1!.“-
.

: 6. Ifavaries jointly asb and the squarer

Unit 3 Variation

a
at

ootofc,anda=21 whenb=5 andc-*—36.ﬁndawhen

b=12 ande=225. ]
uld be added to each of the numbers 3,8,11 and 20 to make them in

7. What number sho
proportion?
8. What number must be subtracted from eachof6,8,7and 1150 that the re

are in proportion?
9, The ratio between two numbers is 8 : 3 and thei
10.Find three numbers.in continued proportion such
squares is 84.
11. The mean proportional betwe
12, Find the angles of; atriangle whichare
ac(a+c) _(a+ c)

a ¢
If==—, that —— ==
13.1f S d then prove tha b+d) (l’+ﬂ')J

maining numbers

he numbers.

rdifferenceis 20. Findt ]
14 and sum of their

that their sum is

en two numbers is 6 and their sumis 13 _Find the numbers.

intheratio3:4:5.

; " . i a’+ab+b1_a=4b’
b, care 1n continued proportion then prove t ;=-_-_-_-_.b’+bc+cl __.———bl —3

14.1f a,
3 3 3
a & _¢ a+c +e _ dace
—m—=— that ————= =7 1
IS.Ifb 5 f,lhenpro\re al Tad e o

. Summary

° Arateis aspecial type of ratio.
o Arateisacomparisonof two quantities of different kinds.

Q Aratio compares two guantities of the same type.
° Aproportion s astatement expressing the equivalence of two rates or two ratios.

Two quantities are in direct proportion when one quantity is doubled, the other quantity is
also doubled; when one quantity increases x times, the other quantity also increases X times.

Two quantities are in inverse propo ion when one quantity is doubled, the other quantity 1§
halved; when one quantity increases y times, the other quantity becomes 1/y of the original.

° Ify varies directly tox, then y =kx, where kis a constant and k=0 s direct variation.

9 Ify varies inversely tox, then xy = k, where k is a constant and k=0 isinverse variation.
Ify varies directly to two or more quantities x and z, then y =kxz, where k is a constant
and k=0 is joint variation. '

@ Let a:b:c:d beaproportion IhcnI=I=H.$ﬂJ’]

Thus a =bk, c =dk

These equation are us ; . ;
e Kc!mcthud. used to evaluate certain expressions more easily. This method 18

In this unit the stu;{e'n_ts will be able to

@ D i
efine proper, improperand rationa) fraction

o b
Rcs'cnrlve an algebraic fraction into pars &
fractions when its denomji Aavon £ k
8 minator consists of £ e &
2 non ~ repeated linear factors a."-."'-“’t-’-‘-"i e 4x-1 Pw.‘
: : 208 ¥ i i
2 Ir}eﬂzeated linear factors, ,.-'"'q':.a"‘é-”:- (x+2 ﬂ’:;-' A
o -repeated quadratic factors :-‘!;-:c:r"a.",’;i‘: 2t Nx=1) r':{"':“ -fl"'
repeated quadratic factors, =R & :;ﬁ"'%} gl

The partial fractions is s i
ns 1s simpler, which can help to solve more complicated fra
ction. For

© example, itisv i
ple, ery useful in calculus, which is abranch of mathematics

i\ rxﬂ# i
Partial fractions

We can do this directly: i+i - 5x-1

Like this: x4+l x=2 x-x-2
i+i=E(I“2)+3{I+l}_21—4+3x+3 5x-1
Tl 12 (+D(x-2) (x#D(x-2) x-x-2

. but how do we go in the opposite direction?

2 3 Sx-1
— e e e ———
x+l x-2 -x=2

How to find the "parts" that make the single fraction (This is "partial fractions").




