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NORMAL
DISTRIBUTION

10.1 NORMAL DISTRIBUTION

The nermal distribution is undoubtedly the mest important and frequently used of all
probability laws, because

(i} the normal random variable does frequently oeeur in practical problems such as heights-
and weights of individuals, 1.Q. scores, errors of measurements, efe.

(i) it is the limiting form of many other probability laws and hence provides an accurate
approximation to them.

(iif) it is-also the limiting distribution on the well known central limir thearem {(as discussed
in Thegrem 116}

Thus a greal many techniques used in applied statistics are based on the normal
distribution. The formal definition follows.

10.1.1 Normal Probability Density Function. A continuous random variable X is normally
distributed if and only if its probability density function is

) 1 = 3

i) = ey ha) 2 ——— 1t e for —se'g ¥ <l
- k a ‘u'l In

where i is any real number (i e, —== < §t < =) and o must be positive (L e, o > 0),
no(= 3141392654 - y and e (= 2.718281828-+---) are constants, x is the value of
random variable X and f{ x) isthe density (ordinaie Jat X = x

’ﬁ normal distribution is characterized by two parameters. ¢ and @ its mean and

standard deviation respectively. Sometimes it is denoted by N( g, @ ). Thus

X = N(p, o)
means that a random variable X is normally distributed with its mean 4 and variance .

10.1.2 Shape of Normal Distribution. The
graph of a normal probability density function is
called a normal eurve. As can be seen from the
definition, the probability density function for a
normial  random  variable has a2 unimodal,
symmetrical and bell shaped distribution.

Figure 102 shows the graphs of some >
typical normal density functions for various Li A
values of the parameters g and o The parameter Fig 10.1 Normal distribution

o controls the relative flatness of the curve;
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({)  Keeping u constant and decreasing ¢ causes the density function to become more
sharply peaked, thus giving higher probabilities of X being close to .,

{if) Keeping y constant and increasing o causes the density function to flatten, thus giving
lower probabilities of X being close to .

(iify If o is held constant and p is varied, the shape of the density function remains the
same with its centre moving to the location of g

) 3
M
¥ 0.1
o=14
0.3
=] 1
Jx)
21
-— 5= | .64
0.1+
} -
0 p=5 u=§ g=T X o x..-

=10
Fig. 10.2 Normal probability density functions

10.1.3  Properties of Normal Distribution. The following are the main properties of normal
distribution (or curve).
(1) Continuous Distribution. The normal probability distribution is a continuous
distribution that ranges from — o to + es,
Ry = |{a: —eo s x < 400}
(2) Total Probability. The total area under the normal curve is unity. That is,
Plom < X < ) = ]
(3) Mode and Maximum Ordinate. The normal probability density function is unimodal
(single peaked), its mode is y and its maximum ordinate at x = g is

ﬂm_dﬁe T-uzn
4 Symmetrical Distribution. The normal probability distribution is a symmetrical
distribution. Thus =

() The mean, median and mode coincide at 1

Mean = Median = Mode = ,I:I!
(@) The lower quartile x,,. or Q, and the upper duartile x,.. or Q, are

equidistant from its mean u.

Xogs —H = N =Xyas
{iii)  All odd order moments about mean are zero.

My = fy = g =40 =0
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(5)

(6)

(7)

{8)

(9)

(10}

(11)

Special areas under the curve. No matter what values of g and & are, the areas under
the nermal curve remain in fixed proportions within a specified number of ¢ on either
side of i For example,

() Plu— o < X < i+ o) = 0.6827
() Plu-20 < X < p+20) = 09545
(i) P(p-30 < X < g+ 30) = 09973

Median, Quartiles and Quartile Deviation. In a normal probability distribution, the
median, the lower and upper quartiles and the quartile deviation are

X5 = th Xgas = U — 0.6745 a, Xgas = f + 06745 @,

0.D(X) = MBI - 067450 =2 0
o s TiXgas _ Xop T Koo
& 2 ’ § 1349

Variance, Standard Deviation and Mean Deviation. In a normal probability
distribution, the variance, the standard deviation and the mean deviation are

Var(X) = o?
S INX) =06

M. DIX) = n‘_'r,”|i = 0198 a =
n

Moments and Momeni Ratios. In a normal probability distribution, the first four
moments about mean and the moment ratios are

o

unl.p.

My =0, #y = o7, Hy = 0, #y = 3o
#3 0 My 3g?

H = == = ﬂ, = - = = 3
Ence JBI #% (az }3 }8'1 ul (cz }3

Points of Inflexion. The points of inflexion of the normal probability density function
are equidistant from mean u, theyareat x = g — ¢ and x = g + o The normal
probability distribution is a bell shaped distribution,

Asymptotic Curve. The normal curve is asymptotic to the x-axis, that
is, as ]:| grows without bound, the eurve gets closer and closer to the
x-axis but always stays above it. The curve has a single peak in the
middle and tapers off gradually at both ends and never meets the x-
Reproductive Property. If X, and X, are two independent normal
random : :
variables having distributions N{y,, o]) and Nig,. ¢3) respectively,
then
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their sum X, + X, is also a normal random variable having the
distribution
N, + py. 07 + o3).
10.1.4 Normal Cumulative Distribution Function, The cumulative distribution function for
the normal random variable X is
Fliz) = PX 53 = Pl=s=<XSx)

(1.,

Unfortunately, this integraton cannot be carried oat in the closed form. Mumerical
techniques could be used o evaluate the integral for specific values of i and o The various
possible values of g and o result in 3 family of ynlimited number of different normal
distributions. It is, thus, necessary to fabulate the standard normal comulative distribution
function, that can be used to evaluate the cumulative distribution function for a normal random
variable with-any mean ( and any standard deviation o

