GEOMETRY OF
STRAIGHT LINES

In this unit the students will be able to:

. Fmdﬂ:ﬂgmdmtofs&niahthmutmmdmﬂsnftwnpumﬂmaplm:m

Findlh:gnd:cntofpﬂ:l]dmdpupmdmtﬂaﬂmu, .
Derive equations of straight line in slope-intercept form, point-slope form, two |
points form, intercepts-form, symmetric form and normal form.

*  Show that the lincar equation in two variables represents a straight line.

¢ Reduce the general form of the equation of a straight line to other standard
forms.

e Find the angle between two coplanar intersecting lines.

e  Find the equation of family of lines passing through the point of intersection of
two given lines.

. Ca]culmanglesnfuamaleswhenﬂnslupmofudmmsim

e Apply concepts of coordinate geometry to real world problems.

To go from one floor to another at a library, you can take either the * 3
stairs or the escalator. You can climb stairs at a rate of 1.75 feet per }
second, and the escalator rises at a rate of 2 feet per second. You (¢
have to travel vertical distance of 28 feet. The equations showing !
the vertical distance d (in feet) traveled afterf seconds are:
Stairs: d=—1.75¢+28 Escalator: d=-2r+28

a. Graph the equations in the same coordinate plane.

b. Howmuch time do you save by taking the escalator?




aradhient !x[u.-iu,. b of Strateht Ling

Inclination of Straight Line
| The inclination of a straight line is the angle # which the line makes
with positive x-axis measured in anti-clockwise direction.

Gradient
When a car rides up a hill, its speed reduces. The steeper

| the hill, the harder it is to climb.

The measure of the steepness of hill is called gradient (slope).
Gradient is ratio of the vertical distance to the horizontal
distance.

Gradient =

vertical distance  rise
horizontal distance run

1
|
I
|
!
]

Where the angle 8 is inclination.

Gradient of Straight Line s
The gradient of straight line is defined as:

rise

B89

[ T T —

run
In the figure line AB is inclined at an angle # with x-axis.
rise

| : ;
| Gradient of line AB =—
run
=5 difference in y—coordinates of AB
difference in x~coordinates of AB p X-0xi$
_9=2 7
+ 8-4 4 '
2—-9 -7 7
' ternatively, gradient of AB e
}
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Generally, gradient of a straight line is denoted by m.
Therefore, m = tang@

Example |:

(i) Find the gradient (slope) of line whose inclination is 45°,
(ii) Find inclination of line whose gradient 1s 1.732.
Solution:

(i) Here 6=45° ;
. Gradient = tan 45° = |

(i)  Gradient=tan 8 = 1.732
. Inclination = @ = tan”'(1,732) = 60°

Formula of Gradient s
If A(x,, yy) and B(xz, y2) are two points on a line AB, 4
dient of AB is PRI
=221 _Y1-V2 i
Xz =X X — X3 I
X : \6....o
Gradient of AB can not be 4 Sk £ or Y2~ 33 Alxy, yi) Clxa )
xz — .'l.‘t 1'1 =— x: N
» X-nxis

Vertical line

Horizontal line

» X-AXis = » X-0Xis
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Sign of Gradient _ :
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e Inthe figure 1, lmmm.umdﬂlﬁim‘%&m%w v x-aXis. As the *
value of tan @ umwmmmmﬁ‘m AB'is positive for
m{u{w N - m
hmdéﬂe?ﬂn&mw&m?mwﬁmwﬁ%&&%'i%mﬁ
value of tan £ is negative in second quadrant, therefore gradient of line LM is negative for
90° < f < 180°,

= Par *."“‘;’ﬂthpendiculnr}ﬂﬂﬁ linsq 518 O

y-axis y-axis
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o Figure 1
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Figure 1 shows two parallel lines /; and /; making angle a with positive x-axis. |
If gradients of /, and [, are m, and m; respectively then: _
my=m;
Figure 2 shows two perpendicular lines p, andpzmakingm!glﬂamdﬂwithpmitivex-nis
respectively. If gradients of p; and p; are m, and m; respectively then:
1

Example 2:
Find gradients of lines joining: (i) A(1,4), B(3,6) (i) C(-3,5), X0, 3) '
Solution:

@)  CesdientotAB=22"Y1.5-% o

X;-x3 3-1

: - 3-5
(i)  Gradientof CD=2"31-

- axe
xz~=x¢y 0 -(—3) 3

Example 3:

Prove that lines AB and CD are parallel where A(3, 5), B(4, 6), C(7, 11), D(9, 13).
Solution:

. ¥Y2—¥1 6-5
= = S e— = I
Gradient of AB=m A ATS
13-11 2

= o= =]

=7 2z

Gradient of CD = m2=

As, m=m
Therefore, AB and CD are parallel lines.

Example 4:

Lines AB and CD with coordinates A(0, 3), B(2, 8), C(3, 10), D(8, k) are perpendicular. Find k.
Solution:

. et S
Gradient of AB oy =
k-10 _k-10

Gradient of CD = m2 =
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As, AB and CD are perpendicular,

| Therefore, myx ma=—1
5 k=10 (
= — x = —]
2 5
Sk =50
= = -1
| 10
= 5k-50 = -10 =2 5k=-10+50
= 5k= 40 = k=

| 2.

s

ot S, S5

11.

