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Students Learning Outeomes

nAfter completing this unit, the students will be able to: /

Identify complex numbers, complex conjugate, absolute value or modulus of a complex
number.

Apply algebraic properties and perform basic operations on complex numbers.
Demonstrate additive identity and multiplicative identity for the set of complex numbers.
Find additive inverse and multiplicative inverse of a complex number z.

Demonstrate the following properties of a complex number z.
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Apply the Geometric interpretation of a complex number, modulus of a complex number and
algebraic operations of a complex number.

Find real and imaginary parts of complex numbers of the type (x + iv)" and

X, iy, .
cx, +iy, #0, wheren=*+1and n =+2.
x, +iy,

Solve the simultaneous linear equations with complex coefficients.

INTRODUCTION

This unit introduces the fascinating world of complex numbers, beginning with their
identification and the exploration of related concepts such as the complex conjugate,
modulus and their representation in both algebraic and geometric forms. Students will
apply core algebraic operations and understand how complex numbers obey
properties. The unit also extends to evaluate expressions involving powers and
quotients of complex numbers, extracting real and imaginary parts and solving
simultaneous linear equations with complex coefficients.
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Complex Numbers |

Before we explore complex numbers, let’s first consider the question: "Is there a real

number whose square is negative?” To answer this question, we can examine a few
simple examples. Let’s take a look at equations 1 and 2 for better understanding.

Equation 1: X' = 1=10 Equation 2: X'+ 1=10

Equation 1 has two real solutions Equation 2 has no real solution,
x = -1, 1. The graph of since the graph of f(x) = x> + 1
/(x) = x>~ 1 crosses the x-axis at does not cross the x-axis.

(-1, 0) and (1, 0).

This is because squaring any real number never results in a negative value. Therefore,
if equation 2 has a solution, we need to introduce a new kind of number, an imaginary
number, defined as the square root of —1. This imaginary unit is represented by the
symbol i (iota). The imaginary number i tells us that /> =—1.

(Example &) Simplify the following:
7
i

(1) Gy 8 (i) "7 (iv) i

@ Solution [ @ | Do you know? |
(1) 7= xi=@Pxi=(1)Yxi=—i Complex numbers are essential for

many technologies like smartphone

. 8 (2% — (1} =
(i1) F=EE)=E)T=1 signal processing and MRI imaging.
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We have observed that the equation x* + 1 = 0 has no solution within the real number
system. To address equations like this, we expand the real number system to include
new types of numbers, leading to the development of the complex number system in

rectangular form.

% | History!

The idea of complex numbers first emerged in 16" century, when Italian
Mathematician Gerolamo Cardano discovered that equations could still be
solved when they involved the square root of negative number. In the 18"

century, Carl Friedrich Gauss (German Mathematician and astronomer) fd =
) s : Gerolamo Cardano
expanded this early idea. (1501 - 1576)

A complex number is a number expressed in the form x + iy, where x and y are real

numbers and i is the imaginary unit, defined by i* = —1.

m Rectangular Form of a Complex Number

A complex number is of the form x + iy (or x + yi), where x and y are real

numbers, x is called the real part and y is called the imaginary part of the complex
number.

(1) If x =0, the complex number is said to be pure imaginary.

(i)  Ify=0, the complex number is said to be real.

(iti) It is customary to denote the standard rectangular form of a complex
number x + iy as z and we write x = Re(z) and y = Im(z).

For example, Re(5 -7i) =5 and Im(5 -7i)=-7

Equality of Complex Numbers

Two complex numbers z, = x;, + iy, and z, = x, + iy, are said to be equal if and only
if Re(z,)= Re(z,) and Im(z)) = Im(z,). i.e. x; =x, and y, = y,.
For example, if a + if=-2 + 5i,thena=-2, f=5.
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(Example If (2x— 1)+ (y +4)i =5+ 7i, then find the values of x and y.

“@' Given that 2x— 1)+ (y +4)i=5+7i
Since the two complex numbers are equal, their real and imaginary parts must be equal.
2x—1=5 | y+4=7
=6 , y=7-4
x=3 , y=3

| EXERCISE 11

L. Simplify the following:
i P (i) i

(iv) 27i7¢

v) i"+i5 i) (4P +R+i) (viii) i®xi®

2 Write in terms of /.
@ 24=4 i) 3=+3 (iii) §+ _5'6 (iv) v2-+-3
3. Find the values of x and y.
() @r+5)+(y-3)i=1+2i (i) (BGx+2)—(4—p)i=5+3i
(i) 2+D)x+(1-2i)y=3+4i (iv) (=i)x+Q2+i)y=4-i

v) GBGx-1)+(2y-3)i=8+7i
Algebraic Operations on Complex Numbers |

Scalar Multiplication of Complex Numbers

If z=x+ iy and k € R, then we define kz = (kx) + (ky)i or (kx) + i(ky)

The following diagram shows kz for k= 2, % ,—1

i) M M
Im Im Im
23

2
.

@] Re 0 Re Ol Re
k=2 k=

==

Figure 1.3 Figure
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Addition of Two Complex Numbers
If z, = x, + iy, and z, = x, + iy, where x,,x,, it z 4z,
and y, € R, then or (X, + X, ¥, +,)
zy+Zg = (% + i) + 06+ i)
=0 tx) iy ty,)
From figure 1.6, also by the parallelogram
law of addition,
zptz, = (0 tx) Hi(y, ty) Figure 1.6

The fundamental rules for addition, subtraction. multiplication and division of complex numbers
were formulated by the Italian mathematician Rafael Bombelli (1526 — 1572). He is widely
recognized as the first to establish a systematic algebra for complex numbers.

Add (3 +44) and (5 - 2i).
@ Solution b
(3+4)+(5-2))
—(3+5)+(@-2)i
=8+ 2i

Subtraction of Two Complex Numbers

If z, = x, +iy, and z, = x, + iy, , where x;, x,, ¥, ¥, € R,

then z, —z,=(x; +iy) - tiy,) =(x; — %) +i (yy =)

21—z, =z;+(=2,)

:(x| +I‘J"|)+(_x2_3y2) - - Be
— (xl _xz) + I(yl _yz) =L 'O‘r{xl =X Y1 —Ya)
"~ Figure 1.7
(Example ) Simplify: () (8 +2i)— (5 - 6i) Gi)  (4-3i)—(2-5i)
@ Solution B () (8+2i)-(5-6) W& | Skilled Practice! |
=8+2i-5+6i Ifz,— z,= 4 + 6i and z,= 3 —2i,
=(8—=3)+ (21 +6i) then find z,.

=3+8i
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(i) (4-30)-(2-5i)
=4-3i-2+35i
=(4-2)+(3+5)i=2+2i
Multiplication of Two Complex Numbers
Let z,=x *ip,2,=x tiy, '
then 2,2 = (% + iy ) @ + i)
=x,06, + iy,) + iy (x, + iyy)
=Xy X, X,y Y X0+ Py
= (x,x, _‘Vl,vg)+f(x1:“'2 +,1%,) e P=x]
Example £
(i) Simplify: (3 —4i)(5 - 6i)
(ii) Ifz,=2+3iand z,=4+7i, then find z,z,.
@ Solution P
@) (3-4i)(5-6i) .
= 3(5 — 6i) — 4i (5 — 6i) Using
=15—18i —20i + 242 (x; T iy) (5, + iyy) = (X%, — yn) + Xty x)
e . 25, =(2x4-3xT)+i2x T+3x 4)
=1§_gﬁj§2)’ 2 = (8—-21)+ (14 +12)i

_ , =_13+26i
=(15-24)-38i =-9—38i
Division of Two Complex Numbers

() z,2,=(2+30) (4+7i)

Let z, =x, +iy, z, =x, + iy, W | Skilled Practice!
LA o) R
Now, A M J."l 2, 20 15 Slmpllf_y.
Z Xy =+ 1V 1420
2 XT [ ’)(-2+f)
_x+iy, xxz =iy, 3-i
X, +iv, X, =iy, 2. Find the complex number z:
- - -2
— XXy — X )V, X, — 1 Y Y, if : =
(xz)z_(f-yg)z 2+i
= X% —i(X, Yy = Y% )+ V) e
X+,

X%+ YV =iy, —1%,)
Z, o3
X+

XX + Vs _,_Il(yixJ X))
2 g 2 2
X, + Y, x," +y,
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» 3+4i
(Example Express in the form of x + iy or x + vi.
Exampleg) Express o poreny

G -3t ST 1A
- 5=T1 5-Ti 5+7i By - (7))
C15-28+(21420)i o p—_
S 25449
_ —13+4li
4
=13 41,
=—— + —1
74 74
m Properties of Complex Numbers
The complex numbers satisfy the The complex numbers satisfy
following properties under addition. the following properties under
multiplication.
(i) Closure Property (i) Closure Property

For any two complex numbers z, and z,, | For any two complex numbers z,

the sum z, + z, is also a complex number. | and z,, the product z,z, is also a
complex number.

(ii)) The Commutative Property (ii) The Commutative
For any two complex numbers z; and z2, Property

it otz For any two complex numbers z;

and Z24
2 S a4
(iii) The Associative Property (iii) The Associative Property
For any three complex numbers z, z, and z,,| For any three complex numbers
(z,+2,) +2,=2;+ (2, + 2,) z),5and z3,
(z) 2,)23 = zy(z523)

(iv)  The Additive Identity (iv) The Multiplicative Identity
There exists a complex number 0 = 0 + 07 | There exists a complex number
such that, for every complex number z, 1 =1 + 0i such that, for every

z+0=0+z=2 complex number z,
The complex number 0 = 0 + 07 is known zxl=lxz=z
as additive identity. The complex number 1 = 1 + 0i is

known as multiplicative identity.
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(v) The Additive Inverse (v) The Multiplicative Inverse

For every complex number z there exists a | For any non-zero complex number

complex number — z such that, z, there exists a complex number
z+(-2)=(=2)+z=0. w such that, zw=wz =1

—z is called the additive inverse of z. w is called the multiplicative

inverse of z. w and it is denoted by

= 1

(vi)

For any three complex numbers z,, z,, and z,

Distributive Property of Multiplication Over Addition

2z, +z,)=z,2, + zyz; and (2, + 2,) 2. =2 2. + 2,2,

:;._Exampl'ea If z=—7 —4i, then show |(Example Z) Find the additive inverse

thatz+0=z. of z=7-10i.
@ Solution @ Solution B z=7-10i
z+0=(-7-4i)+(0+0i) Additive inverse of z=-7 + 10i
=—7—-4i+0+0i because z+ (—z)=7—-10i+(—7+ 10i)
=] —dj=y =7-10i-7+10i=0

Shows z + 0=z (0 is the additive identity) [Examplei[:) Find multiplicative

(Example £} Verify the multiplicative Iifnverse of 4 — 3i.
identity for z=3—2i. @ Solution P Letz=4-3;

@ Solution D zx1 =(3—2i)(1 +0i) Multiplicative inverse of z = A3

Hence,

=3+0i—2i—07 | Then z'= 1

=3 _2i=z 4-3f | ‘
1xz=(1+ 0i)(3 —2i) _ 4+3i =‘}+_312

=3_2i+0i- 07 (4-3i)(4+31) (4 —(30)

=3-2i=z L A3 44304 30

1
Z

= = =—+
1649 25 25 25

Simplify and write in the form a + bi:

verified that zx1 =1xz=z

(i)  (2+5i)+(3—z) (i) (16— 3i)+ (9 + 2i)
(i) (9-2i)—(7-3i) (v) (11 +9i)—(9—7i)
v)  (3+4i)(2-30) (vi) (5 —2i) (3 —4i)
(vii) (3 -5i)= (2 —4i) (viii) (5 +2i)+ (6 —3i)

Write additive inverse for each complex number: ) s
(1  3+2 (i) 4-3i (i) 5-7i (iv) _?LZ;
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3 Find multiplicative inverse for each complex number:
()  4+5 () 6+2 (i) 7-3i  (iv) J5—4i
4. Ifz,=2+5i,z,=1-3iand z, = 2 + i, then verify that
(1) z,+z,=2z,+7z (ii) 2,2, = Z,%;
() (z,+z,)+z,=z+(z,+2) (V) (22,)z; =2(2:z,)
(v) ZH=z)=1~g)+z="0
g Ut )

5. = x+1iy, then find the values of x and y.

6. If (2x+ty)(l—z')= 4+ 2i, then find the values of xand y.
7. Find the values of @ and b, if (a + bi)(1 +3)=-8 + 111i.

Complex or Argand Plane J

A complex number z = x + iy is exclusively determined by an ordered pair of real

number (x, y). The numbers 2 — 5i, 8 and 7/ are equivalent to (2,-5), (8, 0) and
(0, =7) respectively. In this manner, a complex number z = x + jy can be represented
by the point (x, y) in the coordinate plane.

If we consider x-axis as real axis and y-axis as imaginary axis to represent a complex
number, then the xy-plane is called complex plane or Argand plane. It is named in
honour of the Swiss mathematician Jean Argand (1768-1822).

A complex number is represented not only by a point, but also by a position vector
pointing from the origin to the point. The complex number, the corresponding point
and the vector are all typically denoted by the same symbol, z. Geometrically, a
complex number can be interpreted either as a point in the complex plane C or as a
vector in the Argand plane.

im Im 4
A - a+ib
]
I
i
(]
[}
I
i 5 5
0 a >Re 0 >Re
Complex number Complex number by a
as a point. position vector pointing
from origin to the point.
Figure 1.8 Figure 1.9
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Here some complex numbers are plotted on the complex plane.
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Figure 1.10
Conjugate of a Complex Number

The conjugate of the complex number x + iy is defined as the complex number x — iy.

The complex conjugate of z is denoted by Z. To get the conjugate of the complex
number z, simply change 7 by — in z. For instance 3 — 8i is the conjugate of 3 + 8i. The
product of a complex number with its conjugate is a real number.

For example, (1 +2i)(1—=2i)=(1)>-Q2i)’=1+4=5
Geometrical Representation of Conjugate of a Complex Number

Geometrically, the conjugate of z is obtained by reflecting z on the real axis.

h Y

A4 |, | || | | | | | Im
3+30

N b
—_ b L

T
1ad
=
r 3
|
o
|
Tad
|
b
|
- == -
{57
R Py D -
e

4
|
T o B

331

—4-4 v v

Figure 1.11 Figure 1.12
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Note

Two complex numbers, x + iy and x — iy, are known as conjugates of each other. Conjugates are
particularly useful when dividing complex numbers. By multiplying both the numerator and the
denominator by the conjugate of the denominator, the complex number in the denominator can be

transformed into a real number.

Properties of Complex Conjugate

Property )§ For any two complex numbers z, and z,, we have

Bbg, = g

Proof: Let z; =x, +iy,z, =x, + iy,, where x,y,,x,,7,€R

Now, z+z, = (x; +iy)+(x,+iy,)
= (5 +x)+iy,+y,)
=(x+x,) =iy +3,) = X +X—iy—iy,
=(x—)+(n-in) =at 2
(Example f8) 1f z,=4+3i, z,=5+2i, then prove that 7, +z, = z, + z, .
@ Solution Bz, +z, = 4+3i+5+2 =9+5j

BTG =9-5 ()
z, =4-3i
z; = 5—2
Z,+2z,=4-3i+5-2i
zZ+z, =9-=5i w1 (1)
From (i) and (ii), we get

and z, = X,+iy, wherex,y,,x,,», €R
zizz = (x; +iyy) (x; + ips)
= (xlx;: | }’2) +; f(xl}@ +}"1x2)

Therefore: ﬁ = (x, =y, +i(xy, +¥1X,)
= (XX, — W V,) — (XY, + y1X5) i)
and Z_|Z_3=(x|+fy|)(x2+iy2)

= (x| - fy}]‘ (.xg - I:Vg)
= (X =) —ixy, tyx) (i)
From (i) and (i1), we get
22,=2 2,
|
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(Example §P) If z, =3 +4i,z, =2 + 3i, then prove that zz,= Z, z,.

@ Solution B  Now, z,z, =(3+4i)(2+3i)
=6+9i+ 8i + 12i?
=6+17i—12
=—6+17i

z,z, =—6—17i L)
and z z, = (3-4i)(2-3i)
=6-9i—8i + 12
=6-9i-8i—-12
z,z, =—6-17i .. (ii)
From (i) and (ii), we get

L5, =4 4

z Z
popert)B) (2 |-2 =0
Z; Z,
Proof: Let z; =x; + iy

and 2z, =x,tiy,

I

Now. 2L = X v Xt . Y-, (Eoxy #3095 )=t (%35 —4%,)
, Z X, +1iy, Xy, X, =iy x§+y§
and [ﬂJ — (x,x, “"J"lyz),"‘f(?yz —ViX,) (i)
Z; X+,
Now , é — ﬂ
&2 A, =,
_ (x, =iy (x, +iy,)
(x:z _fyz)(xz +"-y2.)
_. Ky +ix, ¥, _'iyl‘le—fzylyl
B4y
E] (x|x2+y|y2) +£(x|y: -V X,) &
el (18)

ERE)
2 X+ v,

From (i) and (ii), we get




‘ 13}

¢ Exampleis} If z, =5+ 4i,z,= 3+ 2i, then prove that (z— J=

z,  5+4i
2z, 3+2i
 (5+4i)(3-2i)
© (3+2i)(3-2i)
C15-10i+12i—8/°
3y - (20’
2342i
T 9+4
_2342i _23 2.

13 13 13

@ Solution P

_ 15+10i—12i - 8;* _ 15—

| b Complex Numbers |

Z

Take any two complex numbers and
prove that:

9+4
E_, - 23-2i =§_£;
Zy 13 13 13
From (i) and (ii), we get
4|z
s
Property )E)  Z--
Proof: Let z=x+iy
Then z=x-iy
Z=x+iy
—Z
(Example If z=7 + 3i, then prove that z = z.
@ Solution B z=7+3i
Then z=7-3i
z2=T7+3i=z

Hence, proved z =z

@) 5 +=7=2 =2
() ZZ=%7
(i) [i}z: » (227 0)
Z, Z,
. (1)
2i+8
9+4
... (i)
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Modulus of a Complex Number J

Just as the absolute value of a real number measures its
distance from the origin on the real number line, the
modulus of a complex number measures the distance o %
from the origin in the complex plane. Notice that the '
distance from the origin to the point P(x, y) lies along a
radial line and forms the hypotenuse of a right triangle,
where the horizontal and vertical sides have length x and g
v respectively. Figure 1.13

Definition
[fz=x + iy, then the modulus of z is denoted by | z | and defined as |z | = x*+ y* .
For example, (i) |i|=]|0+1i|=v0’+1° =1

(ii) [3=5i|=B) +(=5)°=0+25=1/34
Properties of Modulus of a Complex Number
Property )JB |z|=|Z|

Proof: Let z=x+iy

Then ‘ z ‘ =5t +57 o (1)
Now z= x—1iy
2| =J0r+ o =P+ i)

From (i) and (i1), we get

Ima

o)
)
-
=

8
b

S

X

S
=

7=
(Example ZB If z= 5+ 4i, then show that ‘ z‘ = ‘ z ‘
@ Solution P z=5+4i

|z|= (5 +(4)
= [25+16 =41 .. (i)

Now z=5-4i

2] =/(5 +(-4)
= J25+16 =41 ... (ii)

From (i) and (ii), we get
|z|= |z
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Property )  |z|=|-z|=|Z|=|-Z]
Proof: Let z=x+iy
Then |z| = J+y? . ()
|-z|=|-x-iy| =m
= Jx+y? .. (i)
F=X—yi = Z=x+yi
E|= ¥ +y? ... i)
Here z=x—iy asz= x+iy
—z==Xx+iy
-2 ==+ o)’
=Jx+y . (iv)

From (i), (ii), (iii) and (iv), we have

[2]=]-=1=||=]-Z]

Property ) zz=|z|

Proof: Let z=x+iy
Z=x—iy
Now zz = (x+iy)(x—iy)
= (x)’ = (@)’
= ¥ =(i%?)

ad

= x’=(=y%) as i‘=-1
=x’+y* =|z[} as lzl=ya® +y*
Hence, zz = |z |

(Example Ifz=35 + 3/, then show that zz = ‘ z ‘2.

@ Solution P z=5+3i

z=5-3i
2z = (5+3i)(5-3i)
= (5 (30’

= (25)—(9¢)
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=25-(-9)
=25+9 =34 . (1)

121 =5 +3)
2P =[P +6r |

=2549 =34 . (1)
From (i) and (i), we get

gz = ‘z ;
EXERCISE % K] |

1 Find the modulus of the following complex numbers:

g - ; 3 4, :

@) 4+3i (i) —5-4i i) -5 (W) —V2-3
2. Ifz, =2 + 7i and z, = 4 — 3i, then verify that

(i) zt+z=z+z (i) zz=zz (iii) [? J= =
3 If z =5 — 2i, then verify that ’ i

g z=2 i) |z|=|z| (i) |z|=|-2|

. — 2 e

(1v) zz=|z‘ (v) ‘3‘=‘—z‘
4. If..=4—3£,thenverifythat‘Z‘Z‘—z‘z z Z‘—E‘.

Ifzy =2+ 3i, z2=—1 + i, then evaluate:

(1) Re(z1 z2) (11) Im (z1 z22)

Finding Real and Imaginary Parts of Complex Number

of (x + iy)" and [%z'*] , where x, + iy, #0 and n =+ 1
2 2
andn=+2

(x+iy)" whenn=%1

Let z = (x +iy)" be a complex number.
(i) Forn=1
We have z = (x+iy)'
= x+iy
Re(z)=x, Im(z)=y
(ii) For n=-1
We have z=(x+iy)”!
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_ 1 Wiy | Skilled Practice!
X+iy Find real and imaginary
. parts of (x + iy)" for
(+ ) (x—1y) =i
_ x=ly
- x2+y2
L. % iy
_x2+y2 _x2+y2
Re@) = —— , Im(z) ==
x4y Xy

@ Find real and imaginary parts of (4 + 3i)~".
@ Solution P Letz=(4+3i)"
1
T (@+30)
o 1(4-30)
(4+3i)(4-3i0)
4-3i 4-3i 4 3

——=—

1649 25 25 25

Re(z)

Il
|
F)
a2

I

|

(Example Find real and imaginary parts of z = (4+ 3i )_2 ;

@ Solution B z=(4+3i)"
1

T @+3)
_ 1 _ 1 | ¢ | Do you know? |
(4)2 + (31')2 +2(4)3i) 16—-9+24i _ 24z
Re(z) = !
1 2
T T7424i i) = -z
2i
(7—24i) ‘

" (7+24i)(7—24i)
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7240
© 49+576
_ 7-24i
625
_ 124,
625 625
7 24
Re(z) = E , Im(z) = —%

1
; . 4+3i
(Examplei!) Find real and imaginary parts ofz = ( 3 ] .

3+2i
[4+3z‘ T
3+2i

3+2i
4+3i
_ (3+2i)(4-3i)
(4+3i)(4-3i)
12-9i+8i-6/° 12-i+6
@’+3)° 1649
18—i 18 1.

25 25 25

P o
@ Solution P =z

Re(z) = % , Im(2)= —%

Z ; . 1+i)?
';‘ExampleZi) Find real and imaginary parts of z = (1 Ij :

—i

1-i

__[l—fjl =t =AY (At Y
= = A ™ = ———
145 1+i 1—i 22—
[=28=1% r=5% ,
_ = — — —-T“:—l
( 141 ) ( 2 ) =D

Re(z)=-1, Im(z)=0

SN2
@ Solution P z= (l L8 1]
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Solution of Simultaneous Linear Equations with
Complex Coefficients

More than one equation which are to be satisfied by the same values of the variables
involved are called simultaneous equations or a system of equations.

{"Examplea’ Solve the given simultaneous linear equations with complex
coefficients for zand w:

Sz—3+)w=T-i
2-iz+2iw=4

@Solution p  Sz-(3+iw=7-i ()
2-iz+2iw=4 .. (ii)

(Step I ) From equation (i), we solve for w in terms of z.
52-3+Dw=T7-i

B+iw=5z-T+i

S5z—T+i
w =
3+

... (1i1)

fStep Il ) Put the expression of w in equation (ii) tgtgp@

(2-i)z+2i (‘Sz—_ - )= 4 Pulz =318 (t),
+1 we get
(2—i)(3+i)z+2i(5z2—T+i)=4(3+i) = )Tt
3+i
(6+2i—3i—i)z+10iz— 14i+2i =12 + 4i .-
_ 1

(6—i+1)z+10iz—14i—2=12+4i P I

(7T—d)z +10iz—14i -2=12 + 4i Hence, z=2, w=1

Tz—iz+10iz—-14i-2=12+4i
Tz4+9iz=12+4i+ 14i + 2

Tz+9iz=14+18i
2(7+91) =2(7+ %)
e 2(7 +9i)
7+9i
z=2




p Complex Numbers - 20

1. Find the real and imaginary parts of the following complex numbers:
(i (8-3iy (i) (5+3i)" (i) (4-5i)"
; A3 AT N (2—:‘]‘3
(iv) ( 31) (v) (4+3i] (vi) 7+
(vii) [l_ 2 j
1+i
2 Solve the following simultaneous linear equations with complex coefficients
for w and z:
(1) Iz+Q2+iHw=11-i (i) 2z+@+D)w=9-i
2-Dz—-w=-1+i —iz—iw==1+]|
(i) z—4w =3i (iv) z+w=3i
2z+3w=11-5i 2z+3w=2
(V) 2z+B+iw=1
—2Zz—(l1-w=2

1. Four possible answers are given for the following questions. Choose the correct
answer:

] REVIEW EXERCISE

i) Ptits
(a) —1 (b) 0 (c) 1 (d) 2
(ii) Real part of (2 — 3i) (2 + 3i) is:
(a) -3 (b) 1 (c) 4 (d) 13
(ii1)  Imaginary part of (2 -17) (2 +i)is:
(a) 0 (b) 1 () 7 (d) 9
(iv)  x+ iy will be pure imaginary number, when:
(@) y=0 (b) x=0 (c)i=0 (d)x=0,y=0
(V) What is additive inverse of 5 — 2i?
(a) 5+2i (b) =5 -2i () 5-2i (d) -5 +2i
(vi)  What is multiplicative inverse of z=1 + r‘?l i i |
- i ———i R
@ 1-1 (b) i @373 @t
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(vil) Ifz=4-3i, then zz =

(a) 3 (b) 9 (c) 16 (d) 25
(viii) Conjugate of 9 —4i is:

(a) 9—4i (b) 9+4i (c) 9+9i (d) 4—9i
(ix) Ifz=4+4ithenz+z =

(a) 8 (b) 8 + 8i (c) 8i (d) 0
(x) Ifz=5+4i,then|z|=

(a) 9 (b) 25 (c) 41 (d) Ja1
(1) Is “0”" a complex number? Explain.

(11) What is the result of multiplying a complex number by its conjugate?
(111)  State the condition for two complex numbers to be equal.

Simplify:
(i) §41 i) i x (iii) (=)’
(1v) (3 —-4i)(5-6)) (v) 3 +4i)+~(5-Ti)

Find additive and multiplicative inverse of z =8 + 9i.
Ifz, = 3 +4i and z, = 2 + 3i, then verify that

(1) Z,+2, =2,+%Z, (i1) 55, =55 (1i1) (i]=§

Z;
@) |z|=|-Z] v Z=z v zz=|af
Ifz,=5+4i,z,=3+2i, then find

(1) z,z, (i) z—' (i)  zZ, (iv) ‘z]zz‘
Find real and imaginary parts of z= (2 + 7i)"'.
Solve the given simultaneous linear equations with complex coefficients for z and w:
iz+(2-)w=4+i
iz+B3+Dw=3+3i

Solve (3 — 4i) (a+bhi)=1 + 0i and find the values of @ and b.

10. Solve the equation for x and y:

B-2i) (x+yi)=2(x—2yi) +2i—1



Stuwdents Learning Owtcomes

" After completing this unit, the students will be able to: /

b Solve quadratic equations of the form ax’+bx+¢=0, a(# 0). b, ¢ are real numbers by
factorization, quadratic formula, completing square and graphs.
b Find the intersecting point graphically when intersection occurs between
a linear function and coordinate axes. o> two linear functions,
a linear and a quadratic function.
b Sketch and interpret the graphs of the quadratic function y = @’+bx+ec, a(# 0), b and ¢ are
real numbers.
Establish relationship between roots and coefficients of quadratic equations.
Form a quadratic equation when roots are given.
Find discriminant of a given quadratic equation.
[dentify the nature of roots of a quadratic equation through discriminant.
Solve quadratic inequalities in one unknown.
Solve problems of “changing the subject of formula™.
Solve fractional equations that can be reduced to quadratic equations.

¥y vV ¥y Yy Yy VY YY

Apply the concept of quadratic equations and quadratic inequalities, to real world problems
(such as in physics, engineering and finance, i.e. calculating max and min heights in
projectile motion, determining the maximum price on a company’s budget, stability of
population, growth of business, the relationship between hours worked and amount earned
etc.).

B INTRODUCTION]

This unit explores into the study and applications of quadratic equations, a

fundamental concept in algebra with wide-ranging uses in both academics and the
real world. Students will learn to solve quadratic equations using factorization, the
quadratic formula, completing the square and graphical methods. The unit also
explores how to sketch and interpret the graphs of quadratic functions and examines
the relationship between the roots and coefficients, as well as how to form equations
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from given roots. Key concepts like the discriminant are used to determine the nature
of the roots, whether they are real, repeated or complex. Students will also solve
quadratic inequalities, tackle equations involving formulas and fractions and
graphically identify points of intersection between linear and quadratic functions.
Finally, the unit emphasizes practical applications, demonstrating how quadratic
concepts are used in different fields.
AE, | Recall |

An algebraic expression is a combination of constants and variables joined with the signs of

arithmetic operations.

For example, 5, 3x, 2x-7y, 3y° — 5y 2 ete.

A polynomial in one variable ‘x” is an expression of the form;:

Px)=agx"+a, . x" '+..tax+a
where a,, a,..., a, are real numbers and » is a non-negative integer.

If @, # 0, then degree of polynomial is n.
For example, 5x*—x +7 is a polynomial of degree 2.

Quadratic Equaﬁonj

A quadratic equation is a second degree polynomial equation in one variable.

For example, the following equations are quadratic equations:
(i) 2%+ 3x+7=0
(i) *-5x-4=0
(iii) 3y’ -6y+3=0

If a,b,ce R.a+0and b # 0, then equation ax’ + hx + ¢ = 0 is called the standard
form of the quadratic equation in x.

If @ = 0, the equation ax’ + bx + ¢ = 0 becomes bx + ¢ = 0 which is a linear equation.

If b = 0, the equation ax’ + bx + ¢ = 0 becomes ax’ + ¢ = 0 which is pure quadratic
equation.

Solution of Quadratic Equation of the Form
' ax? + bx + ¢ = 0, wherea,b,ce Randa#0

E Factorization Method

The solution of a quadratic equation by factorization is based on the following result:
If (x +/)(x +m)=0,thenx+/=0o0rx+m=0, where /,me R. This is called zero
product property.




P Quadratic Equations and Inequalities

‘:_ -xampleD Solve by factorization method: x* +% x=2

/"—-‘\
@ Solution D xz-f-%x =2

3x*+7x =6
332+ 7x—6 =0
3% +9%x-2x—-6 =0
3Ixx+3)-2(x+3) =0
(x+3)3x-2) =0

Now if either of the factor

x + 3 or 3x — 2 is zero, then

their product is zero. So,

x+3=0o0r3x-2=0

An equation in which variable appears in the denominator
of one or more terms is called a fractional equation.

[multiplying both sides by 3]

Every quadratic equation has
at most two roots.

5 ) By €2 x40
x=-3 or x= S 5 X 7
(ii) s , X #1,—5 are fractional equations.
Hence, solution set is {—3, E} x=l %43
cfExampleD Solve by factorization method: 2'7(2_ 3 HEs ,XxZ0.
%
P RS 2x—3  4x-6
@ Solution P =2 - ‘
— 2 X Multiplying both sides by LCM

2x(2x-3) (2x)(4x—-6)
2 - X
2x* =3x =8x-12

22 —11x+12 =0
2% —8x—-3x +12=0
2x(x-4)-3(x-4) =0

(2x-3)(x—4) =0
2x=3=0o0rx—-4 =0

.1r=E or x=4
2

. o |3
Hence, solution set is {E, 4} i

of the denominators.
1.e., 2x to eliminate denominator

[ Transposing all terms to left
| hand side of ‘=’sign.
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LY Solution of a Quadratic Equation by Completing Square Method

(Example Z’ Solve by completing square method: 3x* — 32 =—10x
@ Solution P 3x*—32=-10x
("Ste_'p 1 ) Simplifying equation so that the terms in x* and x are on one side of

the equation and the term without x on the other side.
3x*+10x =32 [Transposing]

(:'St&p I1) Make the coefficient of x? unity and positive by dividing throughout by
the coefficient of x*.

, 10 32

+—x ==

: 3 3

(Step 111 Add to each side of the equation the square of half the coefficient of x.

, 10 [5)3 32 (5)2
Xt+—xt+| - |=—74+ =%
3 3 3 13

\ii | Skilled Practice!

i 5 i _32 +§ Solve by completing square
3 3 9 method.
: ¥ "
5Y 96+25 121 M 5 -18=2x
x+§ = 9 2? (11) 2x —Tx=-20

(4]-(3)

(Step IV)  Taking square root of both the side.

i(x+é)=ﬂ
3 3

11 : _
x"‘g = i? @' | Challenge!
11 5 11 The square of every real quantity is non-
X 373 L 3 3 negative and therefore greater than
115 115 zero. Thus, (@ — b)’ is non-negative i.e.,
x=?—§ or x=—?—§ a —2ab+ b > 0. Do you agree:
X+ y
6 -16 1 ZA[Xy
x=—=2 or x=—— =-5— 2
3 3
1

Hence, solution set is {2,—53} :
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’ Solution of a Quadratic Equation by Quadratic Formula
Derivation of Quadratic Formula by Completing Square Method
After suitable reduction and transposition every quadratic equation can be written in
the form: ax’ +bx+c=0, wherea, b, c are real numbers and a # 0.

Now, ax’ +bx+c=0

We can rewrite the equation as:

(:Step 1) ax’+ bx=—c [Transposing]
(Step 11 ) Dividing by a (the co-efficient of x%), on both sides of the equation.

(&

Z

X' e = ——
a a

2
t’S.tep II1 ) We add square of half of the co-efficient of x i.e: (zi] on both side

a
of the equation.

o) -3
eib o[ _(2) ¢ ()] Remember! §
o 2a 2a <+ ax® + bx + ¢ = 0, can equivalently be

el

LbY_P ¢ b e
il Pl B i a0
4] a

expressed as:

tStep IV )  Taking square root of both the sides.

i(x+i)= Vb* —4ac

2a

b Vb* —4dac @m

+£ =* 2% Moving a term from one side of an
equation to the other by changing
—h b —dac . its sign is called transposition
or x=—+———— [Transposing]
2a 2a
. ~b+b’ —4ac

2a

This is the quadratic formula.
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(Example &f)  Solve by using quadratic formula: 3x* + 7x — 6 = 0.
@ Solution P 32 +7x-6=0 (given)
ax*+bx+c¢=0 (standard form)

Comparing the given equation with the standard form.
a=3,b=T7,¢=-6
Substituting the values of a, b, ¢ in the quadratic formula.

—b+Ab* —4ac

X =
2a
. ~7+J(7)*-4(3)(~6)
2(3)
_ =7 +,/49+72 - -7+ 121
6 N 6
_ —7+1 g | Activity §
6 A rectangular garden is in front of @k +4)m
—7+11 =7-11 Kiran’s house, whose dimensions |
= s are (2k + 4) metres and &k metres. %
6 6 . =
A smaller rectangular portion of 2
_ i —18 the garden of dimensions k metres < 2 metres
6 6 and 2 metres is levelled. Find the |
2 area of unlevelled portion of the ~ —#k metres —
X = 3’ =3 garden.

Hence, solution set is {% , —3}

u Solution of Quadratic Equation by Graphs

To solve the quadratic equation graphically means to find the points where the graph
of quadratic equation crosses the x-axis. The x-values of these points are the solution
of the quadratic equation. If the coefficient of X’ in the HIEII L LA

quadratic equation is positive, then the graph will be v The graph of a quadratic
shaped and if the coefficient of x” in quadratic equation is Boton s calicd beabolt

negative,then the graph will be m shaped. To sketch the graph of quadratic function,
we find its vertex by completing square method. a(x — /)’ + k is called the vertex form

of quadratic function having vertex (A, k) and a is the coefficient of x".
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(Example B (i) Sketch and interpret the graph of quadratic function
y=27-x-10.
(ii) Solve the quadratic equation 2x*> — x — 10 = 0 graphically.
@ Solution P (i) Let us sketch the graph of y = 2x* —x — 10.

i 2
y=2 xz—ix—SJ =2 xz_lx+[l] _[l) =5
2 27 \4) 4
:2 (x—l] _.L__S
4 16

. ) )
1 81 1Y 2(81)
=2l x—— | =——| = el e
(x 4] 16} Z[x 4} 16
1Y 8l
=2l x— | —— =2(x-0.25)"-10.13
' 4] g 2w=02)
Compare it with y = a(x — h)" + k. So, the vertex is
(0.25, —10.13). To sketch the graph of quadratic

function we take some more points.

X |-25(-1| 1] 2
Y |5 |-71-9|-4
By plotting the points and vertex, graph is sketched above. The graph of the given

\ Aad

3] 3 4

4 ol _4}

/(1.-9)
170025, -10.13)

Figure 2.1

quadratic function y = 2x* — x — 10 opens upwards and it intersects the x-axis at
(=2, 0) and (2.5, 0).

(ii) The graph intersects the x-axis at x = 2.5 For finding the solution of
quadratic equation ax®> + bx + ¢ =10
graphically. first of all we draw
equation 2x*—x—10=0 are 2.5 and -2. the graph of quadratic function

y=ax>+bx+ec.

and x = —2. Therefore, roots of the quadratic

Hence, solution set is {2.5, —2}.

| EXERCISE ) 2.1 |

7 Write the following quadratic equations in standard form:
(1) 3x—1=2x2 (i) 2x(x+1)=4(2x+3)
(ili) 2x%2—4x=4x+7 (iv)  4(3x—2)=9x?
1 1 6x+6

(v) 2x+; = S-Eaxat() (vi) » x#0,20

I
20—-x  x
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2. Solve the following quadratic equations by factorization method:
(1) ¥-x—6=0 (i) »*+3x-28=0
(iii) 6’ +13x-5=0 (iv) xz—é}c:E
2 2
v) 3x—8:5x—2,x¢2,_5 (vi) o L,.til,—S
x—2 x+5 x—1 x+3 35
3. Solve the following quadratic equations by completing square method:
(1) 2* +5x+2=0 (i) »P+x=42
. +3 2x-1 7
i) 1262+ 7x =12 V) —= = X#E=,3
(1) ) 2x-7 x-3 2
1 | 6 ; 3x—1 6 -7
—_— :—,Xi—l,?) =l—- F :}5—'—7
S T e T ST o R
4. Use quadratic formula to solve the following equations:
(1) 2x* =5x+3=0 (i) 2%-7x-15=0
(iii) 2x*+7x=15 (iv) »+11=7x
) x+4 x-2 =61,I¢4,3 () -3 _ 2x—~1,-,‘:;t_1,1
x—4 x-3 3 x+1 x—1
5. Solve the following quadratic equations graphically:
(1) x*-3x-18=0 () ¥*-5x-14=0
(iii) 2x*+13x+6=0 (iv) 4x*+12x-27=0

Finding Intersection Point(s) Graphically

Finding Points of Intersection of a Linear Function
and Coordinate Axes Graphically

c,__Exampleb Find the points of intersection of y = 2x + 4 with coordinate axes

graphically.
" Solution !)' v =2x+4 is an equation of a line. Now, we draw graph of y = 2x + 4.
Table of values w
X i 4 To draw a straight line, it is essential

to have at least two distinct points.

y 6 —4
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We plot points (1, 6), (—4, —4) and join these points.
¥

=

1 2 3435678

Y

Figure 2.2
Point of intersection on x-axis 1s (=2,0) and the point of intersection on y-axis is (0, 4).

Finding Point of Intersection of Two Linear Functions
Graphically

(Example D

! Solution I x +y==6and 3x + y = 12 are two linear equations. We draw graphs

of both of these equations.
Table of values forx +y =6 Table of values for 3x +y =12

If x+y=06 and 3x+ y=12,thenfind their point of intersection
graphically.

X

0

—4

Y

6

10

X

0

2

J

12

6

Points are: (0, 6), (— 4, 10)

Now, we plot points for both of these equations.

Points are: (0, 12), (2, 6)

4B is the graph of x + y =6
CDis the graph of 3x + y=12
Hence, the point of intersection is M(3, 3).

Figure 2.3
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»JoJ23» Finding Points of Intersection of a Linear Function and
a Quadratic Function Graphically

{Example Ify=2+3xandy= 2x’+7x—4, thenfind their points of intersection
graphically.

@ Solution !; We draw graphs of both of these equations.

Table of values for y =2 + 3x

Now, y=2x"+7x—4

=2[:c2 g
2

/s

| (xof - 222] | (] - B o ()

=2(x+1.75°-10.13
So,  the vertex is (—1.75, -10.13).