1.2 STANDARD NORMAL RANDOM VARIABLE

A tiormal random variable X with mean # and standard deviation @ can easily be

transformed into a standard normal random variable Z by the transformation
X - p

whicih has mean 0 and varjance 1. ) (3
10.2.1  Standard Normal Distribution. If the randem variable X has 2 normal distribution
with mean o and variance o=, then the random varable Z = (X — u}/ ¢ has'a standard
nermal distribution with miedn 0 and varidnee 1.
Theorem 101 ff X ~ N(p, 0%) and Z = (X — i)/ o, then

£ = N(D, 1}
Since the standard normal probability density function and cumulative distribution
function are of such importance, we shall use special symbols for them;

10.2.2  Standard Normal Probability Density Function. The probability density function of
the standard normal variable Z, denoted by @f £ ), is given as

| =

= jﬂu}duz j' —l—-—e

(o 0 e

{p(z}= 1 vﬂ'_:'l

Jz=

Thus: @ z) s the value of
standard normal probability density

functionat Z = z, Therefore, ©{ z) is.

for —es < 7€ o

called as the ordinate of the standard T

normal curve st Z = z. The ordinates ¢(2)

@ z ) have heen tabulated for various

valnes of z in Table 7. —- =
i z =

T 0.2 Jf Z~ NeO: 1Y, the "
i £ ST, then Fig. 10.3 Ordinate of standard normal

@l-z) = @lz) probability density function
arf =g
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10.2.3 Standard Normal Cumulative Distribution Function, The comulative distribution
function of the standard normal variable Z, denoted by @(z ), is given &

Wz) = MEsz) = H-5<257)

=

Thus @ z) is the cumulative
probability up to' Z = z in the standard
normal distribution. The comulative
probabilities @( z )} have been tabulated (=)
for various values of £ in Table 9,
Note that

O~
D + == )

a2 gy

- j[f{u}du =

W

] D z z

Fig. 10.4 Cumulative probability in
standard normal distobution
upto £ =z

Theorem 103 If Z ~ N(0, 1) and d, b are any real numbers, then

(), PZSa) P a)
(D —P(Z2a) 1 = ®la)
(i) PlasZ<b) = b)) - Dlg)
Theorem 104 I Z ~ N0, 1), then jorany real value a
H S=a) =1 -d(g)
(i PlZza) = D-a)
Gip P(|Z|<a) = 2@(a) - 1

(v) P(|Z|za) = 2®(-a)

10.2.4 Inverse Standard Normal Cumulative Distribution Function. The inverse standard
normal cumulative distribution function determines a value z comesponding to a given value of
the cumulative probability. Suppose that comulative probability at £ = : is p, then we have

Plzy = PE<z) =p
@='(p) =%

The values of @ ~'( p) have been tabulated for various -.'aiues of cumulative probability p in
Table 10. For example,

& 1.96) = 0975
@' (0.975) = 1.960

10.2,5 Use of the Standard Normal Tables. We now show how the tahles of the standard
normal distribution are used illostrating their direct or inverse use.
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Example 10.1
() Write devwn the equation of the standard normal distribution.
(if)  Find the value of maximum ordinate of the standard normal curve correct to four places
af decimal.,
tirr)  Verify that the ordinates of the standard normal curve at z = 1.27 and : = - 1.27 are
equal.
(iv)  Find the value 1 when the ordinate at z is 012001,

Solation, (i) The probability density function of standard normal random variable Z is
B 1 e

plz) = 3 &~ 2 e
J2n

(i) Since. the standard normal probability density function is symmetric about zero, its
maximum ordinate isat 7 = 0

et o L _ 3980
% i

p(0) =

(i) Either calculating directly or using the Table 7, we have

o127 = L snmtfs _ 0.17810
Jar

O(=127) = — 1222 = 17810
2n

Note @ -127) = @( 1.27)
Alternately,

1T =t B L i o(-1.27)
J2n 2m
(iv) By the inverse use of Table 7 and the fact that @(=z) = @( z), we have
@(z) = 0.12001 '
z = o Y0.12001) = +155

Example 10.2 If Z is a standard normal random variable with mean 0 and variance 1,
then find

(7} PlZ =-1596) tun PZ> 1.26)

(iify P(—196 < Z < 1.96) (v) Pl = Z <212)

(W) P(=272 < Z <w)
Solution. From the definition of standard normal cumulative distribution function, we have
(i) PlZ < -1586) P(-1.96)

0.02500 { From Table 9')
1 - P(Z < 1.26)
1 —®(1.26) = 1 - 08917 = 0.10383

]

(i) B(Z > 1.26)

1l
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(i) P19 < Z < 196)= P(Z < 196) - P(Z < -196)

= @ 1L.95) - D —1.96)

= 097500 — 0.02500 = 095
{vi) Pl—oo < Z<212) = P(Z<212)- PZ< —e)

= B(2.12) - B{=ss)

= 098300 - 0 = 0.98300 {since @ —ea) = 0]
P(Z <o) —PZ<—-272)
D) — @-272)
= 1 - 0.00326 = 099574 { singe @ +c2) = 1}

Example 103 If Z is a standard normal random variable with mean 0 and variance 1,
then find

v P(-272 < Z < =)

() P(Z< 1282) iy P(|z] < 1.64)

() P(|Z| > 237) (iv) P(Z<-164 or Z > 232)
Solution. From the definition of standard normal cumulative distribution function, we have
(@) P(Z < 1282) = ®(1282) ( By interpolating )

1282 — 1.28
- 1.28 —_———— i < )
DAY += o —og (D122 ~ B 128
= 0.89973 + 0.2 (0.90147 - 0.89973) = 0.900078
)  P(Z] <164) =20(164) - 1 {since P(|Z| < a)=2®(a) -1}

: =2(094950) - 1 = 0.899

@ P(|zZ] > 237) = 20(-237) { since P(|Z|>a) =20(-a) ]

= 2(0.00889) = 001778
{iv) PlZ<—-164 or Z>232) = PlZ<-1864)+ P(Z>1232)
P(Z<—-164)+ 1 - P(Z<232)
D{-1.64) + 1 - @(2.32)
.05050 + 1 - 098983 = 0.06067
Example 104 [f Z ~ N(O, 1), then find the value of a such that

