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NORMAL
DISTRIBUTION

10.1 NORMAL DISTRIBUTION

The nermal distribution is undoubtedly the mest important and frequently used of all
probability laws, because

(i} the normal random variable does frequently oeeur in practical problems such as heights-
and weights of individuals, 1.Q. scores, errors of measurements, efe.

(i) it is the limiting form of many other probability laws and hence provides an accurate
approximation to them.

(iif) it is-also the limiting distribution on the well known central limir thearem {(as discussed
in Thegrem 116}

Thus a greal many techniques used in applied statistics are based on the normal
distribution. The formal definition follows.

10.1.1 Normal Probability Density Function. A continuous random variable X is normally
distributed if and only if its probability density function is

) 1 = 3

i) = ey ha) 2 ——— 1t e for —se'g ¥ <l
- k a ‘u'l In

where i is any real number (i e, —== < §t < =) and o must be positive (L e, o > 0),
no(= 3141392654 - y and e (= 2.718281828-+---) are constants, x is the value of
random variable X and f{ x) isthe density (ordinaie Jat X = x

’ﬁ normal distribution is characterized by two parameters. ¢ and @ its mean and

standard deviation respectively. Sometimes it is denoted by N( g, @ ). Thus

X = N(p, o)
means that a random variable X is normally distributed with its mean 4 and variance .

10.1.2 Shape of Normal Distribution. The
graph of a normal probability density function is
called a normal eurve. As can be seen from the
definition, the probability density function for a
normial  random  variable has a2 unimodal,
symmetrical and bell shaped distribution.

Figure 102 shows the graphs of some >
typical normal density functions for various Li A
values of the parameters g and o The parameter Fig 10.1 Normal distribution

o controls the relative flatness of the curve;
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({)  Keeping u constant and decreasing ¢ causes the density function to become more
sharply peaked, thus giving higher probabilities of X being close to .,

{if) Keeping y constant and increasing o causes the density function to flatten, thus giving
lower probabilities of X being close to .

(iify If o is held constant and p is varied, the shape of the density function remains the
same with its centre moving to the location of g

) 3
M
¥ 0.1
o=14
0.3
=] 1
Jx)
21
-— 5= | .64
0.1+
} -
0 p=5 u=§ g=T X o x..-

=10
Fig. 10.2 Normal probability density functions

10.1.3  Properties of Normal Distribution. The following are the main properties of normal
distribution (or curve).
(1) Continuous Distribution. The normal probability distribution is a continuous
distribution that ranges from — o to + es,
Ry = |{a: —eo s x < 400}
(2) Total Probability. The total area under the normal curve is unity. That is,
Plom < X < ) = ]
(3) Mode and Maximum Ordinate. The normal probability density function is unimodal
(single peaked), its mode is y and its maximum ordinate at x = g is

ﬂm_dﬁe T-uzn
4 Symmetrical Distribution. The normal probability distribution is a symmetrical
distribution. Thus =

() The mean, median and mode coincide at 1

Mean = Median = Mode = ,I:I!
(@) The lower quartile x,,. or Q, and the upper duartile x,.. or Q, are

equidistant from its mean u.

Xogs —H = N =Xyas
{iii)  All odd order moments about mean are zero.

My = fy = g =40 =0
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(5)

(6)

(7)

{8)

(9)

(10}

(11)

Special areas under the curve. No matter what values of g and & are, the areas under
the nermal curve remain in fixed proportions within a specified number of ¢ on either
side of i For example,

() Plu— o < X < i+ o) = 0.6827
() Plu-20 < X < p+20) = 09545
(i) P(p-30 < X < g+ 30) = 09973

Median, Quartiles and Quartile Deviation. In a normal probability distribution, the
median, the lower and upper quartiles and the quartile deviation are

X5 = th Xgas = U — 0.6745 a, Xgas = f + 06745 @,

0.D(X) = MBI - 067450 =2 0
o s TiXgas _ Xop T Koo
& 2 ’ § 1349

Variance, Standard Deviation and Mean Deviation. In a normal probability
distribution, the variance, the standard deviation and the mean deviation are

Var(X) = o?
S INX) =06

M. DIX) = n‘_'r,”|i = 0198 a =
n

Moments and Momeni Ratios. In a normal probability distribution, the first four
moments about mean and the moment ratios are

o

unl.p.

My =0, #y = o7, Hy = 0, #y = 3o
#3 0 My 3g?

