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UNIT

FACTORIZATION

p Factorization

P Remainder Theorem and Factor Theorem
» Factorization of Cubic Polynomial

After completion of this unit, the students will be able to:

» factorize the expressions of following types.
o Typel: lkx+hky+kz,
o Typell: ax+ay+bx+by,

o« Typelll: a +2ab+b’,
o Type I'V: i —b,

e TypeV: (@ t2ab+b )-c,

e TypeVI: a' +a'b +b'ora’ +4b',
« Type VII: JJ + px+q,

« Type VIII: ax’ +bx +'c.
a’+3a’b+3ab’+b°,

« Type IX:
a’—3a’b+3ab’-b’,

. o Type X: a’:tb’. : y A

» state and apply remainder theorem. '

» find remainder (without dividing) when a polynomial is divided by a linear polynonual

» define zeros of a polynomial.

» state factor theorem and explain through examples. SOHINW T 2Esa0na)

» use factor theorem to factorize a cubic polynomial. = = o~  Zrokost




'2..1 FACTORIZATION OF EXPRESSIONS

I.Imr Polynomml g

A polynomial of degree ‘I’ is called a linear polynomial.
For example: x + 3, 2x — 5 etc. The general form of linear polynom:als

isax+ b where a , b are real numbers and a#0.

ﬂuutlrnhc Polynomlul =

A polynomlal of degree.-Z’ is called qUadratic-polynomial e.g.
~ 3x’+5x—2, 4’ —3x+1 etc. The general form of a quadratic
~ polynomial is ax’ +bx+c, where a, b, c are real numbers and a # 0.
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- A polynomial of degree ‘3 is called a cubic polynomial. e.g.
x =352+ 5x+2, 4x +5x? —2 etc. The general form of cubic

I» ~ Cubic Polynomial :-
; s

|

f polynomlal is ax +bx +cx+d where a, b, ¢, d are real numbers
“anda #0.

. LetP@) be any polynomial and let g, b, c be any real numbers such
~ thatP@) = (x-a) (x-b) (x—). Then, clearly each-one of (x-a), (x-b),
e (kc)isa llnear factor. of P(x).

B :‘ To express a given polynomlal as the product of linear factors or
~ factors of degree less than that of the given polynomaal is known as
factonzation

We see that in 15=3x5, 3 and 5 are factors of 15. Slmllarly, in
‘j“(J‘+J’): aand(x+y) are factors ofax+ayand in




Following examples will explain. the. factorization of the expression.

EXAMPLE-1
- Factorize the following fit carterinivha anctang

(i) 3x + 12y CG) X xy (iii) ad + de +df = |
(v) 2pq +6p’q—4p’q AT
SOLUTION:

(i) 3x+12y = 3(x+4y)

(ii) x° +xy =x(x+y)

(iii) ad+dc+df = d(a+c+f)

(iv) 2pq+6p’q—4p’q = 2pq(1+3p—2p*)

Factorization of the expression of the form:
ax + ay + bx + by

Following examples will-explain the factorization of. the expre__s_si?n.

EXAMPLE-2 |
Factorize the following expressions: . oTin baks |
(i) 2ax +bx +6ay+3by . (i) 2yx+18y’ —3zx+27zy. . in
(iii) Sym + 15yn + 2zm + 6zn il e S

SOLUTION:
(i) 2ax + bx + 6ay + 3by

= x (2a +b) + 3y(2a + b)
= (2a+b) (x+3y)

Now check (2a+b)(x+3y) = 2ax+ bx-+6ay+3by
(1) x+18y” +3mx+27zy (i) Sym + ISyn + 2zm +-6§_n _
= 2y (+9)+32x+9) =y (m+3n)+2z(m+3n)
= (+32) x+%) = (y+22) (m+3n) .

vt



' Fa ,_._j:'_'fltion of the expression of the form:
g . dPt2ab+b

i Ve know that: () a7 +2ab¥ b7 = (a + b)?
LT e (i) a®~2ab+b’ =(a—b)’
A ® B _.re_ssmns ‘which have the pattem of the left ‘hand side of (i) and

‘-;--»{U,S ' "'ctenze eertam expressmns Followmg examples will explain
the factorization of the expressmns

EXAMPLE 3
- Factorize the following.

