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}ﬁﬂ PREFACE

The Sindh Textbook Board, is assigned with preparation and publication of the textbooks to
equip our new generation with knowledge, skills and ability to face the challenges of new
millennium in the fields of Science. Technology and Humanities. The textbooks are also aimed at
inculcating the ingredients of universal brotherhood and to reflect the valiant deeds of our
forebears and portray the illuminating patterns of our rich cultural heritage and tradition.

The textbook, in your hand, of Mathematics for class X has been developed according to
provincial curriculum 2017 in the continuity of Mathematics for class [X. The curriculum contains
30 units, among them, first 16 units were included in Mathematics for class IX. Hence, remaining
14 units (from 17 to 30) are included in this textbook of Mathematics for class X.

The Sindh Textbook Board has taken great pains and incurred expenditure in publishing this
book inspite of its limitations. A textbook is indeed not the last word and there is always room for
improvement. While the authors have tried their level best to make the most suitable presentation,
both in terms of concept and treatment, there may still have some deficiencies and omissions.
Learned teachers and worthy students are. therefore. requested to be kind enough to point out the
shortcomings of the text or diagrams and to communicate their suggestions and objections for the
improvement of the next edition of this book.

In the end, I am thankful to our learned authors, editors and specialist of Board for their
relentless service rendered for the cause of education.

Chairman
Sindh Textbook Board
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SETS AND
FUNCTIONS

* Weightage = 11%

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:
Recall the sets denoted by N, W, ZFOQ,P (C,(@,Q'and R
Type of sets and representation of sets
Operations on sets
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Union,
Intersection.
Difference,
Complement.

Symmetric difference of two sets
Give formal proof of the following fundamentalproperties of union and intersection of two
or three sets.
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Commulative property of union,

Commutative property of intersection.
Associative property of union,

Associative property of intersection,
Distributive property of union over intersection,
Distributive property of intersection over union,
De-Morgan’s laws,

Verify the fundamental property of given sets.
Use Venn diagrams to represent
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Use Venn diagram to verify
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Distributive laws.

Recognize order pairs.

To form Cartesian products.

Define a binary relation and identify its domain and range.
Define a function and identify its domain, co-domain and range.
Demonstrate the following:
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Examine whether a given relation is a function or not.
Differentiate between one-one correspondence and one-one function,

Union and intersection of sets,
Complement of a set.
Symmetric difference of two sets.

Commutative property of union overintersection of sets,
De-Morgan’s laws, t
Associative laws,

-

Into and one-one function (injective function),
Onto function (subjective function),
One-one and onto function (bijective function),



17.1 Operations on Sets:
17.1(i) Recall the sets denoted byN, W, Z E,O,P,C,Q,Q and R
As a matter of fact, set is one of the fundamental concepts of Mathematics which is useful

in formulating and analyzing many mathematical notions. The concept of set, in detail, has
already been discussed in previous classes. Let us recall some important sets.

Set of Natural Numbers: N = {1,2,3,...|

Set of Whole Numbers: W = {0,1,2,3,...}
{0,41,42,43,...}
{U,ﬂ,ifl,iG,...}
441,48, 45,4
Set of Prime Numbers: {2,3,5,7,...}

Set of Composite Numbers: C = {4,6,8,9,10, ...}
{rlr P prgeZ, q ?*0}
q

1

Set of Integers:
Set of Even Integers:
Set of Odd Integers:

N © BH N
([T

I

Set of Rational Numbers: @

)
Set of Irrational Numbers: Q' = {TII * }—,p.x\qe Z, g# 0}
q

Set of Real Numbers: R = [I1I=£V-¥¢E:PAQE Z, ‘I?&U]
| T J
ie. R=QuQ
Notes: -

> The above sets can also be represented by N,W,Z,E,0,P,C,Q,Q and R.
» R" and R~ denote the set of positive and negative real numbers respectively
7 The set of all rational, iﬁggio 1al and real numbers cannot be written in tabular form

17.1 (ii) Types of sets and representation of sets
Firstly, we discuss the representation of sets. We are already familiar with the three
methods or forms of representing a set which we studied in previous classes. These are
I. Descriptive form.
2. Tabular form or Roster form.
3. Set Builder form.
Recall that, in descriptive form, a set is described by common characteristics of its
elements in any common language, for instance
A = Set of natural numbers between 5 and 10.
In tabular form, a set is described by listing its elements, each is separated by comma and enclosed within braces.
The above set is written in tabular form as A ={6,7,8,9} while in set builder form a set is

described by common characteristics of its elements using symbols. The set builder from has
two parts, one determines the nature of the elements and other its range.

The given set A can be written in set builder form as A ={ x|xe Nab<x<10}.




Example 1: Write the set A=16,8,10, 12} in descriptive and set builder form.

Solution:
Descriptive form: A = Set of even numbers between 5 and 13

Set builder form: A={x|xe En5<x<13}

Example 2: Write the set B={y |ye P A y< 10} in tabular and descriptive form.
Solution:
Tabular form: B :-{ 2,3,5,7}
Descriptive form: B = Set of first four prime numbers
Now, we discuss some types of sets.
Empty set or Null set or void set:
A set having no element is called an empty or null set. It is denoted by @& or | }
For example: (i) A = Set of even numbers between 5 and 6.
(i) B={x|xe Nax<1}
Singleton Set or Unit Set:
A set having single element is called singleton or unit set.
For example: A={x|xe WAax<1}is a singleton.
Finite Set:
A set having limited number of elements is called a finite set.
For example: (i) A= {10,12,14,...,50}
(ii) B =Set of all countries of the world

Note: Empty set is considered as »'ﬁﬁ\*c:sst.v
Infinite Set:
A set having unlimited number of elements is called an infinite set.
For example: (i) P= {10,20,30,...}
(i) Q=jx|xe QAl<x<2|
Subset:
If every element of set A is also an element of set B then A is called a subset of B. Symbolically
we write as Ac B.
For example: If A={2,3,5,7}, B={1,2,3,4,5,6,7} and C={6,7,8,9}

then A< Bbut A ¢C (A is not subset of C)

There are two types of subsets: (i) Proper subset  (ii) Improper subset
(i) Proper Subset:

Let A and B be two non-empty sets such that AC B but B& A then A is called proper subset
of B, denoted by AcB.
For Example: Let A= {2, 4, 6}and B={2,4,6, 8}

AsAcBbutB & A = AcB.




Note: [fAcB = n (A)<n (B).
(ii) Improper Subset:
Let A and B be two non-empty sets such that A < B but B < A then A and B are called improper subsets
of each other. Infact every set is a subset of itself i.e. an improper subset. Symbolically, A < A.
For Example: Let A = {0,4,8,12} and B= {0, 8, 12, 4}
Here A< Bandalso B < A.
= A and B are improper subsets of each other.

Notes: (i) Every set is subset of itself.
(ii) Empty set is a subset of every set.
(iii) Every non-empty set has at least two subsets. @
N

(iv) Number of all subsets of a set containing in elements is 27

Superset:

[f set A is subset of set B then B is called superset of A.

Symbolically we writeas Bo A
For example: If X ={a,e,i,0,u} and Y :{ a,b,c,...,z{ then Y O X
Equivalent Sets:

Two sets A and B are said to be equivalent sets if their orders are equal. Symbolically,
we write as A~B, i.e., A~B iff O(A)=0(B)

Thus. if A ~ B then one-one correspondence between their elements can be established.
For example:

Let A ={ x|xeRax?= 64} and B = Set of prime numbers less than 5.
Here A ~B because O(A)=0(B)=2

Equal Sets:
Two sets A and B of same order are called equal sets if all the elements of both the sets
are same. Symbolically we write as A= B.

Thus A=Biff AcBand Bc Aalso A=Biff AoBand Bo A
Example: Let A :{ 1,2,3,6} B :{ x|xe Nax< 6} and C = Set of divisiors of 6
Here A=Cbut A#B
Note: Orggr\%’é@f? means the number of elements of A. It is denoted by O(A) or n(A) or |A.
Power Set:
The set of all the subsets of set A is called power set of A. It is denoted as P(A).
For example:

If A={x,y,z| then
P(A)={D {2} v} A zp Ay} Ay 2} A x 2} fxy, 2]
Note: Power set of an empty set is non-empty.
Universal Set:
The superset of all the sets under consideration is called universal set. It is denoted by U or X.
For example: If Az{_ 1,2,3,4} and 32{_2,4,6} then U= {1,2,3,4,5,6}
Further types of sets will be discussed in section 17.1(iv).



Exercise 17.1

. Write the following sets in tabular form.

(i) A =Setof all integers between —3 and 3
(11) B = Set of composite numbers less than 1 1.
(i) C={x|xePAS<x<13) (iv) D={ylyeOaT<y<l7|

(v) E:{zlzeanlleI} (vi) F:{p]pe@;\pzz—l]

Write the following sets in set builder form.

(i) A = Set of all rational numbers between 5 and 6 (ii) B= {l, £ 4,6,__12}
(iii) C={0,£1,£2,...440}  (iv) D={-4,-2,0,2,4}

(v) E={1,4,9.16,25} (i) F={-1,-3,-5,7,...}

Write any five examples of empty set.

Classify the following sets as finite and infinite sets.

(1)  Set of Asian countries.

(i1) Set of all the medical universities of the world.

(iii) Set of all real numbers between 6 and 9.

(1iv) Set of all the even prime numbers.
(v) Setofall odd integers less than 5.

Write an equivalent set, an improper subset and three proper subsets of each of the
following sets.

(1) P={a,e,.f',o,u}

(1) Q ={ x|xeZA-2<x< 2}
Write any two examples of singleton in set builder form.

Write power set of the following sets.

(i A={51015} (i) B={x|xe Za-l<x<4}
Find a set which has

(i). only two proper subsets.

(if)  only one proper subset.

(1ii) no proper subset.




17.1 (iii) Operations on sets
» Union
~ Intersection
»~ Difference
» Complement
Union of two sets
The union of two sets X and Y, denoted as X' Y, is the set of all those elements which
belong to X orto Y or to both X and Y.
ie, XuY={x|xeXvxeY}
For example: If X ={ 1._3.5} and Y :-: 1, 2,3,4} then XUY :-{ 1,2,3,4,5}

Notes: (i) X< (XUY) ()Y (XUY) .
Intersection of two sets
The intersection of two sets X and Y, denoted as XY, is the set of all those elements
which belong to both X and Y.
ie, XNnY={x|xeXAxeY}
For example: If X :{ 2,4,6,8} and Y =/ 1,2,3,6} then XY :{ 2,6}
Notes: (i) (XNY)c X (i) XNY)c Y
Difference of two sets
For any two sets X and Y. the difference X-Y is the set of all the elements which belong
to X but do not belong to Y. It is also denoted as X\Y.
ie, X-Y={x[xeXaxeY}
Similarly, the difference Y — Xis the set of all the elements which belong to Y but do not belong
to X. It is also denoted as Y\X. i.e, Y- X={y|ye YAy X}
For example:
If X={4,6,89,10} andY ={2,4,6,8]
then X-Y ={9,10}
and Y-X={2}
Notes: (i) (X-Y)c X () (Y-X)c Y
Complement of a set
If set A is a subset of universal set U then the complement of A is the set of all the

elements of U which are not in A. It is denoted by A’ or A°.
Thus A'=U-A
e, ~A'={x|xeUnaxe A}
For example: IfU :{ 1.2,3....,20} and A:{ 1,3.5,...,19} then A’ :{ 2,4‘6,...,20}
17.1 (iv) Symmetric difference of two sets
The symmetric difference of two sets A and B, denoted AAB, is the set of all the elements

of A or B which are not common in both the sets.
ie, AAB={x|xe AUBAx¢ ANB}

or AAB=(AUB)-(AnB)




For example: IfA={1,2,3,4,5} and B=| 1,3,5,7} then AAB :{_ 2,4, 7}
In continuation of section 17.1(ii), further types of sets are given below:
Disjoint Sets:
Two non-empty sets A and B are called disjoint sets if they have no element in common
ie, IfA # ¢,B# ¢pandANB=¢ then A and B are called disjoint sets.
For example: The sets A={1,3,5} and B ={ 2, 4,6} are disjoint sets.

Overlapping Sets:

Two non-empty sets A and B are called overlapping sets if there exists at least one element
common in both. Moreover neither of them is subset of other.
e, Two sets A and B are overlapping sets if AmB# ¢ and AZBorB £ A

For example: The sets A={1,2,3,4} and B ={2,4,6,8} arc overlapping sets.
Exhaustive Sets:

If two non-empty sets A and B are subsets of universal set U then A and B are called
exhaustive sets if A\B=U.
For example: IfA = f 1,2,314}._ B :{ 1,3,5} and U :11,2,3,4,5} then A and B are exhaustive
sets because AUB=U
Cells:

If A and B are two non-empty subsets of universal set U then A and B are called cells if

they are disjoint as well as exhaustive sets.
i.e, A and B are called cells if A and B are non-empty subsets of U and

AnB=0 and AUB=U
For example: If A={1,3.5,7,9},B=1 2,4.6.8,10}and U=11,2,3,....10) then A and B are cells.

Note: Sets A and A” are cellsr g{/lyiveﬁsal set U.

Some important laws related to the operations on sets are as under.
Identity Laws:

For any set A

(i) A=A (i) AvU=U (i) AmU=A (iv) And=0¢
ldempotent Laws:

For any set A

(i) AUA=A (ii) ANMA=A
Laws of the Complement:

For any set A

(i) AUA =U (i) AnA'=¢

(i) (A)=A vy U=¢andd'=U
De Morgan’s Laws:

For any two sets A and B.

(i) (AUB)=A'nB (i) (ANB)=AUB

Notes: (i)A-B =ANB’ (i) A-B'=AnNB
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Exercise 17.2
I. Which of the following sets are disjoint, overlapping, exhaustive and cells,
(i) {1,2.3,57} and {4,6,8,9,10} (i) {1,2,3,6} and {1,2,4,8}
(i) Eand O when U= Z (U denotes universal set)
(ivv A={024,..},B=N and U=W (v) Qand Q whenU=R

2. IfA={1,2,3,4,5,6} and B={2,4,6,8,10} then find

(i) AuUB (i) BMA (il) A-B
(iv) B-A (v)  AAB

3. IfU={1,2,3....10{, A={1,2,3,4,5} and B={1,3,5,7,9} then find:
i A (i) B (i) A'UB (iv) ANB
(v)  (AUB) (vi) (AnB) (vii) A'AB’ (viii) (AAB)
(ix) A-B (x) A'-B

4. IfU={x|xe Zr-4<x< 6},P={p|pe EAr-4<p< 6}-
Q={q|qe PAg<6} then show that:

(1) P-Q=PnQ (11) Q~P=QHP'
(i) (PuUQ) =PNQ @) | (PnQ) =PuQ
5. lfAz[Znine N},B:{Snlne Nv} -ﬁﬁdIC:{4n|ne N} then find:
(1) ANnB (i) AuC (i) BNC (iv) AnC

6. Giventhat A,={n,n+1,n+2, ..}, Vne N then find
i) A;UA; (i) A,UA; (i) As— A, (iv) AgA Ag

17.1.2(i) Properties.of Union and Intersection.
Give formal proof of the following fundamental properties of union and
intersection of two or three sets.
» Commutative Property of Union

We know that for any two sets A and B, [AUB=BUA

This property is called commutative property of union.
Proof:
LHS=AUB
={x|xe A orxe B| ( By definition of union )
={x|xe Borxe A} "~ Order of elements in a set is not preserved
=BUA ( By definition of union )
=R.H.S
LHS=R.H.S
AUuB=BUA

Hence proved.




» Commutative Property of Intersection
We know that for any two sets A and B, AnB=BN A

This property is called commutative property of intersection.

Proof:

LHS=AMNB
={x|xe Aandxe B} ( By definition of intersection )

={x|xe Bandxe A} " Order of elements in a set is not preserved
(By definition of intersection )

=BmMA =R.H.S
LHS=R.HS
AmnB=BmnA
Hence proved.

Note: The set operation difference ( — ) is not communicative in gener,alLiW #B-A

» Associative property of union
We are already familiar with associative property of union which is as follows.

For any three sets A, B and C, ‘AU['BUc-):(AuB]uc‘

Proof:
LHS=AuBu()
={x|xe A orxe BUC]) ( By definition of union)
={x|xe Aorxe Borxe C}
zix xe AuUBorxe C} (By definition of union)
=(AUB)UC =RH.S (By definition of union)
LHS=RHS
AU(BUC)=(AuUB)uLC
Hence proved.
~ Associative property ofinferséction
We already know the associative property of intersection which states that,
for any three sets A.Band C, (A~ (B~ C)=(A~ B}.ﬁ.C‘
Proof:
LHS=AN(BaC)
={x|xe Aandxe BNC} ( By definition of intersection )

=!{x|xe Aand xe Band xe C}
={x|xe AnB and xe C}
=(AAB)NC =RHS

LHS=RH.S
Ar’\(BmC]:(AmB)mC

(By definition of intersection)
(By definition of intersection)

Hence proved.

Note: The set operation difference ( — ) is not associative in general,
ieA-(B-C)#(A-B)-C




# Distributive property of union over intersection
We have already studied distributive property of union over intersection in previous

classes which is as follows,

For any three sets A,B and C, [AU(BNC)=(AuU B)ﬁ(AuC]‘

Proof:
LHS=A u(Bn C)

={x|xe A orxe BNC} By definition of union
/
={x |xe Aor (xe Bandxe C)} ( By definition of intersection)

={_\'|(xe Aorxe B) and (xe Aorxe C)}

={x|xe AUBandxe AUC]} (By definition of union)
=(AUB)n(AUC) =R.H.S (By definition of intersection)
L.HS=R.H.S

AU(BNC)=(AuB)n(AUC)

Hence proved.
» Distributive property of intersection gver union

We are already familiar with distributive property of intersection over union which is as
under.

For any three sets A,B and C, |[An(BUC)=(ANnB)U(ANC)

Proof:
LH.S=An(BUC)
x|xe Aandxe BUC} (By definition of intersection )

=1 x|xe Aand (.15 B orxe ()} (By definition of union)

=/x|xe AoBorxe Am(} (By definition of intersection)
=(AnB)U(ANC)=R.HS (By definition of union)
LHS=RHS

An(BUC)=(AnB)u(AnC)

Hence proved.

Note: The set operation difference ( — ) is neither distributive over union (U) nor over
intersection (M) i.e. A— (B U C) # (A- B) U (A - C) and A- (B n C) # (A-B) n (A-C)




» De Morgan’s Laws
We have already studied in section 17.1(iv) that there are two De Morgan’s Laws which
are as under.
For any two sets A and B

() (AUB)=A'NB (i) (ANB)=A"UB

Proof: (i) (A uB)' =A'nB

LHS=(AUB)
={x|xe Uandx¢ AUB] ( By definition of complement)
={xlxe Uand (x¢ Aandxe B)}
={.r|(xe Uandxg A) and (xe Uandxe B)}

={x|xe A'and xe B'} (By definition of complement)
=A'nB (By definition of intersection)
=R.H.S

LHS=RHS

(AUB) =A'AB’
Hence proved.
Proof: (i) (ANB) =A'UB'
LHS=(ANB)
={x|xe Uandxg AN B} ( By definition of complement)
={x|xe Uand (x# A orxg B)}
={x|(xe Uandxg A) or (xe Uand xg B)}

=!x|xe A'orxe B} ( By definition of complement )
=A'UB ( By definition of union)
=R.HS

LHS=RHS

(AQB) =A'UB'
Hence proved.
17.1.2(ii) Verify the fundamental properties of given sets.
Let us verify the fundamental properties with the help of the following examples.
Example 1:
If A={1,2.3,4,6,12} and B 54,6,8,9,10,12} then verify commutative property of

union and intersection.




Verification:
(a) Commutative property of union
i.e. AUB=BUA
LHS=AUB
={ 1,2.3,4,6,12} u{4.6.8.9.10,12}
— { 1,2,3,4, 6,8,9.I0.12}
RHS=BUA
=14,6,8,9,10,12} U{1,2,3,4,6,12}
=11.2,3,4,6,8,9,10,12}
LHS=RHS
AuB=BUA
Hence verified.
Example 2:

If A—ll,.. .10}, B=
union and intersection.
Verification:

(a) Associative property of union
ie. AuU(BuUC)=(AuUB)UC

(b) Commutative property of intersection
i.e. AnB=BNA

LHS=ANB
={1,2,3,4,6,12} 1{4,6,8,9,10,12}

={4,6,12)

RH.S=BnA
={4,6,8,9,10,12} n{1,2,3,4,6,12}

=1{4,6,12}
LHS=R.HS
ANB=BnA

Hence verified.

{2,3.5,7} and C={1,3,5,7,9} then verify associative property of

LHS =AU(BUC) RHS =(AUB)UC
={1,2,5,10}U[{2,3,5,7} {13,529} ] =[{12,5.10}u{2,3,5,7) Ju{1,3,5.7,9}
={1,2,5,10}u{1,2,3,5,7,9} ={1,2,3,5,7,10} w{1,3,5,7,9}
={1,2,3,5.7.9.10} ={1.2.3,5,7.9.10}

LH.S=R.HS
AU(BuC)=(AuB)uC
Hence verified.

(b)  Associative property of intersection
ie.  AN(BAC)=(AnB)NC RHS=(AnB)NC

LHS=AN(BNC) :“szmmp35?qmu35?q

={2,5}n{1,3,5,7,9}

={1.2,510}x[{2,3,5,7} n{1,3.5,7,9} |

=41,2,5,10}{3.5,7)
=15}
LHS=RHS
An(BNC)=(AnB)NC

Hence verified.

{3




Example 3: If A={1,2,3,....10}, B={2.4,6,8,10} and C ={3,6,9} then verify
(a) Distributive property of union over intersection.
(b) Distributive property of intersection over union.
(a) Verification:
(a) Distributive property of union over intersection
ie, AU(BNC)=(AUB)n(ALC)

LHS=AU(BNC)

{1,2,3,...10} U[{2,4.6,8,10} {3,6,9} |

{1,2,3,...,10} {6}

{1,2,8,...,10)

RH.S= ( uB)ﬁ[Au(‘)
i

I

10}0{2,4,6,8,10} |~ [{1,2,3,...,10} U{3,6,9] |
= _1.2~3,...,10}m{ 1,2,3;..10}
={1,2,3,...,10}

LHS=RH.S

AU(BNC)=(AUB)N(AUC)

Hence verified.

(b) Distributive property of Intersection over union
i.e.,, An(BUC)=(AnB)U(ANC)

LHS=AN(BUC)
={1,2,3,....10}°[{2,4:6,8,10} U{3,6,9}]
={1,2,3,...,10}n12,3,4,6.8,9,10}
={2,3,4,6,8,9,10}

RHS=(ANB)uU(ANC)
=[{12,3...10}{2,4,6,8,10} | U[{1.2,3,..,10}{3,6,9} |
=12.,4,6,8,10}{3,6,9}
={2,3,4,6,8,9,10}

L.H.S=R.H.S

An(BuC)=(AnB)u(ANC)

Hence verified.




Example 4: If U={1,2,3,...20}, A={13,5,...,19} and B={2,4.6....,20} then verify
De Morgan’s laws.
ie, (a) (AUB)=ANB (b) (AnB) =A"UB'

Verification:

(a)

(b)

(AUB)

=A'nB
LHS=(AUB)
=U-(AUB)

={1,2,3,..,20} - [{L.3,5,..,19}{2,4,6...,20} |

={1,2,3,...,20} —{1,2,3,...,20}
=0
RHS=A'NB
=(U-A)n(U-B)
=[{5,2.3,: 20} {1,3,5,...19} |~ [{1,2,3,.4,20}={2,4,6,...,20} |
={2,4,6,...,20} n{1,3,5,...,19}
LHS=R.H.S
(AUB) =A'NB
Hence verified.
(AnB) =A'UB
LHS=(ANB)
=U-(ANB)
={1,2,3,..,20} <[{13,5,..,19} ~{2,4,6...,20} |

={1,2,3,..,20hs{ }

={1,2,3.3,,20}
RHS=A"UB

=(U-A)u(U-B)
-{1,3,5,...19} JU[{1.2.3...,
..., 20} 1{1,3,5....,19}
={1,2,3,.:,20}

20}—{2,4,6....,20} |

LHS=RHS
(AAB) = A" UB’

Hence verified.




b

Exercise 17.3

Verify the commutative property of union and intersection for the following sets.
(i)A= {a,b,c,d,e} and B ={a,e,i,o,u}

(i) P={x| xe ZA-3<x<3} and Q={y|ye E" ny< 4|

Verify the associative property of union and intersection for the following sets.
(i) A={12,4,5,10,20}, B={5,10,15,20} and C={1,2,5,10}

(i) A=N,B=Pand C=Z

Verity

(a) Distributive property of union over intersection. . :

(b) Distributive property of intersection over union for the following sets
(i) A={1,2,3,.,10}, B={2,3,5,7} and C={1,3,5,7,9}

(i) A=N,B=Pand C=W

Verify De Morgan’s laws if

U={1,2,3..,12}, A={1,2,3,4,6,12} and B={2,4,6,8}.

If A and B are subsets of U then prove the foﬂﬁﬁﬁgz by using properties.

(i) AU(AnB)=An(AUB) (i)~ AUB=AU(A'nB)

(i) B=(AnB)U(A'NB) (iv) B=AU(A'nB), ifAcB

17.1.3Venn Diagrams:

We have already studied in previous classes that the sets, their relations and operations

can also be represented geometrically. This geometrical representation is called Venn Diagram
named after the English mathematician John Venn who introduced it in 1881 AD. In Venn
Diagram, a rectangle is usually used to represent the universal set whereas circles or ovals

(1)

represent sets.

Recall some Venn diagrams

Venn diagram showing a set A inside universal set U.

| L f'__""\ ‘_‘.r"_“"-.,‘\

|
(i) Venn diagram showing two disjoint sets A and B. ( A ) "

p




(111) Venn diagram showing two overlapping (iv) Venn diagram showing a subset B of A. i.e.

sets A and B. Bc A
[w “ (b

>

17.1.3(i) Use Venn diagrams to represent
» Union and intersection of sets
» Complement of a set
~ Symmetric difference of two sets
» Union and intersection of sets
In Venn diagram, the union of two sets A and B is represented by the entire region of both
sets A and B. In Fig (1) the shaded or coloured region represents A B,
Whereas the intersection of two sets A and B is represented by the common region of both
A and B. In Fig (ii), the shaded or coloured region shows A B.

AvuB A B
! ' 0
|
| .
| AL A [
~ Fig (i) _ _ Fig (ii)
Example 1: If U={1,2,3,...,10}, A={1.2,3,4,5} and B={2,4,6,8} then use Venn diagram to
represent A\wBand A MB.
Solution:
In Fig (a), coloured or shaded region represents In Fig (b), the coloured or shaded region
AUB, represents Am B
From the Venn diagram, we have From the Venn diagram, we have
AUB={1,2,3,4,5,6,8 ANB={24}.

AUB AmnB




» Complement of a set
In Venn diagram, the complement of set A is
represented by the region of universal set excluding
the region of A. In Fig (i) shaded or coloured region
represents A'.

For Example:
If U={1,2,3,...,8}and A ={1,2,3,4} then use Venn
diagram to represent A’

Solution:
In the adjacent Venn diagram Fig (ii) the shaded or
coloured region represents A" .
So we have A"={5,6.7.8}

» Symmetric difference of two sets
In Venn diagram, the symmetric difference of two
sets A and B is represented by the entire region of
both A and B except the common region.
In Fig (i), the coloured or shaded region represents
AAB.

Example:
If U={a.bc.d,e f},A={a.cel and B={a,b,c|

then use Venn diagram to represent AAB.
Solution:
In adjacent Venn diagram fig (ii), the shaded or
coloured region represents AAB.

i.e, AAB={b,e}

Fig (ii)




17.1.3(ii) Use Venn diagram to verity
» Commutative property of union and intersection
» Associative laws

~ Distributive laws
» De Morgan’s laws
» Commutative property of union and intersection
Let us verify the commutative property of union and intersection using Venn diagram
with the help of the following example.
Example: If A :{ l,2,3‘4,5,6} and B :{4, 6,8} then verify commutative property of union and
intersection using Venn diagram.
Verification: (i) Commutative property of union, i.e., A\wB=B UA
AUB BuA

Fig (i) Fig (i)
From Venn diagram of Fig. i From Venn diagram of Fig. ii
AUB={1,2,3,4,5,6,8} BUA ={1,2,3,4,5,6,8}
Shaded or coloured regions and their elements are equal as shown in the Fig (i) and Fig(ii).

. AUB=B VA
Hence verified.
Verification: (ii) Commutative property of intersection i.e. AmB=B mA.
ANnB B A

- A

Fig (i) Fig (ii)
From Venn diagram of Fig. i From Venn diagram of Fig. ii
ANB={4.6{ BNA={4.6}
Shaded or coloured regions and their elements are equal as shown in Fig (i) and Fig (ii)
AmnB=BnNnA

Hence verified.




» Associative Laws

In order to verify associative laws using Venn diagram, we take the following

example.
Example:

If A={1,2,3,4,5,6},B={6,8,10} and C ={5,6,7,8} then verify associative laws
of union and intersection.
Verification: Associative law of union i.e. AU(BUC)=(AUB)uUC

LH.S=Au(BuwC) RH.8=(AUB)uC

BucC

Fig (iii)
(AuB)uC

F A

Fig (ii) Fig (iv)
From Venn diagram of Fig: (ii) From Venn diagram of Fig. (iv)
AU(BUC)={1,2,3,4,5.6,7.8,10} (AUB)UC={1,2,3,4,5,6,7,8,10}

Shaded or coloured regions and their elements as shown in Fig: (ii) and Fig: (iv) are equal
Au(BUC)=(AuUB)uC

Hence verified.




Verification: Associative law of intersection i.¢. Aﬂ(Bﬁ C) = (Aﬂ B)m G
LHS=An(BNC) RHS=(ANB)NC

Fig (iii)

(ANB)N C

Fig (ii) Fig (iv)
From Venn diagram of Fig. (ii) From Venn diagram of Fig. (iv)
A (BNC)={6] (AAB)AC=(6}

Coloured orshaded regions and their elements of Fig:(ii) and Fig:(iv) are equal
An(BAC)=(AnB)NC
Hence verified.

~ “Distributive Laws
Now we verify distributive laws using Venn diagram with the help of the following
example.
Example:
Verify distributive laws using Venn diagram

if A={1,2,3,4,5,6},B={3,4,5,6,7| and C={2,4,6,8}.




Verification:
(i) Distributive law of union over intersection
ie.  AU(BNnC)=(AuUB)n(AUC)
LHS=AU(BNC)
BnC

A

Fig (ii) ) R Fig (iv)
From Venn diagram of Fig.(ii) From Venn diagram of Fig.(v)
Au(Bﬁ C)z* 1,2,3,4,5,6} (AUB)F\(A uC):-{ 1,2,3,4,5,6}

Shaded or coloured region and their elements are equal as shown in Fig (ii) and Fig (v)
AU(BNC)=(AUB)N(AUC)

Hence verified.




Verification:
(ii) Distributive law of intersection over union
ie.  An(BuUC)=(AnB)U(ANC)

LHS=An(BuUC) RHS=(ANB)U(ANC)

L
Fig (iii)
ek

A L]

A

Fig (ii) Fig (v)
From Venn diagram of Fig, (i1) From Venn diagram of Fig. (v)
Aﬁ(BuC)={2,3,4,5.6} (AﬁB)u(AﬁC)={2,3.4,5,6}

Shaded or coloured regions and their elements as shown in Fig. (i) and Fig. (v) are equal
An(BuC)=(AnB)U(ANC),

Hence verified.




» De Morgan’s Laws
Let us verify De Morgan’s laws using Venn diagram with the help of the following
example.
Example: Verify De Morgan’s laws using Venn diagram.

If U={1,2,3,.,10}, A={1,2,3,4,5,6} and B={2,4,6,8,10}

Verification: (i)(Au B_}' =A'nB’

RHS=A'nB'
AI

LH.S=(AUB)

Z\N

Fig (ii) Fig (v)
From Venn diagram of Fig. (ii) From Venn diagram of Fig. (v)
(AUB)r :{7,9} A'ﬁB':{T..SJ}

Shaded or coloured regions and their elements as shown in Fig. (ii) and Fig. (v) are equal

N

(AUB) =A'NB'

Hence verified.




Verification: (ji) (Am.B]; =A'UB

LHS=(ANB)

1
Fig (iv)
A'UB
8
Fig (ii) Fig (v)
From Venn diagram of Fig. (ii) From Venn diagram of Fig. (v)
(AeB) =1,3,5,7,8,9,10} A'UB'={1,3,5,7,8,9,10}

Shaded or coloured regions and their elements as shown in Fig: (ii) and Fig: (v) are equal
(AnB) =A'UB
Hence verified.




Exercise 17.4

I. If A and B are any two subsets of U then draw Venn diagrams in general of
AUB, AnB, AAB and A-B. if
(i) A and B are digjoint sets.
(i) A and B are overlapping sets.
(iii) A is subset of B.
Verify commutative property of union and intersection using Venn diagram if
() A={ab.cde} andB =a.ei.0uf
(ii) P={l,2,3,.-.,10} and Q ={ 2,4,6,_8,10}
3. Verify De Morgan’s laws using Venn diagram if
A={1,3,5,7,9},B={5,6,7,8} and U={1,2,3,...,10}
4. Verily associative laws and distributive laws using Venn diagram
if A ={ 1,2,3,...,8}, B ={4,6,7,8,9,10-} and C={ 5,7,9,11}

17.1.4 Ordered pairs and Cartesian products

Cartesian product is named after French mathematician Rene Descartes who introduced
Analytic Geometry. In Analytic Geometry ordered pairs are used to locate points in plane. Let
us discuss ordered pair and Cartesian product in detail.
17.1.4 (i) Recognize ordered pair

A pair of numbers in which order is maintained is called an ordered pair. For any two
real numbers a and b, if we regard a as first and b as second then the ordered pair of @ and 4 is
denoted as (a.b). In the ordered pair (a;h), ais called first component or element and b is called

3]
.

second component or element.
Two ordered pairs are equal if their corresponding components are equal

ie, [a.b)z(c.d) iff a=candb=d

Example: Find x and y if(_\‘+5,8) and (9,y —6) are equal

Solution:

We have (9, y=6)=(x+5,8)
=% 9=x+5 and y—6=8
= 9-S5=x = y=8+60
or  x=4 or y=14

So the value of x and y are 4 and 14 respectively.
17.1.4 (ii)To form Cartesian products
If A and B are any two non-empty sets then the Cartesian product of A with B, denoted

as Ax B, is the set of all ordered pairs (a,b) where ae A and be B.
i.c. AxB={(a.b)|ac Aand be B}
Similarly, Cartesian product of B with A is defined as
BxA:{(h,u)[be Band ae A'f




For example: If P={1,2,4} and Q ={5,10}
then Px Q ={(1.5).(1,10).(2.5).(2.10).(4.5).(4.10)}
and Qx P ={(5,1),(5.2).(5.4).(10,1),(10,2),(10,4)}

Note:
(1) AxBisread as “A cross B”.
(i)  IFO(A)=mand O(B)=n then O( AxB)=mn

(i)  AxBs# BxA in general A@

17.2 Binary Relations
Define a binary relation and identify its domain and range.
» Binary Relation
If A and B are any two non-empty sets then any subset R of the Cartesian product Ax B
is called a binary relation from A to B.

Example: IfAz{aJ}',c} and B= {2,4} then find

(a) Two relations from A to B.

(b) Three relations from B to A.

(c) Four binary relations in B.
Solution (a) Two relations from A to B

Here, AxB={(a.2).(a.4).(5.2).(h.4).(c:2).(c.4)}
Now R,={(a.2).(h.4)} andR,={(5.2).(c,2).(c.4)}

are any two relations from A to B.
(b)  Three relations from B to A

Here, BxA={(2.a).(2.5).(2.c).(4.a).(4.).(4.c)}
Now R,={(2.a)}.R,={(2.a).(2,)} and R, ={(4,a).(4.b).(4.c)}

are any three relations from B to A,
(e) Four binary relations in B
Here, BxB={(2,2).(2.4).(4.2).(4.4)]
Now Ry=@,R;={(2.2)}.R;={(2.4).(4.2)} andR, ={(2.2).(2.4)}
are any four binary relations in B.
» Pomain and Range of a Binary Relation
Let R be a binary relation from set A to set B. Then domain of R, denoted as Dom R, is
the set of first components of all the ordered pairs of R.
The range of R, denoted as Range R, is the set of second components of all the ordered pairs of

R. For example If A ={1.2,3,4} ., B={4,5.6,7} and R={(14),(2.4).(3.5).,(3.6)} is a
binary relation from A to B.
then, Dom R ={1,2,3} and Range R=1{4,5,6}




Example:
If x, ye Nand a binary relation R in N is given as R ={(.\‘, y)x+y= 5} then write R in tabular

form. Also find its domain and range.
Solution:

In tabular form, R ={(1,4),(2.3).(3.2).(4.1)}
Here DomR ={1.2,3,4}
and  Range R =11,2,3,4

17.3 Functions:
Function is one of the basic concepts of calculus, the branch of Mathematics, which has
revolutionized the field of science. Function, in fact, is a rule or relation which relates two sets

or quantities, for instance, area “A” of circle is related with radius 4+ by rule A = 7. At this
level, we will only discuss function on the basis of sets.

17.3 (i) Define a function and identify its domain, co-domain-and range

A function is a binary relation in which for each element of domain there is one and only
one element of range. For example:{ ( 1.3),(2.4]1(3,5).(4.6)} is a function.
Whereas{(1,5),(2,6).(2,7).(3.9)} is not a function because the element “2” of domain is

associated with more than one element of range.

~ Function from set A to set.B
Let A and B be any two non-empty sets and R be a binary relation from A to B. Then R
is called a function from A to B if
(1) Domain of R=A
(i1) Every element of A is associated with unique element of B under R
i.c.if (a,b)e R and (a,c)e R then b=c. Functions are usually denoted by letters of
English and Greek alphabets like f, g, h etc and a, §.,y etc.
If f is @ function from A to B then we write itas f: A— B, and for every (a,b)e f  bis

called the image of @ under f and we write it as b= f(u ]

Example: LetA:-{l,2.3.4} and B:{2.3.4,5}.Identify which one of the following is a

function from A to B.
(i) R, ={(L2),(2.3).(3.4)}
(i) Ry ={(12).,(23),(2.4),(3.4).(4.5)}
3




Solution:
Mapping Diagram

i) R ={(L2),(23).(3.4)}
R, is not a function because Dom R, # A as shown in
the adjacent mapping diagram.

(i) R,={(12).,(2.3).(2.4).(3.4).(4.5)}
R, is not a function because an element 2" of

domain is not associated with unique element of B as shown
in the adjacent mapping diagram.

(11i) R3:{(i.2).(2,3].(3,4),(4,5]}
R, is a function because Dom R; = A and each

element of domain is associated with unique element of B as
shown in the adjacent mapping diagram.

» Domain, Co-domain and Range
If fis a function from A to B i.e. f: A—B then
A is called its domain (First set)
and B is called its co-domain (Second set)
Whereas,
Range is the set of all the images of f.
Example:

If f is a function from A to B as shown in the given mapping
diagram then write down its domain, co-domain and range. Also write
down the values of f(«) and f(¢).

Solution:
From mapping diagram of f
Dom f = A ={a,h,c}, Co-domain of f = B={x, y,z} and Range f =

Also f(a]z x and f(c)= z

Note: (i) Range of fis subset of its co-domain.
(ii)  Every function is a relation but converse is not true.

e

x,z}

17.3 (ii) Demonstrate the following
» Into and one-one function (Injective function)
» Onto function (Surjective function)
»  One-one and onto function (Bijective function)
First of all we define into function and one-one function.




#» Into function:
For any two sets A and B, a function f: A — Bis called into

function if Range of fis proper subset of B (i.e. Range f B_)
For example: For A={x,y,z} and B={a,b,c},
a function f : A — Bdefined asf :{(x,a),[ ,1-'.(:_],(:,15)}

is an into function because Range f — B as shown in the

figure where Range of /' :{_ a,b}.

# One-one function:
For any two scts A and B, a function f: A —B is called one-one function if distinct
elements of A have distinct images in B. I

For example: For A={1,2,3} and B={2,3,4}, a functionf:A —B
defined as f ={(],2),(2,3),(3,4)} is one-one function because distinct

elements of A have distinct images in B as shown in the mapping diagram.

» Into and one-one function or injective function:
A function which is into as well as one-one, is called an injective function.

For example: For A={1,2,3} and

B= { 2,3,4, 5} a function f : A — Bdefined as
f:{(],Z).(Z.B).(S./-l)} is an injective function
because it is into as well as one-one as shown in
the mapping diagram Fig (i).

A function g: A — B defined as
g=1(13).(2.5),(3,4)} is also an injective

function as shown in mapping diagram Fig (i1).

Fig (ii)

» Onto funetionorsurjective function:
For any two sets A and B, a function f: A — B is called onto function or surjective
function if Range f=B
For example:
For A={a.b.c} and B= { p.q} a function f : A —B
defined as
f:{(a,p],(b,q),(c,q_)}- is an onto  function because

Range f= B as shown in the adjacent figure.
~ One-one and onto function or bijective function:
A function which is one-one as well as onto, is called one-one and onto function or
bijective function.




For example: For A :{ 1,3,5} and B :{ ],9,25} afunctionf: A > B
defined as
f :{(1.[].(3,9).('5,25)} is a bijective function because it is one-one

as well as onto as shown in the adjacent figure.

17.3 (iii) Examine whether a given relation is a function or not
In order to examine whether a given relation is a function or not we have to concentrate
on domain of the relation.
If there is any element of domain without image or any element of domain with more
than one image in a relation then this relation is not a function.
Example:
Examine the given relations from A to B whose mapping diagrams are given decide
which one is function and which one is not. .
i fEi (E2L)
: R,

Solution:
R,is not a function because an element “4” of domain is without image.

R, is also not a function because an element *3” of domain has more than one images.

R;is a function because each element of domain has unique image.
17.3 (iv) Differentiate befween ane-one correspondence and onc-one function,

Let A and B be two non-empty sets. In one-one correspondence between A and B, each
element of either set is associated with exactly one element of the other set.

i.e. one-one correspondence always represents a bijective function.

Whereas one-one function is not always bijective.

For example, In figure (i) there is a one-one correspondence.
Whereas in Figure (i), there is no one-one correspondence but it represents one-one
A L]

function.

Fig (ii)




10.

Exercise 17.5

. Find the values of x and y if:

(i) (.r—5,10):(ll,,v—?)
(i) (5x+8,5y-4)=(3x+10,2y+2)
(iii) (2x—3y.5x+y)=(3,16)

If set P has 10 elements and Q has 15 elements. Find the number of elements of
PxQ,QxP,PxPand QxQ.

If A={1,2},B={2,3} and C={1,3,5] then find:

(i) AxB (i) BxC (iii) Ax(BUC)
(iv) Bx(AuC) v) (AnB)x(BNC)

If A={5,6| and B= {1,2,3} then find:

(i) Three relations in AxB (i)  Four relations in Bx A
(iii) Five relations in B (iv)  All relations in A

For two sets A and B, if 0(A)=3 and 0(B]‘=4,then find number of all binary
relations in AxB.

Write the following binary relations of AxB in tabular form where
A={0,1,2,3] and B={2,4,6,8] such that ae A and beB.

() R ={(ab)|b<5)] (i)  R,={(ab)|a+b=9)}

(iii) Ry={(ab)|a-b=1)} (v) R, ={(a.b)|ab=6)}

If relation R={(x,y)|y=2x+5| is in Z then:

(i) find range if domain is { -2,~1,0,1,2} \
(ii) find domain if range is {11.13,15.17}

If x,y represent elements of W, find domain and range of following relations

() {(x)i3x+ y=11} (i) {(x.y)|x—y=6]
If f:A>B is a function given by f={(115),(2,6).~(3,7).(4,8]}whc_re

A={l,'2,3,4} and B= N then write its domain, co-domain and range. Also write the
values of f(2) and f(4).

IfA :{ 0,1,2,3,4} and B= { 2,4,6,8,10} then find whether the following relation from
A to B are functions or not. If they are functions find their types:

() R ={(0.2).(14)(26).(38)}




(i1)
(iii)
(iv)
(v)

11. Which of the following is one-one function or one-one correspondence or neither of

them

12. IfP={a,b,c}, Q=] x,,z} and R={ p,q,r,s} then find:

(1)
(ii)
(iii)
(iv)

R, ={(0.10).(1.8).(2.6).(2.4).(3.4).(4.2)}
R, ={(0.2).(1,4),(2.6).(3.8).(4.8)}
R, ={(0,2),(12),(2.2),(3,2).(4.8)}
Ry ={(0,2),(1,4).(2.6).(3.8).(4.10)}

W G G
L :i -

a function f from P into Q.

a function g from R onto P.

a function h from P to R which is injective.
a function k from Q to P which is bijective.

Review Exercise 17

1. Choose the correct option:

(i)

(ii)

(iii)

vy

(v)

Which one is subset of N

(a) Z (b) ==Q () E (d)
Tabular form of Af:::{:x| 18 ZAxt= 25} is 2
(a) {15} (b) {-5.5}

(©) {1.5,25} @ {5

For two sets A and B, if O(A)=0(B) then

(@) AcB (b) B=A

(c) A~B @ AcB

{x]xe Nax<l1} is

(a) Singleton (b)  Infinite set

(c) Empty set (d) Super set
IfA={1,2,3,4} and B={2.,4,6} then AAB=

() {1.2} ®  {6]

(c) {13} d {136}




(vi)

(vil)

(viii)

(ix)

(x)

(x1)

(xii)

(xiii)

(xiv)

(xv)

(xvi)

Which operation is not commutative

(a) Symmetric difference (b)  Union

(¢) Difference (d) Intersection

{x|xe PvxeQ}=

(a) PnQ (b) PUQ

(¢) P-Q (d  PAQ

{x|xEUAxg Ar"‘\B}z

(a) AnB (b) (AUB)

(©) (AnB) d ANB

For any two non-empty sets A and B, if AUB=Uand AnyB=@ then A and B are
(a) Cells. ' (b)  Overlapping sets

(c) Equal sets (d) None

o1 ——

(a) (A) b A

(c) A @ B
FA-BthenAuUB=_ -

(a) A b B

(c) & (d U

In Venn diagram, __~ = is used to represent universal set.
(a) rectangle (b)  circle

(¢) oval (d)  all of these

If (x,6)=(23-6) thenx+y=——

(a) 8 (b) 10 (c) 12 (d) 14
1f O(AxB)=100 and O(B)=5 then O(A)= ———

(a) 10 (by 15 () 20 (dy 25
‘A function is called surjective ifrange — co-domain

ia) = (b) o=

(c) = (d) #

A function is called into if range—_ co-domain

(a) = (b)) <

(c) = (d)  none of these




(xvii) Given that A= {0,1,2} and B = {3.4} then decide which of the followings is a

function fA—=B ?
(2) {(0.3),(1.4)} ®)  {(03),(14).(23).(24)}
(©) {(0.3).(1.4).(2:4)} (d)  none of these
(xviil) Which one is always bijective
(a) Onto function (b)  One-one function
(¢) Into function (d)  One-one correspondence
(xix) If f:N — R then which one is not possible
(a) £(5)=6 (b)y f(7)=8
© f(-2)=6 @  £(9)=0
(xx)  Which one of the followings is a commutative set operation?
(a) Difference (b)  Union
(c) Cartesian product (d)  None

2. If A={12,5}, B={2,4,6}, U={1.2,3,4,5,6}, then find the following
(@)AUB  (b)AnB  (c) AAB
(d)A-B (e) A (f) B'
3. Verify De Morgan’s laws for the sets of question 2.
4. Verify commutative properties of union and intersection for the sets.
A={a.b,d} and B={a,d,e}
. Forsets P={1,3,5} and Q ={ l,@;ﬁi{'},‘réﬁqeéént the following set by using Venn diagram,
@PuQ  (BPNQ _(©OPAQ  (dP-Q
. If A={a.c} and B={b,d] then find
(a) Two relations in A (b) Three relations in B
(c) Three relations in Ax B (d) Two relations in Aw B
. If A={1,2,5} and B ={ 6,8} then find function from A to B, which is
(a) Onto function (b) Into function
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Summary
Tabular, descriptive and set builder forms are the methods of representation of a set.
Empty set has no element.
If A is subset of B then B is superset of A.
If AcBand Bc A then A=B.
Equivalent sets have one-one correspondence.
If AcBand A+ B then A cB.
Union, intersection, difference, symmetric difference, complementation and Cartesian
product are operation on sets. oA
If AmB=@ then A and B are disjoint sets.
If AwUB=Uthen A and B are exhaustive sets.
Cells are always disjoint and exhaustive.
Difference and Cartesian product are not commutative.
Union, intersection and symmetric difference are commutative-and associative.
Union and intersection are distributive over each other.

De Morgan's Laws: (i) (AUB)' =ANB (i) (Am B)j =AUB’
Geometrical representation of sets, their relations and operat"i‘bns is called Venn diagram.
Venn diagrams were introduced by John Venn in 1881 AD.

Sets and universal set in Venn diagram are represented by circles or ovals and rectangle
respectively. \

if (a,h)=(c,d) = a=cand b=d
O(AxB)=0(A)-O(B)
AxB={(a.b)|as Anbe B

Every subset of Cartesian produet is called binary relation.
Function is a binary relation in which each element of domain has unique image.
If £: X—Yis a function then X and Y are domain and co-domain respectively whereas
range is the set of all images of f.
A function is called (i) Into if range — co-domain (ii) Onto if range = co-domain
(iit) One-one if distinct elements of domain have distinct images in co-domain.
A function is called
(i) Injective if it is one-one and into. (ii) Surjective if it is onto.
(iif) Bijective if it is one-one and onto
One-one correspondence is always bijective.
One-one function is not always bijective.




VARIATIONS

» Weightage = 6%

Student Learning Outcomes (S1.Os)
After completing this unit, students will be able to:

#  Define ratios. proportions and variations (direct and inverse).
# Find 3 4" proportionals in proportion and mean proportional in a eontinued proportion.
= Apply theorems of?
< invertendo,
%+ alternando,
#* componendo,
<+ dividendo and componendo
% dividendo to find proportions.
# Define joint variations.
»  Solve problems related to joint variations.
# Use k- Method to prove conditional equalities involving proportions.
»  Solve real life problems based on variations.




18.1: Ratio, Proportions and variations
18.1.1 Define ratio, proportion and variations (direct and inverse)

(a) Ratio:
Ratio is a comparison of two quantities having same units. It is the relation between two
quantities of the same kind. In other words, ratio means what part of one quantity is of the
other. If a and b are two quantities of the same kind and b is not zero, then the ratio of a and b

: : a
is written as a a:b or —
7

For example: If in a class there are 13 boys and 8 girls, then the ratio of the number of boys

to the number of girls can be expressed as 13:8 or in fraction % )

Notes: (i) The order of the elements in a ratio is 1mportan
(i1) A ratio has no unit.
(i) In a:b the first term a 1is called an O@Id the second term b
called consequent.
Example 1: Find the ratio
(1) 400m to 900m (i) ~ 700gmto 2kg
(iii)  30sec to 2min (iv)  Rs 200 to 300gm

Solution:
(i): Ratio of 400m to 900m
400: 900 —@—i 4:9
900 9
4 : 9 is the simplest (lowest) form of the ratio 400 : 900
(i1) Ratio of 700gm to 2 kg
Since, lkg= 1000gm
2kg =2000gm
therefore,

700: 2000 = X% _ 7 =7:20

2000 20
(iii)  Ratio of 30 sec to 2 min
Since, 1 min = 60sec
2 min = 120sec
therefore,

30; IZO——{} l:l
120 4

(iv)  Ratio of Rs 200 to 300gm
Since, the quantities are not of same kind, so ratio between Rs 200 to 300gm cannot
be found.




Example 2: Find the ratio 5a+2b:4a+3bif a:b=4:5

Solution: Giventhat a:b=4:5 or % = %
N 57 i D5 ¢ 4 @ 8y = 20T 48
da +3b
Sa+2b a b
__ b _ S(EHZ(E) (Dividing numerator and
da+3h 4{5) . 3{.9) denominator by “b™)
b b b
AN} _
P a2 6 300 (ﬂ]z(i)
- ) g A
ayss 18,5 3131 :
3 5 5

Hence. 5a + 2b: 4a +3b = 30: 31

Example 3: Find the value of m,when the | Example 4: What number must be added to
ratios 3m +5 : 4m + 3 and 2 :3 are equal. each term of the ratio 4:15 to make it equal
Solution: According to the given condition
_ ms 2 Wik
4m+3 3 Solution: Let the required number be a.
= 30Gm+5)=2(4m+3) According to the given condition
— Om+15=8m+6 4+ 2
= O9m—8m=6-15 = 15+a 3
=  m=-9 =\ =  3(4+a)=2(5+a)
Thus the required value of m is —9. . 12430 =304+ 2
= Ja-2a=30-12
= a=18
Thus the required number is 1 8.

(b) Proportion:

The equality of two ratios is called proportion or a proportion is a statement, which is

f ¥ o c . .
expressed as an equivalence of two ratios. If 7 = 7 then a, b, ¢ and d are in proportion and
Y @
we can write it as a:b::c:d where quantities @ and d are called extremes where b and ¢ are
called means. The proportion of a, b, ¢ and d is written as
a:bzc:d
or a:b=c:d

a ¢
or e
h d

ad = be

Note: Product of Extremes = Product of Means




Example 5:  Find the value of x , if 40:60=50:x

Solution:
Given that 40:60=50:x
Product of extremes = product of means
40x =60x 50
. 60x 50 _ 75
40
ie, x =175
Exercise 18.1 <) N
1. Find the ratio of the following.
i) 70kgand 28kg (ii)  60cmand Im (i %mm
: iv) 200 ml and 2/ (v) 135% and 360° (v g, Skg 200gm
2. Ina factory, there are 120 workers in which 45 are women naining are menn.

Nema W

.

Find the ratio of
(i) men to women (ii)  women to men
(iii)  women to total worker (iv) men %%a ‘Workers
If 5(4x—-2y)=3x—-4y, find x:y

Find the value of *a” if the ratios 3a+4:
What number must be added to antecedent and ¢

- :3 are equal
quent of the ratio 5:27 to makeit equal to 1:3?

Find the value of % inthe fqllo% |
@) 2x45:5:3%-2:7 Gy 2= s i

y 5 432
o X=3 5 x-1 L4290 : O N 3
(iii) o }*{..ﬁ.'. Vs (iv) (a —ab+b):x: o (a+b)
(v) Il—x:B—JQ:\:ZS—xglﬁ——x

(e) Variation:

Variation is defined as the change in one quantity due to change in other quantity.

There are two types of variations.

» Direct variation » Inverse variation
Direct Variation:
If two quantities A and B are so related that when A increases (or decreases) in given

ratio, B also increases (or decreases) in the same ratio then this variation is called direct
variation. If a quantity y varies directly with regard to a quantity x , we say that y is directly
proportional to x and is written as ) oc x

or y=kx where k=0
The sign o is called the sign of proportionality or variation and k is called
constant of proportionality or variation.




For example:
(1) Length of side of square and its area are in direct proportion.
(i) The speed of cycle and covered distance are in direct variation.
Example 1: If y varies directly as x, find

(a) the equation connecting x and ».

(b) the relation between x and y when x=3 and y =7

(c) the value of ¥ when x=24 (d) the value of x when y=21
Solution: (a) - v is directly proportional to x

yoc x
e y=ke  ..(3)

where k is constant of variation
(b) Byputting x=3 and y=7 in equation (i),

we get 7=3k = k= i
3
By putting the value of k in equation (i), we get y= ;.r (1)

(¢) By putting x =24 in equation (ii), we get y= %(24} =56

(d) By putting y = 21, in equation (ii),

:3x2l=9

7
we get, ?.l:;x = X

Example 2: If y varies directly to the square root of x, y=10 when x=16 , then find y
when x=36
Solution: Given that y varies directly as square root of x

i.e. y o \/;
or _y:k\/; (1)
where k is constant of variation
By putting x =16 and y =10 in equation (i)

we get 10=kJ16 = ,(—:E=§

By putting £ :g in eq (1)

y= %J? (i)

By putting x =36 in eq (ii) we get

§o—— 3( = s 6 — ]5




. ’ . . 792
Example 3: Given that V varies directly as a cube of » and V = = when r=3.
Find the value of Vwhenr=7.

Solution:  Since V varies directly as cube of r.
Var
V= (i) (where k is constant of variation)
By putting r=3 and V= L:Z in eq (i)
b)
we get &z.‘;ﬁ)‘ = k:_?f)?. )
i 4 Tx 27 21
Hence V=—ri (i1)
By putting =7 in eq: (ii)
88 _ ., 4312
we get V=—"wo(7)y =——
g 91 (7 3

Inverse Variation:

If two variables (quantities) are related to each other in such a way that increase in
one variable causes decrease in another variable and vice versa then the variables are in
inverse variation to each other, If a quantity y varies mversely with regard to quantity x, we
say that y is inversely proportional to x and we write it as

'j'\.
yee—ory=—
X ¥
= w=k

where k#0 (constant of variation)

Example 1: If y varies inversely as x and
y=T when x=2.Find y when x =126
Solution: Here y varies inversely as x

l.ev groc—
' .1'1 ‘
= y=k(—) = —
X X
= k=xy A1)
Byputing y=7 andx=2 ineq (i)
we get
k=(2)(7)=14
equation (i) becomes
xv=14 .. (ii)
By putting x = 126 in eq (ii)
we get
(126)y=14
4
! 126
1
l.{' — ==
’ 9

Example 2: If p varies inversely as the cube
root of x and y=27 when x=8. Find x
when v=36

Solution: Here y varies inversely as x

!
N

1
N X

Le. p

or y=

By putting " x=8and y=27
we get k= (27}(%‘/5} =54

Now by putting & =54 ineq (i)
we gcl_vi/; =54 ... (i)

Now, by putting y =36 in eq (ii)
we get (_36)(%/,.?) =54

i eq (1)

o4 _ 3
36 2
27
= xX=—




Exercise 18.2

1. Ify varies directly as x ,and y =10 when x=3, find
(i) yinterms of x  (ii) y when x=6 (iii) x wheny=15
2. If VeT and V=15 when T= 24, find
(i) The equation connecting V and T. (i1) V when T =30
(iii) T when V=10
3. Ifux if; and z=4 when v =64, find the value of u when v =216 and the value of v

when =5 Q
4. IfF varies directly as m’ when m =3 and F = 81, find F when m=35.
5. Ify varies inversely as x and y=10 when x=3, findy when x= &
6. The volume V of a gas varies inversely as square root of the @@f the gas, if

V=12 when P=9, find P when V =4
7. IfF & - and F=8 when r=2 then find:
(1) Frwhen r=5 (ii) rwhen F=24
8. The cube root of x varies as the square of y if @%}* =3 find x when y =%

9. The force F between two bodies is inverse _ tional to the square of the distance
between their centers. If F=2 and d=3 the fin@d when F=72
10. If y varies inversely as (x—5) when y=6 andx=8, find y when x=10

AN
18.1(ii) Find 3™, 4", proportionals of propertion and mean proportional in a continued
proportion
We are already familiar with proportion that if a, h, ¢ and d are in proportion then
a:b:cid
Here a, b, ¢, and d are called first, second. third and fourth proportional respectively
(a) Third proportional

Example 1: Example 2:
If4,7 and 14 are the first, second and | [f (a—b),(a’ +ab+b*) and (a’ —b’) are the
fourth proportional in a proportion

; ;s i first, second and fourth proportional
respectively then find its third

respectively then find the third proportional.

proportional. _ Solution: let x be the third proportional
Solution: let x be the third then
E:’;ﬁ)m‘tlonal (a=b): (@’ +ab+b*):x:a’ —b’
’ dsFrerses 14 =5 {(f: +uh+{1: )x=(a —h)j(_u":— b 1
— Tx=56 (a+ab+b Yx=(a=b)(a +ab+b")
= x=8 (a—b)Y(a’ +ab+b)
= x =

(a*+ab+b%)
=3 x= (a—-b)




(b) fourth proportional
Example 1:  Find the fourth proportional if first three proportional are
a+b.a-banda’ —ab+b’

Solution: let x be the fourth proportional
then @’ +b' :a—b :: (a*—ab+b"):x
i.e. x (@ +b)=(a-b)a’—ab+b?)