H = == = ﬂ, = - = = 3
Ence JBI #% (az }3 }8'1 ul (cz }3

Points of Inflexion. The points of inflexion of the normal probability density function
are equidistant from mean u, theyareat x = g — ¢ and x = g + o The normal
probability distribution is a bell shaped distribution,

Asymptotic Curve. The normal curve is asymptotic to the x-axis, that
is, as ]:| grows without bound, the eurve gets closer and closer to the
x-axis but always stays above it. The curve has a single peak in the
middle and tapers off gradually at both ends and never meets the x-
Reproductive Property. If X, and X, are two independent normal
random : :
variables having distributions N{y,, o]) and Nig,. ¢3) respectively,
then
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their sum X, + X, is also a normal random variable having the
distribution
N, + py. 07 + o3).
10.1.4 Normal Cumulative Distribution Function, The cumulative distribution function for
the normal random variable X is
Fliz) = PX 53 = Pl=s=<XSx)

(1.,

Unfortunately, this integraton cannot be carried oat in the closed form. Mumerical
techniques could be used o evaluate the integral for specific values of i and o The various
possible values of g and o result in 3 family of ynlimited number of different normal
distributions. It is, thus, necessary to fabulate the standard normal comulative distribution
function, that can be used to evaluate the cumulative distribution function for a normal random
variable with-any mean ( and any standard deviation o

1.2 STANDARD NORMAL RANDOM VARIABLE

A tiormal random variable X with mean # and standard deviation @ can easily be

transformed into a standard normal random variable Z by the transformation
X - p

whicih has mean 0 and varjance 1. ) (3
10.2.1  Standard Normal Distribution. If the randem variable X has 2 normal distribution
with mean o and variance o=, then the random varable Z = (X — u}/ ¢ has'a standard
nermal distribution with miedn 0 and varidnee 1.
Theorem 101 ff X ~ N(p, 0%) and Z = (X — i)/ o, then

£ = N(D, 1}
Since the standard normal probability density function and cumulative distribution
function are of such importance, we shall use special symbols for them;

10.2.2  Standard Normal Probability Density Function. The probability density function of
the standard normal variable Z, denoted by @f £ ), is given as

| =

= jﬂu}duz j' —l—-—e

(o 0 e

{p(z}= 1 vﬂ'_:'l

Jz=

Thus: @ z) s the value of
standard normal probability density

functionat Z = z, Therefore, ©{ z) is.

for —es < 7€ o

called as the ordinate of the standard T

normal curve st Z = z. The ordinates ¢(2)

@ z ) have heen tabulated for various

valnes of z in Table 7. —- =
i z =

T 0.2 Jf Z~ NeO: 1Y, the "
i £ ST, then Fig. 10.3 Ordinate of standard normal

@l-z) = @lz) probability density function
arf =g
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10.2.3 Standard Normal Cumulative Distribution Function, The comulative distribution
function of the standard normal variable Z, denoted by @(z ), is given &

Wz) = MEsz) = H-5<257)

=

Thus @ z) is the cumulative
probability up to' Z = z in the standard
normal distribution. The comulative
probabilities @( z )} have been tabulated (=)
for various values of £ in Table 9,
Note that

O~
D + == )

a2 gy

- j[f{u}du =

W

] D z z

Fig. 10.4 Cumulative probability in
standard normal distobution
upto £ =z

Theorem 103 If Z ~ N(0, 1) and d, b are any real numbers, then

(), PZSa) P a)
(D —P(Z2a) 1 = ®la)
(i) PlasZ<b) = b)) - Dlg)
Theorem 104 I Z ~ N0, 1), then jorany real value a
H S=a) =1 -d(g)
(i PlZza) = D-a)
Gip P(|Z|<a) = 2@(a) - 1

(v) P(|Z|za) = 2®(-a)

10.2.4 Inverse Standard Normal Cumulative Distribution Function. The inverse standard
normal cumulative distribution function determines a value z comesponding to a given value of
the cumulative probability. Suppose that comulative probability at £ = : is p, then we have

Plzy = PE<z) =p
@='(p) =%

The values of @ ~'( p) have been tabulated for various -.'aiues of cumulative probability p in
Table 10. For example,

& 1.96) = 0975
@' (0.975) = 1.960

10.2,5 Use of the Standard Normal Tables. We now show how the tahles of the standard
normal distribution are used illostrating their direct or inverse use.