13.
14,

Find the gradient (slope) of line whose inclination is:

(i) 0° (ii) 30° (iii) 60° (iv) 90°

(v) 120° (vi) 150° (vii) 170° (viii) 45.5° |
Find inclination of the line whose slope is: |
(i 0 (ii) 0.577 (iii) —1.732 (iv) —0.364

Find gradient and inclination of lines joining: |
(i) A(2,6),B(5,8) (i) C(-2,4),D(1,-3) (i) EGS,-2), F(-2,-3) '
If A(-2, 6) and B(7, —3), find the slope of line:

(i) parallel to AB, (i) perpendicular to AB.

Find x if the slope of line passing through A(3, x), B(5, 8) is 4.

Find k if lines passing through A(k, 2), B(3, 5) and C(5, 1), D(8, 7) are parallel.

Find k if lines passing through P(-1, 2), Q(4, 7) and R(2, k), S(7, 10) are perpendicular.

Using slopes, prove that points X(0, -3), Y(4, 7) and Z(6, 12) are collinear.

Find value of y if points P(4, y), Q(5, 2) and R(6, 2y + 1) are collinear.

Prove by using slopes that points A(3, —1), B(-5, —=5) and C(1, 3) are vertices of a right

angled triangle.

Using slope, prove that A(-2, 1), B(6, 3), C(10, 5) and D(2, 3) are vertices of |
parallelogram.

P(x, y), Q(-2, 2), R(1, 4) and S(10, 1) are vertices of a parallelogram. Find P(x, y).
Three vertices of a rhombus are A(2, 1), B(3, 4) and C(~2, 3). Find fourth vertex.

If (5, 0), (0, 5) and (8, 8) are vertices of a triangle, find:
(i) slopes of sides. (ii) slopes of medians. (iii) slopes of altitudes.
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In the figure, a.lllhcpqdﬂh :Hﬂn'___ :

IGLYE A0 1V

mulmmbﬁmxuh
Therefore, all points on the line satisfy the equation:

» x-axis

o 1fb> 0, then the line is above the x-axis (line /).
e If b <0, then the line is below the x-axis (line m).
o If b=0, then the line becomes x-axis and equation of x-axis become.y =0, ./, 1, |

T "3 0 & !
In the figure, illﬂ::;lmiutlmthclhlehinllelmy-uu ¥ -
imio] 29l 1o i J'mr}'ﬁrfﬁh-i.._rrm!-=:1;rJ::| !
in st a constapt distanon 4 ftom y-axis. o 0 oy i %e B 5 0l L
Thmfm'e.lllpamtlmﬂwhuuﬂaf}rﬂmoqmﬁon: ) 2

selt boit £ V)8 pns (0 SHA

o Ifa>0, ﬂlmthclin:ilunthﬂﬁﬁh!iﬁ?ﬁe’jilﬁiﬂﬁmn Ah of lallswsg
* Ia<o, mmmemuuunuhﬁ,ofﬂwmdmm)- R

(2 (L JA)Adg .lrr”‘ grizeng il 1 A boorl

. Ifann mmmml‘ xis mdeqmgql f mﬂa

Jaiease Aol it A baid

befbed B SH by b - H £ 14 2iniod-9K8 ssaolz gaial

If a line AB intersects x-axis at (@, 0), then a is ignsin balgn:
called . . oftheline AB: . (= (1)) 0 oo j:l'nﬂh]. 11t |
If a line AB intersects y-axis at (0, b), then b is netmolsllsma
called ;11,1 0of the line AB. . b mnw (1 00112 B (b )8 20
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3.

Derivations n| Standard Forms of l_-:|||.'i!inn~. of Stratght Lines

mﬁmmw}ﬁmww)mmdym c
iu:

. y=mx+c
Proof: |
lﬂﬂx,y)bemythnmthcmughllmnhﬁlhpnnmdy-Mn
wcmﬁutlhem;rﬂunmmam c).

As P y) and AO%) lie 0n e ine , theretiee slope of ke’ . S50, !
is:

m="— I"'A.[ﬂ,c)
= y—c=m ]
=2 y-m+c F(x-!’]'. ¢
mumofﬁqafmwmm qn ..,‘\i-_ asto0a
If ¢ = 0, then the line y = mx passes thr ' + » X-axis
Thuml Equaumufmvutul mughtlmepumngﬂmushpumtl!{xl.ﬂ}
with slope m is: )

1 y-n= M(I xl)
MHx,y}bemypphtmhmshthmimihnlopem EIETHEGE - [
and passing through point B(x), ). .

As P(x, ) and B(xy, yr) lie on the line /, therefor slope m P P(x, )
of the line is: . i
r—x B(xh}’l),
= y-n=mx-x) \'a
Which is equation of line / in point slope form. a o = g

I'wo-Point Form

nmmmﬂmmmwmmmmmmau, ¥1) and
B(xz, )2) is:

y-y = f:—:—::(x—n) or i—k¥'ﬁﬂr—n}'
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Proof:

Let P(x, ) be any point on the straight line / passing
through points A(xy, ;) and B(xz, ).

As A(xy, »1) and B(x3, 1) lie on the line /, therefor slope m

of the line is:
X2~
Xa— Xy
Now using point slope form of line, we have:
Ya—»

P—=Y= X=X
y-yi= A=l c-5)
=¥ X=X
or S e
Y=Yy Xa— X

Which is equation of line / in two-point form.

