ALGEBRAIC MANIPULATION

P H.CFand L.CM

P Basic Operations on Algebraic Fractions
» Square Roots of Algebraic Fractions

After completion of this unit, the students will be able to:

» find highest common factor (HCF) and least common multiple (LCM) of algebraic expressions.
» use factor or division method to determine HCF and LCM. ,
» know the relationship between HCF and LCM. =

» use HCF and LCM to reduce fractional expressions involving +, — X, +

» find square root of an algebraic expression by factorization and division.




3.1 HIGHEST COMMON FACTOR (H.C.F) AND LEAST COMMON
MULTIPLE (L.C.M)

3.1.1 Highest Common Facior (H.CF)

'Tﬁe'highest commbn factor of two or more algébraic expressions is the
~ expression of highest degree which divides each of them without

remainder.

I B The abbreviati_on of t_he words highest common factor is H.C.F.
( We can find the H.C.F of two or more than two algebraic expressions
) by the following two methods:

. (i): Factorization
= :L .
3 S (ii) Division
1 H.CF BY FACTORIZATION METHOD:

Me;hm:l_of finding highest common factor by factorization is explained
by the following examples:

 EXAMPLE-1
_. Find the H.C.F of :_1_’:2:p3q'2, 8p2qr3-and ap’g’r
e




EXAMPLE-2
Find H.C.Fof 2x” +3x+1, 2x’ +5x+2 and 2x* —x—1
SOLUTION:
Factorization of 2x?> +3x+1 = 23> + 2x+x+1
= 2x(x+1)+1(x+1)
= (2x+1) (x+1)
Factorization of 2x? +5x+2 = 2x° +4x+x+2
= 2 +2)+1(x+2)
= (x+1) x+2)
Factorization of - 2x* —x—1 = 2x* —2x+x—1
= -1+ 1(x—1)
= @2x+1) (x—1)
Common factor = 2x+1
Thus HC.F = 2x+1 .

EXAMPLE-3 .
Find H.C.Fof  24(6x* —x’ - 2x*) and 20(2x® +3x° +x*)

SOLUTION: Let P(x) = 24(6x* —x’ - 2x? )
= 24x°(6x* —x-2)
= 24x* [612 —4x+3x— 2]
= 24x [2x(3x - 2)+ (3%~ 2)]
Pix) = 24X°(2x+1)(3x—2) = 2 x2x3xx’(2x+ ) (3x~2)
Also let Q) = 20(2x° +3x° +x*) '
= 20x* [2x2 +3x+ I:l
= 20x* (23 + 2x +x + 1)
= 20 [ 2x(x+ D+ 1c+ 1) |
=20 (x+1)(2x+ 1)
=22 x5xx? xx e+ 1)(2x+1)
Common factors = 22 x x* x (2x+1)
Thus H.C.F = 4x? (2x+1)
59




EXAMPLE=4
Find H.C.Fof x*—4, x*-7x+10 and x*’ +x—6

SOLUTION: Factorization of x*-4 = (x-2) (x+2) |
Factorization of x> —7x+10
=ix’ —5x—2x+10
x(x—-5)-2(xx-5)
(x=3) (x—2)
Factorization of x?+x—6

=x’+3x-2x—6

= x(x+3)-2(x+3)
: . =x+3)(x-2)
Common factor = x—-7 '
Thus HCF = x - 2

EXERCISE-3.1

L o IS
|" ’-";ﬁ*—#.hﬁ-”?ab@ 8a’be, 6ab’c

7R M) 4 6. 6
3 ?y ) x}._y y X _y
ety = 2 j- % M




H.C.F BY DIVISION METHOD

In order to find the H.C.F by division method, arrange the given
expressions in descending powers of the common variable.

Divide the Iarger degree polynomial by another one. Get the remainder.
Take the previous divisor as the dividend and this remainder as the
divisor. Divide and get the remainder.

Go on repeating the process till we get zero as the remainder. The last
divisor is the required H.C.F.