6 A Text Book of Statistics — Part 11

Example 10.1
() Write devwn the equation of the standard normal distribution.
(if)  Find the value of maximum ordinate of the standard normal curve correct to four places
af decimal.,
tirr)  Verify that the ordinates of the standard normal curve at z = 1.27 and : = - 1.27 are
equal.
(iv)  Find the value 1 when the ordinate at z is 012001,

Solation, (i) The probability density function of standard normal random variable Z is
B 1 e

plz) = 3 &~ 2 e
J2n

(i) Since. the standard normal probability density function is symmetric about zero, its
maximum ordinate isat 7 = 0

et o L _ 3980
% i

p(0) =

(i) Either calculating directly or using the Table 7, we have

o127 = L snmtfs _ 0.17810
Jar

O(=127) = — 1222 = 17810
2n

Note @ -127) = @( 1.27)
Alternately,

1T =t B L i o(-1.27)
J2n 2m
(iv) By the inverse use of Table 7 and the fact that @(=z) = @( z), we have
@(z) = 0.12001 '
z = o Y0.12001) = +155

Example 10.2 If Z is a standard normal random variable with mean 0 and variance 1,
then find

(7} PlZ =-1596) tun PZ> 1.26)

(iify P(—196 < Z < 1.96) (v) Pl = Z <212)

(W) P(=272 < Z <w)
Solution. From the definition of standard normal cumulative distribution function, we have
(i) PlZ < -1586) P(-1.96)

0.02500 { From Table 9')
1 - P(Z < 1.26)
1 —®(1.26) = 1 - 08917 = 0.10383

]

(i) B(Z > 1.26)

1l
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(i) P19 < Z < 196)= P(Z < 196) - P(Z < -196)

= @ 1L.95) - D —1.96)

= 097500 — 0.02500 = 095
{vi) Pl—oo < Z<212) = P(Z<212)- PZ< —e)

= B(2.12) - B{=ss)

= 098300 - 0 = 0.98300 {since @ —ea) = 0]
P(Z <o) —PZ<—-272)
D) — @-272)
= 1 - 0.00326 = 099574 { singe @ +c2) = 1}

Example 103 If Z is a standard normal random variable with mean 0 and variance 1,
then find

v P(-272 < Z < =)

() P(Z< 1282) iy P(|z] < 1.64)

() P(|Z| > 237) (iv) P(Z<-164 or Z > 232)
Solution. From the definition of standard normal cumulative distribution function, we have
(@) P(Z < 1282) = ®(1282) ( By interpolating )

1282 — 1.28
- 1.28 —_———— i < )
DAY += o —og (D122 ~ B 128
= 0.89973 + 0.2 (0.90147 - 0.89973) = 0.900078
)  P(Z] <164) =20(164) - 1 {since P(|Z| < a)=2®(a) -1}

: =2(094950) - 1 = 0.899

@ P(|zZ] > 237) = 20(-237) { since P(|Z|>a) =20(-a) ]

= 2(0.00889) = 001778
{iv) PlZ<—-164 or Z>232) = PlZ<-1864)+ P(Z>1232)
P(Z<—-164)+ 1 - P(Z<232)
D{-1.64) + 1 - @(2.32)
.05050 + 1 - 098983 = 0.06067
Example 104 [f Z ~ N(O, 1), then find the value of a such that

() P(Z>a) = 0868, i P(|Z| <a) = 090
iy P(|z| > a) = 0238 ) P(Z<a) = 06198
Solution. We have
(M P(Z>a) = 0868
KZ<a)=1-0868 = 0.132
®(a) = 0.132

i

®-1(0.132) = - 1117 { From Table 10 (a) }
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8
(i) P(lzl<a) = 090
2@(a) -1 = 090 {since P(|Z|<a)=2d(a) - 1)
d(a) £ 095
g = ®(095) =" 1645
i) Pl z| > a) = 0238
2@(-a) = 0.238 [ since P(|Z]|>a) = 20(-a)}
®(-a) = 0.119
~g = @7 (0119) = - 118
a = 118
) FZ<a) = DBIYE
®(a) = 06198
a = ®71(06198) ( By interpolating )
= ®71(0619) +M{¢'lfu.ﬁim - @ '(0.619) }
0.620 - 0.613

0.3029 + 0.8 (0.3055 - 0.3029) = 0.30498
10.2.6  Quantiles of Standard Normal Distribution. Let 0 < p < |, then the p-th quantile

-

or {100 pi-th percentile of the distribution of standard normal random variable Z is a value Z,

such that

P2 x L) = F

Dlz) =p
g, = @7 (p) P
Therefore, for the 95-th percentile =, .. ' ] =
of standard normal random varable Z, o ;:F g
. Fig. 10.5 The f standard
- p-th quantile of standar
PLZ < gy4) = 085 normal distribution
“Egm} = ﬂ,g‘S
Zyos = TH085) = 1645 { From Table 10 (a) |

Example 105 [If Z is a standard normal randem variable, then find the lower and upper
guartiles, the fnter quartile range, the guartife deviation and the T0-th percentile af the

distribution of Z,
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Solution.