X | -4|-3]0]1

Y10 |-7-4]|S5

We plot points of both equations and draw their graphs.
_ i

x X

__/12345_6?891:0’
04— ———+—1—1

v -

Figure 2.4
Points of intersection are : (1, 5) and (-3, —-7)
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i Find the points of intersection of the following linear equations with
coordinate axes graphically:
(1) x+y=8 (i) x-y=1 (iii) x-2y=1
(iv) x—-2y+2=0 (v) S5x—-5y=1
2. Solve the following system of linear equations graphically:
(1) xty=8 (i) x-y=1 (i) x—-2p=1
3x—-y=4 x+2y=17 2xt+ty=2
(iv) y=2x+2 (v) 3y=2x+8
3x+2y=4 x+y=1
3. Solve the following equations graphically:
(1) y=8x-32 (i) y+x=2
y=x"-6x+8 y=2x+x-10

Relationship Between the Roots and Coefficients of |
a Quadratic Equation

The standard form of a quadratic equation is ax’ + bx + ¢ =0, a# 0 and a,b, c € R.
The roots of this equation are:

—b+ b —4ac and —b—~b*-4ac
2a 2a
Let these roots be a,
—b+Alb* - 4dac —b—~b’ - 4ac
o = 5 ﬂ —
2a 2a
Now S = Sum of the roots = o + /3

B —b+x/b2—4ac+mb— b*— dac
2a 2a
—b+Jb: —4ac—b-+b*—4ac

B 2a

2 _-b
2a a
Coefficient of x

S =Sum of the roots = — - =
Coefficient of x
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P = Product of the roots = &8

=

2a

i Niaatcd W

(2a)(24) 4q’
- b? —b* +dac _4ac _€
44° 44t a

Constant term

P = Product of the roots = £ = : -
a Coefficientof x-

(i) The standard form of a quadratic equation is ax” + bx + ¢ =0 where a#0 and a.b.ce R.

h .
(i1) Sum of the roots = —=— . Product of the roots = ©
a a

(iii) When the coefficient of x* in a quadratic equation is unity (one).
s Sum of roots is equal to the coefficient of x with sign changed.
¢ Product of the roots is equal to the constant term.

. 2 . . ~b
(iv) If the constant term of ax +bx+c¢=0 is zero, then sum of its roots = — and
a

products of the roots = 0.

“’ Example Z) Find the sum and the product of the roots of the equation 3x’+5x—12=0
without solving.

P

@ Solution P Standard form of the quadratic equation is ax? + bx + ¢ = 0, where
a# 0 and a, b, c € R. The given equation is 3x> + 5x — 12 = 0.
Here a=3; b=5; ¢=~12
S = Sum of the roots = e B
a 3
¢ _—12
P = Product of the roots = —= = -4
a
cﬁ\ExampleiI:) Find the sum and the product of the roots of the quadratic equation
X +6x+8=0
@ Solution P Coefficient of x” is unity.
Sum of the roots =— 6 [Coefficient of x with sign changed]
Product of the roots = 8 [Constant term]
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Form a Quadratic Equation When Roots are Given

The standard form of a quadratic equation is ax® + bx + ¢ = 0, where a # 0 and q,
b,ceR.
Let a, f be its roots. We have established a relation between the roots and

coefficients.

S = Sum of the roots =a + = (1)
a

P = Product of the roots =af = £ ... (11)
a

The given quadratic equation is ax® + bx + ¢ =0.
Dividing this equation by a, we get

b g
X+ Zx+==0
a a

Writing this equation in terms of &, 5

x> —(a+pB)x+af =0 [using (1) and (ii)]
or x? — (Sum of the roots) x + Product of the roots = 0
or ¥*-Sx+P=0

(Example ZI’ Form the equation whose roots are % and . :

4

@ Solution ) Method-1 )

Here x=g,x=é
4
2 3
xX——= o x-——=
3 4

X ==x——=nrte= =]
3 2
xz—£x+l—0
12 2

12x% —17x +6 =0 is the required equation.
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Method-II )

Roots of the required equation are % , %
S = Sum of the roots = 2 + %
8+9 17 .
= =— . (@
12 12 ®
2 1 -
P = Product of the roots = — x 2 =— .. (11)
3 4 2
Required equation is
¥-Sx+P=0
Putting values of S and P in above equation
, 171 . }
— —xt—= From (1) and (i1
T [ (1) and (ii)]
So, 127-17x+6=0
(ExampleiB If a, f are roots of the equation x* — 7x + 10 = 0, then form

an equation whose roots are 2+ 1 and 23 + 1.

@ Solution ) As a,f are roots of x> — 7x + 10 = 0, therefore

atp=—T)-7 .00 ap="=10 .G
S =Sum of roots of the required equation=2a + 1+ 24 + 1
=2(a+pB)+2
=2(7)+2=16

P = Product of roots of the required equation= 2a + 1)(2f + 1)
=4af +2(a+p)+1
=4(10)+2(7)+1=55

The required equation will be
¥ —-8Sx+P=0
x>—16x+55=0 [Putting values of S and P
(Example Find the condition that the roots of ax* + hx + ¢ = 0 may be equal
in magnitude but opposite in sign, where @ # 0.
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@ Solution B ax’>+bx+c=0 (given equation) @ | Challenge!
Let o, —a be the roots of this equation If one root of the quadratic
b equation is twice the other
S = Sum of the roots = o + (—ot) = —— and their product is 8§,
4 find the equation and both
0=- 4 where a # 0 —
a
b =0 is the required condition.
| EXERCISE JPK
Form a quadratic equation whose roots are given below:7 ¢
i 49 i) 5,-7 (i) —, —
5 5
-3 7

(1v) 5775 ) Fis, T-xff D 245 ~0-+3

Find the quadratic equation with roots exceeding by 2 than those of
roots of x*> + 9x + 20 = 0.

Find the equation whose roots are double the roots of x* — px + ¢ = 0.

If o, B are the roots of the equation x*+ 2x + 4 =0, then find the equation
whose roots are:

s L1 o 2B S o |
(1) oy (i1) 7a (i) 2o 7 .28 -
(iv) a’.p° (v) 2a-128-1

Find the condition that roots of ax? + hx + ¢ = 0 should be reciprocals of each
other.

Find the value of &, given that one root of x* — (2k + 4) x + (7Tk + 1) = 0 is 3.
Find the value of m in the equation 2x* + 3x + m = 0 when sum of its roots is
equal to double the product of its roots.

If a, 3 are the roots of x* + ax + b =0 and afz,ﬂz are the roots of x> + Ax + B=0,
then prove that 4 = 2b—a®, B = b

If o, B are the roots of x* + px + ¢ = 0, then find the condition that
- 1
(1) a=p (11) a=—
B
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Discriminant of a Quadratic Equation J

The quadratic equation ax®> + bx + ¢ =0, where a # 0 and a, b, ¢ € R has two roots.
Let these roots be o and f.

_—b++b’—4dac s B —b—b* —4ac

2a 2a

Discriminant

The expression b* — 4ac, under the radical sign in quadratic formula is called the
Discriminant (Disc.) of the equation, ax” + bx + ¢ = 0. It determines the nature of
character of the roots of the equation.

Now, o

Nature of the Roots of a Quadratic Equation

Before proceeding to discuss the nature or character of the roots of a quadratic equation,
it is important that the students should clearly distinguish among the terms rational,
irrational, real and imaginary.

Now, \/2_5 or 5, 4%% are rational and real. \/’7 , \/5 ﬁ are irrational and real.

\/—_3 , \/—_7 \/—_4 are imaginary or unreal.

As we know that the two roots of ax> + bx + ¢ = 0, where « # 0 and a, b, ¢ € R

are or —b+b" —4ac and f = —b—+b"—4ac '
2a 2a
Then we have the following results:
(1) If b* —4ac > 0 and is a perfect square, then the roots are rational (real) and
unequal.

(i)  If b —4ac > 0 and is not a perfect square, then the roots are irrational
(real) and unequal.
(iii)  If b* —4dac =0, then the roots are real and equal.
(iv)  If > —4dac <0, then the roots are imaginary (complex conjugates).
By applying these tests, the nature of the roots of any quadratic equation may be
determined without solving the equation.

ij_'_' xamplei!} Examine the nature of roots of the following quadratic equations:

i 3xP—-8x—2=0 (i) 4X°+4x+1=0
(i) 2°+3x+4=0 (iv) x+4x+3=0
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@ Solution P (i) Here,a=3, b=-8,¢c=-2 (i) Here,a=4, b=4, c=1
Disc. = b’ —4ac

Disc. = b* — 4ac 5
- (_8)2_4(3) (_2) = (4) _4(4)(1)
=64 +24=88>0 = 1b-=1h=9

As the discriminant is zero. Therefore,

the roots are real and equal.

(ivy Here,a=1, b=4, ¢c=3
Disc. = b* —4dac

As the discriminant is positive but not a
perfect square. Therefore, the roots are
irrational and unequal.

(iii) Here,a=2, b=3, c=4

Disc. = b —4ac =@)7’-41)3)
=16-12
=37 -42)@) e e
=9-32 o ) o
—_23<0 As the discriminant is positive and
Which is negative. Therefore, the roots are perfect square. Therefore, the roots
imaginary. are rational and unequal.

If the roots of ax® + bx + ¢ = 0 are rational, then b*—4ac must be a perfect square.

(';Examp'lem Find the value of k if the equation (k+1)x* +(2k—Dx+(k—=1)=0
has equal roots.

@ Solution P Herea=k+1,b=2k—1,c=k- I
Disc.= b*>—4ac =0  (roots are equal)
Qk-1¥%—4(k+1)(k-1)=0
(4 —4k+1)—4(k*-1)=0
A4 —4k+1-4K+4=0

—4k+5=0
4k =5
et

4

| EXERCISE 24|

1. Examine the nature of roots of the following quadratic equations:
(1) 32 =Gr—=2=0 (i) x*+6x+9=0
(i) 2x*+4x+5=0 (iv) 7x*—6x-1=0
v) 52-2x+10=0 (vi) x*-8x+16=0
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2, For what values of ¢, the roots of 3x° + x + 97 = 0 are real and unequal?

3. If the quadratic equation 16x* + 7px + 49 = 0 has equal roots, then find the
values of p.

4. If the quadratic equation 4u” + 8u + g = 0 has unequal and real roots, find the

possible values for q.
5. Find the value for m, if the quadratic equation mx” — 8x + 1 = 0 has real and
equal roots.

Solution of Quadratic Inequalities in One Unknown J

In Mathematics an inequality is a relation which makes a un-equal
comparison between two numbers or other mathematical expressions. We have
learned how to use the inequality symbols < (less than), > (greater than), < (less than
or equal to) and > (greater than or equal to).

Here we learn how to solve quadratic inequalities in one unknown.

There are following four steps to solve quadratic inequality:

(1) Solve the corresponding equation. (i) Determine intervals.
(1i1))  Test points in each interval. (iv)  Conclusion.
r.jiExample Solve the inequality x> — 5x + 6 > 0,

@ Solution B x> -5x+6>0

(’Stép_ I ) Solve the corresponding or associated equation.

Set the quadratic expression equal to zero (0) to find the roots.
¥ -5x+6=0
#=3x=2x +6=10
(x—2)(x—3)=0 [Factorize]
Now, x—2=0 or x-3=0
So, the solutions are x =2 and x = 3.
Here, critical points (2, 0) and (3, 0).
(-Ste_'p 11 ) Determine intervals
The critical points divide the number line into three intervals.
Interval 1: x <2 ) gD
Inter\-’al 2:2{:{{3 2 " $ 1 :
Interval 3: x> 3 -0 2 -1 0 1 2 3 4 ©

W

+4-0
=
W%
[ | we
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(:Sﬂ?]’: I11) Test points in each interval.

Choose a test point in each interval and substitute it into the inequality.
Forx=1:(1-2)(1-3)=2>0.
So, this interval satisfies the inequality.
Forx=25:(2.5-2)(2.5-3)=-0.25<0.
So, this interval does not satisfy the inequality.
Forx=4:(4-2)(4-3)=2>0.
So, this interval satisfies the inequality.

({’_S?iﬁep’ 1V) Conclusion:
The solution of this inequality x> — 5x + 6 >0
isxe (-0, 2) U(3, )

(Example iD Solve the inequality 2x> — 5x + 2 < 0.
@ Solution P 2x°-5x+2<0

(Stﬁp I ) Solve the corresponding or associated equation.

2 -5x+2=0
2 ~Ar—-x+2=0 e
2(x ~2) — 1(x—2)=0 [Z | Note
(2x—1){x—2)=1 For solution, we use open
Now, 2x-1=0 or x-2=0 interval (a, b) when equation has
So, the solutions are x = s and x =2 < or > sign and closed interval
2 [a, b] when equation has < or >
Here, critical points are [%,0 ] and (2, 0) sign.

(Step I1 ) Determine Intervals
The critical points [%0 ] (2, 0) divides the number line into three intervals.

Interval 1: x<—

2
I 12 1 %Exi?
nterval 2: E<x<2 - : : T, : ! . :;
Interval 3: x>2 A 1 2 3 4 @
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(_Step.@ Test points in each interval.
Forx=0:(2(0)-1)(0-2)=(-1) (-2)=2>0,
So, this interval does not satisfy the inequality.
Forx=1:2(1)-1D(1-2)=(1) 1)=-1<0,

So, this interval satisfies the inequality.
Forx=3:(23) -1 @ -2)=(6-1)(1)=5>0,

So, this interval does not satisfy the inequality.
(;Sftep_ IV) Conclusion:
The solution of the inequality is: xe {% : 2}.

25_]

L Solve the following inequalities:
(i) x*+3x-4>0 (i) 2*-8x+6>0
(iii) x*+x—6<0 (iv) x*—6x+9<0
(v)  4x*—16x+15<0 (vi) —x"+3x-22>0

Changing the Subject of Formula J

A formula expresses the precise relationship between various measurable quantities in

a problem or situation in an equation form.

The figure on the right is of a rectangle. Its 5 : -
length is / units and width is w units. Let P
be its perimeter. ¥ w
Now, P=¢{+w+l+w
=2/ + 2w A ¢ B

P =2(f+ w) units
We have constructed a formula for perimeter (P) of a rectangle. In the above formula
P =2 ({ + w), the letter P on the left-hand-side is defined as the subject of the
formula, while the letters on the right-hand-side are called terms of the formula.
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Perimeter (P) of square of length (7) is P =4/,
We change the subject P and rewrite this formula as 7/ = %P, ¢ has become subject of

the formula. If value of P is given, then we can directly find the value of /.

(Example The area of a circle is 4= 1. Make r the subject of the formula.
@ Solution P A=71r
or Jﬂ‘z =4
p=a
T
|4
re= . [ 1s always positive]

1. Make F the subject of the formula, C"zg (F2-32):

2. The formula for finding simple interest is / = PRT.
(a) Make P the subject of the formula.
(b) Make T the subject of the formula.
3. Make ‘a’ the subject of the formula §=2a + (n— 1) d.

4. The volume of a cylinder is given by the formula, ¥ =z+’h. Make ‘A’ the
subject of the formula.

5 The area of a trapezoid is A = % h (b, +b,), make h the subject of the formula.

6. If y = mx +¢, then make ‘x’ the subject of this equation.

T Perimeter (P) of a rectangle is P= 2 (/ + w), make ¢ as the subject of this
formula.

8. The equation of a parabola is y* = 4ax, make ‘x” as a subject of this equation.
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9. If P=S8 - C, where S is selling price and C is cost price. Make S as subject of
the equation.

10. Volume of the cone is V' = %:rrzh, make “/’ as subject of this formula.

Applications of Quadratic Equation in Real World J

.{Example A ball is thrown upward with an initial velocity of 20ms " . Calculate
the maximum height it reaches above ground level. Calculate time of return to the
ground.

'mi Maximum height

At its highest point, the ball’s velocity is zero. So, we have the following quantities:
Initial velocity = v; =20 ms™'
Final velocity = vy= 0 ms™'

Gravitational acceleration =g =—10m s~2

Distance (displacement) =s =7
The relevant equation of motion is vs? = v + 2gs
Substituting values of v;, vyand g, we get

0° = (20)* + 2(-10) s
0 =400 — 20s

= @=20m

S0, s

Maximum Time of Return: When the ball returns to the point from which it was
thrown, its displacement (s) is zero. We have the following information:

Displacement =5 =0 _
. . ' | Note |
Initial velocity = v = 20ms™!
o . 5 The equations of motion describe the
Gravitational acceleration = g = —10 ms relationship between displacement, velocity,
Time=t =2 time and acceleration for objects moving in

. . a straight line with uniform acceleration.
The relevant equation of motion: ) )
First equation v, = v +af

S§=vit+ ngz Second equation :s= v,1+% ar'

3 ; Sy :
Putting the values of s, v; and g Hideguion @y =% ham
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0=20:+%(—10)r2

0=20t—5¢
0=120-51]
20
Now =0sec or 20-5t=0 = f=?=4sec
(1) t =0 sec. means, the ball had zero displacement at the time it was thrown.

(i1) t = 4sec. means, the ball returned to the ground after 4 sec, it is the return
time or the required time.

{\Examplez:) A company models its profit P(rupees in thousands) by the
equation P(x) = —2x" + 80x — 500, where x is the price per item (in rupees). Find the
price that gives the maximum profit and calculate the maximum profit.

@ Solution B P(x) =—2x" + 80x — 500
Since -2 < 0, the parabola opens downward and vertex gives the maximum point.
el B gy
Hence, the price per item that gives maximum profit is Rs. 20.
P(20) =—-2(20)" + 80(20) — 500
=-2(400) + 1600 — 500
=300 (in thousands)

Hence, maximum profit is Rs. 300,000.

We can also find vertex by
. b -b
usingx=—, y=f]—
5 2a 4 f[Za]

{Examplezb A ball is thrown upwards from the ground. Its height after ¢
seconds is modeled by:

h(f) =—5¢ + 20t (in metres)
For what time interval is the ball at least 15 metres above the ground?

@ Solution

Here, -5f+20t>15
—5£+20t—15>0
5/ -20t+15<0
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By solving the quadratic equation 5¢ — 207+ 15 = 0.
(20 J(=20)* - 4(5)(15)
2(5)

20 ++400-300

10

20 +4/100
10
2010
10

£ 20-10 20410
10 710
=1,3

So, the ball is at least 15 metres high when 1 <7< 3 seconds.

1. A town’s population is modeled by P(r) =—2¢> +40t+800, where ¢ is years

since 2020. Find the years when the population will be at least 1000.

2; A company models its profit P in thousands of rupees by the equation:
P(x)=-5x"+150x-1000, where x is the price per item in rupees.
Find the price that gives maximum profit.

3. A toy car rolls down an incline and covers a distance given by the equation

d = *—0.5¢t metres, where 7 is the time in seconds. Find the time when the car
has travelled a distance 12.5 metres.

4. A ball’s height (in metres) after 7 seconds is /#(7) = —41" + 24¢. For what time

interval is the ball at least 20m above the ground?

5. A ball is thrown upward with an initial velocity of 40ms . Calculate the
maximum height it reaches above ground level.

6. A freelancer’s earnings follow the model E(h)=-2h* +40h, where E is
earning in rupees and / is hours worked per week. What is the maximum
number of hours he should work to maximize earnings?
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REVIEW EXERCISE i—[

1. Four possible answers are given for the following questions. Choose the correct answer:
(1) The type of the equation 2x*> —x + 1 =0 is:

(a) quadratic (b) linear (c) third degree (d) Pure quadratic
(i) ~ What is the discriminant of x> + 5x — 5= 07?
(a) —20 (b) 20 (c) 25 (d) 45
(iii)  The solution set of 3x’ =9 =0 is:
(a) {3} (b) (3} () {3} (d (3}
(iv)  Sum of the roots of 3x* + 5x — 12 =0 is;
5 5 12 3
(a) 3 (b) -3 (c) 3 (d) =
(v) Product of the roots of 3x* + 5x — 12 =0 is:
(a) —4 (b) 3 (c) 4 (d) 5
(vi)  What are the roots of (x —3) (x + 3) =0?
(a) 3,-3 (b) 3,3 (c) -3,-3 (d)9,0
(vi1) 3 and 2 are the roots of:
(@) > +5x+6=0 (b) > +6x+5=0
(c) X**-5x+6=0 (d)x*+6x-5=0
(viii) IfH* —4ac> 0 and is a perfect square, then the roots of ax? + bx + ¢ = 0 are:
(a) equal (b) unequal (c) imaginary (d) irrational
(ix)  IfH*>—4ac =0, then the roots of ax> + bx + ¢ = 0 are:
(a) unequal (b) irrational (c) imaginary (d) equal
(x) Subject “c” of x — 2c = b is:
x—b b—x
(@ x+b (b) b—x () > (d) >
2 Solve the following quadratic equations by factorization method, by completing
square method and by quadratic formula:
(1) 82 =x+7 (ii) 22 -x—-10=0
3. Form a quadratic equation whose roots are; 6, 2.
4. Examine the nature of the roots of the following equations:
(i) 152+ 11x+2=0 @ 2P-x-1=0
5. If a ball is thrown upward with a velocity v, the maximum height it reaches
2
v

can be determined by using a formula s =
v the subject.
6. If the equation x* + 2(1 + k)x + k*= 0 has equal roots, then find the value of £.

28" Rearrange the formula to make



 UNIT €]
Determinants

Studentsy Learning Oufcomes
nAfter completing this unit, the students will be able to: /

Display information in the form of matrix of order 2.

Solve situations involving sum, difference and product of two matrices.

Calculate the product of the scalar quantity and a matrix.

Evaluate the determinant and inverse of a matrix of order 2-by-2.

Solve the simultaneous linear equations in two variables using matrix inversion method and

Cramer’s rule.

b Explain, with examples, how mathematics plays a key role in the development of new
scientific theories and technologies. (e.g., Mathematical models and simulations are used to
design and optimize new materials and drugs, and to understand the behaviours of complex
systems such as the human brain ).

#  Apply concepts of matrices to real world problems (such as engineering, economics,

computer graphics and physics).

vyvYvY vy wYyy

| INTRODUCTION|

The evolution of the theory of “matrices’ is the result of attempts to obtain compact
and simple methods for solving system of linear equations. In 1850, it was James
Joseph Sylvester an English Mathematician and lawyer who used the word matrix. In
1858, Arthur Cayley published Memoir on the theory of matrices which was
remarkable for containing the first abstract definition of a matrix. The mathematicians
James Joseph Sylvester (1814-1897), William Rowan Hamilton (1805-1865) and
Arthur Cayley (1821-1895) played important role in the development of matrix
theory. English Mathematician Cullis was the first to use modern brackets notation
for matrices in 1913. The knowledge of matrices is absolutely necessary not only
within the branches of Mathematics but also in other areas of science, genetics,
economics, sociology, modern psychology and industrial management.

Matrices /J

A matrix is a rectangular array in shape, whose elements (entries) are written within
square brackets in a specific order, in rows and columns. The arrays obey certain
algebraic operations.
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Generally, the matrices are denoted by the capital letters of the English alphabets
while their elements are denoted by the small letters.

a b 3
e.g A=|:C d:| , B=[5 T] , C={2:|

-2 0 0 0 10
D= , E= , F =
0 5 0 0 0 1
The time table in schools, flight schedule at air-port or arrival and departure time
of trains at the railway station are written in the matrices form.

2R B8 Rows and Columns of a Matrix

Row: Entry or entries written in the horizontal line or lines form the row or rows of
a matrix.

Column: Entry or entries written in vertical line or lines form the column or columns
of a matrix.

For example, Column 1 Column 2 Column3  Column 4

+ +
2 3 7 | | «—— Row 1
A=|1 5 3 2| «— Row?2
9 1 8 4| «—Row3

Matrix 4 has 3 rows and 4 columns.

Column 1 Column 2 Column 3
7 4 8 |[«— Row 1
B=|3 0 10| «— Row 2
2 1 I ]e— Row3

Matrix B has 3 rows and 3 columns.
c=[5]
Matrix C has | row and | column.

Elements or Entries

1 2 3
If A= { 45 6 } ,then 1, 2, 3,4, 5, 6 are called elements or entries of matrix A.

Order or Size of a Matrix

If a matrix A4 has “m’ number of rows and ‘n” number of columns,then the order or




———

49 b Matrices and Determinants

5 -1 0
size of the matrix A4 is m-by-n. Order of matrix B=|9 2 3 |is 3-by-3. If order of
0o 1 2

a matrix is 3-by-4, it means it has 3 rows and 4 columns. It does not mean 3 by 4 =12,

however 12 gives the number of elements in the matrix.

Equal Matrices

Two matrices A and B are said to be equal if and only if they are of same order and
their corresponding elements are same

2 3 4-2 3 _
For example, 4= y B= are equal matrices.
4 -2 4 4-6

Similarly, C=[ a b], D=[3 4] will be equal matrices if and only if « =3 and b = 4.

1: Write the number of rows and number of columns in each matrix.
g=|2 ¥ B = i c=[8 -10 11]
0 0 ? s 2
7
3 2 1 5 9 -9
D=1 0 3], E=
-3 4 5
4 5 6 =
2. Write the order of each matrix.
0 1
1 35 0 3 4
A= ,B=[3 4], C= . D= ,E=|3 4|, F=[5]
0 5 6 5009
5 6
3. Which of the following matrices are equal? _
= - 2x3 2—-1
A= %8 B= s C=12x2 4=2
4 1] 55 ] # x —ep
) 3 1 4+4 3+0
- 6 1 =
544 3-3 3
D= ; E=|4 2|, F=
-8 +1 341 1
L _8 3 e

a+2 c¢—3 5 8
4. If = ,then find the values of a, b, ¢ and d.
b-1 d+4 6 4
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[2x+1 4 9 4

If = , then find the values of x and y.
| 7 5 T vy
[a+b 2d-1] [10 5

If = , then find the values of @, b, ¢ and d.
| 3b+2 4 11 ¢
(p+q 5 6 5

If = , then find the values of p and ¢.
11 p-2g] [11 0

Types of Matrices |

(@)

(i)

(iii)

@iv)

Row Matrix: A matrix having only one row is called a row matrix.

For example: 4 =[0 1 4], B=[a b], C =[a] are row matrices of order 1-by-3,

1-by-2 and [-by-1 respectively.

Column Matrix: A matrix having only one column is called a column matrix.
3

For example: 4=|4 |, B = |:ﬂ ,C= [2] are column matrices of order
5

3-by-1, 2-by-1 and 1-by-1 respectively.

Zero matrix or Null matrix

If all the entries in a matrix are zero, it is called zero matrix or null matrix.
It is represented by O.

0 0[O0 0 O )
For example: [O] o ollo o o are zero matrices of order 1-by-1, 2-by

-2 and 2-by-3 respectively.

Square Matrix: A matrix in which number of rows is equal to the number
of columns is called a square matrix. A matrix of order n-by-n is often referred
to as a square matrix of order n.

a b c
For example: A=| d ¢ [ |is asquare matrix of order 3.
g h I

In a square matrix A=|a,, a,, da,

a,,, a,,, a5, are called entries of principal diagonal or main diagonal or leading

diagonal.
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(v) Rectangular Matrix: If the number of rows and number of columns in a
matrix are not equal, then it is called a rectangular matrix.

4 07

For example: 4=[a b], B = F} sC'= { 5 & i ] are rectangular matrices.

b

(vi)  Diagonal Matrix: A square matrix is called a diagonal matrix if at least any one

of the elements of its main diagonal is non-zero and non-diagonal elements are zero.
200
For example: A=|0 3 0|, B= L} 3 } are diagonal matrices of order
004
3-by-3 and 2-by-2 respectively.
(vii) Scalar Matrix: A diagonal matrix is called a scalar matrix if all the entries in
the main diagonal are the same and non-zero.
200
For example: 4=|0 2 0|, B= B {;] , C= [ \/5 ] are scalar matrices of
00 2
order 3-by-3, 2-by-2 and 1-by-1respectively.
(viii) Identity Matrix or Unit Matrix: A scalar matrix is called an identity or unit
matrix if all of its main diagonal entries are 1.

1 00
10
For example: PZ[I], Q=L} l]’ R=|0 1 0]are identity matrices of
001

order 1-by-1, 2-by-2 and 3-by-3 respectively. We represent these matrices as:

LY Remember! |

1
7 =[1 7 = 1 0 r=lo 1 0 A scalar matrix and identity matrix are also
! [ ]’ 2 o1 |” B diagonal matrices but all diagonal matrices are
0

0 1 not scalar or identity matrices.

(ix)  Transpose of a Matrix: A matrix obtained from a given matrix by interchanging
the rows and columns is called the transpose of the given matrix. If 4 is a matrix,
then its transpose is represented as 4",

For example: 4 = 144 = A=
8 05

S S
th © oo
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(xi)

(xii)
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Symmetric Matrix: A square matrix 4 is called symmetric if it is equal to its
transpose. i.e., 4" = A.

F le: If 4 2 8 then A’ & 2 A
r example: = F = =
or example 3 4 en 3 4

Thus, 4 is a symmetric matrix.
Skew-Symmetric Matrix: A square matrix A is called skew-symmetric if
A =-A.
{0 —5} { 0 5]
For example: If B= ,then B' = =-B
5 0 -5 0

Thus, B is a skew-symmetric matrix.
Negative of a Matrix: The negative of a matrix 4 is obtained by multiplying
each of its elements by —1. It is denoted by —A4.
For example: If4=[3 -6], then

-A=[-3 6]

| EXERCISE KB

From the following matrices identify unit matrices, row matrices, column
matrices and null matrices.

10

A=|5 7 8 ’ B=|0 , C= ’

(s 7 9 (o] o]

. 6 7

0 0:1
D - . E - 0 ] F - 1
0 0

- 8 |9
Identify type of the given matrices as row, column, square and rectangular matrices.

s ) )

{l 6] 3 5 ¥ |:5 —5}
A=|3 B= i C= » D=
4 1 0 4 -2 2 17

—4 R B

(3 2] 3 1] 3 5
E=\4 1|-F=[5 3 7]-G=[1 3 4| - H=|4 4

|5 0] |5 2 =3 5 2
Identify diagonal, scalar and unit matrices.

1 0] 50 30
A = L B = C = L]

0 1] 0 5 0 0
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ool o

4. Find transpose of each of the following matrices:
5 4 3
A= » B=|7| - C=[5 2 4 - D=|3
4 5
- 6
5. Find negative of the following matrices:

(-3 0 <3 3 -9 1
A: » B= k] C:
5 6} [—2 2} [1 —?]

2 3 7 6 )
6. If A= and B = , then verify that
4 5 5 8
i) (d)=4 (i) (B)=8
2 3 4
¥ Show that L=|3 -2 5| is a symmetric matrix.
4 5 0

Algebraic Operations on Matrices |

Basic operations on matrices are:

(1) Multiplication of a matrix by a scalar.

(i)  Addition / subtraction of two matrices.
(i)  Multiplication of two matrices.

There is no concept of dividing a matrix by another matrix.
Multiplication of a Matrix by a Scalar

a b c

and a scalar k, we define a new matrix k4
de [

For a given matrix 4 = [

{kﬂ kb ke
as kA=

id ke lg‘} . that is, each element of 4 has been multiplied by a scalar

. -a -b —c
k. In particular if k=—1, then —A4 = s
~d ~¢ ~f
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Addition of Matrices

If 4 and B are two matrices of the same order, these can be added, then their sum
denoted by A + B, is a matrix of the same order. They are said to be conformable
for addition. 4 + B is obtained by adding the corresponding entries of 4 and B.

3 82 4 1 =2
(Example IfA4=|5 3 1|.B=|3 0 6|, thenfind 4+ Band B+ A.
6 0 7 23 4
382 1 =2
@ Solution B Giventhat 4=|5 3 1 30 6
6 0 7

Order of A = 3-by-3 and order of B = 3-by-3. 4 and B are conformable for addition
[3+4 8+1 2-2 790

Now, A+ B=|5+3 3+0 1+6|=|8 3 7
|6+2 0+3 7+4 g8 3 11
4+3 1+8 —-2+2 79 0
and B+ A=|3+5 0+3 6+1|=|8 3 7
[2+6 3+0 4+7 8 3 1

Subtraction of Matrices

If 4 and B are two matrices of the same order, they can be subtracted and their difference
is denoted as 4 — B or B — A4, it is again a matrix of the same order. They are said to be
conformable for subtraction. 4 — B obtained by subtracting the corresponding entries
of Bfrom A4.

1

p 5 9 36
( Example If4= s B= , then find A — B and B — 4.
4 8 2 1
@ Solution B 4= 23 = 4 9
4 8
[5-3 9-6
Now, A—B =
14-2 8-1
i B A_‘3—5 6-9] [-2 -3
o | Ded 1-8

WeseeA—B=B—A4
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(Example If A= & 5 ,B= ¥ o4

: 1 5] i

— [2 4] (3 4 1
@ Solution ) 4= B
!—E 1 5] 5 2 7}

———
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1
_J, then find 4 + B and B — A, if possible.

Order of 4 is 2-by-2 and order of B is 2-by-3.Therefore, 4 and B are not conformable

for addition and subtraction.

Commutative and Associative Laws of Addition of Matrices
E Commutative Law of Addition of Matrices

For any two matrices 4 and B of same order 4 + B = B + A. This law is called
commutative law of matrices with respect to addition.

1 2 3
A=|4 5 6
7 8 9

301
, B=4 2
0 -I

Let

3] 3 1 3
6|1+/4 2 2
9l o -1 0

2+1 3+3 4
542 6+2|=|8
8—-1 9+0 7

Then

2
A+B=|4 5
8

143
=|4+4
_?+0

(3 1 3] [1 2 3]
4 2 2l+|/4 5 6
0 -1 0] [7 8 9]

and B+ A=

[3+1 1+2 3+3

10+7 —1+8 0+9
Hence, from (i) and (i))4 + B= B+ A

(4 3
=|4+4 2+5 2+6|=|8 7
17 7

3

2
0

()

~N 3 W
LR v o T =

...(ii)

L= B s B o

Commutative law of addition of matrices holds.

H Associative Law of Addition of Matrices

For any three matrices 4, B and C of same order (4 + B) + C=A + (B + C). This law
is called associative law of matrices with respect to addition.
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1 2 3 31 3 020
Let A=|4 5 6|, B=|4 2 2|, Cc=|3 0 3
17 8 9 0 -1 0 1 11
1 2 3][3 1 3])[0o 20
then (4+B)+C = {4 5 6(+/4 2 2|[(+|/3 0 3
78 9] 10-10])[1 11
143 2+1 3+3] [0 2 0
=|4+4 5+2 6+42[+|3 0 3
| 7+0 8-1 9+0| [1 1 1
(4 3 6] [0 2 0] [4 5 6
=18 7 8|+[3 0 3|=(11 7 11| ..(i)
17 7 9] [1 1 1] |8 8 10
[1 2 3] ([3 1 3] [6 2 0
and A+(B+C)=|4 5 6|+||4 2 2|+|3 0 3
7 8 9/ /0 -1 0] |1 11
1 2 3] [340 1+2 340
=14 5 6|+|44+3 240 243
|7 8 9] |0+1 —1+1 0+1
(1 2 3] [3 3 3] [4 5 6
=14 5 6|+|7 2 S5|=[11 7 11 ..(i1)
7 8 9] |1 01 8 8 10

Hence, from (i) and (ii) (4+ B)+ C=A+ (B+ C)
Associative law of addition of matrices holds.

Additive Identity of a Matrix

The additive identity of a matrix is a matrix that, when added to any matrix 4 of the
same order, leaves it unchanged.

Mathematically, 4 + O = 4 = O + A4, where O is the zero matrix (also called the
additive identity matrix).

1 2 3 0 0
Let A=|4 6|, O=/0 0
7 9 0 0

o o O

=
8




———

P Matrices and Determinants

57

[1 2 3] [0 0 0] [1 2 3]
Then A+0=|4 5 6|+|0 0 0(=|4 5 6|=4
7 8 9] |0 0 0] |7 8 9]
(0 0o o] [1 2 3] [1 2 3]
and O+A4=|0 0 O0|+|4 5 6|=|4 5 6|=4
10 0 0] |7 8 9] |7 8 9]

Additive Inverse of a Matrix

The additive inverse of a matrix 4 is another matrix —4 such that

A+ (A)= 0= (-4) + 4.

<2 1 3 2 -1 3
Let A=|4 2 0|, then -A=|-4 -2 0
-3 0 5 1 0 =5
(=2 1 3] [2 =I 3] [6 0 O]
Now A+(-A)=|4 2 OK|-4 -2 0|=[0 0 0|=0
-3 0 5/ (3 0 -5] [0 0 0]
2 =1 =3 [=2 1 31 [6 0 @]
(~A)+A=|-4 =2 0|4 2 0|=[0 0 0|=0
'3 0 -5]|-3 0 5] [0 0 0

Thus, 4 and —4 are additive inverse of each other.

| EXERCISE )

Which of the following matrices are conformable for addition and
subtraction?

A=[_32 ﬂ , B=m . e<[5 g - D=B ﬂ E=[2]

F=[7 11] - G=m . H=[3] - M:[I}

m

I -1 1 2 30 ,
o X = and Z = , then find the following:
3 4 0 -2

ay Y+7Z (i) 4X-Z
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(iv) X+2Y+3Z (v) X—-4Y+Z (vi) Z—Z
3 Find the additive inverse of the following matrices:

) B N B B _ 2 -1 ) |ro
(i) P—L_f_:| (i) Q—[9 3] (iii) R [—2 3} (iv) S—[O 1]

2 3 3 4 ] 2 . _
4. If A= , B= andC = » then verify the following:
=3 2 5 6 0 5

(1) A+B=B+A4 (11) A+B)+C=4+B+C)
(i) RA+B)+C=24+(B+C) (iv) 3(4+B)= 34+3B

(5 6] -5 -6
5. If A= 7 - and B = 7 9 } then show that B is additive inverse of 4
and A 1s additive inverse of B.
(6 2] 8 -1 _
6. If A= and B= , then verify that
10 3 3 0
(i) (4+B)=A4+B (i) (A4-B)=4-B

Multiplication of Matrices J

A matrix 4 is said to be conformable for multiplication with a matrix B8 if the number
of columns of 4 is equal to the number of rows of B.

Thus, if 4 and B are given two matrices of order m-by-n and n-by-p respectively,
then the product of matrices 4 and B is denoted by AB and its order will be m-by-p.

The order of 4B is m-by-p = number of rows of 4 by number of columns of B.

must be same
A I | B
Number of Number of

—>m-by-n n-by-pe—

rows of A columns of B
T— Product AB is of order m 41‘

Let us explain the concept of multiplication of matrices with the help of an example

-by-p

from our daily life.
Talmeez purchased 7 books and 6 pencils at the rate of Rs. 20 and Rs. 3 per article
respectively from shop No. 1 and he purchased same number of books and pencils at




the rate of Rs. 22 and Rs. 4 per article respectively from Shop No. 2. Majid purchased 5
books and 8 pencils from Shop No. 1 at the same rate Talmeez purchased. Majid
purchased same number of books and pecils from Shop No. 2 at the same rate Talmeez

purchased.

59

We show their purchase in the form of tables.

Table 1
Talmeez 7 6
Majid 5 8

Amount paid by Talmeez at Shop No. 1.

7x 20+ 6x 3 =158 rupees
Amount paid by Talmeez at Shop No. 2
7x 22+ 6x 4 =178 rupees
Amount paid by Majid at shop No. 1
5x 20+ 8 x 3 =124 rupees
Amount paid by Majid at shop No. 2
5x 22+ 8x 4 =142 rupees
We show entries of the two tables in the form of matrices.
Tablel

7 6
5 8

|
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Table 2

Shop No.1 Shop No. 2
Rate per book 20 22
Rate per pencil 3 4

|

(i)
...(ii)
...(iii)

.(iv)

Table 2

20 22
3 4

Calculations given above is shown in the form of matrix.

B (158 178
124 142
(9 7] 2 6
For example, A= ,B=
(4 3] 5 8
% AR = (9 71 (2 6
o 4 3] |5 8

[7%20+6%x3 7x22+6%x4
_5><20+8><3 Sx22+8x4

|

} see (i), (ii), (i) and (iv )
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B O9x2+7x%5 Ox6+7x%x8
T 4%x2+3%x5 4x6+3x8

e {18+35 54+56]_[53 110}

8+15 24+24 23 48
For Multiplication
If A and B are two matrices and we multiply 4 with B, when:
(1) Number of columns in 4 = Number of rows in B.
(ii) Multiplication of two matrices 4 and B is written as 4B.

(iii) To find 4B, we start with the first row of 4 and multiply its each element with
the corresponding elements of the first column of B and add the products. This
gives the first element of the first row of the product matrix AB.

Next, we multiply each element of the first row of 4 with the corresponding
elements of second column of B and at the product. This give the second element
of first row of the product matrix 4B.

Similarly, we multiply all the rows of 4 with each column of B and add the
products to get remaining elements of the matrix AB.

/ a b [ m
(Example If A= , B = , then find:
c d nop
(i) AB, if possible. (ii) BA, if possible.
@ Solution p () Number of columns in matrix 4 =2

Number of rows in matrix B =2
Thus, AB is possible

|:a b} [1 m:|

AB=

¢c d||n p
_[aiﬂLbn am + pr

cl+dn cm+dp

(ii)  Number of columns in matrix B =2
Number of rows in matrix 4 =2
Thus, BA is also possible

I:f m”ﬁa b]

BA=

n plle d
_|ta+mec  Ib+md
- na+ pc nb+ pd

We note that 4B # BA
]
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; 2 0 -2
( Exampleb If A= L } , B= { ¢ } then find:

-3
(1) AB, if possible. (i1)  BA.if possible.
@ Solution b (1) Number of columns in matrix 4 =2

Number of rows in matrix B =2
Thus, AB is possible

[2 07 T=2
Now AB =
5 —3 1

[2x(=2) + 0x1
5% (=2) + (-3)x1

[-4+0] [ -4
|-10-3 -13

(i) BA= _sz 0}
1|15 -3

Wi | Skilled Practice!

-2
If4=[5 3]andB=[ 1:|,t11en

find 4B and its order.

Number of columns in matrix B=1
Number of rows in matrix 4 =2
Thus, BA is not possible

Commutative Law of Multiplication of Matrices

] 5 2 1 5
Consider A= .B=
3 4 0 -2
5

| 211 5
AB =
3 4“0 —2}

[5x1+2%x0  5x5+2x(=2)
[3x1+4x0 3x5+4x(-2)

[5+t0 25-4] [5 21 i
340 15-8] |3 7 -
(1 5[5 2
Now BA=
p x5 4

C[1x5+ 5x3 1x2+ 5x
0x5+(=2)x3 0x2+(-2)x4
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_[5+15 2+20] 20 2]
“lo-6 o0-8| |-6 -8 "

From (i) and (ii), it is verified that AB # BA
Thus, commutative law under multiplication does not hold in general in the
multiplication of matrices.

