A MATRICES AND DETERMINANTS

Introduction to Matrices
Types of Matrices

Addition and Subtraction of Matrices
Multiplication of Matrices -

Multiplicative Inverse of a Matrix :
Solution of Simultaneous Linear Equations

b A A 4 40 4 4

After completion of this unit, the students ;vifl be able to:
» define

« A matrix with real entrics and relate its rectangular layout (formation) with real life.
« Rows and columns of a matrix. « The order of matrix. « Equality of two matrices,

» define and identify row matrix, column matrix, rectangular matrix, square matrix,
zero/null matrix, identity matrix, scalar matrix, diagonal matrix, transpose of a matrix,
symmetric and skew-symmetric matrices.

» know whether the given matrices are conformable for addition/subtraction.

» add and subtract matrices.
» multiply a matrix by a real number.

» verify commutative and associative laws under addition.
» define additive identity of a matrix.

» find additive invers¢ of a matrix.
» know whether the given matrices are conformable for multlpllcatlon

» multiplication of two (or three) matrices.

» verify associative law under multiplication.

» verify distributive laws.

» show with an example that commutative law under mulupllcatlon

does not hold in general(i.c., 4B # BA).
» define multiplicative idcntity of a matrix.

» verify the result (A.B) =5 ,4
» define the determinant of a square matrix.

» evaluate determinant of a matrix.
» define singular and non-singular matrices.

» define adjoint of a matrix. #6,

» find multiplicative inverse of a non-singular matrix A and verifythat 44 =I=4 4,
where / is the identity matrix.

» use adjoint method to calculate inverse of a non-singular matrix.

» verify the result 48 =874

» solve a system of two linear equatmns and related real life prublems in two unknown using.

» Matrix inversion method, « Cramer’s rule,



T
H - 6.1 INTRODUCTION
ﬁ,

In this chapter we will introduce a new mathematical form, called a
matrix, that will enable us to represent a number of different quant:tles

as a smgle unit.

. The idea of matriceé was introduced by a famous mathematician
Arther Cayley in 1857. Matrices are widely used in both the physical
and the social sciences.

A matrix is a square or a rectangular array of numbers written within
square brackets or parentheses in a definite order, in rows and
columns.

Generally, the matrices (plural of the matrix) ére denoted by capital letters
AR e etc. while the elements of a matrix are denoted by
_small letters g, b, c.............. and numbers /, 2, 3............... For example:

LTI 7 - a5
o o[
Look at another example:

A company that manufactures shirts makes a standard model
and a competition model. The labour (in hours) required for
each model is conveniently represented by the 2x 3 matrix.

Fabricating  Finishing -Paf.f;;ﬂ;"d
; sl I 02] _ ‘
= ' tandard Shirts
‘ 7 2 0.2

The weekly production can be represented by the row matrix

Standard Compelition
] Shirts
10]
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§ AND DETERMINANTS Bt -2

Each matrix consists of horizontally and vertically arranged elements.

l I Horizontally '

Vemcaﬂy arranged elements.

i

Rows: Horizontally arranged elements are said to form rows.

Columns: Vertically arranged elements are said to form columns.

S —————

The number of rows and columns in matrices may be equal or
different. However, the number of elements in different rows are
same and similar is the case in the columns of a matfrix that remams

the same.

Generally, rows and columns are denoted by R and C respectively.
For example:

Column 1 Column 2
or or

C G
b:|<——Row1 or R,

d |«——Row2 or R,

" Matrix 4 has two, rows and two columns whereas a, b, ¢, d are its -
elements. The number of rows and the number of columns are

denoted by m and n respectively.

In the above example m =2 and n =2
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MATRICES AND DETERMI}

: Order of a Matrix:-
y If a matrix 4 has m’ number of rows and »’ number of columns,
i then order of the matrix 4 is mxn (read as “m—-by-n matrix")

EXAMPLE-1 Find the order of P=[ 3 ]

SOLUTION: Matrix P has only one row and one column.
So order of P is 1x1 matrix.

EXAMPLE-2 Find the orderof =[4 7]
SOLUTION: Matrix O has one row and two columns.
So order of Q is 1x2 matrix.
; . 3 4
EXAMPLE-3  Find the order of R = [S 7}

- SOLUTION: In matrix R, the number of rows is two i.e m = 2
i and the number of columns is two i.e n = 2.

i ' The order of R is 2x 2 matrix.
SNy

EXAMPLE-4 Find the orderof A=|5 7 2
. T A E)

In matrix A, the number of rows is three i.e m = 3

. ¥ SOLUTION:
and the number of columns is three, i.e n = 3.

The order of A is 3x 3 matrix.

der of a matrix mxn instead of m by n.
' 1at in the order of a matrix,




Equal Matrices:-

Two matrices 4 and B are said to be equal if and only if they have the
same order and their corresponding elements are equal.
Their equality is denoted by 4 = B.

w=a

For example: [W x] = [a b] SHEss 2
¥y z c d y=c

' z=d

EXAMPLE

Which of the following matrices are equal and which of them
are not equal ?