4. Two-Intercept Form

y-axis fw
4 =
r B {nrh}
/Py
A(xu ),
m
o~ \E » X-AXIs L
8]

Theorem: Equation of straight line having x-intercept a and y-intercept b is:

a b

Proof:
Let P(x, y) be any point on the straight line / with
x-intercept a and y-intercept b.
Obviously, A(a, 0) and B(0, b) lic on the line /.
Therefor slope m of line 1s:
_b-0
- 0-a
Now using point slope form of line, we have:

b-0
u_ﬂ(.t—ﬂ']

y—b=

= —ay+ab=bx
= bxtay=ab

a b

Which is equation of line [ in 2 intercept form.

(dividing both sides by ab)
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5. Symmetric Form y-::i;
If a is inclination of a line /, then slope of line is: B
m = tana
=  tana=21—2
X=X

sina y-y,

=

cosa@ XxX-—Xy \a

= = - - X-AXiE
w oESEareo 7K

cosa sina

Which is symmetric form oi equation.
6. Normal Form
Theorem: If p is perpendicalar from line / to the origin and « is the inclination of this
perpendicular then:
x cosa +y sina = p
Proof: 1"“:“‘
Let the line / intersects x-axis and y-axis at points !
A and B respectively. Let P(x, y) be any point on the “.|B
line / and OC be perpendicular to line from origin,

From right angled triangle OCB:
oc
Cos (90° - a) -E}_B'E%

T, 2 P
sine OB or OB i

As, OA and OB are x-intercept and y-intercept of AB, therefore using two-intercept form,

we have:
x ¥ x i ¥
=] = + = = i =
OA OB plcosa ' p/sinw. | . CetysRaTy
Which is normal form of equation of line /.
Example 4:
Find the equation of straight line with the following information:
(i) slope=§, y-intercept=13 (ii)  through (5, 0) with slope -3
(1i1) through (2, 4) and (-1, —4) (iv) x-intercept = 6, y-intercept = —4
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Solution:
(i) Slope=m =5, y-intercept = ¢ =3
Equation of line in slope intercept form is:  y=mx +¢ nI1ES
= y=5x+3 or Sr—p+3¥=0 _

| el s et } 5 : . 1|
) SOEHE ot il & 1o nounmil n

(i) (xL,»)=(5,0,m=-3

Equation of line in point slope form is: y — y; = m(x - x;) .
Substituting for (x,, i) and m, we have:
T e e e = gX— =
y—0=-3(x-5 = y=-3x+15 or 3x+y—15=0 |
(1) (o) =(2,4), (x2,32)=(-1,-4) poiEups (o nmol amemorva & doidW
Equauon of line in twn-poml form is:
i J" J’l A i_xfi v hos nigos sde o\ enil mett wmlesibosogr ] &1 o T cmesvoad T
— nlt bis (1]
Ya= xz—xl ]
Substituting the values, we have:
y=do xed 4 - ¥=d _x=F o0l
—hak =1 =2 | _-‘_u!'l "-"‘-’5"- LI BIXE-F #rsrmlm T BT N
Hy-4)=-8(x42) = -3;+iz=-ﬂx+16 A e |
sl of wlusitbnsagrog od 20 bk Y anil
=28 -3y-4=0

(iv) x-il:lteruept'";n =, f—intemcpt =h=—4
‘Equation of liné'in hlih-i:ntn'acpu form is:

= — - i s x
3 I — + -'r- =l
a b

Substituting the values, we have: : choade be
e e B 7

ﬁ q 30 -
or 2x-3y—12=0 40 80
Example 5: 80 w -~ =nmz
141 10)

Find the equation of straight line: ‘
(i) " thiSugh (3, 22 #nd perpendictilas fo the e Wit digpe a2/ oo HO b 2.0 |
(11) having y-intercept = —7 and parallel to the line with slope 4. visl 5V .
(iil) - through (=5, 1) and perpendicular to the line passing through (0, 9)@_{-2 ﬁ]
(iv) 1f]eugthnfpnrpeudmu1urﬁ‘umth¢mginiiﬁmwﬁlhlhdatﬁﬂ° H¢ /
Solution: .
() (Ln)=0,-2)
Slopenfglvenhne'“:i MOl et ad il Minsate Lo 1
Mmmmwmmmﬂmmm Flppq@fwmdh#wi

V bag (b ) duwcoedt

Hl 16 golsups 1o Mol Wwomon 20 ool
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e

1

.m=—§ o

iy Equnnunut'mqmredlmem | RS
y+2=";(1'—3} (point-slope form)

2 Jy+6=-x+3 = x+Iy+9=0

(ii) y-intercept =—7
Slope of given line = 4 x
As,mcmqmrndlmﬂspualleltutheglmﬁne.'tbaefﬁmslupt frbhﬁiredlmels
m=4 | ) oty pes owdt O
. Equation of required line is: : - .
y=dp=1 (slope intercept form) oy LSk -
= 4x-y-7=0 gt ;
(iil) (x1, ) =(=5, I}mdpﬂ-pmdmulnrmelmepuumgthmugh(ﬂ B}md{—z,ﬁ}

59 sﬂ_a ittt
Slope of given line = o v e = : | |
As, the required line is perpendicular to the given line, th:rcfurré,'u!npe of required

line is:

2
m=-—-= LT WIRLLE L AL A ' Liry st ot s : '
3 ') | i LEELRLYT) BT ¥ 1 I Jid £ VRN LY !
. Equation of required line is: 10 tnsisifisos
il Lo b ls
—1=- §(’+5) (point-slope form)