_ (a=b)X a—ab+h)

::’ X= . - »
(a+b)a —ab+b)
a-b

= 5,
a+b

Continued Proportion and mean proportional
The quantities a, b, ¢, are said to be in continued proportion if

a:b=bhb:c
or abubye =b" =ac
Here 4 is called mean proportional
- e - 3 7 X—F
EExample 1:  Find a mean proportional of x™—y~ and i
xX+y
Solution: Let z be the mean proportional
then
2 2 -y
R
X+
ie, z2=(x" -'2)( y)-—-(x y)
+y

= z=(x=y)
Example 2:  Find the value of @ if 7,¢—3 and 28 are in continued proportion

Solution: Since 7,a~3 and 28 are in continued proportion.
Tya=31g—3:28
ie. Wa=3)'=7x28
= (a=3)" = 196
= a-3 =14
=] a =14+3
== a =17

Exercise 18.3
1. Find the third proportional if first, second and fourth proportional are
(i) 6, 18and 54 (i) a —=b’.a+h and a-b

_3 33 ..3_+._ z
i) GEheey sadaty G Ll e cdbuR

and a+b

a—-b"  a—b




2. Find the fourth proportional to
(i 8,42 (i) da'+b'.a b .a-ab+¥
(i) @’ —8a+12, a—-2, 24’124
(iv) (=B Na*—ab+b).d +b.a —b
3. Find the mean proportional to
(i 818 (ii)  S5ab’,20a’b

2 2
a—b (v) o—b, a—>b

a4 b “arab+b’ Q@

(i) a'—b'

4. Find the value of x in the following continued proportions.

(i) 45.x.5 (i) 16, x .9
(i) 12,3x-6,27 (v) 7, x-3, 112

18.2 Theorems on propertions
18.2.1: Apply theorems of invertendo, alternando, componendo, dividendo to solve the
problem of proportiens.
(i). Theorem of invertendo:
If a:b=c:d thenb:a=d:c
The above statement is called theorem of invertendo.
Proof: Since a:b=c:d

a_c
b d
b d . . .
—=— ( Taking reciprocal of both sides)
a ¢
i.e b:a=d:c¢ Hence proved.
For example: (i) If 2:3 = 4:6 then by theorem of invertendo
3:2=6:4
(i1) If 4p:5¢=2r:5s then by theorem of invertendo
Sq:4p=>35s:2r

(ii). Theorem af alternando:
If a:b=c:d thena:c=bh:d
This statement is called theorem of alternando.
Proof: Since a:b=c:d
8. &
b d
=5 ad = be
Dividing both sides by ¢d
we get

or

a

we get —=—
¢ d

ie. a:c=bh:d Hence proved.




Example:
(1) If 2:5=6:15 then by theorem of alternando
2:6=5:15

(iii)

(iv).

(1) If4p—-1:2-3¢g=5+2r:2s+1 then by theorem of alternando
4p—-1:542r=2-3q:2s5+1

Theorem of componendo:

If a:b=c:d then according to theorem of componendo
(1) a+b:b=c+d:d (i1) aa+b=c:e+d

Since a:b=c:d

a c
or —=—

b d

Adding 1 to both sides

2 =541

b :

a+bh c+d
— —

b d

or a+b:b=c+d:d

Hence proved

.. a ¢
ii — =
) b d
b d .
= —=— (By invertendo theorem)
a c '
By adding 1 to both sides
E+ 1 =£+1
a ¢
b+a d+c
a c
a ¢
= =
b+a c+d
or ara+b=c:c+d

Hence proved
If p+2:g=r:5-3 then by theorem of componendo (i)
p+2+qg:g=r+s5-3:5-3
Similarly by theorem of componendo (ii)
pH2:pr24g=r:r+5-=3

Theorem of Dividendo:
If a:b=c:d then according to theorem of dividendo
(1) a—-b:b=c—d:d (ii) aa-b=c:c—d




Proof: (i) Since a:h=c :d

o [
or —=—
b d
Subtracting 1 from both sides.
a__€_,
b d
a-b c-d
b d
or a-b:b=c—d:d

Hence proved.

Example:

(ii) Since a:b=c :d

a c
or —=—
h d
b d )
e ( By invertendo theorem )
a c
Subtracting 1 from both sides.
b d
——1=—-1
(4] T4
b—a d-c
a ¢
o c 3
= = ( By invertendo theorem )
b—a d-c
or ab—a=c:d—e

Hence proved.

If m+5:n—3=4p+7:3g+2 then show that m—n+8:n—3=4p—-3g+5:3¢g+2

Solution: Since

m+5:n=3=4p+7:3g+2

Py m+5:4p+7
n—-3 3g+2
By dividendo theorem
(m+5)—(n-3) (Ap+7)-(3¢+2)
n-3 - 3g+2
m-n+8 4p-3¢+5
n-3 3g+2
i.e. m—n+8:n—-3=4p-3g+5:3¢g+2
Hence shown.
(v). Theorem of componendo and dividendo:

Example 1: If m:n= p g then show that 3m—2n:3m+2n=3p-2¢q:3p+2¢

If @a:b=c:d then according to theorem of componendo and dividendo

(i) atb:a—b=c+d ¢c—d
(ii) a-b:a+b=c—d:c+d

Solution: Since m:n=p g

m
or L

noq
SUA : 3
Multiplying both sides byg



2n

_3p
2q

By using componendo and dividendo theorem (i1)

3m—2n
3Im+2n

_3p-2q
Ip+2¢q

or
Hence shown.

Example 2: If 3p+4qg:3p—4g=3r+4s:3r—

Solution: Since 3p+4q:3p—4qg=3r+4s:3r—

3m—2n:3m+2n=3p-2q:3p+2¢q

4s then show that p:g=r:s
45

By using componendo and dividendo theorem (i)

(Bp+4g)+(3Bp-4q9)

(3r+4s)+3r—4s

(Bp+4q)-(3p-4q)
3p+4q+3p—-4q

(3r+4s)—(3r—
3r+4s+3r—

45)
45

3p+4g—3p+4q 3r+4s—3r+4s

op _ (o

3y 8s
o, p_r

qg
or pig=r:s

Hence shown.

(by cancellinggfrom both side)

Example 3: Using theorem of componendo and dividend theorem find the value of x

o NXH6-yx—6 x+6—-+Jx—-6 g
x+6+x<6 S
Solution: We have O

J_J_é

By componendo and dividendo theorem

unlw

(Vx+6 —x=6)+(Jx+6+yx—6) 2+5
(Vxt+6-Jx—6)=(Jx+6+Jx-6) 2-5
Jx+6—Jx—6+x+6+yx—6 7
J.r+6-\fx~6~\/.r+6~\/xu6_—_3
2Jx+6 7 Jx+6 7
2Jx-6 -3 6§ A

squaring (1) both sides
x+6 49
x-6 9
9x+54=49x—294
9x—49x=-294-54
~40x =348

348 87

40 10

As (1) is a radical equation, so verification of root is necessary. On verification it is

found that x= 10

satisfies the original equation. Therefore,S.S= {?;}




Example 4: Solve the equation: (x+3) w21y = Z by using componendo and dividendo

(x+3)*—-(x-1) 4
theorem.
3+ =1 _$§
(x+3)V—(x=1)*> 4
By componendo and dividendo theorem
(x+3)7 +(x =1+ (x+3) = (x—1)"  5+4
(x 432 +(x =12 —(x+3)2+(x—-1)} 5-4

Solution: We have

2(x+3)° 9

= o=
2x=1D" 1

. [_1‘4—3}2:9
#=1

=% 'r+3:i3
x—1
.vc-1-3=3 i .\:+3=_3
x—1 x—1
x+3=3x-3 X+3=-3x+3
-2x=-6 4x=0
x=3 x=0

The solution set is {0,3}

2 2 3.3
2 .. acc—bd- ¢ —-d
Example 5: Prove that a:b=c:d if — S —s
ac”+bd” ¢ +d

Solution:

ac’ —bd* B ¢ —d’

ac’ +bd® ¢ +d°

By componendo and dividendo theorem

Since

2 2 2 2 ¥, 3. 4
ac” =bd” +ac” + bd & —-d*+P+d

2 2 27 3 3 3
ac® —bd* —ac® —bd e —-d? =P —d

2ac* 267

-2bd* -24°
a c
= =
b d

or a:b=c:d

Hence Proved.




Exercise 18.4

1. If x:y=z :w then prove that

) 4x+3y 4z +3w (i) 5x—-3y 5z-3w
4x—3y 4z-3w : Sx+3y Sz+3w
L Xty 2w : 3x42y 3z+2w
(i) 3 }’3: o (iv) L
X—y z-w 3x-2y 3z-2w
) 2x+3y+2z+3w  2x-3y+2z-3w

2. Prove that a:b=c:d if
(i) a'—b':a* +b' =ac—bd ;ac+bd
(ii) atb+c+d a-b+c-d
a+b—c—d a—b-c+d
3, Solve the following equation by using componendo — dl thenrem
o @ +3) -(x-5)" _4 ' j
(x+3)° +(x=5° 5 PN
(i) NX+ES—Jx=5 1 m@ X
i) ————==— -
Jx+5+4x=5 10 < )
18.3 Joint variation
18.3(i) Define joint variation
When a variable depends on the product or quotient of two or more variables is called
the joint variation. In other words, joint variation occurs when a variable varies directly or
inversely with multiple variables.
For example
(1) If x varies directly with both y and z we have x o« yz = x=kyz

2x+3y—2z-3w 2x-3y—2z+3w Q@

—4) —'(-" —3) _63
(x—4) +(x=3y 65

ky
(i) If x varies directly with y and inversely with z we have xoc L=
18.3 (i) Selve preblem related to joint variation.
Example 1:
If 'y varies directly as xz’and y=4 when x=6 and z=3. Find the value of
v whenx=-81 and z=5

Solution Since y varies directly as xz°

yoc xzt
i.c. y=kxzt (i)
By putting, y=4, x=6 andz=3 ineq (i)

#)

4=k (6) (3)' = k=

54 27




; 2 .
By putting, & = 57 in eq (i)

weget y= 2 x z° ...(i1)
P= e BT

Now by putting x = —8landz=5 ineq (ii)
2
; (-81) (5)* = 2(-3)(25)=-150

Example 2. If s varies directly as v’ and inversely as Jruand s =16 when v=4, t=9 and
u = 24; find the value of s whenu =25, t=36 and v= 5.

Solution. Since s varies directly as v’ and inversely as \/.; u.
3 3

SI—”_\/!_ — S:k_u\h__ e (i} By puttlngk:]8 in eq (r}
By putting s =16, v=4,t=9and s 18 v’ i)
u=24ineq(i) u
k(4 By putting u=25.1—36 and v =5 in eq (ii)
o (24) we get
L I8(5)° _ 18x125 _ .
16K 162 g s
< 64 v (ES] %25

& A4
}%rcise 18.5
1. Ify varies directly as (’n ziand y=6 when x=4,z=9, Write y as a function of x
‘ andzanddetermne,&efy when x=-8and =12

2, Ify varies du‘ectl_y%s%n *and inversely asv and t. y=40 when x=8, u=35,v=3
and t=2 find y in terms of x,u,v and t. Also find the value of y when x=-2, u=4,

3. If w varies directly as u® and inversely as cubic root of v and w =216 when u =6
V= _.\:ﬁﬁd the value of w when u =10 and v =125,

"?penod T of simple pendulum is directly proportional to the square root of
L and inversely proportional to the square root of acceleration due to

%w g’ if T =2sec L=100cm and g =9.8m/s. Find time period of simple pendulum

en L =200m and g =7.6 at a particular height.

5. The volume V of a particular gas is directly proportional to the temperature T and
inversely proportional to the square root of pressure. If V=100, T =30 and P =64.
Find the value of V when T=60 and P=81.




18.4 k—Method
When two or more ratios are equal many useful proportion may be proved by introducing
a single symbol ‘k’ to denote each of the equal ratios. This method of using symbol k to each
ratio is called k-method, the k method is a very useful method in solving many problems.
18.4 (i) Use k-method to prove conditional equalities involving proportions
If a:b::c:d is a proportion.
Then by k — method

i = o
b d

= L -k and £ =&
h d .
a=bk ..(1) and c=d k ... (ii)
By using these equations, we can solve problem relating to proportion.

8a-5b 8c-5d

Examplel. If a:b::c:d then show that =
8a+5bh 8¢+ 5d

Solution: Since @ : b =c¢ : d

Let B =8 _%

b d

Then g=hbk and ¢ =dk.

Now L HS = Ba-5b _ 8bk -5b _ h(8k - 5) _ 8k -5
Ba+5bh 8bk+5b b(Bk+5) B8k+5

8c—5d 8dk—5d d@®k—-5) 8k-5
8c+5d 8dk+5d d(8k+5) 8k+5

LHS=RHS

8a—5b 8c-3d

8a+5b 8c+5d
Hence shown.

R.HS =

3
" a Qe at+c+e) ace
Example 2;: If - = —=— then prove then L i)

d . f (b+d+[) bdf’
Proof: we have & = £ = E
b d J
Let 2L Lo
b d f
Then ﬂzk.izk,i_zk
b d if
= a=bk c=dk and e= fk
vey  (bk+dk+ &Y [k(b+d+ D]
Lis - atere)  (bk+dk+ fk) =[ (b+d+ f)] _p

(b+d+ f) (b+d+ f) (b+d+ f)




ace  (bk)dk)(fk)  k'bdf

RHS="" = VB o 00
bdf b bdf

LHS= RH.S
(a+c+e) _ace
(b+d+ ) bdf
Hence proved.
Example 3:

If % = i = ? then show that (" +¢* + e’ )b’ +d* + [*)=(ab+cd +ef )
Proof: Let £ = £ = ﬁ_:;\-
b d ¥
= a=bk, c=dkande=fk
LHS = (@' +c*+&) (B +d*+ ) R.H.S =(ab+cd+ef Y
= (K +dK + ) (B +d*+ ) =[(b k)b+(d k)d +(f k)_f']"’
= KB +d*+ ) (PP +d*+ ) [k b+ kd* + K f* ]

— BB +d + 1) o
: [kt + a*+ 1% ]

=B +d + )

LHS=RHS
@+ +e )b +d* + fP)=(ab+cd+ef )’
Hence shown.

‘ % ) Exercise 18.6
1. i prg=ris Eb&
. 2] 3 gyl
T . Gy 3 Etr_p

8p+3q \{&35 | : Frs 4
3

(iii) %\/ +5%): r:‘s (v) pHrigesi=p g s
1o -

%‘ ptq r ?'+S

2. a:b=c:d=e: [ thenshow that
) .a-' b +a' e ~€4f=a_4 ) b A Cﬁd+'€1f=a+c+e
L T ab®+ed'+ef?  b+d+ [
2 2 2
ce eq a & e
(11_1) —_— = — 4 ——




18.4 (ii) Solve real life problems based on variations:
Example 1.

The potential energy of a body varies jointly as the mass “m” of the body and the
height “h™ If potential energy is 1960 joules when m=2kg and h=100 then determine
potential energy of the body having mass Skg and height 300m.

Solution: Since potential energy “p” varies jointly as the mass m and the height h
i.c. p¢ mh
p =kmbh ... (i) when k is constant of proportionality
By putting m= 2, h= 100 and p = 1960 in equation (i)

We get 1960 = k (2) (100) = k=%= 9.8

By putting the value of k in equal (1),
p=9.8mh ... (ii)

Now by putting m=5 and h = 300 in eq: (ii)
We get p= 9.8 (5) (300) = 14700 joules.

Example 2. Example 3:
According to Hook’s law the force F applied | Labour cost C varies jointly as the number of
to stretch a spring varies directly as the | workers “»#™ and the average number of days
amount of elongation S when F=64 [band |d, if the cost of 200 workers for 10 days is
S=3.2 inches. Rs.450,000. Find the labour cost of 300
Find. (i) S when F=100 /b workers for 16 days.
(1) F when S=0.4 inches. Solution: Since cost varies directly as the
Solution: Since Foc § number of workers and the days.
F=kS... (i) ie, Cond
By Putting F=64 & $=3.2 C=knd (i)
we get By putting C =450,000,7 = 200 and d =10
64=3.2k in eq (i)
= = 450,000 = k(200)(10)
32 450,000
By putting k = 20" in eq (i) == k= 2000 225
we get F=208 ... (ii) By putting k =225 in eq (i)
(i) By putting F=100 in eq (ii) we get C=225-nd (ii)
e Bt ]00:2_0 S By putting #=300 and d =16 in eq (ii)
§ =) 55 mch_ - we get C=225x300x16
(i)  Byputting S=0.4 in eq (i1) C = 1080000
We get F=20(0.4)= 8/ Hence the cost for 300 workers for 16 days is
Rs.1080000.




Example 4:

The expenses of a hostel are partly constant and partly vary according to the number
of students. When the number of students are 140 the expenditure is Rs 19300 and for 200
students the expenditure is Rs 26500. Find the expenses when number of students are 300.
Solution: Let the constant expenses be denoted as C, Q denotes partly expense, x is the number

of students and P denotes the total expense.
Since the expenses varies directly to number of students.

Qox
Q = nx where n is constant
P=C+Q
P=C+nx . where n is constant
According to given condition
Hence 19300=C+140n (1)
and 26500=C+200n (1)
also P=C+300n ..(111)

From (i) and (ii), we get n=120 and C= 2500
Now, equation (iii) becomes
P =2500+300(120) = 38500
The total expense for 300 students is 38500.
Exercise 1 \Yw
The current in a wire is du'cc ional to the potential difference and

inversely proportional to the r/;sfggggse R. If I=6 amperes, when V=220 volts and
R=5 ohms. Find I when V=18| vofﬁgc&md R=8 ohms

The intensity of light mgas&)lred in foot candles varies inversly with the square of the
distance from the light source: Suppose the intensity of a high bulb is 0.08 foot
candles at a dist %3 ters .find the intensity level at 8 meters.

The strength % tangular beam can varies directly as the breadth b and the
square of depth if a bean 9 cm wide a 12 em deep with support 1200 pound.
What weight a bean of 12 cm wide and 9cm deep will support.

\é\ varies jointly as the number of worker n and the average number of
f/&]e cost of 100 workers for 15 days is 9000, then find the labour cost of
& for 20 days.

%ssales tax on the purchase of a new car varies dlrectly as the price of a car. If a
car is purchased in Rs 2000000, then the sale tax is Rs 40000. How much sale
tax is charged if the new car is priced at Rs 2800000,

Review Exercise 18

1. Multiple Choice Question
Seleet the correct option in the following
In a proportion p:g::r:s, pis called
(a) third proportional (b) mean (¢) fourth proportional  (d)first proportional
Inaratio/:m , | iscalled '
(a) consequent (b) antecedent (c) relation (d) none of these




(i)

(iv)

(v)

(vi)

(vit)

(viii)

(ix)

(x)

(xi)

(xii)

(xiii)

(xiv)

In aratio u:v, v is called

(a) antecedent (b) consequent (c) relation (d) none of these
Ifa)b,c are in continued proportion then b is called proportion between
ake
(@) 1* (b) mean (c) 3 (d) None of these
The mean proportional between a” and b” is
(a) ab (b) ab (c) % (d) —ab
If x+5:x+7=5:7 thenx is equal to
(a) 2 (b) -1 (¢) 0 (d) 1
If 1.9, x and 45 are in proportion, then x =
(a) 27 (b) % (c) 5 (d) 405

If p:g=r:s then p:r=q:s this property is called
(a) compodendo  (b) invertendo (c¢) dividendo (d) alternando
If x:y=z:w then according to componendo

(b) -

x+y z+w X—MW z=wW

()

XtV Z+W ¥y w

X z XN\ JE

(a)

X=). zZ—w

X=y z—w

(¢)

If a:b=c :d then according to alternando property

a ¢ a+b se+d b d a b
: —= b — - —_——= d —_=—
(a)b y (b) (c) " @ —=-

G b C a

The fourth proportional to 3.5,12 is
(a) 20 (b)y 15 (c) 60 (d) 36
If 2x, 3y and 6z are in continued proportion then

(a) ¥ =I12xp (b) 9 =xz (¢) 9y =12xz (d) 3y* =4xz

If '-'E-:‘?-' then according to dividendo property is

=
@) X—y _w-z (b) x+y=w+z

v z V Z

(c) = (d) None of these

Xty w+z
Force and acceleration are in
(a) direct proportion (b) joint proportion
(¢) inverse proportion (d) None of these




(xv)

2.

If a:4::15:5 thena =

(a) 20 (b) 15 (c) 12 (d) 10
Find the ratios of the

(1) 100m and 500cm (ii) 50kg and 300g

Find the value of x in the following

(i) S:x—3=x+11:3 @) 9:x—10=x+13:12

If y varies directly as x and y = 25 when x = 75 then find » when x = 144.
1
If y varies inversely as x and y= 100 when x = - then find y when x = 4.

Tx+5y Tz +5w
Tx—5y Tz +5w
x=3)(x=35) (x-6)(x-2 A \

Solve ( I ) = ( i ) by componendo — dividendo theorem,

(x=7)(x=2) (x=1)(x-8) ‘
If x varies directly as y and inversely as z. If x =30 when =15 and z = 2. Find x if
y=30whenz=12.
The current in a circuit varies inversely with its resistance measured in ohms. When
the current in a circuit is 40 ampere, the resistance in 10ohms. Find the current if
resistance is 12 ohm.

If x:y=z:w then prove that

Summary
The comparison between two quantities of the same kind is called ratio

If two ratio @:bh and c:d are equal then we can write.
ashizesd
Equality of two ratios is called proportion.
If two quantities are related in such a way that increase (decrease) in one quantity
causes increase (decrease) respectively in the other quantity is called direct variation.
If two quantities are related in such a way that when one quantity increase, then the
other decreases and vice versa is called the quantities are in direct variation.
Theorems on proportion
(i) Theorems invertando If a:h=c:d then b:a =d:c
(ii) Theorems of alternendo If a:b=c:d then a:¢ $:d
(iif)  Theorems of componendo
W If a:b=c:dthen (a) a+b:b=c+d:d (b) a:a+b=c:c+d

(iv)  Theorem of dividend

If a:b=c:dthen a—b:b=c—d:d and a:a—b=c:c—d
(v) Theorem componendo and dividendo

If a:b=c:d then

a+bia—b=c—d:.c—d

~ If one variable varies directly or inversely with two or more than two variables then it

is called joint variation




MATRICES AND
DETERMINANTS

* Weightage = 9%

Student Learning Qutcomes (SL.Os)
After completing this unit, students will be able to:
~ Define » A matrix with real entries and relate its
< A matrix with real entries and relate its rectangular layout (formation) with
rectangular  layout  (formation) with . Define the determinant of a square matrix.
representation in real life aswell. ~ Finding the value of determinant of a matrix.
Know about the rows and columns of a . pefpe singular and non-singular matrices.
Matlix, . . »  Define minors and co-factors
The order/size of a matrix,
Equality of two matrices. ) T N )
> Define and identify row matrix, column matrix, ~ Find the multiplicative inverse of a non-
rectangular matrix. square matrix. zero/null singular matrix 4 and verify that A47'=/=4"14,
matrix, identity/unit matrix, scalar matrix. where, / isthe identity matrix.
diagonal matrix, transpose of a matrix, » Use the adjoint method to calculate inverse of
symmetric (upto three by three,3 x 3) and

» Define adjoint of a matrix.

’,
e

: ! a non- singular matrix,

skew-symmetric matrices. ¥ Verify the result (4B)" = B-4-L.
~ Know whether the given matrices are ] :
s > ~ Solve the system of two linear equations,
conformable for addition and subtraction. : :
related to real life problems, in two unknowns

~  Scalar multiplication of a matrix by a real using

number.

.

4 Matrix inversion method.

~ Add and subtract matrices & Cramersvils

~  Verify commutative and associative laws
w.r.taddition.
~  Define additive identity of a matrix. i
I ~  Find additive mmverse of a matrix.
% » Know whether the given matrices are
conformable for multiplication, |
~  Multiply two (or three) matrices. |
. ~  Verifyassociative law under multiplication.
LR » Verify distributive laws.
Verify, with the help of an example that
commutative law w.r.t. multiplication does
not hold, in general. (i.e.. AB # BA),
Define multiplicative identity of a matrix.




19.1 Introduction to Matrices

The matrices belong to a field of mathematics, that is, linear algebra, It is mainly used
in business, engineering, physics and computer science. Arthur Cayley (1821-1895) was the
first mathematician who developed the theory of matrices.

19.1 (i)Define a matrix with real entries and relate its rectangular layout (formation) with
representation in real life as well.

A matrix is a rectangular array of elements. The elements can be symbolic expressions
or numbers. Matrix is usually denoted by capital letter of English alphabet and each entry (or
"element") is shown by a lower-case letter. Elements of a matrix are enclosed within [ ] or ().
For example:

(I” Cllz (I]_‘ (.I'“ (i'l2 UH
A=|ay Gy Gy |OTA={dy ay asx (1)

a, ay Gy

3 y dyp Ay
Here a,,, a,, and ay; are the elements of main diagonal and are called main diagonal elements,
and diagonal itself is called main diagonal, principal diagonal, leading diagonal or primary diagonal.
Let us take an example of matrix in real life, following table shows the number of
residents, televisions and computers in three houses as

Residents Televisions Computers

House A 4 2 |
House B 6 2 3
House C 2 | 0
The above data can be written in matrix form as
[4=2 1
6 2 3
2

Note: The plural of wox “Matrix” is “Matrices”.
19.1 (ii) Know about the-rows and columns of a matrix

The horizontal line of entries in a matrix is called row of a matrix and the vertical line
of entries in a matrix is called column of a matrix.
25 1 4
6 3 -2 0
consists of two rows. It has four vertical lines of entries so it consists of four columns.
19.1.(7ii) The order/size of a matrix

The order or size of a matrix is defined by the number of rows and columns it contains.
The order of matrix is represented by mx n(read as m by n) where m is the number of rows, and
n is the number of columns in the given matrix. For example,

For Example, matrix A=[ } has two horizontal lines of entries so it

_ 3 4 9 .
IfA= then orderof A is 2 %3

12 11 35




19.1.(iv) Equality of two matrices
Two matrices A and B are called equal matrices if they have the same order and their
corresponding elements are equal. Symbalically, we write as A = B. For example,

2 6 1 2 6 1 .
A= and B= 3 are equal matrices

05 3 0 5
I2 1 2 3

P=|3 4 |andQ :(4 5 J are not equal matrices because their orders are not same.
5 4

19.2 Types of Matrices

19.2.(i) Define and identify row matrix, column matrix, rectangular matrix, square
matrix, zero/null matrix, identity/unit matrix, scalar matrix, diagonal matrix,
transpose of a matrix, symmetric and skew-symmetric matrices (up to three by

three, 3x3),

Row matrix
A matrix having one row is called row matrix.

For example, [, b],[1 4 7]and [4 3 8 6]arerow matrices.

Note: The order of row matrix is 1 x n. W

Column matrix
A matrix having one column is called column matrix.

1
x| s 2 -
For example, .| 5 |and & are column matrices.
9

Note: The order of col}\1m<r/1 ﬁ@‘vy ismx 1.

Rectangular matrix
A matrix in which number of rows is not equal to number of columns is called

rectangular matrix. i.e. m= n For example,

2 1
3 S>3 9 )
A= S B= ; C=| 7 2 |are rectangular matrices.
-1 1 =7 10 1 -

Square matrix
A matrix in which number of rows is equal to the number of columns, is called square
matrix. i.e. m = n. For example

x vy z 1
9 5 2 i
3 2 a b ¢ 1
A= | 4 ,B=|1 8 5|andC= b
316 S




Zero/null matrix

A zero/mull matrix is a matrix in which each element is equal to zero. It is generally
denoted by capital letter "O". Following are few examples of zero matrix.

0 00 0
0 0
JOland [0 O 0].
0 0
0 0 0 0

Diagonal matrix
A square matrix is called diagonal matrix if all the elements of matrix are zero except at
least one element of main diagonal.

5 B 1 00 30 0
For example, A = L) 4], B=|0 5 0|andC=|0 0 0 | are diagonal matrices.
00 7 00 -1

Scalar matrix
A diagonal matrix in which main diagonal elements arc same. For example,

3 0 5 0 0 k 0 0
A= L) J B=10 5 0|andC=|0 K 0| are scalar matrices.
0 0 5 0 0 %

Identity/unit matrix
A diagonal matrix in which each element of main diagonal is 1. It is generally denoted
by capital letter "I". For example,

R I 00
1.=['ll_~.=[0 1]"‘:2 X

Transpose of a matrix
A matrix that is obtained by interchanging the rows into columns or the columns into
rows, is called transpose of the matrix. It is denoted by Al.

15
. 11 40
For example, transpose of |4 6 |1s| _ !
0 7 56 7

Symmetric matrix
A square matrix Ais said to be symmetric matrix if its transpose is equal to itself. i.e.
Al =A.

. 2 ¥ 1 2 17
Forexample,if 4= 2 5 —1l|then A'=| 2 5 —11|.
17 =11 9 17 =11 9

As A'=A, 50 A is a symmetric matrix.




Skew-symmetric matrix
A square matrix is said to be skew-symmetric matrix if its transpose is equal to negative
of itselfi.e., A'=—A.

0 3 4 0 -3 —4
For example,if A=|-3 0 7|then A'=[3 0 -7|=-A
-4 =7 0 4 7 0

As A'=-A, 50 A is skew-symmertic matrix.

19.3  Addition and Subtraction of Matrices

19.3.(i)Know whether the given matrices are conformable for addition and‘Subtraetion
If two matrices A and B have the same order, then they are conformable for addition and

1 4 2 6
subtraction. For example, L 3:| and L 9} are conformable for addition and subtraction.

19.3.(ii) Scalar multiplication of a matrix by a real number

The scalar multiplication of a matrix refers to the product of a real number and the
matrix. In scalar multiplication, each entry in the matrix is multiplied by the given scalar. Here,
if ¢ is a scalar and A is a matrix then scalar multiplication of a matrix is denoted by cA. For

example,
0 -1 5 0 -1 5
IfA=[-3 2 1 |ande=-5thencA=-5}-3 2 |
2 0 4 2.0 -4
0 5 =25
i.e. cA={ 15 -10 -5
-10 0 20

19.3.(iii) Add and Subtract Matrices
The addition and subtraction of two matrices A and B are obtained by adding or
subtracting of the corresponding elements of both matrices.

. 2\, N 1 4 2+1 5+4) (3 9
For example, If A= and B= then A+B= = .
-1 3 37 -1+3 3+7) \2 10

For subtraction,

I 02 10 4 2 1-10 0-4 2-2) (-9 —4 0
ifP=4 6 1|,0=|2 7 1|thenP-0=|4-2 6-7 1-1|=|2 -1 0
-2 90 1 9 4 2-1 9-9 0-4) \-3 0 -4

19.3.(iv) Verify commutative and associative laws w.r.t addition

Commutative law w.r.t addition

If A and B are two matrices of the same order, then the commutative law of addition 1s
defined as A+ B=B + A.




Example:

<=

|
Verify commutative law w.r.t addition for A=| 4

o~ B
o= N

0 2
6 1 |and B=| 2
9 0 1

Here.
1+10 0+4 242 11 4

A+B=| 4+2 6+7 1+1 |=| 6 13
241 949 044 -1 18

B O s

Now,
10+1 440 2+2Y) (11 4 4
B+A=|2+4 746 I1+1 |=| 6 13 2
1-2 949 440 -1 18 4

Since A+B= B+ A . Therefore, commutative law w.r.t addition is verified.
Associative law w.r.t addition

IT A, B and C are three matrices of the same order, then the associative law of addition
is defined as (A + B) +C = A+ (B + C).

Example:
i . L I\ 2 5 6 9 10
Verify associative law w.r.t addition for 4= B= and C= .
3 4 7 8 11 12
Here,

2 WM (o a1 )
2
FoPll oM )l 2Fs %)

Since (A+B)+C=A+(B+C)
Therefore, Associative law w.r.t addition is verified.
19.3.(v) Define additive identity of a matrix
If A and O are two matrices of the same order and A + O = A = O + A.Here O is null
matrix and called additive identity of the matrix A.




19.3.(vi) Find additive inverse of a matrix

[f A and B are two matrices of the same order such that A+ B=0=B + A then A and
B are called additive inverses of each other. The additive inverse of matrix A is denoted by —A
For example,

1 & 2
fA=| 4 6 1
-2 9

10 2) (-1 0 =2
then ~-A=-| 4 6 | |=|4 —6 -l
-2 9 0 2 9 0
A and — A are additive inverse of each other.
19.4 Multiplication of Matrices (up to 2 by 2)
19.4.(i) Know whether the given matrices are conformable formuftiplication

Two matrices A and B are said to be conformable for multiplication, if the number of
columns of the first matrix is equal the number of rows of the second matrix. For example,

1 -4 4 -7
and are conformable for multiplication.
8 2 2 i
19.4.(ii) Multiply two (or three) matrices

If two matrices are conformable for multiplication then the element «, of the product

AB is obtained by multiplying the ith row of A by the jth column of B.
Example:|

1 2 0 =1
If A= andB= then compute AB.
3 4 6 7

Solution:
Here, AB is possible because the number of columns of A is 2 and the number of rows
of B.

o el
[1(0)+2(6) 1(~1)+ 2(?)}

3(0)+4(6) 3(-1)+4(7)

[04+12 -1+14 12 13
ABZ =
| 0+24 ~3+28} {24 25}

(12 313
AB =
(24 25

AB=




Example 2:

1 3)(4 5)(6 8
Compute the product: - :
2 4)4 0)\5 1

Solution:

1 3Y(4 5)(6 8

2 4]'[4 o]'[s 1]
4412 5+ 0)(6 8

~(8+16 10+o]'(_5 l]

(16 5}68
124 10)15 1

96+25 128+5 J_[l?_l 133J

144+50 192410 194 202
19.4.(iii) Verify associative law under multiplication
Let A, B and C are three matrices then associative law under multiplication is defined
as (AB)C=A(BC).
Example 1:  Verify associative law under multiplication when

A= JB= andC = .
=i 4 2 W2

Verification:
Taking L.H.S (AB)C Now taking R.H.S: A(BC)

(] o) A M (P
NG L s )
3] £ ¥

Hence, associative law under multiplication is verified.
19.4.(ivy Verify distributive laws
Let A, B and C are three matrices then the distributive laws are
(1) A(B+C) = (AB)HAC) (Left distributive law)
(1) (B+C) A = (BA)+(CA) (Right distributive law)




‘ 1 2 0 -l -2 0 _ . _
Example: If A = 0 B= and C = 0 1 then verify the following:

=1 11

(1) A(B+C) = (AB)HAC) (ii) (B+C) A = (BA)HCA)
Verification:
(1) A(B+C)=(AB)HACQC) Now, RH.S=AB+ AC

Taking L.H.S=A(B+C) 1 270 =11 71 27=2 o
- eI O (N A
0 - 1 1 0 1 2 1 -2 2
. B &

-1 -1 0 -1
| 0 3
=1 <3
Hence, A(B+C) = (AB)+HAC) is verified. While, applying similar procedure, (B+C)
A =(BA)HCA) can be verified.

19.4.(v) Verify with the help of example that commutative law w.r.t. multiplication
does not hold in general (i.e., AB # BA)

5
Example: Let A= [ 3

2 -1 2
. ]} and B= { 2} then verify that AB = BA.

Verification:

AB:__SZ —ZJ h _:j
AB:'(—5+6) {IO—4)J:[1 6]

Now,

-1 275 2
BA = -
3 2R aAl

" (-5-4) (-2-2)}{—9 —}

((15+4) (6+2) ] [19 8

- AB#BA .. the commutative law w.r.t multiplication does not hold, in general.
19.4.(vi) Define multiplicative identity of a matrix.

Let A be a square matrix of order » and I, is unit matrix such thatAl,=Aor [,A = A
here I, is called the multiplicative identity of A.




Example:

1 2 10
Let A= [3 4, verify that /, = [0 l] is the multiplicative identity.

Solution, given that

S P I A
o o 3 3

19.4(vii) Verify the result (AB)" = B'A!

12 1 o] S
Example: IfA= 3 i and B= 5 verify that (AB) =B'A

Verification:

T

and the transpose of AB is:

(AB) = Lsz jﬂ :

Now,

O A I S
(AB) =B'A". |

Hence verified.

6 5 2 6 8 0
Example 2: Verify theresult: (AB) =B'A',If A=|4 6 3 |andB=|5 1 2|
0 1 7 3 6 4

Verification:
6 5 23)(6 8 0
AB=/4 6 35 1 2
01 7)J\3 6 4
36+25+6 48+5+12 0+10+8 ) (67 65 18
=| 2443049 32+46+18 0+12412 [=[63 56 24
0+5+21 O0+1+42 0+2+28 26 43 30




67 65 18) (67 63 26
(AB) =| 63 56 24]=65 56 43
26 43 30) (18 24 30
6 8 0Y (6 5 2Y
Now,B'A'=|5 1 2|44 6 3
36 4)0 1 7
6 5 3\(6 4 0
=8 1 6F5 6 1
0 2 4)(2 3 7

36+25+6 24+30+9 0+5+21
=| 48+5+12 32+46+18 0+1+42
0+1048 0+12+12 0+2+28
67 63 26

=165 56 43

18 24 30

(AB) =B'A.

Hence verified.

Exercise 19.1

L

owing matrices.

2 -1 (A 0 S
(i) (iii) [-2 0] ()| .| Mo & 0
3.0 0 &
= 0 0 ¢
2. What is the each of the following matrix?
[0 3 4 [—-2
i % i) =1 2| (i) P (iv)| 1 (v){0
(i) j\ (i) i, , 5 @ ) [0]
CQ 3 0 3 -1
3. Check whether the following matrices or symmetric matrix or skew symmetric matrix
R 0 1 =2 1 7 3 0 —6 4
@(1 2 0 (i)f-1 0 3 (i)|7 4 -5| (v)|-6 0 7
-1 0 5 2 -3 0 3 -5 6 4 7 0




L > 4 g i 2 3 1 2 -1
4. ifA{ P}},B:[ *],cz[ ]Dzl 2 3|andE=|-1 0 2 [then

0 1 0 -1 2
123 2 1 0
compute the following (if possible)
(i) A+C (i) A+E (i) B—D (iv) 2B+3A
(v) B-C (vi) A (vii) B? (viii) D+E
-1 0 1 4 2 3
5. Forthe matrices A={ 2 | 0 |and B=|-2 4 1|.Find
3 2 -1 3030
(i) A+B (i) A-B (i) 3A+2B
(iv) AB (v) BA (vi) A’
6. Verify that: (i) A+B=B+A and (ii) C-D#D-C for the following matrices
31 -4 2.7 -5
2 -1 -3 0
A= = ,C=(4 3 1 |andD={-2 1 0 |
-7 4 7 -4
1 4 3 6 3 4
8 2 -1 1 4 -4
7. Show that AB#BA when A=|2 1 2 |andB=[2 5 7 |
22 RO 0 4 -3

-4/ \-1,%
'ab 3-1_1
0

X
c

-3 0 2 -1 10
8. IfA=[? ].B={ .'m;lC=[ 5 4],ﬁnd2A—3B+4C.

0
9, lf ] then find the values of ¢, b, ¢ and d.

_.r 3 a
10.If|2 0 3{=(h 0
lz €\N2) 12 3 4

11. Evaluate possrblf: products of the following matrices,

,then find the values of a,b,¢,d, x, y and z.

0 -1 2
-{1—2} {210}
A= B= andC=|-1 0 —4|.
3 1 L 0~

301 2

1 03Y220

12. Determine: [2 1 2|1 3 2.
1 3 103 20




31 2 -1 © 112
13.1f A= B= and C=
=1 2 31 2 =2 9 3

then verify that (i). A(B+C)=AB+AC (ii).(B+C)A=BA+CA.

(6 5 2 6 8 0 2 3
14.1fA=|4 6 3|B=[5 1 2landC=|1 2 3 |then verify the following;
0 1 7 3 6 4 123
(8 A+B=B+A (b) (A+B)+C=A+(B+C) @
(¢) (A+B)C=AC+BC (d) A(B+C)=AB+AC @

2 3 1 | 2 1 10 1 v
I5.fA=[1 -1 1|.B=|-1 2 —1|andC=|0 1 1 |then @
0 2 2 2 0 2 10 2
show that A(BC)=(AB)C. ﬂ

19.5 Determinant of a Matrix

19.5.(i) Define the determinant of a square matrix
We can associate with every square matrix A over R, a number [A|, known as the

determinant of the matrix A.

b

dl

a
¢

) a b . X ) }
If A= [ J, then determinant of the matrix A is denoted by \A\ =
C G

19.5.(ii) Finding the value of determinant of a matrix

a b

a b
For a 2x 2 matrix A-——[ y ] |A| = . = ad — bc is called value of its determinant.
g (& [
3 7
For example, =3x(=4)-Tx1=-19.
1 —4 '

Now, The Leibniz formula or laplacian expression for the determinant of 3 % 3 matrix

dy 4y 4y
A=lay, a, ay| 1 the following
) 4y Gy
;R
Ty
o Ay

a4y,
|A| =da, +a;| -

I3

s SRl

a; ay

Notes: 1. The above evaluation of the determinant is said to be the expansion by row one (R,).

2. If A:[a.] then IAlzla]J:a”, i.e just the element itself of a matrix
cg A=[-2| then |[A[=|-2[=-2 and B=[3] then [B|=|3|=3




4 -3
1

Example: Find ‘A|if A=

Solution: To find |A|. let us expand the determinant by R, .

0 3 ]310‘

~(=3) +5

§ 2 -1 2 [-1 5
|A|=4(0-15)+3(2+3)+5(5+0)=-20.
Hence, the determinant a matrix has a unique value.
19.5.(iii) Define singular and non-singular matrices
A square matrix A is said to be singular if its determinant is equal to zero. i.e., ‘A‘ =0

A =4‘

A square matrix A is said to be non-singular if its determinant is not equal to zero. i.e, A‘ # 0.
Note: A singular matrix is also called non invertible matrix, and a \?i'/lﬁgular matrix is also
called invertible matrix. d
2 4 6
Example: Determine whether A=|2 0 2 |is a singular matrix or not.
6 8 14
Solution:
2 4 6
[4=2 0 2|= 2(0-16)—4(28-12)+6(16-0)=-32-64+96=0.
6 8 14
[Al=0

A 1s singular martix.
19.5.(iv) Define minors and eo-factors
Let us consider a square matrix A of order 3 X 3 then the minor of an element aj,
denoted by Mj is the determinant of the matrix obtained by deleting the i™ row and the j™
column of 4. For example, if
A L 2N\
A=|ay; @, ay| then the matrix obtained by deleting the first row and second column of A

fyp Wy 33

[ (479 . . . "
is { a8 ~dp }and its determinant is the minor as defined below:

93y 3
a5y a":] ; i
M, =| — 7| while, cofactor of an element ay, is denoted 4; j and can be computed by
iy gy

A;=(-1 )M M;; Here, M;; is the minor of an element a;; of the square matrix A.




2 -3 5
Example: LetA=|6 0 4 |then compute M, and A 5.

1 5 -7
6 4|
Solution: Here M, = | | 6 (-7)—4(1)=-46
and =i l,‘;’Jr1

50 AIE_{ [y Ml:
A =(=1)*(-46)
A= (-1)(-46) = 46.
19.6 Multiplicative Inverse of a Matrix
19.6.(i) Define adjoint of a matrix
Adjoint of a matrix with order 2 x 2
The adjoint of a matrix A is the transpose of the matrix of cofactors of A.

b i
Let A= [a f] then the adjoint of matrix A is denoted by Adj( A) or adj( A).
[
i b
and Ad_i(A)z{( }
=& a
a

o Gy g
If amatrix A=|a, a,, a,|then
A
A

' O
Ay Al: 13 j
Adj(A)=| A, A, 23
Ay Ay LA
Where A, A,,,...A;; are the cofactors of A.
3 1 -1
Example: Find the adjoint of the matrix A={2 -2 0
I 2 =l
Solution: First we, find all the cofactors of matrix A
uy—2 9
H 7 { l} 2 _]
A.,:(—l'}":‘z 0‘:2
. I -1
A :(_I)m ‘? -2 =6




. O 1}1"-‘3 ol 5
B 1 2
[
A, =DM =-2
o PO
K= ] S B
% 2 0|
A =1 5 5 =8
i
AII AD AI}
Now, Adj(A)=| A, A, A,
A.ﬂ A.'l! A33
2 2 61 [2 -1 =2

Adj(A)=[-1 -2 -5| =|2 -2 -2{.
-2 -2 -8 6 -5 /8
19.6.(ii) Multiplicative inverse |of a non-singular matrix 4 and verify that
AA™' =1=A"A, where, | is the identity matrix.
If A and B are nxn non singular matrices such that AB=BA =1, then A and B are

multiplicative inverses of each other. The multiplicative inverse of A is denoted by A~
Example: Check whether A and B are multiplicative inverses of each other.

3. 47 5 -7
If A= and B =
2 mee S |

ABﬂ-B 71 5 —?'_‘|5—14 -21+21] _[1 0]
V12 s)|-2 3] [10-10 -14+15] [0 1
Similarly,
s =713 71 [15-14 35-357 [1 0]
BA: _ = —
-2 3|2 5] |-6+6 -14+15] |0 1]

as AB=BA =1,
Hence A and B are multiplicative inverses of each other.




19.6.(iii) Use the adjoint method to calculate inverse of a non- singular matrix.

b
Let A=[a d] be a non-singular matrix then A' can be found
¢
as, A”' = Adi(A) where |A| #0.

The method of finding inverse in this way is called adjoint method
31
Example 1: Find the inverse of the matrix A = L 2} by adjoint method.

3

|
43 =2. Since ‘A‘ # () therefore, inverse of A exists.

Solution: Here ‘A‘ ‘

]
Now Adj(A)= ‘: %}

4 -2

4 1{3 -1}: 2
2|4 3 - 3
2
A 2) 1
Example 2: Find the inverse of the matrix A=|5 -1 6 | by adjoint method.
4 0 2
Solution:
Here
9 2 1
|A‘ 5 -1 6
4 0 -2
=9(2-0)=2(-10-24)+1(0+4)
=18+ 068+4
= 90,
Since |A|#0, Here A™! inverse exists. Now, we find all cofactors of A
A”:(—I]H’Fl 6‘:2»-0:2
0 -2
5|5 6
A, =(-D" ‘=—(—10—24)=34




.19
A, =(=1)*" =(-18-4)=-22
amenf) i)
A T g 1)319 2_ (0 8)_8
5= 4 0 T
3+1 2 i
Ay =1 i 6:1:z+1=13
9 1 _
A, = (=1 ==(54=5)=-49
s ( )
A_u:(_l}hlls _1‘2—9—102—[9
AII A13 AIR [ 2 4
Adi(A)=| A,, A,, A,, |.Thus, Adj(A)=|34 -22 -49
A.ﬂ As: A.u 4 8
A
(1 2 13]
2 4 13 45 45 90
A = a2z a9 || ZIL B
904 g G 45 45 90
T2 4 o
45 45 90 |

19.6.(iv) Verify the result (AB)'=B'A",

3 ? 6 8 i 1 =
LetA= and B = . Verify that (AB) =B™'A
2 5 79

Solution:




Inverse of AB: Inverse of B:
SR 3 716 8 ) B 6 8
1= zll= 5 We have B= 7 G
_[18+49 24+63| 167 87 Now
“l12435 16445| |47 61| [B|=54-56=-2
Now, | AB| = 4087~ 4089 = -2 Since, [B{0
Since. ‘AB‘ #0 Therefore, B™ exists.
i 9 -8
Therefore, (AB) ' exists. B'= 4 B =L )
Bl -2[-7 6
Now N
. 0“!
; ad) (AB -
(apy" =2 (45) 1T )Y
|AB| B'A'=—
=21-7 6 1{-2 3
61 87 - 3
ko e | [(45+167 6324
-21-47 67 =—
. 21435212 49+18
Now, Inverse of A ¥
3 9 B"A“—L ol —87 (ii)
We have A=|:2 5] 3 ___4? 67
From equation (1 and i1),
|A|=15-14=1 S Squatien () (1)
) (AB) =BA
Since, |A|# 0 ;
Hence verified.
Hence, A" exists.
A adj A _ 3 =i
Al -2 3

19.7  Selution of Simultaneous Linear Equations
Consider a system of two linear equations in two variables:

ag+@y=q} (i)
i

ax+by=c,
The system can be written in matrix form as

AX=B (i)

b ;
Where, A:[ﬂl '},X=[T} and B:[C'}.
a, b ¥ e,

The matrix A is called the matrix of the coefficients of system 1, matrix X is the column
matrix of unknown and B is the column matrix of constants. An ordered pair(x,y) is called the
solution of given system satisfied by these two values. The set of all solutions of the given
system is called the solution set of simultaneous linear equation.




19.7.(i) Solve the system of two linear equations related to real life problems in two

unknown using

Matrix inversion method:
Consider the matrix equation as discussed in previous section 19.7.

AX=B i
where, A is a non-singular matrix. Mullip]yijng both si(de):s of (i) by A™', we get
A (AX)=A"B
=> (A"A)X =A"'B [~ By associative law under x ]
= X=A"B (i) [+A'A=1,IX=X]

To find X, the matrix of unknown by eq (ii) is called matrix inversion method.

Example: Solve the following system of linear equations by using matrix inversion method.
Sx+2y=3
3x+2y=5

Solution:
Writing the given system in matrix form:

5o 2 X 2
where A = = and B=
N2 y )

B -3
e

First, we find A™

At = = =—
|4] 10-6 4

Now, by matrix inversion method

<-
Bl— B &=
¥

|

O

+

I~

Ln

1
]
]
Il

T | ]
Ly 2
|
Yo
| I [ |
| e |
h
ke SR |

T 1
- =
L
Il
T
.—I
Lo p T 8
| I—

it

The solution is x=—1 and y=4. The solution set is {(~1.4)}.




Example 2: A civil engineer needs 6000 m* of sand and 9000 m? of coarse gravel for a building
project. There are two pits from which these materials can be obtained. The number of these

pits is shown in table:

Sand | Coarse Gravel
Pit - 1 3 8
Pit - 11 4 I

By using inverse matrix method to compute volume of materials (sand and coarse
gravel) that must be hauled from each pit in order to meet the engineer’s need.
Solution:
Let x represents volume and and y represents coarse gravel. The inverse matrix method is

Writing the given data in matrix form:

ol

_[6000
19000

First, we need to calculate A™

et ) | 3

Now, from equation (i),
X=A"B

] [1 -8][6000] [-6000
¥| [-4 3 ][9000 3000
By ignoring ‘=’ sign, we have x = 6000 and y = 3000.
Hence 6000cm? can be haulded of sand and 3000 m® can be haulded of coarse graved.
19.2.(ii) Cramer’s rule
Cramer's rule is one of the methods used to solve a system of linear equations. Let us
consider a system of linear equations in two variables x and y written as
ax+tby=c¢ .
arx+by=c, @
System (i) is written in the matrix form:
AX =B,

[ul h }fr—[ B [c] }
a, by || y] R ()




a b X ad
Where A = ; Xo= and B =
a b y £

System (1) has exactly one solution if |A| =)

¢ b a ¢

G : |A|‘ c, b ‘A-. a, ¢,
Which is obtained by x = —=——"—andy = —=+———
‘A‘ a b ‘A‘ a, b

a, b, a b,

¢ b a ¢
Where A, = 5 and A , =
(& 5 [ S 4

Example 1: Solve the system using Cramer’s Rule:
3x+2y=10

—-6x+4y=4
Given system can be written in matrix format as:

3 2
Here |A|:{ " J

12+12=24
|A| %0
10 2
4] |4 4. _ .
r—W = 3 2 is by cramers rule (This method is called crammers rule)
‘—6 4
~40-8
24
_3
T 24
x:i 3 10
& A4 -6 4
¥ =
T4 24
12460
24
72
T 24

y=3 Hence, The solution set is {(% i3 ]}




Exercise 19.2

Evaluate each of the following determinants:

. =5 =3 » —4 3‘ —1
1) 11) 111)
3 -4 1 -3 2
3 -3 4 =3
iv) z j vy 4 1 -5 viy |2
0 -1 -4 |
0 5 -4 4 3 -5 1
vii) -3 4 -5 viii) |-5 =1 =5 ix) =2
b0 =5 2 4 4 3
0 a b -2 0 0 2
X) 0 ¢ d Xi) -6 x 1 xii)
0 x v -4 0 -1

-1 2

2 1 1
Let A ={I 1 1]|thencompute M, ,M,, ., M, A, . A,, ,andA,,.
1

: SERXHT| .
For what value of x, the matrix ]: 5 - ] is singular?
Classify the square matrices as singular or non-singular given by
0 2 -1 0 2 -1
A=[3 -2 I [andB=|3 -2 1
3 2 41 3 2 1
Find the adjoint of the following:
n N -3 2 =5 0 -2 0
A :(‘1' '6],'13.: -1 0 -2|andC=|6 2 -6
S 3 4 1 -3 0 6
g 2 3
Verify A(adj A)=|A I,whereA=[_4 —6}

Find the inverse of the following matrices by adjoint method if exist

. 3 2 »
i) A_[—Z —l] it)

36
B=
[5 10]

=5
3
4 -5
-3 -5
3s
0 4
3 =5
5 3
0 0
=30()
0 .




21 1 10 1 1 -1 3
ii) C={3 2° ) 1v) D=4 1 -1| w) E={2 1 2
21 2 6 -2 1 -2 -2 1
8. Find the solution by matrix inversion method and cramer’s rule:
) 2x+3y=14 » 2x—4y=-12
‘) —4x+ y=28 - 2y+3x=0

. Tick the correct option Revicwsbxerclsest)

i. If m denotes the_number of rows and n denotes the number of columns such that
m = n. then matrix is called matrix.

(a) Rectangular (b) Equal (c)Square. (d) Null

S i 0 2.
i, IfA= o then A” is
—i

(a) I (b) I (c) Iz (d)O
iii. If A is any square matrix such that A’ =—A _'then A is said to be:
(a) Diagonal matrix (b) Scalar matrix.

(c) Symmetric matrix (d) Skew Symmetric matrix
iv. If A , B and C are matrices of same order then (ABC)' =

(a) A'.B'.C' (b) C'B'A'
(c) C'A'B! (ammw
v ira=) O] B=E§2 1’:] and C=[0 ] then
(@) A®*=-T, (b) B =1,
(c) C*=—1 (d) All of them :
vi. For twd matrices A and Bif A= [0 ~¢080] gy — [ S0 oty pp
costh  sinb —cos  sin0

@yl m[) O]

N 0 0
@l @[y ol
X -1 0
vil. If 2 [ 3] +3[ y ] =4 [ 4] then the values of x, y and = respectively are
4 0 z
3 10 3 _10
25_3_ b _32.1_
@) 2 3 ®) 23
)= (d) 1,23

2_‘ 3 e




viii. For matrix A, (A" )_i e

iX.

(a) A (b) A (c) A (d) A’
5
Find x if ‘ =x+4
2 x
3 2 =
(a) 5 (b) 5 (e)0 (d) None of them
A =3 4
Ifthe matrix |—=3 0 1| isinvertible then A = -
-1 3 2
(a)-15 (b) —17 (c) -16 (d) None of these

Define the row and column of a matrix.
Find the order of the matrices:

2

. o 1 2 3 : :
D[t s 8 i) [4 - 8} iii) ? iv) [atbic]
Define the following matrices:
1) Square matrix i) Rectangular matrix
iii) Diagonal matrix iv) Scalar matrix
v) Symmetric matrix i) Skew Symmetric matrix

1 8 9 25 &
IfA=|2 1 0[.B=|1 3 4 |thenfind

-2 17 T2 4
i) A+B i) 'A-B i) AB iv) BA
v) 5A vi) 7B vii) 8A-9B

LNE8 T 9
Evaluate |2) 0 =l

¥7 8 -10
Define singular and non-singular matrices with examples.

I 4 2
TfA=|7 0 9 |thenfind A”'

0 2 =3
Solve 2x+5y=27

?'x+_v:]2

by i) matrix inversion method i) Cramer’s rule




v

VYV VY

v

Summary

A matrix is a rectangular array of elements.

The horizontal line of entries in a matrix is called the row of a matrix and vertical line of
entries in a matrix is called column of a matrix.

Two matrices are said to be equal if they have same order and same corresponding elements.
A matrix having one row is called row matrix, having one column is called column of
matrix.

A matrix in which number of rows is equal to number of columns is known as’square matrix
otherwise it is rectangular matrix.

A square matrix is diagonal matrix if all the elements are zero except at least one diagonal
element,

Adiagonal matrix in which diagonal elements are same is called scalar matrix.

A diagonal matrix in which each element of main diagonal is | is called identity matrix.
Asquare matrix is said to be symmetric matrix if its transpose is equal to itself.

A square matrix is said to be skew-symmetric matrix.if its transpose is equal to negative of
itself.

The addition and subtraction of two matrices are obtained by adding or subtracting of the
corresponding elements of both matrices.

IfA and B are two matrices of the same order, thenthe commutative law of addition is defined
asA+B=B+A.

If A, B and C are three matrices of the same order, then the associative law of addition is
defined as (A +B) +C=A+(B+C).

Two matrices A and B are said to be conformable for multiplication, if the number of columns
of the first matrix is equal the number of rows of the second matrix.

For every square matrix A over R, anumber |A |, known as the determinant of the matrix A.

If A and B are nxn non singular matrices such that AB=BA=I. then A and B are multiplicative
inverse of each other.

System of linear equations can be solved by matrix inversion method and Cramer’s rule.




THEORY OF

QUADRATIC
EQUATIONS

= Weightage = 12%

Student Learning Qutcomes (SLOs)
After completing this unit, students will be able to:

»  Define discriminant (#” - 4ac) of the quadratic -
expression ax> + hx + c.

~ Find the discriminant of a given quadratic s
equation. -

~ Discuss the nature of the roots of a quadratic
equation through discriminant.

~ Determine the nature of the roots of a given -
quadratic equation and verify the result by
solvingthe equation.

»  Determine the values of an unknown involved in
agiven quadratic equation when the nature of its R
rools is given.

»  Find cube roots of unity.

~  Recognize complex cube roots of unity as 0 and
.

~  Verify the properties of cube roots of unity.

~ Use properties of cube roots of unity to solve
alliedproblems.

» Find the relation between the roots and the
coetticients of a quadratic equation.

~  Find the sum and the product of the roots of a
given quadratic equation without solving it.

~ Find the value(s) of the unknown
involved in a given quadratic
equation when

% Sum of roots 15 equal to a multiple of the >
product of the roots,

##  Sum of the squares of the roots is equal to
a given number,

“+ Roots differ by a given number,

% Roots satisfying a given relation (e.g., the
relation 2¢ + 58 = 7, where a and [ are the
roots of the given equations).

% Both sum and product of the roots are equal
to a given number.

b

Define symmetric functions of the roots of
a quadratic equation.

Represent a symmetric function graphically
Evaluate a symmetric function of the roots
of a quadratic equation in terms of its
coefficients,

Establish the formula,

x* — (sum of the roots) x + (product of the
roots) = 0, to find the quadratic equation of
the given roots.

form the quadratic equation

whose roots, for examples are of

the type:
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where, a , f# are the roots of a quadratic
equation
Find the values of o . f . where the roots of

an equation are

1
p
Solve the cubic equation if one root of the
equation is given,
Solve a biquadratic (quartic) equation if two
of the real roots of the equation are given.
Solve a system of two equations in two
variables, when
% One equation is linear and the other is )
quadratic,
%+ Both the equations are quadratic.
Solve the real life problems leading to
quadratic equations.
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20.1  Nature of the Roots of a Quadratic Equation:
20.1.(i)Define discriminant ( 5~ — 4ac ) of the quadratic expression ax™ +bhy+c.a= 0.

A polynomial of second degree is called Quadratic Expression. General form of
quadratic expression is ax’ +bx+c,(a#0) where aand b are coefficients of x°, and x
respectively, where ¢ is a constant term.