() P(Z>a) = 0868, i P(|Z| <a) = 090
iy P(|z| > a) = 0238 ) P(Z<a) = 06198
Solution. We have
(M P(Z>a) = 0868
KZ<a)=1-0868 = 0.132
®(a) = 0.132

i

®-1(0.132) = - 1117 { From Table 10 (a) }
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8
(i) P(lzl<a) = 090
2@(a) -1 = 090 {since P(|Z|<a)=2d(a) - 1)
d(a) £ 095
g = ®(095) =" 1645
i) Pl z| > a) = 0238
2@(-a) = 0.238 [ since P(|Z]|>a) = 20(-a)}
®(-a) = 0.119
~g = @7 (0119) = - 118
a = 118
) FZ<a) = DBIYE
®(a) = 06198
a = ®71(06198) ( By interpolating )
= ®71(0619) +M{¢'lfu.ﬁim - @ '(0.619) }
0.620 - 0.613

0.3029 + 0.8 (0.3055 - 0.3029) = 0.30498
10.2.6  Quantiles of Standard Normal Distribution. Let 0 < p < |, then the p-th quantile

-

or {100 pi-th percentile of the distribution of standard normal random variable Z is a value Z,

such that

P2 x L) = F

Dlz) =p
g, = @7 (p) P
Therefore, for the 95-th percentile =, .. ' ] =
of standard normal random varable Z, o ;:F g
. Fig. 10.5 The f standard
- p-th quantile of standar
PLZ < gy4) = 085 normal distribution
“Egm} = ﬂ,g‘S
Zyos = TH085) = 1645 { From Table 10 (a) |

Example 105 [If Z is a standard normal randem variable, then find the lower and upper
guartiles, the fnter quartile range, the guartife deviation and the T0-th percentile af the

distribution of Z,
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Solution.

For the first quartile z, .., we have
P(Z £ zy,) = 025

Dl zp05) = 0.25
Zoas = ®1(0.25)
:”_25 = —{L.6T45 »

{ From Table 10 (a) }
Fig 10. ﬂ Fn‘st qua.rtile of standard
armn.l distribution

For the third quartile z;, ., we have
P(Z < zy5) = 075
®(zy9) = 075
Zogs = BIOTS)
Zops = 0.6745
[ From Table 10 (a) )

A

Fig 160.7 Third quartile of standard
" normal distribution
\ v
The inter quartile range ( /. Q. R ) and the gquartile deviation ( Q. D ) are
LOR = g5 — 2g3s = 06745 — (—067453) = 1349

@D = Tngs T Lpas = 0.6745 — (=0.6745) = 05745

2 2
For the 70-th percentile z,.,, we have
P{ r= Zﬂ_-}nj i ﬂ.'?ﬂ

B(2y5) = 070
g = ©71(0.70)
:H.TD = {J,EZ‘M- '_’.?

o Eable 10 (0c) Fig 10.8 Seventieth percentile of standard

& norimal distribution
Exercise 10.1
1. (@) Define the normal probability density function and the normal cumulative distribution
" function. Give the equation of the normal curve with mean ¢ and standard deviation o
(b) Defide the standard normal probability density function and the standard normal
cumulative distribution function. Give the equation of the normal curve with mean 0
and standard deviation 1.
2. (a) Find the ordinates of the standard normal curve at 2
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(b}

3. (a)

(B)

4. (a)

(&)

(e}

5. (@)

H z = 064, (i) z = 2.84,
(in z = -0.84 ) z = =208
(03251, 0.0071, 0.2897, 0.0459)
Verify that the ordinates of the standard normal curve at 7 = 1.27 and z = — 1.27 are

equal. Find the ordinate at = = 0,
(01781, 0.1781, 0.3989)

If the random variable Z has the standard normal distribution, find
() PFZ< 146) (Y PF(Z > 258)
(iifl P(Z < —148) () PZ>-198)
(v) PO5S6 < Z < 1.99) (W) P(-132 < Z < 1.65)
(0.92785, 0.00494, 0.06944, 097500, 0.2644, 0.8571)
If Z ~ NGO, 1), verify that
( PZ<=215)= P(Z 5 215)

(i) P(Z<186) = P(Z>—186)
( 0.01578, 0.01578, 0.96856, (.96856)

If Z~ N(O, 1), find

() P(Z> 1.645) (i) P(Z<-1645)
(i) P(Z > 1.282) () P(Z>196)
(v) P(Z> 2576) (i) P(Z > 2.326)
(vii) P(Z > 2.808) (viily P(Z < -1.96)

(0.05, 0.05 00999, 0.025, 0.005. 0.01, 0.0025. 0.025)
If Z ~ N(D, 1), find

@ Fzl<1) (i) P(|Z| < 1.96)

(i) P(|Z| < 3), vy H|Z]>2)

(v P(|Z] < 1.78) (wi) P(|Z|= <545)

(viiy P(|Z| > 2.326) (viif) P(Z < -197 or Z > 2.5)

(D.6827, 095, 09973, 0.0456, 0.925, 0.9, 0.02, 0.03063 )
If Z~ N0, 1), show that
(i)  thecentral 95% of the distribution lies between +1.96, 7 .,
P(=196 < Z < 196) =095,
(if)  the central 99% of the distribution lies between +2.576, i ¢,
P{=2576 < Z < 2576) = 0459,
If Z~ M0, 1), find aif
i PZ<a) =0325 (i) PZ>a) = 0025
i) P(|Z|<a) =09 () P(|Z]|>a) = 0097,
(— 04538, 1960, 1.645, 1.66)
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(b} In a standard normal distribution, find
({)  apoint that has 97.5% area below it, i. e, 25476
(if) apoint that has 97.5% area above it, L. e., 25!
(iif)  two such points that contain central 90% area i e., 75, and 2.
(1.96, —1.96, —1.645, 1.645)
6. (@ If Z~ N(D, 1) find a if P(|Z| < a) takes the value (i) 80% (i) 99%.
{1,282, 2.576)
() If Z~ N(O, 1)find a if P(|Z] > a) takes the value (i) 5% (i) 2%.
( 1.96, 2.326)

7. (a) Find the median, the lower and the upper guartiles, and the inter-quartile range for a
standard normal random vaniable Z.