- - 4
702 -9
A=34’B=32‘? ’
~ - 32X2 B 6 7
7= 7
o B 2
1 3 6
C = , D=2 1' 3| 2F = |-
4 5 3 2
= - 4 2 5 0
e 2%2 2 —
I3 7. L 2
F =
287 b3

SOLUTION: Matrix B, can be written as

[ 4
ol 17
B=3 A =[3 4:|=A
SRE2 <02 : .

" (i) Order of 4 and B is same 2 by2, and corresponding elements
are equal, so A =B.

(i) Order of 4, B and C is same 2 by2, but corresponding
elements are not equal, so 4=B#C.

(iti) Matrix E can be written as: o
Order of D and E is same, i.e -2 1307
3by3 and corresponding e LI R R OO el oy
elements are equal, 3 4 2.5
soD=E. 222 2 "?"

~ (iv) Order of the matrix Fiis 2by3 , soF #DandE#F.
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EXERCISE - 6.1

Wi h the help of the given matrices answer the questions from 110 3.

[ =)
A=| ;
=5 0.
-3 2 0
DR 05 10 -5
Rl =2 2

3 -2 g
B=_ 5 3 C= _1!
Y
: 0
s — ke
mEaE o 0], F=| 0
3 -1

What are the orders of matrices A,C and F?

2-_ What are the orders of matrices B,D and E?

3-

4

What element is in the second row and third column of matrix D?

Which ofthe following matrices are equal and which of them are not?

.‘A"=['4]

,;3=[1 2],C=m,uﬁ [2+7]

ol )




m ) DETERMINANTS ' 2 B e

6.2 TYPES OF MATRICES 1

(1) Row Matrix:~
A matrix with only one row is called a row matrix.

For example: A4

B=[2 3 4] isof orderx3.

I

(1) Column Matrix:-

]
[1 2] is of orderIx2. l
A matrix with only one column is called a column matrix. 1
|
|
I
|

] ke
For example: C = L] is of order2x1/.

3
D =|2|is of order3x1i.
i

(1) Rectangular Matrix:-

If in a matrix, the number of rows and the number of columns are
not equal, then the matrix is called a rectangular matrix.

3
For example: 4 =[2 5], Bi= L] ;
- ) S
C =
B
are rectangular matrices of order/x 2, 2x I and 2x 3 respectively.

(IV) Square Matrix:-

If a matrix has equal number of rows and columns, it is called a
square matrix.

For example: 2 0 _
i Pli= . Q =
— 2] )

W by~
T Y
N oy

are square matrices of order 2x ;’and 3x 3 respectively.
133
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(V) Zero or Null Matrix:-

If all the elements in @ matrix are zeros, it is called a zero matrix or
null matrix. A null matrix is denoted by the letter O.

\_'.For example: (O = [¢] is of order /x1.

O=[0 0]  isoforder/x2.

9) = 24 is of order 2x 2.
0 0

S

0
0| is of order 3x 3.
0 0

Q

Il
S © o

S

M) Diagonal Matrix:-

A square matrix in which all the elements except at least the one

element in the diagonal are zeros is called a diagonal matrix.
Some elements of the diagonal in a matrix may be zero but not all.

_00 C_
S -

~ Forexample: 4 = [3 0} ,

S oS~
S N O
w o S

are all diagonal matrices.
>N .

(Vi) Scalar Matrix:-
A diagonal matrix having equal elements is called a scalar matrix.

are scalar matrices.

. atrlx havmg each element equal to 7 is called a unit or
atrix. Identity or unit matrix is generally denoted by I.
, 134




For ex_ample: I 0

I =[] I:[O {

are identity matrices of different orders.

(1X) Transpose of a Matrix:- |
If A is a matrix of order (mxn) , then a matrix (nxm ) obtained by
interchanging the rows and columns of 4 is called the transpose of 4.

It is denoted by 4'.

: [a b
For example: ~ _ [a d],then 7 =[a c]

| c b d
[ 15203 I' 4%.7
B = |45 58 6v|then Bie =112 NS
(780 3 6 9
ST
If A'and B'are transposes of 4 and B respectively, and if k is
scalar. Then:
(a) (Af )I'- o A (b‘) mA)f - Ml
(c) (A+B) = A'+B' (d) (4B) = B'A’

(X) Symmetric Matrix:- A square matrix 4 is called symmetric if 4° = 4

For example: 4 ={p q:l and A’ =|:P q]
q

r g T
Since 4° = 4
A is symmetric matrix.
: /I -2 3 13 =2"3
B =|-2), 110:44 B=|-2 0 4
31 a4aZ 3 4 2

Since B = B
Matrix B is symmetric.
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(1) Skew-Symmetric Matrix:-
A square matrix 4 is called skew symmetric (or anti-symmetric) if 4' =—4.

[ 0 -2 3
Forexample: 4=| 2 0 4
5 =)
0520 -3 0 -2 3
eSO =N ==1"2 0 4|=-4
2 ) =SP4 0

A'=—A Hence 4 is skew symmetric.