L OX +6xt9 (W) £ -12t+36

: SOLUTION: (i)  x° +6x+9

ex? 4 2(_3)(::) +37,

J'_-‘\_-‘ | W — (x+3)2
@) £-12t+36 = . =26 +6,
‘ -6y

IRy 4



EXAMPLE-5  Factorize 364° — ]

SOLUTION: ~ 36d° —1 "= (6d)* — (1)}
= (6d+1)(6d- 1)

| XERCISE — 2.1

Factorize:
1= 3a(x+y)-7b(x+y) 2- Iax+ay—x-2—xy
3- a’+a-3a°-3 4- x3+y—xly‘—x
5- 3ax+6ay — 8by — 4bx 6 24 —-bc-—.Z_r;[.J--fac
T~ ‘a(a~btc)—beis iy 8- 8—4a-2d° +a*
9- 16x? — 24xa+9a% . 0. - 14x+ 497
- 20x* + 5 - 20x . 12- 2a’b + 2ab® — 4a%p?
13 B [ ee T
4 - ! x° . 3t
15- 5x° — 30x? + 45% it 16- o + b7 +2ab-+ 2bc+ 2ac.

Factorization of the expression of the form:
() (@® +2ab+b%)-¢?
(i) (@® —2ab+b?)—c?
Following examples will explain the factorization of the expressions.
EXAMPLE-1

Resolve into factors:
X+ 2xy + y2 —47°

SOLUTION: . (x* + 2xy + y? ) — 427 :

= (x+y) —(22)
= (x+y=22) (x+y+27)
T TR




‘ f = ey -

= ; _.,_az —-2ab‘+b2 = 90_2 :
(=B -G
= (_a = b..—-SC) (@—b+3c)

x‘ 2(3)xy+9y 4z

i ‘r r‘" G 50

= '(c +3b+4x) (c+3b-4x)

T



SOWMON: 564 = ) +82+2(8)x -2(3):’ o A

ko asiT
(Jc + 8) Iﬁx

g +<3)2 —@

RIS FRGNDD et

: ﬁ
= (x +8+4x)(x2 +8- 4x)i o it
EXAMPLE-6 e

Resolve into factors: L 5 0 SOOI RO A

il
x+xy+y \Idan’l" |-l.._"-".'."-f"lﬂ

: . _ 5 \-1 ::’".j
SOTION: ' +x7y +y* = (f +2x2y’ +y')- x’yf '. Al B '3
)= o o iy AR 11 8 o I

ﬁc+y)’-(xy) ; fsf’ﬁ‘am




"ir,-e)cpression of thé_ form:
i_:z +px+gq

ring coefﬁc;ents of the Ilke tBrma fon both sides, we get
r+s=p and. rs=q -

“’and s’ such that
+s=7 and rs=12
.and 4x3=12

- 'x2+-4x+3x"'-i-"l?'.
= x(x+4) +3(x+4)
= (r+4) G+3)



Clearly —-7+2=-5 and -7x2=-14
X’ =5x—14 = X —7x+2x—14

x(x—7) +2(x—7)

(x-7) (x+2)

Il

Factorization of the expression of the form:
ax’ +bx+c, a # 0

To factorize the expression .of the form ax? + bx + ¢, we find numbers
pand gsuchthatp +g=5b and pg=ac in the given expression,
where g,b,c are constants and ; < ¢.

Following examples will explain the factorization of the expression.

