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In this unit the students wil| pe abl
@) Define a quadratic equation, -

QUADRATIC
EQUATIONS

@ Solve a quadratic equation in one variable by

@
L]
)]

)]

&

&)
&)
(]

o Factorization
©  Completing square method

Use method of completin
. B square to derive the :
Use the quadratic formula to solve quadratic qu:;:f:'“ formula,

Solve equations, reducible to quadratic form, of the —
: Toax'+

+c =0,

Solve the equations of the type: ap(x)+ b =p
] Plxy

Solve reciprocal equations of the type a[_ﬁ + -—1—]+b[ P ] 0
- t—l+e=0.
. ‘ ; x x
Solve exponential equations in which the variables oceur in exponents

Solve equations of the type (x+a)(x+ b)(x+e)x+d)=k where a+b=c+d
Solve equations of the type: L

9 Jax+b=cx+d.
o Jrta+Jxsb=yr+o.

o J.\:’ +px+m+\fx3+p,\-+n=q_

l\x_.. 20 ] Linear term
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Unit 1 Quadrotic E

=
e .

Balls, Arrows, Missiles
When you throw a ball {or shoot an arroW, fire amissile

or throw a stone) it goes up into the air, slowing as it
down again faster and faster ...

and Stones

travels, then comes

__and a Quadratic Equation tells you its position at all

times!

Quadratic Eguations are useful in many other arcas:
ecting telescope OF @

For a parabolic mirror, & refl
satellite dish, the shape is de

equation.

fined by a quadratic

Quadratic equations are also needed when studying

lenses and curved mirrors.
Many questions involving
need quadratic equations.

Quadratic equation
A quadratic equation in one variable is an equat

ax’ +by +e=0, wherea, b, and ¢, are real numbers anda=0.
-::ET!_I i) ;L:_
The name Quadratic comes
from"quad"meaning square
because the highest power
ofthe variableis 2.

time, distance and speed

the form

jon that can be written in

this makes it Quudratic

el
578 - 3x+3=0

jons include
¥ +2x=0, and ¥ =3x+l

Examples of quadratic equat
P +x+l=0, 2x* =3=0,

Solution of quadratic equations
variable for which the given equation is true are called solution ot
set of all solutions is called solution

roots

15l

x=3andx=-3, hencex=3and
g=0and {3,-3} isthesolution

Allthose values of the

ofthe equation, and the
For example, the quadratic equation ¥ —9=0istruconly for
y=—3 are the solutions Or roots of the quadratic equation X -

set.

We may solve quadratic
(a) by factorization

(b) by completing the square

(¢} by quadratic formula

equations by the following methods.

Mathematics X

Unit T Quadratic Equmigns . .
i n by Factorizati
uy faetlorivation tr ifs

A quadratic equatj '
Sy quation car e
is illustrated in th 1 casily be solved by splitting it i
efollowin y sphitting it in fa ;
gexamples: ctors. The factorization meth
: od

WL n S Ving a q d Ic a!lo Wl“i faclul!!&llﬂﬂ
. (Il 1
g uadrat cqu n

Solve each i
ach quadratic equation b
. r f |
(i) 2 +2¢~11= ? am@l@(:hmk SRR
| (i) 128 =(+]
LA

Solution ' >
(i) Start by writi
¥ wnting the equation iff the 3 *+hr+e=0
23+ 2x-11=1 i .
¥ , given cquation
e 6: IEl]:l subtract 1 from cach side
= divide each s f
(x+3)x-2)=0 facior ) i i
x+3=0 i
» ar x-2=0 Zero-product properiy
or x=2 solve

These soluti
ion can be checked by substituting them in the given equation

-3y +2(-3)-11 =1 2027 +2(2)-11 = 1

(i) Wri Ry wsa i
rite the equation in the form at* + bt+¢=0
e B
ot 12t = t+1 given equation
: 4 -1=0 subtract 1 and |
(3t=1)dt+1)=0 lactorize
t-1=0 or 4t+1=0 zero-product property
) -1 .
t = 3 or t= 1 solve

To check these solutions, substitute themintothe given equation.
(& Try This gy '|

? 2
S 0 gl a-a Sobe the following eqations
3 3 4 4 {i}.a".-?a-ﬁ:{}
4- 4 33 {ii). 6p"+ Tp-20=0
— == (ime) == (true) Y—
3 3 4 4

smFORISAIER - &
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from 3 m above the ground with a velocity of 14 m/s. When

A ball is thrown straight up,
does it hit the ground?
Solution
We can work out its height by adding up these three things:
The height Sarts 81 3 M oo i 3
cond {14 MYS): <itiimmmmisiinsinssmmsisssivssinns 14t

It travels upwards at 14 meters per s¢

Gravity pulls it down, changing its position by abour 5 m per second squared: ...—S¢

! . ?ﬂgﬂ?
Add them up and the height i'a:at any time / is: 30 G i Al
h=3+ 14t- 5t
And the ball will hit the ground when the height is zero:

34 14t-5C=0 H

Or 50— 14t-3=0

Which is a quadratic equation.

Let us solve it ...
Replace the middle term with—15 and | i

ie SC—15t+t-3=0 :
Si(t—3)+ 1(t-3)=0 o # idi
(St+1)(t—3)=0 -
And the two solutions are:
St+1=0ort-3=0 .
t=—02 or t=3 ;
The "t =— 0.2" is a negative time which is
impossible in our case.
The "t= 3" is the answer we want: | -

|
[ |
| ]

——
|

=

o 4| |
e L S S
1 s |

The ball hits the ground after 3 seconds!

-

(0,3)says whent=0(at the é.lan) the ball isat3 m. '
(3,0) says that at 3 seconds the ball is at ground level.

Study Tip

The examples in the text are carefully chosen to prepare you for success with the exercise sets.
Study the step-by-step solutions of the examples, noting the substitutions and explanations. The
time you spend studying the examples will save your valuable time when you do your homework.

Unit 1 Quadraric Equations .

Somg quadratj
solution by factorization

For example, 1 i
: » e quadratic equation »* 4+ fy =
equation can be sojyeq by coipleli:gxthtzg

M e

€ equations are i _ .
; not easily factorized and hence it is not casy to find their

=-¢ cannot be easily f: 1 i
e ¥ factorized. Such quadratic

1 Try This

().

What must be added toobtaina perfect square? (i ¥=3v (i) g’ -4

L IR o4

Write the quadratic equation in its standard form.

(i). Divide both sides of the equation by the co-efficient of x'ifitis other than 1.
(iii). Shift the constant term to the right-hand side of the equation.
(iv). Squarehalfthe co-efficient of xand add the square to both sides.

™)

Write the left-hand side of the equation as a perfect square and simplify the
right-hand side.

(vi). Take square root of both sides of the equation and solve the resulting equation to

find the solutions of the equation.




. Unit 1 DQuadratic Equations . .
. . | Unit 1 Quadrgric Equm'm.-., .

B Using the quadratic formula,

2a
e ~(17)£(17) -4(2)(-14)

2(2 < wubstinne the valies .
( } xb: J—/Q}.‘B

De ) )
& EJ Complering the squarc.
A Solve ench equaton Solve the equation 31* - gy 42 = ¢
v -fy+9=0 Solution - |
— Selution ‘ Leta=3 b=—gande=2 l:'rseun Ionli’ne calculator
Aut 31 s writing the equation in the forma™ -+ ke=d. : o solve the following
Di - h"-\ “nnn: th:.l“ll” { 1 equ ton r= ﬂ_@ qu dratic f | g;‘iimpnc eﬂnntions step
=8+ = given equitie ) . 5 adratts erla >
2 ¥ -8r=-9 <ubtract 9 from each side 1L3F Avoid Errors o ‘ i aian
e g When completing the F =(=6) £/ (-6) - 33)2)
- Jl . . ) VN » N
ev -8+ 16=-9+16 add | — : == ' =16 sguare to solve anegquation 2(3) . substitute for o, b and ¢
c ¥ s make sure that ) o
K -4'=7 the perfect square o thecoeflicientofx’is | .l 6.2 o @ Try This
= v—4=2 7 square root property o vouadd the term (b/2} to 6 simplify 50_|w .
c ; N - both sides of the i (i). 4¢+3x-2=0
> x=4 =7 add 4 to each side equation: i liﬁ ’ e
f i . I i iii ‘5- 3'_ =
n BN Quadratic formula . | (G5 - 10r+ 1320
- i - g " . - S - ; ] bers |
The general form of quadratic equation is ax” + by +¢ 0, where a, b and c are real num ) !
3 and “a” is not equal to zero. By using completing the square method we can derive the :‘u‘:gmi:}aff:l}’ 'isecff;ﬂk;qf fll'ames as part of a new product they are i T il
I quadratic formula for the solution of all quadratic equations. i ﬁ'amghas tubs ?8 - Tokeep the weight down, the final area should be 28 e i
T - 0 obe 11 emby 6 cm. What should the width x of the metal be?
I A y sy . :
W ; TS » . - Solution  Area of steel before cutting:
I ar +bhv=-=c shift the constant term to the right of the equation : : oy J
| ﬁfca=l:|1+1\')x(6+h}cm- =42+ 3+ 66em? 1 e ;
FaZy=-t divide all terms of both sides by a. Area of steel after cutting out the 11 % 6 middle: ™ |
! a a Area =4y + 3dx + 66 — 66 =4y + Jdy 5 ‘
b ) _b T O N o Since the area equals 28 ¢m”, h e i
Add {i] = e tor hoth stdes ol the equation. £ 0 | " :
b b’ o & 4 Or2Zv + |7y 14=0.Herea=2b=17mdc= 14 |
|
1
E
|
{
!

= X+ =g = + -
23, da da°
2 % =17+ an‘ﬂ—l o 2a

b b~ —4ac g e e e,
= r=-—-— 5 4 |

“ fiz = v is about -9.3 or 0.8 .
_— = _____——_b b —4ac Which is the required quadratic formula. The negative value of v make no sensc. so the answer is:
' s =08 em (approx.)

ey EOTAEORIS A I S TIRORISALER
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I . . Unit 1 Quadratic Equations | Unit 1 Quadratic Eas . .
|
: TN S i ,
v+ Exercise L.1__ - olution of equations reducible to quadratic f;
———— The following types of equations can quadratic form
! ization any of the method leamt abovye. i be reduced to the quadratic form and can be solved by
.. Solve each of the foljoing equations by factorization- Type : :
h T G 2_4 : Equation of the form ar*+ bx?4 o =
), P+5x+4=0 (ii). (x=3)"= . ¢=0.
(iti). 2 + —-Iﬂ='ﬂ]"} I 'qv}_ﬁxz_]3x.+5=(] : |4 SG|V812;¢4-.“I:+2 =0
r }hj ~l=4e1 ] S HESSON, B ety Substitution y = x? the equation becomes
i r
) i uations by completing the square. 12" = Iy +2 = 0, which . g s
. Solve /-sach of the folloyng eq ) 23' factorization, 18 a quadratic equation in terms of v and can be solved b
(if. 2+6x-40= (i), xX*=10x+11=0 ¥
fii). 42+ 126 =0 (iv). 55— 10x—840=0 - Br-2)@r-1=0 = e
e / i) +3)=5(x+2)-3 -2=00rdy-1=0 - Polynomial of
Cork o et E\fu Wit s xl = y:% - yt% ltin.‘.grcc fouris |
i tions by quadratic formula. called biauadratic
Solve each of the following equations by q To find x, use the fact that y =x? therefore _ called bi Juadratic, J
(). F-8x+15=0 . (il ¥-20-4=0 . 2 A
2_ 0
(i), 4F+3x=0 (ivh 3x(x—2)+1=0 w3 o P :
' ¥ x |
N el = . L ISEN 2
(V) G = 1Tx+12=0 1ML 3 12 24 = x=% . orx=+ %
! Find all solutions to the following equations : 5
i, P=8+7=0 i, 72+6x=x" = -F=i\{-3tarx=¢%
(i) A+ de+1=0 vk x(x+10)= 10 (-10 - x) i ’ s .
! AT The given equation 12x*~11x* +2 = 0 has four solutions,

i. The equation (y + 13)(y + a) has no linear term. Find value ofa. _
The equation ax’+ 5x=3 has x= las a solution. What is the other solution? i Thus the solution set is { + Jg + l}
3.

What is the positive difference of the roots of ' — Ty 9 =07 2
Vermvily g : , Type Equation of the form a p(x)+—ll() )::c,
. . i o(x
! & . 8
Verify the answers of Exercise 1.1 by using an online calculator. \ sofvezsi Vb
—— ¥ - I
2% e =y = Solution
5 : 4
Solve the following quadratic equation x* —8x+15 =0 by 2x+ ;. =9
(i) Factorization (ii) Completing square ; Multiplying both sides by x, we get _
Verify the answer by using an online calculator. L - 1(2.1‘-& i] _0y _ , o
e ; X ' 1

= 24° +4=9 .

SSSEOTEORISAER -
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b Unit 1 Quadratic Equations

2 4=0
=% 25" - 9x+ o
factorization
i in x and can be solved by
which is a quadratic equation in
(2x-1)(x-4)=0
Xx== or X=

> 1
i : ion set is {—-,é‘[.
Hence the solutions are E’ 4 and the solution 5

) x-1 x+3 13 .
gxample Bl Solve —+77=% WARNING @ -
x+ When you perform a substitution
o ; of variable, you must remember
-ir-l-+£—§'=12 to go back and to express _thc
x+3 x-1 6 ' answers in terms of the original

- 1 x+3 variable

Let y=X=L Then —=== -
x+ y x=

1

13
Therefore, the given equation reduces to ¥+ ; = e

Multiplying both sides by 6y, we get
6y’ —13y+6=0: which is a quadratic equation in terms of x and can

by factoring as follows:
(2y-3)@3r-2)=0
= 2y-3=0 or 3y-2=0

be Sﬂl;i-fcd

- or y=<
= y= 3
3 x-1 3
==, then —=—
7 == x+3 2

2 x-1 2
='-,th —_—
3 . 3 o x+3 3
= Ix-3=2x+6
= x=9

v

Thus the solution set is {~11.9}.

Unit 1 Quadratjc

Equations : .
Type ~ ;' )

e Re{!-ipm(;a|e ;
= quation of the form: g 1
m: a| x hes +b("'+]]+c=0

I Examnte (W 1
! rﬂ Solve the following e X

quations,

. 1 _
0 2[x=+1]ﬁ9[ 1)
R o S X ” I
’ gl v @ B[Izq};"]qz("*l]ﬂ'?:ﬂ
Solution e

(i) The given equation ;
i +FJ_9[I+}‘)+14=0
' x

Let x+—=
¥ s square both sides x4+ 9 _ 1
x X +xz +2Ly’0r .].';'-l-;i.:yz_z

Therefore, the given equation reduces as fol]

A OWS;
2(y'=2)~9y+14=0
= 2-4-9p+14=0
L 2)*~9y+10=0
The equation can be factorized
S (2y-5)y-2)=0
5
& yz‘i or P=2
Now y:i e
’ p
1 35 =  x+—-=2
= X+—=— ¥
x 2 h
2 = r+1=2x
= 2x°+2=5x
or 2x* —4x-x+2=0 = ©=2r+l=0

= 25 —4;-_x+2=u
= 2x(x-2)-1(x-2)=0
=5 (x=2)2x-1)=0

" . 1
Given x=2 or x=

. l o ol 1
Hence the solutions are 2, 7 1 and L. The solution set 1 {-. > l}.




. ; Unit 1 Quadratic Equations

1
1 —— +29=G
(i) The given equation is 8( A z]—-‘ﬂ(x x]

2

1 24 2=

Let x-—l:y-Then [x-;] =y = = Y
x

Therefore, the given equation reduces to
8(° +2)-42y+29=0
8+ 16-42y+29=0
= 8y -42y+45=0
._or 8y -42y+30y+45=0 .
. 4y(2y —3)-15(2y—3)=0
= - (2y-3)4y-15=0
‘=  2p-3=0or 4y-15=0

3 < 3 _15
give y=g or y._?

: 5
1
3 =—
Now y=— | ol ¥ 4
| g | s
| | = bl
= EES x 4
’ -1 15
2£-1 3 _ad
: 2 Bk
or  2(x*-1)=3x or  4(x*-1)=15x
=  2x'-3x-2=0 = 4’ -15-4=0
(x-2)@x+1)=0 (x—4) (4x+1)=0
(x=2)=0 or (2x+1)=0 (x—4) =0 (4x+1)=0
x=2 or x-——% x=4 or x=-_':1'

. ._ ‘ . 4
Hence the required solution set is 2, {2, Sl p

=

Unit 1 Quadraric

eqinrions y .

: ic equations b aki
i 12 €quations into quadratic g Y making the substituti
li Solve 4.2% _ 1024 4 ; ¢ql-lﬂtlansmtetmuf_y.
Solution /] =
O s [ R, |- o
We may write the given equation a5 1| ab 2!
|
; 4.(2%) =102"+ 4 =g '—— base — |
Let 2" = y. The above equation reduces to = .-

4y' 10y +4=¢ T
=7 2)"2—5)41-2:0
o= @-)(-2)=0
= 0 2y-1=0 or y=3-g

(Taking 2 comimon)

{ Factori=i 12)

gives J’-*-'i or y=2
= 2“:5]“ f_:‘r 2=
= =271 o 27 =9t
= x=-1 or x=]

- Thus the solution set is {mI,l}.

- ———_—
.! One-to-One Property of

I Examplo [E Solve the equation 22 + 2% = 10 |

- Exponential Functions
Solution
221—; +22-r= 10 ‘ [f bl’i Zbﬂ!
=  22.27422.277-10=0 then n=m
1
Let 2=y Then 27 =— L SRR . 3T
y
The above equation reduces to 3
4y+5—10=0
¥

= 4y1—10y+4=0 taking 2 common

=  2y'-5+2=0




——

I- - Unit 1 Quadratic Equations
= {Zy—l)(y42)==0 _
= 2y-1=0 or p-2=0

factorizing

: =2 2
== or ¥=
= y=s
; 1 w3
2i=— or 2=
= 2
_— 2]1_: 2-1 or 2;= 2|
= x=-1 or x=1
Thus the solution set is {~1.1}.

Equations of the form (x+a)(x #b)(x+c)(x+d)=k

Type
where a+bh=c+d
b Example (1B Solve {:c+l}(:r+3](x—-2)(x—-4)=24

1+ (-2)=3+(-4)

lution As . '
i the left side of the given equation,

S re-arranging the factors on
[(xH)(.t-Z)] [{x+3]{x-44)]= 24
(2 -x-2)(x —x-12)-24=0

we have

p— A
L

=
Let x*~x = y. The above equation becomes
{_}1-2}[)!-12)-24-——0
y 14y +24-24 =0
yi=14y=0
y(y-14)=0
= y=0 or y=14

y 4

if y=0,then x' ~x=0
= x(x-1)=0 i
gives x=0 or y=1.1f y=14, then ¥’ —x=14

=x'-x-14=0 . _
e 4014 121356 1457 1457 1-451

l+J§§ lﬂfﬁ}.
o2

Thus the solution set is {0, 1, 5

,.
{ rommas

] i e, e

B

* Exerclse 1.2

—

I Solve the following equations
3 \

(i), _\;"_5 !4. = i
Y420 (i -7 +12=0

“lH 6Id -1'3.\:1 +5=0

v 8!

L] -9
X

'."ll“. 3[IJ+L = l - : ; ¥
= - 6 x+x +26=0 (v (x+;] —lﬂ'(x+%]+lﬁ=0
(=), (f.,.l‘]_( __l.]_q;;g 1%}
X ‘X

() 3312103 +1=0

P -103"+9=0

Ixith 5"' +5:_, ~1%

Xt . 1 )
(R v M O e SHy - Tr- 285 (XL 0y =100 = 20 I e sd)+ 1 =0

BV e+ D +3)(x+5) (x+T)+16 =0 .
2. Solve the equation: '~ x' - 26 +2¢ +1:=0

Take any four digit number, follow these steps, and you'll end up with 6174.

i|l' Choose a four digit number (the only condition is that it has at least two different
cigits).

2. Arrange the digits of the four digit number in descending then ascending order.
3. Subtract the smaller number from the biggerone.
‘. Repeat.

Eventually you'll end up at 6174, which is known as Kaprekar's constant. If you then
repeat the process you'll just keep getting 6174 overand overagain.




’ m Radical equations
An equation in which the variable ap
coudion,

" For example,
Jx+2=3, J2x+3=2x+5,

| To solve radical equations, we transform the givel
+" anequation that contains no radicals by squar! ngit.

A solution of the transformed equation that does not

i original radical equation i
Type TR
. Example |} Solve y27-3x=x -3

Solution -

| J27-3x=x-3 ) ; l=. -
(JZ?—lr} =(x-3) | We can getrid of a squar

~: Squaring both sides, we get
J 27-3x=x' —6x+9
: 0=x*—6x+9-27+3x

' =
i or x-3x=18=0
(x—6)(x+3)=0
= x—-6=0 or x+3=0
gives x=6 or x=-3

Now it is necessary 10 check the solution:

Jﬁ_—j-f.:x-—S
If x=6,then J:!_'?Ti:x%
J71-3(6)=6-3

27-18=3
3
3

&
I

3= (true)

? On chécking, we find that x
Thus the solution set is {6}.

pears in one or MOre ra

Jx+5 =.J2x— 1, W +xtl= 2 are radical equations.

given equation into

satisfy the
5 called an extrancous solution.

Equation of the form Jax +b=cx+ d

Unit 1 Quadratic Equations

dicands is called a radiil

Check all roots [sulutions)
of the transforrr!cd
equation in the original
cquation to exclude

gxiraneous TOOLS.

(Tl

| root by squaring.

factorizing

ns in the original equation,

¥ x=-3 then 27-3x=x-3

,’274 3-3)=-3-3
J27+9= -6
J36=-6

6=—6 (falsc)

= —3is an extraneous root.

Unit 1 Qu?d?'-;_ic Equations . : l . ’

Type ‘
Baia .E"iuatlnnof:he form Vix+2 + 575 = 5o
I Lxample [l‘1 So = c

' Ive Jx+2 4+ Jva
.‘5_ R+ x+?=\lx+23
Solution | )

; T “*“"‘“hm
Squaring both si S v i iy

(2] - ()

X +2+x+ T+ x4 2 x4 T =x423
= 2X+9+2dx+2_'&:?=x+23

— 2 (I‘I-z:l(x,l;_'?]:lq_x

Squari::g both sides again, we get
. Hx+2)(x+7)=(14-x)’
4(x" +9x414) =196 - 28x + x*
4x" +36x+56=196 - 28x + 2*
dx* - x* +36x + 285 +56-196=0 =
3x? +64x-140=0 &9
3% — 6x +70x - 140 =0
W (x-2)+T0(x-2)=0 |
(x=2) (3x+70)=0

. x=2=0 or 3x+70=0

x=2 or x:_ﬂ

On checking, we find that is an extraneous root.
Thus the solution set is {2}. B
,]WARN]NG D= e
?r’nu can perform addition-only with identical radical forms. Adding unlike radicals
:::’ e:lne 12 the most common mistakes made by students in algebra! You can easily
ify that VI +16=3+4=7

w.‘9+]6=,f2_5=5
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__ Unit 1 Quadratic Equohons

J—T‘(’p’—q

" Equation of the form

i Exlample w

Solve the equation v/x* +3x+3 s +3x+1=2
Sulutirm :

v"r +3\+5+J\ +3x+l=2

The given equation can be written as

. ST o wh)

‘Squaring both sides, we pel

P+3x+5= 4+ x +3x+1—2(2]J:’ +3x+1
R 4dx+S=x +3x45- g fx +3x+1

=
= 0=-—-4\,‘x2 +3x+1 |
0 squaring both sides
= Y 4lx+l= _
= Padr+l=0
) :f_.\"‘l 1r|1tH
= 2

—3+./9-4
2

-3 5

2

Bca.uuful Number Rclauonshsps

135=1'+3+5
i75=1'+7+%
518=5+1'+8"
. 598=5'+9"+8

aa

Unit 1 Quadranc Equations

' xercise
1. Solve the following equations,

{i). u"g._t:_z_l=x+3
(ifi). VAx+5=2¢-5
(). W+JFE=JE.FH§
(vii). M—mzm
(ix). V&' +2x+d+ye+2x49 =5
2. Find 2x + 5 if x satisfies V40 —9x WfT-x=

13 . = .

TSI

(i), V2r-T=x-2

(iv). V29-4x =2x+3

iy, Yo+ Brri=\5re1

(vii), Y2r=3 v+ d=J6rr 13
(). V2 435+ 542+ 3x g 1= 2
=

1! Review Exercise 1 &7
=y

1. At the end of each question, four circles are given. Fill in the correct circle only.
(i), If{x+ 1){x—5) =0, then the solutions are

O x=1,-5 O x=1,5
(i), Ifx-x~1=0,thenx=
o -—liﬁ O —ltlf-

2 in simplified form is

O 1+424 O 16

(i)

(11, Toapply the quadratic formula to 2" — v =

O a=2,bh=-1,e=3
O a=2b=-l,c=-3

(v). If x* = 3x — 4 = 0, then the solutions are

O x=4,-1 O x=-4.1
(viy. If 24 + 4x — 9 =0, the solutions are

2+
ZtJ_ & e 2422

2

C X=—L—5 O x=-=1,5
-—-_11“’5 o] l:l:£
e 2 2 ~
0 2%V6 O cannot be simplified
3 : :
O a=2b=1.c=3
O a=2b=-l,c=0
@] 1—4 | O r=-4,-1 3
0 .MBi-'J__.—: O x=-2t"




‘ . - - Unit 1 Quadratic Equations
i -18=07
(vsii), What are the solutions of the equation ¥* + 'h:ﬁg
O 2or-9 O 2009 O -2or ey
(ix). Which of the following values of x are roots of theeglf ion .
O x=lorx=-7 Ox=20rx:5
O x=-2orx=4. O x=3orx=

2. Solve 2w’ - 5w +2=0.

3. Find the constants a and b such that x = -1 and x
ar’ +br+2=0.
4. Find all values of x such that x* + 5x+ 6 andx® +19x+

O 2o0r9

= 1 are both solutions to the equation

14 are equal,

Challenge |

ind the solutions to the equation: 49x° ~316x+132=0 B
. fi!;ndt:h c::‘u F:cl.'::li:.ctllhi: mﬁaim you have probably mastered the art of factonzing.

2]

——- "\ Find some internet sites which solve quadratic equations. Which site do you think is

. =

\.&‘iﬁi@ better and why?
R S E

Activity . . :

1 ria tri drati con & + 5x—2 = 0 by completing the square,
tried to solve the quadratic equation x + 5x—2=0 :

;Il.l::::mde a mistake. In which line of her working, shown below, did she make the

mistake?

X+5x—2=0
[Line 1]=> x" +5x =2
[Line2]=>x"+5x + (512 =2+ (512
[Line 3)= (x+5/2)'= 2+ 10/4
- [Line 4] = (x +5/2)'=18/4
[Line 5]=> (x + 512) = 2V(18/4) = £(NI8)/(V¥ ) = 21872
[Line 6]= x =#\1812 - 52

N % 2
B ,..-=“}u{.f (}

[Line 7]=>x=~ 4.62 or — 0.38 to 2 decimal places.

L—
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Unit 1 Quadratic Equations

(g. The following table summaﬁ#é; important to

pics related to ﬂuad.raiir;* equations,

'——Llir—['ﬂ_l__ Explianating
nles
A quadratic i
Quadratic ::*b‘""",o' where 2, b, and ¢ are m.ummmm_hwm'
tipuation nstants with a #.0. =-5  Noreal solutions
: (x-27=0  One real solution
-;=f' Two real solution
A symbolic - F ~Ix+2=0
Factoriz ibolic technique for solvi
ictorizing €quations, based on the zem-:‘?odml ' -3r+2=0
property: ifab =0, then cithera=0gr | (F—INr-2)=0
b=10. x=1=0 or x-2=0
- x=1] or =]
ﬁg:;lfr?ﬂ' Th;:luﬁumln x =karcx =2 Jk, |57 =9 isequivalent lox =23,
_ : where k20, =11 is equivalent 1o r=4.i1.
Thm\l'e.fl+lxdd gmbnhﬂ]u,» xt=x=1 ]
Completing i " xt-fr+9=149 [__"J s
the square add [E]wmhsidemob:ajnm o 2
perfect square irinomial. Then apply (x-3F=10
the square root property. x-3=2Jp
: r=3+/in
-The solutions to a + by +c=0 Tosolve 2e* — x ~4=0,leta=2,
Quadratic are given by o |’='1'm"L""_,_
Tirmila gm0V —dac '=i|:‘tlh-'.:(Irl__.ﬁ-lﬂ
i 7
“Always gives the exact solutions. =1—=ﬁ-|w-lt=
- R
© The following table outlines important concepts in this section.
Salve \.‘.‘_I.‘-r =g
Solvi The solutionstoa=barcamongthe [ 2r+3=r  Squarscach able.
WIng solutions to a" = b® when n is a positive | £ - 2x - 3 = 0 Rewnite aquations
radical integer. Check your rsults. x=-1or r=3Factor and adobe.
cjuations Checking reveals that 3 is the only
solution.

Ty cmippilsts o squars of o guadiralie eguetion
Add and Subtrag : :

Coefficient Of *x* 1
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@ Define discriminant (' 4ac) of the quadratic expressionax” +bx +¢.

® Find discriminant of a given quadratic equation.

® Discuss the nature of roots of a quadratic equation through

@ Determine the nature of roots of a given quadratic equation

uation.

® ;'::_tcnﬂine the value of an unknown involved in a given quadratic cquation when the nature of .
its roots is given. '

® Find cube roots of unity. )

@ Recognize complex cube roots of unity as @ and o'

&
s

discriminant. )
and verify the result by solving the

. @ Prove the propertics of cube rools of unity. i

® Use propertics of cube roots of unity to solve appropriate problems. _
@ Find the relation between the roots and the coefficients of a quadratic equation.
® Find the sum and product of roots of a given quadratic equation witl:mui solving it.
® Find the value(s) of unknown(s) involved in a given quadrafic equation when
sum of roots is equal 1o a multiple of the product of Toots,
sum of the squares of roots is cqual to a given number,
rools differ by a given number,
rools satisfy a given relation {e.g. the relation 2a.+ 53 =7 where e and [} are the roots
of given equation), '
o both sum and product of roots are equal to a given number.

® Define symmetric functions of roots'of a quadratic equation. _
@ Evaluate a symmetric function of the rools of & quadratic equalion in terms of its coefficients.
@ Establish the formula,

 — (Sum of roots )x+ (Product of roots) = 0,10 find a quadratic equation from the given rools.
@ Form the quadratic equation whose roots, for example, are of the type:

for} 2a+ l|m+lv. ]
o o\ B

Q.0 "Jlf}

" Unit-2 Theoe of Gurraran éuationt

o w+), .|_+_|_

where ¢, i are'ihe
o ' rools of a given quadratic i
® Eesmbc Ih? mt:rhud of synthetic division, e
©; Use synthetic division 1o 8 3 oot
o findquotien and remaip e Dol . : :
mainderwhena gi ial is divi hnear, .'momm‘ :
; i agivenpol i
ﬁ. [: :::: :]I:: :.:JIE-::":] n::snntmum{s) if lhcmmngx“ &Tﬁ’ﬁ:ﬂﬁiﬂ: S I
v a1 ASROTUBkIOWNEE) ifthe Bictors of s nolvnomialis ot
" :ﬁ,':‘;;;}:’ﬁg:yu(unirmemcnhccqm'fl:ﬂﬁm'Mm"'
Q 1 (quartic) equation iftwo of the real roc i
@ Solve a system ulf fwcf equations in two variahles wilcn . “f'h“’q“‘l“l““mﬂi_m
-0 one equation is lincar and the other is quadratic, |
. o both d!e equations are quadratic, .
®; Solve the real life problems leading to quadratic equations,

3 impm-r:-mu "
_-\j

r Ih'c seruminant ":"b you the n I"bl.'l i d ypl..‘s of AnsSWers rools You Wl[[ L. Iilﬂ

| d' I u nd

| d]sﬂl Imimant can bc v OF 0 Wlllc]‘! al:lt!a"y lells yﬂu a !ﬁl.l S:"cctﬁﬂd"&ml“uﬂaﬂl '.s-lﬂ'dei
{ J Ec |

| aradical, think about-what it : o :
k ety it means if you have a positive or negative number or 0 und%'

—_—

1
00 The discriminant of a quadratic equation
In the quadratic formula, the expression b’ - dac. i« i it of the quadrilie
%uationax’ by xpression b’ ~ dac, is called the discriminant of the quadratic
e value of the discriminant is used to determine the i
s crimi number of sol i

t:qu:tl lon and number ofx intercepts of the graph of the refated !‘u::l if:.;l."::r::si::::cg;a:ﬁg:
graph is the.x - coordinate of'y pointwherethe graph crosses they - axis,

-

___Cases l:_:;scl:ir o Case {ii) Case [iii}“—m
Discriminant b= dae>0 b’ —dac=0 bi-dac<0
Na_ture of roots | The r;m:s are unequal The root are The rool‘s are une;lual
and real. Roots are ual. and imaginar)
rational if bi-dac is i i
perfect square -
otherwise they are
imtional.




Unit 2 Theery of quadratic equations
ni

L B

Examp!e (|8 A
Find discriminant of the quadratic equation X
Solution g 0 with axt +hx+ce =, we have

£ Comparing the coofficient 2 +9
' a=1,b=9, c=2 e

Blsetapittiel 49 =(9}= #4“](2};s.rimin;mi
‘ [T Nature of routs of i guadratic crpuattion throueh dise

Example (2

j | Examine the nature of the roots of the following quadraty
F+9x+2= 0

¢ equations.

¥ —Bx+16=0 ii)

il :
o (iv) 4t +x+1=0

i (if) 68 —x—15=0
: Solution
I: {i) Compaﬁngx’—ﬂxﬂ&:ﬂ with ax® +bx +c=

a=1,b=-8,c=16. _ ’ .
J Discriminant = b’ -4a-:=(‘-8}1—4(1)(|6)=54"5440

Since discriminant = 0, therefore, the roots of the given equation are real (rational) an

equal.

0, we have

In x* +9x+ 2,we have,

Here a =1,b=%c=2
ant =b? —dac=(9) —4(1)(2)=81-8=T3

.l: L)

Discrimin e
Since discriminant> 0, but not a perfeet square, therefore, the roots are real, unequa |
irrational. s
iiiy Herea=6,b=-1,¢6=- o .
. -4[6}[—lS]=l+36G=36!=(19}

Discriminant =b’ —dac=(~1)’ :
As the discriminant isa perfectsquare, therefore, the roots are real, unequalandralmnai.

(iv) Here a=4,b=l,c=1 :
Discriminant =b” —4ac =(1)" ~4(4)(1)
=1-16
==13 - )
As the discriminant is negative, therefore, the roots are imaginary and unequal.

T
il

- .fil..: Marhematicn 8 @f} ﬁﬁ%E@R?S fé:l?jE

Unit 2 Theory of quadratic euations
E"i:ﬂ‘fh IJMF_I_-EIinin;.-, and verifying nature of roots.
sxample [E¥  Determine the nature of roots of the following equati i
. : g equations and verify the
results by solving them by factorization, 4
_ (i) ¥*~6x+9=0 (i)
Solution
(i ¥ -6x+9=0
Here a =1, b=6, ¢=9. The discriminant is given by
C o b-dac=(-6)"-4(1)(9) =36-36=0
Since the discriminant is zero, the roots are real and equal,
¥ —6x+9=0
(x=3)(x-3)=0
) x=3,3
Which are real and equal. Hence the result is verified.
(ii} x1+5.t+6=|:1 .
Here a=1,b=5, ¢=6. The discriminant is given by
7 b -dac=(5)'- 4(1)(6) =25-24=1=(1
Since the discriminant is a perfect square, the roots are unequal and rational.
P 4+5x46=0 )
(x+2)(x+3)=0

x=-2and x=-3
Which are real, unequal and rational. Hence the result is verified.

Iz+5x+l5=o

{

[Exam |li4.'.g - Without solving, determine the nature of the roots of the quadratic equation.
I —dx+6=0, .
Solution  We evaluate b~ 4ac usinga=3.b=-4,andc=6:

~ b-dac= {4y -4(3)(6) =16 -T2= 356
The discriminant is negative, so the equation has two complex roots,
Example | | Without solving, determine the nature of the roots of the equation.
S -Ta=-1
We rewrite the equation in the standard form

27 -Tx+1=0
and then substitute a =2, b==7, and ¢ = | in the discriminant. Thus,
b-dac=(=7)- 4(2N1)=49-8=41
The discriminant is positive and is not a perfect square; thus, the roots
are real, unequal, and irmational,

Solution

il

|
!
|
{

f

.J:""’"r.. ::l {onr ﬁ?:jﬁ;‘fﬂgl—?@ R@S‘?A“%EE i - _‘I



Uni:? Th!ﬂrg ﬂj ql-llﬂﬂ'{tljg !quc’il{un;__ ¥ _.- : o " i e " .r:f. ! ."j
et f3uniaons B o ; |

| .-_ 3 i '. i . : i 2 Thauty g-_f Lt ] .
,. < - . :
o - m“mmmn.ill rou . v Exercise 2.1

. ot of i UKl s _ atic equalions
Determining and verifying (he value 0 . whichm“gwcnquddmlc eq - _
Exisple ﬁ Devermsiasthe st of valucs of K107 p -Find the discriminant of the following quadratic equations:
_- b Gt ol - (. -r’-‘;ml =0 () 4x’ =5y 41 =0 ().x?4x+1=0
f 0 ke +4x+1=0 (ii) 2 vk +3= 2. Examine Iht‘_‘l‘igl_‘l‘i\r::, of the roots of the following equations:
| ] e s ) ; : (i) 3 —5x4] = (). g v —F= (iit). -
| . Solution s e pie0 il equation - ) _ x+1=0 6x’+x -2=0 ' :Lf +2x+1=0
|1 {i) .. Companing _1'3 +.h;+¢"“ we have 3. i ke oL the roots of the fallow ing equitions are equal,
| 5 6—4‘.:*.: : ' 0 ¥ +hv+9=0 Wk 1247 + ket 3=0 B —Sx4k =0
i "_‘ ; ' ¥ v 4-Determine whether the following quadratic equations have real roots and if so,
il Discriminant = b° —4ac find the roots. <
_[ 1 =4:—4k e i
"} Sincercotsarereal,so  b-dac20 W +5x45=0 - 4x' +12x+9=0 VL 64 + x-2=0
,L £ - &2 —4k>0 5. Determine the nature of roots of the following quadratic equations and verify -
e i 2 16~ 4k 20 the results by solving them.
' II = 16 = 4k E 2 () 3 =10x+3=0 (i) y* 6y +4=0 iily! _3=¢
, ‘ — 4>k * 6.For what viilue of i the roots of the following equations are;
| k<4 ! tid renl thy imaginan
ar = .
. , . i (i) 2% 43¢+ k=0 Oiky +2r21=0 (). 5" + 5x+ k=0
b {j - Comparing 2.¢* + kx +3=0 with the quadratic equation ‘ il
{ g (i 5 J = i g !
7 ™5 ax® + by +¢=0, we have ¢ Oh— e . ' S
! ak- . | I8+ 1=09
| . a=2, b=k, c=3 \ | “ 12x 8+ 2=98
|' Since roots are real, so b —dac20 ' i ; 123 x 84 3 =987
. _. : R = e
| . > K-a220 - | | il 1234 x 8+ 4= 0876 -
Discriminant =b* —dac =k’ - 4(2)(3)20 : ‘ " 12345 x 8+ 5= 98763

> k-2420 . 123456 x 8+ 6= 987634

W 1234567 x 8+.7 = 9876543
i 224 . 12345678 x 8 + 8= 98763432
|k|22J6 a . 123456789 x 8+ 9= 987634321
+k 226 ' S A [N o~

k2246, k226
k2206 or k<-26




ic equations
. 2 Theory of quu.dmur.
' . . Unit
: : H cr
Cube roots of unity and theif prop

EEH. Cube root of unity
Let x be a cube root of unity,

ties

—

; n
then x=31=0)p
= x=I
= x-I=0
= (e=D(x* +x+1)= =0 ‘
i Skt -’J+j::_l 4 ]-]—JP_ -I.:I:lﬁ
gives x=1 or 'T“'E! 2
. where i=+—-1=10 ==l
| _1+if3 and -[-;J—
' 'I'husthccubcrootsat‘umtyare] —
i -1+if3 d :-l:iir— are complex roots.
Here 1 is the real root and ~——2——- an 2
a).
Let one of the complex roots be denoted by the Greek letter @ (read as omeg )
| ~1 43
| Suppose =
L
1] ' i
9 —|.+qu
| Thm w- = -——2——
: .
| (=) +(i¥3) +2(-D(iB)

4

_1-3-2i3
T4

_ 2-2i3._~1-i3

=% = 2

i =1+iy3
]_"ﬁ,mc:n ' =-—-—+wr

Similarly, if @ = =

Unit 2 Theary of quadratic equotions

3 X 3
el Properties of the cube roots of unity

l. The sum of the cube roots ol unily is zero ie [ +m +m =0,
1+ F - E -
If{ﬁz——.{f.. ﬂﬂd{l'.lz:i "
2 2
Then we have |+o+n’ = |+:L";_Ji+:.t'_j£
2
2-1+i3-1-iV3
2
o
2
=0
Thus, the sum of the cube roots of unity is zero.
2. The produet of the cube roots of unity &5 1 he Lo —m' =1
Ifw= ~1+i3 and m!=-+—i\5.
2 2
then I-w-mzzl-{—ﬁlhﬁ}{n—_]_fﬁ]
2 2
S 2
=0 -(WB) g3
B 4 4
1_(_3] 1
= it=-1
: (it ==1)
_143
T4
4
N T4
=

Thus, the product of the cube roots of unity is 1.

|
3. Ench complex cube root of unity is reciprocal of the other ie w=— and W'

By property 2, we have w' =1.

= wew' =1
= —
= W o
1 1 d - |
-.||-:=— Thus, w=— and w =—.
= W we W
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i ube roots of
WESEIR Using propertes ofcube vt W .
IR R 18 2 L I. Find the cube roots of the following numbers

v how that x*+ )" ={¥+) M s (). -1 ii). gS Ricia

. T 2. Evaluate:

b

4
(iii). =27

e
. Solution ¢ RHS =(x+y)(x+w)E+wy) _ :
= (x4 p)[(xH ) xH W n] : () W gy (). 1+ w-w?y (iii). {1+3w-uﬁ)u;,.;'_?‘;zé\]ﬂ
3. Prove that; .

(i e )] l . : Al o
1 ‘%’ =(ra ) +0r s l._.|+w+“’==0 and w=1) (). {l+2w}[l+2w’}{l—w-—uﬁ)=ﬁ (ii). (=1+13) ('l—fﬁ)$=512w’ \\d J

=(x+ ) —y+)) 4. Show that:

. . 3 ol 3
..‘ | 2 =+ . _ (i), x —y1=(xf-y){x—wy}(x-w1y) {n;u.(l+w](;!+w*}{[+w')(1+“ﬂk.|
!]‘ . _ =LHS 0 W ; ‘ Roots and coefficients of a quadratic equation Z@-
B 5 W, 1 . . ._-
8 o s w:a Bvaluatew, w W - " / ~“. Relation hetween the roots and the co-efficient of a1 quadratic equation’
i ol W= W) =)' =1 ! TR We express the sum and the product of the roots of the quadratic equation in terms of its
ik $ ot _ co-efficient. Let a, [3 be the roots of the quadratic equationax® +br+c=0: a=0 whe
i wh= (W) =) =1 - » a#0 where B}
i WP = (W) =) =1 . . % = —bHNb —dac mdﬁ=—§—‘}'b1—4ac -y
.I'I W = =) = wi=lw=w i 2a 2a
! 1 ' i oo 3} : Then sum of the roots
G et i _ b+ P —dae _~b—F —tac j
W | I a+fi= + !
1 1 ! __I___g._?--:—— ===W 3 2a 2a A
£l T L ' _ ~b+\[8 ~dac -b—\b' ~4ac 24
i} ) 5 J3)= ' 2a S
[ Example B show that (-1+i3) +(-1-i3)=16 : : g o =
: . —1+iy3 . _=1-i 2 a g
I Solution  Since w=——— and v = S ! and product of the roots g
f “Then 2w=—1+iJ3 and 2u" = -1-i3 ap =[~ﬁ+\l'b‘—4ac]l[—b—db1 —4ac]
iz ¥ 1 1 2a 2a E
HS=(-14i43) +l=1-i3) i = P ! =
i | LH ( ‘4':'\',— o » . (__b)z _( sz-—‘hm’} o
1 = (2w} +(2n7) _ : = |
[ gyt g aa’ &
.i_' o= E“}“" W CH —bi _b2+4u‘.=£ -' ;
.r : '= 8w +_8(w':‘l il 5 da a
i = 3{!] + B(I}- y _=b_- m_gmrienr Of x
} Il =8+8 . T}mssum of the roots = E+|3' a = m—gﬂ?ciem of-\,t‘
[-' - o= =16 : : ' i m constant 1erm . ﬂ
i RHS g _ vl Product of the roots _=uﬁ=;=W
B =R.H. - - 5 2
kg : o : _ - ;
A —~ NG - : ; . . = 3
WY Mo FoRQALE WL OMRORISATE
e ——- l - .::dﬂ‘ —
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Unit 2 Theory of quadratic equations

- B H
f ’ ﬂ
l ots of 8 given'd gadratic eqlt

EEEE The sem and product o 10

tion without

solving it
"_E“luple m fthccquaiion.
1 W-itho';usol\ring,ﬁndﬂlesumandpruductufthefﬂozw g
o 2e-x-4=0 @ T
Sol_utinn: : _ 5 p=-3 and c=—4
(i Intheequationﬁx‘—kﬂ"«ﬂ} a=1,
g Smof!;h:mats=-;=- 7 2
¢ —4_5
product of the roots =~ =73
(i) 3¢ +6x-2=0
Here a=3,b= 6,c=—2
b _b_
Sum of the roots =_~:3—=_
a
¢ a-?.____%

s ==—=
Product of the roots == =73 3

m The values of unk
 Example [T}

Find the value of k so that th
to three times the product of its roots.

nown(s) involved in a given quadratic equation

¢ sum of the roots of the equation 2% for+ 6 =018 equal

Solution
The givm equation is
20 + ke +6=0
Here a=2, b=k c=0

. sum of the roots =—=-.'k_
a 2
¢ 6
product of the roots =_=.2.=3
a
.+ sum of the roots = three times the product of roots
=k .
- —=3 3)=9
3 (3)=9

= k=-18

=

Unit 2 Theory of quadratic equations
.t Example (12]
Find the value of g
a if the sum of the
N : square of the roots of x* -3 =0 i
tion | Let o, B be the roots of the equation x* _3m+::'+g' Ty

(-3

then o +p=— ]d}=3a and &ﬂ=£‘ .

. 1 =d-.
Given o +f* =7 ‘
= (D.vl-ﬂ)z—?.u[i:?' =
= (3a) -2(a")=7
= 9&1—'20'2 =7
= 74
= a 5{7 ‘ b
= a=*l '

|| Etﬂmple E l i v he Toots =L = d h
- | lnd lhc aluﬂ ﬂfk If of ¥ X+ er un [)I
it f 2 Tx+ k 0 fﬂ- ¥ i #

Solution  Let &, ct+1 be the roots of x* = Tx+k =0
Then H+(ﬁ+l)=i‘ﬂ "
or ST - e g
or a=3 = 3(1+3)=k
I Example {¥] If o,  are the roots of 9x° Y
Ja+5p=17 ' x’ —27x+ k=0, find the value of k such that
Solution . If &, b are the roots of 9x* —27x+k =0, then
asp=g=3 @
and uﬂ% ' (ii)
also 2a+5p=7 (iif)

Solving (i) and (iii), we get 0:=§. |3=-;-

Putting these values in (i) we obtain [E][l X
3IN3) 9
8




g 1—_\_'-'-”‘"'{ VR — P
= iy = o iRl + o LN N
it ¥ - 5

i - =0 are equd
?t\;]uaufn mx 5x+n. 0 Y m;’rix-i-ﬂﬁﬂ f‘
. Solution * The gived equatl : ax; L hxFe= 0 |
% Here sum of the roots = 1o S
; n gum of Roots = 7y
d ct of the roots = T
and produ m product of Roots = %
‘According to given condition sl
.'i =10 .T:,-f.—n.-w-""";?;"::." m—
1 £ & <
= m== o/ :
2 ;
" -
and —=10
m
— p=10m
| s 1)
o) 2
n=>5
] —
m=— and n=3
+  Exercise 23 - |
i the following

" 5. Find the value of k if sum of he roots ©

— e

2 Theory of quadratic equations

| - 1 sum and product of roots of the quadratic

it Example [[2} Find the yalug 0

rmmd.nifbo
110 10

1. Without solving the equation, find the sum and products of the roots ©
quadraﬁ!:e.quatians. :

(i), 48 -4x-3=0 (i), 3% +2x=3=0

(ii). 22 +5x+6=0
6= 0is equal to the produc

f2x° +ho +

3. Find the value of  if the sum of the square of the roots of
4. Find the value of k if the roots of & —Sx+k =0 differ by unity.
5. Find the value of k if the roots of x* ~9x+k+2=0 differ by three.