=2 Jy-3=--10 = 2+3Jy+7=0
(iv) p=6 and 8 =60°

Equahmoflmmnmuifamu
x cos 60° + y sinG02 =g i comiol bushinalz avonsy olm (1) nos
1 V3
E 53 2 i }l L T . ﬁ T [ W 1) ol |
= x+V3y=12 ;{lI :l+;‘°§y-12‘-:q o

{ gy oy | % 1§ i =T To e b L B I aed LF 1 Byt flodre

Genersd Form of Eguation of Steaieht Line
o st m!mkﬁm'mmm
bins (D 2Y0 (5 1Y eooins .f‘ﬁp+c-ﬂ. o 55 (1} poitais
whma,bandcarerealnﬁmbersmd,amdbcannotbebothzern
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Theorem:
A linear equation ax + by + ¢ = 0, in two variables x and y represents a straight line. Here a, b, ¢

are constants, and @ and b are not simultaneously zero.
Proof:

ax+by+ec=0 (1)
Case 1: When @ =0 and b # 0 then equation (1) takes the form.

by+e=0 or _‘P=—'E*

which represents equation of line parallel to x-axis.
Case 2: When a # 0 and b = 0 then equation (1) takes the form.
ax+ec=0 or r=—§

which represents equation of line parallel to y-axis.

Case 3: When a # 0 and & # 0 then equation (1) takes the form.
s e F*=0* "y Cp b

which represents slope-intercept form of equation of line with:

slope = — % and y-intercept = -%

__a_ _ coefficier s Ui ﬁl:n-ewm-m b
= ——— = --+ . 1.:-
S SR

Reduction of General Form of Equation of a Straight Line to Other Standard
Forms
We know that general form of equation of straight line in two variable is:
ax+by+e=0 (1)
We can reduce equation (1) into various standard forms as follows:

1. Slope-Intercept Form

From equation (1) we can write.
by=—ax—c=0 or y=-§x—£={—£x}+[—£}

which represents slope-intercept fonn of equation of line with:
slope = —-E and y-intercept =--
2. Point-Slope Form

Slnptofaquaﬁnn(l}is;a=-—-:-
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e . =

g R

e

e T

A point on equation (1) is (x1, 1) = (0, =7 ).

. Equation of line in point-slope form becomes:
_E_--_E _E —E:—E +£
y b bu-{ ED or ¥ b b{x b}

3. Two-Point Form

Two points on equation (1) can be taken as (xi, v1) = (0, --:-}ami (xx.mﬁ—ﬂi,n}_

~. Equation of line in two-point form is:

c
y—= x—-0 c a
e Sl = LR o R

4. Two-Intercept Form
From equation (1)

Z4Zoy o 22

ax+by=-c or

which is equation in two-intercept form with:

x—inhcrccpt=-£ and y-intercept = —E
5. Symmetric Form

Slope of equation (1) is m = tané = ==

-C -c —cfa —cfb =

b
AP S b tﬁ"
Sing === and Cosd = 7=— é
A.puintunaquaﬁun{l}iﬂ{.n,yi}={ﬂ."£}. @g_
. Equation of line in symmetric form is: B

c
x-x - x=0 y+=
ok B Aub £ PP Rl BPRAS B
Cos# Sing =
JaZsbi JaZ+d

6. Normal Form

Equation in normal form is:
xcosf + ysing = p (2)
From equation (1), we have:
ax+by=-¢ (3)
Equations (2) and (3) are identical, therefore:
A L
cosa sina  p
- _E=msﬂ=sinﬂ =Jm | 1
—-c a b +VaZ+b? +VaZ+bi
_ e
= P et

Unit-08  Geometry of Straight Lines
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ax .
TVaiip? | tvaieor  vaiibe |

(=) () - 7

e I

Now, dividing both sides by +Va? + b7, we get

by =

Which is required normal form of equation of lime., 110700 o i (1 moimps o s
Thempnfmdmalmchmsmmthmwﬂyﬂutnghthmdsﬂtmm ----- paupd
Example 6: - g

Reduce the equation 6x — 5y + 15 = 0 into: ' i

(i) slope-intercept form  (ii) two-intercept form (iii) point-slope form

(iv) two-point form (v) normal form (vi) symmetric form

Solution:

(ii)

{111)

(iv)

iv)

(vi)

Unit-08  Geometry of Straight Lines

Gx-5y+15=0 = 5y=5x+15 = y-—x+3

I i i Vil IS - 1 i
LY T ] =i i DRI 21 Hur

where:ngmdc‘i _ L= .

6x-5p+15=0 = 6x-5y=-I5
.. - B i
= -15) (—15) bl —15;s+15;5 A, _
-5!2 - mdy-mlacepl 3 Ls
Apumlmﬂwhn::s(rl.y;} (0, 3). Msoslupcofﬁhms=m =_(-- -'-‘.

Equation of line can be written as y -3 = g(r‘_ﬂl.._ L

sittl 1o oot
Two points on the line are (x1, 1) = (0, 3) and (12,32 ) = (5, 0)
Equation of line passing through both points is: '

y-3 x=0

0-3 'T:—u

Given equation can be written as 6x — 5y=—15
Or —6x+5y=15 (Makznghlsidepomtl\re}
Dmdmgbﬂlhmdesnf-ﬁx+5y= 15 by,{f-a)uaz—v“_sa +“ z§=ﬁ

I IR ik

15
T (@) (@)%
Winchlsnumulfmmufaqm_ i aTav i
Given equation is 6x — Sy + 15=10. 34 4
6 hich imolies si 6 5 =
m—umﬂ'-; which implies SMEJH and cosf = e