EXAMPLE
Factorize: (i) 6x* +7x=3 (i) 3x? +1Ix+6~3
SOLUTION:

(i) The given expression 6x° +7x — 3,
is of the form ax’ +bx+c, ac=6 x(-3)=—18

6’ +7x=3 = 66X’ +%—-2x-3 6x(=3)=-18
Possible Pai

= 3x(2x+3) —1(2x+3) Tex(oleors

; (=18)x(1)=-18
= 2x+3) Gx=) e | ey

by -6x3=—18

§ : - .—-'9!:-.‘2='_—l.“8:_-
(ii) \Exz +11x+6\/§,' ac = \[5’-’6'\/3 =18 K g,(..z):_w

Clearly 9+2=11 |t

o B4 1ix 463 = BxP + 9+ 22 463 _
= ﬁx[x-l;S\/}] +2.'[x+3\/§] U

L B2 (33
. 43 '



E XERCISE 2.3

Fadlorize: :

. X’ +9c+20 L5 0. x2+5x-14
3. X’ +5x-6 4 ”xz —7x+12

B %’ —x—156 6. X —x-2

7. X —9x-90 L 8. a’—12a-85

QEROR = 7x —x? o =0, =11y =152
27 3+ 3 N2 3’ +5x+2

13 2l 14. 6x* +7x-3
Asg e g By 16, 8-+ 6x 5

17. 3u> =10u+8 . 18. 10X’ -7x-12
19. 52 32412 20 45+ 5x- 243

i Factorizatio_n' of the expression of the form:-
|’ #3a°b + 3ab’ +°
'{aﬁ —3a%b+ 3ab? —.bj}
We'know that:
(0) (@+b)’ =a® +3a%b'% 3ab? + b
(i) (@—b) =a’ -3a%b + 3ab® b’

-IFoHowing examples will explain the factorization of the expression.

EXAMPLE Factorize: (i) x° +6x° +12x+8 (i) x’ —6x* +12x—8
X6+ 1x4+8 = () 300 32 x+(2)
RS, L s (x+) _
(i) x"}'ax’ +12x-8 = ()’ -3 +302Px-2)
' ) i =2 -
-




el s ',_:,-i;-.;';?-' S

a+b’ ; ‘
We know that 4 il . |
. : I
() a’+b’ = (@+b) (@’ -ab+b?) i f |
(i) @ -6 = @-b) @ +ab+b?) |
Following examples will explain the factorization of the expression. |
EXAMPLE-L D @9k |
Factorize " 1l ey | | Sy - G
() ¥*+27 () 8a®-1256° (i) x° - Y () @b -a+b g
SOLUTION: a5 RS L
G) x.+27 = 23 . 1600 Rt ,‘
=) (37"‘3) 6{2 —3x+9) ] | w2 g 4
(i) 8a® 1255 = (20 ~(5b)* oo -:;§ :
= (2a-5b) [(2a) +(2a)x(5b)+(5&)2] %
= -aafsb) [4a +10ab+2557) il |
D) xf =y (x )’ o' )
_'=(x+y)(5=—y)
' (x+y) (x —xy-i-y’) (x{:_... :
(V) a



e e R R R R R~

(i) . - 3:2 +'20b+b2 = (a ..|..b)2
(i) o’ -2ab+b’ = (a—b)
(' !l)-;‘ a’ +3a’b+3ab’ + b’ = (a +b)’

-..:hr\-{ Sl
1i 3

Ui o) (@) @ =3ab+3abi - = (@-b)
1 ‘.1' . :

0 GHIE -y ) =5+
) G-PEry+y) =2 -y

JE XERCISE —2.4
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(RN LUL LU

P) = a x ot +a, ,x"? +oinit@ixt+a, , a, %0

where ‘n’ is a non-negative integer aind the coefficients are constants,
is called a polynomial function of degree ‘n’.
For example:

(i) P(x)=a, x+a, (is a polynomial function of degree one), a, = 0

(ii) P (x)=3x’ + 5x + 11 (is a polynomial function of degree two)

(iii) P(x)=7x" +2x* +4x° +7x* + 5x + 6 (is a polynomial function
: of degree 5)

(iv) P(x)=5x + « +6=5x* +7x"! +6 (is not a polynomial function) _
e

EXAMPLE: |
Divide P(x) = 2x* + 3 — x - Sby x + 2

SOLUTION: 20 =Xt 2% =5
x+2 [2x* +3x° —x—5
e +2xf + 4
-x’—x-5 '
x’ T2 o )
. xS vt (e
+2x% +4x ‘oad
x5 R 53