6. If o, p are the roots of ¥ —5x+k=0, find k such that I +2p=12.

sum and product of roots of the equation #

_sjc 4+ 6K* =01iseqV

7. Find the value of m and n if both

: 3
are equal to 5

_mmmﬁux. EO) R '4_&

{ of its ro0ls.
alto 13

=3RS

S 1_'_ = -:-E g 'g’ ==Y Y i

Uni
nit 2 Theary of quadratic equations .

on

¥ be l|le ro a f r
Let o, ﬁ ols Of q i
S0 e lorm I1+B ,(I,B.

are called the functj
function of th nctions of the roots of th i :
€ roots of an equation, we et thec QUa.dratlc equation. By symmetric
function remains invariant (unchan
ged)

in values when the
: rools are interch
are symmetric function of o and Bangeci. For example, the functions .+, o + 7, o’ +§*
: ' PO F

SFED S S
ymmetric function of ¢ s
; ; he roots of i .
i of a quadratic equation in its coefficients
mple {3 If e, B are the rodts of ax’ +bx+c=0 thenﬁnd!l'l‘a:I I e ;
y values of the symmetric

functions of the roo i
ts of a given quadratic equation in terms of its coeffi
coefficients.

B 1%
(RS S

(i) Cl'.-l-ﬁ (i) «
(v) L. w 1§ (i) o +p° (iv) o +p’
o ﬁ (Vl:l _-'.'+—
o f?
Solution

(i) As a, [} are the roots of the equation ax® +br+c=0

. sum of the roots =+ = _b.
- a

(i) Product of the roots = af =<
a

(iii)  Since o +P* =(a+P)’ -2ap

(6

o a =M

_E:_ 2c ’j- ‘T‘ -

o a A {i"}
- b =2ae : I'.".‘ /

a!

(iv)  Since o'+’ =(a+B)’ —3ap(a+p)
Did Yoo Know?

0 L 3 3[<][-2 i
== = Beautiful Number Relationships

b 81=@8+1)y=9
b L be 4913=@4+9+1+3’=17

s —

@ a a'

SATIEOR SRR

AT




. Unit 2 Theory of quadratic equations .

dratic equations
2 Theory of 4 ,
L | Example [f.ﬁ Form a quadratic equation whose roots are 1++/5 and 1-+/5.
| :
Solution Rﬂm‘of the required equation are 1++/5 and 1-+/5 i
. Sum of the roots =145 41 - /5 =2 =
Product of the roots =[|+4§}{1—J§]=12—(~4’§f e
the required quadratic equation is
c
(u+ﬁ='£- aﬂ=;) x* = (sum of the roots) x + product of the roots = 0
4 = X -2x+(-4)=0
; : o> 2-2x-4=9
!I‘ ) =“E ) 1 . Forming an equation with the given roots is the reverse process of solving an equation.
!rl, £z 1 Ef_‘ff:i = E'Ej—;ﬁ,;- Example m Form the quadratic equation whose roots are:
iy —=t+—3 ="t
: v TR T o (af o z[“] (i) 2a+1,2b+1 (iiy a4, b (i) i% fiv) %%
£ I. (‘- _-) = - *
l M = ,___‘_’__——;—-g-* Solution (i) The roots of the required equation are 2a + 1, 2b +1
=T (@) 13 . sum of the roots = 2a + 1+ 2b +1
. . b’ —2ac 2 =2a+2b+2
b —— - _b-2ac
5_ i ___ECT-—- =& - and product of the roots = (2a + 1)(2b +1)
! 3 iven = dab + 2a+ 2b +1
5 . - '['ﬂﬂts are gl N )
ﬁ Formation of 2 quadratic equation whose : The required equation is given by
ik or 3 =W,
.l tic equation ax’ + bx+c 0 x” = (sum of the roots) x + product of the roots =0
; B be the roots of the quadratic €q p
';! Let o, and mﬁ=£ ¥ —(2a+2b+2)x+(dab+2a+ 2b+1)=0
e Then a:+p= a 2 Which is the required quadratic equation.
.1 : Now ax’ +bx+c= 0; a*0 (i) The roots of the required quadratic equation are a". b therefore,
Ega' => f+£;+£=0 x=a or x=b’
i 4 Cx—-a2=0 or x-b*=0
b T LA PR 2
i = TN\ ) s (x=a’ )(x=b)=0
’H = -(a+p)x+ap=0 *(x-b?)-ai(e=b")=0
l'_" = _g’-S:+P=I] . Izu_l'bj—'azx-f-a!bza‘o !
l' Where § =+ p = sum of the roots o ﬁ!_bzh-+n=bz=[l
L — aft = product of the roots . rr ; tic equation. .
- poit 2 i tion whose roots are given 18 Which is the required quadratic ¢q .
Thus, the formula for forming a quadratic equation ; Mabamsies & -

£ — (sum of the rools) x + product of the roots =0

s BIOTHEORISH :A"L'E

.’H -

M
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B — Unit 2 Theory of quedratic equations
o n
F. || 11

L .- equation ar€ g
: (i) The roots of the required quadratic 4 ’

| -
Sincex=~— of *Tj
a '|1:|:=1

=] or
ax bx-—]."o

ax-1=0 or
(“-i}be—EFU
s h=ly=1 (o =1 =0
abd-ax—br+1=0
ab.:;'z—{a—b}x+1=0 .

Which is the required quadratic equation: »

(iv) Theroots of the required equation are =5

| 5

m:eﬁ:-re x=-§- or I=EI
5x=12 or 2x=5
5x-2=0 or 2x-5=0
(5x-2) (2x-5)=0

i T s (x-5)-2(x-5)=0

| 102 - 25x —4x + 10=0
10x*-29x+10=0

| Which is the required quadratic equation.

e A

i

. i
Wit

-

G

#-T.

|5 Weasvoneit | g g4 = 95 - 40

! -f‘."'\//__h-g‘ 24 +16=25- 40+ 16
2 R
' 3454

(2 - -1=1
b - .8 - __5‘_,_5___&;‘_._ v J“ .‘:-_. _'-":._: :'i = W
Mathemnitics N gﬂ;g&j‘l F{‘RL%SA'LE R

{,

Unit 2 Theory of quadraric equations

' Exercise 2.4 .
“'_"'—--'

LIfa,p amﬂzcromsofax%bx

\ +e=0, find the val
(). ’Bepiy S

| (ii). (a-p)*
2. Find the quadratic equation wffnseﬁr{mts are
. I
(i} 5= ii : '
thy (ii). <34 Gi).34v2, 3-V2 (v, 0,-22

3. Form a quadratic equation whose roots
@’ +bx + ¢=0; g .

4. 1f &, B are the roots of 23 43541 =

lil.—a'-+—
¢ ]

are square of the roots of the equation

0, then find the values of
. 1 e 2 > |
(1), _:*"'BIT (iii). E—+'ﬂ

o B a
501 o, B are the roots of It 2xes5= 0, find the equation whose roots are & B

B e’
—4x+2=0, find the equation whose roots are a+‘1—, ﬁ+l.
it = L - a
- | Synthetie Division

maidian

6. 1f «, B are the roots of ¥

We are familiar with the process of long division for divi
noticed that if the degrees of the polynomials in the
considerably, then the process of long division indeed
polynomial in the denominator is of the form x - a, th
synthetic division.

ding one polynomial by another, We
numerator and denominator differ
becomes very long. However if the
en there is a shortcut method called

Steps of Synthetic Division:

Step U If the divisoris x -, write r in the box. Arrange the coefficient of the dividend by

descending powers of v, supplying a zero coefficient for every missing power. uees
“huge 2 Copy the leading coefficient in the third row.

Step 3. Multiply the latest entry in the third row by the number in the box and write the result L‘t
inthe second row under the next coefficient. Add the number in that columa. ‘”

Step - Repeat step 3 until there is an entry in the third row for each emry in the first row, the
last numbers are the coefficient of the quotient in descending order. .

WARNING (0 e e =
(a) Synthetic division can be used only when the divisor is a lincar factor. Don't forget to
write a zero for the coefficient of each missing term.

(b) When dividing by x - r. place rin the box. Forexample, when the divisoris.x+3, place
=3 inthe box, since x+ 3 —x—(=3). Similarly, when the divisor isx -3, place +3 in the box,
‘ singexy—3=x—(+3). = TR

L OTIEORSATER |

[ =

B R
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. Unit 2 Theory of 4 ! Unit 2 Thearg of quodratic eQuatigng

' 11

(iii)  The roots of the required quadratic equation are 0 |
Exercise 2.4
——

L If o, b A
Since x= i o X= % .“]‘B;I;:;;mu of axh-rf;“cfﬁ find the values of
i ::=Il 0 2 Find the quadratic equatitjl;[ilft;zﬁgucts are
ax-1=0 or =k 2 (). 1, — N
(ax—1) (bx-1)=0 1. Form. n ‘?"“drnnc . ?11}.—3,4 (i) 3443, 343 .
(el (et ax’ +bx 4 e=0; :.-;a-:)q_ ion whose. roots are Square of the roots of the equation
:::r::‘;:::EU : ' : Ira.:’ ﬂuamﬁ:hc roots of 2x* 435412 then find the values of
Which is the required quadratic equation. | ) i E "“g (ii). EI’”'EE_ (i, %3 g %:i
(iv)  The roots of the required equation are %,% 5. 1€ @, f are the roots of 3¢’ ~2x+5=0, find I A— g

. _ 6. If o, B are the =
f# are the roots of x 4x+2=0, find the equation whose roots are OH--E—. ﬂ+l+
_ a

Therefore I=% o I=E i2 !
- Synthetic Division s

5x=12 or 2x=35 .
5y—2=0 or x-5=0 I:zfimt]ia;mhflr with the process of long division for dividing one polynomial by another, We
c_(:jc that if the degrees of the polynomials in the numerator and denominator differ
(5x-2) (2x-5)=0 ;4:115: cﬁ!bIly_u t:icn ';he process of long division indeed becomes very long. However if the
¥ ' =)= =5)= | ynomial in the denominator is of the form x - a, :
5x (?c 5)-2 (2x-5) uﬂ synthetic division. m x — . then there is a shortcut method called
. - g |u = :
g Steps of Synthetic Division:

1022 =29x+10=0 lep BT the divisor is v ~ v, write £ in the box. Amrange the cocficient of the dividend by

Which is the required quadratic equation. descending powers of v, supplying a zero cocllicient for every missing power.
e Copy the leading coefTicient in the third row.

Step i Multiply the latestentry in the third row by the number in the box and write the result

in the second row under the next coeflicient, Add the numberin that column.

( \\'il_ans wrong with !
L @ hisone? 9-24=25-40
: Step-L Repeat step 3 until there is an entry i the third row for each entry in the first row. the

A _ H
‘/:/ 9-24+16=25- 40+ 16 ﬁi"\"‘:\ . last numbers are the coeflicient ofthe quotient indeseending order.

S

Cm e ; iy~ -

NS 2 WARNING () -

! H\ﬂ_'?'{”' (3 B 4)2 = (5 - 4) (1) Synthetic divisioh can be used only }\-l_um the divisor is a lincar factor. Don't forget to
'ﬂ. A, _!wri!-:u vero [or the coeicient of cachmissing term, :

— r. place rin the box. F orexample. when the divisoris.x + 3, place

N
3_4'_-5—4 d— " o £ I
- \ o S —x~(~3). Similarly, when the divisoris x -3, place 13 in mmml

L ‘f‘: 2 =X in the box, sincex 13
& 1=1 17 A

| sinee -3~ v—(13)
- Mathenatios \ ﬁ'::ﬂ RS;&LE :

Lol
AT

oTIFORISANER -

oA
o

-'J}ﬂi '.'."*.‘:;4.
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9 Theory of guadratic equations

I:— . - : Unit

Example [} Use synthetic division o find the quotient O(X)

the polynomial 3¢} —2x2 150 18 divided by x—4.

Solution - Let P (¥) ~3x* -2x* -150
_ 3y =25 +0x—150

and x-a.-_x-—d.-:':a:d-

and the remainder R when

Then by synthetic, division we have
4 -2 0 -150
12 40 160
3 10 40 10
Coefficients 1 Remainder

of quotient

Therefore, Q(x)=3x" +10x+40 and R=10

Example (] Use synthetic division to
25t +x* +hx’ =8,
Solution ~ Let P(x)=2x"+ ¥ +k -8
—25' + 2+ +0x-8
Since 2 is a zero of P(x)= P(2)=0
- x-2 isa factor of the polynumial P(x)

Now use synthetic division to divide P(x) byx—2.

212 1 k 0 -8
4 10 2% +20 4k +40

E+10 2k+20 4k +32
T Remainder

find the value of kif2 is a zero of the polynomial

2 5

Since the remainder is 4k +32.
P(2)=4k+32 by Remainder theorem

4k+32=0

4k=-32=0

3t
be=2

k=-8

Uy Lyl

Adathemanes X

i
it 2 Theory of quadratic equotions

Example {m Use synthetic
the factors of the poly
Solution

ivision to find the A
nomial * — e 4 s 12 values of i and # if x—1 and x+2 are
Ht:rex-a-;xfl:’a:l
and I-—a=x+2=}a=_z
N Let P(x)=2-ma s 412
oW use synthetic divie:
syn betlc division to divide P(x) by x~1 and Q(x) by x+2
Ljd = § 12 ' '
| I-m  l-m+n
I 1-m 1“fi'l+r.r1 B

=2

=2 2+2m L Remainder

Ty
, 3 e
Since x—1 and x+2 are the factors of P(x) we:::nd”

13-m+n=0= (i)

I+m+n=0 = (ii)
Adding (i) and (if), we get
16+2n=0
= 2n==16
= n=-%
Putting n = -8 in equation (i), we get
13-m—-8=0
= -m+5=0
= —m==5

= m=5
Thus m=5 and n=-8.

Synthetic division is 2 method of performing Euclidean division of polynomials with less
writing and fewer calculations.
{hat it allows one to calculate without writing variables,

The advantages of synthetic division ar® vrifi
ions, and it takes significantly lessspace on paper than long division. Also, the
'rinnsh]fswiu:h’mgthcsignsatﬂwwy

-| it uses few calculati
on are converted to addi
Apathcnnitics X -

subtractions in long divisi
beginning. preventing signemors.
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r-!:r:-_r-_—-;-_ | a 2 Theory of quadratic equotions
Unit
. } =0, us¢ synthetic
1 —'sz +4 2 M
- d 2 are rools of the quartic gquation * )
Example [ 1f-1and 23T
division to find the other m-nli »
Solution  Let P(x)=x"' -5
o 40x 5% 1I-[I::+4 - e g
= . P(I =, : e
el et st hetic division-
- B Mefl:(? 1:m'l'o find the quoﬁent we use sy
¢—2 are factors of F(¥)-
a1 0 -3 0 4
-1 [ -4
211 =t —d 4 0
2 2 -4
11 -z [ 0
Other factor s P4x-2=0() “:m T
Other roots will b€ the roats of the equa .
= [x+2](.1:-l}=ﬂ
= x=-20r x=1
x)=0 are 0

Thus, the ;Jtha roots of P(
e «  Exercist 25 -
quotient QO(x) and the rem

in each caset
7¢ +12x-27; X -3

sion to find the
d by the second binomial
(i), 2¢' =

1. Use synthetic divi

polynomial is divide
(i), 342 —x-h X +3

(i, 26t =300 +5x=Th x+2

3. Use synthetic division 10 find the value of k if

13+412+h+3. . tors Of
3. Use synthetic division to find the values of pand ¢ if x+1 and y—2 are the facto
3
R ts hetic

4. 1f x+1 and x—2 are factors of the polynomial 2 +a® + bx+2 , then using synt

division, find the values of a and b.
5. One root of the cubic equation x’ ~7x—6 =0 is3. Use synthetic divi
1o find the other roots.
6. If =1 and 2 are roots of the quartic equation x' =5x" +3x" +7x-2 = 0, use sy
use synthetic division to find other roots.

Shithoringties X A

aginder R when the first

_2 is a zero of the polynom‘tal

sion of find the

pthetic

U‘ BRI I
nit 2 Theory of quadratic equations - . |

Simultaneoys g

More than ope eq
are called simuy]iy

(w7

quations

uation which are satisfi

NEOUS equati ¢d by the same values of the variables invi
quations, olv

A system of Linear ¢
vaqabies. Asolution o
satisfies each equation

quations consists
fsystem of linear e
in the system,

of tWo or more linear equations in the same
quations in lwo variables is an ordered pair that

Solution of one linear e
' Example [E2)
Solve the system,

quation and one quadratic equation

2x+y=10
4% +y' =68
Solution
x+y=10 (i)
4x’+ 7 =68 (i)
From equation (i) we have
y=10-2x  (iii)
\Suhstiluting this value of y in equation (ii) we have
4x* +(10-2x)’ =68
45" +100+4x* - 40x =68
or 8x* —40x+32=0
F=5x4+4=0 (Dividing by 8)
(x=1)(x—4)=0
=  x-1=0 orx-4=0

which gives x=1, or x=4.
Substituting these values in (iii) we have
For x=1, y=8 and for x=4, y=2 -

* The solutions of the given system are (1,8) and (4.2).

or solution set ={(1, 8), (4. 2)}




i
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S | TR e ik pat

|y Example

| Splution_ | *~

rotic equotions

Solv::thﬂslfmm -
:-J’:T,I=+3Iy+y e
®
faagry=—t @

son i have
From equation (i) W& (i)

y:?

s, 141=0
sgslty+yt #2PHY HTT
sy1+3sy+50=n

= (Dividing by 3)

}’1 +1y+|{]=0

(y+2)r+ 5)=0

— }"i‘zﬁﬂ or y+5=0

J’="2 or }'=-5
(ifi) we have for y = .
~2) and (2,-5)

=

Qubsfituting these values 10
g given sys

_g, x=5 and for y=-5, x=2.

B
The solutions of the tem are (

or solution set = {(5,-2), @, -5) -
L st in the same
y - i { be substituted 1n 1
Thz expicn for x or y obtained ifrgm an“:?nuanon must no
i tion of the s¥
equation. From the first equa ol
W+y=2
We obtain
%¥==1=2y ’
Substituting (incorrectly) in the same equation would result in
(-1-2y) + 2y =-1
-1=-1
The substitution x = ~1~2y must be made in the second equation.

Unit 2 Thenrg of quadrotic equations

Solution when both i
tquations are quadratic
i Example im Solve the system :
Prytag
2.‘&'2 -'yl = 8
. Solution | x'4yoy (i)
2%~y =38 (ii)
Add (i) and (ii) to eliminate ¥,
X¥ayi=q
2 -y =3
3 =12
x'=4
‘ x=%2
Substitute the values of x in (i) gives the corresponding values of y,
When x=2, we get (2)+y* =4 When

x=-2, we get (-—2)’ +yt=4
2
y =0 4+3° =4
y=0 »'=0
. x =t y = 0
" the solutions of the given system are (~2,0) and (2,0) and the solution set is
{-2,0,(2,0)}

+  Exercise 2,6
1. Solve the following system of equations.
(i) 2x—y=3

(ii). x+2y=10 (ifi). 2x—p=—8

Papl=2 F4ay =3 Fedr=y,
(iv).2x+p=4 (V). 4x* +5y" = 4 (vi). 5x* =7 +9

¥ -2x+y =3 sz+y:=3 F=apPids
(vii)4x* 43y~ = 0 '

2+ 3y —4=0

Challenge !
2. Solve the system of equations,

(i) x+y=9 (i), y—x=4

Py + =0 2 by +y =8



Unit 2 Theory of quadratic equations

n of Quadratic Equations _

Real Life Applicatio - |
i Example iﬁ Suppose 2 rectangular ched isbeing fw’

feet and I i
it that bas an area of 120 ST BT
Rty

_ longerthanit iswide. Determine its dimensions.
Selution_J B
et Thenx+7 represents 1€ B+
of the shed. Th hed S, \/

- ]l-fn;ﬂig?:: l:::la uguals width times length, we s
e - arca is equal 10 120 square foot
IEI:':?: 1122(? distributive property
1;2 +7x-120=0 subtract 120 from cach sid¢
(x+15)x—-8)= 0 factorize
y+15=0 or x-8=0 zero-product property
x=8 solve

x=-15 or = '
¢ solution that has meamng isx=8.Thelengthis

i i ensions cannot be negative, th
o the width, so the dimensions of the shed are 8 feet by 15 feet.

_ 7feetlonger than

s Example B} Aman purchased a number of sharesof  [lakistan SmLk 'f_.ii\laﬂ?ﬁ
stock for an amount of Rs. 6000. 1fhe had paid Rs. 20188 s et 0

per share, the number of shares that could have been
purchased for {he same amount of money would have

increased by 10. How many shares didhebuy?
Solution  Suppose the number of shares purchased =X

The amount paid per share =¥’ then xy.= Rs. 6000 — (D)
If the man had paid Rs. 20 less per share i.e. Rs. (y—20), the number of share

have been x+10 .
therefore (x+10)( y—20)=Rs. 6000 — (ii)

" From (i), we get y=£0£'2. Substituting in (if) we have
x

{x+lﬁ][@ﬂ-2ﬂ}= 6000
X

6000x — 20x* + 60000200 x = 6000x
20x* +200x - 60000=10 (Dividing by 20)
+10x-3000=0 '
{(x-50)(x+60)=0
x=50 or x=-60
Since x=— 60 is not admissible, so we neglect it. Thus the number of shares p

s would

=
=
=
=
=

IR -

urchased is 50-

Unit 2 Thwm

- Find two consecutive
. The sum of the square
» The length of a hall is

. The sum of two numbers is 11 a
. The sum of the squares of two

. Ashepherd bought some goats for Rs, 9000,

of quadratic equations - - : : .

v  Exercise2.7 .

pus;tive integers whose product is 72

Ssoml:;c[: consecutive integers is 50. Find the integers

: m . - -

Fiod e g st sy prir h:IrIe than its width. If the area of the hall is 36.sq. m.
nd sum of their square is 65. Find the numbers

i the numbsecs numbers is 100. One number is 2 more tha n the other.

G et Of_a rectangular field is 252 s
longer than its width. Find its sides
One side of a g i
rectangle is 54 e Is 3 centimeters less than twice the other. 1f
BIC 1S 04 Square centimeters, then find the sides of the ectanr.l He e
T gle. ]

The length of one side of right tri
the h . night triangle exceeds the length ;
¢hypotenuse is 15 centimeters, then find the mgmumiii‘f‘éﬁé?&ffﬁiﬁf‘“ s

The sides of ani i i
a right triangle in cm are (x—1), x, (x+ 1). Find the sides of the triangle.

quare meters. The length of its side is 9 meter

Lt; t::: ha::]t psaidR.s. 100 less for each, he would
got 3 goats more for th

st e r the same amount |

How many goats did he buy, when the rate in

each case is uniform?

‘.. = = ..-’- :\ T -

1. At the end of each question, four ci.rcle are given. Fill in the correct circle only.

{i). If the sum of the roots of
(a+ 1)+ (2a+3)x+(3a+4)=0
Qo0 &l o2 03
(i), The sum of the roots of a quadratic equation is 2 and the sum of the cubes of the
roots in 98. The equations is ;
O #-2-15=0
; O F-4x+15=0
(iii). If a, b, ¢ are pq'silivc re
al+br+e=0, are always
O real and positive
O rational and unequal

0 ¥-2x+15=0
O none of these
al number, then both the roots of the equation

O real and negative
(O none of these




e dratic equuﬁﬂns
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' ation W=
1s of the ea" lowin
3. For what value of k ¢ N 3]1 s of the roots of the fol 4
~1- ) roduc
4. Evaluate s ) A on, find the S o
al 3 -
. h,-‘“g e equ
4 Without 50 i ax=0 Nxtk 5=0
quadrat'-.c equations (it i equa ¢+ (2k* )
(.4 -1 ihe sum of 1 roots of ¢
: at
Jue of ffer by wnity-
5, Find the ¥2 of roots: 4 1=0diffe < of the
e 2 _axt : inverse
is equal ¥ T of kif the roots of X i o the rnu'utip'uc'al“":
. € - 0 t
6. Find the vaiu . equation hos¢ . dthe other 100
qua =015 11- fin
nd the quadratie PR, g drkntd
! i::;dm of 1204 = e ;lfw QUadtaliG equation . U syntheﬁc division to
6 one of the 70015 € =0is —3- US®
. 1:;:2‘: (e vatue of nux3+6f+1lx+6 :
f the cubi® : :
9, One 100 0 : _ 4y ;
e other 10 uations: 0 g 2+2=
o he following system of ¢4 T e 5y by 4 cm. the are
e 3y +y =P : dth are each inereased ¥ tangle-
. .I+3|.-_-'3;I. ~3xy : 5 lflﬂﬂgthandwl i : fthcufiﬁmalmc
o farectangle S48CT L lengihand widO
1. T?:;If;gammngleis 1200’ Find :
o .
i Activity. S . w1 11=0 e pniﬂ
: dtheerror: (c equation X +X° o immediately
e {ryingtosolve the quadralic qadraﬁ'-”- equation. Habib 't know hatth
Abuzaris sons to the @Y 100 atshe doesntkIOW WLy
ds two-real solutions biba explains thats Who1s corte
2 He fin Auzar's aaswers are Wione: B are notreal DUMVETS:
£ mh:ﬁons are right away, but sheknows hey &7
;50

stivity - J—

: i i jator. ' -
U-"mg:ni‘i?i“:ﬂ 7by x+2 and find Quotient and Remainde
Divide X |

long division method.

Verify

Unit 2 Theory of quadratic equations .

The solution to an equation are called the roots of the equation.

" —b+:[b —dae
2a

ic formula undemneath the square root sign is called the

© The quadratic formula is =

@© The part of the quadrat
discriminant.
Discriminant = b’ — dac

X

Discriminant b* —dac>0 b’ —dac=0 b —4ac<0

The roots are unequal
and real. Roots are
rational if b-4ac is

perfect square
otherwise they are
irrational. |

The roots are
equal.

| Nature of roots The roots are unequal

and imaginary.

| 1

@) A function of the roots of an equation, which remains unaltered when any two of the
~  rootsare interchanged is called Symmetric function of the roots.

@ For finding the equation ax’ + bx + ¢ =0, (a <> 0) when roots are given

. x* —(sum of the roots) x + product of the roots = 0 where

Sum of roots =— E
: a

Product of roots = 2
a

® syathetic division is a method of performing Euclidean division of polynomials with
less writing and fewer calculations. ‘ _ i

® Theadvantages of synthetic division are that it allows one to calculate without “mt:nj
variables, it uses few calculations, and it takes ls;gqiﬁcﬂntly less space on paper ;
long division. Also, the subtractions in long division are converted to additions by

itchi i inni ting Sign errors.

switching the signs at the very beginning, preven : g

@ A syslanf of Linear equations consists of two or more linear equations in the same
variables. .
A solution of system of linear equat
each equation in the system.

jons in two variables is an ordered pair that satisfies
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Unit 3 Variation

i

————

“ 1f a person pushes a car, he
has to apply more force.

Ifa mother pushes the cart of

her child, she has toapply less
force,

=

In a marathon race an athlete
who has more speed than
other participants will reach
the finishing line in less time.

On motorway from Peshawar
to charsadda, from the same
two cars if one car has to
reach in less time, then its
speed must be increased.

m Ratio, Proportions and Variations
EEEEW Ratio.

A ratio is used to compare two or more quantities of the same kind which are measured in
same unit. The ratio of two quantities a, b of the same unit can be shown as:

Lxampie _f'_z' Write the following ratio in simplified form:
(i 3:12 {ii)y 6a : L8b
* Solution (i) 3:12=1:4 (i) 6a: 18b=a:3b

Fxaninle LE Divide Rs. 5070 among three persons in the ratio 2 : 3 : 6.

Solution = Givenratio = 2:5:6
Sum of the ratios = 13 ) .
- = =Rs.7?
Share of 1% person = 5070 %73 Rs

A ratio is said to be in its
simplest forma: b \\:hen a
and b are integers with no
common factors{other
than 1)

k) Fi
5070 x-ls = Rs. 1950

Share of 2™ person =

6
= 5070 x— = Rs. 2340
Share of 3" person 5070 = T




t e 3 S
proportion’ catestha o £a proportion isgivena
roport sancqution b o genere! G
dare fourd! equal 10 .
1fa, b, o al to 2810 d not q Proportion is a comparison
a_ ¢ yherebn ’ tity of
a_=t written a5 of the quantity of a part to
b d oquations can also be the quantity ofawhole. |
The above d .
a:biiC
a:h=ctd 4 and 6 are called means of the

1 = £:8. In this form

o 3 6 mbﬁwﬁﬁﬂﬂ“ 34 6.'8

The proportioh 3= g esofthe pr
ed theextrem

3andBare call 4% 6

ortion are

opoﬂiﬂn.

nﬂﬂd =24 E].‘ld?l":g:zd"

pc-ttio
p——

Example
al!- = bi, az—- 'DI-. a

Salution.-!

According to the

equa] .18

portion. Find the value of x.

! o
2+ab+h1md_raremﬂl3

question _
2 4ab+b’)
Eﬂ:ﬁ:ﬂ-——-—'
(a*-b) :
(a-B)a’ +ab+) (a7 +ab b
(a-b)(a+b) ¥

l_.

o
w |-

ar

a
or x=atb

m Variations

: : ith tw it
3 In Mathenatics, we usually dea weE cstams) If the value t;f ah qua[;t'l t]:j:a valueﬂf.

variables) and Constant quantities (or con her :
unchanged under different situations, 1t 1S called a constant. On the

aquantity changes under different situations, itis called avariable. . e of 8
ile speed of & e

PN

For example: 4, 2.’?18,% etc. are constants wh
commodity, population of atown etc. are variables.

The change of variable parameters is called as variation.

h_ p———

5 . . =y

There are two
. _— :
type ofvariation, Dlrect\v'ariatinnand{nvcrse‘v’ariaﬁon
a. Direct Variation ‘

Unit 3 Variatign

Kinds of Variation

N
] :-E

 H
If we borrow books frg “ :
_ . m the school lib i
Lit::g:;gb (:];f: Prc;laks. we will be fined Rs, rla;y p:?ia;refulra t:alﬁ
- Thetable below shows the fine for an overdue bon(;c w
No. of days (x) 1 2 F 8 3 -

ofdays (0 | 1 2 3 T ) P
Se®ey) 1B T 0 6 a5 e

From the table we notice that if the number of d
(Rs. y) will also increase proportionally,
will also halve. This is called direct p
proportional to the number of days (x) a
yisdirectly proportional tox.

oy ays (x) the book is overdue increases, the fine
L.e. if xis doubled, y will also double; if x is ha Ived, y
roportion. We say that the fine (Rs. ) is directly
book is overdue. We say that y varies directly as x, or

If y varies directly as x, this relation is written as
yex or y=k
It is clear from the above statement that 2 =&
o & x
Where k is a constant of a direct relation, and is called constant of variation.

Example [5

Given that y varies directly with x and y =27 when x = 3. Find
(i) An equation connectingxandy. (i) The value of y whenx=11.~

Solution
Since y is directly proportional to x, then
yxx = Y= kx
(i) Putting the given values of x =3 andy=27
i—T- =k = k=9
So the equation connecting x and y isy=

Ox

(i) Puttingx =11 in above equation.
p=9(11)=99

Which is the required value.




Unit 3 Variation

e

xample B - ; :
o omplete the f-:mllﬂ‘\‘-‘“"gmb,h3 | e
1~ |

If y oo % HeN €

“Salution :
y I

.‘l h

when x=4:77

Putting the values in (1) 6 =4k o

()

n.a

or 6

;- @
Equation (i) becomes '™ e

. =-5in Equaliﬁﬂ m)
Pulting ¥ 3 15

z 5 g x5= =1
responding value ofy
jon (if)

3 f
=-—X8"_—'12
Y=3

Which is the €0

corresponding yalue of y.

= 18 in equation (ii)

o x=12
| 18= =

Which is the corresponding vallue of x.

Putting y = 22.5 in equation (ii)

ns=> o - x=15

Which is the
Now putting ¥

Which is the lcom‘::pmding value of x.

So complete table is given as under.

Unit 3 Variation

b. Inverse Variatign

The following table shows the time

speeds. aken by a car to travel a distance of 120 km at different
[ Speedxkmim T 71—
: 10 — = S
Time taken (y hours)| 13~ 26‘?. 1 .3;.1 | 40 | 60 | 120 |
. 3 -

You -.?an notice that as the speed of car increase
the time taken decreases Proportionally i.e 5;.
x is doubled y will be halved. If x is tripled t;‘;n'
will be reduced to L of jis original Valu:'
Similarly as the speed of car decreases the timel
taken increases proportionally, This relationship
is known as inverse proportion, We say that the
speed of car, x km/h varies inversely to the time ¥
hours taken. '

If y varies inversely to x
e ye=—  or _'pa:E or ty=k
x X i

Where k is a constant and k is not equal to zero.

Example [{R If x varies inversely to y and x = 3, when y = 12
Find the value of y whenx=6.

Solution
ko
ye— ot y== ()
x ¥

Putting x = 3, y = 12 in equation (i) Inverse varjation

2= k when one quantity increases / decreases
g’ while another quantity decreases / increases.
or- 3= 4 =k ot y==
Putting the value of k in equation (i) | x
6 .
}! = -.3—— l:n]
x

Putting x = 61in cc!uaﬁon (i)
y= 36 _ 6 which is the required corresponding vilue of y.

ool



f - T ' £y : Aoy ' Unit 3 Voriation :
. of gas in a container varies BB Thi
\ o the quanti®y © , 244 Third, Foy
| rth M
e

Given that Pressur P _ i .
Example [E& Give 1 oo ¢ in 10 N/m’, its volume is | 'll'hre.; quantities are s3iq an and Continyeq -
: erm are e 1d 10 be i copy roporti
qualto the ratig oy, :::::l;nm o portion
ndterm € ratio of the first term
and secot

| _
pmssure on g4

inversely to ilsvolume'\".i-ﬂ- Pe v . 5
}_Find the L ' @ band care in conyj :
PR 3 mean) ofa and ¢ med proportion gh and thirdterm. Ifa: 5 -
essure when the yolume is 20m" ; 85 cil ' en b is called the mean p ic then ac =P
pr ; k @ . > called the thirg proporti ean proportional (or geometr:
"*'Stﬂutiom P« 7 or P ! For example, the numbers 4 o
e : . 54,6
. : V= 25[:13 in equation (i) ,6.and 9 are s =
Putting the values - o’ o0 | 4:6:6:9 ' continued proportion because
1{’:._;(_-5_ or k=250 ‘T- ] | 4!9:61
I J The numbe 36=136
& For equaton (1 _250 (i1) yoly,= %, but for inverse ; rs 2,4 and 6 are not in continyed
E . P= ¥ proportion,w::havc 1 . 2x 6242 proportion because
b i 3 son (i yuly=x,/x; 01 1
1 Putting ¥'=20m’ in equation ) X0 = %, Note the order ' Example [T Find the 2#16.
= _250 _yp 5N’ of x,and x;. \ - mean proportional of
£ . P= 20 —l : Solution = Letxis the Sand 15.
& ! mean proportional
& . Exercise 31 ¢ ! 15_x
1 e s
: ,. Which s the greater raio, 5: 7 or 131 :208 ? - R
; 3. Goldand silverare mixedin the ratio 7:4. 1f 36 grams of silver is used. HOW much goldis | oo x=4[15 I ——
: - i ioof5:8:12 Exambie [ or  x=5{3 PRI YERRTE 2008 of st
3. Dividetheannual profitof Rs. 40,000 of a factory among 3 partners in the ratio 015 =527 “xample (L] Find the third proportion of @’} and abe
4 KAl sx-l = 22 : 27, find the value of x. : Solution ' -Let x be the third _ asc.
5. There is a direct variation between x* and y. When x = 7, y = 49find: . C o proportion. ;
(i) y when x =9 (ii). x when y = 100 Therefore, %=ﬂ or x=c
; : ’ a s
" 6. There is an inverse variation between X and y, and whenx= 4,7~ 6, find: Example [T} Find fourth % :
2 ey - = A i i '
' - (i). y when x = 12 - {ii). x when y = 24. | _S e ind fourth proportional of 2 -b.a+banda’ +ab+b’
7.3 7.t o — andp =9 whenr =2 Find: ' olution _ Let x be the fourth proportional,
. - 3 = . & ! o
é 1 £ I 1 then i (ﬂ:-h}]:(a+b]:;(a=+ab+b‘j;_~;
z () rwhenp=3 (i) pwhenr=7 - ie. x(@-p)=(a+tb)@+ab+d)
3 8. If y e x, then complete the following table. | ={a +b) (8 +ab+ b z(a #b) (@ +ab+b?)
X i - 6 05 | & a-b (a-b)(a+ab+b)
| | ath




r.-‘ - 2 Unit 3 Vorigtion i Unit 3 Variation

I Exam
ple
m Pm‘U‘L lhill "‘ lsﬂ 4'(,) (3': 4“'J

m\Theurems on Proportion
n Mu.:rm:ndn property —
: The g 4h) -
1§ aslo = 6z dthend:= =b:d : R — . . Then %_3 ) (lc+4d)
that is, if the sucnnd and third term intcrchange their places, then & 50 : C@ Sa-th iy
m]ilrapnrlmn P T 3
Example 1f3: 5=6:10 lhcn3:6='l:2=5:'|[} ' -y " C+d¢f
Ihen (3a - 4b) + (3,
i BH Invertendo Property o Eh“*——"—tfﬂ_ Ge-td)+ 3
:|. fa:bue! -dthenb:a: :d:c _ 3 )~ (3a+ 4b) "m;s—'i—ﬂ
I thatis, iftwo ralios arcequal, th cl'NhClHﬂ\'C!‘Sﬁl'allﬂﬁ arc also cqual- . lfC {3c+ 4d)
1 R A i omponendo- Divid
Fxample 6:10=9:13 o ba 6 idendo)
therefore, 10 6=5:3=15: 9 e i
. B Componendo Property i a_c
ffa:b=¢: d'lhcn{a—"bl pu(c+d):d g
1 Example 4:5% 8:10 . ;
‘ therefore, (4 5]15:9:5=]ﬁ:]|{lj] 10 mple [[§] Ifﬂﬂf_‘i 13
i =(g+ .
E j 41 Dividendo Property ( ) '““"3]2 -{_r-,q,f th-:n find the value of .,
W0 d then (a-b):DF (=) d Solution M 13
Example 5: 4=10:8 = ==
(5-4): a=1: 4—(10481:8 Lxﬂf (x-4)
51 Cumpunendn-l)nuluuln property y componendo — dividend property
2 1
[fa:b:c:dthen (@ D)2 p) (e +d): (e~ d) - (x+3) +(x-4) #(x+3) =(x-4) 13412
Example ? 1=14:6 _;3: T = 2
3)-(?-3:.=10:4=5-.2 (x+3) +(x-4) [[x+3) -(x-4y| B-12
ﬁ\gall'l [l4+6) '“4 6]7‘20 - oF j(xq.}} —2
Therefore, (7 7+3):( (M+6} (14-6) » 7oy e
: gxample [ 1f Eb_ d then prove that 2a+3b: p=2c+3d:d ! Taking square root of both sides #4345
. x=4
! s "~ 2 x+3
| — a ¢ 3 . I T Wh »
. : Fox tip} : hoth sides bY en X3 _sor x+3=5x-2
. Solution T multiplying both SIES TS 4 = or, x+3=5x-20
| b 3d N
’ 2a+3b  2c+3d . When i;%=,5 or, x+3=-5x+20
' T =—§&-—' using componendo property x ;
| 0 =—
2a+3b _2%+3d , ' g x=g
- !
b : Solution sct -{EH}




Unit 3 Variatign

,fﬁjﬂﬁ’g-z—f

; rtion?
. ontinued propo
. quantities ar¢ 0.0
1. Which of the following & (i), 72,24,8

a
6 If =

ing equations.
7. Solve the following i -—1)1 oo 2)1 £ 17

4 sy DOy
() ﬁ+£37 @ Gy -+
s B
W"ﬁ:
{iii}.m

|-

W : gx7=42 ' '
| 66 67 = 4422
' 666 X 667 = 444222
[ 6666 x 6667 = 44442222
@ 66666 x 66667 = 4444422222
666666 % 666667 = 444444222222
6666666 % 6666667 = 4444442222222
66666666 x 66666667 = 4444444422222222.

-

666666666 x 666666667 = 444444444222222222

: - :
Unit 3 Variation

A with two o e p R
S ity varies g I more quantities, i.e. Joint variation
Ifxis jointly proportional loyandz lmqya‘? the product of two ormore other quantities
this relationship as »We cant write xkyz=for some constant k. We canalso write
x
o

For example,

Area of a triangle = 1 bh.
2.

Here the constant k is I

Area of a triangle varies Jointly with base
Area of a rectangle = L x W,

. \
Here the constant k is 1, PR~

'b' and height h'.

Area of a rectangle varies jointly with length 'L' and width "W".

Newton's law of motion; Force = mass x acceleration.

The force exerted on an object varies jointly as the fthe obj .
produced, Jointly mass of the object and the acceleration

Iy Example 'L'f’} [fyva:’iesjninﬁyasxandz,ahdy=lthmx=9andz=3,ﬁndzwhm
y=6andx=15.

Solution Write the equation.  y = ke (1)
Substituting y =12 ,x=9,z=3 in (i) . (&) Ty This,
2=kO)G) - If z varies jointly as x and y

and z= 24, when x=2 and
2=27k = top |y=4fndzwhenr=2and
o) y=5.

So (i) becomes,

4 .
== (ii}
e
Substitutjngy =6,x=15in (i1).
6=2150
9

8 5
=-9—: = 54= o = z-lﬂ
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* Unit 3 Vaoriatigy

M e

reases, y also decreases.

Asg % inc .
As y-also increases.

As x decreases,
Equation: X = kiory=%

Y o

y varies iﬂvz:.rxel;«; asx.
As increases, ) also decreases.
© As.x decreases, y also increases.

Equation: xy =k ory =<

_—

. Exercise 3.3
‘.______,_._-—""

' I = =12, findywhenx=16andz=22.

1 !fyvaﬁesjainuyas:andz.and)'=33whenx gandz=12,findy

' = —5andh=4, find fwheng=3

3. 1ffvaries jointly as gand the cube ofh, and f=200 when g =3 an g
andh=6.

3, Suppose a is jointly proportional to b and
whenb=2andc=18?

4. Ifpvaries jointly as qandr squ
r=8.

5, Ifa varies jointly as b cubed and ¢, and a=3
c=14.

6. Ifzvariesjointlyas x and y andz=

7.If)'vaﬁwjoint]yasx’a.ndzandy=6whenx=4,z=9.W:iteyasaﬁmcliunof
determine the value of y, whenx=-8 andz=12.

8, If p varies jointly as g and * and inversely as s and ', p= 40, when ¢ = 8,
Find p in terms of g, , s and 1. Also find the value of p when g =-2,r=4

c.Ifa= 4 whenb=8and c =9, then what isa
ared, and p=225 when g=4and r=3, findp whenq=6and
6whenb=4and c=6, finda whenb=2 and

12, whenx=2and y=4, find the constant of variation.
xandzand

r=5,5=31=2
,S= 3and‘r:-1.

Use online calculator. ;
Give examples of joint variation / direct and inverse variation from daily life. Write down
these examples on flip chart/ chart paper and present your work in class in groups.

"
S ———

Unit 3 Variatign

K- Methogq

Let:

a:h:c:
d bea Proportion then 2_¢

“ —s e thl] b d Aar - Vi at e,
y f » My f € non ZETO ﬂumhem, “13]1 pm e th t ea h
Cl

of the ratios is equal 1o the following ratjos

fa+me+ pe
S

—— Ebtmd +
i_Solution | -

Let

=k

ol -1
Bn

£
S
a=hk, ﬂ:gﬂ{,e:ﬁ

fa+m + cne _ £bk +mdk + nfk o k(£b+ md+ nf)
rmdinf — toimdinf  (tbrmde )

i Example ({3
Provethat £=C_¢ _atc+e
b d f bid+f
\_Solution |
Let §'=§=-:::=k Bﬂuuﬁal uumbasrdnﬁmmﬁp

a=bk,c=dk, e=Jk
or - a+c+e= bk+dk+fk
or  a+c+e=k(b+d+f)

atbte p @ E_€
‘btd+f

I+ 5+3 =53 R

_1+125+27 =153

F
L.‘-




Unit 2 Variation Unit 3 Variation - : I_
T Exercise 3.4 g
I If mb:c:d“"mpmvemm T e
(i) E‘_ﬁf=2c+3d e
2a-3h 2"?3&" (i) pa+ qb:mz—nbzpc+qd: me—nd.
2. Provethat 2_€_e _ Pa’ +ge? 4 gt
b d f \pbigiir
. gd" + f
3.If 524 = 2o ________Z-x th
i z 3 y enprove that: x=p=; where %32 arenon-zero
i | numbers and x+ y+ 740
' 2y+iz—-x Zz47y-
4. [f—= Y _ 2x42p—5
a B i T, then prove that
Fd bers th . =z
| b€ pore, b, cand %33 areTON-2EK0 UmbErs then | 2b+2c-a 2c+2a-b  2a+25—¢
-: | Exa EIIlmFlfm If x-—;"; b . 5. Prove that each of the fraction in:
Xy Wz z4x
rovelhﬂt — e W x+,l-'+2
P | a+b b+e c+aq ¥ equal 16 a+b+o
‘__Sg]_l,]'hl.’!ﬂ_..l i 3 2 e o er bztey cx+az  ay+by
ET=£-+;_=EE | b-c  c-a  a-p TR@Tbro)xtytz)=artbyie
ﬂ ]
- = k X y z
a=xk, b=yk ¢=% : ¥ - ¥
it e 1y 1z_L (i) ] (b+c-a) (c+a-b) (NH]-the?(b—clr+(c—a)y+(a_a)z=n.
- or —m—, ==, __-j.'
TR a K b k¢ ‘
3 P - (ii) ﬁ.lf‘zx+31.=:3y+4z:4z+5 =dg— 5 . :
E, 21 g1 2 1 : ¥ =4a-5b:3b—a:2b-3a, then Tx+ 6y + 8z =0,
oo ST R BTk
a ; . | ?
‘ For equations in (i) sum of L.H.S=Sumof RHSie | Challenge |
: N2 Rl E (iii) i la=b) (- ' b(f- =
!‘ f_+§3‘+-§=F+F+?=F a2 @ ei ({e ;} then each of them is equal to y dj.;;:cd J)
¥ = el f-
; 1 For equations given in (i), Product of LH.S = Product of R.H.S. | . =
q 'Did-‘t"uu-Kﬂuﬂr:l !
: xpd 1l . g . —
; abec kkk K I Do you notice anything interesting in the fol[owmgmulup[lcabnn"
o . %z% () 138 x 42 = 5796
- a U
| Answers
From (iii) and (v) e a0l digits aep ueed oy




Unit 3 Variation

g

0 ;
Real life problems pased of o hill. The distance it falls is
¢ top

[i Example m A stone i ahii 6 . S gl
propunional to the square of tghe l;:;cdz ovlur o fall PR
The stone falls 19.6 m after 2 secont ‘f A
after 3 seconds? 1
tion - cd=kt
Solution_ | We can Use: d R
Where: d is the distance fallen and 718 the 1 FOm——
When d = 19.6 then 1= o
19.6=k*2
106 = ak =Fk= 149
So now we know: 3
a=4% After 3 seconds
And when t =3
d=4_9?’-32=44.] ot

seconds.
i Example [ Height of an image y on a screen varies darcctlEr as d_ls_
st or screen. Height of the image 18 =

rojector from the :
gﬂgm when distance of the projector from tl:n::;.;re;z;
is 100cm, At what distance should the projector

kept from the screen S0 that the height of an 1mage on
the screen be 1 5cm.
0]

[ Salutinn__j yxXx Ur{_:k !
= 720cm, x = 100¢cm

o it has fallen 44,1 m after 3

e

when ¥ 3
Putting these values in (i)

& _.. A x ¥ !
Putting y = 15cm andk = L in equation (i)
. Ls_::'I_ .
.

©ooor . *x = T5em e
Hence the distance of projector from the screen = T5cm.

tance x of the

l Unit 3 Variation

cyample [E j 1 nid to cemen :
4.8:2.1f6 kgc- sandareused,howmuchcc:ncnttis e * -
f needed?