(b} 1Ina standard normal distribution,
(i)  what is the value of mode,
(if) theareatotherightof z = 1 is 0.1587, what is the area to the leftof z = 17
(iif) find two points on z scale such that the area between them is 80%,

(v} find the area between — 1.5 and 2.5 on z scale.
(0; 0.8413; -1.28 1728 09270)

10.2.7 Use of the Standard Normal Tables for Any Normal Distribution. We uuw?hnw
how the tables of the standard normal random variable Z can be used for-any nonmal

random variable X where X ~ N( g, ¢”).
Theorem 10.5 If X ~ N(y, o), then

F(x) = -:b[xh“]
0

Theorem 106 If X ~ N(u, o) and a, b are any real numbers, then

M PXSa)= qr[ "_“]
a0

(i) P(XZa) = l-m[“"”]

o

(i) Pla<X<b) = ¢[f"_#]_¢_[u]
O ¥

Theorem 10.7 If X ~ N( . 6?) and a is any real number, then

R S i
f{ﬂ}-ﬂﬁﬂ( = ]

i
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Example 106 I X is a nowmal random variable with @0 = 40 and & = 5, write dowi its
probability density funiction. Find the ordinate of ity aormal curve @t x = 425, Also find its
maximum ardinare.,

Solution. We have
P N B e
- 3o{222)
| 425 =40
el M= i e
f425) = < .p[ : ]
= % @( 05) = %{0352{:7 ) ( Brom Table 7)
= 0.070414

Alternately, The probability density function of the normal random variable X with parameters
=40 and o= 5 15

- 1 A ayeiE 1 St Ay E L

f{'x} =3 £ [ —A0)= ) 2{5) = g-hx ()= 18
5..'|||211 S42%
f(A25) = —m— - (B5-40%/%0 _ 00704

in

The maximum ordinate of this normal curve isat x = u = 4, which is

. 1 a5 =40
A “s‘?[“‘r‘]

= %ﬁﬂ[ﬂ} = %(0.39894} { From Table: 7

= 0079788 o

Example 10.7 The scores made by candidates in a certai> st are normally distributed with
mean 500 and standard deviation 100, What percent of the candidates received scores

() less than 400, g (i) moreis o 700,
(iiiy  berween 400 and 600, (iv)  which differ from mean by more than 150,
(v) i a condidate gets a score of G680, what percent of the candidates have hivher scorves
than he? g
Solution. Let X be the score of a candidate, then i = 500 and o = 100.
i) P{X«:m;:P[‘T_“czm'Sw]
o 100

= P(Z<-1) = &(-1) = 015866 = 1587%
X—pu 700 — 500
F
[ s 100 )
P(Z>2)
| =2}

@ P(X > T700)

1 —-PZ<2)
1 - 097725 = 002273 = 2.28%

H
(]
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(gt} PlA00 < X = 600)

[4&0—5[!) X-u ﬁﬂﬂ——Sl}ﬂ']
o < =

100 o 100
= Pl-1=Z=1)

= (1) - d(-1)
= 0.68266 = 68.27%

o[ X=n| 150
(13 100

B RI2) > LE) = 2e=15)

1]

PAZ<1)y=-PZ<=1)
0.84134 - 0.15866

il

@) PO X - > 150)

= 2(006681) = 0.13362 = 13.362%
X=p ezn‘sm]

() P(X >680) = P[

(43 100
= PMZ=>18) =1 =PKZ<1E)
= 1 -®(1.8) = 1 - 096407 = 003593 = 3.59%

Example 10.8  Given that the height of college bovs is normally distributed with mean 5°-2"
and standard deviation 4”7 and thar the minimum lreight reguired for joining the N.C.C. is
54", Find the percentage of boys wha would be refected on account of their height.

Solution. Let X be the height of a college boy, then u = 5-2" = 62 inches and ¢ = 4 inches.
The students with keights less than 5-4” = 64 inches will be rejected for joining N.C.C. Then

X - I’ 64 —62 )
o 4 J
= P{z_< 05 = H05) = 060146 = 69.15%

Example 109 In a normal distribution with mean g and standard deviation o find
Plag-asXsu+ gl

X <6d4) = .F{

Selution. Let X be a normal random variable with mean p and standard deviation o, then

p-o-pg . X=H. ﬁ+cr—n)
o =L - T

F{#~55X5p+d]:[

= Pl-1<£Z=1)
(1) - B(-1)
(.68268

Example 1010 If the diameters af ball bearings are narmally distributed with mean 0.6140
inches and standard deviation 0.0023 inches, determine the percentage of ball bearings with
diameters

PZ=21)-PZ=~1)
0.84134 — 0.15866

(i) lessthan 0.608 fnches, (i) greater than 0.617 inches,
(i) between D.610 and 0.618 inchesinclusive, (iv) -equalto 0.615 inches.
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Solution. Let X be the diameter of a ball bearing, then u = 0.6140 inches and o = 0.0025
inches. Considering the measurement errors, we apply continuity correction to the measurements.