EXAMPLE-1
-Find the H.C.F of ( —x’ +x—1) and (x’ - x* —=3x+3)
by division method.
I
X —xex-11x -x*—3x+3
- Fx’+x =]
—4x+4 =—-4(xx-1)

SOLUTION:

Now dividing- —4x+4 by —4, weget x—1
X2 +1
x—11e —x?+x—-1

—% Fxl
x—1
—xF1
0 i
Thus HC.F = x—1

Remember that:

H.C.F is not affected by multiplying or ciwudmg the polynomlals
with any number during the process of finding H.C.F.




'EXAMPLE-2
- Find H.C.F of 2x’ +6x’ + 5x+2, 5x’ +10x’ —3x—6 and
Sx +6x2 +2x+4
'y sownom b 5
20 +6x7 + 5x+2 |52 + 108 -3x—6
e e 0 o
10x’ + 20x% —6x— 12
+10x° +30x” +25x+ 10
—10x% —31x-22

Now dividing — 10x* ~31x~ 22 by “I', we get 10x’ + 31x + 22

x=1

TR I&x’+3lx+22 |2x’+6x2+5x+2
o , x5
M 2 e 10x* +30% +25x+ 10

4108 + 307 £ 22x
e —x? +3x+10
{4 — 10x® + 30x+ 100
 FI0x* F3IxF22
% 61x+122




" Now 3x’+2

x+2 133 +6x7 + 2x+ 4
+3x’ £ 6x
2x+4
+2x+4
0

Thus HCF = x+2

EXAMPLE-3

If x—a s the H.C.F. of x> ~x—6 and x’ +3x—I8 then find the
value of a.

SOLUTION: Clearly, (x — a) divides both x*—x—6 and x* +3x-1I8,
S0 x = a makes both polynomials zero.

ie. a’—a-6 =0 and a’>+3a—-18 =0
a’-a-6 =a’+3a-18
4a = 12
a =3

Divisor
A polynolmial D(x) is called a divisor of a polyn'omial P(x),if
P(x) = D(x). O(x) for some polynomlal Q(x) ¢ T

For example: G " 'Q__}_”f;',}-.f._{,?., ‘
Let P(x) = (x—2) (x+3)and D(x) = x-2, .m'*;“-".__-:i'ﬂ.'i"’;
then clearly D(x) is a divisor of P(x) .. oy
Since P(x) = (x—2) (x+3)

= D().0k). where Q)= x+3




__FXERCISE —3.2

Find the H.C.F by Division Method.

L x*+x%+1, X'+ +x+1

2. 6+ —9x+2 , 8t +6x° —15x% +9x—2
3. 47 +2x% —6x,4x’ - 8x+4

4 X+7x%+12x , X —2x* —15x

. N X —x il x4+ 2x—1

6 —xz—x.—Z X’ +3x°—6x— 8

T J‘c2+3x—4 oo 2o 73

8. 3x° 14X’ +9x+10 , I5x’ —34x’ +2Ix+ 10

9. X'+ X+ 442,657 +5x7 +x, '+ P+ 2+ 1

10. P +x°—5x+3, °-7x+6 , X’ +2x* —2x+3

3.1.2 Least Common Multiple (L.C.H)

The least common multiple of two or more algebraic expressions is the
expression of lowest degree which is divisible by each of them without
remainder.

The abbreviation of the words least common multiple is L.C.M.
We can find the L.C.M by factorization method:
LCM BY FACTORIZATION:

-
“

) 1

—_
—_—

T

Tﬂﬁﬂﬂ L.C.M by factorization, consider the following examples:




EXAMPLE-1 _

Find L.C.M of 12p’q’, 8p’qr’ and 4p’¢’r
SOLUTION: - o
Factorization of 12p’q? =[2|x[2]x 3 x [p]x

Factorization of ~ 8p°qr’ =|2{x{2|x 2 x/p|x/p| x

Factorization of  4p’q’r=12)x[2/x/p

L.C.M = Product of common factors X product of uncommon factors
= (2’ xp’xq’ xr) x (2x3><pqur )
= 4p q rxdpqr
= 4xo’xp2 xquzxq'xrkr.""
LCM = 24p°¢*F°

Remember that:

Common factors are not repeated whlle taklng product of
common factors.