[ XERCISE — 6.2

- 1- Identify row matrices, column matrices, square matrices, and
b5 - rectangular matrices in the following matrices.

- 40 B 111.8 =[5-+2 4} C=[a+x}o % [2 4}
e i 2 G b+y L3
'__ kg

ST g

].'H = [0]




R S .

3- Find transpose of the following matrices.

t m n|
3 4 -3 =2 a —-b :
= ,B= ] = —
A [_‘,_4} [_1 4](3 L d]'D P q r
a b ¢

4- |dentify all row matrices, if:

A=[3 4 5],3:4 6:l,C=|:e i) o

v [ L 486
62,F=373:|
9 8 e

5- Identify all column matrices, if:

3 28 a 2 T
A=|6 |, B=[6 5| Ci=ilib(ESDi=r s
10 47 c -2 3 4

6- Identify all column matrices, if:

Hebeil 7] i
G 7
A=[2 2],B=I 6 5,c=z,D=[
7Bz 9

E=[3 3 _7]'-,F=[j l;]. -

7- Identify all 3x 3 square matrices, if:

Ty 2
A=11 5 4|, B=|4NSC=R/SSEES
Bimalkb9e 3 7




6.3 ADDITION AND SUBTRACTION OF MATRICES

Two matrices 4 and B are said to be conformable for addition 4+B, if
they are of the same order and their sum is obtained by adding their
corresponding elements.

. Order of matrix 4+B will be the same as the order of matrices 4 and B.

6.3.1 Add and Subiract Mairices
Addition of Matrices:

When two matrices are conformable for addition, we find addition by
adding their corresponding elements.

For example:

®

Il

wx+ab_w+ax+b
y z c d| |y+c z+d
-3 0 1+53—2_23—1
SRR =200 5 3 2 1

e 2 4 3 -2 -5

73 = b o [ T YN |
38 8407 =1 —3.—2
[1+3 24(=2) 4+(-5) AN ]
2+(=5) =3+2 5+1 =|=3'=] ¢

34(-1) 44(-3) T7+(-2) 2 BN



EXAMPLE-1

EXAMPLE-2

SOLUTION:

SOLUTION:

.’fA:I

A-B =

A-B =

A-B =

-

B=[a

a2
3

x—2

2% =3
-1 3 4
0 4 -2

and B =

1 -4 =5
EXAMPLE-3 Add the matrices A,B and C where

[

Since A , B and C matrices have the same order,
so they are conformable for addition

)

[2+1+2
3-2-4

=2
10
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] then find A— B

then find A—B

Co ~ W
LW O

[\
PR vy (08
o (g e

I3
-2 J

I1+3-6
4+5+1



btract matrix B from matrix A.

' NS 7 =5 )

SIS —o8 VB =2 4 -6
[HRsEG1E S (3 6 -1

~ they are conformable for subtraction.
' s 7 i1 =5 2
S =0l g 6
WiRaNGie5  6 =1

e 7
- =|1-2  3-4 =246

5-6 6+1




63.2 Laws of Addition of Matrices

Commutative Law:
For any two matrices 4 and B of the same order

A+B = B+ 4

This law is called commutative law of matrices with respect to addition.

EXAMPLE-1

!l 3 4
ifAz{ ] and B=[ z:l

45 —6 1
then show that A+ B = B + A.

SOLUTION: Matrices A,B have same order, so they are
conformable for addition.

1803 4 2 1+4 . 3+2
A+ B = + =
L 5] Ld I] [4—6 5+I]

B4 8y
A+B =

F 4 2 4+1 2+3
K. S s wits

and

Thus A+B = B+ A4
Associative Law:

For three matrices 4, B and C of same order,

_a+m+c=ﬁgm+Q  

i

This law is called associative law of matrices with respect to Q%Qditign-.

<14

=) e I

|

e e e

e AT N P RS T -

‘.
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| 2
Lj3 0 e )
0 2] 3
then verify the associative law of matrices with respect
to addition.

| (A+B)+C-r12+4o_+ 2 P
SOLUTION: —\0 5 0 2 Ne o

& %) 20 3
= +
0 7} [—5 —4]

EXAMPLE IFd=|’
“lo 5|

(87 5 ,
(A+B)+C = 5 3](1}
, ez (Tt 0 2 3
A+(B+C)__o 5_+[[0 2}’[4 -4D
BN 3 [ 7 5 -
= -0 5--|-|:—5 _.2]—|:_5 3j| .............. ﬁl)

 From (i) and (i), we have (4 +B) + C = A + (B + C)

6.3.3 Additive Identity of Marices

In real numbers, zero is the additive identity i.e. the sum of a real
number and zero is equal to the real numbere.g, 5+0 = 0+ 5 = 5.
L _ Slmilarly, a zero matrix O of order m - by - n is called the additive
S .‘_ldentrty matnx such that

B 00 = 4
<t
4

3

g - . ..2
B, [3 5 0 0
g Conelder, A0 =) 4} [0 .o]

~ For example: A4 =

A+0 = ::"' | = A4

B -

‘ "0’ is additive identity of matrix A.