For the first quartile z, .., we have
P(Z £ zy,) = 025

Dl zp05) = 0.25
Zoas = ®1(0.25)
:”_25 = —{L.6T45 »

{ From Table 10 (a) }
Fig 10. ﬂ Fn‘st qua.rtile of standard
armn.l distribution

For the third quartile z;, ., we have
P(Z < zy5) = 075
®(zy9) = 075
Zogs = BIOTS)
Zops = 0.6745
[ From Table 10 (a) )

A

Fig 160.7 Third quartile of standard
" normal distribution
\ v
The inter quartile range ( /. Q. R ) and the gquartile deviation ( Q. D ) are
LOR = g5 — 2g3s = 06745 — (—067453) = 1349

@D = Tngs T Lpas = 0.6745 — (=0.6745) = 05745

2 2
For the 70-th percentile z,.,, we have
P{ r= Zﬂ_-}nj i ﬂ.'?ﬂ

B(2y5) = 070
g = ©71(0.70)
:H.TD = {J,EZ‘M- '_’.?

o Eable 10 (0c) Fig 10.8 Seventieth percentile of standard

& norimal distribution
Exercise 10.1
1. (@) Define the normal probability density function and the normal cumulative distribution
" function. Give the equation of the normal curve with mean ¢ and standard deviation o
(b) Defide the standard normal probability density function and the standard normal
cumulative distribution function. Give the equation of the normal curve with mean 0
and standard deviation 1.
2. (a) Find the ordinates of the standard normal curve at 2
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(b}

3. (a)

(B)

4. (a)

(&)

(e}

5. (@)

H z = 064, (i) z = 2.84,
(in z = -0.84 ) z = =208
(03251, 0.0071, 0.2897, 0.0459)
Verify that the ordinates of the standard normal curve at 7 = 1.27 and z = — 1.27 are

equal. Find the ordinate at = = 0,
(01781, 0.1781, 0.3989)

If the random variable Z has the standard normal distribution, find
() PFZ< 146) (Y PF(Z > 258)
(iifl P(Z < —148) () PZ>-198)
(v) PO5S6 < Z < 1.99) (W) P(-132 < Z < 1.65)
(0.92785, 0.00494, 0.06944, 097500, 0.2644, 0.8571)
If Z ~ NGO, 1), verify that
( PZ<=215)= P(Z 5 215)

(i) P(Z<186) = P(Z>—186)
( 0.01578, 0.01578, 0.96856, (.96856)

If Z~ N(O, 1), find

() P(Z> 1.645) (i) P(Z<-1645)
(i) P(Z > 1.282) () P(Z>196)
(v) P(Z> 2576) (i) P(Z > 2.326)
(vii) P(Z > 2.808) (viily P(Z < -1.96)

(0.05, 0.05 00999, 0.025, 0.005. 0.01, 0.0025. 0.025)
If Z ~ N(D, 1), find

@ Fzl<1) (i) P(|Z| < 1.96)

(i) P(|Z| < 3), vy H|Z]>2)

(v P(|Z] < 1.78) (wi) P(|Z|= <545)

(viiy P(|Z| > 2.326) (viif) P(Z < -197 or Z > 2.5)

(D.6827, 095, 09973, 0.0456, 0.925, 0.9, 0.02, 0.03063 )
If Z~ N0, 1), show that
(i)  thecentral 95% of the distribution lies between +1.96, 7 .,
P(=196 < Z < 196) =095,
(if)  the central 99% of the distribution lies between +2.576, i ¢,
P{=2576 < Z < 2576) = 0459,
If Z~ M0, 1), find aif
i PZ<a) =0325 (i) PZ>a) = 0025
i) P(|Z|<a) =09 () P(|Z]|>a) = 0097,
(— 04538, 1960, 1.645, 1.66)
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(b} In a standard normal distribution, find
({)  apoint that has 97.5% area below it, i. e, 25476
(if) apoint that has 97.5% area above it, L. e., 25!
(iif)  two such points that contain central 90% area i e., 75, and 2.
(1.96, —1.96, —1.645, 1.645)
6. (@ If Z~ N(D, 1) find a if P(|Z| < a) takes the value (i) 80% (i) 99%.
{1,282, 2.576)
() If Z~ N(O, 1)find a if P(|Z] > a) takes the value (i) 5% (i) 2%.
( 1.96, 2.326)

7. (a) Find the median, the lower and the upper guartiles, and the inter-quartile range for a
standard normal random vaniable Z.