The discriminant of a quadratic expression

For quadratic expression ax” +!n'+c.(a ;t{)) the expression b’ —4ac is called its
discriminant and is denoted by A or Die. A= b — 4ac
20.1.(ii) Find the discriminant of a given quadratic equation

We already know that solution of the quadratic equation ax® +bx+c=0,a%0 is

_—b* \HJZ —4dgc

= Here b’ —4ac enables us to know the nature of the roots either they are
2a

real or complex. The expression 5” —4ac is the discriminant of quadratic equation.
ax’ +bx+c¢=0,a#0
Example: Find the discriminant of 2x” +5x—4=0
Solution: 2x° +5x—4=0
Here, a=2.b=5andc=-4
A=b" —dac=(5) -4(2)(=4)
=254 3257

20.1.(iii) Discuss the nature of the roets of aquadratic equation through discriminant.

We can find the nature of the roots of the quadratic equation ax”+bx+c =0,a#0, using

discriminant i.e. A = b —4ac.

The roots of the quadratic equation ax’+bx+c=0are —Ptvh -dac  apq

2a
—h=Nb ~4ac - The nature of the roots depends on the value of b= 4ac, where a, b and ¢
2a

being real numbers.
i. If A=b"—4ac >0, then the roots are real and unequal.
ii. 1f A=h"—4ac < 0, then the roots are non-real (complex or imaginary) and conjugate
of cach other.

o N ; b
iii. If A=h"—4ac=0,then the roots are real and equal, each being equal to ~5,

iv. If a.b.c are rationals and A=h"—4ac >0 and perfect square, then roots are rational
and unequal otherwise irrational and unequal.

Note: Imaginary roots only arise in case of pure quadratic equation i.e ax’ +¢ =0, Va, ce R




20.1.(iv) Determine the nature of the roots of a given quadratic equation and verify

result by solving the equation.
Example 1:

the

Use the discriminant to find the nature of the roots of the following equations and verify

by solving the equation:
(i) x> +5x-14=0
(iii) x -9x+5=0

(1)
(iv)

Solution:

(i) X +5x-14=0

Here a=1,b=5and c=-14
A=b*—4ac
A=(3) -4(1)(-14)
A=25+56
A=81=(9)" >0,

and perfect square

Hence roots are real, rational and unequal

Solution:

(i)  Sx*43x+1=0,
Here a=5.b=3andc=1

=

=

A=h"—4ac
A=(3) -4(5)(1)
= A=9-20
=% A=-11<0, i.e negative.

Hence roots are complex and conjugate
of each other

Solution:
(i) x*—9x+5=0,
Here a=1,h==9andc=5
A=h" - 4ac
a=(-9) ~4(1)(5)
= A=81-20
= A =61>0, not a perfect square.

Hence the roots are real, irrational and unequal.

5x*43x+1=0

9x’=6x—1

Verification:

x> +5x=14=0

X +7x—2x—14=0

.'c(.H- 7)—2(1‘+ ?)= 0

x+7=0 or (x—Z]zO

= x=-7 or =2
Here, roots are real, rational and unequal
Hence veritied.

Verification:
By using Quadratic formula

_3Eo-20

- _f

.\'=7_3imf ('353:—1}
2

Here, roots are complex and conjugate of each other
Hence verified

Verification:
¥ =9x+5=0,
By using Quadratic formula

Y_sw_r\/sn-zot
=2
Y:_si\/a

2
Here the roots are real, irrational and unequal.

Hence verified.




Solution: Verification:
(iv) 9x*=6x-1 9x* —6x+1=0

=9x" —6x+1=0 (31] —”{3\ 1)+ {I} =0
Here a=9,b=—6andc=1 . N

, (3x— ]) =0

A=b"—dac 3x-1=0 or 3x-1=0

A=(6) —4(9)(1) 1 |
= A=36-36 = x=— or X =—
=  A=0 3 3

Hence roots are realand equal.

Hence roots are real, rational and equal. Hence verified.
Example 2:

Show that the roots of the equation abc’x’+c(3a” +b’ )_\‘+ 3a°+b" —ab=0,
% a,b,ce O are rational.
Solution: abc’x” + c(3a2 + b ) x+3a +b*—ab=0

Here A = abc’,B=c(3a’ +b°) and C = 3a” +b* = ab

A= BI —4AC

(3:1 + h - 4(51!): ](3{13 +b* - ab)
3a’ +h —4abc (3:?2 + b’ —ab)

(34° +b " —4ab(3a’ + b )+4a3b3}
(3a” +17) ) —2(3a% 4 )(2ab)-+-(2ab):} " 4ab=2(2ab)
[3{1 +b° —201’)) -J

3a +b’ —Zab ] > () and perfect square. Hence roots are rational.

20.1.(v) Detu mine the values of an unknown involved in a given quadratic equation
when the‘natirre of its root is given.
The following examples will help us to find the unknown involved in the quadratic
equation when nature of roots is given.
Exampled:
For what value of p will 3x* +5x+ p=0 have

(1) Equal roots  (ii) Rational roots (iii)  Complex roots.
Solutions (i):
3 +5x+p=0
Herea=3,h=5andc=p
A=b>—4ac

A=(5)" -4(3)(p)=25-12p.
For equal roots




A=0
i.e. 25-12p=0

= =12 p-=—23,
L B
12’
Thus, at p=—, given equation has equal roots.

(i1) For rational roots,
A should be perfect square
ie. 25—12 p must be perfect square.
when p=0,2 and -2 etc.
Thus, at p = 0,2,-2 and some others values, the given equation has rational roots. make
the discriminant perfect square.
(1ii)  For complex roots,

e 25-12p< 0
= 12p>25
= p:»z—

I’)

Thus, when p > 17" given equation has complex roots.
Example 2

If the equation x* —15—k(2x—8)= 0 has equal roots, find the values of k.
Solution:
x' —15—k(2x—8) =0, re-write it in the standard form of the quadratic equation, we get

ie.  x'—2ke+8k~15=0

Here a=1,b=—2kand'c =8k —15

A=b"—4ac
& A=(-2k) —4(1)(8k-15)
= A =4k —4(8k-15)

For equal roots

A=0

S 4k —4(8&—15):0
= k* =8k +15=0 (dividing both sides by 4)
= k*—5k-3k+15=0
= k(k-5)-3(k-5)=0
== (k=5)(k- 3)=0

1e. k—5=0 or ~3=0

= k=5 or k=3

Thus, & =3 and 5 are the required values.




Example 3:

For what value of p, the equation 2x* = px+18 = 0, has real and unequal roots.
Solution:
2% — px+18=0,
Herea=2,b=—pand c=18
A=b"~4ac
A=(-p) -4(2)(18)= p' -144
For real and unequal roots.

1 A=0
p2—14450
P -14450 =>Vp> V144 = |p|>12 = £ p> 122> p> 1208=p> 12

p>12o0rp<—12

Juu-

Thus, for p>12 orp <—12 given equation has real and unequal roots.

Exercise 20.1

1. Use discriminant find the nature of the roots of the following quadratic equations:

(i) x*+5x-6=0 (@) ' =6x A (i) 2x*+8=6x
(iv)  1+6x+9x" =0 (v)  24x"+12x+36=0 (vi) x=x"+l
(vii) 3x’+6=5x (viii) 3x*49=0
2. Find the value(s) of k that ensure that following quadratic equations have

(a) Same solution (b).Different real solutions

(Him: for same solution A = 0'and for different real solutions A > 0).

(i) x*-3x+k=0 () x*+k=4

(iii) x*+hkx+2=0 (iv)  (k=1)x —4x+2=0

(v) X +hx+4=0 (Vi) 9t +hkx=-16

(vii)) (k—2)x% =dx+(k+2)  (vii) xP+l=ke
3. Determine the value of m in each of the following quadratic equations that will make the
roots equal.
(i) - (m+1)x* +2(m+3)x+(2m+3)=0, provided m = -1
(i) 9x" +mx+16=0
4, Shaﬁz‘tl;at the roots of the following quadratic equations are real.

(i) x1—2x[k+%]x+3 =0, Vke R—{0}

(i)  2nx* +2(/+m+n)x+(I+m)=0, Vi,mne Rand n#0
5. Show that the roots of the following quadratic equations are rational.

(i) (!—m);l:2+(rn+n—f).t—n=0, Yi,mne R and /= m

(i1) (a+c—b)x:+2at+(b+c—a)=0, Ya.b,ceR




vanish?
7. Show that the roots of the quadratic equation given by (x—a)(x—b)+(x—b)(x—¢)
+(x—c)(x—a)=0are real and they can not be equal unless a=b=c.

20.2 Cube Roots of Unity and their properties

20.2.(i) Find the cube roots of unity
Let x be the cube root of unity i.e. x=1/1 = (1)~
Cubing on both sides, we have,

=1
= (x)-(1)'=0
= (_r—l)(rl+x+l)={), [ a —n ={u—h)(az+uh+h2)]
i.e. x—=1=0
=% .\'1:]
or x4+ x+1=0,

Herea=b=c=1,
Using quadratic formula, we have,

t_—liﬁ((x):—al(t'}(l]_—1¢\/—_3_—1J_r\/—1x3_—lif~f§ (- i =)
o 2(1) - 2 AN 2 VT
x:_lﬂ-ﬁ and _I_Ng

2 2
Thus cube root of unity are

]._l?ﬁ and _1_2';\/5.

20.2.(ii) Recognize complex cube roots of unity as m and o’
Two complex cube roots are:

“1+i3 e N1-13

———— and RETE

3 Jfor these two complex roots we use a small Greek letter “o™ and

_]+£\j3_ zz_l_fﬁ.
2

read as omega, and let us assume © = T then ®

Hence cube roots of unity now are 1, and o’
20.2.(iii) Verify the properties of cube roots of unity.
Properties of the cube roots of unity are:
(i) Each of the complex cube root of unity is the square of other.
Verification:

—1+iJ§

If W=

is one complex cube root of unity,

2




(ii)

mg_{*lw\ﬁ ]2_1-25\/§+3:'1 C1-2if3+3(-1)

2

4
a5 2(-1-i\B ’
ol = 2 2\/§= ( ) (-_-;-=_[)

4 4
2 _'l_i\jg
m =

2
(mz]2={—1—;\/§]2= ]+2if+3i2=1+2"'€+3(_1) (- i=-p)
R R
@)= 4 a 4 )

.
(m'] =@,

Hence each complex cube root of unity is square of the other
Verified.

Sum of three cube roots of unity is zero, i.e. 1+@+@®_ =0

Verification: L.H.S

(iii)

= 4o+
=1+ _lﬂﬁ + —l—rﬁ ._whcremzﬂ andmlz_]_"‘ﬁ'
2 2 2 2
_2-1+i3-1-ifB
2
9
=2 '=9:0=R.H.S.
2 2
Verified.

Product of three cube roots of unity is 1, e o l=1lor o =1

Verification: LiH.S =0 -0’ 1

_ l(_lziﬁl_l_;ﬁ]

:]—1‘3
(-)0)
1-(-1)(3 "
= 4 ! { ’ =_1]
O
4 4
=R.H.S ie. oo’ =lor =1




(iv) Each complex cube root of unity is reciprocal of the other.
Verification One complex cube root is m,

= o =1,
= oo =1,
| 1
= 0 =_— 0Irm=_—
0] [O%
Verified
(v) Every integral power of @ is unity.
Verification
o =1,
3 m
(m' ) =1, VmeZ.
= o =1.
Verified

20.2.(iv) Use properties of cube roots of unity te solve allied problems:
Following are the allied problem related to the cube root of unity.
Example 1: Find all the cube roots of -27.

Solution:
Let x be the cube root of =27,
x=(-27 )%
Cubing on both the sides, we have,
x ==27

= x+27=0

= (x)'+(3)'=0

= (x+3)(x?-3x+9)=0, @ ¥b’ =(a+b)(a’—ab+b')]
ie, x+3=0=>x=-3, '

Now x" =3x+9=0
Here,a=1,b=—3and c=9.

u =h+ w}bl ~4ae
a 2a

_ ()= -3) -4()(9)

X
2(1
~(-3)+/9-36
X= -

2
% x:—-(~3)i 27
2
L (32T
2
= x= : (-.-r‘z—l]

2




=] x=——————= and

3

= x=-3m,-3m"
- a
Hence, three cube roots of —27 are —3,—3m and —3w".

Note: The complex cube roots of @* are aw and aw?’,vaer—{0} %%\v/
e.g the complex cube roots of 8 are 2m and 20

Example 2: Show that:

2

3
a) 2+w=
(@) t 2+m

(b) (]+(0](l+u)3)(l+m‘)(l +m“)... to 2n factors=1, where ne
(a) Solution: L.H.S =2+® .
(2—1—(1))(.2—1-(02)
. (2+{:}3)

_4+20+ 207 +@°

Multiply and divide by (.'Z—Hu:)

2+
~ 4+ 2(m+m:)—:l

el
2+m”

=75+2 (-1) (‘.‘m—m‘z—l]
2+’

_ 5-2 3
2+m° ZHJJ

Hence shown.

(b) Solution: L.H.S ={l+m)( 14+ m° )(l+m" )(]erH ] to 2 factors VmelN

=[(1#+w)(1+o?)] [(1+o*)(1+o®)]...to 1 factors

=:(—0)1 )(—m)][[ l+o m)(l+ o' o )] to n factors, [ l+o=-0" J

= RHS

40’ =-o
3 f
o =w =]

;-(_]')2-([9" )][(l+m)[l+m:)]... to n factors,

;( ) ][( J("w)]-.ton factors,
(1) ][(~1?)-0' ] to n factors.

(_ 1)*-(=1)"... to n factors,
(1 )( .. to n factors,
(1)

1)" =1. Hence Shown.




Example 3: Prove that
Z 3 3 3
(x+y+z }(r+ Vo) + Z° )(1‘+Jm +200)=x" +y* + 2 — 3xyz, where

® and ®” are complex cube roots of unity.
Proof: LH.S =(x+ y+ ")( X+ yo+ '{ul)(.r+_1m 4 zm)
—( X+y+z [ X+ yo+z0° )(x+ yo +zm}]
(x+ y+z )[r Do’ + X270+ xyo+ Ve’ + yze’ + xze’ + yzo' + 2 u)]
(x+y+z ][1 2(1)+2* (1) + xy( +m)+yz(u)‘ +0' )+ zr( 0+ o’ )J
2|+
i

X+ +ap(=1)+ )z ('—l']+:,r(—1)],

x* 4y —u—u.—:xJ o =L0'Fo==1
and * + @' =0+ =—1

—-(‘t+l’
(x+y+z

=x'+y +z =3nz.
=R.H.S
Hence Proved.

Exercise 20.2

1. Find all the cube roots of:

G 64 Gi) -125 i) 216 (iv) -b
2. Evaluate the following:

(i) (l+m:")4 (i) (l—m+w3)(l+m—m2)

i) (2+50+207) @  (-1443) +(-1-v3)°
3. Show that:

(i) (1+m)(l+m )(1+m )(l+w (w+ﬂ)2)4
() (a+h )(ambm )(aw® +bew)=a’ + 1’
(1i1) (a+mb+fu ¢ a+m"‘h+cuc) a+b*+ ¢ —ab—ba-ca

I+J\/_] [ 1~;J§T_ _

2

;(v‘r l—l—w (u) (1 W+ ) =0

20.3 Roots and Coefficient of a Quadratic Equation
20.3.(i) Find the relation between the roots and the coefficient of a quadratic equation

Let the two roots of ax’ +bx+c¢=0,a+ 0 be denoted by & and, then

_ —h++b —4ac and (= —bh—~bh " —4dac

2a 2a




B —b++b* —4dac . —b—+b* —4ac

a+p=
2a 2a
= a+B= —b4+ b —dac —b—bh"—4ac _ —2b :—_b )
2a 2a a
(—m Jb* —4ac }[ —b—~[b*—4ac ]
and aff =
2a 2a
—bY —(b* - 4ac :
= C{B=( ) [ = c]=4ﬂ(:=i {2}
4a° 4a a

Coefficient of x
Coefficient of x*
Constant term
Coefficient of x°

Therefore (1) represents the sum of the roots = -

and (2) represents the product of the roots =

Hence, we have the important result:

If o be the roots of the equation ax” + bx +¢=0,a# 0, then

c;c+[3:—E and uBzi.
a a
20.3.(ii) Find the sum and product of the'rootsof a given quadratic equation without
solving it.
Example: Without solving, find the sum and product of roots in each of the following

equations,
(i) 42> +6x+1=0 (i) 3(Sx*+1)=17x
Solutions (i): Solution (ii): 3(5_rJ +1)=17 x
4x* +6x+1=0
He‘;'eazél,h:(?andcz‘[ —x 1562 —17x+3=0
a+B === and q[]:i Here a=15,h=-17 and ¢ =3
a a b d C
+p=—o =—
(1+§3=rE and aﬁ=% o+p a . op a
I __(=17) d 3.1
= a+p=—= and a[3=z e+p= ] an GB_]s_s
= 01+[3—E and cx[_’v—l
15 5

20.3 (iii) Find the value (s) of the unknown involved in a given quadratic equation when:
(a) Sum of the roots is equal to a multiple of the product of the roots.
(b) Sum of the squares of the roots is equal to a given number.
(c) Roots differ by a given number.




(d) Roots satisfying a given relation. (e.g, the relation 2o+ 33 =7, where « and [} are
the roots of the equation)

(e) Both sum and product of the roots are equal to a given number.
The all above mentioned conditions can be explained through examples.

{a) Sum of the roots is equal to a multiple of the product of the roots.

Example 1: Find the values of . if the sum of the roots of 6x” =3kx+5=0 is equal to the
product of its roots.

Solution: Let o, be the roots of the equation 6x° —3kx+5=0

Here,a=6,b=-3kande=5

b =3k
a.{.B—_'_:_u_Sk d B__:
a 6

It is given that

Sum of the roots = product of the roots
ie, o+P=af

3k 5 5
- = k=—.
6 6 3

Example 2: Find the value of p, if the sum of the roots is equal to two times the product of
the roots of the equation 2x” +(8—4p)x+3p=0.

= O

Solution: Let o..,p be the roots of the equation 2x*+(8—=4p)x+3p=
Herea=2, b= 8—4pandec=3p

8-4
arpa-l =) o O NR P
a 2 a 2
As per condition in the problem, we have
a+B=2(ap)
2p—4=2[3?p)=3p

= p=—4.
(b) Sum of the squares of the roots is equal to a given number.
9 m . . 1 a .
Example 3: Find &, if the sum of the squares of the roots of the equation 2x” +3kx+ k" = 0is 5.

Solution: Let o.p be the roots of the equation
2x*+ 3k + kP =0
Here,a=2, b=3k andec=k"

b 3k k*
g+f=—=—"—andaf=—=—
P a 2 p a 2

According to given condition
o’ +p* =3




ez (a+B) -20B=5 [at+b° = (a+b) —2ab]

2 2
ok’ 5
= i—& -
9?3 4%*
= r T =8
4
= Sk~=5x4
=5 k=4
= k=12

(¢) Roots differ by a given number.
Example 4: Find p. if the roots of the equation x* — px+8=0 differ by 2.

Let ou,p be roots of the equation x* — px+8=0
Here,a=1,b=—p and ¢ =8

(1+[3=—ﬁ =—w= p and aB=£=§=8
T | . a 1
According to given condition,
a-p=2
Squarring on both sides, we have
(a-p) =4 )
=  (a+PB) —4ap=4 o (a=b)" = (a+b) ~4ab |
= p -48)=4
=5 p-32=4
= P =36
= p==6
(d) Roots satisfying a given relation (e.g, the relation 2¢ +53 =7, where ¢ and} are

the roots of the equation)
Example 5:  Find &, if the roots o andp of the equation x* —5x+k =0 satisfy the
condition 20453 =7
Solution: In the given equation x* —5x+k =0,
Herea=1,h=—5and c=k and let o..p be the roots of given equation.

0.+|3=—£ and aff= g

a+p=- ] =5
= a=5-B (1)
and aszzk




(ii)

af =k

-
Given that
20+ 53 =17

2(5-B)+5p=7 [ using (i)]
10-28+5p=7
3B =-3

B=-1

o From equation  (i). we have,
o= 5—(—1)=5+I:6,
To find the value of 4, substitute the values of o and in equation (ii), we get

R A T

k=6(-1)=-6
= k=-6
(e) Both sum and product of the roots are equal to a given number:
Example 6:  Find £, if sum and product of the roots of the equation 6x° —3kx+5=0
; 5
is equal to —.
1 6
Solution: Let o, be the roots of the equation 6x" —3kx+5=0,then
b (-3k) & :
AH+p=—— =2 —L=— (1)
b c% 6 2
and af= e (i1)
a 6
According to the given condition that sum and product of the roots equal to %
; 5
ie., o&+[3=0tj3=g
. k5
i, —=
2 A6
= k= 2
3
Hence, at k=—, given equation has sum of the roots equal to its product of the roots equal to




Exercise 20.3

1. Without solving, find the sum and product of the roots in each of the following quadratic
equations

i) xX*-x-1=0 (i) 2x*-3x-4=0
(i)  «7 —%af = ax (iv) 7x" —Ske+7k=0
2. Find the value of m, if,
(i) Sum of the roots of the equation x*+(3m—7) x+5m=0 is %ﬁmcs the productof its roots.

(ii) Sum of the roots of the equation 2x* —3x+4m=01s 6 times the product of its roots.

3. Find the value of p, if
(i) Sum of the squares of the roots of the equation of X~ — px4 6="0is 13.

(i1) Sum of the squares of the roots of the equation of £- 2p.r+(2p—3] =0 is 6.

4. Find the value of m, if
(i) the roots of the equation x* —5x +2m = 0 differ by 1.
(ii) the roots of the equation x° —8x+m+ 2= 0 differ by 2.

5. Find the value of £, if
(i) The roots of the equation on'5x” = 7x + k —2 = 0 satisfy the relation 20 + 55 =1
(ii) The roots of the equation on 3x° ~2x+ 7k +2 =0 satisfy the relation7a—3p =18.

6. Find the value of p given that sum and product of the roots of the following quadratic equation
are equal.

(i) (2p+3)x* +(7p-5)x+(3p-10)=0 (ii) 4x* —(5p+3)x+17-9p=0

20.4 Symmeétric Function of Roots of a Quadratic Equation.
20.4.(i) Pefinesymmetric function of the roots of a Quadratic Equation.
Let @ and 3 be the roots of the quadratic equation, then a function in o and p is said

to be symmetric function if the function remains the same when o and 3 are interchanged. i.e.

f(a.B)= f(B.a).
a+ f1 and @ff are known as the primary symmetric functions of @ and 3.
It is noted that aa—B#P—a, so that o—P is not symmetric function of roots.
The value of a symmetric function of roots in terms of the coefficients of the quadratic
C

equation can be obtained using o +[} = —— and aff =— by expressing in terms of ¢. + B and af.

a d




Examples of symmetric functions are as under:
4

o’ +B =(a+B) —20p

o'+ =(a+p) —3ap(a+h)
> ot 4Bt =(a? +B7) -2 = [(a +B) - 2ap ]-2(043) ? ete.
Example:  Find the value of o.* +B* + o, when o =2 and =3 and show that it is
symmetric function of o and[3, where o and } are the roots of quadratic equation.
Selution: Let f(a,B)=0’+p*+ap,
Giventhataa=2 andf =3
f(2,3)=2+3 +(2)(3)=4+9+6=19,
Now,

f(B.a)=B"+o’ +Ba=0’+B*+af= f(aP)

fo.p)=7(B.at)

f 1s symmetric function.

Given expression is symmetric function of roots of o and .
Hence Shown.
20.4.(ii) Represent a symmetric function graphically.

In article 20.4.1 we have already defined symmetric functions of roots of quadratic
equations, e.g, @+ f.af .o’ + 7.0’ +f +2af.a’ +f’ etc.

When a symmetric function (expression) is equated to constant ceR , we obtain a
symmetric equation, so that symmetric equation of the roots can be written as  f () = ¢
Every equation can be expressed graphically as the set of all points denoted by G( /) defined
as

G(/)={(ap)| f(ap)=cra.peR}
Example: Represent symmetric equation o’ +p* = 9 graphically and sketch the graph.
Solution: Gi:ven l]:’lat i At
e o +ﬁL =9 e
= p=tl9-a®

To plot the graph, we take some points. By assigning

different values of & and get corresponding values of /. 3 = 1

a0 1 2 [3] -1 -2 |3 :

B | +3 | +2.828 | +2.2360 |0 | +2.828 | +2.2360 | 0 S
Thus the symmetric function o’ +p” represents a circle =

when equated to constant ¢ =9.




20.4.(iii) Evaluate a Symmetric functions of roots of a quadratic equation in terms of
its coefficients.
Let o and P be the roots of the quadratic equation ax’ +bx+¢=0,a=0 (i)

Then (.r,+ﬁ:—E (i)
a

and of=— (iii)
o
The above equations (ii) and (iii) represent the primary symmetric functions of the
quadratic equation (i).
Example 1: If a and B are the roots of x° — px+¢ =0, find the value of :

(i) o’ +p? Gy 24P
B«
Solution: Given that o and ]} are the roots of x* — px+qg=0
Herea=1,b=—p and c=¢q
— (s
ch,:_ﬁ:_m:P and CLB:—:EZCI
a I a |
Now
o +p=(a+B) - 2ap
:(P)Z_zf? ('.'Dr.+[5= p andaﬁ:q)
=p’ -2
Bk
f

o'+ (@ +B)z —20p :qu (Coa+B=p andap=gq)

of ofy q




Exercise 20.4

1. If a.p are the roots of a quadratic equation. Express the following symmetric functions
in terms of .+ and af.

@ («=B} ) (a+B)  Gi) o +pio
I

2
1 I
: 3 3 ;
iv)  oP+a V) = % ——
(iv) p+ap v) s (vi) {u BJ
2. If a,Bare the roots of the equation 2x* —3x+7=0,find the value of following
symmetric functions.
: 11y . a B Lo |
; —t— — -
® [u BJ il p* o’ W ap +1

3. If a.p are the roots of the equation px” +gx+¢=0,p=0, find the value of Jg + JE
o

4. Represent symmetric equation o+p =8 graphically when aand B are the root of a
quadratic equation and also plot the graph.

20.5 Formation of Quadratic Equations
20.5.(i) Establish the formula x° —(sum of.the¥oots) x+( product of the roots)= 0, to find
the quadratic equation of the given roots.
Let @B be the roots of the quadratic equation ax” +bx+c=0,a # 0, ...(i)

b c
then a+Pf=—— and of=—

a a
Now, rewrite the equation (1) as under

4 z‘t_’ [ v
= X +—x+—=0, provided @ # 0
a a

= xl—(—g):rJrE:O
a a
or x-(a+B)x+ap =0
In words, x* —(sum of the roots ) x +( product of the roots) =0

x* = 8x+ P =0, where S and P respectively denote the sum and product of the roots of
the given quadratic equation.

Example 1: Form the quadratic equation whose roots are:

G -2 (i) 7 +25




3

Solution (i): Leto =—% andﬁ—?
=2 !
5 ? 35 35

and P=uﬁ=[—%J[%]=¥

When roots are known then equation is
X =Sx+P=0

i.e, ,rz—(_—u]_t‘+£_—m]:0
35 35
= 35x" +13x—12=0.
is the required equation

Solution (ii): Leto=7+2+5 and p=7-25
2, S=a+p=7+2/5+7-25=14
and  P=0B=(7+25)(7-25)=49-20=29

When roots are known, then equation is

L —Sx+P=0
=  x —14x+29=0, is the required equation.
20.5.(ii) Form the quadratic equation whose roots are of the types:
2 2 l I
(a) 20+ 1,28 +1 (b) a B (c) —,B
a
(d) E.E (e) u-r-B,l+l,
B o v}
where .} are theroot of a quadratic equation.
Example 1:  If «.B are the roots of the equation x° —5x+ 6= 0,form the equation
whose roots are
(i) 200+1,2p+1 (i) ao’,p’ (iii) l,l
o p
=B

7 (v) nt+[3,l+i

p o o B

Solution (i): Since o, are the roots of the equation X' —5x+6=0
Here a=1.b=-5 and c=6

s '
a+{3——£——u=5 and O[ﬁz—fZEZEL
a 1 a 1

The roots of required equation are 2a+1 and 2B+ 1.

(iv)

Now find the sum and product of these roots.




S=2(5)+2 (ae+p=5)

P=(2a+1)(28+1)
P=4of+2(a+B)+]1
P=4(6)+2(5)+1 (a+p=5anduf=6)
P=24+10+1=35
The required equation is x>+ 12x+35=0
Solution (ii): The roots of required equation are a”,p”.

4

S=o’+p* =(a+p) —2a =(5)"=2(6)=25-12=13,(. a-+B=5 and o} = 6)

and  P=a’p’=(aB) =(6) =36
X —Sx+P=0
x* —13x4+36=0, is the requied equation.

Solution (iii): The roots of required equation are lé
o

(LI~ B XTI -\
o B 6
and P:[i} LS :L:i
aAp) afp 6
=8Sx+P=0
17—2,1'+l=0
G 16
= 6x"—5x+1=0, is the requied equation.

Solution (iv): The roots of required equation are —, E
o

=
B

" :_+g o +p° :(a+ﬁ)2 - 2uf
o

af of

= (. o+P=5and af = 6)
25=2(6) 25-12 13

6 6 6
and P:(E](Ejzﬁzé:l
B Aa ) af 6
X' =Sx+P=0

x:—E.rH:O
6

= 6x" —13x+6=0, is the required equation.




o

af}

=(a +ﬁ)[l+$]

:5[1+é]= 5[%}=% (. a+p=5 and uff = 6)
P:(“B](%é]

S g
v =Sx+P=0

X’ —3—5x+é—0

6 6

= 6x’=35x+25=0, is the required equation.

L 9
20.5.(iii) Find the values of «,}, where the roots of an equaftion are —,—
o |1

Example: If = and & are the roots of the x* —6x + 8 = 0, find the value(s) of o and p.
o

. . 1 I - .
Solution: Since— and — are the roots of the equation x* — 6x +8 = 0.
o

Here a=1,5=-6 and ¢=8
1 l b ( 6}
—t—=——=—-| — [=6,

a [3 a 1

a+p

pomcc
ap
=5 a+p = 6afp (1)
and lxl=t_"=8=g
a P a
= aps (i)

From equation (i), B= 6[% J— o= (iii)




By substituting the value of [ in equation (ii), we have,

(3—4&} |

o s

4 8

Su

=5 j(3—4m)—1:0

= 20(3-4a)-1=0

= 60— 80" —1=0

= 8o’ —6a+1=0

= 8a° —4a—2a+1=0

= 4a(20-1)-1(2a—-1)=0

= (200—1)(4a—-1)=0

i.c, 200—1=10 or do—1=0
1 1

= o=— or a=—,
2 4

then from equation (iii), we have,

3-4{1} 3—4(
4 4 4 4

1 | 1
Hence,a=—andB=— or a=—andf=
2 4 4

' Exercise 20.5

1. Form the equations whg}sm\_@ots@re:

i)=2=3 (i) @, 00" (i) 2+4,2— i (iv) 242,242
2. Ifaand Pare the roots of the equation 6x” =3x+1=0. Form the equations whose roots are:

() 204128+l (i) o p’ i) o
(iv) };.E: (v) a+ [3,l+l i) L _ L
B a a B =

B

Find the equation whose roots are the reciprocals of the roots of px* —gx+r=0,p = 0.
Find the equation whose roots are double the roots of x> — px+¢=0.

Find the equation whose roots exceed by 2 the roots of px” + gx+r=0.

Find the condition that one root of ax® +bx+e¢=0,a#0, may be:

(i) 3 times the other (ii) square of the other
(iii) additive inverse of the other (iv) multiplicative inverse of the other.

oo oa W




20.6  Higher Dgree Equations reducible to Quadratic Form.
20.6.(a) Solve the cubic equation if one root of the equation is given
Let a.x° +ax *+a,x+a, =0, be the cubic equation and its one root be «.
Suppose that
f(\) =ax +ax’+a,x+a,=0
and f(x)=0 has aroot say «, then,

f(x)=(x—a) f(x). where f,(x) is the quadratic expression.

Example :  Solve x’ —6x° +11x—6 =0, if one root of this equation is 1.
Solution: =6 +1lx-6=0, Thus, we have quadratic equation as under

It is given that one root is I, i.e, X —5x+6=0
x =1, is the multiplier factor. = o= 2-1;_3':+ 6 :70 5

By synthetic division method = e "8 ©(x)2)=

1)1 -6 116 = (x-S0

:e; x—-2=0 or x=3=0
& 1 =516 = ¥=2 or x=3

T F & | D= rcminder Solution set ={1,2,3}.

20.6.(b) Solve a biquadratic (quartic) equation if two of the real roots of the equation are
given
Let ax'+ax® +a,x’ +ax+a, =0,a,# 0, be the biquadratic equation and its two
real roots be « and f.

If S x) = 0, has two roots say « and B, then

f(x)=(x—a)(x=B)-/£i(x),
where £, (x) is the quadratic expression.
Example 1:  Find the remaining two roots of the biquadratic equation
' —9x* +19x% + 9x—20= 0, if its two roots are 5 and 1.

Solution: x'—9x'+19x*+9x-20=0, is Thus, we have quadratic equation
the given quartic equation whose given two "j -3x-4=0
roots are | and 5 i.e, multipliers 5 and 1. = X -4x+x-4=0
By synthetic division method, we = ‘T[x_.ﬁ')“' l(x-—4_] =0
have, = (x _44]((;- +1)=0 i
e, x—4= or X+l=
ﬂ 1 =% 19 9 |-=20 =% x=4 or x=-1
v 5 =20 -5] 20 Therefore, remaining two roots are
H 1 -4 =11 4 () = remainder 4 and 1.
V1 3|4
1 -3 -4 ] 0= remainder




Exercise 20.6

1. Find the remaining two roots of the following cubic equations, when one root is given:
(i) 2¥°—x*—2x+1=0, andx=1
() 2 —4x’+x+6=0, andx=3
(i) x—28x+48=0, andx=2
2. Find the remaining two roots of the following biquadratic equations, when its two roots
are given:

(1) 12x* —8%" —7x% + 2x +1=0; andx:l,—%

(i) x'+4x*=5=0; andx=1,-1
(i) x*+2x"—13x"—14x+24=0; and x = 3,4
3. Find the value of m and remaining two roots of the equation 2x* ~3mx’ +9 = 0, if its one
root is 3.
4. If one root of x' —3ax’ —x+6=0is 1, then find the value of @ Also find its remaining
roots.
5. Find the value of @ and b, if two roots of the equation x*—ax” +bx+252=0 are 6 and
—2. Also find its remaining two roots.

20,7 Simultaneous Equations
Twao or more equations taken together is called a system of simultaneous equations. To
determine the values of two unknown variables we need a pair of equations.

The set of all ordered pairs (x,y) which satisfies the system of equation is called the

solution set of the system.
20.7.(i) (a) Solve a system of two equations in two variables, when one equation is linear
and other is quadratic.
The complete method (procedure) to solve the system of equation when one is quadratic
other is linear is illustrated by solving the examples given below.
Example 1: Solve the system of equations 2x+ y =10 and 4x” + y* = 68.

Solution:

2x % y=10 (1)
and 4x" 4 ' =68 (1)
From equation (i), we have,

y=10-2x (i11)

Substitute this value of y in equaion (ii), we have,
4x* +(10-2x) =68

= 4x* +100-40x+4x’ - 68 =0

=  8x' —40x+32=0




= x'—5x+4=0
x> —4x—x+4=0

(x—4)(x-1)=0
ie. x—=4=0 or x=1=0
= x =4 or x =1

Putting these values of x in equation (i1)
when x =4, theny =10-2(4)=2
whenx =1, theny =10-2(1)=8

Thus, solution set is {(4,2),[ [,8)}.

Example 2: Solve the system of equations 3x—2y =7 and xy = 20.

Solution:
3x-2y=7 (1)
and xy=20 (i1)
From equation (1), we have, x= ?+32'V (iii)

Substitute this value of x in equaion (ii), we have

[?+2)JJ_1J:20
&

= Ty+2y* =20x3=60
= 2y +7y-60=0
= 21" —8y+15y—-60=0
= 2y(y-4)+15(y-4)=0
= (y=4)(2y+15)=0
ie. y—4=0 or 2y+15=0
15

= y=4 or y=-=
Putting these values of x in equation (iii)

7+2(4) 15 _
wheny=4, thenx =———= T =35

=18
i +2[LJ
2

when y=——, thenx =——=

Thus solution set is {(5,4],[—%3_ 15 } i




20.7.(i) (b) When both the equations are quadratic
We explain the method of solution of system when both equations are quadratic by the
following example.

Example 3:  Solve the system of equations x* + y* =4 and 2x* — y* =8,

Solution:
¥+yt=4 (i)
and 2x*-y* =8 (ii)
To eliminate y* adding equations (i) and (ii), we have
3x* =12
= =4
=5 =2,
By using x = £2, in equation (1), we get
(2)° +y* =4 (-2) +* =4
= 44 y° =4 = 4+ yt=4
= Yy =4-4=0 = y¥=4-4=0
= y=10 = y=

Thus, solution set is {(-2,0),(2,0)}.

Example 4: Solve the system of equations x” +y =13 and xy=6.

Solution:
*+yt=13 .. (i)
and  xy=06 (ii)

In this type of equations we eliminate constant
by multiplying equation (i) by 6 and equation (ii) by 13, we get
;3 6x* +6y° =78 (iii)
and 13xp="78 (1v)
By substracting equation (iv) from equation (iii)
6x" —13xp+6y° =0
= 6x° ~9xy—4xy+6y° =0
= 3x{2x-3y)-2y(2x-3y)=0
2x=3yp=0 or Ix-2y=0
_ 3y _ 2y

L]
H

y

X or X

2 3




Thus, we have following two systems In system (B),

,\}12(} E » ”x_ﬁ
\__3;'.# System (A) 8 FE Sx=
S 2 = 2y*=3x6
xy=6 . %6
and . 2y » System (B) = Y= > =9
3 = y=43,
In system (A).
o S(v ) Iy when v = 43, then x:E(ﬂ):ﬂ
[;)."" =6, [ X= -—] 3
¢ Thus, the solution set is
= 3y =2x6
7 x6 1(3.2),(-3,-2).(2.3).(=2,3)-
= y =——=4
’ 3
y==%2

when y =12 thenx = %(i2) =13

20.7.(ii) Solve the real life problems leading to quadraticequations
Example 1:

Find two consecutive positive integers whose product is 72.
Solution:

Let x and x+1 be the two consecutive integers.

According to given condition.

x(x+1)=72
= ¥ +x=-72=0
= (x+9)(x—8)=0 (By factoriziation)
Le. x+9=0 or x—8=0
=% x=-9 or x=38

Neglecting x = -9 being negative integer

Required consecutive integers are 8 and 9.
Example'2;

The area of a rectangular plot is 320m”. The width of the plot is less 4m than the length
of the plot. Find the length and width of the plot.

Solution:
Let x m be the length of the plot, then the width is (x—4) m.
Given that
Area of the plot = 320m’
x(x—4)=320 [+ Area = Lengthx Width]

= X —4x—320=0




bal il

x —20x+16x-320=0

x(x—=20)+16(x—-20)=0

(x=20)(x+16)=0

x—=20=0 or x+16=0

x=20 or x=-16

Neglecting x = —16 because length is always positive,

Thus, length of the plot is 20m and width of the plot = 20— 4 = 16m.

Exercise 20.7

Solve the following systems of equations:

o

e B LI —

11.

12.

13.

14.

2x—y=3 and x4y =2

2x+y=4 and x2—2x+yz=0

i+i=2 and 4x+3y=25

x ¥

(x=17 +(y+3)° =25 and x*+(y+1)°=10
X*+p°=25 and  (4x-3y)(x-y-5)=0
X +y*=16 and 2x*-3xp+37 =0

P +y?=5 and xy=2

X +xp=5 and x*-2xy=2

x+i=1 and _v+—4=25

¥ X
Divide 12 into two parts such that the sum of their squares is greater than twice their
product by 4.

The length of a prayer hall is 5 meters more than its width. If the area of the hall is
36m’, find the length and width of hall.

The sum of the squares of two positive numbers is 100. One number is 2 more than the
other find the numbers.

The length of the base of the right triangle exceeds the length of the perpendicular by
3em. When hypotenuse of the triangle is 15cm. Find the length of base and
perpendicular.

The perimeter of an isosceles triangle is 36cm. The altitude to unequal side of the
triangle is 12¢m. Find the length of the three sides of the triangle.

The difference of two numbers is 5, and difference of their squares is 275. Find the
numbers.
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Review Exercise 20

Multiple Choice Question MCQs.
Encircle the correct answer.,

i. If p,q aretheroots of 2x*+5x+3=0, thenp+¢q=

5 3 5 5
a) — b = c — d ——
(a) 3 (b) 3 (c) (d) 2
. If 1—, - are the roots of the ax’ +bx+c=0, a#0, then o +f=———
o
h b b
(@ -- b) = © -2 @\
a c c b
iii. Ifthe sum of the roots of ( p+1)x* +(2p+ 3)x+(3p+4)=0is ~1, then product of
the root is
(a) 0 (b) 1 ©! 2 @d 3
iv. The nature of the roots of ax” + bx+c =0, a=0 is determined by
(a) sum of the roots (b) product of the roots
(¢) discriminant (c)  none of these

v. If sum of the roots of a quadratic equation is.--‘E and the product of the roots is =) , then
\ a d

equation is

(a) @’ +bx+c=0 (b) ax’+bx—c=0
(c) ax’ —bx+c=0 {(d) a’—bx—c=0
vi. The required equation whose roots are the reciprocal of the roots of ax’+bx+c=0 is
(@) a +bx+e=0 (b) ex’+bhx+a=0
(©) ex*4ax+b=0 (d) ex’~br—a=0
vii. If o, arethe roots of x° —2x—15=0, then the valueof o* +p’ =—
(a) 34  (b) -34 (c) 26 d -26

viil. If 'ﬁ-i,:--bz-a d4ae of a quadratic equation with rational coefficients is perfect square,
then roots are
(a) real and equal (b) real, rational and un equal
(¢) real, irrational and unequal  (d) imaginary or complex and unequal

ix.  Ifone root of quadratic equation with rational coefficients is 2++/3, then other root will be

(a) 2 b 2+ (@© 2-\B @ -2-V3
x.  The quadratic equation whose roots are complex cube roots of umity is
(a) ¥—x-1=0 (b) xX—x+1=0

() X +x+1=0 (d +x-1=0




2. Discuss the nature of the following quadratic equations.

i) x*—Tx+12=0 i) x~14x+49=0
iii) XX —x+7=0 iv) x =5=0
3. For what value of k, the equation x* +kx+4=0
i) has equal roots ii) has complex roots
1ii) has real roots iv) has rational roots
4.  Find the cube roots of 729.
5. Find the sum and product of roots of the following quadratic equation.
i) x*—Tx+29=0 i) x*px+g=0
iii) 7x—8=>5x iv) 11x=9x"-28
6.  Define symmetric function of roots of quadratic equations.
7. Form the quadratic equation whose roots are 1—+/3 and 1-+/3.
8.  Find the equation whose roots are the reciprocals of the roots of ¥ —10x+16=0
9. Solve the following system of equations.
i) x*+y2=13 i) XX+’ =37
x+y=35 2xy =12
SUMMARY

» Discriminant of the quadratic equation @x* +bx+c=0,a# 0 is A=b"—4ac.

i, IfA= bf —4ac >0, then the roots are real and unequal.
il. If A=5b"—4ac<0,then the roots are non-real (complex or imaginary), unequal
in pair form and conjugate of each other.

iii. If A=b"—4ac =0, then the roots are equal, each being equal to —zi.
a

iv. If a,b,c are rationals and A= h"—4ac >0 and perfect square, then roots are rational and
unequal otherwise irrational and unequal.

» The cube roots of unity are 1,w and o,

» Properties of the cube roots of unity are:
i. Each of the complex cube of unity is the square of other.
ii. Sum of three cube roots of unity is zero.
iii. Product of three cube roots of unity is 1.
iv. Bach complex cube root of unity is reciprocal of the other.

» Ifaand B are the roots of a quadratic equation ax” +bx+c¢=0.a# 0, then
h ¢

a+pf=— and af=—

ua a
» Symmetric functions of the roots of quadratic equation are those functions which remain

unchanged when roots are interchanged, i.e. f(a.p)= f(B.a).




PARTIAL
FRACTIONS

» Weightage = 4%

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:
~  Define proper, improper and rational fractions.
»  Resolve an algebraic fraction into its partial fractionswhen its denominator consist of

*
o

Non- repeated linear factors,

-
Lo

Repeated linear factors,

-
b

Non- repeated quadratic factors,
Repeated quadratic factors.

-,
Lood




Introduction:

To split a rational fraction into the sum or difference of two or more fractions, such
fractions are known as partial fractions. Partial fractions can only be found if the degree of the
polynomial in numerator is strictly less than the degree of the polynomial in denominator. For
instance,

(i) 2x+3 1 1
(x=1)(x+4) x-1 Cx+4
(ii) —(4x"+x+11) x+2 5

ol ==
(x"+1)(x-3) ¥ +1 x-3
21.1 Define Proper, Improper and Rational Fractions
Rational Fraction:

We know that, a number of the form g where p,qe Z and g # Ois called a rational

Ply)
Q(x)

algebraic expression. It is commonly known as rational fraction.

Example:
. P52 =310 ) Sx+8
i) B ) =— .
o x =1 3x =2x-—1

Proper fraction:

number. Similarly, the quotient of two polynomials Q(x);t 0 is called a rational

A rational fraction is said to be proper fraction if the degree of numerator P(x) is less

Q(x)
than the degree of denominator Q( x).
Examples:
0 9x" 28x+6 (i) 6x+27

3 -9y

(x=1)(2x—1)(x+2)

Improper fraction:

P
A rational fraction Q(I) is said to be improper fraction if the degree of numerator
x
P(x) is equal or greater than the degree of denominator Q(x).
Examples:
: 2x* = 5x" ~3x-10 L 6x'=5x" =T
(1) > (11) =
x =1 Ix =2x=1
e X0 #1
(i) =

x =1




Additionally, any improper fraction can be resolved into the sum of polynomial and proper

fraction.

, 3)("—2):+l:3 8 17
X+ 2 x+2
3 =2x+1. . : . . . .
Here, 7215 improper fraction ,3x—8 is polynomial and is proper fraction. To
X+

resolve the improper fraction into the sum of polynomial and proper fraction, one needs to
divide the numerator with denominator.
21.2  Resolution of fraction into its partial fractions

To resolve the rational fraction into partial fractions, it is necessary that the rational
fraction must be a proper fraction. If it is not, then it must be converted into proper fraction by
division.
21.2.(i) Resolve an algebraic fraction into its partial fractions when its denominator

consist of
e Non- repeated linear factors,

Repeated linear factors,
e Non- repeated quadratic factors,
o Repeated quadratic factors.
Case-I: Denominator Consists of Non-repeated linear factors

P(x) .

9 ( ) is a rational fraction, where, its denominator Q(x) is the product of non-
-

repeated linear factors which can be written as

Q(I):(x_aﬂ(-"_az)(-‘f—ag) ..... (x—a,).

Let R(x)=

P =)
Now R(x) = ( is resolved as under:

P("'): L, - 4 o 4, :
Q(x) x-a x-a, x-a x—a,

Here, the constants A,.A4,.4,,....A,are to be found. The method is explained by following

examples.
Examplel:
11=3% . . x
Resolve ———————— into partial fractions.
(x—l](,\'+3)
Solution:
11-3 A A, :
Let B O (i)

G-D)(x+3) (x-1) (x+3)

Here, A, and A, are unknown constants to be determined.

From equation (i),




11-3x  Ay(x+3)+A(x-1)

(x=1)(x+3)  (x=1)(x+3)

Multiplying bothsides by (x—1)(x+3)

= 11-3x=A,(x+3)+A,(x-1) (ii)
To determine constants A; and A,, values of x are chosen. To get A,, put x=1, on both
sides in equation (ii),

we get 11-3(1)=A,(1+3)+A,(0)

=  8=4A,

= A=2

To get A, put x=-3, in equation (ii),

we get 11-3(-3)=A,(0)+A,(-3-1)

= 20=—4A,

= A,=-5
Finally, by putting the values of constants A, and A, in equation (ii).
gt 11-3x 2 5
(x=1)(x+3) x-1 x+3
Example 2:
6x’ +5x7-7
Resolve )",7\ into partial fractions.
2x"=x-1
Solution:

The given rational fraction is an improper fraction; hence it is converted in the proper fraction
by dividing numerator with denominator.
6x°+5x° =7 6 +5¢° -7 7x-3
3 = , =3y+4+—
2x° —x—1 (x=D2x+1) (x=D(2x+1)

(i)

Consider the expression __IE=d for resolving into partial fraction.
(x-1)2x+1)

—3 .
. ?.\'. M- A, . A, (i)
(x=D2x+D) x-1 2x+]

Here, A, and A, are unknown constants to be determined.

Let

From equation (ii),
703 ACxD)+A(3-1)

(x=DRx+1)  (x—1)2x+1)




= Tx-3

=A,(2x+1)+ A, (x-1) (iti)

To determine constants A, and A,, values of x are chosen. To get A, put x=1,1in

equation (iii),

we get
7(1)=-3=A(2+1)+A,(0)
oy 4=3A,

= A _i
3

Toget A,, put x= —%, in equation (iii), we get

{nmn(3

=5 A, =

By putting the values of constants A, and A,in equation (ii), we get
x-3 __ 4 " 13

(x=D2x+1) 3(x=1) 3Q2x+1)

Finally, equation (i) becomes

3 2.
6x" +5x ?_3 o 4 + 13 .
2x7 —x—1 r—l 2x+1)
<‘>
R@X following into partial fractions
4(x—4)
1. ,‘ 20 i
& —9 ¥ —=2x—3
3(2"'2—8"“‘) s X +9x+8 6
(x+ 4)_(x +l)(_2.r—1) X +x—6 :

3x® =207 —16x+20

(x—2)(x+2)




Case-11: Denominator consists of repeated linear factors

P(x)

Let R(x)=

is a rational fraction, where, its denominator Q(x) is the product of repeated
Q(x)
linear factors which can be written asQ(x)= (x—a)".
P(.r]

Q(x)

Now, R(x)= is resolved as:

P( ‘T) _ '4I 4 ‘42 + A’% + o+ Au

Q(»\'}—(_x—af)J (x—a)’ (.r—_u}:‘ T (x=a)y"

Here, the constants 4, 4,,4;,..., 4, are to be found. The method is explained by following

examples.
Example 1:

Resolve

)

into partial fractions.
(x-2)

Solution:

Let 2x+3 A A,

(-2F (-2) (x-2f

Here, A, and A, are unknown constants to be determined.

(1

From of equation (i)
2x+3  A(x-2)+A,

(x=2)  (x-2]

By multiplying (x - 2): both sides

we get 2x+3=A,(x—2)+A,

= 2r+3=Ap-2A,+A, (ii)

To determine constants A, and A,, by equating the like-terms on both sides of

equation (ii). Now, by equating the coefficients of x in equation (ii), we get,

2=A,
Again, by equating the constants in equation (i1), we get
3=—2A %N
3==22)+ A, (- A=2)
7= A,
Finally, by putting the values of constants A, or A, in equation (i), we get
2x+3 2 | 7

(x-2) (x-2) @-2§°




Example 2:

55°—2x-19 | R
Resolve ———— into partial fractions.
(..'.'+3)[_.\‘—1)h
Solution:
i A, A _
Lt X219 A A. " &

(.\‘+3](,\‘—I)2 (x+ 3)+ (_\‘—_]] +(x_]]z

Here, A;,A, and A; are unknown constants to be determined.

By multiplying(x+3)(x— I')2 to bothsides of eq (i)
= 5 -2x—-19=A,(x—1) + A, (x+3)(x-1)+ Ay (x+3) (i)

557 =2x—19= A x>+ 2A x+ A, + A, x7 + 2A,x—3A,+A 0% 3A,
== 5x* =2x—19= (A, + A,)x* +(A;+2A, - 2A )x+ (A, =3A,+3A,) (iii)

To determine constants A, A, and A, values of x are chosen. To get A, , put x=-3,
in equation (ii), we get.

[ =] =]

5(_3)2 _2(_3]'19 =A (_4T "'AE(D)(“‘)"' A}(O)
= 32=106A,
= A=2
By equating the like-terms on both sides of equation (iii). Now, by equating the
coefficients of x* in equation (iii), we get,

5=A+A,
= 5=(2)+A; ( A=2)
= A, =3

Again, by equating the coefficients of x in equation (iii)

“2=A,+2(3)-2(2)

Finally, by putting the values of constants A;,A, and A; in equation (1), we get
SxT-2x-19. 2 3 4

(r£3)x=t) (++3) (=) (x-1)”

\\@ Exercise 21.2

Resolve the following into partial fractions

1 4x-3 X +7x+3 3 5x°—30x+44
(.vc+1)2 Xz('x"'?’) :(::—2)'1l
18+ 21x—x" *—x+3

T e[ AN 5. 3
(x=5)(x+2) (x-1)




Case-111: Denominator consists of non-repeated quadratic factors

P(x)

Let R(x)=

is a rational fraction, where, its denominator Q(x) is the product of

Q(x)

non-repeated irreducible quadratic factors.

P(,r) i
Now R(x)= ) 18 resolved as:
"
P(x)
(

Ax+A, Ax+A, Ay X+ A,
L + X + +;

Q(x) ax*+hx+e ax+hx+e,  ax +hx+c,
Here, the constants A, A,,A;,....,A,, are to be found. The method is explained by following
examples.
Example 1:
7% +5x+13 e
Resolve ——————— into partial fractions.
(.\'+1)(.\"‘ - 2)
Solution:
7% +5x+13 A Ax+A .
Let Al =—L4 = (i)

(x+1)(x*+2) Txtl P42
Here, A;,A, and A, are unknown constants to be determined.
By multiplying (x+1 )[ x4 2] to both sides of eq: (i)
7% +5x+13= Ay (x7 4 2)+ (A #A, ) (x+1) (i)

T +5x+13= Ax® +2A4 Agx” + Ayx + Agx+ Ay
Tx* +5x+13=( A, 4 Ay ) x4 ( Ay + Ay ) x+(2A, +A;) (i)

To determine constants A, A, and A,, values of x are chosen. To get A, put x=-1,
in equation (ii), we get

T 45D #13= A (17 +2)+ (A (=D +Ay)(-1+1)

= 15= 3A,
= A=5
By equating the like-terms on both sides of equation (iii), we get,
T=(A+A,) 5=(A,+A,)
= 7=(5+A,) = 5=(2+4A;)
= 2=A, = 3=A,
Finally, by putting the values of constants A, A, and A; in equation (i), we get
Tx*+5x+13 5 2x+)

[.1'-‘1-1)(12-1-2} (x+1) (.12-1-2)‘




Example 2:

2x+7 : y v
Resolve ——————— into partial fractions.
(x*+3)(x*+6)
Solution:
Let 2x+7 _ Ax+A, | Ax+A, 6

(.r2+3)(.r2+6) x*+3 ¥ +6
Here, A|,A,, A, and A, are unknown constants to be determined.
By multiplying(x: + 3](.7(2 + 6) to both sides
=2x+7 :(.rz +6]{ Ax+A, )+(,\'2+ 3)[A3x+ A,)
2+ T=(A+A)x" + (A, + A, )x® +(6A, +3A)x+(6A,+3A,) (i)
By equating the like-terms on both sides of equation (ii), we get.

A+A;=0 (iii)
A, +A _0 (iv)
6A, +3A (v)
6A, +3A4 -? (vi)
solving equations (i)and (iv) simultaneously, we get A, = % and A, = 5

similarly, the values are A, = %and A= —%.

Finally, by putting the values of constants A;.A,,A; and A, in equation (i), we get

2 '+? 21
2x+7 _3" 3 3I B3 2% 7 . —2%=7

(_\-3+3)(f+6)_ 2130 48 3(x?+3) 3(xt+6)

Exercise 21.3

\ 2 6x—35 3. 154 5x+5x" —4x°
.-ZC\‘?'T -2) (x-1+10)(x+]) xz(x2+5)

\ 3x —x+1 5. xt=x+2
%r(ﬂ-])( —x+3) (x+1)(x2+3)

Case-1V: Denominator consists of repeated quadratic factors

P(x
Let R(x)= ( ) is a rational fraction, where, its denominator Q(x) has the repeated

Q(x)

+ - . - . - . . n
irreducible quadratic factors. For the sake of simplicity, it is taken that Q(x)= (axz +bx+ c').




is resolved as:

Now R(x)= Q(x)
P(x) __Ax+dy, | Ax+ A, by Xt A,
Q(x) a*+bx+c (e’ +bx+c)

Here, the constants 4;, 4,, 4;,...,4, are to be found. The method is explained by following

(ax™ +bx+c)".

examples. 5x2 492
- X - . »
Example 1: Resolve —————— into partial fractions.
R 2
(x‘ +x+ 1)

Solution:
SxP+2  Ax+A,  Ax+A,

(,\'3+.1r+l)2 R (x"’+.rH )

Here, A,A,.Ayand A, are unknown constants to be determined.

Let

: (i)

By multiplying (.1'2 +x+ 1)2 to both sides

St +2=(x +x+1)(Ax+ Ay )+ At Ay

5x742 =X'A + XA+ XPA, + XA £xAs XA, + A, + A

00" +5¢ +0.x+2=0'A + 7 (A, +A,)#x(A +A +A,)+(A,+A,) (i)
By equating the like-terms on both sides of equation (ii), we get,

A =0 (iif)
A +A,=5 (iv)
A +A,+A,=0 (v)
Ay +A, =2 (vi)

Put the value of A, =0,ineq (iv) weget A, = 5.
Similarly, by putting the values of Az and A; in eq (v)

We get
0+5+A;=0
= A, =-5
Again by putting the values of A» in eq (vi)
5+A,=2
= Ay=-3

5¢°+2 0x+5  —5x-3

9 -

(x3+.\‘+1)2 Pax+l (t" L x4 )“




Example: 2

¥+ o Fx+l , )
Resolve 5 into partial fractions.

.r(.t‘z + l)-

Solution

- P40+ +xt] AL AxtAy At A

_1‘(_1‘2 +I)2 2 (-“2 H) (_1'2+l )2

Here, A;,A,,A;,A, and A are unknown constants to be determined.

(1)

By multiplying x(x: + I)— to both sides of eq (i)
e £xtl= A, (f +I]; +x(Ayx+ Aﬂ(rl + 1]+ o Agx+ AL )

P e x4 1= A 24 P H A AT H AT A FRRPAGY + A
b b= (A A, ) A H(2A, + A+ A )T H(A A )x+ A, (i)

To determine constants A, A,,A; A, and A;. we equate the like-terms of equation
(i1). we have

1=A, +A, (iii)
1=A, (iv)
1=2A,+ A, +A, (v)
1=A, +A, (vi)
1=A, (vii)

Put the value of A, in equation (iii), we get

[=A +A,
= 1=(1#A))
= 0="1A4
Put the value of A, in equation (vi), we get
1=14+A;
0=A;

Put the value of A, and A, in equation (v), we get

1=2(1)+(0)+ A,
-1=A,

Finally, putting all values of constants A;,A,,A,. A, and A in equation (i), we get

x4+r3+x2+.‘r+l_ 1 1 X

c) % wHL k)




(x+ ].)(2-+-x2)—

Exercise 21.4

Resolve the following into partial fractions

o 2. w 3
(xz+l);(]—x) :r’(:r’:;)h (l+x)(]+x:)1

Lh

2 2

(.‘r—?.)(3+.7c2 )

Review Exercise 21

; Tlck the correct option

iii.

v,

An improper fraction can be reduced into proper fraction by

(a) addition (b)  multiplication
(¢) subtraction (d) division
Partial fractions of . can have a form
(x—a)(x=b)(x—c)
A B & A B C
(a) 4 + (b) s +
XH+a x+bh x+te Xra x=b x—=c
(c) £ + B + < (d)  None of these
x+a x—h x+c
Find the partial fractions of - = are
x’ +3x

-1 x-1 x+1

S b
('a)x 2 +3 ()x x 43 \

1 x+l x+1

3) ——— d =

(©) x x +3 ( ) x 143

41
(x—I)x +2)
(a)  Proper fraction (b)  An improper fraction
(c) An identity (d) A constant term

2x+35
The fraction ————— is known as:
X +5r+6

(a) Proper (b) Improper

(c) Both proper and improper  (d)  None of these




4

Define proper, improper and rational fraction,
Resolve the following fractions into partial functions.