Remember that: The order of ‘4’ and ‘O’is same. -

6.3.4 Additive Inverse of a Matrix
If two matrices 4 and B are such that their sum (4 + B) is a zero
matrix, then 4 and B are called additive inverse of each other.
For example: :
(a b] . i [
A=a },andﬁ':[a b]
c d - —d

(a b -a =-b 0 0
i A+B = = =
Consider g d} + [_c —d} [0 0] (0)

Therefore 4 and B are inverse of each other.

EXAMPLE
-1 2 -3 1 -2 3
If A=| 2 -4 5|, and B=|-2. -5
SR 7 2=y
then
Ee = [ =20 kes
A+ B=| 2 —¢ s R =y
2 -1 7 2 1 -7
=7t 2-2 -3+3 000
=| 2-2 —4+4 25 (= 0R0OI NS
242 —1ep 7=l ORI
A+B = O * - T+ =
A and B are inverse of each other. ; & L

b
b
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MATRICES AND DETERMIN

Find (i) A+B (i) A-B (iii) B—A
_(iv) 24+ 3B (v} 34-4B (vi) A-2B

2- Find the additive inverses of the following matrices.

3 ;
2
el 3}"9: V2 3,C=_7
2 6 4 3

4
IS0 -2
D=0 3 4,E=[2 5 -3]
2 -1 -3
3 If 4= [}? j:’ nd_B =,:j Z]therl show that
() 44-34=4 (i) 3B-34 = 3(B-4)

4- Findxandyif [ x+3 7 ] 2]
=3 3y-4d'

-

() A+B - B+ 4 () A+(B+C) = (4+B)+C

et " ‘é-ina'tr* x—-equafibn for X.

13 47 |2 &
i e e ;
5 A= [ y 5] [ 6 3| @ [3 _z}then prove that




7- Findabcde and f'such that
a b c| [3 =25 I&i=d ST
d e f 5 | 0h—4 N0 =2 e
8- Find wx,y,z such that .
w X 3 0 272
+ =
y 2z -1 5 6 -3
9- If4 = [ d] then what is the additive inverse of 4?
c .

1 -1 R :
10- Given that 4 = L’ 3]verifyth_at A?_—'-44+ =)

2 4 3= =g :
N-If 4 = [I 5],3 =_[4 6],thenverifythat(f1-l-_3)' =A+F.

72 2. 7]t E N
- = rB = 2 ,C= =1 il ..- $
12- If 4 [3 _4] [5 8:] _ [0 2] then sh?wtha‘_l:-_ .

N Ete a2l ,
8§ 2

6.4.1 MULTIPLICATION OF MATRICES

Two matrices 4 and B are said to be conformable for the product 4B,
if the number of columns in 4 is equal to the number of rows in B.

For examp{g; [2 3] [l 2} = I:ZX4 + 3x 2]- ,
i A s=l8dle 4 e
s=[iglob bl b
. I . '. ‘-1“ |



EXAMPLE-1

= a;; “:2] B [bn b;; 13 } J
= B =
a a; by by by
order of A . order of B

i !

IarsAs) 2

=

o

: order of product AB

—> X X

Cy €3 €y

The product of 4B shall contain the elements like

€ S ¢
- AB= [ where

¢y = ay by +ap, by

(Multiplication of the elements of Ist row of 4 with
elements of Ist column of B)

¢, = ay b +a;, by

.(Multiplication of the elements of Ist row of A with
~elements of 2nd column of B)

¢; = ay by +a;, by

(Multiplication of the elements of Ist row of A mth
‘elements of 3rd column of B)

€y = Ay by +ay, by
€y = @y by +ay; by

3= 4y by tay by . thus

vl ]

=i . LR e (Ve LT, .
_" - 3 Vi a;; ‘_I}Z [bH b!? bA'S']
- oy ,I 3:;',' i o __ﬂ,'gj‘ 4y, bﬂ bZ? b23

[a,, b + al.?‘bﬂ a4y by +a,by,

148

i by + az by  Gyb, +ayby,

a; b3 + a5, by
ay by + a,; by;

:



EXAMPLE-2

!fA—52 andB—zth find
=% % =l en find AB.

SOLUTION: order of A = 2x2
order of B = 2x1
order of AB = 2x1 :
Because number of columns in A = number bf rowsin B =2

AB_52 2 5x2 + 2x3 10 + 6 16
13 4|3 3x2+4><3 “le+12| |18
Result:

If 4 is a square matrix then 4% = 4.4
A = AAA = A4® = 4’4
Finally 4" = A4A4........ n times.

" Remember that:

For multiplication 4B of two matrices A4 and B the following points
should be kept in mind.

(i) The number of columns in 4 = number of rows in B..
(it) The product of matrices 4 and B is denoted byAxB or AB

(iii) If A is a mx p matrix and B is a pxn matnx then
AB is mxn matrix.

