LINEAR EQUATIONS
AND INEQUALITIES

Linear Equations

Equation Involving Absolute Value
Linear Inequalities

Solving Linear Inequalities
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After completion of this unit, the students will be able to:

» recall linear equation in one variable.

» solve linear equation with rational coefficients.

» reduce equations, involving radicals, to simple linear form and find their solutions.

» define absolute value.

» solve the equation, involving absolute value in one variable.

» define incqualities (>,<) and (2,=). Q

» recognize properties of inequalities (i.e. trichotomy, transitive, additive and multiplicative).
» solve linear inequalities with rational coefficients. -




4.1 LINEAR EQUATIONS

Astatément in which sign of equality “ =" is used to link two algebraic
expressions is called an equation. An equation involving only a linear
polynomial is called a linear equation. Equation ax + b=0,a#0 is a
linear equation in one variable in standard form.
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S For example: _ ; ;

| ¥ @) 7+3=135 Wiy ==
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FS (i) —=(@+3)-2t =35 ) —y+4 =

-2 (i) :2'_(. 3)=2t - ( ) = 7
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4.1.1 Linear Equation in One Voriahle

“Any equation that can be written in the form:

- ax+b.__o | ) e )

where a and b are constants and x is a variable, is called a linear
‘equation (or first degree equation) in one variable.

Equation (1) always has a solution:

a#0




RULES FOR SOLVING AN EQUATION:

(i) Same quantity can be added or subtracted to both sides of an
equation without changing the equality.

(i) Both sides of an equation may be multiplied by a same
non-zero number without changing the equality. -

(iii) Both sides of an equation may be divided by a same non-zero
number without changing the equality.

(iv) TRANSPOSITION:

. Any term of an equation may be taken to the other side with
its sign changed , without effecting the equality, is called
transposition.

"

Solve: 5x—6 = 4x-2

SOLUTION: We have 5x—6 = 4x—2
Or 5y—4x = —2+6 [ Transposing 4x to L.H.S and —6 to RH.S ]
Thus x = 4 is a solution of the given equation.

CHECK: Substituting x = 4 in the given equation, we get
LHS =3%(4)—-6 = 20-6 = 14
RHS =4x(4)-2=16-2 = 14
S LHS w= RH:S
Hence x = 4 is solution of the given equation.

4.1.2 Solufion of o Linear Equation

Any value of the variable which makes the equation a true
statement, is called the solution (or root of the equation).
Solving an equation means to find a value of the variable which
satisfies the equation. '



We have 3x +_;.- o

_ Il e 1
- or 3x+x=2 - 3 (Transposing —x to L.H.S and — to RH.S)
: Y 5 :



Thus, y = ;—g is solution of the given equation.

Hence

Substituting y = % in the given equation, we get

B ENSTL 0 i o
= 2 —_— | yt—=—t— = —
BEs 5 (zq) RS )

129 -3 37
= L[l tE e
RHS oSS [20] 20077 20

s LLHS=RHS

y = ;—z is solution of the given equation.

EXAMPLE-3

Solve:

SOLUTION:

Thus x

y S 1 3
=-X+—=X = =X+—
496 2 4
L.C.M of the denominators 4,6,2,4 is 12.

Multiplying both sides by 12, we get

3x+2x = 6x+9
or 5x = 6x+9
or 6x—5x =-9 [ Transposing 5x and 9 ]
or x=-9 ' :

— _9 is solution of the given equation.

CHECK: Substituting x = —9ih the given equatio_n,_ we get

Hence x=-9Iis soluﬂon of the grven aquation

1 1 —9

—_— — _9 T —

LHS 4><( 9)+6><( ) y
1 R )

: — — —O)+— = —4— =
RHS 2><( 9)+_4 7
oL H Si= RS

It




EXAMPLE-4
S5x—4 x—-3  x+6

S R
: ' Sx—4 x-3 x+6
SOLUTION: We have 3 S L 7

Multiplying both sides by 40, the L.C.M of 8,5,4, we get
5(5x—4) — 8(x—3) = 10(x+6)
or 25x—20—-8x+24 = 10x+60

or 17x+4 = 10x+60
or J]7x—10x= 60—4 [ Transposing I0x to L.H.S and 4 to R.H.S ]

o NSNSV xE="56
or. x = 57_6 -8 [ Multiplying both sides by; ]

Thus x = & is solution of the given equation.

CHECK: Substituting x = 8 in the given equation, we get

W i 0 2T

8 ) 8 i 2

. . LHS=RHS
x = & is solution of the given equation.