_ Sx+8 i 9x 4+ 5x+7
(x=1)(x+2) T x(x+2)(x-5)
i x"’ +2x+43 M X487 49
| (x2-+'1)(.x—2'). _(.-? +x+ 1](x+ 1)

X45 Tx43
= VG o < %
_(xz +’1) (x-3) (¥- 1)2 (x+2) m




BASIC
STATISTICS

» Weightage = 9%

Students Learning OQutcomes (5LOs)
After completing this unit, students will be able to:
»~  Know about frequency distribution, and learn how to:

** Construet a grouped frequency table,

¥
b

Construct histograms with equal class intervals.

L
e

Construet histograms with unequal class intervals.

** Construct a frequeney polygon.
»  Know about cumulative frequency distribution, and leam how to:
%+ Construct a cumulative frequency table.
¢ Draw a cumulative frequency polygon,
»  Know about measures of central tendency. and learn how to:
%* Calculate (for ungrouped and grouped data):
e Arithmetic mean by definition and using deviations from assumed mean.
e Median, mode, geometric mean and harmonic mean.
** Recognize properties of arithmetic mean.
%* Caleulate weighted mean-and moving averages.
%* Estimate median, quartiles and mode, graphically.
# Know about measures of dispersion, and learn how to:
** Define, identify and measure range, calculate variance, mean deviation and standard deviation.

AN




Introduction:

Statistics is an important branch of Mathematics which deals with the collection,
organization, representation, interpretation and analysis of data to derive meaningful insights and
patterns which help take wiser decisions and frame efficient policies. We already know basic
concepts of classification, graphical representation and some measures of central tendency of
simpler data. Here, we explore these in more detail and extend the concepts towards moving
averages and measures of dispersion.

Data are basis of any statistical investigation, and are gathered on a variable of interest
by asking questions, counting and measuring, referring reports, news, articles. The very basic
form of data are the raw data, which are unclassified/ ungrouped, and it is difticult to directly
get any meaningful conclusion from it. Such data are obtained using surveys, interviews or
questionnaires, also referred as primary sources of data. After classifying and organizing
raw/ungrouped data, we can get useful information through grouped/classified data.
Newspapers, reports and articles are referred as secondary sources of data because these lead
to classified data.

Data are divided into two types: qualitative (categorical) or quantitative (numeric).
Data on gender, blood group, eyebrow color, grades, roll numbers, etc. are qualitative data. Data
on height, weight, salary, pH values of solutions, annual profits of a company, marks of students
in a subject etc. are quantitative.

Observations in qualitative data are purely attributes/categories without any numerical
significance, but these may or may not possess ranking/ordering (ascending or descending).
Qualitative data which does not possess ordering are nominal, otherwise ordinal. Gender, blood
group, eye brow color, religion lead to nominal data. For example, we cannot rank male/female
observations as to which is higher/lower. Data on grades of students (A, B, C, Fail), quality of
food (excellent, good, fair, bad, worst) can be ordered/ranked, and lead to ordinal data.

Observations in quantitative data are numbers with numerical significance and ordering.
The numbers may be integers only or also in decimal form. If observations in a quantitative data
are only integers, then data are discrete, otherwise continuous. Data on salary (in Rs.), number
of female students per class in a school, number of heads while tossing 4 coins simultaneously
lead to discrete data. Data on measuring heights, weights, pH values of solutions are continuous
data.

It is extremely important to distinguish between types of data to appropriately apply some
statistical tests or to measure any indicators for further analysis of data.

22,1, Frequency distribution:

To extract meaningful information from ungrouped data with higher number of
observations, we divide data into smaller classes/groups. The classes are constructed to include
all similar observations at one place. The discrete classes comprise of a single number/attribute,
whereas continuous classes contain a range of numbers. The number of observations falling in
a particular class is called its frequency.

A frequency distribution is a tabular description of a grouped data, consisting of classes
and corresponding frequencies. Data arranged into a frequency distribution provide clearer
understanding for the basic analysis than the ungrouped/raw data.




The relative and percentage frequencies of a class with frequency "f" are:

(%) and (%x IOGJ, respectively. where "n" is total number of observations. The sum of all
relative frequencies is |, and of percentage frequencies is 100,
22.1(i) Construct grouped frequency table:

The procedure to construct a grouped frequency table or a frequency distribution depends
on the way we form groups/classes. We discuss the following two ways of construction.
(a) Frequency table with discrete classes:

Discrete classes refer to the classes with only a single number/attribute to include similar
observations. We use discrete classes only when a fewer observations repeat more number of
times in the data. Frequency table with discrete classes is also referred as discrete frequency
table. Sometimes, the relative and percentage frequencies are also added in the table in last if
required.

Given a dataset, we follow the following steps to construct its frequency table with
discrete classes comprising of three columns.

1. Identify distinct observations as classes/groups and write these in the first column in any
order if data are nominal. For ordinal and quantitative data, write the classes in ascending
order.

2. Use tally marks to distribute data into the classes in the second column.

3. Count lally marks to write frequency of each class in third column.

Example 1:

Construct grouped frequency table of the blood groups of 30 students of a class.

A+ O- B+ A+ A- AB+ B+ O+ O+t A- A+ AB- A+ O+ B+
B+ O+ B+ O- AB+ O- A+ AB+ A+ O+ B- 0O+ A- AB— O+
Solution:

Here, n = 30 and data are nominal. The eight distinct blood groups: A+, B+, AB+, O+,
A—, B—, AB— and O- are the eight classes which are written in first column. Using tally marks
in the second column to distribute data and then counting these to write frequencies in the third
column, we get the required grouped frequency table for the distribution of blood groups of
students.

Grouped Frequency Table
Classes/Groups Frequency
“Blood groups” “Number of students”

A+ il 6
B M 5

AB+ Il

O+ il

3
,
A- Il 3
I
2
3

Tally marks

B— |
AB- [
0- [l




Example 2:

The responses of 40 randomly selected customers in a shopping mall when asked “How
satisfied are you with the services?” are given below. Construct a grouped frequency table of
their responses. Also compute relative and percentage frequencies.

Very Not very | Not very Very Somewhat | Not at all Very Not very
Very Not sure Very Very Very Not very Very Somewhat
Not sure Very Not at all Very Very Very Not very | Somewhat
Notatall | Notsure | Notvery | Not very Not sure Very Very Very
Very Somewhat Very Somewhat | Not very | Not sure Very | Somewhat
Solution:

Here, n =40, and data are ordinal. The five distinct satisfaction levels in ascending order
(lowest to highest) are classes. With tally marks and frequencies we get the grouped frequency
table. The relative and percentage frequencies are also computed in fourth and fifth columns.

Classes/Groups Tally marks | FEQUENCY Relative frequency Pcrccnt'agf frequency (%)
“Satisfaction levels” y (H (%] (:x IUO)
Not at all Il 3 45 = 0.075 %100 =7.5
Not very il 8 0.2 20
Not sure M 5 0.125 125
Somewhat }H{ | 6 0.15 15
Very WO | 18 0.45 45
Total - n=40 | 100

Note that:
a. From grouped frequency table of Example 2, we can easily conclude that highest
number of customers were “Very satisfied”, where as a fewer number of customers

were “Not satisfied at all”.

b. Tt is appropriate and understandable to say that 45% customers were very satisfied

instead of 18 out of 40 were very satisfied.
Example 3:

The responses of 45 families in a city, when asked about number of mobiles they used,
were noted as follows. Construct a discrete frequency table of the responses. Also obtain relative
and percentage frequencies of the responses.

3 A8 2 2 2 2 1 2 1 2 2 3 3

3 1

b

3 4 3 0 4 3
¥3 2 3 2 251 616 2135 3 2 4 2 4 7 4 2

Solution:

Here, n =45 and data are quantitative, and in particular discrete.

The distinct numbers in the data in ascending order are: 0, 1, 2, 3, 4. 5, 6, 7 which are
fewer numbers repeating again and again. These are the 8 classes in the first column.

Writing and counting the tally marks in second column, we compute frequencies in the
third column to get the required discrete frequency table of distribution of number of mobiles
possessed by 45 families.




Discrete Frequency Table

Classes/Groups - . Frequency
“WNumber of mobiles™ Tailymarks “Number of families™
0 | 1
I W 7
: iyl | s
3 I 12
4 M 5
5 | 2
6 | 2
7 | 1
Total --- n =45

Example 4:

The amount of cold drink was measured (in liters, L) in 20 randomly selected 1.5L bottles
of a company as given below. Construct a discrete frequency table of the measured amount of
cold drink. Also compute relative and percentage frequencies.

1.48 1.51 1.50 1.49 1.49 1.49 1.51 1.48 1.49 1.52
1.51 1.49 1.51 1.50 1.50 1.50 1.51 1.49 1.49 1.50

Solution:

The data are quantitative, and in particular continuous. The distinct numbers: 1.48, 1.49,
1.50, 1.51 and 1.52 (in ascending order) are five classes. With tally marks and frequencies, we
get the discrete frequency table. The relative and percentage frequencies are also computed in
fourth and fifth columns.

-

Class limits Tally Frequency Relative frequency | Percentage frequency (%)
“Amount of cold marks “Number of (L) [ix IUU')
drink (L)" o bottles™ " "
1.48 [ 2 55 =0.1 Zx100=10
1.49 Wi 7 0.35 35
1.50 f 5 0.25 25
L5 Jii 5 0.25 25
1.52 1 0.05 5
Total n=20 ! 100

(b) Frequency table with continuous classes:

When data are quantitative (discrete or continuous) and observations are split over a
range of number with lesser repetitions and more variations, then we use continuous classes.
These classes are not single numbers but a range of numbers (intervals) each consisting of all
numbers within the limits of the class. A continuous frequency table comprises of continuous
classes together with respective frequencies.

We have already studied frequency distribution for discrete data in previous class. Here,
we will generalize and use the basic concepts for discrete and continuous data with any number




of decimal places. We first recall and define some important terms which are actively used in
the procedure.
Range:
It is the difference between highest and lowest observations in the given data.
Range = [ Highest observation] — [Lowest observation] (1)
Class limits:

These are numbers used to identify a class. For each class, there is a smallest number,
called lower elass limit (LCL), and a largest number called upper class limit (UCL). The
observations starting from the LCL up to the UCL fall in a particular class.

Class interval/ width (h):

It is defined as the size / length of a class, and computed by finding difference between
any two consecutive LCLs or UCLs. We usually use constant class width/interval, denoted by h
for all classes and calculated as:

h l E>< i{}’”-‘ (2)

10" K
where, K is number of classes, R is range, and m is number of maximum decimal places

in the observations.
If data are discrete, then m = 0, if data are continuous with values up to one decimal
places, then m = 1, and so on. [ .| denotes the ceiling approximation to get final integer value

of h. The ceiling of an integer is the same integer, whereas of a decimal fraction is an integer
immediately greater than it.

For example [4]=4,[1.6]=2.T1.9]=2,[7.5]=8.

Number of classes (K):

The number of classes is denoted by K and it ranges from 5 to 15 depending on number
of observations and range. It should be carefully chosen/calculated, if not given. Much higher
value of K results in poor grouping and loss of information. H. Sturges (1926) suggested a rule
to calculate desirable number of classes K by using the numbers of observations n. The Sturges’
rule is defined as:

K =[143.322l0g(n) | €))
where, log (n) is logarithm of n with base 10, and [.] is ceiling approximation. It should

be noted that Sturges’ rule is mostly appropriate for 15 <n < 200. For example, if n = 25,
then: K = [1 + 3.32210g(25)] = [5.6439] = 6 classes.
Spacing between the classes (d):

The constant difference between the LCL of a class and UCL of the next class is spacing
between the classes (). If i is number of maximum decimal digits, then:

1 .
i=——.,m=0,1,2,... 4
G ] Om ( }
For discrete data, m = 0 and &= 1. If data are given up to one digit after the decimal, then

m =1 and d=0.1. For data up to 2 decimal places, m =2 and d = 0.01.




Procedure to construct continuous frequency table:
The steps to construct continuous frequency table for quantitative data are:
Note number of observations (n) and identity type of data: discrete or continuous. Also,

1.
note the maximum number of decimal places in data (m).

2. Calculate range (R) using equation (1), number of classes (K) using Sturges’ rule in
equation (3), if not given.

3. Calculate class interval (h) using equation (2) and spacing between the classes (d) using
equation (4). In extreme conditions, we may have to take “/i + d" as class width or add
one more class.

4. Determine class limits to assure that all observations are included into the K classes. We
can also use the lowest observation as starting LCL. The starting UCL is:
UCL=LCL+h—d.Write LCLs and UCLSs of other classes by continuously adding h in
starting LCL and UCL.

5. Write class limits as classes in the first column of continuous frequency table.

6. Use tally notation / list entries to distribute data into classes in second column. Tally

marks are preferred.

7. Count tally marks or entries to write frequencies of all classes in third column.

Example 1:

The electricity consumption (in kWh) in a shop was noted for 60 consecutive days as

mentioned below. Construct frequency distribution using tally method.

106 107 76 82 109 107 115 93 I87 95 139 119 115 128 115

123 125 111 92 86 70 126 130 129 194 82 90 158 118

123 146 80 136 137 110 (141 452 104 111 140 184 178 75

113 162 131 99 185 181 84 486 100 98 148 90 110 107 78
Solution:

Here, n=60, data are discrete with Frequency Table
m=0.R=204—-68=136. Using Sm;ges’ Class limits | Tally marks | Frequency
rule for number of classes: 68 — 87 J,Hfm 10
K=|1+3.322log(60) |=| 6.9070||=7.

’7 g( }hl ’_) ﬂ i 88— 107 Mmm 13

136 it
}'?2’7712“9‘42351220, andd =1. 108 — 127 MMM 15
the starting LCL=68, the starting UCL=68+20— 128-147 | 10
1=87. Adding /=20 in these, we get all other 148 — 167 M 4
limits. Wr.iting class limits in ﬁr-st |.:olu1.nn, 168 — 187 Wl 6
tally marks in second, and frequencies in third,

. ; 188 - 207 l 2

we get the required frequency table. Toml =0




Example 2:

The diameters (in mm) of a reel of wire measured at 24 places correct to nearest 0.01lmm
are: 2.10,2.29,2.32,2.21,2.14,2.22,2.28, 2.18, 2.17,2.20, 2.23, 2.13, 2.26, 2:10, 2.21, 2.17, 2.28_ 2. 15,
2.34,2.27,2.11,2.23, 2.25, 2.16. Construct frequency distribution.
Solution:

n =24, data are continuous up to two digits after decimal, so: m = 2.

R =234—2.10 = 0.24,and K = [1 + 3.322log(24)] = 6.

I | R I
h= @{Ex IOU-‘ =0.04, d = 0 =0.01. Starting with LCL=2.10 and h = 0.04, six classes are:

2.10-2.13,2.14-2.17, 2.18-2.21, 2.22-2.25, 2.26-2.29, 2.30-2.33. But, 2.34 cannot be included in
any class. In this extreme case, we use class width of h + d = 0.05. The required six classes are:
2.10-2.14,2.15-2.19,2.20 - 2.24, 2.25-2.29, 2.30 - 2.34, 2.35 - 2.39, and the tequired frequency
distribution of the diameters is:

Frequency Table

Class limits | 2.10-2.14 | 2.15-2.19 [ 2.20-224 | 2.25-229 | 2.30=2.34/| 2.35-2.39 | Total
Tallymark | | W M| M I -
Frequency 3 5 6 6 3 0 n=24

Note that:

In Example 2, we could also add just one more class to include 2.34. The table becomes:
Class limits [ 2.10-2.13 [ 2.14-2.17 [ 2.18 221 [ 2.227225 [ 226-2.29 [ 230-233 [ 2.34 -2.37

taymark | ([ M| T | | |

5 1 |

Frequency 4 5 -+ =

Some more important terms in grouped frequency tables with continuous classes are:
Class boundaries:

The numbers which separate a class form adjoining classes are called class boundaries.
For a class, its lower class boundary (LCB) and upper class boundary (UCB) are obtained
from the LCL and UCL of that class, respectively as:

For a class: LCB=LCL~% and UCB=UCL+

where, d is the spacing between the classes.
Class marks/midpoints:
Class marks or mid-points, denoted as x. in a grouped data with continuous classes are
the arithmetic means of the class limits or class boundaries of the classes.
- LCLAUCL - g LCB+UCB

2 _ 2

[SHE-%

For a class:

Cumulative Frequency:

The word cumulative means something increasing/growing by successive additions. If
we go on adding frequencies of classes, one after one, each time adding frequency of next class
in the total, we get cumulative frequencies. For a particular class, the cumulative frequency is
the sum of all frequencies up to that class.




Example 3:
Compute class boundaries, class marks and cumulative frequencies for the frequency
table given below.

Class limits | 7.1-7.3 | 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8.3-8.5 | 8.6-8.8 | 8.9-9.1
Frequencies 3 5 9 | 14 11 6 2

Solution:
Here, n =50 and d =0.1. Class boundaries, class marks and cumulative frequencies are
computed in the following table.

Class limits | Class boundaries Gl Frequencies C;um uIalr_ve
marks | frequencies
| 7.1-7.3 7.05-7.35 7.2 3 | 3
| 7476 7.35-7.65 7.5 5 | 3+5=8
[ 7779 7.65-7.95 78 9 | 17
| 8082 7.95-8.25 8.1 14 | 3l
| 8.3-85 8.25-8.55 8.4 11 ' 42
8.6-8.8 8.55-8.85 8.7 6 | 48
8.9-9.1 8.85-9.15 9.0 2 [ n=50
| Total — — n=50 | o

Note that:
1. We can observe that the UCB of a class and LCB of the next class are same,

2. Adding h successively in starting LCB, we get all remaining class boundaries.
3. We can get all remaining class marks by adding ** /™ in the starting class marks.
4. The cumulative frequency of the last class is the total number of observations.

EXERCISE 22.1
1. Identify type of data (discrete/ continuous/ nominal/ ordinal) and total number of
observations in the following:
a. Number of visitors in a shopping mall per day for 30 days.
b. Time (in minutes perday) spent by a person in GYM for a month,
c. Life (in years) of 45 car batteries.
d. Electricity consumption (in kWh/day) for 2 months.
. Weight (in Kg) of 55 students in a class.
. Eyebrow colors of 20 individuals.
¢. Grades obtained by 70 students in a class.
Ii. Result (Positive/ Negative) of COVID diagnosis test of 10 people.
. Marital status of 30 teachers of a school.
1. District of domicile of students of your class.
2. Construct grouped frequency table of the educational levels (current class of study) of 20
students going to a country tour from a school. The educational levels are: VLI, X, X, VIII,
VI IX, X, 1X, X, VI VIL VIIL VI XS VL VLIV, VI X IX
3. The mode of transport used by 20 students to attend a language course were noted as given
below. Construct grouped frequency table with percentage frequencies.

Walk | Walk | Bike | Bus Car Walk | Bike | Walk | Walk | Bus
Car | Bus | Car | Walk | Walk | Bus | Car | Car | Bus | Bus




4. Classify responses of 40 families on how frequently they spend vacations out of city in a
grouped frequency distribution. Also compute relative [requencies.

Never Rarely Often Sometimes | Never Rarely | Always | Often
Sometimes | Never Sometimes | Always Sometimes | Rarely | Never | Sometimes
Sometimes | Sometimes | Alwavs Always Sometimes | Often Often | Never
Often Rarely Sometimes | Always Rarely Always | Often | Often
Always Never Always Sometimes | Never Never | Often Always

th
v

Organize the colors of Caps of prefects of various schools in frequency table.
Black | Blue | Black | Brown | Green | Blue | Black | Brown | Brown | Green
Blue | Green | Red | Black | Red Blue | Red | Green | Black | Red

6. The marks secured by 25 students is a class test out of 5 were: 4.0, 0.5, 4.5,1.0, 3.5,3.5, 5.0,
2.5,4.0, 2.5, 1.0, 2.0, 4.0, 3.5,0.0, 3.0, 5.0, 1.0, 2.0, 210, 4.5, 2.5, 3.0, 3.5, 1.5, Obtain frequency
table with discrete classes and relative frequencies.

7. The number of times the lectures of a teacher were downloaded per hour from a website was
noted for a day before test, and results were: 1,1.2,1,3,3,4,1,4.1,2.3,3,2,4,2,3,2. 3,21,
0, 0, 1. Classify data into a discrete frequency table. :

8. Construct frequency distribution with continuous classes of the number of absentees in a
class for 18 days: 4,3,0.1,2,5,6,8, 10, 7, 11, 15, 13, 14, 3, 4, 12, 12.

9. Construct continuous frequency distribution of the weights recorded to nearest pound of 40
college students: 138, 148, 146, 146, 119, 164, 1524173, 158, 154, 150, 144, 142, 140, 1635, 132,
150, 147, 147, 153, 144, 156, 135, 126, 140, 125,168, 157,138, 135, 149, 136, 135, 142, 161, 145,
176, 163, 145, 128. Also compute class boundaries, class marks and cumulative frequencies.

10. The value of resistance in ochms of a batch af 48 resistors of similar value are: 21.0, 22.4, 22.8,
21.5,22.6,21.1,21.6,22.3, 22.9, 20.5, 20.8322.2,21.0, 21.7, 22.5, 20.7, 23.2, 22.9,21.7, 21.4, 22.1,
22.2,22.3,21.3,22.1, 21.8, 22.0, 22,2/ 2.7, 2119, 21.1, 22.6, 21.4, 22.4, 22.3, 20.9, 22.8, 21.2, 22.7,
21.6, 22.2, 21.6, 21.3, 22.1, 21.5, 22.0, 23.4, 21.2. Form continuous frequency table. Also,
compute cumulative and pereentage frequencies.

11. The mass (in Kg) of 50 blocks of metal were measured collect to nearest 0. 1kg and are listed
below. Construct frequency distribution of the masses and compute relative and percentage
frequencies.

80 83 77 81 74 86 7. 84 74 82 84 B8 79 81 82 75 83
88 80 77-83 82 79 85 79 80 84 72 8T 80 91 85 76 82
78 78 87 85 84 85 81 78 82 77 75 85 81 73 90 86

22.1(ii). Construct histograms with equal class intervals:

Histograms are used for graphical representation of quantitative data by using the
frequency tables with discrete and continuous classes and related concepts. A histogram is
drawn by using adjacent rectangles with bases of rectangles marked by distribution of numbers
in the classes and areas/heights of rectangles being proportional to the class frequencies. In
histograms with equal class intervals, both areas and heights of rectangles are proportional to
frequency.

In histograms corresponding to discrete frequency tables, the bases of rectangles
represent the distinet numbers in the data and the heights are usually taken as the frequencies of
classes. The width of rectangles are taken with a fixed interval.




In histograms corresponding to continuous frequency tables with equal class intervals,
the bases of rectangles represents class boundaries and the heights are usually taken as the
frequencies of classes. The width of rectangles is equal to the class interval.

While drawing histograms, axes should be labelled clearly and scales should be defined.
X-axis does not have to start from 0. Y-axis must start from 0. Frequencies should also be marked
above the rectangles. The procedure to draw histograms is explained in following examples.
Example 1:

Draw histogram for the number of children per family in villages using the following
data of 80 families.

Number of childrenina family [ 1 [2 |3 |4 |5 |6
Number of families 1101025 (20]7
Solution: ¥i e
; o -
Data represent a discrete frequency table. y O S i 1
Writing distinct numbers: 1, 2, 3, 4, 5, 6 ] .
representing classes on X-axis with a fixed .| { ?;*'_
interval for all, then writing frequencies on Y-axis = ] T
. " o . . . [ 1 |
starting with “*0” with suitable scale to include all | l 3 =
frequencies up to 25. Drawing rectangles based at J . = s i J h;
the distinct numbers with equal width and heights """ - J 1-‘_‘: B
equal to frequencies, we get the following s Bl E il
histogram. Axes are labeled and scales are I_ [V T i Bl i
defined. | \ = 1 bk

Example 2.
Draw percentage frequency histogram for the following distribution.

Mass of block (inkg) | 7.1-73 [ 74-76 | 7.7-79 | 8.0-82 | 83-85 | 8.6-88 | 8.9-9.1 '
|

Number of blocks 3 5 9 14 | 6 2
Solution: e W | e s A9
Given is a continuous frequency table e )

with continuous data up to one digit after the
decimal, so n =50, m =1 and d = 0.1. The
class boundaries are: 7.05 - 7.35, 7.35 - 7.65, 7.65
-7.95,7.95- 825, 825-8.55, 8.55-8.85, 8.85-9.15.
Writing these on X-axis and corresponding
percentage frequencies: 6, 10, 18, 28, 22, 12,
4 on Y-axis with respective scales. Drawing
adjacent rectangles based at class boundaries,
of width h=03 and heights equal to
percentage frequencies, we get the required
percentage frequency histogram.

fd M e am owil W
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22.1 (iii). Construct histograms with unequal class intervals:

For the case of histograms with unequal class intervals, the adjacent rectangles are
constructed so that only their areas (not heights) are proportional to the frequencies. To do this,
we define adjusted heights of rectangles to assure proportional areas and frequencies. If f and
h™ are frequency and width of a class, respectively, then:

Adjusted height of a rectangle’ =

So that, Area of a rectangle”

v

= widthx height=h" x l— =f

h

(1)

(2)

From (1), we see that adjusted heights are not proportional to f*, but areas in (2) are.
This satisfies the requirement. The steps of drawing histograms with unequal class intervals are
same as before, but we must write adjusted heights on Y-axis.

Example:

Construct histogram for the following data with unequal class intervals:

Class limits

10 -40

50-70

80 - 90

100-110

120 - 140

150 - 170

Frequencies 2

6

12

14

4

Z

Solution:

We can observe that the given data show a frequency table with unequal class intervals.
We first compute class boundaries and adjusted heights. Here, d = 10.

Class Class Class intervals Frequencies . ' y .
limits s (h') () Adjusted heights of rectangles (f° /h")
10 40 5-45 40 2 +=0.05

5070 45-75 30 6 =02

80 — 90 75-95 20 12 0.6

100—110 | 95-115 20 14 0.7

120-140 115-145 30 4 =(.13

150-170 | 145-175 30 2 ~ (.07

Writing class boundaries on X-axis and O S itk pmatin | 4

adjusted heights on Y-axis, we draw rectangles forall SRy N ———
classes with widths equal to unequal class intervalsand . =
heights equal to the adjusted as computed in above Lo IS
table. Thus, we get the required histogram with | ™ }' '
unequal intervals. |-bia Eiftes
We can verify that areas of the rectangle are 14 § L b
proportional, and particularly equal, to the frequencies !
here. E “| f
Area of rectangle-1 =40x 0.05 =2. et .
Area of rectangle-2 = 30x 0.2 = 6. Area of ! : L il :.-:':, 22
rectangle-3 = 20x 0.6 = 12. g “,%"'...‘ o l ..;_.[1'4",_]

and so on. | p




22.1 (iv). Construct a frequency polygon:

Frequency polygon is another way of graphical representation of a quantitative data
grouped into frequency distribution. We often see such graphs in newspapers (especially in
business section), in weather forecast news, and in cricket match stats (a commonly used
abbreviation of statistics). The word polygon refers to a closed shape in a plane formed by
connecting at least three line segments. For example, triangles, squares, pentagons, etc. Here, we
will learn how this geometric concept is related with frequency distributions. The frequency
polygons are used in advanced statistical analysis is to identify shape of the distribution.

To construct a frequency polygon, the points ( x, y) are plotted, where the abscissas (the
x-coordinates) are class marks and ordinates (the y-coordinates) are the class frequencies.
Secondly, we add two dummy classes, one in the start and one in the end, with 0 frequencies,
and mark corresponding points for these on X-axis. Finally, we join the scattered points on the
graph by line segments to get the required closed shape, called frequency polygon, with base
on X-axis and peaks showing frequencies. For clarity, filled marks (e) denote points of real
classes and blank marks (o) denote points for dummy classes. It is obvious to label the axes and

define suitable scales.
Example 1:

. . . [T PP B S — T T )

Draw a relative frequency polygon for the following data. RS M
Amount of cold drink in liters | 1.48 | 1.49 | 1.50 | 1.51 | 1.52 '
Numbers of bottles 2 7 5 5 1 1 '}
Solution: i |

Given data show discrete frequency table. The |
distinct numbers: 1.48, 1.49, 1.50, 1.51, 1.52 are class {4
marks (x). The frequencies ( v ) are: 2, 7. 5, 5, 1. First, we :

!
|
-
compute relative frequencies, which are: 0.1, 0.35, 0.25, {.
|
'

J 1 .
1l‘.lh E W i I'I;. WE e

- o =sa b | e

0.25 and 0.05. With two dummy classes: the plotted points * |
are: (L4T*, 0), (1.48, 0.1), (149, 0.35). (1.50, 0.25), (1.51, = «|
0.25), (1.52, 0.05) and (1.53*, 0). Joining points by line
segments, we get the relative frequency polygon,
Example 2:

Draw percentage frequency polygon for the following distribution.
Mass of block (inkg) | 7.1-73 | 74-76 | 77-79 | 8.0-82 | 83 —8.5 | 8.6—8.8 | 89-9.1

Number of block 3 ) 9 14 11 6 2
Solution: i e

Data show a continuous frequency distribution with ¢
equal class interval h = 0.3. The points to plot are (x, v), .+«

where x represent class marks: 7.2, 7.5, 7.8, 8.1, 8.4. 8.7, 9.0, » I’fh'-‘\

and y are percentage frequencies: 6, 10, 18, 28, 22, 12, 4. i"i' j ‘,
Adding dummy class marks and the required percentage | | Jﬂ. .\i
frequency polygon is plotted through (6.9%, 0), (7.2, 6), (7.5, | E A B

10), (7.8, 18), (8.1, 28), (8.4, 22), (8.7, 12), (9.0, 4) and (9.3%,

P
0) with suitable scales. ~




22.2. Cumulative frequency distribution:

A cumulative frequency distribution is a table listing upper class boundaries of classes
together with the corresponding cumulative frequencies. We already know about the
computation of cumulative frequencies. The cumulative frequencies computed by adding
number of observations less than the UCBs of classes are called “less than cumulative
frequencies”. These start with “0” and end at the total number of abservations *“n”. We must
add a dummy UCB in the start with cumulative frequency of 0.

“The greater than cumulative frequencies” are computed by summing all observations
greater than the LCBs of classes. These start with “n” and end at “0”. But we often use “less
than cumulative frequencies” in practice. In the forthcoming discussion, we use the term
“cumulative frequency™ to refer the “less than cumulative frequency” for simplicity.

22.2 (i). Construct a cumulative frequency table:
Steps to construct cumulative frequency table of grouped quantitative data are:

1. Obtain upper class boundaries and cumulative frequencies.

2. Add a dummy upper class boundary in the start with 0 cumulative frequency.

3. Form a table to mention all UCBs with respective cumulative frequencies.
Example 1: Construct a cumulative frequency table using the following data.
Marks of Students 1 | 27\ 5
Number of Students | 2 [ 5[4 (3 |1
Solution: Given data shows a discrete frequency distribution.

Here, d = 1 and n = 15. Computing UCBs by adding % in the class limits, and then
finding cumulative frequencies we have:

Classes | UCBs | Frequencies Cunmlall‘v ®
Frequencies
1 1.5 2 2
2 2.5 5
3 3.5 4 11
4 4.5 3 14
5 5.5 1 15=n

Adding a dummy UCB in start equal to 0.5* with cumulative frequency “0", the required
cumulative frequency table is:
Marks of students (UCBs) Less than 0.5* | 1.5]25 |35 4545
Number of students (Cumulative frequencies) | 0 2 711 114 | 15
Example 2: Construct cumulative frequency table for electricity consumption data.
Electricity Consumption
(kWh)
Number of days 10 13 15 10 4 6 2
Solution: Given data is a continuous frequency distribution, Here, d = 1 and n = 60. The UCBs
are: 87.5. 107.5, 127.5, 147.5, 167.5, 187.5 and 207.5. Adding a dummy UCB of 67.5* in start,
we have the following cumulative frequency table.
Electricity Consumption Less than (kWh) | 67.5% | 87.5 | 107.5 | 127.5 | 147.5 | 167.5 | 187.5 | 207.5
Number of days 0 10 23 38 48 52 58 60

68-87 | BR-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207




22.2 (ii). Draw a cumulative frequency polygon:

A cumulative frequency distribution is graphically represented by a cumulative
frequency polygon, also called an ogive. We begin plotting the points (x, ) of the cumulative
frequency table (x: UCBs and y: cumulative frequencies), then join these by line segments.
Finally, we draw a perpendicular from the peak point on X-axis to get a closed shape, which is

the required ogive or cumulative frequency polygon.
Example 1.

Draw an ogive (cumulative frequency polygon) for the following data.

Amount of cold drink (in liters) | 1.48 | 1.49 | 1.50 | 1.51

L5

2

Number of bottles 2 7 5 5

1

Solution:

Here, n=20 and d =0.01. By computing UCBs and cumulative frequencies. we get the

cumulative frequency table, where 1.475* is a dummy starting UCB.

Amount of
colddrink | 1.475% | 1.485 | 1.495 | 1.505 | 1.515 | 1.525
{1n liters)

Number of
bottles

0 2 9 14 19 20

Now, we plot the points (1.475%*, 0), (1.485, 2), (1.495,
9), (1.505, 14), (1.515, 19) and (1.525, 20) on graph, join these
through line segments, and, finally draw a perpendicular from
the last point towards X-axis to get the required cumulative
frequency polygon or ogive. Axes are labeled e¢learly with

proper scaling.
Example 2:

[ L v v
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Draw ogive for the following distribution of diameters (in cm) of 60 holes bored in engine

castings as measured in a certain study.

Diameters (¢cm) | 2.011-2.014"| 2.016-2.019 | 2.021 - 2.024

2.026-2.029 | 2.031 —2.034

Number of holes ot 16 23

Solution:

Given is a continuous frequency table with
n=60and d=0.002. Using UCBs and cumulative
frequencies, we get the cumulative frequency table with
points: (2.010*. 0), (2.010, 7), (2.020, 23). (2.025, 46),  (2.030,
55) and (2.035, 60). These points lead to the required ogive or
the cumulative frequency polygon.
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EXERCISE 22.2
1. Obtain percentage histogram, frequency polygon, cumulative frequency table and ogive

for the following data.

Marks of Students L2 A S
Number of Students [ 2 |54 [3 ] 1
2. Construct histogram for the following data with unequal class intervals:
Class limits | 0-39 | 40-49 | 50-79 | 80-99

Frequencies | 6 8 12 4
3. Construct histogram, frequency polygon, cumulative frequency table and ogl@
Amount of money earned weekly | 20-40 | 50-70 | 80-90 | 100-110 | 120-140 {1"5 )-170" |
Number of people 2 6 12 14 4 20
4. Plot histogram, relative frequency polygon, and ogive for the following data.
Class limits | 10.5-10.9 | 11.0-11.4 | 11.5-11.9 | 12.0-12.9 | 13.0-134
Frequencies | 2 7 10 12 & J

22.3. Measures of central tendency:

The ability of all observations in data to cluster around a central point is referred as the
central tendency. A central point of the data is called a measure of central tendency or simply
an average. A measure of central tendency represents the whole data by a single central point,
and is a concise identification of whole data.

We usually talk about averages of numbers and categories frequently. For example,
consider the following statements:

I. “The majority of students in a class secured Grade-B”. Here, Grade B is an average.

2. “Ali spends 45 minutes in the GYM daily™. Here, average time per day Ali spends in GYM
is 45 minutes. Obviously, he may have spent more or less than 45 minutes.

3. “Average score of a batsman in T20”, which is based on the scores of the batsman in all T20
matches he played. The average score is generalizes all individual scores.

22.3 (i). To calculate measuresof ¢entral tendency:

We usually compute an average or measure central tendency of data by adding the
observation and then dividing by the total numbers of observations. which is particularly the
arithmetic mean. There are many more ways to compute averages. We discuss the following
five types here:

(1) Arithmetic mean (2) Median (3) Mode (4) Geometric mean (5) Harmonic mean

These averages have some advantages and disadvantages when compared with each
other. Also, the best use of an average depends on nature of data.

22.3(i) (a) arithmetic mean by definition and using deviations from assumed mean

The arithmetic mean is based on the principle of equality among all observations. We
mix all # observations by their sum, and then divide the sum in » equal parts.

If x..x,,X,,....x, are n numbers, then their arithmetic mean (denoted as x) is:

n
>
¢
=]

Xi+Xs+t+Xy

(1)

X=——— or T=-=
n n
where "X" is an upper-cased Greek letter SIGMA used for summation.




Note that:

¢ Arithmetic mean is a unique number within the range of the data.
e [f data are quantitative, then we directly find arithmetic mean. For nominal or ordinal,
we may assign numeric codes or ranks, respectively.
e Arithmetic mean is not appropriate for nominal data.
Arithmetic mean by definition/ direct method:
The direct method or by definition refers to computing arithmetic mean directly from
the given data without changing the location or scale of the observations.
In direct method/ by definition, we use following formulas:

2% 5 250 3o
x=+—=%_ (Ungrouped data) ¥ =-5— =<=— (Grouped data)
n i Z,f, Z i
where x; are individual observations in ungrouped data and class marks in grouped data, and
/, are corresponding class frequencies. For brevity, we can omit subseripts in the formulas.
Example 1: Find arithmetic mean of the following datasets by definition.
(i).2.3,7.5,5,13,1.7.4,8,3. 4,3 (11). 7, 5, 74, 10 (i11). 18.92, 27.9. 34.7, 39.68
Solution:
(i). By definition or direct method, we have:

DX 2434745+ 5+13414T+448+3+443 65 _

=

n 13 13
i . 7 5474410 %
(ii). By definition, we have: ¥ = Z W 4 Y - = =24,
18.92+279+347+39.68 1212
(iii). ¥= Z‘ : s ol J-=303.

Note that:
e The arithmetic mean is affected by extreme values (or outliers). In Example 1 (ii), ¥ =24
is far away from all observations: 7, 5, 74 and 10 due to the outlier 74.
Example 2: The grades of five students who studied in group were: A+, B+, C, B, A. Identify
the average grade using arithmetic mean.
Solution: The data are ordinal and can be ranked by numbers. We represent the grades: C, C+,
B, B+, A, A+ by labels: 1, 2, 3, 4, 5, 6 respectively, then:
Z" 6+1+4+3+5 19
n 5
Example 3:
Find arithmetic mean amount of cold drink by definition in the following data:

Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Number of bottles 2 7 5 5 |

=3.8=4. So, the average grade is B+.

Solution:

Data is grouped into discrete classes. The class marks (x) are: 1.48, 1.49, 1.50, 1.51, 1.52.
The computations are shown in the table.




1.48

1.50

.51
.52

/
2
1.49 7 10.43
ﬁ
J
r

X 29.96 ;
Finally, ¥ = z —=s = 2~ 1.498 liters.

b3 §
The average amount of cold drink using arithmetic mean is 1.498 liters.
Example 4:
Find arithmetic mean of satisfaction of customers using definition.

Satisfaction level Notat all | Not very | Not sure | Somewhat | Very
Number of customers 3 8 5 6 18

Solution:
We represent attributes of the ordinal variable: “Not at all, Not very, Not sure, Somewhat
and Very” by ranks, say, 1, 2. 3, 4. 5, respectively. By definition, we have:

__ 29 _ ()3 + @)+ +(@NO)+(CKI) 148,
TOXf 348+5+6+18 40 7

So, average satistaction level is 4" rank, which is “Somewhat satisfied”.
Example 5:
Find arithmetic mean of electricity consumption (in kWh) of a shop for 60 days:
Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207

Number of days 10 13 15 10 4 6 2
Solution:
Data show continuous frequency Class | Class | Frequencies | xf
table. We find class marks and required limits N:ﬂ;k]s f)
sums in adjacent table.
ByJ definition ‘or direct method: ofal 113 i 17
88-107 97.5 13 1267.5
- LY _ RN 108127 | 117.5 | 15 | 17625
’ Z f 60 R 128-147 | 137.5 10 1375
5 N - " 148-167 | 157.5 -+ 630
Arithmetic mean of electrlcny 168-187 177.5 6 1065
consumption of shop is 121,166 kWh, 188-207 | 197.5 2 395
T{!t&i] g Z f = 6l 7270

Note that:

Arithmetic mean of an ungrouped data and its discrete frequency table are always same.
But, the arithmetic mean of a data from continuous frequency distribution is not equal to (but
closer to) the mean of corresponding ungrouped data.




Arithmetic mean by using deviations/ indirect methods:
If x are observations and A is assumed/provisional mean (any number within or outside

the range of data), then deviations about 4 are: D, =x, —A .

There are two indirect methods based on deviations: shortcut and coding methods, to
compute arithmetic mean when dealing with larger data with higher values.
Shortcut method:

The arithmetic mean using shortcut method is computed as:

2D Y of

x=A+=— (forungrouped data) and ¥ = A+ -
n Z.f

For ungrouped data, x, are observations, For grouped data, x, are class marks, It is better

(for grouped data)

to take x, corresponding to the highest frequency as “A” for grouped data.
Coding method:
The formulae for computing arithmetic mean using coding method are:

T=A+1:Z” 2

(for grouped data)
n R

(for ungrouped data) and ¥ = A+h

: or, simply u = 2 ; A is referred as the coded variable. For ungrouped
' 1

data, x, are observations, and for grouped data x, are class marks.

X
where, u, =~

Example 1:

The total marks of six students who studied in group for the examination are: 610, 640,
685, 680, 710, 580. Find arithmetic mean marks using indirect methods by taking (i). A = 650
and h = 10, (ii). A = 680 and h = 20.

Solution:
D
¥ =A+
n

Z u x—A
, Where u =
n h

The required calculations are shown in tables separately for both parts.
(i). A = 650 and h = 10.

The shortcut method states:

The coding method states: ¥ = A+h

x—650
X | D=x-650 | u= 10
610 20 2 By shortcut method, we have:
640 -10 -1 - 5
pre= —=650.833.

€85 35 35 x =630+ 7 650.83
680 30 3 By coding method, we have
710 60 6 K 0.5 5
580 -70 =7 x=650+10x — = 650+ —= 650.833.

Y'o=5 | Su=05 6 0




(i1). A = 680 and h = 20. By shortcut method:

x—680 -175
X D=x-680 | u= ! 20 ?=630+( J= 680—29.1666

610 -70) -3.5 !
0 40 5 X = 650.833.
685 3 0.25 B}-’ coding method:
680 0 0 _ -8.75
710 30 15 X =680+ 20( = J
580 -100 8

> D=—175 | 3 u=-875 %= 680—29.1666 = 650.833.

The mean marks are 650.833 or 651
regardless of the choice of A and h.

Example 2: Find mean amount of cold drink (in liters) by shortcut and coding methods.
Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 7 5 5 |
Solution: Here, we use A = 1.49 and h = 0.01. The calculations are detailed in the table.
X / Dei-349 | st Df uf
0.01
1.48 2 -0.01 -} -0.02 2
1.49 7 0 0 0
1.50 5 0.01 | 0.05
1.51 5 0.02 2 0.1 10
1.52 1 (.03 3 0.03 3
Y. /=20 2.0/ =016 | Y uf =16

By shortcut method: 7 = A+Z o = 49+¥ =1.498.

ot

By coding method: ¥ = 4+ hx Z —149+00|[lg]=1_498.

We note that the result by both mdlrect methods and by definition match.
Example 3: Use shortcut and coding methods to find mean mass of 50 metal blocks.
Mass of bloek(in Kg) | 7.1-7.3 | 74-7.6 | 7.7-7.9 | 8.0-8.2 | 8B.3-8.5 | 8.6-8.8 | 8.9-9.1

Number of blocks 3 5 9 14 11 6 2
Solution: Taking A = 8.1 and h = 0.1, we proceed with the calculations in the table.
: x—28.1 . '
Class limits | Class marks (x) i D=x-8.1|u= 01 Df uf
7.1-7.3 72 3 -0.9 -9 2.1 -27
7.4-7.6 7.5 5 -0.6 -6 3 -30
7.7-1.9 7.8 9 -0.3 3 2.7 -27
8.0-8.2 8.1 14 0 0 0 0
8.3-8.5 8.4 11 0.3 3 3.3 33
8.6-8.8 8.7 6 0.6 6 3.6 36
8.9-9.1 9.0 2 0.9 | 9 1.8 18
Y f=50 YDF=03 | Yuf=3




By shortcut method: ¥ = A+Z of =0 +£=3_m(,.

> f 50

By coding method: ¥ = A+/x %Ij =8.1+0.1x [sio ]: 8.106.
So. the average/mean mass is 8. 106K g.
22.3(i) (b). Median, mode, geometric mean and harmonic mean

Besides, the arithmetic mean (based on equality), there are some other ways to compute
measures of central tendency of a data. For example, in our electoral system, everyone has right
to vote, but the elected representative is finally chosen on the basis of majority, as widely said
“majority is the authority”™. Such a case represents mode, the most frequent observation.
Similarly, the median focuses on the middle most part of a ranked data set. The geometric and
harmonic means are mathematical in nature like arithmetic mean in contrast to median and
mode which are descriptive in nature.

Median:

The median in an ordered data is the value dividing it into two equal parts. By computing
median, we assume that the central point of the whole data arranged into ascending or descending
order lies at middle position.

Note:

e Ina data, median is always unique.

e We can compute median of quantitative data.

e For qualitative data, it is meaningful to find median of only the ordinal data.
e The median does not rely equally on all observations

o The median is not affected by extreme values (outliers) in the data.

For an ordered ungrouped data with “»” observations, median “m"” is the middle-most
part of data, and can be defined through the following two cases:

1Y ‘ :
m= [n: ) observation, when n is odd (1)
i L(nY (n . :
Otherwise, m=—|| — | +| —+1 | observations | , when n is even (2)
21\2 2

For grouped data with discrete classes, by the help of cumulative frequencies, we choose
the median observation using (1) and (2).

observation, which is also called the median class (m-class). The formula is:

anl+%(£—c} (3)

2

A

For grouped data with continuous classes, the median lies in the class containing (

| =

Where, L is the LCB of m-class, A is width of m-class, fis frequency of m-class and ¢ is
cumulative frequency of the class just before the m-class.




Example 1: Find median in the following:
)23, 755 13, L T4, 8.3, 4.3, (ii). 7.5, 74, 10 (iii). 18.92, 27.9,37.4, 39.68
Solution:

(1), Writing data is ascending order: 1, 2, 3,3,3,4,4,5,5,7, 7,8, 13.

h
13+1 . .
Here, n =13 (odd), So: m= [Tj observation = 7" obseryation = 4.
(ii). In ascending order. we have: 5, 7, 10, 74. Here, n = 4 (even), so:

ih th
) lr., . . 1
m= 1 (E] +(i+ | ] observations| = —[2"" +3m observatlons] =—[7+10]=8.5.
2 42 2 2 2

Here, n =4 (even). Data is already in ranked from.
s - [ 2"/ +3" observations| = I—[ 27.9+37.4]=32.65.
2 2

Example 2: Identify the median grade of the following two graups of students:

(1). A+.B+, C, B, A (). C+, A, B, B, B+, C, B+. A, A+, C
Solution:
(i). The ranked data are: C, B, B+, A, A+. Also, n =235 (odd), so:
h h
5 : cia :
mz(%ﬂl =(—;‘-]} = 3" observation = B+, which is the median grade.

(ii).  Arranging in ascending order, we have: C, C, C+, B, B, B+, B+, A, A, A+ Here, n= 10,

i i
2 . H n : 5 .
the two middle observations are [;) and (E+ ]J ,i.e. 5" and 6" observations. Which are: B

and B+ grades (different). So, we conclude that the median grade is equally split between B and
B+ grades.
Example 3:
What is the median satisfaction level in the following data of 40 customers?
Satistaction level Not at all | Not very | Not sure | Somewhat | Very
Number of customers 3 | 3 5 6 18

Solution:

Here, n = 40 (even). So, two middle observations are: 20" and 21" . These two lie in
group “Somewhat”. So, the median satisfaction level is “Somewhat satisfied”.
Example 4: Find median amount of cold drink in the following data.

Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.
Number of bottles 2 7 5 5

2

=

Solution:
Here, n= Zf =20(even).

1 i ; )
SO, m= —[10" 11" nbscrvalmns].
2

Finding cumulative frequencies, we see that 10"and 11" observations lie in group with
cumulative frequency 14.




x I Cumulative frequencies
1.48 2 2
1.49 7 9
1.50 5 14
1.51 5 19
1.52 1 20
>./=20

m= %[ 1.50+1.50]= %{ 3) =1.50 liters.

Example 5:

Find the median electricity consumption of a shop for 60 days using the data:

Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168=187 | 188-207
Number of days 10 13 15 10 4 6 2

Solution:
Here, n = 60, h = 20. Data are a continuous frequency table, so we need to compute class
boundaries and cumulative frequencies as done in the table below.

Class limits | Class boundaries f Cumulative frequencies
6G8-87 67.5-87.5 10 10
88-107 8§7.5-107.5 13 23
108-127 107.5-127.5 15 38 (m-class)
128-147 127.5-147.5 10 48
148-167 147.5-167.5 | 52
168-187 167.5-187.5 ] 58
188-207 187.5-207.5 2 60
n =60

N i 3.5, .H 9 i - .
Median class (m-class) is one containing [—) observation, i.e. 30" observation. So, m-
2

class is one with cumulative frequency of 38. The m-class is 108-127 (as highlighted in table).
Using the formula:
2
m=L+ E(g- c')= 107.5 +“—O(@—23]

¢ 154 2

20 20
m= I07.5+1—(30— 23)=107.5+—x7=107.5+9.333=116.833 kWh.
5 15

Here, L = LCB of m-class = 107.5, h = class interval m-class = 20, /= frequency of m-class =
15 and ¢ = Cumulative frequency of class just before the median class = 23.
Quartiles:

An ordered data may be divided into four equal parts to define quartiles. There are three

quartiles within the range of data which divide data into 4 equal parts.
The first (or lower) quartile Q,, divides ordered data into 25% to 75% ratio.

n+3

o
- - Jr - .
j observation, il — is not integer (1)
4

For ungrouped data: Q = [




n n

1 it e
Otherwise, Q =— (—] +(—+l] observations .ifE is an integer 2)
21\4 4 4

For grouped data with discrete classes, we also use (1) and (2). For grouped data with

h(n .
continuous classes, we use: Q, = U*?[‘I— c‘] (3)
where, L is LCB, 4 is width, fis frequency of Q, -class, and ¢ is cumulative frequency of
a class just before Q,-class. The Q,-class is one containing the (EJ observation.
4

The second (or middle) quartile Q,. divides ordered data into 50% — 50% ratio. It is
same as the median of data.

The third (or upper) quartile Q, divides ordered data into 75% — 25% ratio.

h
For ungrouped data: Q, :(3n+ l ) observation, if % is not integer (4)
1Y (3 Y |l (3
Otherwise, Q,=— (j] +[—H+IJ observatidus ; ifﬁis an integer (5)
' 2(\ 4 4 ] 4
For grouped data with discrete classes (4)-(5) are used with cumulative frequencies.
) ) h{3n
For grouped data with continuous classes: Q, =L+7 4— ¢ (6)

h
where, L is LCB, h is width, / is frequency of Q;-class, which contains (%j

observation, and ¢ is the cumulative frequency of the class just before Q;—class.
Example 1:
Find lower and upper quartiles in the following datasets.
(1). 1000, 1200, 1600, 1500, 1200 (i1). 32, 36, 36, 37, 39. 41, 45. 46
Solution
(i). The ordered data set is: 1000, 1200, 1200, 1500, 1600. Here, n = 5.

3 g .
Fohdp: %: P =1.25 is not integer,

i
s0; 0, = At = 2" gbservation =1200,
: 4

3n_3x5

For : =3.75 is not integer,
Q, i 4 g

~h
s0: Q, :[3n+l J = 4" observationl 500.

4




(ii):  The data are already given in ordered form and n = 8.

n 8 . 5
For Q, : —=—=2 1s integer,
Q, i g

S h
s0:Q, L (E] +(E+]J observations
2(\4 4

—Q,= é[z"" +3" observation ]z %[36 +36]=36.

‘ad

i_3><8

ForQ,: T =6 (integer),

&=

s0:Q, = %[6-’& 0 observations] = %[4 1+ 45] =43,

Example 2:

Find lower and upper quartiles of the number of children in 80 families:
Numberofchildren | 1| 2 | 3 [ 4 | 5 |6
Number of families | 8 | 10 | 10 ] 25 | 20 | 7

Solution:
Data are grouped with discrete classes. Here, # = 80.
Finding cumulative frequencies as in the following table.

x | f | Cunulative frequency
118 8

2 (10 18

3, 28 (Q,~class)

4 | 25 53

80 ¢
For Q, :L; = ? =20(an mteger).

So, Q, is average of 20"and 21" observations.

These both lic in class with cumulative frequency 28, Q, =+(3+3)=3.

3 80
For Q, :Tn= e

=60 .

4
60"and 61" observations lie in the class with cumulative frequency 73.
So, Q, =4(5+5)=5.




Example 3:
Find quartile weights (in Kg) of 100 students reported below:

Weight (Kg) 70-74 | 75-79 | 80-84 | 85-89 | 90-94
Number of students 10 24 46 12 8

Solution:
Here, n =100, h =5, and data are grouped with continuous classes. First we compute class
boundaries and cumulative frequencies. The calculations are summarized in the following table.

Class Class ! Cumulative
limits | boundaries Frequencies
70-74 | 69.5-745 | 10 10

80-84 | 79.5-845 | 46 80
(m and Q+-class)
85-80 | 84.5-89.5 |12 92

90-94 | 89.5-945 | 8 100

For Q,: 2= 1 =25, 25" observation lies in class with cumulative frequency 34,
"4 4

So, Q, —class is 75-79.
In this class: Q, = L+l—l(£—r_' )z 74.5+—S(25—10) =717.625 Kg.
fl4 24

n 100

-
50" observation lies in the class with cumulative frequency 80.
So, m-class is 80-84.

50.

m= L+i[ﬂ— ¢ J: ?9,5+i(soé34) =81.239 Kg.
42 46

3n 3x100

4 47

75" observation lies in the class with cumulative frequency of 80.

For Q, : 75,

So, Q;-class is same as m-class, which is: 80-84.

In this class:
5
Q,= L+£[E~ c] =79.5+—(75-34) =83.956 Kg.
4 46

Note that;
The quartiles are positional in nature, their positions do not change as long as number of
observations remain same. For example, for an ordered data with »=10:

: 2 1 ; ;
Q,= 3" observation, Q, =m= 5 [5”’ +6" obscrvatlons],Q3 = 8" observation




Any ordered dataset with 10 observations will follow these positions, as in:
a 1,3,5,7:9 11,13,15,17, 19 Q=5 m=10,Q,=15

b. 10,12,12,13,17,20,20,20,21,25 Q, =12, m=13.5,Q, = 20.

¢ 1,1,L3,12,12,13,17, 19,30 Q=1 m=12,Q,=17.

Mode:

The most frequent observation in a data is referred as mode. Mode relies on the principle
“majority is the authority”. Mode can be computed for both quantitative and qualitative data.
Data with no mode is non-modal, one mode is uni-modal, two or more modes is multi-modal.

For ungrouped data, observation(s) which occur most frequently than others, if any, are
referred as mode(s).

For grouped data with discrete classes, mode is the observation (class) with highest
frequency. If two or more than two classes have tie for highest frequency, then data is multi-
modal, and all observations with same highest frequency are modes.

For grouped data with continuous classes, a class with highest frequency is called modal
class, and a mode lies in the modal class. The formula to compute mode (M) in modal-class (M-

f,,—f, )xh
class) is: Mode= M =L+ ( m m-l)
22 PV T

Where, L is LCB, h is width and f,;; is frequeney of M-class. f,,,  and f,,., are frequencies of

the classes just before and after M-class, respectively.

Example I: Find mode in the following datasets:

(1). 75, 76, 80, 80, 82, 82, 82, 85 (i1). 13, 14, 15, 11, 16, 10, 19, 20, 18, 17

(iii). 1.49, 1.50, 1.51, 1.50, 1.48, 1.51 (iv)- 1,2, 2,2, 5,5, 5,8'9,9,9,6,1,.10

(v). C+. A, B,B.B+ C, B, A, A+ C (grades)  (vi). Good.Poor,Dull,Good.Fair,Fair (ratings)

Solution:

(1). Mode = 82 as 82 occurs 3 times, which is more than any other observation.

(ii).  Data has no mode, it is non-modal data.

(ii1).  There are two modes: 1.50 and 1.51 as these equally occur more than others.

(iv).  Data is tri-modal. There are three modes: 2. 5 and 9.

(v).  Grade "B" oceurs most frequently, so the modal grade is “B”.

(vi). Data has two modes: Fair and Good as these are equally most frequent ratings.

Example 2. Find modal number of mobiles possessed by a family from data of 45 families.

Numbersofmobiles |0 | 1 | 2 | 3 [4|5]6]|7

Numbers of families | 1 | 7] I15]12 52|21

Solution: Data are grouped into discrete classes. Here, “15” is the highest frequency, and it

corresponds to the class “2”. Hence, the modal number of mobiles per family is 2.

Example 3: From the blood groups of 30 students given below, find the modal blood group.
Blood group A+ [ B+ | AB+ | O+ | A- | B- | AB- | O-

Number of student | 6 | 5 3 713 1 2 3

Selution: The modal blood group 1s O+ as it is associated with the highest frequency “7".




Example 4: Compute modal satisfaction level of 40 customers from the following data.

Satisfaction level Not at all | Not very | Not sure | Some what | Very
Number of customers 3 8 5 6 18
Solution: The modal satisfaction level is “Very satisfied” as it occurs most frequently.
Example 5: Find modal kWh electricity consumption of a shop for 60 days using the data:
Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 [ 188-207

Number of days 10 13 15 10 4 6 | Z
Solution: Data are grouped in continuous classes. The highest frequency is 15. The modal
class s 108-127. The  class  boundaries are  computed in  table.

Class limits | Class boundaries | Frequency
68 - 87 67.5-87.5 10
88 - 107 87.5-107.5 13
108 - 127 107.5-127.5 15
128 - 147 127.5-147.5 10
148 — 167 147.5-167.5
168 - 187 167.5- 187.5 6
188 - 207 188.5-207.5 2
h=20,1=107.5f_ =15¢f,  =13,f .=10 (15=13)%20 2x 20
L= m= 2 m- ma =10y qgr.se TR g,
=¥ 2(15)-13-10 30-23
Mode =M= L+ —m = tma) Xk :
28, =151 4 M=107.5+571428 = 113.21428kWh.
Note that: Nl

The continuous frequency distri ﬁt%@. Example 5 was uni-modal as there was only
one class with the highest frequency _\?\
The following continuous frequen&yl\;ﬂ%t_gib tion representing diameters of a reel of wire using
measured diameters at 24 places is bi-modal.
Diameters (mm) | 2.10-2.1 \23’51"4-237 218221 | 222225 | 2.26-2.29 | 2:30-233 | 2.34-237
Number of places H NS 4 4 5 ] |
There are two modal classes: *2.14 — 2.17” and “2.26 — 2.29” corresponding to the highest
frequency “5”. Using formula in each class, we can get the respective modal diameters of
2.175mm and 2.263mm.
Geometric mean:

In geometric mean, all numbers are given equal importance. We mix the numbers by
their product and then remove effect of mixing by finding »” root of the product. It is meaningful
to compute geometric mean (G.M.) of only quantitative data which are positive. If

X, X5, Xy,..., X, are n numbers (all positive), then:

GM.=(x, ,_1‘_,“_1‘”]'—’ = [H(\)] ' (1)

Here, ITis upper-cased Greek letter pi for product. G.M., if exists, is unique.

