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Unit 7 Introduction to trigonometry

A n anelc is a union of two rays which have a common point (vertex). One of the ray is
called initial side' and other ray iscalled "terminal side’.
Sexagesimal system (degrees. mingies. seconds) is the system of measurement of ap
angle in which one complete rotation is divided into 360 parts called degrees, written as
360°. One degree is divided into 60 parts called minutes, written as 60" and one minute is
again divided into 60 parts called seconds, written as 60"

© inGircularsystem (radinns) unit of measure of angle is radian. One radian is an angle
subtended at the centre of a circle an arc whose length is equal to radius of the circle.

Coterminal angles are angles having the same initial and terminal sides and differ by a
multiple of 2 radians or 360°. They are also called general angles. :
Angles are in standurd position if the veriex of an angle lies at the origin, and initial
side lies on positive x-axis.

© OQuadrantsareobtained when XY-plane is divided into four equal parts.

e Quadrant angles are 0°,90°, 180°,270,360°.

g Refationship between radian and degree measure

1= radian = 0.0175 radian and | radian = [l%ﬂju = 57,205 degrees.

Relation between central angle and arc length ofacircle: [=r0

1 .
Area of a circular sector. A=";‘_.'""E'

two or more than two angles with the same initial and terminal sides are called
- coterminal angles.
ﬁ There are six trigonometric ratios: sin 0, cos 8, tan 0, sec, cot ®, cosec 6.
@© ‘rigonometric identitics are
(a) cos’@+sin"0=1
(b) 1+tan®0=sec’ B
() 1+cot’0=cosec’®
a Angje of elevation is the angle between the horizontal line and observer's line of
. when looking at the top of a wall.

Q Angle of depression is the angle between the horizontal line and observer's
when looking at the bottom of a wall.

sight

line of sight

In this unit the students will be able to

Prove the following thearems along with corollaries and
apply them to solve appropriate
problems.

@ [nanobtusc-angled triangle, the s i -
ik quare on the side opposite tuse angle is equa
of the squares on the sides containing the obluscangretoglethtgrlﬁt?ﬂwi th Iemls 1o thesum
by one of the sides, and the projection on it of the other. ce the rectangle contained

@) Inany triangle, the square on the side opposi
y I « the st Pposile to an acute angle i

on the sides containing that acute angle diminished by mi@ilz::iu;l;u the sum of the

:I:us:: sides and the projection on it of the other i costalied by op of
@ [Inanytriangle, the sum of the squares on an twosidesi square third

L ghe, U ! side i 2

side together with twice the square on 'Ih{‘ mediansllfl:%ﬂ:ig::::ﬂhe ird si Figprodes

Theorem). ol (Apollonius'

In geometry, Apollonius's theorem is a theorem relating the
length of a median of u triangle - to the lengths of its side. It
slfm:s that "the sum of the squares of any two sides of an

imangle equals twice the square on half the third sid:'

2e hl: llh wice fhE 5
are
I.(ll ther w qu on I]lﬂ medla.n. bl&ﬂﬁhﬂg lhe

Specifically, in any triangle ABC, if AD is a median, then
MBI+ |ACT =2 (4Df +|BDP)

It is a Sp .al F
CC 5 i
Ial case UF Ste“"&n‘. u‘leﬂl'ﬁm. or an isﬂmlﬂﬂ

?Ca:i:t‘;"h |4B| = |4C), the median AD is perpendicular to

Bloanie ;;hecrem n.:::luccs to the Pythagorean Theorem for

ﬁiagfnal B (or triangle ADC). From the fact that the

o & of a parallelogram bisect each other, the theorem
Quivalent to the parallelogram law,

Th ;
¢ theorem is named after A pollonius of Perga.




Unit 8 Projection of a side

| Math formula 4/ (Apollonius theorem) j
1 AI) _ig:ﬁw median, then:
| AB+AC'=2(AD*+BDY

A B
In an obtuse-angled triangle, the square on the side
opposite to the obtuse angle is equal to the sum of the
squares on the sides containing the obtuse angle

together with twice the rectangle contained by one of
thesides, and the projection on it of the other. % - e
D

EGiven Fig. 1
il; J!;.iiBC, £ZCis the obtuse angle. Let mBC = a, mAC =b and mAB = e. E_li the
perpendicular from A to BC (produced) so that CD is the projection of AC on BC. Let
mCD =p and mAD =h.
- To prove

(mAB) =(mBC)+mCA) +2(mBC )-(mCD)

ofr f=a*+b +2ap

Statements

In a right angled triangle A ADR
(mdB) =(mBD) +(mAD)

of a triangle

Reasons

4D LBC
Pythagoras theorem

or (mﬁ]! :-—-[mﬁvlwmﬁ)z +{.ME}1 mBD = mBC+ mCD

or (mﬁ)z ={MJE]2+[M‘C_D]:
+2[mB_CJ-(mﬁ]+(mE)z — (i)