A point on the line is (x1,1) = (0, 3). .
Thus equation in symmetric form is: d@
Vo1 Ve

TN 1 1l 1B

}AA-Sp i - <oitd- PP - 1 P e

; 1 cmhorn =ty radesald
. Fin:lﬂuaqmﬁbnufhnrhﬂnhl!iuplﬂingmrwgh;, :

(i) (2,3) (i1) (8,0) I (iii) (-5, —9} i) (_—;,:-z-
' i owrt o1 Whan 8, DHAA al
2 Fmdlhunquaumufvr.m::nl Imr.pqmnnthmugh ' )i
14
(i) [i 5} (i1) (9 6) ! (Biy {—4 -7} nl (1. :)

=

OB Fmdaquﬁmufﬂ\ehmmﬁefulhmngmfnmhm
) W*%w-—a i) through (-5, T)mthslopedl
(i) through (4, -5) with slope©  (iv] ﬁuugh{—z.!i]hﬁthﬂahéundeﬁnéd
(v) through (-6, 1)and (2,~4) | /(i) through (2,-Hand(8,4) .
(vii) ;m-—&_gwns (viii) slope=-1, muwt-u

4 leg;nﬂivnuflmhqmm:ﬁmwbm o \ nnt boe s = 0 oal 24
(i) l-l'h.‘l':s =4, &Iwﬂltﬂ& U id) (x1, 1) = (6, -ﬁ}md 5~=30“ O nal

8 FMMM&WMM
| {1};;“;#5“'!&!0’ &= (ii) pwlﬂmdtmﬂ }

nbu.rﬁhugf . Pfl ealamh,
(i) y f—f’—d’fﬁndﬁlﬂ%iﬁeﬁumﬂulnpe—ﬁ

(i) through (5, —nmmmmlnmmmmm&* | = = 110 5qold

(iii) hlungy-mtermpt=4mdpﬂﬂidmﬂmhn=wnhnhpe-

(iv) huvm;x—mﬂcepw—zmdpnqmdmuhﬂuthﬂmcmtshﬁm
(v) through (=1, 4) and perpendicular to the line passing through (3, 0) and (1, =2)..,
(vi) through (6, —4) and parallel to the line passing through (-5, 2) and (3, 6). |
7. Find equation of the line through (3, 7) and parallel to the line 4x 3y £ 1=0. .,
% Find equation of the line through (-2, — I)mdperpendmzlnmﬂ:ulmu 2y =0, -
o, Find oquaion of pespendicuas bisecorofline segmentining (0, 6)9nd (2. 2). .
10. Fmdommofmedmmdnmuﬂqnfmﬂemmw
A(0,4),B(4,6)and C(-2,-2). .. - 5
f £ Rﬂmhqm(;) ﬁt+3y—ll=ﬂ (b} 4: 3y+?=_{l into:

(1) IIWO-MM {u} two»mmoaptfmm : hllill pl:lli.l;t rIl.';]‘.lll;=fri.'lll'lk!l
(iv) two-point form (v] normal form 0l Y Dsymmetrie form
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Anele Between Two ( oplanar Intersecting Lines

I'heorem:

Let I, and [; be two non-vertical non-perpendicular coplanar lines making angles @ and B with
positive x-axis respectively as shown in figure. y-axis
If m; and m; are the slopes of /, and L~ 4

respectively, then the angle 8 from /, to /; is L
e h

Mz =My
1+ m;m;

Frool: In AABC, f and 6 are two interior

angles and @ is non adjacent exterior angle. g
= f+0 . . B >

A oj B~

- o

(2]
tanf = o
e

= 8 = a-§
= tanf = tan(a-f)

= 0 tana — tan §
1+ tana tan
Astan @ =m; and tan B = m, ,
tan§ = 2L
1+ m; my
Example 7:

Find the measure of angle from /, to /»
if: slope of /; =— 1 and slope of ; =2
Solution:

slope of [y =m;=—1 and slope of l; = m;=2
If @ be the angle from /, to ; then:
mp-m; 2 =(-1)

tnd - 1+mym; 1+2(-1) P
tan”' (- 3) = 108.43°

Example 8:
Find the interior angles of triangle whose vertices are A(-2, 0), B(3, 0) and C(6, 5).
Solution:
Let the slopes of sides AB, BC and AC be denoted by m, m; and m; respectively.

T ek R M= etz 8
Let @, § and y be interior angles of AABC at vertex A, B and C respectively, then
Angle is measured from AB to AC.
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5.0

tanr.t=mrm1 =_'Gj—_ =2
14mam; 1+4(=)(0) B8

(s
=¢=m1(_)-32n A2, D}Slupﬂ m B0, u]

| kolch ol

5
my—my O~ 5
Im - = T ——
B~ Srmma ~ ()

= f=tan" (——}=121°

Ma—ms _ 24
1+m:m, 1+ iiii!, *

ﬂ'r=m"(‘;}=27"

Point of Intersection of Two St

Let /; and /; be two non-parallel straight lines such that:
h:ax+by+e=0 and hiax+by+ec=0

where ai1b; — a2b, # 0 otherwise [; || .