{f) The diameter smaller than 0.608 inches is in fact the diameter less than (.6075 inches.
Then

P(X < 0.6075)

F[ X-u 2 0.6075 - 0.6140 ]
o 0.0025
P(Z<-26) = ©(-26) = 0.00466 = 0466%

(£ The diameter greater than (.617 inches is in fact the diameter more than 0.6175 inches.
Then

P(X > 06175) = P[ X—p ﬂ.ﬁl?s—u.ﬁjm]

o 0.0025
KZ>14) = 1-P(Z<14) = 1 - ®(14)
1 - 091924 = 0.08076 = 8.076%

(#ii) The diameter between (.61 and 0.618 inches inclusive is in fact the diameter between
0.6095 and 0.6185 inches. Then

P[ 0.6095 - 06140 X -—u  06185- 06140 ]

1]
Il

{

PLO6095 < X < 0.6185) < =
0.0025 (o] 0.0025

= M-18<Z<18)=PZ<18)-PZ<-18)
= D(1.8) - B -18) = 096407 — 0.03593
= (92814 = 92814%

(iv) The diameter equal to 0.615 inches is in fact the diameter between 0.6145 and 0.6155
mches, Then

P0.6145 < X < (0.6155)

1§

P[ 0.6145 — 0.6140 = X-p = ﬂ.ﬁlﬁﬁ—{].ﬁ]-‘iﬂ]
0.0025 a 0.0025
M02 < 2 < 0.6)
D(06) - D(0.2)
= 0.14649 = 14.649%

1028 De-standardizing. Sometimes it is required to find a value of X that corresponds to the
standardized value of Z. We use the relation

X -4
o

10.2.9 Quantiles of a Normal Distribution. Let 0 < p < I, then the p-th quantile or
(100 py-th percentile of the distribution of standard normal random variable Z is a value Z

such that

I
]

PlZ=06)-PZ<02)
072575 - D.57926

7 =

=4 X=pu+ 02

PZs z,)

n
=

I
g~

Diz,) =

z, = @7(p)

]




Normal Distribution 15

This value i, of the p-th quantile or (100 p)-th percentile of the standard normal random
varigble Z = (X — u)/o can be de-standardized for determining the p-th quantile or
(100 p)-th percentile x, of any normal random variable X with parameters y and o by
the relation

X gL+ aoZ

Therefore

X

p = Htoz,

Example 10.11 If X ~ N(30, 25), find the value of X which corresponds to a standardized
value

iy =14 iy 0, (i) 1.6
Solution. We have X ~ N(50, 25),then i = 50 ando? = 25 = o = 5. Then
x—u x—50

H

i = = = x= 50457

a0 5
Puttingthe values (i) z =-14, (i) z =0, (i) z = 1.6, we get
(i) For z = — 1.4, we get

x = 0 +5z = 80+ 5(=14) = 43
(if) For z = 0, weget

x =5 +5z =50+5(0) =150
{iff) For z = 1.6, weget

x = 50 + 5% 50 + 5(18) = 58

Example 1012 If X ~ N( 70, 25). find

(i)  apoint that has 87.9% of the distribution below it,

(i) a point that has 81,7% of the distribution above i,

(i) twe such points between which the central T0% of the distribution lies.
Solution. We have X ~ M 70, 25),then t = D ando? = 25 = o =35
(i) Let a be the point that has #7.9% area below it. Then

P(X <a) = 819% = 0879

P[ C s "'m] = 0879
o 5
P{z{ “"m] = 0.879
¢-[ "_m] = 0879
5
“‘Sm = ®1(0879) = 1.17 { From Table 10 (a) }

g =T +5(L17T) = 7585
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(i) Let a be the point with that has 81.7% area above it. Then
BiX>=a) = 817% = 0817
PiX<a) = 1 -0817 = 0.183
P[ X=u > a—"T0
o 5

] = 0.183

P[Z< & =7y ] = 0.183
5
:1:-[ ”__m] = 0.183
B Ly
“;Tﬂ = ®(0183) = —0.904

a 0+ 5(=0904) = 65438
(#if) Let a, b be the two points between which 70% area lies. Then
Pl X = k) = T0% = 070

But P(X< a)+Pla<X< b)+P(X>b)=1 ( Total probability )
P(X < a)y+070+ P(X>b) =1
PiX e ay+ B{X > k) = 1 =070 = 030
By symmétry PiX < a) = P(X> b) = 030/2 = 0.15, thersfore
P{Xl‘*b] = Iy
KX <a)= 015 (X<h)y =1-015 = 085
PLX’*” c"_m]: 0.15 P[ Ff -::b‘?“J:u.ss
o 5 a ) ]
P[zq-"_m)zu.ls P[Z«:b;m]:{].ES
tl';r[ Ll ) = 015 m[ b__m) = 0.85
5 . 5 :
=10 | o105 il S @1 (0.85)
5 5
g=10. - oo b= - 10064
3 5
a = 70 + 5(-10363) = 64818 b = 70 + 5(1.0364) = 75.182

Example 10.13 If X ~ N(24, 16), then find the 33-rd percentile.
Solution, Wehave X ~ N(24, 16 ), then g = 24 and g? = 16 = o =4
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For the 33-rd percentile x;,, or P,
we have
P(X < xy5) = 0.33

P[ et xﬂ"“) = 033

o 4
i, i
=4 | 5
P(Zqiﬁir] = 033 T
Fig 10.9 Thirty third percentile
o Xoa =R _ oy of the given normal |
4 K distribution
X — 24
—J?-u’{‘— = ©7(033) = -0.4399

Xogz = 24 + 4(-04399) = 2224
10.2.10 Finding the values of u or o or beth.
Example 10.14 If X ~ N(p, 25) and P(X > 69.6) = 0.017, find the value of the mean, p.

Solution. Wehave X ~ N(u, 25), theneo® = 25 = & = 5
PiX >696) = 0017

P(X<696) = 1 - 0017 = 0983

P[ X-—u A 69.6—y] - 0.983
o 5

P[Z < ﬁﬁ—_"-‘-] = 0.983
5

¢.(M] = 0.983
5

ﬁ%__” - ©1(0983) = 2120

H =696 —5(2.12) = 39
Example 10.15 If X ~ N(50, 0%) and P(X < 60.6) = 00983, find the value of the
standard deviation, ©.
Solution. Wehave X ~ N(50, ¢?), then u = 50
P(X < 60.6) = 0983

P[ et L2 '5“'5'5"] = 0983

o [e3

. P[Z < ﬁ] = 983
o
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o[ 125) - o983
[¥]
i - @~ [(DOR3) = 2.120
43
106 = 21200 = o =95

Example 1016 [n o normal distribution 33% of the values are under 48 and 123% are
pver Bl). Find mean and standard deviation of the distribution.

