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UNIT . DSESag

ALGEBRAIC FORMULAS
AND APPLICATIONS

» Algebraic Expressidns_

D Algebraic Formulas
p Surds and their Applications

P Rationalization
A ﬁer completion of this unit, the students will be able to:

» krow that a rational expressmn behaves like a rational number.

» define a rational expression as the quuttem p( )

is not the zero polynomial.
» examine whether a given algebraic expression is a
» Polynomial or not. « Rational expression or not.

» define : e j as a rational expression in its lowest terms if pﬁc) and q(x) are polynormals wnth

of two polynonnals px) and q(x) where q(x)

integral coefficients and having no common factor

» examine whether a given rational algebraic ¢ expression is in lowest form or not.

» reduce a given rational expression to its lowest terms. . ;
» find the sum, difference and product of rational expressions. ' ‘

» divide a rational expression with another and express the result in its lowest terms.

» find value of alglebranc expression at some partncular rea] number.

» know the formu

@+’ +@-b) ~2(a1+b ) @b b e
. Fmdl.hevalueofa, +b mdofabwhenlhe\ra]ucs ol'a+banda barehlm
» know the fonnula .

(a+b+c) -a +b +c +2ab+2bc+2ca
« Find the value of a” +b° +¢ whenthevnluesol'a+b+cmdab+bc+calmgwen.
-Ftndtheva]ucofa+b+cwhenrhevaluesofa +b +cmdab+bc+mueglm

: .Fmdthevalueo{‘ab+bc+cawhcnlhevaluuofa +5° +canda+b+cmgl\"en.
»knowthe formulas W IOUNTIE S SR
(ath) —a’t.’:‘ab{n:l:b)tb a £b’: (aib){a q:ab+b) S ol 2 | E R
« Find the value of a’ ib whcnlheva!ucsofa ibandabuegveu. : : S
= oFmdl.hcmnnuedproduc!of(x+y)(x y}(x +xy+y ){Sr .vg.--i-y)
» recognize the surds and their applications.

» explain the surds of second order. Use basic operations on surds of seeondorderﬁo riﬁ“omalme
the denominators and evaluate it. .

» explain rationalization (with precise meaning) of real numbers of the types—
their combinations where x and y are natural numbers and a, b are mtag;m

1}
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1.1 ALGEBRAIC EXPRESSIONS

Algebra is an extension of arithmetic. In algebra, we use alphabets

such as g, b, ¢ to stand for constants and x, , z to stand for any
numerical value we choose.

Ah.algebraic expression involves numbers and letters together with

operational signs such as +,—, %, + . The signs + and — separate an
algebraic expression into terms..

Example:

ax + by i consists "of 2 terms
; 3x-2y consists of 2 terms
ey : 9;_:2 —7xy+7y°. . consists of 3 terms

Xy consists of / term

The numbers a', b, 3, 2,9, 7, 5in these expressions are called
coefficients, while the letters x, y are known as variables.

An algebraic expression is of three types.

" (i) Polynomial (i) Rational (iii) Irrational

A polynomial of degree » in variable %’ is defined as:
- P(x) = a;x" +a, i gy, x5t +..+a;x +a, x*+a, x+ay,
where n’ is a non-negative integer and a
are real numbers, where as a, #0.

";a"_;,an_ 3 eeg a ,'az,aj,a
“n-2 3 0

As the highest power of the variable x’ |n this polynomial is ’,
therefore this polynomial is of degree n,

1.1.1_ Rational Expression

- We knpw that a number of the form

;i =,9#0, p, gez is called a
rational number.

b 15



An expression which can be written in the form AL ,O(x)#0,

O(x)

where P(x) and O(x) are polynomials in %’ is called a ratlonal

expression.

For example:

2 3

. +1 o X +8 2% £3x+3 3 x+1

(i) gl (ii) : ) ——— W) —
x+x%?+3 x+1 (& X2 +x+2 ) x +2x+3

are all rational expressions. The rational expressions can also be
added, subtracted, multiplied and divided like rational. numbers.

Rational expressions are of two types.

(i) Proper Rational Expression
(i) Improper Rational Expression

Proper Rational Expression:-

()

A rational expression — Q(x);to in which the degree of P(x) is

less than the degree of Q(x) is called a proper ratronal expression.