WA Associative Law of Multiplication of Matrices

If A, B and C are any three matrices, then (4B)C = A(BC) is called associative law
of multiplication of matrices.

1 0] {2 1} {1 2}
Let A= , B= , C=
2 1 0 3 4 0
AB_‘1 0][2 1] [1+00) 1)+03)] [2+0 1+0] [2 1
12 1]]0 3] [22+10) 2()+1(3)] [4+0 2+3] |4 5

2 171 2
Now, (4B)C =
4 5][4 0

20 + 14) 2(2)+1(0)]_[2+4 4+0]_{6 4] 0

4(1) + 5(4) 4(2)+5(0)| |4+20 8+0| |24 8

2 1“1 2}
BC=

0 3[4 0
[2m+14) 22 +10)] [2+4 4+0] [6 4
Lo +3(4) 02)+3(0)] [0+12 0+0| |12 0

1 0][6 4
i 1“12 0]

_[16)+0012) 1(H+00)f | 640 4+0| |6 4 -
_[2(6) +1(12) 2(4) + 1(0)] - Lz +12 8+ 0} - [24 8} ~{1)
Hence, from (1) and (i1)
(AB)C = A(BC)
Associative law of multiplication of matrices holds.
Distributive Laws of Multiplication Over Addition
and Subtraction

(a) Let 4, Band C be any three matrices, then distributive laws of multiplication
over addition are as follows:
(i) AMB+C)=A4AB+AC (Left distributive law over addition)
(i) (4+B)C=AC+ BC (Right distributive law over addition)
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1 27(3 1 1 0
arorly (5 4+l 2]
1 2][4 1

1]]7 6

1@+ 2 1) + 2(6)
TL0@) + 1(7)  0(1) + 1(6)

(4+14 1+12] [18 13 n
= el
0+7 0+6] |7 6

1 2][3 1] [3+4 1+8] [7 9
0 1f|2 4] |o+2 0+4| |2 4
1 2][1 0] [1+10 0+4 11 4
AC: pr=st =
0 1]|5 2] |0+5 0+2 5 2
7 9

1 T11 4] [7+11 9+4 18 13 -
AB+ AC= i = = w<:(11)
5 2] [2+5 4+2 7 6

2

AB =

Hence, from (i) and (ii)
AB+C)=A4AB+ AC
Similarly, we can verify right distributive law over addition.
(b) If 4, B and C be any three matrices, then distributive laws of multiplication
over subtraction are as follows:
(1) AB-C)=A4AB-AC (Left distributive law over subtraction)
(1) (A-B)C=A4C-BC (Right distributive law over subtraction)

[1 2} {4 3] [2 1}
Let A= , B= , C=
0 1 I 2 0 1
AH—C)= 1 2] [{4 3}_[2 1}

0 1]\t 2] [0 1
1 2][4-2 3-1] [1 2][2 2
o 1]l1-0 2-1] |0 1][1 1
1) +2(1) 12) +2(1)
10(2) + 1(1)  0(2) + 1(1)
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[2+2 2+2] [4 4 .
Tlo+1 o+1] |11 )
1 2] {4 3}_[1(4)4-2(1) I(3)+2(2)]

0 1][1 2| [0@)+1(1) 03)+1(2)

[4+2 3+4] [6 7
lo+1 0+2] [1 2
1 202 1
elo iflo 1
0 1]lo 1

[12)+200) 1) +2()
0(2) + 1(0)  0(1) + 1(1)

_'2+0 t+2] [2 3
lo+0 0+1] [0 1

6 7] [2 3] [6-2 7-3
AB-AC= - =
1 2] [0 1] [1-0 2-1

AB=

I

4 4 y
|:] 1:| ...(11)
Hence, from (i) and (ii)

AB-C)=AB-AC

Similarly, we can verify right distributive law over subtraction.
Multiplicative Identity of a Matrix

The multiplicative identity of a matrix is a matrix that, when multiplied with any
matrix A, does not change it. i.e., AI=I4=A

Lf:tA:23
4 1

a2 3 0] _[20+30) 20 +3m]_[2+0 0+3]_[2 3 "
14 1flo 1] 4 +10) 40)+1()] |[4+0 0+1] |4 1|

M_"l 0|2 3] [1@+0@4) 1(3)+0(1)
“lo 1ll4 1| |o@)+ 1) 0@3)+1(1)

[2+0 3+0] [2 3 g
lo+4 0+1] |4 1]

Hence, [/is multiplicative identity of a matrix 4.
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| EXERCISE 2 34 |

1. Find AB and B4, if possible.
i 4=l 2] 5=® %] @y u-g -gm-|?
' et o) T 4] i
e 1 2
@i A= 4] B=[2 3] (iv) A=|-1 1 B-—{MI K 1}
4]’ T2 31
- 30
_ 1l 5
1 2 2
(v) A= , B=|2 4
a1l 1
- 1 6
. . 5 1 2 ~1 5 1
2. Verify each statement, using A= , B= and C= :
-1 4 0 3 1 4
(1) AB # BA (i) AB-C)=4B-AC
(i) ABC)=(A4B)C (iv) (BC)Y=C'B

(v) (B+C)A=BA +CA

3. If I:

x 1111 0 7 -1
4. If = , then find the values of x and y.
Yy 2113 =1 4 2

<% Multiplicative Inverse of a Matrix

b

j [ﬂ = E] , then find the values of @ and b.

o

Determinant of a Matrix of Order 2

a a
Let A= [ ! 12 }be a matrix of order 2. Then the determinant of 4 is defined as:
dy My
|4]= S == 0,0
al|>\033 ntan 212
F e, Let 4=|” %o t‘Th|A\a”bdb'
or example, Le = e a square matrix. Then - ~" |=ad-bc 1s
P& ¢ d 4 r;"\\*d

called the determinant of matrix 4 and ad —bc is called value of determinant. We can
note that the elements of 4 and the elements of \A\ are the same. The brackets [ ]

of the matrix is replaced by two vertical lines”| | in the determinant.
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] 8 2
'L@ Find value of the determinant of B = {4 3}_
Csoiution D |5- |
43 The value of the determinant is not

=8x3-4x2 altered by changing the rows into
-24_-8=16 columns and columns into rows.

Singular and Non-Singular Matrices

A square matrix A is said to be singular if |[4| = 0. A square matrix 4 is said to be
non-singular if |4 # 0.

4 8
For example, Let 4=
2 4

4
2

Thus, matrix 4 is a singular matrix.

Now 4| = i =4x4-8x2=16-16=0

7 3
For example, Let M =
4 9

7 3
Now \M\=‘4 9|=?"><9—4><3
=63—-12=51%0

Thus, matrix M is a non-singular matrix.

Adjoint of a Matrix

The adjoint of a square matrix is an important concept in matrix algebra, especially
when finding the inverse of a matrix or solving system of linear equations.

The adjoint of a square matrix 4 of order 2 is obtained by interchanging the diagonal
elements and changing the signs of other elements. It is denoted as Adj A.

4 2 , I =
If A= ,then Adj 4=
-6 1 6 4

Multiplicative Inverse of a Non-Singular Matrix

We know % and % are multiplicative inverse (or reciprocal) as the product [% % %)

is 1.
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Similarly, if we have two square matrices of same order

and their product is a unit matrix, then these matrices are  The inverse of a singular
called multiplicative inverse of each other. matrix does not exist.

Let 4 be any square matrix and there exists a square matrix B having the same order
as A such that AB = BA = I (a unit matrix). Then 4 and B are multiplicative inverse
of each other. Hence 44'=4'dA=1.

We denote multiplicative inverse of 4 by 47!

Adjoint Method to Find Inverse of a Square Matrix

a
Let A= { }be a non-singular matrix, then multiplicative inverse of 4 is:
&
e Adj 4
4
d —-b
ie, A1 = =
‘A‘ —-c a
(Example If A= 4 3l then find multiplicative inverse of 4 and verify that
A~ =d =T
P K
@ Soluti ) A=
@ Solution P 43 ]
‘A‘ — 8 5 ‘ (A_B)_] :B—IA—l
4 3 Can we say it is also a Reversal Law of
=8%x3-5x4 Multiplicative Inverse?
=24-20=4=%0
A is a non-singular matrix, so 4" is possible.
At ) Adj 4
|4
113 -5
~ 4]-4 8
i =
A'=| 4 4
-1 2
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Let us verify that 4 and 4~! are multiplicative inverse of each other.

and AA"——8 5} % _TS
4 3]i_; o,
8xg+5x(—l) SX(——S)+5X2
B 4 4
4xé+3><(—1) 4 x - +3x2
4 4
_[6-5 —10+10] [1 0 i
“13-3 -5+6] |01
Now A"A:l‘ 3 )83
’ 4]1-4 8J[4 3
_1‘3><8+(—5)><4 IX5+(=5)%3
© 4[(-4)x8+8%x4  (4)X5+8x3

[ 2420 15-15
|-32+32 -20+24

1[4 0]l N1 0_}r
T 4l0 4| o 1|

Thus, A4 =d-Td=7

| =

3 -5

8 £

Hence, [4 J and | 4 4 | are multiplicative inverse of each other.
=] 2

| —

-2
4] and B = are multiplicative

4
(Example Z’ Prove that 4 = [ ¢

inverse of each other.

1
T . 4 =2 I 5
@ Solution P  Given that 4 = ; B =
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Now,
| 3 1
4 ) i = 4XI+(_2)XE 4 x E+(_2)X1
i 4} 3 = 3 1
3 =1 —6) x1+4 x = —+4x1
> (-6) x x5 (—0)x 5 FAx
_-4—3 2-21 |1 0 7
|-6+6 -3+4| [0 1]
i 1 If 4 is a singular matrix i.e: |4 [= 0,
1 E 4 -2 s0 in such a case, there is no inverse
and BA = £ & of matrix A.

[ 1 1
Ix4+—x (-6 Ix(-2)+—x4
> (—6) (-2) )

3 3
—x4+1x (-6 —x(=2)+1x4
5 (—6) 5 (=2)

[4-3 —2+2] [1 0 _g
“l6-6 -3+4] |0 1]

Thus, AB=BA=1

1
} and B = 2 are multiplicative inverse of each other.
|

4
Therefore, A = {
2
p= X 8 . . .
(Example If4d= |: 5 10} is a singular matrix, then find the value of x.
R x 8. ) )
(:‘ Solution D Ifd= [ < 10] is a singular matrix, then ‘A‘ =1

x 8
5 10

=10x-5x8 =10x-40
Since, A is singular, therefore,

Now, ‘A‘ =

(@ | Challenge!

Take any 2 by 2 matrix and check
whether it is singular or non-

‘ A\ =10x—40=0 singular. Also find its adjoint.
1.e. 10x=40
= x=4
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L Find the values of each of the determinant.
. 10 5 . - 3 8
L P S E ) ‘0 2
2. Find whether the following matrices are singular or non-singular.

5 3 7 21 13 5 2 0
A= , B= , C= o D=
R S i P

x
3 Find the value of x when 4= |:5 } is a singular matrix.

15
4. Find the adjoint of the following matrices:
a b 5 =2 -3 5
A= , B= , C=
c d 3 7 -3 2
D Find multiplicative inverse of the following matrices:

, 50 y —4 8 ... [40 8

o oo e T @ T
, 3 5 10 8 . [-2 -3
w B3 e VY e 7T

5
0. If A= [2 J , then find 4! and prove that A4 ' =44 =1L

7. Show that the following matrices are multiplicative inverse of each other.

0 [2 —1} [2 1] i [4 15] 4 -%

1 N 1 I

3 2]7[3 2 2 8",

8. Prove that (4B)'=B"'4",if

, -5 -2 ) 1 2 0 -1

i 4= , B= (i) 4= » B=

5 6 -3 2 8 0 5 2

Solution of Simultaneous Linear Equations

A linear equation is an algebraic equation in which the highest power of the variable
is 1. A general form of a linear equation in two variables is:

ax + by = ¢, where a, b, ¢ are real numbers, x and y are variables and a, b # 0.
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Simultaneous linear equations are a set of two or more linear equations with two or
more variables that are solved together (simultaneously) to find a common solution.
The general form of system of two linear equations in two variables is given below:

ax+by=m
cx+dy=n
where a, b, ¢, d, m and n are real numbers.
Here, we will find the solution of two simultaneous equations in two variables by the
following methods:
(1) Matrix Inversion Method

(11) Cramer’s Rule

sWi8 0 Matrix Inversion Method

Let ax+by=m
and cx+tdy=n

. ; ; , ax+ by m
These equations can be written in the matrix form as: =

cx+dy n
a b||x B m) )
or g Wil = n (1)

[a b [ m
Let A= },Xz ]ande[]
| ¢ d |y n
a b
4| = ‘z ad —bc
¢ d
Now if | A| # 0, then (i) can be written as:
AX =B
and A7'AX =A'B [pre-multiply by 47']
IX =A'B [as A"14=1]
Thus X =4'B [as [ X = X]
v Adj 4 B
|4
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HJC o) o] |t

y ad —be ad—bc | an —cm
ad — bc
_dm-=bn  an-cm
" ad—be o ad —be
(Example £T))  Solve the following by matrix inversion method:
2x+3y=13
4x-5y=-7
@ Solution P Giventhat 2x+3y=13
4 — 3y =—1
Writing the equations in matrix form:
2x+3y] [13
[4x—5y_:_—?
2 3][x] [13 )
o _S}L_z __?] -0
2 3} _x} [13]
Let A= s X = and B =
|4 -5 | ¥ =7
Then (i) can be written as
AX =B
or X=4'8
Now A= 4 3
_4 - 5_
\A\ _ 2 3
4 =5
=(2)(-5)-(3)4)
==10—12
=-22#0

. -5 -3
Adj A=
4 2
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Therefore A'=— AdjA
4

1 -5 =3

T 229 -4 3
Now X = A'B can be written as
x 1 [-5 =3][13
y -221-4 2]||-7

1 [ x 13+ (B3)x(-T)
2| x 13+ 2x(-7)

_ 1 [-65+21
-22|(-52-14
1 [-44
. 66 @| Challenge! |
) Take any two linear equations in
2 two variables and solve them by
= 3 matrix inversion method.

Thus x=2,y=3

Solution set is {(2, 3)}

Gabriel Cramer was a Genevan mathematician. Cramer showed
promised in Mathematics from an early age. At 18 he received

his doctorate in Mathematics.

In 1750 he published Cramer's rule, giving a general formula for the
solution for any unknown in linear equation system having a unique
solution, in terms of determinants applied by the system. This rule is still Gabriel Cramer

standard. (July 31, 1704 - January 4, 1752)

Cramer’s Rule

Consider the following system of linear equations.
ax+hby=m
cxtdy=n
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These equations can be written in the matrix form as

FIARE

AX =B i)

a b X m
WhereAz[ },Xz[ }ande[ }
c d y n

It ‘A‘ # 0, then from equation (i)

A'AX =A7'B [pre multiplication by 4]
IX =A47'B
or X =4"'B [as IX = X]
5 Adid {A_. _ AdJA]
4] 4]
d —bi|lm
[x} = @
y 4]
dm —bn'|
_ | —em+an |
4]
dm—bn |
x| _| ]
y | —em+an
14
dm—bn an —cm
or = , Y=
4] ||
m b a m
n d| |A, c n A,
or = — i — =
[ ]A [ Al
(Example i" Use Cramer’s rule to solve the system of equations:
2x+3y=13

4x - Sy =-T7
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@ Solution B 2x+3y=13
4x — Sy=-7
Matrix form of the equations is:

M

Here, we have

8 Janl® Juar|

2 3
A=y s
=(2)(=5)-(3)4)
=-10-12
=-22%0
_F3 3‘
=] 5

= (13)(=5) - B)7)

= —65+21=—44
Al -22

Solution set = {(2*3)}

@~ | Challenge!

Take any two linear equations in
two variables and solve them by
using Cramer’s rule.

e 213
A=,
= (27— (13)4)
= 14-52=-66
Al —66
=——=—=7
YT T 22

Applications of Matrices in Real World Problems |
(kExampleiB Three forces act on a particle which must be in equilibrium i.e.

5 -3 -2
F + F,+F, =0, where F =[2}F2=[ :I, F;=|: 4}.Findthevaiueofx.
x

= = g .
@ Solution B Since F+F,+F, =0

HEy g
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(Example 4E) Eight years ago Huria’s was % of Jannat’s age. After four years Huria’s

age will be g of Jannat’s age. Find their present ages by using matrices.

@ Solution D Suppose Huria’s present age is x years and Jannat’s present age is
v years. Eight years ago their ages were x — 8 and y — 8. According to first condition:

3
x—=8 ==(y—8
3 (y—8)
or 4x—-32 =3y-24
or 4x -3y = —24+ 32
4x-3y =28 (1)
After 4 years their ages will be x +4 and y + 4.
Applying the second condition:
x+4 = g(y+4)
or Tx +28 =6y + 24
Tx—6y=—4 (11)
Matrix form of (i) and (ii) is

I

= @611 3)
=_24+21

=—3#0
Applying Cramer’s rule



g -3 4 8

4l 4 -6 - 4] |7 -4

Y -3 R I
_A48-12_—60 _-16=36_ =71 _,,

4 3 =3 B

Present ages of Huria and Jannat are 20 years and 24 years respectively.

The Role of Mathematics in Scientific Theories andJ

Technological Advancement

Mathematics is often described as the language of science. It plays a fundamental role
in developing scientific theories and advancing modern technologies. From
understanding the laws of nature to designing life-saving drugs, Mathematics provides
the tools needed to describe, predict and optimize real-world phenomena.

One major area where Mathematics contributes is in the use of mathematical models
and simulations. Scientists and engineers use these models to represent complex
systems such as weather patterns, population growth or the functioning of the human
brain. These models allow researchers to test hypotheses, predict future outcomes,
and visualize scenarios that would be too costly, dangerous or impossible to replicate
in the real world.

In medicine and materials science, for example, mathematical simulations are used to
design and optimize new materials or drug molecules. This saves time and resources
by reducing the need for trial-and-error experiments. Similarly, in fields like Physics
and astronomy, equations and models help us to understand the formation of galaxies,
black holes and subatomic particles.

Mathematical algorithms help simulate how a drug will interact with cells or proteins
in the body, speeding up the discovery of effective treatments.

Neuroscience

Mathematical models are used to simulate brain activity, helping researchers
understand learning, memory and diseases like epilepsy.

Complex equations describe the interaction of air, water and energy, helping
scientists to predict weather and long-term climate change.
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L Solve by matrix inversion method, if possible.
i) 2x+5v=19 (i) 3x+2y=7
4y — 3y =-1 S5x-y=16
(iii)) x—2y=9 (iv) 3x+2y=2
2x+ Ty=—4 x—2y=-2
2. Use Cramer’s rule to solve the following pair of linear equations, if possible.
(1) x+4y=4 (1) x+2p="1
2x—y=5 3Ix—-2y=-3
(iii)) 2x—-5y=-6 (iv)  3x+2y=-1
4x—3y=-12 S5x+6y=>5
3. An electrical engineer wants to determine the current in two branches A
and B of a simple electrical circuit. The system of the equations is:
x+yp=T7
2x—y=2

where xis the current in branch 4 and y is the current in branch B. Find x and y
by using matrices.
4. Three forces act on a particle and must be in equilibrium i.e. F+F,+F, =0,

=7
5. Two support beams, 4 and B are holding up a combined load of 100 kN.
Twice the load on beam A and three times the load on beam B equals 240 kN.
Find the load of beam 4 and beam B by using matrices.

8 -2
where F| = { },Fz = { }, F, 2{ y]} . Find the value of x and y.
x —

6. In a 2D game world, two characters are moving along straight paths. One
character moves along a line where the total of twice their horizontal position
and vertical position is S, while the other moves along a line where their
horizontal position is one more than their vertical position. Find their point of
intersection by using matrices.

T Two years ago a man was 5 times as old as his son was. After 6 years he will be 3

times as old as his son. Find their present ages by using matrices.
8. Two cyclists are 44 km apart and start out at the same time. If they go
towards one another they meet in 2 hours, but if they go in the same direction

the faster overtakes the slower in 71 hours. Find their speeds by using
matrices. 2
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9, The numerator of a fraction is 7 less than the denominator. If the numerator is
; , 3 ;
increased by 3, the new fraction can be cancelled down to 3" Find the

original fraction by using matrices.

1. Four possible answers are given for the following questions. Choose the correct

| REVIEW EXERCISE

answer.
(1) If [a N 2} = [q ,thena =
3 3
(a) 3 (b) 5 (c) 6 (d) 7
(i) A=[3 5 Olisa matrix.
(a) row (b) square (¢) column (d) null
(i) B= I:iil isa matrix.
(a) identity (b) square (c) row (d) column
1 0 0
(ivy M=|0 1 O0|fisalan matrix.
0 0 1
(a) rectangular  (b) identity (c) column (d) row
(v) IfA"=-4,then4is matrix.
(a) symmetric (b) row
(c) rectangular (d) skew-symmetric
(viy If 4=[3 4], B=[7 8], then4+B=
(a) [21 32] (b) [24 28]
(c) [10 12] (d) 11 11]
(viil) IfA=[3 4], B=[7 8],thenB-A4=
(a) [10 12] (b) [11  11]
(c) [4 4] (d) [-4 4]
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3
(viil) What is the additive inverse of [4] s

@ [ﬂ (b) [ﬂ © m ) [ﬂ

. 313 .
(ix) If A= 5 | then order of 4'is:

20
(a) 3-by-2 (b) 2-by-3 (c) 3-by-3 (d) 2-by-2
x 3 1 B
Yo 4
(a) 11 (b) 12 (c) 13 (d) —11
(4 2] |5 5]
2. If A= qB= , then find
|7 6] 8 8]
(1) (4—-B) (11) B -4 (1) 24+ 3B
[2 3] (5 6] 3 2 .
3. If A= ,B= JE= , then verify that
4 5 2 1] 1 7

() 24+ B)=24+2B (i) @A+B)+C=A+@B+C)
(i) (A+B)C=AC+BC (iv) C(A-B)=CA-CB

(v) (ABY'=B"4" (vi) Ad'=A'4=1I
(vii) (AB) =B'A (viii) (AB)C=A(BC)
7 3 5 3
4, lfA={2 1},19:{2 {J , then find
(i) |B| (i)  AdjB (iii) 4!
(ivy 44 (v)  (4B) (vi) (B
5. Use matrix inversion method and Cramer’s rule to solve the following pair of
linear equations, if possible:
(1) Ix+4y=7 (i1) x—6y=~15 (i) 2x+y=S5
Sx—y=12 2x+6y=-3 x+3y=3
6. Find two numbers by using matrices such that twice the first added to the

second makes 21 and twice the second added to the first makes 27.

7 4 knives and 6 forks cost Rs. 136, whereas 6 knives and 5 forks cost Rs. 164. Find
the cost of a knife and a fork by using matrices.

8. A shop employs, 5 men and 3 women, pays total daily wages Rs. 3500. If the
number of men is reduced to 2 and 3 extra women are taken on, the daily wages
amount to Rs. 5000. Find daily wages of aman and a woman by using matrices.
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Studentsy Learning Ouwtcomes
"After completing this unit, the students will be able to: /

Explain operations on functions and compositions of functions.

Define inverse functions and demonstrate their domain and range with examples.

Formulate composite functions as defined by (fog)(x) = f(g(x)).

Apply concepts from functions to real-world problems (such as finance, transportation and

vyvYyVvwvyy

sales).

Plot graphs of absolute valued functions.

» Solve absolute value linear equations and inequalities in one variable and express the solution
as a range of values on a number line.

¥ Apply concepts of absolute valued functions to real-world problems (such as to calculate

v

energy wave, magnitude and distance).

 Ead INTRODUCTION |

This unit explores the foundational and applied concepts of functions, beginning with
operations on functions and compositions of functions, enabling students to combine
multiple functions and understand their interactions. Students will define inverse
functions, determine their domains and ranges and illustrate these with clear examples.
The unit also emphasizes the formulation and interpretation of composite functions.
Students will apply function concepts to real-life contexts such as finance,
transportation and sales, making mathematics practical and relevant. Additionally, the
unit covers absolute value functions graphing them, solving linear equations and
inequalities involving absolute values and expressing solutions on a number line.

=7
m Functlon/ Gottfried Wilhelm Leibniz is

If X and Y are two non-empty sets, then a function ~ credited with first introducing
the word "function" in a

from a set X to a set Y is a rule that aSSigﬂS each mathematical context. He used

element of set X exactly one element in set Y. It is  the term in ll '57;3 to describe a
" : . uanti related to a curve,
written as f: X — Y, where the set X is called the guch a:t;yits coordinates or slope.

domain and the set Y is called the co-domain of function f. While the range is the
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subset of the co-domain that contains only the actual output values produced by the
function f. f
If f(a) = 1, then 1 is called image of @ under f/ and a is X/+\y

called a pre-image of 1. —
For example, f(a)=1,f(b)=2,f(c)=3,f(d)=4 | 7]

We can see that all elements in X have only one image in Y. —
Therefore, fis a function.

Domain X = {a, b, c, d}

Co-domain Y= {1, 2, 3, 4, 5}

Range of = {1, 2, 3, 4}
The symbol f'(x) is often used to briefly denote a function
of x. If y = f(x), then by substituting a succession
numerical value for ‘x’, we can obtain a corresponding

succession values for y which stands for the values of the
function. Hence in this connection it is sometimes conventional to call ‘x’ the

Figure 4.1
Range is always a subset
of the co-domain.

independent variable and )y’ the dependent variable.

(Example ) If £(x)=x?+3x+ 1, then evaluate

(i /(0 (i)  f(-2) (i) f(a) (iv)  fix+1)
@ Solution P Given that f(x)=x>+3x + 1
(i) f(O)=(0y +30)+1=1 \g | Skilled Practice!
(i) f(-2)=(22+3(2)+1 LI £y =242+ 5 thcn B
=4-6+1=-1 Sx+2).

(i) fl@)=a*+3a+1

(iv) fx+D=@x+1>+3x+1)+1
=x?+2x+1+3x+3+1
=x?+5x+ 5

{Exa.mpleD Find the domain and range of f(x) = (x +1).
@ Solution B As £(0)= (0 + 1= 1; f(4)=(4 + 1) =25; f(-10) = (-10 +1)> = 81;

f[%}z[%ﬂ)z =%; f(\/i)z(«/iﬂ)2 =7.46; f(~1)=0; so on

For every real number x, f{x) = (x +1)* is a non-negative real number. So,
Domain /= set of all real numbers ; Range f= set of all non-negative real numbers.
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Operations on Functions

Operations on functions involves performing algebraic operations (addition,
subtraction, multiplication and division)

EAddiﬁon of Functions

If f(x) and g(x) are two functions, then their sum is written as:
(f+g)x) =f(x) + gx)
‘Example Z’ Let f(x) =2x+3 and g(x)=x"+x+ 1. Add f(x) and g(x).

P

@ Solution b fx)=2x+3
gx)=x*+x+1
(f+g) (x) = f(x) + g(x)
=2x+3)+ (P +x+1)=x>+3x+4
wSubtraction of Functions

If f(x) and g(x) are two functions, then their difference is written as:
(/= 2)x) =/ (x) - gx)
(Example P Let f(x) = 5x+2, g(x) =x*-3.Find f(x) - g (x)

@ Solution D f(x)=5x+2

|
gE) =2 -3
(/-8)x) =/(x)—gx)
=(5x+2)-*-3)
=5x+2-x*+3 =-x+5x+5
'Multiplication of Functions

If f(x) and g(x) are two functions, then their product is written as:

(g)(x) = f(x)g(x)
{f Example B Let f(x)=x+1, g(x)=2x- 3, find f(x)-g(x).

@ Solution B  f(x)=x+1
g(x) =2x-3

(f-2)x) =f(x)gx)
=i+ 1)(2x—3) =222 35+ 25— 3
=2 =x-3

EDivision of Functions

If f(x) and g(x) are two functions, then their quotient is written as:
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[1}G0=iglﬁwﬂﬂ¢0
g

g(x)
tjf_Examplez, Let f(x) =x*>—4, g(x)=x+2. Find [f J(v) where x # -2
g
@ Solution P flx) =
gx)=x+2
(£ -L22
g g(x)
_ x -4
T ox+2
_ (x+2)(x-2) e
(x+2)

Composition of Functions

Composition of function is a process of
combining two or more functions to
produce a new single function.

The composition operator “o” takes two

g
functions fand g and results a new function. . .
gof

Letus have a look at its definition.

Figure 4.2

Letf: X —Yandg: ¥ —Zbe two functions. Then the composition of f and g denoted by
gof isdefined as the function gof © X — Z given by gof (x)=g (f(x))

B% S

f:X =Y g ¥ —Z gof : X =7
Figure 4.3 Figure 4.4 Figure 4.5

N 2 e e
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(Example fF) If f(x)=2x + 3, g(x) = x?, then find
(i) (fog)(x) (i) (gof )x) (iii)  (fof )(x) (iv)  (gog)(x)
@ Solution P 1 (x) =2x +3,g(x) =

) (fog)x) = f(gx)

= f(x?
=2x*+3
In general,
(ii) (gof )(x) = g(f(x)) ( fog) (x) # (gof )(x)
= g(2x+3)

(gof )(x) = (2x+3)’

= 4x* + +
L 1243 One-to-One Function
(i) (fof)(x) =/ (f(x) A function f'is said to be one-to-one (or injective)
B if each input maps to a unique output.
=/(2x+3) Onto Function
=2(2x+3)+3 A function is called onto (or surjective) if every
element in the codomain has at least one pre-

=4x+9 image in the domain.
: — Bijective Funetion
v o0gNX) = X
W) (g0g)(x) = g(g(x)) A function is called bijective if it is both one-to-
=g (xz) one and onto.

(gog)(x) =(x?)* =x*

Inverse Function

A function f takes an input.x from a set X'and maps ittoan output yinaset Y. i.e.,
i XY, f(x)=Yy
Then the inverse function of fdenoted by /', reverses this process. It takes y as input and

gives x as output: FlYsXx , ff)=x

X g Y

If y = f(x) then
/() =xis called

Domainof /' =Rangeof /' inverse of f(x)

Range of /' =Domainof '
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Let us understand it with the help of an example:
Consider X={1,2,3},Y={a,b,c}
and f:{(1,a),(2,b),(3,c)},then f: {(a,1),(b,2),(c,3)}

Figure 4.6 Figure 4.7
fD)=a f(a)=1
f(@2)=b flby=2
f@)=e¢ ' c)=3

It is important to note that a function has an inverse if and only if it is one-to-one and onto

(bijective).

Vertical Line Test

A curve/line drawn in a graph represents a function, if every vertical line intersects the
curve/line at most one point.

4
Y. . . T
Vertical line intersects Vertical line intersects Vertical line intersects
at one point at one point at two points
Figure 4.8 Figure 4.9 Figure 4.10

Graphs of Figure 4.8 and Figure 4.9 represent graphs of functions and graph of
Figure 4.10 does not represent the graph of a function.
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Horizontal Line Test [ “_ 17 | ]

If every horizontal line intersects the curve at
most one point, then the graph is a one-to-one
function.

The vertical line intersects the graph of 1'(x) = x*

v

X ' X

at only one point, so it is the graph of a *_4 3200 1 2 3 4
function. It fails in horizontal test, so it is not a =T T y'. ]
one to one function. 'y .
_ Vertical line RS
{_Examplez:, Find the inverse of f(x) = 2x + 3 . Also find domain and range
of £~ (x).
@ Solution P f(x) =2x+3
y =2x+3 [Replace f(x) with y]
y—-3 =2
-3
X = yT [Solve for x]
-1 y=3 . -1
/) = 5 [~ y=/(x) = f (¥)=x]
F'@=22 [Replacingy by ]
Domain f(x): All real numbers
Range f(x): All real numbers
Domain f"l(x): A]lrealnumbers)
Range /' (x): All real numbers
(Example If f(x)=x% find f~'(x). Also verify that /(f'(x)) = £ (f(x)) = x.

@ Solution B f(x) =+

=i [Replace /(x) with V]
); _ N P If f(x):—ix+2,then verify

@ | Challenge! |

g=3  [Seletes that / (/" ()= £ (f(x) =x.
£ = y-?[‘l [y = () = () =x]
fliw)= 3 [Replacing y by x]
(W) =f(x%)=(x%)3=x
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i
) =@ )=y =3
f @) = (f o)==

e

If f(x) = 2x + 5, g (x)= 3x — 2, then find

i)  f+gw i) f)-g@

Iff(x)=x+2, g(x)=2x+4, then find

0 f@egw @ gw s i) LD Gy &

X x
For the functions fand g, find g(x) Jx)

(@)  (fog)x) (b) (gof)(x) (¢) (fof )(x) (d)  (gog)(x)
Where,

@ Fer=26+% 1 B=o (i) f(X)=2.x20;g(0)=2x -1
(i) f@=2v-1 ; gx=1

Find the value of £, such that ( fog) (x) = (gof ) (x), where f(x) = 3x + 2,
gx)=6x—-Fk

Given that f(x) = 3x + 2 and g(x) = 2x + 3. Find

i)  g(f4) (i)  f(f3) (i) f(g(=2))
Find f~'(x) in each of the following:
i [f@)=2x-3 (i)  f(x)=4x' -1
i) F=dr—lasl G0 st pws
3x—-2 3

The functions f and g are defined such that f(x) = 4x+ 2 and g(x) = 6x — 18.
(i)  Find f'(x) and g '(x). (i)  Findxif f'(x)=g7'(x).
Verify that f(f'(x)) =f'(f(x)) =x
i) fx)=x-6 () f(x)=Tx-4
@) fa=t V) F=T2 e

4 x+2
Without finding f~'(x), find domain and range of f ' (x):
@  fo)=12x—3 @ fl= %x+ g
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(iii) f(x)=$,x¢—1 (iv)  fo)=+x-2,x22

10.  Given that f(x) = x* + 9 and g(x) = x + 21. Find the values of @ such that:
f(a) = gla)

Graphs of Absolute Valued Functions J

An absolute valued function is a type of
function that includes an algebraic expression The graphs of all other absolute
sugis value functions are wvariations of

enclosed within absolute value bars. Its general : =
) the parent function f (x) = | x |
form is f(x) = | x | . The absolute value of a obtained through transformations.
number represents its distance from zero on the

number line and is always non-negative.

The graph of f (x) = | x | has V-shape and is
symmetric with respected to the y-axis. The
point where the graph changes direction is
called the vertex (0, 0).

The vertex form of an absolute value function is

g(x)=alx—h|+ k where a # 0 and (h, k) is the
vertex. Its graph is symmetric about the line

EEELNEE

f jV(:I'éf??( .
x = h. 1l'y
Figure 4.12
'_:Example Plot the graph of the following functions:
(i) f@=lx[+2 (i) ex)=lx-3|
@ Solution B () f()=|x|+2 (i) g0r)=|x—3|
(Step I ) Make a table of values. (S‘WP 1 ) Make a table of values.
X |-41-2] 0| 2| 4. X |-4]-2]0 ] 3] 5..
S| 6 | 4] 2] 4] 6. g 71 5[3]0] 2.
(.Ste_p_ IT ) Plot the ordered pairs. tSfeP- Il ) Plot the ordered pairs.
["Ste‘p 111 ) Join the ordered pairs and (Step 111) Join the ordered pairs and
' draw the V-shaped graph. draw the V-shaped graph.
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Figure 4.13

(Example fT) Plot the graph of f(x) =2 | x+ 1|~ 3.
@ Solution p f(x)=2|x+1]-3

(SIBP. I ) Make a table of values.

0 0:5.:
-1 0
(ﬁStep- I1 ) Plot the ordered pairs.
X
t'Ste_p 111) Join the ordered pairs and [° 5 % 25 &

draw the V-shaped graph
of the function. Notice
that the vertex of the

graph of fis(-1,-3)and
the graph is symmetric
about x =—1.

h 4

Figure 4.15
Solution of Absolute Valued Linear Equation in One VariableJ

An absolute value linear equation 1s an equation in which the absolute value is
applied to a linear expression.

{Example Solve 2|x — 3| = 16 and express the solution on number line.
@ Solution B 2lx—3|=16
x—3|=8

t(x—3)=8 or x-3=18




91 ;-F:mctions and Graphs

Nowx—-3=8 or x—-3=-8

x=11 or x=-5
Solution set= {11, -5}
Number line 8 8
A A
[ Il |
& I 1 [l 1 [ [ [l [l [ [l 1 [ [l [l [l [ Il TS
LA I ] Ll L] ] Ll I || ] Ll L] Ll Ll I 1l LA T
-5 0 3 11

Solution of Absolute Value Linear Inequality in One Variablcﬁ

An absolute value linear inequality in one variable is an inequality that involves the
absolute value of a linear expression with only one variable. It has forms such as:

lax+b|<0, |ax+b|>0 , |ax+b|20, |ax+b| <0
' Noe |
(i) —a<x<aisequivalent to (—a, a) «—H——>D—>
—a 0 a
(i) —a<x<aisequivalent to [-a, 4] < & 3 b =
¢l 0 a

(iii)) x<—a orx>ais equivalent to (—oo,—a)U( a, =) — s

=7 0 a
(iv) x< —a orx=aisequivalent to (—o—a]U[ a, =) = 4 ] g e
—a 0 a

'I'anmpleib Solve the inequality | x —1 | = 5 and express the solution on number line.

@ Solution B k—1/>5
+(x—1)>5
—(x=1)=5 or x—125
x—1<-5 or x—-1>=5
x<-4 or x>6
L —t bttt
The solution is (—o0, —4] U [6, ) 6 -4 -2 0 2 4 6 8 10

(\Exampleiﬂ Express the solution of 40| 2x — 5 | + 1 > 201 on number line.

f‘ Solution P First isolate the absolute value expression on one side of the inequality.
40 2x—5|+1 > 201
40 |2x—5| = 200
40| 2x—-5| _ 200
40 40
|2x—5| > 5
+(2x—-5)>5

(Divide each side by 40)
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—(2x—=5)>5 or 2x-5>5
2x-5<-S5o0or 2x—-5 >5
2x<0 or 2x > 10

x<0 or x> 3
. —t———+—F—F+—F+——+—
The solution is (—e0,0) U (5,00) 2 1 0 1 2 3 4 s ¢
| EXERCISE JEW)

1 Plot graph for the following absolute valued functions:

®H fO=|x-2 (i)  f(x)=3pk+3[-4

(iii)  f(x)=5|x] (iv)  f(x)=l+2|+3

(V)  fx)=2x+4-3 (vi)  f(x)=2k+1|-6
2 Solve and express the solution on number line:

(1) x—2=6 (i) [2x+1=7 (i) [4x-9|=3 (iv) |7-2x|=1
3. Solve and express the solution on number line:

(1) |5x+8|<3 (11) l4x - 12| <0

(iii) [3—4x|>0 (iv) 1—2‘%;:—5‘}—3

(V) |3x—2|<12 (vi) [1-2x|>5

Solving Real-Life Problems Involving Function J

Functions are widely used to model and solve real-life problems in areas such as

finance, transportation and sales. In finance, functions can represent income,
expenses, interest or profit over time. In transportation, functions can describe the
relationship between distance, speed and time, helping to calculate travel times or
fuel consumption. In sales, functions are used to model revenue, cost and profit based
on the number of items sold. Solving these problems involves identifying the relevant
variables, expressing their relationship as a function or equation and using algebraic

methods to find unknown values, make decisions or predict outcomes.

{;@ Let E(n)=1,500nis the total earning (in Rs.) function, where n is the
number of days. If labourer works 10 days, find his earning.
@ Solution B Giventhat:  E(n) = 1,500n
If the labourer works for 10 days, his earning will be £ (10) = 1,500 x 10
= Rs. 15,000
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@ xamplei|> Let f(x) =200 + 15xis a function of charging taxi fare (in Rs.),
where x represents the number of kilometres. Find proposed fare for a distance of 50 km.
@ Solution P f(x) =200+ 15x
Required fare = f(50) = 200 + 15 x 50
= 200 + 750 = Rs. 950

Solving Real-Life Problems Involving Absolute Valued Functions|

Absolute value functions are essential for solving real-life problems where distance,
magnitude or fluctuations are involved, regardless of direction. In energy wave
analysis, such as sound or seismic waves, absolute value functions model the

amplitude or strength of a wave. In physics and engineering, magnitude is often
expressed using absolute values to describe the size of a force, charge or vector,
independent of direction. In distance-related problems, such as the location of an
object from a reference point, absolute value functions measure how far one quantity
is from another, ensuring the result is always non-negative. These functions help
describe situations with symmetry or two-sided variation.

(] xampleiD A sensitive device operates best at 220/ but can tolerate a variation
of up to 5V. The condition is modeled as: |V — 220] < 5 . What is the range of
acceptable voltages?

@ Solution P |V —2201<5
or —5<V-220<5
or =54220<V <5+220 or 215<V <225

So, acceptable voltage is between 215/ and 225V.

\ xampleil:) An earthquake sensor issues a warning if the recorded magnitude
differs from a safe level of 4.5 by more than 1.2 units. The condition is modeled by
IM—4.5]|>1.2.
For which values of magnitude M will the sensor issue a warning?
@ Solution B |M—45]>12
+(M —-4.5)>1.2
—-(M—-45)>12 or M—-45>1.2
M-45<-12 or M—45>1.2
M <33 or M=>5.7
Hence, the sensor issues a warning when M <3.3 or M > 5.7.
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i A function B(f) = 5,000 + 200¢ represents the total balance (in rupees)
after + months. What will be the balance after 6 months?

2. A function f(k) = 150 + 20k represents the total fare (in rupees) for
k kilometres. How much will the fare be for a 12 kilometres ride?

3. The cost of manufacturing fancy sofa set would be fixed charges Rs. 5500
which is modeled as f'(n) = 5500 »n, where # is the number of sofa sets. Find
the cost of 50 sofa sets.

4, A function 7(d) = 610 represents the time 7 in hours to travel a distance d

kilometres. How long will it take to travel 180 km?

5. A company charges Rs. 100 for an encoding work. In addition, the
company charges Rs. 5 per page of printed output. The model of function
f(x) = 100 + 5x, where x represents the number of pages printed out. How
much will company charge for 55 page encoding and printing work?

