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* Weightage = 4% ® Periods = 10

11.1 Differentiation of function of two variables

We have already studied the differentiation of function of one variable. Now, in this
section, we will focus on differentiation of function of two variables.

11.1.1 Pefine a function of two variables

I a quantity z has unique and finite value for every pair of values x and y, then 2 is
called function of two independent variables x and y.

i z2=f(xy)

Here, z possesses unigue and finite value for each ordered pair (x, y) € B2

For example, f(x,v) = x%+ xy + y? is a function of two variables, because for
different values of x and y, [ has a unique and finite value.
11.1.2 Define partial derivative

The concept of partial derivative arises when function is of two or more variables.
Definition:

Let f 1% the function of two variables ¥ and v, denoted by f(x,y), then partial
derivative of f with respect to x is the ordinary derivative of f(x, ¥) with respect to x by taking

ar )
¥ as a constant. 1015 denoted as a or f,. Similarly, partial derivative of f(x, ¥) with respect to

d
¥ can be defined, and is denoted by i or fy.
11.1.3 Find partial derivatives of a function of two variables
& ad
Example 1. Finda—"; and é, given that
i fley)=x*+xy+y? (i) flxy)=ye*
(i)  fley)=Ihy,y=>0
(M As f(x,y) = 2% +xy +y*
Differentiating [ partially with respect to x, we get
af a s
P (x5 +xy+y*)

ar
o= 20+ y(1) +0

&%)
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d
—=12x+y

dx
Similarly. differentiating f partially with respect to y. we get
af 4
ol L 2
¥ ﬂy(x +xy+y°)

daf
EE—G+I{1}+2}'
3 =x+2y

(i)  flxy) =ye*
Differentiating £ partially with respeet to x

af 8, .

P P

af _ [ae*

ax dx

af s

ax V¢
Similarly, differentiating f partially with respect o y

d d

_I. - — Ex}

dy ady

ar

5__}" ='E ('1)

dy

(iiiy flx,y)=Iny,y=0
Differentiating partiallv with respect to x. we get

ar a
B Eﬂ ¥)
ar a
3y = nyz-(1)
af
e Iny =0
B
dx

Similarty, differentiating partially with respect to v, we gel
af d
@ = 5{1“ ¥)
af _1

dy ¥
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Example 2. Find the partial derivative of the area of triangle by base as well as height of the
triangle.
Solution: The area of triangle is defined as A = %bh

Here b and h are base and height of the triangle respectively.

Now, partial derivative of Area A with respect to base b is

A—lbh
-

Differentiating A partially w.r.t b, we get

55~ (2*)

g4 1
E = Eh (1) (here h is treated as constant coefficient)
A - 1 0
ab 2
Similarly, differentiating A partially w.r.t i, we pet
1
—bh
2
a4 a1
— = bh)
dh dh (2
. Eb 1) = 2 here b is treated t tfici
P (1) = = (here b 1s treated as constant coefficient)

11.2 Euler’s Theorem

Euler's theorem is one of the most important theorems of calculus, which contains
homogeneous function and its partial derivative.

11.2.1 Define a homogenecous function of degree n
Definition: A function f(x,y) is said to be a homogeneous function of degree n if it
can be written in the form of f(tx, ty) = t"f(x,¥)or f(x,¥) =x"f G)

Example 1. Show that the polynomial function in two variables p(x, y) = x* + x%y + xy? + y*
is the homogencous function of degree 3.

Solution: Asplx,y) =x* + Py +xy* + 7
By taking highest power of x as common
2 3
Yok ¥
ny)=x1+=+=+=
p(x,y) i G

&
yr—
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. 0 2 3
peen =2[Q) + )+ Q) +() ]
pl.y) =x*p [G)]

Hence p(x, y) is the homogeneous function of degree 3,

4‘[’}'4

= is homogeneous function of degree 3.

Example 2. Show that the function f(x,y) =

Solution: Replacing x by tx and y by ty
(ex)* + (t)*

ftx,ty) = P
B Ext + thyt
f{f]‘.’,t}"}— I(I—J.-"j
=r*(x4+}?4]
tlx—y)
x“+;-.r4
fltx, ty) = ts( T )

fltx, ty) = 2f(x.y)

::r‘1‘+;|.r‘gr : :
flx,y) = Ty is homogeneous function of degree 3. Hence shown.
4
' 145
Alternatively, flx,y) = ﬂ+ ( ,ﬂ)
=y

()
1-()
fey) =2 (2)

This shows that f(x,y) = % is the homogeneous function degree 3.

