CHORDS
AND ARCS

» Weightage = 5%

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
~ Understand the following theorems along with their corollaries and apply them to solve allied problems.
<+ If two arcs of a cirele (or of congruent cireles) are congruent, then the corresponding chords are equal.
% If two chords of a circle (or of congruent circles) are equal, then their corresponding arcs (minor,major,
semi-circular) are congruent.
< Equal chords of a cirele (or of congruent circles) subtend equal angles at the centre (at the corresponding
centres),
< If the angles subtended by the two chords of a circle (or congruent circles) at the centre (corresponding

centres) are equal, the chords are equal.




Introduction:
In this unit, we discuss the theorems related to chords and arcs of a circle.

Theorem 27. 1 [
If two arcs of a circle (or congruent circles) are congruent i

then the corresponding chords arc equal. X
We shall prove the theorem: {7 N
i. For one circle '
ii. For two congruent circles O »

i For one circle |

Given: A circle with center O whose AB and CD arc congruent LV

arcsi.e. AB = CD. —-i--“"“'
AB and CD are the corresponding chords of the given

congruent arcs.

To prove: AB=CD

Construction: Join the points O with A,B,C and D.

Proof:
Statement eason
In AOAB <> OCD
OA=0C yf same circle
OB=0D same circle
msl=ms/2 ‘_ entral angles of two congruent arcs
AOAB=0CD & 8.A.S postulate
AB =CD _N“\_‘ Corresponding sides of congruent triangles
Q.E.D — -
ii. For two congruent circles : :

Given: Two congruent circles with centers

Oand O respectively. AB and CD are congruent | . X
arcs of these circles where AB and CD are the '
corresponding chords. L CST——
To prove: AB=CD > '
Construction: Join O to A and B, Join O to C and D.
Proof:
&) Statement ‘Reason
In  AOAB & AOCD
OA=0C Radii of same circle
mll=ms2 Central angles of two congruent arcs
AOAB = AO'CD S.A.S postulate
AB =CD Corresponding sides of two congruent triangle




Theorem 27.2 (Converse of theorem 1)
[f two chords of a circle (or of congruent circles) —— =il

are equal, then their corresponding arcs (minor, major,

semi-circle) are congruent.

Given: Two congruent circles with center O and Q' |

respectively having two congruent arcs L.e., AC =PR.
To prove: AC=PR
Construction: Join O with A and C, O' with P and R.

Proof:
Statement Reason A ]

In AAOC <> APOR ALY
OC=O0R Radii of congruent ci @

AC = mPR
AOAC = APOR
mZ/AOC=m/POR (i)

Hence _
AC=PR

Example 1:

A point P on the circumference of a circle is equidistant from the 9.
radial segments OA and OB. Prove that mAP = mBP rd
Solution: ! '-,"
Given: AB is the chord of a circle with center O. Point P on the |' n |
ciﬁumﬁczﬁce of th_e circle_is equidistant from the radial segment \ n Ty |
OA and OB. i.e. mPR = nPS \ad b e
To prove: mAP = mBP pn —a ' Iy
Construction: Join O with P. Write mZ1 and m22 as shown in the ¥
figure.
Proof:
. Statement Reason
In right angle AOPR <> AOPS
mOP = nOP Common
mPR = mPS : :
AOPR = AOPS HS=HS
So mZl=ms2 (i) Corresponding angles of congruent As
=  AP=BP From (i)
Hence mAP —mBP By definition of congruent arcs




Theorem 27.3

Equal chords of a circle (or of congruent circles) subtend equal angles at the center
(at the corresponding centers). e
We shall prove theorem: A———NI

1) For one circle i) For two circles \
i) For one circle [ v d \
Given: Circle with centre O, having two congruent chords i.e., |
AB=PR. \ /
To prove: mZAOB= mZPOR ) X /
Construction: Join O with A and B and also O with P and R. b —*
Proof:

Statement _
AB=PR (i) Given
OB=OR (ii) OB,OR,OA and OP ar
and  OA=OP (iii)
AAOB = APOR
m/AOB = m/POB
ii) For two congruent circles = B
Given: ' ' '
Two congruent circles with center O and O : L |
lespecti\ ely so that  mAC=mPR, Where | _ A ,
AC and PR are the chords of circles. \ i '
To prove: Ve = Pe———k
mZAOC = mZPOR .
Construction:
Take a point S on arc PR and join S to P and Q' such that ZAOC = /PO'S.
Proof:
Statement Reason
Let mZAOC=m/POR
But  mZAOC=m/PO'S Construction :
AC =PS (i) Arcs subtended by equal central angles
- of congruent circles
S mAC =mPS (i) From theorem (1)
But mAC=mPR (iii) Given
mPR =mPS Using (ii) and (iii)
Whlch is only possible, if R concides Because P is common point
with S.
= mZAOC = m/POR Our supposition is working




Corollary 1:

In congruent circles or in same circle, if central angles are equal then corresponding
sectors are equal.
Corollary 2:

In congruent circles or in same circle, arcs will subtend unequal central angles for unequal
chords.
Example 1:

Prove that the internal bisector of a central angle in a circle o~ =
bisects the corresponding arc. _ '
Given: A circle with center O. OP is an internal bisector of central angle |

AOB. ie. /1= /2 I 1
To prove: AP=PB y PN J
Construction: Draw AP and BP. then write Zland 22 are W' 4

corresponding angles of AP and BP respectively. o
Proof:

Statement
In AOAP <> AOBP

mOA = OB

ml=m/2
and mOP = nOP

AOAP = AOBP
Hence AP = BP




Example 2:

Prove that in a circle, if two diameters are perpendicular to each other then the lines

joining their ends form a square. &
Given: 2T AN
Given PR and QS are two perpendicular diameters of a /.~ | '-.‘l
circle with center O. So PQRS is a quadrilateral. Naming 21,22, l'% 1.'”'1-_ 3 U
£3./4./5 and Z6 as shown in figure. l'., 0 Iy pg’ 2NN /
\ ) J
\ | ¢ Iy
To prove: . -n'd) g
PQRS is a square. ~
Q
Proof:

Statement
PR and Q_S are two perpendicular diameters

of a circle with center O,
ml =ms2=ms3=ms4=9

ngles in a circle
mPQ=mQR =mRS=mSP - (ii) ' | Chords corresponding to equal arcs.
Inright A POS,

mPO=nOS  (iii) PO and OS are radii of circle
APOS is right isosceles, triangle From (iii)
ms5=45° (iv) APOS is right isosceles, triangle

Similarly, APOQ ‘is right isosceles triangle | By the above process
mZ6=45% (V)

Moreover
mAP=m/S5+ml6 imeleaddition postiiate
mLP =45 +45° By using (iv) and (v)

mLP=90°  (vi)
Similarly, mZQ=mZR = mZS=90° (vii) | By the above process
PQRS is a square Using eq (ii), (vi) and (vii)
Q.E.D




Theorem 27.4

If the angles subtended by two chords of a circle (or e
congruent circles) at the centres (corresponding centres) are equal, P" " "“J:"
the chord are equal. 4 . " 1
(a) For one circle f N l'll
Given: (4] |

Circle with centre O, having chords PR and AB. The angles 'n,' ! ."I
substended by both arcs are congruent i.e. Z/POR = /AOB. LY o W4
To prove: mAB= nPR AN N B
Construction: Join O with P and R, and also with A and B. K
Proof:

Statement easor
OR=0B (i)
and  OP=O0A (ii) Radii of same eircl
ZPOR = ZAOB (iii) | Given
APQR = AAOB SAS=SAS (Postulate)
AB=PR Con ng side of congruent triangles
Q.E.D
(b) For two congruent circles = 5 A
Given: :

Two congruent circles with center O / /
and O with ACand PR are chords, | 2 -
Subtending equal angles at centre ie. /
ZAOC= /POR. e . —
To prove: mAC=mPR 0 *

Proof: =
__ Statement Reason

In AOAC «> AO'PR
Sl
@E o'P
% ZAOC= /POR
0C=OR
AOAC=AOPR
Hence mAC = nPR




EXERCISE 27.1

1. In a circle prove that the arcs between two parallel and equal chords or equal.
2. Prove that in equal circles, equal central angles have equal arcs.

3. In the following figure, O is the centre of the circle. Find
the value of x and y.

4. In the following figure mZPQR =35%and mZPRQ=31°.
Find mZ QPR and mZOQR.
5. In the figure O is the center of circle, given that iy,
mZAOB=120° and m/BCD=85°. Find m£OAD
A%

6. In the following figure. AB is diameter of the circle given
that m/DAB=30" Eind msACD
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(d) Incongruent

i If achord of a circle subtends, a central angle of 60°. Then the chord and the radial segment

“(a) Parallel (b) Perpendicular (e) Congruent
ii. Anarc subtends a central angle of 45° then the corresponding chords will subtend a central
angle of ?
(a) 15° (b) 30° (c) 45°

(d) 60°
iii. A pair of chords of a circle subtending two congruent central angle are.
(a) Perpemdicular (b) Non congruent  (c) Congruent

(d) None of these




iv.

i

vi.

The arcs opposite to congruent central angles of a circle are always.

(a) Parallel (b) Congruent (c) Perpendicular (d) None of these
A 6cm long chord subtends a central angle of 60°. The radial segment of this circle is
(a) 4cm (b) 6ecm (c) Scm (d) 8cm

The chord length of a circle subtending a central angle of 180° is always
(a) equal to the radial segment
(b) less than radial segment
(c) double of radial segment
(d) half of the radial segment.

viii. The length of a chord and the radial segment of a circle are congruent, the  central angle

iXx.

¥ VY VYV VV Y

Y

made by the chord will be:

(a) 60° (b) 75° (c) 90° (d) 45°
Out of two congruent arcs of a circle, if one arc makes a central angle of 30° then the
other arc will subtend the central angle:

(a) 60° (b) 90° (c) 75° (d) 30°
Diameter divides the circle into parts.
(a) Two (b) Three (c) Four (d) All of these
SUMMARY

The circles are congruent of their radii are equal.

Equal chords of circle subtend equii_l angles at the centre.

The straight line joining any fwo points of the circumference is called a chord of the circle.
The portion of a circle botinded by an arc and a chord is known as the segment of a circle.
The boundary traced by a moving point in a circle is called its circumference.

An portion of the circumference of a circle is called an arc of the circle.

A straight line, drawn from the centre of a circle bisecting a chord is perpendicular to the
chord

A perpendicular drawn from the centre of a circle on a chord, it bisect the chord.

If two arcs of a circle(or of congruent circles) are congruent, then the corresponding chords
are equal.

If twa chords of a circle (or of congruent circles) are equal, then their corresponding arcs
(minor, major, semi circular) are congruent.

Equal chords of a circle (or of congruent circles) subtend equal angles at the centre (at the
corresponding centres).

If the angle subtended by two chords of a circle (or congruent circles) at the centre
(corresponding centres) are equal, the chords are equal.
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