6. A chemical reaction is stable at 37°C. The process must be stopped if the
temperature deviates by more than 2.5°C. The condition is modeled as:
| T—37°1>2.5°Tbe the temperature. For what temperature values must the
process be stopped?

i A factory produces metal rods that must be 2.5 metres long, with a tolerance
of +£0.04 metres. An absolute value inequality models this: |x — 2.5 | < 0.04.
What is the range of acceptable lengths?

8. A machine part must be aligned so that its centre is exactly at 0. If it shifts
more than 0.1 mm, the part is rejected. The model is given by |x| > 0.1. What
positions of the centre cause rejection?

| REVIEW EXERCISE 2 4‘-‘

1. Four possible answers are given for the following questions. Choose the correct
answer.

(1) If f(x)= 52—_6, then what is the value of f(3)?
(a) —1 (b) 3 (c) 9 (d) 15
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(ii) A function ffrom X to Y is represented by:

(a) f: XY (b)f: ¥ =X © /i X—=Y (d)fig
(i) (fog)x) =

(@) (f+ &)x) (b) (f—2)) (c) f(g)) (d) f(x)+g(x)
(iv) Iff(x)=2x+3, glx)=x+1, then fix) + g(x)=
(a) 3x (b) 3x +4 (c) 4 (d) 2x* +3
v) Iff(x) = 5x + 2, h(x) = 2x — 2, then f(x) — h(x) =
(a) 3x (b) 5> — 4 (c) 3x +4 (d) —3x—4
(vi)  Iff(x)=3x+1, g(x) = 2x, then g(x) x f(x) =
(@ 6x+2x  (b) 5x2+1 (c) x+1 (d) 6x + 2x
(vii) Iff(x)=x*—4,g(x)=x+2,x#-2, then BACI
g(x)
@ b (© x+2 (@ x-2
(vii1)  What is the shape of the graph of an absolute value function?
(a) U-shaped (b) V-shaped
(c) L-shaped (d) M-shaped
(ix)  Ifa graph represents a function, then every vertical line must intersect it at:
(a) 4 points (b) 3 points (c) 2 points (d) 1 point
(x) If f(x) = x°, then f(-2) =
(a) -8 (v) 8 (c) 4 (d) -6

2, If f(x) =25 — x* and g(x) = 5 + x, then find
i S te) (i) () gk (i) f(x)g(x)
S (x)

(iv) v S (vi)  g(=8)
g(x)
3. If £(x) =x" and g(x) = 14 + 2x, then find
@) (fog)x) (i) (gof))
(i) (fof )(x) (iv)  (gog)(x)
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Find f~'(x), if

() f()=9%-1 (i) f(x)= Slaxil
-
(i) @)= Va-5,x>5 (iv) f(x):3;x

Plot graph for the following absolute valued functions:

® S =Tx]| (i)  fx)=|x+6]-2

Solve and express the solution on number line:

@D [|3x-2|=1 (i) [6x+1=9

Solve and express the solution on number line:

(i) |7-2x| <1 (i) |6x+18|<24

Given that f(x) =3x+ 7, find

i) f'(x) (ii)  the value of x for which f(x) =/ '(x)

A company earns a profit of Rs. 100 for each item sold after a fixed monthly
expense of Rs. 10,000. A function P(x)= 100x — 10,000 represents the profit
after selling x items. How many items must be sold to break even (profit = 0)?

A store offers a 15% discount on a product. A function D(p) = 0.85p gives
the selling price after the discount on an original price p. What is the selling
price of an item that originally costs Rs. 2,000?

A GPS system is considered accurate if the actual position differs from the
reported position by no more than 6 metres. If the actual location is at point
x =100, the allowed range is defined as: |x — | < 6, where r is the
reported location. What is the range of acceptable reported locations?
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Rlgehraic Fractions

Stwdenty Learning Owfeomes
nAfter completing this unit, the students will be able to: /

Describe rational expressions.
Factorize and simplify rational expressions.
Demonstrate manipulation of algebraic fractions.
Perform operations on rational expressions (limited to numerators and denominators
that are monomials, binomials or trinomials).
b Solve different types of equations reducible to quadratic form of the type:
Exponential Equation
Reciprocal Equation
ax®" 4+ hx"+c=0: a#0,n=2
(x+a)(x+b)(x+c)(x+d) =k wherea+b=c+d
b Apply the concept of rational equations (limited to numerators and denominators
that are monomials, binomials or trinomials) to real-world problems (such as the
amount of work a person can do in certain amount of time, rates and work).

vyvvvywyy

8 — f b\
s INTRODUCTION|
This unit introduces the concept of rational expressions and equations, focusing on
how to describe, factorize and simplify them effectively. Students will explore the
manipulation of algebraic fractions and perform various operations on rational
expressions involving monomials, binomials and trinomials. The unit also covers
solving complex equations that are reducible to quadratic form, including exponential
and reciprocal equations. Finally, students will apply these mathematical concepts to

solve real-world problems involving work rates, shared tasks and time-related
scenarios.

m Algebraic Fraction J

In Mathematics, an algebraic fraction is a fraction where the numerator, denominator
or both contains algebraic expressions.

3 2x 2x+9 x'+8 . . :
For example, =, ; = are all algebraic fractions. The denominator
_ X 5y 10x x +x+3
is never zero.
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Rational Expression

P(x)

X

98

A rational expression is the qoutient »where Q(x) # 0, of two polynomials P(x) and

=+ 5 + . . .
O(x). For example,i, x_S, X +5x+4, : are all rational algebraic expressions.
x-2 5 x+2

Simplification of Rational Expressions

Simplification of a rational expression means reducing the fraction to its lowest form
by cancelling out the common factors of the numerator and the denominators.

F* 2 2
(Example Reduce to lowest form %451 2L, =
8a'x"—12a’x
— 24a’c*x* 7| N '
@ Solution p A -
18a’x> —12a°x’ Factorise where
33 2 1-2.2 2.3 possible because
- 2‘2‘9 B - 4a” ¢ x there might be a
6a*x*(3a — 2x) 3a—2x factor that will be
5 cancelled.
_ dac
3a—2x
6x° —8xy
‘Example D Reduce to lowest form ———
9xy —12y°
@ Solution p X %0
C 9xy—12y
_ 2x(3x—-4y) _2x
3y(3x—4y) 3y
EXERCISE JN!
. Reduce the following rational expressions to lowest forms:
. 3a* —6ab . abx + bx’ ac
i —_— il —_— iii
O 2a’h—4ab’ (i) acx + cx’ ) a’x’ —ax
. 15a’b’c 4x*—9)° ; 20(x° - y*
) = D (v1) 5 ) 3
100(a” —a"b) 4x° +6xy 5x" +5xy+5y
.. x(2a”* - 3ax) % B . 3x" + 6x
vil) —————— vili)) ———— ix -
(v1l) a(4a’x —9x7) (i) x*—4x-5 (i) x’+4x+4
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x*+xy—2y° : 2x7+17x+21
i, ) o ——————
3x"+26x+35
Manipulation of Rational Expressions J
Definition:
Manipulation is to apply operations like addition, subtraction, multiplication

and division while maintaining the equality or value of the expression.

Addition and Subtraction of Rational Expressions with
Unlike Denominators

(%)

xs—y

Steps:

(1) Determine the Least Common Multiple (LCM) of the denominators.

(11) Rewrite each fraction as an equivalent fraction with the LCM obtained in step (i)

(1)  Follow the same step for doing addition or subtraction of rational expression
with like denominators.

\ig | Skilled Practice! |

(Example Z’ Simplify: B P 2x—y Simplify:
) 4 6 15 G _da__ati
@ Solution ) LCM of 4, 6 and 15 =60 Y F -1 gl
x—2y+x+y_2x—y (i) “'b _ bb.
4 6 15 e "
_ 15(x—2y)+10(x+ y) —4(Q2x— y) (T N S
- 60 A x+2
_ 15x-30y+10x+10y—8x+4y _ 17x—16y
60 60

Examplez. Simplify: — i + l

x"=2xy—-3y" x*+3xy+2y°
4 1
2 2 +
x*—2xy-3y° x4 3xp+2y°
4 1
2 >t =
X +xy-3xp-3y X+2y+xy+2)
4 1
+
x(x+y)=3p(x+y)  x(x+2p)+y(x+2y)
4 i 1
(x=3y)(x+y) (x+y)(x+2y)
_ Ax+2y)+1(x-3y)
(x=3y)(x+y)(x+2y)

@ Solution P

(Taking LCM)
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_ 4x+8y+x—-3y _ S5x+5y
(x=3y)(x+y)(x+2y) (x=3»)(x+y)(x+2y)
= S(x+y) _ 5
(x=3)(x+y)(x+2y) (x=3y)(x+2y)
- 1 1 1
(Exampl Simplify: + —
\'@ tmplify xX2=5x+6 x*=3x+2 x*—8x+15
@ Solution b 1 1 :

P—5xt6  P-35%2 X—BEtD5
1 1 1
T G-D(-3) G-DG-D) (x-5)(x-3)
_x=DE=3)+(x—3)x=35)—(x—1(x=2)
(x—1(x—2)(x—3)(x-5)
_ (x*—6x+5)+(x* —8x+15) — (x* —3x+2)
(x=D(x=2)(x=3)(x-9)
X—6bx+5+x—8x+15—x"+3x-2
(x = 1)(x—2)(x—3)(x-5)
x*=11x+18
(x=1)(x=2)(x-3)(x-5)
@G- x9
(x-D(x-2)(x—-3)(x—F G-Dx-3)E-9

(Taking LCM)

1. Simplify:
g 3 1 5 4x -4 5
(1) + (i1) 5 = =
X—y y—-x x—=3x+2 1-x x-2
(i) Y X vy ——-I=%
12x—-6y 18x -9y x+2y x —4y°
1 2 2x+3 . 5 |
(v) - T2 vi) 2 - 2
x4+l x+2 x"+3x+2 X+x—-6 2x"-T7x+6
2x y 2y° 7 8

vii — - viil ——
i) x+y x-y x' -y ) 2x'—x—6 3x’—4x—4
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: x+2 X
(IX) 2 T2
x*=x=12 x"+6x+9
3 3
b @) ——
x*—4x+3 x -3x+2 x"—-5x+6 X—y y-—-x
3 2
2. Subtract — from M
X +2 (x"+2)

Multiplication and Division of Rational Expressions

H Multiplication

(Example B

@ Solution P

{ ExampleD
@ Solution P

n Division
(Example ZE)
@ Solution

@ Solution P

h Sttt

. . x*=5x+6 x’+5x
Simplify: X
pltty *¥%=25 2x -6
X=5x+6 x*+5x ¥ -2x-3x+6 x(x+5)
= X — 5 X
x =25 2x -6 5 2(x—3)

 (x=2)(x-3) 5 x(x+35) _ x(x—2)

T (x=5)(x+35) 2x=3) 2(x-95)
Simplify: 3a’~6ab ~_ 10b’ 2
6ab 4ab—8b \g | Skilled Practice!
3a* —6ab 5 105 Simplify:
6ab 4ab—8b° 0 2x'y'z ; 243x"
_3a(a-2b) 106 'y 'z
6ab 4b(a — 2b) (i) 5a  6a-12
30 5 4a—-8 10a
24 4

To divide by a rational expression, multiply by its reciprocal as in
multiplication.

1 e . 3a +3¢

15a°c? Sac
2a*-2¢* 3a+3c
15a°c’ - Sac
_ 2a%=2¢ y Sac
15a°¢c* 3a+3c
_ 2(a* -c?) y Sac
15a*c? 3a+c)
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_2a+ola=c)  Sac  _ 2(a-c)
15a°¢’ 3(a + c) 9ac
4 x'—a’ x*—bx—cx+bc  x*—cx
(Example Simplify: % =
Example )  Simplify: —————5x——5 3
P e T ¥ -a xt=bx—cx+bc x*-ex
@ Solution | +
¢ ’ x* —2bx+b° ax—x* x—b
_ ¥ -a sz—bx—cx-i-bc x-b
x> =2bx+b’ ax—x’ X’ —ex
B (.vc—.a!)(xz-i-.czx-f-c:zz)x(.:c—b)(Jnc—c:‘.)}< x—b
(x—=b)(x—b) x(a-x)  x(x—¢)

1

= —(a—x)(x’ +ax+a’)x
x(a—-x) x

 —(x"+ax+a?)
- 2

%
I | AN NG 5.3
15 Simplify:
. 24lm  5I°=20m’ o X°=3x+2  2x"+8x
(1) X (1) > X
5[+ 10m 16mn x+3x—-4 3x+6
2 432 2 2_ 2 2132
Gif) 4:111 4b . ?Za +10ab _ (i) (a+b)? c? L4 (b7 c)?
a” +2ba a +3ab—10b" (a+c) =b° (a+c) —c
) x*-8  x’+2x+4 i) (324_“5)':_ a+bY
-4 x’+4x+4 : (az_ab)z' a-b
. x'—x—6 x¥=-3x" ¥ -5x*-14x
(vii) 5 < - X —
x*—x-20 X" +4x x“—12x+35
3l 2 2.
(i) 231: 3xy 2 ?xy+10y - 2x3 Zy3
10x" +10xy—20y~ 6x~ + 6xy+ 6y 4x —4y
. 2x* - 98 x*=3x-10 x* +5x—14
(1x) : x + 25
x =125 Ix-=21 X +5x+25
¥=2x x*+x-6 _ 6x-30
(x) x 23 X =
2x+6 X" =5 X =2
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Solution of Equations Reducible to Quadratic
Equations
Some al gebraic equations are not in standard quadratic form, but they can be
reduced or transformed into a quadratic equation by suitable substitution. Such
type of equations are called equations reducible to quadratic equations.
BRI ax*" +bx"+¢c=0; a#0,n=2
(Example g[1) Solve: 2x*— 11x*+12=0
@ Solution B 2112 +12=0
Let x*=y, then x'=y", so that
22— 1ly+12=0
2 —3y—8y+12=0
2y—3)-4(2y-3)=0
2y-3)(r-4=0
2y—-3=0, y-4=0

—E =
=3 v=4
Putx =y
7_§ B .
r—z, x =4
x = %=i‘§, x=12= S.Sz{ili%}

18521 Exponential Equation
Equations in which variable occurs in exponents are called exponential equations.

For example, 2" —3-2"=-56
(Example Solve: 4" —3-2"34128=0
@ Solution B 453234+ 128=0
The equation can be written as
(2°) -3-2%2°+128 =0
or 2% -24-2"+128 =0 (1)
Let 2" =y then 2** =)?
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(i) becomes
Y24y +128 =0
= P-16p-8y+128=0
yWy—-16)-8(xy—-16) =0

(- 16) (v—8) =0
y—-16=0,y-8=0
y=1l6,y =28

But y=2*

2*=16 , 2 =8
B=24 | =723
x=4 , x=3
.. Solution set = {4, 3}
Reciprocal Equation

An equation which remains unchanged when variable is replaced by its reciprocal.

For example, (x2+%)_3(x+ 1]4_ 4=0
x

X
{Examplem Solve: 3[x2+i2]+4(x+%)—14 =0
x
@ Solution D 3(f+%]+4(x+%)—]4:0
x
1 .
Let x+; =y )
1y 3
So X =+ ; =y
=4 x2+?+2 5=
1
or ¥+ =y -2
e

The given equation becomes
30°-2)+4y-14=0
3P —6+4y—-14=0
37 +4y-20=0
3y7 + 10y — 6y —20 =0
Y@y +10)=2(3y+10)=0
BGy+10)(»-2)=0
3y+10=0, y-2=0
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1
Put y= —?O in (1), we get

1 10
X+— = ——
X 3

32 4+3 = —10x [Multiplying by 3x]

32 +10x+3 =0
3x*+9%x+x+3=0
Ix(x+3)+1(x+3)=0
x+3)B3x+1)=0
x+3=0,3x+1=0

1

x=-3, ——
3
Now, put y=2 in (i), we get
X+ 1 =2 [Multiplying by x]
X
x4 1=2x%
¥-2x+1=0 [Transposing]
(x=172 =0
x-1=0
— x =1

Solution set = {l,—3, _%}

(x+a) (x+b) (x+c) (x+d)=k,where a+ b=c+d and k is any constant.
(Examplem Solve: (x+2) (x+3) (x-5) (x-6)=-12
@ Solution D Here2-5=3-6

Re-arrange the factors, we get
[(x+2) (x=5)] [(x +3) (x-6)] =—-12
(x* = 3x—10) (x* - 3x - 18) =-12 (1)
Let P¥-3x=y ..(ii)
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(i) becomes: (y—10) (v—18)=-12
¥ —28y+180=-12

¥ =28y+192=0 [ Transposing]

P —-12y—16y+192=0

yWy—12)—-16 (y—12) =0

Wi | Skilled Practice!

| Solve:
Jf(i Izli)O(yy_—l 2 ; 3 (x+1)(x+2)(x-5)(x-6)=144
y =12,16

Put y =12 in(ii), we get
¥ =3x=12 or
2-3x-12=0
37 =
x:3¢J( 34 x 1x (-12)
2(1)
3+4/57
2
Now put y= 16 in (i1), we get
X-3x=16
*-3x-16=0
x_3¢\/(—3)2 —4x 1x (-16)  3+73
2(1) )
34457 3&@}
2 2

Solution set = {

EXERCISE i
1. Solve the following equations:
@  5x*-194+12 =0 (i) 4*-272+18=0
(i) S5x*—22x>+8=0 (iv) 4-22"-9-2+1=0

(v) A4 10=0 (vi)  3'+37'-12=0

X

(vii) 57T +577-126=0  (viii) (x%riz)u(ﬁ ']*33=0
X
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(ix) 2[x2+L,J—25[x—%J—1?=0 &) 2= =14 —-8x+2=0
e
(xi) x+1)(x+2)(x-4)(x-5+8=0 (xi) xE+3)Ex+4)(x+5)(x+6)=-1

Real World Problems J

{:Exampleih A tradesman buys a number of articles for Rs. 300. Four of them are
broken in transit but by selling the remaining at a profit of Rs. 1.25 each, he gains
Rs.350 altogether. How many articles did he buy?

i Solution B Suppose he buys x articles for Rs. 300
Each cost = Rs. ?’—EP

@ | Challenge! |

He sold (x — 4) articles for Rs. 350 " Amna bought 50 kg of fruits
350 consisting of mangoes and grapes.
Each sold for Rs. x—4 She paid twice as much per kg for
350 300 the mango as she did for the
Now, — — =1.25 grapes. [fAmna bought Rs. 18000
x—4 X worth of mangoes and Rs. 6000
350 300 125 5 worth grapes, then how many kg’s
=} - Y 100 Z of each fruit did she buy?

Multiplying both sides by 4x(x—4), we get
350(4x)—300(x—4)(4) =5x(x—4)
1400x — 1200x + 4800 = 5x> — 20x
5x% — 20x + 1200x — 1400x — 4800 = 0
5x* - 220x - 4800=0  (Dividing by 5)
X —44x - 960 =0
x? — 60x + 16x — 960 = 0
x(x—60)+ 16 (x—60)= 0
(x—60)(x+16)=0
x—60=0,x+16=0
: x=60,—-16

Negative value is rejected.
Number of articles purchased = 60

(Example £F A train is scheduled to cover a distance of 120 km at a certain average
speed, owing to a service checkup this average speed is reduced by 5 km/h, and in
consequence the journey takes 20 minutes more than the scheduled time. What was
the scheduled speed?
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@ Solution .\; Let x km/h be scheduled speed;

120
then scheduled time for 120 km = — hrs

X
: 20
20 minute = 50 hrs = 3 hrs
But (x — 5) km/h is actual speed: therefore, actual time for 120 km = L8
120 120 _1 =
X—=3 X 3
Multiply each term by 3x(x — 5)
360x — 360 (x—5) = x (x—5)
x*—5x—1800 =0
(x—45) (x+40) =0
x—45=0,x+40=0
x=45, x=-40
Negative value is rejected.
The scheduled speed is 45 km/h.
EXERCISE ¥
1. A train travels a distance of 240 km at a uniform rate. if'it had finished 4 km an
hour slower, it would have taken 2 hours more over the journey. Find its rate of
travelling.
2, Arshia and Ibraheem complete a job together in 4 hours. If Arshia takes
6 hours, then find how much time will Ibraheem take?
3 One pipe fills water in 5 hours, another in 8 hours. Second pipe closed after 2
hours. Find the total time.
4, Huria can complete a project in 12 hours by working alone. If Abdul Hadi join

her and they finish it together in 5 hours, how long would it take Abdul Hadi
to do the project alone?

5. Two cars start from opposite towns and head towards each other. The distance
between them is 240 km. One travels at x km/h and the other at (x + 10) km/h.
They meet after 2 hours. Find the speed of each car.

0. Rashid can paint a house in 6 days, but if he gets a helper he can do it in 4
days. How long would it take the helper to paint the house alone?
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2 i
7 Ishmal runs 10 km in x—j; hours. If her average speed is 8 km/h, find the value
of x.

8. Fahad runs 600m at a certain pace, and then doubling his pace, does another

600 m. If he took 2 %

in metres per seconds.
9 A cyclist travels 30 km at a certain speed. If the speed had been 5 km/h faster,

the journey would have taken 1 hour less. Find the speed.

REVIEW EXERCISE 8 |

to cover the distance 1200 m, find the pace he started at,

1. Four possible answers are given for the following questions. Choose the correct
answer:

is:

(i) The expression

2

X +4
(a) apolynomial (b) an algebraic fraction
(c) anumerical fraction (d) an equation
(i)  Lowest form of 18be is:
ac
9abc 3abc 18h 3
a b c) — d) —
(a) (b) 5 (c) 0 (d) >
15xyz .
(111)  Lowest form of is
Ixya 3 xyz
(a) =2 (b) = () xyz (d) =
2 2
.|..
Gv) Simplified form of 3x5 L g 2'”;3 s
S5x+4 S5x+4 S5x+4
b d) 5x+4
(a) 10 (b) 5 (c) 25 (d) Sx
(v) Simplified form of {x“ —y J(x—y) is:
xX+y
(@) (x+y)y (b) x* + 7 (€) x—y (d) (x—y)
(vi) (=)= (x—y) in simplified form is:
@ x—xy+y? ) +xy+y? (©) ¥y (d) * +57?
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(vil)  An equation of the form E+ I_—X :6i is called:
X X

(a) radical equation (b) reciprocal equation

(¢) fractional equation (d) exponential equation
(viii)  An equation of the form 5" +64:5 *—20=0 is called:

(a) radical equation (b) exponential equation

(c) reciprocal equation (d) fractional equation
(ix)  Roots of y* — 24y + 128 = 0 are:

(a) 8,16 (b) 8, 16 c) 8,16  (d)-8,-16
(x)  Linear factors of 3x>+ 10x +3 =0 are:

(a) (x+3),(3x+1)
() (x=3),(3x+1)

. Reduce the following to the lowest form:

) x=Tx+12

' x'=6x+9

. Simplify:

) 5 1

1 - 2
® Par=6 2=Te+6
(i) a - (b: c)z' " (b1+ c‘):

(atbh) —c (a—b)y —c¢

. Solve the following equations:

(b) (x+3), Bx—1)
(d) (x=3), Bx-1)

(i) x*+3x—18
Tx—=21
(ii) X =27 x*+3x49

X’ =9 T)czdl-éx+9

(i) 4x*—16x*+15=0

(iv) [x2+%}—3(x +l
X X

(i) xt=16x*+63=0

(iii) 37-12-3"+27=0

J-2-0

(v) [x2+%]+[x+%)=4 (vi) x+9)E-3)(x—7)(x+5)=385
(vil)  (x—1)(x=2)(x + 5)(x — 8) =-360
5. Ahmad takes 2 hours to paint 50 glasses. Faiza takes 2 hours to paint 45 glasses.
Working together, how long should it take them to paint 150 glasses?
6. A tap can fill a tank in 6 hours. Another tap can fill it in 9 hours. If both
taps are opened together, how long will it take to fill the empty tank?
T Maham bought a certain number of toys for Rs. 300. If each toy had cost

Rs. 5 less, she could have bought two more for the same amount. How many
toys did she buy?
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Vectorsin

Studenty Learning Outcomes
nAfter completing this unit, the students will be able to: /

Introduce a rectangular coordinate system in the plane.

Represent vectors as directed line segment.

Express a vector in terms of two non-zero and non-parallel coplanar vectors,
Express a vector in terms of a position vector.

Express translation by a vector.

Find the magnitude of a vector.

Add and subtract vectors,

Multiply a vector by a scalar.

Solve geometrical problems involving the use of vectors.

Y VvV vV vV vy vV Y VY Y Y

Apply concepts from geometrical problems involving the use of vectors (such as
parallel and perpendicular lines in geometrical shapes, vector projectile motion,
crosswinds aviation, military usage and designing roller coasters).

INTRODUCTION |

This unit introduces the foundational concepts of vectors and the rectangular coordinate

system in the plane, providing a powerful mathematical tool to describe and analyze
movement, direction and position. Students will learn how to represent vectors as
directed line segments and express them using position vectors or combinations of two
non-zero, non-parallel coplanar vectors. The unit covers essential operations such as
finding the magnitude of a vector, vector addition and subtraction and scalar
multiplication, enabling students to solve both abstract and practical problems.
Emphasis is placed on applying vector concepts to real-world scenarios, including
geometrical analysis, projectile motion, navigation in crosswinds, military applications
and engineering designs like roller coasters, equipping students with the tools to interpret

and model physical phenomena using vectors.
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EEV Rectangular Coordinate Plane |

A rectangular coordinate plane is formed
by the intersection of a horizontal
number line called the axis of x or
shortly x-axis and a vertical number
line called the axis of y or shortly y-axis.
The axes meet at a point called the
origin and divide the coordinate plane
into four quadrants.

Points in a coordinate plane are
represented by ordered pairs. The first
element is the x-coordinate and the

seccond element is the y-coordinate.

In the given figure, point P is represented by the ordered pair (-2, 1).

-—,P_(—g ; 1)_,—- y-coordinate

x-coordinate

5
Quadrant - 1T
P(2,1) 2

X

.lly

Origin
(0, 0)

Quadrant - 1

EEEEET
-2
Quadrant-111

b

Y

1 2 345

F

v

Quadrant - 1V

v

{:Example Write the coordinates of the following points from the given figure:
(i) A | 2“}: |
(i) B | 4
= il
e & EEEET EERER:
é _2
1 =3
T EenTETh i I
@ Solution P vV D

(i) Point A4 is 3 units to the right of the origin and 1 unit up. So, the x-coordinate is 3
and the y-coordinate is 1. The coordinates of 4 are (3, 1).

(11) Point B is 3 units to the left of the origin and 2 units down. So, the x-coordinate
is —3 and the y-coordinate is —2. The coordinates of B are (-3, —2).

(1)  Point D is 3 units to the right of the origin and 4 units down. So, the

x-coordinate is 3 and the y-coordinate is —4. The coordinates of D are (3, —4).

Scalars and Vectors J

There are two types of physical quantities that are used in Physics and Mathematics.

Scalar: A scalar is a quantity having magnitude but no direction. Mass, time, volume

and power are the examples of scalar quantities.
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Vector: A vector is a quantity having both magnitude and direction. Displacement,
velocity, acceleration, force and momentum are examples of vector quantities.

Representation of a Vector as Directed Line Segment

A vector has a tail and a tip. Consider the diagram in Figure 6.1. B

The tail point A4 is called the initial point and the tip point B is

called the terminal point of the vector AB . The initial point of a
vector is also taken as origin of the vector.

=

We can also represent a vector with a, @ or a.

A Figure 6.1

(1) A vector that has the same magnitude as the
given vector but opposite direction is called
negative of a vector as shown in Figure 6.2.

(1)  Two vectors ¢ and b are equal if they

have the same magnitude and direction
regardless of the position of their initial

Figure 6.2

points. Thus a =5 in Figure 6.3.

(iii) A vector whose initial and terminal points
are coincident is called a zero or null vector.
Zero vector has zero magnitude and it is

1=
=l

parallel to every vector. Figure 6.3

Vectors and Coordinates v

When a Cartesian coordinate system is added to a
vector diagram, it becomes possible to assign
coordinates to both the initial and terminal points (tail

and head) of each vector. This allows vectors to be I
expressed in terms of their coordinates, which can then (1, 0)
be used effectively in calculations. To simplify this 0 i

> X

Figure 6.4
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process, we introduce two special vectors along the coordinate axes: i along the
x-axis and j along the y-axis. Both vectors originate at the origin and point in the

positive direction of their respective axes.
S _],HI
Position Vectors §rromesnammnnanen ey Pl )

Let O (0, 0) be the origin and P(x, y) be any pointin Y
e A,

the plane. Thenthe vector OP = (x—0)i+ (y—0) j=xi+yj 3

is called the position vector of P with respectto O.

b

xl..
x and y are horizontal and vertical components ¢ xi i’
respectively. Higure 6.3
Magnitude of a Vector x
. . Y O(x,, »,)
Let P(x;, v;) and Q(x,, ¥,) be the given points as ! ! '
shown in figure 6.6. = '
Draw PM and Q—N perpendiculars on the x—axis. | LA =
— 1 . ]
D PR 1 ON _ Note i —F R
- s ¢ gnitude of a vector is L B
Now, PR‘z X, —x,‘
2 also known as norm or
‘ﬁ‘ — ‘ Y=V length of a vector.
it x
PRQ is a right angled triangle. “To M N i
[PQ| = PRy + OR)* & Figure 66

= \/(xz"x|)2'+'(y2-yi)2 2 !
_’ 4
or ‘PQ‘ = \/(x, =x)' + (=) B
If P(x, y) be any point in the plane as shown in Figure 6.7, vd P(%’ y_).
then the magnitude of position vector OP = xi+yj | 60 N S
- %! x
from the origin is ‘OP‘ =xt+ 3. " @ 1
(Example ) 1f P(2.4) and O(-5, 3), then find Y Rigure 6:7
(i) PQ in the form xi +yj (i) |PO| \ij | Skilled Practice!

@ Solution P (i) PO=00-0P=(-5-2)i+(3-4)i=-Ti—j :}fl:f‘;n? ;‘:‘ ri(; iﬂ;

(ii) ‘}TQ.‘ - \/(_7): 1) = \/49 + = \/Ez 5\/5 of the vector }?i
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Scalar Multiplication of a Vector
If a is a vector and / is a scalar (a

number), then multiplication of a  Two vectors are said to be parallel, if they are non
vector ¢ with scalar A is scalar zero scalar multiple of each other.

multiplication and it is written as A a . o % o
Ma is a mew vector that has its / Y, QQ?/ 7 SV
magnitude scaled by [A/.

(1) If A > 0, then both ¢ and
Aa are in the same direction.
(i) If A <0, then both ¢ and Ag are in opposite directions.

(Example If a=3b, where a=9i—kj and h=3i—12/, then find the value of k.

p

@ Solution B Given that a=3b
9i—kj=3(3i-12))

9i—kj=9i-36j
Two vectors are equal, if their horizontal and vertical components are equal.
k=36
(;Example Z' Show that ¢ = 5i — ZJ and b =-10i + 411 are parallel.

(‘M Given that:

a=5i-2 | Note

_ S (i) Ifa= b, then @ and b have the same
b=-10i+4 direction and |a | = & |.
b=-2(5i— 21) (ii) If a is the zero vector. then | g |=0
b=-2a

This shows that @ and b are parallel with L =-2

Unit Vector

A unit vector is a vector whose magnitude is 1. If ¢ is any vector, then its unit vector

. . . . a
is represented as a (read asg hat). It is defined as a = ﬁ
a

(Example Find a unit vector in the direction of a=-5i+27.

'l:‘mi} Given that a=-5i+2j

lal = V(=5)" +(2)
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@.| Challenge! §

PR —Si+2j (i) Can a zero vector be a
= ‘a‘ - 29 unit vector? Explain.
B (i1) If @ is a unit vector, then
what is the value of |a|?
| EXERCISE M

Name the quadrant in which each point lies.

(1) 4,3) (i1) (5,-4) (i)  (—6.2) (iv) (-4,-4)
Plot the following points on the coordinate plane:

(1) A3,-3) (i)  B(-3,3) (i) CG5,7)  (Gv)  D(=2,-4)
Name the tail and tlp of the following vectors:

VNN

(i) (11) (iii) (iv) (v) (vi)
Write the vector A8 in the form of xi+ yi.
(i) A(1,-T7), B(-2,4) (i)  A(8,9), B(12, 3)
Find the magnitude of the a:

@) a=-3i+2j (i) a=4i-3j (iii) E=%i+%j
Find a unit vector in the direction of the vector given below:
(i) a=—4i+5j (ii) a=6i+8;
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9. Which of the following vectors are parallel?
()  a=6i+j,b=12i+2; (i)  @=-2i+3j,b=6i-9;
(i) a=5i-4j,b=6i-3; (iv) a=3i-7j.b=6i-14;

10. Find a vector thrice in length of 3i—2/, but opposite in direction.

Il Find two vectors that are double in magnitude of 3/ —5/, one in the same
direction of it and other in its opposite direction.

Addition of Vectors J
(i) Triangle Law of Addition:

If two vectors u and v are represented by the two
adjacent sides Eand &‘b ofa triangle such that the
terminal point of u coincides with the initial point
of v, then the third side AC of the triangle gives the

By head to tail rule

vector sum  + v thatis;

/4_§+)-?._C"=,4_5 = E‘*‘E:R’ Figure 6.9

(ii)  Parallelogram Law of Addition:
If two vectors u# and v are represented by two

adjacent sides 4B and AC of a parallelogram as
shown in the Figure 6.10, then diagonal 4D gives

— —
the sum or resultant of 4B and AC.

—_— — —
AD=AB+ AC

—

AD=u+v Figure 6.10

{fExample Ifg=2j+3J_i,E_7=4j—6i',thenﬁnd atb.

@ Solution !\, at+b= (2i+3))+(4i—-6)) \&y | Skilled Practice!
=@+ 4)i+(3-06) ifa=10i-17 p=3i-1;,
= 6i—3j 24 4= 6£
- then find a + b.
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m Difference of Two Vectors J

The vector subtraction of two vectors a and b is represented by a—b and defined as

a+(-b). b b
Ifﬁlei“".}ﬁis é:x2£+yzi -—
b a+(-h) a

Then a+(-B)= (x,i+ », )+ (~x;i= 7, )

=

:(xl—x3)§+(yl—y;)£ z
Figure 6.11

(Example gf]) 1f a=6i+13j and b=—4i+7; , then find a—b.
@ Sotution B a—b=(6i+13))—(-4i+7))
=(6+4)i+(13-7)j =10i+6,
Vector in Terms of Two Non-Zero and Non-Parallel
Coplanar Vectors J

Let ¢ be any vector lying in the plane of g and b. Draw g, b and ¢ such that their

initial points coincide. Q.-
7

Construct lines parallel to the vectors a and b
from the terminal point £ of ¢. Complete the
parallelogram ODEC by extension of ¢ and b if O
necessary.

—_— —_— .
OC = mOA = ma , where m is a scalar.

55 = naé =nb , where #is a scalar.

By the parallelogram law of vector addition

Figure 6.12

—_— —s —
OE=0C+0D or c¢=ma+nb Two or more vectors are said to be

Where ma and nb are vector components of ¢. coplanar vectors if they lie in the
same plane.
(Example Ifa=2i-3jand b=3i+4,, then find the vector components of 3a+4b.

@ Solution B 34+4b
=3(2i—3/)+4(3i+4))
=6i-9,/+12i+16, =18i+7;

Thus, the vector components of 3g +4b are 18; and 7;‘.
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1. If @=7i-3jand b=i+5/, then find the following vectors:
(1) a+b (i) a+3b (i) 3a+ lé
2
(V) b-a V) 4b-5a ) Sa-t

2 If a=6i—j,b=i+5jand c=3i+5;, then find the magnitudes of the
following vectors:
(1) b-c (1)  a-2b+c (i) c¢—b-a

3. Find the values of x and y in each of the following equations:
(i) (xi+y)+(2i+3))=Ti+6j (i)  (xi=5/)+@Ci+5))=-8i+yj

(i)  (pi+3))+(-5i+2xj)=9i+7j
4. Ifa=i+3j,c=2i+ j and @ +2b =, then find ||
3. If a=-2i+7j and b = 3i - 5/, then find the vector components of a + 5b.
6. If 51— 3_; =m(i — 1(}_;') + n(di - 31'), then find the values of m and n.

m Translation by a Vector J

A translation vector is a vector that describes the movement of a point, a body, a system

from one position to another without rotation or deformation. The translated figure is

called the image of original figure. The image is congruent to the original figure.

To translate a figure with translation vector in a coordinate plane, we change the
coordinates of its points. If v=ai + bj is the traslation vector and a, b are constants, then

we can use the guidelines below:

Slide up b units

y—yt+b
X
Slide to the left g unit —s Slide to the right a unit
xX—x—a X—rx+a
\
Slide down b units
y—oy—>b
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Let us translate point P(2, 1) by translation vectors 2j, 37, — 3/ and —5i.

P =i+ j)+(0i +2)) I I s 4
=2i+3j O i
P= Qi+ )+ (i+0)) (AT [EED
=574 ] ¥ ) >
P = Qi+ j)+(0i=3)) EEEEEETESEEE LN
_ 2{__2—}_ = I I ¥ P2, -2)
P, = (2i+ j)+(-5i+0/) L] _f,
=-3i+j i
Figure 6.13

‘Example Z) Plot 4 (-4, 2), B(—1, 2) and C(-3, 4) to form a triangle ABC. Also
translate AABC to AA'B'C’ by the translation vector 7i + 2.

@ Solution D ¥y c

New vertex 4" = (—4{+2£)+(7£-+2i_,—) ] Z | |
- 3{+4£’=(3,4) | C.,_._.---f‘4 j,,..'--j{:“'_j_','.-:-';%,
New vertex B' = (—i + 2J_r')+(7;‘+ 21‘) -.-.3 |
=6i+4i=(6!4) AI B-f' || | S S

New vertex C" = (=3i+4))+(7i+2)) 7| | | | | 3
=4i+6=(4,6) 432100yl 25459

Figure 6.14

Solution and Application of Geometric Problems Involving
Vectors

xampleil:) If A(1,2), B(4,6) and C(7, 2) are the vertices of triangle. Check

whether triangle ABC is an isosceles. w

fi - -\. . . N .
@ Solution B 4B =(4-1)i+(6-2) J =3i+4] A triangle having two sides equal
BC. = =)+ =6) j = 3i—A7 in length is called an isosceles

. triangle.
AC =(7- l){+(2-—2)i = 6{—0i'
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Now |4B|=+/G) +(4) =9+16 =25 =5
—
|BC|=(3)* +(-4)>=9+16 =~/25=5
Shows |E|=|§é|=5
So, AABC is an isosceles.
(Example ZI’ Use vector method, to show that the points A(1, 2), B(4, 6),

C(7,4) and D(4, 0) form a parallelogram.

-

@ Solution B AB=(4—1)i+(6-2)=3i+4
DC=(7—4)i+(4—0)=3i+4

D 5 C
BC=(7-4)i+(4-6)=3i-2
AD=(4—1)i+(0—-2)j=3i-2j \
A - B

AB||DC and BC| AD

Shows the given points form a parallelogram.

Equations of motions are formulas used to describe the movement of objects under uniform
acceleration, They help us to calculate the relationship between initial velocity (v ), final
velocity (v ), acceleration (a), time (7) and displacement (s). These are very useful in problems
involving moving cars. falling objects or thrown balls.

First Equation of Motion v,= v, + af

It tells us the final velocity (v,) after time 7 when an object starts with initial velocity v, and
moves with acceleration a.

1
Second Equation of Motion s = v 1 + -2-¢_u‘
It tells us the distance (s) travelled by the object in time 7.
Third Equation of Motion v; = v; + 2as

It relates the initial and final velocity, acceleration and displacement.

(Example A projectile is launched from ground with initial velocity vector
12i+16. After how long does it hit a target located 24 metres away horizontally?
@ Solution B Given that v, = 12i + 16/
Horizontal velocity = v, = 12
Vertical velocity = v, = 16
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Horizontal velocity is constant, AR

therefore x=v ¢ . : =
% Equation for horizontal motionisx=v ¢

x 24
_——= 2 5 - a - . ]_
v, 12 Equation for vertical motion is y=vi- 5 gt’
(Example A tank fires a shell with velocity vector v, = 30; + 40; at a moving

target heading east at v, = 10 + 0. Find relative velocity and its magnitude.,

@ Solution B Relative velocity = Shell velocity — Target velocity
Ve =(30-10)i + (40 -0y

20+ 407

T ——— Relative velocity is the velocity of an
Va| = N207+40 object as observed from another
_ moving object. It tells us how fast and
=400+1600 in what direction one objectis moving

v | = 2000 = 44.72 m/ s relative to another.

1. Plot A(-5,4), B(-6, 1) and C(-3, 1) to form a A4ABC. Also translate AABC to
AA'B'C' by translation vector 87 — 6j.

2. Plot A(-6,-2), B(-6,-5), C(-3,-5) and D(-3,-2) to form a square ABCD.
Also translate square ABCD to square A'B'C'D' by translation vector 9i + 7j.

3. Plot A(-6, 3), B(-4, 0), C(-2, 3) and D(-4, 4) to form a kite ABCD. Also
translate kite ABCD to kite A'B'C’'D' by translation vector 6 — 6.

4, The coordinates of 4, B and D are (1.2), (6,3) and (2.8) respectively. Find the
coordinates of C by using vector method if ABCD is a parallelogram.

3. In parallelogram ABCD, the vectors representing two opposite sides are
4B = 6i+2], DC = —6i—2j. Show that the opposite sides are equal in
magnitude and parallel.

6. Points A(1, 2), B(4, 6) and C(7, 2) form a triangle. Check whether triangle
ABC is an isosceles by using vector magnitude.