6.4.3 ﬂssoam? ve Law of i‘ﬂaimes with respeci
to Multiplication

If three matrices 4 , B and C are conformable for multiblicatioh, then
. ‘ A(BC) = (AB)C

is called assoclatlve law with respect to multlpllcatlon

1T " ==




~ EXAMPLE

;-I.::'.. . : o 21
[ . If A= , B
R
then verify associative law under multiplication.

ey 77 - & 4 2
_[2. 3] and C—L I]
| SOLUTION:

W oR(MIRa Il e w2

Iv‘.' i i A C|=
I

—

;]
-

4+3“ 2+I
8+ 9 4+3

£

¢ RS [2X7 + Ix17 2x3 + Ix7] _
el et _ e |3 Tt I 17 3x3+1><7

A(BC) = [ﬂ 13](9

~

~

b~
ot i |
N W
|

o B e N T
Cansider “B)C‘([s ,] [z 3]] [3 1]
. B i b R gy

 [2x1+1x2  2x1+ 1x3][4
0357 2 T2 3x1 + 1x3 3
-‘ 1} 1 j’m&q &l AT )

1x4-+IX3 Ix2 + Ix]
2x4-+3x3 2x2 + 3x1

14+17
21417

6]

6+7

947
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[4)(4 + 5x3 4x2 + 5x1] [}6+15

S5x4 +6x3 5%x2 + 6xl 20+18
3 vi3 ;
(AB)C = L’S 16] ........... (i)

From equation (i) and (ii) , A(BC) = (4B)C
Associative law holds in mu.'t.'phcat:on of matrices.
6.4.4 Distributive Laws

If the matrices A B and C are conformable for add|t|0n and
multiplication, then

() A (B +C)

AB + AC  (left distributive law for matrices).

(ii) (A + B) C

I

(i) and (ii) are called distributive laws.

EXAMPLE

then verify left and right distributive laws.

SOLUTION: (i) Left dfstnbutrve law A(B + C) “AB + AC

—— e
T2 ez [EL a e

148

LB

8+5
10+6

AC + BC  (right distributive law for matrices)

43 2 3] 1 -4
— — C= .
g [2 z} 2 [-—1 -2] and [3_ 6]

].




“}2;ﬁ]+[=4+9 —I6+18]

|-2+6 - 8+12




(ii) Right distributive law (4 + B) C = AC + G abiin S e H

A+B =[; j]+|:§ 2] *|:g'*_a" :Iwma'djmma' ,n?"‘l e

R

|

. T6% g . '
Consider (A+B)C ][ ] &1 Baden ST

. " = .k
' 4

_ [+ 18! S=zda sossicinins
_"I+0 . .-—4+Q { .o

. ' ' -1 -4 _lf 2
Consider AC+BC ='[4 3] [ = ]+[

- [-4+9 ‘—16+18 +“__ 50
-2+6 " ;_61_12 |




, 645 .Commuttlltive"-luw :

Commutatlve law does not hold in multlplication of matrices in general

le AB#BA
i a=|2 21 =7 | venityan = 4
f. E)[AMPLEI 3 _2 =l SR verify AB # BA.
T ._'SOLUTION: Given matrices A and B are conformable for
il =i . - multiplication AB and BA.
Ei 5 ! ‘
i s el BT 3
R ol ol ¢ 2
1 =148 344
il o |-3-8 9-4
LR A
' -AB =| . ol B, ]
‘ . ; "_—II 5) ®
| RS
»_'....c B = i ) 3
- Co?s:der 4 Em 2] 3 __2]
[-1+9  -2-6]
L o4+6 8-4]
i
AB = ST R e (ii
. [10 4] (3)
not ha.fd in mulﬂpllcaﬂan




| '- N Tafi e

. r "™ { 3! ..-.4 _I..': ., !.I.u iy

: : : L s R N JUCNTE

EXAMPLE-2 - M
ol s .

[a . b Lo e e R
_1_1" A= = 4l then vemjf Iz4=ﬁ-’:‘=..4.' S RS e,

PR = YR

SOLUTION: Rretesi

; 7 _0 I s d v M '. oh ‘5_""-_5‘?‘.1 »'f{\i"!{\ g p ‘\a:_:

e
1
-
B
¥ e = 3, =t
S T e e S
CACCe B d

L e ANeR w .la
(0xa +Ixc  Oxb +Ixd| t
I 3 ¥ 5 ; X 'I
y = a b ! -%
e i . . L¢ d ] ol

- 8 4 y I I P ‘:'_' ,_:..\ -

Consider AI, = : j g 0] ;:Lf 14 S
.. -..._‘II. JETERCR Y e, =t

: _éxl + dxo




6.4.7 Theorem
(4B)' = B'A' where 4and Bare two matrices.

ExAMPLE

’r.r If A = [? ;:| and B = [_; ?], then

show that (AB)' =B‘A’
J; - sowmow:

- 232 3]
. AB -
_Ct.ansrd_er,_ . ‘ i _2]-[ 2 ]

J
il | _ =
o : 3 1 ~ _[-2+6  6+3]
- -1-4  3-2]

Il

4
-5 1

,!! : B

1l
|

i

{50 ' i -

} s LHS =(AB)’ %49 —[4 5] ........... (i)
B o = ’}, B =["1 2]

B coecer niis




_EXERCISE — 6.4

In Problems 1 to 8 Verify Each Statement, Using

[

1. (4B)C = A(BC)

s
i -

2
-2 4|

hlschi

)
0 0

2. AB#BA "

3. AB+C)=AB+ AC

L]

5 (B+C)(B-C)+ B’ -C? 6. (BC) =C'B"

. 8. BC=CB

1. BI=B

Find the Matrix Products.
L, =
g

9. [2 3

[—I R ".2]5?";; rga antin :.