EXAMPLE-2
Find L.C.M of 18ab’c’, 6ab’c’ and 24ab’c’.

* SOLUTION:
Factorization of  ]8ab®c’

Factorization of  6a’bc’ =
Factorization of  24ab’c® =

Thus L.C.M = Product. of common faetors_ x product of unco_mmen_,faet_ors- "

—(2x3xaxb2xa )x(2x2x3xa) ; . T _
-(6ab2 3)):(120) , TR A ;'

LCM. = 712a°b’c] ' : e .«‘,st T



EXAMPLE-3 .
Find L.C.M of x*—49 and x* —4x-21

SOLUTION: - e d9o = x =72

1B

_ _ (x=7) (x+7)
| B el T R e Y,
i = x(x—7)+3(x-7)
t : ; = (x-7) (x+3)
: ' -Commbn factor = =x-7
- Product of uncommon factors = (x+7) (x+3)
y L C M = _Pmduct of common factors x product of uncommon factors

(c—7)% (x+7) (x+3)
= (x’=77) (x+3)
= (x* —49) (x+3)
LICM =¥ +32% 4% — 147 .

e e T

l'-'XERCISE 3.3

2870 2 346, 5%
4. x’ Yz, 'z, xyz’
E, LIRS K il

(3 b +64 x"
3.

y -9, 0*3)2 J’ +y=6
ufloﬁxz ygfx xj :’_. '\fj x -"y
| 1 1. +y“’}'q§"% ¥, 24y
RO Yo fouben




3.1.3 Relationship between HCF and LCM

If A and B are two a!gebraic' expressions and H.C.F. and'LC M of

these is represented by H and L respectively, then the relatton among
them can be expressed as:

- |4dxB = HxI]
It is called a formula between L.C.M. and H.C.F.

PROOF: Suppose that

A B
—=x and —=y
H H
A= FHr RO SNA)
B = Hy o S =S Sl))

Since there is no common factor between x and Y- .

. Therefore L= Hxy

HL = H(Hx.y) (Multiplying both the sides by H)

= (Hx).(Hy)
HL = AB.
i Important resulfs:
AxB
B : .
@ H ="A';_ - e
(i) 4 5 H; .

find L C M.




EXAMPLE-1

G M and H.C.F of two algebraic express:ons is 2x+1) > -1

 and (2x+1) respectively. If one expression is (x—1) (2x+1), then
~find the other.

TN, L= 5+ =)
H = 2x#1
A= G-D) 2x+D)
B=lo"
.Wehavethat AxB = HxL

HxL
A

B =

_(@x+1) 6P =1) (2x+1)
(—1) (2x+1)

_(2x+DE+1) x-1)@2x+1)
(-1 (2x+1)

B = (2x+f)(x+1)

x’ +2x-3 m
(il __‘-x“:l:.?x +2x?
¥ el i--.-z?xz-—.{x-wﬁ.d s
. FXzat6

: N0 Lo

Bl ok



EXAMPLE-3

Product of two expressions is x* + 3x* — 12x? - 20x + 48 and their
L.CMis x’+5x* - 2x~24. Find their H.C.F.

SOLUTION: Given that AxB = x* +3%° ;'12x2~20x+48 :
L=x+5"-2x-24
H=7 : :

LxH = AxB

AxB
L

H =

X +3 17— 20x+48

H= :
45 -2x-24
x=2 _ :
x50 =224 |x! + 3] — 12x7 — 20x+48
R s e S Dy e P

~20 - 105 +4x+48
CF2 107 2 4xt48 .
R s ¥ O 3 " :'. 4




[ XERCISE — 3.4
~ Find the H.C.F and L.C.M of the Following.