7 Use vectors to show that PORS is a parallelogram, where the points P, O, R
and S have coordinates (1, 2), (5, 2), (7, 6) and (3, 6) respectively.
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8. Use vectors to show that triangle XYZ is an isosceles, where the points X, ¥, Z
have the coordinates (0, 0), (2,0)and (1, 3) respectively.
9. A ball is projected with an initial velocity vector v, = 10i + 20j. The

horizontal component is in the x-direction and gravity is g=0i - 10/.

Find the maximum height and horizontal range.

10. A car enters a loop with velocity vector v=3(0; and exits with velocity

v"=30i, What is the change in velocity vector?

v = 20i and there is a crosswind v

=p —

resultant velocity and its magnitude.

11.  An aeroplane has airspeed =50. Find the

| REVIEW EXERCISE 2 6‘_‘

. Four possible answers are given for the following questions. Choose the correct

answer.
(1) x-axis and y-axis divide a coordinate plane into parts.

(a) one (b) two (¢) three (d) four
(1) P(4.-4) lies in quadrant.

(a) first (b) second (c) third (d) fourth
(iii) A vector having magnitude 1, is called:

(a) equal vector (b) parallel vector

(¢c) unit vector (d) zero vector
(iv)  What s the value of [3i+4|?

(a) 3 (b) 4 (c) 5 (d) 7
(v) If a=Ab,then a and b are:

(a) equal (b) parallel (c) perpendicular (d) non-parallel
(vi) If OA=a,0B= b then AB is:

(a) b-a (b) a-b (c) a+b (d) b+a
(vii)  Translation vector shows:

(a) deformation (b) rotation (c) movement (d) enlargement
(viii) Sum of two vectors is:

(a) a triangle (b) a vector (c) a scalar (d) a length
(ix)  The position vector of point P(3, -2) with respect to Ois:

(@) 3i+2j (b) 3i-2j (©) -3i+2j (d) 2i-3j
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Vector from point P(3, 4) to origin is:

(a) 3i+4/ (b) 3i+4j  (c) -3i-4j (d) 3i—4j
Find magnitude of the AB:
(1) A(7,7),B(-12,0) (i) 4 (9,3), B(2, 11)

Find a unit vector in the direction of a = §j+ %i

If a=2i—j,b=3i+jand ¢=4i+ j, then find the following vectors:
(i)  Sb-a+c¢ (i) Ba+b+3c (i)  c+b—4a
Find the values of x and y in the following equation.

(2xi+yj)+(-i+5))= %E“S._f

Plot 4(-5, 3), B(-2, 3) and C(—4,5) to form a triangle ABC. Also, translate
AABC to AA'B'C' by translation vector 5; — 2j.

Use vectors to show that ABCD is a parallelogram, where the points are
A(2, 3), B(6, 3), C(7, 6) and D(3, 6).

Use vectors to show that triangle ABC is an isosceles triangle, where the
points 4, B and C have coordinates (1, 2), (4, 6) and (7, 2) respectively.
A ball is projected with velocity vector v = 6; + 8j. What is the magnitude of
velocity?

An aircraft is flying due east with an airspeed of 200 km/h. There is a wind
blowing due north at 60 km/h. Find the resultant velocity and its magnitude.

1. Suppose vectors a and b are equal.
(i) Can we say they originate from the same point? Why or why not?
(i) Do they have equal magnitudes? Explain.
(iii) Do they have same direction? Why?
2. Suppose vectors ¢ and b are opposite.
(i) Can we assume they begin at the same point? Give a reason.
(ii) Do they have same magnitude? Why?
(ii1) Do they have the same direction? Explain why or why not.



Students Learning Outeomes

"After completing this unit, the students will bé able to: /

p  Extend sine and cosine functions to angles between 90° and 180°.

B Solve problems using the laws of sine, cosine and the area formulas for any triangle.

»  Solve simple trigonometric problems in three dimensions.

»  Apply concepts of trigonometry to real life world problems (such as video games,
flight engineering, navigation and sound waves).

b Interpret and use three figure bearings.

b Solve real life problems involving bearing.

»  Apply the concepts of bearing to real world problems.

o —— @ \
S INTRODUCTION
This unit explores the extended applications of trigonometry beyond right-angled
triangles by developing an understanding of sine and cosine functions for angles
between 90° and 180°. Students will learn to apply the laws of sine and cosine, as
well as area formulas, to solve problems involving any type of triangle. The unit
further introduces the use of trigonometric problems in three-dimensional contexts
and emphasizes concept of trigonometry in real-world scenarios such as navigation,
flight engineering, video game design and sound wave analysis. Students will also
gain proficiency in interpreting and using three-figure bearings and applying this
knowledge to solve practical bearing-related problems, enhancing spatial reasoning
and problem-solving skills. p

Consider an angle @ of right angled triangle POM, with right
angle at M, where OM is called adjacent side, PM is called

Opposite side

opposite side and PO is called hypotenuse. Then,

O  Adjacentside M
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(i) sine O (sin )= - (ii) cosine @ (cos 0) = ad).
hyp. hyp.
(iii) cosecant @ (cosec 8) = L - (iv) secantd (sec 0) = L _h“f"
sind  opp. cos@ adj.
(v) tangent @ (tan 8) = % (vi) cotangent & (cot 0) = ! = adj.
a tanéd  opp.

The above six trigonometric ratios are also called trigonometric functions.

sin@ does not mean the product of sin and 6. tand = sin@ . cotf = cos &

The sin @ is correctly read as sin of angle 6. cos sin &

Trigonometric Values for Special Angles

Trigonometric values for 0°, 30°, 45°, 60°, 90° and 180°are given in the following table:

) Angle &1 g0 | 300 | 45 | 600 90° 180°
Ratios
| 1
sin 0 = —-= ﬁ 1 0
2 2 2
cos 6 1 ﬁ . i1 0 -1
2 2 2
I
tan 6 0 B 1 J3 | undefined 0
Signs of Trigonometric Functions -
The signs depend on the quadrant in which
terminal side of the angle lies.
Consider a circle having radius r and centre at
point O. P Y .
In 1% Quadrant: x>0, y> 0 Q
sin6 =2 >0,cos0 == >0,tan6 =< >0,
P r x
cosecgzi>0,sec€=£>0.cot9=£>0 v
y X y

Hence, in the 1* quadrant all trigonometric functions are positive.
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In 2" Quadrant: x <0, y >0
; y —X % ¥ r —X
sind = =>0,cos =—< 0,tand =—< 0,cosecd = — > 0,secd =—< 0,cotd =—< 0
. r —X y —X y
Hence, in the 2™ quadrant sin and cosec functions are positive and all other

trigonometric functions are negative.

In 374 Quadrant: x <0, y <0

sinf = <0,coséd =;:: <0,tan@ =% >(0,cosecl =% <0,secf i <0,cotd B

Hence, in the 3™ quadrant tan and cot functions are positive and all other

trigonometric functions are negative.
In 4™ Quadrant: x>0, y <0

; -y X < r r %
sin@ i <0.cosf = =5 0,tand S <0,cosecld =— <0,secl = e 0.cotld =—<0

Hence, in the 4™ quadrant cos and sec functions are positive and all other

trigonometric functions are negative.

0
M
Quadrant-11 Quadrant-1
Only sin 6 and cosec ¢ All positive.
are positive.
x'e > X
Quadrant-I11 Quadrant-1V
Only tan € and cot ¢ Only cos @ and sec ¢
are positive. are positive.
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Trigonometric Ratios of 0°,90° and 180° 1"
’ Trigonometric Ratios of 0°

Consider a unit circle with centre at O and take o
any point P(x, y) on it such that mZA4OP = 0°. <
As P(x, y) lies on x-axis,

So, x=1, y =0,r=1

P
S\r’ﬂ

e o B g_. 1 _1_

sin (° e T_O , cosec 0° = im0 0 undefined vy
x 1 1 1

s =—=-=1 , gech°= =—=]
ro1 cos0° |
y 0 | |

tan°=—=—=0, cotQ°= = — = undefined
x 1 tan0° 0

u Trigonometric Ratios of 90°
Consider a unit circle with centre at O and take
any point P(x, y) on it such that mZAOP = 90°.

M

As P(x, y) lies on y-axis,
So, x=0, p=1r=1

. y
sin90° ===
#

Il
—

= 1. cosec 90° = —
sin 90°

1 P
cos 90°

| =

cos90°=—=—=0, sec90°= = undefined

— O ==
i

= T

tan 90° ==—= 0 =undefined , cot90°=—=0

V
!
_ V4
W Trigonometric Ratios of 180°
Consider a unit circle with centre at O and take
any point P(x, y) on it such that mZAOP = 180°. ﬁ
KO

As P(x, y) lies on x'-axis. A
so, x=-1,y=0,r=1

1

= 0=0, cosec 180° = =

migor=2= 0 L
sin 180° = el S 180° ~ 0 undefined
00%180°—£—_—1——l sec 180° = ! =—1=—l ¢
‘ r 17 cos 180° -1
o_y_0 1 1
tan180° ===—=0, = =—=
T cot 180 tan 180° 0 undefined
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Extending sine and cosine Functions to Angles Between 90°
and 180°

E Trigonometric Ratios of an Angle of the Form (90° + &)

Consider a unit circle having radius 1 with centre at (0, 0) in the Cartesian
coordinate system. P(cos 6, sin #) be any point in quadrant I on the circumference of
the circle, where mZMOP = 0 = m/LYOP'

0, Dy
msLMOP' = (90°+ @) and m£POP' = 90°

P'(—sin &Cos )

so, we have mZOP'M'= m/ZYOP' (Alternate angles) ool £(Cde 6. sin 6)
That is, the angle (90°+8) is obtained by 6\

rotating the angle @ counterclockwise by 90°. (-1, 0) ' _9 (1,0)
The coordinates of P" will be (—sin #, cos #), R (0} M X

i.e. the new x-coordinate of P’ becomes the
negative of the y-coordinate of the P and new
y-coordinate of P' becomes the x-coordinate
of the P. 0.-1) v
As we know that in unit circle, cosine and sine of any angle are represented by
x-coordinate and y-coordinate respectively. Therefore,
cos (90° + @) = x-coordinate of (90" +0) = —sin @ : ;
sin (90° + @) = y-coordinate of (90° +8) = cos 8 sin (~¢) = —sin 6
Hence, sin(90° + #)=cos# , cosec (90°+ #)=sec @ cos (~¢) =cas
cos(90° +@)y=-sinf , sec (90° + A) = -—cosec £ tan (—0) = —tan 0
tan(90° + 6) =—cot @ »  cot (90°+ @) = —tan &

u Trigonometric Ratios of an Angle of the Form (180° — #)

Let mZMOP = 6 and mZMOP' = (180° — ) |k
Here APOM and AP’'OM 'are congruent, such that ,
- ___ Pl 528 (a, b)
mOP'= mOP, mOM' = mOM and mP'M" = mPM \ 20
In APOM , we have o[ b N b
b < [6 >
sin@ =—— and cos@ = — X M -a O a M
mOP mOP
In AP'OM’, we have
sin(1gge—gy = Zoeodmital B b _ g
mOP' mOP ;
- WV
_ ' —a B
cos(180° — 0) = x—coordinate of P _ s P

mO—F mOP
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Hence, sin (180°— @) =sin @ cosec (180° — @) = cosec 0
cos (180° — @) = —cos @ sec (180° — ) = —sec ¢
tan (180° — f) =—tan @ cot (180° — #) = —cot 8
-f:Example i. Find the signs of the following:
(1) cos 75° (it) cot 250°
(i Solution ') (i) 75° lies in first quadrant, where cos is positive.
(11) 2507 lies in third quadrant, where cot is positive.
{;@ Without using calculator, find the exact values of the following
trigonometric functions: (i)  sin 120° (i)  cot 150°

j Solution B (i) sin 120°
120° lies in quadrant II, where sin is positive.
sin 120° =sin(180" — 60") = sin 60° o sin(180° — #) =sin 0

3
2

(i)  cot 150°
150° lies in quadrant II, where cot is negative.
cot 150° = cot(180" - 30")=—cot 30° -+ cot(180"—8)=—cotd

——J3

1. Find the signs of the following:
(1) sin 55° (i1) cos 145° (i) tan 111°
(iv) sec 179° (v) cosec 88° (vi) cot 14°
2. Fill in the blanks:
(1) tan (180° - @)= ... tan @ (i) sin (180° - @)= ...sin @
(i) tan(90°+@)=...cot @ (iv) cos(90°+@)=... sind
(v) cosec (180°—@8)=...cosec @ (vi) sec(90°—8)=... cosec @
3. Without using calculator, find the exact values of the following trigonometric
functions:
(1) sin 150° (i) tan 150° (i)  sec 150°
(iv)  cosec 120° (v) cos 120° (vi)  cot 120°
(vi1)  sin 135° (vii)  sec 135° (ix) cot 135°
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Oblique Triangles J

An oblique triangle is any triangle that does not contain a right angle. It can be either
acute triangle (all angles less than 90°) or obtuse triangle (one angle greater than 90°).
Following triangles are oblique triangles:

g AW The Law of sines

If @, b and c are the sides and @, f# and y are the angles opposite to the sides of any
triangle respectively, then the law of sines is:
a b c

sin B sin 3 h sin y
The law of sines is a relationship between the angles and the sides of a triangle. While

solving a triangle, the law of sines can be used to solve a triangle, if two angles and one
side which is opposite to one of given angles, are given.

(Example &) In a triangle ABC, = 45° 7 = 30°, a = 6 cm, calculate b and c.
@ Solution !} As we know that

a+pf+y=180°
a=180°—f—vy 4
= 180° - 45° - 30° = 105° ,
Now, by the law of sines b
a __b _ ¢ 45° 30°
sin o sinf sin 7 3 e C
a C
sin 105°  sin 45°  sin 30°
a b c . . :
- = — = — [sin 105° = sin(180° — 75°) = sin 75°]
sin 75°  sin 45°  sin 30°
a b

Taking

sin 75°  sin 45°
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asin45°  6x(0.71) 426
= = = =44 cm
sin 75° 0.97 0.97 Solve AABC, in which
Now., L 2 a="77°% =66 a=2cm
sin 75°  sin 30°
axsin30°  6x(0.5) 3.0

© | Challenge!

c= =3.1 cm Can we use law of sines,
sin 75° 0.97 0.97 when two sides and included
angle or the three sides of a
The L_a_w_ of cps_ines_ triangle are __gjven?

If a, b and ¢ are the sides and a, f and y are the angles opposite to the sides of any
triangle respectively, then the law of cosines is:

b*+c* —a

a=bh+c*—2bccosa or cose = ——
2be

2 2 2

c+a —-b

bP=c+ad*—2cacosp or cosp=———
2ca

2 2 2

a +b —c

?=a*+b —2abcosy or cosy= ——
2ab

{:Ex-ample In AABC,a=3,b=5, ¢c=7. Find the values of ¢, § and 7.
Wﬁon'} Giventhata=3,h=5,¢c=7
By using the law of cosines, we have

b+’-a® _ $+7°-3 25+449-9 13

cosaf = —mm ] =
be 2% 5% 7 70 14

a=cos' 13 =018
14

_a+c-b  F+7°-5  9+49-25 11
cosfl= —m— = = = —
2ac 2)( BX? 42 t4

11
=cos'| — [=38.2°

As o +B+y=I180°
¥=180°-a—- [ =180°-21.8°-38.2° =120°
Area of a Triangle

E When two sides and their included angle of a triangle are given, then

Area of AABC = l!‘)c sing = laqc: sin 3 =lab sin y
2 2 2
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(Exampleb Calculate area of the triangle ABC in whicha=4.2, b=3.2 and 7 =70°.
«

{ Solution D a=42,6=32,7=70°

Arca of AABC = %ab siny = % (4.2)(3.2) sin70°

= %(4.2)(3.2) (0.94) = 6.31 square units

u When three sides of a triangle are given, then

a+b+c

Area of AABC = \/s(s —a)(s—b)(s—c), wheres=

(Example Calculate area of AABC in whicha=4cm, b=3 cm, c=5 em.
@ Solution ) a=4cm h=3cm, c=5cm

g _atbtc 44345 12

6
2 2 2
s=a=0—4=2 & | Skilled Practice!
g~b=6-3=3 Find area of AABC, in which
g=e=8-3=1 (1) a=8cm, b=9cm,c=10cm
Area of AABC = \/s(s—a)(s—b)(s—c) (i) a=6.1 cm, b=23 cm, y=80°

=6(2)3)(D)

=36

=6 cm?

E When two angles and one side of a triangle are given, then

a’sinfisiny b’sinasiny ¢’ sinasinf
2sina 2sin 2siny

Area of AABC =

( ExampleD Calculate area of triangle ABC in which a =358 =65°,a=2cm.

@ Solution B As we know that

ﬂ | Skilled Practice!

a+p+7=180°
Calculate area of A4BC. in which
Q (o] s Q :
35°+ 65 +;_1:go oo B=50°y=40°c=10cm

= 80°
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¥ = -
Area of AABC = £ 2025107 S iy

2sina
_ (2)" sin 65° sin 80°
B 2 sin 35°
40.91)(0.98)
©2(057)

EXERCISE JVEFN
1. Solve the triangle ABC, in which
(1) a=6.1cm,b=84cm, a=42°

(i1) a=122cm,c=15.8 cm, y=50°
(ii) b=52cm,c=5cm, y=48° (iv) b=48cm,a=4cm,f=71°

=3.13cm’

(v)  p=70° b=8cm, a=100° (vi) a=6cm,a=>55y=060°
(vi) c=Tcm, f=34°y=64° (viii) b=12cm, a=92°, f=77°
2, Calculate area of each triangle ABC.

(1) a=T7cm, b=8cm, y=38° (1) a=1lcm, c=14cm, g=51°
(i) b=3cm, ¢=9cm, a=78° (iv) a=10cm, a=62° p=69°
(V) c=4cm, [=36° y=80° (vi) c¢=6.6cm, a=23° y = 89°

(vil) a=53cm,hb=47cm,c=82cm (viii) a=6.12cm,b=8.34cm,c =7.12 cm
Solve Simple Trigonometric Problems in Three Dimensions J

(’Exampleb The diagram shows a prism. Triangle POR is a cross section of the
prism, where
mPR =20 cm, mMP = 12 cm,
mZPRQ =30° and m£ZPQR = 90°.
Calculate the size of the angle that the line MR
makes with the plane ROLN.

f‘ Solution " In right angled triangle POR, we
have

ﬂ = sin 30°
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mP_Q=20><%

=10cm

In right angled triangle MPR, we have

mMR = ‘j(mP_R)z +(mMP)” = (207 +(12)" = 400+ 144 = V544

= 23.3238 cm
In right angled triangle MLR, we have
sinx = i 19 =(0.4287
hyp.  23.3238
x = sin '(0.4287)
= 25.4°

(Example £ The diagram shows a cuboid
ABCDEFGH in which mAB=8cm, mAF =6cm
and mFC = 16 em. Find the length of BC .

@ Solution P In right angled triangle 4FC, we have

NS e

AT = \/(mﬁ)2 ~(mAF) = Ja6y —(©6)
= /25636 = /220 = 14.83cm
In right angled triangle ABC, we have

mBC = \/(mﬁ)2 -(mE)2 = J(14.83)? —(8)
= J220- 64

= 4/156 =12.5cm

Concept of Trigonometry in Real Life |

¢ Exampleil:} A plane takes off at an angle of elevation of 12° and travels 2000

metres along this path. How high is the plane after traveling this distance?
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@ Solution P In triangle ABC,

in {38 = 20

2000

(0.2079)2000 = mBC
mBC = 415.8m

The plane is approximately 415.8 m above the ground.
{\Examplei!' In a sound lab, two microphones are placed ¢=3 m apart and a

sound source is ¢ = 2 mfrom one and b = 2.5 m from the other. Find the angle between
the sound paths a and b.
-Iim' Herea=2m,b=25m,c=3m
Using the law of cosines, we have
@b - 22+(257 -3 4+625-9

cosy = = =), 125
2ab 2x 2% 2.5 10
y=cos ' (0.125)
=82.8°
| EXERCISE >/ B

1. In the triangular prism, find 5
(i)  the length CF. ”

C

(ii)  the length BF.
(i11)  the angle BFC, correct to one
decimal place.

2. The diagram shows a triangular pyramid
with a horizontal rectangular base PORS,
in which mPQ = 16 cm, mOR = 10 cm.
M is the midpoint of the line PR. The
vertex, 7, is vertically above M and
mMT = 15 cm. Calculate the size of the
angle between TP and the base
PORS. Give your answer correct to 1

decimal place.
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The diagram shows a pyramid. The base,
PORS, is a horizontal square of side 10 cm.
The vertex, V, is wvertically above the
midpoint, M and mVM =12 cm.
Calculate the size of angle VPM.

ABCDE is a square based pyramid, in which
mAE = mBE = mCE = mDE =12 c¢m and
mAB = 15cm. Calculate the size of angle

DEB. Give your answer in degree
(whole numbers).

The diagram shows a triangular prism
with a horizontal rectangular base
ABCD. mAB =10 em, mBC =7 cm, M
is the midpoint of 4D. The vertex 7 is
vertically above M and mMT= 6 cm.
Calculate the size of the angle between
7B and the base.

In an isometric game, the camera is placed at a 45° angle from the ground. If
the player is 10 units in front and 10 units above, what is the direct line of

sight distance?

A surveyor spots the top of a tower at an clevation angle of 28°, He is
standing 60 metres from the base. Find the height of the tower.

A boat crosses a river 80 m wide, at a 60° angle to the current. What distance
does the boat actually travel?

A listener hears a sound from two speakers. One is 6 m directly ahead and the
other is at 30° to the side, 6 m away. Find the distance between the speakers.

A 10 m ladder leans against a wall making an angle of 75" with the ground. How
high does it reach up the wall?
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11. A lighthouse is located on a cliff 80 m above sea
level. A ship is spotted at an angle of depression
of 12°, How far is the ship from the base of the
cliff?

Three Figure Bearing and its v
Applications

A bearing is a way of describing the direction or angle
from one point to another, measured in degrees from
the north direction in a clockwise manner. It is always
written as a three-digit angle between 000° and 360°.

Cardinal directions arc the
four main points on a compass:
North, South, East and West.

Ordinal directions are the four

It is used in navigation, aviation, surveying and map inter-cardinal points of a

reading to describe precise direction. compass: NE, SE, SW, NW
For example, a plane flying east has a bearing of 090°. N
(Example 4F) In the diagram, the bearing of Q from P N

1s 060°. Find the bearing of P from Q. 60° 0

@ Solution P Extend the line NQO, so that angle NOW = 180°

As alternate angles are equal, therefore

msPOW = 060°
So, the bearing of P from Q = 180° + 060°
= 240°

(Example i!) Abdullah sails a ship from point 4 to point B
on a bearing of 080°. What bearing should he follow to return
from point B back to point 4?

@ Solution P
The diagram shows the journey from 4 to B.
Extend the line of the journey and we get an angle of 80° at B.
Bearing of 4 from B = 080° + 180°
= 260°
.F_'_:Exampleil’ An aeroplane departs from an airport and travels 40 km due east,

followed by 50 km due north. The pilot then returns to the airport along the shortest
possible route. What is the bearing and the distance of the shortest route?
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@ Solution P 0
To find &
tan 6 = & =0.8
50
@ =tan~' (0.8)
=38.66°
Bearing = 180° + 38.66"= 218.66° =
. =
Suppose x is the shortest route =
x* =40 + 50
= 1600 + 2500
=4100 20 km
x = /4100
= 64.03km
The pilot will fly on a bearing of 218.66° for 64.03 km to return to the airport.
EXERCISE ¥
8 Find bearing of point P in each of the following:
(i) AN (i1) N
P
< = «—20 >
o 9]
40°
35
W v
(i'ji) Na (iV) NA '
- ~ oz ?50 -
N 500 () - A O -
P W v
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2. The diagram shows the positions of two o ‘}:
ships P and Q.
(i) What is the bearing of ship P from
ship 0?7 P
(i)  What is bearing of ship O from 60°
ship P?
. N v
The diagram shows 3 places 4, B and C. N A N
Find the bearing of:
(1) A from C
(i1) C from A4
(ili)  C from B AN 5021400/
(iv) Bfrom C
C

4. Abdul Hadi walks 100 m North and then 300 m East.
(i) How far is he from his starting position?
(i)  On what bearing should he walk to get back to his starting position?

5. Three ships L, M, N are in the position
shown in the diagram. Ship M is North
East of ship N. Find the bearing of L
from M.

6. A ship sails 20 km on a bearing of 120°.
How far to the South has the ship moved
from its original position?

7. Fatima walked South for 5.5 km and then turned West for 1.3 km. Calculate

Huria’s bearing from her starting point.

8. An aircraft flies 150 km east, then 100 km northeast (45° from East). What is
the total displacement?

9. A ship sails 100 km on a bearing of 045°, then changes course and sails 120 km
on a bearing of 135°. Find the distance between the starting point and the
final position.
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i Trigonometry

REVIEW EXERCISE

Four possible answers are given for the following questions. Choose the correct

answer.

(i) What is the value of cot 60?

(a) 0 (b) 1

© 3 (d) %

(i1)  All trigonometric ratios are positive in:

(a) I-quadrant
(c) IlI-quadrant
(iii)  cosec @ is positive in:
(a) I & III-quadrants
(c) I & Il-quadrants
(iv)  sin(90°+ 6)=

(a) sin @ (b) —sin &
(v) tan(180°— @)=

(a) tan @ (b) cot 8
(vi)  The law of sines is:

@) b a &

sing sinfl  siny

a b c

sing  sinfl  siny

(vii)  The law of cosines is:

(a) COSQ_M
2ab

AR

c) cosy=———
(€) cosy =", &

(viii) Area of AABC =

1 1 1
—ab si b) —bcsi —sin ¥
(a) 2a sin & ()2 csin (c) 23m

(b) II-quadrant
(d) IV-quadrant

(b) IT & IV-quadrants
(d) I & I'V-quadrants

(c) cos @ (d) — cos @
(c) —cotd (d) —tan @
(b) a ¢ b
sina  sinff  siny
d) a _a _ a
sing sinf siny
b=y
b) cosff= — ——
(b) cosp 5
ca’ +b* —c’
d =
(d) cosy Sk

(d) % acsin 3
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(ix)  Bearing is measured from:
(a) East (b) West (c) North (d) South
(x) Bearing is written as a:
(a) 1 figure (b) 2 figures (c) 3 figures (d) 4 figures
2. Calculate the area of AABC, in which
(1) a=4cm,b=6cm,c=8cm (11) b=2.1cm,c=5cm, p=45°
(1)) c=3.1cm, ¥ =44° a=36°
3. Solve the triangle ABC, in which
(1) a=54cm.b=34cm,a=49" (ii)) a=32",7=48,c=8lcm
4, The diagram shows a cuboid ABCDEFGH in which
mAB=5 cm, mBC=7cm and mAE =3 cm.

(i)  Calculate the length of AG.

Give your answer correct to
3 significant figures.

(i1) Calculate the size of the angle
between AG and the plane ABCD.

Give your answer correct to
1 decimal place.

5. The diagram shows a triangular prism
ABCDEF in which mAB=8 cm, mBF =14 cm

and mEF =19 cm. g
(i) Calculate the distance between A4 %
and F. - B
(1))  Calculate the angle between AF
and the plane BCEF.

6. Hashim walks 4 km due North, then turns and walks 3km due East. What is
the bearing from the starting point to his final position?

7 A pilot flies 200 km on a bearing of 045°, then turns and flies 150 km on a
bearing of 135°. How far is the plane from its original position?



 UNIT (]
Chords

Studenty Learning Ouwtcomes
nAfter completing this unit, the students will be able to: /

P Solve problems by using the properties of a circle:
One and only one circle can pass through three non- collinear points.
A straight line, drawn from the centre of a circle to bisect a chord (which is not a diameter) is
perpendicular to the chord.
Perpendicular from the centre of a circle ona chord bisects it.
Iftwo chords of a circle are congruent, then they will be equidistant from the centre.
Two chords of a circle which are equidistant from the centre are congruent.

If two arcs of a circle (or of congruent circles) are congruent. then the corresponding chords are
equal.

If two chords of a circle (or of congruent circles) are equal. then their corresponding arcs
(minor, major or semi-circular) are congruent.

Equal chords of a circle (or of congruent circles) subtend equal angles at the centre (at the
corresponding centres).

If the angles subtended by two chords of a circle (or congruent circles) at the centre
(corresponding centres) are equal, then the chords are equal.
b Apply concepts of chords and arcs of a circle to real life world problems (such as decorative
features, rainbow, bridges, roller coaster track).

LR INTRODUCTION|

This unit explores the fascinating properties of circles and their practical applications
in real-world contexts. Students will learn how to solve problems by understanding
key geometric facts, such as the uniqueness of a circle passing through three non-
collinear points and the relationships between chords, arcs and the centre of a circle.
They will investigate how perpendiculars from the centre affect chords and how
congruence in chords and arcs leads to equal distances and angles. These concepts are
not only fundamental in geometry but also useful in analyzing and designing real-life
structures and patterns like rainbows, bridges, roller coaster tracks and decorative
elements. Through engaging activities and problem-solving tasks, students will
deepen their understanding of circular geometry and its relevance in everyday life.




.P Chords and Arcs of a Circle

e s Componesits 7

A circle is the set of all points that are at the same distance from a fixed

point.

We also define circle as:

A circle is the locus of a point in a plane which moves in such a way that its distance

from a fixed point is always constant.

The line segment joining any point of
the circle to its centre is called radial
segment and its measure is called
radius of the circle.

Centre

P
Radial segment

A line segment joining any two distinct
points of a circle. In the below figure,
ABis a chord of the circle.

Chord

|

Circumference

The length of the boundary of a circle

is called circumference.

C=2nr

1

Circumference

Diameter

A chord passing through the centre of
circle is called diameter.

PO is diameter of the circle.

X

Diameter

p
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Semi-Circle

A semi-circle is half of the circle, that is
a figure bounded by a diameter and
circumference cut by the diameter.

A

B

L
0]
Minor arc
A minor arc is an arc which is

smaller than the arc of a semi-circle.
ABC is a minor arc.

Y
0y

Segment

The area (region) enclosed between a chord and the arc
which it cuts off is called a segment of the circle.

The area (region) enclosed between two radial segments
(Radii) and an arc of a circle is called sector of the circle.