L1 : S LA G
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EXAMPLE-5

3x—4| . 4x—1:.’7
P = 5
Solve [ X Z } = 3
SOLUTION: We have, x—[zx = 3"7‘4] = "";27 5
By removing the brackets, we get,
e 2x+3x—4 L dx-278 3
' 5
oF ~x+3x—4 £ 4x—27 _3 .
7 3
Multiplying both sides by 21, the L.C.M of 7,3, we get

=2Ix+3(3x—4) = 7(4x—27)-63
or =2lx+9x—-12 = 28x-189-63

or —12x—12 = 28x— 252 :

or —12x—-28x = —252+12  [by Transposition ]

or  —40x = -240

or x=6 [ dividing both sides by —40 ]

Thus x = 6 is solution of the given equation.
CHECK: Substituting x = 6 in the given equation, we get

LHS = 6—[2x6-3"‘;‘4] = 6—(‘12—%] = 6-(12-2)

==
RS IX0=20 s 3t e SN

3 EIRR NG A7 P
o LH:S = RHS ’

Hence x = 6 is solution of the given equation.

Wﬁnt we need o know ? B ;.

o How to operate with negative
bracket. -




~ Solve: 0.3x+0.4 = 0.28x+1.16

SOIUI’:‘OH We have 0.3x+0.4 = 028x+1 16 ;
or 03x—028x = 1.16-04  [by Transposition ] '

or $0.02x = 0.76

Thus x.= 38 is s;qution of the given equation.

< CHECK: _B;fae;,_'-suhs_tituﬁng.x-: 38in the_ given equation, we get
'  LHS =03x38+04 =114+04 =118
 RHS =028x38+116=1064+1.16 =11.8
B LHS=RHS




4.1.3 Equoiions Involving Radicals
In solving an equation such as
] =5 e (1)

Squaring both sides x—/ = 25
x =26 -

which is solution of (1)

However, if we do the same thing to

¥ ] =g RN TR )
x—1= 25 (Squaring both sides)
= 26
which is not a solution of (2)

Since 5 # -5

Similarly , we note that
{x|x=5}= {5}
{x|x*=25}= {-5,5)

Where as we see that the solution set of x = 5'3 a
solution set of the equation. L
We get by squanng each member of x = 5 e o e

equation. On the other h_and, _anys 0
~ amongthose ofthe new equation.

Thus, every solution of the new e
- equation to eliminate the extr



: EXAMPLE-1
g :
oy e -
- SOLUTION: x+"~/__x—4 =4
: j-l' . 7 A\ ,/ x—4 =4—x - (Isolating the radical on one side)
{ ;._ : i ,!‘;IT y k <%
;- e < e = x—4 = 16-8x+Xx’ (Squaring both sides)
| , ) i 1 “ . _ : x=9x+20 = 0 (Solving quadratic equation)
16, (-5)x-4) =0
o : .
].: gl X = 5'4
ST )

Check to eliminate extraneous roots (if any)

x=3 ; =

5+\V5—-4 =4 , 4+l4-4-=4

._ ~= a5} 5l 4=4
i x=4

IS a solution

0




EXAMPLE-2
Solve: f3x—2 — Jx =2
SOLUTION: \/3x—2 = 2++/x

x—D= 4+4x+x (Squaring both sides)
3x-x—2-4 = 4x

2%x—6 = 4/x
x—3=2x (Dividing both sides by 2)
x'—6x+9 = 4x (Again squaring both sides)

x’=10x+9 =0
(x-9(x-1) =0
x =19

-

Check to éﬁminate extraneous solutions (if any)
| x =1 : x =09
V3Ix1=2 — I =2 o= SR o=
1 =N =20 D5 =32

0% 2 _on : e )

Therefore, x = 1 x=9
is not a solution is the solution

:. Solution set={9}

_'- ’ ‘4_ 1 S LR s ol
AR R s | ol
' 1 P




15 Jx+5+7 =0

(90-9%)+27 = 90+9
3. 3(2x+5)=25+x
5. 3(2x-1) = 5kx-1)

10x -1

7. ——

2x+5

DXk

=52
x+6

I x=15-2Jx

13. 5n+9 = n—1




4.2 EQUATIONS INVOLVING ABSOLUTE VALUE

In this section, we learn.to solve the llnear equatlons involving absolute -
value. :

4.2.1 Absoluie Volue

For each real number x, the absolute value of X, denoted by x|, is

defined by the formula:

x lfx:-»O
x| =40 if x=0
Truf i <0i k
For example:
|8] =8

|-81=~(-8) = 8

4.2.2 Equations involving Masoiuie Valve:

Using the above defi mtlon we wul not ﬁnd lt dlfﬁcult to show

that for p > 0.