2 Fia
Example 3. Show that the function f{x, ¥) = sin (xxti ) is not a homogeneous function.

AT
Solution: Here f(x,¥) = sin (xx_tyl)

Replacing x by tx and y by ty , we get

fltx, ty) = sin ( (tx) — (ty) )
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(252 4 ply?
= sin

tx —ty

(zz
_ (fx+y}
(5

)
)
() ern(i)

fltx, ty) =t fx,y)

Hence, fx, ) is not hemogeneous a function.

Example 4. Show that the function f(x,y) = g;g is homogeneous of degree -%,

fitx, ty) = sin

(
(1
(1 +
(i

Floy) =x72f ()

Solution: As  f(x,y) =

HJ‘:” i I'*~=:

%)

— e =277 ()

Hl‘ﬂf H1":!

+.[7
Hence f{x,v) = ﬁ_;g is the homogeneous function of degree —%.

11.2.2 State and prove Euler’s theorem on homogeneous functions
Let z = f(x,y) is a homogeneous function of degree n, then by Euler’s theorem, we
have
iz dz
X a + jf@ =nz
Proaf: It is given that 2 = f(x,¥) is the homogencous function of degree n. So, it can be
written as

z=flx,y)= x"f@) (i)

dz dz
From the statement of Euler's theorem, we need the values of — Emd 5
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Differentiating partially (i) with respect to x. we get

=l )

By applying product rule of derivative, we get

o= Q)+ s O

By adding equations (ii) and (iii), we get.

v+ vge= s @) —xtvr B +xr ()
g_z“’ o e (;r
:—z + y; =nf(x,y)
az dz

ax yﬂy

[* Flx.y) =x"f G)]

Hence proved.

o e @) )
= Zopeeip (D) (D)
Multiplying both sides by x, we get

xg—; = nx"f %) — iy (%) (i)
Similarly, differentiating {1} partially with respect to

i

555 Q)

i) d

55 G

fiz Ly 3oy

e

7] y 1

5= EE)

it

a; xh- lf ( )
Multiplving both sides by v, we get

yg—; = x"lyf' (2)

.. (i)
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11.2.3 Verify Euler's theorem for homogeneous functions of different decrees
(simple cases)

242
Example I. Let z = fz—_é-ﬁ then verify Euler’s theorem.

1242

As z = ﬁ 15 homogeneous function of degree 2. Then by Euler’s theorem.
dz 0z
X—+y—=12z I
dx REY dy ®
To verify this, we find partial derivatives of 2.
xE},E
£= x? +y?

Differentiating partially with respect to x
dz o xty?
dx  dx\x?+y?

d d
0z (P +y)) gz () — Ay 3o (¢ +y7)

dx (x2 + y2)?

dz _ (x* +y%) (2xy?) = (x*y?)(2x)

ax (x2+y%)?

gz 2x%y* + 2xy*t - 2x%y?

PR

Az 2xy*

3~ 7
dz 2xty?t -

r—=— i)
dx (x®+4y?)?

Similarly, differentiating partially with respect to ¥, we get
dz _d [ x*y*
dy  dy\x?+y?

gz ) D — G 5 6+ y)

dy (2 +y?2)?

9z _ (x® +y?) (2x*y) — (x*¥y*)(2y)
dy (x% + y2)?

dz  2x%y+ 2x%y? — 2x%y?

ay (x% + y?)?

s
A
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214},2

}F@ =W {lll}
By adding equations (i) and (iii), we get
dz  dz 2ty 2x2yt
r—+y—= +
dx “ay (x24+y2)RE (¥ +ye)?
dz  dz 2%y x4+ yP)
-ty —=
dx dy (x2 + y?)2
ﬂz+ gz _ 2x%y?
*ox }rﬂy T x4yt
Ez+ ﬂz_z Legarie, xty?
x&x yﬂy'_ 4 _'z"xz+},z

Hence venfied.
Example 2. Given that p(x, ¥) = ax? + bxy + cy* be the homogeneous function of degree 2.
Then verify Euler’s theorem for it.