) Chords and Arcs of a Circle

e

H
-
o~

Any part of the circumference of a circle
is called an arc. ABC is an arc of the
circle. Similarly, AB and BC are also arcs.

~~~~~

Major arc
A major arc is an arc which is greater

than the arc of a semi-circle. ABC isa
major arc.

Segment

4 B
0
P 0

Sector

Angle in the Segment C

If a point on the arc of a segment is joined with the end

points of a chord, the angle formed by the line segments

*:0
so drawn is called angle in the segment. £4CB is an angle 4 B
in the segment ACB. This is also called circum angle. \_/
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If a point on the circumference of a circle
is joined to the extremities of an arc, the
angle so formed is said to angle stand
upon the arc.

A straight line cutting the circumference
of a circle at two distinct points 1s called a

> 2
secant. A8 is a secant.

o | Key Concept

The sum of the measures of the central angles
of a circle with no interior points in common

is 360°.

ie. mAl4+mZ24+ms3 = 360°

Angle Standing upon an Arc

Central Angle

If the extremities of an arc or of a chord
are joined with the centre of a circle,
angle so formed is called a central angle.
~ZAOB is a central angle of chord 4B or

ofarc ACB.

A B

&
£y
<

C

Sum of central angles

&)

e| Key Concept

Minor arc

Major arc

Semi-circle

An arc whose central
angle measures less
than 180°.

An arc whose central angle
measures greater than 180°.

An arc whose central
angle measures 180°.

D

A —
AC
W C
E

F
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@) | Challenge!

What is the difference between chord and secant?

@ | Do you know? %

(i) Circles with same centre are called concentric circles.
(11) Any two circles are similar. B

(iii) A cricle whose radius is zero is called point circle.

Theorems (Properties) of a Circle J
One and Only One Circle Can Pass

Through Any Three Non-Collinear
Points.

If 4, B and C are three points not in the same

straight line, then one and only one circle
can pass through 4, B and C.

@ | Note
e A circle cannot be drawn through more than two points in a straight line.
e Iftwo circles have three points common, then they coincide.

e  Two circles cannot intersect in more than two points.

fi; xamplei' Prove that a unique circle can pass through the points 4(1, 1), B(4, 2)
and C(3, 5).

@ Solution B We will check the points are non-collinear by using slope formula.

Slope of AB = % = % (¥)| Remember!
If A(x,y,)and B(x,,y,).
spmey. 3—2_ 3
Slope of BC= ——= = —=-3 |y R
3-4 -1 then Slope of AB==2—-L or =L -2
X, =X X =X,

Slope of AB # Slope of BC

Hence, the given points are non-collinear and unique circle can pass through them.
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A Straight Line, Drawn from the Centre
of a Circle to Bisect a Chord (which is not
a diameter) is Perpendicular to the Chord.

If AB is any chord (not a diameter) and OC meets AB
at C such that mCA = mCB , then OC L AB

'if@ In a circle, mAB = 8 c¢m is bisected at point P by a line segment
from the centre O. Find mOP if radius is 5 cm.

':f!mﬁ? mAB =8 cm , mOA = Sem , mAP = 4 cm

Since triangle APO is right angled triangle.

So, by Pythagoras theorem

(m0A4)" = (mOP) +(m4P)

4

5 =(mOP)2 + 42
e D
25=(mOP) +16
(mOP)2 =25-16=9
mOP =3cm

Perpendicular from the Centre of a

Circle on a Chord Bisects it.
If OCL 4B , then OC bisects AB A
i.e. mCA=mCB A

(Example &) 1n a circular fountain of radius 8 m, a pipe AB /\
m 6

spans across the fountain. If mAB =12 m and O is centre of A CW —\B
the circle. Find the distance from O to the chord 4B. i “‘-..,L.-"' \
= i G Y i o= I| O JI
@ Solution B Given that m4B=12m \ /
Distance from O to chord 4B is perpendicular so by theorem, ‘\“ ,
M is the mid-point. 777
mOM = \/(m@)3 —(mBM)’ [By Pythagoras theorem]
=\(8)" —(6)°
=J64-36 =28

=529m




-:'_;_ExampleZ' Chord AB of 24 m 1s across a circular arch
of radius 13 m. Find the height of the chord from the centre. P m &

@ Solution B mAB =24 m across a circular arch. O is <
centre of the circle of the arch that mOB =13 m. o

OM L E therefore, mMA = mMB = 2—24 =12m

Now, (mOM )2 = (mﬁ)2 —(mm)2 [By Pythagoras theorem]
(mOM)" = (13) —(12)°
mOM = (|3)2 ~(12)2

=\169-144 =25=5m
If Two Chords of a Circle Are Congruent,
then they will be Equidistant from the Centre.

If ABand CD are congruent (equal in measures) chords of a
circle with centre O. ie. mAB=mCD,OM 1L AB and
O—NL@,thenmmz mON

-.'jfExampleD Two equal-length ropes (chords) are tied in a circular playground.
One is 8 m from the centre. Where should the second be placed?

‘ Solution | Since chords are congruent, they must be equidistant from the
centre. So, the second chord must be 8 m from the centre.

Two Chords of a Circle which are Equidistant
from the Centre of a Circle, are Congruent.

If AB and CD are chords of a circle with centre O, OM | AB s
ON L CD and mOM =mON, then 4B = CD i.c;
mAB=mCD

(Example In a circle with centre at F,
mNP=12 cm and mEF =mFM .

Find the length of DE.

@ Solution B As mEF =mFM

Two chord of a circle which are ) J

then mDG = mNP (equidistant from the centre are congruent
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mDG =12 cm " mNP =12cm
Since the radius bisects D—G, SO
mGE = mDE
— — 1
= mDE = %mDG = 5(12 cm) =6 cm
{_:Example In a round table design, two decorations are placed symmetrically

4 cm from the centre. One chord 1s 14 ecm. What is the length of the other?

{‘ Solution D Since both decorations are equidistant from the centre, therefore
chords are congruent.

So, the length of second chord is 14 cm.

‘{ERC ISE 31_]

I Calculate the length of a chord which stands at a distance of 5 cm from the
centre of a circle whose radius is 13 cm.

2 In construction, three steel rods are fixed at points 4, B, and C (not in a
straight line). A circular hoop needs to pass through all three. How many
hoops can be used?

3. In a park, lamp posts are 14 m apart on the edge
of a circular part of radius 10 m as shown in figure. Am
Find the distance of the chord from the centre of <
the park. 0

4. In a circle, chords 4B and CD both have length 10 cm.

If the distance from the centre to AB is 6 cm, what is the distance from
centre to CD?

B

b ! Two holes 4 and B are drilled 12 cm apart on a circular tabletop of radius
10 cm. Find the perpendicular distance from the centre to AB.
6. A chord 8 cm long is at a distance of 3 cm from the centre. Calculate the

radius of the circle.

7. In the given figure, mCD =121 units and mBC = 3x units.
Find the value of x.

8. In a circle with centre at O, the perpendicular distance of
the each chord PQ and RS from the centre is 6 cm. If the
length of chord PQ is 18 cm, find the length of the other
chord.




9. Aline from the centre of a circle cuts a 10 cm chord at right angle where radius of
the circle is 6cm. What is the length from the centre to the chord?
10.  In a circle, a perpendicular is drawn from the centre to chord AB. If

mAB=12cm, what is the length of each segment after bisecting?
m If Two Arcs of a Circle (or of Congruent

Circles) are Congruent, then the 0
Corresponding Chords are Equal.

C

In the circle with centre O, APB = COD and AB . CD are N
—_— A
their corresponding chords, then 4B = CD P

E@ In a circular garden, two pair of decorative lights are placed such

that the arcs between each pair (4 and B, C and D) are equal in the length. If the straight-
line distance between points A and B is 8 metres, what is the distance points C and D?

@ Solution P Given that
mAB = 8 metres
Since the arcs 4B and CD are congruent, so their chords must be equal.
. mAB=mCD
Hence, mCD =8 m
If Two Chords of a Circle (or of Congruent Circles)
are Congruent (Equal in Measurement) then their
Corresponding Arcs (Minor, Major) are Congruent.

If circles with centre O and

O’ are congruent and

Chord 4B = Chord CD

g A‘};_B - C’é_b v | \v—/
(Example ff) Find the value of x

in the given figure. N
‘ Solution B Given that:
Chord PQ = Chord QR = Chord RS

As, we know that equal chords have equal arcs.
Arc PO = Arc OR = Arc RS
But  Arc PO=3cm P 0
Arc OR =3 cm and Arc RS =3 cm 4\3¢m

=
X cm




From figure, we have
Arc QR + Arc RS=x
Jem+3cm=x
x=6cm
Equal Chords of a Circle (or of Congruent
Circles) Subtend Equal Angles at the

Centre (at the corresponding Centres). A

In the circle with centre O, mAB = mCD, chord AB and
chord CD subtended ©£40B and £COD respectively at the
centre O, then m~-A0B = m-COD
— B
( _Exampleil:) In the given figure, PT is a diameter of circle. -
If mPQ = mQOR = mRS = mST, then find a. R
@ Solution ) mPQ=mQOR=mRS=mST  (given)
. mZPOQ=mZQOR=m/ROS=m/SOT=a
(equal chords have equal angles at the centre) P

o)

0

a
T
But
mZPOQ +mZQOR + mZROS + mZSOT = 180°
4a = 180°
a=45°

mlf the Angles Subtended by Two Chords of a Circle (or
Congruent Circles) at the Centre (Corresponding Centres)
are Equal, then the Chords are Equal.

In the circle with centre O, AB and CD are its

chords, they subtend ZBOA and ZCOD
respectively at the centre O, of the circle such

that mZBOA = mZCOD, then mAB= mCD

‘
o

(Example In the given figure, find the value of x.
@ Solution B  From the given figure
mZAOB = m/ZCOD = 85°

If central angles are equal, then corresponding B
chords are also equal.

N

mAB = mCD
x=4cm A




I In the given figure, if 2. In the given figure, find the values
m@zmQ—RZmEZmﬁ of x and y.
and mZPOT = 70°, then find
the value of x.

L
P &N

\ / R
Q
3. Find the values of x and y in the given figure,
such that mAB = mBD
4. Two congruent arcs in a circular track subtend angles

of 60" each at the centre. If the length of one chord of
the circleis 10 metres, whatis the length of other chord? > om

5. In a circular fountain, two water jets are installed such that they spray water
along arcs of equal length. If one jet sprays between points P and Q and the
straight-line distance (chord PQ) is 12 metres, what is the straight-line distance
(chord RS) covered by the second jet spraying along arc RS, which is congruent

toarc PQ?

6. In a circular park, two walkways 4B and CD are both straight paths (chords)
of length 14 metres. What can be said about the minor arcs subtended by these
walkways?

L. In two congruent circular clocks, the minute hand points from the centre to the

3 on both. A decorative string connects 3 to 9 on both clocks. Are the arcs
from 3 to 9 on both clocks congruent?

[Review exercise S0

1. Four possible answers are given for the following questions. Choose the correct answer.
(1) Distance of a point on the circumference to the centre of the circle iscalled:
(a) radius (b) arc (c) chord (d) tangent




(i)  Radii of same circles are:
(a) all unequal (b) all equal
(c) half of each chord (d) double of the diameter
(iii)  The boundary of the circle is called:
(a) chord (b) segment (¢) circumference (d) diameter
(iv)  Any part of a circumference is called:
(a) chord (b) diameter (c) radius (d) arc
(V) A chord passing through the centre of the circle is called:
(a) radius (b) diameter (c) secant (d) circumference
(vi)  Inthe given figure, what is AB? 4
(a) diameter (b) tangent (c) chord (d) arc
(vii)  In the given figure, major arc is: . C
(a) mAB (b) mBC (¢) mBDC (d) mAD 5
(viii) circle(s) can pass through the three non-collinear points.

(a) one (b) two (c) three (d) many
(ix)  Perpendicular bisector of a chord always passes through the  of circle.
(a) arc (b) radius (c) centre (d) circumference
(x) The sum of the measures of central angles of a circle is:
(a) 90° (b) 180° (c) 270° (d) 360°
2. On a circular clock with a radius of 6¢cm, the points from 2 to 10 form a chord

thatis 10cm long. Find the perpendicular distance from the centre of clock to the
chord.

3. Achord 6 cm long is at a distance of 4 cm from the centre. Calculate the radius of
the circle.
4, In a circular park, two benches are placed so that the chords formed by their

positions are both 10 m long. What can you say about the angles subtended at the
centre by each bench?

. Jannat is designing a triangular garden with corners at points A(2, 1), B(4, 4)
and C(1, 5). Can she install a circular fountain that touches all three corners?

6. Two chords, PQ and RS, each measure 18cm in length. If the distance of PO from
the centre of circle is 7em. Find the distance of RS from the centre.

7. A tree branch lies across a circular pond, forming a 20 m chord. A measuring
rod having length 10 m is perpendicular to chord from the centre. What is the

radius of the pond?
8. A steel bar 6 m long lies inside a circular structure with ends on the circle. It is

bisected by a perpendicular rod from the centre. Find the radius of the circular
structure if the perpendicular distance from the centre to the baris 4 m.

___________________________________________________________________________________________|
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Students Leorning Outcomes
/—'nAfter completing this unit, the students will be able to: /—ﬁ

b Solve problems by using the tangent and angle properties ofa circle:

o Ifaline is drawn perpendicular to a radial segment of a circle at its outer end point, it is tangent
to the circle at that point.

o The tangent to a circle and the radial segment joining the point of contact and the centre are
perpendicular to each other.

The two tangents drawn to a circle from a point outside it, are equal in length.

o If two circles touch externally or internally, then the distance between their centres is
respectively equal to the sum or difference of their radii.

o Themeasure of a central angle of a minor arc of a circle is double that of the angle subtended by
the corresponding major arc.

o Anytwo angles in the same segment of'a circle are equal.

The angle in a semi-circle is a right angle, in a segment greater than a semi-circle is less than a
right angle, in a segment less than a semi-circle is greater than a right angle.

o The opposite angles of any quadrilateral inscribed in a circle are supplementary.
b Findthearc length and area of sector of a circle using angle in both degrees and radians.

B Apply concepts of tangents and angles of a circle to real life world problems (such as architecture,
monuments, pyramids).

\r Apply trigonometry to solvereal life problems in arc length and area of the sector of circle.

g 1\ TRODUCTION)

This unit focuses on solving problems using the tangent and angle properties of a
circle, which are essential for understanding the geometry of circular shapes in both

mathematical and real-life contexts. Students will explore key concepts such as the
perpendicular relationship between a radius and a tangent, the equality of tangents
drawn from an external point and the geometric properties of angles formed within
and around circles. The unit also examines how the positioning of angles affects their
measures and how these properties relate to cyclic quadrilaterals. Practical
applications include solving problems involving architecture, engineering structures,
monuments and pyramids, where circular and angular relationships are commonly



found. Students will also learn how to calculate arc lengths and areas of sectors using
angles measured in both degrees and radians and apply trigonometric concepts to
real-world scenarios involving sectors of a circle.

m Tangent to a Circle J

In a plane, a line is a tangent to a circle that touches 0

only one point on the circumference of a circle.

Here AB is a tangent at point P on the circle. Point » R
¥ z s

P is called point of tangency or point of contact.

(a) If a Line is Drawn Perpendicular to a Radial Segment
of a Circle at its Outer End Point, it is Tangent to
the Circle at that Point

If a circle with centre O and OC is its radial
segment. AB L OC at C, then 4B is tangent

to the circle at point C.

b“ The Tangent to a Circle and the N
~ Radial Segment Joining the Point of B

4 D C
Contact and the Centre, are
Perpendicular to Each Other.
R 0
If a circle with centre O, OC is a '
radial segment. MN is a tangent 4
—s 3 s

at point C, then OC L MN S i

Kamplez. ﬁ is a tangent to a circle with centre

P at point O of radius 4 em. It meets the line segment

PR such that mPR =8 cm . What is the length of OR? »

rann— — g

@ Solution P Since OR is tangent to the circle at O Q& =
R Q

and it is perpendicular to the 1@

APQR is a right-angled triangle and PR is its hypotenuse.
By using Pythagoras theorem,
(mﬁ)2 = (mP—Q)2 +(mOR)

2
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8 = 4* +(mOR)

64 =16 + (mOR)’
(mOR)" = 6416 = 48
mQ—R = 6.93cm

Real Life Examples of Tangents Perpendicular to Radius
1- The entry or exit roads of a roundabout are often designed tangential to the
circular structure to allow smooth transitions and minimize turning effort.

2- Each seating cabin on a Ferris wheel hangs such that its suspension arm is
perpendicular to the wheel radius, ensuring the cabin stays tangent to the
rotational path.

3- The tip of a clock hand touches the circular perimeter of the clock and if a
tangent is drawn at the tip, it is perpendicular to the radius (hand) at that point.

The Two Tangents Drawn to a Circle From a Point OQutside
it, are Equal in Length.

If PA and PB are two tangents drawn from an

external point P to a circle having centre at O,

where 4 and B are points of contact, then
mPA= mPB.

.;;Exampleb An architect designs a circular dome

on a building. A lighting rod is placed 12 m away
from the centre of the dome which has a radius of 5 m. Support cables are attached
from the rod to the dome, touching the dome at two points. What is the length of
each cable?

‘ Solution i‘; Suppose two tangents (cables) PA and PB

are drawn to the circumference of the circle (dome)

from the point P (onthe rod). Here,
P

mOP = 12 m, mOA=mOB = 5m
In the right triangle OAP, by Pythagoras theorem, we have

(0P = (m) ()

2

122 = s%r(m-ﬁ)2
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144 = 25+(mID)2
(mﬁ)z — 144-25=119
mAP = 1091 m

So, the length of each cable is 10.91 m

Real-Life Examples of Equal Tangents to a Circle

1. A lamp post is erected at a point outside a circular garden. Two paths are
constructed from the lamp post to the edge of the circular garden such that
they just touch the garden. These paths represent tangents to the circle.

2 A security camera is placed such that it monitors a circular restricted zone.
The lines of sight just touch the boundary of the zone.

3. Two ropes from a peg outside a circular tent are tied to two points on the base
circle of the tent.

(a) If Two Circles Touch Externally, then the Distance Between
Their Centres is Equal to the Sum of their Radii.

If two circles with centres O and O’ touch each A

other at point P externally, PO and PO’ are their

radii respectively, then
mOO' = mOP +mO'P
Example The radii of the two circles are B
4cm and 6ecm. What is the distancebetween their centres if they touch externally?
'fimii Since the circles touch externally,
So, the distance between their centres = sum of their radii
=4+6 =10cm

w If Two Circles Touch Internally, Then the Distance Between
Their Centres is Equal to the Difference of Their Radii.

If two circles with centres O and O'touch each other at
point P internally, PO and PO'are their radii respectively,
then mOO' = mOP —mO'P.
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'Z:_ExamPIEZ’ An inner decorative circle touches the outer clock face internally.
If the outer circle has radius 12 cm and the inner has radius 7.5 cm, find the
distance between their centres.
@ Solution B Since, Radius of outer circle = 12 cm
Radius of inner circle = 7.5 cm
Thus, the distance between their centres =12 - 7.5 =4.5 cm

LA The Measure of a Central Angle of a Minor Arc of a Circle
is Double that of the Angle Subtended by the Corresponding
Major Arc.

In the circle with centre O, APB is a minor arc. It subtends an

angle AOB at the centre and an angle ACB is subtended by the
majorarc, then mZAOB=2mLACB

'ifEXﬂmPleB A curved running track forms an arc that

subtends 60° at the centre of the circular ground. What
angle does it subtend at a point on the boundary?

i it P D
@ Solution P Since curved running track forms an arc that subtends 60° at the

centre of the circular ground. \Gj | Skilled Practice!

As we know that the measure of an angle which ~ A radar antenna scans an arc

an arc of a circle subtends at the centre is double ~ Subtending 90°at the centre. What is
the angle subtended by the arc at the

that which it subtends at any point on the  cgoe ofis circular path?

remaining part of the circumference.
o

= 30°

Therefore, angle at circumference =

1. Find the value of x. 2 Find the angle ABC.
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A, B and C are points on the
circumference of a circle with centre
at 0. AC is the diameter of the circle
and DE is the tangent to the circle at
the point C and mZBCD = 62°. Find
(1) m£LBCA (i1) mZLBAC

D, E and F are points on the
circumference of a circle with centre

at O and mZDOF =130°. Find
mZDEF.

X, Y and Z are points on the
circumference of a circle with centre
at O and mZXYZ =85°. Find x.

In a historical monument, a circular fountain with a radius of 3 m is built. A
flagpole is erected 7 m away from the centre of the fountain. Two ropes from
the pole are tied to the edge of the fountain, just touching it. Find the length
of each rope.

Two circular gears touch each other externally for proper rotation in a
machine. The radii of the two circular gears are Sem and 7em. What is the
distance between their centres if they touch externally?

A small sensor lies inside a satellite dish and touches its wall internally. If the
dish has radius 15 c¢m and the sensor has radius 2.5 c¢m, find the distance
between their centres.

An inner holder touches the outer cylindrical container internally. If the outer
container has radius 8 cm and the inner holder has radius 6 cm, find the
distance between their centres.

A pyramid-shaped sculpture is placed in the center of a circular plaza with a
radius of 10 m. A decorative pole stands 26 m from the center of the circle.
Two guide wires are attached from the pole to the plaza edge, just touching
the circle. Find the length of each wire.



Any Two Angles in the Same Segment of a Circle are Equal.

If ZAPB and ZAQB be angles in the same
segment APQB, of a circle whose centre is O, then
mLAPB = mZAQOB

xamplei, In a large circular stained-glass window of a library, two decorative
beams are drawn from the same chord 4B to two points P and Q on the arc opposite
to AB such that ~APB and ~AQB are formed. If ZAPB is measured to be 40°,

what is mZAQB? \Sii | Skilled Practice!

‘ Solution B According to the article 9.1.5, A projector casts an image over an arc
on a circular wall. Two observers on
g__0 the arc segment report one observing

a 50° angle. What is the other angle
in the same segment?

angles in the same segment are equal.

Since msAPB = 40°
Therefore, ms£AQOB = 40°

(a) The Angle in a Semi-Circle is a Right Angle.
(b) The Angle in a Segment Greater than a Semi-Circle is
Less than a Right-Angle.
(¢) The Angle in a Segment Less than a Semi-Circle is
Greater than a Right-Angle.

A circle with centre at O and AC B B
is a chord of the circle.

(a) In Fig. I, ABC segment is a

semi-circle, then A \E/
mZABC = 90°.

(b) In Fig. Il, ABC segment A v (0

is greater than a semi-circle,

then mZABC < 90° Figueeld Figure I1
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(c) In Fig. I1I, ABC segment is
less than a semi-circle,
then m£ABC > 90°.

.rj;ExampleB In the diagram P, Q and R are

points on the circumference of a circle and the line Figure 111

segment PQ is the diameter. Find the angles x and y. 0

@ Solution D Since angle in semi-circle is 90°. P

Therefore, x = 90°

As we know that the sum of the interior angles of any

triangle is 180°. 46° 5 R
P

46° +90° + y = 180°
ie. 136°+ y =180°
y =180° —136° = 44°
jlji | Skilled Practice!

A cable in a semicircular bridge forms a triangle with the diameter of the arch. If the cable meets
the endpoints of the diameter and the top of the arch, what is the angle at the top?

The Opposite Angles of Any Quadrilateral Inscribed in a Circle
are Supplementary.

If a circle with centre at O and ABCD 1s an inscribed
quadrilateral, then

A
mLCBA +mZADC = 180°, m~BAD + m2BCD = 180° ; @
(Examplez:, S, T, U and V are points on the

circumference of a circle. Find the angles x and y.

‘ Solution " As we know that opposite angles of any
quadrilateral inscribed in a circle are supplementary.
Therefore,

x +82°=180° y +161° = 180°

x =98° y = 19°

\ii | Skilled Practice!

A round table has a decorative quadrilateral patiern inscribed on its
surface. If one angle of the quadrilateral is 105, what is the measure

of the opposite angle?
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m Area of Sector and Arc Length of a Circle |
m Arc Length and Area of Sector

Let ¢ be the length of a circular arc 4B of a circle of radius
rand 6 be its central angle measure in radians. Then

Ratio of 7 to the circumference 27r = Ratio of 6 to 27 B
or {:2nr=0:2x \
14 Z] < ¢
or — e
2nr 2w /
A
= ix 27r
27

{=r@ , where @ isin radian.

9.2.2 Area of a Sector

A sector of a circle is a region bounded by two radii and
corresponding arc.

A slice of Pizza and region between the hands of a watch
are examples of a sector of circle.

A pair of radii divides the circle into two regions namely
major sector and minor sector. Major sector

The area of a sector of a circular region of radius is 70

where 60 is the central angle and it is measured in radians.

Proof: As shown in adjoining figure, - | Note
Area of sector  Central angle of sector A =% 0
Area of circle ~ Complete angle in circle s =30
4 _ 0 1
o 2 So, A==-1(r0)
0
4= a=Lrt

= Area of sector =% 0, where 0 is in radians.

-i\ExampleD Find the area of sector of a circle having central angle 60° and
radius 7 cm. Also find the length of the arc.

@ Solution P Hered=60° = 6?;}” =1.047rad, r=7cm
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Il
|
™
3
o

Area of sector

Loy
= Z(717°(1.047) / B

= %(49)(’1.047) =25.65cm’

re
= (7)(1.047)=7.33 cm

Length of arc AB

(j_Exaniplei!:) The length of an arc and area of sector of a circle are Scm and 25cm’
respectively. Find radius and the central angle of sector.
@ Solution P /=5cm, 4=25cm’, r=2,0="

As b=r0 = 5=r@

and A=

Vi | Skilled Practice!

b
2 95
i . ) If ¢ is the arc length and r is
& 2" (rJ ngimgeq. () the radius of the circle

25 %2 _ B where /= 14m, r=4m. then
5 7 = r=10em find the central angle. Also
Put value of r in (i), we have find the area of the sector of
g = [ . the circle.
10 2

A, B, C and D are points on circumference of a

circle with centre at O as shown in figure.
Find the angle x.

In the adjoining figure m£BDC = 74°,
find mZBAC, mZ/BOC and mZ OBC.
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Find the angles x and y in the following figures.

(1) (ii) (iii) {

E

B

Find the angle x in the given figure.

In a circular arch over a monument entrance, two spotlight fixtures are placed
such that they each shine from two different points on the arch to the same
chord PQ on the base of the arch. If the angle formed at one light is 55°, what
is the angle at the second light on the same side of chord PO?

A circular garden has a walking path forming a quadrilateral inscribed in it. If
one angle is 87°, what is the opposite angle?

A ferris wheel has aradius of 12 m. If a passenger travels a distance of 18 malong
the circumference of the ferris wheel, what is the angle (in radians) swept by
the passenger s position from the starting point?

Find 0, when

(i) f=3cm r=22cm (ii) f=5.6cm, r=2cm
Find r, when

(i) {=5.5cm, 0= 40°20 (11) f=13cm, 0= 70°

Find ¢ and area of sector, when

(1) r=1.7cm, 0= 0.25 radian (ii) r=3cm, = 45°

Uzma cut a pizza of radius 14 cm into 8 equal slices. What is the area of one
slice (sector).

The perimeter and area of a sector are 14 cm and 10 cm’ respectively. Find the
radius of the circle and the central angle of the sector.



.b- Tangent and Angles of a Circle

] REVIEW EXERCISE
1. Four possible an8wers are given for the following questions. Choose the correct
answer.
(1) Tangent is a line that touches the circumference of the circle at:
(a) many points (b) three points
(c) two points (d) one point
(i) tangents can be drawn to a circle from a point outside the circle.
(a) one (b) two (c) three (d) many
(iii) tangents can be drawn to a circle from centre of the circle.
(a) zero (b) one (c) two (d) three
(iv)  In circle, radius and tangent are:
(a) parallel (b) equal
(c) perpendicular (d) zero
(v) An angle in a segment greater than a semicircleis ~ angle:
(a) an acute (b) right (c) an obtuse (d) straight
(vi)  The angle subtended by the arc at the centre of the circle is called:
(a) acute angle (b) central angle
(c¢) right angle (d) complete angle
(vii)  What is the measure of an angle inscribed in a semi-circle?
(a) 45° (b) 60°
(c) 90° (d) 120°
(vill)  Any two angles in the same segment of the circle are:
(a) supplementary (b) complementary
(c) equal (d) zero

(ix)  Area of the sector of the circle =

]. 3 2] l 3 3
—r8 b) —r0 —rd d) =rf
(a) u b)or (©) 5" (d) 57
(x)  Ifr=6cm and 8 =2 radians, then arc length is:
(a) 12 cm (b) 8 cm (c) 6 cm (d) 3em
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P
In the adjoining figure, find the radius of the ey

circle.

Find the angles a, b, ¢ and d in the given figure, if
O is the centre of the circle.

—
Find the angles a, » and ¢, if ML is a
tangent line and O is the centre of the
circle.

Find the angles marked in the given figure, where
O is the centre of the circle.

Two round dining tables are arranged to touch at their edges. The radii of the
two round dining tables are 10 cm and 12 cm. What is the distance between
their centres if they touch externally?

A circular mosaic pattern is laid on the floor beneath a modern pyramid
structure. Two tiles are placed such that they both connect to the same chord
EF and reach two points G and A on the arc above EF. If m ZEGF = 65°, find
mZLEHF.

A triangular frame within a semicircular gate joins the ends of the diameter to
the peak. What is the angle formed at the peak?

A circular birthday cake has a radius of 15cm. A slice has an arc length of
10cm. What is the area of this slice?

A sector cut from a circle of radius Scm has a perimeter of 16cm. Find area of
this sector.



Studenty Learning Outcomes
r—'n After completing this unit, the students will be able to: /%

»  Locate the centre of a given circle.
»  Draw a circle passing through three given non-collinear points.
»  Complete the circle:
o by finding the centre,
o  without finding the centre,
when a part of its circumference is given.
P Draw a tangent to a given arc, without using the centre, through a given point P when P is
o  the middle point of the arc.
o atthe end of the arc,
o outside the arc.
»  Draw a tangent to a given circle from a point £ when P lics
o on the circumference.
o  outside the circle.
»  Draw two tangents to a circle meeting each other at a given angle.
P Apply concepts of practical geometry of a circle to real-life world problems (such as
athletic tracks, recreational parks, Ferris wheels and mechanical machines).
. A

This unit focuses on the key geometric properties and constructions related to circles

and their practical applications. Students will learn how to accurately locate the centre
of a circle and draw a circle passing through three given non-collinear points. The
unit further guides students in completing a circle using various methods, whether or
not the centre is known and even when only a part of the circumference is given. A
major focus is placed on constructing tangents to arcs and circles from different
positions of a given point, both with and without using the centre. Additionally,
students will gain hands-on experience in drawing two tangents that meet at a specific
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angle. To bridge theory with real-world relevance, this unit highlights how these
geometric concepts are applied in everyday structures such as athletic tracks, Ferris
wheels and engineering designs. Through these activities, students will enhance their
precision and spatial reasoning of geometry in the physical world.

m Construction of a Circle J

The construction of a circle is a fundamental concept in practical geometry. A circle
can be drawn using a compass when its centre and radius are known. However, in
more advanced constructions, a circle can also be constructed through three given
non-collinear points, as these points uniquely determine a circle. In some cases, a
circle may need to be completed when only a part of its circumference is given, either
by finding the centre or using geometric techniques without it.

ILAWE Locate the Centre of a Given Circle

Given: A4 circle.
Required: To locate the centre of the circle.
Steps of Construction:

1. Take any two chords AB and CD.
Draw:"_é as right bisector of AB.
Draw RS as right bisector of CD .

2
3
4. @ and RS intersect each other at point O.
5. Point O is the centre of the circle. Fig. 10.1.1

*  Points that lic on the same line are collinear.
*  Points that do not lie on the same line are non-collinear.

IS®A Draw a Circle Passing through Three Given Non-collinear
Points

Given: Points 4, B and C are non-collinear.
Required: Draw a circle passing through points 4, B and C.
Steps of Construction:

1 Join B to 4 and C.
2. Draw E as right bisector of AB.
3. Draw FG as right bisector of BC. >£,<D Fig. 10.1.2
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DE and FG intersect each other at point O. Now O, is centre of the required
circle.

Take O as centre and draw a circle of radius mOA = mOB = mOC , which is
the required circle.

Complete a Circle by Finding its Centre, When a Part of Its

Given: POR is an arc of a circle.

Required: To complete the circle by finding its centre.
Steps of Construction:
I

2.
3

Circumference is Given

Join O to P and R. S
+——p PE—
Draw DE as right bisector of PQ.

— _ 0 .
?Eiw FG ES_. right bisector of OR . Fig. 10.1.3 F?I:
DE and FG intersect each other at point O. So, O is the centre of the
circle.

Take O as centre and draw a circle of radius mOP = m@ =mOR.
Thus, this circle passes through points P, O and R on the given part of the
circumference.

USRS Complete a Circle without Finding its Centre, When a Part

of its Circumference (Arc) is Given

Given: ABC is a part of circumference of a circle.

Required: Complete a circle of which ABC is a
part without finding the centre of the circle.
Steps of Construction:

l.

3

A

Take E, BC two chords of the
given arc ABC such that

mAB = mBC |

Extend AB and BC to form
rays E”and B_Q. respectively.
Construct m/b=m/a. Fig. 10.1.4

4, Take mCD = mAB = mBC and construct mZc=msa=msb.
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5. Similarly, construct Zd and Ze.

6. Now, draw arcs on CD, DE | EF and FA with smooth hand.
Thus, the required circle is completed.

XE RCISE 1077

1. Construct a circle with the help of given radius and verify its centre by
construction:
(i) r=15cm (m)r=17em  (iii)r=2cm

2. Take any three non-collinear points P, O, R and construct a circle passing
through these points.
Draw an arc ABC and complete a circle by finding its centre.

4 Draw an arc POR and complete a circle without finding its centre.

Take any three non-collinear points (locations of the lamp posts in the park),
construct a circle passing through all these points.

6. A part of the Ferris wheel rim is visible as an arc. Using any three points on
the arc, construct the circle by finding its centre.

7. ABC an arc of a fountain, complete a circle without finding its centre.

Tangent to a Circle |

To Draw a Tang‘eut to a Given Arc without using the Centre
Through a Given Point P

(Case I) When point P is the middle point of the arc)

—

Given: APB is an arc where P is midpoint of
the arc.

Required: Draw tangent to the arc at point P.

Steps of Construction:

L Join end points 4 and B of the arc.

—
— S E
8 Draw right bisector LM of AB, it !
passes through point P. Fig. 10.2.1(a) )’L/\M




3 Construct right angle MPC and produce CP in the direction of P.

—

So, CPD is the required tangent.

[Case 11) When point P is an endpoint of the arc.)

Given: P:’:?l} is an arc, where P is its endpoint.

Required: Draw tangent to the arc PLM at point P.
Steps of Construction: I;
L. Take any point A on the arc and join P to A.

2. Draw right angle PAN sothat AN cuts the arc at point B.
3. Join point B to P.
e Construct mZAPR = mZABP.

+—

5. Produce RP towards P, so RPQ is the required
tangent.
(C'ﬂsé ll]) When Point P is outside the arc.)

Given: 4ABC is an arc and a point P is
outside it.

Required: To draw a tangent to the arc
from point P.

Steps of Construction:

1. Join 4 to P, AP cuts the arc at 0.
2. Find the midpoint M of AP

3. Take AMP as diameter and draw
a semi-circle. ’

4. Draw perpendicular (IS: on AP f Fig. 10.2.1(0)
that cuts the semi-circle at R.

S, Take mRP as radius and draw an arc that cuts ABC at D.

6. Join P to D and produce towards D, SOE is the required tangent at D.

{8 (a) Draw a Tangent to a given Circle from a Point P
when P Lies on the Circumference.

Given: A circle with centre D and a point P on its circumference.
Required: Draw a tangent to the circle at point P.
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Steps of Construction:

1. Join centre D with the point P. Now, DP is the radial
segment.
2 Draw a perpendicular 4B at point P to the radial

segment DP.

So, APB is the required tangent.

| b ‘Draw a tangent to the circle from a point P when P Fig. 1022(2) B
lies outside the circle.

Given: A circle with centre O and a point P that P
lies outside the circle.

Required: To draw a tangent to the circle from
point P.

Steps of Construction:

1. Join centre O to point P
2 Find M, the mid-point of OP .

3. Take M as centre and draw a semi-circle

with radius as mOM =mMP .

This semi-circle cuts the circumference at point 7. >49
4. Join P to T and produce towards 7. Fig. 10.2.2(b) ¥

Thus, PT is the required tangent and length of tangent is measured as mPT .

Draw Two Tangents to a Given Circle Meeting each other at a
Given Angle

xample Z’ Draw a circle with radius 1.5 em. Draw two tangents to this circle
that meet an angle of 30°.

@ Solution p

Given: A circle with centre O, of radius 1.5 cm.

Required: Draw two tangent to the

given circle that should meet at 30°.

S 1.5¢m

Steps of Construction: . 30° i
PE— - P I~ B
1. Draw a diameter AOB . e \\\

2. Draw a perpendicular at B on AOB, this is one tangent. Fig. 10.2.3
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Draw an angle of 30° at O, as mZA0OC = 30° where C is a point on the
circumference of the given circle.

—_— —
Draw a perpendicular at C on OC as CP that meets the already drawn
tangent at B.

Hence, tangents BP and CP are the required tangents that meet at m2CPB= 30°,

sl L

El

| EXERCISE 21}

Draw tangent to APB at point P, when P is midpoint of the arc.

Draw tangent to PEF? at point P, when P is endpoint of the arc.
Draw tangent to ABC froma point P, when P is outside the arc.

Draw a circle of radius 1.3 em and draw a tangent at point P, when P lies on
its circumference.

Draw a circle of radius 1.5 cm and draw a tangent at point P, when P is at
a distance of 8 cm from its centre.

Draw a circle of radius 1.6 cm. Draw two tangents that meet an angle of 30°.

Draw a tangent to any point on a circular part of the track having radius= 2 cm.

From a pulley point, construct two tangents to a machine wheel having
r = 2.1cm, such that the angle between them is 30°.

REVIEW EXERCISE 3 10

Four possible answers are given for the following questions. Choose the correct
answer:

(i) In the adjacent figure, ABC'is: 4 B _C
(a) achord (b) an arc
(c) atangent (d) a secant

(i1) There are types of arcs.
(a) 2 (b) 3

(c) 4 (d) 5
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(iv)
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Right bisector of the chord of a circle always passes through the:

(a) diameter (b) non-collinear points (c) radius (d) centre

A circle has only one:

() chord (b) centre (c) diameter ~ (d) secant

The point where two tangents meet outside a circle forms:

(a) a semicircle (b) a diameter (c) aradius (d) an angle

Two equal tangents from a point to a circle can be drawn when the point

is the circle.

(a) on (b) inside (¢) outside (d) at centre of
(vii) Tangents drawn from a single external point to a circle are:

(a) unequal in length (b) perpendicular to each other

(¢) equal in length (d) inside the circle

(Viii) At least how many chords are needed to locate the centre of the circle?

(ix)

(%)

(a) 1 (b) 2 (c) 3 (d) 4

To draw a tangent at middle point of an arc, first step is to:

(a) join endpoints of an arc

(b) draw radius

(c) draw a line perpendicular to chord

(d) draw an angle

The angle between the radius and a tangent at the point of contact is:

(a) 30° (b) 60° (c) 90° (d) 120°
Draw a circle of radius 1.4 cm and draw a tangent at point P, when P lies on
its circumference.
Draw a circle of radius 1.2 cm and draw a tangent at point P, when P is at
a distance of 5 cm from the centre.
Draw a circle of radius 1.7 cm. Draw two tangents that meet an angle of 30°.
Take a part of the circular track, use chords and perpendicular bisectors to
complete a circular track.

Two decorative fences touch the circular flower bed of radius 2.1cm and meet
outside it at an angle of 30° to form an entrance arch. Draw two tangents to
the flower bed from the point where the fences meet at an angle of 30°.



_ UNIT ({/
Information Handling

Stuwdents |earning Outcomes
nAfter completing this unit, the students will be able to: /

»  Construct cumulative frequency table and cumulative frequency polygon or Ogive.

» Interpret the median, quartiles, deciles. percentiles and inter quartile range from cumulative
frequency curve.

» Interpret and analyze box and whisker plots.

»  Construct and interpret data from scatter diagrams and also draw lines of best fit.

»  Measure correlation using scatter diagram.

»  Calculate the range, standard deviation and variance for grouped data.

»  Use the mean and standard deviation to compare two sets of data.

»  Solve real life situations involving variance and standard deviation for grouped data.

»  Apply concepts from measures of dispersion to solve real life situations (determining the

consistency of data. checking variability in forecasting, manufacturing, finance and economics).

INTRODUCTION |

[ —
i
This unit focuses on essential statistical tools and techniques for analyzing and
interpreting data. Students will learn to organize data using frequency tables and
visualize it through cumulative frequency polygons (Ogives) and box-and-whisker