Sﬂll.ltiﬂll I,{:t “-lc a .
miount [cqull'{!d f =
g' cn [he ratio 18,

sand : cement 3
4.8:2

This is direct proportion. w

48
6

.3
: x A
Cross -multiply: 4.8 x x =2 x 6, or more simply, 4.8 ]_2

y H.0L= =

Solve this equation for x: =12 whick o
q orx:x= 4_5 , which gives x =25,

l S0 2.5 kg of cement are needed,

\22] 4 people can paint a fence in 3 hours.
(i} How long will it take 6 people to paint it?
, (it} How manypeople are needed t jobi
e e s ocomplete the job n. ha fanhour? (Assume everyone

Solution It is an Inverse Proportion:

As the number of people goes up, t inting ti

e Sy people goes up, the painting time

As the number of people goes do inting ti
wn, the

goes up, s

| (1) We canuse: t = L3 Where: t= number of hours "
n
| k = constant of proportionality
| n = number of people
4 people can paint a fence in 3 hours" means that =3 when n=4.

\ Therefore, 3 = % = k=12

So 1= 12 And when n=6, .'=}-§ = 2 hours
n
a So 6 people will take 2 hours t0 paint the fence.
i {"} l = E == n=24
2 n

the job in half an hour.

So it needs 24 people to complete
h other's way!)

(Assuming they don't all get in €ac




s Exercise 3.5

The thickness (T) of the hedge varies

1. A hedge is made of wooden planks. ; :
number of planks(N). 4 planks make 12cm thick edge. Find
(i) Thickness of the hedge when pumber of planks 15 6.
(ii) Number of planks when thickness of the hedge is 9em.
i P of water at any internal point varies
s 51 Newton/cm'when depth is 3cm. Find press
) 1, Pressure Pofgasina container varies directly as temperature T. When pressure i
| temperature is?SC“.Fiudpressmewhcn temperature s 150"
I 4. If 8 persons complete a work in 10 days then how many
complete the same work?
<. Volume of gas 'V' varies inversely as pressure
1

pressure whenV = 3m
¢ Attraction force 'F' between two magn
between them, F is 18 Newton whend is

Newton.
“ The volume of a right circular cylinder
f a right circular ¢y

|

f radius. The volume 0

i centimetres, is 352 ¢cm3. Find the volume o
' height 14 centimetres.

PP = 300 N/m’ when

els vary inversely as sq
2cm, Find the distance W

varies jointly as
linder, with rad
f; another cylinder wi

e i

il in the correct circle only.

four circles are given. F

1. At the end of each question,

'ff | (ik Direcwa:iationbet‘-vecnaandaisexpressedas.

; O a=b 0 a=% Q axb. O ﬂ“‘:lg

1! i If mrx% then

[I O m=kn O n=km (@) e O mn=k

{ : (). Ide;:‘}fy the item that does not have the sam:: ratio as the other three.
0] yry O 406 0 23 O 3tol

Upit 3 Variation

directly as the

directly as depth'd’ from
ure when depth is Tem.
5 50N/,

days would 10 persons take to
y = 4m’. Find

uare of the distance 'd'
hen attraction force 152

the height and the square of the
ius 4 centimetres and hei
th radius § centimetres and

Unit 3 Variation

(iv) f2=5
Pk thenbyalternendopropcrty
o a-bzc—d
b d g TP
= EZE a+h c+d
c d E=£
(v) If7:9:x:27 i
O x=21 Q x=3
" ‘ < - = 0 =? =
{vi). The third proportional of x and yis ’ e
ol o= §
” l y Q —r— O none of these -
(vii). If xec— and 1
= yo— then
3 z
1
O )"x; O xroecz (@]
oz O xzey
(viii). If 2a+1:21::4:7, then
13
O a=— O 4
a=— =
’ 3 3 Q a=10 O azg
(ix). If—=£=£ i
5= d- then each fraction is equal to
Sasmbt-ne fatme+
fd +me+ nf Ib;md{» :e
_£‘a+_mc-1ﬁ fa::-+a-.-n‘:+1'=:"r
md +nd +ef {b+me+nf
{(x). Whichof the follwing is a situation in which x varies directly as y?
4 7
0x=f 0y=s Ox=y  Oux=g
v : 167

2. Find the constant of variation, when 5% £ andt=10whens=35.

1
3. J’“F' If y=4 when x=3, find the value of x when y=9.

4. Pressure of gas in a closed vessel varies directly to temperature. If pressure is 150 units
then the temperature is 70 units. What will be the pressure if temperature rises to 140 units.
s inversely as the resistance. When current is 44 amp

5. In an electric circuit, current vari
The resistance is 30 ohm. How much current will flow i resistance becomes 22 ohm.




1!.“-
.

: 6. Ifavaries jointly asb and the squarer

Unit 3 Variation

a
at

uutnfc,:mda=21 whenb=35 andc=36.ﬁndawhen

b=12 ande=225. ]
uld be added to each of the numbers 3,8,11 and 20 to make them in

7. What number sho
proportion?
8. What number must be subtracted from eachof6,8,7and 1150 that the re

are in proportion?
9, The ratio between two numbers is 8 : 3 and thei
10.Find three numbers.in continued proportion such
squares is 84.
11. The mean proportional betwe
12, Find the angles of; atriangle whichare
ac(a+c) _(a+ c)

a ¢
If==—, that —— ==
13.1f S d then prove tha b+d) (l’+ﬂ')J

maining numbers

he numbers.

rdifferenceis 20. Findt ]
14 and sum of their

that their sum is

en two numbers is 6 and their sumis 13 _Find the numbers.

intheratio3:4:5.

; " . i a’+ab+b1_a=4b’
b, care 1n continued proportion then prove t ;=-_-_-_-_.b’+bc+cl __.———bl —3

14.1f a,
3 3 3
a & _¢ a+c +e _ dace
—m—=— that ————= =7 1
IS.Ifb 5 f,lhenpro\re al Tad e o

. Summary

° Arateis aspecial type of ratio.
o Arateisacomparisonof two quantities of different kinds.

Q Aratio compares two guantities of the same type.
° Aproportion s astatement expressing the equivalence of two rates or two ratios.

Two quantities are in direct proportion when one quantity is doubled, the other quantity is
also doubled; when one quantity increases x times, the other quantity also increases X times.

Two quantities are in inverse propo ion when one quantity is doubled, the other quantity 1§
halved; when one quantity increases y times, the other quantity becomes 1/y of the original.

° Ify varies directly tox, then y =kx, where kis a constant and k=0 s direct variation.

9 Ify varies inversely tox, then xy = k, where k is a constant and k=0 isinverse variation.
Ify varies directly to two or more quantities x and z, then y =kxz, where k is a constant
and k=0 is joint variation. '

@ Let a:b:c:d beaproportion IhcnI=I=H.$ﬂJ’]

Thus a =bk, c =dk

These equation are us ; . ;
e Kc!mcthud. used to evaluate certain expressions more easily. This method 18

In this unit the stu;{e'n_ts will be able to

@ D i
efine proper, improperand rationa) fraction

o b
Rcs'cnrlve an algebraic fraction into pars &
fractions when its denomji Aavon £ k
8 minator consists of £ e &
2 non ~ repeated linear factors a."-."'-“’t-’-‘-"i e 4x-1 Pw.‘
: : 208 ¥ i i
2 Ir}eﬂzeated linear factors, ,.-'"'q':.a"‘é-”:- (x+2 ﬂ’:;-' A
o -repeated quadratic factors :-‘!;-:c:r"a.",’;i‘: 2t Nx=1) r':{"':“ -fl"'
repeated quadratic factors, =R & :;ﬁ"'%} gl

The partial fractions is s i
ns 1s simpler, which can help to solve more complicated fra
ction. For

© example, itisv i
ple, ery useful in calculus, which is abranch of mathematics

i\ rxﬂ# X = X2
Partial fractions

We can do this directly: i+i - $x-1

Like this: x4+l x=2 x-x-2
i+i=E(I“2)+3{I+l}_21—4+3x+3 5x-1
Tl 12 (+D(x-2) (x#D(x-2) x-x-2

. but how do we go in the opposite direction?

2 3 Sx-1
— e e e ———
x+l x-2 -x=2

How to find the "parts" that make the single fraction (This is "partial fractions").




N Unit 4 Partiol fractions Unit 4 Partial fractions

- |

Resoluti
on of fraction into partial fractions

.! mknﬁnnal fraction A ration s
&1 denomi
minator O(x ) consists of non-repeated quadratic f
actors.

fivy

l ) ; 3 . .th only one factor ;
Partial fractions e ctions WI : Resolution of rat
< o w0 Or 100 ; hose algebraic 1 of ratio) i B
i‘ Aprocedure which does splitting up 351"?5!!01“ Izme,rwords g set of fractions w ' B nal fraction (x) N DS .
i in the denominator is called partial lfr?m‘"-‘“i-cg the factors of denominate, ol ftx) #0 into partial fractions depends upon
' sum is a given fraction s called partial fractio™ T Q(x ). Thus there are f ;
]. ) ons (i) Wh ) our cases involved in resolution of fracti
I . tional fract en denomi _ n of fraction.
’ E!! Proper and improper 12 oo iy the form: . nator O(x ) consists of non-repeated li
| 4] function €30 pe written 18 (i) When denominator (x) repeated linear factors.
X )consi .
l- (iii) onsists of repeated linear factors

P(x)
T Wh -
Q) en denominator "
als where Q) #0 _ — Q(x ) consists of repeated quadratic factors
Pz} 0x)# 0 is proper fraction, ' KW hen denominator consi :
matarcansists of nos-roneated &
,Q_r*__g_fj -

linear faerors
Aol dOTJCTS

Whrer P(x)and Q(x) are pclynu;ni

mll'rope.r rational fraction A rational fractio® 0(x) : .
if the degree ofnumerat-:er(X} is less ﬂ‘.’ = Let poperSuction P ——
than the degree of denomina(cr O .4 29 7v 23% ! : ) » factorize the polynomial Q(x) in the denominator if it
For example, 22 BT a7y 3 N is not already factorized. To ev
Trx-3 = = 4 — -Tepeat e
1 2x x+x-3 o g -:F?;{' b ':4 e el ed linear factor ax+5 in the denominator
-;—1-1 T2 o+ y-x+l = v 2 e =4 | orresponds a partial fraction of the form A o
i i 73 IC 20 A ! constant. Thus if
are proper rational fractions. 6 | ic 20 A . 0()=(aF+B)a+b) then b - i
(&3 )improper rational fractions — p 1 o
Px) - - fraction, if the degree of numerator __4
i ion —— +( isas an improper ction ; 3 o
A rational fraction ) Qx)=01 p m: i i r O0) ax+h ax+h, where A and B are constants. Similarly if
i inator Q(x). [E==="= |
P(x)is greater than or equal to the degree of denomind )
For example, a fraction that has 2 larger l. O(x)=(ax+b)ax+b,)ax+b) then
X +4 ¢ Peixad 2-¥axdl ?i:mt‘::et:e(:g thetop thglom ) | P9 __ 4, B, C
—— g —— ] 1 e
(x+l](x+2] it 3 +2x+3 x +x-1 8 4— Numerator i Q(x] a'x+bi a?'t+bl ﬂ,I+B’
Any improper rational ﬁgctinn can be reduced_it}tt_: sum of "G < Denominaor Where 4,3 and C are constaats o be detsnninéd.
i pulyuammls and proper rational fraction by Jarge division. termin
b
i e , = N
For example, consider ——= &1 improper rational fraction. Divide numerator SDid Yo Know?
2 x=1 S ouKnow: e
by denominator as 2542 _.
x-1) 24 +1 What's wrong with |
e v i this one?
X F2x 4
26+ 1 l
e -Ix¥ 2
Therefore we have Lil:zx.pg +i 3 |
x=1 1 - :

hmﬁﬂ



I,."

= 1
'__———-_-_-_-—
Example Resolve GG )

Feaation.J 1 A B
1 __.4():+2]+.B(J:+1)
= m- (x+1)(x+2)
Multiplying both sides by (x+1)(x+ 2) we get

1= A(x+2)+B(x+1)
x=-1 in Eq. (2), we get

{ :
| R 1=,{{-—1+2)+B(«I+1)
‘ : = 1= A(1)+B(0)
i 1=4
): = 7 in Eq. (ii), we get
1 ing r=—2 in Eq. (1t)
{ ] s 1=A{—2+2}+B{—2+l}
) & = 4(0)+B(-D)
] = 1=0-8

or

Now puiting these values of 4 and :
1 1 =

,___————-—s--——-l-
(x+1)(x+2) x+2 x+2

1 1 1

e

These are required partial fractions.

into partial fractions.

B in equation (i) we have

———

Unit 4 Partiol fractions

@@

(if)

[ Math Fun__uy

!
l
|
! | P Gar2) x+l 142
|
|
|

111,111,111 x 111,111,111 |
= 12,45,678,987,654,321. i

NOT FOR SALE

Pl &
= t.'?%
ok
e =

Unit 4 Partial fractions . -
I Example [BR 5 :

Lo Find partial fractions of -

3x42

_ =

. Solution ¥l
Since x’-x_zztﬂ_mx_z)
Therefore, —.33_13'__ 3x+2
3 =————_____
X —x=2 (x+1)(x-2)
Let Ix+2 _ 4 B
(x+1)(x-2)  x+1 +-.:-_2 @
. 3x+2 =A(x-2)+3(x+l}
| (x+1)(x-2)"  (x+1)(x-2)
Multiply both sides by (x+1)(x-2) we have
3x+2=A(x-2)+B(x+1) (ii)

Putting x=— 1 in Eq. (ii) we get.
3(-D+2=A(=1-2)+ B(-1+1) .
= =3+2=A(-3)+B(0)
= ~1=-34
1

= A=—
3

Putting x=2 in Eq. (ii), we get
3(2)+2=4(2-2)+B(2+1)
= 6+2=4(0)+B(3)
= §=-3B '
= ;4=§
3
Putting these values of 4 and B in Eq. (i), we have
13
42 _ 3 3
(x+1)(x=2) x+1 x-2
1 8
o e e
3(x+1) 3(x-2)
Ix+2 1 8 l i i i
——a+—-— Theseare required partial fractions.
or P -x-2 3(x+|] 3(1&‘-2)




.I-h . : Unit 4 Partial fractions
m Whea denominaior

. P(x) :
i fraction —— the denominator
st, in the proper 00

consists of repeated lincar factors

Q(¥) contains & repeated linear factor

____P{x) = _’1—+-—L ,where A

x+ B2 corresponds to two partial fractions of the form 0 = T

«d B are constant to be determined. i .
the denominator Q(x) contains the repe ated factor (ax+b)’, then the corresponding three
Plx) 4 B G where 4,5 and C are constants to be

_ : Px)__4 , _~ s
tial fraction are -5 5 ~ b @by (@b

stermined.
Example m Find partial fractions of ——5-—2
B . (x+1)

_Solution_
Let __-’L_F;“_,L__ii_l. o)
(x+1) x+1 (x+1)

x 4 (x+1)+8B
) (el
Multiplying both sides by (x+1 Y, we get

=

x=A(x+1)+B (ii)
= x=Ax +4 +B (iii)
Putting x=— 1 in Eq. (ii), we get
_1=A(-1-1)+B
= ~1=A(0)+B
= -1=8

= .
To find, the value of 4 compare the co-efficient 0
1=4 .
putting these values of 4 and B in Eq. (i), we get
. x 1 -1
._———2 = e b 3
(x+1)’ x*1 (x+1)
1 1

x+l (x+1)

These are required partial fractions.

f x in Eq. (iii), we get

Multiplying both sid
| sides by (x-—l}zfxﬁ-?-),wc

Unit & Partial froctions

li Example {ﬁ Find Partial fraog;
e clions of 2‘t:+| "
~ . (x-2) (x+3)
-(:-2)1(x+33:§?3+(:z:-’+£'
- 2x 41 e

(x-2)’ (x+3)
(x=2)"(x+3)

A(x-2 gct
J J'{.H3)+B{.:H-3:|-|-n.'.‘(x—2)1
A(x +.\:-—E~)+.E.%‘l:.vc+3]+C{Jr2 —4x+4)

(4+C)x? +
T (A+B—4C}x+(—6A+3B+4C)
2(2) +1=4(2-2)
=2)(2+3)+B(2+3)+C ¥
= B+1=A(0)(5)+B(S5)+ (0} e
= 9=0+58+0 = 9=58 = |g2

p L
2x 4=

2xi41=

Putting x =—3 in Eq. (ii) we get

2(-3) +1=A(-3-2)(-343
=3+43)+B(-3+3)+C(-3-2)
= 2x9+1=A(-5)(0)+B(0)+C(-5) +3)+C(-3-2)

s =
19=0+0+C(25) - C=—
To find value of A, com i ? -
: 2,_4 e {[jaarc co-efficient of x* from Eq. (iii), we get
Putting value of C, we get
, 1
2=.4+2—5;_ = 2-2o4 A=l
. 25 25
utting values of 4, B and C in Eq. (i), we get
2 ﬂ E I_g
_2l 25, 5 2
(-2 (x+2) x-2 (x-2) 43
3241 31 9 L

__2___-=————"—_+-——:—1"+————
(x-2) (x+2) 25(x 2) 5(x-2) 25(x+3)

These are required partial fractions.

< AG=2)(x+3)4 B(x+3)+ C(x-2

(i)

(iii)




Unit 4 Partial fractions

oo

Resolve the following fractions into partial fractions. ;
3x-2 x-1 (€} E
(n. . 2 —x o x 4+ 6x+5 *
' 4x+2 2 3213
X _____t____——— t{ﬂ R +1
(). x*+4x=5 (5): (x+2:|[21"1:' ( fx )
{? _'I'.‘:+2 [8} 2.1:“1 tg.’ _____x_:_———
— =g T
! (x+2)(x" +5x+6) x(x-3) 42541

S <
(x—1) (x+1)

m When denominator consists of non-repeated quadra
P ; then to every non-repeated quadratic factor ax’ + bx+¢

Let the proper fraction a} is gwan
partial fraction of the form

(10).
tic factors

in Q(x) which is mot factorizable corresponds the

Px) =__ixi£—- where A and B are constants 10 be
0(x) ax*+bx+c :

i Example Find partial fractions of -(——m
(x+1)(x* +2) x+1 X +2
1 A +2)+(Bx+C)(x+1)

determined.

1_S_uluﬁ'nn = Let

{.r+1){f+2)r (x+1)(x* +2)
Multiplying both sides by (x+ 1)(x* +2), we get
1= A(x* +2)+(Bx+C)(x+1) . (i)
1= A(x" +2)+Bx" + Bx+Cx+C
C1=(A+B) X +(B+C)x+24+C (iii)

Putting x = -1 in Eq. {ii), we get }
1= A + 2]+ [BED)+C]141)
— ) 1=A(14+2)+(-B+C)(0)
1=A(3)+0

Unit 4 Partial fractiong

iy 8 -

I=34=| 4.1

3
To find values of g and C¢ i
ind o Omparing co-efficient of x" and x in Eq. (iii)
and  0=p4¢ i |
using value of 4 in Eq. (iv), we get o
0=1+B
3
= |8=2l
: putting B..—E mEq (v), —-+C' 0=C= l

Putting these v.:.Iucs of
i 3
Band C in Eq. (i), we get
: 1 4
I
(x+1)(x* +2) 1 x*+2
l . i

(x+1)(x*+2) 3(xe1) 3 +2)

___I___ - 1 x
(x+1)(x* +2) 1(1‘4-1} 3{I‘+3}

These are required partial fractions

{ =
| Example |[H ‘3‘- 28 428 _Ax+B Cx+D

i _6 (x +3J(1; —2) X 4.3 .'t"‘—:

L_Solution | 4x* ~28 = (Ax + B) (¥ ~2)+(Cx+ D)(x* +3)
=( BT Y IR NN L IR
=(A+C)* +(B+ D) +(3C-24)x-2B+3D
Equating coefficients of like powers of x,
A+C=0,B+D=43C-24=0~2B+3D=-28
Solving simultaneously, 4=0,8=8C=0,0=-4.
= o 8

4x* -28

4°0-28 _
X' -x* -6 3

Y6 ¥+3 x-2

Hence,




' - : Unit & Partial froctions

[Fige
= m When denominator consists of rep
1

[ Example fﬂ Resolve —— 2 into partial fractions.
5 (x=D( +1) |

=t y E Sy o

L_Soluii'q'fﬁf_LJ Lt ———— == A, B?—g + ;E'Ltéf @

——— (=10 +1) ¥° 1+ (Pl
,uf+HW4m+cur4uf+n+un+sﬂxrn

i (=1 +1F

cated quadratic factors

1
(x-1 +1F
(x-— |}[,\': + 1]', we get
1Hﬁ+n+un+£ux4) (ii)
Y+ Dx’ —Dx+Ex—E

Multiplying both sides by
1= Al + 1) +(Bx+CHA

1= A(x* +2¢° +D)+(Bx+ O —xt =]

34 B’ ~Bx+Cx =

I=A{,t“+2,t! +1)+ Bx' —Bx
+cw~C+Lu*—Dx+£x—£

1=(A+Bptﬂ-ﬂ+chﬁuzﬁ+H—U+DLE+FB+CFD+EH
I 4+(A-C- E)
'r putting x =1 in Eq. (if), we 8¢t
| |=Aﬂn’+ﬂ2{3u)+c]u-;ﬂpf+4]+[DU}+Eﬁl4n
'; 1=.d[l+1]1+(B+C}{0}{i+l)+[D+E](U_) :
1=A2) +0+0
1=A(4)

1
::
4

Comparing co-efficients of ¥, x*, x and constant respectively.

0=A+B (iii)
=-B+C T (i)
0=24+B-C+D (v)
0=-B+C-D+E (vi)
1=A-C-E (vii)
Using value of 4 in (1if) we get
D=l+E

-—

Unit & Partial fractions

Using value of B i (4) we
get

o (e

n=%+c
= EHIH .
Using values of 4 34.‘ )
8 and C'in Eq, (v), we get
0=

Olie

==+ |
2 2 !r
_ |
p=2!
- 2 s
Using values of 4 and C in Eq. (vii), we get |
T | |
4 = |
I= l+ : E ‘
4 4 |
1 =1—E |
: 5
E:.l.._] =—l |
2 2
E=—t
. L2
Putting values of 4, B, G, D, E in Eq. (i), we get

-1. 1 -1_1

e i

L
4,4 4,2 2
x-1
1

1
(x=1(F +1)

4l (P41
-x-1 -x=1

- -
4(x=1) 4(x +1) e +1)F

| _ 1 x+1 _ x+1
DGl Hx-D 4w+ 2+




iy

Resalve the followin,

1
. .
M S+

=3
@ T
¢t -4x+8
(x*+1) (x-2)
20+ 4
S (x* +17(x-1)

()

f- O TProper fraction
2

. 42 i

I o *+2x+2

i O Proper fraction.

T
- "

O F-x+5
O #-Ix+1

g fractions into partial f

(2 G +3)

four circles are given. Fill in the co

O JG-n 20x+)
(ii). If P(x)and Q(x) are tWo polynomials {

O Rational fraction

O Irrational fraction
{iv).What is the quotient when
@ -8 + 16x -5 is divided by x- 57

Unit 4 Po rrial jruf.l.inns .

Exercise 4.2

aclions.

A
o #3x+] ). 2x+1

e
(x'+1) (x=

._.]'F:_g_—— (6). _._.—-2-1—;—'_—; .
o (x+4)(3x° +1) (x+1)(5*=2)

dar=3 - () & 8x* 3

W) © @ +(-x)

rrect circle only.

} _ 1. At the end of each question,
f - 1
| oy -
O T =1 O 3G+ 2x-D
1 1 &5 L I
-1 2x+1)

_J'i{_x_}_, O(x)=01s
0w’

O Irrational fraction
O Improper fraction

hen

© Improper fraction
) None of these

O £-3x+2

2 240
O 2 +13x-49+

(x+5)

Unit 4 Partial fractions
2. Resolve the following fractions into
part
, 2xt
(i), ———
(x+1)(x-1)

X =3x+2
(iv) da Tk
d k] X .
(x-1) (v). e
XT3y
(vii). ._1_"_'t1 - -
(x*+1) P

Challenge !

ial fractions.

Gy, 2253 49548

Gity, =22l

f—2x1+x

(vi). w
x =1

 4F +3x+14

(i, ———
x'-8

3. Resolve the following-fraction into partial fractions 343 E x4

(x+1)(2+1)

® If P(x) and Q(x) are two polynomials and (J(x) is,non zero polynomial than the

P
fraction )
=

is called a rational fraction.

A rational fraction, O{x)=0isa proper rational fraction. if the degree of numerator

P(x) is less than the degree of denominator O(x).
. . . Plx) ; ]
| ® A rational fraction EEE , O(x)=0 is a improper rational fraction. if the degree of

\ numerator P(x) is equal to or greater than the degree of denominator O(x).

i © Splitting up a single ration al fraction into two or more rational fraction with single
. factor in denominator, such a procedure is called partial fractions-

[ Math Fan -]

1x1=1

| 11x11=121

111 x 111 = 12321
1111 x 1111 = 1234321

11111 x 11111 = 123454321
111111 x 111111 = 12345654321

1111111 x 1111111 = 1234567654321
11111111 x 11111111 = 1234567
11111411 x A1 =




Unit 5 Sets and functions

o onto functi i
ol :c:tn‘gn (surjective function
.. onto funetin (bijecti
& pans rethera given relation ;
ifferentiate between g ki
@ Includesufficient exerc?

J'
ve function),
netion or n
€-0NE corr 0.
setoclari f&l’i’?;:dr::ﬁcm;lun&unc function
ate between the :
above concepls

Whyit’s Important

<ETS AND FUNCT!

Perhaps the si
ngle most impo

heart of the function cnnccp??rtimncn““p‘ in mathematics is th :

Correspondences between lw; the idea of a ¢ Sfrespondencs hetw?;;: of a function. At the

exampletoeachitem in Sup&:nn;;!sl 'El'f objects occur frequently i: ;\:o Se:!?;ﬂf]dhjgctg_

etthere correspo N ery day life. Fo
nds a price (item — pri > 0K
price).

itt nts wil
Z,W,E.O,P
(W)

@ ‘Recall the sets denoted by N and Q-
{ ® Recognize operation on sets
i @ Perform operation onsets
e o umon, -
',} o intersection,
i o difference,

o complement.
@ Give formal proofs of th

three sets.
Commutative property of union,
Commutative property of intersection,
Associative property of union,

Associative property of intersection,
Distributive property of union over intersection,
Distributive property of intersection over union,

De Morgan's laws.
@ Verifythe fundamental propertics for given sets.
. @ UseVenndiagram!o represent
o union and intersection of sels,
_ o complement of a set.
@ Use Venn diagramfo verify
o commutative {aw for union and intersection of sets,
o De Morgan's Law,
o associative laws,
o distributive laws.
kY ® Recognize ordered pairs and Cartesian product, - o
. ry relation and identifyits domainand range. ,e;:;,; < I E=Set of even integers = {0, £2, £4,...}
Ay, B i i .
> ! O = Set of odd integers ={tl.13.i5,‘..}

& ® Definebina
i @ Define function and identify its domain, co-domainand range.
p = i
Set of prime numbers = {2, 3,5, 710, ..}

® Demonstratethe following:

. 3 @Ti{liﬂ_ﬁ.mction, e
o p_woﬁfsfug}gﬁdn,

0. 80° pue-one function (injective function), Q = Set of rational numbers = {

G

perties ofunion and intersection of two or

¢ following fundamental pro

ocoooQo00QO00

| E-:ﬁﬁ Some imporﬁnt sets

| N = Set of natural numbers = {1,2,3, ...}
= W = Set of whole numbers =1{0,1,2,3,...}
o2 l Z = Set of integers =1{0, £1,%2,...}

AT
o

i

3
' 2
S
E
.-
£
%

.t|.t=£. q:Dap.qu}
q.

s
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=Ly Operation on sets

{a) Union of two sets

If Aand B two setsthen unionof setAands

both Aand B, and it is denoted by AUB. In set builder form,
AuB={x|xedor X€ B}

Example [} 1 A={1,23)andB= (3,4, 5, 6}
hen AUB={1,2,3} U (5,4,5.6)
- {1,2,3,4,5,6)

(b) Intersection of twa sels

If A and B are two sets then intersection

are common to both A and B and itis den
AnB={x|xedn xeB}

(c) Disjoint sets
If A and B are disjoint scts then
AnB=g
Example Let A={1,2,34 53, B={3,4,5.6.7)
# c={511,12} D= {89, 10}
Then

et B consists of all elements insetA

ofsetAandsetB consists of
oted by ANB symbolically.

Unit 5 Se_fs._tm?i‘-'*““i"“;

orinsetBorin

all those elements which

AnB={1,2,3,4,5} n{3,4,567}= (3,45}
and BnC={3,-4.5.6,'?}n{S,ll_*12}={5}

ARD=11,2,3,4,5 n{8,9 10 ={ }or®

Clearly here A and D are disjoint sets.

(d) Difference of two seis
If A and B are two sets then {heir difference consists of all those
elements of A which are not in B and it is denoted by A\BorA-
B. In set builder form

A\B={x|xe4 axeB}

Example

- If A={5,6,7,8}, B={7,89,10)

Then AB={5,6,7,8}\{7,8,9,10}
= {5, 6}
and
B\A={7,8,9,10} \ {5,6,7, 8}
= {9, 10}

(¢) Complement of a set
If U is a universal set and A is subset of U then U\ A is called
complementofthesetAandis denotedby A'orA’ie. A'=U\A

For youn I||i'ln‘ml'lt'iﬂ'li'}'.—:
George Boole (1815-1864)
introduce a symbolic
approach 10 the-study of
logic.

This allowed him to clari iy
difficult logical problems
in symbolic forms based
on sets.

The algebra of sets having
union and intersection
as its basic operations
is known as Boolean
Algebra.
Today Boolean Algebra is
used widely as a tool toaid

sound reasoning,

™

Hence

. Unit 5 Sets and functions

Exﬂmpl{;" E If U=‘-{
=4

45 5! 6}

7 B =4, then find
(i) B

A=
[~Solution (i 4

" ExerciseS1

LIfA= =
1. IfA {1,2,3},3—{0,1}31111{3:{1’34}mcnﬁnd

(i) AUB s
(iv, AnC R‘; g:‘g (i), AuC
(vi) AnMA

2. Find A \B and B\ A when
G). A={1,3,57) B=
" 1 fy Ay ] "{3.4,5,6
“" A= {ﬂ,il,ilil’.},B:{—[.jf}_}
: (iit). A={l,2,3,4,...},B={1 3'5 £
3. flé:{l,Q,J, ...20},A={2,4,6,..'.2‘0)’1"'}
= 1{1,3,5,... 19} and C= ¢ then find

4 ]f(s.vijl']_cﬁc (x). BuC (vif), AWC (viil). -AnC
- : = set of natural numbers up to 15
and A = set of even numbers up to 15
and B = set of odd numbers up to 15
then find. , -
{:.}l AlUBI o ] 4
: : ). AnB i U ' '
(v, BAA (vi) BUPB (vii). ANA i, AL

- . (viii). AwB
EEE! roperties of union and intersection :

(a) Commutative property of union

If A and B are any two sets then
AUB=BUA
Proof Let xeAUB

= xeAor xeB

= xeBorxeA

= xeBUA

AUBcBUA (i)




¥
—_— e eTTeT

() Commutative properly of interseetion

Conversely
Let xe BuUA
= xeBor xehA
= reBor xeh
= xeAorxeB
== xe AUB
Hence BUAc AUB
From(i) and (ii), we have
AuB=BUA

(¢) Associative property of union
If A, B and C are any three sets then
Au(BuC)=(AuB)uC
Let -Xx€ Au(BU O
— xeAorxe BuwC
— xehorxeBor xeC
— xeAuBorx eC ’
— xe(AuBWC
Hence Au(BUCIcl/ uBuC
Conversely,
Let xE{AuB}uC
re AuBor xeC
ceAor xeBor xeC
xehor X€ BuC
e Au(BUC)
Hence (AUBUCCS Au(BUC)
From (i) and (ii), it follows that
Au(BUC)=(A uB)uC

Proof

yuuy

(d) Associative property of intersection

If A, B and C are any three sets then
An(BNC)=(AN B)nC

Let x€ An(BNC)
— yeAand xe BnC
— xeAand xeBand xeC
= i€ ArBand xeC

— rxe(ANnB)NC

Hence An(BAC)c(ANB)NC

Proof

Unit 5 Sets and jun:tl:ms.

(i)

(1)

(i)

Unit 5 Sets and functions
Conversely,
Let Ye(AnB)~e

z i AnBBI‘Id xel
*eAand xeB gy
= reAand xe Bﬁcxﬁc

= xe An(Bnc
Hence (ANB)nCc An)(Bn C)
From (i) and (i), it follows
An(BNC)=(A NB)AC
(e) Distributive property of uni
¥ ol union
If A, B and C are any three sets the::vcr

Jroot
Let xeAulBnQ

xeAor xe BAC
xeAor xeBand xeC

xe AuBand ye AUC
xe(AUB)N(AULCQ)

LU Ul

Hence AU(BNC)c(AUBN(Au()

Conversely,
Let xe (AUBIN(AU O
ye AuBand xe AuC

::EApr xeBand xeC
xeAor xe BnC

xe Au(Bn(C)
Hence (AuB)N(AUC) cAUBNO)
From (i) and (ii), it follows

Uy

i Au(BNC)=(AuBINAVC)
) Distributive property of intersection over union

I

fA, B and C are any three sets then

Proof
Let xeAn(Bul)

— yeAand ye BUC
— yeAand xveBor xeC

intersection

AU(BNC)=(A UB)n(AuUQ)

xeAor yeBand xeAor xeC

xeAor xeBand xeAor xeC

An(BUC)=(AnBJU(AN Q)

(i)

(i)

(i1)
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Unit 5 Sets and funetions

Unit5 5ets and functions Proof (i) Let (Arpy
= XeAnB
= xEAand_\ceBoer-"-‘md;x'EC = YeAand ygp
— re AnBorxeAnC = "‘-E-‘\'OI‘;;E‘B-
= xe(AnBW(ANC) n = xe AUR
Hence AN(BUC)c(AnBIUANT) Hence (ANBY c AL g 2
Conversely, | Conversely (i)
Let re(An BU(ANO | Let xe AUR'
— reAnBorxe ANC = xeAorrep
. veAand xeBor xeAand xeC l = x€Aand x¢B
— yehAand xeBor xeC i = x¢ AnB
= xeAand xe BUC . ! = xe(AnB
= xe An(BUC) (i) | Hence A'UB' c(AnBY
Hence (AnBYU(ANC)ISANBLC) o J From (i) and (ii), (ii)
From (1) and (i), i i and (1), it follows  (ANBY =A'UR’
#)8 Verification of funda
m £ g
L An(BUC=(ANBIUA nC) {2) Co s ental properties of union and intersection
| De Morgan's Laws | %), L-ommutetive praperty of anidn
i 17 then- | For any two sets A and
ﬁ . (g) WU s universal set and A and B are any 1wo subsets of U then; . X E ndB, AUB=BUA
| : i e 2 i = AUB i
‘ (i) (Av B = ANnB Gy (An B) & ; . | [_Solution_ | If A= {I.E.E}
Proofl . ‘ i
@ Let xe(AuB _ ‘ B={4,56}. then
> xeAUB AUB={123 Ju{ 456}={1.2.3.4.5.6)
veAand x€ g _ :
1 = '.EA'aﬂ .1“ B y I and BuA-{*Lﬁ,ﬁ }U{I'2-3}={|-2-3-4.5.6}
| — xeAand xeB : i o
i = xe A'NB . B0 ¢ g‘\.u B=BuA
-' Hence (AUB) c ADB (i) ' ommutative property of intersection
! Conversely, | Foranv tws sote A and P 4 s R- R~ A
on , -
I 1
Let xeAnB Example 6 |
= xeA' a:d x ZB' . l L_Sﬂi!.l_tlgl_]_:_J If A= {ﬂ'. b, L‘}
= xgAand x€
[ - xgAUB | B= {b.c.d e}, then
- xe(AUB) AnB ={a, b, ey b, e.d. e}
| . e}
'nB'c(AUB i
i Hence A'nB'c(AUB) (ii) . and  BnA ={hedejniad e}
From (i) and (ii), it follows ‘ j {,r }
i =40 C
(AUB) =ANB B ek




I !

. |
¢) Associative property of union
For any three sets A, B and C, AV
i Example [l
If A={345}
B={567}
and C= {8,9,10}, {hen prove that

( Solution_-|

Unit 5 Sets uﬁd jumﬁons

(Buc)-;u\uﬂ)uc

Au{BuC)z[AUB]U C

AUBUC) =4 syu[ {5, 6. IV B 5 10}]
=345} 5.6,7,8,9,10}

and [AuB}uC=[{3, 4,50
={3,4,5,6, 7}u {8, 9 10}

= {3! 4* Sv 6! ?b 8! 91 ID}

Ll Au(BUC)=(AV B)uC

(d) Associative property of imcrsccu?; e
For any three seis A,BandC, AN

| Example B
' if A={1.23}

B={234}

= nC
C ={34,5}, then prove that An(BNAC)=(ANB)

and
e An(BNC)=1{,2 3} 2,3, 43, 4, 5}]
={1,2,3}n {3, 4}
= {3}
- and (AnB)nC=[{,2,3}n{2.3, af]n .4, 5}
={2,3}n{3,4.5}

ey =8
'Heuce,‘-;";.-.- 3
AABNC)=(ANB)NC.

Unit 5 Sets and functigns : : .

s tributive
(e) Distributive Property of unign over intersecti ’
section

l?c sets A, B and C.AU{B-"\C): (AUB)A(AULE)
I Example |[B§ Let A={12 34)

# B = {5'6,?'} 5
and C= {7,3_9 },

then prove that AU(BAC) = (A U B)n(AuUC).

For any

|_ Solution_

AVBNC)={1,2,3,4)u[ 5,6, T} 1,8, 9}]
={.2,3,4}u{7)

={,2, 3,4,7}

=[fL23.4)uf5, 6 70]n[f1,2.3.4)ufr, 8, 9]

={,2,3,4,5,6,7}n{1,2,3,4,7,8,9)

={,2,3,4,7}

ElI:LL'] (AUB)n(A uC)

Hence,
AUBNO=(AUB)N(AUC).
(fy Distributive property of intersection over union
For any three sets A, B and C,An(BUC)=(A nB)U(ANnC)
I Example f‘nﬁj Let A={a b c}
' B= '{c, d, e}
and C={e /gl
then prove that An(BUC)=(AnB)U(ANC).
|_Solution |
ANBUC) ={a, b, }r[{e. d. e}uie. /. )]
— {{.'_ b, C}H{Q d:- e, f‘ g}
=
and (AnBU(ANC) =[{a, b c}nies &, ef]ul{a. b, c}nfe. 1. 8]]
={C}u{ }
{e}

I

Hence,

AH(BUC)ﬁ(AnB)u(AC}.

NOT FOR

B =y )
= -A-?b-adj:., e




Al

- (g) De. Morganl’s' laws
" For any two sets A and

U
B which ar¢ subse!.?. of

@) (AuB = AnE @

iy Example [{I§

(s g' = 5,6
“solutioneg If U ={1.?-,}3,4| }

A={23
p=0.45}
AuB={ 3p B4 5
-02,3,4,5}

 and (ii) it follows; '
il (AuB) =A'NB
{u) No:ﬁ B'-'_' {2.31{“{31 4p5}
=3}
(AnB) =U-(ANB)
(AnB) ={, 2,345 63\ 3}
={1,2.4,5,6}
a0 A'UB'={1,4,5600{1,2,6)
={,2,4,5,6)
From [I} and (i1), it follows; (AU B)r ~A'AR

T
| M nthematics 2 |
s i =

. B}'ﬁ HUB'

—

—

Unit g Sets and functions

(i)

e = ——

P
Unit 5 Sets ond functions - R

s Exercise 5.2
T —————

5 Ve:l_!;}' con;m_n.lta;ive Property of union and intersection for the following sets.
0. ={ ,2.3,.....12},B={2,4, 5,8,10,12}

{'” S »B={x|x eN A x is an even integer)
(iif).  A=Set of first ten prime numbers.

B = Set of first ten composite numbers,

2. Verify associative properties of union
(i) A={ab,c,...... z}
B={a,e,i,o0,u)
C={a,d,i,1,m,n, o}
(i)  A={1,2,....100}
B={2,4,6,.... 100}
C={L3,5,....... 99}

and intersection for the following sets.

3. Verify distributive properties of union over intersection and intersection over u

). A={0,1,2)
B={0}
C=¢

(). A= {0,£1,£2, 3, 44, 45}
B={-1,-2, -3, -4, -5}
C={-1,-2, +3,+4}

4. Verify De Morgan’s laws for the following sets.
(. U= {x|xeNAl<x<20}

A={2,3,57,11,12,13,17}
B={1,4,6,8, 10, 14, 17, 18}

(i) If U={1,2,3,.... 10}
A={2,4,6,8,10}
B=1{1,3,5,7, 9}

m YVenn diagrams

A Venn diagram is a visual way to show the relationships among or between sets ti
something in common. Usually, the Venn diagram consists of two or more ove
circles, with each circle representing a set of elements, or members and univers
Iepresented by a rectangle. If two circles overlap, the members in the overlap belon;
sets; if three circles overlap, themembers in the overlap belong o all three sets.




Unit 5 Sets and functions

o= \ Unit 5 Sets and _flll"n'.‘tlnn; . . . W
o 4 B/A when; PO Verin dhia.
- = pA/Ban R Yefii diag
AR e i A J)
= o rams for AY jsjoint 5€1=: : When A and B :
example (B Do Venn diagr®? iy Aand B dis) Ar¢ overlapping sets, When A and B are disjoinfs sets.
i Xam . S. f
' B arc overlappiné > e u
i) Aand od. and B are disjoint sets.
tion...J Venn ing sets-
O and B axe overlepPin U . |\ B
(i) When | \
|
_ .l A\B
|
AuB '
i When A c B.
\
|
: AB
= 27y h When A and B are overlapping sets. When A and B are disjoints sets.
(). —— ' ;

.

(i) When A and B are overlapping scts.

\ .
{iii)When ACB ! Oj ‘ .

AnB




wWhen A and B are overl

\ Example {E} 1FA. B

|_ Solution__J
(i) Au(BUC) ;

(AnBINC, Au(

—-pping SClS

Venn diagrams of AW (BuC),

and C are any
o BAC) and AN

iy (AnB)NC

-

(AmB)ﬁC

AU(BUO)

(i) Au®BnC)

(vi) AnBYE)

Unit 5 Sets and functions

e e any two sets then
(Il (AUB) =A NP
Venn diagrams of (A B)'

(i) (AnB) =A'UB'

VWT“ )
Nk,

Y

(AuB)

(Fig. I)

Where U is universal set and A and B are overlapping sets of U. Here AUB

is white partand (A B)' is shaded part.

Venn diagrams of A' AR’

T
||||||||||||||||

A'NB (Fig. 2)

In Fig. 2,
A"=U\Ais represent by vertical lines.

B’ = U\B s represent by horizontal lines.

Therefore, A'~B' is represented by -f lines i.e. horizontal and vertical lines

cross each other as shown in figure.

(AUB) = AnB'




B = : d - T - =

% £ ; " =

= Unit 5 Sets and functions Unit.5 Sets and functions L : - ""‘"
Verification of fundamentg) prope

rtics with the help of Venn diagrams
Example [ 17 - (1,2,3,4)

B={3,4,5 6}
Then verify th f|F={3'4’?'8}
n veri ¢ following with the help of Venn di
o i p n diagrams.

(i) AV(BUC)=(AUB)uC
(v)  AU(BNC)=(AnB)n(AuC)
Solution
A (i) AuB={1,2.3,4}u{3,4,5’5}
={1,2,3,4,s,6}
and BuA={3,4,S,&]u{1,2,3,4}

={1,2,3,4,5, 6}
Venn diagrams are

() AnB=BnA
(ivi An(BNC)=(AnB)nC
(i) An(BUC)=(AnB)N(ANC)

U A B
= |
A UB (Fig.a) - B UA(Fig. b)
1 It is clear from Fig. (a) and Fig. (b), that both regions_representing A\B and BUA are
are identical therefore
AUuB=BuUA
(ii) ANB={1,2,3,4}u{3,4,5,6} ={3.4}
and BrA={3,4,56}n{,234} ={3.4}
z u
InFig-4, ) U a B A B
A" is represented by vertical lincs A ‘
B is rﬂ.pmented by hﬂﬁmﬂfﬂ] lines % | qml
=
- ither lines. .
. AUB is re.pl‘ESE‘l'ltEd bﬁ"ﬁ‘l :

Hence From fig 3 and fig 4, we se€ that regions representing ANBand BN Aare

~ Itis clear from Fig. (a) and Fig. (b) that both
AT | are identical, Therefore,
(Anm—&uﬂ g

NOT FORS




e emiE= ‘ Unit 5 Sets and functions
(3,4,5 8V 6,47 8}]

={ 2,3,4’}-...'{3,4,5, 6,7,8}

={1,1.3,4,5, 6,7,

md  (AUBIVC -[623 o
={,2.3:4 5,6}u{3,4,?,8}

L]

1,545 67,8}

\

AuBUC) (Fig. a) (AUB)V C (Fig. b)
It Fig. (a) A is represemed by vertical lines and BUC reprcsented by horizontal lines.
The region which is lined either in 0n€ or both ways rcprescmed AU(BUC).In Fig. (b)
AuUB is represcuted by yertical lines and C is represented by horizontal lines. The region
which is lined either in one or both ways represents AW (BUC). Itis clear from Fig. (a) and
Fig, (b) both the regions representing Au(BuC)and (AuB)UCare :dentical. Therefore,
AuBuC)= (A B)wC
iv) -AnBNC)= 1,23 [ 45 6y, 47, 8}]

={1,2 3,4)n{3.4 = (3,4}
similarly, (AnB)NC={ 4}

"~ AnBAO)  (Figa)
It is clear from fig.(a) and fi
: . A(b) t i i
(AnB)NC are identical. B kg represemmghn
Therefore, An(BNC)=(ANB)NC.

Unit 5 Sets and function l 8 :
(v) . [ - ._-f-‘:_-
AU(BAC)= . -
J: {1,2, 3,430 f,4, 5, 6}n{3, 4 - '
={.23,4)u(3,4) o
={..2,3,4}

(AUB)A(AL C)=[{,2,3, 43Uf3, 4,56

={1-2345
s 4 5,601
={1,2,3,4) n{t.2

}][{l’ 2,3, 4}UE3, 4,7 S}J o

3,4,7,8)

AU(BAC) (Fi
ig.a) (AUB)N(AULC) (Fig.b)

It is clear from Fi
Fig. (a) and Fi
ig. (b) that both regi
gl

[JLUB}' "{AUC
) are identi epresenting A
ntical, t g U[BHC} an

(i) An(BUC)={],2,3,4
+2,3,4}n[ B, 4,5, 6)u
=Lann {[3, 4, 5,53 s}{-l ]
(AHB]U(AHC)-![{{?;’:}:; } '
T 2 B s 2
= {3. 4}\){3' 4}{3 4.5 6}} [{I- 5% 4}“{3, 47 3]]
={3,4}

2
AN

An(BuC)  (Figa)

u

(AnB)U(ANC) (Fig.6)
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(vi) A'OB = {1,2,3,4, 7} {4, 5,6, 7}={4,7}

From (v) and (vi), it is proved that
| (AUB) =A'NB
and from (vi) and (viii), it is proved that

(AnB) =A'UB’




—
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g

7
dB= (2,36 !
1t A= (L2380 e llowing A B
¢hen draw Venn diagrams (&) g.10}
3 = ,6, 1 ¥
. m;g 4,5, 6} B={34567 g) and C= 2
={l,2,H%" ’ g i
l'ﬁn\,e{ﬁf}rwitblhchdp°wmdmgmms il AH(B'"'C):(A ~B)NC
g
o Au(BUC)=(AUBIY . UC)=(ANB)U(ANC)
[(I]'*;AAU{Bnc)—(AuB}nuut:) {M‘{;: 5[? )
iil). g s andB=3-421
3.!{U= {L 2, 3,4,5. 6'?,}*,!'\.— l{lﬁfé' } th' End 3150 VEnf'y ﬂ'la.'t

Draw Venn diagrams i'or' VB, |
i), (AuBy=ANB ={a draw Venn diagrams for

41{11-{.:1:;11,3,4}, A=(c,3) and B=1&

l A, B A\B and B\A.

5 1fu= {a, b, ¢, d, e, .
with the help of Venn diagrams:

[75.1.5 Ordered pairs and € artesian product

Ordered Pairs .
An ordered pair (3, b) COEISIS:S of
“b"i ond element. ) A "
a'lr‘llgz ::dfrglde::cirs (a, b) and (¢, d) are equal if, and only if,a=¢ and b
Note that (a, b)and (b, 2) arenotequal unlessa= b.
Exomple [[[] Find x andy given (2, +¥)= (6,2) '
(~solu tion | Two ordered pairs are equal if and only if the correspondin
equal. Hnﬁce, we obtain the equations:
] T (i)
andx+y=2 - |
Solving equation (i) we get x=3 and when substituted in

3, 4} then

d, e} then verify De Morgan’s laws

¢ g A= (.6} nd B0

5" s 4a s the first element
two elements “q" and “4" in which “a is the fi

g components 21

(ii) we get y =1

Cartesian Product Of Two Sets
The Cartesian product of A and B, denoted A * B (read “A cross B”) is the s
pairs (2, b), whereais inAandbisinB.