For example: YT S0
x+1 3x" +4x°+5

X+3x+7 " LT

Improper Rational Expression
P(x)
O(x)

either equal or, greater than the degree of Q(x) is called an 1mproper
rational expression. For.example:

: A rational expression ——,0(x)#0, in which the degree of P(x) is

s AR IRREA TR [

o x4 P +dxa 9 v w11 s oniEs Gl
X R R N At x—1 : 110 -8“-"'!7"33'
3
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113 Examine a _Givep_ﬂlgel;mit Expression

Let us consider the following:
2 -_. _‘_ ; : : i s " m } ; ‘ -
() 2243549 () x+5 (@) x++l @)

! (') énd (ii) are Polyﬁomia!e but (iii) and (iv) are not polynomials,
_ because in (iii) and. (iv) the powers of the variables are negative and
o rational numbers

Conslder the following as wéll:

&~
+
—

® 23

: (ﬁﬁl P97

R AR

.-_'"""I) .“mllr gy . B
! ‘:ﬂﬁ’?""‘ﬁ‘*" ‘f‘“"‘“ Sigray

(_f)hand ﬁx) are rational expressions, but (iii), (w) and (v) are not rational
[ ions, bemuse the powers of the variables are not integers.

" '.-_are polynom:als where B,C =0, ﬂ\en“;—g s %_ '

(whidt is, the ﬁmdameulaf prim::p!e of fractions)

 fraction to its lowest terms. ~
rms, when the numerator'and




EXAMPLE  Find the lowest term of 8’ J’ .

_ 5 wl2xyr
SOLUTION: S
8’y? » 2% 4xy?
= szyS 3y3'4xy2 |
3y’ '

Thus to examine a rational expression in lowest terms, we first
write the numerator and denominator in factored form and then
 use the fundamental principle. of fractions to obtain,

b'-a’  (b-a)(b+a)
b’'-a’.  (b-a)(b'+ab+ad’)

. b+a
b’ +ab+d’

1.1.5 Reduce a Rotional Expression fo its l.lowes!h"ferms‘

"EXAMPLE ' Redlce fo lowest ferms:

o 320y o 2-x
_— (10 L e A ;
(@) —4x2y,g : () 3x2_5x_2\ .‘.
sowmon: ; 32’y DRI o
' @ —-4x3_'y_?_-- A ()  3x% —5x— 2 LS
3 2 ' = S e
__ﬁz'_‘”c.jy_’ 3x2'-'6ft,-_!-x—.2 A

o DA e 2)+1(x 7

- = ..




. ﬂerance und Produd of Raﬂonal Express:ons
um, difference and product of rational expressmn with’

L _xzf'___-'l ‘T LARIR L SR et 1 ._ v el

Xt 78] _';;x+2 y
X - 3x+2 x’ 4x+3

J]

.Kf;".i+1 _-Euqm+2
' xz—Zx—x+2 x> —3x—x+3

'“x+2




- I Rreli = |

o 2l G e |

X HT S e I R : R 1
242 SN e

(‘x+1)6x2 x+f) (I ‘Ij)ﬁ"‘*‘_l)q . | o

Nrer x(x’—x+1')_ =
; (x+1) (x-1) 67 —x+1) 5

X ade—x—2+x —xix * et

' -1) (3‘2—5;‘!:;1). I e l

. . 2L IR - Tl AR
== xj+2x 24 : 'f_ 4N 4 ‘d-:_
X G A 4
| s R e o :
o ‘); +2x—2 ) bty i e U . 3

x"—.-x3+x.—1" ..”r\l ) -:.

: . & St e “.;{"Iﬂ o g 3 % -:
EXAMPLE-2 : G 1Ee sdlendnl ’b‘-?".‘ :,4;: ‘-a.;, “:r
Solve: '

| S g SIS 3y
1 = - L el
() J:2 "4_ x+2 . ' .'l
gl B, -
11 —_— - — e
| (i1) o ; .