plots. They will interpret key statistical measures such as median, quartiles, deciles,
percentiles and interquartile range to understand data distribution. The unit also
includes constructing and analyzing scatter diagrams to assess correlation and draw
lines of best fit. Students will calculate and interpret measures of dispersion (range,
standard deviation and variance) for grouped data and apply these to compare
datasets. Real-life applications in fields such as forecasting, manufacturing, finance
and economics are integrated to highlight the importance of statistical analysis in
decision-making and assessing consistency in data.

In class IX, we learned that a frequency distribution organizes raw data into a table
using class intervals and corresponding frequencies, allowing us to summarize and
interpret large sets of data more effectively.
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m Construction of Cumulative Frequencies J

Cumulative frequency is the running total of the frequencies, where each frequency is
added to the sum of all frequencies before it.

A table of cumulative frequencies, also known as a cumulative frequencies
distribution, presents the running total of frequencies for each data point or class
interval showing how many observations fall at or below a specific value.

xample]' The marks of 50 college students out of 100 are given below.
Construct cumulative frequency table.

8 , 66 , 76 , 45 , 66 , 91 , 77 , 64 , Tl , 74

47 , 78 , 76 , 42 , 70 , 58 , 71 , 67 , 8 , I8

73 , 48 , 68 , 8 , 81 , 72 , 65 , 69 , 78 , 84

7% , 53 , 58 , 8 , 56 , 72 , 62 , 92 , 73 , 83

97 , 81 , 51 , 61 , 58 , 72 , 62 , 79 , 8 , 74

a‘ Solution ', Highest marks =97, Lowest marks =42
The same 50 scores grouped into a frequency distribution.

Class Intervals | Tally Marks Frequencies | Cumulative Frequencies

40 — 44 ] 1 |

45 — 49 Il 3 1 + 3=4
50 — 54 I 2 4 + 2=6
55 — 59 Il 4 6 + 4 =10
60 — 64 Il 4 10 + 4 =14
65 — 69 M | 6 14 + 6 =20
70 — 74 [H{ T 10 20 +10 = 30
75 — 79 I 1 8 30 + 8 =38
80 — 84 i 5 38 + 5=143
85 — 89 Il 4 43 + 4 =47
90 — 94 | 2 47 + 2 =49
95 — 99 | 1 49 + 1=50

Total n=xf=50
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I8N E Cumulative Frequency Polygon or Ogive

A cumulative frequency polygon, also known as an ogive, is a graphical

representation that shows the cumulative total of frequencies up to each class

boundary in a frequency distribution.

It helps in understanding how data values accumulate over intervals and is especially

useful for estimating medians, quartiles, deciles and percentiles. The curve is typically

drawn by plotting the cumulative frequencies against the upper class boundaries or

lower class boundaries and joining the points with a smooth or straight-line curve. It

provides a clear visual insight into the distribution and spread of the data.

There are two methods for construction of a cumulative frequency polygon or ogive:
(a) Less than method (b) More than method

188 W Steps for Construction of Cumulative Frequency Polygon or Ogive
Step | Prepare a cumulative frequency table from the given data.

Step 11 )  Mark the upper class boundaries on the x-axis for less than method.
Mark the lower class boundaries on the x-axis for more than method.

Step 1v Plot each point using the upper class boundary or lower class boundary

(Step 111 Mark the corresponding cumulative frequencies on the y-axis.
( on the x-axis and its cumulative frequency on the y-axis.

Step v Connect the plotted points using a smooth freehand curve or use
straight line segments to form the cumulative frequency polygon or
ogive.

BRE Important Definitions

The median is the middle value in a set of data when the values are arranged in
ascending or descending order. It divides the data into two equal parts.

Quartiles divide an arranged data set into four equal parts, each
containing 25% of the data.

0, (First Quartile) 0, is the lower quartile, O is the
25% of the data falls below this value. median and @, is the upper
0, (Second Quartile) quartile,

50% of the data falls below this value (also called the median).
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03 (Third Quartile)
75% of the data falls below this value.

Deciles divide an arranged data set into ten equal
parts, each representing 10% of the data. In other words, P is the same as O, Py is
there are nine decile values from D, to D, the same as the median

For example, D is the value below which 30% of the (€2); and Py5 is the same as

data lies and D, is the value below which 70% of the Oy
data falls.

Percentiles

Percentiles divide an arranged data set into 100 equal parts, each containing 1%
of the data. There are ninety nine percentile values from P, to Py,.

For example, Py, means 90% of the data lies below that value.

Interquartile Range (IQR)
The interquartile range is a measure of spread that represents the distance between the
first quartile O and the third quartile Q.. Itis calculated as O — 0,

| xampleD The table provides the information about the speeds, in km/h of
90 vehicles passing a speed checkpoint. Construct the cumulative frequency polygon
by less than method and locate median, O,, O,, D,, P,s and IQR on it.

Speed (km/h) | 40 — 50 | 50-60 | 60—70 | 70—80 | 80—-90 | 90— 100

S 10 18 30 17 9 6
@ Solution B/ | Speed (km/h) ¥ c.f.

40 - 50 10 10

50 — 60 18 10 + 18 = 28

60 — 70 30 28 + 30 = 58

70 — 80 17 58 +17=175

80 — 90 9 75+ 9 = 84

90 — 100 6 84+ 6 =90
Total 3f=90
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Cumulative Frequency Polygon

[ 58
70| 67.5
60
10 ! | ! ! ! | ! ! e Y YY N ! i, A I
: . : . ! QI Dﬂi : Q: Q‘.ﬁ -Pg___i
Ol 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Fig. 11.1

Cumulative frequency

H-\.

The position of median is g = % =45. Draw a horizontal line from 45 on the y-axis

until it meets the curve and then draw vertical line from this point to x-axis. Now,

take the reading on the x-axis where the vertical line hits the x-axis. So,
Median = 65.7

By the same way, we can find Q,, O,, D,, P, and semi interquartile range.

n 90

The position of O, is a2 = F =22.5. So, from the curve O, = 56.9.
The position of O, is %ﬂ = X20) =67.5. So, from the curve O, = 75.6.
The position of D, is ?—3 = % =36. So, from the curve D, = 62.7.
The position of Py, is % = % =85.5. So, from the curve Py = 92.5.

IOR = O,— 0, =756 —56.9 = 18.7
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(Example Draw the cumulative frequency polygon for the following
frequency distribution of the weekly wages (rupees in thousands) of number of
workers by more than method. Also locate 0, on it.

Weekly wages (rupees

in thousands) 0-20 |20-40]40-60 |60—80(80—100

No. of workers 30 48 61 40 21

@ Solution P

Weekly wages
(rupees in thousands) N8 pfweriars () e
0-20 30 200
20 - 40 48 200-30=170
40 - 60 61 170 —48 =122
60 — 80 40 122 —-61 =61
80 — 100 21 61 -40=21
Total xf =200
2004
180

-

&1

2

=1

£

E=8|

Z1

g !

= 80

E o ]

o]

Of 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

| Weekly wages (rupees in thousands) |

Fig. 11.2
200

5= o = 100. So, from the curve Q, = 47.2

S

The position of O, is
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1%} Box-and-Whisker Plot |

A box-and-whisker plot or box plot is a graphical representation of a data set five-
number summary (minimum, first quartile, median, third quartile and maximum). It is
useful for visualizing data distribution and comparing data sets.

There are following key components of box plot:

The Box: It represents the interquartile range, which is middle 50% of the data with
the box edges marking the first quartile (Q,) and third quartile (Q,).

The median: A line within the box representing the second quartile (Q2) or the
middle of the data set.

Whiskers: Lines extending from the box to the minimum and maximum values,
showing the overall spread of the data.

We can show this information on a box-and-whisker plot. To begin with, we draw a

horizontal number line using a suitable scale. On the number line, the minimum
value, the maximum value and the quartiles are indicated as shown in the figure given below:
Minimum value @, Median 0, Maximum value

+ } | ' | % | % I J:’ | : I ' 5

58 60 62 64 66 68 70 72

M

‘Weight in kg
Median
Minimum value 0, v g, Maximum value

1 []

I L)

58 65 72

\L W W \!f

T

—————————————
58 60 62 64 66 68 70 72
Weight in kg

Figure 11.3
(Example &) For the given set of data,
2,10, 3, 16, 14, 13, 4, 7, 11, 5, 17, 14, 18
(1) What is the median of the data set?
(i1) What are the upper and lower quartiles?
(111) ~ What are the extreme values of the data set?
(iv)  Draw a box-and-whisker plot to display the data.

v

M

@ Solution p (i)  Arrange the given data in ascending order.
2,3,4,5, 7,10, 11, 13, 14, 14, 16, 17, 18
Here n=13,

. n+1Y 1341 "
Median = T value = T value=7" value=11
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4 : n+1y" 134140 th
(11) Lower quartile = (T ) value = (T) value=3.5
As the lower quartile is 3.5" value, so we find average of 3" and 4" value.

+
Lower quartile = % =45

h

th
Upper quartile = 3(%1] value =3(%+1j value =10.5"

As the upper quartileis 10.5" value, so we find average of 10" and 11" values.

Upper quartile = Ao =15

(111)  Minimum value = 2, Maximum value = 18
(iv)  The box-and whisker plot is drawn below:
Min. value 2 Median 2,

I I I Max. l:va]ue

v
- ] 1 1 [l 1 [l [l
< T T T T T T T

1 1 1
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
__ Fig. 11.4
(‘ExampleB Kiran recorded the number of days it rained or snowed each month

during the last year. The following box-and-whisker plot displays her data:

—] [ —

& 1 1 J 1 [l [l L 1 /] 1
= T T T T T T L] v T Ll

1 2 3 4 5 6 7 8 9 10
(1) What do the extremes tells about the number of days it rained or snowed?

(1) What is the median number of days it rained or snowed?

(111))  What are the upper and lower quartiles for the data?

(iv)  Where the most data is clustered?

@ Solution B

(1) The least number of days it rained or snowed in a month was 2 and the
greatest number of days it rained or snowed in a month was 10.

(i1) Median = 6 days (i)  Lower quartile = 3 days, Upper quartile = 7 days

(iv)  Most of the data is clustered in the box.

Scatter Diagram |

A scatter diagram (or scatter plot) is a graphical tool used to display the relationship
between two numerical variables. Each point on the graph represents a pair of values.
One variable is plotted on the horizontal axis and the other is plotted on the vertical axis.

Line of Best Fit

A line of best fit (also called a trend line) is a straight line drawn through a scatter
diagram that best represents the overall direction of the data.

L
Ca

W
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It 1s called an estimated line of best fit because it is drawn manually, based on general
guidelines to best represent the overall trend of the data. It should go through the
middle of the points. Ideally, there should be about the same number of points above

and below the line.

Correlation

It is the relationship between two variables, where a change
in one variable is associated with a change in the other.
According to the correlation, scatter diagrams are divided
into following three categories:

Positive Correlation

If one variable increases as the other increases, then it is
called positive correlation. If you draw a straight line along
the data points, the slope of the line will go up. For example,

height and weight.

Negative Correlation

If one variable increases as the other decreases, then it is
called negative correlation. If you draw a straight line along
the data points, the slope of the line will go down. For
example, speed and travel time.

Zero Correlation

If there is not consistent pattern between the two variables,

then it is called zero correlation. For example, shoe size and

test scores.

Correlation Pattern of Scatter Diagram

e  When the value of Y increases as the X value increases, it is called strong
positive correlation.

€ | Do you know?

Scatter diagram visually
shows the correlation
between two variables,

yJ\

0

VA
LX) o:.'.io
:.:o: e

0 X

e« When the value of Y decreases as the X value increases, it is called strong

negative correlation.

e When the value of Y increases slightly as the X value increases, it is called

weak positive correlation.

VA VA

ya

\

0

Strong positive correlation

r

X

Weak positive correlation

0

L
rd
Y

Strong negative correlation
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When the value of ¥ decreases slightly as the X value increases, it is called

weak negative correlation.

When there is no connection between the two variables, it is called no-

correlation.
v

Weak negative correlation

v

=W

No correlation

f xamplez, The table below displays the amount of time spent on revision and

the corresponding test scores for ten students.

Time spent on
revision(hours) [ O3 [ 1 [ 4 [ ¢ [ 2 [3 7|58 ]9
Test score (%) | 22 | 38 | 62 | 68 [ 30 | 46 | 70 | 60 | 86 | 90

(1) Construct a scatter diagram and draw a line of best fit on it.
(i1) Describe the correlation shown in the scatter diagram.
(i)  Saleem spent 5.5 hours on revision. Use line of best fit to estimate his test
score.
@ Solution b
o = Jky
(1) 9%
80
;.;‘-70 64 -< .
= 60 |
£ 50
]
1‘; 40 .
=30 .
20(°
10
x' X
of 12 3 4 56 7 8 9 10
i v' Time spend on revision (hours)
Steps: Fig. 11.5

* Draw x-axis for “Time spend on revision” and y-axis for “Test scores”.

+ For each pair from the table, mark a point on the graph.



. .} Information Handling

+ Observe the pattern of points and draw a line that should be close as
possible to all points.

(1) When the time spent on revision increases, the test score increases.
Therefore, strong positive correlation is between given two variables.

At 5.5 hours, test score of Saleem will be 64%.

| EXERCISE 218 |

1. The following frequency distribution represents the achievement of a student’s
group upon a memory test:

(iii)

(1) Plot cumulative frequency graph of group scores.

(i)  Determine median, lower and upper quartiles, D,, Py, and
interquartile range graphically.

Note: Write your answers in whole numbers.

Scores | 44 -48 | 49-53 | 54-58 | 59-63 | 64—-68 | 69-73 | 74-78
No. of
Stadants 3 12 15 23 12 7
2. Construct an ogive for the following distribution of scores:
Scores 69— 179 79 -89 89 - 99 99 — 109 109 - 119
f 4 10 13 8 5

Determine median, lower and upper quartiles, D,, £, and interquartile
range graphically.

3. Find Q,, O,, median, range and /OR for the dataset given below:

3, 6,8, 4,7, 5,10, 11, 13, 9, 14, 12, 15, 16, 17

Also draw a box-and-whisker plot.

4. Find Q,, O,, median, range, /OR and extreme values plot for the following data:
102, 98, 95, 100, 93, 110, 108, 104, 97, 96, 92, 101, 99, 105, 107
Also draw a box-and-whisker plot.

5. Find Q,, O;, median, minimum and maximum values for the following box-

L ¢ |
B T S T

10 20 30 40 50
6. Draw the box-and-whisker plot, if min. value = 12, max. value = 26,
median = 19, 0, = 14 and O, = 24.

and-whisker plot:
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7. Construct a scatter diagram and draw a line of best fit for the following quiz

scores for 8 students in a class:

15 quiz 14 28 34 36 43 45 46 49

20 quiz 16 20 33 35 38 39 42 43

Describe correlation between 1% and 2™ quiz scores also.

8. The following table shows the test scores (one measuring speed and the other

measuring strength) of football players out of 200:

1% Test | 20 38 70 40 100 | 110 50 136 | 150 80

2"4Test | 160 | 142 | 130 | 120 | 70 50 140 | 44 36 100

(1) Construct a scatter diagram and draw a line of best fit.
(i)  Describe correlation between the 1* and 2™ tests.
(iii)  Abdullah scores 60 in the 2™ test. Estimate his score in the 1 test.

G. The following table shows the number of daily social media hours and GPA

of university students.
Social MediaHours |05 I | 2 | 3 | 4|56 | 7| 8|09
GPA 401393713533 |3.1|29]28]|26]|25

(1) Construct a scatter diagram and draw a line of best fit.

(i1)  Identify the nature of correlation between social media use and GPA.
(iii)  Estimate the GPA for a student who spends 6.5 hours on social media.

Measures of Dispersion |

The following data shows the runs scored by two batsmen in the last 10 matches:
Batsman A4: 25, 20, 45,93, 8, 14, 32,87, 72, 24

Batsman B: 33, 50, 47, 38, 45, 40, 36, 48, 37, 46

T 25+20+45+93+8+14+32+87+72+24 _ 420

10 10
N 6 Bl i 33+50+47+38+45+40+36+48+37 + 46= 420
10 10
g Batsman A el Batsman B
90 L J ® 20
%0 80
70 L 70
E ::: ® °® ®
N i:; ) ot o o T

78 9 10
Match numbers Match numbers

=42

42
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Although both batsmen have the same mean score, batsman B’s runs are closely
clustered around the mean, while batsman A4’s scores are widely spread from 0 to 100.
Therefore, to understand how the data values are spread out, we need more statistical
information. For this purpose, we will study measures of dispersion.

Measures of dispersion are statistical tools used to describe how spread out or
scattered the values in a data set are around a central value.

Different measures of dispersion are

L, Range 2. Variance 3. Standard deviation
4, Interquartile range 5. Mean deviation 6. Quartile deviation
7. Coefficient of Variations

In this unit, we will discuss only a few measures of dispersion.

BRE» Range

The difference between the highest value (/) and the lowest value (L) is called range.
Range (R)= H-L
where H is the highest value and L is the lowest value.

{:Exampleb Find the range of the following data: i | Skilled Practice!
]5 22 ]8 30 ]? 25 What is the range of
@Solution ) Here H=30;L=15 B A s et
Range (R)= H-L
) =30~ 15=13
u:f;Example The table below shows the weekly incomes (in thousands of rupees)
of a group of employees in a company. Find the range of the weekly income.
Weekly Income (Rs 1000) | Number of Employees
2y —35 <
35—-45 6
45-55 5
55—65 3
@ Solution ) Here H= 65
Li=25 If the frequency of initial class is zero,
Rangc (R)= H-L then the next class will be considered for
=65 —25 =40 the calculation of range.

Thus, the difference between the lowest and highest weekly incomes among
employees is Rs. 40,000.
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§%® Variance

The average of the squares of the deviations of the values from their mean is called
variance. It is denoted by o (read as sigma square).

Ifx,, x,, ..., x,, are n observations, then the variance is given by

n

3o

2 i=l

oc- = (For ungrouped data)

1 n

or g2=-4l—-|E£ (For ungrouped data)

Let x|, x,, x5, ..., X, be the n values with the frequencies f,, f5, f;. ..., f, respectively.
Then,

"

2 fi(%-%)

ol = =l

(For grouped data)

The greater the variance, the
more spread out the data; the
smaller the wvariance, the
more consistent or tightly

Z j‘;x‘_2 z_ﬁx’. clustered the values are
=l = | (For grouped data) around the mean.

2. .

=] i=1

§ERE Standard Deviation

Standard deviation is the positive square root of the average of the squares of deviations
of the given values from their mean. It is denoted by o.

n

f;

i=1

or o’ =

Standard deviation helps us understand the extent to which values differ from the
mean.

(For ungrouped data)
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"L | History!
" "
z xf Z X Karl Pearson was the
or - i=l | =t For unerouped data first person to use the
° n n ( group ) word standard deviation.
c = (For grouped data)
@©’| Challenge!
Z Can variance be negative?
or c = (For grouped data)

(Example Z’ A factory produces rods with lengths (in cm):
50.1, 49.9, 50.0, 50.2, 49.8

Check the consistency using standard deviation.

x xX—-x x—x)
50.1 0.1 0.01
499 -0.1 0.01
50.0 0 0.00
50.2 0.2 0.04
49 .8 -0.2 0.04

2
Z(x~lf) =0.10
Ylx—x :
o? = [#-7) =220 b
i )

c = +0.02=0.141cm

As the standard deviation is very low, this shows high consistency in rod lengths.
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u:fExample The number of carpets sold in each day of a week is 13, 8, 4, 9, 7,

12, 10- Find its variance-

-
il

@Solution B | [ 3| 8|4 lo] 7 12|10 S =63
W 169 64 | 16 | 81| 49| 144 100 | z=¥=623

52 = g | 2x J) (@ | Challenge!
L n Can the standard deviation be
5 more than the variance?
= @—[Q) =89 —81=8
) 7 7
( xamplem A financial analyst recorded the closing share prices of several

companies on a specific day and grouped them as follows:

Share prices (Rs.)| 4050 | 50-60 | 60-70 | 70-80 | 80-90 | 90— 100
Frequency 2 3 6 4 2 1
Find the mean, variance and standard deviation. What can you conclude about the
volatility in share prices?
| @ Solution ) | Price Range (Rs.) f x fx a2
40 -50 2 45 90 4050
50 - 60 3 55 165 9075
60—-70 6 65 390 25350
70 —80 - 75 300 22500
80 —90 2 85 170 14450
90 -100 1 95 95 9025
Xf=18 Tfx = 1210 Zfx? = 84450
X= Hx el 67.22
xf 18
2
o= ﬁ—(%J 350 corony
xf 3 18

=4691.67 — 4518.52 = 173.15

o=+173.15=13.16

Standard deviation of Rs. 13.16 shows moderate price volatility.
(Example ZB Two students, Ali and Rooma, appeared in 5 Mathematics tests. Their
I ——
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score (out of 100) were as follows:
Ali: 72. 68, 74, 70, 76 When comparing two data sets:

¢ The mean tells us about the
Rooma: 72, 65, 80, 68, 75 Averagaperfannance,

(i) Who performed better on average? e The standard deviation tells us
(11) Who was more consistent? SHOREdIoEoRstenCy,

&

@ Solution B 1A} - §=?2+68+7:+70+76:3650:

72

_ Z(x—-%)
B n
(72=T2)* +(68—72)* + (T4 —T2)* + (70 72)* +(16—72)*
5
(0 +(=4’+(2) + (=2’ + ()’
5
0+16+4+4+16_ 40
5 5
J8 =283
Ix  724+65+80+68+75 360
n 5 5
T(x—x)
H
(72—72)% + (65— 72)* + (80— 72)* + (68— 72)* + (75— 72)"
5
(0)+(=7)* +(8)’ +(-4)* + (3)’
5

_ 0+49+§54+l6+9 _ 1?5’8=27.6

o(Rooma) = Jﬁ =525
(1) Since x(Ali) =72, x(Rooma) =72 . Both performed equally on average.
(i1) o (Ali)=2.83, c(Rooma)=5.25
Hence, Ali was more consistent.

o’ (Ali)

8

o (Ali)

72

x(Rooma) =

I

o”(Rooma)

1. Find the range of the following data sets:
(1) 63,89,98,125,79, 108,117, 60 (1) 43.5,13.6,18.9,38.4,61.4,29.4

2 If the range and the lowest value of a set of data are 46.7 and 13.4
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respectively, then find the highest value.

3. Calculate the range of the following data:
Income (in Rs.) |4000—4500] 4500 - 5000 | 5000 - 5500 | 5500 - 6000 | 6000 - 6500
No. of workers 8 12 30 21 6
4. A group of 7 workers reported the number of items they assembled in a day as:
52, 55, 50, 53, 54, 56, 52
Find the standard deviation and variance of the items assembled.
3 A librarian recorded the number of visitors during 5 days of a week.
120, 135, 130, 125, 140
Calculate the variance and standard deviation of visitors.
6. Find the range, variance and standard deviation of first 23 odd numbers.
7. The rainfall recorded in various places of five districts in a week is given
below. Find its variance and standard deviation.
Rainfall (in mm) 42 51 54 61 63 71
Number of places 5 13 4 9 5 4
8. Machine A Output (units): 98, 100, 102, 101, 99
Machine B Output (units): 95, 100, 105, 90, 110
(1) Which machine has better performance?
(i1) Which machine is more consistent?
9. The monthly sales (rupees in lacs) for two salespersons over 6 months are:
Person A: 5.5, 5.7, 54, 5.6, 5.8, 5.6
Person B: 5.5, 6.5, 4.5, 6.0, 5.0, 6.0
Compare their performance and consistency.
10.  The table given below shows the daily wages of workers in a textile mill,
grouped into six income brackets:
Daﬂ{’;‘gage 800 — 1000 [1000 - 1200 |1200 - 1400 {1400 - 1600 [1600 — 1800 [1800 - 2000
Frequency 2 4 6 8 2 1
Calculate the mean, variance and standard deviation of the wages.
11. A company forecasts monthly sales (rupees in millions): 15, 18, 14, 20, 13.

Find variability in sales predictions.

12. Unemployment rates (%) in five provinces are 5.2, 6.0, 4.8, 5.5, 6.2. Calculate
standard deviation and describe is there balanced unemployment rate?
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13 Find variance and standard deviation:
(i) Tx=453Tx’ =421, n=5 (i1) Zix=210, E_}frz =7560,Zf =6
(ii1) x=18, 2fx2 =1670,Zf =5

] REVIEW EXERCISE IT_‘

1. Four possible answers are given for the following questions. Choose the correct answer.

(i) is used to get the cumulative frequencies.
(a) Addition (b) square root  (c) multiplication (d) division
(11)  Second quartile represents:
(a) mean (b) mode (c) median  (d) variance
(ii1)  First quartile divides the data into equal parts.
(a) Two (b) Three (¢) four (d) ten
(iv)  Difference between the highest and the lowest values is called:
(a) mean (b) variance (c) range (d) standard deviation
(v) Scatter diagram represents a relationship between variables.
(a) five (b) two (c) three (d) four
(vi) 1s measure of dispersion:
(a) mean (b) median (¢) mode (d) variance
(vil)  Positive square root of variance is called:
(a) mean (b) median
(¢) standard deviation (d) range
(viii) is not measure of dispersion.
(a) range (b) arithmetic mean
(c) variance (d) standard deviation
(ix)  Variance of the data 8, 8, 8, 8, 8, 8 is:
(a) 0 (b) 16 (c) 8 (d) 48
(x) Range of first 20 natural numbers is:
(a) 20 (b) 10 (c) 19 (d) 30
2 The following results for the long jump were recorded:
Distance (in em)| 170 — 180 | 180— 190 | 190 - 200 | 200-210 | 210220 | 220 - 230
0 2 6 9 12 8 3

Construct the cumulative frequency polygon and locate median, O, O,, D,,
Py, and interquartile range on it.
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3. The summary statistics for a data set is given below. Show it with a box-and-
whisker plot.
Min. Value | Max. Value 0, Median 0,
5 70 12.6 43 55.6
4. The following table shows the weekly hours spent exercising and resting
heart rate (beats per minute) for ten individuals:
Exercise Hours 0 1 213145167 |8]°9
Heart Rate 90 | 85 | 83 | 80 |76 |74 | 72 | 70 | 68 | 65
(1) Plot the data on a scatter diagram and draw a line of best fit.
(11) State the type of correlation observed.
(1i1)  Predict the heart rate of Sakeena who exercises for 6.5 hours per week.
5. Find the range for the given data, 25,30, 35.40,50,60, 65,75
6. Calculate range, variance and standard deviation for the following data set:
Class Interval 03 5-10 1015 | 15=20 | 20—25 | 25=3D
5 - 12 20 24 16 4
1. The sum of 5 numbers is 45 and the sum of their squares is 421. Find the
mean and standard deviation of the data.
8. The monthly household expenses (rupees in thousands) of two families for
6 months were:
Family A: 45, 47, 46, 48, 46, 47
Family B: 38, 52, 40, 50, 42, 49
Calculate the mean and standard deviation of the monthly expenses. Which
family spends more on average? Which family has more stable expenses?
9 The daily wages of 40 workers in a factory are grouped as follows:
Daily Wages (Rs.)| 1000-1200 | 1200-1400 | 1400-1600 | 1600-1800 | 1800-2000
No. of Workers 6 10 12 8 -4

Find the mean, variance and standard deviation of the daily wages.



- UNIT 7

Probhability

Students Learning Outeomes

"After completing this unit, the students will be able to: /

»  Calculate the probability of combined events using, where appropriate: sample space diagrams,

possibility diagram, tree diagrams and Venn diagrams.

»  Apply addition law of probability to solve problems involving mutually exclusive events (such

as left and right-hand turns, tossing a coin, even and odd numbers on a dice, winning and losing

a game)

P  Apply the Multiplication law of probability to solve problems involving independent and

dependent events (trading, flipping a coin, such as 2 cards being drawn one by one with

replacement and without replacement etc.)

INTRODUCTION|
This unit explores the foundational principles and
practical methods for calculating the probability of

combined events, a critical concept in
understanding uncertainty and decision-making.
Students will learn to wvisualize and solve
probability problems using sample space diagrams,
possibility diagrams, tree diagrams and Venn
diagrams. Emphasis will be placed on applying the
addition law of probability to mutually exclusive
events, situations where two outcomes cannot

%

The earliest exploration of
probability as a science was
undertaken by Girolamo Cardano
(1501-1576), an Italian physician
and mathematician.

History!

occur simultaneously, such as flipping a coin or choosing between left and right-hand

turns. Additionally, the unit will cover the multiplication law of probability for both
independent and dependent events, helping students analyze real-world scenarios like
drawing cards with or without replacement and understanding outcomes in games or

trade activities.
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Probability |

Probability helps us understand how likely § | Do you know?

something is to happen. We use it every day A statshedl expesimielt IS & (fpe on
random experiment where the

without even realizing it like guessing if it will outcomes are numerically measured
rain, deciding whether to carry an umbrella or and analyzed using statistical

thinking about the chances of winning a game. methods.

All  statistical experiments are
random experiments, but all random
we don’t know for sure what will happen. experiments are not statistical

It gives us a way to make smart guesses when

Simply, probability is useful whenever we deal experiments.
with uncertainty.

iIbAB® Random Experiment

A random experiment is an experiment in which:

(1) The set of all possible outcomes are known. *
(i) Exact outcome is not known.

For example, tossing a coin, rolling a dice.

VA WA Outcomes and Sample Space

The possible result of a random experiment is known
as outcome.
The set of all possible outcomes in a random

experiment 1s called a sample space. It is generally
denoted by S.

For example, when we roll a dice,the possible outcomes are the face numbers 1, 2, 3,
4,5, 6 of the dice. Therefore the sample space is S = {1, 2, 3, 4, 5, 6}.

Each element of a sample space is called a sample point.

IVARE Event

In a random experiment, each possible outcome is
called an event. Thus, an event will be a subset of  Performing an experiment once is

the sample space. called a trial. -
When we toss a coin thrice, then

For example, getting two heads is an event when  each toss of a coin is a trial.
we toss two coins.
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Events Explanation Example
Two or more events are said to | Numbers 1, 2, 3, 4, 5, 6 are
Equally likely | be equally likely if each one of | equally likely events, when
events them has an equal chance of | we roll a dice.

oceurring.

Certain events

In an experiment, the event
which surely occurs is called
certain event.

When we roll a dice, the
event of getting any natural
number from 1 to 6 is a
certain event.

Impossible events

An impossible event is an
event that cannot happen under
any circumstances in a given
situation.

When we toss two coins,
the event of getting three
heads 1s an 1mpossible
event.

Mutually
exclusive events

Two or more events are said to
be mutually exclusive if they
don’t have common sample
points. i.e., events 4 and B are
said to be mutually exclusive if
ANB=¢

When we roll a dice the
of getting odd
numbers and even numbers
are  mutually  exclusive
events.

cvents

Exhaustive events

The collection of events whose
union is the whole sample
space is

called exhaustive

events.

When we toss a coin twice,
the collection of events of
getting two heads, exactly
one head and no head are
exhaustive events.

Complementary
events

The complement of an event A4
is the event representing a
collection of sample points not
in 4. It is denoted A" or A"

or A. The event A and its
complement A’ are mutually
exclusive and exhaustive.

When we toss a coin, the
event ‘Head’ and the event
‘Tail> are complementary
cvents.
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If an event E consists of only one In 1713, Bernoulli was the first to recognize the
outcome, then it is called an wide-range applicability of probability in fields
elementary event. outside gambling.

|IPAWS Combined Events

A combined event (or compound event) is an event that consists of two or more simple
events happening together. Remember simple event is an event that has a single point of
the sample space.

For example, flipping a coin twice and getting at least one head is a combined event.

Total cards = 52
iIbAE Types of Combined Events 4 suits

ﬂ Independent Events [ J : I i’

Two or more events are said to be 'y3gpades 13 Clubs 13 Hearts 13 Diamonds
independent, if the outcome of one does ~ Black) @ @Black @ Red) @  Red) §

not affect the outcome of the other. : : v .

1 king | king 1 king 1 king
For example, flipping a coin multiple 1 Queen || 1 Queen || 1 Queen 1 Queen
times, each flip i1s independent of the | 1 Jjack 1 Jack 1 Jack | Jack
others. | Ace 1 Ace 1 Ace | Ace
u DepeﬂdﬁntEV'ents ) (2~ 10) cards | [(2— 10) cards| {2 — 10) cards| [(2 —~ 10) cards

Two or more events are said to be dependent, if the outcome of one does affect the
outcome of the other.

For example, drawing cards from a deck without replacement; the outcome of the first
draw changes the probabilities for subsequent draws.

K Mutually Exclusive Events
Two or more events are called mutually exclusive events if they cannot happen at the
same time. If one event occurs, the other cannot.

For example, when we roll a single dice, getting a 3 and a 5 at the same time is
not possible.

n Non-Mutually Exclusive Events
Two or more events are called non-mutually exclusive events if they can happen at

the same time. These events may overlap.
For example, drawing a card that is red or a king from a deck
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Tree Diagram

A tree diagram is a visual representation used in probability to show all possible
outcomes of one or more events. Each branch in a tree diagram represents a possible
outcome.

; (1) When we throw a dice, then from the tree diagram
e 3 (Figure 12.2), the sample space can be written as

4

: §=1{1,2,3,4,5,6}

6 = H

Figure 12.2

(11) When we toss two coins, then from the tree
diagram (Figure 12.3), the sample space can
be written as S = {HH, HT, TH, TT}

{:Examplei’ Express the sample space for rolling 5 Tt
two dice using tree diagram.

@ Solution B When we roll two dice, since each dice contains 6 faces marked with
1,2,3,4,5, 6, the tree diagram will look like.

Hence, the sample space can be written as

(1, 1), (1, 2), (1, 3)
(1,4),(1,5),(1,6)

—

(2, 1), (2, 2), (2, 3)
(2,4),(2,5),(2,6)

[}

(3,1),3,2),3,3)
(3.4),3,5).G.6

w

5]
Il

(4,1),(4,2),(4,3)
(4,4),(4.5), (4,6)

b

G, 1), (5,2),(5,3)
(5.4). (5.5), (5. 6)

tn

&
A AN DA A

N A e b SR e b e DR U e e D U e e B e DTN e L b = O8N e T b =

(6, 1), (6,2), (6,3)
(6,4), (6, 5), (6, 6)

=a
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Sample Space Diagram

Sample space diagram is a representation that shows all possible outcomes of an
experiment in list or table form.
When we toss two coins, then the sample space can be written as

S={HH, HT, TH, TT}

Possibility Diagram

Possibility diagram is a representation in grid or table that shows all possible
combinations of two events.

When we toss two coins, then the possibility diagram will look like

Coin 1
e H T
2| H HH HT
ol T TH 73
‘Example Hashim rolled a dice and tossed a coin simultaneously. Draw a
possibility diagram.
@ Solution P Dice
1 2 3 4 5 6
S a | @@y | m ]| e || s
T | ((T,)|((T.2) | (T,3) | (T4 | (T,5) | (T.6)

IVAR'E Probability of an Event

In a random experiment, let S be the sample space and £ < S. Then if E is an event,
the probability of occurrence of £ is defined as:

P(E)= Number of outcomes favourable to occurence of £ n(E)

Number of all possible outcomes n(S)

This way of defining the

probability is applicable e 0<P(E) <1 (The probability value always lies from 0 to 1).
only to finite sample spaces. ® I[fP(E) =1, then the event is certain.

So, in this unit, we will be ® If P(E) = 0, then the event is impossible.

dealing problems only with ~ The complement event of Eiis E.

finite sample spaces. P(E) + P(E) =1
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(Example Z’ A bag contains 5 blue balls and 4 green balls. Abu Bakar draws a ball
at random from the bag. Find the probability that the ball drawn is (i) blue (i1) not blue.
@ Solution B Total number of possible outcomes n(S) =5 +4 =9

(1) Let 4 be the event of getting a blue ball.
nA)=>5

Therefore, P(A) = H(A) =2
n(S ) 9
(i1) A be the event of not getting a blue ball.

So P(Z)=1—P(A)=1_§=g

e  Divide students into groups.
Ask the students to take a coin, toss it 5 times, 10 times, 15 times or 20 times and
record their observations.

e What proportion of the number of tosses shows heads? a tails? What is the probability
that the outcome is head?

{\Examplez, Two dice are rolled. Find the probability that the sum of outcomes is
(i) equalto4 (i1) greater than 10 (iii)  less than 13.
@ Solution B When we roll two dice, the sample space is given by:

S=4{(1,1},(1,2),(1.3),(1.,4),(1,5) .(1,6)
2,1,2,2),(2,3),2,4),2,5),(@2,6)

- What is the complement
(3.1).63.2).6.3).G.4.0.5.06.6 el W
(4*1)1(412)1(413)1(414)1(41S)7(416) event?

(5,1),6:2),(5,3),(5,4),(5,5),(,6)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}; n(S)=36
(1) Let A be the event of getting the sum of outcomes equal to 4.
Then4 = {(1,3),(2,2),(3,1) }; n(A) =3
Probability of getting the sum of outcomes equal to 4 is
B n(A) - T
n(S) 36 12
(11) Let B be the event of getting the sum of outcomes greater than 10.
Then B = { (5, 6), (6, 5), (6,6) }; n(B) =3
Probability of getting the sum of outcomes greater than 10 is
~n(B) 3 1
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(111))  Let C be the event of getting the sum of outcomes less than 13.
Here all the 36 outcomes have the sum value less than 13. Hence C=S.
Therefore, n(C) =n(S) =36

(@ Two coins are tossed together. What is the probability of getting
different faces on the coins?
@ Solution B When two coins are tossed together, the sample space is
S Z{HHHT,TH,TT};H(S) =4
Let 4 be the event of getting different faces on the coins.
A={HT,TH} n(A)=2

- . sy n(4) 2 1
Probability of getting different faces on the coins is P(A) =——t=_=—_
n(S) 4 2

-i:Ex-ampleE A dice is rolled and a coin is tossed simultaneously. Find the

probability that the dice shows an odd number and the coin shows a head.
‘ Solution El Sample space
S ={(1,H).(1,D,2,H),2,T1,G,H),3,1),@4H),47),(5 H), (5D, (6, H), (6, D};

n( S) =12 . Coin

Dice H
Let A be the event of getting an odd number and a head. 1

T
A= {(1, 1), (3, H), (5, H)}; n(4) =3 "
= %] 27
2 H
Ao ) o i
Ask students to collect the details and find the - 4<H
probabilities of T
(i) selecting a boy from your class. " < H
(i) selecting a girl from your class. T
(i1i) selecting a boy from 10® class in your school. H
(iv) selecting a girl from 10" class in your school. 6 < T

(_ExampleD A game of chance consists of spinning an arrow which is equally
likely to come to rest pointing to one of the numbers 1, 2, 3, ..., 12. What is the
probability that it will point to:

(1) 7 (i)  aprime number (iii)  a composite number?
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@ Solution B
Sample space S = {1,2,3.4,5,6,7.8,9,10,11,12}; n( S) =12

(1) Let 4 be the event of resting in 7, n(4) =1

_n4)_1
Ry = n(S) 12

(ii)  Let B be the event that the arrow will come to rest in a prime number.
B = 2,35, 5113 »(B)=5

_n(B)_5
#E) n(S) 12

(iii)  Let C be the event that arrow will come to rest in a composite number.
C = {4,6,8,9,10,12} ; n(C) =6

There are four routes R, R,, R, and R, from Huria’s home to her place of work. There are three
parking lots P, P,, P, and two entrances B,, B. into the office building. There are three elevators
E\, E,, E, to her floor. Using the tree diagram explain how many ways can she reach her office.

Find the sample space for tossing three coins using tree diagram.

2 A teacher randomly selects one boy and one girl from a group of 2 boys (Hamid,
Ahmad) and 2 girls (Zainab, Samia). Draw a tree diagram and list the sample
space for all possible outcomes.

3: If 4 is an event of a random experiment such that P(A) : P(E) =17:15 and
n(S5) =640, then find (i) P(4) (i) n(4)

Acoinistossed thrice. Whatis the probability of getting two consecutive tails?

5 A dice is rolled and coin is tossed together.

(1) Find sample space by drawing possibility diagram.
(11) Find sample space by sketching tree diagram.

(ifi))  What is a probability of getting a tail and an even number?
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6. Two unbiased dice are rolled once.
(1) Find sample space by sketching tree diagram.
(i)  Find sample space by drawing possibility diagram.
(iii)  Find the probability of getting
(a) same number on both dice.
(b) the product as a prime number.
(c) the sum as an even number.
(d) the sum as 13.

g Three fair coins are tossed together. Find the probability of getting
(1) all tails (i1)  at least one head
(ii1)  at most two tails (iv) 2 heads
(v) at most 2 heads (vi)  no head

8. A bag contains 4 red balls, 5 white balls, 6 green balls and 3 black balls. Ali
draws a ball at random from the bag. Find the probability that the ball drawn is
(i) white (ii)  red
(i)  not white (iv)  not black

0, A number is selected at random from the set of whole numbers 1 to 15, both
inclusive. Find the probability that the number selected is:
(1) odd (i1) amultiple of 5 (ii1)  the square of 2
(iv)  prime (V) 20

10. If the probability of an event A is %s then find the probability of the event

“not 4”.

11. A dice is rolled twice. Find the probability of having a number greater than 4
on each roll.

Addition Law of Probability |
(1) If A and B are any two non mutually exclusive events then
P(AUB) = P(A)+P(B)-P(ANB)

(11) If 4 and B are any two mutually exclusive events then
P(AUB)=P(A)+ P(B)

Venn Diagram

In a random experiment, let S be the sample space. Let 4 — S and B S be the events
in S. we say that
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(1) (AnB)isanevent | (i) (4 v B)isanevent | (i) A jsanevent that
that occurs only that occurs when occurs only when 4
when both 4 and B either one of 4 or B doesn’t oceur.
occurs. occurs.

S S S
A B A B
| g
v
AN B AUB

(Example &) 1f P(4) = 0.37, P(B) = 0.42, P(A ~ B) = 0.09, then find P(4 U B).
@ Solution B Given that: P(4) = 0.37, P(B) = 0.42, P(4 " B) =0.09

B i ML

P(A U B) = P(4) + P(B) — P(A " B)
P(A U B)=037+042-0.09=0.7

(Example A flower is selected at What is addition of P(4 U B)
and P(4 n B)?

@©)"| Challenge!

random from a basket containing 50 yellow,
70 red and 80 white flowers. Find the
probability of selecting a yellow or red

flower?

@ Solution D Total number of flowers, n(S) = 50 + 70 + 80 = 200
No. of yellow flowers, n(Y) =50

Pry = M0 _ 50
n(S) 200
No. of red flowers, n(R) = 70
pery < 1B _ 70
n(S) 200