For ungrouped data, formula (1) is referred as the basie formula to find G.M. But, when
observations are bigger in magnitude. we use logarithmic formula obtained by taking logarithm
on both sides of (1) and using properties, which is:




Zlog % Zlo v
G.M = antilog | = = antilog [ B ] (2)

n n

In (2), G.M. is the antilogarithm of the arithmetic mean of logarithms of data.
For grouped data, the basic formula is:

L

GM. = [(x!)“x(.rl_) r:><.,.><(_?a‘")r"} [n(r]]_ (3)
Zt‘. log x

and, logarithmic formula is: G.M. = antilog {T} 4)

In (3)-(4), f.f,...f are class frequencies and X,,X,,...,X, are class marks, all positive. None of

u

the frequencies should be zero in (4).

Example 1: Find G.M. using basic and logarithmic formula. Which one is better and why?
(i). 2,4.2, 16 (ii). 1.48, 1.52, 1.47, 1.50 (iii). 1000, 1200, 1600, 1500, 1200

Solution:

]
(i). Using basic formula: G.M. = (2x 4x 2x 16)* = (256)¢ = 4.

_ o [ log(2y+og@YHog@y log(16
Using logarithmic formula: G.M. =antilog [ 8l p 2 ﬂ

0.3010+0.6021+0.3010+1.2041
4
Observations were small in magnitude, so basic formula is better.

G.M. = antilog { :l = antilog (0.60205)=3.9999 = 4.

(ii).  Using basic formula: G.M.=(1.48x1.52x 1.47x 1.5()_)I = (4-9604): =1.4924
log(1.48) + log(1.52) + log(1.47) + logu.S}]
4

By logarithmic formula; G.M. = antilog [

0.1703 + 0.1818+0.1673+0.1761

4
Again, basic formula is suitable as observation were smaller in magnitude.
(iii).  Using basic formula:

G.M. =antilog { i| = antilog (0.173875)=1.4924.

| |
G.M.=(1000% 1200% 1600 1500 12(]{)): =(3456000000000000) ;=1281.4s ~1281.5
Using logarithmic formula:
log (1000) + log(1200) + log( 1600) + log( 1500 ) + log ( 1200)
: }
343.0792+3.2041+ 3.1761+ 3.0792

G‘M.=amilugl:

G,M.-Tamilog[ } = antilog(3.10772)=1281.504 = 1281.5

5
The logarithmic formula is better as logarithms made higher magnitudes smaller to use.




Example 2:
Find average amount of cold drink using geometric mean in the following data.

Amount of cold drink (liters)

1.48

1.49 | 1.50 | 1.5]

1.52

Number o

{ bottles

2

L

7 5 5

1

Solution:

Given data are grouped into discrete classes. Computations required in the basic and

logarithmic formula are show in following table.

Classes (x) f (! log(x) f x log(x)
1.48 2 2.1904 0.1703 0.3406
1.49 7 16.3044 0.1732 1.2124
1.50 5 7.5938 0.1761 0.8805
1.51 5 7.8503 0.1790 0.8950
1.52 1 1.52 0.1818 0. 1818
2 f =20 | T1x/ =3236.0651 — | X flog(x) =3.5103

Using basic formula: G.M. = I:l_l(_r)ili = (3236.0651)2 = 1.49796 =~1.498 liters

Using logarithmic formula: G.M. = antilog [

antilog {

20

35 103}

GM.=antilog (0.175515) = 14980 L. The G.M. amount of cold drink is 1.498 liters.

Example 3:

Find G.M. of the electricity consumption data using logarithmic method.

Electricity | 6887 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
consumption (kKWh)
Number of days 10 13 15 10 4 6 2

Solution:

The computation required in the formula are carried art in the following table.

f logx
So, G.M. = antilog [Q} =
of

Example 4:

124.0586

.|

60

Class : Class marks Log : ;
limits / (x) (x) ixlogtn)
68-87 10 VLS 1.8893 18.8930
88-107 13 97.5 1.9890 25.8570
108127 15 117.5 2.0700 31.0500
128-147 10 137.5 2.1383 21.3830
148-167 4 157.5 2.1973 8.7892
168-187 6 177.5 2.2492 13.4952
188-207 2 197.5 2.2956 4.5912
2/ =60 Y flog x =124.0586

7} antilog (2.0676)=116.8422 kWh.

Find average diameter of a rear of wire using G.M. Use both methods.

Diameter (mm)

2.10-2.13

2.14-

217 | 2.18-2.21

2.22.2.25

2.30-2.33

2.34-2.37

Number of places

4

5

1




Solution:

Data are grouped into continuous classes. The computation follow in the table.

Class Class

limits marks (x) £ x! log(x) fxlog x
2.10-2.13 2.115 4 20.0097 0.3253 1.3012
2.14-2.17 2.155 5 46.4768 0.3334 1.6670
2.18-2.21 2.195 4 23.2134 0.3414 1.3656
2.22-225 2.235 4 24.9523 0.3493 1.3972
2.26-2.29 2.275 5 60.9406 0.3570 1.7850
2.30-2.33 2.315 I 2.315 0.3646 0.3646
2.34-2.37 2.355 | 2.355 0.3720 0.3720

2 f =24 | [1x" =1789677454 | -- | X flogx=82526

By basic formula: G.M =[n.ﬂ]§ = (178967745.4)2+ = 2.2073 mm

o L | Xflogx | - [82526
By logarithmic formula: G.M. = antilog 7f =antilog

3
Harmonic mean:

The harmonic mean (H.M.) is the reciprocal of the arithmetic mean of reciprocals of
data. In H.M., we mix all » non-zero numbers by the sum of their reciprocals and then remove
the effect of mixing by dividing the same into n equal parts. Finally. the H.M. is the reciprocal
of the result. The H.M is usually computed for quantitative data, and it is always unique.

}=2.2074 mm

If X3 %y X, are n non-zero numbers, then:

For ungrouped data: H.M. = Reciprocal of *arithmetic mean of reciprocals”.
1 | | )
—+—4.. 7 =

XI .7\:_, X Z( X

~~ =Reciprocal of — |= (1)

" IEn

>f

X

Find H.M. of the speeds of a vehicle measured for each 10 km distance. The speeds are:
15 km/h, 30 km/h, 22km/h, 30 km/h and 45 kmv/h.

H.M. = Reciprocal of

For grouped data, if x's are non-zero class marks, then HM. =

Solution:
n 5 5
HM.= = = :
,’..‘(l } 10 1 T T 0.0667+0.0333 +0.0454+0.0333+0,0222
“\x/ 15 30 22 30 45

=24.8880. So, average speed of vehicle is 12.4719 km/h using H.M.

" 0.2009




Example 2:
The amount of cold drink (in liters) is given for 20 bottles. Find H.M. amount.

Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 | 7 5 5 |
Solution:
Given data are grouped into discrete classes, so:
> f 247+5+5+1
HM. = =

[_f] 2 7 5 5 I
Z— ot ko T
1.52

X 148 149 150 151
20 20
M. = = = 1.4979 liters.
13513+ 4.6980+3.3333+ 33112+ 0.6579 13.3517

Example 3:
Find harmonic mean mass (in Kg) of 50 blocks of metals given as::
Mass (Kg) 7.1-73 | 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8.3-8.5 | B.6-8.0 | 8.9-9.1

Numbers of blocks 3 5 9 14 11 6 2
Solution:
. , 2/
Data are grouped into continuous classes, so: H.M :71'

Computing the required sums in the following table, we have:

Class Class f L
limits | marks (x) | X
7.1-7.3 7.2 3 104167
74-7.6 7.5 5 | 0.6667
7.7-1.9 7.8 9 | 1.1538
§.0-8.2 8.1 14 | 1,7284
8.3-8.5 8.4 11| 1.3095
8.6-8.8 8.7 6 | 0.6896
8.9-9.1 9.0 2 102222
Total o 50 | 6.1869

M=% 50816 Kg.
1869

@ A\ EXERCISE 22.3
15 @A.M., G.M., H.M., median and mode in the following (wherever possible).
a. 3.2,6, 10,12, 12,-20, 25, 28, 30.8
b. 14,12, 18, 19.0,-19,-18, -12, -14
c. 6.5, 11,12.3,9, 8.1, 16, 18, 20.5, 25
d. 51, 55.52, 54, 58, 60, 61, 62, 52, 57, 52, 64
e. At O-, AB+, O+, AB+. AB-, B+, AB+, O+, A- (blood groups)
f. North, South, East, West (directions)
g. B+, Fail, B+, A+, A- C+, B+, A-, B-, Fail, A-, B+, C- (grades)




2. The daily earnings for ten workers in Rs. are: 188, 170, 172, 125, 115, 195, 181, 190, 195,
190. Find A.M. (by definition and deviations with A = 50, = 10), G.M. (by definition and
logarithmic method), H.M, median and mode.

3. Find average attitude for dogs using A.M. median and mode from 60 people data.

Attitude Love dogs | Like dogs | No opinion | Dislike dogs | Hate dogs |
Number of people 20 IS 4 13 8

4. Find modal cause of death from the following data of mortality/month in a city.

Cause of death T.B. | Diabetics | Malaria | Cholera | COVID | Cancer | B.P. | Heart Attack
Number of people | 10 [ 2 2 15 10 z 5 d

5. The sizes of shoe sold at a store on a 50% off price are listed. Calculate A.M., G.M., H.M.,

median, Q;, Qs and modal shoe size sold that day.
Shoe size e e L e sl I O o 93 .
Number of pairs sold | 2 | 5 15|30 (6040 |23 |11 |41

6. Daily wages (in Rs. 100) for thousand employees in a [actory are given. Fmd AM., GM.,

H.M., median, quartiles and modal wages.
Daily wages (inRs. 100) | 22 [ 24 | 26 | 28 [ 30 [32 | 34 36_. 38140 | 42 | 44
Number of employees 3 13 (43 [ 102 | 175|220 | 204 | 1399069 | 25|6 |1

7. The profits earned by a company for a period of last 50.days are summarized below. Find

the A.M. profit using shortcut and coding methods with

(a). A =9000, h=2000 (b). A= 11000, h=2000

Profits (Rs.) 4000-6000 | 6000-8000 | 8000-10000 | 10000-12000 | 12000-14000
Number of days 5 7 L. 21 6

8. The marks obtained by students in a subject (outof 50) are given in the following grouped

table. Find A.M., G.M. (using direct and logarithmic methods), H.M.. median and mode.
Marks 2529 | 30-34 | 35-39 | 40-44 | 45-49
Number of students 9 18 35 17 3

9. The following data show number of devices resulting in observed values in appropriate

ranges. Find A.M., G.M., HM., medlan quartiles and mode.
Class luml‘i 10.5- mﬂ_ 11.0-11.4 | 11.5-11.9 | 12.0-12.4 | 12.5-12.9
Frequencies | 2 7 10 1 8

22.3(ii) Recognize properties of arithmetic mean:

Here. we discuss some important properties of A.M. with examples.

1. The sum of all deviations of observations in an ungrouped data about A.M. is zero.

2. A.M. of a constant dataset is that constant itself.

3. IfAM. ofaset X is ¥, thenof Y = aX + b is ¥ = ax+ b, where a, b are real numbers.
4. If AM. =G.M. = HM., then all observations in data are same or constant.

5. For a non-constant dat.l, AM.>GM. >HM.

6. For a non-constant data: (A.M)(H.M)= ((j.l\/l.]3 i

7. If AM. = Median, then the data are symmetric, otherwise asymmetric.

8. In a uni-modal symmetric data: A.M. = Median = Mode.

9. In a constant data: A.M. = G.M. = H.M. = Median = Mode.

Example 1:

Find the arithmetic mean of the following datasets:
(i). X={19, 19,19, 19, 19} (ii). Z = 3Y + 7, where Y={3,4, 6, 1, 6}




Solution:

(i). X= { l9,|9,l9,]9.l9} is constant with all values equal to 19, so: x= 19.

3+4+6+1+6 20 _
5 5

Now,asZ =3Y + 7,s0: Z=3y+7=34)+7=19.

We can verify that, when Z = 3Y + 7 ={16,19,25,10,25} , then z=19is correct.

Example 2:

(ii).  First we find: y= 4

Show that sum of all deviations in {3, 4, 6,1,6} about its A.M. is zero.
Proof:

= x 20
Let X = {3,4,6, 1,6} . Finding x first. which is: X = Z— =—=4
n 5

Now, the deviations about X are: (3-4), (4-4), (6-4), (1-4), and (6-4), or simply: -1, 0, 2, -3 and
2. Now, we observe the sum of all deviations about X :
Z(X—f) =(=D+(0)+(2)+(-3)+(2)=0. :::Z(X—.?_c) =0. Hence shown.
Example 3:
Verify that A.M. = G.M. = H.M. = Median = Mode for {19,19,19,19,19} .

Solution:
Finding all averages for the given constant dataset. Here, n = 5 (odd).
AM=1HI9H19H9 49 o @
5
% S .
GM.=(19%19x19x19%19) =19 *=19. (ii)
5 5
HM.= e P (iii)

19 19 19 19 19 19
541
Median = [T \j observation = 3" observation = 19. (iv)

Mode = 19 (Most frequent observation). (v)
From equations (i)-(v), we have: A.M. = G.M. = H.M. = Median = Mode. Hence proved
Example 4:

Use A.M. and median to see if the following data are symmetric/ asymmetric.

(1).4,5.6,6,6,7,7,7,7.7.7.8,8,8,9, 10 (11). 4, 8, 13, 14, 19, 20, 23
Solution:
(). A.M.=4+5+ O0+0+64+T7+T7+7+T7+T+7+8+4 8+8+9+10:II_.. —7

16 16
Median = ! [8”’ + 9" observationJ = l|: 7+7]=7
2 2

As AM = Median, so data are symmetric.




e d+8+13+14+19+20+ 23
(1i). AM= =14.42

5
. 7+1 i : " ,
Median = = observation =4 observation = 14

As A.M.# Median, so data are asymmetric.
Example 5
For {4.5.6,6,6,7.7.8}, verify (i). AM.>G.M.>H.M. and

(ii). (GM) =(AM)(HM).

Solution:
. ) L
AM. = 4+5+6+6;6+7+?+8 =6.125, (J.M.:(4>< Fx Ox 6 6x Tx TXS_)"" =6.006
8
HM. = =5.879

L1 1 1 1 1 11
—t—t—t—t—F—t+—+—
45666778
As 6.125 > 6.006 > 5.879, so: A.M.>G.M. > H.M. Hence verified (i)
As (GM.)" =36.072 and (A.M.) (H.M.)=36.008:

So, (G.M.) = (AM.)(H.M.). Hence verified (ii).
22.3 (iii) Calculate weighted mean and moving averages
(a) Weighted mean:

When some observations are more important than others in a data, then we cannot give
equal weight (relative importance) to all for computing the mean. The mean which is computing
by using relative importance / weights of the observations is called weighted mean.

If X:X,...,X, are numbers associated with observations in a data and

Wi, W ..., W are corresponding weights, then weighted A.M., G.M. and H.M. are:

WX, logx ;
P z Z wix G“ = 3n[il{}g M and H = Z Lig
Zn Zu Zw ¥ Z[i)

X

Example I3
The marks of a student in a social sciences diploma course are given for each subject
taught with relative weights. Find weighed mean marks:
Subject | English | French | History | Science | Mathematics
Marks 73 82 60 62 37
Weights 4 3 2 | 1
Solution:

The formulas are: X = EIW. G, = antilog L(Z: wlog \):I andH = L

LA o




We compute the required sums in following _ 777
table: X, =—= 70.6 marks.
: 11
x | w | xw w logx | w.logx _‘
x ]
73 | 4 [ 292 | 0.0548 | 1.8633 | 7.4532 G, =antilog ‘:—x 2&299?
82 | 3 | 246 | 0.0366 | 1.9138 | 57414 11 J
60 | 2 | 12000333 | 1.7782 | 3.5564 )
3 T T 62 100161 117924 | 1.7924 G, =antilog(1.8454) 70.04 marks.
57 11| 57 00175 [ 17559 | 1.7550 1 i
Sum | 11777 [ 01838 | = 20,2993 H. = T =69.5 marks.
Note that:

In Example 1, the unweighted means are: ¥ = 66.8, G.M.=66.17 and H.M.=65.58 which
are lower than the weighted means. The weighted mean marks best describe the average
performance of student by giving more share to important courses,

(b). Moving Averages:

When we want to examine average behavior of a variable of interest over fixed intervals
of time (in days/months/years/etc) then it is important to track the change in average as time
proceeds for specific periods. In this case, the average of specifie periods/ intervals of time keep
changing/ moving as time increases, and are referred as moving averages.

For the case of an odd-period moving averages, we place the moving averages at the middle cells
of specific period only and rest of the cells are left blank. The placement of moving averages
should be done at the already existing cells.

For the case of an even-period moving averages, we place the average of two middle cell.
This way placement can be done at already existing cells.

The process is illustrated using following examples.

Example 1:
The data summarizes monthly price of an item in Rs./month for the last year.

Month Jan. | Feb. | Mar. | Apr. | May. | Jun. | Jul. | Aug. | Sep. | Oct. | Nov. | Dec.
Price (Rs./month) | 180 | 87 | 91 102 | 108 | 139 | 150 | 200 | 220 | 307 | 289 | 330

Compute (i). 3-months, (ii). 5-months and (iii). 4-months moving averages.

Solution:
(i). First we compute 3-months moving Month | Price | 3- months moving averages
averages by considering 3 consecutive L
months starting from: Jan.-Mar., Feb.-Apr., Feb, 51 (13"*37*?')*’3:* 19.33
i . Mar. 91 93.33
Mar.-May., and so on until the last 3- Apr. | 102 003
months period: Oct.-Dec. These are placed May. | 108 166.33
at middle month of the 3-months period. For Jun. | 139 132.33
example, the moving average of Jan.-Mar. is Jul. 150 163
placed beside Feb. Aug. | 200 190
The 3-months moving averages are Sep. | 220 242.33
summarized in the adjacent table. Sﬁ gg; 302;.266
Dec. S| — .




(ii). For 5- months moving averages, we Month | Price | 5- months moving averages
consider 5 consecutive months each time [{PE- 'S‘E}O """"""
startine fi an N = v - en. PR aee s
starting from Jan.-May, Feb.-June, and so on Niar S
pEvaAug=Dec. Apr. | 102 105.4
. Moving averages are shown in the May. | 108 118
adjacent table. Ttk 139 139.8
We can see that there are total 8 such Jul. 150 163.4
possibilities. The first and last two cells are Aug. | 200 203.2
left blank. Sep. | 220 233.2
v 9
The 5-months moving averages are Ssi 23; 2033
positioned at the middle months. Dec. | 330 — N

(iii).  For 4- months moving averages. we consider groups of 4 consecutive months each time
starting from Jan.-Apr., Feb.-May, ... , Sep.-Dec.
Initially the averages are placed mid-way between the 4 months, then each pair of two 4-
months averages are averaged further to get the required 4-months centered moving averages.
The results are summarized in the following table. We have to add two columns for even-
period group averages always.

Months Prices 4- months moving averages(Initial) | 4- month moving averages(centered)
Jan, | \ Y | s —
Feb. X @44 L N | s

115
Mar. a1 106
97
Apr. 102 103.5
110
May. 108 117,375
124.75
Jun. 139 137
149,25
Jul, 150 163.25
177.25
Aug; 200 198.25
219,25
Sep. | 220 236.625
' 254
Oct. 307 270.25
286.5
Nov. el | | 1 ——
Dec. o B8990 | et




Note that:

The average price (arithmetic mean) of the 12 months for the year equals Rs. 183.58 per
month. We can see that the prices were not constant, and the 3, 5. 4- months moving averages
better summarize the variations in respective periods over the vear.

22.3 (iv): Estimate medians, quartiles and mode, graphically.

Graphically, to locate and estimate median and quartiles, we use ogive (cumulative
frequency polygon) of the data. The median, lower quartile (Q,) and upper quartile (Q,) in an
ogive are simply the x-coordinates of the points on ogive whose y-coordinates (cumulative
frequencies) are £, % and 3£, respectively.

To locate and estimate mode (if it exists) graphically, we use the histogram of data. The
modal class is one for which the rectangle has highest height, and in this class, the mode is the
x-coordinate of the point of intersection of two line segments. First segment is drawn by joining
left peaks of the rectangles corresponding to the modal class and class after it. The second line
segment is drawn by joining right peaks of the rectangles corresponding to the modal class and
class before it. The perpendicular from point of intersection to the x-axis hits it at the location of
mode. This procedure is used for a grouped data with continuous classes.

Example 1:
Locate and estimate median, quartiles and modal weights (in Kg) graphically.

Weights (in Kg) 70-74 | 75-79 | 80-84 | 85-89 | 90-94
Number of students | 10 24 46 12 8

Solution:
We have n=100 and. and given data Class Class f Cumulative
are grouped with continuous classes. First, limits | boundaries frequencies
computing the class boundaries and 7078 L 59:3-10.5 L 10 10
lative & ies in the adiacent T351e t 75-79 | 74.5-79.5 | 24 34
cumulative frequencies in the adjacent table to 8084 | 79.5-84.5 | 46 20
be able to draw ogive and histogram. 85-80 | 84.5-89.5 | 12 92
90-94 | 89.5-945 | § 100
- 7 2 v ’ i ¥ e ¥y ey §
For median and quartiles, we identify %= 50, % e Y V) At + 8
¥
=25 and 3 75 on y-axis. e
4 s EERSEiERH | o AR
Then, drawing perpendiculars through these to | 1., ozt iEra) "
ogive, and then from ogive to x-axis lead to median, Q, :__ y ' ,
and Q;, respectively. We read values as: aaz iR EHEEV .
Median=81.2, SIS
Q,-77.6 ugp el RIS 1610 I S SR e
PEEEE anpe | =ik il sl mliy W

Q,-83.9. . i
| =iz
EELL SIS EE e




For mode, we first draw the histogram, as shown here. The modal class corresponds to
the highest height rectangle as highlighted in the figure.
Joining left peaks of the rectangles of modal class and class after it, and then right peaks
of the rectangles of the modal class and class before it to get two line segments. Now, the
perpendicular from point of intersection to the x-axis hits at nearly 81.4 where mode is located.
The modal weight is approximately 81.4 Kg.

1. IfW= {148, 145, 160, 157, 156, 160, 160, 165}, X = {-2, -2, -2, -2}, then:
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EXERCISE 22.4
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2. Show that sum of all deviations of W about its A.M. is zero.
b. Show that AM. = G.M.= H.M. = Median = Mode for X.
¢. Compute A.M. of Y =3X_
d. Compute AM. of Z=3W-11
¢. Show that HM. < G.M. < A M. < Median < Mode for W.

3

given. Find weighted mean prices using A.M., G.M. and H.M.

4. OF50 bricks bought, 21 bricks have mean mass of 24.2Kg, 29 bricks have mean mass of

Ttem A |B |C |D |E
| Price (Rs./Kg) 300 | 200 | 600 | 250 | 650
Required weight (Kg) [ 25 | 5 4 8 3

23.6Kg, Find weighted mean mass of the 50 bricks.

n

Days

Wed.

Thu.

Fri.

Sat.

Sun.

158

188

196

259

310

Check if X = | ?,9;33?3,3-,4;‘1/’;3,2,2} and Y = {2,1,4.4.4,6,6,5,7,1} are symmetric?
3. The required weights (Kg) and price (Rs./Kg) of monthly items required by a family are

Caleulate 2, 3 and 4-days moving average from the following data of number of deaths
monitored for a peak week in a province due to nCOVID'19.

Mon. | Tue.
Number of deaths | 102 | 130

6. Calculate 4 and 5 years moving averages of sales (in million Rs.) over 11 vears.

Year | 2011 | 2012 | 2013 | 2014 | 201

512016

2017

2018

2019

2020

2021

Sales | 102

130 | 158 | 188 | 196

255;

310

188

196

259

310




7. Locate and estimate median. quartiles and mode graphically in the data.
Overtime (hrs/week) | 25-29 | 30-34 | 35-39 | 40-44 | 45-49 | 50-54 | 55-59

Number of days 3 4 i 11 12 8 1
8. Locate and estimate the indicated measures in the following.
a. Mode
b. Median and quartiles
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22.4. Measures of Dispersion
The measures of central tendency only focus on the average or central behavior of data
without focusing on the variations and consistency of data. When observations are much away
from the average, then the measures of central tendency alone are not sufficient to have a
thorough understanding of the behavior and properties of a data. For example:
The table below shows the marks obtained by two students in five subjects.

Subjects Tjninmjmw|v
Marks of student-A | 90 | 30 | 85 | 50 | 25
Marks of student-B | 63 | 50 | 60 | 55 [ 52

If we find average marks obtained by each student using A.M., then we observe that the
A.M. marks of both students are 56, but is it sufficient to compare the performance of both
students? The answer is No. Student-A marks have higher fluctuations about the mean, whereas
Student-B marks are closer to the mean marks.

The performance of Student-B is more stable/ consistent/ reliable than of Student-A due
to lesser fluctuations/ variations/ scatter/ dispersions about the mean.

We can also observe average marks of students using all types we learnt below:

Average AM. | Median | Mode G.M. H.M.

Marks of student A | 56 50 None | 49 (Approximately) | 43 (Approximately)
Marks of student B | 56 55 | None | 56 (Approximately) | 56 (Approximately)

Due to variation in marks, the averages for Student-A are also much different than each
other. The averages of the marks of Student-B are closer to each other.




Due to stable and consistent performance, we are in a better position to predict the marks
of Student-B in a forthcoming subject as compared to Student-A.

The knowledge of variation in data matters a lot in decision making and forecasting.
Therefore, it is important to compute the degree of variation (or dispersion) in a data besides
computing the average to have a better understanding of data. The measures of dispersion are
indicators of the extent to which the data are spread-out/scattered about the central point or
average. A measure of dispersion indicates the average variation in a data. It is mostly used to
compare two or more data sets from the view-point of stability/ consistency / reliability. Higher
is the variation/ dispersion in a data, lower is the stability/ consistency/ reliability.

When we are interested in variation/dispersion in only one data set, we compute the
measures of dispersion in the units of data, and are thus called absolute measures of dispersion.
The variation of two or more data sets with same nature/units, number of observations and
equal/closer averages can also be compared using absolute measures of dispersion.

For two or more data sets with different nature/units, number of observations or different
averages, we use relative measures of dispersion, which are not in the units of data but show
the relative behavior of the variation.

22.4(i) Define, identify and measure range, calculate. variance, mean deviation and
standard deviation:

We discuss some important measures of dispersion here.

(a) Range: Range of a data refers to the difference between the extreme observations.
For ungrouped data, range (R) is the difference between the largest observation (x,) and

smallest observation (xg), i.e. R=X,— X (D)
For grouped data. R is the difference between UCB of the final group (UCBg) and the
LCB of the initial group (LCB,;), i.e. R=UCB,~ LCB, (2)

Formulas (1)-(2) calculate abselute range. For relative range we divide by x; + xg and
UCBf + LCB; in equations (1) and (2), respectively for comparison.
Note that:
e Range does not properly measure variation of data with outliers.
e Range uses extremes in data only without using frequencies and other parameters.
Example 1: Find range of the data sets: W= {27.90, 34.70, 54.40, 18.92, 47.60, 39.68}, X = {3, 8, 10, 7,
5.14,2, 12,81, Y =18,8. 8.8, 8 and Z= {1, 3, 2,4, 3, 2, 43}, Also interpret the results.

Solution: We know that for an ungrouped data: R =x,— x. .So,

R, =5440—1892=3548.R =14-2=12.R, =8-8=0and R, =43-1=42.

We can interpret range for dataset, say W, as: “All observations in dataset W lie within a
distance of 35.48 between the extreme values 18.92 and 54.40.

The observations in data W and X are well-spread around the extreme values, so range
meaningfully represent the variation. The range of set Y is zero as all observations were same
and there is no variation. The majority of observations in set Z lie within 1 and 4, but due to an
outlier 43, the range equal to 42 is misleading.




Example 2:
Compare the variation of marks of two students in five subjects as given below using
range, and interpret the results. Which student performs more consistently?

Marks of student A | 90 | 30 | 85 | 50 | 25
Marks of student B | 63 | 50 | 60 | 55 | 52

Solution:
Data for both students are ungrouped. The absolute range in marks are:
R, =90-25=65marks and R, = 63— 50 =13marks. Here, x; + x5 is same for both students, so

relative range is not useful here. The performance of Student-A show higher variation as
compared to Student-B on the basis of absolute range. So, Student-B performs more consistently
than Student-A.
Example 3:
Using range compare variation of price and life of five similar rating batteries

manufactured by two different companies. Interpret the results.
Price (in thousand Rs.) | 8 | 13 | 18 | 23 | 30

Life (in years) 1.3]1.5]1.8]25]3.3

Solution:

The data of price (P) and life (L) of batteries are ungrouped, and different in nature and
units. Also, x; + xg are different for both datasets. So we use the relative range to compare
variation.

) P-p 30-8 22 \ L-L 35 13 22 -
Relative R = — = =—=0.5789. Relative' R = =——=—=104583.The
P+P 30+8 38 L+L 35+13 48

relative variation in price of batteries manufactured by five different companies is higher in
comparison to the relative variation in lives of batteries.
Example 4:

Compare the range of number of mobiles possessed by a family for Karachi and Moro
using the grouped data of some randomly selected families in the cities. Is it sufficient to compare

the variation on basis of range?
Number of mobiles 0] 1 2
Number of families (Karachi) | 1 7 15
Number of families (Moro) | 4 | 13 8

B
1
1

b2 |n

N pa |

ba |t | 4=
= b2

Solution:
The data are grouped into discrete classes with spacing between the classes ¢=1. So, the
range is: R =UCB, — LCB, = (7+0.5)—(0-0.5)=7.5+0.5=8mobiles. The range of number of

mobiles possessed by a family in Karachi and Moro is same, i.e. 8 mobiles. But, range does not
consider number of families in the cities (frequencies). The variation between the number of
mobiles possessed by an average family in Karachi and Moro are surely different, but this cannot
be reflected by the range.

Example 5:

Find the range of electricity consumption (in kWh) of a shop using the data:
Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
Number of days 10 13 15 10 4 6 2




Solution:
The data are grouped into continuous classes with spacing between the classes d= 1. So,

1 1
R=UCB, —LCB, = {207 - —]{68 - —] =207.5-67.5=140kWh. Here, R does not use the
2

frequencies of classes, so can be misleading.
(b) Variance, mean deviation and standard deviation

To better calculate the amount of dispersion in data, we use all observations instead of
only the extreme ones along with their frequencies in the concepts of variance, mean deviation
and standard deviation. The deviation of an observation x; about the mean (usually A.M.) is
defined as:

Deviation about mean = p, = x,-x (1)

Deviations can be negative, positive or zero. But, to calculate total of all deviations,
simply summing them will not be useful as the result will always be zero.

To overcome this, we must avoid negative deviations, and this is done in two ways. We
can use the squared deviations or the absolute deviations, defined as:

Squared deviation about mean = p? = (x, - T)z (2)
Absolute deviation about mean = |D,| = ‘_\',- ~I‘ (3)

The squared deviations are always are non-negative. The absolute value of a real number
is always non-negative, for example: |3|=3,/-22|=22,/0|=0.|-1.5|=1.5. These two ways lead us
to define more appropriate measures of dispersions.

The variance (Var or s?) is the mean of squared deviations of observations about their
AM. The mean (or absolute) deviation (M.D)) is the mean of absolute deviations of
observations about their A.M. Because the dispersion is usually meaningful in original units of
data, and the variance finds it in squared units, so we find its square root to define the standard
deviation, The standard deviation (S, D, or 5) is the positive square root of variance.

For ungrouped data with observations: x,.x,,%3.....x, with their AM. =%

2 4) MD 2k
n

H
_ %Y X
S.D.Sg=ls < «,’M (6) where f=z;f
n

For grouped data, if x; are class marks and f; are class frequencies, then:

») S ki

,_ ol
Var=s" =

(3)

T I i

2

xf
(9 where 7 == —
Y.
Formulae (4)-(9) calculate absolute measures, the relative measures are computed by
dividing ¥ in the units of data for comparison.




Example 1:
Find variance, mean deviation and standard deviation of the marks of students A and B.
Which student performs more consistently?

Marks of student A | 90 | 30 | 85
Marks of student B | 63 | 50 | 60

Lh A
|
)

wn
2| n

Solution:
Marks of both students show ungrouped data. First, we compute mean marks.
For student-A (x) and student-B (y) we have:

n 3 n 5
As means are same, so we use the absolute variation formulas variance, mean deviation
and standard deviation. Computations are shown in the following tables.

xX= =56

x x—Xx (x—x)? |x — x|
90 34 1156 34
30 .26 676 26
85 29 841 29
50 -6 36 6
25 -31 961 31

Sum=280 0 3670 126

pary 2T 3670
3
Mi) Z|{ x|=%=25,2,

(S. J'J =734 =27.0924.

Y y=9 | =9 |ly=73l
49

63 7 7
50 5 36 6
60 4 16 4
55 -1 [ I
52 -4 16 4
Sum=280 | 0 118 2
)
var, SO 8 _ g
n 5
Y-y 2
(MD.), L=?=4.4.

(8.D.), =23.6 = 4.8578.

We observe that the variation in marks of student A is much

higher than that in the marks of student B by all formulae, so performance of student B is more

consistent.

Example 2: Compare the variation using standard deviation of price and life of five similar

rating batteries manufactured by different companies. Also interpret the results.

Price (in thousand Rs.) | & 13 | 18 | 23 | 30
Life (in years) 13|15(18|25]|35




Solution: Data of price (P) and life (L) are ungrouped and different in nature and units. First, we
compute means.

X 92 = X 5
¥ =z £ =22 =18.4(1000 Rs) and x, =L=$=2,1lyears.

£ n 5 n
As means are different, we use the relative standard deviation formula for comparison.
Computations are shown in the following tables for P and L.

Price (P) | xp —%p | (xp —%p)*

8 -10.4 108.16

13 -54 20.16

18 -04 0.16

23 4.6' 21.16

30 11.6 134.56

Sum=92 0 203.2

293.2
95 = 7.658(1000Rs)
=——=10.416

Life (L) | x—% | (x,=%)°

1.3 -().82 1.69

1.5 -0.62 23

1.8 -(0.32 3.24

25 0.38 6.25

35 1.3% 12.25

Sum=10.6 0 25,68

25.68
g = Rl 2.266 vears
: Vs
5 2
Relatives =—+= 2206 =1.069.
o 2.12

The relative standard deviation in life of batteries is higher than price. This means that
data of price of batteries is more consistent than the lives of batteries. We note that if relative
formula was not used then conclusion would be different and wrong.

Example 3: Find variance, mean deviation and standard deviation of amount of cold drink.
Amount of cold drink (in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 7 5 3 |
Solution: Data are grouped with discrete classes. Calculations are given in table below.
Amounts Number of xf (x—%) (x—%)? |x — x| (x—3%)%f |lx = x|f

(x) bottles (f)

1.48 2 2.96 -0.018 0.0003240 0.018 0.000648 0.036
1.49 7 10,43 | -0.008 0.0000640 0.008 0.000448 0.056
1.5 5 1.5 0.002 0.0000040 0.002 0.00002 0.01
1.51 5 7.55 0.012 0.0001440 0.012 0.00072 0.06
1.52 | 1.52 0.022 0.0004840 0.022 0.000484 0.022
Sum 20 29.96 - - - 0.00232 0.184




2 2996

¥= = =1.498liters.  Var=s" = Z[x_;)'f - 0.00232

o2 S

: Z\v‘--\\.f' 0.184 :
S.D.= s =+J0.000116 = 0.01078 liters. M.D.= 27 =55 = 0.0092liters
J 2
The variation in amounts of cold drink is much smaller, or negligible.
Example 4: Find mean deviation and standard deviation of electricity consumption data,

=0.000116 (liters)” .

Electricity consumption (kWh) | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207

Number of days 10 13 15 10 4 6 2

Solution: The calculations are summarized in the table below, where x show ¢lass marks.

Class limits | Class marks (x) | f xf (x—%) | (x—0% | |x—%| | (x—2%f | Ix—xIf
68-87 7751 10 775 -44.167 | 1950.724 | 44.167 19507.24 441.67
88-107 97.5 | 13 | 1267.5 | -24.167 | 584.0439 | 24.167 | 7592.571 | 314.171
108-127 117.5 | 15 | 1762.5 -4.167 | 17.36389 4,167 | 2604583 62.505
128-147 137.5 | 10| 1375 15.833 | 250.6839 | 15.833 | 2506.839 158.33
148-167 1575 | 4 30 35.833 | 1284.004 | 35833 | 5136016 | 143332
168-187 1775 6 1065 55.833 | 3117.324 | 55.833 | 18703.94 | 334.998
188-207 197.5 | 2 395 75.833 | 5750.644 | 75833 | 11501.29 | 151.666

Sum -~ | 60 7270 -- -- -- | 65208.35 | 1606.672

= . v . B X 7270
First we need mean consumption, which is: x:% = _121.66TkWh.
f60

Now, using the required sums, the mean and standard deviations are:

==o
Z(_‘r—x} f ﬁﬁl:)::-35 =32.967kWh.
M

s

M.D.= 27 _ 1606672

DY, 60

Example 5:

=26.778kWh. S.0.=s=

Some randomly selected families in the Karachi and Moro, when asked about number of
mobiles possessed by them, resulted in an average mobiles/family of 5.773 and 6.133 with
standard deviations 1,412 and 3.408, respectively. Compare which city shows more consistent

use of mobiles per family?
Solution:

The average mobiles/family for Karachi (K) and Moro (M) are different as:

¥ _=5.773 mibiles/family and X = 6.133mibiles/family .

The standard deviations are given as:

sg=1.412 mobiles/family and 5y, = 3.408 mobiles/family.

As mean mobiles/family differ for both cities. we use relative measures:
1412 s, 3408

=0.246 and Relative 5,=—=——=10.555.
5.733 : Yy 6133

. &
Relatives, =% =
Ik

By observing relative standard variations of both cities, we conclude that the relative
variation for number of mobiles possessed by a family in Karachi is smaller than that for Moro.
So, average use of mobiles/ family is higher and more consistent for Karachi than Moro.




EXERCISE 22.5

1. Find range, variance, mean deviation and standard deviation of number of absentees in a
class for last seven days: 3, 5, 3,2, 4, 1, 8.

2. Find range, mean deviation, variance and standard deviations of scores of two batsmen
in 6 innings. Who is more consistent player?

Batsman-A | 12 | 1510 | 185 |7 |19

Batsman-B | 47 | 12 176 | 48 |4 | 51

3. Compare variation using range and standard deviation of income and expenditure of six

families. Also interpret the results.

Income (in thousand Rs.) 10|20 | 30 | 40 | 50 | 60
Expenditure (in thousand Rs.) | 7 | 21 | 23 | 34 | 36 | 53
4. Goals scored by teams A and B in a football season are given. Use relative standard and
mean deviations to find which team performed more consistently?

Goals scored 0 |1]2]3|4
Nuniber of games Aplayed | 27 [9 [8 |5 | 4
Number of games Bplayed | 17 |9 |6 [5 |3
Find range, variance, standard deviation and mean deviation in mass of 50 blocks of
metal as distributed in the following data: \

Mass of block(in Kg) | 7.1-7.3 | 7.4-7.6 | 7.7-7.9 | 8.0-82 | 8.3-8.5 | B.6-8.8 | 8.9-9.1

N

Number of blocks 3 5 9 14 11 6 2
Review Exercise 22
1. Tick the correct answer. ,
(i).  Arithmetic mean is based on the use of observations of data.
(a). Middle (b). Extreme (c). All (d). None
(ii).  The ungrouped data must be ordered first to find :
(a). AM. (b). Mode (c). Median  (d). Range
(iii).  The number of classes in a continuous frequency table lies between S and .
(a). 10 : (b). 15 (c). 20 (d). 25
(iv). Mode of grouped data is obtained graphically using .
(a). Histogram (b). Polygon (c¢). Ogive (d). Bar chart
(v).  [If data has outliers, then is misleading.
(a). AM. (b). Range  (c). Median  (d). Mode
(vi). The AM.of {0,90,k, 10, 100} is 40, thenk= .
(a).0 (b). 90 (c). 10 (d). 100
(vii). Median and quartiles are in nature.
(a). Mathematical (b). Positional (c). Logical (d). None of these
(viii). Upper quartile divides data in ratio.
(a). 50%50% (b). 25%-25% (c). 75%—25% (d). 40%—60%
(ix).  If data contain a number equal to 0, then  cannot be computed.
(a). AM. (b). G.M. (¢). HM. (d). Median

(x).  Ifall numbers in data are equal, then:
(a). AM.=G.M.=H.M.(b). Range = 0(c). S.D.=0 (d). All of these
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SUMMARY

Quantitative data refers to numbers, and are further categorized into discrete (only
integers) and continuous data (any real numbers).

Qualitative data refers to attributes of a variable. and are further categorized into nominal
(without ordering) and ordinal (with ordering) data.

To get meaningful information. data are grouped into frequency distribution.

Frequency distribution lists classes and respective frequencies.

Classes defined by a single point are discrete, whereas by a range of numbers are
continuous,

Observations are distributed into classes using tally or list entries method..

Number of classes can be obtained using Sturges’ (1926) rule.

The range is the difference between highest and lowest observations ina data.

The number of observations that can fall in a class is class interval orwidth.

Class limits are starting and ending points of a class.

Class boundaries are obtained by averaging any two consecutive class limits.

The spacing between classes is the distance between any two adjacent classes.

Relative and percentage frequencies lie from 0 to 1 and 0to 100, respectively.
Cumulative frequencies are the sum of all frequencies upto a particular class,

Histogram is a graph of adjacent rectangles with bases at class boundaries and heights
proportional to class frequencies.

Frequency polygon is formed by connecting points with line segments whose x-
coordinates are class marks and y- coordmatcs are ﬁequencws

Ogive or cumulative frequency pelygon is obtained by joining the points with coordinates
(class boundaries, cumulative frequencies).

A measure of central tendency 1§ capacity of data to cluster about a central point.

AM., G.M. and H.M. are based on the equality among all observations.

Median is the middle most part of a ranked dataset.

Mode is based on the principle of majority, and is the most frequent observation.
AM.> G.M.> HM.

If A.M. = median, then data are symmetric, otherwise asymmetric.

Mode can be located and estimated graphically using histogram.

Median and quartiles can be located and estimated graphically using ogive.

A measure of dispersion refers to the amount of variation / scatter in a data.

The h1gher the variation/ dispersion in a data, lesser is the stability/ consistency.

Range measures variation in data by difference of two extreme observations.

The sum of all deviations about mean in an ungrouped data is zero.

Variance is the A.M. of squared deviations of data about A.M.

Mean/absolute deviation is the A.M. of squared deviations of data about A.M.




PYTHAGORAS
THEOREM

» Weightage = 7%

Students Learning OQOutcomes (SLOs)
After completing this unit. students will be able to:
» Understand the following theorem along  with  itscorollaries and apply them to solve
allied problems.
< Inaright-angled triangle, the square of the length of hypotenuse is equal to the sum of the squares of
the lengths of the other two sides. (Pythagoras'Theorem).

< 1l the square of one side of a triangle is equal to thesum of the squares of the other two sides then the
triangle is a right angled triangle, (converse to Pythagoras’ Theorem).




Introduction:

Pythagoras, a Greek philosopher and mathematician was born around 570BC. He
discovered a very important relationship between the sides of right angled triangle. The
Pythagorean theorem or Pythagoras theorem is a fundamental relation in Ecludian geometry
among the three sides of a right angled triangle. He developed this relationship in the form of
theorem called Pythagoras theorem after his name. The theorem can be proved by various
methods. Here we shall prove it by using the concept of similar triangles. We shall state and
prove its converse also and then apply them to solve different problem of daily life.

23.1.1 Pythagoras Theorem:
Theorem 23.1.

In a right angled triangle, the square of the length of hypotenuse is equal to sum of the

squares of the length of the other two sides. N

Given: AABCis a rlght angled triangle, having right angle at C. The
Q \
measures of sides AB,AC and BC are ¢, b and a respectively. NI
'l‘o prove: ¢ =a’ +b* b ..-_I\D“'o .
Construction: i
— — N
Draw an altitude of vertex C to side AB. say BD=x

Proof:
Statements
In AABC &> ACBD
ZACB= ZCDB
ZB=/B Y
and ZBAC= ZBCD Cnmplements o‘f ZB
; AACB ACBD By definition of similar As.
Hence — = Corresponding sides of similar triangles

ex=a> .(i)
Again in AACB <> AADC

ZACB= ZADC ZADC is right angle (Construction)
ZA=LA Common angles
and  ZCBA=/DCA Complements of ZA
AACB  AADC
Eiﬂeﬁeegz : f"x Corresponding sides of similar triangles
e(e—x)= b*
or c® —ex =b>..(ii)

Adding equation (1) and (ii) we get,
extct —ex=a* +b°

e =ag° +b°

Q.ED




Corollary: In a right angled triangle ABC, right angle at B. B

i (:mﬁ)z =[mf%ii:)z—[m/’.B]2

o
L

ii. (mm)z =(mAC)" —(mBC)

Theorem 23.2

(Converse of Pythagoras theorem)

If the square of one side of triangle is equal to the sum of the squares of the

o
L

7]

other two sides, then the triangle is a right angled triangle. n
Given: » ]
Ina AABC,H!E = n,mﬁ —band mAB=c ) 4
such that @ +b” = ¢? i
To prove:
AABCis a right angled triangle. iv i 0 |

Construction:

Draw CD perpendicular to BC such that CD = CA. Join the points B and D.

Proof:

Statements

ADCB s a right angled triangle
=2 o o
(mBD) =0 +(mDC)
= (m%)l =at+b?
But a*+b*=¢2
(mBD) =
mBD =
Now in
CD=CA
KEB_C
BD= AB
ADCB = AACB
msDCB=niZACB

But msLDCB=90°
2 mLACB=9F

Hence ABC s a right angled triangle.

Given
Transitive property of equality

By taking square root of both sides

Construction

Common

Each side equal to C (Proved above).

SBB =555

Corresponding angles of congruent triangles
Construction

Transitive property of equality.

Q.ED




Corollary:
Let a,b and ¢ be the sides of a triangle. Such that the side ¢ be the longest side.
Then,

i. If > +b* = ¢* then the triangle is right angled triangle.

ii.

1ii.

If a* +b* > ¢* then the triangle is acute angled triangle.
If @° +b” < c* then the triangle is obtuse angled triangle.

Example 1:
Measures of the sides of a triangle are given decide which of these represent right
triangles.
i. a=>5cm, b=12cm and ¢ =13cm
ii. a=6cm, b=7cm and ¢ =8cm
1ii. a=9cm, b=12cm and ¢ =15em
Solution:
i. Since (13)2 =(5)2+(12]2
169=25+144
169=169

By the converse of Pythagoras theorem, the a,b and c are the sides of right triangle.

ii.
ie.
or

Since (8)" #(6)" +(7)’
64 #36+49
64 =85

By the converse of Pythagoras theorem, the a,b and c are not the sides of right triangle.

Since (15)° =(12)" +(9Y’
225144+ 81
205= 225

iii.

By the converse of Pythagoras theorem, the a,b and c are the sides of right triangle.

Example 2;

An anchor line for a tower needs to be placed. The tower
is 96fts. The anchor line is 105fts long. How far from the tower
can it be placed?

Solution:

Let the anchor line be placed at x ft from the tower. By

Pythagoras theorem.
(105)* =(96)" +(x)’
11025=9216+x°
x> =1809
x = 1809 = 42.53ft

Hence the required distance is 42.53 ft approx.
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Example 3

There are two streets that one can choose to go from m
Amna’s house to Ahmed’s house. One way is to take C path, -
and the other way requires to take A path of 2 km and then B
path of 1.5 km. How much shorter is the direct path along C
path as shown in the figure.
Solution:

Let x be the length of path C.

By Pythagoras theorem.

x2=(2)"+(15)

= x=4(2)*+(15)* =625 =25km

By using the alternative way, he has to cover the distance =2+1.5=3.5km
The difference between these two paths =3.5-2.5=1km

EXERCISE 23.1

1. Following are the length of sides of tnangle verify that the triangle is right triangle.
i. a=16 b=30 c=34 il. a=6 =8 ¢=10

ii. a=15 b=20 c=25 iv. ~a=13'b=+56 c=15

—

2. Find unknown values in each of the fqﬂowﬁlg figures.
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3. The three sides of a triangle are of measure 9.5¢m, 7.5cm and xem. For what value of x
will the side represent right triangle?

4. ABC is an isosceles triangle with mAB=mAC =13cm and mBC = 10cm. Calculate the
perpendicular distance from 4 to BC.

5. The foot of a ladder is placed 6 feet from a wall. If the top of the ladder rests 8 feet up on
the wall. How long is the ladder?
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6. Find the value of x in the adjacent
figure.

7. Inthe AABC.mZB is aright angle and ¥
BD is a perpendicular on AC such that 9
mCD=5 units and mAD=7 units as y, M n
shown in the figure. Find the lengths of s 'y
the unknowns a, hand b.

: A

A ] 1]
8. The sides of a rectangular swimming pool are 50m and 30m. What is the length between
the opposite corners?

9. The length of each side of an equilateral triangle is 8 units. Find the length of any one
altitude.

10. The sides of a triangle have lengths x,x+4 and 20. If the length of the longest side is
20. What values of x make the right triangle?

11. A manager goes 18m due east and then 24m due north. Find the distance of his current
position from the starting point.

12. In the rectangle ABCD, mBC+ mCD = 17cm and mBD + mAC = 26cm calculate the
length and breadth of the rectangle.

N7 A 4

REVIEW EXERCISE 23
1. Encircleith ‘correct option

Ii iagonal of a rectangle measures 6.5cm. If its width is 2.5¢m, its length is
\&x 9em (b)  4cm
%{ES 6em (d  3em

ii.  Which of the following are the sides of a right angled triangle?

(a) 3.4.5 (b) 2.3.4
() 5.6,7 (d 456

iii. In aright angled triangle the greatest angle is
(a) 100° (by 90"

(c) 80° (d  110°




iv. Inaright angled triangle hypotenuse is opposite side to

(a) Acute angle (by  Right angle
(c) Obtuse angle (d)  None
v.  Ifa, b, c are sides of right angled triangle. with ¢ is the larger side, then
(@) c*=a"+b (b) b =c+a
() a*=b>+c* (d F=at-b

vi. If5cmand 12cm are two sides of a right angled triangle. Then hypotenuse @

(a) 16 (b)y 15
(c) 14 (d) 13 %
vii. If hypotenuse of an isosceles right-angled triangle is 3@%1:11 each of

other side is of length
(a) 2cm ' (b)  Sem ©
(c) 3cm (d) lem

2. Explain the Pythagoras theorem.

3. A ladder 25m long rests against a vertical wall. The ot of th\e’ladder is 7m away from
the base of the wall. Find the height of the wall mdder reaches at its top end.

4. Find the unknown values in each of the follom&f?rﬁ
. ii)

J n Tl

U //. \,__ 3 «C A«

SUMMARY \

~ Inaright angled triangle, the square of the length of hypotenuse is equal to the sum of
the squares of the lengths of the other two sides.

~ If the square of the one side of a triangle is equal to the sum of the square of the other
two s?dés-lhen the triangle is a right angled triangle.




RATIO AND
PROPORTION

e Weightage = 5%

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
» Understand the following theorems along with theircorollaries and apply them te solve allied problems.
< A line parallel to one side of a triangle. intersectingthe other two sides, divides them proportionally.
%+ If a line segment intersects the two sides of a triangle in the same ratio then it is parallel to the third
side.
% The internal bisector of an angle of a triangle divides the side opposite to it in the ratio of the sides
containing the angle.

*  IFtwo triangles are similar, the measures of their corresponding sides are proportional.




24.1 Ratio and proportion

In this chapter, we will study the theorems related to the ratio and proportion of sides
of a triangle along with the similarity of triangles. So, first of all we have to recall the
concepts of ratio, proportion and similarity.
Ratio:

Ratio is the comparison of two quantities of same kind with same units. The ratio of a

. a . ,
and b is written asa : b or ) where a is called antecedent and A is called consequent.

For example the ratio of 25 litres and 5 litres is 25:5 or 5:1.
Proportion;

Equality of two ratios is called proportion.

If two ratios a:bhand c:d are equal then we write it as a:h=c:d ora:h::c:d and
call it as proportion.

In the proportion a:b=c:d, a and d are called extremes, whereas b and ¢ are called
means.

In a proportion, the product of means is always equal to the product of extremes.
Similar Triangles:

Two triangles ABC and PQR are called similar triangles if their corresponding angles
are congruent.

Symbolically, we write it as AABC ~APQR

In the given figure, AABC ~ AXYZ
C )

LTI f i”
/ ’/ \\\_\ // \‘){“‘n
£ o S’ N,

A N B X Y

For similar triangles, following theorem is important
“If two triangles are similar then their corresponding sides are proportional”. We will
prove this theorem in last.




Theorem 24.1

A line parallel to one side of a triangle and intersecting the other two sides, divides
them proportionally.

Given: In ﬂABC.ﬁHE and DE intersects the other /}
— - i |
sides AB and AC at points D and E respectively. ” '.\
-..'-—
T mAD mAE f},-"-- 'E‘aﬁF‘
0 prove: ——=——— / \
. mDB  mEC f‘!" \
Construction: b c

Select such a unit of length so that mAD = p units, and mBD = g units. where p and ¢
are natural numbers.

Divide AD into p congruent segments and BD into ¢ congruent segments.

So, m&) 2 .From the points of division, draw lines parallel to BC.
mDB g
Proof:
| Statements \\_)} Reasons |
AD is divided into p congruent segments | Construction
by the parallel lines. - :
AEis also divided into p congruent }'araﬂel lines make equal numbers of :
segments by the same parallel lines. congruent intercepts on each transversal.
Similarly, EC is also divided into ¢ | BDis divided into ¢ congruent segments
congruent segments. by the parallel lines.
Now,
mAE p " AE and EC are divided into p and ¢
EC 0 congruent segments respectively
q (Proved above)
But
mAD p By construction
mDB q
Souey | |
mAD _ mAE By transitive property of equality
mDB  mEC
Q.E.D

Corollary 1:

. ; : mAB  mAC
From the figure of above theorem, it can be proved that —=

mDB  mEC




Corollary 2:

From the figure of the above theorem, it can be proved that m@ = mﬁ.
mAB  mAC

Corollary 3:
If a line is parallel to the base of an isosceles triangle and intersects other two
congruent sides then the corresponding intercepts on the sides will be congruent.

Example: A
In the adjacent figure, DE || BC in AABC. PN
he adjacent figure, DE| N,
Find mAD if mAE =5cm, D g
RBD — CE = :\-"hll - 2
mBD =15cm and #»CE =25c¢m. é".'.-“ “"-‘35:53,
-}z' “\
Solution: R
DE || BC B C
mAD B mAE
mBD  mEC
mAD 5
i.e =—
15 25
= HAD =2
25
=5 mAD =3cm

Theorem 24.2
If a line segment intersects the two sides of a triangle in the same ratio then it is
parallel to the third side. A
Given: P
In AABC, m cuts AB and AC ,;’{ \
at points P and Q respectively. I".-*"'—\u
such that /
mAP = mAQ / it
mPB m@ [ [y
To prove: o

PQ||BC \
Construction: . -
If PQ is not parallel to BC, draw  BK meeting AC at point K other than C such that

PQ| BK




| Statements Reasons

i AABK
PQ|[BK Construction
b= pit) Line parallel to one side of triangle divides
mPB  mQK other sides proportionally
But - - @
mAP  mAQ )
= Given
mPB  mQC ' @
So - ?
Al Al )
vl _ @ "
mQK mQC »
OK —nOC f antecedents are equal then consequents
= mQK =mQC :
ie. QK=QC efmition of congruent segments.

This is possible only when K coincides
with C.

Hence
PQ||BC | Our assumption is wrong
Q.E.D
Corollary:

The line segment joining the mid points of two sides of a triangle 1s parallel to the
third side.

Example: (

In adjacent ﬁgure,ﬁcuts two sides AC and BC of AABC 4 X\

at points D and E respectively. Find the base angles A and B W

if mZADE =130° and mZBED=100° where lengths of st .\
G : : . 1 ST’ T
sides are given as shown in the figure. W3

o
3

Solution: A H
ZADE and ZCDE are supplementary
mZCDE =50°( mZADE =130°)

Similarly
mZDEC = 80°

9 —_— — —
%:% i.c. DE cuts two sides AC and BC proportionally
DE [ AB




So, mZA=mZCDE, because corresponding angles of parallel lines are

equal
.. mZ A =50°
Similarly
ms/B=m/DEC = 80°
EXERCISE 24.1
A
—— =—= — ,*!\ Bein
1. InAABC, DE || AB. Find mCE { \E
— —— ) 'y
if mBD = 6em, mDC =12cm / ,ff L
and mAE = Scm. 4 / '. \"*.,.

s A
2. TnAABC, PQ||BC. Find x of N
if mAP = 5x~3, mPB=2 | &N\
mA—Q =2x+1and mQC=3 | 7 _"__-,_;-,

”-'l_’ -4 P 1B

3. Prove that the line drawn parallel to the parallel sides of a trapezium divides the non-
parallel sides proportionally.

4. Prove that the line segment drawn through the mid point of a side of a triangle and
parallel to another side bisects the third side.

5. Prove that the line wh;qh divides the non-parallel sides of a trapezium proportionally is
parallel to the third side. \

Theorem 24.3

The internal bisector of an angle of a triangle divides A
the side opposite to it in the ratio of the sides containing the &
angle. .
Given:

BD is the bisector of ZABC of AABC. o

ie Zl= /2 ".-‘dr:—u-#"r

To prove:

mAD B mAB
mﬁ mﬁ
Construction: i.-‘&

Draw CE parallel to BD meeting AB at point E ’




| Statements Reasons ]
EC| BD Construction
mE= m/1..(i) Corresponding angles of parallel lines.
Also __ :
mZ2=m/3 Alternate angles of parallel lines
But  mfl=ms2 Given
So mAl=mZz3 Transitive property
mZE =mZ3 Usingeq (i)
In ABCE, Sides opposite to congruent angles of a
BC = BE triangle mconmw
In AACE,
BD || EC
mﬁ " mAB
mDC  mBE
Or - .
mAD " mAB
mDC  mBC
Corollary:

[f the internal bisector of an angle of a triangle bisects the opposite side, the triangle is
isosceles.

— (8
Example: In adjacent figure, AD is the bisector of ZA of AABC. Mo
Find x if mAC=15cm, mAB=4x—1cm, mCD=x+1cm and _. T-" E
mBD = 5cm. Also specify the type of triangle where xe N. {” _ "'n; D
Solution: T, ; \ 5
T=F - v = I " '.'t
AD is the bisector of ZA e \
mCD._ mAC L1 dx-l n
mDB  mAB
: x+1 1
1.6 — =
SV 4x-1
= 4x° —x+4x—-1=75
=  4x’+3x-76=0
= 4x7+19x-16x-76=0
= A’(4x—|—_|9)—4(_4.\'+1'-)):()
= (x—4)(4x+19)=0
— x—4=0 or 4x+19=0




—19

& N

we neglect %

Hencex =4
Now mAB =d4x-1
=4%x4-1
=13

mAB = mAC =15 cm
and  mBC=x+1+5=10cm

AABC is an isosceles triangle.

llunum 24.4:
If two triangles are similar, the measures of their corresponding sides are proportional.