SOLUTION: (i)



e

. 3 xg = 4

'__ x+3—x2 +3x—2

Sy I

-




1.1.7 Division ofu Raiionul Expr‘essimi'l s,

x(x+1) (x—-}) ‘-:_.'-ffi"‘_‘ Ly Sl g o

TR e e

Sior e 43 | .. :

e 72 éx—f
1] - 2 1 L
W e PR

L2 GraDii iy
=D G+ 4T T

o x R Lo ' g
ox+1 g -3 7 el

and denominator.
EXAMPLE '
Simplify: '

x’.QZ‘x
(.?)I-_.\; x+1 T x’

i




/
o g x+2 : : oL

B 1, 1o
BT X 2x] L - *-
{4 3x 1 1-3x ¢

B : Ty R \ _
S U3l ) ) .
' EES 1-3x -
S 2y, [ . A
B _ e o -
P e |
- A . =06x-))

::'I#-%ﬁnm};n—g 0

N P I S =V



EXAMPLE-1 o IS YRR

e=

If Pa)=4x'+3x* —Sx+ L thenfind () =

SOLUTION:  Given: P(x)=4x" +3x* - 5x+1

P(-D)=4(-1)' +3(=1)* = 5(~-1) +1
=4+3+5+1 s '

=13 o U
EXAMPLE-2 i ' e

7 il

251 R
If P(x):%, then find P(1)

= ‘ 2 "= E . .'-‘ - -'_ ‘...:,I_
SOWMON:  * = . Pe)= X tO S e

x +8.

2.0 o e
p(y-E=3W+6_1-5+6

P+8 - 1+8

A s e




Muu tlle glven mionnl oxpmsions to Iowest terms.

&Jy , e )
sz"y R e e TR

- 27m’x 36m

i Fo el
3-f : 14

By ."li23+yl TR X rx-2 x4+l

el AR SRR 8. 187 2xi3y
e IR e -9 -3

Xty Zan X
w4yt X -xy

.»5x-_‘+' 12—21??'1 _ 6
=9 177 3




1.2. FORMULAE:

A formula expresses a rule in algebraic terms, its plural is forrﬁhiae.

‘1.2.1 Formula 1
(@a+b)f +(@-bf = 2(a* +b*)
Proof: LHS = (a+b)’ +(a-b) |
= a’ +2ab+b* +a’ = 2ab+b?
= 2d% 428
= 2(a’ +b%)
= RHS

Formula 2
(a+b} —(@—bf = dab
Proof: LHS =(a+b)’-(a=b)> = . . .
=@ +2ab+b’)-(@’ —2ab+b*)
= a2+2ab+b”-a2+2_ab-l;2 RS
=dab g
= RHS &

EXAMPLE-1. - - <

'~ Find the value of a* +b? when a+b = 8 and ab = 12 .
SOLUTION: Given a+b = 8 - Wiy <
R CET AN S 3
v 2ab bt =64 |

R R I B T I o

=64=2(12) wab=12 - __

1@ B S U0NS S

=S i




," , r Wy e L

smlmou e ' *
.  (@+b) —(a-b)’ = 4ab
b , ', (9)2 (3)2 4ab
: ' 81-9 = 4ab
| dab =72
23 = il .
Ve - 3 3 » ] i 4 E
s ab = 18
a2+b’+c +2ab+2bc+2ca |

Put p=avb

 LHS = (a+b+of = (p+of

Dt =Ip{+ 2pc ol
_(a+b)2+2(a+b)c+c | (wnerep=as+)

2ab+b2+2ac+Zbc+c

e R o b e b g




EXAMPLE-4

Find the value of a+b+c when a’ +b% +c? = 100 and
ab+bc+ca = 22 :

I\
o

SOLUTION: We have .
(a+b+c)2 =a’+b% +cf +2ab+2bc+}!(:a e : i
=. (@ +b% +cf )+2(ab+bc+ca)
2100‘]‘2(22) . |
| RESULTS ;
=100+44 . '(i) - xlz: = a_z: -.'-:. :
(a+b+c)f =144 . |EEEE a, |
(@+b+cf = (12) ) S _ o
a+b+c=%12 x -i\/— 8
EXAMPLE-5
Find the value of ab +bc+ca when a +b2 +c = 36 and
a+btc =8 - ot
SOLUTION: We have Mg n ST L e

- (@a+b+c) =a +b2+c +2ab+2bc+2€a

; : F
. 8% .= 36+ 2(ab+bc+ca) _ ey

" 64—36 = 2(ab+bc+ ca)--

. 2(ab+bc+ca)=28

ab b ;"g i (Dwidmg by 2 on both std‘as)*
- -' y . .. f % - . +

ab+bctca=14

ol
e 1



W i) gt ' . n
AR T, . e Stk A

T
-

S

L =(@+b @)