Ly +x+ 1, Pexlx=1

20 =312, x3—x —4x+4

Y AT, 2P s

4 65 +7x° —9x+2, 8x‘+6x =155 +9x-2

5. 3t w17 + 27 +7x—6 , 6xF + 75 —27xF +17x -3
6. 2" +3x° — 13 —7x+15 , 2x" +x° —20x7 - 7x + 24
1. x‘—;:’—_-"x+l Mot =x—1

8 x4l +x+l, x4’ —x-1

Find the Required Polynomial.
9. A—x—-5x 14 H"‘J: 7, L =x-10x° +Hx+70 B =2

10. B = 3x’+1,4x+8 H =3x+2, L= 65 +25¢ +2x 8. A=2
B | The product of two polynomlals and their L.C.M. are

x!+6° =3’ —56x 48 and X’ + Zx — LIx—12 respectively.
Findtheir H.C.F. :
12. The prodqctoftwo poiynomlals and their L.C.M. are

e e I7x+12 and x’ +6x% +5x—12 respectwely
F’rndthe.rﬂ CF

-



3.2 BASIC OPERATIONS ON THE ALGEBRAIC FRACTIONS
3.2.1 Addition and Subiraction of the Algebraic Fractions

Addition and subtraction of the algebralc fractions are explamed in the
following examples.

EXAMPLE-1

2 2 S
Simplify x2+3x+2.+ xz -5x+6 5 xz +x—06
xX=2x-8 x*-7x+12 x‘—6x+8

X’ +3x+2 x’=5x+6 X+x—=6

SOLUTION: —; - =
x*—-2&-8 x"-7x+12 x"'-6x+8

X t2xex+2 i X’ =3x—2x+6 g X~ +3x=2x—0
x? =g+ 2x— 8 x? —4x—3x+12. x*—4x—2x+8

GE+)@tl)  G-3)E-2)  G+I)(x-2)
961D G-9a-Y  G-96-2

x+1+x—2_x+3 . :
x—4 x=4 x4 : FSTE LR E Y ca, 0

x+1l+x—2-x—-3

x—4
x—4
 x—4 —_]
s ot ity Al
Remember that: \ : e R
~ () In the algebraic fractions, the nume‘yﬁtpﬁ%@ﬁdemmiﬁﬁt‘? a
are polynomials- A : (R SAR : *

lowest terms.




EXAMPLE-2

atb e ab

rr

o =

: — + =
a+ab+b’ a-b a’-b

I ab

_(a-b)(a+b)

- + -
a’+ab+b? a-b a’-b°

+1(@’ +ab+b’)—ab

a ‘__

a’ ‘-bs,'
2_b’+a’ +ab+b*—ab

a-b"

202 1

. 0#0, S#0.

b




EXAMPLE-1

Simplify

SOLUTION:

= (a+c-b)(atc+b) (-I)[bz—(a—c)z]

b’ —c?—a’+2ac b +c? —a® —2be

2

b’ —c? -a’ +2ac  b® +c? —a® -2bc

X
+a’-b*+2ac o —b% +c? - 2ac

2

b’ —(c? +a’ —2ac) (B’ +c? —2bc)-a’

X
S +a’-b'+2ac o’ -b® +¢% - 2ac

(? +a’ +2ac)-b*> ~ (@’ +c® = 2ac)- b7

b —@=cf T

(a+c)2 -b®  (@a-c¢f -¥

[bz —(a —C)z] % (b—c-a)(b—-c+a)

-(b—c-.a)(b—c+a)
(@a+c—-b)(a+b+c)

_(atc-b)atb-¢) _a+b-c
(a+c—b)(a+b+c) at+b+c

EXAMPLE-2
Simplify

SOLUTION:

a-b - a’+ab+b’

a'-b! d’+b

a-b  a’+ab+b’

by v
g’ =b’

a’ -b’ a’ +b’

a ki

a'-b' " a’+ab+b?

a+b?