(b} 1Ina standard normal distribution,
(i)  what is the value of mode,
(if) theareatotherightof z = 1 is 0.1587, what is the area to the leftof z = 17
(iif) find two points on z scale such that the area between them is 80%,

(v} find the area between — 1.5 and 2.5 on z scale.
(0; 0.8413; -1.28 1728 09270)

10.2.7 Use of the Standard Normal Tables for Any Normal Distribution. We uuw?hnw
how the tables of the standard normal random variable Z can be used for-any nonmal

random variable X where X ~ N( g, ¢”).
Theorem 10.5 If X ~ N(y, o), then

F(x) = -:b[xh“]
0

Theorem 106 If X ~ N(u, o) and a, b are any real numbers, then

M PXSa)= qr[ "_“]
a0

(i) P(XZa) = l-m[“"”]

o

(i) Pla<X<b) = ¢[f"_#]_¢_[u]
O ¥

Theorem 10.7 If X ~ N( . 6?) and a is any real number, then

R S i
f{ﬂ}-ﬂﬁﬂ( = ]

i
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Example 106 I X is a nowmal random variable with @0 = 40 and & = 5, write dowi its
probability density funiction. Find the ordinate of ity aormal curve @t x = 425, Also find its
maximum ardinare.,

Solution. We have
P N B e
- 3o{222)
| 425 =40
el M= i e
f425) = < .p[ : ]
= % @( 05) = %{0352{:7 ) ( Brom Table 7)
= 0.070414

Alternately, The probability density function of the normal random variable X with parameters
=40 and o= 5 15

- 1 A ayeiE 1 St Ay E L

f{'x} =3 £ [ —A0)= ) 2{5) = g-hx ()= 18
5..'|||211 S42%
f(A25) = —m— - (B5-40%/%0 _ 00704

in

The maximum ordinate of this normal curve isat x = u = 4, which is

. 1 a5 =40
A “s‘?[“‘r‘]

= %ﬁﬂ[ﬂ} = %(0.39894} { From Table: 7

= 0079788 o

Example 10.7 The scores made by candidates in a certai> st are normally distributed with
mean 500 and standard deviation 100, What percent of the candidates received scores

() less than 400, g (i) moreis o 700,
(iiiy  berween 400 and 600, (iv)  which differ from mean by more than 150,
(v) i a condidate gets a score of G680, what percent of the candidates have hivher scorves
than he? g
Solution. Let X be the score of a candidate, then i = 500 and o = 100.
i) P{X«:m;:P[‘T_“czm'Sw]
o 100

= P(Z<-1) = &(-1) = 015866 = 1587%
X—pu 700 — 500
F
[ s 100 )
P(Z>2)
| =2}

@ P(X > T700)

1 —-PZ<2)
1 - 097725 = 002273 = 2.28%

H
(]
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(gt} PlA00 < X = 600)

[4&0—5[!) X-u ﬁﬂﬂ——Sl}ﬂ']
o < =

100 o 100
= Pl-1=Z=1)

= (1) - d(-1)
= 0.68266 = 68.27%

o[ X=n| 150
(13 100

B RI2) > LE) = 2e=15)

1]

PAZ<1)y=-PZ<=1)
0.84134 - 0.15866

il

@) PO X - > 150)

= 2(006681) = 0.13362 = 13.362%
X=p ezn‘sm]

() P(X >680) = P[

(43 100
= PMZ=>18) =1 =PKZ<1E)
= 1 -®(1.8) = 1 - 096407 = 003593 = 3.59%

Example 10.8  Given that the height of college bovs is normally distributed with mean 5°-2"
and standard deviation 4”7 and thar the minimum lreight reguired for joining the N.C.C. is
54", Find the percentage of boys wha would be refected on account of their height.

Solution. Let X be the height of a college boy, then u = 5-2" = 62 inches and ¢ = 4 inches.
The students with keights less than 5-4” = 64 inches will be rejected for joining N.C.C. Then

X - I’ 64 —62 )
o 4 J
= P{z_< 05 = H05) = 060146 = 69.15%

Example 109 In a normal distribution with mean g and standard deviation o find
Plag-asXsu+ gl

X <6d4) = .F{

Selution. Let X be a normal random variable with mean p and standard deviation o, then

p-o-pg . X=H. ﬁ+cr—n)
o =L - T

F{#~55X5p+d]:[

= Pl-1<£Z=1)
(1) - B(-1)
(.68268

Example 1010 If the diameters af ball bearings are narmally distributed with mean 0.6140
inches and standard deviation 0.0023 inches, determine the percentage of ball bearings with
diameters

PZ=21)-PZ=~1)
0.84134 — 0.15866

(i) lessthan 0.608 fnches, (i) greater than 0.617 inches,
(i) between D.610 and 0.618 inchesinclusive, (iv) -equalto 0.615 inches.
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Solution. Let X be the diameter of a ball bearing, then u = 0.6140 inches and o = 0.0025
inches. Considering the measurement errors, we apply continuity correction to the measurements.