N Unit 4 Partiol fractions Unit 4 Partial fractions

- |

Resoluti
on of fraction into partial fractions

.! mknﬁnnal fraction A ration m
en denomi
minator O(x ) consists of non-repeated quadratic f
c tactors.

fivy

l z ¥ - o # ly one factor
Partial fractions re fractions with o0 : Resolutio ;
o . oo two 0T 0 : hose algebraic n of rati P
i‘ Aprocedure which does splitting up 2 ﬁ-a_:cm:-ln 'ztnerwo cds aset of fractions w ' B onal fraction (x) W D - .
i in the denominator is called partial fr?n:ﬂﬂﬂi-cz the factors of denominate, ol 2(x) #0 into partial fractions depends upon
| sumisagiven fraction s called partid fraction- T (x). Thus there
]. . : are four cases involved 1 :

. . fractions (i) When denomi nvolved in resolution of fraction
f improper ral‘lﬂﬂﬂl nominator . L
| m Proper and improP o - ten in the form: (1i)  When denominat gix)%nsms of non-repeated linear factors

fun s or {ix i . 4
l- (iii) ) consists of repeated linear factors

P(x)
)=aG) Wh :
Qx) en denominato "
als where Q)20 — T O(x ) consists of repeated quadratic factors
PR gx)#0 is proper fraction, ' KEEW hen denominator consi ’
matarcansists of nos-roneated &
,Q_r*__g_fj -

linear faerors
Aol dOTJCTS

Whrer P(x)and Q(x) are pclynu;ni

mll'rope.r rational fraction A rational fractio® 0(x) : .
if the degree ofnumerat-:er(X} is less ﬂ‘.’ £ Let poperSuction Pl ——
than the degree of denominator O za zZo. 7. T= . : ) » factorize the polynomial Q(x) in the denominator if it
For example, 22 S0 2y 3 O is not already factorized. To ev
-— - e = = o t l .
1 2x rf_l_'_‘r.er __,;:-- g 5?7{' F ,';" A ery non-repeated linear factor ax+5 in the denominator
Tt X 12 oax-x+l B = < | corresponds a partial fraction of the form A ———
i i — = - i a constant. Thus i
are proper rational fractions. G | ic 20 A . 0()=(aF+B)a+b) then b ) us if
(&3 )improper rational fractions i 1 o
. PR - : fraction, if the degree of numerator __4
i —_— #( isas an improper ction, i + o
A rational fraction ) O(x) P : . p— i | O0) ax+h ax+h, where A and B are constants. Similarly if
P(x)is greater than or equal to the degree of denominator Q(x). [====" | )
For example, a fraction that has 2 larger l. O(x)=(ax+b)ax+b,)ax+b) then
X +4 ¢ Peixad 2-¥axdl ?i:mt‘::et:e(:g thetop thglom ) | P9 __ 4, B, C
—— g —— ] 1 e
e+ 2x+l’ Fadxdd X +x-1 R i 0® ax+b ax+h ax+b,
Any improper rational frgctinn can be reduced_it_n? sum of 5 < Denominaor Where 4,3 and C are constaats o be detsnninéd.
i pulyuammls and proper rational fraction by Jarge division. termin
b
: SFT) (R . { = '
For example, consider 11___. an improper rational fraction. Divide numerator SDid Yo Know?
2 x=1 S ouKnow: e
by denominator as 2542 _.
x-1) 24 +1 What's wrong with |
e ' this one?
x  Flx 4
24+ 1 l
e “IxF 2
Therefore we have Lil:zx.pg +i 3 |
x=1 1 - :

hmﬁﬂ



I,."

= 1
'__———-_-_-_-—
Example Resolve GG )

Feaation.J 1 A B
1 __.4():+2]+.B(J:+1)
= m- (x+1)(x+2)
Multiplying both sides by (x+1)(x+ 2) we get

1= A(x+2)+B(x+1)
x=-1 in Eq. (2), we get

{ :
| R 1=,{{-—1+2)+B(«I+1)
‘ : = 1= A(1)+B(0)
i 1=4
): = 7 in Eq. (ii), we get
1 ing r=—2 in Eq. (1t)
{ ] s 1=A{—2+2}+B{—2+l}
) & = 4(0)+B(-D)
] = 1=0-8

or

Now puiting these values of 4 and :
1 1 =

,___————-—s--——-l-
(x+1)(x+2) x+2 x+2

1 1 1

e

These are required partial fractions.

into partial fractions.