_| Again in the right angled triangle AADC
(mAC) =(mCD) +(mAD)

or {m-:d-E:l! —(mﬁ)! = (m_E]z —(ii)

so that (i) becomes

(maB) =(mBE) +(meD)

(x+y) = +y + 20

Pythagoras theorem.
Equal can be subtracted
from the equal without
changing the value.
Putting the value of

(mAD)" from (ii) in (-

J

— ——

Unit 8 Projection of a side of a triangle

+2(mBC)-(mCD)+(m AC)' ~(meD )’
(m4B) =(wBC) +(maC)

Commutative property l
of addition of real
numbers,

The difference in two

+2(m BC)-(mCD)+(mcD) - (mcD ) equal numbers is zero,

(B =(WBC) +(wAC) +2(mBC)(mTD)

cz ,-:.r‘.]'2 'F'bz + ZHF

Covollary - I:

In @ AABC with obtuse angle at C. If BD is B

perpendicular on AC produced and m BC=mAC
then prove that

(AB)= 2 (AC) (AD) d

or
¢*=2(b) (b +p)

|
Given . n P & b LA
A AABC having on obtuse angle mZACB,
mBC =mAC and BDis perpendicular on AC produced.
To prove

(mAB)’ = 2(mAC) (mAD)

or
r
T c"=2b(b+p)
Statement Reasons

(mAB~ (mBCY+ (rnfﬁ)’ﬂ(m?é;- (mCD) By Theorem 8.1

= (mAC)* (mAC)*2(mAC) (mCD)

=2(mAC)* 2(mAC) (CD)

=2(mAC) (mAC + mCD) -

=2(mAC) (mAD) Point C is inbetween AD
(AB)=2(mAC) (mAD) or - ;

¢’ =2b (b +p)
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o s2®
I ite to an acute angle is equal to the gy,
on O 51d:u(igﬁsﬁj'lc diminished twice the rectangle cbnwi:::ihy

(b)

the MEC

Given g
The given triangle is either acute as in figure (
mZC s acute. AD is the perpendicular from At
so that CD is the projection of CA on CB . Let us denote 7!

mCD= p, the projection and mAD=h.

. To prove

—_— — — et ==
(m4B) =(mBC ]1 +(mAC ]I -2(mBC ','l':m cD )
or c=a'+b-2ap

1o j
n figure (b)
cessary . s j‘l;ﬁfi

— m

- .Jil': .-:bs

) or obtuse as i _
o CB (produced if ne

R

BC=d,

Unit 8 Prajection of a side of a triangle . . :
Proof
Slat‘!lnl‘.nts Rcasuns
AADB is a right-triangle + AD 1 BC (produced whe
. . where

necessary)

- (mAB) =(mBD) +(m D) Pythagoras theorem

Also mEI.:' + m(i,‘i= mBC z ______ Segment addition postulate (g, a)

~\m4B) =(mBC-m D)
+nAD) — @ | 7" =mBC-mCD

Again mBD +mBC =mCD

oy T, Segment a_dftio'n ?o_stulaxe (fig. b)
.'.(mAB) =(mCD-m BC) BC

Since mBD = mCD - mBC

+(mA—D)=——+ (1

But the R.H.S of (i) and (ii) are the same so we
can select any one of the above equations.
Thus from (i), we have

(mIE}z = [m‘f}E’}z} (."aur-C'_.D]:l

+(mBC-mCD) =(m CD-mBC)

~2(mBC)-(m CD)+(m AD)’
. | Commutative property of addition of

or (mﬁ)z = (mB—C): +{ma]: +(m_.45} real numbers.
~2(wBC)-(CD)—s
But(m CD) +(m D) =(mAC) —(1v) By Pythagoras theorem.
~(mAB) =(mBC) +(mAC) '
~2(mBE)-(m D) Using IV in TIL.

Some odd multiplications
37037037037 = 9= 333333333333
13717421 = 9= 123456789
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+ Exercise 8.1

\. In AABC; m AB = 6cm, m BC =10cm, m£B =120°. The projection of BC on 77,
= » ] (

5 cm. Find mAC. - ‘ o
2. 1o AABC. mAB =3cm, m BC =5cm, m AC ="Tom. Find the projection of BCon 75
: : ection of AC on AB.

3. In A4BC, a=1T, b=l1, ¢=8. Calculate the proj a
C=7cm, m AD = Scm. Find which of

—

4, In a parallelogram ABCD, m AB=4cm,m A
angles of the parallelogram are obtuse.