{f) The diameter smaller than 0.608 inches is in fact the diameter less than (.6075 inches.
Then

P(X < 0.6075)

F[ X-u 2 0.6075 - 0.6140 ]
o 0.0025
P(Z<-26) = ©(-26) = 0.00466 = 0466%

(£ The diameter greater than (.617 inches is in fact the diameter more than 0.6175 inches.
Then

P(X > 06175) = P[ X—p ﬂ.ﬁl?s—u.ﬁjm]

o 0.0025
KZ>14) = 1-P(Z<14) = 1 - ®(14)
1 - 091924 = 0.08076 = 8.076%

(#ii) The diameter between (.61 and 0.618 inches inclusive is in fact the diameter between
0.6095 and 0.6185 inches. Then

P[ 0.6095 - 06140 X -—u  06185- 06140 ]

1]
Il

{

PLO6095 < X < 0.6185) < =
0.0025 (o] 0.0025

= M-18<Z<18)=PZ<18)-PZ<-18)
= D(1.8) - B -18) = 096407 — 0.03593
= (92814 = 92814%

(iv) The diameter equal to 0.615 inches is in fact the diameter between 0.6145 and 0.6155
mches, Then

P0.6145 < X < (0.6155)

1§

P[ 0.6145 — 0.6140 = X-p = ﬂ.ﬁlﬁﬁ—{].ﬁ]-‘iﬂ]
0.0025 a 0.0025
M02 < 2 < 0.6)
D(06) - D(0.2)
= 0.14649 = 14.649%

1028 De-standardizing. Sometimes it is required to find a value of X that corresponds to the
standardized value of Z. We use the relation

X -4
o

10.2.9 Quantiles of a Normal Distribution. Let 0 < p < I, then the p-th quantile or
(100 py-th percentile of the distribution of standard normal random variable Z is a value Z

such that

I
]

PlZ=06)-PZ<02)
072575 - D.57926

7 =

=4 X=pu+ 02

PZs z,)

n
=

I
g~

Diz,) =

z, = @7(p)

]
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This value i, of the p-th quantile or (100 p)-th percentile of the standard normal random
varigble Z = (X — u)/o can be de-standardized for determining the p-th quantile or
(100 p)-th percentile x, of any normal random variable X with parameters y and o by
the relation

X gL+ aoZ

Therefore

X

p = Htoz,

Example 10.11 If X ~ N(30, 25), find the value of X which corresponds to a standardized
value

iy =14 iy 0, (i) 1.6
Solution. We have X ~ N(50, 25),then i = 50 ando? = 25 = o = 5. Then
x—u x—50

H

i = = = x= 50457

a0 5
Puttingthe values (i) z =-14, (i) z =0, (i) z = 1.6, we get
(i) For z = — 1.4, we get

x = 0 +5z = 80+ 5(=14) = 43
(if) For z = 0, weget

x =5 +5z =50+5(0) =150
{iff) For z = 1.6, weget

x = 50 + 5% 50 + 5(18) = 58

Example 1012 If X ~ N( 70, 25). find

(i)  apoint that has 87.9% of the distribution below it,

(i) a point that has 81,7% of the distribution above i,

(i) twe such points between which the central T0% of the distribution lies.
Solution. We have X ~ M 70, 25),then t = D ando? = 25 = o =35
(i) Let a be the point that has #7.9% area below it. Then

P(X <a) = 819% = 0879

P[ C s "'m] = 0879
o 5
P{z{ “"m] = 0.879
¢-[ "_m] = 0879
5
“‘Sm = ®1(0879) = 1.17 { From Table 10 (a) }

g =T +5(L17T) = 7585
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(i) Let a be the point with that has 81.7% area above it. Then
BiX>=a) = 817% = 0817
PiX<a) = 1 -0817 = 0.183
P[ X=u > a—"T0
o 5

] = 0.183

P[Z< & =7y ] = 0.183
5
:1:-[ ”__m] = 0.183
B Ly
“;Tﬂ = ®(0183) = —0.904

a 0+ 5(=0904) = 65438
(#if) Let a, b be the two points between which 70% area lies. Then
Pl X = k) = T0% = 070