B in equation (i) we have

———

Unit 4 Partiol fractions

@@

(if)

[ Math Fun__uy

!
l
|
! | P Gaxr2) ¥+l 142
|
|
|

111,111,111 x 111,111,111 |
= 12,45,678,987,654,321. i

NOT FOR SALE

Pl &
=5 t.'?%
ok
o it
Unit 4 Partial fractions . -
I Exampte [0 ¥ .
pic Find partia) fractions of -
Ix4+ 2

I T

. Solution =2
Since x’-x_zztﬂ_mx_z)
Therefore, —.33_13'__ 3x+2
3 =————_____
R (:c+1)(x-—2)
Let ——-y_-l'_%___ 4 8
(x+1)(x-2)  x+1 +-.:-_2 @
. 3x+2 g A(x-2)+B(x+1)
| (x+1)(x-2)"  (x+1)(x-2)
Multiply both sides by (x+1)(x-2) we have
3.'(+2=.d(:c-—2]+8(x+]] (i)

Putting x=— 1 in Eq. (ii) we get.
3(-D+2=A(=1-2)+ B(-1+1) .
= =3+2=A(-3)+B(0)
= ~1=-34
1

= A=—
3

Putting x=2 in Eq. (ii), we get
3(2)+2=4(2-2)+B(2+1)
= 6+2=4(0)+B(3)
= §=-3B '
= ;4=§
3
Putting these values of A and B in Eq. (i), we have
13
_3x+2 3 .3
(x+1)(x=2) x+1 x-2
1 8
o e e
3(x+1) 3(x=-2)
3542 1 8 ' . . .
o +———  These are required partial fractions.
or P -x-2 3(x+|] 3(1&‘-2)




.I-h . : Unit 4 Partial froctions
m Whea denominaior

. Plx) 5
i fraction —— the denominator
st, in the proper 00

consists of repeated lincar factors

Q(¥) contains & repeated linear factor

____P{x) = _’1—+-—L ,where A

x+ B2 corresponds to two partial fractions of the form 0 = T

«d B are constant to be determined. i .
the denominator Q(x) contains the repe ated factor (ax+b)’, then the corresponding three
Plx) 4 B G where 4,5 and C are constants to be

_ : Px)__4 , _~ s
tial fraction are -5 5 ~ b @by (@b

stermined.
Example m Find partial fractions of ——5-—2
B . (x+1)

_Solution_
Let __-’L_F;“_,L__ii_l. o)
(x+1) x+1 (x+1)

x 4 (x+1)+8B
) (el
Multiplying both sides by (x+1 Y, we get

=

x=A(x+1)+B (ii)
= x=Ax +4 +B (iii)
Putting x=— 1 in Eq. (ii), we get
_1=A(-1-1)+B
= ~1=A(0)+B
= -1=8

= .
To find, the value of 4 compare the co-efficient 0
1=4 .
putting these values of 4 and B in Eq. (i), we get
. x 1 -1
._———2 = e b 3
(x+1)’ x*1 (x+1)
1 1

x+l (x+1)

These are required partial fractions.

£ x in Eq. (iii), we get

Multiplying both sid
| sides by (x-—l}zfxﬁ-?-),wc

Unit & Partial froctions

li Example {ﬁ Find Partial fraog;
e clions of 2‘t:+| "
~ . (x-2) (x+3)
-(:-2)1(x+33:§?3+(:z:-’+£'
- 2x 41 e

(x-2)’ (x+3)
(x=2)"(x+3)

A(x-2 gct
J J'{.H3)+B{.:H-3:|-|-n.'.‘(x—2)1
A(x +.\:-—E~)+.E.%‘l:.vc+3]+C{Jr2 —4x+4)

(4+C)x? +
T (A+B—4C}x+(—6A+3B+4C)
2(2) +1=4(2-2)
=2)(2+3)+B(2+3)+C ¥
= B+1=A(0)(5)+B(S5)+ (0} e
= 9=0+58+0 = 9=58 = |g2

p L
2x 4=

2xi41=

Putting x =—3 in Eq. (ii) we get

2(-3) +1=A(-3-2)(-343
=3+43)+B(-3+3)+C(-3-2)
= 2x9+1=A(-5)(0)+B(0)+C(-5) +3)+C(-3-2)

s =
19=0+0+C(25) - C=—
To find value of A, com i ? -
: 2,_4 e {[jaarc co-efficient of x* from Eq. (iii), we get
Putting value of C, we get
, 1
2=.4+2—5;_ = 2-2o4 A=l
. 25 25
utting values of 4, B and C in Eq. (i), we get
2 ﬂ E I_g
_2l 25, 5 2
(-2 (x+2) x-2 (x-2) 43
3241 31 9 L

__2___-=————"—_+-——:—1"+————
(x-2) (x+2) 25(x 2) 5(x-2) 25(x+3)

These are required partial fractions.