‘-

ki

4. (B+C)'A-—-.B‘2:|-CA' .

SRR B0

THIETWSYS

ST S

S Y

e T
fﬂll- () Lean & o
¥

vyt

e o

AR BAN
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6.5 MULTIPLICATIVE INVERSE OF A MATRIX

6.5.1 - Determinant Function

In this section, we are going to define a new function, called a determinant
of a square matrix. Its domain is the set of all square matrices with real
elements, and its range is the set of all real numbers.

!
L
e
il
il

1

4
¥
r

5

Ifdis a sq'liare matrix, then der 4 or |4| read “The determinant of 4”
_ is used to denote the unique real number.

The determinant of a matrix of order 2 is defined as follows.

_deéab___-ab
c d c d

= ad —bc

6.5.2 Evaluate Determinant of a Matrix

EXAMPLE-1
af=rTet 2/ _
If A4 = [_ _ _4] , then evaluate det A.
» _ A ;
SOLUTION: | 4] = |_3 : 4| = (~)x(~4) - (-3)x2
:  =446=10
EXAMPLE-2 '

If A= [j jJ then evaluate det A.

o soumow, detd - ,j J=r2-5=4
) 1 . EXAMPLE-3 |
5; - If A= [‘;0 j], then e@/alugte detd.
: S e fo :",—...20"-'—,20 . 3 |
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6.5.3 - Singular and Non-Singular Matrices

Singular Matrix:

A square matrix A is called a singular matrix. If det 4 =0

EXAMPLE
(12 6 -
If A=
6 3
12 6
det A = = 36-36
6" '3

det A = 0. Hence matrix A is singular.

Non-Singular Matrix:
A square matrix 4 is called non-singular matrix, if det 4+ 0.
EXAMPLE

ffA=25
6 8

; 2.
det A =| = 16-30
: 6 8
det A = —14+#0. Hence matrix A is non-singular. i
6.5.4 Adjoint of o Matrix

‘Let 4 = [a 3] be a square matrix of order 2x2 .Then the matrix i
C

-'obtalned by interchanging the elements of the dlagonal (iea and’ d) -

and by changing the signs of the other elements 5 and c is called the

adjoint of the matrix 4.

[y——
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- The adjoint of the matrix 4 is denoted by adj 4. For example:

F e
If A=ra ﬂ ,then adj 4= b].

c f=C al-

l--_'\:_. 3

[le585 . Look at another example:

[-6 -2 [ Y
= , th dj P =
[T 3 4] _ en adj s —6}

6.5.5 Multiplicative Inverse

" In the set of real numbers, we know that for each real number a

(except zero) there exists a real number a™' such that aa™ = 1.
il » The number a™ is called the multiplicative inverse of a.

Slmliariy, each square matrix 4 has a multiplicative inverse 4~/ such
that 44 = 474 = I, provided det A 0.

Multiplicative inverse 4~ of any non-singular matrix 4 is given by

adj A
| 4]

A7 = |4 # 0

If 4 is a singular matrix then the multiplicative
~inverse of 4 does not exist.

inguiar matrices have inverses.

wkng o xiteen o
re matrix 4 is always unique.

s cannot possess’ inverses
atifc arlt Jo 2nple

> 1 i s 5 .‘;ﬂ];';;“:. 201 :L 2 LS
-;:_::i__“ :’j*:ﬁ:ﬂ o s




EXAMPLE

By P 5 RO '
TS B 4] then verify AA“’ AT O 'K'\?ﬁf‘.gﬁ

where 1 is the identity matrix.

sownoN: T4 2] P ©

A= : ; T e ‘1

_5 4} a’d}A. [_5 4] i3 ik ‘.