But P(X< a)+Pla<X< b)+P(X>b)=1 ( Total probability )
P(X < a)y+070+ P(X>b) =1
PiX e ay+ B{X > k) = 1 =070 = 030
By symmétry PiX < a) = P(X> b) = 030/2 = 0.15, thersfore
P{Xl‘*b] = Iy
KX <a)= 015 (X<h)y =1-015 = 085
PLX’*” c"_m]: 0.15 P[ Ff -::b‘?“J:u.ss
o 5 a ) ]
P[zq-"_m)zu.ls P[Z«:b;m]:{].ES
tl';r[ Ll ) = 015 m[ b__m) = 0.85
5 . 5 :
=10 | o105 il S @1 (0.85)
5 5
g=10. - oo b= - 10064
3 5
a = 70 + 5(-10363) = 64818 b = 70 + 5(1.0364) = 75.182

Example 10.13 If X ~ N(24, 16), then find the 33-rd percentile.
Solution, Wehave X ~ N(24, 16 ), then g = 24 and g? = 16 = o =4
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For the 33-rd percentile x;,, or P,
we have
P(X < xy5) = 0.33

P[ et xﬂ"“) = 033

o 4
i, i
=4 | 5
P(Zqiﬁir] = 033 T
Fig 10.9 Thirty third percentile
o Xoa =R _ oy of the given normal |
4 K distribution
X — 24
—J?-u’{‘— = ©7(033) = -0.4399

Xogz = 24 + 4(-04399) = 2224
10.2.10 Finding the values of u or o or beth.
Example 10.14 If X ~ N(p, 25) and P(X > 69.6) = 0.017, find the value of the mean, p.

Solution. Wehave X ~ N(u, 25), theneo® = 25 = & = 5
PiX >696) = 0017

P(X<696) = 1 - 0017 = 0983

P[ X-—u A 69.6—y] - 0.983
o 5

P[Z < ﬁﬁ—_"-‘-] = 0.983
5

¢.(M] = 0.983
5

ﬁ%__” - ©1(0983) = 2120

H =696 —5(2.12) = 39
Example 10.15 If X ~ N(50, 0%) and P(X < 60.6) = 00983, find the value of the
standard deviation, ©.
Solution. Wehave X ~ N(50, ¢?), then u = 50
P(X < 60.6) = 0983

P[ et L2 '5“'5'5"] = 0983

o [e3

. P[Z < ﬁ] = 983
o
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o[ 125) - o983
[¥]
i - @~ [(DOR3) = 2.120
43
106 = 21200 = o =95

Example 1016 [n o normal distribution 33% of the values are under 48 and 123% are
pver Bl). Find mean and standard deviation of the distribution.

Solution. We have

P(X>60) = 123% = 0123
P(X < 48) = 33% = 033 P(X<60)=1-0123 = 0877
P[x”c43“]=n33 P[X‘”‘:'E'ﬂ"’“]:u.s:f?
o i a
F[ ] = DAl P[E o = ] = 0877
o
50 —
] = m[ a ] = 0877
o
48 - . = - ;
.~ @-1(033) = 04399 0= _ @-'(0877) = 1101
e} T
s e B | S0 = LI it 0
Subtracting (7} from (i), we get
6 — u = L1l o
48 — p = -04399 g
-+ -
12 = lb6og =5 =15
Putting this value of & in (i), we have
60 - 4 = 11601(75) = o= 513

Example 1017 If X is a normal random variable with parameters 4 = 50 and o = 10.
Find its mean, median, mode, lower and upper quartiles, guartile deviation, mean deviation,
variance, standard deviation, first four moments about mean, moment ratios and moment
coefficient of skewness,

Solution. Wehave o = 30, o = 10

The mean, median, mode, lower and upper quartiles of the distribution are
Mean = u = 350, Median: x,, = g = 50, Mode = u = 50
Xyas = M- 067450 = 50 - 0.6745(10) = 43255
Tgps = M+ 067456 = 30 + 06745(10) = 56.745

I

I
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The guartile deviation, mean deviation, variance and standard deviation of the distribution are

O.D(X) = 067456 = 06745(10) = 6745
M.D(X) = 079796 = 07979(10) = 7.979
VarlX) =o? = (10y = 100

5D(X) =0 =410 = 10

The first four moments about mean, moment ratios and moment coefficient of skewness of the
distribution are

e 8 B, = 02 = (10 = 100,
Hy = 0, #y = 3c¢* = 3(10) = 30000
u? (D)2 T 30000
= —= = =} = — = —— =
=8 = ooy & T
Sk oy 0

T Ty

Example 10.18 In a normal distribution lower and upper quartiles are 28 and 55 respectively,
Find mean and standard deviation of the normal distribution.