M

EXAMPLE

Solve (i) |x|=5 (i) .!,x-.3.l.=_5 (m) |x+2] =

J

' SOLUTION: : | L
) | xli= 5=>x-:i:5 J b ae B

— e
BORCRERUIR ) o g

it

3




() [x=3|=5=x-3=t%5

x=-2
v x=-2 Or g
¢ B A e e £
_ = p a7 s S R AR
(i) |x+2|=3=>x+2=143
: x+2=3 orx+2=-

Y Xi=3-—20r . x=—3-2
y="]0or x=-5
w=rloior )

J e A e et ey o A ——
FE Nl b B SEORC AR —3 =2 -] “0 I

4.3 LINEAR INEQUALITIES

B Weknow a_boﬁf ordering of numbers on the number line. A number on
- the number line is greater than any number on its left and less than
any number on lts right.

4 i lnequuhﬁes (> <) nnd & <)

- y
e — il . -7 Vo
" i

il ]
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- 1 1 1 L 1

o I )
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Sy rdieon
1t 1t :

—4 lies on the left of —1, hence -4 is less than =]
and we write —4 < —1.

We write a < b, read “a is less than b” if and only if there exists a
positive real number p such that

a+p = b;
We write a > b, and read “ is greater than b”. We write a <b if and only

ifa <bora=bandwe writea>b ifand only ifa>bora=5

The syhbols "<",">","<"and ">" are called order relations or
inequality symbols.

Two algebraic expressions joined by an inequality symbol, such as
7(3x-2) +§ < 2x—§ is called an inequality statement or simply

an inequality.

x>3 means x can take_any'valua greater than 3.
It cannot be 3. It islshown on the humber line.

l 1 1 1 F) 1 1 | R
1 1 | DL T T mE ' o

=3 =2 =1 0. I SP2 03y

x<1 means x can take any value less than or equal to /. |
This includes /. It is shown on the number line.:

£

<
[ ] 1
I 1 1

-3 =2 -1 0

o
1

{_ | L
3. . 4 y ) P 4‘““ ?““
CATVEL D20 "'“ Tﬂﬁt

2

S E

4.3.2 Properlies of Inequalities

TRICHOTOMY: Consider any two numbers x and ¥.0n the number Iine. g
One and only one of the following statements must be true.

(i) x>y (i) x=y - (iii) x<y
This is known as the Law of Trichotomy.

Sl 3 PR
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by a positive'number without having to change the inequality sign.
_ f Fer any two nu_mbers xand y,and a third number a>0,

I'IIANSII’WE For any three numbers x , y and z, if
' x>y and y>z then x>z

i This is known as the TranS|tIve_Property of Inequality.

- Forexample: If x=10 y=35 and z=2, : -
~ then 10 >5 5>2and 10 >2

. ADDITIVE: We can add or subtract a bositive number from both sides of
an inequality without any change in the inequality sign. For any two

~ numbers x and y and a positive number ‘a’

If x>y (e.g.5 >3 and 2>0),
then .'x:+a>y+a g.5 +2 > 3+2)
,‘_,xa>ya(egj' 2>3 2)

Thls is also true for a negatwe number b;

lf x>y (eg 5>3 and -2<0),
then x+b>y-i_-b 9.5+ (-2)>3+(-2)
: x—b>y_—b'(e.'g.5 -(-2)>3-(-2)

HUIIIPUCATNE We can multlply and divide both sides of an inequality

-Fr..

iz A m ;emw i If x>y ‘(e.g 5 >3 and 2> 0),

: _"'.‘_*2 a&'b‘dy ‘(e.g. 2x5 > .2><3) and %52
.a a

et tme far a negatwe number b The ordenng relation is.

‘wher J.multlnllad or divided by a negatwe number




4.4 SOLVING LINEAR INEQUALITIES:

Inequalities are solved in almost the same way'as equations.

EXAMPLE-1

Solve the following inequalities

X0

x+3<7 (i)

SOLUTION:

)

(i)

| I (i)

x+3<7
x+3-3<7-3
x<4 '
2x-1>5
2x—=1+1>5+1
2x>6 '

x>3

6-x>4
6-x—6>4-6

_—-x>-2

x<2

2k — 15 i) N R .