4 2 o R TGRS sl
4] =1 2 R 3

=16-10 0 LT
|A|=6#=0 . I SR o : : =73

We have A' =— adj4
1A|

4 -2] ~ = ThoOE o o : = T

o
I

SIS

4 2[4 -2
BRI v

(16-10.  -8+8 | _1[6 0]
20-20  -10+16] 6|0 6]

Consider AA™

'D\Ih-.. cr\l*-- c\]h-

A4

n
.I__'I
Cb"'--.
H b......@
: |
o

W
e
ik
Il
~
S

Now g
Consider A" 4 = 4 g][

e

A

th- |~
]
ey
O\
a-...
.S-"
]
o




| 856 Inverse of a Non-Singular Matrix
| '}' i The matrix | b has the inverée Imie b provided
4 LS A e — 5| ., | Provided, ad—bc0.
e EXAMPLE-1
! e : . 7 3. I : : . .
) S = |, then find inverse of matrix A.
it i 14 9 S i
: ) 74 3 9 -3
SOLUTION: A= , then adi A =
Hi 3 oL 9] e [—14. 7}
7% 3
4] =
14 9

|A] = 63—42 = 21%0

We know that 4™ = !% adj 4




MINANTS

adj B

=288 VN
3 3 ‘ d e ‘

(-2 4] RL A 1

-‘-_ft?' —18 ; ' : o .‘_'. )

A7 SN : s Tt i
__18 —18 _ A T ‘ juan I‘

We know that B~ = |1

|B|
gl
Z18

B < 2 ‘ s : .i.i-,':nllx,.- s
-1 G R

L6 6

EXAMPLE-3 Wt
P = [6 7 ] , then find P~ if possible.

SOLUTION:




6.5.7 Verify (ag)'=8"a"
'We verify this with the help of following ‘example.

_-'-Q EXAMPLE
G 4 2]
i = . B= . then verify (AB)™" = B7'47!
ra=[3 5} 2=[§ 7] tonverty caz
e SOLUTION:
, \... . o . AB = [3 6] |:4 2]
- '
:.- W i 12+ 30 6+24 - 42 30
8 +5 4+4 13 8
S -

42 30
|AB[_IH 8’—'42><8-I3x30

= 336 -390

=—54+0

_ b , v
LHS = (AB)”" = ——adj(4B
Zi (- | Yk lj(AB)




| 4]

A =

=
I

5y
I

Now

Consider B'A” =




[ XERCISE — 6.5

I- Find the determinants of the following matrices.

0 [“ } (w[
Xy

-2

o
s

B=8 —d :
(m)‘ el (iv)

2. ldentify the singular and non-singular matrices.

e
@ [1'—3}

(it) [

S5
4 9

(iii) [‘“
a

3. Findthe inverse of each matrix 4 and show that A~/ 4= 1.
If the inverse does not exist, give reason.

eI
o ;]

L =
3 4
o |1 5
R
S5 S
4, Let M =
4 lle [3

(@) Find M~

2

@) [—6 '4]

(i1)

)

-

2
1
1
2

n () Verify that M~'M = MM’

(iii)

|4
](w')

Ji

L0

LY

8

Co |~ ~I|~

] B = [; g 1] ,verify that (4B)™ = B'47".

N~ oW
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6.6 SOLUTION OF SIMULTANEQOUS LINEAR EQUATIONS

To determine the value of two variables, we need a pair of equations.
Such a pair of equations is called a system of simultaneous linear

equations.

1- The technique of solving a pair of simultaneous equations by
(a) Matrix Inversion Method
(b) Cramer’s Rule

2- To apply the technique to solve some practical problems.

6.6.1 Matrix inversion Method
Let ax+a,y=>b, ... (i)
and a;x+a,y=>b, ........(ii)

be the two simultaneous linear equations. These equations can
be written in matrix form as:

ax + ay| |
ax + a;y| | b
I HH
l.e =
a; a; ||y b,
or APXE="B v (i)

ay. i, b
where A=|:’ “}.X=[x:|,3-=l:']
as ay ) b,

To find values of the variable x and y, the equation (iii) is solved by
the following method. :

AX =B

If 4 has an inverse 47/, :
- then 44x = 4B (i AT A =21 )&)
IX = A'B (c1X=X)
.. 01‘?4 f‘ B provided| 4| =0

In case 4 is singular (|4] = 0), then it is not possible to find the:
solution of the given equations. = jo G
165
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EXAMPLE

Solve the following set of equations using the matrix inversion
method. 3x—4y=7 5x-7y=12

SOLUTION:

The given simultaneous equations may be written in matrix
form as:

e
o ::], L) (]

|4] =

|4| = -1#0

" As A is non-singular matrix, so the equations can
be solved.
4
y




Cramer’s Rule:l

Simultaneous linear equations can be solved by Cramer’s rule. The

method to solve linear equations by Cramer's rule is explained below.
Consider the linear equations.

a;x + a,y = b,
a;x +a,y =b,
In matrix form

AX = B
Vhem a, a.?:l’ X=[JC]’ B - b,
a a, y b,
a, a4 : :
|4| = . provided| 4|=0 :
e, : :
1D, =] 2 |
h 4y
b
ID_?l: | 1
a; b,
Now x=@ and y=@
| 4| | 4]

EXAMPLE-1

~ Use Cramer'’s rule to solve the following linear equations.
xX+3y=6 , 2x+y=4

SOLUTION: x + 3y =6 , 2x +y =4 .in matrix form:

MR




b’e's:-‘-‘anq’_ 4 pears cost Rs. 11 while the 5 apples and 2 pears
~ cost Rs. 7. How much each apple and pear cost ?