=@ +2ab+b) @+b)

1}

voaE a +_a2b" +2a’b+ 2ab’ + b’a+ b’

@’ 3%+ 3ab? +b°

msellEas

.

o

a’ +3ab(a+b)+b’

B RHS,




Formula 6 s _ TGEEL Y B

@’ +b = @+b) @ =ap+p?) | N NN ?«\fz-}.tgs'- ._
. RHS= ? _abeb?, SRR
| Proof:  RHS= (a+b) (@ -ab+b?) S

: m! {
= ﬂ.j —.azb+ ab" +a2b —qbz +b3 ; = InTg
x - ¢
=a +b’ ; LIRS
: I e
= LHS . .

Formula 7 |

a -b = (@-b) (@* +ab+b*) .

Proof: RHS= (a—b) (a2-+ab+b2)
= @’ +a’b+ab? -a.zb—-abf.-f:-las A elanssy
i | |
- LHS

Find the value of Xy when xy 8nd
SOLUTION: x + y 57 (Gnren)

(x+y) = (5)3




EXAMPLE-7

Find the value of o’ -b* when the values of a—b = 6 and

ab =7
SOLUTION:a -b = 6 (Given)
(a-b)’ = (6 (Taking cube of both the sides)
b sabia-b) = 216
a’—b’-3(7)(6) = 216
a’-b’-126 = 216
a’-b =216 +126
a-b’ =342

 EXAMIPLE-B
'i_ b Resolve into factors x° p> -8y’ p* —4x°q? + 32y°¢*

b SOWHOH x’p? -8y’ p? —4x°¢? +32y g°  (Rearranging the terms )
= pA(x° -8y )—44%(x* - 8)°)
R )
=[p)-2a)] [(x) -2y)]
=(p—2q) (P+2q) (x=2y)(x" + 23y +4y*)




ALGEBRAIC FORMULAS AND APPLICATIONS

The symbol “..” stands for “therefore”

Resolve into factors. (x+ y)* +64
SOLUTION:  (x+y)’ +64
=(x+y) +@)’
= (x+y+4)[(x+y) ~(x+ )4+ (4]

= (x+y+4)|::c2+y2+2xy—4:c—4y+16]

Find the continued product for x5 — y°.
SOLUTION:  x% — S
=) -0’ )
=@+y') (' ~y')
=@+ - +y°) G-y +y+y°)
=(x+y) (x-y) & -xp+y’) @ +xy+y°)

[FXERCISE - 1.2

Solve the Following Questions Using Formulas.
Ll 2y) +(x-2y)°

. (5x+3y) +(5x-3y)}

—

>

3. (31+2m)’ —3l-2m)?

-3

o (L+m)(I=m) (> +m?)(I* +m*)

19
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5. '(:db'r%)’ 6. 2x+3y+2)
5 y ai

1. 2p+q) 8 Bp+qg+r)
9. (2x+3y)’ o 10. (x+y)° -1
1. (x—y)’ +64 12. 8x° +27y°

13 x%—729° : 14. 644° - b°

' | i1 15. Find the value of o’ —b’° whena-b = 4 andab = - 5.
-;" sty -
I 'I. : Ryl : 2 2
b - 16. Show that [z+—j-] —[z—-ij =4
: i A _ z

VaiUeefaz +-b? +c? -'if" ab+bc+ca =11 anda+b+c = 6.

X+ 50 i xy= l0and x+y =7

&l % = e




ALGEBRAIC FORMULAS AND APPLICATIONS

1.3 SURDS AND THEIR APPLICATIONS

b | L 5] ,l
lodal

3

}" b é:
Rational Numbers:

A number which can be expressed in the form f} , Where p’and ¢’

are integers and ¢ =0 is called a rational number.
Juc2

Sioueis pd =l are all rational numbers
g RS BN S 3

Irrational Numbers:

A real number which is not a rational number, is called an irrational
number. For example:

J2. 3. 5, \J7 etc. are irrational numbers.

Clearly, an irrational number cannot be expressed in the form [21
where p and g are integers and g 0. q

Real Numbers:

The set IR of all real numbers is the union of two disjoint subsets,
namely the set Q of all rational numbers and the set O’ of all irrational
numbers.