Symbolically: AxB={(a,b)ac Aandb € B}

Remarks:
(i) A xB#B x A for non-empty and unequal sets A and B

et of all ordered

Unit 5 Sets and functions

Binary Relation;

Let A and B be sets, i
subsetofAxB, - 5 A (binary) relation R from A toBisa

When(a,b)€R, wesayaisre latedto b
Otherwise if (, b) & R, we write 4 i,
h Example [ 1fA= {4, 5) ang B = {1,2)the
— 7 ; n

y AXB= {(a,1), (@,2), (b,1),, 2)}

umber of elements MAXB=2x2=
Number of al| Possible subsets of -
§ AxB=2%=14
B,;}]?g every subset of A x Bisa binary relati

. Therefore, here we have |6 binary rcla;c:z: \EFTI?JTl:K -

dare

Relationships between
elements of sets oceur in
many contexts. Eve
we deal with rclalio;yshc:;{
such as those between a
business and its telephone
number, an employee and
his or her salary, a person
and arelative, and so on. In
matl_:cmatics we study
relationships such as those
tween a positive integer
and one that it divides,
areal number and one that

byR, writtenaR b,

Solution

given below.
R=9 ;zj:brf:r than it, a rea]
P Aten e
R = {(b.‘ 2)} R, ={(b, 1) and soon, ,
M R ={(a,1),(a, 2)}
R = 3 1 vy
= (e, 1,06, 1) Re@B) o

set B has nelements then A
Bhasm nelements,

R, = (a, 2)(b, 1}
Ry ={(b,1).(b, 2)

R[D = {(G, 2}!{b1- 2}}
R, ={(a,1).(a, 2),(8, 1)}
By={(a,1),(8,1),(6,2)} R, ={(q,1),(a, 2),(6, 2)}
Sf’*‘nsf {(a, 2),(8,1),(6,2)} R, =1{(a,1),(a,2),(b,1 ).(5, 2)}
= imilarly, f?tal number of binary Telationin B x A=2'= |6
| Example [B] Leta={1,2), B={1,2,3}
Then A x B = {(1, 1), (1, 2), (1,3),(2 1), (2,2
Write any five relations from A to B. PR

L_Solution

Let

féuf;g]l,l), (1,3),(2,2)}
7=1(1,2), (2, 1),(2,2),(2,3

Ra={(1, 1)} ol
Ri=A xB

A ) R&=@

I being subsets of A x B are relations from A to B.
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main Of e’;“i::::n from A 10 B is the set of all first clements of the ordered pairs
nota

Rdenﬁ‘ed pom(R)
pom (R)= t

Do

The domai

whichbelnngto

Symholicauy:

Rrange Of A Relation .

¢ of arelaliunR cml:h }10 B is the 5¢
n(R).

ments of the ordered pairs

The rang
which belong 1@

| Example 1)

Rden

Range(R) = {be
LE-t A= {1,2}
Define a bi

R = {(a,b) €A B

Bl(ab) € R}
,B=1{1 2,3}
relation R from A 10 B as follows:
|a<b}
Then .
(i) Find the ordered pairs inR.

(i) Find the pomain and Range of R.
(i) Is 1R3, 2R2?
en A= (1,2} B= 1,23}

AxB={(L1) (1,2), (1,3), (2,1)
(1] R= {[a.b}c—:A x»B| a<b}
(i) Dom(R)={1.2} and Range(R) = (2,3

__Solution._| G
(2.2), @30

(iii) Since (1,3)eRsp 1R3
But (2,2) ¢R 50 2 is not related with 3.
Arrow Diagram Of A Relation
Let

A=1{1,2,3} B = {x,y}and
R = (Ly), 2x), @), (3.0}
be a relation from A to B.

The arrow diagram of R is:

B S e

-

Unit 5 Sets ond functions
AR * Exercisesq . .
(1) Write “_-' e
ree binary relations from Al
o B.

(11). Write four bi
). Write four binary relations
{111).Wri e
Write four binary rclat;zns o
onA,

(iv). Write two bi
2. If A= LAy teletin
] {,I‘2'3’4}!B={] 3 ns on B.
3 then ‘.\.fl‘lte il in labuiar fo 3=y 5} and R =
3. Domain of a binary rclatirs:g («
={(x

{{X, } Xii
¥ I.v < } I5a binal b mlatiﬂn ﬁ‘ﬂm A. B
to A

|}'J i
|¥=2x} is the set {0, 4, 8}, find Ran f
¢ ze of R,

d. Don]‘u
|na!|_l' +
[}! a lD ]clat on R X + X 5 5et N [ md ins
£€

(515l Functions

Dom f=A
There should be
no repetition i
repetition in the first element of all ordered pai
airs contained in /.

Symbolically, we write it as

‘ A —
and say fis function frr;fmA to B :
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¢ ; tions?
" U % 1B = (a b I 0" hich of the following % e
fA={1,2,3) amd D= A0 '

hi= {Q, a), (2 b)}
fls {u- ﬂ],':.z' b]s(?‘) C),[S. d)}
fi= {1, a) (2 b), 3- N
fa= L a), (2, @) (3 d)}

g:ams.

Solution ; ing dia
| womr = the follow1ng
2 lations arc shown 10 3 B
The given e f B A f —
A ) a
= b 1 i
Y/ 2=\ _e
3 ad
A
Ja B
Ay b B 2
- 3
; e X dition of
1,2} #Ale 0t does not satisty the first (:E,On jsnot

;s a function

se Dom f, = { t ;
T ??a?uso nota ﬁ.u{;ction because second condition of beng afu
dinf; s repeated. /3

fisnota functio
rdered pairs containe

being a function.
satisfied i.e. first element 2 e Aofo
because
() Dom f;={L2,3}=4A
(ii) There is no repetition in the first element of all
ordered pairs contained inf. It canbe writtenas
f,: A—B

{, is a function because

(i) Domf, ={1,2,3}=A
(ii) There is no repetition in the first element of all
ordered pairs contained infa. It canbe writtenas

' fit A—D

Unit 5 Sets and functions

m Domain, Co-domain ang g,
Let/: A—>B be a function g
P ,th ;
the ordered pairs contained in jfﬂ the set A is called B
The set B is co-domain of fand the et " (or set of first elements of

called range of the functi ctofsecondel
unction. Rangeisalways asub:::z?::sg t:i; all ordered pairs contained in fis
omain. i.e. Range fc B

geofa fum:tiu;

Example:
Let A={1,2,3} and B={1,2,3,4,5,6)

f:A—B i
as shown in the following diagram

A f B
! 2
zJ‘L’s

4

L

” ngc

domain co-domain

In this diagram, the set A is domai
s omai :
subset of B is range of the ﬁ.m-::tio:}.the EiRlesag

5517 Kinds of a function
Into function

Let f be a function fro
mA t isi P
B i s itens o o0 B, thenf is into function if Rangef = B

f: A8

mainand thatset {2, 4, 6} whichisa

Example:
LetA =
- {1,2,3} and B= {a, b, ¢} then a functionf from A to B is defined b
i /=101, a),2,0),3,b)} '
¢ following figure illustrates the function f.

& T ¥
@

\ _J
b

W, =
€ see that fis into function because
Ranggf: {ﬂ‘. b} =B



W One-oné function is one-one function, ifthereisno repetitioninthe second
1fbe aﬁmﬁﬁﬂ ;; tamed inf. This eans that Lﬂemeﬂ'i Df.lhe domain set A is
o e e donlyon fthesetB jt can be wrtten as
assnmaicd with Y
f A_______..-"?‘B I
E e .
1A= th 2,3} andB= {;:}.‘u. ¢} then
(L, @G ‘
T‘l{e fo%‘sowing figure ({lustrates the function f- /
o "

_”. 1.€___>V,_Z—)a N '
1(,-‘1!“;‘_;1’ \ I
N an

¢ —one funclinn. I
(Injective function) |
|

orinjective function, if

¢ clear that f is on
) fqlncﬁuﬂ
then fisintoOne -pne

From figure iti
m {nto and one-0n¢
Let fbeafunction fromAtoB,
(iy  Range [#B

(in ~ There is 10 TEPE
t can b written as

ition in the second element of all ordered pairs contained in f.

injective
——B

Example:
A= {1,2,3) and B = {a,b,d} netion from A 10 B defined bY:
£={(1,4), (2,9, G.0)

The following figure illustrates f.

and f isafu

A X B
1 a
2 [ v
e |
d

ined 1 X

Here we see that £ is injective function because
irs cont®!

(i) Rangef={a,b,c}#B

(i There 2 e
ii) There is no repetition in the second element of all ordered p?

—
Unit 5 Sets and functions |
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Onto function (surjeetive fy cti
nction)

Letf be a function
fi
Range /=B rom Ato B, 1
It can be written as

hen [ §
_f_’ I5 onto function if

f:.l"l-—c:nli_,a

(3}] One-one
and onto function (bijective f
Y& lunction)

Let/ be a function from A to B, th
» HIER

one-one and onto At
: 15 One-o
ne and onto (bijective) function if
n if it is both

Example: Rl bij—'——*)mﬁve B

LetA={3,4,5) and
R B={d
=10,4d), (4,¢), (é, }3} h} then a function

The i ,
he following figure illustrates f.

Jf from A to B is define by

He

re we SE}?_ that f is onto function
- ange [= {d,e,h} =B
. ne — one functi
i mction because fi
o iE el orcach xe4 there is unique y€B.
i € 4 there is unique ec B
HenccEA' :Iu::‘re is unique he B

D [ is bijective function
erenze hetwe . '
L el O —
one — one EE}TI'E‘SPﬂ“dEHCE and one —ong function

IfAq

nd B are

an two non-

° donly one e]emcn(:':]:g'm}' sets then a rule for which each element of A is paired with on

called ope. and each elementof B is paired with o
P oneand only one element of A

they have the

Ifih
Elwg
set # petween them
ame sare fin i orrespond
i ite and i
Imbf:rufclcnu.‘l;'es PSP : - =
.
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ent
Cl
A 15 as

entof the set
ge frnaynotbe e

tosetB-

e following fIgUTe:

does not gxist oné —
++ s clear that theré
From figure, 1tisc

and DbecausedeD isunpaired.

a5 5
tion notation 18 not t

(&) Note that /(8 + 3) 2 @ £(3). Fune
distributive law. .
(b) Note that f (<) #S* . The use of parentheses 1
multiplication.

. (0. (D). (¢, ), (b, d), (&, by)

. 3. IfA=1{0,1,2,3} and B= {x,y,

. “[
ot 'lmg
i oes il
funct.loﬂ nﬂtat'lﬂ“ d
n

———

Unit 5 Sets and functions

* Exercisess
__-_-"..- X
. A={1,2,3,4} and B= {5, 7} ang i '
whether these are f'unctions,ur}not? ® fellowmg e e
If these are functiong then

RI i {(I ] 6}1 (2I ?}n {3: 6)} b Whlch kjﬂd of flj]'";tioﬂs are Ihﬂsﬁ"

RI = {(1’ 6}- (2I 6]! {31 ?.:ll [4: -":'}
RJ = {(lr 5)! {2v 6)! (3| 6.:'- (4l ﬁ:'}
2, Which of the following relations on sel

functions as well {a, b, ¢, d} are functions? State the kind of

{). {(b,a), (¢, b), (a, b), (d, d)}

(). {(a,b), (b, ¢), (c, b), (d, a)}

. Z,pj then state whether following rel tions shy

| existone—one correspondence between the elements of set AanﬁrBe. ?t' n:f ;i\?:r re?sa;nﬁ;m
I (. 100,x), (2,2),(3,y), (1, p)} tn. 10,2),(1,2), (2, y), (3, 2))

| 4. IfA={a,b,c}and B= (2,3, 4,5)

. 1 a, b, +3, 4, 5} then state, whether the following relati

| there exists one—one correspondence between the elements of se!.smflg Bﬁ?; nn:t ﬁlfa‘:kig

(iiiy. {(d, ¢), (. b), (a, b), (d, d)}

of the relations they are?

().  {(a, 2), (b, 3), (c, 4} (ii). {(a, 3), (b, 4), (c, 3)}
S IfX={1,2,3,4} and Y = {5, 6,7, 8} then write

{i). afunctionfromXtoY.
{ii). aone-one function fromXtoY,

(iii). arelation which shows that there exist one —one correspondence between X and Y.
(iv). afunctionwhichisontofromYtoX.

(v). bijective function from Y to X,

(vi). afunction from X toY which isneitherone-onenoronto.
b Leta=(12345 1. Check whether th following sets are functions on A. I case these are

functions, indicate their ranges. Which function s onto.

5,3
0. {1,5),(23),6,3),&2.60 G {('-.')-(1‘”’”’2)'(4‘”'( 4
Gii). {(1,2), 2, 1), 3, 1), (4. 4). (5.5}
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— = i correct circle only.

-  cles are given. Fill in the pRARNBEg
uestion, four ¢ (1,9 (2.5), G

¢nd of cach @ ~ (4,5} and R™ C') A fanction from AtoA

B : oB
A= 2 Sgl;ﬁuon from A0 O Anonto function frot.n At o
then number of binary relationsin

O 26 O 21

1 Atthe
(@)

A x
() Nota funchion S
[fAhastWo lementsand
(i) : .
AxBls_.-—-""r—r—r. 7 .k a9
g2 of disjoint sets:
O 2x3 e fo11owingisanexample 02,46} and 12.4,6,8)
i Wh-lﬂhﬂﬂﬂo o {0 4,8‘12} aﬂd {6.10.14,18}

2.1,0}
LZPE} Bﬂd {3; g by
ger'l.essthan 30}, R= {15, 7},and

Q {0369 d 9162576 i
(i) [fthe universal ; in(RNS)”

setU= {xixisa -
i,3,7 11,13} hnwmanyelememsarel

s= Rk } 2 ? 3

0 15

o 1§ fis a funct

O Rangef=
O second ele
3),(14,

o IfR= {0,0;(3,2),{10,
Ml(t;— {u{a 10,14} 0 {02,312} O {8,104}

100}
— {Natural numbers up 0
; o liF {{]:mitivc even numhcrsuimllo%(]}}
! B= {positiveodd numbers up 1
| Theafind 3 ' .1 A'NB
I @ AUB (). A'nB (iid). ANB (v).
] ) -
! 3. 16A=11,2,3,5,71.B=12, 4,6),C=12, 5,9} then verify.
i ) (i Associative property of union
i. A ssociative property of intersection -
1 “'H'. Distributive property of union over ml:emctm ;
iy | Distributive property of union over union.
.4 1f U= {xhxeanSxE‘iﬂ}
A= {1,6,11,16,21,26,31}
B={2,5,8,11,14,17,20,23,26,29, 32}
then verify De. Morgan’s laws.

x 9 Dom f=4A

contained in £15 not repeated.

g O Rang'i‘-f* .
d pairs

ent of all ordere %
: 12)}, thenDomR=_——

O (0,10}

Unit 5 Sets and functions

5. 1f U={|.2,3,$‘6=7} . -
A={2,5,6)
B={1,23}
Then verify D‘-‘?‘Mﬂrgan s laws wit
6.1f U={l 2. 10} Alko help of Venn diagrams
A={1,2,3,4)
B= {3, 4,

Then verify distributive laws with
the help of v i
T-Lot A={-2-1,01.2} B={abode) peserm: enn diagrams,
function. In case of a function, mentio ne which s
function. N one-one funetig
(1). {(=2,a), (-1, a),
[ ] { g ﬂ;ﬂ( Eg :), Lok @l (et 90,0, i i
8.LetA={1,2,3,4,5) ;hecici;iiﬂ;f.].;‘}‘ ,E,J} G2, b) (-1, b, (0,9) ( g )3.-;}
: B i Rk ] e & : a4l L, d), (=2,
functions, indicate their ranges. Which ﬁigct?::: :f:::; are functions on A, I case these are
840, 5), (2, 0.
”1{5(1 ; (2 3): (3: 3:}! (4' 2)1 {5: I}} T ), {(], ]:l. l:z. 4)‘ {3' 2]‘ {4 l) (5 3}}
(RTIEN B ); (2, IJF{3| |J‘ (4‘ 4), (5‘ 5)} {(I 2) [l3 LELF R o
9.0 X={-6,-5,-4,-3) 531, 4),6,5)
¥Y=1{1,2,3,4} thenwrite
(i). Aone - one function from X to Y

€ts of ordered pair represent a
1, onto function and bijective

: incti (9 Onto functi >
;.L” ). : Enclmn which is one — one and onto from X to Y, e
iv). nction fi ich is nei .

g rom X to Y which is neither one - one nor onto.

e (52, 5),(=1,0), (0, 1), and (2, 5
( \ this function are switched, 5
example of a function
are switched,

) is a function. If the x-values and

: - Ifthe. y-values of
thg relaanon that results is not a function. Provide an
that will still be a function if the x-values and y-values

I E:"B

T
) | (2 3
‘ B

[ AR
(%2) j (v3) |

i i

@) )/

(3

_\[\z,lj
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: ! 5
© IfAandB . '
toB,i aretwonon-cm . ==
o) if Pty sets, the . r . s
" biects, sets are represented by capital s "abinary relation f -I .
) - tinct objects: pita ® There s ; s said :
ngisa” collection of well—dezﬁﬁi ments of se1S are represented by small English P S;I:l Is;h;)_ul{l be no repetitio i to be a function from A
A e shalphabets, A B 6 @B i olically £: p—_p " e Hstel
, . Let/: A—s =— e
alphabets, a,b,6 e % — Aandset consists ofall elements inset Aorin == ;:nf A Bbea functi = enis ofall ordered pai i
® A and B aretwo sets, the urfwn o Ly AUB Symbolica‘lly of fand the set of second el:m' then set A s cq) R
— setBor nbothAand B: ditisdenoted DY Therange s subsetofco-domp - L ¢ led domain of s
_{x|xedor € B} : © Letfbeafuncti co-domainie, Ry - mim““‘air:;:t'B scalled co-dom
AVE= ion of setAand <ot B consists of all those elements = ction from A to B ngefcB. infis called ra e
® i Aand BaretWe sets, then! tzr;ﬂ;ndit is denoted bY AnB,Symbolical‘l.y @ Let/bea function from A »thenfisinto funetion, e
£ hicharecomm L ndB, unique yeB, i.c. there t0 B, then fis one-g vifRange =B,
AnB={xlxedr xeB) contained in f. S No repetition in mne function, if for each
i it B=. @ Let : ¢ second xed the i
® Twosets AandBaredisionnt ifAN 3 e complementofsetAandis . = f_be a function from A to B, then fig ini element of all nmm;e e,
® iU < upiversal setand A1 subsetof U, then (i). Rangef#B »fen/isinjective (intoandn -
e Aot A , (if). There i - on-one) function i
o then {heir difference consists of all those elements of A whichare , o Telsnorepetition in the se ol
® 1fAandBarc {wo sets, o cymbolicall © Let/bea function f cond elements of
= potinB,and itis denoted by AVP orA-Bsym % | (@ Letsbe romAtoB, thenis onto f ellordered pairs contained
© fisnction f s 0nto function if Range R
. oupone and onto omAtoB, then/is one-one and o t B
(® IfAandB ; nto (bijective) functi
= are two non- unction ifitis
empty sets then one-one correspond both
enc
e between A andBisa

A\B={x|x€ Aor xeB)
@ For any two sets Aand B,
« 4uB=BUA = AnB=BN4 rule for which
» Au(BUC)=4Y BC mias ﬁC)ﬁ({‘dﬁ?}ﬁfA C) '. each cIcmc:l :lf%] ics]c;;];gmdofset‘a‘fs paired with o
B An(BuC): AnByotdn members of ¢ ired with ne and onl
oné COrre;;:;;::ly set remains unpa]—m{:f(;t?fglunly one element };?“ijﬁmnt of B and
ence both sets A and B have Sa:ek;ﬁm“: as ‘f] ne-to-one fu ﬂct?::el :t[': the
erofelements. oo nin

u Au{BnC}:[duB}n(AuC}
s (AUB) = AB and (AN B) = AUB

Concept of sets i.e.union, plement, di

intersection, com ‘
= casilywiththehelp of Venn diagrams. Inthese diagrams, &
acircleand

universal set isrepresented by arectangle. ‘
@_ (a,b)is called ordered pair of two elements & andbofasetor of diffe
is the first element andbisthe

second element.
(a, b)# (b, @)

i

’f @ IfAandBaretwonon
L by of all ordered pairs such th
i second elementof each ordered pair
! B AxB= {(x,y}]xez!andyeB}

® AnysubsetofAxBis called binary relation,
If R is binary relation from setAto setB,ie.R=
is set of first elements of all ordered pairsin R an
set of second elements ofall ordered pairs inR,and

fference of setS: caubﬂexplaimd

setisusually represame;dby
where? Wh&t 18
-
esi1an Product?

rent setls,

whichiss®
oduct, A ol

empty sets then A x B is called Cartesian pr
rdered pair pelongs 1©

at the first element of each ©
belongstosetB sg.rmbolically.
a If A#B,then AxBathA
where Aand B are 1womn-empt3' sa_i:-oﬂ |
(y)xednry B en o iR
dis denoted m R, Rang®
is denoted by &
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® Cunstruclngruuped
® Consmmthistogrdmwi

In this unit | e students Wi
e et A T
quucncymblc.
th equal an

Il be al_ipl.g. to

dunequal class intervals;

@ Construcia frequency polygon:

@ Constructa
Draw 4 cumulative
@ Calculate (for ungrov

arithmetic mean by definition an
miedian, mode, geometric meatl,

® Recognizethe properties

® Ca'.::umewcighted mean an
dian, quartiles and mode graphically

' @ Estimateme
[ )] Mcasurzmnge,vaﬁancc

Why it's important i
Weather Forecasts
Do you watch the Wwe

information? Have ¥
computer models are

ou evel
built using statistics that compare prio

current weather 10 pred

cumulative frequency table.
frequency polygon;
pedand gruupeddam}

pmed mean,

dusing deviation fromass
harmonic mean.

ofarithmetic Mean;
dmoving averages.

and standarddcviation.

e day? How do you useé that
bout weather models? These

ather forecast sometime during th
r weather conditions with

r heard the forecaster talk a

jct future weather.

o Activity ?"3‘

Unit & Basic statistics
o
analyzi i . l l
yzing, and interpreting data to draw

of informati i
ation, which are often numerical
frequency table shows the

Statistics is i
5 15 the science of collectj
ng, arrangj
ging,

conclusi ala are piec

: 0ns or answer questions, D ta

A t - picces
Large amounts of data cap be o i

numberofpieces of| nized j
data that fall within gir. - dU€nCY table. A

iB
June 2017

thin gi .
hmEWen intervals

lL._

Facchook  Youtube

Instragram  Twitter

Whatsapp  Spapehat  Facebook

Wee
Messenger hat

SEHGh jis
ers Riding is a fun to get exercise. The table

shows pric
es for 35 type
; sofn E
found at an online store. onmotorized scooters

(i). What is the
cost of the least expensi
- ;_I;;: most expensive scooter? S
. How many scooters cost $51 to §757

(iii). How could
you reorgani ;
they are easier to fin dﬁ:ﬁi&?}e prices so that

;Ihc scale allows you
d';x recu:gi all of the
ma. It includes the
i st value, 11, and

€ greatest value,

100, ol
IUO: The scaleis 1 1o

[ Price(S)
125
| 26— 50

51— 175

[ 76—100

Tally Marks

e

The interval separates
the scale into equal
parts. The interval is 25.

F]'Qm
the fr
equency table, you can se¢ that just over half the scooters cost between $51

[ 2nd $100.

Mathematies X -
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L .___‘_ -
u

i
|

Frequency Distribution i7e and simplify a 1478 setofdata
The grouped frequency tableisa statistical method to OTE" d
o . chvalue ocourre
into smaller " grou! " he grouped frea ency tableis to find out how oftenea
The main purpose 01 the £
within each group of the entire data. e
Construction of Grouped Frequency
There are two types of grouped date- -
(i) Discrete data (i) Cﬂﬁ“““tf’ﬁmuen oy table
Thus sccordingly here &= O FFC O o Tuble 1674) collected and studicd
{a) Construction of Discrete Froguency Tabiv LG s N i
I » iti jtain and was
Steps of I.'.C!ﬂﬂ'l'utﬁ?“-' um and maxi value in the data and {t:‘:;z?n;t;dagy llr‘:m patterns
W szettlﬁenlm of the variable in the variable column | , " cound in the l\:hm;
ini i . : opulation even hOug
&ommammummmamgnum el ertical bars ). P gptcdiedrandomly.
(ii). Record the vaiuesb)'mmgm'n byusingtelly rnarks. pe R !
; et :
kel Cuteierhe . h following shoe S12&-

Example ﬁ ‘.inashoesmrem mstomcrsboughtshc:s;w:

; 9,7 IU,E.IOJD, By g
‘GQBITI?!BIGII10'61818!10!1' y'?

Y 65 7 8,7.9. Constructa frequency table of the data.

: =y -
= Solution | Letx= shoe size.

6,10, 10,?,\1,3,8,?,6,6.8

e (e e
T i LSS ae

[ —

Construction of Continuons Freguentcy Table

Steps of construction: ‘
P Find Range: Deduct lowest value ﬁ'omthehighegtvalue. S groups
(ﬂ' Detemﬁnethenur'nbcrnf groups (K). Most of the data has hemceﬂumber  ases
& is your decision to choose the number of groups f;;r your data.
tbehaiauccd&misnemnlmgenrmum small. ) by divi ding
(iii) r;‘:errﬂin% the width {number of values per group) of group interval bY
r nge by k‘ " L1} .II
(iv). C;-eatethmeeolumnstmed“(}roups." "Tally Marks." And Frequency.
(v) hiseﬂthedatainthemblc : .
(-.rﬁ. Determine the frequencies forall the groupsby tallying the data.

gl

o ==

" Unit & Basic statistics

Related concepts

=
- ==
=
b= -
el = 53
] e T
i g Phanl] N R g
e 2

Class Limits
Every class has two limits, th

class limit. For each, classth:ﬁ'v'ﬂ’if
the mid-point of each class falls
fraction.

The mid-point of each class is calculated by the fi
e formula,

r-class limitand th
: € low
mits may be fixed 5 =) terv
y uchthat [Choose the first class i
on :
an integer rather thap 5 [SUch that the smlglle::
tion is included,

Mid-point = Lower limit + Upper limit
2

v s 3 et et
class isan integer. The mid-points usui;]l S et e mid ol o 3
B y denoted by (x) are called the cjass nmfklr.!.1 -

The class width is the difference between consec

" " . co i
dividing the range by the number of groups %mgﬂw
Cluss Boundaries '

For computing classboundaries, the upper limi receding class from
= - i l i i
lower limit of the following class and 1?1& diﬁ'er;:cfedi]:tﬁeu I:Iividge; I:q,"zif oo o

lower-class limits. It is found by

isobtained is then subtracted fr imi B ot B
om the lower limit and added to the upper limit of each class.
For example, consider the following table.
Classes-Limits Class-Boundaries ’
1—4 0.5—4.5
5.8 45—85
9—12 85—125
13— 16 125—16.5
17 =20 165—205 |
Formula for calculating class-boundaries (CB)
58 L0
; 3 2
S — from the lower limit and added to the upper limit of each class
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i i ; R Histogram
. ; histogram is a vertical bar ;
. ¢ as follows A &raph with
- il £ 10" class incm ar space between the bars, The areaof each barnig
0 stude

proportional to the frequency it Tepresents

A histogram has advantages over the u;hcr
methods that it can be used 1o iepresent data
with both equal and unequal class interyals,
Whenever we construet g histogram
representing a sct of figures which have beey
rounded off from the original measurements,
we have to make the class ipteryals
continuous by using class boundaries, This js
toavoid having gaps in between the bars,

' f3
\ Example [ The heights uup 07

i £ class boundary is 5.
_Solution. 1_7_5_:_'51_{.]. — 5. The width © -

.dth of each group s 3

because

The w

..... &

ARE ‘;jm,nd_. '- ¢
i | : i
h Example 3% Construct a histogram from the following frequency distribution.
Class-limits 20—29 | 30—39 [ 40—49 50—359 | 60 —69
Frequency 1 2 3 2 I 4{
| Solution

To draw a histogram class-boundaries are marked along x-axis and frequencies of each
class are marked along Y-axis as shown in the figure.

PR T 166 .
— 170, 'I'J‘[:',?:lzﬂl'_” — _ I_ Class-Limits Frequency Class-Boundaries |

_ ) e 30 —39 2 295395

175-180 | : : 0 students from B
T frequency table of the weights (kg} Zfai d 21 ass-marksalso- 40 —49 3 3954935

-  Example ) Construct® Linterval. Find the class-boundare 45,42,46,38,48,2% A2 : il
' rounwmgdmbﬁ'“‘“gsmdass 5.36, 46,35, 38,40, 28, Sty Tx 60 — 69 1 59.5—69.9

2
25 30,40,21.24.25,36,30,45‘50,2?.,

29,31,33,30,26.

Solution

Histogram from Fqual ntenaly

I'reguency
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jntervals. re that the arcas

. ual class inter must ensure e .

| Solutionj Histogram wm; un::stmc'ﬁﬂg fue h"mngﬁ: ifrcq\mnc&' in a histogram 1s
Lo ne

t ies, as
The class intervals are “me(l"u:;l to the class frequencies,

of the rectangle are of each rectangle- i
10

represmwdby thearea

U

o=

-

£
h

——» Adjacent frequen<y
R

5
5 395 433 545 69.5 19.5 39.5 99
. G it Class-Boundaries

(=]

For your information . sented by {height of bar) ¥
7 the frequency is repre
In 2 histogram,

N_I_E;\i
h
b Fmh S S

= T

Unit & Basic statistics : . v P

Frequency polygon

A frequency polygon is drawn by in:
P by joini :

midpoints at both end o ng all the midpoj .

solyson. This Willnmsaak?ﬂ“ed to the horizontal axi':?:;";z:;r::;;ﬁﬁffhmh rectangle. The
horizontal axis. 8raph nearer with the end points falli:g :l”?:g];:mts Oftl'f:e
We can draw the frequency -

Polygon of a distribution wi
; ut " :

ptlm.c;ﬁ'. class t}'equﬂnfi}' against the mid vajye ::I’I‘:JI;J Wllthum ficst drawing the histogram. We
straight lines to form the ff3qﬂ¢ncyp olygon € class to obtain points which we join by
quu!cml:y polygon are specially usefu 1 compare two ;

(vegetables, pulses, gold etc) over giv ; Yo sets of datae.g. prices of commodities
Cﬁckct to shﬂw u'IE pn}grcss Ofa ba“ﬂ']g o

i Example [ Construct 4 freque

Class-
Limits
Frequency
|_Solution |
Classes Class-Boundaries Class Marks F
(Mid-Point requency ‘]
20—29 195 —295 ‘}45" - .
30—39 29.5—395 345 :
40 — 49 39.5—49.5 445 :
50 — 59 495 —505 54.5 5
60 — 69 595 —695 64.5 4
70 —79 69.5 —79.5 74.5 2
80 — 89 79.5—895 84.5 1
(]
5

= - Pevievssinnnag

=

g,

£ 3

=

195 295 395 495 395 69.5 795 B9S
Frequency polygon
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04.5

0
245 345 445 s45 645 T4 §4.5
. Exercise 6.1
1. Construct 2 frequency distribution of the marks of 30 students during 2 quiz with 100
points by taking 10 asthe class-interval- Indicate the class-boundaries and class-marks.
0,56,74,72 d9.85,76,32.83, 68,90,6?.66, 58,46,74, 88,76,69,57,

< 10" in a test of essay

40, 60,65,70 35,5
ency distribution and

63,66,47, 82,90.
2, Following are the

mistakes made by a group of students of clas
propriate size of class interval, make a freque

writing. Using an ap
also indicate the number of class intervals.
4.7,12,9,21, 16, 3,19, 17,24, 14, 15,8, 13, 1,1
3, Draw a Histogram for the following data.

8,22,6.

6,15,6, 5, 8,11,20,1

g) of the students in the 10th class.
16,26, 22,2342,

.ve the weights in (k
35,39,31,32,34,4,’!,40, 43,

36, 3’?,23,2‘?,41,4?‘.,

4. The following data g
25.30,32,29,24,40,
39,35,41,39,29. |

(i). Prepare2 frequi

(ii). Draw histogra

sked the stu

¢t of data was ob
4 6

ency distribution using a suitable class interval.
m and frequency polygon.
dents about their time spent on homework completio
tained (Time in hours).

1 2 2 3 1 4
3 4 5 2 2 3 !

3y 4 2 6

aw a histogram showing the results.

n time. The

5, Ateacherd
following s

4
1 2 5

3 . 1 2 1
Construct a frequency table and dr

Unit & Basic statistics

JActivity g
“Gettin
) & Ready for School jn th
ather your Data; e
Eﬂ,s%c your school-
minutes) do
you take i
school? Wri P
Ha;::;;. ;‘.;n:c the data in ag::::“t?o;eady o
mi e - -.
i er{l)utes, Collect res’t
S e students in the f P
s s cdu;, 10 min, 12 min 15{“-"'1 o
ped frequency table ﬂ;ry;n “:I.andmon
urdata, .

378 Cumulati
ulative Frequency Distributi
on

A cumulati
ve fr
equency table provides inf;
ormation a

When the sam ;
Ogive. € data is presented on
a Bﬁiph Pﬂ-P'El' [he ﬁ-eehand .
urve formed is
called an

m Construc
The frequency :'.Il: {Il:l eumulntivg frequency t
| Example (B3 1 ]: last class is the total frc,_-im;:h
] Find the cumulative frequency 3;: a set of data,
of the followin
g data.

x | 3
LJ I
| S 1 2 3 # : LHE : =
L_Solution | LT3 T
= =
X
3 { Method of finding (c.n
4 : &= L c.f
; i 1+2=3 :
: : 3+3=6 :
. : 6+4=10 :
; ; 10+5=15 s
: 15+6=21 o
o 7 21+7=28 5
! 28
s 28+4=32
: 32
= 32+3=35
s 35
35+8=43 43

N@TE@’;@M@

Ty = ——— .

-
-




-
B . I =R T o)
l R e A i il ™ .

Unit & Bosic statistics . 4

Example T 1, e
following g
exam in the subject of maths, Ing data marks of students are given during first pre-hoa

- Unit b Basic statistics

495 '
e 2‘2‘2‘2'9‘3,3,31"- ’ | 25,30,27,28,35,36,40,41 43, 45 5
Scores: L& Cumulative ! 46,44,34,51,54 15 9:90,43,29,26,36,31,43, 46,52, 53,51,42, 37,27, 3
| By takinga suitable class-intery
. » ai: re| 15111 1
5 Fr enc )( Frq,q\my | fr{:quency and draw a cumulative flﬂql?:;::]f;ﬁ;f];'ﬁ;gi:?mIon’ S |ESS " Rt
P e 5 2z | [ Solution | : .
e ) To construct the cumulative fre u istributi
- \\_b- 7 - ﬂ%n, we take the class-interval as 5.
2 g =1 ol : Fequency | Class-houndaries | Cumulative Frequency
3 W = 13 25— 29 6 24.5-295 6
g ' 14 : 30—34 4 205—345 io
5 35—13¢ 4
345—395
i uency for Score 2 40 — 44 )
Cumula¢|ve_Fraeq5 PRy 7 39.5—445 21
is 2+¥9*T =
45— 49 3 44.5—495 24
50 — 54 6 495 —345
D — 34, 30
: ' surveyed and the .
(1 Example B ol of 1000cc cars of 8 particular b?":i&?:on
; e g is :
ne ‘“’."su;:r:z:sg&mm Constructacumulative frequency mm CHmtitine Fisqumey Pilgo
following »T
- itre ¥
Distance in Kin/ 11 mmm ' 3
T i N L B | i
disturbution 15 consturcted below. - g
|_ Setution | The cumulative frequency dis Cumulative b
Upper Class Frequency E ﬁ:;
Boundaries & T
= 164
v 15+
z 1t
= I3+
z n+
E nt
Z 0T
Iy ¥4
o L
T
e Frequncy Polygon 0 is col it
umulative Frequney i curve 15 1 11
m cf' ich cumulative frequencies arc used for Pl“:mngir:lcumgtmclion of Al 4 i 4 ; ¢ t 1=
A polygon in whic . The curve is also called a Ogive. 195 MS WS WS bS5

- e frequency polygon.
Eug:éai:z:sc;g:d in the following example.

Ty | =
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54

Exercise 6.2 o
1. The following data give the wages {
60, 75, 80, 85, 90, 84, 70,73, 76, 84, 5, 100,
By taking 10 as the class-interval, prepare.
(i). Cumulative frequency gistribution  (11): Cumulat

ency table for the followin

ve frequency polygon

2. Make cumulative frequ

is as fallows. Construct a

3. In a city during the first week of August ramfall recorded

cumulative frequency graph. y
e Ve T [ LS
—% | » [ B %]

4, Draw less than and more than cumnulative frequency polygon for the data given.

following.

d more than 50 marks.
less than 70 marks.
etween S0 and 70.

5, Determine from the data of Q4, the

(i). Number of students who oblai:ne
(i), Number of students who obtained
{iii].Number of students who secured marks b
(iv). Class interval of all classes.

(v). Lower-class boundary of 5 class.

6. Construct an ogive for the following table

L

————

Unit & Basic statistics — T —— .
Measures of Central_'i‘t:eudenc}'. — ﬂ

Central Tendency of a data §

ta
largest number of item te,:sdtshf:amc tha
Tendency or Averages are alsg mcom_:cn
the centre of a distribution, —

'E‘_\'P“:"_“r Central Tendency Averg
m Arithmetic Mean (A.M}gcs
(1n). Median
(iii). Mode
(iv). Geometric Mean (G.M)
{v_). Harmonic Mean (H.M)
(vi). Quartiles

Calculate for un
DA M| T iR ankgrevped duts

[.'1} Al i”l metic Mean {[01' BII[,F'I "uplﬂd d'q.'l'ﬂ]
Al‘ithm iC i ¥ i ¥ b
.

the number of items (values X X
If
e Lot ¥ is olvenss ) 1 Xy Xpy...X, are 1 values; then the Arithmetic Mean

trepr
tratg x;nﬁt; t::ei:zlggjfeiata orthe stage at which the
. L central tendenc
called measures of location, because til:. C;Clifl'ﬂ’
il ey locate

R T T

Median = 158

X+ X+ x
= ! 2 3 h X b X X X X X L by Z.t"
a . _i=l

X

n
% = Arithmeti = si i .
hmetic Mean, " = sigma (Notation used for the summation)

T Sum of data
Number of data

=Ry Xy K X E=1 23,0
#n = Total number of items in the data.
By short-cut method

Formula for short-cut method is,

X=a+ ._ED‘

n

Where

X = Arithmetic Mean

a = Provisional Mean (P.M)

D_ = (x-a) (Deviation from Provisional Mean)
Zﬂx = Sum of Deviations from P.M

n = Total number of values in the data.

NOT FORSALE

R

e

o
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Example [}

Find the A.M of the values 2,3, 4, 5, 6. 7,8,9, 10.
(i) By direct method

(ii) By short cut method

"_"S".mﬁﬂl}:l

i) By direct method -
(I‘.} i ’ < be the AM of the given items. Then by using formula
: ' Fxd ot Gt Xt T X

NPT AT LILL AR

T
x=6

(1) By.;hnri cut method

- i

~ Unit b Basic statistics. m— ]

¥ =
s oF £

(b) Arithmetic Mean (for grouped data

If X5 X3 Xpsoey, XA7€ 2 Values wi
pobarhareeny HALE 1 VAIUES with
the Arithmetic Mean X is given asﬁ'ﬂ"f’""*f“ as frequencies of the respective values, hence
*

= J%+ fix 4 ;
x=ll 00t o v QR
h+h+f. ... +f _%

Example

In a coaching class of 13 students,

a tes ;
obtained by the students. t was conducted, and the following marks were
10,12, 12, 14,9,18,9, 13, 16,9, 17, 16, 14

Make frequency table and find Arithmetic mean.

[~Solution |

: Score 9 10 12 13 14 16 ] 17 | 18
Frequency (f) 3 1 2 1 2 2 1 1

(x) N Jx

Score Frequency

9 3 27

10 I 10

12 2 24

13 1 13

14 ¥ 28

16 2 32

17 1 17

18 1 18

Yr=13 | YA=16

: f
Arithmetic Mean = .i:?

L1
E

=13

3 e

i

il
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Example

The prices of 2ZKW generators are givenbe
price.

low alnngwimtheir frequencies. Find the mean

(i) By direct method
(ii) By short-cut method

120-124

Price
(In 100s)

l""'.i‘ﬂtﬁﬁon_:]

The mean price of the generators= X
L
=¥

8968

——

85

=105.5 hundred rupecs

= 10550+

=

Unit 6 Basic statistics

(11) Short—cut method
Let the assumed mean a = 107

Class | (o ] o
Interval Mid -point Frequency De=x-a D,
90 — 94 : _
95— 99 23 4 92-108=-15| 60
100 — 104 102 = 97-107=-10 110
105 — 109 i . 12-107=5] -7
110 — 114 n 2 107-107=0 0
715:“9 L 19 112-107=5 95
20— 124 - 2 117-107=10 90
e 3 122-107=15 E
R 02
zf
=107+[—E§-J
85
=9095-15
85
= 9080
85
=106.83
=10683/-

(ii) Median

Itis a value which is in the center of observations when all the observations are arranged in

ascending or descending order i.e. Median divide the data in two equal parts. Median is

calculated for the following data:
(@)  ungrouped data

(a) Median for ungrouped data

If in a data there are n values, then after arranging the values in ascending or descending

order Median is calculated by the following rules:

{b) discrete data {c} continuous data

Median = Size of (”—;—1)1;1 item (if nis odd)
- or

Median = l [Sizc of .;ith + Size of [ﬂ—;ﬁ]!h ilem] (if n is even)
2




iy g

‘- ™
Example Find the median for the following values.
2,4,5.6,3

(~Solution | Writing the given data in increasing order
2,3,4,5,6

SNuw x vl

O PR =

L

By using formula [

: . + :
Median = size of 3’—?-!}&! item

5+1
= size of [—1—-] th item

= size of 3" item
=4
S0 Median=4

Example m The following is the daily pocket money
family 10,20,15,30. Caleulate the median for the data.

) —Solution !

Since number of items is even, so

Median =-| Size of & th+ Size of 242} item
2 2 2

1)a: i
= E[Sm of %lh + Size of (%)[h]ilem

1 pa: :
= E[Slzenflnd+ Size of 3rd] item = 12(151-20] -3 15
> ]

Unit & Basic statistics

~ What's the error? —
| 0,5,7,910,3,5.8 1
|

Median = 9.3

The median for an odd
number of data is the
middle value when the
data are arranged in
ascending /descending
order. The median for an
even number of data is
arrnged is the mean of
wo middle values when
the data are arranged in
aseending/descending

in rupees for the children of 2

2,

e
Unit & Basic statisties

) '.ﬂm &
"ol
> S+

in the cumulative frequency column is its median But if Z ri 2
i is even, then the value of x

N

(b) Median for discrete data

" . . + a em
frequgncy {Ilqlﬂhuuan IF E f 15 Odd thcn I'h.e \"alue olx 0[3?05'

opposite to =— th item i :
PPo B in the cumulative frequency column is its median. Thi b
ian. This can be

illustrated with the help of the following example
5.

[ Example [ :
p . The following are the marks obtained by 35 students in a test
est,

g
10 12 15 20 > =
f 1 10 5 3 ; A

Find median of the data.

| Solution
X f ‘_f
10 1 1
12 10 1
15 5 16
20 13 29
25 2 31
30 4 35
Since n=y f=35
So Median = Size of (f—;—‘]th item
= Size of [}E,’:—I"}I.h iem
= Gjze of 18th item
=20 '
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" Example [[[§ Find the median marks from the following distribution:

(Marks) x
l Number of students

I-_Sﬁluhun |

ik |

Marks x

e

10

20

Median = Size of [L;]lh item

= Size of {1—:-] th item
= Size of 6th item
=73
So, Median =22
(c) Median from continuous data

For computing median in continuous data, it i
median is calculated by the following formula:

s important to make class boundaries and then

Median =1+ -}i[ﬂ - c} where,
JAY

1 = lower limit of the median class
j = width (class-interval of the median class)
f = frequency of the median class

2
2

— cumulative frequency of the class preceding the median class.

L
2
¢

ke b W

—

e

Unit & Baosic statistics

| Example ([} Find the median of the following distribution.

60—69 | 70—19 | 80—89 [ 90—99 | 100—109
4 | 6 g | w0 | s

Daily wages (in Rs.)
Labour

| Solution |
Daily wages Tk (€.8) (CF) f
Class-Boundaries | Cumulative Frequency

60 — 69 4 59.5 — 69.5 4
70 — 79 6 69.5—179.5 10 !
80 — 89 8 79.5 — 89.5 18 |
90 — 99 10 89.5— 995 28 id
100 — 109 5 99.5 — 109.5 33 Z

L fr=n |

Median =" th tem = %m iteim

= 16.5th item
Median lies in the group 79.5 — 89.5

Median = [ + 1‘- (i— 1
fl2
=795+ %{ 16.5-10)

=795+ % 6.5)

=79.5+8.125
= §7.625

(iii) Mode

The value that appears more times in a d

frequent value in a data is called mode.

I Example [ml From the following sizes of kids trous
25,30, 31, 25.35,25 ’

l_sﬂ“—-__] In the above data, 25 is the most frequ

ata, is called mode for the given data or the most

ers, find the model size.

ent value, so the model size is 25.




T —_—
i g
=

Il Example m The following data shows th
weight.

is. Find the model

¢ weights of the studen/

the data.
| 15 th most lfcquEnl aluc m
L_——m " n—.—J I\lﬂdﬁ = 40. bcCaqu 40 c v

| Example [} Calculate the mode from the

| Sulutiun_j

following frequency distribution.

Maodal group

The mode lies in the group 12— l6.
5o by using the formula

LA ] ,
gamje| =7 |*¥
3 (21: e
= imi odal group
Where = jower limit of the m
= Frequency of the modal group
f? = Frcguenc)r of the group preceding the modal group
}q = Frequency of the group following the modal group

=12+133=1333

Unit & Bosic Staistics.

; ' = class-interval | £
6 -
i So, Mode -12+(2(?_442]x4 ‘ & "-
12+[.1_2—:-]x4 l i
=1:£+EE

S B e s
e =

e . IR SR

-
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(iv) Geometric Mean (G-M)

(ieometric Mean is the nth positive root of the product of » values.
(a) Geometric Mean from ungrouped data

If Xpy¥ X spoee X, 87€ 1 values ina dlala. then the Geometric Mean is given as

GM = (X, %X, X2 %, XX, )

or  G.M=Anti-log {z"’g")
n

|| Example I Find the Geometric Mean (G.M) of the marks obtained by the 9th class

students.
- 60, 65, 70, 80, 85, 90, 75.
| Solution |
x Logx
60 log 60 = 1.7781
65 log 65 =1.8129
70 log 70 = 1.8450
75 log 75 = 1.8750
80 log 80 = 1.9030
85 log 85 =1.9294
90 log 90 = 1.9542
3 logx =13.0976

log3
G.M = Anti-log 2logx
n

13.0976

= Anti-log

= Anti-log 1.8710
=74.31

(b) Geometric Mean of Grouped data

Let x,, X3, Xy, ony X, be the mid-points in a frequency distribution and £, f f, ... f; are their
respective frequencies. Then the G.M is calculated by the following formula:

G.M = Anti-log m}
2f




I Example £2)

Calculate the Geometric Mean (G.M) of the following data.

Marks 0—20
Number of students 3
| Solufion |
- flopx
Marks X I log ¥ Flo;
0—20 10 3. 1.0000 3.0000
20 —40 30 14771 5.9084
40 — 60 50 10 1.6989 16.989
60 — 8O 70 1l 1.8450 20.295
Y r=28 3 flogx=46.1924
L L_____J;/J
. * By formula,
. Z Sflogx
G.M = Anti-log zf
. 46.1924
= Anti-log -—53—-‘
= Anti-log 1.6497
= 44,64

| When you multiply 1089 by 9, the
" answeryou getis 9801, which is the

exact reverse of the number 1089

Unit & Basic statistics - ; At :_-:ﬁ
(¥) Harmonic Mean (H.M) _ e

It is the reciproeal of the Arithmetic Mean of the reciprocal values.

e —

@) Harmonic Mean from ungrouped da

Let there be '#' values ie., x, x, x,,
calculated by the following formula:

+++s X, in @ data, then the Harmonic Mean (H.M) is

HM= 1 1 ?; = "
= I S s 1
—tr -rz I] X

L

o Ll

[ Example

Find the Harmonic Mean of the following values. 5, 6, 8, 9 and 10.