S




Qo 3 ﬁ‘nd‘the ramamder |
"ol ' ;qgnon P(x) %" +10x3+19x+5
Wxi—a=x+3 © = a=-3

Therafom P(-3) = 4(—3)4+10( 3) +19(—3)+5
= 4x81—-10x27-57+5
=324—270—57+5

Gyt =-3+5

’mus A -fP(—3) =2

11 e 'I'he Remnmder Theorem

b s ' s

rl.' e ST RS 'eth& remainder after dividing' the polynomial P(x) by x —a, then
b g P() = R

;i;.:."':"- " "-' e . -‘ “lta e Tt Or

il.:,l',_-

EL?T; .‘ ;

"i - EXAMPLE-

f‘[ L e = 7e 108t +19x+5 s divided by 13, then




2.2.2 Finding Remainder Without Dividing

In the following examples, we learn to find the remainder without
division, when a polynomial is divided by a linear polynomial.

EXAMPLE-1

Use the remainder theorem to find the remainder when the first
polynomial is divided by the second polynomial.

() x> +3x+7 x+1 (ii) X’ —2x*+3x+3, x-3

Since the divisor = x + 1
Therefore x —a=x+1 = a=-1.
By the remainder theorem

Ri= Bl
Pl o
Now =1-3+7
R

(i) Let P(x)=x’ —2x* + 3x + 3

x—-a=x-3 = a=3

R = P(3)
Now P@3) = (3 -=2(3)° +3(3)+3
=27-18+9+3

EXAMPLE-2
When x* + 2x° + kx? + 3 is divided by x — 2 the remainder is 1.
Find the value of %’. :

SOLUTION: Let P(x) = x* + 2% +lo” +3
Since ‘the divisor = x — 2, therefore x—a=x-2 = a =2

s ooeatli ok s i et




P2) = (2)°+2(2° +k2) +3
= 16+16+4k+3 = 35+4k
}_rj"l"..!i;' '.j. i P(2)= 1 (given)

B = th=-34 = k==

2

ominl

(x) is divided by x — a such that P(a) = 0, then

f P(x);
'x —a is a factor of P(x), then ‘a’ is zero of P(x).

O e R L P B

00
SO St soni,
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EXAMPLE-2

Use the factor theorem to show thatx+ 1 is a
factor of P(x) = x*° +1

SOLUTION: By direct substitution we see that 1 is a zero of P(x)

P(x) = x* dos]
P(-1)=(=-D% +1 N
==1+1 :
=0

Since -1 is a zero of P(x) = x> +1,
The linear polynomial x — (- 1) = x + 1 is,
by the factor theorem, a factor of x** + 1.

EXAMPLE-3
Use the factor theorem to show that x — 1 is not a
factor of 4x” —2x° +x? +2x+ 52
SOLUTION:  Let P(x) = 4x’ —2x° +x* +2x+5
x—ar=x=Iloa=—">3" g =8l
P(1) = 4(1) —2(1)° +I* +2(1)+5
=4-F+1+Z+5
=10+0 -
Then by factor theorem x — 1 is not a factor of 4x’ —2x +xX4+2x+5

EXAMPLE-4

Use the factor theorem to show that x+1 is not a : ViR
factor of 2x° —5x* —x+4 i =

SOWTION: Lot P@) = 2x° —5x* —x+4 - e

x—a=x+1 = a=-1 :

P(-1) =2(-1 -5(-1~(-D+4
=-2-5+1+4 3

P(~1) =-2#0

x+1is ngt a factorofgxi '




P10 +10; x-1
mmn P®) = x* —x’ —10(x)+10; x-1
INNS « =a -1 —>iq=1
o " - P(l) = I’ -1’ -10+10
' -5 = 0,therefore x—lis a factor of P(x)
x’-10
R Now x-1 |x —x?—10x—10
I, S 5 = e N
e - —10x+10
F10x %10
0