Given:
AABC and AXYZ are similar triangles.
1.e. In AABC <> AXYZ A X
LA=/X ,"'h"-. AN
B=/Y Y (. / N\
and Z/C=/Z \ z \
To prove: rf"-“ __M‘.\E \ =
mAB 3 mBC B mAC _-*' "-,,‘
mXY mYZ mXZ " 'f
Construction:
From AB, eut off AD= XY and from AC, cut off AE = XZ. Draw DE.
Proof:
| ~__ Statements _ Reasons
P
Construction
Qﬁ A X Given
Construction
AADE = AXY 7 By S.A.S postulate
ZADE=ZY Corresponding angles of congruent triangles
But Z£Bz=ZY ‘Given
So  ZADE=/B Transitive property
Hence




DE | BC Cmre ing angles ZADE and £ Bare
R ‘congruent
mAB  mAC o
- By Theorem 1 (Corollary
mAD  mARE i heoranL (Cocellaey)
0 m:_':—_"_ i 7 — : : X7
r mXY  mXZ" (1) mAD =mXY and mAE =mXZ
e AB mBC .. -
S- 1 1 mn S Bth
nmary_ﬁ— vz (n_) 3y the above process 0
mAB  mBC mAC _ )
S — F "'_;a_nd",
¢ XY mYZ mXZ e oS
Q.E.D

Corollary:

In a correspondence of two triangles, if two angles of a triangle are congruent to the
corresponding two angles of other triangle then their corresponding sides are proportional.
Example 1:

In the given figure, AABC and = -!
APQR are similar. Find the values of x and y /.-'*
if  mAB=6cm, mBC=12cm, mP—Q =3cm, = L= q Yem
and mPR =7cm o cull ?
Solution: ::"'_.-,__ —d

AABC and APQR are similar e K

Their corresponding sides are equal ‘J_,r-:';"’
o mAB  mBC mAC ::,'-‘f e n

o mﬁ) mQ_R mPR {-f: '
: o odeim 0

6 12 y ; : \

= i ? (Using the given measures)
X

6 12 6 vy
= —=— and —==

3 x 3 7
or 2= - or 2=2

X 7

or 2x=12 or 4=y
= x=6cm or y=14cm

So the values of x and y are 6cm and 14cm respectively.




Example 2

In the given figure, AABC and APQR are similar and m% = X where h; and h,are the
mPQ y
altitudes of the given triangles. ‘; "
Prove that: 4N A
Area of AABC _ x* / |\
. Area of APQR  y* | e \ ' e \
Proof: / ‘ NS X
T N Jr' \ h!
we have P, 2 Y K
”.:PQ v £ u \ [ L l.l
AABC and APQR are similar A n o
mE = H?B_C = F?Iﬁ _i (1)
mPR mQ—R mﬁ) v B
In AADC <> APSR
mLZA=msP (Given)
and mZD =mZS = 90°
AADC ~ APSR
h, mAC «x .
Hence —t=—=— (using eq: i)
h, mPR y i
Now
l = =
Arca of AABC _ 5("AB)M
Area of APQR :_ll(mﬁ))hz
& mAB h_:
FHE h
X X mAB  x h,
=x— —="—and ==
Vo) mPQ vy h,
T— "r‘?
v.'!

Hence proved.
From above example, we conclude that

The ratio of areas of two similar triangles is equal to the square of the ratio of
any two corresponding sides.




1.

4.

5.

6.

. Let A and A, be the areas of two similar

EXERCISE 24.2

—
In the adjacent figure, ADis the bisector of
ZAof AABC. Find the value if

mAB=x+9,mAC=11—x,mCD = 2x+3and

of x

/B

mBD = 3x+2. Also specify the type of triangle.

£+

In the adjacent figure. APQR and AABCare

similar. Find the values of x and y if lengths of _
sides are indicated in the figure.

AABC and APQR respectively.  as
shown the Find A, if
A, =28¢cm’>, mAB =4 xcm and mPQ=2 xcm

triangles

mn figure.
W = 2Mieter’ " F A =y
[

L1

S
L] 'rxl

o it L] !;__l-;-:
Ratio of corresponding sides of two similar triangles is 2:x—S5and the ratio of their
areas is 1:9. Find the value of x.

Prove that two right triangles have their sides proportional if an acute angle of the one is
congruent to an acute angle of the other.

In a right triangle the perpendicular drawn from the right angle to the hypotenuse divides
the triangle into two triangles. Prove that each of these triangles is similar to the original

one.

REVIEW EXERCISE 24

“Fick the correct option.

i.  In a proportion, the product of means is equal fo of extremes.

(a) sum (b) difference (c) quotient (d) product
ii. triangles are always similar.

(a) right (b) scalene (c) acute angled (d) equilateral
iii. The symbol of similarity of triangles is ;

(a) = (b) = () ~ d <




vi.

Vil

If a line parallel to base of a triangle and divides one side in 2:3 then it will
divide other side in .

(a) 3:2 (b) 2:3 (c) 2:6 (d) 5:3

If a line intersects two sides of a triangle in same ratio then it is to
other side.

(a) parallel (b) non-parallel (¢) coincident (d) all of these

In AABC., the bisector of ZA divides BC in ratio if
mAB = 6cm and mAC =8cm .

(a) 5:8 (b) 3:4 (¢) 1:1 (d) 5,7
The bisector of an angle of equilateral triangle divides the opposite side in

(a) 2:3 (b) 3:2 (c) 1:1 (d)5:2

viii. The corresponding sides of two similar triangles are

iX.

Xi.

Xil.

(a) equal (b) un- equal (¢) proportional ©~  (d) None of these
If the ratio of two corresponding sides of similar triangle is 5:7 then ratio of their
areas 15 equal to .

(a) 5:7 (b) 7:5 (¢) 25:7 (d) 25:49

If the ratio of areas of two similar triangles is 36:121 then the ratio of its
corresponding sides will be £

(a) 6:10 (b) 6:11 (e) 11:6 (d) 10:6

If the ratio of corresponding sides of similar triangles is 2:x and that of areas is 4:9

then x= :

(a) 3 (b) -3 (¢c) bothaand b (d) none of these

Two equilateral triangles are also

(a) congruent "fb]@:nﬂar (c) proportional (d) equivalent
SUMMARY

Ratio is the comparison of two similar quantities.

In ratio a:b. a is called antecedent and b is called consequent.

Proportion is the equality of two ratios.

In proportion, the product of means is equal to the product of extremes.

Two triangles are similar if they are equiangular.

If two triangles are similar then their corresponding sides are proportional.

A line parallel to one side of a triangle and intersecting the other two sides, divides them
proportionally.

If a line segment intersects the two sides of a triangle in the same ratio then it is parallel
to the third side.

The internal bisector of an angle of a triangle divides the side opposite to it in the ratio
of the sides containing the angle.




CHORDS OF
A CIRCLE

+ Weightage = 6%

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:

~  Understand the following theorems along with their corollaries and apply them to solve allied problems.
%+ One and only one circle can pass through three non-collinear points.
* A straight line, drawn from the centre of a circle to bisect a chord (which is not a diameter) is
perpendicular to the chord.
Perpendicular from the centre of a circle to a chord bisects it.
If two chords of a circle are congruent then they will be equidistant from the centre.
Two chords of a circle which are equidistant from the centre are congruent.
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Introduction

In previous classes and units, we studied detailed geometry involving triangles and
quadrilaterals which are all formed by line segments. Line segments do not have bends. Here,
we focus on theorems with proofs and allied examples related with circles.

Circles play an important role in understanding the shapes of real world objects.
Without circles, we will be unable to understand movement of a vehicle around a curve on the
road, the starting developments about the orbits of planets, movements of electrons in an atom,
shapes of cyclones, etc. Circles form a basis to study advanced shapes: ellipses, spheres,
cylinders, and cones which are used in trunks, trees, water drops. wires, pipes, balloons, pies,
wheels. ball-bearings, etc.

The path followed by a moving point is termed as curve. An open curve has different
starting and ending points. A closed curve starts and ends at the same point (or) which has no
starting and ending points. A curve which does not cross itself is a simple curve, otherwise
non-simple. A curve which is simple as well as closed is known as a simple closed curve. For
examples, refer to the curves in Figure (i).

(A) (B) (C) (D) (E)
Simple. open  Simple, closed Non-simple. open  Non-simple. closed  Simple. closed
Figure (i). Open, closed, simple and non-simple curves

A cirele is a simple closed curve and all its points are at the same distance from a fixed
point, called its centre. The length of the boundary of a circle is called its circumference. A
line segment joining centre of a circle and any point on its boundary is a radial segment, and
its length is called the radius of the circle. The points lying inside the boundary of a circle
form its interior, and those outside form its exterior. A line segment joining any two points
of circle is a chord of the circle. A chord passing through the centre of circle is called a
diameter or a central chord, and its length is highest of all the lengths of chords of a circle.
These terms are explained in Figure (i1).

= Lo, = o | -
L i
T

. . Y N ' '. % > r“
2 : { ’ o~ Y
(A) (B) (€) (D) (E)
Circle Circumference  Radius r and radial Interior (E) Chords AB.CD.
cenfygd7al 2 segments OA ,0OB, and exterior EF GEL. distreter
i or o 0C.OD of O -
- EF( mEF = 2r )
Figure (ii)

If r 1s radius of a circle, then its diameter, circumference and circular area are equal
to: 2r,2nrandmr’, where n (Greek letter PIE) is an irrational number. & is ratio of
circumference of a circle to its diameter. It is approximated by % but is not equal to it. In




2
7

real, m=3.141592653. We see that
places of .

A portion of the circumference of a circle is an are of the circle. A chord chops the
interior of a circle into exactly two parts or segments. The diameter divides the circle into two
equal segments. The segments are bounded by an arc and a respective chords of a circle. For
a particular chord, a segment with larger portion of the interior of circle is major segment and
the other one is minor segment. The corresponding arcs are referred as major and minor arcs.
A portion in interior of a circle confined between two radii (plural of radius) and the intercepted
arc in-between is a sector of the circle. This leads to the minor and major seetors for an arc
and chosen radii. The word subtend means “holds under”, is usually used for angles under a
chord or an arc at a point in a circle. The central angle is an angle subtended by an arc with
the centre of cjrc!e (vertex of E;entral angle). FigurF (i11) explains these coneepts.

%

i M
i J 1 § |
| it | ' | l | ¥, |

=3.142857142 matches with only first two decimal

1 " =

: " : = —
(A). Arcs (B). Minor arc ACB, (€. SeaR g:cr:)i\ICesgral/angleo
ZMON =0, Vertex O,
AB,CED major arc ADB, minor  bounded by AB arms OM. ON.
and major segments o e
Figure (iii)

The location and size of a circle are determined by its centre and radius, respectively.
Two circles are congruent if their radii are equal. Two circles with same centres are
concentric. Points lying on the same line arc collinear, ¢lse non-collinear. Points lying on the
boundary of a circle are concyclic. A circle through vertices of a triangle is a circumseribed
circle (or) circumcircle. A quadrilateral whose all vertices lie on a single circle is called
cyclic quadrilateral. These terms are explained in r{: igure (iv).

| g I | L | | il II
e Jrbes e " \ \ J
- 1] S >
(A). Concentric (B). Congruent (C). Concyclic (D). (E). Cyclic
circles circles points Circumcircle  quadrilateral
Figure (iv)

25.1 Chords of a Circle:
Theorem 25.1: One and only one circle can pass through three non-collinear points.
Given:
Three non-collinear points, say A, B and C.
To prove:

One and only one circle can pass through A,B and C.




Construction: 2 \“
Draw line segments ABand BC. Draw right bisectors / E \c

> o _ — <> : - -

ED and GF of AB and BC, respectively. ED and GF intersect - 0~ F|

at a point, say O. Draw OA. OB and OC. I‘. : . e i

Proof:

Statements = Reasons
All points on ED are equidistant from A | ED is the right bisector of AB.and O
= ™ -
and B, so mOA = mOB (i) |1sapointon ED

All points cm& are equidistant from B EE is the right bisec C . and GF
and C, so mOB = mOC (ii) | passes througl

(z_is the Lirli)quc point of intersection of Ef)and Gh are Mo patalle] lines.
EDand GF. (iii)

The point O is equidistant from A, B From (i)and (ii).
and C, ie. . b
mOA =mOB=mOC = r, say ;bﬂ.ﬂ'ﬁ."e property.

(iv)
The circle with centre only at O-and OA,OB and OC are radial segments,
radius r passes through A, Band C. (v) and by ().

A. B and C are non-collinear. (vi) | Given

Therefore, there exists one and only one | From (iii). (iv), (v) and (vi).

circle centered at O and with radius » :
passing through non-collinear points
A,B and C.

Q.E.D

Corollary:
Any three distinct points on a circle are non-collinear.
Note 1:
Theorem 25.1 demonstrates the existence and uniqueness of the circle which can be

drawn through any three non-collinear points.
Note 2:
Any number of distinct points more than three on a circle are non-collinear.




Example 1:

Prove that one and only one circle can pass through three vertices of a triangle.
Given:

AABC with vertices A, B and C. s
To prove: = . .

One and only one circle can pass through vertices of ;
AABC. . »

Construction:
Draw right bisectors: DE, FG and HI of sides of AABC i
: AB, BC and AC , respectively, intersecting at the point O, say. (: A N .
Draw OA,OB and OC. :
Proof:

O, > sDns |
on-parallel lines, and

Statements
O is the unique point of intersection of
<y <o
DE,FGand HL
The point O is circumcenter of AABC.
The point O is equidistant from vertices of
AABC, i.e. mOA = mOB = mO_C= r

The circle with centre O and radius & ﬁ'@m Earemdmlsegmen:s
through vertices of AABC.

Example 2:
Show that one and only one circle can pass through vertices of a quadrilateral.

Given: _ &
- . \
A quadrilateral ABCD. e
1" . - y

To prove: g _

Only one circle passes through vertices of quadrilateral af L / |

ABCD. ' P

" -

Construction: 3 " )"

: > oy oy «—
Draw L bisectors EF,GH,1J and KL

on ERC_D and AD. These all meet at point O. Construct OA.OB,OC and @




Proof:

Statements

Reasons

All points on EF are equidistant from A and
B.

OA =OB (i)
Similarly, =~ OB=OC (ii)
0OC=0D (iii)
OD=0A (iv)

O is the unique point of intersection of

€ > &

EF,GH,Jand KL

O is equidistant from vertices A, B, C and D
of the quadrilateral so:

mOA = mOB=mOC = mOD = r

The unique circle with centre O and radius r

passes through vertices A, B, C and D of
quadrilateral.

EF is L bisector of AB.

=
O lies on EF.
Using similar reasoning for GHand BC,

7 and CD, KL and AD, asabove@

O lies on all these lines.

oY

From (i) to (iv).

Q.E.D
EXERCISE 25.1

hiol el ki

Can a circle pass through three collinear points? Explain with reason.

Can you draw a circle from any four non-collinear points? Explain with reasons.
Show that one and only one tircle can pass through the vertices of a square.
Show that only one circle can pass through the vertices of a regular pentagon.
Three villages are situated in a way that B is east of A at a distance of 6km and C is north

of B at a distance of 8km. Determine the location of mosque so that all have to walk same
distance from each village by using ruler, compass and divider. How much distance each

villager has to walk down?

Iheorem 25.2: A straight line, drawn from the centre of a circle to bisect a chord (which is

not a diameter) is perpendicular to the chord.
Given:

A circle with centre O and a chord AB which does not pass

through O, i.e. not a diameter. A straight line OC bisects AB at C,

i.e. mAC=mBC,
To prove: OC L AB
Construction:

Draw OA and OB.

0
s
i '
"Lrl J :
A~ B
|
L




Statements Reasons
In AOCA <> AOCB

1mOA = mOB Radii of same circle.
mAC = mBC Given.
mOC = mOC Common side.
AOCA = AOCB S.S.S=SSS.
or mZOCA =mZOCB (i) Corresponding s of congruentas .

mLOCA+mLOCB=180" (i) Supplement postulate.

m/OCA =90° = m/OCB From (i) and (ii).

4

Thus, OC L AB By definition of pmﬂ ular,
Q.E.D
Theorem 25.3: Perpendicular from the centre of a circle to a chord bisects it.
Given: A circle with centre O and its chord AB . The perpendicular oC '_.,-"Iq_‘_h-"‘“-«,__
from O meets AB at C, i.c. ocC L E so0 ZOCA and ZOCB are ,r'r I".‘r
right angles. q '-IJ' '|
To prove: OC bisects AB at C. b | <
Construction: Draw OA and OB. Il'ﬁj —L —_',""
Proof; A~ R
Statements Reasons
In AAOC«>ABOC
mZOCA =90° =mZOCB Given.
0OA=0B Radial segments of same circle.
0C=0C Common side.
So,  AAOC=ABOC HS=HS.
. AC =BC Corresponding sides of congruent As.
&blsects the chord AB. C is the midpoint of AB.

Q.E.D
Corpllary 1:
Perpendicular bisector of the chord of a circle passes through the centre of the circle.
Corollary 2:
The shortest distance from a point on chord and the centre of the circle is from its
midpoint.
Note:

Theorems 25.2 and 25.3 highlight relationship between a chord of a circle and a line
segment dividing it equally through the centre of circle. With these and the Pythagoras’
theorem, we can find length of a chord of a circle.




Example 1:

Calculate length of a chord which stands at a perpendicular distance of Sem from the
centre of a circle with radius 9cm.
Solution:

Consider a circle with centre O and its chord AB. The
perpendicular from centre O meets chord AB at a point C, as shown in i
the adjacent figure. Using Pythagoras’ theorem in AOCA , we have:

[mm)L :(.mﬁ]_ +(mE)L (or) 97 =5 4 (ﬁ?E) 3
. mAC =B1-25 =56 = 24/14 em.
Finally, o

Length of chord = AB
=22
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= E(mR) (As@ bisects E}

\/ﬁ] =414 =14.967cm

Example 2:
If length of a chord in a circle is 8cm, and perpendicular distance from centre of circle
to the chord is 3cm, what is radius of that circle?

Solution: Vi e
Consider a circle with centre O and its chord AB. The o
perpendicular from centre O meets chord AB of length 8 cm at a point | $om, -tlt'“ |
C, as shown in the adjacent figure. Using Pythagoras’ theorem in A=
AOCA , we have: S
(mm)z = [rnm]h +(rnE]b
(or) x% =32 +4%(OC bisects AB)
. x* =25 = x=5,ignoring negative sign.
Thus, Radius= mOA=x=5 cm.
2R
EXERCISE 25.2

1. Show ﬂﬁf@mﬁcrs of a circle bisect each other.

2. Sh /\“f‘a\Sgl\é subtended by the centre of a circle and midpoint of a chord is right angle.

3. Ifleng the chord is 8cm. Its perpendicular distance from the centre of circle is 3cm,

E/cfﬁhd circumference and area of the circle.
4. Calculate length of a chord which stands at a perpendicular distance of k from the centre
of a circle with radius » when:
a. k=4cm, 7 = 9cm b. k=3cm, r=6cm

5. What will be radius of a circle in which the distance of a chord of length 10cm from the
centre of circle 1s 3em?




Theorem 25.4: If two chords of a circle are congruent then they will be equidistant from the
centre,

Given: /ﬁ"\
F D

A circle with centre O. Two congruent chords: AB and CD ﬁlf
of circle, where OE | AB and OF 1. CD.
To prove:

OE = OF

Construction:
Draw OA and OC.

Proof:
Statements
mAE =%mA_B (i)
mCF = %m_C—D (ii)
mAB = mCD (ii)
AE =CF

ln right AAEO <> ACFO

O! .
0A=0C &Q | Radial segments o
AE=CF Proved above.
AAEQ = ACFO HS.=HS.

= ©0Bz0F KL K Corresponding sides of congruentas.
Q.E.D

Corollary:
Two congruent chords of a circle subtend equal angles at the centre.
Note 1:

Theorem 25.4 explains the association between congruence of two chords and
their distances from the centre of the circle.

Note 2:
If two chords are not congruent, then they are not equidistant from the centre.




Theorem 25.5: Two chords of a circle which are equidistant from the centre are congruent.
Given:

A circle with centre O. Two chords AB and CD of circle, which are equidistant from

0. i.e. OF = OF. This also means that OF | AB and OF | CD. ATEF S
To prove: € 'Avi_.é d
prove: , i
AB=CD f{ ~
Construction:
Draw OA and OC.

Proof;:
Statements

In right AAEO <> ACFO
DA =0C .
OE = OF Given.

= AARO= ACEC HS.=HS. :
H‘IE = é m E (l.i) & 1 5
m&:%mc_n (% P
L waB=LncD | Using (@), G, G
2 2
AB= CD P :5

Q.E.D
Corollary:
If two chords subtend equal angles at the centre, then they are congruent.

Note 1:
Theorems 25.5 1s converse of Theorem 25.4
Note 2:
If twa chords are not equidistant from the centre, they P
are not congruent. \//5,_ “:‘B
Example1: / S T\
Show that if two chords of a circle intersect each { M
other, then the product of their lengths of segments are equal. J; - \
Given: Two chords AB and PQ of a circle centered at O \k 0 4,
intersecting each other at M. \ f-’ Q
To p]‘l.l\-'t‘! (mm)x (mM_R} = (mm)x ( HICW) \‘\k __,",
3"*—_._..""{’

Construction: Draw AP and BQ.




Proof:

Statements Reasons
ZPAM = ZBQM (1) Angles of same arc PB.
ZAPM = ZQBM (i) Angles of same arc AQ.
AAPM ~AQBM From (i) and (ii): AL A~AA.
mAM  mPM (i) Corresponding sides of similar As.
LSt e iii
mQM  mBM
(A ) (mBM) = PV )< M) | Cross mulﬂplicatianih(i@%
Q.E.D \
Example 2: DT
Show that the largest chord in a circle is the diameter. v \
Given: A circle with centre O and its diameter AB. CD is ! / . \
any other chord of circle except AB. A = = “
To prove: mAB>mCD il'-\.l . FI\]
Construction: Draw OC and OD to complete AOCD. "“-‘ Sl
Proof: Coae ™
Statements m\/ Reasons
In  AOCD, d | |
mOC+mOD>mChll Y [0S e e
the third.
| mOC +mOD =mAB (ii) | OC and OD are radial segments, and

by d;eﬁn_itioq of diameter.
mAB > mCD (iii) | Using (i) and (ii).

The length of chord AB, which is also From (ii1), and for any chord CD except
the diameter is,,r_lhrger than length of any diameter.
othg_r-cﬁord'l"ﬁ of the circle.

Q.E.D
Example 3:
Find distance between two congruent chords of lengths 6cm
each in circle whose circumference is 107 em.
Solution:

Two congruent chords AB and PQ of length 6 cm of a circle
centred at O with radius r are shown in the adjacent figure. We need
mCD.




Radius of the circle: mOB = = —
T 2%

Using Pythagoras’ theorem in right AOCB, we have:

= Scm.

C 10n
n

] 3

(OB =(mOC)’ +(mCB)
57 = (mﬁ)_1 4—[% m@) (Perpendicular OC from centre O bisects the chord E]

5° =(m&)1+32 nr:r@zxf.m:m:%m.
Because, two congruent chords are equidistant from the centre of a circle, so:
mOD = mOC =4cm.
Finally, mCD = mOC+ mOD =4+ 4=8cm.
EXERCISE 25.3

1. Prove that two congruent chords of two congruent circles are equidistant from their
centres.

2. Show that two chords of congruent circles equidistant from the centres are congruent.

3. Find distance between two congruent chords of length o in a circle of radius r for the
following given values of o and r:

(a).o.=7cm and r=6ecm (b).c. =5cm and ¥ =4cm
(c).o.=2cm and r=4cm (d). o =4em and » =9%m
4. Find distance between two parallel chords of length o and in a circle of radius r for the
following given values of «, B and »-

a. a=6cm,p=8cm,r=5ecm b, o =3cm, f=6cm,r =14cm
5. Iftwo chords AB and ﬁ of a circle with centre O intersect at P, find x in the following,
(a) (b) (c)
e T T
P il : " ™
s r " ) [} | i
i " o 4
i " i 0 ji | 0
N I.'I i 1] <
/
R ==  Y—
G @ (f)
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Review Exercise 25

1. Tick the correct option.

All circles are always .

(a) congruent (b) similar

(c)  tangent (d)  none of these
In the following figure, circles centred at D and E are

ii.

iii.

vi.

Vil.

(a)  congruent (b)  similar
(c) both (a) and (b) (d)  none of these
In the given figure, the length of the chord IE is

(a) 4cm (b) 6cm | (c) 8em (d) 15¢cm

One and only one circle passes through three points.
(a) collinear ~(b) non-collinear (c) disjoint (d) none of these

The hypothesis of the enunciation “If two chords of a circle are congruent, then
they are equidistant from the centre.” is:

(a) two chords of a circle are equidistant from the centre.

(b) two chords of a circle are congruent.

(c) a circle has two chords.

(d) the centre of circle is equidistant from chords.

The conclusion of the enunciation “If two chords of a circle are congruent, then
they are equidistant from the centre.” is:

(a) two chords of the circle are equidistant from the centre.

(b) two chords of a circle are congruent.

(c) a circle has two chords.

(d) the centre of circle is equidistant from chords.

The hypothesis of the enunciation “One and only one circle can pass through
three non-collinear points™ is:

(a) three points are non-collinear.

(b) one and only one circle passes through three points.
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(¢) two circles pass through three points.

(d) three points are collinear.

The conclusion of the enunciation “One and only one circle can pass through
three non-collinear points™ is:

() three points are non-collinear.

(b) one and only one circle passes through three points.

(¢) two circles pass through three points.

(d) three points are collinear.

A circle is an example of a curve.

(a) simple and closed (b)  simple and open

(c) non-simple and closed (d) non-simple and@ggn'
SUMMARY

A circle is a simple closed curve.

All points of a circle are equidistant from a fixed point. The fixed point is the centre
and constant distance is radius of circle.

A radial segment in a circle is a line segment from its centre to any point on it.

A chord is a line segment joining any two points of a circle, A chord passing through
the centre is known as diameter or central chord of the circle.

For a circle of radius r, its diameter, cireumference and circular area are equal to: 2r,
2mr and mr?, respectively. N

A portion of circumference of a circle is called an arc. These are further categorized as
minor and major arcs.

Sectors are portions of circle bounded by two radii and the intercepted arc. These can
be further categorized as minor and major sectors.

Segments are portions of circle bounded between a chord and the intercepted arc. These
are further divided into major and minor sectors.

All circles are similar to each other.

Two circles are congruent if their radii are equal.

Circles haying same centre are concentric.

Points lying on a circle are concyclic.

One and only one circle can pass through three non-collinear points.

‘A straight line, drawn from the centre of a circle to bisect a chord (which is not a
diameter) is perpendicular to the chord.

Perpendicular from the centre of a circle to a chord bisects it.

If two chords of a circle are congruent then they will be equidistant from the centre.
Two chords of a circle which are equidistant from the centre are congruent.



TANGENTS OF
A CIRCLE

+ Weightage = 5%

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
~  Understand the following theorems along with their corollaries and apply them to solve allied problems.

@

If a line is drawn perpendicular to a radial segment of a circle at its outer end point, it is tangent to the
circle at that point.

The tangent to a circle and the radial segment joining the point of contact and the centre are
perpendicular to each other.

The two tangents drawn to a cirele from a point outside it are equal in length.

If two circles touch externally or internally, the distance between their centres is, respectively, equal
to the sum or difference of their radii.




Introduction

The theorems and proofs related to tangent(s) to a circle are discussed here. The concept
of tangent is also important in defining derivatives in a branch of Mathematics called Calculus.
A straight line may or may not intersect a circle. If a line touches a circle at only one point, then
it is a tangent to the circle. The common point between a tangent and the circle is the point of
contact (or) point of tangency. A line which intersects the circle at two points is a secant to the
circle. There are two points of contact between a secant and the circle. In Figure (i), lines [; and
l; do not touch the circle. The lines m,; and m, are tangents at P and Q, respectively. The lines
n, and n, are secants to the circle at points A, B and C, D, respectively. A line segment from the
pomt of tangency to any other point of the tangent is a tangent segment. In Figure (ii),
PO and ABare tangents to the circle, whereas PQ and AB are tangent segments, respectively.

mAB is length of tangent segment AB. Fora point P lying outside the circle, only two tangents
PA and PB can be drawn, as shown in Figure (iii).
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Figure (i). Figure (i1). Figure (iii).

Circles touching each other internally or externally share the common point of tangency.
The point P is the common point of tangency of circles with centres O, M and N in Figure (iv).
Circles with centres O and M touch internally, whereas circles with centres O and N (also M and
N) touch externally. Two circles not touching each other can have common tangents but different
points of contact. A common tangent between two circles not touching each other is an internal
(or transverse) common tangent if it intersects the segment joining their centres, otherwise an
external (or direct) common tangent. In Figure (v), line m is an external (or direct) common
tangent, whereas line / is an internal (or transverse) common tangent to the circles.
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Figure (iv). Figure (v).




26.1 Tangent(s) to a Circle:
Theorem 26.1: If a line 1s drawn perpendicular to a radial segment of a circle at its outer end
point, it is tangent to the circle at that point.

L]
Given: b
&5 A0
A circle with centre O and radius . AB is drawn perpendicular on v
— [ — |
radial segment OP, i.e. AB_L OP at its outer end point P. | 2 _; v
To prove: '
~—>
AB is tangent to given circle at P only. AY
Construction: |
Draw 0OQ, where Q is any other point on AB except P. .
Proof:

Statements
In right AOPQ, mZ0OPQ =90°

But, mZOQP <90°

So,  mOQ>mOP

Hence, Q lies outside the circle.

All points on AB except P lie outside th
circle.

(epnsuﬁ:a.tibn);
Only Pomt of contact of m:({ e‘ﬂnd&AB is | By definition of tangent.

P. So, ABis tangent to mgz\léﬁﬂt P,

Q.E.D.
Theorem 26.2: The tangent to a circle and the radial segment joining the point of contact and
the centre are perpendicular to each other.

Given: — |
o " a
A circle with centre O. radius » and a radial segment OP. %]
b [ |
A tangent AB at P. f -
r
To prove: |J o B d
e
OP 1L AB \

Construction:

s >
Draw 0Q, where @ is any point on AB other than P,




Proof:

Statements [ Reasons
Q lies outside the circle.

Qis any other point on AB except P.

S0, mOQ>mOP=r () | OP is radial segment.
Distance from the centre of all points on | ,,OP = ;. and Q is any point on AB
AB except P exceed r. So, all points except P. (construction).

except P lie outside the circle.

The shortest line segment from O to any | From (i) for any Q on ﬁ_ﬁ?ejic@
point on ;\_’B is OP. :

So, mZOPQ=90° and, OP LAB | Allother angles are act
Q.E.D.

Note 1:

Theorems 26.1 and 26.2 highlight relationship between a tangent to a circle and the
corresponding radial segment at the point of tangency.
Note 2:

Theorem 26.1 is a converse of Theorem 26.2, and vice-versa.
Corollary 1:

The line drawn at right angle to a tangent of a circle at its point of tangency passes through
the centre of the circle.
Corollary 2:

The triangle formed by centre of the circle, point of tangency and any other point on the
tangent is a right-angled triangle.
Corollary 3:

Only one tangent can be drawn to a circle at a given point on its boundary.
Example 1:

Show that the parallelogram circumscribing a circle is a rhombus.

Given:
" ABCD eircumscribing a circle so that: mAB = mCDand mAD = mBC.
To prove: y
" ABCD is a rhombus, i.e. mAB = mBC = mCD = mAD. Z P
Construction: \ ¥ \e
AB,BC,CDand AD are tangent to circle at 2, Q, R and S, | B 1
respectively. Draw OS.0A and OP. "\




F

Statements ' Reasons
In @SA_(—) OPA

0S=O0OP Radial segments of same circle.
m/OSA =9(° = m/OPA Tangent perpendicular to radial segment
OA =0A ‘Common side of triangles.

=  AOSA=AOPA HS=HS
and mAS=mAP (i) | Corresponding sides of congrue
AOPB=AOQB By same process

Similarly, mBQ=mBP (ii) | Corresponding sides of congru
AOQC = AORC By same process

mQC = mRC (i) | Corresponding sides:e ent As.
AORD = AOSD By same process K
mDS=mDR (iv) | Correspondin {/\ :s.0f congruent As .
Now, mAS+mBQ+mQC +mDS Adding (i)-(iv)

= mAP+mBP+mRC+mDR
or (mﬁ+ mD_S]+(mE+mQ_C)

:(??IE‘Fmﬁ)‘l‘(fﬂﬁ‘l' mﬁ)

or mAD+mBC = mAB+mCD (v) )"mm figure
2mBC=2mAB =>mAB=mBC (vi) | By definition of parallelogram (given)
WAB=mBC - mCD=mAD | Using (vi) and the given.
So, ||” ABCD is a rhombus.

Q.E.D.
Example 2: Find the length of the tangent segment to a circle of radius Scm from a point 13cm
away from the centre of the circle.

Solution: Let centre of the circle is O. The point of tangency is P.

Let Q be the point on tangent at a distance of 13cm from the centre b

as ﬂown in the ﬂgie. From Figure, g have: | A "‘.l'
mOP=r=5cm, mOQ=13cmand mPQ=x="? 9 I\
Using Pythagoras’ theorem: \,
(m(ﬁ): =(mﬁ ) ﬂ:r?%}z ™~ —= ,','E“i \
(13 =(5)" +(x) \o

169=25+x> or x1=169-25=144
m@ =x=+/144 =12cm.




Example 3:

Two concentric circles have radii Sem and 3em, respectively. Find the length of the
tangent segment to smaller circle from the points on larger circle. Also find the length of chord
of the larger circle which touches smaller circle.

Solution:
Two concentric circle of given radii are shown in the figure ,-——-J:__
with common centre O. mOA = 3cm and mOP =5¢m. : : Y 1 v
We first need to find mAP and »AQ,i.c. length of tangent |/ ';f A
segment to smaller circle from points P and Q of larger circle. I' ‘: Caw r |
Using Pythagoras' theorem, we have: | [+ S8y l|
—y2 ——2 ——2 N g N
(mOP) = (mOA) +(mAP) \'\‘ e /D
2 N
25=9+(mAP) \ S

=5 (mﬂ)_ =16 or mAP = 4cm

But, the radial segment OA bisects the chord PQ, so:

mAP = mm = mm =dem

Finally, we need length of chord PQ of larger eircle which touches smaller circle, which
is: mPQ = mAP+mAQ =8cm.

L N

AL \
E. RgISE 26.1
Show that a triangle circumscribing a circle is an equilateral triangle.
Show that a rectangle circuévgﬁb' \g a circle must be a square.
The diameters of two ca_égpéfbéircles are 10cm and Scm, respectively. Find length of the

tangent segment to the smaller circle to a point on it touching outer circle. Also find length
of chord of outer cir e%xhich touches inner circle.

4. The length m?(‘ﬁaﬂgqu segment from a point at a distance of Scm from centre of the circle
is 4cm. Fi "-dig\]}éter, circumference and area of the circle?

L
i i i

5. Find lengtb\\af\}lé tangent segment to a circle of radius 7cm from a point at a distance of
25/511?&1)111\1;136 centre of circle
3R
6. Hwﬁrﬁ from centre of the circle of radius 3cm, a tangent segment of length 10cm can be

drawn?




Theorem 26.3: The two tangents, drawn to a circle from a p

point outside it, are equal in length.
Given: PA and PB are tangents to the circle at A and B from '
a point P outside it.

To prove: PA=PB.
Construction: Draw OA.OB and OP. il
Proof: - '

Statements
OA L PA and mZOAP = 9(°

Similarly, OB L PB and mZOBP = 90°

In right triangles AOAP «> AOBP
OP=OP
OA=0B
AOAP = AOBP
PA=PB

Note 1:
Theorem 26.3 demonstrates that the two tangents to a circle intersecting at a point outside
the circle must be equal in length.
Corollary 1:
The two tangents drawn to a circle from an external point subtend congruent angles at
the centre.
Corollary 2:
Two parallel tangents to a circle do not intersect at the same point outside it.
Note 2:

If a tangent and a secant to a circle intersect outside a circle g d
as shown in adjacent figure, then the square of the length of the X 1
tangent segment equals the product of the lengths of the secant . ] N
segment and its external portion, i.e. Y . - 5B

2 = — 2 N\ =t

(mAB) :(mDB)«(mBC) or f=s5-e Dw:,;;___f- L
Note 3:

If two secants intersect outside a circle as shown in the :}»_f'if_’*'—-\_ B
adjacent figure, then product of the lengths of one secant segment = T'cﬁlw- — 5
and its external portion equals the product of the lengths of other |' | =7
secant segment and its external portion, i.e. — ;_5"“"- €

(naﬁ)xtmﬁ):(m(f_[:)x (mD_F) or 5,8 =8,e, O™




Example 1:
Prove that the tangents drawn at the ends of a diameter of a circle are parallel.

Given: o
{ ( " i D
A circle centred at O. AB and CD are tangent at end ™, ‘_,-"T'T‘--\ ;
points P and Q of the diameter, respectively. 3 {" 4R N
To prove: \J
AB[ICD
Construction:

Draw C_P,E’,AQ and %

Proof:

Statements
mZAPO=90° = m/BPO

mZCQO = 90° =m £DQO
mZCPQ=mZBQP
and mZAQP =mZQPD

) >

AB||CD

Example 2:
Prove that the two direct common tangents to two circles are equal in length.

Given: Vil
AB and CD are directcommon fangents to circles with |~ "‘l
centres O and P. | y
To prove: A\ G _
mAB=mCD L= 3 *x:]
Construction: " !';,__l_lf__z "
Extend AB and CD to intersect at a point, say Q. S -
Proof: Q
~ Statements Reasons
mAQ=mCQ (i) Tangents drawn from point Q outside O.
mBQ=mDQ (i) | Tangents drawn from point Q outside P.
mAQ —mBQ=mCQ—-mDQ Subtracting (ii) from (i).
mAB =mCD Using figure.

Q.E.D.




Example 3:

Find unknown length x in the following figures:
(a) . (b) (c)

- . ...
- 2~ B
g0 ) Ao T

X
P N — LT
7\ J “ N Q= L
N J g ] em T
J X ___‘:‘_.;-‘ A\ |

Solution:

o % !
Q/ \ -

(a). Tangents PQ and PR meet at point P outside the circle, so they must be equal in length,
i.e. mPQ = mPR. Therefor, x =3cm.

(b).  The tangent AB meets the secant DC at point B outside the circle, so we have:
(mﬁ)2 = ( mﬁ] -(.'?IB_C] (or) X’ =12x3= ¥ =36= x=6cm.

(¢). Twosecants AB and ED of circle intersect at C outside it, so we have:
(mAC)x(mBC)=(mEC)x(mCD) (or) (x+8)x8=(10+6)x 6=>8x+64 =96

Finally, 8x=96—64=8x=32=x=4cm.

EXERCISE 26.2

1. Show that the tangents drawn at the ends of a chord in a circle make equal angles with the
chord.

2. Show that if two tangents to a circle are parallel, then the points of tangency are the end
points of a diameter of the circle.

3. Show that if two tangents to a circle are not parallel, then the points of tangency are end
points of a chord of the circle.

4. Find unknown x in the following.

> o LY _,-1"_ % WSS s -p .y [Ty
. { o ' ’ n | ot ; |]| v |
1”;/ . 'ti"*_'_, y = = U' o e 1 ’
() () (2) (h)
o o T e -
) 2 e Nk "
| ? | p | {0 I & ) [ & J .
® il (1] a - ];'.‘ »
N n "J.'; . = [ ]




5. Find unknown x in the following.

(a) (b) (c)
:_ _ #x r—._':-r'—,__‘ P e
" — i N\ e . .:'
- i O - |
| i _ | Y I.- |
e L N ] & e
- e S
=
(d) . (€) (H
b | = —
J, 4-4—'—'-|.\‘:. f.a"_’_ﬁ-' -..5\\ fl/" "“-\\x
/ ‘n‘ f ! 5 l "
/ 1 ‘\ |'|
[ | ] I [ f L ) W - |
1 \ Il]_\-,' q. “u\ o ‘n.{ t fl .l\‘ ! .3
, r . . b e r
. ‘__‘_;", ""-q___..-"?’/ —._,.-"/

Theorem 26.4: Case (A): If two circles touch externally, the distance between their centres is

equal to the sum of their radii. e i, N i
Given: Circles with centres O and O having radii » and ', "."" __.‘
respectively, touching each other externally at point B. [ & I!,,'_ N
To prove: mOO' = r+ 7 \ ‘,‘1"-2“ i .‘J
Construction: Draw a common tangent ;\_C)' through B of both S —— ~gii
circles. YA
Proof: )
Statements Reasons
OB L AC so m/OBC=90° (i) | Tangent is perpendicular to radial
segment.
OB L ACsomsO'BC=90° (i1) | Tangent is perpendicular to radial
segment.
mZOBC+mZOBC=180° (iii) | Adding (i) and (ii).
0.B and O are collinear, and B lies From (i), (ii) and (iii)
between Oand O .
mOB +mO'B = mO0’ By definition.
or mOO = r+ mOB = r and mOB=r,

Q.E.D.




Theorem 26.4: Case (B): If two circles touch internally, the distance between their centres is
equal to the difference of their radii. C
Given:

Circles with centres O and O’ with radii » and r', respectively,
touching each other internally at B.
To prove:

mO0 =r—7r'
Construction:

l(" y - .
Draw a common tangent AC through B of both circles.
Proof:

Statements
OB L AC s0 m/OBC =90° (i)
OB 1L AC so mZOBC=90° iy |
m/OBC = m/OBC=9(° (iji)
0, O' and B are collinear, and O lies

between O and B,
MO0 +mO'B=mOB (@> By defin A
or ’”OU=mOB—mO'B=;/¢{§-‘

Corollary 1:

If distance between centres of two circles is sum (difference) of their radii, then circles
touch externally (internally).
Corollary 2:

[f the distance between centres of two circles is not equal to the sum or difference of their
radii, then circles do not touch each other.,
Example 1.

[f three circles touch in pair externally, then the perimeter of a triangle formed by joining
their centres is equal to twice the sum of their radii.

Given:

Three circles with centres A, B, C and radii #.r, 1. TN N ’—ﬁ“".\
respectively, touch in pairs externally at points P, Q and R. 4 A .ll
To prove: n_ _.r._lf__ \"f. ]

Perimeter of AABC=2(r+1,+1;). \ oLr S
Construction: k"-».‘ : (" \

Construct AB,BC and AC through P, Q and R, L 15 /Ih

respectively, to form AABC. —




Proof:

Statements Roaiois

mAB=mAP +mBP (i) P lies between A and B.
mBC=mBQ mCQ (i Q lies between B and C.

mAC = mAR +mCR (i) R lies between A and C.
AR G i Adding (i), (i) and (ii)

= mAP+ mBP + mBQ+mCQ+ mAR +mCR Q
mAB + mBC+ mAC Re-arranging
- (AP + wAR) + (3P + mBQ) +(nCQ + mCR) Q '
m@+mﬁ+mﬁ:(q+f;)+(ﬁ3+rz)_+(rj,+r,) mAP =mA}
=2r+2n+2r=2(r+n+n)
So, Perimeter of AABC=2(r; +1, +r3) . '
Q.E.D.

Example 2:

The radii of two intersecting circles are 10em and 8cm. If the length of their common
chord is 6em, what is the distance between their centres?
Solution:

Consider circles with centres O and O™ with radii 10cm and 8cm, respectively as shown
in the figure. From figure, we have: :

; A ~
mOA =10cm, mO A =8cm, mAB=6em, — mOQ' =? 3 ".L""._ .
P bisects E so mAP = l.?rfA_B: E =3cm. Il O ~ | I Il . '
2 2 w0 ' ]
In AAPO, using Pythagoras’ theorem we have: ".f:

10°=3"+(mOP) = wDP=A100-0=Olem. N\ A

In AAPO', using Pythagoras’ theorem we have:
8 =3"+(mOP) ~ =mOP=164-9=55m

Finally, mOO" = mOP+mO'P = ﬁ + \/5_5 =16.955¢m (approximately).
Example3:

The two transverse common tangents to the two circles A
are cqual in lenglh I

Given: ABand CD are two internal (transverse) common | f | s &
, -

tangents to circles with centres O and O’, respectively. L
To prove: mAB=mCD -




Construction: Tangents AB and CD intersect at point P.

Proof:
Statements Reasons
mAP = mCP (i) | Tangents from a point outside circle.
mBP = mDP (ii) Tangents from a point outside circle.
mAP+mBP = mCP + mDP (111) Adding (i) and (ii)
—  mAB=nCD From (iii) and figure. (\\
Q.E.D.

Example 4:

Two circles touch each other externally, and the length of segment joining their centres
is 7em. If radius of one is 3cm. what is area of other circle?
Solution:

Two circles touch externally, so:
Length of segment joining centres =7, + 1,
1=3+r => r,=7-3=4cm.

Now, area of second circle = 7y =7+ ( 4): =l6mem”
7-’ . el ¥ a
=1 6(: Jcm‘ =50.286¢cm " (approximately).
7

EXERCISE 26.3

1. If length of the segment joining centres of two circles is the sum of their radii, show that
the cireles touch externally. “

2. If perimeter of the triangle with vertices at the centres of three circles is equal to the sum
of their diameters, show that the three circles touch in pairs externally.

3. If length of segment joining two congruent circles touching externally is 12c¢m, find their
radii and circumferences.

4. If PA andﬁ?: are tangents to the given circle from a point P outside as indicated in the
figures. Find the unknown angle.

(a) (b)
— N "
P G
{ '-r I'( .:. b
L i " ] - - : —— ] " -
Ir\ 0 )uua"? " \ o | B
A e _. o _’ .__. v
I i

5. Show that if two circles touch externally, then the point of contact lies on the segment
joining their centres.




6. If two chords in a circle of radius 2.5cm are 3.9cm apart, and length of a chord is 1.4cm,
then find the length of the other chord.

7. I three circles touch in pairs externally and radii of two circles are 4cm and Scm, then find
the radius of the third circle if the triangle formed through their centres has perimeter of
35cm.

Review Exercise 26

1. Tick the correct answer.
1. If a point is outside the circle then from this point we can draw tangem{s} to the
circle.
(a) one (b) two (c) three (d) none
ii. Angle between the radial segment and tangent at its outer cn¢pomt IS
(a) 45° (b) 60° (c) 90" (d) 120°
iii.  In the adjacent figure, circles with centres E and C
(a) touch internally ~ (b) touch externally
(¢) do not touch (d) are congruent ot ;‘ : . ——
v, In the adjacent figure, circles with centres B and Cﬁh_ave‘,. r J’ ,-"—\ |

point(s) of contact. h
(a) no (b) one
(c) two (d) none of these
v. In adjacent figure, circles with centres Eand C have pumt{s) of contact
(a) no (b) one
(c) two (d) none of these
vi.  Inthe adjacent figure, 4B is . _ g
(a) tangent (b) secan’l ,lz
(¢) chord (d) none of these
vii.  In the adjacent figure, CDE is :
(a) tangent ~ (b) secant 3
(c) chord \ (d) none of these C ==
viii.  In the adjﬁe_em figure, the point of tangency is . -
@A~ (b)B (©C (@) D
ix.  Tangents drawn at end points of a diameter of a circle are to each other
{a) paraﬂel (b) perpendicular (c) intersecting (d) both (b) and (c)
X. The maximum number of common tangents between two circles touching internally is

(@0 (b) 1 (c)2 (d)3
Xi. Th maximum number of common tangents between two circles touching externally is

(a) (b) 1 (c)2 (d)3
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SUMMARY

A straight line touching a circle at only one point is a tangent to the circle, and the
common point is called point of tangency or point of contact.

A straight line intersecting a circle at two points is a secant to the circle. There are two
points of contact between a secant and the circle.

A tangent segment is a line segment from the point of tangency to any other point on the
tangent.

The triangle formed by joining the centre of circle, the point of tangeney and another
point on tangent line is always a right angled triangle. </

When two circles touch internally or externally, they share a comm’o\ﬁ{ﬁnn' nt between
them and the common point of contact. -

Two circles not touching each other can also have common t:’extcrnal (direct)
and internal (transverse) common tangents. Y
The lengths of two direct common tangents to two circ'les%al.
The lengths of two transyerse common tangents to tw circles are equal.
Only one tangent can be drawn to a circle at a po,i,n,t_%z__i =

If a line is drawn perpendicular to a radial se@é%imlc at its outer end point, it is
tangent to the circle at that point. AN

The tangent to a circle and the radial segment jo

are perpendicular to each other. )
The two tangents drawn to a circle from a po

ing the point of contact and the centre

int outside it are equal in length.

If two circles touch externally, thi \d& ce between their centres is equal to the sum of
their radii.
If two circles touch internally, the distance between their centres is equal to the difference

of their radii.
2LX/




CHORDS
AND ARCS

» Weightage = 5%

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
~ Understand the following theorems along with their corollaries and apply them to solve allied problems.
%+ If two ares of a circle (or of congruent cireles) are congruent, then the corresponding chords are equal.
< If two chords of a circle (or of congruent circles) are equal, then their corresponding arcs (minor,major,
semi-circular) are congruent.
< Equal chords of a circle (or of congruent circles) subtend equal angles at the centre (at the corresponding
centres),
< If the angles subtended by the two chords of a circle (or congruent circles) at the centre (corresponding
centres) are equal. the chords are equal.




Introduction:
In this unit, we discuss the theorems related to chords and ares of a circle.

Theorem 27, 1 ]
If two arcs of a circle (or congruent circles) are congruent i
then the corresponding chords arc equal. /! N
We shall prove the theorem: - of A\
i. For one circle |: d L }
ii. For two congruent circles 5 !i. 0 . 'I _

1 For one circle |

Given: A circle with center O whose AB and CD arc congruent ) | - _

arcsi.e. AB = CD. ———
AB and CD are the corresponding chords of the given

congruent arcs.

To prove: AB=CD

Construction: Join the points O with A,B,C and D.

Proof:

Statement

In AOAB <> OCD

OA=0C Ra

OB= 0D < =

mZl=ms2 & Ce
AOAB=0OCD

AB =CD =l Correspondmg sides of congruent triangles
Q.E.D . -

ii. For two congruent circles

Given: Two congruent circles with centers
] I m

Oand O respectively. AB and CD are ¢ congruent I
arcs of these circles where AB and CD are the

corresponding chords. L oS
To prove: AB=CD : '
Construction: Join O to A and B. Join O to C and D.
Proof:
&) Statement Reason
In  AOAB& AOCD
OA=0C Radii of same circle
OB=0D Radii of same circle
mLl=ms2 Central angles of two congruent arcs
AOAB=AO'CD S.A.S postulate
AB =CD Corresponding sides of two congruent triangle




Theorem 27.2 (Converse of theorem 1)

If two chords of a circle (or of congruent circles) —— =
are equal, then their corresponding arcs (minor, major,
semi-circle) are congruent. . 7
Given: Two congruent circles with center O and Q' | [ ]
respectively having two congruent arcs i.e.. AC = PR. "
\ i F B

To prove: AC=PR
Construction: Join O with A and C, O’ with P and R.

Proof:
Statement Reason A |

In  AAOC<>APOR R

0C=O0R I

AC = mPR

AOAC = APOR D 3.i _ :
mZAOC= mZPOR - (i) Corresponding angles of congruent As.
Hence _ : -
AC=PR

Q.E.

Example 1:

A point P on the circumference of a circle is equidistant from the I
radial segments OA and OB. Prove that mAP = mBP rd
Solution: S ' \
Given: AB is the chord of a circle with center O. Point P on the |' o
circumference of the circle is equidistant from the radial segment \ x iy |
OA and OB. i.e. mPR = mPS ) ' e s
To prove: mAP = mBP ey
Construction: Join O with P. Write mZ1 and m22 as shown in the .
figure.
Proof:
. Statement Reason
In right angle AOPR <> AOPS
mOP = nOP Common
mPR = S -
AOPR = AOPS H.S=HS
So msl=ms2 (i) Corresponding angles of congruent As
=  AP=BP From (i)
Hence mAP =#BP By definition of congruent arcs




Theorem 27.3
Equal chords of a circle (or of congruent circles) subtend equal angles at the center

(at the corresponding centers). e
We shall prove theorem: 'f»'z—"'“t'f

1) For one circle i) For two circles f--" / I\*.
i) For one circle [ / \
Given: Circle with centre O, having two congruent chords i.e., | X |
AB=PR. N/
To prove: mZAOB= mZPOR \ / X/

Construction: Join O with A and B and also O with P and R.
Proof:

Statement
AB=PR (@ Given
OB=OR (ii) OB.OR.OA and
and  OA=OP (iii)
AAOB = APOR
m/AOB = m/POB

ii) For two congruent circles B, R
Given: ' ' '
Two congruent circles with center O and O

lespecti\ ely so that  mAC=mPR, Where | . : ;
AC and PR are the chords of circles. ‘ ! '
To prove: N — Pe———1
mZAOC = m/POR ha
Construction:
Take a point S on arc PR and join S to P and O such that ZAOC = /PO'S.
Proof:

Statement Reason

Let  m/AOC=m/POR
But  mZAOC=m/POS Construction

AC =PS (i) Arcs subtended by equal central angles

- of congruent circles

s mAC =mPS (i) From theorem (1)
But mAC=mPR (iii) Given

mPR =mPS Using (ii) and (iii)
Whlch is only possible, if R concides Because P is common point
with S.
= mLAOC = mZPOR Our supposition is working




Corollary 1:

In congruent circles or in same circle, if central angles are equal then corresponding
sectors are equal.
Corollary 2:

In congruent circles or in same circle, arcs will subtend unequal central angles for unequal
chords.
Example 1:

Prove that the internal bisector of a central angle in a circle b a
bisects the corresponding arc. / '
Given: A circle with center O. OP is an internal bisector of central angle |

AOB. ie Zl=Z2 1]
To prove: AP=PB \ 1)1 /
Construction: Draw AP and BP, then write Zland /2 are ' l

corresponding angles of AP and BP respectively. -
Proof:

Statement i Reason

In AOAP <> AOBP '
#iOA = niOB ik

mLl=m/2 Giver

and -m@: ﬁ J y
AOAP = AOBP Ag S postulate

Hence AP=BP | Cortesponding sides of congruent As
= AP= BP / p : WO@ nding Iﬂﬁqﬂcherdsm a circle.

Q.E.D




Example 2:

Prove that in a circle, if two diameters are perpendicular to each other then the lines

joining their ends form a square. __i L
Given: __,.r :""-."‘-‘x.\

Given PR and QS are two perpendicular diameters of a = / 4 | "
circle with center O. So PQRS is a quadrilateral. Naming /1,22, l'% W,ﬂ'i._ 3 )

P § 1R
/£3./4./5 and £6 as shown in figure. [\ 0 T2}
| I.." I.l‘

To prove: \“ N [ 3 ”,.e"!,

PQRS is a square. i, g

Q
Proof:
Statement ' __Reason
e =

PR and QS are two perpendicular diameters Given

of a circle with center O.
ml=ms2=ms3=ms4=9F

mPQ=mQR =mRS=mSP (i)

mPQ=mQR =mRS=mSP - (i) ' | Chords corresponding to equal arcs.
In right A POS,

mPO=nOS  (iii) PO and OS are radii of circle
APOS is right isosceles, triangle From (iii)
mZ5=45° (iv): APOS is right isosceles, triangle

Similarly, APOQ ‘is right isosceles triangle | By the above process
mL6=45% (v)

Moreover
mLP=msL5+ms6 Angle addition postulate
m/P =45°+45° By using (iv) and (v)

mLP=90°  (vi)
Similarly, mZQ=m/R = m/S=90° (vii) | By the above process
PQRS is a square Using eq (ii), (vi) and (vii)
Q.E.D




Theorem 27.4

If the angles subtended by two chords of a circle (or e
congruent circles) at the centres (corresponding centres) are equal, "" ' "~!'f
the chord are equal. e W '
(a) For one circle /  — l"\
Given: o L 0 i

Circle with centre O, having chords PR and AB. The angles '.,l ._.'
substended by both arcs are congruent i.e. ZPOR = ZAOB. o W4
To prove: mAB= nPR AN ~—F8
Construction: Join O with P and R, and also with A and B. =2
Proof: _

Statement : W
OR =0B (i) Radius of same ci
and OP=OA (ii) Radii of same ei
ZPOR = ZAOB (iii) %
APQR = AAOB
AB=PR
(b) For two congruent circles ) m=.. 2 . 5. =

Given: _
Two congruent circles with center © [ ‘ /

and O'with ACand PR are chords. | a . -
Subtending equal angles at centre ie / \ /
ZAOC=/POR. ——-i s i
To prove: mAC =mPR (1] -
Proof: P
<< Statement Reason
In  AOAC¢> AO'PR
OA=OP Radii of congruent circles
OC=O0R Radii of congruent circle
AOAC=AOPR S.A.S postulate
Hence mAC = nPR




EXERCISE 27.1

1. In a circle prove that the arcs between two parallel and equal chords or equal.
2. Prove that in equal circles, equal central angles have equal arcs.
3. In the following figure. O is the centre of the circle. Find s - T
the value of x and y. Pl == 250
‘ L
| i | 1
' Q= L { |
II
it el
P -‘-L 3 ag_, - -
-—
4. In the following figure mZPQR =35%and mZPRQ=31°. \Y - A
Find mZ QPR and mZOQR. s \"
(h |
\ .J'
5. In the figure O is the center of circle, given that i . i
mZAOB=120° and ms/BCD=85°. Find mZOAD 0 \
\ i
A il

]

6. In the following figure, AB is diameter of the circle given

/ that m/DAB=30° Find ms/ACD N < - )
| v !

/\K " REVIEW EXERCISE 27 S
L. Multiplﬁ@

Question:

F Mﬁrrect option.
I C.f &xegd of a circle subtends, a central angle of 60° . Then the chord and the radial segment
Larey >

(a) Parallel (b) Perpendicular  (c) Congruent (d) Incongruent
ii. Anarc subtends a central angle of 45° then the corresponding chords will subtend a central
angle of ?
(a) 15° (b) 30° (c) 45° (d) 60°

iii. A pair of chords of a circle subtending two congruent central angle are.
(a) Perpemdicular (b) Non congruent  (c) Congruent (d) None of these




iv. The arcs opposite to congruent central angles of a circle are always.

(a) Parallel (b) Congruent (c) Perpendicular (d) None of these
v. A 6cm long chord subtends a central angle of 60°. The radial segment of this circle is
(a) 4cm (b) 6cm (c) Scm (d) 8em

vi. The chord length of a circle subtending a central angle of 180° is always
(a) equal to the radial segment
(b) less than radial segment
(c) double of radial segment
(d) half of the radial segment.
viii. The length of a chord and the radial segment of a circle are congruent, the  central angle
made by the chord will be:
(a) 60° (b) 75° (c) 90° (d) 45°
ix. Out of two congruent arcs of a circle, if one arc makes a central angle of 30° then the
other arc will subtend the central angle:
(a) 60° (b) 90° (c) 75° (d) 30°
x. Diameter divides the circle into parts.
(a) Two (b) Three (c) Four (d) All of these

SUMMARY
The circles are congruent of their radii are equal.

Equal chords of circle subtend equal angles at the centre.

The straight line joining any fwo points of the circumference is called a chord of the circle.
The portion of a circle botinded by an arc and a chord is known as the segment of a circle.
The boundary traced by a moving point in a circle is called its circumference.

An portion of the cirbu_mference of a circle is called an arc of the circle.

Y VY NV Y Y VY

chord

A perpendicular'drawn from the centre of a circle on a chord, it bisect the chord.

Iftwo arcs of a circle(or of congruent circles) are congruent, then the corresponding chords

are equal.

» If two chords of a circle (or of congruent circles) are equal, then their corresponding arcs
(minor, major, semi circular) are congruent.

~ Equal chords of a circle (or of congruent circles) subtend equal angles at the centre (at the
corresponding centres).

» If the angle subtended by two chords of a circle (or congruent circles) at the centre
(corresponding centres) are equal, the chords are equal.

Y

v




ANGLES IN A
SEGMENT OF
A CIRCLE

» Weightage = 5%

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
» Understand the following theorems along with theircorollaries and apply them to solve allied problems.

~ The measure of a central angle of a minor arc of a circle is double that of the angle subtended by the
corresponding major arc,

=~ Any two angles in the same segments of a circleare equal.

» The angle

*%* In asemi-circle is a right angle.

>
%* In a segment greater than the semi-circle is less than a right angle, (i.e.. an acute angle)
.0
-

%* In a segment less than a semi-circle is greater than a right angle, (i.e., an obtuse angle)

'\ » The opposite angles of any quadrilateral inscribed in a circle are supplementary,




28.1 Angle in a segment of a circle

We have already studied most of the terms related to circle like chord, minor arc and
major arc etc.