T

|_Solution_ |
X log L:
X

5 1
- =02
: I

(] 1 !
~=0.16 3
6

A L0125 |
8 |

9
loon "
9 -

0 :
Lgi
10

¥ L =0695
X
By using formula:
HM =—" _=_3 7194
695
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m Properties of Arithmetic Mean
| * & The sum of deviations of values measured from their A.M is always equal to zero.
| - T o i o
- [ Hirmonic Mean of grouped data " . ie. 2 (x-x)=0
| i data is computed by the following FREBORR - 7 o
\ The Harmonic Mean of grouped data1 ! & The sum of squared deviations of values measured from their A.M is least
| i Z-’r (minimum).
HM=—=— : i - g =
Z[_-’r] l u Z(I"_x)‘: Z{I —d) | where X =AM and ¢ = any constant
x el fiud
' B Ify,=ax, + b where a and b are some non-zero constants, than y=ax+ b,
Iy Example 124 _ i & If K-subgroups of a data having their respective means x: ¥1_ x: with respective
E Find the Harmonic Mean from the following data. ' | frequencies i, n,, i, ... n, then the mean of the combined data s given as:
= = - En,:(,
Classes 0—6 w e M+ X+ 1 X, =
K p— 1 a0+ b 5 .
Freq 3 i
= [iFetel68E Weighted mean el
—1—-—'_'_'__7___;_?_—.‘ & The numerical values which show the relative importance of different items are
Classes | Frequency () (Mid-peint) x cal!ed weights and the average of different items havin_g different Weigl:lts is called
' ] weighted mean. Letx,, x, x,...x, are different values ofitems having weights w,, w,,
.t - 5 1 0.33 wy ... w then weighted mean:
0—6 ! - 0 e S WX WL TW, Z.T..W,
2 2 _om W, W, ot W oW
6—12 . - ? Example & The marks obtained by a student in Maths, English, Urdu and Statistics
5 were 70, 60, 80, 65 respectively. Find the average if weights of 2, 1, 3, 1 are assigned to the
5 15 '_I_S = 033 marks,
12—18 =
Solution ¢ % e
4
— =0.19
18— 24 4 21 i : 70 2 140
1
3
1
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T ina Averages z i ] ive
g m Muwngn B (Arithmetic means} derived from the successive
» It is succession of averages ously recomputed as new data becomes

|
'H segments of a series of values. It is contint alue and adding the latest value,

; e
available, It progresses by dropping the earliest
Example

During first week of May, daily temperatures
3-day moving average emperature.

were récorded as given in the table. Calculate

_____———-_'_-_‘
I —
Days Temperature
Saturday 40
Sunday 37
{ Monday 36
| Y
| Tuesday - 38
P o NI
Wednesday 37
| e
Thursday 41
| L —
Friday 39
‘ (~Bofution _ ]
3 day moving average
Days Temperature i
Saturday 40
Sunday 37 40+ 337 +36 _ 1767
Maindy 36 37+36+38 _,.
3
Tuesday 33 36+38+37 _ "
: 3
Wedeadey 37 38737 +41 e o
37+41+39 _ 19

Linit & Basic statistics

IBII Lstimation of Median, Mode and Quartiles graphically
0] Median |
For median the class-boundaries are plotted on the horizontal axis and their cumulative

frequencies on the vertical axis. Then points are located above the boundary points against

their respective cumulative frequencies. Al the points are then joined by straight line to get a
curve called 'Ogive.

Horizontal and vertical lines are drawn from the point where median is located, so the value
on the horizontal axis at which the vertical lines intersectthe Ogive, determines the median.

Example (571 Find median graphically from the following frequency distribution:
] Classes | 10—14 | 15—19 | 20—24 | 25—29 [ 30—34 | 35— 39

[ Freg 1 . § 7 2 6 4
Solution .
Insses f Gomutatiie j PRARECY Class-Boundaries
&
10— 14 1 95—145
15—19 5 (] 145—193
20—24 7 13 195 —245
25—29 2 15 245 —29.5
30—34 0 21 - 29.5—345
35—39 4 25 345—39.5

Median = ’—;.-ﬁ item = gs-tiuitcm = 12.5¢h item

35

e
R R R BB ]

—
i
3
A
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ERROR ANALYSIS Describe and [y s _— median | {iiilﬁﬂ:ﬂ;f“ﬂs
correct the error made if finding the X : To find the values of Qr and Qs fro h i i) ;
median of the data set, = /\ 10,11,24,45,41, 15,45, 24,50 drawn, * o graph the cumulative frequency polygon (ogive) is
(i) Mode Example B Find Qi and Qs from the following distribution.
We need histogram to estimate mode graphically which is cxplained with the help of the Marks 0— 10 .
i following example. ,‘ ] Rl = . N=4 o= |
B ey |
Example Find mode graphically from the following frequency distribution. sz 2 2 g 3 2 I'
| Classes | 20—24 | 25—29 | 30— 34 | 35—39 | 40—dd | 45 —49 | 50—s54 ' " Solution | ! ;
L L Li = ﬂ i |
Frequency | 1 4 8 1 15 9 2 | N P of ocation of Qy = = th item
[~Salution. - : ' 0—10 3 3 = 272 thiitem
Classes ¥ Class-Boundaries 10 — 20 5 g = 5.5tk itéin
20— 24 1 19.5 —24.5 20— 30 9 17 Location of Qs = 27 th item
25—29 4 245—295 30 — 40 3 20 412
30 —34 8 295—345 40 — 50 2 2 | - S(T]m item
35—139 11 34.5—1395 = 16.5th item
40 —44 15 39.5—44.5 W - Cumulative Frequency Polygon
45 —49 9 445—495 t F
: 50-54 2 49.5—54.5 % T
20 -
154 Mode=415 5 B
4=
134 e
4 nf S
-+ I
| 10 I
[ = i
§| oL o T
e F
El eI :
b & 4
44 =
T = ks
= o - I f } ;
0 | . ] a 1 2

CB
Q,=15.Q,=294




1. The following are the weights (in kg) of students of the 10*
45, 30, 25, 36, 42,27, 131, 43,4

v [Exercise 6.3 .
‘._H__,h“-_.

£

"1_.lp

grade. i

9 and 50, .
¢ 2m dcuj:lcmate L0 the vasights ‘;:VJT ) ‘ﬂ
- Fin mean of the weighis : kg -
;‘ 3. Using assumed mean find the e s 0 ~110% | bY using short-cut method

1242, 1248,
& 252, 1244, 1249

ind the mean of the following frequency distr bution,

5. Find the median of the following data,

(i). Heights of boys in inches,
‘ 64, 65, 65, 66, 66, 67
(ii). Salaries of 9 workers

ofa factory
7000, 6600, 8000, 45

00, 7500, 11000, 90pp 750
. » ¥ i ] U
6. Find the Ar i i

Sélnlhmet:c megﬂn, Geometrie mean, Median and Mode of the following da.ua |
70 71 71 71 73 ” W i

7. A set of datg contains (}

1e values gs |
St Showmagmwﬂmd;:.f}ﬁé:;i 160, 157, 156 mean edianyg 00
8. From the following distribution . klf I

Unit & Basic statists‘ql
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Measures of Dispersion

Dispersion is the scatterdness of values from
Types of measure of dispersion are:

{i} Range

(i1} Standard deviation (S.D)

(111} Variance

(i) Range

its central value (Average),

The RANGE is the difference between the smallest observationand the largest observation.
Range = Largest value — Smallest value

Example I!; What is the range of the data 209, 260,
270,311,31172
[~Solution |

The largest value =311
The smallest value = 209 m
Range = largest value-smallest value
Range =311 -209 = 102,

So the range is 102,

Example E:‘Jj Following are the names and heights of mountains in Karakoram. Find the

range of heights,
K-2 B611m
| Ghasherbrum I B068m
Broad 8047m
Ghasherbrum 11 8035m
Ghasherbrum 11 7952m
| Ghasherbrum IV 7925m
Rakaposhi 7788m
~Solution” |

The maximum height = 8611 m
. The minimum height = 7788 m
Range = maximum — minimum
= 8611 - 7788 = 823
So the range is 823 m.

Ej_

The range tells you how
different the observations
are. A large range means
that the observations are
very different. A smaller
range means that they are
more similar.

Range is very rarely used as it does not tell us about the observations in-between the

largest and smallest values.

TR————
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(i) Standard Deviation (5.D)
It is the positive square root
Catietebotma, of the average of Squared deviations measured from AM

ie. SDh= Z—"'i:—i}z
‘If = for ungrouped data
and S.D= Zf{x—-.;) fe
Zf or frequency distribution

(i) Variance

Varianee is the square of standard deviag
¢ cviat i i
'S'. Mathematically it is expressed o Ve ]

as: ¥ denoted by the symbol
Z(‘T"';}J Z J': Z x 2 .
oy " o " ‘[ ,; J for ungrouped data
inmggivm dai‘alhﬁlow ﬂ.l'ld Sz= Z__{(__r_—:}_“‘- or Zﬁl_- ij: 1 -
group is29.5.50, _— f G —‘_-Z 7 for discrete and continuous data
[ 29.5 -43=
RS ; [ Example
Example . s candy bars are listed
in varno i lane g
The numbers of grams o Find the variance and standard deviation for the following data:
below. edian, mode, and range: 1’;2‘;‘ e . 6,8,10, 12, 14
g lhcr:;m':anth if necessary: Then :: e L_Egl_uﬁﬁf_]
the neal 1e measure of central tendency
PO St Jusify your answer. 7= 648410412414
9,8,9, 8, E' 13,24 2
—solutio - I
[ Som 3+3+g+9+9+13+34 =116¢g = 6 3
mearn: 7 [
. 24 10
8,8 9,9, 9,13,
ade:9.gaecurs most frequenty dian of 12
5 : . el .
range: 24 -8~ e | tendency or range o deseribe the data is the o 14
: re of central tende s
E‘e aﬁ?p'lr‘:laﬁ:wm'::s :sl Jffected by the highest value, 24 gram
¢ mode. =

: 17510/58200 74944
< 40n03 23946 26433 83279'50288 41971 J

ity L.
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ig_E_xamj_J_i_E: The following is the distribution for the number of rotten eggs found in 60
crates. Find the standard deviation and variance of the rotten eggs. ;

F‘“":;;“"" 0—4 \ 4—sg | 8—12 | 12—16 | 16—20 | 20—24
]Nu.nt‘c.-ams s | 10 15 0 | 6 | 4 |
| Solution |
r C.B f x x| ¢ | K
0—4 5 2 10 4 20
4—8 10 6 60 36 360
§—12 15 10 150 100 1500
12—16 20 14 280 196 3920
16 —20 6 18 108 324 1944
20 — 24 4 2 88 484 1936
696 9680 |

e = B2 _[%;]2

_ 9680 _[593]’

60 60
=161.33 - 134.56 =26.77

S, D = Variance =+/26.77 =5.18 (Approximately)

[ Activity B -
3 H number Tally Frequency
Substances with pH values less than 7 ar¢ P

acids, those with pH values greater than 7| Less than 7

are bases, and substances with pH values

equal to 7 are neutral. Test several solutions

and list the pH values. Make the frequency Equal to 7

table of pH values by completing the table

uiistgl Greater than 7

Unit & Basic statistics e o
. e T — . =" =

*  Exercise 64
'—___-w =

. Find the range for the following i
W v
1,13,15,21,19,23, o
2. Abank branch manager was i
t > s
of customers. For this he ca::‘i::ie:t:f;usgmaﬂng times
- A random

sample of 12 customers w.
following data. as selected and yielded the [

5.90 9.66 5.79 8.02 873
547991 8.01 10.49 835 6.68 5.64

Calculate the following

(1). Average (D). Medi
"ala - Median {ii). Sta -
3. Calculate tt : / ndard D
¢ the Range, Variance and Standard Deviation foret‘lll: tfli:t:lrllc) ing d
wing discrete data:

S e

4. Th'c FOHG Ilg !able ShOWS lhe Illd[ks (Ih a]llﬁd I!)’ Hl s"]lif;n{s I}t two sectiol f Hl' |
Wil t ns 0 Class.

Section A 7 9 ] 9| 4 7
v - 5
. Section B 6 10 6 |.4 2|8 10 -
Find their 6 :
(a) Arithmetic Mean (b) Variance

5. Followi
ollowing are the marks (out of 75) of the eight students in two subjects

Student
A |B |C |D |E |F
— : . G |H
Marks in Mathematics 54 163 |59 (45 [52 (35 |61 |68
Physics
- |52 |55 |57 |51 [56 |58 (50 |so9

Compare the
standa iati : i
more consisten rd deviation of the marks and tell that in which subject students are

6. The following ; y
: ing is the distribution fi . i i
Fi : ion for the number of defective bulbs cart
nd Variance and Standard Deviation of defective bulbs, : ARk

No. of defective bulbs | 0—2 [ 2—4 | 4—6 | 6—8 | 8—10 |

No. of packs (f) 1
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At the end of each question, four circles are given. Fill in the correct circle only.
(i). The difference between upper limit of two consecutive classes in a frequency

table is called.
Q Class limit O Classinterval O Classmark O Range
(i1). A cumulative frequency histogram is also called
O Histogram O Pie chart
O Ogive O frequency polygon

(iii). The number of times a value appears on a set of data is called
O frequency O average O mode O median

(iv). The data below represents the number of televisions that 11 students have in their
homes. Find the mode of the data.

3.2,1,1,1,5,3,1,2. 1.2

01 o2 O3 . 04
(v). Inwhich data set are the mean, median, mode, and range all the same
number?

01,233,212 il 31,334
01,333,231 02212323
(vi). The n" root'of product of ‘n’ number of values is called.
O arithmetic (O geometric mean
O harmonic O standard deviation
(vii). In a set of data.
63, 65, 66, 67, 69, median is
O 63 O 66 O 67 O 69
(viii). In a set of data
41, 43, 47, 51, 57, 52, 59 median is

O 51 O 47 O 47 © none of these
(ix). In the given set of data 5, 7, 7, 5, 3,7,2,8 2 mode is

09 o5 2 07
(x). Inthe given setofdata 5, 5, 5, 5, 5, 5, 5 the standard deviation is

05 oo 07 O none of these
(xi). The average pocket money of 30 student is Rs. 20/-. The total amount in the

class is

O Rs. 20/- " O Rs. 30/ O Rs. 300/- O Rs. 600/-

Unit & Basic statistics

O 1500
(xi11). The difference of the |
O Mean O M
| T O Ran O Standand deviation
(xiv). The formula “=—determines
n
O Arithmetic Mean i
O Mode 8 g‘.l'::mn
(xv). What is the difference between the m :
SetA: (2,1, 7, £ 1,9 ¢an of Set B and the median of Set A?
S&t B: {lzl 5: —3| 4. ?,. "?}
O -05 O 0 O 05 O 1
—.- 2 ’
(xvi). Zf{x *) is called
20
O Range O Median O sbp O Variance
(xvii). The most frequent valye in the data is called jts
O Mean O Median O Mode 0 g

2. The ages (in years) of 27 students f10*cl iven. Prepare frequency distrj
of suitable class interva]. ° R . -

17,17, 16, 16, 17, 16 g

y i A X . 17, 1
15,17, 19, 18 g 17, 16, Is, Ig' 113
15,19, 19, 15 s 16, 18 #EER

3. Prepare a histogram of the following table:
B C D E j

4,
Prepare a frequency polygon of the following frequency distribution.

Score in test Frequency
0-10 2
11-2] ; 7
22-32 25
33-43 11
[ @30




o lavie SUmmarigg oh Wweights i k; lograms of 250 boys. Represent
ﬁ_ ofa Cumulatjye ﬁ'equency Polygon,

53
53
54
44 54
44 55
42 45 48 52
(&1Groupthcdata mroclassmrerva!safsize.z beginning wiy, the interya) 24 5 25.5
(b) Sey upa fm;uency table for the above daty
() Builg the histograp, for the daty
(d) Draw the ﬂ'eqm:ncy Polygon for th;s histogram
(¢) Find the Cumulatiye frequengieg
(1) Draw e ogive,
(8) Find the Tange of the dagg.
(h) Find the Mean of the day
(1) Find the standard deviation of the day,
() Find the Varance of the daa,

Unit b Basic statistics

(ONORORT) ()]

®

L]

oo ® ©

& f@

frequency table, _ o
A frequency table can be represeneq graphically bya I1is gram,
Ahistogram is a vertical bar eraphwith no space in between the bars,
The arcaof each bar is Proportional to the frequency it represents.

e

i ing a set of data, A
cumulative frequency table provide another way]:jl;:f:eﬁszhﬂg ohespar
o lli::lltivc frequency table can be represented by a cum uency cury
cumu
asan Cuaive,

is arranged in order of increasing
dian is the middle value when a set of data is i f;d in
nggtidle the median divides a set of data into two equa 3
m .

h ddlc lrﬂ'Llﬁ thhe IDWCI |!H.[f|5 IhB fu“‘.‘l thBI "!L" ﬂ.l][[ rh.ﬂ mjdﬂ]e 'h

i ile
il 1an and the upper quarti
er half is the upper quartile, The lower q&ﬂ;ﬁ;ﬁ;ﬂ ;
:ﬁﬁch divides the data into four equal parts are

quartile
i i between the upper

The inter guartile range ofa set of numbers is the difference

and the lower quartile.

Asetofdata can be described by numerical quanti lfes :ﬂ;;:;::: 5.

The three common averagesare the mean, the median

The mode is the number that occurs most ﬁ'l.’,qw.':lltl;r.I:.cr R
The mean is the sum of values divided by the num

i of the class
i where x is the middle value
The mean of'a set of grouped data is ¥ i

interval.
interval and f is the Seqeenoy of ik CIas_s y iddle value when the data are arranged
The mediay for an odd number of data is the mi

the
i iddle values when

in aseending/descending order. R s

The-meding for 2n even number of da mean

H ing order.
dataare arranged in ascending/descending




INTRODUCTIONTO,
TRIGNOMETR
e the studentswil beableto

® Measure an angle in sexagesimal system (degree, minute and second).
® Convertanangle given in D°M'S" form into a decimal form and vice versa,

@ Define a radian (measure of an angle in circular system) and prove the relationship between

radians and degrees.

@ Establish the rule # = ), where r is the radius of the circle, / the length of circular arc and 8 the

central angle measured in radians.

® Prove that the area of a sector of a circle is %r"l} 3
@ Define and identify:
[ 1 o peneral angle (coterminal angles)
o angle in standard position.
® Recognize quadrants and quadrantal angles. _
@ Define trigonometric ratios and their reciprocals with the help of a unit circle.
@ Recall the values of trigonometric ratios for 45°,30°,60°.
® Recognize signs of trigonometric ratios in different quadrants.
® Find the values of remaining trigonometric ratios if one trigonometric ratio is given.
® Calculate the values of trigonometric ratios for 07, 90°, 180%, 270°,360°.
B Prove the trigonometric identities and apply them to show different trigonometric relations.
® Find angle of elevation and depression.
B Solvereal life problems involving angle of elevation and depression.

Sine Cosine JAngent

engineering. For centurjes
Muslims used m‘gonumcrry ané
the stars to navigate across the
Arabian desert to Mecca, the [
birthplace of the prophet i
Muhammad &, the founder of

Islam. The ancient Greeks used
trigonometry to record the locat;
Moon relative to Earth, Today, tri,
master molecule that determin
developed adult and much more.

# = z ;\'11
1.rim:m:t;cr é*-*

Why ii-‘s-irnpurtam-

Mount Everest is Earth's highest
mountain, peaking at an incredibje
29,035‘ feet. The heights of
mountains can be foupd using
trigonometry.
Trigcnqmetry is used jp
navigation, building, apg

How ratios in

right triangles used in t
ol n the real world?

atowrape isused to attach the parachute to the boat

o

(a). : 7

(h; ;‘:1";;1)‘?3 of triangle do the towrope, water, and height of the person above the water
- What is

©). Wh 15 the h

(d). wh

ypotenuse of the triangle.
at ly;_m of angle do the towrope and the water form?
ich side is opposite this angle?

(e). O,
—

er than the hypotenuse, what is the side adjacent to this angle.




I, -

Sexagesimal system (Degree, minute and second)

Sexagesimal (base 60) is a numeral system with sixty as its base. It originated with the ancient
Sumerians in the 3" millennium BC, was passed down to the ancient Babylonians, and is still
used—in a modified form—for measuring time, angles and geographic coordinates.

Unit 7 Introduction to triganometry

It is a system of measurement of angles, in which angles are
measured in degrees, minutes and seconds. Ifthe initial ray, QA
completes one rotation in anticlock wise direction, then the angle
formed is said to be 360 degree or 360°.

One complete rotation = 360°,
% of complete rotation = 180° is called straight angle.

Lot complete rotation = 90° is called right angle. . .
4 ) A complete 3607 rotation

180°
m - g0°
< . >
‘ terminal side
i 180°
N il . B o TR
O initalside A terminal side sialse g A

initial side
Thus one degree is defined as the measure ﬁ th of a complete rotation and it is denoted

by ‘1. ; i
fey Try This

A degree is further divided into 60 equal parts called ‘fy_ C ¢ 5°42'30" to

minutes and each minute is further subdivided into 60 equal (i)- Conver =

3 imal degree notation.
parts called seconds. We denote minute by (') and second g‘i:::T::-t %‘ﬂ;sa DPM'S"

by (). (ii). to decimal degree
1° = 60 minutes =60" | notation.
I =60 seconds =60"
1° = 3600" seconds=3600"

49 degree 25 minutes and 15 seconds are written in symbolic form as 49°25'15"

- known as circular measure, is applied specially

length 1o jig radius r of the circle.

Unit 7 Introduction to trigonometry ! -

m Conversion of DOM'S"

form intg decimal form ang vice versa
I Example §8 Convert 15°3012 :

5" 10 decimal form.

Activity
Solution  since l'=[—|—]= and prof_ Use cooleonversion.com
60 3600 to covert 142°34'12" 10

decimal degrees. And

therefore, I5°30'25",—_[15+30x_1_ +25x—1_ |7 | also 142,57° 1o popprg
60 3600 form,
=[154+05 +0.00694]°

=15.50694°
I Example :::;.E Convert 38.39° 1o DeM’S” fontn

Solution Since 1°= 60" and I'=60"
therefore, 38.39°=38°+(0.39)
38.39°=33°+{ﬂ.39x60]'

=38°+(23.4)

=38°423'+(0.4)

=38°23'+(0.4x60)"

=38°23'24" e2eee

Bl Cireular svstem {Radians)
So t‘a:r we have been t_ming the measurement of 360 to denot
rotation. However, this value js arbitrary and in some
onveniently done in degrees.
he-magnitude of an ang

e the angle for one complete
branches of mathematics, angular
'El'hus anew unit called the radian, is
le. This system of angular measurement,
b ; nea to those branches of mathemat; i

nvolve the differentiation and integration of trigonometric ratios, T

Aradian is the Mmeasure of the angle subtended at the centre of a circle by an arc £ equal in

In general radians is the ratio of the length of an are to

the radiys of the circle. e
ie = £
= T
In the following figure, the radius of circle is r and ‘
length of anarc AB isalso r then angle subtended at 2%,
the centre isone radiani.e. e

mZAOB = =1 radian.
r

:{ r;"f: fadian is an angle subtended at the centre by an arc of length equal to radius of
e,




K_/ Googol is one of the largest numbers that has ever been named, It has been defined as |

Relation between radians and degrees
Ift is radlus of circle then number of radians in one complete rotation is given by
circumference of circle
radius of circle
Since circumference of circle = 2nr
Therefore number of radians in one complete rotation = b =2n radians but 2n

Unit 7 Introduction to trigonometry

r
radian=360° because the circumference of a circle subtends an angle of measure 360°,

Hence we establish a relation between angles measure in radians and the angles measure
indegrees as follows.
2n radians=360°
7 radians = 180° .................... (i)

-
— radians = 90°
2 ans

g radians =60°

Target

E radians =30° and so on.

180° < 180°
. 3.14159

imilarly from (i) we have

180°= radians
m_3.14159
180 180
19 = 0.0175radians

1°=0.0175

" Hence, 1adian= ~57.296°

To find equivalents for

radian and degree measure.

o _

radians

) WHAT IS A 'GOOGOL' #

| 1 followed by one hundred zeros;
10000000000000000000000000000000000000000000000000000000000000000000 |
| 000000000000000000000000000000000

However, a googol can be expressed using exponents, as 10™

sl

qq i ——

* —

Unit 7 Introduction to triganometry

Snlulinn Since m radians = 180°
4n o
Therefore T E(um“ =102.85714° i
=102°51"26" I
|y Example [Z8] Convert 31° 45" to radians, r -
e T ) - ‘ ..1
Solution Since 180°=n radians
®=— radians

lSﬁ
As 31°45' =31.75°

31°45' =31.75x—— radi
x]SU radians

= 31.75x3.14159
180
=0.5541 radians

radians

v Exercise 7.1
m

1. Convert the following angles from D°M'S” forms to decimal forms.

). 815935~ (). 39°48'55"
{iti). B4°19'10" vy 18%6'21" 3
2. Convert the following angles from decimal forms to D°M'S".
(. 429250 (t). 57.325°
(i),  12.9956° (ivi. 32.625°
3. Convert the following radian measures of angles into the measures of degrees.
(i, 9 radians (it). E;-E radians
Gii).  Z radians (iv) ;jjt- radians
4. Convert the following angles in terms of radians.
(. 450 (i), 120°
(ii). —210° (iv ), 60"35'48"

F.R M@Wﬂ WER =]
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: || Example Anarc of length 2.5 cm of a cirg
- 5 Ol acircle subtends an angle 0 at the centre O of
Sector of a circle diameter 6em. Find the value of @,
Length of an arc of circle

Solution Here
Consider a circle with centre '0" and radius r, which subtends an angle 0 radian at the centre

il mAB = 6cm
O.Let ABis the minor arc of the circle whose length is equal to £ as shown in figure. OB =0C =r= 3em
By the definition of radian, we have mBC = 2.5cm
" length of an arc AB =7
Radian =
sk radius of cirlce : We knowthat f=rp
e___ _{ —7 e = { -
r A i r
or t=ro - =22 5 =033 radion,
Which gives length of an arc in terms of angle (in radian) 3

subtended at the center of a circle.

i Example §% Iflength of an arc of a circle is § em which subtends an angle of measure
60°, find the radius of the circle.

I

| Solution £=5cm m___
| 60

]

I Example B Find the length of an arc of a circle of radius 5 cmwhich subtends an angle

of '?4—“ radians at the centre,

‘Aclivity q#:n:-

0=60°= "L 12 dians In general ,
- Solution r=5m 180 . The length of an arc
i ‘ = 1.047radians = x/360 * circumference
8 = radians . r="? The length of an arc
4 5 Wehave formula  ¢=rp =x/360 = 2nr
=7 : ¢ s The area of a sector
we have = = — = x/360 » area of the circle
f=rf ’ 6 1.047 = %/360 % nT
I 15 r=4.78m
= SxTn = —4—“ =11.78 em x Hence radius of circle is 4.78cm.
Hence length of an arc = | 1.78 ¢m. {
|

EU\; do we measure the distance between two points, A and B, on
arth?

f We measure along a circle with a center C, atthe center of Earth. The
e radius of the circle is equal to the distance from C to the surface, Use

| the fact that Earth js 4 sphere of radius equal to approximately 4000
: miles to solve the following questions.

! (@). Iftwo points Aand B, are 8000 miles apart, expressangle 8 in radians and in degrees.

i (5). Iftwo points Aand B, are 10,000 miles apart, express angle 8 in radians and in degrees.
(€). 178=30°, find the distance between Aand B to the nearest mile.
%) 110= 10, find the distance between Aand B o the nesrest mile.

It Example 6]

Find the distance travelled by a cyclist moving on a
circle of radius 15m, if he makes 3.5 resolutions.

Solution

{ revolution = 2r radians
3.5 revolution=2nx3.5m
Distance travelled = /=g
I=15x% 2% 3.5= 105t m
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s Area of sector : ‘ o ' v Exercise 7.2 .
Consider a circle of radius r with centre O, PQ is an arc which subtends an angle 8 radians at —
the centre as shown in figure, 1. Find £ when
i L . fid z .
By proportion, it is clear that _ {i). ng radian, r=2cm (). 8=30°, r=¢gc
Area of sector POQ  _ Central angle of sector R 4 ' =
Area of circle 2n . {ii:].ﬂz?ﬂ radian, r=6cm
Area ofsec:or POQ _ 6 2, Find & when _
r 2n : (i), €=5em, r=2cm (). £=30em, r=6cm
= Area of sector POQ=ixnr’ i (). =G, p=2inim
2n 3. Fined r when
1, . R, i
= ' == = it H 4
s Area of sector POQ 2,9 (. 8 5 radians, £ = 2cm (i1). e=3.§mﬂ,aﬂ3,g=§m
Hence, Area of sector of a circle with radius r, whose central angle is 0 radian is given (iiiy. 0= 3= radians, £ =15¢m
by - 1, L
=E" 8 4. Find the area of sector of a circle wh dius i
. [ trele whose radius is 4 m, with central angle 12 radian,
_ 5. Th‘_’m ofacircle subtends an angle of 30° at the centre. The radius ogf'circleis Sagm. find;
| Example ﬁ (1) Length of the arc (11).  Area of sector formed. :

Find the area of sector with central angle of 60° in a circular region whose radius is 5 cm, 6. Anarc ofa circle subtends an angle of 2 radian at thy i
; 64 cm’, find the radius of the cimﬁe. ) atthe centre. Ifthe area of sector formed is

Solution

* In a circle of radius 10m ﬁ;:d the di
: ; ' stance travelled by a point movi is ci
ifthe point makes 3.5 revolutions, (3.5 rcvolutions=¥n),p e

8. ; :
What fs the circular measure of the angle between the hands of the watch at 3 o’clock.
9. What is the length of the arc APR?

r=>5cm

0 =60°=60x % radian =1.047 radian

1
Areaof sector = Er’ﬂ

= %(5)’ (1.047)
=13.08em’

-

What are digits? . ; f
' Digits are actually the alphabets of numbers. Just as we use the twenty-six letters o
the alphabet to build words, we use the ten digits 0, 1,2,3,4, 5, 6, 7,8, and 9 to

build numerals. =




- : etric Ratios —
3 Tng"mﬂm rful tool for making indirect n‘[easpremem;;n%e ril:g s man}.g:él ;:
T:'lgnnﬁrqetry :;F:o‘:': in the ficld of surveying, navigation, eng
plays an impo :

branches of physical science. I

a) The o 1 angle (Coterminal angles ) ) '
EERT {-!_l 1 1:;;:::;iﬁa:;ﬂ" dterminal sidesare called cotrlmlil:: angles, and they differ
angles.
:; ag I:ﬁ;ﬁr 27 radians or 360°. They are also called g.aﬂeraIEI " fﬁﬂ, e
Iflet © = 30° is a terminal angle, then it coterminal angles are
etB= (
and —330° as shown in the following figures.

Unit 7 Introduction to lrlgnnumurg

B B ,
}ql:,“ -;'5’:"“0
/ "—3@3; = I: _\I 3“‘ ."5
B 30 O\ O\T.ﬁ:f A
A 0 A Fig.(h)
0 o Fig.(b) '
iga B

Combining figures a, b, ¢ we have

; i ; le, add and
) . 1) with a given angl¢,

itive and negative general angles (cotermina : i - measured
Tuhﬁmndtggﬂisji?t'zc given angle is measured in degrees, or 2r if the given angle Is

su ]

in radians. Forexample

w

w
coterminal angles of 3 are

T = In
(i) ?r 2n= 3
- - —5n
and (i) S-2n=—r

_

Unit 7 Introduction to trigonometry

i Example [T Fing coterminal angle of 6g°

and -60° :
Solution  Since  60°+360° = 4900
and  60°-360° = _3900
therefore 420° and

=300° are coterminal
=60°+360° = 300°

and © -60°—36(° =—42(P
therefore 300° and —420°

{b) Angle in standard position
In XY-plane, an angle is in standard position if
® its vertex is at the origin of a rectan

gular coordinate system and
® its initial side lies along the positiv

€ X-axis,
An angle is said to be positive if it is mea
axis and is negative, if it is measured ¢l
terminal side is in anti-clock wise direct
clock wise direction makes an angle of me

Hloie angles of 602,

are coterminal angles of — 6g°.

sured in anticlock wi
ockwise from +ve x-
ion which makes an
asure—45°,

se direction from positive x-
axis. In the following figure
angle of measure 45° and in

- ——T
Uf initial side B X
m (a4} Quadrants

The Cartesia
where OP lje

nplane is divided into four quadrants and the angle 8 is said to be in the quadrant
s. Inthe diagram, 8 s in the first quadrant.

As shown in figure (b),

v4 va
Plxy) Quadrant 1l | Quadrant ]
r ¥ x<0,y>0| x>0,y>0
-t 0 - < - .
& <R % X" x
Quadrant 11l | Quadrant IV
x<0y<0| x>0,¥<0




¥
{b) Quadrantal angles 1

Quadrantal angles are those angles whose terminal sides .
B

coincide with co-ordinate axes i.e. X-axis or 5;-&21;;0 E’:g
Quadrantal measures of angles are 0°, 90°, 180°,
in

360° or 0, %_ 7, 5 and 2 radians as shown in figure.

y Exercise 7.3

1. Find coterminal angles of the follmf'fng azgies. o
(i). §5° (i) —45° (iii) —6— (1v) -
2. Staté the quadrant in which the t‘n]l.cl:-wmg angt:s he‘-]f .] -
(i). 3?“ (i) 75° i, -818° (V) —
m Trigonometric ratins

(v 1035

=l
¥ \i x
2707 360°
3

- . Unit 7 Intraduction to uiganumetrg

ic ratio i i ides in a right triangle. Trigonometric ratios
i & ratio is a ratio of lengths of two sides in anigh _ : )
:remuﬁ?ic:gl;::i the measure of a side or an acute angle in a right triangle. The trigonometric

ratios forany acute angle 8 ofa right triangle ABC are

opposite side of 6

hypotenuse
adjacent side of 0

hypotenuse
opposite side of 0
adjacent side of ©

sin@ =

cos 8=

tan @ =

Opposite

1  hypotenuse
cosec 0= 5= Torrosite site of 0

1 _ hypotenuse

Adjacent

i cos®  adjacent
_ 1 _ _ adjacent
] e~ opposite

A trick to remember Trigonometric formulas
some people have
curly brown hair
through proper brushing

.—-"‘rﬂ_ﬂ_ B

Unit 7 Intreduction 1o trigonomelrg

7.3.3.1 Trigonometric ratios with the help a unit circle
Consider a circle with centre 0 and ragdiys | (unit cirel
Radius OP makes an angle 0 with the positive x Ay
in radians. Draw a perpendicular PA on y.axj
mZA=90°as shown inthe figure,

In AOAP opposite side of 8 is AP = y, adjacent

side of 8 is OA = x and hypotenuse is OP = |
Therefore by definition

site si AP P(x, 5
Siﬂﬂ=w=i=i=}, ]
hypotenuse QP | 1 i
adjacent side  OA 0 :y
cosf=———— : K A
e

= =X X 0 x
¢!

Y

hypotenuse P

and IanB=M—£h

o

L]

adjacent side QP
Henee trigonomeltric ratios of a unit circle are
sinf =y

(the y co-ordinate of P)
(the x co-ordinate of P)
o ¥y ca—ordtna:e of P
x x co-ordinate of P
Reciprocal trigonometric ratios

-
cosO=x

: ¥) is any point on the circle.
-axis. B can be measured either in degrees or
5 50 that OAP is a right triangle in which

oP 1 1
coseC H=—m——=—=

AP y sinb
secl = O_i = l = L
OA x cosf
and COIG=—'—-D_A :i.i: CGSB
- APy sinf
= Chnpon gl paints (o be notel)

i . T
If © lies in 1* Quadrant, then we can write as O{B-':—z- or0<8 <90°

b

n a
If © lies in 2 Quadrant, then we can write as = 0<m or 90°<6 <180°

? 3n
I 0 lies in 3" Quadrant. then we can write as 7t < 8 g 180°< 0 < 270°.

If 0 lies in 4" Quadrant, then we ¢

an wrile 4s I < <2n or270° <0 <360°.
7




Vilues of rigonametric valios for 45%, 30° aped Bl
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The "'31“'35 °f‘1180n0metnc ratios ﬁ:-r45° 30° and 60° are given in the following table.

| Tratio\ o [ 30° J 4 |
1 1 |
_ “sin@ ‘ 5 ’ TZ_ -
AL
- cos0 ) __2. J 5
tanf F .\LE | 1 .I
. . _1 | i
cosec i 2 | J2
- 2 ._i "
ENEAK
cotf [l Ji 1

Recaognizing signs of trigonomerii

b3 | — le'-ﬂ %:

&

&l

ﬁﬂ[_

e ratios in different Quadranis

Signs of trigonometric ratios are different in different quadrants depending upon the terminal

side of the angle 6.

(i). If 8 lies in first quadrant, then x > 0,y=0
therefore sind, cos, tan@, cosec, sec, tanf

B

areall pusuwe Quadrant IT Quadrant [
i sing and All

(i). If @ lies in 2* quadrant, then x < 0, y > 0 Sodiant i
therefore sinf and cosec® are positive and the positive positive
remaining four trigonometric ratios are X
negative. Quadrant i | Qiadrant 1V

(iii). If @ lies in 3" quadrant, then x < 0, y < 0 tangentand | cosine and
therefore tan® and cot® are positive and the cotangent secant
remaining four trigonometric ratms are | Ppositive positive
negative.

(iv). If8liesin4” quadrant,then x>0,y <0 thérefore cosb and secf are positive and the

remaining trigonometric ratios are negative,
These four results are summarized in the figure at the right.

I ROT FOR SALE

R = et
'-f Unit 7 Introduction to :rigénumerrg
Il Example IEi Find the signs of the followi i -
| owi ic fat; : =
ettt Mg trigonometric ratios ang tell in which =
() sinl05° (i) g% -
_ ; (1) sec1030° ;) cot 710°
Solution
(i) B=105°liesin2™ quadrant, therefore sin 105°
] nd
Quadrantand hence sign of sin 105°is posmv.rea ol
i) Si -5 Eaui - Y
(ii) Since g 1es in the 3 quadrant, therefore
=5 _ Sn e “xt
tan | —= |= —tan = also lies in 34 X
quadrant and it has positive sign. As
shownin figure,
(iii) Since 0= 1030°=720° + 310°, therefore it lies in 4*
quadrant and sec 1030° jn 4* Quadrant has positive
sign,
(v} Since 8 = 7100 = 360° + 3507,
therefore it lies in 4"
quadrant and
Cot710° in4* quadrant is negative. & @:m
' ]"
b Exq D )
thple :
-S--I. hple (fF) Iftan 8 < 0 and cos 0> 0, name the quadrant in which angle 0 lies.
—20lutipn

Try This | |

WI?:n_tan <0, 0 lies in quadrant I or 1V, Whencos8>0, = B:(I_:m[ ici
; 'R quadrant I or IV. When both conditions are met naf::: i quaﬁni‘:i::
":Ualndcosﬂﬂ}),Bmusthemqumdranrw. which angle 8 lies.




Findi e . inine triconometric ratios if one ll'i;:-:mumc
nding the values of remaining trig

ratio is siven

Unit 7 Introduction to trigonumetrg

Irie

Il Example 85 iftane= 1, find the other trigonometric ratios, when 0 lies in first quadran

__Solution  tanf=1=2
x
= y=1 and x=1
Hence by Pythagoras theorem;
rt=x+y>

P+ =141

Y4

rt=2

reva

_y__]

Therefore  sinB=

[ Example TE Given that tanﬁ:—% and 8 is in the second quadrant, find the other

function values. i y
A
_ Solution  tanp=2-_2_2 f
x 3 3
sy=2and x=-3 (=32 JI3
Hence by Pythagoras theorem; i T8
Bt 3
-3 *
P =(=3)+(2)' =9+4=13
r’=13 5 % .
r= \"1_3 ) Expressing - 3 a8 -3 dine 0 is m quadnnt
Therefore, _

PN MO FOR SAllE

—

=
[‘ {nit 7 Introduction to trigonometry
CDSE:-i: =3 :—-—E_
3 I
u:—lil!i=—=:§=—--?1
¥y 2 2
cosec€f=—=£
y 2
X - 3

I Example 5 If cos 0 = g W

trigonometric ratios.

here € lies in 4% qQuadrant, find the values of other

Y&
Solution Given
cosf=2 %
5 r
- o X
= x=4 and r=5 8L s A X
Hence by Pythagoras theorem:; Do
2 =.1:2+_v2 k:
3=ty =(5): +{4}2=25—|ﬁ=9 B
=9 = yp=43 7
»=-3( @lies in 4" quadrant.)
Therefore,
sinB=-‘£=-_5—3=-§
¥ Trv This |
Ao =3 3 o
tanf===_--_"= 1 ;
x 4 4 Ifsin0=3mdeli=3ln
CO[9=£=1=—E Zd(mﬂﬂdﬂrﬂﬂlﬂ'
¥ =3 3 trigonometric raios.
r 5
sech=—==
x 4
cosecﬂ=£=i=—--5-
» =3 3

=, RN ' =
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- e

= : Caleulating the yalues oft rigonometric ratios of 0°, 907, 107, 270 and 360

1rl“l_1nl]rmtr1r I atm nfﬂ”

In XY-plane, the terminal side OP OP of the angle 0° coinc
Therefore radius OP=r =1

ides with (?

Il
il

or x=landy=0
¥ x=1 y=0
S0 sinﬂ“=£=2=0 A
r o1
o Zm b 0=0°
| r ]
anoe=2=3=0 1
x 1
cotd®= £=l= undefined
y O
cosec0® = £=l=uncleﬁnad
y 0
r_1
x: J

Trigonometric ratio of 902

The terminal side OP of angle 90° coincides with OY .

Therefore F:r:l
or x=0 and y=1 y
Hence stU“—%-%él x=0 y=1
cos90°=2=2-9
rol 14 P=(10)
1an90° =2 = L = undefined
x 0 "\9290“
r 1 1 1 |
cosecd)=—=-=] ! |
y 1 =1 1
m?ﬂ“—izlzundeﬁned
x 0
sotoar=X=9=9
y 1

In this case, the terminal side Hp of angle 180° coincides e rd
Therefore OP r=1 P
ar X=—] ﬂﬂd y:ﬁ y

) Sinlﬂﬂ“-—-‘]i:_q_-_g ¥==1 | e 1
O
003180"_—::'_':._1 L
5ol
tan 180° = z- —[l-‘_—l:l
x -l
cuseclsﬂ“z:-:i: undefined
y o
secl180°= "—ti:—.l
x =

In this case, the terminal side OP of angle 270° coincides with 0y

Therefore Op - |
or x=0 and y=-I - lr'
sinz?t)‘:—_ll_:_] 1
ro1
=27
cos270°=*-0_g ,:j -\
i f \ ——:
o - = 1
tan270 ='£=—— undefined
x 0
cosec270°0=" - 1 _
y -1
#
sec270°= ;—:é-:undeﬁncd
cot270°=2-9 _
roo=F
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In this case, the terminal side OP of angle 360° coincides with OX .

Therefore W——-r:l
or x=1 and y=0 ¥y
sin360°=2 =220
r
cos360°=% =1}
r 1 -
tan360°=2 =20
- S B
nosec.366°=£=l=undeﬁned
y 0
Secaﬁoa::—,:-:l:]
x 1
cot360°=2 = 1 ~undefined
r i
Summarizing all the results, we have a table
8 o° 30° | 30° | 60° I age
Lt 2 F 35
sin@ 0 3 ; N;] ! = i
T . 1 I 1 l 1
1 V3 ‘ S b 4 0
cosB . 2 ) | = |
3 u_u_“—n”_ O f N | not |
tan @ _ﬁ i 1 | : I deﬁne:.i :
1 |
not N i
eath defined | V3 | 75 | |
N e ot |
sec 1 B V2 2 ‘ defined
: K 2 !
2 —= 1
defined V2 28

5

RSN

S

_‘._J'-_':

o

e
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*  Exercise 7.4
e ————

1. Find the signs of the following trigonometric ratios and tell in whi

; ch quadrant they lie?
(” sin 98° {Il} sin 160° I:"” tan 200°
(iv). sec120° (v). cosec [98° (vi). sind460°
2. Find the trigonometric ratios of the following angles,
{i). -180° ().  =270° (iii). 7200 -
(iv). 1470°

3, If sec® =2 where  lies in 4" quadrant, find the other values of trigonometric ratios
; 4 T '
4. Ifsin 0= 5 and 3% 8 < n then find other trigonometric ratios.
5 Find the values of
(i).  2sin45° cos 45° 1an60° — tan30°
I + tan60° tan30°
; 5 TR .. x
{iv), tan30° tan60° + tand5° (v}, msi cusg —sin Esm_
fi. In which quadrant 0 lies? 6
(i). sin@>0, tan0>0 (i) sinB<0, cotd>0 (1if).
(ivl. cosB>0, cosech <0 (v). tanB<0, sec8>0 (vi)
7. For each triangle, find each missing measure to two decimal places.

(). " (i), (i)
[
M

cos45°

(ii). o
sin45° + tand5°

tiii).

sinf8>0, cosB<0
cosB<0, tanB<0

20
X
73 i
12

8. The irregular blue shape in the diagram
'?Preser_lts a lake. The distance across the
ake, a, is unknown, To find this distance,
asurveyor took tlye measurements shown

N the figure. What is the distance across
the lake?

=
oy



: Trigonometric identities

Unit 7 Intrediiction to trigc:;m:u-p,m.,=t

y i i i -:I I il'IES.

2
cos? B+ sin’ 0=1 (1) 1+tan'@=sec’0
161

Proof Consider a right triangle ABC in which
m£ ACB=90°, m£BAC=8

mAB=c,mAC=b and mCB=a
b .
Then we have  sinf= %, cosB = = (i)
tanB:%,sec'Elz-Z- (i)
cotB =—E1, cosech =5 (iii)
a a
Pythagoras theorem .
i F=b+a (@iv)
Dividing both sides by ¢*, we have
¢ b a
& &

l b ¥ 7 2
" ‘=[ﬂ *(‘5]
i lues of 2 and & from (i), we get
Putting the values = = !

1=(cosB)’ +(sinB)
= 1=cos’0+sin’ 0
or [n:l:us1 g+sinf0=1 v)

* Now dividing equation (iv) by b?, we have
& v a
i

1 2
€1 2
(3] ‘“’(b)
Putting values from (1), we get !
(secB)’ =1+(tan®)
—  sec’f=14+1an’0

. 5
NOQT FORSALE

=t

e/
el

g

/

N

- _‘:.ﬂ
Unit 7 Intreduction to trigenometry ’ . . L
Again dividing Eq. (iv) bya®, we have
ot b ai
—_————gp L
ai a_l fa':

HEE] J
=] == +I

a a

" Putting values from (3), we get

(cosecd)’ = (cot0) +1
= cosec’0=cot’B+1

or  [L+cot’=cosecd] (vii)

i Example il Show that (Sin9+cosqf S
Solution

LH.S = (sinB+cos )

=sin’ 0+ cos’ 042 sinBcos 0
=1+2sinfcosh
=RHS

Hence {sinﬂ+cusﬁ}1=[+25in9msﬂ

I_: E xample fjf_] Prove that sin0 = /1—cos? 0

[ sin? 0.+cos? 0 = 1]

Solution  As we know that
cos’B+sin’f=1
= sin® 0 =1-cos* @
= sin@=+/1-cos’ @

Which is the required result,

I Example B8 Prove that V1-sin’g

2
FLTERY.
sin 0 et
LHg=Yi-sin’0 J
As we know that sin0 y )
cos’ B+ sin* 0 =1 ;;. : \
cos” 0=1-sin’ @
Hence [ g ¥C0s'0 _cos®

: =——=cotl=RHS
sinB sin@

J—ein?
Hence, l‘_sm 9
sin

]suer

Solution

=

=cotf

{3
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e .
1 +sin’ 0

In—
i Example Bl Prove that sec’ 0+ tan’ 8= —3
- LHS =sec’ 0+ tan’ 0

_ Solution.. | | i@
G
LSO (i)
cos’ 0
As we know that,

cos’B+sin"B=1
-  cos’@=1—sin'0
Putting value of cos 0 in (i), we get

14 Siﬂi g =RHS

LHS = ]-—siﬂiﬂ
Hence, s
1+sin” 0
2 IB:_____
i sec” O+ tan 1—sin' 6

+ Exercise 7.5 -
e ———

Prove the following trigonometric identities. 1 5in0

1. (sec’0-1)cos’0=sin’ 0 2. wnB+secl= v

3, (msﬁ—s'snﬂ)lzl—isinﬁcosﬁ ) 4. cos’h —sin® 0=2cos” 01
1-sin@ cosfl

5. tanB+cot 8 =secOcosech 6. oh -_—__1+sin y

7. sin6y1+tan’ 6 =tan@ 8. cosB=+1-sin’0

1
1= B o P -
9. (1+cos8)(1- cos0) =

sinx l+cosx 2z -
— 44— =2cosecx l+cosx sinx

T S 3
10, cosXx—cosxsin” x=cos X
siny _l-cosx

11. z
l+cosx  sinx

15, 0 i
A -
1+cosa l-cosa
5. siny‘+ cosy | cosy - siny
siny - cos y
I-sin x
1+sinx
17.sin x tan x + cos x = sec x.

e O COR SALE

e e e
- T .‘IL..'}!‘?"*- = R,
e e AR e

=4 e o4 08

=2+2cot’a 14. cos'b —sin'b = 1 — 2sin’b

=secy cosecy

16. (sec x — tan x)’

S
e e

—T .
." ;
ol

niroduction to wrigonometry

5] Angle of Elevation and Depression

Many applications of right triangle tri ! B
involve the angle made with an imaggina:yg}?;?r?:;:tlz &"gﬁ;“’ we‘?ﬁﬁfﬁ" s
line. As shown in the figure | an angle formed by o here % il

horizontal line and the line of sight to an object that is g “"-\--‘*""wi eaion Horizonta
above the horizontal line is called the angle of b1 {I ﬁﬁm‘"

elevation. The angle formed by a horizontal line and g P

the line of sight to an object that is below the J"T_T:' Bl
horizontal line is called the angle of depression.