¢ 48 (a—b)(a2-+'ab+b2)'x
@ +b*)@+b)a~b) a° +ab+b’

et
: atb




E XERCISE - 3.5
2 3
< it Y
a a+l a+2 :
s 2a g - 2
| T ) 7+
: (x—2a) x°-Sax+6a’ x-3a o

ey
'a+1 ol =] a7

P s st T

LS, el a4
R T R e e

o ey ey
 (a+b)(a+c) w+qw+w (c+a)(c+b)

-I'I__ LA s
x+l xix+l X-x+]

2 1%y 12
a —ab+b
+ (

x-y x +y’

+yz x(x-i-y) x

x3'+8 i x2+x .
"-+4x’+16 x’+2x2+4x




3.3 SQUARE ROOT OF AN ALGEBRAIC EXPRESSION

We can find the square root of an algebraic expression by

(i) FACTORIZATION
(i) DIVISION

3.3.1 Square Root by Factorizafion Method

By this method we find the square root of the expressions which can
be expressed as a complete square.

For example:
2 2 2
x*t2xy+y° = (xty)
or x‘x2xy+y’ = [i(xiy)]'?

or Jx't2gp+y’ = +t(kxty)

Therefore, the square root of an algebraic expression consists of two
expressions which are additive.inverses to each other.

EXAMPLE-1

Find the square root of 49x” +112xy+ 64y’ by factorization.

SOLUTION: 49x° +112xy +64y”
=( ?x)z +2(7x) (8y) + (éy)z
= (EhS s
995> + U2y + 64 = [(7x+ &))"

Taking square root of both the sides, we have

J497 + 112xy + 64y = +(Tx+8y)

75




. EXAMPLE-2 3 Bl
Find square' root. of (Er":nf--.;,l—f)--l-‘m(.i +1)427. : o
 SoWmON: Let x+% =z, '
R £ LS IR I g
b SRy 1 ]2 . t #53 .
/i f i : (x.+ = )2 =z (Squaring both sides)
e b Fl’_;E’:’i‘-f’E','; PRSTIE LSS 3 T 100 ¢ At
: 4 . BNT - x5 x2+i+2 ;—-:..Izz
el
e -(12'17:;)+10_(x.+;)+27 =2 -2+10z+27
_ = 24107425
R
S T S T [Fuﬂfng z= x+i:|
A AT = aay --', i e { % TR x
WiE 1.-' =




EXAMPLE-3
Find square root of x(x=1)x—-2)(x—3)+1

SOLUTION: x(x~1)(x~2)(c~3)+1
= xE-3)] [(x—f)(x—2)1'+f'
= [#-3] [P e 2]0d
Put x*—3x =z
-x(x—f)(x—z)(x—s);; - ;¢+2)+1
=z 4+2z+1
; @+17
Now put z = x* —3x
xa—'z)(x_—z)(xl—s)_u = (x’ =3x+1)
'=.[i(x2535c+1)]2 | ‘

Taking square root of .botfr-the s:des we get

R Jx(:g-—l).'(x-_~2)(x—_3)+1 = +(? -3x+l)

n




| E‘KAMPLE-4

Flndsquare rootof (— y) 4(—-—-—) (x;co y+#0)

SOLUTION: Let “:}

=z"'  (Squaring both the sides)

+
- [*e
Ak

b

]

4]

£ ' : . A 9
"."-ji;'.: e ) 7 +—'— — z°+2

e
(y_ “?z+2) 4(-—;

22424242

b




3.3.2 Square Root by Division Method

We explain the method of finding the square root by division method in
the following examples.

EXAMPLE-1

Find the square root of x*+y + 2%+ 2xy+ 2yz + 2xz

SOLUTION:

2x+y

2x+2y+z

X+y+z

Xt +2xy+2xz+ 2yz+ y  + 22
+x-2 *

2xy+ 2xz+ 2yz + y° + 2°
* 2xy +y?
2xz+2yz+7°
+ 2xz & 2yz + z°

0

Required square roots are +(x+y+2) .

zi.e 2x+2y+z.