Now, we have to define some more terms in order to understand the theorems related to
the angle in a segment of a circle.
Definitions: ¥ -

i. Sector of a circle:
A sector of a circle 1s the part of circular region bounded
by two radial segments and the arc which they intercept.
In the given figure, AOB is a sector of the given circle,
with centre O.

ii. Segment of a circle:
A segment of a circle is the part of circular region bounded ; \
by an arc and its chord. F WS e
A segment is called major segment if its arc is major arc. g
Similarly, a segment is called minor segment if its arc is
minor arc. In the adjacent figure, ACB is a minor segment
and ADB is a major segment.

iii. Angle in a segment of circle:
An angle in a segment of a circle is the angle which is
subtended by the chord of the segment at a point other
than the end points on the arc of the segment.
In the adjacent figure, ZACBis an angle in the minor
segment ACB.
Whereas ZADB s an angle in the major segment ADB.
Note:
Angle in a segment of a circle is also known as inscribed angle of the arc of the segment or
simply angle subtended by the arc

e

iv. Central angle of an arc:
A central angle of an arc of a circle is the angle subtended
by the arc at the centre of the circle.
In the figure, ZAOBis the central angle of the arc AB.

Understand the following theorems along with their corollaries and apply them to solve
allied problems.




Theorem 28.1

The measure of a central angle of a minor arc of a circle is double that of the angle
subtended by the corresponding major arc.
OR
The central angle of a minor arc is double in measure of the inscribed angle of the
corresponding major arc.

Given: :
In a circle with centre O, ZAOB is the central angle of
minor arc AB.
ZACB is the angle subtended by corresponding major arc ACB.
To prove:
mZAOB=2m/ACB
Construction:
Draw CO and produce it to point D of the circle. A =
Proof: D
Statements Reasons
In AAOC, OA =0C Radial segments of same circle
mZOAC= m/OCA ...(i) ngles opposite to congruent sides
Now
mZAOD = mZOAC+m/ZOCA O -Exterior angle is sum of opposite
CB; nterior angles of a triangle.
=2m/0CA ..(ii Using eq:(i)
Similarly 4%
m£BOD = 2ms0CB By same process
Now
m AOB = m/ AOD+ms/BOD ‘Angle addition postulate
= @L?@CA +2mZOCB Using (ii) and (iii)
2P OCA+ mZOCB) | Taking 2 common
m.;quéz\ Angle addition postulate
Q.E.D

Corollary 1:

Measure of a central angle of a major arc is double that of the inscribed angle of the
corresponding minor arc.
Corollary 2:

Measure of the central angle of a semi-circle is double that of the inscribed angle of the
corresponding semi-circle.




Example 1:

In the adjacent figure, point O is the centre of the circle. Find ;‘;" ;
the value of x if mZAOB=80° and m/OBC = 25° N . AN\
Solution: In the figure, ZAOB is the central angle of AB and / j
ZACBis inscribed angle of corresponding ACB

Central angle of ABis double of the inscribed angle of the \
corresponding ACB. \ R o’

mZAOB = 2mzACB S
ie. 80°=2m/ACB .
=% mZLACB = 4(°
As we know that the sum of all angles around a point is 360°.

So,

80° + y = 360°
= y = 280°

In quadrilateral AOBC

x+y+25°+msZACB=360°
=> x+280° +25° +40° = 360°
or x + 345° = 36(° P Q

= x=15 M
Theorem 28.2 A B

Any two angles in the same segment of a circle are equal.
Given: ZAPBand ZAQB are the two angles in the same segment

APQB of circle with centre O.

To prove: mZAPB=m/AQB C
Construction: Join O with A and B so that ZAOB s the central angle of ACB.
Proof:
Statements Reasons
ZAOBis the c/é;llral %ngle of ACB. Construction

ZAPB and £ AQB»arc the angles in the Given

same seﬁh@
Now,f ) A
m/AOB=2m/APB Central angle of major arc is double of
inscribed angle of corresponding minor arc.

Also

mZAOB=2mZAQB By same i
2m/APB=2m/AQB 'By transitwe property
mZAPB=mZAQB  Dividing both sides by 2

Corollary 1: Any two angles in a major segment are equal.




Example: "
In the adjacent figure, ZP and ZQ are the two angles in the

=y : i . SN\ D
same segment APQB of circle with centre O. Find the value of x or f 2
ms ABQ where the measures of angles are indicated in the figure. | " 2l | ‘
Solution: ! ' vl
—

un

ZP and ZQ are the angles on the same segment .
m/Q=msP Nt

msQ=50° CrmzP=50%)
In AABQ,
ms A+mZQ+x=180°
30° +50° + x = 18(F
x=100°
EXERCISE 28.1.
By 5
. In figure 1, point O is the centre of the eircle: ,'h " :';' ' |
Find x wherem/C=30°. L ‘i
esry ) ." .l. ) /
&
In figure 2, point O is ft,h,e*-beﬂﬁcréf the circle.
Find x wheremZQ =50¢,
In figure 3;1;10{11'[ O is the centre of the circle. f | o \
Find x+y when mZD=3(", o A !
Pigtey 3 I .‘-é ,-"_ . ¥ ..
A “n

The inscribed angles of two congruent major arcs of two congruent circles are congruent.
Prove it.

Prove that the inscribed angles of major arc and its corresponding minor arc in a circle
are supplementary.




Theorem 28.3 (a)

The angle in a semi-circle is a right angle. C
OR
The angle inscribed in a semi-circle is right angle.
Given: A 0 B
o : o
In a circle with centre O, ZAOB is the central angle of

semi-circle ADB.
ZACB is the inscribed angle of corresponding semi-circle.
To prove: /ACBis a right angle. D

Proof:

Statements
msAOB=180° (1)
Now mZAOB=2m/ACB

= 2m/ACB=18(F°
or mZACB=9r
ie.  ZACBis right angle

Theorem 28.3 (b)
The angle in a segment greater than the semi-circle is less than a right ang]c
OR
The angle inscribed in a major arc s acute.
Given:
In a circle with centre O, ZACB is the angle in the segment
ACB greater than semi-circle.

ZAOB is the central angle of corresponding minor segment AB.
To prove:  ZACBis an acute angle.

Proof:
_ Statements Reasons
ms AOB< 180° (i) Central angle of minor arc
Now
mZAOB=2m/ACB Central angle of minor arc is double of
inscribed angle of corresponding major arc.
= 2m/ACB<ISP Usingeq: ()
or mZACB<9P Dividing both sides by 2.
ie. ZACBis an acute angle By definition of acute angle.

Q.E.D



Theorem 28.3 (¢)
The angle in a segment less than a semi-circle is greater than a right angle.

OR
The angle inscribed in a minor arc is obtuse. = A
Given: 4
In a circle with centre O, ZACB is the inscribed angle of |
minor arc AB. I ﬁ J
ZAOB is the central angle of corresponding major arc ADB. ~\ / /.
To prove:  ZACBis obtuse. sl g
Proof: )i
Statements
mZ£AOB > 180° ..(i)
Now

mZAOB=2m/ACB

=  2msZACB>18(%°
or mLACB > 90
ie. ZACBis obtuse

Example:
In figure 1, Point O is the centre of the circle. Find x and v

where 1m/BCO=30°. AC and BD are diameters.

Solution:

BD is diameter
£BCD is inscribed angle of semi-circle

Hence m/BCD=9(rF
= x+30°=90°
= x=60°

Figure 1

AC is diameter
mZCBA is inscribed angle of semi-circle

So mZCBA =9(0°
In AABC,

30°+ mZCBA +y =180° C
30°+90°+ y =180°
= y =60 D \

Inscribed Quadrilateral or Cyclic Quadrilateral:
A quadrilateral is called inscribed quadrilateral or

cyclic quadrilateral if all of its vertices lie on the same circle. B
In the figure, ABCD is a cyclic quadrilateral. /




Theorem 28.4

The opposite angles of any quadrilateral inscribed in a circle are supplementary.

Given: PQRS is a quadrilateral inscribed in a circle with center O.

To prove:
mZQ+m2S=18(F
and  mLP+msR =180°P

Construction:

Draw OP and OR so that ZPOR or Zxis central angle
of PR and Zy is central angle of corresponding PQR.

Proof:

Statements

£Sor Za is inscribed angle of PR
Zyis central angle of corresponding POR.
mLy=2msa

=  ma :%mé.y...(i)

Now .
ZQ or Zb is inscribed angle of PQR.

Zx is central angle of corresponding PR,
So, mLx= 2msh

ie. msb z%mzx...(ii)
Now

mZa+msb= %ml__x #ﬁ%_ﬂté};

:%(m&x+ msy)

= %(_360“‘)

ie. mZa+msb=180°
or mZLQ+m£S =180°

Similarly
msP+msR=180P

By definition

Construction

ntral angle of minor arc is double of
inscribed angle of corresponding major arc.

Dividing both sides by 2

Adding eq: (i) and eq; (ii)

Taking-% common

Sum of all angles around a point is 360°,
Zaz/Sand £b= £Q

By same process

Q.E.D

Corollary:
A parallelogram inscribed in a circle is rectangle.




Example:

In given figure, point O is the centre of the circle. CE is its
diameter and ABCD is cyclic quadrilateral. Find x if mZODE =35".
Selution:

ZCDE is inscribed angle of semi-circle i\
mZCDE = 90°
Le. 35°+msZADC=90°
= mZADC = 55°
Now
In cyclic quadrilateral ABCD
x+mZADC=180°
= x+55° =180
= x =180° - 55°
= x=125°
EXERCISE 28.2
[ "'_'_‘. 1.. = ri.H
~ ]
1. In figure 1, O is the centre of the circle, | o ‘;il
whereas AC is its diameter. Find x. ! jo
Figure
L
& - - . ' = E 7
2. In figure 2, ACB is a major arc of circle . i

with centre Ovand 2C is its inscribed { _ \
angle. Find x where xeR.
=il ]
Figure 2

3. In a circle, 7x—1is the measure of inscribed angle of a minor arc of a circle. Find x
where xeR.

4. Prove that a rhombus inseribed in a circle is a square.
5. Prove that the exterior angle of a cyclic quadrilateral is equal to the interior opposite
angle.




Review Exercise 28

1. Tick the correct option.

YVVVYV

VVVVVY

iii.

iv.

vi.

Vii.

viii.

ix

Inscribed angle of -—-—--- is obtuse.

(a) minor arc (b)  majorarc (c) semi-circle  (d) all of these
-----—-----is the circular region bounded by arc and its chord

(a) Sector (b) Segment

(c) Majorarc (d) Circumference

If 2x is the measure of inscribed angle of minor arc then the central angle of
corresponding major arc is —--------.

(a) x (b) 2x (¢) 3Ix (d) - 4x
If 2x and 60° are the measures of inscribed angles of same segment then ¥ =-—-—--.
(a) 120° (b)  60° () 2° () 30
The inscribed angle of minor arc of circle i§ ~------=---- angle.

(a) acute (b) obtuse

(c) right (d) reflex

The inscribed angle of major arc of circle is —---—---angle.

(a) acute (b) obtuse

(c) right (d)  reflex

Sum of opposite angles of cyclic quadrilateral i§ —--—------,

(a) 9° (b) 1807 (c) . 27(r (d) 36(P
A parallelogram inscribed in a circle 1§ ~—-==———=-—.

(a) kite (b)  trapezium

(¢) rectangle (d) ~ rhombus

The central angle of an arc is ---- than inscribed angle of corresponding arc.
(a) less (b)  greater

(c) less or equal (d)  greater or equal

The sum of central an_gies.:gf all the arcs of a circle i§ ~---—---=-

(a) 90° (b)  180° () 360 (d  1000° \
SUMMARY

The circular region bounded by an arc and two radial segments is called sector.
The circular region bounded by an arc and its chord is called a segment.
Angle in asegment of circle is also known as inscribed angle of the segment.
Angle subtended by an arc at the centre of circle is called the central angle.
The central angle of minor (or major) arc is double than inscribed angle of the
corresponding major (or miner) arc respectively.

Any two angles in the same segment of a circle are equal.

The angle inscribed in semi-circle is right angle.

The angle inscribed in major arc is acute.

The angle inscribed in minor arc is obtuse.

All the vertices of a cyclic quadrilateral are on the same circle.

The opposite angles of cyclic quadrilateral are supplementary.




PRACTICAL

CIRCLES

» Weightage = 6%

Students Learning Outcomes (SLOs)

Y

Locate the centre of a given circle

~ Draw a circle passing through three given
non-collinear points.

» Complete the circle:

< By finding the centre,

its circumference is given.
»  Circumscribe a circle about a given triangle.
~ Inscribe a circle in a given triangle.
~ Escribe a circle to a given triangle.
~ Circumseribe an equilateral triangle
about agiven circle.
» Inscribe an equilateral triangle in a given
triangle.
# Inscribe an equilateral triangle ina given
circle
~  Circumseribe a square about a given circle.
»  Circumseribe a regular hexagon about a
givencircle.
Inscribe a regular hexagon in a given circle.
Draw a tangent to a given arc, without
using thecentre, through a given point P,
when P is :
% The middle point of the arc,
s At the end of the are,
< Outside the arc.

< Without finding the centre, when a part of

K

After completing this unit, students will be able to:

Draw a tangent to a given circle from a

point £, when P lies

% On the circumference,

% Outside the circle.

Draw two tangents to a circle meeting

each otherat a given angle.

Draw

%+ Direct common tangent or external
tangent,

% Transverse common tangent or
internaltangent to two equal circles,

Draw

% Direct common tangent or external
tangent,

%  Transverse common tangent or
internaltangent to two unequal
circles,

Draw a tangent to

% To unequal touching circles.
**  Two un equal intersecting circles,

Draw a circle which touches

*» Both the arms of a given angle,
“* Two converging lines and passes
through agiven point between
them,

%+ Three converging lines.




Introduction:

We know that Practical Geomeitry is an important branch of Geometry which is used in
architecture, computer graphics, art etc. We have already learnt to construct angles, triangles,
rectangle, pentagon etc in previous classes. Let us learn the construction of circles and related
figures.

29.1 Construction of circles:

We know that a circle can easily be drawn by using compass when its centre and radius
are given. In this section we will also learn to draw circles when centre and radius are not given
29.1(i) Locate the centre of a given circle:

In order to locate the centre of a given circle, we will use the fact that the right bisectors
of two non-parallel chords of a circle always intersect each other at the centre of the circle.
Method of locating the centre of a given circle is explained with the help of the following
example.

Example: Locate the centre of given circle as shown s \
in the figure. % .
Given: A circle §
Required: To locate the centre of the given circle. T
Steps of Construction: { y a "
(i) Draw two non-parallel chords
AB and CD of the given circle. e
- . <_) ~ .
(i1)  Draw the right bisector PQ of the chord L -
== = 3 ™
AB.

(i1i)  Draw the right bisector XY of‘lhe chord CD
(iv)  Both the right bisectors PQ and XY intersect each other at point O.
The point O is the centre of the given circle.
29.1(ii) Dwaw a circle passing through three given non-collinear points.
In order to draw a circle passing through three given non-collinear points, we
will first locate the centre and then draw the circle as explained in the following example.
Example: Draw a circle passing through three non-collinear point P, Q and R

Given: Three non-collinear points P, Q and R. R
Required: To draw a circle which passes through P, . T
QandR. —
Steps of Construction: i 4
(i) Take any three non-collinear points P, Q e [
and R | 0

(i)  Draw PQ and QR
(iti)  Draw the right bisector /(ﬁé ofﬁ
(iv)  Draw the right bmcdor CD of QR — .

(V) Both right bisectors AB and CD intersect each other at point O which is the centre
of the required circle.




(vi)  With O as centre and radius equal to mOP or mOQ or mOR , draw a circle.
This circle is the required circle.
29.1(iiif) Complete the Circle:
e By finding the centre.
e  Without finding the centre.
When a part of its circumference is given.

(a) Completion of circle by finding the centre when a part of its circumference is given.
We can complete a circle when a part of its circumference or an arc is given by finding
its centre with the help of its any three non-collinear points. The method is explained in
the following example.

Example: Complete a circle whose arc AB is given by finding the centre.

Given: A part of circumference or an arc AB is given. E /} NC
Required: To complete a circle whose arc is given. ¢ i
Steps of Construction: £ . -
(i) Draw the arc AB ‘ ); |
(ii)  Take a point C on AB other than A and B. i ' 7 o
(iii) Draw AC and BC. A
(iv)  Draw the right bisector PQ of AC * R .
(v)  Draw the right bisector XY of BC ™ - d

— —)
(vi) Both PQ and XY interest each other at point O which is the centre of the circle.

(vii)  With point O as centre and radius equal to mAO or mOB or mOC .
draw the remaining part of the circle.
Thus we have a complete circle of the given arc AB.
(b) Completion of a circle witheut finding the centre when a part of its circumference is
given.

We can complete a circle without finding the centre when an arc is given with the help
of regular polygon. We draw regular polygon with the help of either exterior angles or interior
angles which are congruent. The method is explained with the help of the following example.
Example: Complete a circle whose arc AB is given without finding centre.

Given: An arc AB of a circle.

Required: To complete the circle of AB o 1
Steps of Construction: -
(i) Draw two congruent chords @ and @ of given AB M ¢
(i) Draw exterior ZR congruent to ZQ and draw == I P
RS congruent to PQ B u 'r:
(iii) Draw exterior £S congruent to ZR and draw ST
congruent to PQ $ %

(iv) By the same way, we get point S, T, U and V




(v) So we get aregular heptagon PQRSTUV

(vi) Draw dotted arcs of RS, ST, TU, UV and VP

These dotted arcs complete the circle.

EXERCISE: 29.1
1. Draw a circle with the help of a circular object. Locate its centre.
2. Take three non-collinear points X, Y, Z and draw a circle which passes through these
points.
3. Draw a minor arc AB by a circular object. Complete the circle by finding the cent re.
4. Draw a major arc ABC by a circular object. Complete the circle by finding the }%@
5. Draw a minor arc AB by a circular object. Complete the circle without.ﬁndingﬂ-l}';g%l re.
29.2  Circles attached to polygons:
Recall that polygon is a three or more sided closed figure for example, triangle,
quadrilateral, pentagon, hexagon etc.
The circles attached to polygons are those circles which either pass through all the
vertices of the polygon or touch the sides of the polygon.
29.2 (i)Circumscribe a circle about a given triangle:
Circumecircle of a triangle:
A circle which passes through all the three vertices of a
triangle is called circumcircle of the triangle. In the given figure,
there is circumcircle of AABC with centre O which is called :
circumcentre.

A

Example: Draw the circumcircle of AABC in which mAB = 6cm, mBC= Sem and

mAC = 7em.

Given: A triangle ABC in which mAB= 6em, i0

mBC= 5cm and mAC = 7em. " it

Required: To draw a circumcircle of A ABC.

Steps of Construction: / \
(1) Construct a A ABC with the help of given data. { A L

(ii) Draw the right bisector PQ of AB ¥ ol 5
> == i
(iii)  Draw the right bisector XY of AC
(iv)  Both the right bisectors PQand XY intersect each - T
other at point O. 5
(v) With O as centre and radius equal to mOA or mOB — L
or mOC, draw a circle which passes through A, B s

and C. .
This is the required circumecircle of A ABC.




29.2(ii) Inscribe a cirele in a given triangle: L8
Inseribed circle or Incircle of a triangle:
A circle which touches all the sides of a triangle is called
incircle or inscribed circle of the triangle. In the adjacent figure, there is :
an incircle of AABC with centre O which is called the incentre N o

Example: Draw an inscribed circle of AABC in which mAB = 7cm,
mZB =60° and mBC =6 cm s
Given: A triangle ABC with mAB = 7em, mZB=60° and mBC = 6¢m
Required: To draw an inscribed circle of AABC »
Steps of Construction:
(i) Construct a AABC with the help of given data. L
(i) Draw the internal bisector A_>_)X of ZA o e\ e
(ii1)  Draw the internal bisector BY_o)fZB . ¥ :,,*’” .I'f =r
(iv)  Both the internal bisectors AX and BY intersect LY,
each other at point O. \ i
(v)  Draw perpendicular OP on AB from pointl QP LT . N[ . ﬁu’
intersects ABat point L A Tem ' L
(vi)  With point O as centre and radius equal to mOL
draw a circle which touches all the three sides of L
AABC.
This circle is the required inscribed circle,

Escribed Circle or Excircle.
A circle which touches one side of a triangle externally
and the two produced sides internally is called an escribed
circle or excircle of the triangle. 7 4
In the given figure, there is an escribed circle of AABC C/ - i
opposite to vertex A with centrel, , which is called excentre. v L

Similarly 1, and I; are excenters of excircles of e -
AABC opposite to vertices B and C respectively.

Example: Draw an escribed circle opposite to vertex A of AABC where mAB = 5Scm,
mZA=30° and mZB = 6(°
Given: A triangle ABC in which mAB = 5cm, mZA=30° and m£B = 6(°
Required: To draw an escribed circle opposite to vertex A of AABC.
Steps of Construction.
(1)  Construct a AABC with the help of given data.
(i1) Produce AC beyond C and produce AB beyond B making two exterior angles BCE
and CBF respectively.




(i1i) Draw the internal bisector fﬁ? of ZA. 2
(iv) Draw the internal bheclor BY of ZCRBF. L
(v) Both bisectors AX and BY intersect each . - P
other at point I e A -
> — A \
(vi) Draw a perpendicular 1Z on AF from I . } 1 ¥
which cuts AF at point K. & m"'EL! 21 .-‘d
(vii) With T as centre and radius equal tomIK | i m ":' G 2
draw a circle which touches BC externally l
— — v
and AE and AF internally. '

This is the required escribed circle of AABC opposite to vertex A.
29.2(iv) Circumscribe an equilateral triangle about a given circle.

We will draw an equilateral triangle which circumscribes about a given circle by using
the fact that if a circle is divided into three congruent arcs and tangents drawn at the points of
division will be the sides of the equilateral triangle circumscribing about the circle. The
method is explained in the following example.

Example: Draw a circle of radius 3em with centre at point O and circumscribe an equilateral

triangle about this circle. A
5 j : : ; e
Given: A circle of radius 3em with centre at point O. 0
Required: To circumscribe an equilateral triangle about P
the given circle. =P
Steps of Construction: [Lr"—__“—“-_‘_ .
(i) Draw a circle of radius 3cm with centre at point O. ),"' ; ""-._“ |
(ii) Dri“vide the fjl‘cle into three congruent arcs AB, P if :ﬂw X !
BC , and AC by dividing central angle into three :’ . 5“{:}_&?'\
congruent angles. e ‘_'\ S
(i1i) Draw tangents at points A.B and C by making ;'\_ /
right angles at these points. O
(iv) These tangents intersect each other at points P, Q e
and R. P
Now PQR is the required equilateral triangle. y "

29.2(v)~ Inscribe an equilateral triangle in a given triangle

We know that an equilateral triangle is said to C
be inscribed in a given triangle if all the vertices of the e
equilateral triangle lie on different sides of the given R . 0
triangle. In the adjacent figure, APQR is the equilateral ' . W
triangle inscribed in the given A ABC.

A P B




Example: Draw an equilateral triangle inscribed in a AABC where mAB = 4cm,

mBC = Sem and mAC=Tcm.

Given: A triangle ABC in which mAB=4cm, mBC=5¢m and mAC =7cm.

Required: To draw an equilateral triangle inscribed in A ABC. ¢

Steps of Construction: 1
(i) Construet AABC with given data.

(11) Draw the internal bisector BD of /B which is the .;f' J
suitable angle (usually the largest angle) %o L =
> _— ! 4 R
(iif) The internal bisector BD intersects AC at point E 'y &
(iv) At point E, draw two angles BEP and BEQ each of A »
measure 30° ]" c ‘a
(v) EP and EQ intersect BC and AB at points F and G » '
respectively. A bm n B
— 1
(vi) Draw FG v
Now EFG is the required inscribed equilateral triangle of A ABC
29.2(vi) Inseribe an equilateral triangle in a given-gircle L5
Inscribed equilateral triangle in a circle
An equilateral triangle is called inscribed equilateral triangle
in a circle if the circle passes through its all the vertices. In the
adjacent figure ABC is an inscribed equilateral triangle of circle ‘
with centre O. 0
AN I

Example: Draw an inscribed equilateral triangle of a circle with centre at O and radius of 3cm
Given: A circle of radius 3cm and with centre at point O.

Required: To draw an inscribed equilateral triangle of the D
given circle. -3
Steps of Construction:

(i) Draw a circle of radius 3cm with centre at point O. EA — — L
(i1) Take a point A on the circle. Starting with A as | "-‘
centre and radius of 3em divide the circle in six | |
congruent parts at point B, C, D, E and F I _ e, ,

(iii) Draw AC, AE and CE \ Sem /
\ (i

Now AEC is the required inscribed equilateral i
triangle of the given circle.




EXERCISE: 29.2

1.  Construct the A ABC and draw its circumcircle in each case.
(i) mAB=5.5cm, mAC = 6em and msZA =50°
(ii) mAB = 6¢m, mBC = 4.5cm and mAC = Sem
2.  Construct the APQR and draw its incircle in each case
(i) mPQ = 5cm, mQR = 6.5cm and mRP =5.5cm
(ii) mPQ = 6em, mZP = 60 and m2Q = 50°
3. Construct the AXYZ and draw its escribed circle opposite to £ Y in each case.
(i) mXY =4.5cm, mYZ=Scmand m2Y =30°
(i) mXY =5.5cm, mYZ = 6cm and mXZ = 2.5cm
4.  Draw a circle of radius 3.5cm with centre at point O and circumscribe an equilateral
triangle about this circle.
5.  Draw an equilateral triangle inscribed in A PQR where
mPQ = 4.5cm, mfﬁ = 5.5¢cm and mPR = 8cm.
6.  Draw an inscribed equilateral triangle of a circle with radius 3.8cm with centre O.

29.2(vii): Circumscribe a square about a given circle,

Before going to circumscribe or inscribe a square or hexagon or any other polygon
about or in the given circle respectively. We must know the following theorem regarding
regular pelygons attached to the circles.

If the circumference of a circle be divided into n equal arcs then

(i) the points of division are the vertices of a regular n-gon inscribed in the circle.
(ii) the tangents drawn to the circle at these points will be the sides of a regular n-gon
circumscribing about the circle.

It means if we have to circumscribe or inscribe a square, regular pentagon, regular
hexagon etc with a given circle then we have to divide the given circle into four, five, six etc
equal parts respectively.

Let us learn how to circumscribe a square about a given circle with the help of the
following example.

Example: Circumscribe a square about a circle whose - A

radius is 3.5em and centre at point O. -— . |R >
Given: A circle with radius 3.5cm and centre at point O. ~r | _ I
Required: To construct a square which circumscribes the |/ i A § '
given circle. ol | b
Step of construction: “f' , — 1_ I | |!Ei

(i) With point O as centre, draw a circle of radius | Eew' 0 owm

3.5cm. I\ | f

: . — \ LRSS 11

(if) Draw a diameter AB. b, ‘ ‘

(11i) Draw another diameter CD which is perpendicular = it > = TQ =

v

TOE. ]




(iv) Draw tangents at points A,B,C and D.
(v) These tangents intersect each other at point P,Q,R and S.
Now PQRS is the required square which circumseribes about the given circle.
Let us learn how to inscribe a square in a given circle with the help of the following
example.
Example: Construct a square inscribed in the circle whose radius is 3cm and centre at point C.
Given: A circle with radius 3cm and centre at C. D e

Required: To construct a square inscribed in the given circle. = D
Step of construction: _ & '
(1) With C as centre , draw a circle of radius 3em i R ¥ .'|
(ii) Draw a diameter PR \ ;-.'l ‘
(i)  Draw a diameter QS which is perpendicular to PR = .;‘ " .-'II
(iv)  Given circle has been divided into four equal parts at % | .
point P,Q.R and S A Q

(v)  Draw PQ, QR, RS and SP. Now PQRS is the required )
inscribed square in the given circle.
29.2(viii) circumscribe a regular hexagon about a given circle:
The method of circumscribing a regular hexagon about a given circle is explained with
the help of the following example.
Example: Circumscribe a regular hexagon about a circle of radius 4cm with centre at point O,
Given: A circle of radius 4cm with centre at point O
Required: To construct a regular hexagon which circumscribes the given circle.
Steps of construction: u
(i) With O as centre draw a cirele of radius 4cm 20 2B A
(11)  Take any point A on the circle. ' :
(1ii)  Starting with A and radius equal to mOA draw arcs .
to divide given circle in six equal parts with points of " |
division are A.B.C.D.E and F l i 2
(iv)  Draw tangents at these points of division \
(v) These tangents intersect each other at points F
P.Q.R,S.T and U )
Now POQRSTU is the required regular hexagon Y
circumscribing the given circle.
29.2 (ix) Inscribe a regular hexagon in a given circle:
The method of inscribing a regular hexagon is explained with the help of the following
example.
Example: Construct a regular hexagon inscribed in a circle of radius 4.5 cm and centre at point
0.
Given: A circle of radius 4.5¢m and with centre at point O.
Required: To construct a regular hexagon which inscribes the given circle.




Steps of construction: Ple————oR

B e
(i) With centre at point O, draw a circle of radius Lhem :
4.5cm 2N B\
(il)  Take any point A on the circle. ! & ™ w"-I
(iii)  Starting with point A and radius equal to mAQ i . d8%m A
or 4.5¢cm draw arcs to divide the given circle in DL' s 0 |
six equal parts at points A ,B, C. D, E and F \ ?ﬁ ,:f? .-'I
(iv) Draw AB, BC, CD, DE, EF and AF
Now ABCDEF is the required regular hexagon x h_‘*ﬂl" ) 'E"

which is inscribed in the given circle.

Inscribe a square in a circle of radius 3.6 cm with centre at pomt
Circumscribe a regular hexagon about a circle of radius 4. 8 tre at point O.
Inscribe a regular hexagon in a circle of radius 4.4 cm with c point C
Inscribe a regular pentagon in a circle of radius 4.3 cm cen ¥ 0
(Hint: Draw five congruent angles at centre) %
29.3 Tangents to a circle

Recall that tangent to a circle is a line which touches the circle at a single point.
Tangent and radial segment of a circle are always perpendicular to each other at the point of
contact
29.3 (i) Draw a tangent to a given arc without wsing the centre through a given point P
when P is

EXERCISE 29.3
Circumscribe a square about a circle of radius 4.2 cm and with ¢ m int C
cen

AU e

ZN

e The middle point of the arc

o At the end of the arc,

e  Quiside the arc
Casel. When P is the middle point of the arc

The method of drawing tangent to a given arc without using the centre through a point
P which is middle point of the arc , is explained with the help of the following example.
Example: Take an are AB. Draw tangent to the arc AB through the middle point P of AB
without using centre. M
Given: Point P is the mid-point of AB 1
Required: To draw a tangent through P without !
using centre

4 C I* ]
Step of construction: - T4 .
(i) Take an arc AB 1 : 3
(11) Draw the chord AB
“—r ——
(iii) Draw the right bisector XY of AB which cuts the arc at point P.
> —>
(iv) At point P, draw a perpendicular CD on XY 1
—>r

Thus CD is the required tangent ;"-




Case2. When P is at the end of the are

The method of drawing tangent to an arc without using centre through an end point P of
the arc is explained with the help of the following example
Example: Take an arc PAB

Draw a tangent to the PAB through its end-point P without using centre.

Given: Point P is the end point of PAB .
Required: To draw a tangent to PAB at the end point P without i L

using centre.
Steps of Construction:
(i) Drawa PAB with radius and centre of your choice
(ii) Draw chord AP
(iii) Draw a perpendicular }5(}011 PAat point A which cuts the
given arc at point Q. .
(iv) Draw PQ which is the diameter of the arc

-
Kl
e

(v) At point P draw a perpendicular CB on P_Q

Now CTf) is the required tangent.
Case 3. When P is outside the arc

The method of drawing tangent to an arc through point P which is outside the arc
without using centre is explained with the help of the following example.
Example: Take an arc AB .

Draw a tangent to the arc AB through point P which is 2

outside the arc without using centre

Given: A point P outside an arc Xé - f }l"'-
Required: To draw a tangent to the AB from the point P
without using centre ! —;:_1'!*\ :
Steps of Construction: i | M
(i) Draw an arc AB of your choice A 4 i
(i) Take a point P outside the AB |
(iii) Draw AP which cuts the given arc at point C. [
(iv) Draw the right bisector ST of AP which cuts AP at :-
point O. |
(v) ~With O as centre and radius equal to mAO or nOP . ‘Il

draw a semi-circle

—> ==
(vi) Draw a perpendicular CF on AP at point C which cuts the semi-circle at point D.

(vii) With P as centre and radius equal to mPD. draw an arc which cuts AB at point Q.
—>
(viii) Draw PQ

_’ - .
Now PQ is the required tangent.




29.3 (ii) Draw a tangent to a given cirele from a point P, when P lies

¢ On the circumference

e Qutside the circle
Casel. When point P is on the circumference

The method of drawing a tangent to a given circle from a point P when P lies on the

circumference is explained with the help of the following example.
Example: Draw a circle of radius 3.4cm with centre at O. i
Draw tangent to the circle at a point P of its circumference. Sy
Given: A circle of radius 3.4cm with centre at point O and a »
point P on it circumference
Required: To draw a tangent to the circle at point P,

Steps of Construction: N }
(i)  With point O as centre, draw a circle of radius 3.4cm \ O 3dcm |
(ii) Take a point P on its circumference "'-\
(iii) Draw OP iy .. p J ,, + 1l
(iv) At point P, draw a perpendicular AB on OP — v

“—»

Now AB is the required tangent.
Case2. When point P is outside the circle
The method of drawing a tangent to a given circle from a point P which lies
outside the circle is explained with the help of the following example.
Example: Draw a circle of radius 3cm with centre O. Draw a tangent to the circle from a point
P outside the circle.
Given: A circle with centre O and radius of 3cm. Also a point P outside the circle
Required: To draw a tangent to the circle from point P outside it
Steps of Construction: ) -
(1)  With O as centre, draw a circle of radius 3cm -4
(i) Take point P outside the circle
(i11) Draw OP | %em
—> —
(iv) Draw the right bisector XY of OP which cuts it at point A.
(v) With A as centre and radius equal tomAO, draw a semi- —
circle which cuts the given circle at point Q ‘
—
(vi) Draw PQ

<oy
Now PQ is the required tangent
29.3 (iii) Draw two tangents to a circle meeting each other at a given angle;

— -
Consider a circle with centre O. PS and PT are two tangents to
the circle where ZP is the angle between the tangents.

—
Here mZPSO=90°( OS L PS)

and mZ PTO=90° ( OT L PT)
Now, in quadrilateral PSOT =

5
-




ms P+ms PSO+ms/ 0+ msPTO=36(F
mZP+90° + ms/O-+90° =36(° i.e,
= mZP+ms0 =180°

= |ms0=180°— m/P]|
i.e. the central angle of circle joining the points of contact is supplement of the angle
between the tangents
Using this fact, we will draw two tangents to a circle meeting each other at a given
angle. The method is explained with the help of the following example.
Example: Draw two tangents to a circle of radius 3.6cm and centre at point O meeting each
other at angle of measure 60°
Given: A circle with centre O and radius of 3.6cm

—— b

whereas angle between the tangents is 60° f RN
Required: To draw two tangents to the given J H-?‘ ; 0
circle meeting each other at angle of 60° I 3% .
Steps of Construction: \ %ﬂi sl
(1)  With centre O, draw a circle of radius 3.6cm (mT L
(ii) Take a point A on the circle and join it with O N
(iii) Draw ZAOC of 1207 (i.e 180°—60°=120°) .

such that O_C)‘ cuts the given circle at point B
(iv) Draw perpendicular E}}J on @ at point A,
(v) Draw perpendicular BE on OB at point B.
(vi) Both ATj and _i;])i intersect each other at point P
Thus AP and BP are the required tangents such that m/P=60°
”% VEXERCISE 29.4
1. Take a minor arc PQ/Dsaw gent to PQ through its midpoint A without using centre.

2. Take a major arc. QR Draw a tangent to PQR through its endpoint Q without using
centre. » .

3. Takea mmX‘Y Draw a tangent to XY through point Z which is outside arc without
using cenire

4. Dra\ixilmb of radius 2.9cm with centre C. Draw a tangent to the circle from a point P of

[N
<}fw a circle of radius 3.2em with centre P. Draw tangent to the circle from a point Q

whm‘h is at a distance of 8cm from P.

6. Draw two tangents to a circle of radius 3.3cm with centre C meeting each other at an angle

of measure (i) 50° (ii) 63°

29.3(iv) Draw
¢ Direct common tangents or external tangents.
o Transverse common tangents or internal tangents to two equal circles.
(a) Drawing of direct common tangents or external tangents to two equal circles




Direct Common Tangent:

A common tangent is called direct common
tangent or external tangent to two circles if it does not
intersect the line segment joining the centres of the
two given circles.

H "
In the figure, PQ is a direct common tangent
to two circles with centres at A and B.

cle nd | :
Note thatPQ does not intersect AB. The method of drawing direct common tangents to two

equal circles is explained by the following example.

Example: Draw two direct common tangents to two equal circles with centres at points A and

B and having radius 3cm each such that mAB = 8cm

Given: Two equal circles of radius 3cm each and centres at points A and B such that

mAB = 8cm

Required: To draw two direct common
tangents to the given circles

Steps of Construction:

(i) Draw AB of 8cm {
(i) Draw two equal circles, each of radius I_
3cm at points A and B. \

(iii) Draw perpendicular €D on ABat point
A which cuts the circle at points P and S
(iv) Draw perpendicular EF on ABat point
B which cuts the other circle at points Q and T

— —
(v} Draw PQ and ST

a— &

S | M T
|

> «—>
Now PQ and ST are the required direct common tangents to the given circles.

(b) Drawing of transverse common tangents or internal tangents to two equal circles

Transverse Common Tangent:

A common tangent is called transverse common tangent or internal tangent to two
circles if it intersects the line segment joining the centres of the two given circles.

=¥
In the figure, PQ is a transverse common tangent to two given circles with centres A and B.

= —
Note that PQ intersects AB. The method of drawing transverse common tangents to two

equal circles is explained with the help of the following example.

l i e




Example: Draw two transverse common tangents to two equal circles each of radius 2.8em

with centres at points A and B whereas mAB = 7.8cm
Method 1

Given:

Two circles each of radius 2.8cm with = 4 ! '
centres at A and B where mAB=7.8cm =" " '. prtl
Required: \f [ o

To draw two transverse common , [/ A T

‘ tan‘gents to l!1e given circles | T ',k"hfm.,l" ok
Steps of Construction: A LA | Ry
(i) Draw AB of 7.8cm _," l‘ﬁ‘-.-"t
(i) At points A and B , draw two 4 = A
circles each of radius 2.8cm s .' ! =
T L3
(iiiy Draw the right bisector of AB e k'™

which meets it at point O.
(iv)  Draw a right bisector of OB meeting it at point P
(v) With P as centre and radius equal to mOP , draw a circle which cuts the circle of
centre B at points T and Y.
(vi)  Draw BT and BY
(vii) Draw AZ BY and AS BT using set squares.
3 o
(viii) Draw ST and YZ.
«— > \
Now ST and YZ are the required transverse common tangents.
Method-2
Given: Two circles each of radius 2,8cm with centres at A and B such that mAB = 7.8cm
Required: To draw two transverse common tangents to the given circles
Steps of Construction: ’
(i) Draw AB of 7.8cm. i
(ii) At points A and B, draw two circles :
each of radius 2.8cm.
(ii1) Bisect ABat O and draw a circle of ) S
radius equal to mAO with centre O.
(iv) With B as centre and radius equal to "4 NG
5.6¢cm (double of 2.8cm), draw a circle : :
which cuts the previous circle of centre -
O at points L and M.
(v) Draw BL and BM which cut the
smaller circle with centre B at points T and Y respectively.

-
-

(vi) Draw AS BT and AZ BY by using set squares.




(vii) Draw (S_J[' and ﬁ

—> —
Now ST and YZ are the required transverse common tangents.,
29.3(v) Draw
e Direct common tangents or external tangents.

e Transverse common tangents or internal tangents te two unequal circles,

(a) Drawing of direct common tangents or external tangents to two unequal circles.

Following example is suitable for learning the method of drawing direct common tangents

to two unequal circles

Example: Draw direct common tangents to the given circles of radius 3.4cm and 2. lem, where

distance between their centres is 7.5 cm.
Method 1

Given: Two circles with centres A and B having radii 3.4 cm and 2.1 cm respectively such that

mAB="7.5¢cm
Required: To draw direct common tangents to the given circles.
Steps of Construction:

(1) Draw AB of 7.5em

(1) With centres A and B , draw two

circles of radii 3.4 c¢m and 2.lcm

respectively. =
(i) Bisect AB at point O and draw a ! . '

circle of radius equal to mAO with i '_:f_,ﬂ O 0kem | | tem|

centre O. | " . |
(iv) With centre A of larger circle, draw a w

circle of radius 1.3cm ; =N

(i.e.3.4-2.1=1.3) which cuts the =

previous circle at points C and D.
(v) Draw AC and produce it to intersect ‘
the given concentric circle at point Q
(vi) Draw ADand produce it to intersect the given concentric circle at point T
(vii) Draw BPllAQ and BSIIAT by using set squares
(viii) Draw Fa and (S—’l*

> > ) )
Now PQ and ST are the required direct common tangents.

Method 2 . .
Given: Two circles with centres, A and B and = -
having radii 3.4cm and 2.1 cm respectively such .‘_gff"f : -r';
that n-rAB:'?.Scm ‘ U Bl
Required: To draw direct common tangents to b -

the given circles.

Ll



Steps of Construction:

(i) Draw AB of 7.5¢m.
(ii) Draw circles of radii 3.4cm and 2.1cm at points A and B respectively.

(111) Take a point C on circle with centre A and draw AC.
(iv) Draw BD | AC using set squares.

(v) Draw CD and produce it beyond D.
(vi) Produce AB to intersect CD at point M.

(vii) With M as centre and radius equal tomMB, draw an arc which cuts the eircle of centre
B at points P and Q.

(viii) Draw MP and produce it to meet other circle at S.
(ix) Draw MQ and produce it to meet the other circle at point T.

—» —» . . A .
Now SP and TQ are the required direct common tangents to the given circles.

(b) Drawing of transverse common tangents or internal tangents to two unequal
circles.
We explain the method of drawing transverse common tangents to two unequal circles
by the following example.
Example: Draw the transverse common tangents
to two circles with centres A and B, also having

radii 3.lcm and 1.9cm such that the distance R e

between their centres is 7.6cm ' b 3
Given: Two circles with centres A and B having ] % ™

radii _3.]@11 and 1.9cm respectively and | | 1 .Iiﬂ'_— (T
mAB =7.6¢cm , e

Required: To draw transyerse common tangents \ Ty

to two given circles. o o
Steps of Construction: \ ¥ e

(i) Draw AB of 7.6cm.

(i) Draw e¢ircles of radii 3.1em and 1.9cm at
points A and B respectively.

(iii) Bisect AB at point O and draw a circle of radius equal to mOA with centre O.

(ty) With centre A (centre of bigger circle) and radius of 5 em (i.e.3.1lem+1.9em=5cm),
draw a circle which cuts the previous circle at points P and Q.

(v) Draw AP which cuts the given larger circle at point S.

(vi) Draw A—Q which cuts the given larger circle at point L.
(vii) Draw @ Eandﬁ AP .

(vili) Draw ST and LM

Now ST and LM are the required transverse common tangents.




29.3(vi) Draw a tangent to
¢  Two unequal touching circles
e Two unequal intersecting circles
(a) Drawing of a tangent to two unequal touching circles
There are two cases
Case 1: when circles touch internally.
The method is explained by the following example
Example: Draw a tangent to two unequal circles of radii
3cem and 2em with centres A and B respectively whereas
circles touch internally.
Given: Two circles with centres A and B having
radii 3cm and 2cm respectively which touch
internally.
Required: To draw a tangent to these two circles
Steps of Construction:
(1)  With centre at point A, draw larger circle of
radius 3cm

(i1) Take any point P on the circle and draw AP

(iii) Take a point B on AP at a distance of 2em from
point P

(1v) With B as centre and radius of 2cm draw a eircle which touches the larger circle at
point P

(v) Draw a perpendicular ST on AP at point of contact P

Now ST is the required tangent.
Case 2: When circles touch externally.
The method is explained in the following example
Example: Draw a tangent to two unequal circles of radii 3.5cm and 2.2cm with centres A and
B respectively whereas both circles touch
each other externally. : I i
Given: Two circles of radii 3.5cm and 2.2cm ‘
with centres at A and B whereas circles touch
each other externally.
Steps of Construction:

(1) ~With centre A, draw a circle of radius 1 = "f =
3.5cm.

(ii) Take a point P on the circle.

(iii) Draw AP and produce it to point B by

such that mPB=2.2cm 2
(iv) With P as centre and radius of 2.2cm, draw a circle which touches first circle at point P
> —
(v) Draw a perpendicular ST on AP at point of contact P

H - .
Now ST is the required tangent.




(b) Drawing of a tangent to two unequal intersecting circles.
The method is explained with the help of the following example

Example: Draw a tangent to two unequal interesting - 1
circles of radii 4cm and 2cm with centres A and B — "“‘_P__
respectively such that mAB=5.5cm ods T
Given: Two unequal intersecting circles of radii 4cm | = 2 | -'--U\
and 2cm with centre A and B respectively such that | “rm, W
=2 = | |
mAB=5.5cm I | “J. o7 .f .
Required: To draw a tangent to both the circles ‘ VR W ;'-. :
Steps of Construction: i D Y
(i) Draw AB of 5.5cm. g
(i1) Draw circles of radii 4cm and 2ecm with centres ——
A and B respectively. "
(iii) With centre A (centre of larger circle), draw a circle of radius 2cm(4cm -2cm = 2cm)
(iv) Bisect AB at point O. With O as centre and radius equal to mAO , draw a circle which
cuts the smaller circle of centre A at point C and D.
(v) Draw AC and produce it to meet the larger concentric circle of centre A at point P.
(vi) Draw BQIl AP using set squares.

(vii) Draw E’_}Q

L]

>
Now PQ is the required tangent.
29.3(vii)

Draw a circle which toughes

Both the arms of a given angle

Two converging lines and passing through a given point between them
Three converging lines

(a) Drawing a circle which touches both the arms of a given angle.

We explain the method of drawing a circle which touches both the arms of given angle
in the following example

Example: Draw a circle which touches both the arms of an angle ABC of measure 30°

Given: An angle ABC of measure 307
Required: To draw a circle which touches both the

arms of the angle. e —
Steps of Construction: _ & o
(i) Drawan ZABC of 30’ e Y. V./ -
(i1) Draw the internal bisector B_ﬁ of ZABC # "
(iii) Take any point P on BD o ;o
(iv) From point P, draw a prependiculer PQ on BA which cuts it at point E
(v) With P as centre and radius equal to mPE . draw a circle which touches ﬁ and g’C

This circle is the required circle.




(b) Drawing a circle which touches two converging lines and passing through a given
point between them. o

e

Converging Lines:
Two or more lines which get closer and s
closer to each other and finally meet at a point, are
said to be converging lines, In the adjacent figure,
two lines AB and CD are converging lines and .
they finally meet at a point P. 3
Example: Draw a circle which passes through a point P between the converging lines
AB and CD and touch both the lines.

e

Given: Two converging lines AB and CD. e
And a point P between them % : o
Required: To draw a circle which passes e ) "
through»pmr![ P and touches both the given * e o= QR
converging lines. | T } i Rne ”
Steps of Construction: ANEAA ¢ 7=

(i) Draw two converging lines AB and = T s _— i = ""*F

CD which meet at point E.

(i) Take any point P between tﬁse lines.
(111) Draw the internal bise_)ctor EF of ZE.
(iv) Take any point G onEF .
4 . . _-_-> —4 # - -
(v) From point G, draw a perpendicular GL on EC meeting it at point M
(vi) With G as centre and radius equal to mGM ., draw a circle which touches both the
converging lines.
(vil) Draw EP which cuts this circle at point N.
(viii) Draw NG . Also drawPQIING .
(ix) PQ cuts EF at point O.
(x) With O a centre and radius equal to mOP, draw a circle which passes through P and
touches the twoe converging lines.
This is the required circle.
(¢c)Drawing acircle which touches three converging lines
Drawing a circle which touches three converging lines in a plane is not possible.
However, it is possible in space which is beyond the scope of this book.

& EXERCISE 29.5

1. Draw two equal circles each of radius 3.3cm with centres at points A and B such that
mAB = 7.8cm.
(a) Draw direct common tangents to these circles.
(b) Draw transverse common tangents to these circles.




2 Draw two unequal circles of radii 3.3cm and 2. lem with centres, A and B respectively

such that mAB=8cm.
(a) Draw direct common tangents to these circles.
(b) Draw transverse common tangents to these circles.
3. Draw a tangent to two unequal circles of radii 3.8cm and 2.2em with centres A and B
respectively whereas
(i) circle touch internally
(i)  circles touch externally
(iii)  circles intersect each other and mAB=5.6cm.
4. Draw a circle which touches both the arms of an angle of measure
()  35° (i) 40°
Draw a circle which passes through a point M which lies between two converging lines
PQ and ST such that the circle also touches both the lines.

:JI

REVIEW EXERCISE 29
Tick the correct option

(i) Right bisectors of non-parallel intersect at the centre of the circle.
(a) Radial segments (b) Chords  (c¢) Tangents (d) none of these
(i) circles can pass through a,sing'l'e,poim.
(a) One (b) Two (c) Three (d) Infinite
(ii1) circles can pass through three non-collinear points.
(a) One (b) Two (c) Three (d) Infinite
(iv) angles of regular polygon are equal in measure.
(a) Interior  (b) Exterior . (c) both a and b (d) none of these
(v) Each interior angle of regular hexagon is equal to
(a) 90° (b) 108° (c) 120° (d) 135°
(vi)A circle which touches all the sides of triangle is called .
(a) circumcircle. (b) incircle  (c¢) excircle  (d) tricircle
(vil) A circle which touches one side of triangle externally and two produced sides internally
is called -
(a) excircle (b) circumcircle (c) incircle  (d) tricircle
(viii) The centre of inscribed circle is called
(a) excentre (b) incentre  (c) centroid (d) orthocentre
(ix)Right bisectors of sides of a triangle intersect each other at
(a) incentre  (b) excentre  (c) centroid (d) circumcentre
(x) The point of intersection of internal bisectors of angles of a triangle is called
(a) excentre  (b) circum centre (¢) centroid  (d) incentre

(xi)If a regular hexagon is inscribed in a circle then length of each side of hexagon
radius of the circle
(a) < (b) > (c)= (d) <
(xii) Angle between tangent and radial segment at the point of contactis ~ angle
(a) right (b) obtuse (c) acute (d) reflex




(xiii) The central angle of circle joining the points of contact of tangents is of
the angle between the tangents

(a) complement (b) supplement (c) square  (d) cube
(xiv) common tangents do not intersect the line segment joining the centres of
the circle
(a) internal (b) transverse (c) direct (d) vertical
(xv) Direct common tangents of two equal circles are
(a) intersecting (b) coincident (c) equal (d) parallel
(xvi) common tangents of two equal circles intersect at the midpoint of the
line segment joining the centres of the circles
(a) direct (b) transverse (c) external  (d) parallel

(xvii)If two circles of radii Sem and 2em touch each other externally then the distance
between their centers is
(a) Scm (b) 10em (¢c) 3cm (d) 7em
(xviii) If two circles of radii S5em and 2cm touch each other internally then the distance
between their centres is

(a) Scm (b) 10ecm (c) 3cm (d) 7em
(xix) Two or more converging lines always intersect each ether at
(a) single point (b) two points
(c) more than one point (d) none of these
(xx) Three or more sided closed figure is called
(a) pentagon (b) hexagon (c) heptagon (d) polygon
SUMMARY

~ Centre of a circle can be located by drawing the right bisectors of two non-parallel chords
which meet each other at the centre.

~  From three non-collinear points, a unique circle can be drawn.

~ A circle can be completed without finding the centre when an arc is given with the help
of regular polygon.

~ Circumcircle always passes through all the vertices of a polygon.
Incircle of a triangle always touches all the sides of the triangle.

~ Excircle of a triangle touches one side of a triangle externally and two produced sides
internally.

» Three excircles of a triangle can be constructed.

~ Tangent is a line which touches circle at a single point

~ Secant always cuts the circle at two points.

~ Tangent to a circle is always perpendicular to the radial segment at the point of contact.

~ Only one tangent can be drawn to a circle from a point of its circumference.

~ Only two tangents to a circle can be drawn from a point outside the circle.

~ The central angle of a circle joining the points of contact is supplement of the angle
between the tangents.

~ If a line 1s tangent to more than one circle, it is called common tangent.




v

Direct common tangents do not intersect the line segment joining the centres of the two
given circles. |
Transyerse common tangents always intersect the line segment joining the centres of the

two given circles.

If two circles touch each other externally then the distance between their centers is the

sum of their radii.

If two circles touch each other internally then the distance between their centers is equal
to the difference of their radii.
Converging lines get closer and closer to each other and finally meet at a poi
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TRIGONOMETRY

» Weightage = 10%

Students Learning Qutcomes (SLOs)

After completing this unit, students will be able to: b
~  Measure an angle in sexagesimal system (degrees, minutes and seconds).
~ Convert an angle given in D' M’ S” form into decimal form (upto two decimal places) and vice- versa.

~  Define a radian (measure of an angle in circular system) and prove the relationship between radian and degree
measures

~ Establish the rule / = r@, where r is the radius of the circle, / the length of the circular arc and & is the
central angle measured in radians,

~  Prove that the area of the sector of a circle is %:’30 or —l;' ]
~  Define and identify: 3
<+ General angle (coterminal angles)
4 Angle in standard position.
~ Recognize quadrants and quadrantal angles.
~ Define trigonometric ratios and their reciprocalswith the help of a unit circle.
~ Recall the values of the trigonometric ratios ford5°. 30°. 60°,
~ Recognize signs of trigonometric ratios in different quadrants.
~  TFind the values of remaining trigonometric ratios ifone trigonometric ratio is given.

~ Caleulate the values of trigonometric ratios for0 90°, 180% 270, 360",
~  Prove the trigonometric identities and apply them to showdifferent trigonometric relations.

~  Find angles of elevation and depression.
|~ Solve real life problems involving angles ofelevation and depression,




Introduction:

The word trigonometry has been derived from Greek word, “tri”(Three), gono (angles)
and “metron” (measurement). Literally, trigonometry means measurement of the triangle. This
branch of mathematics was developed by Greeks in 330 B.C. It deals with solution of triangle.
It has vast application in Physics, navigation astronomy surveying etc.

30.1 Measurement of an Angle:

An angle is defined as union of two rays which have a common point (called vertex),
one of the rays is called “initial side™ and other is called “terminal side”.

Measuring of angle depends upon the direction of the rotation from the initial side to
the terminal side. Angle measured in the anti clock-wise direction is taken to be “positive
angle” as shown in figure (a) and angle measured in the clock-wise direction is to be negative
angle, as shown in figure (b).

Note: The rays are also called arms of the angle and their common end point is also known as
vertex of the angle.
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An angle is said to be in standard position if its initial side is on the positive of x-axis
and its vertex is at origin,
30.1.(i) Measure an angle in Sexagesimal system (Degrees, minutes and seconds)

If the initial ray (arm) 6;& completes one rotation in anticlock-wise direction, then the
angle formed is said 1o be 360 degree or 36(°. Hence, the circumference of a circle is divided
into 360 equal arcs. The angle subtended at the centre of the circle by such an arc is called one
degree and is denoted by 1°. Each degree is divided into 60 equal parts, each part is called 1
minute is denoted as 1". Furthermore, each minute is divided into further 60 parts and each part
is 1 second and is denoted by 1”. Hence | minute is the 60™ part of | degree and | second is
360°™ part of | degree. The system in which angle measures in degree, minutes and seconds is
called sexagesimal system.

I
Thus one degree is defined as the measure ﬁth of a complete rotation and it is denoted by

1°. it is further sub-divided as under




1° = 60 minutes = 60/

1= 60 seconds =60"

e.g, 30 degrees, 20 minutes and 10 seconds are written symbolically as 30°20/ 10"
30.1.(ii) Convert an angle given in D° M' S’ into decimal form (up to two decimal places)
and vice versa
In this section we convert minutes and seconds into degrees by dividing minute with 60 and
second with 3600. After simplifying we get required decimal form.
Example 1

Convert 30° 30’ 10" into degrees and write in decimal form.

Solution:
Since T =[i]
60 / i
()2
60) \2
and 1= {L}
3600 ) U
10r {ﬂ} _ [L]
3600 360 .
10y 1 1
30°30'10 =(30+—+—J
2 360
=[30+0.5+0.003]
=30.503°
=30.50° (round off upto two decimal places)
Example 2
Convert 12.51° into D° M' §" form.
Selution:
12.51°=12°+(0.51)°
=12°+(0.51x 60) ( 1°=60)
=12°+(30.6)
=12°+30 +(0.6)
=12°30" +(0.6x 60)" ( 1T=60)
=12°30'36"

30.1.(iii) Define a radian (measure of an angle in circular system) and prove the
relationship between radian and degree measures.
Radian is another unit to measure an angle which is equal to ratio of arc length to the

radius of the circle. i.e., 6 =—, where 0 is central angle in radians, / is the arc length and r is
#




the radius of the circle. The system where angle is measured in radian is called circular system.
Thus, the angle measure in circular system is said to be of 1 radian if it is subtended by an arc
equal to radius of circle. (as shown in figure 30.1).

! i
we have 0 =—,
”

when /=r _H‘."’
AR
then E):i "j-.ﬂ "-!|
/ . 0 .

For a complete rotation the arc length is the circumference

of the circle i.e., / =2mr
Now,

0= Fig: 30.1

!
¥
o2
=

Hence for a complete rotation, the angle measured in radians is 2.
Relationship between degree and radian

We know that, for a complete rotation the angle measured in degree is 360°, and angle
measured in radians is 2w .

Therefore
360° = 2xt radians
= 180° = 7t radians
1%= I[[) radians = 0.01745 radians
or, | radians = (@] = 57.3°
T

Some standard angles in degrees and radians are as under

degree 30° 45° 60° 90° 180° | 270° | 360°

, = | =2 |z | =
radian 6 4 3 7 3

Example 1
Convert the following into radian measure,

(a) 1200 (b) 10°30"  (¢) 24°32°3(0/

Solution (a):
we know that




10

T radians
180

120° =120x o radians
180

= 120° = 2?:1* radians

Solution (b):
we know that

%)
60
-{5) )
60) (2
oxr (10.30Y (a1 _(21)
Now 10930 _(104»%] _[.107) _[?)

21

= W radians t ln=iradians)
2 180

Tz :
=— radians
120

Solution (¢): 24°32 30

) u ; ;
=24°+(3—‘]+[ﬂ] |’=[i] and 1":[#]
60 ) "\ 3600 60 3600
=[24+£+ il ]:[24+E+L]
60 " 3600 15 120
_[24><120+64+1J”

120
2945 .
=[ 45) l"‘:‘irad:anJ
120 180
( 2945 ) _2045 ™ e
Now 120 120 " 180 '
589 .
=—— mradians
4320

5
S0,24°32'30" =— L

w radians




EXERCISE 30.1

1. Convert the following into degree, and write in decimal form.

(1) 320 15 (1) 10° 30 (i) 8% 15" 30"

(iv) 45°21'36" (v) 25°30 (vi) 186" 21"
2. Convert the following angles into D° M' S” form.

() 3225 (i)  47.36° (i)  57.325°

(iv) —67.58° (v) 225° (vi)  225.60°

3. Express the following angles into degree measures.

(i) %radians (i) %radians (iif) %I radians

(iv) 3 radian ) —radisns () 45w
I8

4. Convert the following angles to radian measures.
(1) 30° (1)  45° (i) 60°

(iv) [22%} (v) -225° (Vi) 60° 35 48"

30.2 Sector of a circle:
Definitions:
(i) A part of the circumference of a circle is called an arc.
(ii) A part of the circle bounded by the two radii and an arc is called sector of the circle.
The following figures help to understand the above mentioned definitions.

P S P o .
-".r "\‘ b
. \
e ) ( & |
l.\ .| lI ] i II
I U [ ()
Fig: 30.2 (i) Fig: 30.2 (if)

In fig: 30.2 (1) PQ ia an arc and in fig: 30.2 (i1) POQ is a sector.
30.2.(i)Establish the rule /= r 9, where r is the radius of the circle, / the length of the
circular arc and 0 is the central angle measured in radian.