(Apollonius Theorem)

triangle, the sum of the squares onany two sides is cgual totw ice f;he square on halfthe
mysidc t%llg ether with twice the square on the median which bisects the third side

(Apollonius’ theorem) & . A

Fig. (b)

Fig. (3)

Given )
In the A4BC, “AE is the median drawn from the vertex A to BC.
To prove
— ] —_— 1 —_— —
(mAB) + (mAC)" =2(mEB) +2(mEA)
Construction '

From A, draw
"AD 1 BC (produced if necessary)

e NOT FOR SALE
P T e

P

1 Unit 8 Projection of a side ﬁ_f a triangle

4
5

Proof

Statements

Since AABD and AADC are right triangles,
‘ —_—n1 —_—2 —_— 2
~(mAB) =(m AD) +(m BD)2L+(1)

(mﬁf =(mE}1 + ':m_DE}a —(2)
Therefore, (mﬁf +(m_/E‘)2 = Z[mE]I
A mBD) +(mDC)

But m BD =m BE +m ED

So that the last result becomes
m(ﬁf + (:HE)E = Z(mzﬁ)i
+(mﬁ+mﬁ]z + (mﬁé}z —(3)

Since mDC = mEC-mED
and  mDC=mED— m-ET:'
— —_— — 2
(mDC) =(mEC-mED)

= (mED - m@f —(4)
S0 any olne of these values can be put in place of
(mbC) and thus (3) becomes

(mAB) + (wAC) =2(mAD)
+ (mBE + mED)’ +(mEC -mED)’
ot (mdB) + (mAC) =2(mAD)
+(mBE)" + nEDY’ + 2(mBE) (mED)
+HmEC)' + (mED)' - 2(wEC). (mED)
or (m-jﬁ)! + (rm—dE]! = 2{131:-1—1))1
+nED)' +(wED)" 4+ (mBE) +(mEC)

- Segments addition postulate

Construction
Pythagoras theorem

Pythagoras theorem

Adding (1) and (2)

From construction in figure (a)
From construction in figure (b)

From algebra (a-b)’ = (b-a)’

Using (4) in (3)

~ from algebra
(a+b) =a* +b* +2ab and
(a=B) =P s =20b

Using commutative property
of addition for real numbers.
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+2(m§§)-(mﬁ)—2(mﬁ]- (mED)

or (mAB) +(mAC) ~2(mAD)’

+2{mﬁ]z +(1r|'1rEL"§In)z +{mﬁ)z

+2(mBE)- (mED) -2 (mBE)- (mED)

or (mﬁ}z + (mﬁi‘?-‘2 =2[(an)= + (mE_D)j}

+2(mBE) —(5)

‘*mBE = mEC a

s AE :
median, E isthy

Vvx-x=0 YreR

AADE is a right-triangle,
Using (6) in (5),

" mEB = mBE and g
mAE =mEA J

But (mAD) +(mED) = (mAE) ——(6)
{m]ﬁ)z +(mAC) =2 (mAE) + Z(ME)E
or(mAB) +mAC) =2(mEB) +2( mﬁ}f

v Exercise 8.2

1. Using Apollonius theorem find the length of the medians of a triangle having sides 10
cm, 12 cm and 16 cm respectively. . -

2. InA4BC, D is the mid-point of BC. Find the length of the median if mAB = 4mj
mBC =5cm and mAC =6cm.

3. AABC is given with mBC =4¢m ,mAC =12¢em and m£C =120°.
Find mCD, mAD, mAB and then verify Apollonius theorem.

B 4cm C-___P
; Pl o o == nd mBCsSﬁ"
4. AABCis aright triangle with m£B =90° and BD | AC . If mAB = 6cm a
find mAD and mCD. Verify your answer with Pythagorean theorem.

" - v G A
| @+ b7< ¥ obutsetriangle \ ~ =
How to prove a, b, ¢ form =¢! ﬁghtlria"5|° A
atnt"ana;:::, right or obtuse > ¢? acute triangle ‘g
' Where ¢ is the largest side 4

Unit 8 Prejection of a side of a tridngle . .

1. At the end of each question, four circle

. s are given. Fill in the correct ¢
(1), Phythago]-as was a /an . orrect circle only,

mathematician,
© Indian O Greek O" Pakistani O Chinese
(i1} Apollonius was bom in .
O Perga O Isanbul O Istamabad O Kabul
{1111 Apollonius is the name of a .
O City O Town O Country ©  Mathematician

2. Find the projection of the side of measure 10 units upon the side of measure 17 units
inatriangle whose sides respectively have measures 10, 17and 21 units.

3. AABC is a right -triangle with m.2 4=90°. From the vertex 4 perpendicular AD is
drawnon BC.If mAB=5cm, mAC =8 cm . Find mBC, mAD and mBD .

4.In the above question , BE is a median. Find mBE using
Pythagoras theorem

Apollonius theorem
5.Find A, x and y in the figure.

© Amedian ofa i angle is a segment from one vertex of the triangle to the midpoint of the
Opposite side,

© Inan obtuse-angled triangle, the square on the side opposite to the obtuse angle is equal
1o the sum of the squares on the sides containin 2 the obtuse angle together with twice the
rectangle contained by one of the sides, and the projection on it of the other.

@ Inany triangle, the squarc on the side opposite to an acute angle is equal to the sum of the
squares on the sides containing that acute angle diminished by twice the rectangle
tontained by one of those sides and the projectionon itofthe other.

' Inany triangle, the sum of the squares on any two sides is equal to twice the square on
|1_=1|f‘th|: third side together \\'ith?\vice the square on the median which bisects the third
Side (Apollonius' Theorem).