Surds of Radicals:

A surd is an irrational number that contains a radical signs.

e.g. V2, 243, 4+ 35, 10-4+6, »?% are all surds.

EXAMPLE

1

(i) J3 = 32 js a surd of order 2, i.e. it is a quadratic surd.
1

(ii) 4 = 43 is a surd of order 3, i.e. it is a cubic surd.

1 :
(iii) 2fa = anjs called a surd of radical of order ‘n’ and ‘a’is
called the radicand.
The symbol “i.e ” stands for “Thatis *
21

i ol n‘—'
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Laws of Radicals:

As the surd can be expreséed with rational exponents, the laws of
indices, are therefore, applicable in surds also.

Thus for any positive integer %’ and positive rational numbers
1 ‘a and b’, we have the following laws:
4 Laws of Radicals Laws of Indices
EI 1 1 n
I () (¥a) =a () [a] =a
' o ] 1 Ly, ui
(i) 2fab = %a %’/E (ii) (ab); = q" hn
_ : ok !
oA 1 o la  a o (@) a”
Y i) pl— = == (iii) [_) ) el
i S e B
i LI 1 m
) (lay = o (iv) (a] = (@) = a*

~ PureSurds:
- Asurd which has unity only as rational factor, the other factor being
lled a pure surd.



1
Ja = a? is a surd of order 2, i.e. a quadratic surd.

Remark:
The symbol /™ is called the radical sign of index 2.

Similar Surds: _

Surds having the same irrational factor are called similar or like surds.
For example, V3, 543, : J3 are similar surds.

Surds having no commo? irrational factor are known as unlike surds.

Example: /2, 3J5, 2+/3 are unlike surds.

Addition And Subtraction of Surds:
Similar surds can be added and subtracted

Example: (i) 63+53 = (6+3)N5 = 1143
i) 125 +45-65 = (12+4-6)5 = 105

Mvultiplication and division of two surds:

Surds of the same order can be multiplied ehd divided according to
following laws:

For any natural numbers m’and n

(z)ffﬁ\/_n @')T (

EXAMPLE-1

Simplify: /8 x~2

SOLUTION: We use the rule J_ J— = J-_
JExJ—:xISx =.j\[-—_,.§'234




';thir T
;'ﬁmmmm: 1507 = Y180 _ J&J[ m m]

NET] usmg\/_
= J;zx—jx,jx.?xj'

e - IxZx2xf

2

e e i d T e i




war 6201 S

oyt
Ca e

SOLUTION: (2+~3) (5-3)

-2x5+2x(—J‘)+5xJ_+J_(—J—)
= 10— 2J_+5J_ Yl " Pt

KA -J_lq' =

AR 1-r‘nu~[_hw
= 7433 = ~% 8 'L.‘-iﬁ N

EXAMPLE-3 | T
Multiply:  (3/5 ~ 532 (45 + 32 j" \
SowmoN: (3V5-35\2) 45 +3N2)



EXAMPLE-4

Express in the simplest form

G) V288 (i) 147 (i) 36d°

SOLUTION: (i) /288

= /2x2x2x2%x2x3x3

= 2x2x\2x2x\3x3x2

= 2x2x3xJ§
= 1242

@) 147
= \7x7x%x3

2]
2]
2]
2
2
I
3

S
S

BN
£ N

[~
m‘m‘mlm
—a

~

~lwlol~|wl~
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1.4 RATIONALIZATION: v :

Binomial Surd:

An expression is called a binomial surd if it consists of two terms in
which at least one term is a surd. For example:

a+bx, Vx + [y arebinomial surds.

Conjugate of Binomial Surds:
(i) a +bJx and a-bVx
(i) x+y and JVx-.y
are surds whose product is a rational number. The pair of such surds

is called conjugate binomial surds. Each of these two surds is a
conjugate of the other. For example:

() 2+3J5 isconjugate binomial surdof 2—34/5.
(ii) /3 ++/7 isconjugate binomial surdof /3 —+/7.

Remember that:

Conjugate binomial surds are rationalizing factors of each other.

Rationalizing Factor:

When the product of two surds is rational, then each one of them is
called the rationalizing factor of the other.

EXAMPLE
() 2v3x+/3 = 6, whichis rational.