[ T

i g,

h Example Bl Anacrial
. = ‘ photographer who photographs a farm h
de;en:j;‘l ned fron;&xﬂpgr;ence Itlhat the best photo is taken it a hei;nm o?‘is:piz;?;‘mf: ?;:-?af:
and a distance o | from the farmhouse. i i
oioape armhouse. Whatis the angle of depression from the planeto

Solution
_thp parallel lines are cut by a transversal, alternate ="t meeescseeeeaan -
interior angles are equal. Thus the angle of depression
from the plane to the house,, is equal to the angle of :
elevation from the house to the plane, so we can use Sy 4
the right triangle shown in the figure. Since we know T g
the side opposite £B and the hypotenuse, we can find
£B by using the sine function.

\‘ eei' ;

, : 475 i — —

sinfB=sinB=—2_ 2, —— .

5507 5588
6 =34°

Thus the angle of depression is approximately 34°,

| - -y I
' Example . Tomeasure cloud height at night,

alvemcal beam of light is directed on a spot on the
cloud. From a point 135 ft away from the light
Source, the angle of elevation to the spot is found to
be67.35°. Find the height of the cloud,

Solution  From the figure, we have tan 67.35°

tan67.35° = —h—

135 Trigonometry helps to find the height of
h =135 tan 67.35° = 324 fi buildings and mountains. Clinometer is
used to obtain the angle of elevation of

The height of the cloud is about 324 . the top of an object.

T
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Unit 7 Intraduction to trigonometry -

b Example {8

A light house is 300 meter above -
i 2 respectively.

boats from the top of light house are 30° and 45° resp

through the foot of the light house, find the distance between th

same side of the light house.

the sea level. Angles of depression of twg
If line joining the boats passes
e boats when they are on the

. Solution_
Let boats are at point C and D respectively.
Height of light house mAB =300m

Distance between two boats mCD =1 ”
Angles of depression are m ZEBD=30
m ZEBD=m£ BDA and mZ£EBC = m£BCA

and m £ EBC=45°

t
ﬁ:ercfore m £ BDA=30° and m £ BCA=45°
m
tand5° = _m._‘!-?
1= EEPL‘-
mAC
or  mAC=300m (i)
| Now

Consider A ABD
mAB

05 —_———
tan 3 T
:;==—.=3m—== '.'mﬁsz[_C-+ mCD
3 mAC+ mCD
Putting value of mAC from (i).
1 300

B 300+CD
—  300+mCD=3003
=  mCD=30043-300
: mCD =300 (Ji—l]mzw.am
Hence distance between two boats is 219.6 m.

et

4 Activity qa,

- Atreeis S0m high. Find the angle of elevation of jts toptoa

+ A police helicopter is flying at 800 feet. A stolen car is

- A light house is 300 m above the sea level. The angle of

e
+ mtraduction to trigonometry

v Exercise 7.6

—-

. A building that is 21 metres tall casts a sh

. adow 25 metres
long. Find the angle of i 3
o ;%ee. g elevation of the sun to the nearest
A light house is 150 m above lhe. sea |

: : evel. A

depression of a boat from its top is 60°. Find the dl}f::n: :
between the boatand the lighthouse, s

point, on the ground 100 m away from the foot oftree.

. From the top of hill 240 m high, measure of the angles of

depression of the top and bottom of minaret are 30° :
respectively. Find the height of minaret. 30%and 60

sighted atan angle of depression of 72°. Fin dthe di
the stolen car, to the nearest foot ! e distance of
below the helicopter. - from 2 point directly

deprcss;on of two boats from the top of light house are 30°
and 45° respectively. If the line of joining of the boats
passes through the foot of light house, find the distan

between two boats when they are on the opposite side he
light house. AL

+ The angle of elevation of the top ofacliffis 30°, Walking 210 metre fro

the cliff, the angle of, elevation becomes 45°, Find the height of cliff,

m the point towards

Find ike ein

Zia and Rabia are finding the height of the hill.

=
S8 Rabia
e

sin 15°= -2
560

560 (sin15%) = x
145 =x

sin 15° = %

15°

580
580 (sin15°) = »
150 = x
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2. Convert 45°35'30" into decimal form,
3. Convert 216.67° into D°M'S" form,

4. Through how many radians does a minute of a clock tumn through

Review Exercise 7

: i ill in the correct circle only, (1 in 45 minutes iy g
ion. four circles are given. Fi : s {11}, in one hour.
1. At the end of‘eath qu.esu::;rec:hc level of observer then the angle formed between {he 5 [l;'!n:[i C-:?%crmma] a_nglc_of 190° and -250°,
(i). Ifan Obj“l"i‘_ is :r.  pserver's ine of sight iscalled . 6. Find trigonometric ratios of |
horizontal fin¢ i O angle of elevation {i}. 390° (i), —240°
O a“'gle nfdelpres D none Gf th.c abﬂ\rt! 7. Prove thﬂt
(O obtuse angle . 1-sin@
(i =secl—tan fii)
(ii). cot = cos® 1 1+sinf 0 ! 2¢050 secO~tan  cotd =1
sinf 0 . O = O S0 8. If sec 0 = 2 and 0 does not lie in first quadrant. Find '
) cosf sin o remaining trigonometric ratios.
o g 9, Referto the diagram shown,
(iii). 1+tan*B=______ ; T What is the height of the building? 265
O sin’0 O cos* @ O cosec’® sec Lom T
If tan@ =1 then sinf= when 8 lies in 3" quadrant. :
(e ~
1 1
o i e -1 L5 ] —_xE O '\;—‘2' 10. From a point on level ground 125 feet from the base of a tower,
2 2 the angle of elevation is 57.2°. Approximate the height of the

; t
(v). Sin (=350°) lies in ower to the nearest foot.

th
O 1¥quadrant O 2" guadrant O 39 quadrant O 4 quadrant
f ). 45%= radian. _
X O x Q = O 3
¥ & y i 6 . d 1 /B =58, whatis e . .
{vii) Ifmemcasureofmehypntcnuscufarighttnanglms& feetandn Iﬂ'ﬂe.}mmzlng e 1'
the measure of the leg adjacent to £B7 - m
O 42402 O R.0017 O 0,10060 O 2 - fo
{viii). Find the value of tan P to the nearest tenth. 1089 « 2 : ;[1]89 10‘439 9 : 9801
- . *2=2178 1089 « 8 = 8712
o os o N zim P 1089+3=3267 10897 =7623
(in). RT is equal to TS. What is £5?
O 26 023 043 0>

A unique property among two digit numbers. -

(x). RT is equal to TS. What is 287 " 4 332= 1089 = 652- 567 ki
O 25° O 30° O 45 O 60 > . A
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Unit 7 Introduction to trigonometry

A n anelc is a union of two rays which have a common point (vertex). One of the ray is
called initial side' and other ray iscalled "terminal side’.
Sexagesimal system (degrees. mingies. seconds) is the system of measurement of ap
angle in which one complete rotation is divided into 360 parts called degrees, written as
360°. One degree is divided into 60 parts called minutes, written as 60" and one minute is
again divided into 60 parts called seconds, written as 60"

© inGircularsystem (radinns) unit of measure of angle is radian. One radian is an angle
subtended at the centre of a circle an arc whose length is equal to radius of the circle.

Coterminal angles are angles having the same initial and terminal sides and differbya
multiple of 2 radians or 360°. They are also called general angles. :
Angles are in standurd position if the veriex of an angle lies at the origin, and initial
side lies on positive x-axis.

© OQuadrantsareobtained when XY-plane is divided into four equal parts.

e Quadrant amgles are 0°,90°, 180°,270, 360°.

g Refationship between radian and degree measure

1°=7%5 radian = 0.0175 radian and 1 radian = [1%0} 57.295 degrecs.

Relation between central angle and arc length ofacircle: [=r0

) 59
Area of a circular sector, A=—5FE|

two or more than two angles with the same initial and terminal sides are called
- coterminal angles.
© Therearesix trigonometric ratios: sin®, cos , tan 0, sec 0, cot 6, cosec .
Trigonometric identities are
(a) cos’@+sim0=1
(b) 1+tan®0=sec'®
(c) 1+cot’0=cosec’d

a Angje of elevation is the angle between the horizontal line and observer's line of sight
. when looking at the top of a wall.

Q Angle of depression is the angle between the horizontal line and observer's
when looking at the bottom of a wall.

line of sight

In this unit the students will be able to

Prove the following thearems along with corollaries a
ndapply them tosolve :
appropriate problems.

@ [nanobtusc-angled triangle, the s Z
o quare on the side o i .
of the squares on the sides containing the obluscangre]:z::ht;l::ﬂim‘fe&“&h is equal to the sum
by one of the sides, and the projection on it of the other. wice the rectangle contained

@) Inany triangle, the square on the side opposi
y I « the st Pposile to an acute angle i
on the sides containing that acute angle diminished by mi@ilz::iu;l;u the sum of the
:I:us:: sides and the projection on it of the other i costalied by op of
@ [Inanytriangle, the sum of the squares on an twosidesi square third
- by . = u 5 d i i
side together with twice the square on 'Ih{‘ medlia;s\lfl:%:n::io it ird si Figprodes
Theorern). sects the third side (Apollonius'

In geometry, Apollonius's theorem is a theorem relating the
length of a median of u triangle - to the lengths of its side. It
slfm:s that "the sum of the squares of any two sides of an

imangle equals twice the square on half the third sid:'

i e
i
I-OI elhcl Wllli T II].E square on I]lE mEdmﬂ- 'JISEGHHE lhe

Specifically, in any triangle ABC, if AD is a median, then
MB[ + |ACT =2 (JADf’ + |BD)

It iS a SP i F
ecial s i
case Uf Ste“"&n‘. I]leol'em. or an i.SﬂS.QE'I_CS

‘;’;‘;ﬁt\:ﬂilmr =14(), the median AD s perpendicular to
triangle ;;; eorem l"_ﬂtluccs to the Pythagorean Theorem for
diagonal, B (or triangle ADC). From the fact that the
is equi 5 of a parallelogram bisect each other, the theorem
= qQuivalent to the parallelogram law,

etheorem is namedafier Apollonius of Perga,




Unit 8 Projection of a side

| Math formula 4/ (Apollonius theorem) j
1 AI) _ig:ﬁw median, then:
' AB+AC'=2(AD’+BD)

A B
In an obtuse-angled triangle, the square on the side
opposite to the obtuse angle is equal to the sum of the
squares on the sides containing the obtuse angle

together with twice the rectangle contained by one of
thesides, and the projection on it of the other. % - e
D

EGiven Fig. 1
il; J!;.iiBC, £ZCis the obtuse angle. Let mBC = a, mAC =b and mAB = e. E_li the
perpendicular from A to BC (produced) so that CD is the projection of AC on BC. Let
mCD =p and mAD =h.
- To prove

(mAB) =(mBC)+mCA) +2(mBC )-(mCD)

ofr f=a*+b +2ap

Statements

In a right angled triangle A ADR
(mdB) =(mBD) +(mAD)

of a triangle

Reasons

4D LBC
Pythagoras theorem

or (mﬁ]! :-—-[mﬁvlwmﬁ)z +{.ME}1 mBD = mBC+ mCD

or (mﬁ)z ={MJE]2+[M‘C_D]:
+2|:mB_CJ-(mﬁ]+I:mE)z — (i)

_| Again in the right angled triangle AADC
(mAC) =(mCD) +(m4D)

or {m-:d-E:l! —(mﬁ)! = (m_E]z —(ii)

so that (i) becomes

(m4B) =(mBC) +(mCD)

(x+y) = +y + 20

Pythagoras theorem.
Equal can be subtracted
from the equal without
changing the value.
Putting the value of

(mAD)" from (ii) in (-

J

— ——

Unit 8 Projection of a side of a triangle

+2(mBC)-(mCD)+(m AC)' ~(meD )’
(m4B) =(wBC) +(maC)

Commutative property l
of addition of real
numbers,

The difference in two

+2(m BC)-(mCD)+(mcD) - (mcD ) equal numbers is zero,

(B =(WBC) +(wAC) +2(mBC)(mTD)

cz ,-:.r‘.]'2 'F'bz + ZHF

Covollary - I:

In @ AABC with obtuse angle at C. If BD is B

perpendicular on AC produced and m BC=mAC
then prove that

(AB)= 2 (AC) (AD) d

or
¢*=2(b) (b +p)

|
Given . n P & b LA
A AABC having on obtuse angle mZACB,
mBC =mAC and BDis perpendicular on AC produced.
To prove

(mAB)’ = 2(mAC) (mAD)

or
r S
T c"=2b(b+p)
Statement Reasons

(mAB~ (mBCY+ (rnfﬁ)’ﬂ(m?é;- (mCD) By Theorem 8.1

= (mAC) (mAC)*2(mAC) (mCD)

=2(mAC)* 2(mAC) (CD)

=2(mAC) (mAC + mCD) -

=2(mAC) (mAD) Point C is inbetween AD
(AB)=2(mAC) (mAD) or - ;

¢’ =2b (b +p)




Unit 8 Projection of a side ofui =

o s2®
- ite 10 an acute angle is equal to the Sum
on the side DPE;?:?‘I: diminished twice the rectangle °°“Wi:e!:ihy

(b) C.
o), e
n figure (0 © o ggue

Given 7 .
T . je as 1

The given triangle is either acute as in figure (&) or 0:'“::;3“0& 4 if necessary as! T

m£Cis acute. AD is the perpendicular from A to CB (P FE o, mAC T

so that CD is the projection of CA bn‘C_R. Let us denote m
mCD=p, the projection and mAD = h.
. To prove

(mﬁ)l = (miE]l +(mA_Cf - Z(JHFC_)":.M_C_E}
of ¢ =a'+b'-2ap

Unit 8 Projection of a side of a triangle . . .
Proof
Statements Reasons
AADB is a right-triangle - AD 1L BC Grodiiced vihim

necessary)

- (mAB) =(mBD) +(m D) Pythagoras theorem

Also mEIi‘ +mCD = mBC Sy Segment addition postulate (. a)

{mﬁ} = (m BC-mCD)
+nAD) — @ | 7" =mBC-mCD

Again mBD +mBC =mCD

oy T, Segment a_dftio'n ?o_stulaxe (fig. b)
.'.(mAB) =(mCD-m BC) BC

Since mBD = mCD - mBC

+(mA—D)=——+ (1

But the R.H.S of (i) and (ii) are the same so we
can select any one of the above equations.
Thus from (i), we have

(mIE}z = [m‘f}E’}z} (."aur-C'_.D]:l

+(mBC-mCD) =(m CD-mBC)

~2(mBC)-(m CD)+(m AD)’
. | Commutative property of addition of

or (mﬁ)z = (mB—C): +{ma]: +(m_.45} real numbers.
~2(wBC)-(CD)—s
But(m CD) +(m D) =(mAC) —(1v) By Pythagoras theorem.
~(mAB) =(mBC) +(mAC) '
~2(mBE)-(m D) Using IV in TIL.

Some odd multiplications
37037037037 = 9= 333333333333
13717421 = 9= 123456789




Unit 8 Projection of a side of o triang|
e

+ Exercise 8.1

\. In AABC; m AB = 6cm, m BC =10cm, m£B =120°. The projection of BC on 77,
= » ] (

5 cm. Find mAC. - ‘ o
2. 1o AUBC. mAB =3cm, m BC =5cm, m AC ="Tom. Find the projection of BCon 75
: : ection of AC on AB.

3. In A4BC, a=1T, b=l1, ¢=8. Calculate the proj a
C=7cm, m AD = Scm. Find which of

—

4, In a parallelogram ABCD, m AB=4cm,m A
angles of the parallelogram are obtuse.

(Apollonius Theorem)

triangle, the sum of the squares onany two sides is cgual totw ice f;he square on halfthe
mysidc t%llg ether with twice the square on the median which bisects the third side

(Apollonius’ theorem) & . A

Fig. (b)

Fig. (3)

Given )
In the A4BC, “AE is the median drawn from the vertex A to BC.
To prove
— ] —_— 1 —_— —
(mAB) + (mAC)" =2(mEB) +2(mEA)
Construction '

From A, draw
"AD 1 BC (produced if necessary)

e NOT FOR SALE
P T e

P

1 Unit 8 Projection of a side ﬁ_f a triangle

4
5

Proof

Statements

Since AABD and AADC are right triangles,
‘ —_n1 —_—nd —_— :
(mAB) =(mAD) +(m BD)i—_.}(I)

(mﬁf =(mE}1 + ':m_DE}a —(2)
Therefore, (mﬁf +(m_/E‘)2 = Z[mE]I
A mBD) +(mDC)

But m BD =m BE +m ED

So that the last result becomes
m(ﬁf + (:HE)E = Z(mzﬁ)i
+(mﬁ+mﬁ]z + (mﬁé}z —(3)

Since mDC = mEC-mED
and  mDC=mED— m-ET:'
— —_— — 2
(mDC) =(mEC-mED)

= (mED - m@f —(4)
S0 any olne of these values can be put in place of
(mbC) and thus (3) becomes

(mAB) + (wAC) =2(mAD)
+ (mBE + mED)’ +(mEC -mED)’
ot (mdB) + (mAC) =2(mAD)
+(mBE)" + nEDY’ + 2(mBE) (mED)
+HmEC)' + (mED)' - 2(wEC). (mED)
or (m-jﬁ)! + (rm—dE]! = 2{131:-1—1))1
+nED)' +(wED)" 4+ (mBE) +(mEC)

- Segments addition postulate

Construction
Pythagoras theorem

Pythagoras theorem

Adding (1) and (2)

From construction in figure (a)
From construction in figure (b)

From algebra (a-b)’ = (b-a)’

Using (4) in (3)

~ from algebra
(a+b) =a®+b* +2ab and
(a=B) =P s =20b

Using commutative property
of addition for real numbers.




. . Unit 8 Projection of a side f oty
. (|

+2(m§§)-(mﬁ)—2(mﬁ]- (mED)

or (m:{ff + (m:d_C): =2 (mzﬁ):

+2{mﬁ]z +(1r|'1rEL"§In)z +{mﬁ)z

+2(mBE)- (mED) -2 (mBE)- (mED)

or (mﬁ}z + (mﬁi‘?-‘2 =2[(an)= + (mE_D)j}

+2(mBE) —(5)

‘*mBE = mEC a

S AF ;
median, Eis the

Vvx-x=0 YreR

AADE is a right-triangle,
Using (6) in (5),

" mEB = mBE and g
mAE =mEA J

But (mAD) +(mED) = (mAE) ——(6)
{m]ﬁ)z +(mAC) =2 (mAE) + Z(ME)E
or(mAB) +mAC) =2(mEB) +2( mﬁ}f

v Exercise 8.2

1. Using Apollonius theorem find the length of the medians of a triangle having sides 10
cm, 12 cm and 16 cm respectively. . -

2. InA4BC, D is the mid-point of BC. Find the length of the median if mAB = 4mj
mBC =5cm and mAC =6cm.

3. AABC is given with mBC =4¢m ,mAC =12¢em and m£C =120°.
Find mCD, mAD, mAB and then verify Apollonius theorem.

B 4cm C-___P
. Fie o = nd mBCsSﬂ“'
4. AABCis aright triangle with m£B =90° and BD | AC . If mAB = 6cm a
find mAD and mCD. Verify your answer with Pythagorean theorem.

" - v G A
| @+ b7< ¥ obutsetriangle \ ~ =
How to prove a, b, ¢ form =¢! ﬁghtlria"5|° A
atnt"ana;:::, right or obtuse > ¢? acute triangle ‘g
' Where ¢ is the largest side 4

Unit 8 Prejection of a side of a tridngle . .

1. At the end of each question, four circle

. s are given. Fill in the correct ¢
(1), Phythago]-as was a /an . orrect circle only,

mathematician,
© Indian O Greek O" Pakistani O Chinese
(i1} Apollonius was bom in .
O Perga O Isanbul O Istamabad O Kabul
{1111 Apollonius is the name of a .
O City O Town O Country ©  Mathematician

2. Find the projection of the side of measure 10 units upon the side of measure 17 units
inatriangle whose sides respectively have measures 10, 17and 21 units.

3. AABC is a right -triangle with m.2 4=90°. From the vertex 4 perpendicular AD is
drawnon BC.If mAB=5cm, mAC =8 cm . Find mBC, mAD and mBD .

4.In the above question , BE is a median. Find mBE using
Pythagoras theorem

Apollonius theorem
5.Find A, x and y in the figure.

© Amedian ofa i angle is a segment from one vertex of the triangle to the midpoint of the
Opposite side,

© Inan obtuse-angled triangle, the square on the side opposite to the obtuse angle is equal
1o the sum of the squares on the sides containin 2 the obtuse angle together with twice the
rectangle contained by one of the sides, and the projection on it of the other.

@ Inany triangle, the squarc on the side opposite to an acute angle is equal to the sum of the
squares on the sides containing that acute angle diminished by twice the rectangle
tontained by one of those sides and the projectionon itofthe other.

' Inany triangle, the sum of the squares on any two sides is equal to twice the square on
|1_=1|f‘th|: third side together \\'ith?\vice the square on the median which bisects the third
Side (Apollonius' Theorem).




Linit 9 Chards of a circle

One und only one circle ean pass through three non-collinear points,
Given

A, B and C are three non-collinear points,
To prove

One and only one circle can pass m;'m.gh the points A, Band C.
e =T L

; - ollari Construction
ith corollaries and apply them to solve 5 o 3 ,
To prove the following theorems along with ¢ PPropriate Join B 10 A and C. Draw perpendicular bisectors {5 -
:—0 ]:) Do nl can pass through three non- collinear points, YE of 4B and BC respectively, which intersect at O, Toin
neand only

|
!
| ioht line, drawn from the centre of a circle to bisect a chord OtoA, BandC.
[ ® &mgisnut a:;iiameter)is perpendiculartothechord. Proof
! @ Perpendicular from the centre of acircle on achord bisects t. ” Statements Reasons
| @ Iftwo chords of a circle are congruent then they will be equidistant AW n AOAD «—>AOBD Botha
' ; Ly = h are right angles,
i from the centre . . . e bates: wie ¢ £0DA= £0DB of gles.
‘ ® Two chords of a circle which are equidistant from AD=ED D is the mid-point of 4B,
congruent. e Common.
J m : OD=0D S.A.S postulate.
One of the most useful applications of the circles is the wheel, From ancient times until today, ﬂGA-D_E AOBD uc_lf;zﬂig:ﬂdﬂ‘-& sides of congruent
' ontribution to progress in travel, ) ’ L Od= — (i "
the wheel has made an enormous ¢ i Pprogr travel, transpartation, industry O4=0B Bothgam right angles,
ivilization. . o 63 ; ; Lo i -
ffﬁf;:i:ﬁf:ﬁﬁigg 1_12[:&1tg in & plaoe the ane equidistant rom: a given point i the I:::]:,Ef Again Hj:: g(E}gi (é——aOEgOCE E is the midpoint of BC
known as the center of the circle. A radius (plural, radii) is a line segment from the cen == = ! Common.
the circle to a point on the ci HEREE S.A.S postulate.
OF=0F Corresponding sides of congruent
». BOBE = AOCE R
. OB=0C —s (i)
From (i) and (ii), 04=0B=0C Transitive property of congruence,
e __N 13 g~ = = mOA =mOB = mOC
S IS S It means that the point O is equidistant
A chord is a line segment whose endpoints It_c on the from the three points A, B, C. Therefore a circle
circumference of a circle. It divides a circle into two

withcentre O and radius mOA4 or mOB or mOC
will pass through the points A, B and C. Since O
15 the only point which is equidistant from the
Points A.B and C. Therefore one and only one

L:E’Fl‘-‘ can pass through these three non-collinear
omits,

segments. The larger part is called major se gment and the
smaller part, the minor segment. If the chord happens to
be a diameter, each segment is a semicircle. A diameter
is a chord that contains the centre of a circle. A circle can
be named by using the symbol ® and the center of the
circle. The circle in the illustration is ® P, or circle P.
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}

" diameter)is perpendicul

drawn from the centre of a cirele to bisect a chopg

(Whig
I
arto the chord. -

A straight ling,

&?:::;: -.;.riih centre at 0, AB is 8 n.jhf)rd of the circle.
N is the mid point of 4B which is joined to O.
“To prove
ON L 4B
Construction o .
Join O to A and B. d
Proof A
Statements Reasons
In AOAN ¢ {—:lﬁOEN
04=0B
AN = BN Radii of a given circle
ON=ON Given
.. AOAN = AOBN ?ﬁﬂ;} -
i Corresponding angles of the congruent
triangles
But  ms1+m£2=180° —— (i), | Supplementary angles postulate
smZl=mZ2=90° _ ;
Hence ﬁ J.E s mll=msd
| Example [} 1nOP, if M L AT, PT = 10, and PM = 8, find MT.
i - Solution LPMT s a right angle. T .4 ;
APMT isaright triangle. ~ [hf. of right il 0‘
[MT}Z + (PMF = U’T:lz F.‘f.’.’.‘.‘{gﬁ}!‘."_':a Theowen . T
(MT? +82 =12 - . Replace PM iwrthr 5 and £T cuifh 10.
MIV+64=100 8= 5g;70" = 100
(MIY + 64 - 64 = 100 - 64 Subiract 6+ frony each side.
(MT)2 =34 Simplify.

Take the square vt of cac sl
Simplify.

B T S

ool

N 3

- S - . o |

e —

Unit @ Chords of a circle . i

perpendicialar Trom the contee oo
- reofa circle any chare hisects iy

Given
Acircle with centre at O, AB isa chord. ON |
To pruve

7B

Construction / o = B
Join O to A and B, '
Proof 2
Statements
: Reasons
In AAON «— ABON B
ZLONA = ZONB Right angles
ON =ON common
Siass Radii of the same circle
- AAON = ABON HS =HS
Hence AN = BN Corresponding side
| tritng] g;m ing sides of congruent

i Example |70

©p l-aas aradius of 5 em. and PX is 3 em
PR is perpendicular 1o AB at point X, Find AB.

Solution
By the Pythagorean theorem: ' :
(AXF+32 =352

(AX}Z = 52 - 33 .
(AX) =16 ) .

B g

. 22 ) A
B)' the radiys ang chord theorem, PR bisects AB, so
X=AX =4,

T
Rerefore, AB = AX + BX =4 + 4 = em,




!ﬂ - S
ic.. ‘- B " e == 2 =1

e in OR, xy = 30, RX = 1?',:11}%1’_132 42 % Unit 9 Chords of a circle
8 X Example o Find the distance fromR to A%

- %t
ution_ | v Iftwo chords of a circle are con
L._-SEL._HH'I‘I'ua measure of the distance fro:nilfobx‘f r——— aruentth
- — -y -1 5 :
is RZ. Since RZ L XY, RZ bisec L ) A circle with centre O, AB and CD

XZ = %-(30) or 15. are two congruent

Theorem 9.3, Thus, chords of the circle,

For right triangle RZX, the following equation Y To prove
I s == T
c:; be written. Y AB and CD are equidistant from the centre O,
2 Puthacorcan Thearen Construction
2 4 (X2)2 = RX) 8 . : _ —
((igz + 182 = 17 I—;_.‘.,.\,g:-,-.-t- XZ ¢ 15 aind RX i 7 Join O to A and C..d_ds_odrawEr_pendlculars OF and OF
(RZP + 225 = 289 15¢ = : = 289 on the given chords 48 and CD respectively,
7R+ 225225 = 989 — 225 Sublract 225 from cach side, Proof .
T Rap - SipHy , —Statements _____
(Rz‘jl = \/BE -fii.-'-.r fhe s i U..-'rurir.‘h Sfdf. B DE_ AE_.and of_l_ CLD__ ; Constructinn
RZ =8 Sinplific. o AE iE'B and CF = DF | By the use of Theorem 9.3.
L ‘ Or m AE =m EB and mCF =m DF
The distance from R to XY, or RZ, is 8 units. Sit I oD Given
v Exercise 9.1 - - |or HI_A:E_+ mE: MmCF +mDF Segment addition postulate
e ——— T ; mAE +m AE =mﬁ+mﬁ -mEB = mdE andm'ﬁz E
: siomid ich is 10 cm from thecente iy i - : e m
L. Iftheradius of acircleis 30cm, find the ]er&gth (.}fa chﬂl'f‘il Whl:;.elcentm is 18 cm. Find® 2mAE =2mCF Addmg equal quantities
3. If a chord of a circle is 48 cm long and its distance from T T Dividing both sides by 2.
diameter of the circle. . whichisd —_— — _
3. The diameter of a circle is 5 units long. How far from the centre is a chord ;r AE =~ CF (1)
inlength. i ok ow in AAOE «—— ACOF
gth - I . he centre. Find the leagh Od=D0C Radii of the same circle
4. A chord of a circle is § cm in length is drawn 5 cm from the ¢ A A=0C Frot Q) proved thrve
oy i i from the centre 0f3 circle""ilhw AE =CF —(ii) Right angles
5. Find the length of a chord that is at a distance of 5cm from LAEO= ZCFO HS = HS-
. 6 Incircle Q QW LXY, QT LYZ, QW=5,QT =5 __ “AdOE=ACOF Eﬁg"d"‘g s i
and YT = 12, Find XY. ~ OE = OF or mOE =mOF
" AB and CD are equidistant from the
centre of the circle .

Fﬂmllary
ft congruent circles, congruent chords are equidistant from the mm



4

ichor : i
cherds ol a cirele which are equidistant

rele with centre at O, 4B and CD are two chords of the

€. OE | AB, OF LCD and OF = OF.
‘prove

— ——

irom the centre

AB = C
mstruction
O with A and C.
pof
Statements Reasons
OE 1 AB and OF L CD Given
smAE =m EB and Theorem 9.3

mCF =mﬁ—>(§)
Now in AAEQ +—— ACFO
A_AEQ_EZCFO
0OA=0C
OE =OF
: AAEO = ACFO
~ AE=CF

| Both are right angles

Radii of the same circle

Given -

H.S = HS

Corresponding sides of congruent
triangles .
Double of equal lengths

AB = mAE + mEB Segment addition postulate
Also mdB = B s
m:i_ﬁ = m—Af + mﬁf =2m AE ——(jii) | *wmEB = mAE
Similarly mCD = 2mCF ——»(iv) |From (ii)
e ZF"E: 3¢ C'EFE From (iii) and (iv)
Therefore ”"4‘?__:_ m
4B = CD =
o ngruent.
ence the tWO chords are 0
H,/’/’ﬂ’i’th;cenm are also congnmn%-
Y i sidistant from
ongruent circles, chords €d

4 Unit 9 Chords of a circle

[y Example [ Circle 0 has a radiy . ' . -i

. s )
| 3 centimeters from 0. Compare the Jey mq:%ﬁggm.

Solution "
| Draw OT and OP. L and OF wre radhi of circle O
OT=OP=5 ; irele O,

vitliv ol the <ame cipele
I e cuele have the
Yol I LY

(W)’ + (WP = (0P} (0Q) + (17 = (o1

3+ (WP =" 40Ty = 5 8 s
AWEL San=9 (0T =259
(WP) =16 (OTY=16
i WP=4 QT=4
PR = 2(WP) =B « Theorem 9.3 ST= 2QT) =8
Chord ST and RP are congruent,
[ Example 7 Thelen
e gth of two paralle] chords of a circle of radius A
8cm respectively. Calculate the distance bmeenthechnr:s s G
Solution ) |

InAAON, (ON)* = [22_ 4

=144 - 16
ON = /128
ON =1131em
In AYOM, (OM)? = 122 - 72
=144 -49
OM = /95
OM =9.747 : !
In first case NM = ON + OM
=11.31+49.747
=21.1cm
_In second case, NM = ON - OM
=11.31-9.747
= |.56cm

'r .
hilgﬂre the distance between the chords can either
ut21.1em or 1.56 em,




e

e . Exercise 9.2
Cle g radj |
Calcy) o 4
5 2 ate the dlslance belweenal’;c[;:;}f; s = o
| ‘ o 8
andOM?\lrﬂ l;.; chords P and MN are 3¢, a
¢m. Caleylate the radiyg ofthe cirele '

CirCI.E C has -
d radius of 1, : :
C and chord PR is 8 unitg frocﬁuéd QTis 5 unit from

:- Compare the lengths of PR and QT
- Compare the distances of PR and QT from C

l"'lmt 9 thw,q T
g,
8 Bemang Bempg

ety

Parton the Sameside ofy ¢

At the end of each question, four circles are given. Fill in the correct circle only.

(1), Inacircle, two chords are equally distant from the centre of the circle, The chordsare
O congruent O not congruent O parallel © non parallel
AB and CD are two chords of the same circle ® and 4B < CD. Then

AB lel to CD
O AB iscloserto O Q 4B :'m:ist !::epaml el to
O CDiscloserto O . O Car.1 t l:c;n it
Achordis5Scm from the centre of a circle of radius 13cm. .
(111)

O 12 centimeters
O 6 centimeters o cem |
sntimeters _o + ¢ 25, The distance of the chord
O 24 centim long is contained ina circle of radius
. :d 40 units long 15 ;
(i) Aeher fihecircleis
ecentre @ s
o i, O siami
8,/3 units long 18 _
). A chord ircleis '®) g2 units
P radius of the circie

®) 14.4 units with centre 0 ad

: t
ent circular figu hord inwrcepwd #

C
the length of ® °C 1o

fthisct
m the centre© O 6em

{11]

O 50.1 units
a circle, The length of the

0 248 units

O 47.1 units
the centre Of

8 units

re
In the adjac
radius 56

4cmaway

O 4cm
o

1\'[‘.

©

Unit 9 Chords of o circle

(vii). In the diagram , circle O
CE = 2. Diameter AC js
BDatE. Whatis the len
O 12

O 10

45 a radius of 5, and
Pempendicular to chorgd
gthofBD?

O g

O 4

2. Incircle O, ABis a chord, 04

), AB is a radius and A8 10C.
{Leave radicals in your answers in simplest form),

(1. IfAO=13mand OC = Sm, find AC and 4B,

(ii). IfAB is 16 cm long and is 6 cm from O. Find the radius
and diameter of the circle.

(1i1}. If the diameter of circle O is 34
centre is a chord 30 cm long?

(1v). The radius of circle O is 25 unj
0?

cm, how far from the

N
ts long, How long is ABif it is 7 units from point
(V). Chord AB is 10 m long and is 5 m from O, Find OA.

3. The perpendicular biscctor of a chord X
and NP=2em, calculate the radius of the ci

cuts XY at N and the circle at P.IfXY = 16cm
rcle,

R Summary

© Acircle is the set of all points in a plane that are
- Planeknown as the center of the circle.

® A radius (plural, radii
circle,
Achord isaline segment whose endpoints lie on the circumference of a circle. It divides
acirele into two segments. The larger part is called major segment and the smaller part,
the minor e gment. Ifthe chord happens to be a diameter, cach segment is asemicircle, -
Adiameter s achord that contains the centre of a circle.

Oneandonly one circle can pass through three non-collinear points.

A_ Straight line, drawn from the centre of a circle to bisect a chord (which is not a

diameter) i perpendicular to the chord.

Perpendicular from the centre of a circle ona chord bisects it.

ftwo chords of a circle are congruent then they will be equidistant from the centre.
Two chords of a circle which are equidistant from the centre are congruent.

equidistant from a given point in the

) is a line segment from the centre of the circle to a point on the
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Unit 10 Tangent to circle

nhicyls
] sertoa radial seomme
‘ement ol acircle atits vuter end point, it is

Given

A circle having centre O wi ST,

e with a | dop

perpendicular to the radial segment O_C'::it.:iu:::lﬂhd is
8 cn

is unit the students will be able to dic
To prove the following (heorems along with corollaries and apply them to solve appropriate r ic. AB LOC.
problems. ) i To prove 9B i
® Ifalineis drawn perpendiculartoa radial segment of 2 circle at its outer end point, itis tangent to 1 15 & langent to the circle,
i the circle at that point. i Construction
f @ The tangent to a circle and the radial segment joining the point of contact and the centre are | ol
perpendicularto cach other. Take any point D on AB  other than C. Joi
@ Thetwotangents drawnto nci.rc'iefrumapointnulsidch.mequa.limcngth. : »JomOtoD. -
| @ If two circles touch externally or internally, the distance between their centres is respectively : Proof
i equal to the sum or difference of their radi. !
{ ) ! Statements
| ST — —
il : : . | OCL A ;
u The moment of an object revolving around Earth in a N : & s Given
1 circular orbit is in the direction of a line tangent 10 the — = @M | o the AOCD is a right triangle
orbit of the object. You will encounter such lines | Caic ! o . el anid 22 e mZ0CD =90°
’ &equenll)'. ¥ Thus mZ0CD > .;;e Le. Ll+/22=00°
m
i Secants. and/ TAngents . +£0CD isarightangleand £2 4§
| ‘ : s LmOD s mocC acute angle. e
1' Alinein theplane of a circle may or may not imcrsectthz-:irclc.Theraamlhrcepossxbﬂnues. moC o) S
- _ L . greater angle has greater
't ‘\_‘_v‘ . But OC is the radial se [ side opposite to it.
o H .
i Tangent k: outer end, gmem with C as its | Given

line A e
| | 1es in the exterior of the circle.

Hence rd?mects the circle ;
e circle at one and only | Definition of tangent to a circle

]
|
/ one point which is C,
) e

{} prints ol {iersection LAB
IS tangent to the circle. N e
= Toae

g

ﬂ":’ 2 points of miersection | point of intersection

'] . . . k.
i Asecant toacircle is the line that intersects the circleattwo distinct points. Jfa straight ltll::’f
§ & and a circle have only one point of contact then that line is called a tangent and the poif

intersection is known as point of tangency/contact.




Unit 10 Tangent to circle

Thetangentto? circle and the radial segment joining the point of contact snd thecentic
are perpendiculsr to each other-
A = _ Y
Acircle with centré 0.AB 18 tangent 10 the mrch.a a:"td
l point C. oc isthe radial segment which is obtail .
by joining 0O with the point of contact C of the tangent

—
AB .
To prove

f—

0C L AB
D
and D. A

Construction
Take any point D 08
Proof

H except C. Join 0

Statements
b i
.+ AB istangent10 the circle
Given

Definition of tangent to & circle.

at the point C.
So Cis the only point common to the
—
circle and the line AB .

—
point on ‘AB_ other than C

‘ Construction
Disa ” N 'd
point of AB 1 outside.

- Disan exterior point of the ¢i Except C every

rcle.
the circle.

It means, m(r)-ﬁ > m(_r)E

P ———

Hence mOC  isthe shortest distance
§— B
petween the point O and the line AB . AAORB = AOC point of contact.
— s HS =H.S
OC LAB AB = AC Cormespondi
! Corollaries -,cl.ccﬂﬂb’ z Or AT =il lt'ia;lg:f:n ng sides of two congruent
1. Atanypointon the circumference ofacircleone and only one tangent 10 thed! orollary
drawn. jrcle: ttwo
e of the® angents d ;
{hrough thece? rawn toa circle from an external point subtend equal angles at the
centre,

2. Perpendicularmawngem atthe point of contact passes

[I E '
l xaﬂllﬂ ‘@ CHis tangr:nl in the fi 0 e
gu the ci le. Find the | h
€ et F cngt of scgmcnl cD.

! §p]uliun - i i
1 d S]ﬂ{:c CBis ?angcﬂt to ﬂle Ci[c]e thﬂl ABLCH
: _.

This means that A4BC |
BCisarighttri
| the length of line scgment Agél tniangle and we cana

Atﬂ:ffﬂ:"‘-&ﬁ"
.P!C?=25+64__'39

€D =AC-AD e,
=9.43em-5cm=443 ¢
C m.

.[.i % " - | --l_-- B
1 two tangents deawn to acircle o ; |
Given ‘
A ci‘rcie with centre O, A is any point
-:d:-uls!d: the circle. AB and AC are
rawn two tangents from point A
To prove .

* Unit 10 Tangent to circle

pply the Pylhagareép theorem to find

from i
8 S
;'Jmnlnumdeu.aretqulinl I
ength.

mAB = mAC

| Construction -
JoinOtoA, Band C

Proof

9Statements
Reasons

In AA0B & AdOC
40= 40
OB=0C

ZABO= £4CO = 90°

Common
Radial segments.
Ri
ight an.glts because tangent to a circle is
perpendicular to the radial segment at th
e




Unit 10 Tangent to circle ' ‘5Unlt 10 Tangent to circle

i Example 5

In the adjacent figure, AB and BC
are two tangents. Evaluate x,

|y Example B are used in

| Solution  We know that tangent segments

Gﬁﬂﬁﬁos’.tioning satellites

pavigation. 1f the range of the catellite, AX is from an extemal point are cqual. B
16,000 miles. Whatis therange of BX? so, f? = 2B;::
b 5 -
Solution ¥ =21-5 o]
e ircle from .
— d are tangents 10 & Circ . _
.{Xand BX an | point, S0 they arc cqual. x - 16
the same extemal PO il | x=4
=Bx=‘16.0u mies ) o =13 |
i M( t segments 10 cirele R. TR =5 And RO \ v Exercise 10.1
| Example @ QT and OS & e e ! | he length of 3 {68 incle of radtios
. . -1, Find the length of a tangent drawn to a circle of radius 6 - .
Find QTand 5. \ " 10cm from the centre of the circle. cm from a point at a distance of |
i 2. Find the radius of a circle if the length of the tangent drawn is 8 . .
Solution 2 _ | centre of the circle to the point outside the circle is 9 cm, is 8 cm and distance from the
. is a right triangle. - e ==
Since ORT 15:1 righ s . 3. Achord AC t:lfﬂ circle is produced to P. From P a tangent PB to the circle is drawn. Prove
- (QRY =(@T) + ( _ that m PBC=m £ BAP.
(13)-= (ry + % Q ’ 4. In the following figures AB intersects the circle, find a.
1 | |
169 = (@T) + 25 .:
| ¥ {
(ory =169 - 25=14 .
QT =12 E E
= =12
or=05=1 ; iventhat
ABisatangent1o the circle, withcentre 0.Given |
I Examp le_@ e find the value of x, and £AOB- ol () (i) I
AB=8cm,BC= 5cmand OA=XCM: 5. [ftzle radius of a circle is 8 cm. Tangents drawn from an extemal point Pmake anangleof |
i 69 - Find the distance between the centre of the circle and the point P. ;
L SelutoR * 6. Given that PA and PB are tangents to the circle, with centre O, find the values of xand y in i
£AOB =9 each of the following figure. ;
OB=(x+ 51:]‘“ \ ;
= + 8‘ :
w  =r ;
No ,‘2+10x+25="2+64 [
10x = 64 -23 L
05 \ | f
x=3 - -.
i

8
In AAOB, tan ZAOB =73

Therefore £AOB = 64.01°



i~
‘A -
VB radius 0
below. VA and VB aretang,e_nu?P,the
| hm‘ﬁﬁ'-"::d VA=’6 cm. Find the following. _—
g o ap G PV (V)
(i) VB (11). 4
In circle N. verify that line £ is a tangent. ;
8. Inc :
. Verify that 4B is tangent to Cat B.
X
A6
t AD + BE = DE.
E are tangents to 2 circle as shown prove tha
. DE and BE are E
10.1f AD, DE an: )
D

s
. tangent circl

- i e point are called g ¥
Two circles that intersect in on¢ P tre arc called concentric cr.;;lcs :

cn
Two circles that have & common ¢

ke ]

i

Unit 10 Tangent to circle . .

I two circles touch o .

Crn; ”\ ”I(' “i tanc W
o A ald {'b i
e r:“”i. 1 5 et €en tht‘ll CI."HIIES fSﬂIUE] lo thf L

Given

,“_m circles with centres @ and o which are touchin

O4 and OA are the radi] SEEMents of the cirgles
To prove .

& each other externally at the point A,

m?J_O‘_ = m_(ﬁ:i +m}_57
Construction

!}raw a commeon fangent BC at the POInt’A which
is the common point of contact of the given two
circles.

Proof

T

Statements
MmLBAO =9pe

—

(i) " Atangent1o a circle is perpendicular
to the radial segment at the point of
contact.

- e
S Y

Similarly
MLBAO = 90° (ii)

" Atangent to a cirle is perpendicular
to the radial segment at the point of
contact,

VMELBAO+ms BAO' = 90°+90°=18(° Adding (i) and (i),

MLBAO and mZBAO are supplementary | * Their sum is 180°,
angles with the common vertex A.

gl —
A0 and 40" ape opposite rays, Postulate of supplementary angles,

This Mmakes O, A and @', the three different Consequence of being A0 and Ia—".
Collineay points, the opposite rays
segments addition postulate,

MO0 = MOA + mAD"




I fgspwﬁvely

-
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Unit 10 Tangent to circle

e nerimeter of a triangle
. ireles touch in pairs externally. Prove that the pe
e circ mall s
‘1&%‘;{" Echeh::::esis 1to the sum of their diamete
3o :
" Glven

: s et Ty, 800
B and C their radii are Ty =
Three circl,eﬂhn;; E;‘:::zlﬁn irs externally 2t D Eand

30 0

circles.
P::i;?t:reuf AABC = Sum of the diameters

Proof

in pai Given
ircles with centres A,BandC touch in pairs iv
ex'ternﬂ?lly at the points, D, E and F.

of these circles

== i
mﬁ: mF'i' I'HF-B E:.)'} .

oTa il

— — C ‘IL'
RGeS " (iid) &

and ma =mCE+ I‘ﬁﬁ - L‘t

mAB+ mBC+mCA #AF + mFB+mBD Fy:

. +mDC+ mCE +mEA
= (mAF + mEA)+ (mFB+ mBD)
+ (mﬁ"-l- mCE)

. ferim:tcr of AABC=2r, + 26, + 2,
=d, +d,+d

= Sum of diameters of the circles.

d =2.d= 2r, and d, =20
!

g
are diameters of the circl

10007

Using only addition, how do you add eight 8's and get the number

Apswer:  BBE+BBH+E+E+R = 1000.

: Unit 10 Tangent to circle

Shaben their contres i the difference of
Given 70
Two circles with centre 0
and @' toyeh ;
and O4 are radial segments of the coch other inermal

se circles, ly at the point A such that OF

To prove

| m o0 z’”b_f?‘m-{_}_g
Construction

Draw a common tan

which is the commo

gent BC at the point A
twoa circles,

1 point of contact of the

Proof

Statements

. | Reasons
Since the circles touch each other at A

therefore both GF  ang 04 are
Perpendicular'to BC |

3

** Atangent to a circle js i
. perpendicular
to the radius drawn through the point of

MEBAD =m/BAO = 9g°

e, 04 A E_C-‘q at A,
and B’IJ, :E_Fal A,
_'. OJ Oi‘ .
i and A lie on the same straight

At a point on a line 8 unique
perpendicular can be drawn on it

Segment addition postulate,
From a law of equation,

MOA = m O0" + mOA
or

mog = ﬁia}—maﬁ-




Unit 10 Tangent to circle

| Example {8 wocirc

n’fcentrcs[a} ifthe circles are ta :
the circles are cencf:mric,(d) if thecwc!.es are

..

L So‘lutlon
Let R = radius of = radi
{a) gince R=9 andr=
l'a)SmceR =9 an drrl’.
(c) Since the cuclcs have t

(d) Since R= 98

nd the length of their line
ernally, (c)if

~ )

e'ny Fi

les have radii of 9
ntextemally, (p)ifthe mrclz:s are langent int
units apart. -

jus of smaller circle.

and 4, mspeclw

: ' '

.d'

'.ﬂ)

lnrger circle, r =
0'

R+r= ~9+4=13.

—r‘=9“4=5

ine of centres has zero length.
~94+5+4=18.

Unit 10 Tangent to circle

1. At the end of correct
e each question, four l:ircllcs are gi
n the figure, ACB j5 called L -
y.

Q anarce

D ﬂchord D a secant

{1} . . ] H
I In a circle with centre O lfa—— ﬂdlﬂ.lngm
segment and PTQ is lhclla Tis the radial
ngent line, then

| O Oriro
. e £ o Fs
O orl|lro OT L PO
4

O OJ nght b]sﬂ:tl" of F!?
15 gh
] wo Iallgcnts dIaWIZI to a CIICIE fIDlII. a [Jﬂmt outs|
|d= " are of

.....