Let P(x;, ») be the point of intersection of /, and /;, then:

ayx; + by +e=0 (1)
asx) + by + 2 =0 @ B A AR AN
Solving (1) and (2) simultaneously, we get: X )/: \

h o
.- SO, (LG
bycz=bycy  @zCy—@y6; @ by—azhy
ﬂfz—b:-‘-'x dzCy—a4Cz
= x = and = —_—
ayb;-az0, M ayby-azby

Therefore, (—-——"‘2—*'1‘2' i S “)imqmd* point of intersection.

ayby—aby " ayby—a by

Example 9:

Find point of intersection of following lines.
x+2y=3 (i)
Ix-y=2 (ii)

Solution:

Multiplying equation (ii) by 2 we get:
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bx—2y= .4 | (1ii)
Adding (i) and (iii), we have:

Tx=T7 or x=1

Substituting x = 1, in equation (i), we get: : :
1+2y=3 = 29=2 or y=1 N .
. Required point of intersection is (1, 1), : St s

Fguation of Family of Lines

Let Iy and 13 be two' ﬂon-;nh'nllul_*s_n'ught lines:

O T et L

Imq.,t-bbw-!-q;ﬂ g , (i)

fz.a;x+bﬂ!+cz=ﬂ {Ii} -

with point of intersection P(x1, y.}-ﬂﬁ : :—::;—"1‘—1 o sinraeaisal: ﬁ

w:c-nufmdnfamilyoflinesthmughIhc_gp?ip”f_:_in;fw_qﬂr.i__:;._“ R
For a non-zero k, the equation: A . J :
ayx + by + o) +k(awx + by +¢3)=0 ) o SRl ol A
is also lincar and represents a straight line. big A2 Wi ‘ : .|. -,
Equation {m) reprewuts infinite number of Immrmmrmtum?f k and thmforntu
known agslamilydb! lincss % 0
It can be easily proved that if (x;, y;.}upummflmem?cnmof{l}and{ﬁlj,!hcpqumm(m]nlw
passes through (xi, y1).
mmwmm{:u}mﬂmmumfmﬂfnfhmmmgmmmnfmﬁ :
equations (i) and (ii). As mentioned nbuveﬂmnmm{m}repmts mﬁmtﬂ nmnbernfhncs :
by changing values of k. Furparhculnrvaluna-fk spuﬁmh:llmnfﬁmﬂyﬁm[m]mbe

determined by imposing one more

b

Example 10:
Fﬂmdhmmlmmtofmmoflm x+2y=ﬂ: y=3 |
(a) maﬂmushpomtﬂ n Mb) parallel o ko dy+7=0 " '

! 1o ol

Solution: il i
te fasrratt --qu;:i_’)pi'nm.lr Wl . (i)

ST SMG E' L 2

g ) =ur.!'.‘t}!-:ri3_:ﬂ'.‘1q.m|:'|.-|I . {il}

[ 4

¢ | g : Eenetlisht
WO LT ) DORBLS Snry g,

A family of lines through the point of intersection of lines (i) and (ii) is:
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x+2y+kix-y-3)=0
= (1+kx+(2-k)y-3k=0 (1ii)
(a) As equation (iii) passes through (1, 1), therefore: |
(1+kN1)+(2-k)1)-3k=0
= | +k+2-k-3k=0 = 3-3k=0 = Lk=I

Substituting the value of k in equation (iii), we get the required line as follows:
(I+1x+(2-1y-3%x1=0 = 2x+y-3=0
l - (b) Slope of line (1ii) 1s:

] 1+k
l m=-(35%) |
Ix-4y+7=0 (iv)

Slope of line (iv) is:

&)
Mg = |
-4/ 4

It is given that lines (iii) and (iv) are parallel, therefore:

1+k)_3 -1-k 3 -1-k _3 l
—— m— | — a —_— -
2k 4

= -
4 24k 4 -2+k .
4-1-Kk)=3(—2+k) =» -4-4k =-6+3k |
2
Tk=2 or k—;
Substituting the value of kinx + 2y + k{x - y-3) =0,

X +zy+§{.r—y—3}=n = Tx+ldy+2x~2y-6=0

=2 %+12y-6=0 I

Which is required line. “

1.  Find the measure of angle from /; to /; if;
(i) slopeofly=0andslopeofl=1 (ii)) slopeof/;=-10.5 and slope of /;=4.5
(iii) slope of /; = tan45” and slope of /; = tan135°

2. Find the measure of angle from /; to [, if: {
] (i) Ii: joining (2, 0) and (5, 0) I5: joining (2, 0) and (5, 5)
(ii) 1 joining (-2, 1) and (3, 4) I1: joining (-1, 3) and (4, 8)
J (iii)  /i: joining (-5, —4) and (5, 1) /;: joining (-3, 2) and (0, 5)
(iv)  1;: joining (2, —6) and (5, -9) 15: joining (5, -5) and (-10, -5)

k | e
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(v) I joining (0, -3) and (7, -9) h: joining (2, -2) and (-8, -12)

Find the interior angles of triangle ABC when:

(1) Slope of AB = 0, Slope of BC=—1, Slope of AC =1
(i)  Slope of AB = 0.25, Slope of BC = 1.25,  Slopeof AC=1
(ii))  Slope of AB= 04, Slope of BC=—1.5,  Slope of AC = 1.667 ’
(iv)  Slopeof AB= —1, Slope of BC = 0.8, Slope of AC= 0
Find angle between lines:

(i) 3x+2y+5=0 and 2x-3y+8=0

(i) x+2y-6=0 and 2x-4y+9=0

(i) 6x-y+1=0 and x-Ty+12=0

Find the interior angles of triangle XYZ whose vertices are:

(1) X(-2,3),Y(-3,-4),Z2(5,2) (i)  X(=3,2), Y(0,-1), Z(3,3)

(i) X(=2,0), Y(1,-4), Z(6, 6) (iv)  X(-4, 1), Y(0,-3), Z(4,3)
Find the point of intersection of lines:
(1) 2+y+1=0 and x-y-4=0

(i) x+y+3=0 and 2x-Sy+8=0

(i) 2x+5y+3=0 and 3x-4y-5=0

Find equation of line passing through point of intersection of lines
Ix+2y+1=0,x-2y+3=0and

(8) passing through point (1, 0). (b) parallel to 3x-4y+3=0.
Find the equation of family of lines passing through point of intersection of
6x+5y+3 =0 and 2x-S5y+ 13 =0 withslope 3.