Solution. We have

P(X>60) = 123% = 0123
P(X < 48) = 33% = 033 P(X<60)=1-0123 = 0877
P[x”c43“]=n33 P[X‘”‘:'E'ﬂ"’“]:u.s:f?
o i a
F[ ] = DAl P[E o = ] = 0877
o
50 —
] = m[ a ] = 0877
o
48 - . = - ;
.~ @-1(033) = 04399 0= _ @-'(0877) = 1101
e} T
s e B | S0 = LI it 0
Subtracting (7} from (i), we get
6 — u = L1l o
48 — p = -04399 g
-+ -
12 = lb6og =5 =15
Putting this value of & in (i), we have
60 - 4 = 11601(75) = o= 513

Example 1017 If X is a normal random variable with parameters 4 = 50 and o = 10.
Find its mean, median, mode, lower and upper quartiles, guartile deviation, mean deviation,
variance, standard deviation, first four moments about mean, moment ratios and moment
coefficient of skewness,

Solution. Wehave o = 30, o = 10

The mean, median, mode, lower and upper quartiles of the distribution are
Mean = u = 350, Median: x,, = g = 50, Mode = u = 50
Xyas = M- 067450 = 50 - 0.6745(10) = 43255
Tgps = M+ 067456 = 30 + 06745(10) = 56.745

I

I
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The guartile deviation, mean deviation, variance and standard deviation of the distribution are

O.D(X) = 067456 = 06745(10) = 6745
M.D(X) = 079796 = 07979(10) = 7.979
VarlX) =o? = (10y = 100

5D(X) =0 =410 = 10

The first four moments about mean, moment ratios and moment coefficient of skewness of the
distribution are

e 8 B, = 02 = (10 = 100,
Hy = 0, #y = 3c¢* = 3(10) = 30000
u? (D)2 T 30000
= —= = =} = — = —— =
=8 = ooy & T
Sk oy 0

T Ty

Example 10.18 In a normal distribution lower and upper quartiles are 28 and 55 respectively,
Find mean and standard deviation of the normal distribution.

Solution. We have x,.. = 28 and x,,; = 55 Then

pom s e VD s
2 2 =

25 i G - N - S 55 - 28 = 20
1.349 1.349

10.2.11 Normal Distribution as a Limit of a Frequency Distribution of a Continuous
Variable. A normal curve serves a good approximation not only for a histogram obtained from
the binomial distribution but for many other histograms of observed frequency distributions of
continuous random variables as well. Frequently a histogram of an observed frequency
distribution with mean ¥ and standard deviation s is well approximated for a large number of
observations n = ¥ f. by the normal curve whose equation is given by

nh
54/ 2m
where A is the common class interval in the grouped frequency distribution. The smaller the
value of fi, the better the approximation will be.

F—ﬂ.t—i]zl"lz.vl

flx) =

Exercise: 10.2
L. fa) If X isa normal rindom variable with 1 = 24 and @ = 4, write down ils probability
density function. Find the ordinate of its normal curve at x = 21. Also find its

maximum ordinate.
{ 0.075285, 0.099735 )
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(b) Suppose that during periods of transcendental meditation, the reduction of a person’s
oxygen consumption is a random variable have a normal distribution with g = 376¢.¢c
per minute and @ = 4.6 ¢. ¢ per minute. Find the probabilities that during a period of
transcendental meditation a person’s oxygen will be reduced by
{1 at most 35.0 ¢ ¢ per minute,
(i) atleast 44.5 ¢, ¢ per minute,
(ffi)  any where from 30.0 to 40.0 c. c. per minute,
( 0.28604, 0.06681, 0.64900 )
fc) Let X ~ N(20, 25), find the area under the normal curve
(1) below 30,
(i) above 30,
(#if) between 30 and 42
(0.97725, 002275, 0.02274)

2. (@) Suppose that it is know that IQ's for adult Pakistanis are normally distributed with
4 = 100 and & = 10. If an individual with an 1Q of 130 or above is classified genius,
what is the probability that a random selection yields a genius?

(D.00135 )

(b) The mean inside diameter of a sample of 250 washers produced by a machine is 5.05
mm and the standard deviation is .05 mm, The purpose for which these washers are
intended allows a maximum tolerance in the diameter of 4.95 mm 10 5.10 mm,
otherwise the washers are considered defective, Determine the percentage of defoctive
washers produced by the machine assuming the diameters are normally distributed
( 18.14% )

3. (@) The length of life for a washing machine is approximately normally disuwibuted, with a
mean of 3.5 years and a standard deviation of 1.0 years. If this type of washing
machine is guaranieed for 12 months, what percentage of the sales will require
replacement?

(D.62% )

() Assume that the ime X required for a runner to run & mile is a normal random variable
with parameters # = 4 minutes | second and ¢ = 2 seconds. What is the
probability that this athlete will run the mile

{#}  in less than 4 minutes,
(i) in more than 3 minutes 55 seconds.
{ D.3085, 0.9987)

{c) Assume that the distance X that a particulur athlete will be able to put a shot (on his
first try) is normally distributed with parameters 4 = 50 feetand o = 5 feet
Compute the probability that he tosses it not less than 55 feet and the probability that
his toss travels between 50 feetand 60 feet.