Y and R are mutually exclusive events, so probability of drawing either a yellow or
red flower is
P(YUR)= P(Y)+P(R)
50 i 70 _ 120 =§
200 200 200 5

P(YUR) =
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iI'Exampleil:) Two dice are rolled together. Find the probability of getting a same
number on the both dice or sum of faces as 10.
@ Solution !) Let S be the sample space, then n(S) = 36

Let A4 be the event of getting a same number on the both dice and B be the event of
getting face sum 10.

Then 4= {(1,1),(2,2),(3,3),44),(5,5),(6,6)}
B ={(4,6),(5,5), (6,4}

A B=1{(5,5)}
n(4) =6, n(B) = 3, n(AnB) = 1
prgy— P8
n(S) 36
_n(B)_ 3
)= n(S) 36
gy < MANE) _ 1
dnB)=—""5 36

P(getting a same number on the both dice or a total of 10) = P(4UB)
= P(4) + P(B) — P(AnB)
6 3 1 8 2
+ - —

36 36 36 36 9

Hence, the required probability is % .

I If 4 and B are two cvents such that P(d)=,P(B)=5 and
P(A N B)= é , find P(4 Y B).
2. In an apartment, selecting a house from door numbers 1 to 50 randomly,

find the probability of getting the door number of the house to be an even
number or a perfect square number.

3. The probability of a team winning any match is T and the probability of

losing any match is % What is the probability that

(i) the team wins or loses a particular match.



10.

11.

12:

13.

14.

-i» thabi_li;\;_ 208

(i1) the team neither wins nor loses a match.

In a single throw of two dice, find the probability of having sum of 7 or 11.
Find the probability of getting a sum of 5 or 7 in a throw of two dice.

A card is taken out at random from a standard pack of 52 cards. Find the
probability of taking out.

(1) A king or a Jack. (11) Neither a king nor a Jack.

A dice is thrown twice. What is the probability that at least one of the two
throws comes up with number 3.

There are 15 cards in a bag marked as 1, 2, 3, ...., 15. Find the probability of
picking a card at random, the number written on which is a multiple of 5 or of 7.
Two fair coins are tossed once. What is the probability of getting at least one
head or two heads.

At a busy intersection, 50% of vehicles turn right, 30% turn left and 20% go
straight. What is the probability that a randomly selected vehicle turn left or
right?

Two fair coins are tossed. What is the probability of getting either two heads
or two tails?

If 4 and B are two mutually exclusive events of a random experiment and
P(not A) = 0.45, P(AUB) = 0.65, then find P(B).

If P(4)= % s P(B)= % , P(AUB) z% then find P(ANB).

A and B are two events such that, P(4) = 042, P(B) = 048, and
P4 B)=0.16.

Find: (1) P(A) (i)  P(B) (i) P4 Y B)

Multiplication Law of Probability |

(1)

(i)

where P(B| A) represents the probability of event

If A and B are independent events, then

P(A and B) = P(A N B) = P(4) x P(B) Mulﬁﬁfi;‘:ﬁu?me

Conditional Probability J

If A and B are dependent events, then Jhe

P(A and B) = P(A N B)=P(A)x P(B| A) Independent? —> P4 and B) = P(d) . P(B)

J, No

B occurring after it is assumed that event 4 has  p(4and 8)= P(4) . P(B | 4)
already occurred (read B| Aas “B given A”).
|
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“ xamplei" A bag contains 4 red and 3 green balls. Kabeer draw two balls one
after the other with replacement (the second is drawn after the first is replaced). Find
the probability that the first ball is red and the second ball is also red.

! Solution B Let 4 be the event that first ball is red and B be the event that second
ball is also red.

Then P(A)z% and P(B)=% (Since the ball is replaced, the sample space is not

affected).
P(A and B) = P(A " B) = P(4) x P(B)
4 4 16
= — pli—=—
7 7 49

{fExampleiD A bag contains 3 white and 2 black marbles. Two marbles are drawn
one after the other without replacement. Find the probability that the first marble is
white and the second marble is also white.

@ Solution .1 Let 4 be the event that first marble is white and B be the event that

second marble is also white.
Total marbles=3+2=5

Then P(A) =§ and P(B| A) =% (Since the marble is not replaced, the sample space

is affected).
P(A and B)= P(A)x P(B| A)
3.2 6 3
=— X — = — = —
5 4 20 10

(Example £€) Majid dealt two cards successively (without replacement) from a
well shuffled deck of 52 playing cards. Find the probability that the first card is a king
and the second card is a queen.

@ Solution P Let A be the event that drawing card is a king and B be the event that
drawing card is a queen. Remember that we must take care for the sample space of
event B, that event 4 has already occurred.

: 4 1 A
P(4) = —=— ; P(B|A)=—
) 32 13 514 51
P(A and B) = P(A)x P(B| A)
1 4 4
= e e—
13 51 663
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| EXERCISE 12.3

1 Two numbers are randomly chosen from 1 to 10 with replacement. Find the
probability that;
(1) both are prime (11) their product is even

2 One letter is chosen from the word PUNJAB and another from LAHORE.
What is the probability that;

(1) both are vowels
(11) one is consonant and other is vowel

3. A single dice is rolled twice. Find the probability that one roll is a multiple of
3 and the other is a 5.

4, Two dice are rolled. Find the probability of getting an odd number on one and
a multiple of 2 on other.

5. From a pack of well shuffled cards, two cards are drawn at random one by one
with replacement. Find the probability that the first is heart and second is
king.

6. If two cards are selected from a standard deck of 52 cards without
replacement, find the probability that
(i) Both are black. (ii)  Both are queens.

(iii)  Both are spades. (iv)  Both are diamonds.
T Saleem draws two cards one by one without replacement from a well shuffled

pack of 52 playing cards. What is the probability that first card is jack and the
second card is queen.

] REVIEW EXERCISE 2%/ [

1. Four possible answers are given for the following questions. Choose the correct
answer.

(1) The probability of impossible event is:

(a) 0 (b) 1 (©)2 (d) -1

(i1)  What is the probability of getting a head when a fair coin is tossed once?
(a) 0 (b) 0.25 (c) 0.5 (d) 1

(ii1)  The sum of probabilities of all possible outcomes of an experiment is:
(a) 0.5 (b) 0.25 ()1 (d) 0.4
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(iv)

v)

(v1)

(ix)

(x)

If P(4) = 0.6, then the probability of event 4 not happening is:
(a) 0.4 (b) 0.6 () 1 (d) 1.6
Two events are said to be mutually exclusive if:

(a) they can happen at the same time.

(b) one affects the other.

(c) they cannot happen together.

(d) they are always equal.

If one coin is tossed and one dice is rolled, then the number of sample
point are:
(a) 3 (b) 6 (c) 2 (d) 12
(vil)  What is the probability of sure event?
(@) 1 (b) 0 © 2 @ 3
(viii) The probability of getting a number greater than 6 on dice is:
(a) 0.33 (b) 1 (c) O (d) 0.5
outcomes are possible when we draw a card from deck of cards.
(a) 13 (b) 1 (c) 52 (d) 26
If P(E) = 0.07, then the probability of ‘not £’ is:
(a) 0.95 (b) 0.89 (c) 0.93 (d) 0.90

Arshia selects a day from (Tuesday, Wednesday) and a time from (Morning,
Evening). Draw a possibility diagram. Also sketch a tree diagram.

A card is drawn from a deck of cards. Find the probability of getting an ace or
a spade card.

Fatima dealt two cards successively (without replacement) from a shuffled
deck of 52 playing cards. Find the probability that both cards are red.

If two dice are rolled, then find the probability of getting the product of face
values 6 or the difference of face values 5.

A bag contains 7 orange and 5 purple marbles. Two marbles are drawn one
after the other without replacement. Find the probability that the first marble
is orange and the second marble is also orange.
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1. (i) i (ii) 1 (iii) | (iv) =27
(v) 0 (vi) 0 (vii) i (viii) -1
2. (D) 2+2i (ii) %+? (iv) ﬁ—fﬁ
2. (i) x==2. y= 5 (ii) = 2: y=-
(iv) == (v)
1. (i) S5+(5—z) (ii) 25—1 (iii) 244 (iv) 2+ 16§
. . . . 13 1. 8 3,
(v) 18 —i (vi) 7 26i (vii) i + Er (viii) E+ g:
2. (i) —-3-2i (ii) -4+ 37 (iii) -5+7 (iv) %— %i
: 4 5. . 300 7 B : N
3 (1) il Ht (ii) o %: (iii) §+ §: (iv) j-s-?r
2 4 A =2 et
s x=—,y=— 6. 1—2,_\—3 7. ﬁ—z,b—z

| EXERCISE i3]
LG5 G Jar (i) | (v) 5 5. () -5 @) -1

EXERCISE 28 ¥!
1. (i) Real part =55 , Imag. part = 48 (ii) Real part = % . Imag. part = 5
4 5 7 24
Real part = — , Imag. part= — i Real part = — , Imag. part= —
(iii) eal pa 5 mag. pa e (iv) eal pa s mag. pa P
(v) Real part = % , Imag. part = % (vi) Real part = % , Imag. part = %
(vii) Real part =— 2, Imag. part = %
2. (i) z=l,w=3=-2i (ii) z==T+4i,w=06-5i (iii) r=4—i,w=1-i

(iv)  z=-2+9i,w=2-6i V) z=—l+2i,w=%—%£

REVIEW EXERCISE . . 1_1
L () b i) d (i) (iv) b ~v) d
vi) ¢ i) d (viii) b (ix) a x) d
3. () i (i) 1 (i) i
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2 i 13 41 .8 9
=9 =38 AT il SRy e F
(iv) i (v) S 4, -8 9;,]45 =
- : G PR o o
- (@) 7+22i (ii) e (i)  7-22i (iv) J533
2 -7
. Real part= — , Imag. part= — 8. z:_z;“wzéﬂ_if 9..‘1:1,5:1 10. x=—1,y=0
53 53 55 257 25

EXERCISE SeR Bl

L
(i) 2 —3x+1=0 (i) X=3x-6=0 (iii) 2= 8—T=0
(iv) 9 —12x+8=0 (v) 22X —5x+2=0 (vi) 6x +7x-20=0
N R B ) ; _3
(i) {3,-2} (ii) {4, -7} (iii) {3- 2} (iv) {3, E}
™) {4‘—;} o) {1113}
(i) —E,—z} @)  16.-7} (iii) {4, 3} @iv) {4' 3}
(v) {%,13} (vi) {2,7}
. 3 . -3 3 . 7+45
(i) {51} (ii) {5? (iii) {5.—5} (iv) {T}
40 ) 7+33
(v) {ﬁﬁ} (vi) { 2 ]'
(ii) Solution set = {-2, 7}
. X
T
(iii) Solution set = {—6, 0.5} (iv) Solution set = {—4.5, 1.5}

2
X X

/s 10 15 20




P ANSWERS _ — — B .
| EXERCISE : 23—1

1. (i) (8,0)and(0,8) (i) (1,0)and (0,—1)
1y

L BE

EERREEEE iz

v"' .
(i) (1, 0)and (0, -0.5) (iv) (2,0 and (0, 1) (v) (0.2, 1) and (0, -0.2)
JL}-
1 0‘6

‘Llll 1 1 }. 1
NI N =1 S S S| S 2 / | I
' I I [ e / x
s 5 = o 2
= [ IET) /jj/] / : 19 | 2 | ¥ |
[T T T L e L 06 04 02 0 /!f.z 04 06

[

s ful




3.

215 b ANSWERS

(i) (4, 0) and (10, 48) (ii) (2,0) and (-3, 5)
50| _
40 ' i
30 o LN >
0 -10 -5 L] g 10
! =1
P \ <3
EEEEEVEEEEN Y
(i) X =5x-36=0 (i) ¥X+2x-35=0 (iii) 258"+ 65x+42=0
(v)  4x'—8x—21=0 (v) X -6x+4=0 (vi) X H4x+1=0
¥+5x+6=0 L ¥ -2px+4g=0
(i) 47 +2x+1=0 (ii) Xr+x+1=0 (iii) 47+ 14x +49=0
ivy X +4x+16=0 (v) X +6x+21=0 5, a=c
k=2 7. m=- 3
2
(i) [Irrational and unequal (ii) Real and equal (iii) Imaginary (iv) Rational and unequal
(v) Imaginary (vi) Real and equal
t<ﬁ 3. p=28 4. ¢g<4 5. m=16
XERC ISE 2.5_‘
— - 3 5
(i) (=0, —4) W (1, =) (i) (=0, 1) W (3. =) (iii) (-3,2) (iv) No solution (V) [5 5] (vi) [1, 2]
EXERCISE Se 0
. 9C _ 1 s _S—(n-hd
F +32 2. (a) P RT (b) T PR 3. «a 7
. F T 24 p _ ¥=E . P-2w
Coxr b+b, YT Tm : 9
x=2 9. S=P+C 10, =y
4a r
EXERCISE >
Year 2030 2. Rs.15 3. 3.79seconds 4. 1<r<5 5. B80metres 6. 10 hours per week

REVIEW EXERCISE »
(i) a ) d (i) ¢ (iv) b v) a
i) a (i) «© (viii) b (ix) d (x)




2,

4.
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(i) =2 (i) =2, 3 3. 2 —15x+18=0
3 2
(i) Rational and unequal (ii) Irrational and unequal 5. v=./2gh 6. k=— %
EXERCISE J&5!
e : ;
Number of rows in 4 =2 > Number of columnsin 4 =2 , Number of rows in B = 3,
Number of columns in 8=1 . Number ofrowsin C=1 . Number of columns in C = 3,
Number of rows in D=3 . Number of columns in D=3 ., Number of rows in £E=2,

Number of columns in £ =3
Order of 4 = 2-by-1, Order of B = 1-by-2, Order of C =2-by-2, Order of D = 2-by-3,
Order of E = 3-by-2, Order of F = 1-by-1

A=F. B=D, C=E 4. a=3,b=7,¢=11,d=0

x=4,y=5 6. a=7,b=3,c=4,d=3 7. p=4q9=2
EXERCISE »&%)

A = row matrix . B =null matrix , C=unit matrix, D = null matrix,

E = columm matrix , # = column matrix

A = column matrix ., B =square matrix . = rectangular matrix,

D= square matrix , £ =rectangular matrix , F=row matrix,

(G = square matrix , /= rectangular matrix

A = unit matrix , B = scalar matrix , C = diagonal matrix,

D= diagonal matrix , £ = scalar matrix

5
r |24 ( ¢ ¢ |23 4
4 = Be376| ,C=|-2|, D=
Ls}’ 37¢] [56?
4

I I e R

EXERCISE kN
| >

A and D are conformable for addition and subtraction.

B. G and M are conformable for addition and subtraction.
(' and F are conformable for addition and subtraction.
E and H are conformable for addition and subtraction.

) 2 1] T[22 2] 1 -4 12, 3 0 -9 o o
(i) (i) (iii) (iv) v) (vi)
1 6 3 —10 -8 10 4 4 -14 —16 0 0
-5 -2 1 -1 0
(i) @ [-9 3] i) (iv)
7 2 -3 0 -1
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5 0 1 6 3 -6 |
(i) AB= ]3,4 =[ } (ii) AB:[]I],BA:l:
|3 2 1 2 -4 8|
_ i} 3 10 3 _
@iy as=|> 2| g4 [28] @)  4B=| 3 -1 olma=| 1
iii = 5 = iv = - ,BA =
8 20 2 7
- - -3 12 3 -
_ . 6 7 7
7 25 =5
) AB = ,BA=|14 8§ 8§ 3. a=-3,b=— 4. x=4,y=-2
6 25 2
- - 19 8 8§
EXERCISE JEXN
(i) 40 (ii) 59 (iii) 6 2. Singular = B, D; Non-singular =4, C
; d -b . 7 2 . 2 =5
x=2 4. Ad_]A=[ ]Ad]B=[ ] ,Adjc=[ :|
-¢ a —3: 3 3 =3
1 ) -1 1 - 3 5
® 5 (i) 32 8 (i) 20 5 - 34 34
1 1 =1 -3
0 - — — — 1 — —
L5 64 16 8 34 34
1 -4 g
5 ? = = I -1 3
) (vi) 2 2 6. A =
-1 5 =D 3
—_ = 8 =i
2 3
M x=2,y=3 (i) (iv) x=0,y=1
’ 8 L . " . 5
i) x=—,y=— (ii) x=1Ly=3 (iii) x==-3,y=0 (iv) x=—2,p=—
3 3 2

x=3,v=4 4, x=8, y=-6 5. Loadofbeam 4 =60 kN, load of beam B = 40 kN
(2,1) 7. Son’s present age = 10 years, Man’s present age = 42 years,
Speed of the slower cyelist = 8.07 km/h, speed of the faster cyclist=13.93 km/h 9. —

16
REVIEW EXERCISE 2SI

(i) b (i) a (i) d (iv) d

(vi) ¢ (vii) ¢ (viii) b (ix) b

-1 -1 11
=3 =2 3 2



4 -3
(i) 14 (ii) (iii)
-2 5
. 10 41 12 .
(iv) ) (vi)
0 1 33 10
N 15 29 " 3
i x=—,y=— (ii) x==6,y=— (iii)
23 23 2
5,11 7. Cost of knife = Rs. 19, cost of fork = Rs. 10

Daily wage of a man = Rs. 250 ; Daily wage of a woman = Rs, 750

| EXERCISE STl

(i) 5x+3 (i) —x+7 2. (i) 203 +4x+4)  (ii)2(> +4x +4) (iii);— (iv) 2

(i) (a) 2X*+3 (b) (2x+3) (c) 4x+9
8 = 2
(i) (@) — ®) = © x
xr -1 x
(iii) (a) X (b) X (c) 4x—3
=5 R (i) 31 (ii) 35
x+3 X+ =
(i) — (ii) : (iii) ¥ +1
2 4
g x—2 = x+18 .
(i) f(x)=—, g (0)= (ii) x=42
4 6
(i) Domain = (=, =) ; Range = (—o¢, x0) (if)
(iii) Domain = (-, 1) W (1, =) ; Range = (—=, —1) W (-1, =)
(iv) Domain = [0, o) ; Range = [2, =) 10. -3.4

| EXERCISE J
(ii)

(d) x

(d) Bx*-8x*+1

x+3
(d)
4
(iii) -1
. 2x+ 1
(v) Ix-1

Domain = (—», =) ; Range = (— =%, ®0)

-10

A Ll

10
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10 15

3

A

ek

I

—20-15-10 -5 O

<

(iv)

=6 4 2 0

2 4 6

(iiii)

10

EAUZE

-10

._le

¥

(vi)

oy

10

10

h 4

v)

=4, 8}

(@)

2.

-4, 3}

(i)

(iii)

13,44

(iv)

x=3

(i)

oY |
A=
2
43

>
- 4

(=00, =2) W (3, 0)

(vi)
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Rs. 6200 2. Rs. 390 3. Rs. 275,000 4. 3hours 5. Rs. 375

6. T<345°CorT>39.5°C 7. 246m<x<254m 8. x <-0.lmm or x> 0.1 mm
REVIEW EXERCISE 4

1. (@) b (ii) ¢ (i) ¢ (ivi, b v) c

(vi) d (vii) d (viii) b (ix) d (x) a
2. (i) —xX*+x+30 (i) —x*—x+20 (i) —x -5 +25x+ 125 (iv) S—x (V) —24 (vi) 3
3. (14 + 2x)} (ii) 27 +xY) (iii) x° (iv) 2(2x +21)

x+1 S+x 5 A
4. (i) (ii) (iii) X +5 (iv) 3—2x
9 X
5. (i) 4 (i)
5
L3 2 h
L % X
" 6 -4 2 0 2 4 6
5 =10
v 1y
I «—Ft——"Fe—¢ i | >

6 A1) g ! - 0L 1 2 3

= 2 l & 1 : . 1 (| 1 . i 1 1 -

O | I T 5 s b

12 13

y < | | | 1 ¢ o S
(GO U 00 1 2 3 4

.y i < | & 1 1 [ 1 3 | >

S I S B

8. () x;?’ (ii) x=§ 9. 100 10.  Rs. 1700 11. 94<r=106
| EXERCISE 3 51
Lo = i 2 (i) —— W 5
O EX e s o gl e
@ 2 ®  Fran 6D 35
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2 2 e 3 Sx+y . 1 -3
T (I) x—y (“) x—2 (Ill) 18(2x—y) (w) x=2y ) x+2
Vi) ——2 vy ETWIN (i O (y) XD
(x+3)2x-3) (x—y) (x +) (2x+3)(3x+2) (x+3)(x—4)
®) x—4 Gij S 3 2% +1
Xi) x +xp+y . T A
(x—1)(x—2)(x-3) (x* +2)
. 300 -2m) . 2x(x—2) . (a+b—c)
1. (i) 5 (i) ) (i) 2 (iv) Ty
+ L g
(v) x+2 (vi) 1 ) (vii) = (viii) 267
A 2(x+2) 3(x—2
(ix) 362 x) —

L () {iﬁ,i?} (ii) {i 6,i§} (i) {ﬁ,i@}

(v) (3.0} ) H%} i) {1.2}
(vii) {_%%} (viii) {—?123\/59 Si;f?j} (%) {-]i;/ﬁ‘mi;/m}
®) {_{191;@} (xi) {32{3_3, 31;@} (xii) {—92\/5}

1. 24 km/h 2. 12 hours 3. 3 hours 45 minutes
4 8 hours 34 minutes 5. 55 km/h, 65 km/h 6. 12 days
7. 6.67 8. 6mis 9, 10 km/h

REVIEW EXERCISE 54_]

1. G b (i) b (i) a (iv) b v) d
(vi) b (vii) ¢ (viii) b (ix) b x) a




» ANSWERS 222
2. (i x_4 g x+6 3. (i 9
@ x—3 (i) @ (x+3)2x=3)
(i)  x+3 (i) 1 4. (i) 3, +J7}
(i) {1%%?} Gii) (1,2} (iv) {Zixﬁ, “iz‘fq}»
(V) {1. _3i2‘/5 (vi) {—4, 2, -1+ Jﬁ} (vii) {+4,-2,5,7}
5. 3.16 hours 6. 18 hours 7. 10 toys
?\ER(..ISF. _ 6.1
L () I G 1V (i) 1 (v) I
a |2 _ (i) Tail=B , Tip =4
Kl |yl (i) Thil=P,Tip=0
=7 * L5, 7) (i) Tail=S,Tip =R
6 B (iv)  Tail=M, Tip =N
] ) Tail=4 , Tip =B
G B33 ) =D, Tg=¢
2 (i)  AB=4i-6
E ® V3 oa@ s
: _ = Jio
| 3432101 12 34 567 ay - ==
. 4 5
-2 () ——it——y
S P S Var o a1t
(iv) D(-2,-4)e —4| (i) 4@3.-3) (ii) 3 J i j
3 1 3 1 1 ;._5 3 5 5._
Y D P
-6 (i) —=i +—=J
| | iii \/E \/5_
V) i —j . . SR Y
NN " V293 293 R RN
9. (i) Parallel (ii) Parallel (iii)  Non-parallel
(iv) Parallel
10. 9i+ 6 1L 610/, —6i+ 10j
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43
1. G 8i+2 @) 10i+12 i) i (V) —6i+8
31+ 357 (v 5.2
v) 1+35  (vi) 2i—%d
2. () 2 Gy /85 Gip 17
5
3. )  x=5y=3 @ x=-ll,y=0 (@) x=2,y-14 4, £2
3 47
5. 13i—18; 6. e g
= R "y
1.
X
[v2345678"
S IR PR
[#els) [ P
)
2.
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= | [ ]
| _ |
L[]
-
-
| | x
567 8
-
| |
Clh-3
||
_ | | | ) V' B'(2.-6) | ||
4. C(7,9) 6. Yes, ABC is an isosceles triangle 9. 20 m, 40 m
10. 30/ -30; 11. 20i + 507, 53.85 units
1. () d (ii) d (iii) ¢ (iv) ¢ (v) b
(vi) a (vii) c (viii) b (ix) b (x) C
2. (i) A 410 (ii) 113 3. > i+Lj
V26 267
4. (i) 17i+7j (ii) 39i -2f (iii) ~i+6j 5. x=%,y=—13
6. | | |
-
Bl
.
-
¥ | E
=¥ P 4 678
B | Ll
ol ol || -
| | | | |
B MEN | [ ]
| il HE
| S I T | |
9. 10 10. 200i + 60/, 208.8 km/h
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1. (i) Positive (ii) Negative (iii) Negative (iv) Negative

(v) Positive (vi) Positive 2. (i) - (ii) +
(iii) = (iv) — v) + (vi) +
3. () % (ii) _—31 (iii) —% (iv) %
(v) —% (vi) —% (vii) % (viii) —JZ_ (ix) -1
| Exercise 3%
1. (i) c=86cm,f=67.1° y=709° (ii) b=20.6 cma =36.3°, f§ =93.7°
(iii) a=6.7 cma =81.4°, B =50.6° (iv) c=43 emz =52°,y =57°
(v) a=84cm,c=15cm ,y=10° (vi) b=6.6 cm,c=63cm,f =65°

(vii) a=77cmb=44cm , =82°
(viii) a=123cm, c=24cm ,y=11°

2. () 17.24 cm? (i)  59.82cm? (i)  13.2lem?  (iv)  39.89 cm?
v) 4.29 em? (vi) 7.89 cm? (vii) 11.71em?  (viii)  21.29 cm?
EXERCISE K]
1. (i) 6.4cm (ii) 7.1 em (iii) 25.1°
57.8° 3. 59.5° 4. 124° 5. 29.5° 6. 14.14 units

31.9m 8. 160m 9. 3.1Im 10. 9.66 m 11. 3764 m

| ExErCISE SR

1. () 140° (ii) 290° (i)  220° iv)  015°
2. () 300° (ii) 120°
3. () 310° (ii) 130° (i)  220° (iv)  040°
4. (i) 316.2m (ii) 252° 5. 270° 6. 10 km
7. 193.3° 8. 231.8 km 9, 156.2 km
REVIEW EXERCISE b 7

1. () d (ii) a (i) ¢ (iv) ¢ v) d

vi) ¢ i) ¢ (viiiy d (ix) ¢ (x) ¢
2. (@) 11.62 cm? (ii) 371 em? (i)  4.01 cm?
3. (@) ¢=6.98 cm, f=28.37°, y=102.63° (ii) B =100",a=57.8cm.b=107.3cm
4. (i) 9.11 cm (ii) 19.2°
5. (i) 16.1 cm (ii) 29.7°
6. 036.9° ¥ 250 km
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24 cm 2. 1 hoop 3. 7.14m 4. 6cm 5. 8em
Scm 7. 20.17 units 8. I8cm 9. 332c¢cm 10. 6 cm
EXERCISE %)
x = 145° 2. x=77°,y=6cm 3. x=28°y=4cm
10 metres 5. 12 metres
The minor arcs subtended by chords A48 and CD are congruent.
Yes, the arcs are congruent,
REVIEW EXERCISE 3%
| -

(i) a (i) b (iii) C (iv) d (v) b
(vi) d (vii) ¢ (viii) a (ix) c (x) d
3.32 cm 3. Scem
The angles subtended at the centre by each bench are equal.
Yes 6. 7cm 7. 14.14m 8. 5m

E 4 : g«l
52° 2. 57.5° (i) o62°
65° 5. 170° 6. 6.32m 7. 12cm
12.5¢cm 9. 2cm
228° 2, mZBAC =74°, mZBOC = 148°, mZ0BC =16"
(i) x=21%y=106" (i) r=52°y=90" (iii) x=90°%y=28"
x=20 5§ 55° 6. 93° 7. 1.5rad
(i) 1.36 rad (ii) 2.8 rad 9. (i) 7.8cm (i) 10.64cm

. (i)  (=0425cm, A =0.36125cm’ (i) ¢=2.36cm, 4=3.53cm’
. 76.97cm® 12. r=5cm, 6=08rad or r=2cm, 8=5rad

REVIEW EXERCISE 3 9 |

(i) d (i) b (iii) a (iv) C (v) a
(vi) b (vii) c (viii) ¢ (ix) c (x) a
7em 3. a=90°,h=90°,c=48",d=18°

a=:68",b=56",¢c=56° 5. a=40", b= 40" 6. 22¢m 7. 65°
90° 9. 75¢m?

I5¢m?
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6. c A
S| 5
©
O
& 300 V
7 L
8- A
C
30°§
~
o
) 30 v
7 T
REVIEW EXERCISE 2%
1. (@) c (i) a (i) d ivy b ) d
(vi) c (vii) ¢ (viii) b (ix) a (x) c
3. A

20

Q 1.7cm

’\"
~
(%)
o
o
7K
S~
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5.
g
=2
N
6.
0]
EXERCISE 2Nl
1 i A
® 80 4 (i) Median =61,
01 =55,
70 03 =60,
D3 = 57,
S 60 P =13,
D
= IOR=11
&= 50
(%}
=
=
= 40
=
S
20
10
x' O\ |D; |0, 0, Py ')E
0 48.5 53.5 58.5 63.5 68.5 73.5 78.5
¥ Scores




JJ

231 b ANSWERS

)
(253

b
= =

Cumulative frequency
2
i -

20
16
12
8 Median = 94,
N Y S 01 =85,
X ,\/ 0, D, Py x| 0; =103,
0 (Y 79 80 0. 99 O, 109 119 i De= 97,
‘Scores ! | | | i Pe = 105
(S ;0 | S ) N | (S [ IQR=18
3. 0= 6, Q:= 14, Median = 10, Range = 14, JOR =8
Min. value 0, Median 9, Max. value
—
W v v
- 1 L 1 i 1 1 1 1 L 1 1 i L 1 L 1 N
< T T T T T T T T T T T ! I " | 2
0 2 4 6 8 10 12 14 16 18
4. 01 =96, 0 =105, Median = 100, Range = 18, J[OR =9
Min. Value = 92, Max. Value = 110
Min. value 0, Median 9, Max. value
[ I
W v v
= 1 i 1 1 1 i 1 1 1 1 1 1 [ 1 1 1 o
1 = L v .1 7 | T S et e S [t T et ! o S et
90 92 94 96 98 100 102 104 106 108 110 112
A. 0y =22, 0: =35, Median = 25, Min. Value = 10, Max. Value =46
6 Median
= 0, W 0,
=
P 1 i i i 1 i i i i 1 =
~ l L] L) L l L] L) L Ll l Ld
10 20 30




Strong positive correlation between 1st and 2nd quiz.

(ii) Strong negative correlation.

A& 0

=0 Lo Av

Ay 20

U 20

b X A0y

P - At

~N an / an

F atr e atl

ISl I 20
- /

=20 | il 10

N | P Ty

S % + 100

10 . Luu‘ a0

o :e 0

= _-ﬂ-.. 0

4 - -] oy

- 70

0 015 :

: 60

y &0

pAv

40

(==

_— 3 L

= =

=

9. (1) tr
55
5
45
A1 ~a
A
3.5
25 '
2
1.5
1
x 54
0 2 i
+ i - :
¥ \Ietllm ?Im}rs
(ii) Strong negative correlation.
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EXERCISE S 1%)

1.(i)) 65 (i) 478 2 60.1 3. 2500 4. o =1.88,6%=3.55
5. 6*=50,0=7.07 6. Range =44, 6 =176,6=13.27

7. 2=6727.0=82 8. (i) Both machines have equal performance.

(11) Machine A is more consistant. 9. Person A is better in performance and consistency

10. Mean = 1360.87. variance = 60642.72., standard deviation = 246.26.
11. Variability is 2.6 1million.
12. o = 0.51, unemployement rate are fairly balanced.

13.(i)) o6°=32,6=179, (ii) 6°=35,6=592 (iii) o°=10,6=3.16

REVIEW EXERCISE ¥ i

LG a (i) e (i) ¢ (iv) ¢ (v) b (vi)y d
(vil) ¢ (viii) b (ix) a (x) €
2. Jiy
40
|36 | Median =202.5, 0, =192.2, 0s=211.3,
- D7=209.2, Py =218.8, IOR=19.1
L E,....zs
()
5
g
=¥l
| _E 16
=
= - |
E 12
508
(9]
| 4 |/ ly v by w | |
X o\ O:|D4|0:| Py x|
0] Yiso 190 200 210 220 230 |
Yy _ _ Df“tm;lce 0, Median 0,
— —
v W
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4. (1) (i) Strong negative correlation.
T (iii) 71
fa Nim=S
T
26
—H} i
X' x|
L Jo] 1 2 3 4 5 6 7 8 91D
.|y | | ExerciseHours | | |
5. 50 6. Range = 30, variance = 38.5, standard deviation =6.2 7. Mean = 9, standard deviation = 1.7889

we

Mean (A) = 46.5, standard deviation (A) = 0.96 Mean (B) = 45.17, standard deviation (B) = 5.37
Family A spends more on average and family A’s expenses are more stable.

9. Mean = 1470, variance = 57100, standard deviation = 238.96

| EXERCISE 23|

1. Coin 1 Coin 2 Coin 3 2. Boys Girls

Zainab

H — HHH <
H<: Hamid Samia
T — HHT
H — HTH
T<:

T = HT'T

H — THH Ahmad Zainab
T<: H<:
T — THT Samia
I H — TIH Sample Space = {(Hamid, Zainab),
< (Hamid, Samia),
il =2 EME (Ahmad, Zainab),

(Ahmad, Samia)}

Sample space = {(HHH ), (HHT), (HTH), (HTT),
(THH), (THT), (TTH), (TTT)}

3. () % Gi) 340 4. %
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(i)

(iii)

()

(@

(@

(i)

oo &|w oo

Dice

235 » ANSWERS
Coin (ii) Dice Coin
H T H
1 (1, H) (1,T) 1 T
2 (2, H) (2:. T3 H
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Absolute Value Linear Inequality:  An absolute value linear inequality in one variable is
an inequality that involves the absolute value of a linear expression with only one variable.

Absolute Valued Function: An absolute valued function is a type of function that includes
an algebraic expression enclosed within absolute value bars. Its general form is f'(x) =|x].
Algebraic Expression: An algebraic expression is a combination of constants and variables
joined with the signs of arithmetic operations.

Algebraic Fraction: An algebraic fraction is a fraction where the numerator, denominator or
both contains algebraic expressions.

Arc: Any part of the circumference of a circle is called an arc.

Argand Plane: If we consider x-axis as real axis and y axis as imaginary axis to represent a
complex number, then the xy-plane is called complex plane or Argand plane.

Bearing: Bearing is an angle measured in degrees from North direction in a clockwise
manner. It is always written in 3 figures.

Box-and-Whisker Plot: A box-and-whisker plot is a graphical representation of a dataset.
Central Angle: If the extremities of an arc or of a chord are joined with the centre of a circle,
angle so formed is called a central angle.

Chord: A line segment joining any two distinct points of a circle is called chord of the circle.
Circle: A circle is a locus of a point in a plane, which moves in such a way that its distance
from a fixed point is always constant.

Circumference: The length of the boundary of a circle is called circumference.

Column Matrix: A matrix having only one column is called a column matrix.

Complex Number: A complex number is expressed as x + iy, where x and y are real numbers
and i =~/—1 is the imaginary number.

Composite Function: If f(x) and g(x) are two functions, then their composite function is
written as (fog)(x) = f (g (x)). Composition of function is a process of combining two or
more functions to produce a new single function.

Compound Event: Compound event is an event that consists of two or more simple events
happening together.

Conjugate of a Complex Number: The conjugate of the complex number x + iy is defined
as the complex number x — /y. The complex conjugate of z is denoted by z .

Coplanar Vectors: Two or more vectors are said to be coplanar if they lie on the same plane
or parallel to the same plane or in the parallel planes.
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Cumulative Frequency Polygon: A cumulative frequency polygon, alse known as an ogive,
is a graphical representation that shows the cumulative total of frequencies up to each class
boundary in a frequency distribution.

Deciles: Deciles divide an arranged data set into ten equal parts, cach representing 10% of the data.
Dependent Events: Two or more events are said to be dependent, if the outcome of one does
affect the outcome of the other.

Diagonal Matrix: A square matrix is called a diagonal matrix if at least one of the elements
of its main diagonal is non-zero and non-diagonal elements are zero.

Diameter: A chord passing through the centre of circle is called diameter.

Equal Complex Numbers: Two complex number z, = x, + iy, and z, = x, + iy, are said to be
equal if and only if Re(z1) = Re(z,) and Im(z,) = Im(z,), thatis x, = x, and y, = y,,

Equal Matrices: Two matrices 4 and B are said to be equal if and only if they are of the
same order and their corresponding elements are same or equal and in such a case we say
that 4 = B.

Equal Vectors: Two vectors are said to be equal if they have equal length and the same
direction.

Exponential Equations: Equations in which variable occurs in exponents are called
exponential equations.

Event: In a random experiment, each possible outcome is called an event.

Function: A function from a set X to a set Y is a rule that assigns each element of set X
exactly one element in set Y. It is written as f: X—V.

Identity Matrix: A scalar matrix is called an identity or unit matrix if all of its main diagonal
entries are 1.

Independent Events: Two or more events are said to be independent, if the outcome of one
does not affect the outcome of the other.

Inverse Function: An inverse function is a function that ‘reverses’ the effect of the original
function, meaning if a function f maps X to Y, then its inverse denoted by /', maps ¥ back to X.
Major Arc: A major arc is an arc greater than the semi-circle.

Matrix: A matrix is a rectangular array in shape whose elements are written within square
brackets in a definite order, in rows and columns. The arrays obey certain algebraic operations.
Measures of Dispersion: Measure of dispersion are statistical tools used to describe how
spread out or scattered the values in a data set are around a central value.

Minor Arc: A minor arc is an arc smaller than a semi-circle.

Modulus of a Complex Number: If z = x + iy, then the modulus of z is denoted by |z| and

defined as |z| = \/xz + .
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Multiplication of Matrices: A matrix A4 is said to be conformable for multiplication with a
matrix B if the number of columns of 4 is equal to the number of rows of B.

Mutually Exclusive Events: Two or more events are called mutually exclusive events if they
cannot happen at the same time.

Negative of a matrix: The negative of a matrix 4 is obtained by multiplying each of its elements
by—I1.Itis denoted by —A4.

Negative of a vector: A vector that has the same magnitude as the given vector but opposite
direction is called negative of a vector.

Non-Mutually Exclusive Events: Two or more events are called non-mutually exclusive
events if they can happen at the same time.

Order of Matrix: If a matrix 4 has ‘m’ number of rows and ‘»’ number of columns then the
order of the matrix 4 is “m x n” (read as m by n).

Outcome: The possible result of a random experiment is known as outcome.

Percentiles: Percentiles divide an arranged data set into 100 equal parts, each containing 1%
of the data.
Polynomial: A polynomial in one variable x is an expression of the form:

-1 5 i
P(x)=ax"+a, , x""+..+ax+a,, wherea,,a,,...,a, are rcal numbers, # is a non-negative

n—1
integer, x is a variable and a, #0.

Quadratic Equation: A quadratic equation is a second degree polynomial equation in one
variable.

Quartiles: Quartiles (O, O,, O,) divide an arranged data set into four parts.

Radial Segment: The line segment joining any point of the circle to its centre is called radial
segment.

Random Experiment: A random experiment is an experiment in which the set of all possible
outcomes are known and exact outcome in not known.

Range: The difference between highest value and the lowest value is called range.

P (‘tj , where O(x) # 0,

Rational Expression: A rational expression is the quotient
of two polynomials P(x) and O(x).

Reciprocal Equation: A reciprocal equation is an equation when variable is changed to its
reciprocal, the equation remains the same.

Rectangular Matrix: [f the number of rows and number of columns in a matrix are not equal, it
is called a rectangular matrix.

Row Mafrix: A matrix having only one row is called a row matrix.

Sample Space: The set of all possible outcomes in a random experiment is called a sample
space.

Scalar Matrix: A diagonal matrix is called a scalar matrix if all the entries in the main diagonal
are same and non-zero.
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Scalar: A scalar is a quantity having magnitude but no direction.

Scatter Diagram: Scatter diagram are used to visually represent the relationship between
two variables.

Secant: A straight line cutting the circumference of a circle at two distinct point is called a
secant.

Sector of the Circle: The area (region) enclosed between two radial segments (Radii) and
arc of circle is called sector of the circle.

Segment of the Circle: The area (region) enclosed between a chord and the arc which it cuts
off is called a segment of the circle.

Semi-Circle: A semi-circle is half the circle, that is a figure bounded by a diameter and
circumference cut by the diameter.

Simultaneous Linear Equations: A set of two or more linear equations with two or more
variables that are solved together (simultaneously) to find a common solution.
Skew-Symmetric Matrix: A square matrix 4 is called skew-symmetric if 4'=—4.
Square Matrix: A matrix in which number of rows is equal to the number of columns is called a
square matrix.

Standard Deviation: Standard deviation is the positive square root of the average of the
squares of deviations of the given values from their mean.

Symmetric Matrix: A square matrix 4 is called symmetric if it is equal to its transpose.
ie., A =A4.

Tangent to a Circle: In a plane, a line is a tangent to a circle that touches only one point on
the circumference of a circle.

Transpose of a Matrix: A matrix obtained from a given matrix by interchanging the rows
and columns is called the transpose of the given matrix.

Tree Diagram: A tree diagram is a visual representation used in probability to show all
possible outcomes of one or more events.

Unit Vector: A unit vector is a vector whose magnitude is 1. If ¢ is any vector, then its unit

; 5 : 5 8
vector is represented as g (read asg hat). It is defined as a = ﬁ
a
Variance: The average of the squares of the deviations of the values from their mean is called

variance.
Vector: A vector is a quantity having both magnitude and direction.

Vertical Line Test: A curve drawn in a graph represents a function, if every vertical line
intersects the curve at most one point.

Zero Correlation: If there is not consistent pattern between the two variables, then it is called
zero correlation.
Zero Matrix: Ifall the entries in a matrix are zero, it is called zero or null matrix.

Zero Vector: A vector whose initial and terminal points are coincident is called a zero vector.



b Symbols

| Symbols |

Symbols Stands for Symbols Stands for

= is equal to T pi
# is not equal to (a, b) ordered pair
€ belongs to/element of Q unit vector a
¢ not belongs to/mot element of n(A) number of elements in set A
u union P(A) probability of event A
M intersection AB line segment AB
> is greater than mAB measure of line segment 4B
< is less than AB ray AB
i iota z conjugate of z
< is less than or equal to E line AB
> is greater than or equal to moABC measure of angle ABC
|Z | modulus or absolute value ZABC angle ABC
therefore/so AABC triangle ABC
since 48| length of 4B
a alpha AB arc AB
Yo beta I is parallel to
¥ gamma a vector a
= implies that A is perpendicular to
o if . .. then or implies || absolute value of x
8] theta o degree
b phi A lambda




Instructions for Preparation of Exam Paper of

Mathematics for Grade-10

» The paper of Mathematics for Grade-10 will consist of 75 marks.
» Objective Type = 15 + Subjective Type = 60 marks.
» Timing of the paper will be 2:30 hours.
» Objective Type = 20 minutes + Subjective Type = 2:10 hours.
» The paper will be made as per following details:
Q-1: There will be 15 Multiple Choice Questions (MCQs)
Objective ,fmn_l the entire content of the textbook. The distribution
is as follows: I x15=15
(MCQs) | One MCQ each from chapters 1, 2, 3, 4, 5, 6, 7, 8 and 10 and
two MCQs each from chapters 9, 11, and 12.
This section contains three short questions. The details are as
follows: 2% 6=12
Q-2: Students are required to attempt any 6 out of 9 short
questions. The details are as follows:
» At least two short questions will be drawn each from
chapters 1, 2, 3, and 4.
Part‘-l: . Q-3: Students are required to attempt any 6 out of 9 short
Subjective questions. The details are as follows: 2% 6=12
e At least two short questions will be drawn each from B
Chapters 5, 6, 7, and 8.
Q-4: Students are required to attempt any 6 of the 9 short
questions. The details are as follows: I2x6=12
e At least two short questions will be drawn each from
Chapters 9 10 11 and 12
This section will contain three long questions bifurcated in |7 w8 = |6
two-parts a & b (carrying 4 marks each) and students have to
attempt two questions. The detail is as follows:
Part-II: Q-5: (a) One long-answer question will be selected
from chapter 1.
Subjective: (b) One long-answer question will be selected from
chapter 2.
Q-6: (a) One long-answer question will be selected
from chapter 3.
(b) One long-answer question will be selected
from chapter 4.
Q-7:(a) One long-answer question will be selected
from chapter 5.
(b) One long-answer question will be selected
from chapter 7.
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This section will contain two long questions bifurcated in
two-parts a & b (carrying 4 marks each) and students have to
attempt one question. The detail is as follows:
Q-8: (a) One long-answer question will be selected
from chapter 6.
(b) One long-answer question will be selected either
from chapter 8 or chapter 1 1.
Q-9: (a) One long-answer question will be selected

from chapter 10.
(b) One long-answer question will be selected either
from chapter 9 or chapter 12.

MODEL PAPER OF MATHEMATICS
FOR GRADE-10
Objective Type ( ))Lfi/)

Part-111:
Subjective:

Ix8=8

Time Allowed: 20 Min. L0 1y
Max. Marks: 15 15 /_IJ

S0 L i eene UL Esz L v Q602 L LD ACBAZNZ L vy 12d -1
o fx:ﬁbﬁvlﬁuﬁ Ud:..::“’p(i./'j; da ﬂi.)%fus}'buyc_. _.g_.é 3/’-54"_.;»).?&/6[.%}':

Note: Four possible answers A, B, C and D to each question are given. The choice which you think is
correct, fill that circle in front of that question with Marker or ink pen in the answer book. Cutting or filling
two or more circles will resultin zero mark in that question.

D C B A Questions/z Uiy LA
2 I 0 — 2= 3
45 25 20 20 I 4 o fimeiprol
What is the discriminant of x* +5x-5=07?
_Jjﬁf)_:c ‘f‘"" g LB e B A =-4) -iii
skew-symmetric| rectangular row symmetric | [f 4= ~A, then 4 is matrix.
Fx | fixoy | fiysx | fixy etelibe —SSEY=X |y
Y A function ffrom X to } is represented by:
. s . g2 15xyz |
2R 3| i
2 2 Lowest form of 15xyz is:
s Vi 22 L, ety P(4-4) | ~i
fourth third second first P(4.-4) lies in quadrant.
—cosf cosd —sin@ sind sin (90° + @)= -vii
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D C B A Questions/ Uy LA~
. . ; 5 :‘L,t'ﬂ.ﬁ‘; Ku{:lid:{riu//b._g -vili
360 270 180 90 The sum of the measures of central angles
of a circle is:
= gt & " £ [urEegfov A e
. " tangents can be drawn to a circle
4 three two one from a point outside the circle.
3cm 6 cm 8 cm 12 cm :?JQ"JJJ;;J‘:Q=20:*:U':6'3T“ ﬁ X
If ¥ = 6cm, @ = 2 radians, then arc length is:
= 8 gﬁ;'{é&a/}:"’g/ €020 | =xi
4 3 2 1 At least how many chords are ?d"_ U
needed to locate the centre of the circle?
cr,,c‘? el b Ll :q_t'/:r;lb..d?d;ifgl/n -xii
variance mode median mean Second quartile represents:
e b e b i 7 |xii
range standard median mean | ppgitive square root of variance is called:
i?df”(Lﬁt;%cjﬁAJU?KP(A) =06/ |xiv
1.6 1 0.6 0.4 If P(4) = 0.6, then the probability of event
A not happening is:
&G L.'J_ELE..QC.JJJ@’JE‘ XV
26 52 | 13 L e
outcomes are possible when we
draw a card from deck of cards.
Subjective Type ())32' &)
Time Allowed: 2:10 hrs. 2"'2:20:_,,3’
Max. Marks: 60 u
60 A F
(Part- Jilo)
2 Write short answers to any six (06) questions: _géglﬁﬁ?.ﬁ;,mr(ﬁ)gc_é =2
@)  Simplify: i EA4 )
(i)  Find the modulus of = SEUB G
(iii)  Define quadratic equation with example. __é..@jiv‘f_fdt‘-’d/& fabs (o saas (1ii)
(iv)  Write the quadratic equation 2x (x+ 1) =4 (2x+ 3) -,ﬁ{}.‘.’fd&zﬂf:’ folr(Gisss (iv)
in standard form.

(v) Examine the nature of roots of equation  3x" —9x—2=0 _“__d__,;fl? K;J;Jujud/_:.«hl/ (v)
A . 9 3 6 )
(vi) Find A~B and B—A. A= = = P SEHFB-ANA-B  (vi)

—4 8 i
(vii)  Find the multiplicative inverse of { 7 2] ,%AA”J:G’Q/‘ (vii)



(viii)
(ix)
3:

(i)
(ii)
(iii)

(iv)

(v)
(vi)
(vii)
(viii)

(ix)

(i)

(i1)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

-P Model Paper

Find f(x)-g(x), if f=x+1,gx)=2x-3 ﬁ-:«;‘i‘r‘}”f(ﬁ'&'(x)

Solve and express the solution on number line: |4,r—9| =3 __i,fu:'/,_,b;‘dwfdﬁziéf

Write short answers to any six (06) questions: ,qu_-.,l_,l_e/ﬂﬁ_-,mr(ﬁ)‘za.éf
Simply: 3 + : ..“é-f/";
xX—-y y-x
Define reciprocal equation with example. ,é'h.fu;/""m’lzﬁdﬁ'tf@l:pu’:a’
Reduce to the lowest form: fi __édé‘uffd;ﬂ?
X —4x-5 - -
Show that ¢ =5i 2 and b=—10i+4jsla=5i -2 S5 =
Q=—10£+4i' are parallel. L
Find a unit vector in the direction of a = §i+%i __ér}"}ggj{lu:c/g!gzgi+%i
State law of sines. -né_lugufﬁ'gopl/
Calculate area of triangle ABC in whicha=6.12cm, b=8.34 cm,c=7.12cm '.u.'.'ﬁérsl"‘.}: ¥AABC
Define “Secant” and draw its figure. _;u&f&’gwg{_@i&id’ﬁ'
Prove that a unique circle can pass through C(3.5).0B(4, 2) A1, I)&@fé{:’qt‘
the points A(1, 1), B(4, 2)and C(3. 5). _f.,l:g;)‘:/’ln};’.ﬂa.uf
Write short answers to any six (06) questions: _ngg,gmﬁ""éa Uy (6)2 .:.Jf
Define tangent to a circle with Figure, ~E IS ud L F
Find the value of x. _"ér;l"‘;.fdrx

Find the area of sector of a circle having central m;sf}d};%f.g{r}",}ﬁﬁg‘ﬁa}b
angle 60" and radius 7cm. Also find the length of the arc. —é’k’LﬁJP}JJﬁ-dﬁ-? em sl

Construct a circle with the help of radius =2em 2,32 J‘i;lé:.,t:a}:)c,uo/uluz cm

and locate its centre by construction. -C{JJJ}'{}L&%M

Draw a circle of radius 1.3 cm  draw a tangent JV_Q,;PHJ;!Q_QJU_Q §U1s1.3 cm

at point P, when P lies on its circumference. _ng,,;gjﬁurj P_;?;L[_'.ff

Find median for the given data: -“‘d:_frsl'"::l.b.—s K:I}’zé_:
102, 98, 95, 100, 93, 110, 108, 104, 97, 96, 92, 101, 99, 105, 107

Find the range of the given data: 15,22, 18, 30, 17, 25 -éf}*‘_“}*‘dgly’ié)

Two coins are tossed together, what is probability .._&1'3,; chu MR- N L»:'I'j Lf...gf_ iy
of getting different faces on the coins. O ”lr(dh?’i?i.ff_,}

(viii)
(ix)
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(i)

(iii)
(iv)
(v)
(vi)
(vii)
(viii)

(ix)

(0]

(i)

(iii)

(iv)

(v)

(vi)

(vi)

(viii)
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(ix)  Two numbers are randomly chosen from 1 to 10, Li;w.-’mﬁm»;uﬂ.’;m,ﬁj 101 (ix)
with replacement, find the probability that both :!ﬁiufﬂfs?':r}”dg" :L,fg_;;‘.'.?.;}@jp
numbers are prime. _Us A

(Part-II (os.2)

Note: Attempt any two (02) questions. _._J ezl e G,J’ WLy
ES @ rw=11-i, @-Dz-w=-1+idLwazusbe s () S
=H (a)  Solve3z+(2+)w=11—-i. (2—i)z—w=—1+4i with complex coefficient for w and z.

e d S un Gl R 1204k =0l Sl (L)
(b) If the equation x” +2(1+k)x+k” =0 has equal roots, then find the value of k.

3x+2y=2 -
6: (a) Solve by matrix inverse method: * 5 Y - :ép&..‘é{)ﬁhgjﬁ'uﬁ“ (1) -6
x=2y=—

~sxr 2, ()= (f @)= () =x EGE (D

E ¥ L S P - (v} = x-4 =)
(b)  Verify £(f'(x))=7f"(f(x))=x, where f(x) s 2.
7. (@  Solve: 4279 _9.2% +1=0 ESF
(b)  Solve the triangle ABC: c=Tem, B=34", y=64" EfaBcas (L)
&
(Part-III ()
Note: Attempt any one (01) question. _Eg,_‘_,lj:bfdfr\_gg;_éf Wy

~E el Co 3 AL ATt oS3 ABCD St (2, 8) 416, 3) (1, 2) o2 Plstssdl DaiBA - (1) -8
8: (a) The coordinates of A, B and D are (1, 2), (6. 3) and (2, 8) respectively. Find the coordinates

of C by using vector method if ABCD is a parallelogram.

(b) A factory produces rods with lengths (in cm).-<— d/:_L}‘Jf S Wikl ,:?LQ (>)
50.1,49.9,50.0,50.2, 49.8
check consistency using standard deviation. -é-fébJ:.;— LELEZ.JUL*:’JE/Jy:IUJ?

_uxi;_'__,:ﬁ}rf. 30'% u_jf.‘{jb’smlé.t:afI:KJwLS em (1) .9
9: (a)  Draw acircle of radius 1.5 cm. Draw two tangents that meet an angle of 30",

_gﬁ—rsh'dﬂz’!b/i_./flplUiyfﬁlxlg)ﬁ&_g-é‘fgjb..guj}iu ()
(b) Two dice are rolled together. Find the probability of getting a same number or sum of faces as 10.
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