We get the quotient X+ y +z and remainder zero.
Thus *(x+y+2) are the qu|f&d--5quare--[99t8.- > o _

(i) Write the given expression in desdedding. order.
Take square root x of the Zst term x°. .
On subtraction, remainder is 2xy + 2xz+2yz + y° +z°

(i) Multiply 2 times fhe quotient x by y, which is equal to the
Ist term of .the remainder. Therefore by dividing the
remainder with 2x + y, we get the new remainder

- 2xz+2yz+ 27 and x+y as quotlent whlch are the Ist two .
terms of the square root. ' >

(m) Divide this remainder by sum of 2 tlmes the quotlent and

e

7




" Find squars root of *(x” - % P o126 - % )+36

SOUTION: (* ~= F ~ 12 27+ 36

: = +i—2 12¢ +12 4 36°
i 2o f x°

x‘-—!2x2+34+%+—1‘-
-' x° x

(Writing in descending order)

-.‘,. 2 = : | x?.—6—i2

- 2 <

o R ey

12 I
Biig)
.-:t;‘

R 2’ -6. —12x2+34+12 I‘

_x X
| oFi2e36
“fimiat ) 12 1

. —2+— e
G - E0 x‘+x‘

Faes

]




EXAMPLE-3

For making x* — 12x’ + 217x+320 a complete square,

(i) What should be added ? (i) What should be subtracted ?
(iii) What should be the value of x ? -

SOLUTION: X —6x—1I8

x| x! =126 +0 +217x + 320 .
+x!
2x? —6x —12x +0x% + 217x+ 320
T 12x° +36x°
2% -12x-18 — 36X +217x+ 320

T 36x° +216x+324
- x—4

(i) By adding —x +4, the expression ‘will be a complete square.
(ii) By subtracting x —4, the expression will be a'compf_ete squafe.

(iii) If x—4 = 0 i.e x = 4 then the expression will be a complete
square. '

EXAMPLE-4 ‘
For what value of (. and m the expression
4x* — 12X + 25x* —tx+m is a complete square, where x+0

SOLUTION: os2
22 | =12 +25¢ ~bx+m
+ 4x*
4x? —3x — 12 +25%°
|6 sl F 12205 | X
4x’ —6x+4 165° —tbx+m
— 16 $24x£16 _
(=b+ 24)x +(m— 16) Remamder . B

/81



The given expression will be a complete square, iffor each value
of tandm, the given expression (—t + 24)x +(m —16) is zero.

It will be possible only if:
—L+24=0 and m-16 =0
Lt =24 and m =16
Thus fort = 24 and m = 16, the expression will be a
complete square.

[ XERCISE — 3.6

Find the Square Root of the Following.

L 165 + 240y + 95

2. (5 —7x+12)(x> —9x+20) (x* —8x +15)
SoELE (e +8x+ 7)(2x% —x—3)(2%° +11x—2I)
4 D E)(+6)+16
(2x+1)(2x+3)(2x+5)(2x +7)+ 16

R b 5

9 (xiq.i-)_ 10(x+ 4 )+27,x#0
e >

| 7 ¢-2p-au+)+s020

oL gL v 12,520




I
l.

Review Exercise-3

Encircle the Correct Answer.
Product of two expressions
L.CM

(8 HCF
¢ LCMx HCF

=7

(b) LCM
(d LCM+HCF

. The number of methods to find L.C.M are:

(@ 0 () 1 (2 i
The number of methods to find the H.C.F are!
(@) 4 (b) 1 e 2

H.C.F of 12pq, 8p’q is:

(a) 4pq () 4p’°q° (©) 4pq°

H.C.F of 2% +3x+1, 2P —x=lis:

(8) 2x-1 ) 2x+1 () x+1I
H.C.F of 6pgr, 15grs is:
(@ 3qr (b) 3pgr (€) 3pgrs
L.C.M of 12047, 8plis: .
@ 24pq’ b) 24p’g © 240°q°
Product of two expressions =
(8 HCF () LCM )
() HCFxLCM , (@ HCF+LCM
Product of two expressions _

HCF %
(@ LCM (D) G
0 ' (d) LCMx HCF

Fzrst Expressmu

{a) second expression

e Ak By f..urr.‘m-.,; 14"'

(@ 3

(@ 3

@ 4p’q

@ x-1I

(d 15pgrs )

@. 120°q

.

'fi.l:lx_u i |

YAy &Y

o TS

™ L




e hils| e

-
=
— [~
=
-,
o — . I
"
B
=
i

ic expressions is the expression
ch of them without remainder.