O h
e

I !ﬂ ule dlagml'll,B a poi o tan F L

Glnp:e

3. In the ﬁ gy
Given ll'1g %=, BP isa tangent to the circl
at ZAPO =33°, find £PBA, =Nb iR

—
Exercise 10.2 I .
allv Wiy whit
1. Iftwo circles wnh radii 8 cmand Jcm mpeclwely touch each other ¢ externally. then wh ¥ e W - 8
isthe distance betweentheir centres’ Jius of the is the centre of the ¢
3. The distance between the centres of tWO circles touching internally is 3 €m- The Togﬂl;ﬂls AandB. TAisa tﬂagent:::;em ing through
the bigger circleis 17 cm. Whatis the radius of the smaller circle? . Whatisthe (engih® of & astraight line, mrcle atAand
3. Inacircled 10 cmlongchord isat adistance of 12 cm from the centre o Foen it 2K O h i, B
achurdatadtstanceof cmfrcmlhe-::emre‘? - ihe distance ce of ¢ ,Find (i) ZATB, (i) ZTAB
4. A chord is 18 cm long. The radius of the circle is 15 ¢m- What is th€ 5. Giv :
midpoint of the chord from the centre of thecircle? fradius ancﬂ that PA and PB
i 5. What1sthel-:ngtlmfachordntdxstancc of 6em from the centre ofa urclc;oh Fhe ch [ﬁgs oll gents to each of ta:-um
6. The distance of 2 chord from the centre of a circle is 3 cm, and ! the lengt f;iwmg sl Sk i u: |
gom. Whnusthedwmem? o distance of e “l;kn;m the values of the |
and one of the chords is of 12 cm. What 13 the wns, ,

1. The radius of & circleis B em
chord from the centre?

8. The length of a chord of a circle of radius 7.5 cm i b¢
centre ofthe circle?

m, What is its distan¢




Unit 10 Tangent to circle

Activity K

' Lengths in circles in a coordinate plane

Use the diagram for lengths.

a. Radiusofe@A

b. Diameter of @A

c¢. Radiusof®@B

d. Diameterof@B

e. Radiusof®C

f. Diameter of ®C

g. Radius of@D

h. Diameter of @D

L%

g Summary:s

A secant to a circle is a line that intersects the circle at two distinct points. If a straight

line and a circle have only one point of contact then that line is called a tangent and the

point of intersection is known as point of tangency/contact. \

A line is tangent to a circle if and only if the line is perpendicular to a radius of th

circle atits end point on the circle.

Ifaline is perpendicular to a radius at its end points the line js a tangent

Tangent segments from a common external point are congruent.

The tangents subtend equal angles at the centre. , ;

The line joining the external point to the centre of the circle bisects the angle between

the tangents

Iftwo circles touch externally, the distance between their centres is equal to the sum of

- theirradii.

Q_ If two circles touch internally, the distance between their centres is the difference of
their radii.

Did You Know? —
3025 =(30+25)
: ‘and
2025 = (20 + 25)’

S T e -

-

" In this unit the students will be able to

To prove the followi i i '
E lflems. wing theorems along with corollaries and apply them to solve appropriate

@ !;EIO arcs of a circle (or of congruent circles) are congruent then the correspending chords are
o ::}:: :I}:.::g; :{i‘:c ﬁ'ﬂfﬁﬂ :;c:zgntz.cnt circles) are equal, then their corresponding arcs (minor,
& f;::::, p::l;{;ﬂ:g :je‘ : “:;Tle (or of congruent circles) subtend equal angles at the centre (at the
e it o gt i) o o

T

e
i 4
2

Circumference

WhV i T Bortant o
Anorange may consist of nine wedges, seen
E‘esmss section here. Thus, an average
: 8¢ Would form a central angle of about
y:::'lﬂln;l{h of the full circle, or 40°. (When

00K at a typical orange wedge, does i
Stém to be about 40°7) i e
C Moot VimorATes |

tt:] it:ci;s an unbr:::l:en partofa circle. Any two distinct points on a circle divide the circle into
- The points are called the endpoints of the arcs.

Central
angle




Unit 11 Chords and arcs

N
MON and MLN are
semicircles of @P. |

L o & 3
MLO (blue) is a major
M arc of OP. .

A semicircle is an arc whose endpoints are endpoints of the diameter of the circle. A
semicircle is informally called a half-circle. A semicircle is named by its endpoints and

another point that lies on the arc.
A minor arc of a circle is an arc that is shorter than a semicircle of that circle

Aminor are is named by its endpoints.
Amajorarcofacircleisanarc thatis longerthana semicircle of that circle.

Amajorarc is named by its endpoints and another point thatlies on thearc.

| MO (red) is
@ minor arc
of OP.

R
Central angles of circles e .
are used to find the =~ RS is the intercepted !
measures of arcs S | arc of central angle £RPS. |

angle in the plane of a circle whose vertex is the centre ofthe

A central angle of a circle is an
other points lie in the

circle. An arc whose endpoints lie on the sides of the angle and whose
interior of the angle is the intercepted arc of the central angle.

[ Math Fun'=J
1 %9+2=11

12x9+3 =111

123 x9+4=1111

1234 x 9+ 5=11111
12345 x9 +6=111111
123456 x 9 +7=1111111
1234567 x 9 +8=11111111
12345678 x 9 +9=111111111

Amazing

123456789 x 9+ 10=1111111111

B oo SAE

J

Unit 11 Chords and arcs . L
i two ares of a eirele (or of cong
chords are cepial,

[Case mr one circle

Given
A circle with centre O AEB and CFD are congruent arcs

i.c. AEB=CFD. AB and CD are the corresponding
of the given congruent arcs. ponding chords

To prove
AB=CD.
Construction
Join O'to A, B, C and D respectively and name the central /| and /2

ruent circles) are coneruent then the correspond

Proof
Statements Re
In AOAB < AOCD . e
_(.J'f = 95 Radii of the same circle.
OB=0D Radii of the same circle.
L= 22 Central angles of two congruent arcs.
AOAB = AOCD S.A.S Postulate
AB=CD C_orrcspunding sides of two congruent
triangles.

Case {1 '
[:m two congruent circles




. - . 3 Unit 11 Chords and ares

Given
Two congruent circles with centres O and (i" respectivel
congruent arcs of these circles where AB and CD are the corresponding chords.

To prove
AB=CD or mAB = mCD

y. AEB and CFD are two

"Construction
Join O to Aand B and O to C and D respectively.
Proof
~ Statements Reasons
In AOAB < AO'CD
0A=0C Radii of two congruent circles.
OB=0D Radii of'two congruent circles.
=2 Central angles of two congruent arcs
AOAB = AO'CD S.A.S Postulate
AB=CD Corresponding sides of two congruent
triangles '
Or  mAB=mCD

¥ Tidbit {

The sum of any two odd numbers is even;
the product of any two pdd numbers is odd.

Real Part

. v £osboaemalics X -

Unit 11 Chords and arcs

1 . = o el Sy o P
M two chords of a circle (or of congruent circles) are o

. : e jual, then their ¢ - A3
arcs {minar, Major or semi-eireular) ar eir carrespondi

[Case [€)]] For one circle
Given

A circle WH centre O having two chords AB and CD
such that 4B = CD.

To prove

AEB=CFD (These are minor arcs of the chords AR
and CD respectively).

and :!EB = CED (These are major arcs of the chords AB
and CD respectively). '

Construction
Join O with A, B, Cand D respectively.

Proof
Statements Reasons
In the AAOB < ACOD
g{ =0C Radii of the same circle.
OB=0D Radii of the same circle.
AB= CD Given
AAOB = ACOD 585=8558
Ll= /2 Corresponding angles of two congruent
triangles.
but £1 and £2 are central angles
AEB = CFD Definition of equal or congruent arcs,
Thus the corresponding minor arcs of two s
¢qual chords 4B and CD of a circle are ' -
congruent,




& Unit 11 Chords and arcs

;h—ﬂ_m Let's prove the same result for two congruent circles

G
o
1
AVB C\ / D
E ¥

Two congruent circles with centres O and O" with two chords "AB and CD respectively
which are not the diameters such that mAB = mCD or AB = CD .
To prove
AEB = CFD (these are minor arcs corresponding to the chords AB and CD ) and
AGB = CHD (these are the major arcs corresponding to the chords AB and CD)

Construction
loin O with A and B and O with C and D. This gives central angles labeled | and 2.

Proof .
| Statements Reasons
In the AOAB & AO'CD
04=0¢C Radii of two congruent circles.
OB=0D Radii of two congruent circles.
AB=CD Given
AOAB = AO'CD S.8.5 = 588
Ll=L2 Corresponding angles of two congruent
CmLl=mL2 triangles.
mAEB =mCFD - Condition of equality of two arcs.
AEB =CFD
< the corresponding mincf_aics of two
il chords AB and CD of two
sruent circles are congruent.

Unit 11 Cherds and arcs B .

I Example [l A point P on the circumferpece ic ...
Prove that mAP = mBp Y "‘q"ldlsﬁnf from the radii OA and O
Given
AB is the chord o i ;
circumf[‘i!renca of 111: giri}?i[: f:\qswtlztiic:lli:t?'al!:':;:.eﬁ-q,mm'.l ;iinl P
radii OA= OB
so that mPR = mp§

on the

To prove
mAP = mBP
Construction
Join O with P. write Z1 and £2 as shown in the figure
Proof

Statements %
In £rt AOPR and Zrt AOPS £asons
mOP = mOP
S T Common
mPR = mPS ;
Point P is equidistant from radii,
(Given)
S A (In £itA* HS= HS)
0 mLl=ms2 2 = M.
= & :
Chord AP =Chord Bp entral angles of a circle,
Hence' m‘;};‘= mB’_P“
Arcs corresponding to .
circle. ding to equal chords in a




Unit 11 Chords and arcs

@i 159

Equal chords of a circle (or of congruent circles) subtend equal : -.nf"lt's at the Lcmru {at

the corresponding centres).
[TSY For one circle
Given

A circle with centre O. AB, and CD are two chords of the
circle (whmh are not diameters) such that AB = CD or

mAB = mCD .
Arcs subtend £l and Z2 at the centre. -
" To prove
A=Y
Construction
We join O to 4.8, C and D respectively so that mOA = mOB = moC = mOD = radii
of a circle.
Proof
Statements Reasons
In the AOAB «» AOCD
04=0C Radii of the same circle.
OB=0D Radii of the same circle.
AB=CD Given
AOAB = AOCD 8.5 = 5.88
Ll=£2 Corresponding angles of congruent
- triangles.

a

T For two congruent circles

Unit 11 Chords ond drcs
Given '

Two congruent circles with centres O and O'having two equal chords 4B and 7D ie
an i.

AB=CD.
To prove

These chords subtend equal angles at the centre i.e. £1x /2

Construction
Join O with 4 and B, and 0" with C and D.
Proof
Statements Reaso
ns
In the AOAB «> AO'CD
_{E =0C Radii of two congruent circles.
E}f = O_I_) Radii of two congruent circles.
AB=CD Given
AOAB = AOCD 5.58 = 8SS8
Ll=r2
Corresponding a.ug]es of congruent
triangles.
if the angles

subtende
1 ek by two chords of a circle (or congruent c;rcies) at the cent

cor L‘;i}f_'rl]l_’ih o centr pq] areequ (ot
{earre " It L I r r
e = © i\ 1]! inmeasure [hfn [he
measures.

[Case {3 For one circle

Given

To prove

AB=Th

Accircle with centre 0. AB and CD
tre
circle and /1= /2 0. AB and CD are two chords of the D



Bgaes iy = e

= — == || —— - =il -
f“ . Unit 11 Chords and arcs Unit 11 Chords and arcs
= - b Example [ The internal bisector of a central angle in a circle bisects an arc on w
“Proof . 1 it stands.
Reasons Given
Statements Inacircle with centre O. OP is an internal bisector of central
In the AOAB «» AOCD _ _— angle AOB,
04=0C Radii of the same c!ml ' Toprove  jp=pp
S s ; ii same circle. |
OB=0D Rz-tdn of the _ '. Construction
=22 Given ! Draw AP and BP, then write £1 and £2 as shown in the figure,
late i
AAOB = ACOD S.A.S Postu ) . Proof
15 =CD Corresponding sides of congruent triangles, |
= ) Statements Reasons
[Case [[B)] For two congruent circles In AOAP ¢> AOBP
) . mOA = mOB Radii of the same circle.
Two congruent circles with centres O and o, mLl=msL2 Given OP as an angle bisector of ZAOB

AB and CD are two chords of these circles
such that they subtend equal angles at the centre

and mOP = mOP Commeon

ie L=22. AOAP = AOBP (S.AS = SAS)
To prove Hence AP = BF
1B=CD i = AP=pRP Areas comresponding to equal chords in a
AB=CD : ! i circle.
Proof | =a
N RO . b f:!lxamp]e 2 Tell whether the red arcs are congruent. Explain why or why not.
ate ! u . ‘. . s
In the AOAB «» AO'CD iy '& h
0A=0C f Radii of two congruent circles. s ! . ) o Y b
OB=0C Radii of two congruent circles. 1 ' _ X ~
L=22 Given Solufi
AOAB=A0CD S.AS Postulate : \=clution -
4B=CD Corresponding sides of two  congruent 8 CD =EF because they are in the same circle and mCD = mEF,
triangles.
$ b. RSand TD have the same measure, but are not congruent because they
lari are arcs of circles that are not congruent.
orollaries

In the same circle equal central :;ngles have equal arcs.
In the same circle equal arcs have equal central angles.

' Mathematics X

IS Py S | Tt |

€ VX = YZ because they are in congruent circles and mVX = mYZ




o il .
I & . ' Unit 11 Chords and ares : Unit 11 Chords and arcs
3 . 3 | 2. In a circle if any pair of diameters are L cach other then the lines joining its ends in
s Exercise 1l 2 order, form a square.
; . . - —
e 14 the value of xand y in the . 3. In a circle with centre O, AOC is diameter. ZAOB = 130°, find ZADB, #BDC and mBC

1. Given that O is the centre of each of the following circles,
following cases.

_“H_H__’/A

4. Chords AB and CD of a circle meet at the point E outside the circle. Prove that:

ZA=2C (b) LI=,42
(¢)  AADE and ACBE are equiangular.

® Acentral angle ofacircle isan angle whose vertex is the centre of the circle.

% The measure ofa minor arc is the measure of its central angle.
The measure of the entire circle is 360.

i i iven. Fill in the correct circle only. _
1. At the end of each questui]}_ four circles are gwer: ill in I S T T I
(i) ©P has a radius of 3 and AB has a measure of 90. | ® minor arc, casure
What is the length of AB? ] }'Ile measure of the semi circle is 180°,
Wwoarcs of the same circle are adjacent if they have a common end poi
points.
O 32 0 3V3 Thﬂmf:asure of an arc formed by two adjacent arcs is the sum of the measure of the two arce
O 6 Q9 Two circles are congruent circles ifthey have same radius.

AB=CD.

Two arcs are congruent arcs if they have the same measure and they are ares of the sam
circle or of congruent circles.

]{: t‘he same circ!e, or in congruent circles, two minor arcs are congruent if and only
their corresponding chords are congruent.

In the same circle, or in congruent circles, two chords are congruent if and only if the

are equidistant from the center,

(ii) In the accompanying diagram of circles 0, |
Which statement is true? |

O AB=CD. O AB| €D |
- = 2 I
O AC=BD O ZABCD W7

e © e0ee




In this unit the students will be able to

To prove the following theorems along with corollaries and apply them to solve appropriate

problems. : :

@ The measure of a central angle of a minor arc of a circle,
the corresponding major arc.

@ Anytwoanglesinthesame segmentof acircleare equal.

@ Theangleinasemi-circle isarightangle,

@ Theangleinasegment greater than asemi-circleis lessthanarightangle,

@ Theangleinasegment less than a semi-circle isgrmlcrﬂlmarighlangla

@ Theopposite anglesofany quadrilateral inscribed inacircle are supplementary.

Why it’s important e

Aperson's effective field of vision is about 30°. In the diagram of the amphitheater, a person
sitting at point A can see the entire stage. What is the measure of #B? Can the person sitting at

point B view the entire stage? :

Angles A and B intercept the same arc. By Theorem 2 of this unit, the angles must have the
same measure, 50 mZA =m£B =30

The person sitting at point B can view the entire stage.

is double that of the angle subtended by

Stage

APPUICATIONSE

= ey

Unit 12 Angle [n a segment of a circle

The measure of a central angle of a min
- or arc
subtended by the corresponding majorare, OF4 circle,
! P

is double that of the angle

Given fig: (ii)
A.-circie wi1_:h centre O, AR is a minor arc whose: central angle i
P is any point on the major arc ABE . ZAPB is the angl eis 2408,
To prove gle subtended by the arc at P.
mZLAOB =2m/APB

w

tra Pﬂl.llf thh lIIa' ra s gl"ﬂ
c 2 . = Jor arc G 1

2 g the minor arc 4B figure (i).
Draw PO to meet the ci
el e circumference at Q (for both cases).
Statements
Case (i)
In the AOAP ' €
ma = mOP .
iy mOP Radii of the same circle.
o AP is an isosceles triangle Definition of an isosceles triangle. -
MLOAP.=m/0P4 « If two sides of a triangle are equ.al,
the angles which are opposite to them
are also equal. * -




e

Also  mZAOQ =mZOAP +mZOPA

mZAOQ =2mZLOPA ()
Similarly mZBOQ=2mZOPB ()

or mZAOB=2[m£LOPA+ mZOPB]

or mZAOB=2mLAPB

Cose 1)
All the statements and reasons are

same up to obtaining the equations I and I1.
Subtracting I from I we get

mZAOB =2mZAPB

mLAOQ +mLBOQ=2mLOPA+2mLOPB

m£BOQ-mZA0Q = 2m/OPB —2mZLOPA
mZBOQ -miAOQ = 2[m£OPB-mZOPA]

Unit 12 Angle in a segment of a circle

e
The measure of exterior angle of a

triangle is equal to the sum of the
measures of opposite interior angles,
o+ mLOAP = mZOPA (Proved above)

Adding 1and 1.

Postulate of addition of angles.

Postulate of subtraction of angles.

]

Corolliry
The angle which an arc of 2 circle subtends at

pointon the remaining part of’ the circumference.

b Example [

The radius of a circle is /2 cm. A chord 2cm in |

Prove that the angle of larger segment is 45

Solution |
viven

1 circle with centre U
 length of chord AB =

or one.

’Ma{hﬂnalicﬁ'x

the centre is twice that which it subtends atany

ength divides the circle into two segments.

tre O and radius mOA =mOB =V2 cm,
2 ¢m divides the circ

le into two segments with ACB as

o,

Any

Unit 12 Angle in a segment of a circle

To prove S
me ACB= 45" ’ni-u-u-‘ k
Construction ch
Join O with A and B. .
Proof :
Statements s
In AOAB
(OA)'+ (OBY = (V2)" + (\2)’ mOA = mOB =2 cm
=2+2
=4=(2)'=(AB)’ - mAB=2cm
- AOAB is right angled triangle.
With m ZAOB = 90" i
m B =90 Which being a central angle
; standing on an arc AB. )
£ACB=>
m£ACB 2m£.AOB By Theorem 12.1
— ] o i
=5(90) =45 Circum-angle is half of the
central angle,

Iwo ancles i 5 4 re
Akl n Lhe 52 .1 2 i
hl same Stf ment UI a L'll"[,‘llf arg l,’l!U:'IE.




“Given _ Unit12 Angle in o :
egm

A circle with ce i ?f.n.' Fan
ntre O, /4 Berip
(Shaded) of the circle, CRiend 24D5 are any two angles ip g, sam 1 Unit 12 Angle in 0 sf!gmen:-n‘f a circle
To, prove © Segmen, Acy, | Example [ Find the value of each of the variables in the following circle centred at O.

MLACB=m /£ ADB

C Selution
_"-'“Strucﬁon 2a=104 (Angle at centre theorem)
jh:nra OtoAandB respectively, 2a 104
* Proof 9 3
=52
. a )
= 5 in th t
Statements _‘___——\_____\ Also, 2x=a (Angles in the same segment)
. fREasans s x=52
In all the three figures, we have The angle which Te 22
= Ich an arc of g ¢, 3 2
mLAOB =2m/ACH | (1) | subtends at the centre is twice Ihil f-.]lr:.iﬁ x=26

it subtends at any point on t
part of the circumference.

he remaining

; The angle in a semi-circle is a right angle.
The angle which an arc of a circle

Similarly mZAOB'=2mzADB (1) | subtend s twi % I -
y ADB N SuDjencs at the cemrfe 1s twice that x:.rhu:h A circle with centre O, AB is a diameter of the circle and
it subtends at any point on the remaining

] ZACR is any angle in the semi-circle.
part of the circumference.

To prove
The RHS of (I) and (1I) are equal to the ZACB is aright angle i.e.  ZACE =90°

" 2mLACB =2mZADRB

same quantity. ? Construction
B - Halves of equal quantities arc again equal. Join O to . :
“mZACB =mZA .
- Proof _
li:Example E Find the value of a in the following circle centred at O. Statements Reasons
e . ! 5 ;
In AOAC,
mOA = moC Radii of the same circle
Definition of an isosceles triangle. -
“+A0OAC is an isosceles triangle If two sides of a triangle are equal, the
and  mLOAC=msOCA (N angles which are opposite to them are
Similarly in the AOCB also equal.
mOB = mOC Radii of a circle.
3 mZOBC = mZOCB (n
- Boltiong segment) CMZOAC+mZOBC=mZOCA+mZOCB | Adding (1) and (II).
e R B :
a=80 (Angles in the SamE >




T —

e e

- Unit 12 Angle in a SEgment of qejrefs T, il -
EeR " Unit 12 Angle in a segment of a circle

__————_________—-——___“
_.__________———“—. v ml OCA+ m£OCB = mZACRH | —
iy | = i = e
nz0AC+m20BC=mACE € 3 .+ The sum of three angles of a 1 Qe 12308
B“tméogc+m£03'c*mﬂcgslaﬂ triangle is equal to 180°, ( Pive anpsle it ascgment less than o semi-cirele is greater than a right angle.
A " mZGAC + méOBC = mﬁACB i Given .
Or mZACB +mZACB= 180° Adding two equal numbers, A circle with centre & AB isachordand EF is the
= ImLACB= 180° \ diameter parallel to AB such that AB lies above the
- msACB=90° diameter EF .The segment ACDB is less than the semi-
4 el i circular region. ZADB is any angle in the segment.
ar o I
- : is always a right angle (90°). To prove
The angle inscribed in a sem semicircle i s Y—- = —1 ZADB is greater than a right angle i.e. m£ADB >90°.
% e Construction
L. ancle in @ segment greater than 2 semi-circle is less than a right afigle. Join D to E and F. ZEDF is in the semi-circle.
Given D REOHE
A circle with centre O, "AB is a chord and EF isthe 4 /—\ H ‘-\ : Statements Reasons
diameter parallel to B such that 4B lies below the m£EDF =90° The measure of an angle in a semi -circle
diameter EF . Thus the segment AECDFB is greater o is a right angle.
than the semi-circular region. ZADB is any angle inthe  E o H : or mZGDH =90° "+ ZEDF and Z/GDH are same.
seg;:“ méADG + ms GDH +mZHDB= | Adding equal quantities on both sides of
or t fi
ZADB is less than a right angle i.e. m ZADB < 90°. AN B mLADG +90° +msHDB an equation. -
o i = mZADB =90° + m£ADG +msHDB | Postulate of addition of angles.
- Join D with E and F such that ZEDF is in the semi-circle. =mLADEB >90° . .
Reasons : The opposite agoleg of Sny : _. T Tt = ; :
— ; e e angles of any quadrilateral inscribed in a circle are supplementary.
mZEDF =90° The measure of an angle in a semi-circle 18 Given B
aright angle. 5 A c'utcie with centre at O and ABCD is a quadrilateral A '
<. m£EDG+ m/GDH + m£HDF =90°| -: m£EDG +m£GDH +m £ HDF = mZ£ED  inscribed in the given circle.
To prove ' ;
~.mZGDH =90° MEBCD + ms/BAD =180° and mZ ABC+m< ADC=180° -
~[m£EDG +m £ HDF) Construction ¢ -
* £ J T 5 D C
= mZGDH <90° , 0in O to B and D. v
or mZADB <90° | * ZGDH and ZADB are same. g it
4 F lu 3 \ _.'_



Unit 12 Angle | P
. : | | n ale in usegme_nt °f'°.ﬂf§[é.?{?’ T—
: ; % ; Unit 12 Angle in a segment of a'circle
8 M /_Rm ' v Exercise 12 :
ts I = — S| . e
y The angle which an arc of a circje

S m.ﬁECD subtends at the centre is twice that 1. O is the centre of the circle.
i which it subtends at any point on he Find the uaknowns in‘the figure.
remaining part of the circumference.
The angle which an arc of a circle

: ubtends at the centre is twice that
m£2=2m<BAD .

< 1 = eubtends at any poi : 2. Aregular hexa.gon is inscribed in a circle. Each side of the hexagon i i )
whld.l ]. = art of the cf:::)url:ft % lh_“ centre of the circle. Find the radius of the circle, S o it iy
remaining p erence, 3. Find the value of each variable.

ore g4p (I) |Adding the above two results, - > ‘
/2 =2m/BCD+2mL _ T
mZl+ms i .+ circumference of a circle subtends an M
P“t mL1+me2= angle equal t 0 four right angles atthe | ° {2e:6)
. (I) becomes : centre. Y
2[m£BCD +2m/BAD]=360° :
_ ) (b)

60° «viding both sides of an equation by 2.
o m.:iBCD+m£BAD=§—2" Dividing Do (a

or mZBCD+m£BAD =180°
. /BCD and ZBAD are supplementary.
silitsamonet 000 1 0 . N | Desbs al o Pl. eniae e

- | The word circle 2
mZABC and mZADC are supplementary. . Partﬁ Of a CH'CIe : “"w'-'""mmw i

O L- which means dise. :

Definition of supplementary angles. 4. Show that a parallelogram inscribed in a circle will be a rectangle.

- bixeiie-Y 0is the centre of the circle. Find the
~ unknowns in the figure.
Solutiony Since
x+85°=180°
L x=180°-85°= 950
y+110° =180°
Ly=180°-110°= 70°
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h questions four circles arc given. Fill in the correct circle only,
_ Atthe end of €3¢ q | [
1 figure, 018 the centre of the circle, ZTPR= 80
l'lt In the Y ;

and ZOPS=x" Find - .
\ O 160° O 10

O 80° T

; 1e and mZADC = 60"
7 ; ZADC is a central ang ,
(ii). Inthe dm%c?

el a pur  OF
(iii) In the fi 0 is centre of the circle and ZPOR= 70°,
). ]
culate the value of x. )
‘é’i 140° O 220° O 290° O 110
(iv). In the ﬁgure,LSPTﬂUU", /PQS=40° and ZPRO=x""
Calculate the value of x. )
0 ° QO 40° 0 50° Q 60
j i =75 1 and m£2.
(v). ln!haactjacentﬁguc 1fm£3—?5,rh;:1 find m£1 an R
o o 2 G 5 ‘ '
5 0 375 313 0 375 75
0 750, 37-;7 O 75°75° ‘ \ §: o
y S

(vi). Given that O is the centre of the circle. The angle marked x will be: \,

0 u{' 0 25° 0 50° 0 75°

. il
(vii).Given that O is the centre of the circle, the angle marked y will be: L
kN

0 25° 0175

10
0125 0 50°

(viii). In the figure, O is the centre of the circle then the angle x is:

0 50° O 75 O. 10{]0 D 1250 '.‘.. 5

T —

Unit 12 Angle in a segmen o ag >
Clrele

Unit 12 Angle In a segment of a circle

5. O is the centre of the circle. Find the unknowns in the figure.

(i1).

3, ABCD is a quadrilateral circumscribed about a circle. Show that mAB + mCD = mBC + ml
4. Find the value of x in each of the following figures where O is the centre of the circle.

(1). f/ﬁ\ (ii). /\

The inscribed angle is an angle whose vertex is on a circle and whose sides cont
chords of the circle.

@® The arc that lies in the interior of an inscribed angle and has end points on the angl
called theintcreepted ave of the angle.

® Themeasure of an inscribed angle is one half the measure of its intercepted arc.

@ Iftwoinscribed angles of a circle intercept the same arc, then the angles are congruent

© Apolygonisaninscribed poly yon ifallits vertices lie onacircle.

@ The circle that contain the vertices is a circumscribed eirele. :

® A quadrilateral with its four vertices lying on the circumference of the circle is calle
eyelic quadrilateral. | i T

Q A quadrilateral can be inscribed ina circle if and only if the opposite angles are supple

@© Inacircle:- » the angle in a semicircle is right

= the angle in a segment greater than a semicircle is acute
« the angle in a segment less than a semicircle is obtuse.

NOT FOR SAL=




T cbudents will be able to
t the students witl D!

.II. ."' I

' .ate the centre ofa givencircle. P
z Ilsar::facirclepassing through three givennon collinearp -
tethecircle: o
® Cmglcby finding the centre, = :
o without finding the centre,
When a part of its circumference is given.
@ Circumscribeacircleaboutagiven triangle.
@ Inscribeacircleinagiventrian gle.
® Escribeacircletoagiven triangle.
® Circumscﬁhcansquilatmlhiangleabou :
@ Inscribean equilateral triangleina gt\rlencm:lc.
@ Circumscribe asquareaboutagiven circle.
@ Inscribeasquareina given circle. . _ _ )
® Circumscribearegularhexagonabouta given circle. ot |
Inscribea regular hexagon ina given circle.. d . - :
: Draw a tangm_to a given arc, without using the centre, throygha given point PwhenPis

tagivencircle.

© the middle point of the arc,
O at the end of the arc,
o outside the arc,
® Draw a tangent to a given circle from a point P when
O on the circumference, o outside the circle.

® Draw two tangents toa circle meeting each other at a given angle.
® Draw direct common tangent or external tangent,

® Transverse common tangent or internal tangent to two equal circles. -
® Draw y

O direct common tangent or external tangent,

O ftransverse common tangent or | al-circles.
® Diiw ikogeit sy gent or interal tangent to two unequal CIT_EIG

O two unequal touching circles,
® Draw a circle which touches

© both the arms of a given angle,

© two converging lines and passes thr. i i
ough a d
G three converging lines i e

O two unequal intersecting circles

- Sx =
Unit 13 Practical geometry circle = 3

VRS D I!f?@ ==
Greek geometers at the time of Euclid believed that circles §
have a special perfection. With the rediscovery of Euclid's
Elements by English philosopher Adelard (twelfth century),
this way of thinking made its way into the European world.
The designs in many early buildings and churches were based
on geometric principles learned from Euclid. Today the f&
practical geometry of circles is at its best in masajids.

Practical geometry is a very important branch of mathematics. In this branch we
mechanical methods of constructing various geometrical figures. It is the branch wh:
highly essential in all draftsmanship necessary in the work of engineers, architect, surv:
and others. The huge buildings, bridges and dams around us are all indebted to pra
geomelry. '

) Historical Bhong Masjid Rahim Yar Khan Pakistan
m Practical Geometry
BRI Locate the centre of a given circle
Given: A circle without any mention of its centre.
Required: To locate the centre of the circle.
Steps of Construction:
(). Choose any three points A, B and C on the
circumference of the given circle.
(if).  Join A with B and C.
(ii7). Draw the perpendicular bisector of AB and AC.
(V). These bisectors intersect at O.
). Ois the required center of the given circle.

NOT FOR

A = 490
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through thret &
Cina platie which are

';j Draw a cirele pnssingé
Given: Any three pOI-.I.'lI;SA.. Ban

non—collinear. . -
Required: To draw a circle passing through these po

Steps of Construction:
(i). JoinA toBand Cres

(i). Draw the perpendicular

pecti-.rely.
pisectors £, and £,

of AB and AC. _ |
{' iii). Point of intersection of these perpendicular
| bisectorsis O. . - op | I
i' / (i), Taking radius — mOA=mOB=mOC , draw a circle. ::
! This is the required circle. \;,i\ |
/ m (a) Complete the circle, by finding the centre when a part'ol its circumferegg
is given

Given: A part .ﬁ of the circumference of a cfr-::]e.
Required: To complete the circle by finding its centre.
Steps of Construction: 5
(). Choose any point C in the given arc AB at
. reasonable distance both from A and B
with C as such we get 4C and BC.
{#). Find the mid - points of AC and BC and
draw the ir perpendicular bisectors £, and £,.

(iii). The point of intersection of £,and £, is the
centre of the required circle. Denote this

point by O.
{iv). With O as centre draw a circle with radius equal to mOA or mOB or mOC-
‘This gives the required circle. .
" . : I
(b) Complete the circle without finding the center when a part of its circum ferenct

given
Given: A part AC of the circumference of a circle.

Required: To complete the circle with i
out findin
Steps of Construction: g the centre.

o Unit 13 Practical g“""ﬁti‘g _—
= i
sV non—collinear points h Unit 13 Practical geometry circle

{ii). JoinAtoB,BtoCandAtoC.

(ii). With C as a centre and radius equal to mAB
draw an arc. Again taking B as centre and radms

radius equal to mAC » draw another ar ¢, which
cuts the first arc at point D,

(iv). Join B and C to D. With D as centre and radius.
equal to mBC, draw an arc and with C as centre
and radius equal to mﬁﬁ, draw another arc which
cuts the first arc at point E. -

(v). Join Cand D to E. With E as centre and radius equal to mCD, draw an arc and w
D as centre and radius equal to mCE, draw another arc which cuts the first arc a

{(vi). Continue the same process which gives a sequence of points getting nearer a
nearer to the point A. All the points D, E, F, G --.-.-s0 obtained are the points lying
the circumference of the required circle,

(vii). By free —~hand drawing of arcs joining the above sequence of points,

This gives the required circle,

i £ Circles Attached to Polygons
EEEEE Circumseribe a civele about a given triangle :

Given: AdBC
Required; T!:; circumscribe a circle about the '%
given AABC. 1
Steps of Construction: . ==
(). Draw A4BC.

(H). Draw perpendicular bisectors ¢, and
.fi of two sides AB and BC, which
Intersect each other at Q.

(ifi). Draw a circle with centre O and radius
equal to mOA or mOB or mOC..

(i¥). This s the required circumscribed circle about the given triangle.




R =i
TS
h '.-'si",",_‘ M s
e

2 . jangle
= Inscribe 3 circle in 2 given triang
o e - e
Given: AABC ¢ in the given triangle i.e. to construct 5

R srch v : "
Required: To c?:g:ub‘m:ﬁg gides of the given triangle. : ! %,
tou
ion:
Steps of Construcll®y
(i). Draw pisectors £, and £,
i). fand £, intersect at O W

Unit 13 P"‘;":ﬂtnl geﬁn:"“' 4

of any two angles say ZA4 and £B of the giye,

. : A
hich is the centre of the required circle, 4B

(iif). From O draw OD L 4B.
(iv). With O as centre and mOD as radius draw a circle , which touches all the three

sides of the given triangle. ,
This is the required inscribed circle in the given triangle.
Ix8+1=9
12x8+2= 98

123x 8+ 3= 987

1234 x 8 + 4 = 9876

12345 x 8 + 5= 98765
123456 x 8 + 6 = 987654
1234567 x 8 + 7= 9876543
12345678 § + § = 98765432

w%---ff"

123456789 x 8§ + 9 = 987654321

Unit 13 Practical geametry circle

Escribe a circle to a given triangle
Given: AABC
Required: To draw an escribed circle
opposite to vertex A of
the AABC.
Steps of Construction:
{i). Produce AB and AC to form two
exterior angles ZCBD and ZBCE.
(ii). Draw bisectors £,, £, and £, of ZBAC
ZCBD and ZBCE respectively.
(iii). All these angle bisectors intersect at 0.
{iv). Draw OF L AB.
(v). With O as centre and mOF as the radius, draw a circle, which touches BC, BD

and CE.

This circle is the required escribed circle. Similarly escribed circles opposite to the
vertices B and C can be drawn.

[EFEEE Circumscribe an equilateral triangle about a given circle
Given: A circle with centre O.
Required: To circumscribe an equilateral triangle about the circle.
Steps of Construction:
(i), Take any point A on the circumference of the circle
and join O to A. OA is radial segment.
(ii). Construct an angle £ AOT of measure120°.
(iii). Construct another angle £ TOU measuring 120°.
(iv). The three points A, T, U which are lying
on the circumference of the given circle

are such that they divide the boundary of v 7B
the circle into three equal arcs which are /

AHT, FUand ﬁ W

(v). Draw perpendiculars to OA, OT and ﬁ at A, T and U respectively. These
—_— —
~  perpendicular lines are PQ, RS and VIV .

(vi). These lines intersect each other at B, C and D forming a triangle BC.D' ]
The ABCD is the required equilateral triangle circumscribed about the given circle.




%

Given: A circ

Required: To inscribe an equila

Steps of Construction:
(i). Draw any diameter
(ii). With centre pandra

(iii). Join A to B and C.
A ABCis the required

1. Construct a triangle with sides 2 cm,

P

3!

51

8. Circumscri ; ;
scribe an equilateral triangle about a circle of radius 2", 3" and 1"

10. For the :
thlem n Q.9 draw an escribed circle to the triangle touching the sma

LS Pracical 9eomey,
Y cirgj,,

[nscribe an cquilateral triangle in a given circle
je with centre 0. _ ) 2
teral triangle 1n the circle.

B

4D of the given circle. e
dius m OD, draw two arcs

which cut the given circle at Band C.

equilateral triangle.

+ Exercise 13.1

pu—

2.5 ¢cm and 3 cm. Also draw its circumcircle,

Construct 8 riangle ABC such that m AB =3" mAC =4" and mZA = 60°. Draw

circumeircle to this triangle.
Suppose we have a triangle whose sides are 3 cm,
inscribed circle.
Construct a triangle ABC with sides mAB = Sem, mBC = 6em and mCA =8cm, Draw
perpendicular bisectors of its sides and then circumscribe a circle.
Draw a triangle ABC with mZ4 = 60° and mZB = 45° . Draw three angle bi
then inscribe a circle in it. ’
Anequilateral triangle is inscribed ina circle. Find the altitude of the triangle if theradivs
rofthe circle varies as under.
r=3 un.frs, r=4 units, r = 6units, r = 12 units . Can you deduce some result from tis’
?fnm?:z:;?l “:‘::gh':'is cirumscribed about a circle. Find the altitude of the triangl?
s dad;:e W:nzl.:cel;lvanes By 2 units, » = 5 units » =10 units.

t from this?

4 cm and 6 cm respectively. Draw its

sectors and

Draw a triangle with sides 2.5 cm, 3.5 cm and 4.5 cm long. Draw an escribed ¢l

oy :
¢ triangle touching the longest side of the triangle.

flest 0%

Unit 13 Practical geometry circle
[m ¢ircumscribe a square about a given circle AT
(.'ircn:ACirCIB centre at 0. :
Requived: To circumscribe a square about the
given circle.
sieps of comstruction: .

(i). Draw any diameter AR of the circle,

Draw another diameter CD which is

(ii).
pcrpcndicular to AB .
(iiii). Draw perpendicular PO, RS,TU and
PI¥ at the extremities A, B, C, D of the
diameters AB and CD.
(iv). These lines cut each other at the points
E,F,GandH.
). EFGH is the required circumscribed square about the given circle

m Inscribe a square in a given circle
Given: A eircle with centre O,
Required: To inseribe a square in the given circle.
Steps of construction:
(). Draw any diameter, say AB, of the circle.
(ii). Draw another diameter CD of the circle which
is perpendicular to 4B .
(ii). Draw AC, CB, BD and DA.
ACBD is the required inscribed square.
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B3 Circumscribe a regular hexagon about a given circle ; : -

: \ +  Exercise 132
M2 A circle with centre O,

ired: To circumseribe a regular hexagon about the given circle.
s of construction:

. Circumscribe a square abouta circle of radius Sem,

2. Inscribeasquare inacircle of radius 6 cm,

3, Driwy @ ofusts of side 6 cm. Circumscribe a circle about that
" circle in the same square. Measure the radii o P s i

4, Firstdraw acircle qf suitable radius,

sides of length 8 units.

Inscribe a square of side 10 cm ina circle, What wil| o

Inscribe a regularhexagon inacircle of radius 4 om.

Constructa circle of radius 4cm and draw a regular hexagon about the circle.

Duyr -eirole atuius & oy CirCumsm:ibe a regular hexagon about that circle and also
inscribe  regular hexagon in the same circle. Find the areas of these geometrical figures,
" Comment on the values of these areas,

—

- Take any point A on the square and then inscribe a

c?rcumference of the given so that the square circumscribed about that circle has

circle,

- With Aas centre and mOA as
radius, draw two arcs which cut o
the circumference of the circle at
BandF e

i). Through O, draw AD, BE and FC.

¥)-. Draw perpendiculars at the extremities
A, B, C, D, Eand F of the diameters 4D,
EBand FC of the circle. These lines cut
each other at points G, H, I, J, K and L.

JIJKL is the required circumscribed hexagon.

e size of the radius?

9 Hghon

4 centres. From their centers draw perpendicular
therelation of these two perpendiculars?

10.Can you construct a square whose area equals the areas of a given circle? Discuss in detail,

Tangent to the circle

IERHE (i) Draw a tangent m 2 given arc, without using the centre,
! point P when Pis the middle point of the arc

FAC] inscribe a regular hexagon in given circle
:m: A circle with centre O.

!I:-ruugh a given
uired: To inscribe a regular hexagon in the given

circle. Given: An arc such that P is the mid point of the arc.

Required: To draw a tangent at P.

sof cansiructinn:
. Take any point A on the circumference of the
given circle.

). With A as centre and mOA as radius, draw
an arc which cuts the circumference of _the

i i i 1D,
rcle at B. Similarly draw successive arcs which cut the circumference of the circle a

andF - . | Steps of construction:
,, W @. Draw 75
— — | — | .
). Draw 4B, BC,CD, DE and EF. . | @) FromP, draw CD L 7B
CDEF is the required hexagon which s inscribed in the given circle ! )

(@i). AP, draw EF 1 'CD which is the required tangent at P.
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m

thl’{lugh 3

{0 a given arc, without using the centre,

t
(i) Draw a tanges he end of the arc

point pwhenPisat t

T ofa circle. :
e ent at the end point F.

Given: Anarc #
Required: To draw 3 tang

teps of Construction: _
; {:j}l Take any point Q on the arc AP and draw

i —

the chords AP and PQ.

(ii). Join A and Q-
(iii). Now construct LOPT = ZPAQ.

{iv). Ff'i.'? the required tangent at P. : . ?

(iii) Draw a tangent to a given are, without using the centre, through a giye,
point Pwhen Pis outzidethearc
Given: AT is an arc and P is a point outside the arc.
Required: To draw a tangent from point P on the arc.
Steps of Construction:

(). Join A and P. Which cuts the arc at B,

(ii). Bisect AP atD.

(iif). With D as centre and radius equal

to mDP, draw a semi - circle on AP

A
(iv). Draw BC L AP, which intersects the semi-circle at C.
(v). ~With P as centre and mPC as radius draw an arc to cut the given arc at E.
(Vi). Draw PE which is the required
quired tangent.
(i) Draw a tangent to a given circle from a point P when P lies on the
circumference :

Given: A circle with centre Qand Pis

point lying on the circumference
ofthe circle,

Required: To draw a tangent from the
- point P.
Steps of construction:

(0. Draw OP.
(ii). Draw OP 1 QP ar P,
(iii). PQ s the required tangent at p.

gi\'.ga X,

e ot
i )

Unit 13 Practical geametry circle

(i) Draw a tangent to a given circle from a point P when P lies outside the

circle

Given: Acircle with centre at O. P is a point lying outside the circle.

chu'iri:.'.l: To draw a tangent to the circle from the
given point P,

Steps of Construction:

(1), With P as centre and mOP as radius, draw
an arc.U'_‘A.

(if). With O as center and the diameter of the
given circle as radius, draw another arc
which intersects arc OA atE.

(iii). Draw OFE which intersects the circle at F.

(iv). Through F draw PF which is the required tangent.

QRIERN Draw two tangents to a circle meeting each other at a given angle
Given: A circle with centre O and an angle '
equal to angle 8. The vertex of the
given angle is k. ’
Required: To draw two tangents to the given
circle such that the tangents are
inclined to each other at the angle 0.
Steps of Construction:
(). Draw any diameter AR .
(i). At O, construct ZBOD = /8.
(). AtDdraw DE LOD .
(iv). Atddraw AG LOA.
(¥). These two perpendiculars intersect each
other at H,
(“'i_}- DH and AH are the required tangents
- inclined to each other at angle the angle 8.

¥
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mo :
N tangent oy externa] tangent to fyyq ¢

Given: Two ircl ;
- equal circleg with
Requireg: To draw direct conu:.enm £ OumR

Qual (‘il.‘l:](ts

respectively, :
ou:tangcnt OF external tangent t ghe given circles

Steps of Construction:
@i). JoinOtwop
(ii). Now draw two perpendiculars on OP at O and P which cut the circles at A and B
respectively, ©
(iii). Join A and B and produce it towards both ends.

(iv). AB is the required direct common tangent or external tangent to two given equal
circles.

(ii) Draw transverse common tangent or internal tangent to two equal circles

Given: Two equal circles with centres at O and Prespectively. o
Required: To draw transverse common tangent or internal tangent to the two given circles.

N <
-EA__
l".{' “\\
4 \ & = P
A \{\(
4

.""_’-'-H- )

Unie 13 Practical geometry circle

-

uction:
Stt‘_l;s “g:;]nng I;:-;[ P, the centers of the given cireles,
::IJ Bisect OP atC,
(iif). Biseet CP atD. o ;
(iv). Draw a semi—circle on CP diameter whic
(v). Join Eﬂd P'__ &
(vi). Draw OF || EP. ) :
(vif). Join E and F and extend the line to both directions,
(vill). GH is the required tangent to both the circles.
Eﬁ (i) Draw direct common tangent or external tangent to twe un —equal circles
Given: Twounequal circles with centres at O and Prespectively.
Required: Todraw a direct common tangent or external tangent to the given circles,

h cuts the given circle at E.

Steps of construction:

(. Join centres of the circles O and P. OP cuts the circles at R and S respectively.
). Biseet OPat Q. With Q as centre and mQP as radius, draw a semi circle
(iii), Take 5 point T on OF in the bigger circle such that mRT= mSP=length of the radius
of the smaller circle, -
(V). With center O and mOT as radius, describe an arc cutting the semicircle at L.

). Draw o7t meet the bigger circle at M.

- Draw a BV || G . i M and N and produce it b side o get the conmon
langent or external tangent MN to'the two given circles.




(i) Draw transverse commeoen tangent or infernal tangent to two Uk
circles :

{jual

Given: Two unequal circles with centres O and P having radii 7 and 7,, where K>
Required: To draw a transverse common tangent or internal tangent to the given circles,

“Steps of Construction:
(D). Join the centres of the given circles and produce the line to both directions, Also
draw a line segment AB such that mAB = r+ »,.
(ii). With centre O and radius equal to mAB , draw a semicircle.
(iii). Bisect OP at C. Then choosing C as centre and mOC as radius, draw an arc which
cuts the semicircle at Q.
(iv). Draw ‘O_'Q cutting the bigger circle at T. Now from P, draw ES:” 5@ in the opposite
sense cutting the smaller circle at S.
(v). - Join OQ cutting the given circle at T. Now draw a line paraliel to OQ but passing
3 through P which is the centre of the smaller circle. This line cuts the smaller circle
. at8S. : .
(vi). Join Tand S and produce it in both directions. The line 7S so obtained is the required
transverse tangent or internal tangent to the given unequal circles.

Unit 13 Prﬂfti':al geumg‘ung drd —
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Unit 13 Practical geometry circle : . g .

‘m (a) Draw a tangent to two unequal touching circles
Given: Two unequal circles with centers O and P touching each other at T.
Required: To draw a tangent to the circles,
steps of Construction: .
(i). Join the centers O and P of the given circles. OP passes through T, the point

contact.

(ii). AtTdrawa line ATB 1 OP.
(iii). ATB is the required tangent to the given circles,
Y

+A

i

+B

W

(b) Draw a tangent to two unequal intersecting circles
Given: Two unegual circles with centers O and P and intersecting each other.
Required: To draw a tangent to the given circles.




* Steps of Construction: -
i) Join the centers of the

. . i he right

(). _[_Jiaw a line segment PQas a radius of the smaller circle such thyt PO
! OP . Also draw OR the radius of the bigger circle such
' (iii). Join R angd Q and produce it to mee

segment OS at T and draw a semicircle on 0§ which

(iv). Finally join § and and i SMi
| produce it to M, SA7is the required tangent,
BEENZ (i) Draw o circle which touches both the

| arms of a given angje
Given: Anangle ZABC whose vertey isat B. 4B )

and BC are ils arms,

* Required: To draw a circle which touches both the

LA

Unit 13 Procticql Seometry gip
: L4

1 Qs not along
that OR ig paralle] to F’@ ]
duced at S, Bisect the ling
cuts the bigger circle atL,

arms AB and BC of the given angle.