B

D(x) = quoriem x divisor
? —10x+10 = (x—1) (x’ -10)

) ==15°-—8 0 x—a =y == g = 2
P() =2 —-8=8-8

' = Othereforex—2isa factor of P(x) -
- "f.._-‘-" Bx Yt ey x2+2x+4




FACTORIZATION

I- Evaluate each of the polynomials for the value indicated.
1. P@)=2x'-5x’ +7x=7: P(2)

2. P(x)=x"—10x* +25x-2; P(-4)
3. Pi)=x"+5x°-13x -30; P(-1I)
4. P(x)=x" —10x’ +7x+6; P(3)

5. P(x)=x"+4x° —9x% +19x+6; P(-2)

1I- Determine whether the second polynomial is a factor of the first polynomial
without dividing (Hint: evaluate directly and use the factor theorem).

6 2 =T axx] T x%=1 x-1
8 £-2% x+D 9. P2y

4 3 : 6 73 . .
10. 3x" = 2x° +5x—-6; x-1 1. 5x° =7x" —6x+x; x—1
12. 3x° —7x* —8x+2; x+1 13, 5x® —2x7 +3x° +6x+2; x+1
4. 6> +2x* —x+9; x-1I 15, 47 =32 = 8x+ 4 x=2

3 2 : ; I 38 = : =4 :
16. 5x° +3x° —x+1I, x+1 17. 2" =8y +y—4; y

18. 2° =52 —4z—4: z+2

HI- Solve. | 3 3.

19. If P(x) = x° —kx? +3x+5 is deed byx 1 ﬁndk,
_..if remainder is 8. : : A

20. lf P(x) = 3x° +kx 26 is d:wded byx 2! find k,
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See

(@ 3

Y DRI R — i

!‘; \ quadratic polynomial is of degree =
(b) 1
(@ 3
¢ polynomial is of degree =
@ 0 () 1
._ (eIl 2atvlon 1 45 @ 3

orization of (x+3)” —4 is

D) 45 B =1 6+3)

+1) G- 9 @ (x-1)&-5

n of x* — 16 is
i Tl ) x-49)(x+49

2 (P+4) O G-2a+9

B (- & +xy+y’)
O @+y) & +xy+y’)




9. If x — ais a factor of P(x), then P(a) =
@ o0 (b) 1
(€ -a (d a

10. If P(x)=x* =2x> +5x+1, then P(l) =
(@) 5 () -5
© -7 W

II- Fill in the blanks.

1. A linear polynomial is of degree

2. A quadratic polynomial is of degree

3. A cubic polynomial is of degree

4. Factorization of x> -9 is_ : ; : _ 1 P H
4
5. Factorization of(x+2)* -1 is ' 4 ' iy ' }. » *:3
6. Factorization of x’ +8 is SRR
i i,
7. Factorization of x’ -8 is
8. If P(x)=x"+3x* ~2x+1is divided by x — I , then P(f) = — .

9. If P()=x"+3x" —3x+1is divided by x + 2 then P(-2) = — .

10. If P(x)=%"—a’ is divided by x - a then P(a) =




SUMMARY

Linear Polynomial: A polynomial of degree “I” is called linear
polynomial.

Quadratic Polynomial: A polynomial of degree “2” is called quadratic
: polynomial.

Cubic Polynomial: A polynomial of degree “3” is called cubic
polynomial.

Factorization of following types of polynomials:
h+@+h, ax+ay+bx+by, a’+2ab+b?
@?—b2, (a® +2ab+b? )=c?, a’ +a’b? +b* or a’ +4b°,
x’ + px+gq, ax’ +bx+c,
@’ +3a’bx +3ab’ +b’, @’ —3a’b+3ab’ -b’,
a’+b’.
Remainder Theorem: If a polynomial P(x) of degree n> Iis divided by a

polynomial ‘x—a’where ‘@’ is any constant, then
remainder is P(a).

. ' Factor Theorem: If a polynomial P(x) is divided by ‘x—a’ such that

P(a) =0, then ‘x—a’is a factor of P(x).