Find equation of line passing through point of intersection of lines
2xx-5y+4=0,6x—4y+5=0and

(8) parallel to x-axis. ‘(b) parallel to y-axis.

Find equation of line passing through point of intersection of lines -
2x—y+2=0,x-2y+1=0and

(a) paralleltox—-2y+11=0 (b) perpendicularto 2x+ 5y +2=0.
Find equation of line passing through point of intersection of lines

x-2y+4 =0,3x-y-3=0and

(2) parallel to line passing through (2, -3) and (0, 4).

(b) perpendicular to line passing through (2, -3) and (0, 4).
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Example 11: In the linear equation y = 1.12x + 8 if “x™ represents the number of kilometers
and “y" represents the cost of the bus fare.
(i} What will be the cost of bus fare after travelling 50 km?
(ii) Asif paid a bus fare of Rs. 480 in a journey. Find number of kilometers travelled by him?
Solution:
Given: y=112x+8 ....... (1)
(1) Substituting x = 50 in equation (i), we have:
y=1.12%50+8=64
= Cost of bus fare = Rs.64
(ii) Substituting y = 480 in equation (i), we have:
480=1.12x+8 = 1.12x=480-8=472
x=472+1.12=42143
. Numbers of kilometers = 421.43
Example 12:
Saadia buys mangoes @ Rs. 150 per kilogram and melon @ Rs. 80 per kilogram. She has Rs. 620
to spend on fruit. Write an equation in standard form that describes the situation. If she buys 2
kilograms of mangoes, how many kilograms of melon can she buy?
Solution:

Suppose x denotes number of kilograms of mangoes and y denotes number of kilograms of

melon.
The equation that describes this situation is:

150 x + B0 y = 620 (1)
As she buys 2 kilograms of oranges, substituting x = 2 into the equation (i) we get:

150(2) + 80 y =620 or 300+ 80y=~620

= 80y=620-300=320 = y=320+80=4

~. Saadia can buy 4 kilograms of melon.
Example 13:
The pollution index in a large city increases in an approximately linear fashion from 8 am until
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3 pm in autumn season. On 24™ November, the reading at 10:00 hours is around 80 parts per
million (ppm) and at 14:00 hours, the reading is 110 ppm.

{a) Write an equation for this situation.

(b) What does the gradient (slope) mean in terms of pollution?

(¢) What does the y-intercept mean in terms of pollution?

(d) What will be the pollution index at 12 pm?

Solution:
(a) Ift denotes time and p denotes pollution index then:
(tr, p1) = (10, 80) and (t2, p2) = (14, 110)
Using equation of line in two-point form, we have;
t=t: _ PP

tz=t; pPa-py

Substituting the values, we have:
t-10 _ p-80 - t-10_p-80

14-10 110-80 4 30
= 30(t—10)=4(p-80) = 30t—300=4p—320

= 30t-4p+20=0 = 15t-2p+10=0 ...... (1)
Which is required equation.
(b) From (i), we have:
2p=15t+10 = p=751+5 ...... (ii)

= m=75andc=§
Here the gradient 7.5 means that pollution index is increasing (@ 7.5 ppm per hour.

(c) y-intercept =c = 5 means that pollution index at 00:00 hours (12am) is 5 ppm.
You can plot graph to understand in a better way.
(d) Substituting t= 12 in equation (ii), we get:
p=75%12+5 =95 ppm

1. Nasir sold *fruiters’ @ Rs.120 per dozen and ‘Shakri Malta’ @ Rs. 150 per dozen and eamed
Rs. 1200. Write an equation in standard form that describes the situation. If he sold 4 dozen
of *Shakri Malta’, how many dozens of ‘fruiters’ he sold?
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The linear equation y = 1450 x + 2000 describes the total cost for staying in a hotel

for one day, where Rs. 2000 is the rent of room for maximum 8 people and
Rs.1450 is the food cost per person.
(1) Find the cost paid to hotel if a group of 7 people stays for one day.
(i)  How many people can stay in the hotel for Rs. 13,600 for one day?
If one company provides Rs. 5500 per week along with extra bonus of Rs. 700 and
the other offers Rs. 800 per day. Convert the data into linear equations and tell
which is better deal for two weeks?
A man eamns Rs. 120 per hour. He has Rs. 500 in addition with him.
(1) Write a lincar equation for the situation and tell how much will he get after 12 hours?
What does slope show in this situation?
(111)  What does y-intercept represent here?
Ali shifted in a rented house on first September. The electric meter of house was showing 44
units on that day. If the average electricity consumed is 18 units per day:
(i) Represent the situation through linear equation.
(i)  How many units are consumed till 30 September?
(i11)  What will be the bill after one month @ Rs. 20 per unit?
(iv)  After how many days, the meter shows 404 units?
Alia hired a taxi with a fixed charge of Rs. 1500 plus Rs. 450 per 30 minutes.
(i) Represent the relation as a linear equation.
(i)  What will be the cost of taxi fare after 5 hours?
(ili)  What is the slope of equation in the case?
(i) Derive the relation between Fahrenheit and Celsius scales in slope-intercept form.
(i) What does y-intercept and slope show in the equation?
(iii)  What is temperature in Fahrenheit when temperature in Celsius is 5°C?
A cricket team scores 96 runs in 16 overs and 180 runs in 30 overs.
(i) Write an equation of line for this situation.
(ii) What does the gradient mean in terms of scores?
(iii)  What does the y-intercept mean in terms of scores?
(iv)  What will be the predicted score after 45 overs?
(v)  After how many overs, the predicted score will be 2407
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Abdullah rented a truck for one day. The truck company charged Rs. 5000 per day and some |

additional money per kilometre. He drives 125 kilometres and paid Rs. 30,000,

(1) Write an equation in point-slope form that describes this situation.

(i) Find the amount per kilometre the truck rental company charges and relate it with
~ slope.

(1))  How much would it cost if Abdullah drove 180 km?

A ship starts travelling from Karachi with latitude of 25° N and longitude 67° E. If the ship

travels in a straight line and reaches a destination with latitude of 32° N and longitude 54° E,

then derive the equation of line in point-slope form. If the ship moves to another location

with a latitude of 39° N, what is longitude of that location?

. Length and width of a plot are in the ratio 2 : 1. |

(i) Write equation of line and find the length of plot if the width of plot is 30 feet,
(i) "What is slope in this case and what does it mean?
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: Encircle the correct option in the following.
(i)  Slope of two lies are 0 and oo, What is angle between both lines?
(@) 0 (b) 60° (c) 90° (d) 180°
(i)  Oneangle of right triangle ABC is determined by the line joining A(1, 2) and B(2, 3).
Find the third angle.
(a) 30° (b) 45° (c) 60° (d) 80°
(i)  Slopeof (1, 6) and (1, y) is 3. What is y?

(a) 10 (by U () —12 (d) 12
(iv) The line 5x — ky — 3 = 0 passes through (1, 2). What is k?

(@) 1 b - () -2 (d 2
(v)  The line 5x — 6 = 0 represents a line:

(a) parallel to x-axis (b) parallel to y-axis

(b) passing through origin (d) touching both axis
(vi)  Line y =0 represents: :

(@) X-axis (b) y-axis (c) aplane (d) a point
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(vii)  The line y = b, is above the x-axis, if

(@ b=0 (b) <0 (€) b>0 (d) b#0
(viil)  The line x= a, is left to the y-axis, if
(a) a=0 (b) a#0 (c) a=0 (d)a<0

(ix)  Slope of a line / is — 4. What is slope of a line perpendicular to 7
| 1
(a) i (b) 7 (c) 4 (d) -4

(x)  Whichof the following line has slope % ?
(8) 2x+3y=0 (b) 2x-3y=2 () 3x-2y=1 (d) 3x+2y=3

(xi)  The line y = 5x — 3 is written in the form:
(8) point-slope (b) two-intercept  (c) slope-intercept  (d) two-point
(xii)  x-intercept of the line x + y =5 is:
(a) 1 (b) -1 (¢) 5 (d) -5
(xiii) A line intersects both axis at (2, 0) and (0, 7) respectively. Its y-intercept is:
(a) -2 (b) 2 (c) -7 (d) 7
(xiv)  Point of intersection of lines 9x — Ty =0and 8x - 11y =0, is:
(2) (0,0) () (0,7) (€) (9,0) (d) (7,9)
Prove that A(3,-10), B(1, 4) and C(2, -3) are collinear points.
3. x-intercept of a line is double of y-intercept. Find equation of line if it passes
through (2, 1).

(2]

4. Reduce 5x — 2y + 1= 0 into slope intercept form and two intercept form.

5. (1) Reduce x — 3y = 3 into intercept form and find x- and y-intercepts
(ii) Find its slope and transform the equation into point slope form.

6. Normal form of an equation of line is x cos150° + y sin150° = 10. Transform the
equation into slope-intercept form and find its slope and y-intercept.

7. (1) Find vertices of triangle ABC.
(i1) Calculate slopes of its sides.
(iii) Find interior angles of triangle.

=R
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Lines OC and AB are shown in the graph. Find
(1) coordinates of end points of u

Two points P(4, —1) and Q(8, 3) lie on a line. Find:

(i) coordinates of mid-point M of PQ.

(it) slope of PM.

(1ii) the equation of line parallel to PQ through (-2, 2).

(1v) the equation of line perpendicular to PQ through (-2, 2).

Two points A(2, —2) and B(4, 6) lic on a line. Find:

(1) length of AB. (il) slope of BA.

(111) values of @ and b when the line AB i1s ax + by — 10=0.

(iv) the equation of line parallel to AB passing through (0, 3).

Find equation of line passing through mid-point of (4, 4) and (8, 0) parallel to the line

2
having slope =

OC and AB. HEEME C

(ii) slopes of both lines, P sE il ]
(iii) equations of both lines. ottt T 11
(iv) coordinates of point of intersection WE |

of both lines.

- ¥
|
++++++ M NN T N T W W ———

SR

Locate two points on the coordinate plane that satisfy the equation x — 2y = 2. Find :
(i) the slope of segment / connecting two points.

(11) slope of segment p perpendicular to /.

(iii) mid-point of the segment /.

(iv) equation of line passing through mid-point of segment / and slope of p.

(ol J
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