Steps of construction:
(). Draw BD, the bisector of ZABC .
(ii). Take any point O on BD and draw a perpendicular OF on RC.

(iii). Taking O as centre and mOF as radius draw a circle,
(iv). This is the required circle. ;

—_

e —— . e

. o

e e —

p' e TATVER

T =T
s

ging lines and passes through

Unit 13 Practical geometry circle - : o -'

(ii) Draw a circle which touches two conver
given point between them
Given: Two converging lines LA and KC meet at B and ZABC
is an angle formed by these converging lines. Let D be a
point lying between these converging lines.
Required: To draw a circle which touc@
the two converging lines L4
and KC and passes through
given point D.
Steps of construction:

(i), Draw the bisector BE of pe&=—]
the angle Z4BC.

(i)). Take apoint F on BE and draw FG 1 BC. With F as centre and mFG as radiu:
draw a circle. This circle touches the given converging lines tangentially,

(iii). Join D and B DB cuts the circle at H. Join F to H and draw DO || FH.
(vi). With O as centre and mDO as radius, draw a circle C which as required.

v Exercise 13.3
———
I. Draw an arc of length 7 cm. Without using the center drawa tangent through a given poir
Pwhen Pis

(i). The middle point of the arc..

(i) End point of the arc.

(11}, Outside the arc, e 2y S i
2. Draw a circle passing through a point D and touching a given line BC at point D..
3. Describe a circle of radius 4cm, passing through a given point C and touching a give

straight line UB . -
4. Radius of acircle is 2.5 cm. A point Q is ata distance of Scm from the centre. Draw tanger
to thecircle from the point Q. / .
5. Radii of two circles are 2 cm and 3cm and their centres are 8 cm apart. Draw dires

common tangents to the circles. ]
6. Two congruent circles are of radius 4 cm each. Their centres are 10 cm apart. Drar
transverse common tangents to these circles. . tween their centres is 5.
7. Radii of two circles are 2cm and 2.5 cm Tﬂ?"‘:]:‘ Distance be
cm. Draw transverse common tangents to the circles. :
: . i and touching tk
8. Draw ZABC of measure 60°. Construct a circle having radius 2.5 cm :

arms of the angle.




e e

— —

Ste T .'-.-..-- e o T N 13 practical geometry circle .
( Review Exercise 13 L nit 13 Procical geometry _ B
( e ‘ — _ - =
1. At the end of each question, four circles are given. Fill in the correct cipg, i
' al angle of a regular hex : Tily, .
(i (). The measure of the extern g £ agon 18 ; ‘ihe pcrp:ndlcular b:s;ztot[::hof t_wT non-parallel chords of a circle intersect at a point
T . ich is known as centre of the circle.
O z @] z 0] 3 O none of these winshd .
(i 3 4 @ Acircle of any radius can be traced by rotating a compass about fixed point. ¢
4 (ii). Tangents drawn at the end points of the diameter of circle gre @® Acirclecanbedrawn through given three non-collinear points. T
BE ) parallel v nerpendicular @ If a triangle, the circumscribed circle, inscribed circle and escribed circle opposite to “
Gi 7 O intersecting O none of these each vertex can be constructed.
s . . . Whena partof circumference of acircle is given, the circle can be completed.
R tangents can be drawn from a point outside i @ y ) .
1 L g P e el If a circle is given, then the circumscribed and inscribed equilateral triangles can be )
01 02 o3 O 4 . constructed. o
(iv). Ifthe distance between the centers of two circles is equal to the sum of their ragj; @ Foragivencircle, meci.mumscribcdan 1r!scﬂ§cdsqmr=smn be drawn. :
then the circles will 1y #®) Fora givencircle, the circumscribed and inscribed regular hexagon can be constructed.
.I (O intersect O donot intersect Tangents can be drawn toa given circle, when a2 point is an its circumference and from a /
O touch each other externally O touch each other internally point outside the circle.

2. Practically find the centre of an arc ABC.

3. Escribea circle opposite to vertex A of a triangle ABC with sides |AB| = Sem, |BC|=4cm,
|CA|=3cm. Find its radius also.

4. Circumscribea circle about an equilateral triangle ABC with each side of length Scm. i -
5. Circumscribe a regular hexagon about a circle of radius 4cm. Direct or transverse common tangents of two equal circles or two unequal circles can be -
6. Construct a circle of radius 3 cm. Draw two tangents making an angle of 60° witheachother. | drawn. o .y |
7. Draw ‘two equal circles each of radius 3.5cm. If the distance .between their centres A circle passing through a given point between two converging lines and touching each
is Tem, then draw their transverse tangents. ofthem, can be traced.
4, DA o comon tangents o two intersecting circles of radii 2.5cm and 3.5em.
- Draw two common tangents to two touching circle of radii 3 cmand 4cm. : YA summary of several pages

con sometimes be as brief
o= one sentence.”
2 8

B Tl

N,

We can draw tangents to a given arc as its mid point, its any end point, and a pointnoton L
the are.

Tangents to two unequal touching circles can be traced.
We can construct a circle touching the arms of a given angle. |

2o ® i

®




@ E IS ﬂ"“ —— :
‘l/wm " m
L @ {155 (1) {10. %} (vi) {;,3,'5}
(viii) {1.4% Jis} (ix) {"'i‘ﬁ,u«ﬁ} (=) (2.0)
i g5 _ i) {0, -2) (xii) {~1, 2} (i) {-12471,2,- 4}
v. {-I, 21 05, (xiv) {‘52‘5} (xv) {~42+5) =l
%! vi, {3, = 7 { J_ }
+1,1242
i {5+Jﬁ : M Fxercise 1.3
’ » 5=4/14°
I 5 m} . {ﬂ‘ __,2} m' ] .
h {5' 5} . vi. (=2, 5) @ {3} (ii) {s} (iii) {5} o )
| ™ {2} (i) {0} (vib) {4) (i) {6)

i B, B} {'o, :3.}
4

B

(ix) {0. -2} {x) {v—% —1}

Review Exercise 1

N Ryl i, 125 iii. cannot be simplified
2
3 L iv, a=2b=-1,¢c=-3 V. Fad = ¥i. I=—2:t;"2_2
{3 (3 ., _
: TheERES viii. 2 or-9 ix. x=3orx=5

G) {1, +2} ‘ (i) {2, £+3]




']

Exercise 2.1

(i -36 (i) 9 (iii) -3

(i) Real (irrational) and unequal (ii) Real (rational) and unequal

(iii) Complex and unequal
() +6 Gi) £12 (i) %

-51/5 3
=t 73l el 1 =2
o538 o{33} wir)
(i) 'I'iteruotsa{ereai (rational) and unequal: 3, %

(i) The roots are real (irrational) and unequal :3++/5, 3-5
(iiii) The roots are real (irrational) and unequal :\3 ,—3

(i)-:a)ks-:- (b]k::% (i) (a) k<1 (b) k > 1

(iii) (a) kSE }k}%

Exercise 2.2

i)-1, -, -0’ (i) 2, 2, 20" (i) -3, -3w, -30’
(i) 0 5 (ii) ~128w° _ 6(w~1)
Exercise 2.3

=3
(i) Sum of the rools =1, Product of the roots =Z

(i) Sum of the roots ;g ; Product of the roots = 3

w2

(iii) Sum of the roots = = Product of the roots =_§

‘;:" k=6 R :=15
m k=6 Ty m=5 n==3

Exercise 2.4

F2a) ot

E 00— (ii)
E‘ A e (1) 2.%'.1-3.\‘+[=D (i) 7 -.\:—]220 (i) A’l‘—ﬁ.'r-j-?:(]

(iv) x +ar-2a =0

| e @’x’ =(b* =2ac)x+c7 =0
s <8 o 9 -
E‘_ 4. R0 Y (i) 5 (i) 2
5 155426341520 6. 28 ~12x+17=0
Exerﬂsa 215 SE

MR ) Q(x)=3+-7x+20, R=—61
i)  Q(x)=2x"-x49, R=0
(i) Q(x)=2¢"-4x +5x-5. R=3

e k=% p=-4.g=1
e 1,2 BEH 2+

! Exercise 2.6

(i) (4. 2). (4.-2)  (i(2.12), (-4.0)

) (1. 0). (-1, 0)




T G (.6 (-3.6), (3.-6). (-3.-6) ‘ —

_ Vi (3'; 1](7% i](fi —1]. (~% -1] bl s
| i 529 i, (-2,2),(-1,3) | g

x=63
J.

First Partner = Rs. 8,000, Second Partner = Rs, 12,3[;0, 'I"h.ird Partnér = R, 19,200
14.5 ¢
; bR 3,45 -3,-4, -5, i
n 89 - or s E 9 m, 4m ﬂ"‘d (i) y=38l1 (i), .«=10-10 :
4,7 6and 8, —6 and -8 n S e g O ’ :
| G 0 =2 Q). x=1 i
5' 9¢em, 6cm “ 9em, 12 em n3°m»5¢m.4cm ;

Exercise 3.1

Exercise 2.7

T 15 cous SR S « ° /
I Review Exercise 2

| : x 4 6 7 15 ;

= - f these /

i F-20415=0 iii. none of the . Y 2 3 3.5 7.5 .

]

== 128 . Exercise 3.2

o 12 | r
(i) Sum of roots = 0, Product of roots = =1 . L () Continued Proportion
% 4

(ii) Not in continued proportion (iii) Continued Proportion

(ii) Sum of roots = —% , Product of roots =0

6x=17x+12=0

3

h The other root is 1, k =-6 :

— : (i) ﬁé,s.s (iii) .\E" ' e

D O (-14).(4-) | . e
(ii) (J_J_][—ff](f'f)(ff) | ' -

R o o




e
T —

(i) 18cm
119N/em®
8 days
i Gem.

f L. axb
{ o
1y, —=—

c d

Answerg
Exercise 3.3
L f=40s e
A _21
a= -E- K =g_
12 9° 128
e 3 st 3
Exercise 3.5
(ii). 3
U0 100N/em®
L 400N/m?
V = 2816 cm’
Review Exercise 3
mn=k ii. 3wl
=3 vii L
X
11 . fa+ mc+ ne
a=—— IX, ——
2 £h+ md+nf
Bl =2 S0 300 units
B 7
B 8.4.2 049

h Answers :.;
Exercise 4.1
' - 3 1
L S Bl L 1
w x 2x-1 2(x+5) 2(x+1) n G0 T 3=
) =t 5 1
".‘._,'.S«r —I-r - 6 g
P Th s TS 5(x+2) T3@Ex=1)
9 5 1 11
2] - E gy . _ 10 6
S 4(x-1) 4(x+2) 2(xs1y @ 3 .7c+2+|::m'+2]z
_—— | 1 5 : 2 1
T L ——+4 + 1= —=
NS 5 o) 3(x-3) B -t (x + 1)
R 3
L T T R T T
: ' $
: Exercise 4.2
e | X - 5 x=11
- ’h‘ '_I .".’ T e —— zr oA I T
TR B 4(x=1) 4{x‘+3}
B -3+ 3 y 3 3
241 2(x—1) 522 5(P+5)
MR 2 . 1 6x-3 -5 _5x-5_ 5x-10
Tle+4) 7 3,24 x+l =2 (;ugf
g 4  4x48

x=2 4x—5

4

5[*-2)15(f+1]+(x=+1)=

8.
(2 +4)°
2 1 1 S

_I_:

h(x2+1)2+x2+l *

x+1 x—1

1 -3x—3 ., 3

=




‘ , ! 1
- ST 2(x+1)

(iv) ¥-3x+1

Review Exercise 4

(ii) Rational fraction  (iii) Improper fraction

(vii) { }

' o b e 1, 20 _16
} L =1 141 ii 2x+3+ e
1 1 2 1 2
i, ——4+— = iv =
i xox-l (.1'-1]' x=1 (x=1)°
;{ v -I__|._I' vi i_ 1 _ 3,1'—'
Jf T =2 42 ' x=1 2(x+1) 2{_-;3+|:]
b
. X+3 x+2 1 3 1
' Vil. _1'!+[_(x!+-|:]! Vil 2—- —;:- -_ ___‘C + 1 + ?
il
. EJ ix. X & 3
,.“l X +2x+4 x=2
'
| - x 1
:|' 3 3 + x+1
Jl (:.c + ]]
j Exercise 5.1
” (1 {0,1,2,3) (i){1) (iii) {1,2,3,4) (iv) (1.3
(v) {0, 1,3,4) {vi) {1,2,3]
J ) (1), {4,6,8) (i) {0,1,2,3), ( | (Gii) (2,4,6,... ). { )
ffm (i) {1,3,5.7,... 19) (ii) {2,4,6, ... 20}
f (iii) {1,2,3, ... 20) (iv) {1,2,3, ... 20}
| v [} (vi) (1,3,5, ... 19}
! (vii) {1,2,3, ... 20} (viii) {2, 4,6, ... 20}
1l (i) { ) (0 11,2,3, ... 20}
I IR (.23, .15 iy )
[ ] | (iii) { ) T v, 2.3, ... 15)
| ) (1,3, ... 15) (vi){1,2,3, ... 15}
' (viii) {2, 4,6, ... 14}

Exercise 5,3

(ii)
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Answers

Exercise 5.4

@ Ri={(L4), 28}
Ra={(2,5), 3, 4)}
Ra={(1,4), (2,5),(3,5)]
Ry={(. 1)) -
Ra={(5, 1),(5,2))
Ri=((4, 1), (4, 2), (4, 3))
Ry=((4,2),(4,3),(51),(52))
Ry =((1, 1), (1,2))

Rz = {(1,3),(2,2)}
Ra=((1,1),(2,2),(3,3))
Ra={(3, 1).(3,2)}
Ri= {4, 4}

Ry =((4,4), (4, 5)]

R={(2, 1), (3, 1), (4, 1),(4, 3))
Range = [0, §, 1.6}
Range={1,7,17, 31}

(iii)

(iv)

Exercise 5.5

R, is not function.
_ Ry is onto function.
Rz is into function.

(i) into function

(i) ot a function, because both conditions of being a function are not
satisfied.

(iii)  not a function

(iv)  into fonction

(i) There exists one'-onc correspondence between set A and set B.

(ii)

There is not one-one comespondence because PeB
remains unpaired .

There does not exist one-one correspondence between set A and set B.
It is one-one function. :

There does not exist one-one correspondence between set A and set B.
It is into function.

Answers -

s g

[l
P

H

@ 1(1.5). 2 6).(3.7). (4 8))
Gi) (1. 6).(2.5), (3.8). (4. 7))
i) 1(1.6). (2.5). (3,7). (4, 8))
(iv) ((5, 1), (6,2), (7, 3), (8,4))
) {(5,4),(6.3),(7,2), (8, 1))
{vi) {(1,3) (2, 6), (3, 5), (4, 6))

BE ) itisa function. .
Range = {1,2,3,5) # A, notonto §

(ii) Ttisa function.
Range = {1,2, 3,4}« A, not onto

(iii) Ttis a function.

" Range={1,2,4,5}= A, not ontg
Review Exercise 5

() Anonto function fromAtoB (ii) 2x3  (iii) {0,4,8,12) and {5,1&14‘13}'

(iv) 13 (v) Rangef=B (vi) {0,8,10,14}

(i) {1, 2, 3,.... 100)

(i) (iii) {2, 4, 6, .. 100}
(iv) {1,3.5, ... 99} :

(i) Function (i) Bijective function

(iii) Bijective function (iv) Not a function
(iy Function, Range= {1, 2, 3,5} ,notonto
(ii) Function, Range = {1,2, 3,4} , notonio
(iii) Funetion, Range = {1, 2,3, 5} , not onto
(iv) Not a Function -

B {(=5.1),(6,2),(4,3), 34
(i) {(=5,2),(-6,1), (4, 4),(-3,3)]
(i) {(=5,4), (=6,3), (4, 2), (=3, )}
{iv) [(=5,2), (=6, 2), (-4, 1), (-3, 3)}

Note: Several answers are possible.

Exercise 6.1

Class-Limits Tally Marks Frequency
35—45 11 2 |
46 — 55 11 4 {
56 — 65 | 6 i
66 —75 L1 9
76— 85 L1 g




Thass intor

1—3

7—9

10—I12.

13—15

16—18

co| || w| Bl w|eaf—=]

19—21

2224

195 345

M L] M5 £G5S e

Class-Limirs

20 —24 I 3
25 — 129 L1l 6
30 — 34 2l 5
35 —39 BT 8
8

=

-
L




&7 Answers -

[ | . i
. Answers - g

Exercise 0.2 | e —
Class-Limits Tally Marks Frequency -I
W — . »
55— 64 i 2 | e
65 — T4 {1 3 | |
75 —84 U | 6 e _,
85 —94 11 4 .
¢ 95— 104 I 3 [ -
}-' 105 —114 0 |
il 115— 124 ! i
B
i 125 — 134 0 .
' b 135 — 144 0
j l:l 145— 154 I ! | :
l | o in Ve Upper class Freguency \-‘I'
| 1.‘ ﬁ’\g-. mny ELIE’ Boundary .___i,i\...u,)
' 1
8 L 20—3 24.5 5 e
| 25—6 295
' l 16 3+16=19
! 30—9 34.5
19+10=29
{ "~ 35—12 39.5 10 T
l 40—15 . 44.5 22
l 20 51+20=71
| 45—18 495
71+15=86
5021 54.5 15 —t5
I' |I 55—24 59.5 14 86+14=
| — o
I 90
[ e 7
! E n—p 78 | ——— ,
| e R — - +
, F0 3 s} 1 §58 698 s By W
| < o N\ : 7 e ® i _ T - S
i Il iﬂl lfd \ /;/L ___;F i - T
I 40 s I.: .:. I m :
h’ I! - 8 — ‘%\EH r|/ ]{ | .20  (i.6 (iii).5  (iv).10 (). 795
M e
o — WO |

Maﬁiumﬁcﬁ b3



[EEETS  S.D: Maths =9.96, Physics = 3.15, in Physics studens are

E ) more consistent.
ﬂ Variance =2.88,5.D =17

40 Review Exercise 6
3 35 2 (f] Class interval (i)  Ogive (i) Frequency
‘é 30 iv) 1 M L2A55415 ) Gocmbis s el
7 125 (vii) 66 (viii) 51 X 7 |
g . :
! "é 20 x) 0 . (xi) Rs. 600/ (xii) None of these '-‘
| ! £ 15 (xiii) Range {xiv) Arithmetic Mean (V) 04 ) i
i i -E- 10 (xvi) Variance (xvii) Mode
' : ==
{ ' 90005 10000.5 110005 §Y |
i 0 0005 6000.5 7000 5 8000‘? - - |
| ) Upper class boundaries Classes i i
| Exercise 0.3 15— 16 12
\

it 17-18 12
m= 1920 3
s ﬁ@ 53.5 marks - -

1247(for assumed mean of 1244)

Total 27

(i) 65.5 inches @ 7500 0 ABCDE X
671 Mﬁde =71, GM = 6444 ol

Mean = 66, Median = s
Mean = 154.3 Median = 156.5, Mode =

Y
= HM = 119.44
Median = 121,125, Mode = 119.62, GM=12249, %

i n- !
R Viedion = 125thiem Q=423 T /

i
l Qy=1275th item  Mode =26.166 i _
EII - | ' 2 :
| ' Exercise 6.4 2 :
| I :
: é
( B Reocc-12 4
r - 2
J M 0 2 G)so (i) LT r X
| : T I
: Range=65, Variance=1038 and S.D =322 o >

@ |AM:  SectionA=7, SectionB=7

(b) || Variance: Section A =2.4, Section B = 6.4
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-ia, —

\

¥ _ ()-+ve, Tl quadrant
L {iii) +ve, Ill-quadrant

Exercise 7.1

39.8152° (iii) 84. 3194°
0" (iii) 12° 59' 44

(iii) 30°

()82597° (@

@az1s  @ST

@uas @30
{1) T adians’ ! (i) - ""”dla"s
(iv) 1.'3'5?5 radians

(iv) 32°37'30"
(iv) -135°

(iif) T—? radians

Exercise 7.2

(i) 1.047 em {ii) 3.1415 cm (iii) 12.57 cm

(i) 2.5 radians (ii) 5 radians (iii) 2.09 radians
(382em (i) 0.1632¢6m (iif) 6.366 cm
96 m’ i
G2625cm @ 6.5625 cm’
Bem
Tonm
i
2
4Tcm
fmem’ ]
Exercise 7.3
H o o H o y ] _!'_3_1.5 o ll_E
(i) 415°,-305 (i) 315°, —405 (iii) 5 6
5 -ln
W)
(i) 3 quadrant . (ii) 1" quadrant (i) 3" quadrant
(iv) 3" quadrant  (v) 2" quadrant
Exercise 7.4
(ii)+ve, IT-quadrant

(iv) —ve, Il-quadrant

(v) —ve, llI-quadrant (vi) +ve, [l-quadrant

(iv) 18.1058°

Sirll:—|30°:] =0, mg(_lgﬂﬂ) £,
SOC(H!.SO") ==, mt(-iﬁt}’j =undefined
(i) sin(-270°) =1, cos(-270°) =0, tan(270°) = ynce
cosec(~270°) =1, sec{—2?ﬂ°) =undefined cot ( 2—2??
" = i :ﬂ

(iii) sin720°=0, cos720° =1, ta

= n720°=, o
sec720° =1, cot720° = undefined e

. = L ] -
(iv) sun(14?0}=—.cos{14m°]=‘f tan (1470°) = 5 cosec(1470%) =2

sec(1470°) = T' cot(1470°) =3

— I V3
7 O=—, —e—
81 cos > sinf = tan@=-4/3, cmwe:c:ﬂ--i cc19-~—1—

cosech . o -3 4 3 e 2
ec=—, cosfi=-— =
7 0: = IanG—-n?’—.sul:Bz?,mtB:-i—
®1 @ ) —
- N (iii) 5 (ivi2 (V0
' (i;; 1" quadrant (i) 3" quadrant (iii) 2 quadrant
) (iv) 4" quadrant  (v) 4" quadrant (vi) 2 quadrant
m__ (i)  25.56 (i) 26.16 (i) 7.79
B 53592,
_ Exercise 7.6
40°
il W o6
] ’) » 1
“ 26.56 N 6om
m 260 feet o EECNEEE
h 210
-1

==1, tan(180°) =, cosec(~180°) = undefined
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Review Exercise 7 e
T o
[0} mg]e. of depTCSSTD“ (i) mg . . i
(i) Greek (i) Perga (i) M i
(vii) 2.6496 (viil) 0. : 1) Mathematici
foin s 3 s s .
: o mBC =+/89, mAD = =__55
| @) 242 ®) & 4, T ™ mBD=—sem
: 3. 216°4012° mBE =41 em .
i 5. 454916 S5 s i
s =——==1 i
|l- 4. @) 3N radian (ii) 2m radian 12-;-5 ppro) | '-J
2 . 22 |
! = 5 (i) 550°, arm° (i) 110°% -610° : Ty 14. 47(dpprax.] '| 1|
| 1
' 3 )
=X tan3 0°= _ 441794 .
i l 6. (i) sin390°=5 ms‘j.i)[)“ 5 tan39 T 8 k=== =8.92(approx) MF
'} /
i = @ =—= cot390° = \E 3
1 : s =259 Ts' Exercise 9.1 | 1
q (i) sin(-240°) = B 240 = an(240)= - B ovZon [ om B G-Lswis f @
| 1 \m cm 4 .
I' l oo m(_‘w‘) (\_;2,400)__._2 cot[ —240° ) ﬁ 2"&3 cm n 24
| I et
_ - . Exercise 9.2
' I 3. maﬁ? sinﬂ=-—-,ta.n9=—- 3, cosecB—:E,COtB B lemor7 cm 8.39cm : e
i ) o E§ (@ QT>PR
. s L M e
: ' o. 44 m approwimately).  1* 19“.fﬂ°‘ (approximate’y (b) PR is farther from C than QT . 1
o Exercise 3.1
I- 1. l4cm 2. 1.5cm 3. 6.1 Review Exercise 9
| -' 4.  £Band £ D are obtuse. m
a ' ' - (i) congruent (i) CDi
CD is closerto O 24 centi - .
1 Exercise 8 2 . _ Discloserto 0 (i) 24 centimeles (iv) 15 wnits ]
F | ] . 1. S-ﬁ cm, JlIicm, \.r- fcm q 14.4 units (v} 6em (i) 8
' |, ' 2 -—JT-—g—cm ] :(1) AC=12m, AB =24m (ii) Radiug = 10 cm, Diameter =20 cm
' L= )8em () 4gunis (SN2
| 17em

' . 2
E . mfﬁ Gcm mﬁ-ﬁﬁcm mﬁ=4\ﬁ§ cm
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i Answers
Exercise 10.1
' Exerci
reise 1
_ 8cm n ﬁcm W aaa — One
[I) = |2, y—g[:l (ﬁ) I=]]
; - g =9
BN o > o 56 @iy 10 i) x=12, y=614 () x=yq j-;ge
_(v) x=16, y=531° A
- Iﬁ(':‘m : 3 {Vl} x-—ﬁ, y:sunzo
- .r=_ .
Bl 0:-0)-u (if) x=58,y=15 F ’
TJ -'-J- ) M " 1
(i) x=34,y =148 (iv) x=35,y=55 eview Exercise 11 - !
A oo 3 e s O 32 O AB=en
(iif)3J5 cm (iv) 3(v5-1)em BEEE <ADB=65°, /BDC=25% mBC=5r - ]
Exercise 12 |
Exercise 10.2 Bl -3y -us |

m 10 units

11 em n 12cm
o €=62, x=10  (ii) a=45b=30

12 em n 16cm

27 em ek & Revigy Exercise 12 1
. Bt
m i) 160° (i) g0 (i) 110° () 400 () 375" 373 |
Review Exercise 10 (vi) 50° o 25° (i) 125° : 3 |
l@
— (i) 2 o i) x=38%y=25-
(i) OTLPQ (iii) equal H x=98° y=60 (ii) x=38%) 3 ; | 1,
il (x=80° (i) x=125° (ii) x=50° - :
(iv) x=45° (v) y=12° (vi) x=70 : i _ I

@) 26° (i) 122°
(a)i=8, j=67.4
{h} k =12.6,1=50.0

nea AL ou
Review Exercise 12

4 f these
(1) none of these @ s

(iv) touch each atl'.cr internally

- % =
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5 ‘ ' 2 - Relation between the roots and the coeffic .
e : S : = ients of a qu .
==/ ] = o Qg s : If o, are the roots of the quadratic equatio B e
“ [ GLOSSARY. .. \ e S
3B : % _ Sty it e f&a'ﬁ Sum of the roots =22
#a : | a
. . , i and product of the roots = £
- - 3 a
" Quadratic equation I Formation of quadratic equation
An equation that can be written in the form + The quadratic equation whose roots are ¢ f isgiven b
' ax’ +bx+c=0 ; ) X = (sum of the roots) x + product of the roots = J
where a, b, and c are real numbers with a =0, is a quadratic equation. ' Simultaneous cquations o i
Standard form . - I More than one equation which are sani ¥y
; ; : lisfied by the ]
'T A quadratic equation written in the form ax* +bx+¢ =0 is in standard form. vanablei ﬂ\ioiv;:d are _filied simultaneous equations or a!;‘ms:;ne values of ¢
[' i Zero-factor property of real numbers ﬂf_, j‘m_ bm ' -
| If a and b are real numbers, with ‘ab =0, then either a=0.0r b=0 - Ratio -
'~ Square root property <) Arelation between two titie :
) ua ind i 3 .
The solution set of x* =k is Proportion quantities of the same kind is called ratio.
-
| { B . JE] Aproportion is a statement, which is expressed as equivalence of tworatios
i Ouadratic formula Iftwo rati e 3,
. : atiosa:bandc:d T
| The solutions of the quadratic equation ax’+bx+c=0, ‘ _— aroequal, thensyecanwriteg-b=c:4
: ; Direct variation

where a =0, are

|

1

i

i J

il -bxyb?- dac

[&1 ¥ =
h l 2a .
: - Radicalequation ! . |
1 An equation in which the variable appears im one or more radicands. |
B! The discriminant ~ .
' l s The expression b*--4ac that appears under the radical sign in the quadratic
‘formula is called the discriminant. ] B
Cube roots of unity
] 2 ; S1+i3 5 358
I! = 1@, @ are the cube roots of unity, where ©= and w =—-—2'—'-
II ' Properties of the cube roots of unity
: Fa*‘ 1. The sum of the cube roots of unity is zero, Le. 1+ ®+a” =0
i E ity 2. The product of the cube roots of unity is 1, ie Ixoxd =@ =1.
3. Each complex cube root of unity is reciprocal of the other, ie. ®=_7

Ra-iif.ﬁ

::atwu t_qa.mr:itititf:s are related in such a way that when one chm;lgt

_Inanyratio so does the otheris ca i iati

Inverse variation s

é:::: quantitics are related in sucha way that when one quantity mcmases, the othe

creases 1s called inverse variati '

Joint Variation o

Join iation i i i

Vaﬁ;t;-':;@tmn is the same as direct variation with two or more quantites, i.&Joit

other -1 & variation where a quantity varies directly as the product of two of mor

cﬂnsm?ltintltlcs. If x is jointly proportional to y and z, we can write xkyz=for som
- We can also write this relationship as : |

L=k

¥z &

al fraction

If P(x) and Q(x) are two_polynomials and ©(x) is non zero polymomials.

th ion A%
an the-fraction o6 E-’F; is called rationgl fraction.




numerator P (x)
Improper rational fraction

- ' Glosey,

- ﬂs:wu ..I
‘A rational fraction , Q(x)#0-is a proper rational fraction, if the degree of-
s léss than the degree of denominator Q(x).

1onal fraction P(x)
A rational 0(%)

. Q(x)#0 is an improper rational fraction, if p
degree of numerator P(x) is equal to or greater than thé degree of denominator o4
Partial fractions : .

Splitting up @ single
single factor in denominator,

rational fraction into two or more rational fraction with
such a procedure is called partial fractions

of well-defined distinct objects. Sets are represented by

A set is a “collection
.. 7 and elements of sets are represented by small

capital English alphabets, A, B, C .
English alphabets, a, b, 2

Union of two sets.
If A and B are two sets, then the union of set A and set B consists of all elements

in set A or in set B or in both A and B, and it is denoted by AU B . Symbolically.
AuB={x\xeAor xe B} )

Intersection of two sets -
T A and B are two sets, then the intersection of set A and sct B consists of al
{hose elements which are common to both A and B, and it is denoted by AnB,
‘S}'mboli:ai!.y,

' AnB={x|xe A A.xe B}
Disjoint sts ' .
Two sets A and B are disjoint if AnB=9.
Complement of a set o ;
bsetof U, then U \ A is called complement of

If U is universal set and A is a su
set A, and is denoted by A’or A°.
Difference of two sets

If A and B are two sets, then
A which are not in B, and it is denoted by
: Pl A\B={x|xe A Axe B}

_ Commutative property of union
For any two sets A and B
> AuB=BUA
Commutative property of intersection
For any twosets Aand B
AnB=BnA

their difference consists of all those elements of

AVB or A — B symbolically

O S/ALIE
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Associative property of union
For any three sets A, B and C
: AU(BUC)=(AUB)uC
Associative property of intersection
For any three sets _
AN(BNC)=(AnB)nC

Distributive property of union over intefsectio
For any three sets A, B and C 2

AV(BNC)=(AUB)n(AuC)
Distributive property of intersection over union
For any three sets A, B and C
AN(BUC)=(AnB)u(AnC)

De. Morgan’s laws
For any two sets A and B

. (i) -(AuB)=A'nB (ii) {Anﬁ)'=A’uB' |
Venn diagrams ‘ - 1
Concept of sets i.e, union, intersectio iR
. . _ ) ! n, comple;
explained easily with the help of Venn diagrams, IPIJ g:imﬂiﬁi&b:

represented by a circle and universal set i
- Ordered pairs is represented by a rectangle.

(@, b) is called an ordered pai
f pair of two elements a and b of a set or of di
sets, where a is the first element and b is the second element. i
(@, b)#(b, a)
Cartesian product
2 If A and B are two non- empty sets then A X B is called Cartesian product,
rbclm 15 set of all ordered pairs such that the first element of each ordered pair
ongs to set A and second element of each ordered pair belongs to set B 3 J
symbolically.
AxB= {(.1 y]i.rE'A and yE B}

Bi If A#B,then AxB#BxA
-Binary. relation
Any subset of A x B is called a binary relation, where A and B are two noi- L
cmpty sets, a4
i Al
um"'“’;f“"l' range of binary relation .2 5
Ris a binu ion from set A to set B.ie i
ry relation from | i

then domain of R is

R ={(x y)lxe Arye B},
of all ordered pairs in R and is denoted by “DomR™ -
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rdered pairs in R, and is denoted '

fm ™

f second elements of all o

E The range of R is s¢t 0
by “Range R”.
L o ¢ Jlistogranm
FunctioR 4 B are two non-empty st then a binary relation f is said to be a % A graphical representation of data in the form of rectangles i
function from A 1o B, if Freq u; i . gles is called Histogram.
o Dom ek = Anumbershowing the repetition ofavalueinagiven
d)  There should be 1o repetition in the first elements of all ordered pairs Frequency Polygns setof data,
: contained inf: Acurveonthe graph showing the frequency of values ’ s
1, Symbolically ; M'L'diﬂl]! . _ : =
RN ) Avalue lyingin the middle of arranged datais called median
e 4 B Mode "
Domain, co-(lomain and range of a function _ R ) _ . .
. Yetf 1 A— be a function, then set A is called domain of £, set Bis A:alue ?Eﬁat&d.m“'m“m times in a given setof data is called mode. 1
called co-domain of £ and thie set of second clements of all ordered pairs contained in l a dataand hence is usually used tofind public opinion. e. It shows the trend of
£ is-called range of f. The range is subset of co-domain ;{;llicﬂ'
e ; | e difference between i - .
™ Ranga po oebet® e .maxlmum value and minimum value in given setof data.
Let f be a function from A to B, then f is into function, if e 2R
Range f #B An angle is a union of two ra i
; P ys which have a common poi
One - oae or 1-1 function _ . the ray is called “initial side” and other ray is called ':e:;im] siﬂp?'ml (vertex) one of
. Le f be a function irom A to B, then f is one-one function, if for each x€ A Sexazesimal system (degrees, minutes seconds) .
‘ there exist qhiqu_eye B.ie.there isno repetition in the second element of all orde e I.l is the system of measurement of an angle in which one complete rotati ;
airs contained in f ivided into 360 parts called degrees i a Sk i rutfﬂnn 15
p . barts called minutes, written g . S, wrilten 35,360 ._O:w degree is divided into 60 .
| Into and one-one function (injective function) .. G ashnds Wi £ 1 a5 60 and one minute is again divided into 60 parts
¢ Letf be a function from A to B, then { is injective (into and one- one) function if e , written as 60”. il
il G Range 4B ; ""u]t'l]'f' system (radians)
(i)  There is no repetition in the second elements of all ordered pairs measur;ﬂ}sa:"f‘h.‘” system of measurement of an-angle. Tn this system unit of
; "% containedinf. : s gle is radian. One radian is an angle subtended at the centre of a circle
o - surjective function) s length is equal to radius of the circle. - "
“‘Onto Il*tlﬂ“ surjec ive func omn £ n'-:ll'e_{t}] of an are is mﬁsurﬂd b the fo“nul I= ) here {i of
&) . 5 5 i a 5 ] Y a f= Wl lslﬂlgth an
Let fbe ; af:n:lfuin grom to B, then f is onto function ® Afﬂ-  is central angle of a circle measured in radians and ris radius of circle.
b goiLT ; - rea sector of circle ¥ il
l ¢ One-one and onto function (bijective function) o of 1 Area of sector of a circle is given by A= 1 29 Where ris radius of circle, ©
P Bet f be Function from A to B, theri f is ong-one and onto (bijective) functi il 2
| f if it is bath one-one and onto. . ral angle of sector measured in radians.
! ”., & Coterminal angles
5 One-ouligorrespondence i : \ Angles havi initi inal sides af terminal angles
I"i » A and B are two non-empty sets then one-one correspondence petween A and differ Ey a 1::11? g1lh¢fsama 1m+tml and :errn:;:i :ie:]:f;ﬂ;d gmm-ml mm-g
(i and B igha rule for which each element of set A is paired with on® and only o1 o S iple of 2 radians or 3 Y
2 clementidf B and each element of B is paired with one and only on® element of A E Ange tll standard position y +o s ot oigin 308
and non of the members of any set remains unpaired. It is also known as one-10 0% o ' initial L plaist (co-ordinate plane). if the vertex of an ﬂ;f;: g g .
me number of eleme™ | positi side lies on positive x-axis, then such angle is said 10
100, 2 &

. functiofin one-one correspondence both sets A and B have s&
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‘rants and quadrantal angles . . ?l"I '
i XY-plane divided into four equal parts each part is called quadrant. Being in
the 1%, 2" 3" and 4" quadrants means measure of angle from 0° to 90%, 90° to 180°,
. 180° to 270° and 270" to 360° respectively quadrant angles are 0°, 90°, 180°,90,360°,
L Trigonometric ratios of unit circle 3 ¢ ¥ !

These are sinf =y, cosB=x, tanf==
: %

and cos =l, 3ecB=l, cotf=2
¥ x ¥
Trigonametric identities are
(i) cos’ B+sin*B8=1
(i) 1+tan*@=sec’®
(iii) . 1+cot’@=cos’®
Angle of elevation -
If an object is- above the level of observer’s sight then the angle between
the horizontal line and observer's line of sight is called angle of elevation.
Angle of depression 2
- If an object is below the level of observer’s sight then the angle between
the horizontal line and observer’s line of sight is called angle of depression.

Acuie angle :
An angle is acute if and only if it has a measure greater than 0° and less than 90°.

Acnte triangle ]
A triangle is acute if and only if it has three acute angles. |

Adjacent nngles
Two coplanar angles are adjacent
no points in the interior of one angle are'in
Altitude of a triangle
An altitude of a triangle is the perpendicular segment joining a vertex of the .

i triangle to the line that contains the opposite side.

if and only if they have a common arm but
the interior of the other.

Angle
An angle is the union of two non-collinear rays with the same end point.

Arcof a circle
Any portion of the circum

Bisector of an angle
A ray that divides an angle in

ference of a circle is called an arc of the circle.
to two equal adjacent angles is the bisector of the angle:

Central angle o k
A central angle of a given circle is an angle whose vertex'is at the centre of

L the circle.

I el

-

_ Y x
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-~ e
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Glossary

Chord

Circle

A chord is a segment whose ¢nd POints are on the cirg], ' =
e circle. - %

A circle is the
Circular region

A circular region is the union of a ¢

ac

Circumference of a circle b

The perimeter of a circle is called its ¢

. ed i

Collinear points \  erkunidersiice.

Points are collinear if and only if there j
Complementary angles

Two angles are complementary if and on}
Concentric circles ‘

Two or more circles (in the same pl

- i a]le 1 i

it gl plane) are concentric if they share the same
Concurrent lines

Two or more lines are concurrent if a i isasi i
on all of them. s :f_:h.:re I-S i s
Congruent angles - 11

Angles of the same degree measure. o
Congruent arcs . ;

Two arcs of a circle are said to be con i i

tif and

A . gruen only if lht:y have the same
Congruent circles | |

Circles with congruent radii are called congruent circles. |
Cm:g_rucm figures ; .
b Geometric: figures are congruent if and only if they have the same size and _
Congruent segments ; :;
Two or more line segments are congruent if and only if they have the same ; ‘

set of all coplanar poi i
nts i iver
HHATPOINLS equidistant from a given point, %
and its interior
s a line that contains all of them,

y if the sum of their measures is 90°.

length,
Congruent trinngles ciily o .
it Given i CﬂntSpDndcnﬂe ABC « DEF between the '\"{'-l'ﬁm of two l!'l'ﬂlstes.
:hthﬁ corresponding sides are congruent, and the corresponding angles are CORprNS
i l;hc comespondence ABC« DEF is called a congruence between tioyte
angles, :

b

Coplaner points

~ points are coplaner if and only if there is plane that contains all of thern.
““':7'1".11[;",'.'5.I X
A statement that can easily be proved by applying a theorem.
~— e
NOT FOR S=
e
B - e, SRt L e, S



Diameter . .
A chord passing through the centre of a circle or in,the same circle, two
collinear radii form a diameter.
Externally tangent
Two or more-circles are externally tangent if they imersect in exactly one
point and if their interiors do not intersect.

Half — plane
i : Given a line and the plane containing it, the two sets separated by the line are
l_. called half - planes. - )

i ; Internally tangent :
- b Two or more circles are internally tangent if they intersectin exactly one point

]". : " and if the interior of one contains the interior of the other.

'l £ - Linear pair.
f ; Two angles form a linear pair if and only if they are adjacent angles and the
i ] = noncommon sides are opposile rays.

'. i Major and Minoer arcs

l The larger of the two arcs is called the major arc and the smaller one is called

e the minor are. :

i l _ Measure of an arc .

: The degree measure of a minor arc is the measure of the corresponding centre
i ' angle. ,

| : The degree measure of a major arc is 360° minus the degree measure of the

corresponding minor arc. .
I e The dégree measure of a semi-circle is 180°. The degree measure of a circle is
taken to be 360°. '
l ' Median of a triangie :
1 A segment is a median of a triangle if and only if its end points are a vertex of
! the triangle and the midpoint of the opposite side.
154 Midpoint ) .
I | ' : A point B is called the midpoint of AC if and only if (i) B is between A and C
.I|I and (ii) mAB =mBC. |
. Obtuse angle ; . ;

l I An angles is obtuse if and only if it has a measure greater than 90° but less
J _ than 180°.

f Obtuse triangle

A triangle is obtuse if and only if it has one obtuse angle.

.

S0 - o R s C. Glassarg
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Qpposite rays . g
AB and AC are called opposite rays if and only if A is between B and C.°

parallel lines '

Two lines are parallel if they do not intersect.
perpendicular hisector

In a given plane, the perpendicular bisector of a segment is the line that is
perpendicular 1o the segment at its midpoint. {

Radius of a circle
A radius of a circle is | |
' (i) Any segment with one endpoint at the centre and the other end
point on the circle and
(ii) The distance from the centre to the circle.
Ray

Ray Aﬂ[ﬁ} is the figure that contains A and every point on the same side 1

of A as B.

Right angte -
An angle of measure 90°.

Secant ) o
A secant is-a line that intersects a circle in exactly twd points.

Sector . S .
If AB is an arc of a circle with centre 0 and radivs T, then the union of all

segments OP , where P is any point of AB, is a seclor.

Segment of a circle s
A segment of a circle is the region bounded by a chord and an arc

circle, -

Supplementary angles ! ]
Two angles are supplementary if and only if
180°,

Tangent 1 is called a tangent, and the :
A line that intersects a circle at exactly one point l::fagcutaﬂ)- :
point of intersection is called the point of tangency (or et -

m:smnofmirmmis




f Angle in standnrd position
I} - Apollonius theorem

I I:' | Arc ,

“ [ ' Area of a circular sector
n“fl ' Arithmetic mean

i B Asanclauve pmperty

-Basic Statistics
Bijective function

* Binary relation
Biquadratic

Cartesian product
.. Central angle

I P Central tendency

iy Chord

‘ Circle

1 ‘Circum-angle

¥ |1 Circular system

!ll . Circumference

' l | Circumscribe
Circumscribed circle
Circumseribed hexagon
Class boundaries
Class limits

Class width

Co-domain

Co-efficients

: Mati{e;daii_cs' X

106
206
=133
202
202
241
165
240
257
249
258
123
123
123
111
5,31

Indey -
Common tangent 264
Commutative property 38
Complement of a set 86
Completing square 5
Complex cube roots 2%
Componendo 38,59
Componendo-dividendo 58
Coneentric circles 212
Convergent lines 267
Congruent circles 227
continued proportion 57
Correspondence 113
Corresponding chords 207
Coterminal angles 172
Cube roots of unity 28
Cumulative frequency 130
Cumulative frequency polygon 130
Cychc quadrilateral 249 -
: ]
Data 121 =
De Morgan’s Laws P
Degree 166
Denominator 72
Diameter 202
Disjoint set 86
Difference of sets 86
Direct method 134
Direct proportion 67
Direct variation 33
Discriminant 23
Dispersion 153
Distributive property 89
Dividendo - 58
Domain 108,111

f —— g i

m@l

Index

B lh ]| Inverse proportion

Equidistant 203 | Inverse variation

Equilateral triangle 256 Invertendo

Exponential equations 13 |lmational

Externally 219

Extraneous roots 16 Joint variati

Extremes 52 K_mm::nnn

[__ = ‘ i o Sfrf:fil‘ Linear equation

Factorization k] m s

Formation of quadratic equation E 34 AR

Fourth proportional 57 Major segment 2
Frequency distribution 122 | Mean proponicn ; 5411
Frequency polygon 127 |Mean 52,133 I.;IS 1/
Funetion 109 | Median 133,139
[ | Midpoint 12
General angl Lo s

angle 172 I Major arc 26

Geomeltric mean 143 | Minor segment 241
Grouped data 133 | Mode ' 139,150
|Hlt"! 87 5 h‘

alf circle 226

Harmonic mean _ 145,146 ::mﬁ{:ﬂ:rﬁi:m 2235’%.!5

; H‘exagqn 247 | Non-repeated 3 73 t
Histograms - 125 | Numerator 12
|]— _ S O
- Imagmary . 23 =k -

lmproper fraction 72 gﬁ:ﬁn?g::cﬁm : 119’-; ¥ : &
Inje::}ive function ' 12 | Onto function H3
Inscribed angle 249 | Ordered pairs 106
Inscribed polygon 249 g
Internal tangent 264 71
Intercepted arc 226,249 | Partial fractions 57
Internally 221 | Perfectsquan 251
Intersecting circles 265 | Perpendicular bisectors 253
Intersection of sets 86 [Polygon 7
Into function co 111 | Polynomial a

uﬂ(‘:uiji,
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Mathematics X

Viifeimaties &

Il'lﬂu;
Product of the rools 32 Standard deviation
Projection 194,196 | Standard form 155
Proper fraction 72 Standard position 1'5;
Properties of cube roots of unity 29 Sum of the roots 3 3
proportions 52 Supplementary 3 42
Pythagorean theorem 184,205 | Surjective function llg
m@_. TR | Symmetric functions 33
— o= —1| Synthetic division 39
Quadrantal angle 174 | System of equations 45
Quadrants 173,176 I_ .
Quadratic equation 2 — :
Quadratic formula G Tally marks
Quadrilateral 245 | Tangent 212 - ,i
Quartic equation 42 | Third proportional e - ~ i
" Quartiles 151 | Touching circles 255?'5 T pre-Algebra, Student Edition-Glencoe by Carol Malloy, Ph.D., Jack Price, : —~
Quotient 41 Transverse 264 : Ed.D, Published by McGraw-Hill (2002) .
P : irl:gonummric identities 184 "7 Algebra and Trigonometry, 3rd Ed. by Judith A. Beecher. Judith A. Penma, }
- rigonometric ratios 5 ;
Radian 166 EODRmCTIC Mk _”E = il Marvin L. Bittinger Published by Addison Wesley; (2007) P,
Radical t'.quati-:)n 16 ————— .- 7.._-:1 _:ﬂ__ - Holt Geomglry b:{ Sch\ﬂls- Holt Rinehart &Wmsmn Pubils ¥
Radius 202 | Unequal circles 265 Mifflin Harcourt (2004) Koomng
R.a:n_s:: 108,111 Uu__grouped data 133 T Geometry 1,001 Practice Problems For Dummies by Allen Ma, Amber Kuang
Ratio _ 57 Union of sets 86 z 2015)
Rational fraction 72 — = b ey lin
Real life problems 46,68 - = ‘1] Lt Fundamentalsof college geometry by i Hemme: aug JohnA. Carter,
Reciprocal equations 11 Variable 52 B Geometry by Cindy J. Boyd, Jerry Cummins, Carol E. Malloy.
Reducible 1o quadratic form g [ Yeence o Alfinio Flores Published by Mcgraw Hill 2007)
Remainder 4041 | Variations 52 - _ ed States NAVY (1985) :
Roots 2 | Venn diagrams 95 “ Basiomathandalgebra-Unit solving) by Richard Ruszyk
- Weighted mean 147 I8 Iniroduction 1o algebra (the art of problem
orporated (2007) ; 2
Secant 212 z ? P g i ) _Angles by David Lewis published by Peniges
Sector of a circle 168 = 220 Fureka-Math-Fun-from-Many-Ang :
Semi-circle 276 ] Trade ... Techniques by T- Satyanarayan
Sets 85 | T0) Ma[hs_mr_-:—:lm_['rcmi\.-c-and-lﬂﬂU\'at-.\-e-Tl.‘.t q
Sexagesimal 164 . Stoughton
simultancous equations 43 I i Abbott P. Published bY Hodder and
Solution ) S5 Teach yourself algebra by
Solution set 2

(1988)
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