< AG=2)(x+3)4 B(x+3)+ C(x-2

(i)

(iii)




Unit 4 Partial fractions

oo

Resolve the following fractions into partial fractions. ;
3x-2 x-1 (€} E
(n. . 2 —x o x 4+ 6x+5 *
' 4x+2 2 3213
X _____t____——— t{ﬂ R +1
(). x*+4x=5 (5): (x+2:|[21"1:' ( fx )
{? _'I'.‘:+2 [8} 2.1:“1 tg.’ _____x_:_———
— =g T
! (x+2)(x" +5x+6) x(x-3) 42541

S <
(x—1) (x+1)

m When denominator consists of non-repeated quadra
P ; then to every non-repeated quadratic factor ax’ + bx+¢

Let the proper fraction a} is gwan
partial fraction of the form

(10).
tic factors

in Q(x) which is mot factorizable corresponds the

Px) =__ixi£—- where A and B are constants 10 be
0(x) ax*+bx+c :

i Example Find partial fractions of -(——m
(x+1)(x* +2) x+1 X +2
1 A +2)+(Bx+C)(x+1)

determined.

1_S_uluﬁ'nn = Let

{.r+1){f+2)r (x+1)(x* +2)
Multiplying both sides by (x+ 1)(x* +2), we get
1= A(x* +2)+(Bx+C)(x+1) . (i)
1= A(x" +2)+Bx" + Bx+Cx+C
C1=(A+B) X +(B+C)x+24+C (iii)

Putting x = -1 in Eq. {ii), we get }
1= A + 2]+ [BED)+C]141)
— ) 1=A(14+2)+(-B+C)(0)
1=A(3)+0

Unit 4 Partial fractiong

iy 8 -

I=34=| 4.1

3
To find values of g and C¢ i
ind o Omparing co-efficient of x" and x in Eq. (iii)
and  0=p4¢ i |
using value of 4 in Eq. (iv), we get o
0=1+B
3
= |8=2l
: putting B..—E mEq (v), —-+C' 0=C= l

Putting these v.:.Iucs of
i 3
Band C in Eq. (i), we get
: 1 4
I
(x+1)(x* +2) 1 x*+2
l . i

(x+1)(x*+2) 3(xe1) 3 +2)

___I___ - 1 x
(x+1)(x* +2) 1(1‘4-1} 3{I‘+3}

These are required partial fractions

{ =
| Example |[H ‘3‘- 28 428 _Ax+B Cx+D

i _6 (x +3J(1; —2) X 4.3 .'t"‘—:

L_Solution | 4x* ~28 = (Ax + B) (¥ ~2)+(Cx+ D)(x* +3)
=( BT Y IR NN L IR
=(A+C)* +(B+ D) +(3C-24)x-2B+3D
Equating coefficients of like powers of x,
A+C=0,B+D=43C-24=0~2B+3D=-28
Solving simultaneously, 4=0,8=8C=0,0=-4.
= o 8

4x* -28

4°0-28 _
X' -x* -6 3

Y6 ¥+3 x-2

Hence,




' - : Unit & Partial froctions

THag
2 m When denominator consists of rep
1

[ Example fﬂ Resolve —— 2 into partial fractions.
5 (x=D( +1) |

= 1 A  Bx+C Dx+E .
ion. : I B o—tT (i)
[ Solution..) Let (x—l){.\"'ﬂ): = + 1)
Al +1) +(Bx + O =10 +1)+(Dx+ E)x-1)

i (=1 +1F

cated quadratic factors

1
(x-1 +1F
(x-— |}[,\': + 1]', we get
Ay 1)+ (Dx+ XX (b
Y+ Dx’ —Dx+Ex—E

Multiplying both sides by
L= AGP +1) +(Bx+C)

1= A(x* +2x° +1)+(B_\-+z:)(.r‘ —x* px—]

. Bx+Cx¥’ -

I=A{,t“+2,t! +1)+ Bx' —Bx
+Cx—C+Dx* =Dx+ Ex—E

j=(Ad+B)x' +(-B+ O +(2A+B-CH D)X +(-B+C-D+E)x
I 4+(A-C- E)
'r putting x =1 in Eq. (if), we 8¢t
| 1= a0 + T+ [BO+C]0 —pfy+1] +[pW+E]1-D
? 1=A[|+1]*+w+c;w)u+n+w+ﬁ)w_) '
1= A(2) +0+0
1=A4(4)

= |Ad=-
4

Comparing co-efficients of ¥, x*, x and constant respectively.