(0.1587, D4773)
(d) If X is normally distributed with parameters y and o, find the area under the curve

between
() (H-o)and (g + @)

(i) pgand (g+20)
{ 068268, 0.47725)
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4. (a)

(&)

5 (&)

b

(c)

6. (a)

(b)

{c)

The heights of boys at a particular age follow a normal distribution with mean 150.3 cm
and standard deviation 5.0 cm. Find the probability that a boy picked at random from
this age group has height

(i) lessthan 133 cm,

(if) ~more than 145 cm,

(i) between 146 cm and 152 cm.
{ 067003, D.B3147, 0.5015)

Suppose the weekly incomes X are normally distributed with mean 10.06 Rs. and

variance 2.64 Rs ., find the probability P(8 < X < 12). Assume that the incomes are
recorded to the nearest rupee.
(0.87569)

Find the value of X which corresponds to a standardized value of - 2.05 and 0.86 for
each of the following distributions
(i) X ~ N(623,38),
() X ~ Ny, o),
(i) X~ N(ab):
(49.66, 67.60; j1—2.050, p+0860; a - 2.05b . a + 086[b )

If X ~ Ni100. 64 ), find the value of a such that A(X < a)} = 0.95.
(113.16)

If X ~ Ni 60, 25}, find the value of a suchthat P(X > a) = 0.837.
(55.09)
In a normal distribution ¢ = 30 and o = 5. Find

(i)  apoint that has 15% area below it

(i)  apointthathas 28% area aboveit,

(fif)  two points containing middle 95% area,
(24.8: 32.9: 20.2 and 39.8 )

The time required by a nurse to inject a shot of penicillin has been observed to be
normally distributed, with a mean of g = 30 seconds and a standard deviation of
g = 10 seconds. Find the

{(fy  10-th percentile, i, €.,

(if)  90-th percentile, i. €., %;qp-
(17.2 sec, 42.8 sec')
Scores on a national education achievement test are normally distributed with y = 500
and o= 100.

(1 What is the 95-th percentile of this distnibution,

(i)  What are the lower and upper quartiles of this distribution.

(i) Tf the university decides to accommodate the 40 percent of the students with
the highest scores, what is the score that separates the successful applicants
with unsnceessful?

{ 6A4.5: 43255, 567.45; 525.33)
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7. (a)

(&)

8. (a)

(&)

9.(a)

(b)

1. (a)

(&)

11. {a)

(b)

12. {a}

The height a high jumper will clear, each time he jumps, is a normal random variable
with mean 6 feet and standard deviation 2.4 inches.

(i) ~ What s the greatest height he will jump with the probability 0.957

(1) What is the height he will clear only 10% of the time?
{ 68.06 inches, 75 inches )
Suppose that the amount of vaceine required to immunize human beings against
smallpox is normally distributed with g = 0250 ounce and o = 0.040 ounce.
Increasing the dosage increase the chances of successful vaccination. What is the
minimum dosage required to produce success in 99 percent of the cases.
( 0.34304 ounces) i

If X ~ N(70,25 ). find the value of @ such that P(| X — 70| < a) = 0.8. Hence find

the limits within which the central 80% of the distribution kies.

(641, 63.39, 7641 :

Bags of flour by a particular machine have masses which are normally distributed with
mean 500 g and standurd deviation 20 g. 2% of the bags are rejected for being
underweight and 1% of the bags are rejected for being over weight. Between what
range of values should the mass of a bag of flour lie is to accepted?

(458.92, 546.52 )

The lengths of items follow a normal distribution with mean 4 em and standard
deviation 12 em. It is known that 4.78% of the items have a length greater than 92 cm,
Find the value of mean pi.

{729

The lengths of rods produce in a workshop follow a normal distribution with mean e
and variance 4. If 10% of the rods are less than 17.4 cm long. Find the probability that
a rod chosen at random will be between 18 and 23 om long.

(0.7725)

Tea is soled in packages marked 750 g. The masses of the package are normally
distributed with mean 760 g standard deviation o What is the maximum value of the
o if lessthan 1% of the packages are under weight?

(4.299)

Suppose that the life in hours of an clectric tube manufactured by a certain process is
normally distributed with parameters g = 160 hours and o hours. What is the
maximum allowable value for o, if the life X of a tube is to have probability 0.80 of
being between 120 and 200 hiours?

(31.21)

Assume that we have a large number of students whose average weight is 150 /b and
that the weights are normally distributed. If we know that 36.4% of the students have
weights between 137 and 163 b, What is the standard deviation of the weights?
{2747)

In a pormal distribution g = 40 and P{ 25 < X < 55) = 08662, Find
P20 = X < 60).

(0.9545)

In a normal distribution 31% of item are under 45 and 8% are over 64. Find the
mean and standard deviation of the distribution.,

(30, 10)
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()

13. (a)

(b)

()

14. (a)

(k)

15. (@)

(B)

16. (a)

(&)

If X ~ Ny, 6*) and P(X < 35) = 020 and P(35 < X < 45) = 0.65. Find

Lt and ©.
(395 532)

Assuming that the number of marks scored by a candidates is normally distributed, find
the mean and the standard deviation, if the number of first class sindents (605 or more
marks) is 25, the number of failed students (less than 30% marks) is 20 and the total
number of candidates appearing for the examination is 450,

(4037, 12.32)

A marketing organization grades apples into three sizes, small (diameter less than
60 mm), medium ( diameter between 60 and 80 mm ), and large ( diameter more than
80 mm ). A certain grower finds that 61% of his crop falls into the small category, and
14% into the large category, Assuming that the distribution of the diameter X of the

“apples is described by a normal probability density function, calculate the standard

deviation and mean of his crop.
(24.97, 53.03)

The maximom temperature on June, 1 in.a certain locality has been recorded and
observed as normally distributed over year, About 15% of the time, it has exceeded 30

. and about 5% of the time, it has been less than 30" €. What is the mean and
variance of the data?