Proof: As p(x,v) = ax?® + bxy + cy? is the homogeneous function of degree 2. Then by
Euler’s theorem,

X=—tyz—=2p o ()

To verity this, first we find partial derivatives of p(x, ¥).
p(x,y) = ax® + bxy + ¢cy*

dp
E-Zax+by

Multiplying both sides by x., we get

ip " "
xa = 2ax* + bxy . (i)
Similarly,
a
£ = bx + 2cy

Multiplying both sides by y. we get
dp
_ b . L iii
yﬂy xy + 2cy (iii)

By adding equation (ii) and equation (ili)
We get,
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dp
*ax
dp
x ——
dx

d
+ y% = 2(ax? + bxy + cy?)

dp
+.y5 = 2p(x,y)
Hence verified.

Example 3. Venify Euler's theorem for the function z = sin™! ; + tan™! %

Solution: Let us check the homogeneity and degree of the function.

; R T s . =1}
Here fi{x,¥) =2z =sin y+l:an o
Replacing x by tx and v by ty, we get

t L
ftx, ty) =sin™t (é) +tan™? (—F)

fx

f(tx, ty) = sin™t (E) +tan~! G—)

¥
tx,t =t“[' =1 tan“q
flex, ty) sin }'+ 5

1

Hence z = sin™ §+ tan™? % is the homogeneous function of degree 0,

By Euler’s theorem

dz iz .
I£+}’$—ﬂ.z—ﬂ (I}
To verify Euler’s theorem, we find the partial derivatives of z = sin™? % + I:an"%

w.r.t their independent variables.

dz 0 x ¥
P i WP o -14
Freiade [sm 3 + tan x]

d 1 1 ; -
== o zx z[:_::
dx fl_(z)“ Yy xf4yd \x

¥
iz 1 y

ax [yZ —x2 S xiay?
Multiplying both sides by x. we get
dz x xy
0x [y —x x2+y?

X

. (i)

Similarly,

ﬂz'_ﬂ 1'1x+t' g
ﬂ}r*ﬂy[sn 3 an ﬂ
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iz 1 il

X 1 d o
22
dax 2 ay (}r) 2 gy \x

— = 1+1=
-6 +(3)
dz Yy -x x> 2
By —W(ﬁ) T
Multiplying both sides by v. we get
az -X xy
Ya- = o Y
dy [y2—xt x*+y
By adding equations (ii) and (iii), we get,
dz 4 dz _ x xy X x xy
Yox ya._. [ye—x2 x*+y? 24z x*+y?
dz
IE + }’a—}r =

. (iid)

0

Hence verified.
11.2.4 Use MAPLE command diff to find partial derivative

The format of diff command to partial derivative of a function in MAPLE is as under:

i
>dif f(f,x,y) is equivalent to the command E f in Maple version 2022,
Where,

T stands for funetion whose partial derivative is to be evaluated
XY stands for the variable x and v, the partial denvative with respect to x or y.

FY means 1* order partial derivative with respect 1o variable x

| Note:  All above operators should be taken from the Maple caleulus palette.|

Use MAPLE command diff or (?% f ) to differentiate a function:

Partial Derivative of functions:

> f = (x,y) = (x%y + 5xy + xy?) > f=(xy) — (x + In(xy)
f=(x,%) = x%y 4+ Sxy + xy? + 2x sin(y)?)
> dif f(f(x,y).%) [ = (ny) — x +In(yx) + 2x siny*
2xy +y* + 5y > dif f(f (x,¥),%)
> diff(f(x.y).y) Ly 3ding?
x4 2xy + 5y x
> dif f(f(x,9),% %) > dif f(f(x,y).y)
2x+2y+5
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Partial Derivative of functions:

> dif f(f(x,y).y.%) 1+4x5iny
Zx+2y+5 ¥
> dif f(f(x,¥),x,x) > dif f(f(x,¥), %)
2y 4siny
>dif f(f(x.y)y.¥) >dif f(f(x,¥),xx)
2x —.k
x:
> dif f(f(x, ¥)0.¥)
—— + 4s5inx

>f=(xy)— (x+y+ye")
f=®xy) —x+y+ye

>f=(xy)— (In{x+1) + v+ ye®)
fi=(x¥) = In(x+1) + ¥ + ye*

> dif f(f (x, ), x) > dif f(f(x,y),x)
Likyer i
>dif f(f(x.y).¥) Thn &
1+e* > dif f(f(x, ), ¥)
}dfff(f[x-}')-xax] 1+E‘x
ye¥ > dif f(f(x,¥),x.x)
di LY, B 1 ,
>dif f(f(x,y)y }f)ﬁ — g6
> dif f(f(x, ). 0. ¥)
0

__Exercise 11

F'da’f da’f . o
ind == an ﬂyw en f{x, v) is given by

(i) flx,v)=3x3+y? —6x+2y -7
(i)  flruy)=x*+xy—-y*—2x-2y-8 (i) f(xy)=sin(x+y)

(iv) f(x,y)=e"cosy

V) fCoy) =702 +y?)

r. The volume of the cone is given by formula V = %T[Tzfl. Differentiate ¥V with respect

to their independent variables,

Lk

Check whether the following functions are homogeneous or not, Find the degree m
case of homogeneous unction,

. 3_5,2 2443
(i) Fxy) _ X7=5x y+7xy<+y

"
A

(i) f(xy)=tan (%)
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2_42
(iiy  flx,y)=x"+3x%v+2y*x+y*  (iv)  flxy)=cos™} (%]

W flay)= %%‘ﬁ (vi)  flxy) =x% —3x2y®
2 2 2
i) fGy) =sin (%) vii)  fy) =In (S

Verify Euler's theorem for the following homogeneous function.

M feay) =xy+y’ @ fOoy)=cos(})

i ] = . i ¥ — i- Xt

i) fCry) =y -x ¥ feoy)=mh(5)

Ifu = x%(y — x) + y*(x — y) then show 1‘1'1f',1tﬂ—H + ol = —E(Jc = y}z
dx By '

34,3
— tan-1 (22 du du_ .

Ifu=tan ( —y ) then prove that x 5=+ y gy — Sin 2u,

Use MAPLE command >diff or (% ! ) to partial differentiate with respect to x and

y of the following functions:

iy floy)= x*y+xy+xy® (i) f(x,¥) = y+xcos(y)

(i) flx,y) = iiﬁ

Review Exercise 11 )]

Multiple choice questions (MCQs)

Given that f(x, ¥) = e™ then £ =
Ty
x ¥ y4x f(xy)
e 'h I Al = —_—
(a) P (b) © 3 {d}xﬂ, F(xy)
Surface area of a cube is a function of variahles.
{a) 1 (b) 2 (¢) 3 (d) 4
: 9y
Given that glx, v) = cos 2 then—= =
glxy (5) then=*
x s R y
(a) =5 {h}y (©) =5x (d) =%
. 2% . :
A function tan (5) is a homogeneous function of degree
2
{a) undefined [h}; {c) 1 (dy0
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{v)

ivi)

{vii)

(viit)

{i%)

(x)

b

The perimeter of rectangle is given by a function P{x, y) = 2(x + y), where x and
y are respectively its length and breadth. Then sum of partial derivatives w.r.t their
independent variables is

{a) 2x (b) 2y (¢) 2(x+y) (d) 4

Given that z = f(x, v) is a homogeneous function of degree 0 then X == o =ty g; -
(@) Ce+y) f'Cxy) (b)x +y (e) 0 (d) fx,v)
The area of trapezium is a function of variables,
(a) 1 (b)2 (c) 3 (d} 4
dw aw _

Givenw = f(u, U}Lsahomngeuecrusfunmnnotdegrae then u—— T R i

2
(a) (u+v)f"(wv) (O () 3 {d}gw

. uy . : iz
Giventhatz = y (5) is & homogencous function of degree O then v =
(@) ugl (b) 0 ©) ~ug (d) -1
Let f(x,y) and g(x, y) are homogeneous functions of degrees 2 and 3 respectively,
X,
then degree of homogeneous functions LB is
glxy)

2

(a) 6 (b) 1 (c) 3 (d} =1

Let fx,y) =xy and g(x,y) = %x}r be the homogeneous functions for the areas of
rectangle and triangle respectively, where x and y are their independent variables. Are

f+a.f—g fgand g homogenous? I yes, what are their degrees?
Verify Euler’s theorem for the function z = /x* + 2

Given Ihdt z=g(x,v) 15 a homogeneous function of degree 3 then show that

ﬁz
X 3% +-""ﬂy 3z

Given that y = f(u,v) is a homogeneous function of degree —-% then show that

dy 3y _ 3
L il it 2

=
j

Given that u = sin™? ( , show that xa - }? ay =1,

X+ ,..-’y

-:_]

Kool
Given that u = sec™" (ﬁ-] , show that x% +y g;; = Zcotu.