soLuTIoN: We denote apple by x’ and pear by ‘y’
 then 7x+4y=11

Sx+2p=7
In matrix form

I 5 2 |y 7 _.
M =




EXAMPLE-3 :
Find two numbers whose sum is 67 and

SOLUTION: _ o)
Let x and y be two numbers and also x > y.

x+y=07 (i)

x—y=3 (u)
In matrix form: [ e

EXAMPLE-4
- A belt and a wallet cost Rs.
: R.s' 213. Calculate the cost




} 7= 30

N

e £ '---:__4-1
o | a__de_[_? J

s e

-" T - X _ A-lB_

-X:(dde] 3
N |4]

ey

1[ 168 - 213}

~3|-294 + 213




E XERCISE - 6.6

="

- Write the equation 2x +ky=7and 4x— 9y 4inmatrix form. Also
find the value of k if the matrix of the coefficients is singular.

9. Solve the simultaneous equations by the matrix inversion method
where possible. Where there is no solution, explain why this is so.

(i) 2x—5y=1 (i) 3x+2y=10 (iii)  4x+5y=0
3x-7y=2 2y—3x=—4 2+ Sy=1
(iv) Sx+6y=25 ) x+y=2" S (i) E+_5 - ]
3x+dy=17 y=2+x  —4x+y=I4

3. Solve, using matrix inversion method
3x—y=10 i
2x+3y=3 oy - (7 A

4. Use Cramer's rule to solve the simultaneous equatlons Gwe‘the
reason where solution is not possible. :

(i) x+2y=3 (i) 2x+y=1
x+3y=35 Sx+3y=2

'i
; _hs

(iv) —2x+6y=35 V) x=3y=5 o i
x—3y=-7 2x—5y=9

5. Write the following matrices in the form ¢ f
. 2 —I X . 2: o -7y
A [5 2] [y] “ [4], ( __

(m) [—: !

Vi A




Review Exercise-6

circle the Correct Anmr.‘

| order (b) rows

columns (d) determinant

matrix consisting of one row is called a:

row matrix (b) column matrix

identity matrix (d) scalar matrix

lo matrices are conformable for addition, if they are of

| the same order . (b) the different order
| the order 2x 2 (d) order3x3

juare matrix the number of rows and columns is:

(b) 3x2
d 2x1

the same order and equal corresponding

(b) diagonal matrices

(d) unequal matrices

S are:

he number of rows and columns in a matrix determine its:




9. In matrices (A B)' =?

(a) 4 () B oyl Aol
4 O B A @ 48 Wi
| 10 1n matrices 87 = o
_:.j'_ y s M LAY 1y, '_’,!,ut Ly
Ny @ 4 ) B | | \
E; © B4’ () 7 A AR aile
I1- Fill n the blanks. .
1. The number of rows and columns in a matrix determine _
its '
2. A matrix consisting of one row only is called a FEWT PR
~ 3. Two matrices are conformable for addition, if theyare |}
: ofithe ~ Sk gy | |
E 4. In a square matrix the number of rows and columns-'ﬁié‘»MLg :

5. Two matrices of the same order are
corresponding elements are same.

6. In a unit matrix the diagonal elements are.

1. (AB)C = A(BC), where 4,B and C are matrices is called -
under multiplication.

8. If 4' =4, then the matrix 4 is said to be_

xeiy A STHORON A - N

3 ‘-h?.-- - !
A RISty

N L*.E-‘ 3

9. In matrices (4B)' =

- 10. In matrices (4B)" =




SUMMARY

Matrix: A rectangular array of numbers, enclosed by a pair of brackets
and subject to certain rules is called a matrix.

Order of a matrix: The humber of rows and columns in a matrix determine
its order.

Row matrix: A matrix consisting of one row only is called a row matrix.

Column matrix: A matrix consisting of one column only is called a column
matrix.

Square matrix: In a square matrix, the number of rows and columns are
equal.

Rectangular matrix: In a rectangular matrix, number of rows and columns
are not same.

Zero or null matrix: If all elements in a matrix are zero, the matrix is
called a zero or null matrix.

Unit or Identity matrix: In an identity matrix, the diagonal elements are
unity and off diagonal elemeénts are all zero.

Transpose of a matrix: A matrix obtained by interchanging rows into
columns is called transpose of a matrix.

Symmetric matrix: A matrix 4 is said to be symmetric, if 4' = 4.

Skew-Symmetric matrix : Amatrix 4 is said to be skew-symmetric, if A’ =—A4.

Determinant: A real number associated with a square matrix is called
determinant of a square matrix.

Singular matrix: If the determinant of a square matrix is zero, it is
called a singular matrix, otherwise non-singular matrix.

Adjoint of a square matrix of order 2x 2

In the adjoint of a square matrix of order2x 2 the diagonal
elements are interchanged, whereas the sign of other diagonal
elements are changed.

Multiplicative inverse of a square matrix,

A matrix B is said to be multiplicative inverse of ‘4’, if AB=1I.