(2613 ¢, 1391°C)

A man cuts hazel twigs to make bean poles. He says that a stick is 240 cm long. In fact,
the length of the stick follows a normal distribution and 10% are of length 250 cmor
mere while 55% have a length ever 240 ¢m. Find the probability that a stick picked at
random is less than 235 cm long.
(0.203 )
The 90-th percentile of a normal distribution is 50 while the 15-th percentile is 25.
(fy Find p and o
(i) What is the value of 40-th percentile,
{36.17, 10.79, 33.44)

The masses of articles produced in a particular workshop are normally distributed with
mean i and standard deviation o. The 5% of the articles have a mass greater than
85 g and 10% have a mass less than 25 g. Find the value of g and o, and find the
range symmetrical about the mean, within which 75% of the masses li.
(51.3, 20.5, 26,72, T3.88 )
In a certain examination, the percentage of passes and distinctions were 80 and 10
respectively. Estimate the average marks obtained by the candidates. the minimum pass
and distinction marks being 40 and 75 respectively, assume the distribution of marks
to be normal,
(53.87, 1648)
What is the importance of normal distribution in statistical theory? Describe its
properties.
Suppose that X is normally distributed with g = 25 and o = 5. Find

(i) the lower and upper quanrtiles,
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(i1}  the median.
(ifiy the mean deviation.
(21.6, 284, 25, 4)

(¢) Inanormal distribution, the lower and upper quartiles are respectively B and 17. Find
mean and standard deviation of the normal distribution,
(12.5, 6.67)

{d) The continuous random variable X is normally distributed with mean 1 and standard
deviation o Giventhat P(X < 53) = 0.04 and P(X < 65) = 0.97. Find the inter-
quartile range:of the distribution,

{4.46)

17.{a) The value of second moment about the mean in a normal distribution is 4. Find the third
and the fourth moments about the mean in the distribution.
(0, 48 )

{b) Find the proportion of the area under the normal curve included between the limits
gt o ut2oand g+ 30 where ¢ and o denote the mean and the standard
deviation.

( 0.6827. 0.9545. 0.9973)
{c) If X is a random variable with distribution N 12.5, 9 ) and the random variable
Y=g X)=2X +5Find Pl== £ ¥ £21)and P(45 £ ¥ £ =),
( 0.06681, 0.00621)
Exercise 103
Ohjective Questions
1. Fill in the blanks,
(1} The normal distribution is a ——— distribution that ranges
from — oo (0 s (continuous)

{if} ~ The value of the parameter @ of a normal distribution is

always —— (positive)
(tify  The normal distribution is a bell shaped —— distribution.  (symmetrical)
(iv)  If X~N(50,25),then ¢ = —— (3)
() ;ha maximum ordinate of the standard normal curve is at i ©)
(vi)  Inastandard normal distribution. if

P(Z < gyg75) = 0975, then 250 = ——. (1.96)
(vii)  The maximum ordinate of a l:em*mal curve isat X = {41)
(viii) The total area uvnder a normal curve 15 ———— | (unity)

{ix) The ———— of a normal distribution correspondsto z = 0
in the standard normal distribution. (mean)
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()  Inanormal distribution, the mean, median and mode
are {equal)
i A Fill in the blanks.
()  Inanormal distribution, —_—'= - 06785 0. (Q;)
(i)  Inanormal distribution, ——— = gy + 06745 & (0,
(iii) In a normal distribution, @ D = . ( EI,"' 3)
(iv) In a normal distribution, M D = a. (4/5)
(v The limits u + 0.6745 o include ———— percent area
under the normal curve. (30)
(vijy The limits y £ ¢ include ———— percent area under the
normal curve. (68.27)
{(viity Thelimits 4 + 2 o include ——— percent area under the
normal curve. {95.45)
(viiiy The limits g % 3 o include ———— percent area under the
normal curve. (99.73)
(ixy In a normal distribution, all odd ordered moments about mean
are = {zero)
(x) Inanormal distribution, f = 0 and fi, = (3)
(xiy The normal distribution is neither platvkurtic: nor leptokurtic
but {mesokurtic)
(xify The points of inflexion of a normal curve are ——— from
> mean. (equidistant)
3 Mark off the statements as true or false.
(i) Normal distribution has two parameters namel and o, (erue)
P y M
(i) If X is normally distributed with mean g and variance o*
then it is denoted by X ~ N{ g, @?). (true)
(iii) The standard normal distribution has mean 0 and variance 1. (true)
{iv)  The maximum ordinate of a standard normal curve isat £ = |, (false)
{v)  The standard normal distribution is symmetrical about Z = (. (true)
(vi)  Ina standard normal distribution, if
P(Z < zgp05) = 0025 then 5550 = - 1.96. {trie)
(vii)  Tn a standard normal distribution, if
P Z < 25495 )= 0975, then 7345 = 1.96. (true)
{wiii} In a standard normal distribution, if
P(|Z| < a) = 095.then a = 1.96. (true)
(ix)  The normal curve has maximum ordinate at X = 0. (false)
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4. Mark off the following statements as false or true.

()

(i)

(1if)

(iv)
(v)

(vi)
(vif)
(viid)
(ix)
(x)
(i)

[xif)
(xdif)

(xiv)

(xw)
()

The shape of a normal distribution depends upen its parameters
namely p and o

The parameter & controls the relative flatness of the normal
curve.

The normal distribution is a bell-shaped symmitrical
distribution.

In a normal distribution, the mean, median and mode are egual.
In a normal disiribution,

Q= p-067450 and Q,= pt + 06745
In a normal distribution, mean and variance are always equal,
The expected value of a normal distribation is
The standard deviation of a normal distribution is o
The quartile deviation of a normal distribution is 0.6745 o

The mean deviation of a normal distribution is (.797¢ o

The two poinis containing the middle 95.45% area under a
normal curve are 4 + o.

In & normal distribution, all even ordered moments about mean
are Zero.

In & normal distribution, all odd ordered moments abont mean
In a normal distribution, §, = 0 and B =3
The points of inflexion of the normal curve lieat 2 + 2 &

The normal curve gets closer and closerto 1 .-axis but never
touches it,

{true)
{true)

(rrie)

(true)

{true)
(false)
(rrue)
(true)
(true)

(1riee)

(false)
(false)

{trie)
{true)

i false)

(true)

F T "N