Solution. We have x,.. = 28 and x,,; = 55 Then

pom s e VD s
2 2 =

25 i G - N - S 55 - 28 = 20
1.349 1.349

10.2.11 Normal Distribution as a Limit of a Frequency Distribution of a Continuous
Variable. A normal curve serves a good approximation not only for a histogram obtained from
the binomial distribution but for many other histograms of observed frequency distributions of
continuous random variables as well. Frequently a histogram of an observed frequency
distribution with mean ¥ and standard deviation s is well approximated for a large number of
observations n = ¥ f. by the normal curve whose equation is given by

nh
54/ 2m
where A is the common class interval in the grouped frequency distribution. The smaller the
value of fi, the better the approximation will be.

F—ﬂ.t—i]zl"lz.vl

flx) =

Exercise: 10.2
L. fa) If X isa normal rindom variable with 1 = 24 and @ = 4, write down ils probability
density function. Find the ordinate of its normal curve at x = 21. Also find its

maximum ordinate.
{ 0.075285, 0.099735 )
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(b) Suppose that during periods of transcendental meditation, the reduction of a person’s
oxygen consumption is a random variable have a normal distribution with g = 376¢.¢c
per minute and @ = 4.6 ¢. ¢ per minute. Find the probabilities that during a period of
transcendental meditation a person’s oxygen will be reduced by
{1 at most 35.0 ¢ ¢ per minute,
(i) atleast 44.5 ¢, ¢ per minute,
(ffi)  any where from 30.0 to 40.0 c. c. per minute,
( 0.28604, 0.06681, 0.64900 )
fc) Let X ~ N(20, 25), find the area under the normal curve
(1) below 30,
(i) above 30,
(#if) between 30 and 42
(0.97725, 002275, 0.02274)

2. (@) Suppose that it is know that IQ's for adult Pakistanis are normally distributed with
4 = 100 and & = 10. If an individual with an 1Q of 130 or above is classified genius,
what is the probability that a random selection yields a genius?

(D.00135 )

(b) The mean inside diameter of a sample of 250 washers produced by a machine is 5.05
mm and the standard deviation is .05 mm, The purpose for which these washers are
intended allows a maximum tolerance in the diameter of 4.95 mm 10 5.10 mm,
otherwise the washers are considered defective, Determine the percentage of defoctive
washers produced by the machine assuming the diameters are normally distributed
( 18.14% )

3. (@) The length of life for a washing machine is approximately normally disuwibuted, with a
mean of 3.5 years and a standard deviation of 1.0 years. If this type of washing
machine is guaranieed for 12 months, what percentage of the sales will require
replacement?

(D.62% )

() Assume that the ime X required for a runner to run & mile is a normal random variable
with parameters # = 4 minutes | second and ¢ = 2 seconds. What is the
probability that this athlete will run the mile

{#}  in less than 4 minutes,
(i) in more than 3 minutes 55 seconds.
{ D.3085, 0.9987)

{c) Assume that the distance X that a particulur athlete will be able to put a shot (on his
first try) is normally distributed with parameters 4 = 50 feetand o = 5 feet
Compute the probability that he tosses it not less than 55 feet and the probability that
his toss travels between 50 feetand 60 feet.

(0.1587, D4773)
(d) If X is normally distributed with parameters y and o, find the area under the curve

between
() (H-o)and (g + @)

(i) pgand (g+20)
{ 068268, 0.47725)
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4. (a)

(&)

5 (&)

b

(c)

6. (a)

(b)

{c)

The heights of boys at a particular age follow a normal distribution with mean 150.3 cm
and standard deviation 5.0 cm. Find the probability that a boy picked at random from
this age group has height

(i) lessthan 133 cm,

(if) ~more than 145 cm,

(i) between 146 cm and 152 cm.
{ 067003, D.B3147, 0.5015)

Suppose the weekly incomes X are normally distributed with mean 10.06 Rs. and

variance 2.64 Rs ., find the probability P(8 < X < 12). Assume that the incomes are
recorded to the nearest rupee.
(0.87569)

Find the value of X which corresponds to a standardized value of - 2.05 and 0.86 for
each of the following distributions
(i) X ~ N(623,38),
() X ~ Ny, o),
(i) X~ N(ab):
(49.66, 67.60; j1—2.050, p+0860; a - 2.05b . a + 086[b )

If X ~ Ni100. 64 ), find the value of a such that A(X < a)} = 0.95.
(113.16)

If X ~ Ni 60, 25}, find the value of a suchthat P(X > a) = 0.837.
(55.09)
In a normal distribution ¢ = 30 and o = 5. Find

(i)  apoint that has 15% area below it

(i)  apointthathas 28% area aboveit,

(fif)  two points containing middle 95% area,
(24.8: 32.9: 20.2 and 39.8 )

The time required by a nurse to inject a shot of penicillin has been observed to be
normally distributed, with a mean of g = 30 seconds and a standard deviation of
g = 10 seconds. