles having bases along horizontal axis (marked off by
class boundaries) and areas proportional to the class frequencies. If the class interval sizes is the
same, the heights of rectangles are proportional to the class frequencies as you have done earlier
in grade 8. If the class interval size is unequal, then the heights of rectangles are to be adjusted.

Construction of Histogram with Unequal Size of Class Intervals
If sizes of class intervals are unequal, then to make areas of rectangles of a histogram
proportional to their frequencies, the heights of rectangles have to be adjusted. In a histogram
area of rectangle is proportional to class frequency.

Area « frequency or height * width e frequency

= o frequency
Thus height of rectangle may be found by dividing the frequency by width of class interval, The
ratio TEUENCY 5 called frequency density.
To make a histogram with unequal sizes of class intervals, we plot class boundaries on x — axis
(horizontal) and frequency densities on y — axis (vertical).
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Example 3: The heights in cm of 44 students of a school is given below.

10+ 1( | L9 . |
“4+10-04 | T69S=1795 )
o |
|

Ay Seale: 2 om
18 ; represents 15 cm 1
16 - on horizontal axis, '

Frequency densities
=

0s
0.6 \
04
L 1]
02 4 |
\
r.; T T T T > X X
1205 1345 1395 1445 1405 1545 1595 1645 1695 1745 1794 |
Class boundaries (heights in cm) {

11.1.3 Construction of a Frequency Polygon (

Polygon is a many sided closed figure. To draw a frequency polygon mid points (class marks) .
are marked on the horizontal axis and frequencies are on the vertical axis. Points are plotted with a
class frequencies and their corresponding class marks. These points are joined by straight line I
segments. To complete a closed polygon we add extra classes at both ends with zero frequencies.
In this way two extra points on x-axis are obtained on both ends. The points are joined by their
nearer plotted points. Finally a closed frequency polygon is obtained. It is easy to draw a
frequency polygon on a histogram. To do so we find mid points of the top edges of rectangles 1
and join them by segments. Then find two extra points on both ends on x-axis to complete the

closed polygon.
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Example 4:
At a farm house there are 40 lambs , their masses are recorded as given below.
Represent the following frequency distrih:ﬁun‘-l?yaﬁaqnmy polygon.

Title: A frequency polygon showing masses of 40 lambs
Y4 atafarm house

14 ¢

12+

0t
.

6
44
2

119 130 141 152 163 174 185
Class Marks (masses in pounds)




Example 5:
Use the frequency distribution in example 4 and draw a frequency polygon on a histogram.

Solution:

- 1
i
A AR R

-

Title: A frequency polygon on & histogram showing
masses of 40 lambs in pounds

'4

E af

-

\
s

i / I\._ |
1138 1245 1385 (465 1575 1685 179.5 1905
Class boundaries (masses in pounds)

* X
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. The given table shows number of regular readers of a library who have completely read
the books.

(i) What is the total number of readers in the data?

(i)  Which group contains highest number of readers?

(1ii) Which group contains least number of readers?

(iv) What is the lower limit of the last class?

(v) What is the lower boundary of the last class?

(vi)y What is the size of the class interval?

(vii) Find class marks (mid points) of all groups.

2. Number of gratitude cards made by 80 student of class 9 is given below.
79, 60, 74, 59, 55, 98, 61, 67, 89, 71, 71, 46, 63, 66, 69, 42, 75, 62, 71, 77, 78, 65, 87, 57, 78,
91, 82, 73, 65, 94, 48, 87, 62, 81, 63, 66, 65, 49, 45, 51, 69, 56, 84, 93, 63, 60, 68, 51, 73, 54,
50, 88,76, 93, 48, 70, 40, 76, 95, 57, 63, 94, 82, 54, 89, 64, 77, 94, 72, 69, 51, 56,67,88,81,70,
81,54, 66,87

(i) Prepare a frequency table to represent the above data using the classes 40 — 49 etc.

(iiy  Add cumulative frequency column in the table .

(iti)y How many students made less than 70 cards?

(iv) What percent of students made less than 50 cards?

(v)  Which group has the greatest frequency?

(vi) What is the size of the class interval?

3. The number of medals won by 45 players in a certain sports festival is given as :
0,2,1,0,1,2,3,5,6,3,2,1,3,4,2,6,1,5,2,4,3,0,1,2,3,0,0,2,3,4,1,5,6,2,4,5, 1. 3,
4,6,2,3,1,2,5.

Prepare a discrete frequency distribution. Also make a column of cumulative frequencies.

4. The ages of workers in a factory were recorded as below.
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5. Represent the following data by a histogram.

6. lnaswmggmup. umr:malﬂn members, mdthenumbﬁofswmgscmﬁmhﬂ&bythm
is shown in the following table. Construct a histogram of the distribution. ufnvmg certificates.

7. The following fmqucncy polygon represents the per-capita income of some states, recorded in

= 1

a particular year. 4
134
124
i,
s §f
= 7
£ s
= -5
Z 4}
3 3
i}
D B S i i S TR S % W
2 Per capita income (in thousand dollars)
(1) What is the total number of states?
(i) What is the number of states which have the least per-capita income?
(iil)  What is the number of states having highest per-capita income?
(iv)  What percent of states have per-capita income $14000 and $160007
(¥)  How many states have per-capita income $18000 and above?
(Vi) Represent the frequency polygon by a frequency table.

(i) Construct a histogram.

The masses measured to the nearest kg of 50 boys are given in the frequency distribution as :

(ii) Cnnstn.mt a frequency polygon.

9. Atasale, number ur‘uems placed woufdmg to the price range is given below:

Unit-11

Construct a hum:sg;rnm

Basic Statistics

Nattomal Sool Foumdarnion

e e ==




11.2 Measures of Central

In this unit we are looking for a better representation of data. The purpose of summarizing a data
18 to draw meaningful results, to analyze the data and to compare two or more data having same
characteristics, When the data have been arranged into a frequency distribution the information
contained in it is easily understood. The data becomes clearer when it is represented by graphs.
Still we need a simpler way to represent a data in more efficient way to analyze and understand
better. A single value that represents a set of data is called an average. Since the averages tend to
lie in the center of a data, they are called measures of central tendency. They are also called
measures of location because they tend to be located at the center of the data. Here we will
discuss 3 very common measures of central tendency.

(i)  Arithmetic Mean

(i) Median

(iii) Mode

11.2.1 (a) Arithmetic Mean

There are two sections A and B of class 9 in a public school consisting of 10 and 12 students
respectively. The marks secured by each student in a test out of 100 are given below :

A : 35, 40, 90, 45, 50, 80, 70, 65, 55, 50

B : 25, 50, 30, 35, 60, 45, 45, 85, 90, 65, 45, 35

It is required to compare the performance of two sections and we have to decide that which one
of them is better than the other. It is difficult and lengthy to compare the individual performance
of students. Let us see the total marks secured by the students in each section. The total of both
sections are same. It is not good to say that performance of both sections is same, because they
have different number of students. We have to compare sum of scores and numbers of students
in each section simultaneously. To do this we will find the ratio of sum of scores and number of
students in each section separately and then we will compare the two results obtained.

In section A, sum of scores: number of students = 610:10 = 61

In section B, sum of scores: number of students = 610:12 = 50.83

As 61 > 50.83 so average performance of section A is better than that of section B.

“The ratio of sum of values of a data and number of values is called an arithmetic mean.”

Arithmetic Mean for Ungroup Data
The values of data are usually denoted by x. In case of more than one data, their values are
denoted by x, y or z etc. The sum of the values of the data ‘x’ is denoted by “ X x ™ and number

of values is denoted by n. The arithmetic mean of data x is symbolized a ¥ and by above
Ix

definition: F=— = —1 a2
n numbers of values
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Arithmetic Mean for Group Data

If values of data occur more than once, the sum of values can be found by using frequencies e.g.

Mx=2.3.1.2.2.3.2.3,4,2,5.2.3,4,5,2,1,3,5,1

Then, X x= 243+ 14242434243 +4+2+5+ 24 3+4+5+2+1+3+5+1 =55
In this data frequency of 1 is 3 i.c. | oceurs three times. Similarly frequencies of 2, 3, 4, 5, are 7,
5, 2. 3 respectively.
Sr=lx3+2xT+3x5+4:2+5x3=3+14+15+8+15=55
Also n = number of values = sum of frequencies =3 +7+5+2+3=20
i CERSS
So. X eoitas 2.75
The above data can be summarized in frequency distribution as follows:

The arithmetic mean is T = sum of values -&=£=m

numbers of values XS 20
The arithmetic mean for a grouped data can also be found by using class marks *x’ and class
frequencies ‘f* with the help of formula E=EE_?,ifsimenf=Im'mmdismthml

Example 6: Find the arithmetic mean of the following data

Solution:
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11.2.1 (b) Median

When data is arranged in some order, it can be represented by a single value that lies exactly at
the centre of data. “The central or middle most value of an arranged data is called its median
represented by X read as x tilde .

Median for Ungroup Data

e If the number of values of a data is odd, then the middle value of the arranged data is the
median.

e If the number of values of a data is even, then there are two middle values, the arithmetic
mean of these two middle values is called median of the data. These definitions of median
can be expressed for an ungrouped data as following formulas.

(i) Ifn (number of values) is odd, then median = .";_‘ th value of the data
(ii) If n is even, then Median = Arithmetic mean of the two middle values

=% {Nth value + "zzthvahle}

Example 7:

The selling prices of the seven articles sold by a shopkeeper in rupees were 1075, 1050, 2050,
1030, 2045, 1090 and 1530, Find the median selling price of these articles.

Solution: !
Arranging these values in the ascending order as 1030, 1050, 1075, 1090, 1530, 2045, 2050.
Here n = 7(odd), so

Median = -"—;—1thvahm= %mum = %lhﬁll.F4m value = 1090

So, median selling price of seven articles is Rs.1090

Example 8:
Find the median of the following set of values.
40, 35, 45, 60, 50, 35, 40, 45, 35, 50
Solution: Arrange the numbers in ascending order as 35, 35, 35, 40, 40, 45, 45, 50, 50, 6
Here n = 10 (even), so
Median = ¥ = half of sum of two middle most values

= l{ﬂm vﬂm+"zﬁm vnlut:}

2

110 1052,

e e— “I
1{2 th value + > th u.e}

= %(5!11 value + 6th value )

=1 @wo+45=3 =425
2 2
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Median for Grouped Data |'
In a grouped data or frequency distribution the median ismkeuas%thvalm.Toﬁndnwdim !

for a grouped data we first find the group which contains the median. To locate the median group {
we form cumulative frequency table. The formula used to find median of a group data is
Median= E=t+;(§-c) -
Where [ = lower class boundary of median group
h = size of class interval "
= frequency of median group
n = Zf = Number of items
¢ = Cumulative frequency of class preceding the median class.

=

Example 9: Marks obtained by 100 students in an examination are given below,

Find the median marks.

Solution: Median = %th value = !-29 value = 50" value. 1
1

From the above table, it is clear that 50" value lies in the group 29.5 — 39.5.
S0 29.5 - 39.5 is the median group.

h . n
Median = / +?(5—~c] where /=29.5 h=10,n=100,f=40,c=30
100

y 10
Median=295+ —| ——
an 41}( 3 SHJ

=295+ 41{5::—3{:1
=29.5+i_“
=29.5 + 5=34.5 marks
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11.2.1 (¢) Mode

The number of pairs of shoes sold in a day according to their sizes at a shoe store are given
below.

According to the data, the most commonly used shoes are of siz¢ 9. In other words we can say
that the average size of shoes sold in a day at a shoe store is 9. The average found in this way s
called mode. “The most frequent (repeated) value of a data is called mode of the data.” If two or
more values occur the same numbers of times but more frequently than any of the other values,
then there is more than one mode. In this respect, mode differs from mean and median because

they have unique values. If each value of data occurs same numbers of times, then there is no
mode.

Example 10: Find mode of following data sets.

(i) 30,25,40,30,45,25,30,40,30

ahy- 132,352,035 152

(i) 125,130,115,125,135,120,135, 130, 120
Solution:

(i) As 30 is the most frequent value so it is mode of the data.The data is called unimodal.
(i) As the values 1&2 occur equal number of times, so there are 2 modes, This data is called
bimodal data.

(iii) As the values 120 , 125 and 130 occur two times each and frequencies of remaining values
are lesser. So 120, 125 and 130 are threemodes of the data. This data is called trimodal data.

Mode for Group Data

To find mode for a frequency distribution or a group data, we first find the modal class. A class
or group having largest number of items (frequency) is called modal group and it contains mode
of the data. The mode of a grouped data can be found by the formula.

Mode = f + —{J‘;—ﬁ}_ = h
zfn = .-ﬁ i f2
Where/ = lower class boundary of the modal class.
fw=frequency of the modal class (the highest frequency)
fi = frequency of the class preceding the modal class
f = frequency of the class following the modal class
h = size of class interval

Note: If first group of the distribution have the largest frequency, then f; = 0 and if modal group
is the last group of frequency distribution, then f; = 0. But these are very rare cases.
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Example 11:
Fifty workers of a factory are distributed in 7 groups according to their wages in rupees per hour,

Find mode of the distribution.
Solution:

As 20 is the largest frequency, so (39.5 -M.}iseup.
[=395,/=20,/i=8,fa=6,h=5

i=h) ..
2, -1~ 1;

ode=395+_(20-8)
2x20-8-6

=395+ 12
40-14

=395+12  5-395+ 80
26 2%
=395+231 = 41.8]1 Rupees

Mode = [ +

x5

x5

Vi

Example 12:
Find median and mode for the following dmcrute &aqu:nc}r dlstnbumn

| So Median =3 (8" observation lies in the group where c.f. is 12.)
‘ Hence Mode = most frequent observation =3
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11.2.1 (d) Empirical Relation between Mean, Median and Mode
If any two of mean, median and mode of a data are given, then we can find an

approximate value of the third measure of central tendency by using an empirical relation.
mode = 3 median — 2 mean

Or  median= %(mnm]

Or  mean= —;-{Bmedim-made}

11.2.2 Weighted Mean

If it is required to find the average of some values which are not equally important, then we

assign them certain numerical values to express their relative importance. These numerical

values are called weights. To find arithmetic mean of data whose values are not equally

important, we use the weights instead of frequencies.

If x denotes the items of a data and w denotes their respective weights, then arithmetic mean is
T wx

zw
Example 14: The following are the monthly expenditure of a house according to their weights.

Weighted mean, X, =
Unit-11  Basic Statistics




1. Find arithmetic mean for the following data by definition
() x=2,4,6,8,10,12 !
) y=3,4,-1,7,-8,-5,0 L
(iii) z=0,4,8,12,16,20,24 ,28 -
(iv)u=3.1,42,53,64,7.5,86,9.7,108 |
(V) ¥=5,5,5,5,5,5,5,3 .
2. Following are the scores made by two batsmen A and B in a series of innings: l
|

B 4T
etic mean of scores

Find ari | :
3. Marks of four students of class 9 in four subjects out of 100 are given below. The weights of |
subjects according to their importance are also given. ;

Find weighted mean of marks of each student. [

4. Following frequency distribution represents number of liters of fuel consumed against the i
distance in km. Find arithmetic mean of this data set. ' ;

A

5. Find arithmetic mean from ata i sangainstitsi
mass in kg .

' 6. Find median for the following data. :
M 1,4.2,537,6 (i) £2,£4,£6,+8 (iin0,1,-2,-3,4,5,6,3 }

i H\’)413| li-ah 21-_31 3‘!". 1 (") '4:4-45 4-'414
|
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| 7. In a practical of geometry and shapes students are required to construct a circle of any radius

|
|
| between Ocm and 2cm. the data given below is recorded.
|
|
|

‘ Find median radius of the circle.

8. At an old age house, there are people of different age groups as given below.
|

Find an average median age of people residing in that old age house.

9. Find mode for the following data.
01,2,3,4,56 (ii)2,4,2,3,2,5,3,2,5.4,2

(iif) 120, 130, 140, 225, 125,225, 120 (iv)2,4,3,5,5,3,4,2

10. Find mean, median and mode for the following discrete frequency distribution.

()
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) 11 Probability 4

We often come across such situations where we have to make guess about occurrence or non
occurrence of something that it would happen or not. For instance we often make such
statements :
* 40% students of class 9 are predicted to be absent tomorrow because of severe heat wave.
¢ You will probably win Maths Olympiad this year .
e [ hope you will get at least 90% marks in your board exam .
In these statements one can notice the uncertainty or doubt of occurrence. These are few of
the guesses made in our daily life for the possibility of an event that the event is likely to
happen or not. Probability is synonymous to possibility. Simply speaking the measure of
chance of an event is called probability and its vlues are from 0 to 1.For example
e Probability of a new prophet after Hazrat Muhammad (SAW) is 0.
¢ Probability that Haleema will win the toss among Haleema, Hajra &Haani is 1/ 3.
e Probability of sun setting in west is 1.
In these statements we have seen that probability is between 0 and | both inclusive. This
range can also be presented pictorially for better understanding as

In previous classes you have learnt about various terms necessary to understand the problems of
probabilitty i.e.

Experiment, trial, outcome , sample space, event, impossible event, sure event, equally likely
Jikely, unlikely, mutually exclusive events, exhaustive events, independent and dependent
events etc. Here we will discuss single event and events not happening in a bit detail

11.3.1 Single Event Probability

An event which has single sample point is called a single event or simple event or singular event. Eg
In tossing a coin the sample space is {H, T}, where E, = {H} and E, = {T}, as only one out of 2

outcomes is possible . Here both E, and E, are single events.

Example 15: Write sample space for single roll of a die and enlist all the events. Discuss
whether any compound event is present in this case.

Solution: Here we notice if a single die is rolled once then any one of the outcome may occur
from 1,2, 3,4, Sand 6. Therefore S= {1,2, 3,4, 5, 6)

Now all possible events are {1}, {2}, {3}, {4}, {5}, {6}

from events listed above, its evident that all events are single .So no compound event in this case.
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The probability of such events is obtained by the formula:
No.of favourable outcomes

P(E) =
() total no.of outcomes

Example 16: Write sample space for single spin of a spinner of 3 primary colours and enlist all
the events. Discuss probabilities of all events .

Solution: Here S = {blue, red , green}, the pointer of the spinner can stop at only one of the
colour so E\= {blue}, Ez2= {red}, E3 = {green;}

P(E1) = P(E2) = P( E3) = %

Example 17: Ali picked a book at random from a library shelf which had 3 history books of
grade 6, 4geography books grade7, 9 science books of grade 8, 3 science books of grade 7, 6
geography books of grade 8 and 5 science books of grade 6. Find the probability of getting:

a. ascience book b. a geography book c. abook of grade 7
d. abook of grade 9 e. a book of mathematics

Solution: Here total number of books is 30.

7
a. total science books are 17 . So F{E;F%
-l L
30
¢. total books of grade 7 are 7. So P(Es) =§?6

b. total geography books are 10. So P(Ez) = é

; 0
d. there is no book of grade 9. So P(Es) = 35 =0
e. there is no book of mathematics. So P(Es) = % =0

11.3.2 Probability of an Event not occurring
An event which describes the non occurrence of another event is called non occurring event.

If 4 boys Affan , Jaffar, Hassan and Maaz are playing ONO, then probability of winning of each

boy is % If the event of winning of jaffar is represented by J, then P(J) = -} Now the event that

Jaffar won’t win is represented by J" and P(J') = |-P(J) = 1-1 -

The two events in which one shows non occurrence of other are called complementary events,

KEMEMBER:

Example 18: There are 12 teachers in maths department among them 2 are higher secondary
teachers, 4 are secondary teachers and 6 are senior elementary teachers. If good performance
award is to be given to only one teacher then find probability
8.  That a secondary teacher will get the award
b. That a secondary teacher will not get the award
Solution: Here total number of teachers is 12. If this is assumed that all teachers are equally
hardworking, dedicated and showing excellent performance throughout their career then the

events will be equally likely.
a. Probability that a secondary teacher will get the award is P(E) = :_z = é

b. Probability that a secondary teacher will not get the award is P(E") = 1 — P(E) =1 - -

|
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11.3.3 Relative Frequency as an Estimate of Probability

When theoretical probability is not certain, we use relative frequency to estimate probabilities, as
in most of the cases it is hard to predict the probability of an event happening finely.

Relative frequency is defined as the ratio between no. of times an event is occurring in an

experimental trial and total number of trials in the experiment. i.e.
frequency of an event occurring

Relative Frequency =
g 4 total no.of trials in an experiment

¢ The relative frequency is often calculated after performing experiment so it is often called
experimental probability.

* More the no. of experiments done, closer the relative frequency becomes to the theoretical
probability.

¢ Empirical probability is another name of relative frequency.

L]

Example 19: A spinner of 5 equally likely colours red, blue, green, yellow and white is spun 50
times and it landed 10 times on red, 12 times on blue, 9 times on green, 9 times on yellow and 10
times on white colour. Find the relative frequency for the event that it lands on green colour.
Solution: Total No. of trials = n = 50

No. of favourable outcomes for landing on green colour=f =9

frequency of an event occurring _ 9

total no.of trials in an experiment 50

Example 20: A fair coin is tossed 150 times and head comes up 70 times. What is the relative
frequency of getting head up.

Solution: Total No. of trials =n = 150 No. of favourable outcomes for getting head up = =70
frequency of an event occurring __ 7

u —
—u—ﬂ.466...

total no.of trials in an experiment 15

11.3.4 Expected Frequency

In probability we often come across the situation where the probability of an event becomes
slightly different from its theoretical probability. The expected frequency is defined as how often
(we think) an event should happen on the basis of theoretical probability or on the basis of
previously happened experiments (relative frequency).

For instance, If Ali rolled a fair die it is expected that 4 will happen1/6 times. If he rolls it 120
times, then he expects 4s to happen 120 x 1/6 = 20 times .Hence expected frequency is given by
the formula : Expected Frequency = No. of trials x probability of the event =n x p

Relative Frequency =

Relative Frequency =

Example 21: 5 students out of a section of 30 students are expected to be absent everyday in
summer camp. What No. of students is expected to be absent every day from 12 such sections of

same strength.

Solution: Total no. of students in 12 sections=n= 12 30= 360
5 1

Probability of absent students = p = ey

1
Expected frequency = No. of trials x probability of the event =n x p = 360 = e 60
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Example 22: If Probability of a person to be Hafiz e Quran in a village is %' What do you
expect the no. of Hafiz e Quran in 2500 such villages?

Expected No. of Hafiz ¢ Quran = No. of villages x probability of the event
— nxp=2500% —=750
10

‘1. A letter is chosen randomly from the word *ALLAH". Now find the probability of getting
(i) avowel (ii) anH (iii) anL (iv) aconsonant

2. A garment factory shipped an order which contained 7000 jackets, 2000 sweaters, and 3000
trousers in which 7 trousers, 5 jackets and 9 sweaters are faulty. If the quality inspector
unpacked one item at random, find the probability that it is
(1) atrouser (i) notajacket (iii) a faulty item

'3. A number wheel is divided into 8 equal sectors labelled as pansy, lily, orchid, tulip, jasmine,
rose, marigold and sunflowe:. »faazz spins the wheel once. Find the probability that pointer:
(1) Stops at rose (i)  stops at a 4 letter flower name
(i) Doesnot stop at marigold (Iv)  stops at a 3 letter flower name
(vl) stops at a flower name

4. Adecagonal diclabelled4,4,4,4,5,5,6,7, 8, 8isrolled once. Find the probability of getting:

(i a4 (i) aneven number (i) a multiple of 4
(iv) nota7 (v) an odd number (vi) aprime number
(viljy LCMof4and8 (viliy HCF of 4 and 8 (ix) factorof12

5. A one digit whole number is chosen at random. Find the probability that it is:

(M less than 5 (if)  greater than 10
(i)  not the largest | digit number  (iv)  additive identity of whole numbers

| () HCFof3and5 (vi)  multiplicative identity of real numbers
(vil) not a prime number (vill) factor of 9

6. A coin is tossed 10 times. Complete the given table and answer the questions below the table.

Event frequency Relative frequency
head 6
tail 4

(i) What is the expected frequency of getting head, if it was tossed 520 times?
(i) What is the expected frequency of getting tail, if it was tossed 305 times?
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. 7. f_Jumplet?&m_ tahll:_md—give answers. if a die is rolled 120 times i

| | Number Frequency Relative frequency
1 15
2 25
3 15
4 20
5 30
6 15

()  ifit was rolled 6000 times, how many times occurrence of a 6 is expected?
(i)  ifit was rolled 3000 times, how many times occurrence of a | is expected?
' (iif)  if it was rolled 400 times, how many times occurrence of a 2 is expected?

8. There are 6 girls sections of class 9 in a public school, namely Teal, orchid, mauve, hazel,
zaffre and denim. Only one girl is to be chosen randomly from all sections for national -
science olympiad.

(@) Find the probability of selecting a girl from hazel section.
(b) Find the probability of not selecting a girl from hazel section.
(¢) Verify that answers of both parts a and b add up to unity.
(d) If 6 girls are to be selected, find expected frequency of selecting from orchid section.
. (e) If 60 girls are to be selected, what number of girls is expected to be chosen from Teal.
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1. Encircle the correct option in the following.
i. Which of the following is a class mark of the interval (10 — 15)?
(a) 10 (b) 12.5 (c) 15 (d) 16
ii. What is size of class interval (4 — 7)?
(a) 4 (b) 5 (c) 6 (d) 7
iii. Which of the following is chart of adjacent rectangles?
(a) bar graph (b) Frequency polygon (c) histogram (d) ogive
iv. Which of the following is measure of central tendency? »
(a) variance (b) standard deviation (c) range (d) arithmetic mean
v. Which of the following is a formula of arithmetic mean for grouped data?

ix heon Lfx Um=f1)xh
o ®i+iC-0 @ (@ 1+ doLoet

2fm=h-la
vi. If arithmetic mean of 25 values is 10, then what is sum of values?
(a) 250 (b) 125 (c) 25 (d) 2.5
vil. What is median of the data 4, 3, 0, 2, 1?7
(2) 0 (b) 2 (c) 3 (d) 4
vili. Which measure of central tendency can have more than one value?
(a) weighted mean (b) median (c) mode (d) arithmetic mean
ix. The probability of getting M in ‘MUHAMMAD" is
@ () § () 2 (d) none of these
x. Probability of picking an ace from a well shuffled pack of 52 playing cards is
(a) 511 (b) 113 (c) 4 (d) none of these
xi. A normal fair die is rolled 6000 times. The expected number of 5 is
(a) 100 (b) 5000 (c) 1000 (d) none of these
xil. A fair coin is tossed 500 times. Expected number of tails is
(a) 100 (b) 250 (c) 1000 (d) none of these
xiii. in a group of 5 people, 4 like peach juice. The expected no. of people in a population of
1200 who like peach juice is
(a) 240 (b) 600 {c) 960 (d) none of these
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xiv. How many times Haani should toss a fair coin if he expects to get 100 tails

(a) 100 (b) 200 (c) 1000 (d) none of these |
xV. An event which can never happen is called [
(a) sure event (b) certain event (¢) possible event (d) impossible event 4
xvi. Two such events whose probabilities are % each are called |
(a) likely (b) equally likely (¢) unlikely (d) none of these |
xvil. The probability of a certain event is = 1
() 0 (®) 3 (©) (d) 1
xvili. The probability of an event can take the value Il
(a) 0 (b) 1 © 3 (d) all of these i
xix. The probability of an event cannot take the value |
(@) 0 (b) 1 (c) 2 (d) all of these I‘
xx. The probability of an impossible event is *I.
(a) O (b) 1 (c) 12 (d) all of these .

2. For the following data, find mean, mode and median . 1

3. Find the median for the following frequency distribution.

10 | 50- 59

4. The arithmetic mean of 10 values is 35.5. If nine values are 20, 23, 37, 48, 29, 33, 45 40, 45, '.
find the tenth value '
5. Find mean, median and mode for the following frequency distribution.

0—10

B Gty L

6. Affan is learning to play dart. He plays it 20 times cach day and probability of hitting bull’s
eye is 1/10, Find:

(a) expected number of hits in 25 days. (b) expected number of misses in 25 days, -

7. Shifaa usually gets late for her school 2days out of 6 working days of a week. What is the
expected no. of days of her late arrival in 4 weeks.

8. As’ha tries her best to score 100% in each maths assessment, but the probability of getting this ‘
is 0.8. Find the expected number of assessments in which she will score 100% out of total 20 :
assessments.

9. In a lab shelf there are 50 repoorts of covid 19. Among these 13 are females and 2 of the l
females are covid positive. If a report is picked at random, find : 1
a) The probability of getting a female report [
b) The probability of getting a male report
¢) The probability of getting a female covid negative report. '

|
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Exercise 1.1

R R ?.}

. : +—
F hnS ek el =% =)

1w N A

| |
:
[ e g I W (iv) to {viif) Do yourself.

2. (i) multiplicative identity (ii) multiplicative inverse (Ili) commutative property w.r.t. *+'
(iv) additive inverse (v) associative property w.r.t *+
(vi) distributive property of multiplication over subtraction

<l

3. (i) P (i)

Sagald

4 =32 81 2 14 3

(i) ————$==Rs  (iv) to (vi) Do yourself

A B =T -4 <A

4. (1) reflexive property (1i) transitive property (1ll) symmetric property
{iv) multiplicative property (v) transitive property (vi) cancellation property
(vii) transitive property (viif) cancellation property

Exercise 1.2
)
1.6’ m}?u’z_’.z i) Yx* ,x (iv) product rule is not applicable

1
w Y xt o V107,10 (viip /107,10 (viii) product rule is not applicable

2. (1) ¥Y216% , 36 (ii) 29 :uug_% (iv) {zm]‘*,;'guﬂ‘lm.ln i) 39
]

L) 5 (i)10P=100 (i)~ 6 =-36 (iv) 6% =36 (v) =57 (v} -10° = 100
‘ 13 2
.M 22 @ =-7 (iif) 2 4 uv}i v 1 (vi) % {vii) 1

3
Exercise 1.3
. 16,289 Rs.77.7

6
. No 7. 4

. 435 8. Capital = Rs.12,00,000, debt = Rs.§,00,000

. 42km 9. F=-128.56 ,K=1838

B 10, Farah= 76,144 83, Maryam = 152,289.66, Tehreem = 228,434.49

Naotiona! Book Foundation




1. i & (i)
(vi) (d) (vil)

(xi) (¢)

Miscellaneous Exercise 1

(d) (iii) (d) {iv) (c) (vi (a)
(c) {viii) (c) (ix) (b) (x) (a)

] H
By 3 3 3
= () ol B =300 ) 34 () 4-3-2-1 8 +t'2 3 A% & .
2dgad xEb
(i) e et (V) i 0 L ey
3. i Yis (i) %{-3)].-3 (i) 2%, 128 (iv) (=2)°,-256 (v) x'“,ia
X
M (2)Y.-3 (il 2+ %
5. i False bh. False c¢. True ¢ True
Exercise 2.1
1. (i) 5.3407 x 10* (ii) 5.340 x 107 (iii)1.20 x 10" {iv) 2.5326 % 10°
L. (i) 0.00009067 (ii) 5.64 (i) 0.00000653 (iv) 3141500000
3. (i) 1.4318234 x 10° (ii) 2300000 (iil)1.2915783x% 107 {iv) 998R000
4. 1389 hrs app. & 58 days app. 5. 8.3535 minutes
Exercise 2.2
1. (i) no (ii) no (iii) yes {iv) no
2. ()6'=216 (i) log: 2401 =4 (ill) 5*=x (iv) Ingb%= =3 ) logyys25=%
2 i
(vi) 102 =10" (vii) hgh.igi (viii) X+ 1=3 (ix) (2x-3)=5" (=) logz(2x+1)=3
64 4 .
3. () x=3 {li) x=2 {iil) x=4 (iv) x=5 (v) x=16 (vi) x=4+3
4. (iii) 3125 (iv) 81 iv)2 (vi) 12 {vii) -3
(viii) 2 (ix) 4 (x) 3.5
Exercise 2.3
1. 3.7253 1. 3.6600 3. 0.9828 4. 2.0449 5. 1.7192
6.— 19183 or 20817 7. —2.0315 or 39685 §.12.00 9. —4.3979 or 5.6021
10. 0.6020 11. 3.6020 12. 1.7324 13. 0.0039 '
14. 1,003 9=-09961  15. impossible
Exercise 2.4
1. 2706 2, 38.82 3 1.748 4, 3661 5 10000 6. 1.009
7. 0.1749 8. 0.08474 9. 0.003326 10. 1.000 11. 0.0010 12. 997700
13. 309.0 4. 3.090 I5. 218.8
Nuvioma! Rook Fousdation

Answers




N e i ——— T

e ——aa

. e e —_

_,;.--.,_\_'_.._.—F\;. e

S s e

P —
W

Exercise 2.5

I.(i) 2log3+ logt (ii) log 59— logs  (iil) log 5+ logp+2logq-logx—3logy
' 1
(iv) —;~{log 533 log46.4) (v) 2log5+5logt+ ilogn—%lug{oi—;lngt—ﬂugb

2 3 I 6 2
(vi) = log7+= logt+ —logp— —logd— —logb

5 ’ 5 i 5 RE 5 5
(vi) %log5512+tlogp+ ';logm— ilngS.Sll—Ztlngn-tlugb

: 2 el 57.7x(36.6)
(i) log }—, {ii) log (iiiy log

[ E]

Us (9.24) % (23.3)°
1
53,32 37.74)° x 28.83
(iv) log _E_Lﬂ_,r {v) lo ‘J{—}—x—
vi2zlx {'}42] 5.7
3. (i) 3.9069 (i) % (i) 3.7997  (iv) 7.7942 (v) 6
4. (i) 0.0791 (i) 1.0458 (1) 0.1688  (iv) —-1.6198 or 2380 (v) 0.1046
Exercise 2.6

1. (@) 15 (i) 201 (iii) 4 (iv) 26 (v) 82 vy 21

el

(i) 1406 (i) 8.914 (iii) 6.209 (iv)  0.5664 (v) 0.6647 (vi) 0.5631
(vii) 1.090 {viii) 0.03301 ,
i, app. 5 times

Miscellaneous Exercise 2
1) {(d) (il) (c) (i) (d) {ivi (a) (v) (a) (viy (b)
(vii) (d) (vili) (c) (ix) (b) (x) (d) (i} (b) (xii) (b)
(xiii) (b) (xiv) (b) (xv) (c) (xvi) (a) (xvil) (c) {xviii} (c)
2. (1) 5.336 % 10" (i) 1,02 X 107" (iii) 5234 x 10"
3. (i) 0.07232 (ii) 21386.43 (iii) 56 4.(HO (i) 2 (i) 1
5.2 (i) 16 (iii) £2 (iv) 8

6. (1) 14771  (if) L3802 (1ii) 2.5563 7. 31626957.07

; Exercise 3.1
(1)

Answers Nertlonad Book Foundation
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Exercise 3.2
n(B-A)=19, n(B) = 21

k-t

3 - -
U U
5 10
Algebra Geometry Lawn Car porch
10 17
8
25 students like geometry. Houses without lawn & porch: 8
5. 6
L 125 u
P S v (2
14
400 175 56 26
Out of school children: 125 only mango: 80, only vanilla: 56
only chocolate: 26
7.
v @ s
(i) 17
(iiiy 103
K. 480 9. 32 10. 18 11. 56
12. Arabic only:40, French only: 100, Both: 152
13. (i) 210 (i) 20 (i) 380 14. 38, 22
Exercise 3.3
. () a=7,b=-1 (i) a=-5.b=-1 (iii) a=6,b=-5 (iv) x=-14,y=8
(V) x=—6,y=-16 () x=Ly=% = (vii) x=5,y= 3

Answers
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(i) AxB={(1,1),(1,0),(4,1),(4,0),(8,1),(80)} 6clements
(i) BxA={(1,1),(1,4),(1,.8),(0, 1), (0,4),(0,8)) 6 elements
(i) A= A={(1,1),(1,4),(1,8), (4, 1), (4, 4), (4, 8), (8, 1), (8, 4), (8, 8)} 9 elements
(iv) B=B={(1,1),(1,0),(0,1),(0,0)} 4 eclements
j. GraphofEx FandF x E;

*IJ—.T_?_H._.
o
it
&r
LECT

&

=1
I
=N

v
Draw graphs of E x E and F x F yourself.

4 L={0,1},M={2,3,4}, MxL={(Z,0),(2,1),(3,0)(3,1),(40), (4, 1)}
() {(1,2),(1,4),(1,6),(1,7),(3,2),(3,4), (3,6), (3,7), (5, 2), (5, 4), (5, 6), (5, 7))}

F

(i) {(1,2),(1,4),(3,2),(3,4),(5,2),(54),(1,6), (1, 7), (3, 6), (3, 7), (5, 6), (5. )}
(iii) Verified from (i) and (ii).
6. (1) {(a,c)(e,c),(ie)} (il) {(ac) (e c)(ic)} (iii) Verified from (i) and (ii).
7. (i) LHS=RHS= {(1,1),(2, 1)} (ii) Verify yourself.

X Y

Draw arrow diagram for X * Y yourself.

X Y

Exercise 3.4
1. (i) 2°=64 @i 2* (iii) 2°
2. () 8Ri={},Re={(VZ,V5)}, Ry = {(¥3,V5)}, Re = [(+5,¥5)},
Rs ={(v2, V5).(v3,V5)}, Re = {(v2,¥5), (¥5, V5)}, R, = ((v3,¥5), (V5. V5)},

National Book Foundiion




! Rs = {(vZ, V5). (V3. 15), (¥5,V5)}.
, (i) 16,Ri=1{}, Re={(m,m)}, Rs= {(m,e)), Ra={(e,m)}, Rs = {(e.e)).
3 Re = {(, 1), (7, &)}, Ry = {(, 1), (e, W)} Rs = {(m, ), (e, &)}, Rs = {(m, &), (e, M)},
Rio = [(m, &), (e, €)], Ry ={(e, m). (e, &)}, Riz= {(m, m), (m, ), (e, M)},
: Ry = {(m,m), (m, ), (e,e)), Ris={(m,n), (e, e),(e,m]},
' Ris= ((m,e), (e, €), (e,m)}, Ris={(m, ), (m,e), (e, ). (e, €)}
iy 4Ry =1{ 1}, Ra={(5, D}, Ra={(5,10)}, Re={(5,1).(5,10)}. (iv) Do yourself.
1 R, = {(7,7), (7, 8)}, Dom R, = {7}, Rang R, = {7, 8}
Rz = {(7,9), (8, 7), (8, 9)}, Dom Rz = {7, 8}, Rang R: = {7, 9}
4. (i) {(5,5),(2,7,09.9}
(i) {65, 7). (5, 9), (5, 11), (6, T), (6, 9), (6, 1), (7,9), (7, 11), (8, 9), (8, 11), (9, 11)}
(iii) (6, 5), (7. 5), (8,3), (8, 7), (9. 5), (9, )} (iv) {(6,7).(8,9)}
(v) 1(6,5), (8, D} (vi) {(5 7).(7,9),(9, 11)}
- s (1) R=1{(2,4), (2 6), (2 8),(2,12),(4,4), (4, 8), (4, 12), (6, 12)}
! (iiy DomR = {2, 4,6}, RangR= (4,6,8, 12}
’ Giiy R = {(4, 2), (6, 2), (8, 2), (12, 2), (4, 4), (8, 4), (12, 4), (12, 6)}

w.-.Dnyoumlt‘.
6. (i) R={(x,y)/x-y=2} (i) DomR={2,4,6,8,10},RangR = {0,2,4,6,8]

(i) R = {(0,2), (2, 4), (4, 6), (6, 8), (8, 10)} = {0y, x) fy—x=2} (iv) Do yourself.

7. R={(0,1),(1,3), (3, 7}, R = {(1,0), (3, 1), (7. 3)}
{ ¢ (i) Ri={(1,3%)}, DomR; = {1}, Rang Ry = {3}
Giy Re={(2, 3, (4, 3%, (4, 3'), (8,3"), (8,3")}, Dom R = {2, 4, 8}, Rang R = {3°, 3}
(i) Rs=1(1,3%, (1,3"), (1, 3%}, Dom Ry = {1}, Rang R; = {3°, 3', 3%}
(iv) R4=1{1.3"}.{L3",I.{l.31}:-,bumh=HI-RﬂﬂERA={3°-3[.3:}
) Rs={(1,3", (1,39, (2, 3%), (4, 39}, Dom Rs = {1, 2, 4}, Rang Rs = {3', 3’}
o Miscellaneous Exercise 3
! . LG b (i) e (iii) © (ivia (Vv b (w) d (vii) b (vili) ©
(ixya (x) d (xi) d
2.y 2% (i) Ri={(a, b)}, Rz = {(a, &), (£, j)}, Ra= {(a, j), (£, m), (F, &)}
(iiy {(a, b), (£, b), (h, e), (s, n), (5, j)} (iv) {(a, b), (F, &), (h, j), (s, n)}
(v) {(a,b), (£ ), (h,e), (s, m)}

Answers National Book Foundarion




AnN(BUC)

A-(BNC) ‘ B-(AUC)
]

(11)

Exercise 4,1

1. 2y (xy—3x+y) 2.3(n-1(x-y) 3, 18(x° + 3y?) 4. (k-2y
S (3x+13y-2)3x-13y - 2) 6.2(x+1)(x-1) 7. (x—3a+4b)(x—3a-4b)

B (l+x+y)(l-x-¥) 9. X +y + 2y -4 10, (x+ 29V - (2)

11. (8) 2y-9 (b) 5x-3 12, (F + 207 + 2 xm)( £ + 2m* - 2 x m)

13, (m* + 1+ m)(m* + 1 —m) 4 3 (x—1)x+8) 15 ('~ + I)F+x+INF=x+1)
16. 407+ 87 +4x)) (P + 87 —4n) 17, (x=3) (x—4) 18 (x=1)(x-8)

19. (2z-5) (5z- 2) 20. By-1(3-y) 2L (x-6)(x—15)

22. (x-1)(x+2) 23. (x+3)(3x+2) 24. (2c+y)(x—3y)

25, (4+5x)(2-x) 26. 2+x)(3-5x) 27. 2a+1)(a-3)

28, (u+2)(u-2)(u+3)u-3) 9. (-4 (y+A)(y' +4)




Exercise 4.2

1. (x—5)(x*+5x+25) 2, (Ze+ 1)@ 2 -2x+1) 3 3(pq—3x) (p°q" +3pgx + 9x)

4. (3+8x)(9 -24x+ 64 x) 8 (t+2)(1=2) (P-2+4) (E+2t+4)6. (@ +y) (' - £y +¥)
7. (y=x)(F+y -6x—6y +xy+12) 8, (dx +4dy - 2) (167 + 16y° + 32xy + dxz + dyz + 2)
9. (3p-4q)° 10. 2p+q)° 1. (5x-y) 1. (p-3q)

13. (2x2-3x+ 1D (x+1)(2c-5) 14, (Y +2y+3)(y +2y+5)

15. (Y -4y +1) (Y’ -4y +2) 16. (kK + 7k - 5) (k*+ 7k~ 15)

17. (F-3x-12) (x' ~3x - 16) 18, (x* —8x—6)(x" +2x—6)

19, (x* =9x +12)(x* —6x+12) 20. (10+10x—x*)10+2x~x")

21. (a* +9) (a* — 99" + 81), sum of two cubes because of positive sign between the terms.
22, (t+2) (t+2) (t+ 2), each factor is a binomial.

Exercise 4.3

! p | g | = Pq
51| g r|5Spar
7P| q]*Ff |7

b 12pa(p+q)P e (x40, (x—y) ete. d.m-n, (m-n)m*+n) 2x+y 3. a®-Zab+h
4, abla-b) S5 x-7 6 3x+1 7. cx+d 8. m-n’ 9. a(x+a)

Exercise 4.4
LF+2x (i +2x (i) ¥ +2x  (iv) 57 +2x) (v) No, HCF is X’ + 2¢

1.

(i) 8x'yz
(i) 24"
(i) 18"/
(iv) 28y

3.a+2 CHdx+4 5 x-] 6.p° 41 7.x(3x+2)

8. x+3 9. 2ab(9a’- 1) 10. g (p+ qip’ = q") 11, xy (2 + 1) 2x 1)
12, (x=3) (x=1) (x +2) 13, (m? + I}m®— 1) 14, ¥* -5 +4 15, (x+ S} x =4} x - 6)

Exercise 4.5
L) x-2,-4F-4)x+3) (i) HCF: @+a+1, LCM: (@’-1)(@-a+1)(a-1)
() x(x + 3), x(x + 3 x = 12 x-1)
1.8 - 170 +81F° -Tx—490 3, ©+5¢-2x-24 4, y+4
s+ -x-1 6 (30 + 5+ r=2)(4" - 1027 +4x +2)

Exercise 4.6

Weatiornd Bk Foasmoktion




x+2y 9 IJ+.V: 10 i 11. 12a° -4a+7 23x

13, !

; 11. N |
4x* —9y* oAx’ - ) 3 i“‘“: _9] (1+2x )2+ xX5-9x) I

Exercise 4.7

. + (4y-7) 2. % a(5a-3) J,iff—lﬁz} 4+:|:|:u—1-4}
X a

L@+ 10a+20) 6 £ (P +4x+2) 7. £(F +5x+3) 8. 4+ (7% + 2ab +a%)
(2 -3x+5) 10 +(1-5x+ 1) .
1.+ &*+2- —]2—} 12. i[a—4—iJ 13 :l:{x’—x+-l-]| 14. i[h’+8+£.}

x a 4 x*
50) —g—=1 ({Ha+l (HH a=-=1 16. p=216,q=324 17. k=8

Exercise 4.8

I.a) (x-3)m, (x+1)m  b) P=(4x-4)m c) Rs.(80x-80) d) Rs. 250(x* — 2x - 3)
2. a) (5x-3)m b) P(20x-12)m c) Rs.75 d) Rs.75(25 x* — 30x +9)
3. a) (5x-2)m b) 6 (5x—2)* ¢) Rs. 192 (5x—2)*
4. radius 1=x-3, radius 2=x-5 5. Sm-6n, Sm+én 6. if speed =x+2 then distance = x+3 and vice
VErsa

Miscellaneous Exercise 4

(d) (ih (@ (ili) (c) (iv) (a) (v) (a) (vi) (c) (vii) (d)
(vill) (¢) () (d) (x) (@ () (b) (xii) () (xiid) (b) (xiv) (b)
(xv) (d) (xvi) (&) (xvil) (&) (xviily (¢) (xix) (a) (xx) (c)

(a+3)(@a-3)(-14) 3 (x+3)3x+5) 4 (F -8B -T) (-8 +13)
L+ 22-4) (P -2x-4) b6 (Bx*+4x-1)(Bx¥+4x-6) 7. (m+n)(m-n)(2m’+3n?)
(x4 2y) (x—2y) (£ + 14y%) 9. (x+2a)(x-b)
1. (a+b)(a-b) (@ +b%) (a’+ab+b’) (a’ - ab+ b) (a* - 2’H* + b
1. dxy(x + 3) (Tx - 5) 12 (x—y)(2x -2y + 1) (2x -2y - 1)
o (p+29)(p-2q) (x-2y) (¥ + 2y +4y) 14 (F 4y +3xy) (F + ¥ - 3xy)

il x4+3 (i) 312+]
i) (x4 1)+ 2)2x + 1) (i) {x+2}[.|:+3}[3.:+2} -
a+b+c, (a+b+c)a-b)ib-c)c-a)

s 3% x+2

il’*-;—§+£} 19. () =» (i) l'.l'_+1]‘.'-’-‘_1'3} . a=-2,b=5 .
Exercise 5.1
L{3) 2§} A d. {"5—2} s {8} @ .o 8 {-i}
. {24} 10 {_%} ey 12. o} 13 {-1.3}

Natioms Book Foundation
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Exercise 5.2

L8 2 {1} 3 G4 4 {eo} s {0} 64 7 {1
8 {13} 9. B} . 8} 1. 3} 12. ¢ 13 {64} 14 f10} 15 {6} 16 {-3}
L Exercise 5.3
I {E,E} 7. 4-8 32-%y €9 5. {2) 6. {i.E}
3 3 5 3°3
3 - B_n 2 )
(-2 (330 % (-9 ¢ nu.{z* 2} | {5_ ?}
13. |5 2 14, (1,=17
{2, 3} (L-T7)
Exercise 5.4
I(a). (i) Yes (i) No (iii) Yes (iv)Yes (v)Yes (b) (i) {2,3,4,5} (i) {1,2,3,45,6}

(i) {z]z ER A z< -3} (iv) {0,1,2,3,4} (v) (x|x ERA —4<x<_3}

2. {1,2} 3.10,1,2,3,4,5) 4 {ylyER A y>3} 5 {y|y¢eR hyzi 6)
6. {x|xERA x>-20r x< -6} 7. {x|x ER A -1< x =3}

8. {x|xERA-5<x<2} 9 {x|]xERAXx<-50rx>-1}

10. {x|x ER A —4<x< -3} iIL{x|x€ERAXx<-90or x>-3}

12. {x|x €ER A x >13)

Miscellaneous Exercise 5

L @ (i (8 (i) (c) (iv) (¢) (vi (b) iviy (c)
(vii) (d) (viil) (c) (ix) (a) (x) (b) (xi)y (b) (xify (b)
(xiit) (¢) (xiv) (d) (xv) (b) (xvi} (b)

4.% 5. {E.-l} 6 {x|xER A Xx=<-8}

3' 'Bi
5

7. {y|yERAy> _1—3} 8 {xxERAx<-2or x=6} 9. {ylyERAy<100ry=>19}

Exercise 6.1
i 1. (i) 18,000" (i) 18,00" (i) 37,800" (ivy 73,220"
2.(h 4,500' g 2' (i) 3,040' (ivy 1,830.5"
3.() 2.25° (i) 0.0417° (iii) 61° (iv) 45.7625°
4. () 60°7'30" @) 0°2'15" (lii) 1°0's1” (lvy 255°27'




)
5. (N -:’—r-md {ii) Simd (iif) Pi"Emd {iv) —"Erad
4 6 360 3
6. (1) 4.71 rad {ii) 1.05 rad (ithy 3.15 rad (v) 1.32rad
7. () 45° (i) 150° (i) 15° (iv) 31°30'
(v) 57°17'45" (vi) 180° (vil) 2160° (vili) 286°28'44"
Exercise 6.2

L. (1) 5.24cm, 13.09cm” (1) 25.13m, 150.77m* (i) 6.36dm, 19.08dm"
2 5.24cm, 10.48cm”

3.(1) 2 rad {if) 3.78 rad (iiiy 0.79 rad {iv) 0.5 rad
4. 1.27ecm (i) 22.9m (i) 22.57cm (Iv)y 20dm
5. 15.7linch 6. 84° 7. 30.85¢m, 56.55¢m”

| ri:E (i) i (i) 2

. F 12 1]

Exercise 6.3

1. Complete yourself.
1

(o (i) : (iif) ! {iv) : (v}

g Hy = . ] —
4 B 2 2

4. (i) 45° i 270° (i 45° iivy 30° (v) 90"

V3

: 3 | 2
s, smﬁ?=—.!an£?=\f3-. cot =—=, secl =2, cosecl=— :
2 B T

*|&

sina=—jﬁ§.ma=;}—§,ma=—1.mﬂ:ﬁ. cosec =2
Exercise 6.4
3.() 30 (i 45° (iii) 45
4.(0) £A=2ZB=45",b=4cm (i) ZR=30", QR =12cm, PR =83 cm
(iif) 4F=£Q=45".PQ=8\Em () £F=3D“,AZ=&G“.XF=3J3_-H1
(v) ZN=90", ZL=36.87", ZM =53.13° S, I

Exercise 6.5
1. 11.55m 2, 30° 3 1L39m 4. 10m
5 2m 6. 50.7m 7. 34 7m B 1893 m, 12Zm
9, B0m, 33.69° 10. 0.73m/s
Exercise 6.6
|. measure yourself 1. find yourself 1. 0707 4. 7.07%m, 270
5. 4km, 103" 6. 15.6 m 7. 13km 8. 9.96km , 8.36km
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Miscellaneous Exercise 6
L@ () b) @)@ (v Mb)@ (i) (id (X))
(x)(b) (xi)(c) (xii)(a) (xiii)(c) (xiv)(c) (xv) (d)

Zsmﬂ—i Jana = —1: ma-f—?. 3. 5.7 mis 4. 2.69
5. 10cm, 10em, 10J2em 6. 2839 m 7. 163 m 8. 050
Exercise 7.1
. 1. (i) § (i) 10 (iii) 2v10 (iv) 10¥Z v) 5
- i) Ji7 mn? (viii) E nx}% m@

2. (i) non-collinear (i) non-collinear (iii) collinear (iv) collinear (v) collinear
(vi) non-collinear
3. (i) right triangle; perimeter = 5+ 13 units
(ii) equilateral triangle; perimeter = 6 units
(iii) scalene triangle; perimeter = 24.49 units
(iv) right triangle; perimeter = 27.21 units
(v) isosceles triangle; perimeter = 6 + 2.J34 units

(vi) right isosceles triangle; perimeter = 12+ 6+/2 units B. Yes

Ennhe'f.l
. ®@n @G 1) G@an
2. () G, 1): F(Z.4) G(2.4): H-1D) (ii) Draw yourself.
(if) EF = GH =222 units; FG = HE = 4units  (iv) rectangle
3, Diagonals do not bisect each other. 4. Lengthof diagonals are 4yZ units, 2y units.
5. (i) D(-05,3.5) ; E(3.53.5) (ii) DE =4 units ; BC = 8 units
n.u—B{: 4 units (iv) DE=3BC
6. (i) Hassan' sstnrungpnmtm{ﬁ (0) and Ali's starting point is (0,6 ) (i) CVZ.WZ)
. 7. () M(3,3): N(0,3); O(0,0) (i) A(0,0) ; C(—4.2)
~rn Miscellaneous Exercise 7
@M b G)y a Gi) a @@ ¢ (W c (v) d
(vil) ¢ (viii) b (ix) d {x) c (xi) b (xii) a
(xiii) b (xiv) a (xv) ¢ {fxvi) d {xvii) d (xviii) b
(xix) ¢ (xx) ¢ (xxi) ¢ (xxii) b (xxiii)d (xxiv) a
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Exercise 8.1
. 0O (i) 0577 (i) 1.732  (iv) undefined (v) —1.732 (vi) —0.577
(vil) —0.176 (viii) 1.018
2. (1) 0° (i) 30° (i) 120° (iv) 20°
3. () m=3,0=3369° (i) m=-2,8=11320° (i) m=1,6=813°

4. () m=-1 (i) m=1 5. x=0 5. k-% 7. k=15 9. y=1

12 P(x, w=P(7,-1) 13.  Fourth vertex: (-3, -2) _
14. Slopes of sides: ~1, 2, % ; Slopes of medians: —3, 2. 1; Slopes of altitudes: 1,-3,-3 g
Exercise 8.2
1. (i) ¥=3 (i) y=0 {m) y=-9 {iv) }'=-§
2 (i) x=1 (i} x=9 (i) x=-—4 (v} I=%
3. (i) 2xy-3=0 (i} 4x-y+27=0 i) y+5=0
(iv) x+2=0 (v) 5x+8y+22=0 (vi) 4x-3y-20=0
(vii} Sx—6y+30=0 (vil) x+y-=11=0
_ X+4_y-2 X=6 _ y+&é g " = =
4. (1) —4};—-?;-5- (nn) m“ﬂnlﬂn 5. {l} x—ﬁj-ﬁ-[ﬂ-ﬂ ﬁ.ﬂ x+}'—2fﬁ 0
6. (i) S5x+y+24=0 (ii) 4x+y-19=0 (i) x-2y+8=0
(iv) x+4y+2=0 (v) Xx+y-3=0 (vi) x-2)~-14=0
7. 4x-3y+9=0 B 2x+¥y+5=0 9 x-4y+7=0

10. Equations of medians: 2x+y -4=0, x-y+2=0, Tx-4y+6=0
Equations of altitudes: 3x+ 4y~ 16 =0,y x+3 -22=0, 2x+y+6=0

1. {I}Slﬂpﬂ-inl:mbplfutm:y=—-§x+‘a—l ;  Two-intercept form: l‘ﬁn:’jﬂ

y-11/8 _x-0
0-11/8 11/6—0

Point-slope form: y— % = - %{x— 0); Two-point form:

Normal form: x@) +F(§)- -E[x- 0) ; Symmetric form; == 2248 (B) Do yourself.

—#/5 35

Exercise 8.3
1. () 45° (i) 104° (i) 90° 2. (i) 59° (i) 14° (i) 18.4° (iv) 45° (V) 85.6°
3. () 45° 45°,90° (i) 31°, 143°,6° (iii) 377, 78%,65°  (iv) 45° 96°,39° 5
4. (1) 90° (ii) 53° (1ii) 108° 5
5. (i) 90°, 45° 45° f1i) 54°, 82° 44° (iii) 63°, 90°, 27" (1v) ‘597, 79° 42°
6. (i) (1,-3) (i) (—273. ; (iii) G—:-.—E 7. (a) x4+1=0 (b) 3x—4y+7=0
B 15x—5y+39=0 9. (a) lly-7=0 (b) 22x+9=0

10.{a) x-2y+1=0 (b) 5x-2y+5=0 .(a) 7x+2y-20=0 (b) 2x-Ty+17=0

Answers Mationa! Book Foundation




Exercise 8.4

1. 4x+5y=40, 5 dozen 2. (i) Rs.12150 (i) 8 people

3. y=35500 x+ 700, b=800a ; First deal is better.

4. (i) ¥= 120 x + 500, total amount = Rs.1940 (i) earning perhour (11} additional amount

§. (i) y=18x+44 (ii) 584 units (1) Rs.11680  (iv) 20 days

6. (i) y=900x+ 1500 (ii) Rs.6000 (1) charge per hour

7. (1) F=¥:C+31 (ii) 41°F mil}r-tmercepuhumthatm:pﬁaminmemlemd
slnpenhnmnmnfinmmninwmminﬁ

8. (i) ¥=6x (i) run rate per over (1i}) scores start from 0 (1v) 270 runs (v) 40 overs

9. (i) (y-5000)=200 (x-0) (1) Rs.200, slope shows the amount per kilometre (1i1) Rs.41000

10.() (y- 67) = — > (x-25),41°E

1.0 ,vrz_r.Lcnglhofplut-rﬁﬂfcel (i) Slope iulwhichshuwurelnﬁmhetwemlmgthmdwidth

Miscellaneous Exercise 8
1.7 0D c G ® @ d (v} a (vy b (vi) a (vi) ¢

(viil) d (ix) a (x) b (xiy ¢ (xil) e (xiii) d (xiv) a

x 5 1 X y
3. Y4+== 4. "'=—,x+_' — —
2 l ) F Z -1/5 1/2

5.ﬁ}§+§;=1. a=3, b=-1 (i) m=§. y+l=%(x—ﬂ} 8. y=v3x+20, m=v3,c=20

7. ) A(-4.2), B(8,5,C(1,9) (i) ml=%,m;=_§,m,=§ (iil) Interior angles: 40°, 44°, 96°
8. ()M(6,1) (i) Slope of PM =1 (iii) x-y+4=0 (V) x+y=0
9. (i) V68 units (i) Slope of BA=4 (i) a=4,b=~1 (iv) 4x-y+3=0
10.2x-5y-2=0 11. (i) 0(0,0), C(5, 6), A= 3,5). B(5.2)

() 5‘“““*'“‘3=§=51ﬂwﬂfﬁﬂ=—% (i) 6x—Sy=0,3x+8y-31=0 (i) 155 e2)

632
12. 1: A0, 1), B(2,0) (i) Slopeof /== (i) Slope of p==~2
{iii) mid-pr.}int ﬂ'ff-' (1, ""l:) - 'ﬁ\" 4 x+ 2},_, 3=0

Exercise 9.1

2. (i), (i), (i), (v), (vi), (viid), (ix), (x1) 3. No, by assigning particular values to & and b.
5. 63, ‘the next number is 2 * 31 + 1 =63"

6 Axioms: (i), (ii), (v), (vii), (viii), (x) Postulates: (iii), (vi), (ix)

Neither axioms nor postulate: (iv).

National Book Foundation




Exercise 9.2
1. Similar pairs; (i), (ii), (iv), (vi), (vii)
2. (i) x= 0em,y=6cm (i) a=30° (iii) x=75¢cm (iv) X=2cm,y=3.6cm, z=8cm
(V) @a=4em,b=42cm (vi) a=4cm, b=6cm (vil) 8= 12 ¢m

3-DE=3anEF=4Bm.FD=2cm 4 DE=18m &5 DE=I5m 6. 20em 7. 10m

8 (@ a=3cm (b) Xx=24cm, y=525cm (¢) a=16cm (d) x=172 cm, y=4.5 cm

9. ZC=ZAED=50°yes 10. /A= £B = 60°, equilateral and acute angled 1. 10m ¢
Exercise 9.3

L@ 16em® (i) 32em® (i) 249 cm? (iv) 45 cm®

Z (i) 6em (1) 5em {11) 30 em (1v) 19.6 cm

@o9:1e (1) 640 cm® (i) 900 cm® 4. 4:5, 10 em 5. XB:XZ=AB:YZ=5:6

6. 5600 m* 7.0 9:1 (i) 3150 cm?

B. () 8:13cach (i) 64:169 (iii) 192 cm? (iv) 315 cm’, trapezium

Exercise 9.4
1. @) yes (i) no (i) ves {(1v) no
2 () d=20em, Vi:Vy=125:1 (i) h=9m,c=95m,b=18m, V,:V,=27:8
30) Va=33333mm’ (i) V,=20833 6% (i) Vi=2944cm’ (i) Va=1215m’
4. 8:27 5 58 cupsapprox 6. 100008 7. Area = 292,57 cm’, Volume = 9451 ¢m’
B 2:5 9 15¢cm 10625em’®  11.()) 4:5 (i) 16:25 (iii) 64: 125
12 6 em 133m

Exercise 9.5
L@8 mé (o3 (9 2 (a) k=108° (b) P=q=r=s=(=72°
3. 12sides 4. Minimum interior angle = 60°, maximum interior angle = 179.99999. .. (< 180")

If maximum interior angle is 180°, then adjacent sides of polygon become collinear.
3. (a) 72° (b) 40° (c) 24° (d) 18° 6. {(a) 60° (b) 120° (c) 6

7. No, because 360° is not a multiple of 50°. 8. square 9. decagon  10. 5040° 12 5 sides i

13 289, 49°, 71°, 93°, | 19° 14 7 15, 1980° 16 18 sides .
Exercise 9.6

I.  P=15m, cost = Rs.3.300 2. Rs.27.300 3. P=30m, A=60m?

4. (1) Rs.9,600 (ii) 259.81 m? (iii) Rs.129,900

5. (1) Rs.50,400 (i) 120 f2 (i11) Rs.4,800 6. P=14ft
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Exercise 9.7

AP 2. v
| 8
L il :
A 3cm O 3cm B A
5 s . A
v 5 cul A5cm ey
Locus is perpendicular bisector Locus: Line making equal intercepts
of AD.
"‘ .‘._._-_._......__I_____________. 4"
- >/
- ....a_____ .
(1) 6.2 em (iii) Second circle passes through the
centre
5. (i) line segment (ii) ves et /
(iii) by drawing PQ paralle! to AB. P
(iv) by taking P and Q on AB. - s
A B

ks

By measuring angle ADC, and sides
BD and CD, we see that AD is right

(11) Points A and B coincide.

bisector of BC.
F

8. Join non collinear points D, E and F.

Find point of intersection of right bisector of sides.

Locus of point equidistant from given points is O. o

Only one such point exists. % 3 S
9. (ui) Locus /and angle bisector are same.

—

(iv) Both angle bisectors are perpendicular.

ANSwers . Q Nutiewnand Book Foundation



2. oF
BC=8¢m, DE=
13. (i) 756 m° (i) 1012.5 in®

1. (i 30

(il .

Miscellaneous Exercise 9

a - b (v} ¢
b d 1) a (xunj
a Vit a
ves 5 140 6. (i) Scm 7. 32cm
12 em 1 1:9 41.200cm’® 12 135ft
Exercise 11.1
(i1 31 =40 (i) none sl (v1505 (vi) 10 (vil) 5.5, 15.5,25.5,35.5,45.5,55.5

Class Interval Frw

(iii). 42 {iv) 8.75% (v}, 6D-69 (viy. 10

5. Do yourself

Workers

Answers




6. Do Yourself 7. @ 48 (i) 8 (i) 1 (iv) 48%app (v) 8
o LC1 | 911 [11-13]13-15[15-17]17-19]19-21| 21-23]
- (vi)
EREFEEEEESE 72 3l
= 8. Do Yourself 9, Do Yourself
: 8
" Exercise 11.2
L@ 7 (i o0 (iii) 14 (iv) 6.95 (v5 2 X, =48 X,=33.6,Ais better
3. 78,675, 69,77 4. 1133 5§ 251 6. () 4 (i) 0 (i) 2 fiv) 2 {v) 4 |
1. 1.0 8. 6409 o mno ()2 () 120,225 (iv)no |
10. mean = median = mode =2 11.(x)9.83 (b) 14.38 '

Exercise 11.3

1. () 2/5 (i) 1/5 (@) 25 (v)3/5 24 114 (b 512 (iii) 0.,00175

3. () 1/8 (i) 14 (i 78 (w0 (v) -1

4. () 2S5() 710 (i) 3/5 (iv) 910 (v) 310 (vi) 310 (vii) 1S (viii) 2/5 (ix) 12

S5.() 1/2¢H 0 (i) 910 Giv) 110 (v) V10 (vi) 110 (vil) 3/5 (viiiy 3710

6. relative frequencies 3/5, 2/5 (i) 312 (i) 122 7. relative frequencics 1/8, 5/24, 1/8, 1/6, 1/4. 1/8
(i) 750 (i) 375 (iii) 83 app B.(a) 1/6(b) 5/66 (d) 1(e) 10

Miscellaneous Exercise 11

L) (b (i), (a) (@{). @ (@v) @ ) (¢) (v (@ (vii). (b)
'- (vili), (c) (ix). (B (x) (®) (xi). (¢) (xii). (b) (xiiD (c) (xiv). (b)
(xv). (d) (xvi). (b) (xvii). (d) (xvilih (d) (xix). (€) (xx). (a)

2. a. mean 23.44, median = mode 25 3. 53.594. 35 5. g mean=median =mode=25 ,

a)

50 hits (b) 450 misses 7. 8days 8§ 16 assessments 9. (x) 13/50 (b) 37/50 (¢) 11/50

| Answers ﬂ Marttounee! Bewd Fosmalation
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- 05 | OR23 OR27T 9832 P36 gH4l O84S 0850 9854 9859 986y 0 ! - L ) 3 .3 Fl &
g7 | ogae ONT2 ON7T  9ER1 _98R6 Guofl OKU4  OR99 9903 9908 O I I i 3=—23 Y | 4 4
L] 912 9917 992] QUG 9930 99N 9910 9943 9948 9951 0 1 | 2 3 3 4 L]
Il -
|
)
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TABLES OF ANTILOGARITHMS

] 1 2 ] ] s [] 7 ] 9 1 2 314 5 6]7 & »
00 | 1000 | 1002 | 1005 | 1007 | 1009 | 1012 | 1014 1016 | 1019 11020 0 0 1|1 1 1012 2 2
O1 | 1023 | 1026 | 1027 | 1030 | 1033 | 1035 | 103w | 1040 | 1043 | 1045 8 ¢ Jii—4 1|2 3 2
A2 1 1047 | 100 | 1052 [ 1054 | 1057 | 1089 | 1062 | 1064 | 1067 0910 0 111 1 1]2 2 3
D3 1 1072 | 1074 | 1076 | 1079 | 1081 | 1084 | foss | 1089 | ool i 0 Lriad 102 2 2
A8 | 1096 | 1099 | 1102 | 1104 [ 1107 | 1100 | 1112 | 104 | 107 T 1010 NS I E R |
D5} 1122 | 1028 | 1127 [ 1130 | 1132 | 1138 1038 L 1040 | 1143 [ 1046 ([0 1 1 |1 1 232 12 2
D6 | 1148 | 1181 | 1153 | 1156 | 1159 | 1161 | 1164 1067 [ 1169 | 210 + 1|1 1 212 g 2
A7 1 1N7S | 1178 | 1080 [ 0183 | 1186 | 1189 | 1191 | 1194 MTLUWI0 I 11y 1 2012 2 2
08 | 1202 | 1208 | 1208 | 121} | 1213 | 1216 | 1219 | 1223 BB L2y lo + 1]r 1 2012 2 3
A9 1 1230 | 1233 | 1236 | 1239 | 1242 | 1245 | 1247 | 12% L3l iase 10 8 1l v 202 2 1
AD | 1259 | 1262 | 1265 | 1268 | 1371 | 1274 | 1276 | 1279 s ams 101 191 3 203 3 3
A1 | 1288 | 1291 | 1294 | 1297 | 1300 | 1303 | 1306 | 1309 | 1312 B3i310 1 101 3 3y 2 3
A2 1 118 | 1331 | 1324 | 1327 | 1330 | 1384 | 1337 | 1340 | 1343 | 13%c et IO ETIE T G Vi)
A3 1 1349 1 1352 | 1355 | 135 | 1361 | 1365 | 1368 | 1371 | 1374 1 1377 L BT S T e TN
A4 | 1380 | 1384 | 1387 | 1390 | 1393 | 1396 | 1400 | 1403 | 1406 | 1409 10 s e e R s ey
A5 L1413 | 1416 | 1419 | 1422 | 1426 | 1429 | 1402 | 1438 WPl e 1 1011 2 112 3 3
16 | 1845 | 1449 | 1452 | 1455 | 1459 | 1462 | 1466 | 1469 | 1472 | 1876 o111 3 20z 3
17 | 1479 | 1483 | 1486 | 1489 | |403 149 | 1500 | 1503 | 1507 | 1510 |0 1 i |1 I 3513 % 3
A8 | 1514 | 0517 | 1521 | 1524 | 052w | 1831 | 153 | 1538 | 1840 i) 117 3 2Py s
A9 | 1549 | 1552 | 1556 | 1560 | 1563 | 1567 | 1570 | 1574 | 147% iS8L10 1 1]y 2 203 3 3
20 | 1585 | 1589 | 1592 | 159 | 1600 | 1663 | 1607 | 1611 | 1614 g 101 171 3 373 3 3
A1 | 1622 | 1626 | 1629 | 1633 | 1637 | 1641 | 1644 1648 | 1652 | 1656 |0 1 1 |2 2 23 3 3
22 | 1660 | 1663 | 1667 | 1671 | 1675 | 1679 | 1683 | 1687 | 1690 e ig-d 11232 203 § 3
A3 L 1698 | 1700 1 1706 | 1710 | 1714 | 1718 | 1722 | 1726 | 1730 B0 ) i3 =g 3°0s 3 4
24 L1738 | 1742 | 1746 | 1750 | 1784 | 1958 | 1762 | 176 | 1770 | 1774 Bail 132 % o iy 3 4
25 | 1778 | 1782 | 1786 | 1791 | 1795 | 179 | 1803 1807 [ 1811 | 6 [0 1 1 |2 3 203 3 a
26 1 1820 | 1804 | 1828 | 1332 | 1837 | 184l | 1845 | 1840 | 1854 | 18Ss O EEERSSE 3y 3 4
27 | 1862 | 1866 | 1871 | 1875 | 1879 | 1w&4 | 1888 | 1892 | 1897 | 1901 0 1 112 2 173 3 3
28 | 1505 | 1910 | 1914 | 1919 | 1923 | 1928 | 1032 | 1936 Se1 JIMs 0 1 12 2 313 4 4
29 | 1950 | 1954 | 1959 | 1963 | 1968 | 1972 | 1977 | 1982 | 1986 PR 10 1 ¥12°2 313 4 4
30 | 1995 | 2000 | 2004 | 2009 | 2014 | 2018 | 2025 | 2008 | 2002 RS T 1123 yis 3 |
3L | 2042 | 2046 | 2051 | 2056 | 2061 | 206 | 2070 | 2075 | 3080 2010 1 1122 3Ty ¢ 4
32 | 2089 | 2004 | 2099 | 2104 | 2109 | 2113 | 2118 | 2123 | 2128 23310 1 112 2 373 & 4
|33 | 2138 | 2143 | 2148 | 2153 | 2158 | 2163 | 2168 | 2173 | 2178 ARl 1322 313§
34 | 2188 | 2193 | 2198 | 2103 | 2208 | 2213 | 2218 BB a1 1 2|2 3 314 ¢ 3
35 | 2239 | 2244 | 2249 | 2254 | 2259 | 2265 | 2270 | 2275 | 1280 228 11 1 2]2 3 3[4 4 s
36 1 2201 | 2266 | 2301 | 2307 | 2312 | 2317 | 2323 | 2328 | 2333 I 3 i
37 | 2344 | 2350 | 2355 | 2360 | 2366 | 2371 | 2377 25 1881293 101 212 3 34 4 s
A8 1 2399 | 2404 | 2410 [ 2415 | 2431 | 2427 | 2432 MBI UG MBI 212 3 1|4 & s
39 | 2435 | 2460 | 2466 | 2472 | 2477 | 2483 | 2489 2403 12300 12506 [ | 1 202 3 3[4 5 s
Ab | 2512 | 2518 | 2523 | 2529 | 2535 | 2841 | 2847 | 2353 | 2539 | 2564 | 1 1 202 3 44 s s
Al { 3570 | 2576 | 25K2 | 2588 | 2594 | 2600 | 2606 | 2612 | 361K 26911 1 212 3 414 5 s
A2 | 2630 | 2636 | 2642 | 2649 | 2655 | 2661 | 2667 | 2673 | 2679 2686 11 1 212 3 44 5 6
A3 | 2692 | 2698 | 3704 | 2710 | 2716 | 2723 | 3729 | 3735 LM IMEI1 1 2013 3 4]a 5 6
A4 | 2734 | 2761 | 2767 | 2773 | 2780 | 2786 | 2793 | 2799 £ I3 E 1 1 213 3 a4 5
AS | 2818 | 2825 | 2831 | I538 | 1844 | 2851 | 2858 | 2864 | 2871 | 2477 1 .1 213 3 418 35 ¢
A6 | 2884 | 2891 | 2897 | 2004 | 2011 | 2017 | 2924 | 2931 | 2938 | 2944 P 1 213 3 415 ¢ ¢
A7 1 2951 1 2938 | 3965 | 2072 | 2979 | 2988 | 2992 209913006 | 01311 1 203 3 415 5 6 |
48 | 3020 | 3027 | 3034 | 3041 | 3048 | 3055 | 3062 | 3069 | 3076 | 3083 1 1 213 & 415 6 & |
L49 | 3090 [ 3097 | 3108 | 3112 [ 3119 | 3126 | 3133 | 3141 | 3148 JSF |1 F 2]3 4 2[5 & &
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Absolute value: The absolute value of number is its distance from 0 on the number line.
Absolute value equation: An equation that contains an absolute value symbaol,

Additive identity: Additive identity of real numbers is zero but additive identity of matrices =
are null matrices.
Additive inverse: The element which is inverse 10 & given clement with respect to addition. v

Algebraic expression: An expression consisting of variables and constants, connected by algebraic operations.
Altitude: A line segment between a vertex and a side ol a polygon, that is perpendicular to

the side,

Angle bisector: A ray that divides an angle into two equal parts.

Anti logarithm: Inverse operation of logarithm,

Arithmetic mean: It is ratio of sum of quantities and number of quantities.

Axiom: It is a mathematical statement which is assumed to be true without any proof.

Base of logarithm: The number in terms of which s given number is expressed as a logarithm or exponential,
Bearings: Bearings ure the angles measured clockwise from due north and are expressed as three digit numbers,
Binary relation: A binary relation R is a subset of the Cartesian product of two sets,

Cartesian plane: the two dimensional, the points of which are identify by their coordinates.

Cartesinn product of sets: Cartegian product of sets A and B is the set of ordered pairs (x, ) such that re A and
veEBR.

Characteristic: The integral part of logarithm of 8 number,

Circular region: The union of a circle and its interior region is the circular region.

Circular system: The system in which angle is measured in radians.

Coefficient of varlation: The percentage ratio between standard devintion and mean of a data,

Collinear points: The points lying on same straight line,

Commoen logarithm: Logarithm having hase 10,

Complement of set: Let ACU, then the set of all elements of U, which are not in A, is called complement of A.
Complementary events: Two events in which one shows non-occurrence of other,

Compound inequalities: Two inequalities that are joined by the word “and” or the word *“or”,

Conjecture: A staternent that is believed to be true but its truth has not been proved. It is a true statement that needs
proof.,

Converse: A proposition derived from another by interchanging its subject and predicate terms.

Corollary: A proposition that follows directly from the statermnent of anuthcr proposition.

Coterminal angles: Two angles having same terminal ray in standard position, -
Deductive ressoning: In deductive reasoning we work from some general result to a specific conclusion.
Diagonal: A line joining any two vertices of a polygon that are not joined by any of its edges.

Difference of sets: Difference of sets A and B is a collection of those elements of A which are not present in B. -
Disjoint sets: Two sets are said to be disjoint if they have no common elements.

Distance formula: It provides distance between two points in a plane or line,

Domain of binary relation: Set of the first elements of ordered pairs in a binary relation.

Equality: A mathematical statement with the equality sign is called an equality.

Equivalent equations: Two or more equations, having the same solution.

Equivalent inequalities: Two or more inequalities that have the same solution,

Expected frequency: The expected frequency of an event is the frequency we expect to see based on probabilities,
Exterior angle of polygon: Angle formed by anv side of the polygon and the extension of its adjacent side.
Extraneous root: A solution of equation which does not satisfy solution of equation.

Gl%’ﬂl"}" P NMutional Book Foundotion



.\-;.--—_-..--',"] S r——

-

Factor: Any integer or polynomial that exactly divides a given integer or polynomial.

Factor theorem: A polynomial p(x) has a factor x - ¢, if and only if p(c) = 0.

Factorization of algebraic expression: The process in which an algebraic expression can be expressed as the
product of its factors.

Family of lines: For a non-zero k, the equation /+ ki, = 0, is also linear and represents family of lines where [, and /.
are lines.

Frequency: Number of repetitions of an individual value in an ungrouped data.

Frequency table: A table consisting of values of # data along with their frequencies is called a frequency table.
Fundamental assumptions: Fundamental assumptions are statements which are regarded true without any proof.
Geometric mean: It is a measure of central tendency which is usually used to find the average rtes of change in different
intervals,

Gradient: It is the tangent of angle which the line makes with positive direction of the x-axis.

Grouped data: A tnbular arrangement of data in which various items are arranged or distributed into some classes.
Harmonic mean: It is ratio of number of values to the sum of reciprocal of values of data.

Histogram: The representation of data by a chant having adjacent rectangular bars.
Identity: It is an equation which remains true for all possible replacements of variable involved in it |
Inclination of straight line: Inclination of a straight line is the angle |

Glossary Natiomisl Book Foumdation




“

SYMBOLS AND ABBREVIATIONS USED IN MATH

1% equal to

is not equal to
is member of \
is not member of
empty set -
union of sets
intersection of sets =
if and only if

line Segment AB

Simm(*

C

measurement of side AB

measurement ot‘mgl: A

15 congruent io

is perpendicular to
triangle

implies that

and

or

is less than

is greater than

is less than or equal to

is greater than or equal to
at the rate of

percent

Pie

ratio

proportion

therefore, hence '
because, since

that is

approximately equal to
square root / radical

[
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for example
such that " '
corresponding to
is parallel to -
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History of Real numbers
Discovery of zero

Number line

Properties of Real numbers

Radicals and radicands

Laws of exponents

Application of real numbers
Scientific notation

Logarithms

Antilogarithms

Laws of logarithms

Applications of logarithms
Introduction of sets

Set operations

Application of set theory

Binary relations

Factorization

Highest common factor

Least common multiple
Operations on algebraic fractions
Square root of algebraic fractions
Linear equations

Radical equations

Absolute value equations

Linear inequalities

Distance formula

Mid-point formula

Inclination and gradient
Intercept

Different forms of equation of line
General form of equation of line
Angle between lines

Index

INTD E X
06 Equation of family of lines
08 Demonstrative geometry
09 Mathematical statement
:2 Axiom, conjecture and theorem
Similarity of polygons
i Area of similar figures
i; Volume of similar solids
29 Properties of regular polygons
Locus
33 2 .
e Construction of triangles
Bisectors of angles of triangles
> Altitudes of triangles
1 Perpendicular bisectors od sides
:: Medians of trinngles
i Measurement of an angle
Circular system or radian measure
a Sector of circle
;2 Trigonometric ratios
Trigonometric identities
:: Angle of elevation & depression
101 S
05 Frequency distribution
Construction of histogram
:3: Construction of frequency polygon
fi Measures of central tendency
12] Median
129 Moda
134
Weighted mean
:;: Single event probability
e Relative frequency
Expected frequency
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