So +/3 is rationalizing factor of 2+/3.

(i) (N3++2) (\3-+/2) = 3-2 = 1 whichisrational.
So (/3 ++/2) is rationalizing factor of (V3 —v2). '

27



T - process of converting a surd to a rational number by multiplying it
th : ?suatable ratlonallzmg factor, is called the rationalization of the

i
——— with rational denominator.
5+.2J3“ ; e re

- v I

R

5§ e x5—2\/§ ¢
iy 5 5=2\3
e
~(2\3)}
R alis



@

= |~

(i) xq-é (iif) x— i o [ o

Ol o B I A

SOLUTION: » — 343




\LGEBRAIC FORMULS

B e

i sl e el

ol &t é)’ =(F (from (i)

(from (iit))



EXERCISE — 1.3

Remove the radical sign from the denominator:

@) % (if) %% (iif) %
Simplify the following expressions:
G) V2+V8 (i) 450 +~/200 ++/50
Gii) (N12-2) (N20-3J2) Gv) (6+2) 5-5)
) (V3-2(5-\5) (i) (7+3) (5+2)
Rationalize the denominators of the following :

o i { 1 43 e =
(I) m (H) m—‘; ( ) J_ :J_ (Iv) -J;.y.\];

YL AN S L PR L
2+37 B2 RN

o
=y

(vill) —
W7+ 23

1 Tihs
If x = /5 +2, then find the values of (i) x+; and (if) x° +;3

' 1 ) 1
If x = 2+J§, then find the values of (i) x—; and (#) x2+;,—

' TRk 4

Ifx = ﬁ—«ﬁ, then find the values of (@) x—; and (i) ek +?
1 ' 1 5 1

If = = 3-+/2, then evaluate () x+— () x=—=
X X X

. ; T 1
L = Vo + 3, then evaluate (@) ( P+;)2 @ (p —;)2
- _

f.? o _3
Rationalize (i) ———— bihNbimds (ii) "‘“"‘3__ Ll
b= b’ Vat3+va-3
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(&J

rational number

gq_v:n? o .L'.‘.Q\T‘

—— =

‘An algebralc expressmn of the form
‘are polynomials, is called a:

(b)

(o)

(b)
(@

(b)
(d)

(b)
@

(;,Q( %0, P(x) and O(x)

rational expression

mixed surd
4ab

a’ +b?

a’ +b’
2(a’ +b°)

(a+b)’
a’+b°

(a+'_b)3

e ._

B T



9. Ja=a?is a surd of order:
(a) zero b)) 1
(c) 2 (d) %

10. Surds can be hultiplied, if they are of the
(a) same order (b) order 2
(c) different order (d ordern

II- Fill in the blanks.

1. A number of the fonhf-, q#b,‘p, geZis called a
q j

2. An expression of the form%,g(x);e 0, P(x);0(x)are polynomials ﬁ
: X

is called

3. (a+b)2—(a_—b)?=

4 (a+b) +(a-b) =

5. @’ +3ab(a+b)+b’ =

6. a’—3ab(a-b)-b' =

1. (a=b)(a*+ab+b®)=:0:

8. (a+b)(a’-ab+b’)=__

ST Sotoe b § DN
- 9. An irational number that contains radical signs is
called a :

10. Va=a'is a surd of order _




SUMMARY
Formulae: |
(a:l:b)z-a i2ab+b"'
(a+b)*+(a-b) -Z(a 2 b2
(_’a+b) -—(a—b) =4ab
(a+b+c)’ =a’ +b° +c’ +2ab+2bc+ 2ac
b (ai'li)’-=a3i3ab(a:|:b)ib3
b (atb)(aP—abtB?)
;.lwa—b ~(a-b)(a’ +ab+b?)

Surd A surd is an irrational number that contains radical signs.

| Pum Surd: A surd which has umty only as rational factor, the other .
& factor being irrational is called a pure surd.

L s urd: A surd which has rational factor other than unify, the other
< -'-factar being irratio‘nal, is calle_d mixed surd.

rsurd: Surds having the same lrratlonal factor are called similar
or Ilke surds. -

Wh the prodﬁc’t of two surds is fahonél then
of bl;l is called the rgponaluzung factor of

-.I'u i 3 | ek

5 & ot

i