In a circle of radius r, the arc length / is directly proportional to the central angle 0
measured in radians. (as shown in figure 30.3).
le, [0
= [=cO (1)




For complete rotation A
[=2nr 1
and  0=2n r,f-" o
By using equation (i), we have, =} As I'
2nr = ¢(2n) v _||1. | ',r'g"' .
= c=r "“-.___ = 5

so equation (i) becomes /= 0.
Note: (i) / and r are measured in same units
(11) © 1s measured in radian

"
Fig: 30.3
Example 1: Find the length of an arc of a circle of radius Scm which subtends an angle of 2z

radian.
Solution: Given that

r=5cm, 0= 2?” radian and /=7

Since, /=r0
f:sz—ﬂ
5
iy =2z 2[%]z6.28{:m.

Example 2:
How far does a boy on a bicycle travel in 10 revolutions if the diameters of the wheels
of his bicycle each equal to S6¢m?
Solution:
We know that
one revolution = 27 radian
2 10 revolutions = 207 radians
1.e. 0 = 20m radian
also, diameter of the wheel, d = 56cm

g

= :&cm: 36 m (" Im=100cm)
2 2% 100
i=r0
[= 36 % 201t
2x100
a 8)
= - (- nz )
2x100 7 7
=% f=17.6m.

Thus, the boy travels 17.6m in 10 revolutions.




Example 3:

Find r, when/ = 4cm and 0 :% radians

Solution: Given that:

[ =4cm

0=l radians
4

and r=?

[=r0
!

r=—
0

5 ,.:[4+lJ: #1665,
4 1

) 3 o = = |
30.2.(ii) Prove that the area of the sector of a circle is 5 r’8 or ;ir.

Proof:

Consider a circle of radius r with centre O, AB is an arc
which subtends an angle 6 radians at the centre as shown in the
figure 30.4.

We know that
Area of circle =’
Angle of one revolution = 2x radian

Angle of the sector =0 radian

Then by elementary geometry, using law of proportion, we have

area of sector AOB  angle of sector Fig: 30.4
area of a circle angle of a circle
Area of sector AOB 0
o 2:r:1
& Xe
= Area of sector AOB = il
2n
= Area of sector AOB = %r:ﬂ
or Area of sector AOB = % Oy
1
—  Area of sector AOB = Erl ( M=)

Hence proved.




Example 1:

Find the area of sector of a circle of radius Sem with central angle of 60°.
Solution: Given that:

r=5cm

0=60°=60 X ]= Eraclians
180 3

and area of sector="?

Area of sector = %rﬂe

Area of sector = %( 5]1 % %
=3 Area of sector = lx 25 % 22 o E
2 Tx3

= Area of sector=13.09cm’
Example 2:
Find the area of sector whose radius is 4cm, with central angle of 12 radians.

Solution: Given that:

r=4cm

6 =12 radian

and Area of sector =7
area of sector = %r'lﬁ

area of sector = %( 4_)2 %12

= area of sector = 16x 6 = 96cm”

% EXERCISE 30.2
1. Find0, if %%

(i) = 2@6131 ﬂ,qd r=5cm (i)  /=30.2cm and r=2cm
(i) /= d »=2.87cm (iv) !=4.5¢cm and r=2.5cm
2. Find I,d{ \/33"

(1) _r=10lem  and  6=2.1 radian
5 lem and 0 =2 radian
LD r=6cm and  0=30°

(w) =15cm and 0 =60° 30
3. Findr, if
(1) 0=60and /=2m (i) O=35radiansand /= %m

(iii) Bzimdiaﬂs and /=4cm (iv) 0=I180° and /=154cm




4. Find the arc length of a unit circle, corresponding to the central angle measuring.

(i) 30° (i)  45° (i)  60° (iv) 90°

5. The arc of a circle subtends an angle of % radians at the centre. The radius of a circle is
5cm, find;
(1) length of an arc (if)  area of a circular sector

6. A point is moving on the circle of radius 10cm. If it makes 3.5 revolutions, find the
distance travelled by the point.

7. Find the area of the sector with central angle of E radian in circle of radius 4cm.

8. If a point on the rim of a 2lcm diameter fly wheel travels 5040 meters per minute
through, how many radian does the wheel turn in a second?

9. A caris running on a circular path of radius equal to double the arc of the circle travelled
by the car. Find the angle subtended by the arc at the centre of the circular path.

10. In a circle of radius 12cm, an arc subtends a central angle of 84°. Find its arc length and
also calculate area of the sector.

30.3 Trigonometric Ratios
30.3.(i) Define and identity:
(a) General angle (Coterminal angles )
(b) Angle in standard position
30.3.1(a) Angles having the same initial and terminal sides are called coterminal angles and
they differ by multiple of 2n radians. They are also called general angles.

o - -
0 ) A
I . il - [ k] =]
t'_'l AN B Tl i r o =
Fig: 30.5 (i) Fig: 30.5 (ii) Fig: 30.5 (iii)

m< POQ =0 radian, where 0<0 < 2m.

(1) 0 radian . [Zero revolution )
(i)  (2n+0) radians ; ( After one revolution)
(iii)  (4n+0) radians . ( After two revolution )

Hence 6,2n+6 and 4n+0 and coterminal angles as shown in figure 30.5.
However, if the rotation are made in the clock-wise directions as mentioned in the
below figures




(1] P
Fig: 30.6 (i) Fig: 30.6 (ii) Fig: 30.6 (iii)
(i) 2m—Oradians (no revolution)
(1) 4n—0 radians (aﬂer one clockwise revolution )
(i11) 6m—0 radians ('aﬁer two clock wise re\folulion]
mZPOQ =0 radian, where 0<6 < 2.
Hence 2n—6. 4n—0 and 6x—0 and coterminal angles as shown in figure 30.6.
Examples:
Which of the following angles are coterminal with 120°?
l4n 14r

-240°,480°,— and ———.
3 3

Selution:
120° —(~240°) =120° + 240° = 360°, "yes = 24(° is coterminal angle of 120°

480°—-120°=360°,  yes 480° is coterminal angle of 120°

2
b 120° = MTK—? = %ﬂm, yes MTT[ is coterminal angle of 120°
120° —(ﬂ ]z 2%4%%:1‘2. it is not multiple of 27,

l4m ; .
s0, —— 1s not coterminal angle of 120°,

30.3. (i)(b) An angle is said to in standard position if its vertex is at origin and its initial side on

positive x-axis as shown in figure 30.7.
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Fig: 30.7 (i) Fig: 30.7 (ii) Fig: 30.7 (iii) Fig: 30.7 (iv)




30.3.(ii) Recognize Quadrants and guadrantal angles:
30.3.(ii)(a) In rectangular coordinate system two axes divide the plane into equal parts, each
part is called quadrant. Hence, four quadrants are formed as shown in figure 30.8.

Angles between 0° and 90° are in Quadrant I

ie., 0<:El<:E
2

Angles between 90° and 1807 are in Quadrant II il i

Ssopsnil Wmimfruns Vorw unsrami

i.e., 90° < B < 180° - E— o
Angles between 180° and 270° are in Quadrant ITI % 0 v
i.e., 180° < 6 < 270° _ Pl
Angles between 270° and 360° are in Quadrant [V ) ?ﬁm"m luum;?‘.m“r
ie., 270° < 6 < 360°
An angle in standard position is said to be in a quadrant, if its
terminal side lies in that quadrant.
30.3.(ii) (b) Quadrantal angles.
If the terminal side of the standard angle coincides with x-axis or y-axis, then it is called
a quadrantal angle, for example 90°,180°,270° and 360° which are shown in the following

&)
Fig: 30.8

figure.
g ¥ L]
ww - | _ i S
- 7] il n-" Y e % 7 TR =
r i:"-' L
Fig: 30.9 (i) Fig: 30.9 (ii) Fig: 30.9 (iii) Fig: 30.9 (iv)

30.3.(iii) Define trigonometric ratios and their reciprocals with the help of a unit
circle.
We have already learnt about trigonometric ratios for any acute angle 0 of a right-
angled triangle ABC in previous classes, which are as under.

. . H
L R0 = length of opposite side _a
length of hypotenuse ¢ ;_,P‘f g
. : - ¥ ’BI‘" [ |
2 e length of fidjacent side _ b :f""ff‘ '
length of hypotenuse ¢ Wi E
length of opposite side «a F g
3. tan 0 = = — = — &
length of adjacent side 5 Z 0
and their reciprocals are respectively b wl‘“','lm .k

Fig: 30.10




n cosech — length ofllypofenllf:e _ .1 _¢
length of opposite side sinf a
i _ length of hypotenuse 1 ¢

- length of adjacent side cosh

_ length of adjacentside = 1 b
length of opposite side  tan0

b
b
a

For each point of the circle, there always exist an angle corresponds to it.

Suppose that P(,\‘,y)bc any point on the unit circle lying in the 1% quadrant and 0 is the

corresponding angle a shown in figure 30.11. 47
We define the trigonometric ratios as under .-—l—u.\_
sinf = ‘BP‘ :L . .fj‘ - % _j??-,,ll[n i
‘@‘ 1 < 7 II | .!. I'- :! I:
- a7
v 0 N i
0B| S el
and cosB:‘_—‘:izx. \ ; _f
op| 1
S _ _”
g S
Now, tan0= i = J#, provided x # () "
OB x Fio:
— ig: 30.11
similarly,
cotf=2 provided y # 0
1
sech =— provided x # 0
X
cosech = 2 provided y# 0

y
Reciprocal ratios, listed below:

|
or cosecH =——

sinf = -
cosect sinf
|
cosf=—— or secO=——
sech cost
|
tanh=—— or coth=——
cotO tan0

Notes:
1. All trigonometric ratios in terms of x and y are called trigonometric function.

2. The functions cosf and sin0 are also called circular functions.
3. The functions sinf) and cos 6 are called primary functions whereas other functions are

called secondary functions.




Example:
Find the value of trigonometric ratios at angle 0 . if point P (6, 8) is on the terminal side

of 0 '
Solution: e —
Here  P(x,y)=(6.8) - o N
= x=6and y=8 as shown in figure 30.12. 4 e
By using Pythogras theorem, / . \
=yt 4y I." g |
rt=(6)" +(8)* al LAn ¢ __’_
=N r* =36+ 64=100 | 0 % |
= r =100 =10, where r=[OP | \ i .'l
Thus, values of all six trigonometric ratios are '
sinﬂzizizj (:ﬂsecﬂ:E { 7
r 10 5 -+ .\ } >l
cm;(l:'—‘;zizé \ secl]:z ke
ro 10 5 3 '
tant) = ]T = % = % and  cotl= % Fig: 30.12

30.3.(iv) Recall the values of trigonometric ratios for 45°,30" and 60°

We have already learnt that values of trigonometric ratios for 30°,45° and 60° which
are given in the table below

0 30° 45° 60°
. 1 ! NG
& 2 V2 2
1
cOs ﬁ ﬁ %

2
tan L
7]

Now we can find the values of reciprocals trigonometric ratios with the help of above table.

.

cosec3(” = _l :lzz
sin30° 1
2
2




| 1 | 1
cot30° = =——=4/3 cosecds® = =——=4/2
tan30° 1 3 = sin4s ° 1 V2
B v 2
secd5” = I = X =2 cotd5” = l =l= ]
cos45° 1 tan4s °1
2
| 1 2 I 1
cosec60” = = secH()° = - =2
sin60° 3 3 cos60 °1
2 2
1 1 1

and ot = —=—=——
¢ tan 60° \/'?_; \/_3

30.3.(v) Recognize signs of trigonometric rations in different quadrants.
If © is not a quadrantal angles, then signs of trigonometric ratios can be determined
according to point P(x, v)on its terminal side.
1. If O lies in first quadrant, then point (x,y) on its terminal side has x and y coordinates
positive.
i.e. x>0andy> 0.
. All trigonometric functions/ratios are positive in the first quadrant.
2. In 2" quadrant x<0andy> 0. Therefore sin® and cosecO are positive in second
quadrant and remaining ratios are negative.
3. In 3" quadrant x<0andy< 0. Therefore tan® and cot) are positive in third quadrant
and remaining ratios are negative.
4. In 4" quadrant x>0 andy < 0. Therefore cos and secd are positive in fourth quadrant

and remaining ratios are negative.
Example 1: Find the signs of the following trigonometric functions/ratios

(i)cos120° (i) sin1030° (iii) tan229° (iv) tan(—%] {v)cosec[—%]
Solution:

(i) cos 120°
120° lies in Quadrant 11, and cos 0 is negative in 11 Quadrant
cos 120° is negative.

(i)  sin1030° =sin(720" +310")
1030° lies in Quadrant IV and Sin 0 is negative in IV Quadrant,
Sine 1030° is negative.




(i)  tan229°

229 lies in Quadrant [11 and tan 0 is positive in Quadrant 11,
tan 229° is positive.

. T
(1v) tan (——}
4
—T:r lies in Quadrant IV and tan 0 is negative in Quadrant I'V,

= i .
tan T 18 negative.

n
(v) Cosec[—g]

-T .. . ; P b
— lies in IV Quadrant and cosec 0 is negative in [V Quadrant,
o R
cosec (T] is of negative *“—" sign.
30.3.(vi) Find the values of remaining trigonometric vatios if one trigonometric ratio
is given.
The method is illustrated by the following examples:

Example 1: If sin® = E then find values of remaining trigonometric function/ratios.

Solution: Given that: P
Since sin0=2 4 N
r ‘ n
By using figure 30.13 e X
3w | ' g
STE g W | <o |
5 r .-|' T IE_I—F
=" y=3 and r =5 \ f
Since x*4 ¥ =" _.-"f'
2+(3) =(5) )
X +9=25 e e e
¥ =259 x4
2 ¥ S
= x =16 cosec=—=— T
- =4 E Fig: 30.13
Now iD= = 3
X x 4
cosf =— x 4
r coth=—= 3
.V
cosB = 2
5




Example 2: If tan0=1 and 0 lies in the 3™ quadrant. Find values of remaining trigonometric

functions.
Solution: Given that: +}
By using figure 30.14 1 f,r——— =
tanf =1 Ao ocotB= =—=1] ‘./ "‘-.I
tanf | I'I. \\
inh y .
tan = = ~ I, ':!"“i”" e
cosf x A )
= y=x valid _
T 3 i ,‘
X +y =l b \x‘_ _ _ﬁ_,,..e”
x+x =1 p=x &
=% 25t =1
51 | Fig: 30.14
= X =—=x=t-—F .

2 2
Here we take negative value, because
0 lies in 3rd quadrant

| ) |
x=c0s0=———and y=sinf=—
Vol &

Therefore remaining trigonometric functions are

cotl =1,
sinﬁ——L
ﬁq
cosech = ,l =—J5,
sin B
|
cosbl=——

2
1
and sec=—s=—2
cos b
Example 3: Find the remaining trigonometric functions/ratios, using the unit circle. If

2
(i) cosb =§ and 0 is in 1st quadrant.

(i)  sin®=0.6 and tan 0 is negative.

Solution (i): Given that:
3

2
cosB=x=E. c.osec =

cos0 B E
0 lies in Ist quadrant .. p(x, y)e Quadrant I




and  x*+ =1 (Given)

Here x=cos0 and y=sinb
3+
—_ + P~ =
3 ]
SN
- V_ =]l——=—
9 9
= y= i£
3
Here, we take +ve value, because 0 lies in 1st quadrant
y= —Szbmo : COSCLBZ;ZL
3 sin /5
V5
and tanﬂziziz—s; cotE}:L:i,
x 2 2 tan® /5
3
Therefore required remaining trigonometric ratios are
.5 3
1. secO=— 2. sinf=— 3. cosecl = —
2 3 5
V5 2
4. tanf = ) and 3. coth =—

NG

Ln

Solution (ii): Given that:

sin}»‘:{}.ﬁzizg, S, cosec G:E:].ﬁ,
; Tl s 3
since sinf > 0 and tanf <0
x*+y*=1
) 3V
AR
5
2 9 16
= X' =l=—=—
425 25
= X =P
5
Here, we take negative value because p() is in 2nd quadrant
x=cosb =—i= -0.8 and secf=——=—-—=-1.25
5 cost 4

3
y 3
Now, tan=—=—==—=-0.75and cot0=

=213
3

g =
X j 4 tan 0
3




Therefore required remaining trigonometric ratios are

1. cosecB =1.6 2. cosB=—0.8 3.secb=-1.25
4. tan8=-0.75 5. cot=-1.3
30.3.(vii) Calculate the values of trigonometric ratios of 0° 90° 180° 270° and
360°, A
We have already discussed quadrantal angles in section |
30.3.(i1)(b). Here we calculate trigonometric ratios of the "’ %
quadrantal angle { " '1
When 6 =0° + I'. | N i AT
In a unit circle, the point P(1,0)lies on terminal side of \. /
e -

an angle 6°.

Here x =1, y =0 and r = |. Where r is the radius of

unit circle.

si110’3=£=9=0;
o1
cos{}°=£=l=l;
ro
{an(}“’:l:gzﬂ;
£ 1
When 0=90°

ro1 DA
cosec(® =—= T}(undetmed} Fig: 30.15
¥

(

= —IJ(undet'med)

In a unit circle, the point P(0,1)lies on terminal sides of an angle 90°and coincide

with the (+ve) y-axis.
Here

sin90° =¥ =1 _j;
ro1

5
cosec90° = —
5

cos90P =2 — 9: 0;
1
sec90° = = 1
x 0
tan 90° = 2 ]
x 0
and cot90° = *_ 0
.1'!

When 0=180°

x=0,y=landr=1.

(undefined)

=—(undefined)

41

¥
Fig: 30.16




In a unit circle, the point P(—1,0)lies on terminal sides of an angle 180°and coincide

with the —ve x-axis. In this case
P(~1,0)=x=-1ly=0andr=1.

A )

sinlso":l:%:{}; [

r _.-o—:l'—
cosec] 80° = —(undefined) (, -\“-.\

xr -l L | ", I‘III o
cosISO":—:T:—I: ‘|-|.|_a.‘i|.:7l 0 |

r

ro 1 \ /l'
secl80° = —=—=~1 L

X = -
an1sor=2 =2 ¢ i

x =l

and  cotl80°=2= %{undeﬁned) Fig: 30.17
-‘;I

When 0 =270°
In a unit circle, the point P(0,~1)lies on terminal sides of an angle 180°and coincide

with the —ve y-axis. In this case

P(0,-1)=x=0,y=—land r=1. T"
sin270° = lz_Tl:—l P g (1
y \
cosec270° =£=]—= =1 L [r=1 \1 ny
y # Sy, 0 e
\ 290 /
. ¥y 4 \ J
c0s27(0° ==—===0 N >,
R —
) | b:l'lll (}1
sec270° = - = — (undefined) 4
x 0
An290° =2 = —]_ undefined .
x 0
0
and cot270° = —]z 0

When 0 =360°
In a unit circle, the point P(1,0)lies on terminal sides of an angle 360°and coincide

with the +ve x-axis. In this case,
P(LO)=>x=Ly=0andr=1.




sin360ﬂ=i=?=0 T'

!

cosec360° =— ! = i(meleﬁ ned) 1ol i ﬁ”‘--y
sin360° 0 : \
x| A Y < - N .
COS}GOU=_=T=I — S 1 rr=limuin
J i 1 \ [
sec360° = =-=] e
cos360° 1 T
t311360°:£:9:{} I
x 1
1 | Fig: 30,19
and  cot360°= = —(undefined)
tan360° 0

Summarizing all the results, we have a table

0 0% 30° | 45° | 60° | 90°| 180% | 270°| 360°
sin 0 1| L ﬁ | 0 -1 0
2 |2 2
cos 1 £ L l 0 -1 0 1
2 |42 LA
tan 0 ]T | \ﬁ o0 0 — 0
3
2
cosec| oo 74 \/Z_l f 1 o0 —1 0
9
SeC 1 % ﬁ 2 bal —1 o0 1
1
cot 00 \/5 1 e 0 o0 0 o0
3
N EXERCISE 30.3

1. @P’/ﬂ%\m}&mmﬁl angles of the following angles.
:> 9 i Sr 5 —3n
(1) 55 (i1) 5 (ii1) —45° (1v) —1

2. Identify the quadrants in whichof the following angles lie,

OF e a-ss @iee oZE @ -E




3. Find the signs of the following.
(i) cos120° (i)  sin340° (i) sec200°

(1v)  cosecl9g® (V) tan[%r] (vi) cot(f—jﬂ)

4. In which quadrant does terminal side of angle 0 lie if:

(i) cost <0 and sinB >0 (ii)  tan® >0 and cosO<0
(ili) sinB<0and secH<0 (iv) cotB>0and secO<0
(v) cosB<0and tanb<0 (vi) O<cotb<l

—4 n - . S,
5. If cosO = — and > <0<, then find the remaining trigonometric ratios.
6. Find remaining trigonometric functions/ratios, if:
(i) sinf = 73 and 0 lies in second quadrant

(i1) cos0= % and 0 lies in fourth quadrant

(iii) tan® = and 6 lies in second quadrant
(iv) secB= cosech=+/2 and 0 lies in first quadrant

(v) cosﬁz% and tanf is positive.

7. Find the values of:
tan 60° — tan 30°

(i) tan30° tan 60° + tan 45° cot 45° (i1)
- \ | + tan 60° tan 30°

(1i1) L (iv) oS 2008 & +§in - cos =

sin45° + cot 45° 6 3 6 3

T b8
) tn 4 t“”g i) tan 45° + cot 45°
i tauE sin 60° cos 30° — cos 60° sin 30°
46

30.4 - Trigonometric Identities:

An identity is an equation which is true for all values of the variable (except where
value is not defined).
30.4.1 Prove the trigonometric identities and apply them to show different trigonometric

relations.

For any real number 0 related to the right triangle in a unit circle, we have the
following fundamental trigonometric identities

(i) sin"@+cos*O =1 (i) sec’O=I1+tan’0

(iii)  cosec’®=1+cot’0




(i) Proof:
In a unit circle, consider a right AOAP, in which ZAOP =0 radians is in standard

position. Let P(x,y) be on the terminal side of the angle.
By Pythagoras theorem, we have E ol e
2 1 i 5 sy
x+y =l 4 N,
) s 3 Ifld ’?h 4 | x'
=> cos” 0+sin"0=1 [ x=cosb and,l.f:sinﬂ] l. 'r:!'_l mj
Hence proved. p l\ al A JF s
(ii) Proof: \
By Pythagoras theorem N\
1= x;’ + A},E \\h--—fr-"
dividing both sides by x*, we have, o
1 a 1 v '
= =14 sor—m=1+|= Fig: 30.20
X X7 x* X
] 2 -
= —=|+1an"0, (Provided x = cos0 # 0)
cos 0
= lsec’ 0 =1+ tan’ 0|

Hence proved.
(iii) Proof:
By Pythagoras theorem
1=x+y*
Dividing both sides by y*, we have,

1 X 1Y A =Y
—=—+lL or |— | =|—|+]
¥ P B o

2

= ( ‘] J =(c019)2 +1, (Provided sin® # 0)
sin® '
= |cosec?0 = 1+cot 0 ( C(.)SH =colﬂ]
sinf

Hence proved.
Example 1:

Prove that (sin®+cos®) =1+ 2sin6cosO
Proof:

&

L.H.S =(sinB+ cosB)
=sin” 0 +cos’ 0+ 2sinB cosO
=1+ 2sinfcos6 [ sin® 0+ cos’ 0 = l]
=RH.S




LHS=R.HS
(5in@+cos0)’ =1+ 25in0 cosO

Hence proved.

Example 2:
Prove that: sin0 =+1—cos" 0
Proof:
L.H.S=sinB
= ,f(sin B):
=+/sin” 0,
=4f/l—cos> 0, [ sin29+c0529:1]
=R.H.S
LLH.S=R.H.S

sin®=+/1—cos” 6
Hence proved.
Example 3:

l+secH sinO+tanB
Prove that =

== (Provided cos6 # 0)
l—-secO sinO—tan0
Proof:

LHS = 14+ secO

1—secH

cost

_ cosO+1

~ cosO—1
sinB(cosO+1)
B sin@(cos0—1)

~ sinBcos0+sin0

(Provided sinB = 0)

sinBcosB —sinb
sinBcos® sin0

___ cosH cosb
sinBcost sin0

, Dividing numerator and denominator by cost

cosO cos®




sinB +tan

sinB —tan0
=R.HS
LHS=R.H.S

[+secO sinB+tan6

I1-secO sinO—tan0
Hence proved.
Exampled4: Prove that sin =tan0- cos0
Proof:
R.H.S = tan0- cosO

o -cosB (Provided cos6 # 0)

cosf
=tan0- cos0
=R.H.S
LHS=R.H.S
sinf = tan0- cos0
Hence proved.

EXERCISE 30.4
1. Prove the following trigonometric identities:
(i) sin* 0= (secZ f— 1‘)‘.;'3052;9 (cos®=0)
(ii) bt tan 0+ secB (cosB#0)
cost

(iii)  tan0 =m9wj1 +tan’ 0 (cos60)
(iv)  cos’ 0—sin®0=cos’0—sin’0

(V) sin’ 0 =sinB—sinBcos’ 0

2 "’[I+c058 sinf
(vi] » e 01
() l—cosl 1-—cosH (cos z )

~ }sec'9+l sech +1

= tant #0

) VsecO-1  tan® ( *0)
i

(viii) +cos0 =secl (tan6=0)

COS




cotf + cosecH

(1x) = cosech cot 0
sinf+ tan 6 .
1+tan’ 0
2
(xi) cos® =L?
1+cot™ 0

(xii) sinBcosOtanf+sinBcosBeotd =1

2. Transform the first expression into second one:

(i)  (secO+1)(secO-1) into tan 0O

cosf cosecO

(ii) - into —tanf
sin  cos0
(i) cosecBi oot into o5
sin

30.5 Angles of Elevation and Depression:
30.5.(i) Find angles of elevation and depression.
u

w

&
R

L

A Wi o elevailis

—~ ‘i

:"_f Trnlivet 0

-
Muplgnuiab Ny A

Fig: 30.21 (i)

S
\‘1_.' By el 01

(sin0+0)

(cos® #0)

(sin B 0)

(sinf+ 0 and cosﬁ;@

%)

o
Harimsid s T

b bl e

Wl

Fig: 30.21 (ii)

When an object is above the eye level of an observer, then the counter clockwise angle
from the horizontal line to the line of sight is the angle of elevation as shown in Fig 30.21 (i).
When the object is below the eye level, then the clockwise angle from the horizontal line to the
line of sight is the angle of depression as shown in Fig 30.21 (ii)

In our daily life, it is used to find distance and angle relationships for object sighted a
long distance from observer either above or below the observer’s position. This involve uses of

angles of elevation or angle of depression.

30.5. (ii) Solve real life problems involving angles of elevation and depression.
Example 1: The angle of elevation of the top of the electric pole from a point on the ground 18

meter away from its base is 30°. Find the height of the electric pole.

Solution:
Angle of elevation from a point P (above the eye level) to the top of the tower B is 30°
and let *h™ be the height of the pole. Pole is 18m away from the the top of the tower point P. In

APAB, we have 0 =30° and \ﬁ\ =18m




h h

tan30° =—=—
[PA| 18
= L—l_.) _uf‘; =
B8 o
18 -
= h_? i "
=% h= ——6ﬁ meter. i 1

Fig: 30.22
Thus, height of the electric pole is 6+/3 meter.
Example 2: Find the height of an object if the angle of elevation of the sun is 19° and the
length of the shadow of the object is 1.7 meters.
Solution: Given that angle of elevation of sun i.e. 6 =19° and the length of shadow a=1. 7m
as shown in the figure.

Then, - ) ‘,.*"
tan19° =~ = L
a 1.7 ,’/
=  h=(1.7)-tan19° -
A= '
=2 h =“?)(03443) 4 Rl il dlsdicds < @ 4 Tw %
= h =0.585m approx is the required height of the object.  Fig: 30,23
Example 3: From the top of a tower, the angle of depression to the nearest port of a ship at its

waterline is40°. If the height of tower is 35m, find the distance between the ship and the foot
of the tower.

Solution:
Let “x" be the distance of the ship from point B to the foot of the tower at point A as
shown in the figure and “h™ be the height of the tower. i
Here, S
h=35m, height of the tower, H“H‘
0 =4(F , angle of depression, il ™,
and x="7 L N
In AABC tand0° =" -3
X X e
» N
= = . 3200 = % =41.71m (approx), 0 Water level A
an : Fig: 30.24

Thus, the distance of ship to the foot of tower is 41.71 meters, (approx).




EXERCISE 30.5

. From the top of a light house 102 meters high, measure of the angle of depression of a

ship is 18°3(0/. How far is the ship from the light house.

A ladder makes angle 60° with the ground and reaches a height of 6m on the wall, find
the length of the ladder.
Find the angle of elevation when a 6m high bamboo makes a shadow of length 2J§m.
An angle of elevation of the top of cliff is30°. Walking 210m from the point
towards the cliff, the angle of elevation is45°, Find the height of cliff.
An observation balloon is 4280m above the ground and 9613m away from a farm
house. Find angle of depression of the farm house as observed from the balloon.
REVIEW EXERCISE 30
Multiple Choice Question M.C.Qs.
Spot the correct option. '
i.  The system of measurement in which angle is measured in radian is called:
(a) CGS System (b)  Sexagesimal
(c) MKS system (d) circular system
ii.  The union of two non-collinear rays at common vertex is called
(a) anangle (b)  adegree
(¢) aminute (d) radian
i, 10°=
(a) 600 (b) 3600" (c) 600" (d) 600

v, 5% radians =

(a) AT (b)y  225° (c) 135° (d) 45°
v. %-__sgc455=

3 3 2 2 ) |

(@) 2 ®) = © 5 © -

vi. cosecH-sin B=

(a) | (by 0 (c) =] (d)y 05
vii. sec’O—tan’ 0=

@ 0 (b) 1 € -1 (d) cos’0




viii, In unit circle for point (x,y), sin 0=
(@ «x (b) -—x © » (@ -y

If sin B= I and 0lies in the 3™ quadrant, then tan0=?

2

1X.

9.

1
V2
If an object is above the level of an observer then angle formed between the
horizontal line and observer’s line of sight is called:
(a) an angle of depression (b)  an angle of elevation
(c) an obtuse angle (d)  None of these

Define an angle and angle in standard position.
Convert the 70°30'90" into radians.

How many degrees are there in {7200)' :

(a) I (b) 1 () =1 (d)

2n
Covert 3 radians to degree measure.
o .
Covert —radians to D°M'S' form.
T

Find r, when I = 7cm and 0 =% radiafl

Find 9, when arc length equal to radius of a circle.
Prove that (1— cos’ B)( 1+ cot® B)m 1

10. Calculate area of the circular sector when = 2cm and 0 = 3 radians.

SUMMARY \

Division of circumference of a circle into 360 equal parts and angle subtended at centre by
cach part is called one degree, and is denoted by 1°.

The angle subtended at the centre of the circle such that arc length and radius of the circle
are equal then angle measured is of one radian.

Sub-division of radian/degree measures,

® I S radian = 0,01745 radians and

. 1°:[‘80 ):5130
n

Formula for finding arc length of circle i.e./ =rf.

[ |
Formula for area of sector = 5:‘“9 ar = Elr.




Angles having the same initial and terminal sides are called coterminal angles and they
differ by multiple of 2m radians. They are also called general angles.
An angle is said to in standard position if its vertex is at origin and its initial side on
positive x-axis.
In rectangular coordinate system two axes divide the plane into four equal parts, each part is
called quadrant. Hence, four quadrants are formed.

Angles between (° and 90° are in Quadrant I

Angles between 90° and 180° are in Quadrant IT

Angles between 180° and 270° are in Quadrant I1T

Angles between 270° and 360° are in Quadrant IV
If the terminal side of the standard angle coincides with x-axis or y-axis, then it is called
a quadrantal angle.
There are six basic trigonometric ratios for angle 6. These are sin0,¢0s0, tan0, cosecd
secO and cot 6
Reciprocal ratios, listed below:

x 1 1
sinB=— or cosech =——
cosect sinf
1 i
cosB=—— or secH =——
secO cosB
1
tan@=—— or coth =
: cot A / tanﬂ

An identity is an equation which is true for all values of the variable (except where
value is not defined).

Three fundamental trigonometric identities are:

(i) sin’O+cos’@=1 (i) sec’@=I1+tan’0

(ili)  cosec™® =1+cot’0

When an object is ~above the eye level of an observer, then the counter clockwise angle
from the horizontal line to the line of sight is the angle of elevation.

When the object is below the eye level, then the clockwise angle from the horizontal
line to the line of sight is the angle of depression.







o
h

i .

(&)

() A={-2-1012}
(i) C={7.11,13}
v  E={-1111}

(i) A={
(iii) C={x|xeZ A—40< x <40}

x|xe@ AS<x< 6}

Lxercise 17.1

(ii) ={4.6,8,9,10}
(ivy D={9.1113,15}
(vi) F={}or@

(i) B={ x| x is positive divisor of 12|
(iv) D={x|xe B A-4<x<4]

(v) E={x|x is the square of first five natural 11umbers}

(vi) F={x|x isnegative odd .integcr}

i) A

z-‘x|.reWA_r~<O}

(iii) A=| \|\ENA"H—I—"'

(ii) A = set of boys students in girls college

(iv) A:{xlxeﬂ@x\xl:—l}

(v) A =set of women president of pakistan

Finite ii.

Finite

iti.  Infinite iv.  Finite v. Infinite

Three proper subsets are: {a,i}.{e.u} and {i,0}

Improper subset is {a.e,f'.r),u}s Equivalent set is {1,2,3,4-5 }

Three proper subsets are: {—1,0}.{+1,+2} and {0,+2}

Improper subset is {2,~1.0,1.2}» Equivalent set is { a.b,c.d.e |

[_'-k'|_\‘E Naxd= 16]- and { x| xe Z A—1<x< l‘

(i) P(A)={@.{5}.{10}.{15}.{5.10}.{5.15).{10,15}.{5,10,15}}

(i)
Not possible

Disjoint sets
Exhaustive sets
11,2,3,4,5,6,8,10}

(8,10}

P(B ):{QL{O},{_]},{2},{3},{0,1} {0,2}.,{0.3},{1,2},{1,3}.{2.3}.{0,1,2},
{0,2,3}.{0,1,3} 4 1,2,3},‘0,1,2,3

Singleton set iii.  Null set
Exercise 17.2
Overlapping sets . Cells
Cells
{2,4,6} iti.  {1,3,5}

{1,3,5.8,10!




3. i {6,7,8,9,10} ii.
iii. {2.,4.6,7,8,9,10} iv.
v. {6,810} Vi,
vii. {2,4,7,9} viii.
IX. {1,3,5} X.

% 1. {6:1|ne_r\\i_} il. {2n|nEN}

6. 0. A, i Ay

Exercise 17.4

2,4,6,8,10}
6,8,10}

{

{
{2,4,6,7.8,9.10}
11,3,5,6,8,10}
168,10}

1. {12n|nEN} iv. {4nlneN}
iii. ¢ iv. {8}

(if) AUB




Exercise 17.5

x=l6andy=17 il. x=landy=2 ii. x=3andy=1
n(PxQ)=150, n(QxP)=150, n(PxP)=100 andn (Qx Q) =225

(1)
(i)
(iii)
(iv)
(v)

(1)
(i1)

(iii)

(iv)

1(1.2), (1 3) (2.2).(2.3)}

{(2.1),(2.3),(2,5).(8.1),(3.3).(3.5)}

{(Il)( 2) (1L3):(1:5)(2.1).(2.2).(2.3).(2.5)}
{(2.1),(2,2):(2:3)4(2.5)(3.1),(3.2),(3,3),(3.5)}

{(2.3)}

Ry={(5.2).(5.3)}.R, ={(5.1).(6.3)}.R, ={(6,2)}

Ry#1(2,5)}.R, ={(3,5)}.R, ={(2,5).(3.5)}.R, ={(3.5).(L.5).(3.6)}
R, =@,R, ={(1,1),(1,2)}.R, ={(2.1).,(2.3)}.R, ={(1.2).(2,2).(3.3)},
Ry ={(11),(2.2).(3.3))

R, =9,R, ={(5.5)}.R; ={(5.6)},R, ={(6.5)}, R, ={(6.6)}

R, ={{5.-5)s(5s6)"-.~R? ={(5.5).(6.5)}.Ry ={(5.5).(6.6)]

Ry= (s,(s),(ﬁ.s)i. Ry, ={(5.6).(6.6)},R,,={(6.5).(6.6)|

R, ={(5.5).(5.6).(6,5)}.Rs ={(5.5).(6.5).(6.,6)},

R, =}(5,5),(5,6),(6,6)}, Rs ={(5.6).(6,5).(6,6)}.

R, =i(5.5).(5.6).(6,5)_.(6,6)}.




5. Number of binary relation are 2'*.
6. @ R ={(0,2).(0,4),(1.2).(1.4),(2.2).(2.4).(3.2).(3.4)}

(i) R,={(L8).(3.6)}  Gi) R,={(32)} (V) R={(16).(3.2)}

7. i.  Range={1,3,57,9} ii.  Domain={3,4,5.6}

Domain ={0,1,2,3} .. Domain={6,7.8,9,...}
Range={2,5.8.l I} Rangcz-{ 0.1,2,3,4,...}

9. Domf={1,23,4}

Range f ={5,6,7,8}
Co-domain f =N
f(2)=6,f(4) =8

10. i. Nota function ii. Not a function
1. Into function iv. Into function
v. Both one-one and onto

1. 1. One-one function ii. One-one correspondence
iii. Neither one-one nor one-one correspondence

{(
{(

12. |,

Il

a,x
aq

f
. h

).(B.y).(c: )} i. g={(p.a)(q.).(r.c).(s.a)}
)(br)(c s)} iv.  k={
REVIEW EXERCISE 17

1. Multiple Choice Question MCQs.

. d i. b . ¢ iv. ¢ v. d
vi. ¢ vii. b vill. ¢ ix a x. b
¥i. & Xil. a xiii. d X1v C XV. ¢
xvi. b Xvil. ¢ i, d XiX. ¢ Xxx. b
2. (a {12,456} (b) {2} (c) {1456}

d {L5} (e) {3.4.6} ) {135}




6. (@ R,={(aa).(a.0)}.R, ={(c.a). ()
(b) R, ={(b,b).(b,d)}.R,={(d.b).(d,d)}|
(c) R, :J(.ﬂr,:‘;ﬁ)},R2 :{(u,d'}.(c.h },R_; :{(c,b'_},(c,d)}
(d) R, =Jl(a.c),(b,d) R, ={(c,cr),(c.’,c}}
7. (@) f={(16).(2,8).(5.6)} () f,={(1.6).(2.6).(5.6)}
Exercise 18.1
i, 52 i, 35 il 29 iv. 1:10 v, 38  vi. 3552
2 i 5:3 . 3:5 i, 3:8 iv. 58
3. 6:17 4, a=38 5. The required number is 6.
47
6. —
81
7.4 x=d45 i x:% i, x=38 iv. x=da'-B v. x=4
Exercise 18.2
N L L9
1. (i) _v#?). (i) y=20 (i) x= 5
_ 5 . B . _ i
2@ V=2T ) V=70 @) T=16 3. o T s




(iv) a +ab+hb

a—b

31

4. 360000 rupees

4, F=375 5 yv=3whenx=10 6. P=81whenV =4
7. 1 F 3 when 5 i r 2 when F =24
o = - r= ) = —— —
B
8. .r=l 9, a’=l 10. 1-’=E
8 2 5
Exercise 18.3
; i 2 x+y F 2
1. (i) 18 (i) (a—b) (iii) Q (iv) a+b
X —xy+
2. (i) 1 (i) (a—b) (iii) 2a°
3. () 12 (i)  10a’b’ i)y a —b’ (iv)
4. (1) 15 (i1) 12 (i) 8 (iv)
Exercise 18.4
. . 101 .
3. () {39} Gi) { |} (iii) {T} (iv) {%}
Exercise 18,5
3 6xu’
5 >
L = 2 v 3 w=360
P 32 T
D
4. 3.21 sec 5. 177.8 cubic units
Exercise 18.7
1. 3.068amp 2. 0.01125 foot candles 3. 900 pound
5. Rs. 5600
REVIEW EXERCISE 18
1. Multiple Choice Question MCQs.
i (. d . b iii. b v. V.
V1. c vil. ¢ viii. d 1X. X
x1. a Xii. ¢ Xiil. a XIV. XV
2. (1)  20m: lm (11)  500g:3g
3. i x=4 (i) x=14 4. y=48 §
n
T x= 715 8 x=10 9 3.33 Amp




Exercise 19.1

8 (i)  Square matrix .
(i)  Column matrix
(i11))  Row matrix
(iv)  Scalar matrix (v)  Diagonal matrix
2. I. 3x3 1. 3x2 111. 2x3 v, 3x] V. 1x 1
2 (i)  Symmetric matrix (i)  Skew symmetric matrix
(iii)  Symmetric matrix (iv)  Symmetric matrix
& o |¥°2 (i) Not_ (iii)  Not a |7 73
-1 3 possible possible 12 3
. (2 4 2
@ |7 @ - oig 12| iy |0 2 s
Y vi vii
2 -2 0 1 2 -1 i
- 13 3 3
(3 2 4 EV= N (5 4 9]
B (i) [0 5 1 (i) |4 =3/ -1 (iii) |2 11 2
6 4 0 0 )0 2 (15 10 -1}
[—F 0 -2 [9 8 1 (4 2 -2
(iv) |6 8 7 vy |13 6 =3 (viy |0 1 2
|5 12 10 |4 4 2 -2 0 4]
8. 4 3 9. a=-2.b=l.c=—landd =1
27 =36
10. a==Lb=2,c=3,d=2,x=3,y=3andz=2
11 8 0
) 1 -
1. AB:F “]Bc{' 2 0} 12. 111 2
7 3 -1 -3 -2 0 2 13 6
Exercise 19.2
L i 29 ir. 9 ni. 7 iv. 8 v. =59 wi. -105
vii -84 wvii. 184  ix. —42 x. 0 xi. 2%
5 1 1 . 3 ii. 3 iv. -1 v. 3 vi. =3




3. @y =3 4, (i)  Singular (i)  Non Singular

-8 18 -4 12 12 12
5 (i) [_?4 16] (ii) -5 12 -1 (iii) -18 0 0
4 -6 2 6 6 12
| i -3 3 -1 -1
7. (i) 5 3) (i)  Does not exist (111) -4 2 -
-1 0 1
-1 =2 -1 1 -1 -1
Gv) |=2 =5 -3| (v) |-12 14 08
2 2 1 -04 0.8 0.6
- . 39
8. () {1(=58); (i1) {(-552)}
REVIEW EXERCISE 19
2. Multiple Choice Question MCQs.
i. ¢ ii. ¢ iii. . d iv. b V.
vi. a vil. ¢ viii. b iX. a X.
3, (i) 1x3 (i) 2 x3 (i) 3 x2 (iv) 1x1
(3 13 17 (=1 3 1 [73 47
5 (i) 3 4 4 (i) 1 -2 -4 (iii) 5 13
5 34U =8 =L 3 146 9
(-4 29 74 5 40 45 14 35
(iv) -1 15 37 (v) 10 5 0 (vi) 7 21
3 62 91 -10 5 35 149 14
(-9 8
-10 19 0 47 47
(vii) 7 =19 =36 21 =3
79 -10 20| & 398 & 5 wm
7 -
47 47




6.

Exercise 20.1

(1)  Roots are real, rational and unequal
(i)  Roots are real, rational and unequal
(iii)  Roots are complexand conjugate of each other
(iv)  Roots are real, rational and equal
(v)  Roots are complex and conjugate of each other
(vi)  Roots are complex and conjugate of each other
(vit)  Roots are complex and conjugate of each other
(viii)  Roots are imaginary and conjugate of each other
(i) (a}kz% and (b)kc% (i) (a) k=4 and (b) k<4
(iii) (a) k=422 (b) k>24/2 and k<—242 (iv) (a) k=3 and (b) k<3, k#1
(v) (a) k=4 (b) k>4 and k <—4
(vi) (a) k=224 (b) k>24and k<24
(vii) (a) k=0 () k>0andk<0,k#2
(viii) (a)k=x2(b)k>2and k<2

(i) m=3-2 (1) m=%24

=2andg= =
) an
! q 3

Exercise 20.2
(i) 44omand 40" (i) —5,-5wand —50° (iii)  6.6m and 6w’
(iv) -b, -bw,-bw’

(1) ® () 4 (iii)) 729 (iv) —16
Exercise 20.3
3
() S.OR=1and P.O.R =-1 (i1) S,O.R=; and POR =-2
—3a? . 5k _
(ii1)  S.O.R=g and P.O.R = (iv) S.OR= o and POR =£
(1) m:% (if) m =%
(i) p=15 (ii) p=0.1
(i) m=3 (i1) m=13
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() k=—4 (i) k=-"
3 i _
i == (i1) =1
() p 5 1 P
Exercise 20.4
(i) (a+p) —4op (i) (a+p) —3ap(a+p)
iy \orB) ~3aplath) ) ap(a+p) - 20p ]
af
") (a+B) _—3a.|‘3(a+[3) i) (a+B)i_24uB
(B) (f)
. 9 y 99 Ja+4 "
W 49 () 98 (1) 7a’ +3a+2 3. - é

o +P represents a straight line and a3 represents a hyperbola.

Exercise 20.5

(i) x +5x+6=0 (i) x*+x+1=0
(i) x*—4x+5=0 (iv) x*-8=0

(i) 3x'-9x+8=0 (i)  36x°=33x+1=0
(ili) x*=3x+6=0 (iv) 2x —x+1=0

(v) 2x*=7x+3=0 (vi) x*+3x+6=0
e —gx+p=0 4. X =2px+4g=0

,D.\':—(4])-—({).‘{'-%(4;?—2q+!')=0
(i) 3b*=l6ac (i) b +ac(a+c)=3abe
(iii)  h=0 (v) a=c

Exercise 20.6

(i) Remaining two roots are —1 and 5 (i1) Remaining two roots are —1 and 2

L

(iii) Remaining two roots are 6 and —4

; o 1 1 i i = ;
(1) Remaining two roots are 3 and s (ii) Remaining two roots are \/5! and —\E:

Fa

(iii) Remaining two roots are —I and 2




3. m :% and remaining two roots are % and —1
4. a=2 and remaining two roots are 6 and —1
5. a=49 and b»=36 and remaining two roots are 7 and —3
Exercise 20.7
8 4]
{ ) } {( ) (S 5 Jf
25
N St 4. -3,0),(L,2
e (2-2] ((-30).0.2)
- + +
5. {(3,24),(0,5).(-5.0)} 6. {(JJ:,JJ_)[ 4‘5 85‘/_ ]}
7. 4(12).(2.1).(-1-2).(-2-1)} 8. (2_1J [-2 -lJ
' 2 2
4 1
9. §,20 ; E,S 10. 7andSor5and 7
11. length = 9m and width = 4m 12. 6and 8
13. 9cm and 12cm when hypotenuse is 15cm.
14. 13¢cm, 13¢em and 10cm 15. 30and 25
REVIEW EXERCISE 20
1. Multiple Choice Question MCQs.

i. d i. ¢ iii. ¢ iv. ¢ V. ¢
Vi. b vii. a viil, b ix. ¢ p
2 Real, rational and unequal (i1) Real, rational and equal

(iii) Complex, unequal and conjugate of each others  (iv) Complex, unequal and
B conjugate of each other
3. (i) k=+4 (i) k<4 or k>=—4 1 other values also whicl
(i) k>4 on k-4 (v) k=+4 or +5 RN R e
4. 9,90, 9w"
5. (i) SOR=7andP.O.R=29 (i) S.OR=pand POR=g¢
(ii1) SOR= % and P.O.R = % (iv) S.OR= % and POR = —-%31
7. x)—-2x-2=0 8. 16x*—10x+1=0
9. (i) 1(2,3),(3,2)} (1) {(1,6),(-1,-6),(6,1),(-6,-1)}
Exercise 21.1
2 2 2. 5 1 3. §+ 2 4
x—3 x+3 x+1 x-3 x x—2 x—1
2
LIPI PR 5 1+ +6 6. l—2+3
x+4 x+1 2x-—1 x+3 x-2 x—3 x+1
7. 3x-2+ L _ ¢

x—2

xX+2




Exercise 21.2
1

1. B 7 2 2__1
x+1 (x+1) ¥ x x+3
3 5_1{)1+4‘ & 2_34_41
x=2 (x-2) (x-2) x=5 x+2 (x+2)
s, 1 1 1 3 ‘
=1 (x-1) (x-1)
Exercise 21.3
L 2.}~+3_ 1 . JZC+5 1 . l+i+ 23—53:
x*+7 x-=-2 x+10 x+1 X X\ S
4 1 . ?.\‘—2 5, I 1]
x+1 x—x+3 x+1 x +3
Exercise 21.4
" L (.1.:r1-) . (__r+1)1 5 i+ 37_ (_r:Lz_) - (_\-_1)’
4(1-x) 4(x*+1) 2(x+1) 9x. 9x" 9(x*+3) 3(2+3)
3. 1 ; (l:x) 5 x=1 q £ 7 N ?(ln’—x) N ?(I:I) 2
4(1+x) 4(_‘.—+[) 2(x3+l)_ 9(x+1) 9(.\“+2] 3(.1."+2]
i 1 _.r+2_7(x-+2)

5

=2 Jux 3[3+x: ]'

REVIEW EXERCISE 21
1. Multiple Choice Question (MCQs.)

. d . b . d iv. b v. a
i) 13 N 2 (i) —_7+ 33 N 257
3' 3(x-1). 3(x+2) 10x 14(x+2) 35(x—5)
11 6x+2 16 10x+8
(.lll} = bl i [+ - -
5(.r~ 2) X+l () x+1 x+x+1
4 —4x -7 (vi) 11 11 10

M -3t 563D Ox-1) 9(x-2) 3Gx_1)
Exercise 22.3
1. (a). AM.=11.889, HM. = 11.194, Median = 12, Mode = 12.
(b). AM. =0, G.M. =0, Median = 0, Non-modal.
(c). AM.=13.044, G.M. = 12.837, HM. = 11.727, Median = 12.3.
(d). AM.=56.5, G.M. = 56.339, H.M. = 56.180, Median = 56, Mode = 52.
(e). Mode = AB". (). Non-modal,
(g). A.M. = B+, Median = B+, Mode = B+.
AM.=172.1, GM. = 169.551, H.M. = 166.615, Median = 184.5, Mode = 190.
A.M. = Like dogs, Median = Like dogs, Mode = Love dogs.
COVID.

2.
. 5
4.




tn
:

AM=7.149, GM=7.106, HM =7.061, Median=7, Q= 6.5, Q3 = 7.5, Mode = 7.

AM=32.5.GM=32.303, HM=32.102, Median=32, ,=30. Q3 = 34, Mode = 32.

AM. = Rs. 9640.

AM. =36.464, GM. = 36.087, H.M. = 35.700, Median = 36.643, Mode = 36.929.

AM=119179, GM=11.9039, HM.=11.8897. Median=11.9708, Mode = 12.117.
Exercise 22.4

bl ol

(c). -6, (d). 458.125.

X is asymmetric. Y is symmetric.

(AMow =330, (G.M,)w=310.902, (H.M.) w = 295.806.

(AM)w=23.852Kg, (G.M.)w = 23.850Kg, (H.M.)w = 23.848Kg.

Exercise 22.5

Range =7, Var. =4.490, §.D.=2.119, M.D. = 1.673.

Batsman-A: Range = 185, M.D. =45.111, Var. = 3699.222, S.D.= 60.821.
Batsman-B: Range =72, M.D. =21.111, Var. = 601.555, 8.D. = 24.527
Batsman-B 1s more consistent scorer than Batsman-A.

3. Relative S.D. (Income) = 0.488, Relative S.D. (Expenditure) = 0.4945.

Variation in income is smaller than that is expenditure.

4. Team-A: Relative S.D. = 1.012, Relative M.D. = 0.528 (approximately).
Team-B: Relative S.D. = 0.866, Relative M.D. = 0.5 (approximately).
Team-B is more consistent than Team-A.

5. Range =2.1, Var. = 0.196, S.D. = 0.443, M.D. = 0.343 (approximately).

REVIEW EXERCISE 22

e i B o

Iod
Y

1. Tick the correct option.
i.(¢) 1ii.(c) iii.(b) iv.(a) v.(a) vi.(a) vii. (b) viii. (¢) ix.(c) x.(d).
Exercise 23.1

2. (i)x=25 (i) x=12 (1iiyx=2 (iv)x=15

3. 34 4. 12 510 6.6
7. ﬂ:ZJI_Sunits,b:Z\}’E_]units,h:J?Eunits 8. lO\f'3—4m 9, 4J§ 10. 12
11. 30 12. length = 12cm and breadth = 5cm

REVIEW EXERCISE 23
1. Multiple Choice Questions (MCQs.)

1) i, (a) iii.  (b) iv. (b) v. (a)
vi. - (d) vii.  (c) 3.2J119m 4. ()13 Gi) V51 (i) V63
2. 24

Exercise 24.1
1. mCE=10cm 2. %=l

Exercise 24.2
1. x=1; equilateral triangle 2. x=2and y=4 LA =Tm 4 x=ll




b =

o

W G0 e

REVIEW EXERCISE 24

1. Multiple Choice Question MCQs.
i. d i, d . ¢ iv. b v. a vii b

vii. ¢ viii. ¢ ix. d x. b Xi. a xii. b

Exercise 25.1

1. No, because right bisectors between all pair of three collinear points will never

intersect at the same point.
2. Yes, it is possible only when the quadrilateral formed by joining the four points is
cyclic, i.e. the sum of the opposite angles of the quadrilateral is 180°. But, in
general, for any four non-collinear points, it is not possible to draw a cirele passing
through them.
Hint. See Examples 1-2.
Hint. See Examples 1-2.
The desired location of mosque is at the centre of circle joining the villages A, B
and C, as shown in the figure. The equal distance the villagers will travel to reach
mosque is 5 km.

i

~
W I L
k)

Exercise25.2
Hint. Diameters are chords passing through the centre . See theorems 25.2- 25.3.
Refer theorems 25.2 and 25.3,
C =10mrcmand A = 251 cm.
See Examples 1-2 for details and figure. (a) 2+/65cm (b) 6v3cm.
See Example 1-2 for details and figure. r = V34cm.

Exercise 25.3
Refer theorems 25.4 and 25.5.
Refer theorems 25.4 and 25.5.
(a). V95¢em (b). V39cm (c). 2V15cm (d). 2V77cm
(a). 7em  (b). 27.594 cm
(a).2V5 (b).6 (¢c).5 (d).10.8 (e).2V51 (). 6

REVIEW EXERCISE 25

. Tick the correct option.
L.(b) i.(c) iii.(c) iv.(b) w.(b) vl, (a) vil. (a) vl (b) 1X. (a)
Exercise 26.1
. Hint. See proof in Example 1. 2. Hint. See proof in Example 1.

§ %ﬁ cm and 5v3cm.d = 6cm, C = 18.8495¢m (approximately) and A = 28.2743¢m’.

. 2dcem. 5. v109cm.
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Exercise 26.2

Hint. Refer theorem 26.3 and corollaries.

Hint. The statement to prove is a converse of theorem and proof in Example-1.

Refer theorem 26.3.

(a). 6, (b). 2466, (c). 7, (d). 11, (e). % (f). 14.22 (approximately),

(g). 4.3, (h). 18.8714 (approximately).
(a). 6, (b). 4. (c). 6, (d). 1.1547 (approximately), (e). 5, (f). 13.
Exercise 26.3

1. Hint. The statement to prove is a
converse of theorem 26.4 Case (A).

2. Hint. The statement to prove is a
converse of theorem in Example 1.

4. (a).70° (b).50°

5. Hint. Refer theorem 26,4 Case (A).
6. 4em

7. 8.5cm

3. 6cm and 37.7cm (approximately).
REVIEW EXERCISE 26
1. Tick the correct option.
i.(b) ii.(¢) 1il. (b) iv.(¢c) v.(b) wvi.(b) vii. (a) wviii.(d) ix.(a) x.(b) xi.(d)
Exercise 27.1
3.x=20and y=10 4.114°and 92° 5.30°%and 65° 6. 120°
REVIEW EXERCISE 27
1. Multiple Choice Question MCQs.
i. b ii. ¢ i, ¢ iv. b v. b vi. ¢ vii. a  viii. d
Exercise 28.1
1. 60° 2.  T70° 3. 120°
Exercise 28.2
1. 18 2. x<46° 3 x>13°
REVIEW EXERCISE 28
1. Multiple Choice Question MCQs.
i.  (a) it.  (b) iii.  (d) iv.  (d) v. (b)
vi,  (a) vil, (b) viii.  (¢) ix. (b) X, (¢)
REVIEW EXERCISE 29
1. Multiple Choice Question MCQs.
i, (b) ii. (d) iii. (a) iv. (c) v. (€)
vi. (b) vii. (a) viii. (b) ix. (d) X. (d)
xi. (¢) xil. (a) xiii. (b) xiv. (¢) xv. (d)
xvi. (b) xvii. (d) Xviii. (¢) Xix. (a) xx. (d)
Exercise 30.1
1. (i) 3225° (i) 10.5° (ili)  8.258 approx.
(iv)  45.36° (v) 255° (vi)  18.11°
2. (i) 32°15 (i)  47°2136" (i) 57°19'30"
(iv)  —(67°34'48") (v) 22°30 (vi)  225°36

iX.
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(i) 45° (i)  60° (i)  —135°

(iv)  171.887%approx. (V)  54.71° approx. (vi)  257.83%approx.
T .. T . T
i —radian ii —radian —radian
(1) p (1) 4 (i11) 3
; % A i ;
(iv) gradlan (v) i radian (vi)  1.06 radian approx.

Exercise 30.2
(1)  4radians (i) 15.1 radians  (ii1) 2.09 radians approx. (iv) 1.8 radians
(1) [=212cm (1) [/=102cm (i) [/=3.14cm (v) [=1584cm
() r=199m (1) r=05m (i) r=16cm (iv) r=49cm
(1) /=0.52umt (i1) /=079 unit (i11) /=1.05umt (iv) [/=1.57 unit

(i) [=2.62cm (ii) area of circular sector = 6.55 cm’
distance travelled by the point, say /=2.2 m
area of circular sector = 6.28 cm”
6 =800 radian 9. 0=0.5radian

. 1=17.6 cm and area of sector =105.6 cm®

Exercise 30.3

. 13 11
(i) 415 and —305° (i) —= and ——=
5

(iii)  315° and —405° (iv) % and —1%

() Q, (i) Q (i)  Q,
(iv) Q (v) Qs (vi) Q,

(i), (i), (iii), (iv), (v) are of negative sign (vi) Positive sign

(i) Liesin Q2 (i)  Lies in Q3 (i)  Liesin Qs
(iv)  Liesin Q3 (v) Liesin Q2 (vi) Liesin Q) or Q3

;
(i) secH= —%,sine =%,cosec8=l,ta119= 4 and cotO = 8

4




. 2 1 1
6. (1) cosecG=—.0059=——.sec8=—2,tanﬁ=—v'§ and cot =———
NE) 2 V3
=5 3 5 =2

(i) secl = i,sine =——,cosecl =——=,tan® = —— and cotd = —
2 3 J5 2 5

- =5
(i)  cotB =—2,8in 0= L cosect :\E,cos&) =—— and sec =————
5 J5 .
. ) 1
(iv) sin0 = cos0 = —, and tanO = cot0 = |
T
(v) secO=2,sin B——3 c:os{.:c{)—i tan® = /3 and cot@—wt—
V L] 2 E) \/55 \/’:“"
- 1
8 i 2 (1) —= A\
(1) NE) (iii) \/2_ |
3+1 y
(iv) ofi+ v) 2-3 (vi) 4

4
Exercise 30.5

. x=30485m 2. L=4J32693m 3. 0=60°
4. x=286865m 5. 0=24°

REVIEW EXERCISE 30
Multiple Choice Question MCQs.

I. b 11. a 1l. (5 v. b V. b
vi. a vil, b viill. ¢ ix. b x. b
2821
4, 2gTee 3. 2OTC
200 120 degree 120 degree
28 .
6. 54°40'12" 7. —cm 8. 1 radian
s

10. 6cm?
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