(Dividing both sides by 2)

(Subtracting 3 from both sides)

(Adding 1 to both sides)

(Subtracting 6 from both sides)

PAER L T \'t _:."'3_"_."_

 (Multiplying both sides by 1 ; also change > into <)




~ EXAMPLE-2
Solve the inequally: 2> (:-1)

SoLUTION: £3> (1)

. g o ) 1 :
: ._.>'<3x>‘ .x4(x ) |

O a>3e-))
L x> 3x-3
4x-3§'>—.3 _ | 2

x >;-:43 _

q | '» . . | : '-.".:: Syt Fig("-)
~ The solution is shown by the number line in fig (ii).

f
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EXAMPLE-4 .
Solve and graph 4"3‘3 +8->6+-32‘£ ; _ ' sl
SOLUTION: 4x?3+8>6+3—x A Cos % AR
. 3 A 2 : '
-6><4x_3_+6x8>6x6+6x-3-;- - it _
 8x—6+48>36+9x
Ex+42>36+9x 3
8x—9x+42> 36 gt BN
—x>36—42
-x>—0 3
x<6
' ! 1 1 i
i I T 1] >
0. i G, :
Fig (v)

The solution is shown by the number line in ff_gﬁv)_' e ! _




Solve: i

EXERCISE — 4.2

1. |x[=9 2 |x-3|=4
3. |x+I|= 4 |2x-3|=35
5. |3x+4|=9 6. 3(x-2)<2x+1 -
T 3E9>264948 g Lo-gslp-ges
x—2 2 x—4 - ~3x+4 - x+1 x+5 -.
S e ; B ] PSS
! j4 -}‘-3‘< 6 lo J. 3 3
x+1 x+3 x+1 s -3 X2 X439
B +1 2. = <I+
- %) T 4 I o 5 6
13. ix:»hi:.: | N Lo <-4
IR TR B : " 4 &
; 4 4x : x—2 x=5_1
Z(2x+3)210- — N = >
15. 3( ) = 16 ~ =2

'-s.

Review Exercise-4 -

I Encircl the Corred Answet

l _An equation that can be written in the form ax + b= 0,a #0,
~ where a and b are constants and x is variable is called:

, {a) linear equation (b) inequality

" (@ sofion . . () constant

;2:- Any value of the variable which makes the equation a true
~ statem nt is called the:

(b} inequahg;

ﬂ variable

| 3
.




I-  Fill in the blanks with *>' ‘=" or ‘<’ o make each ﬁl the stﬁement correct. .

For each number x’ the absolute valve of x is denoted by:

@ = ()
(€ I (d)
The symbol > stands for:
(a) greater than ; (b)
(c) less than or equal to (d)
The symbol < stands for:

(@) less than . (b)
(c) less than or equal to (d)

Solution of |x - 3| =5 is:®

(8 {8 -2} i (b)
© (82 (d)
Solution of |x| = 3 is:

@ 3 (b)
@ +3 (0
Solution of |x - 1] =4 is:

(@ {5 -3} (b)
© {53 (0

=X

0

greater than and equal to
equal to

greater than and equal to
equal to

{8 -2}
{8 2}

(=53
{3. 3}

1. f15>10and10> p,thenl5 _______ p.
2. If-3>xandx>y,then—3 »-
3. Ifa<60and60<b,thena | b.
| 4. Ifx+l=ythenx_ ____y.
5. ifm-2= n;thenﬁ n.
6. Ifx>ythendx 4. :
1. Ifx>y,then% -——% :
8 Ifx>ythen(~2)x _ (—___2);._.

oy o 105

-
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.

-3 53
< 0,then p 0.
-3)u S ().
0.
I 3 o
b | SUMMARY

Linear Equation: An equation that can be written in the form ax + b =0,
a#0 where a and b are constants and x is a variable, is called a linear
equation in one variable.

Solution of a Linear equation : Any value of the variable, which makes
- the equation a true statement is called the solution of a linear
equation.

: Absolute Valve: For each real number %’ the absolute value of x,
| denoted by |x|, is qeﬁned‘by: 5 7
' x| =4 0°if x=0
—-x, if x<0

 Linear Inequalities: Two algebfai_c expressions joined by an inequality
?symbol such as >, <,%,2 is called an inequality.

;TdchotomyProperty If x,yeRheneitherx>yorx=yorx<y.
"i,":'m_slﬂn?roperty. Ifx,y,zeR thenx>yandy>z = x>z
itive Property: Va,b,ceR.Ifa>b, thena+c>b+c

s anda—-c>b-c

tive Property: Va,b,ceRleta>b Thenac>bcifc>0
' - andac<bclfc<0