0=A+B (iii)
=—B+C T (V)
0=24+B-C+D (v)
0=-B+C-D+E (vi)
|1=4-C-E (vii)
Using value of 4 in (1if) we get
D=l+E

-—

Unit & Partial fractions

Using value of B
In (4) we
get

o (e

n=%+c
= EHIH .
Using values of 4 34. )
» B and Cin Eq, (v), we get
0=

Olie

= |
= +D !r
- 2 *
Using values of 4 and C in Eq. (vii), we get |
T | |
4 = |
I= l+ : E ‘
4 4
1 =1—E |
L 5
E:.l.._] =—l |
2 2
E=—t
Putti 2
utting values of 4, B, G, D, E in Eq. (i), we get

-1. 1 -1_1

e i

L
4,4 4,2 2
x-1
1

1
(x=1(F +1)

X+l (P4
-x-1 -x=1

- -
4(x=1) 4(x +1) e +1)F

| _ 1 x+1 _ x+1
DGl Hx-D 4w+ 2+




iy

Resalve the followin,

1
. .
M S+

=3
@ T
¢t -4x+8
(x*+1) (x-2)
20+ 4
S (x* +17(x-1)

()

f- O TProper fraction
2

. 42 i

I o *+2x+2

i O Proper fraction.

T
- "

O F-x+5
O #-Ix+1

g fractions into partial f

(2 G +3)

four circles are given. Fill in the co

O JG-n 20x+)
(ii). If P(x)and Q(x) are tWo polynomials {

O Rational fraction

O Irrational fraction
{iv).What is the quotient when
@ -8 + 16x -5 is divided by x- 57

Unit 4 Po rrial jruf.l.inns .

Exercise 4.2

aclions.

A
o #3x+] ). 2x+1

e
(x'+1) (x=

._.]'F:_g_—— (6). _._.—-2-1—;—'_—; .
o (x+4)(3x° +1) (x+1)(5*=2)

dar=3 - () & 8x* 3

W) © @ +(-x)

rrect circle only.

} _ 1. At the end of each question,
f - 1
| oy -
O T =1 O 3G+ 2x-D
1 1 &5 L I
-1 2x+1)

_J'i{_x_}_, O(x)=01s
0w’

O Irrational fraction
O Improper fraction

hen

© Improper fraction
) None of these

O £-3x+2

2 240
O 2 +13x-49+

(x+5)

Unit 4 Partial fractions
2. Resolve the following fractions into
part
. 2x*
(i), —
(x+1)(x-1)

X =3x+2
(iv) da Tk
d k] X .
(x-1) (v). e
XT3y
(vii). ._1_"_'t1 - -
(x*+1) P

Challenge !

ial fractions.

(i 2230 +9x48

(i), =)

f—2x1+x

(vi). w
x -1

4% +3x+14

(i, ———
-8

3. Resolve the following-fraction into partial fractions 343 E x4

(x+1)(2+1)

® If P(x) and Q(x) are two polynomials and (J(x) is,non zero polynomial than the

P
fraction )
=

is called a rational fraction.

A rational fraction, O{x)=0isa proper rational fraction. if the degree of numerator

P(x) is less than the degree of denominator O(x).
. . . Plx) ; ]
| ® A rational fraction EEE , O(x)=0 is a improper rational fraction. if the degree of

\ numerator P(x) is equal to or greater than the degree of denominator O(x).

i © Splitting up a single ration al fraction into two or more rational fraction with single
. factor in denominator, such a procedure is called partial fractions-

[ Math Fon -]

1x1=1

| 11x11=121

111 x 111 = 12321
1111 x 1111 = 1234321

11111 x 11111 = 123454321
111111 x 111111 = 12345654321

1111111 x 1111111 = 1234567654321
11111111 x 11111111 = 1234567
11111411 x A1 =




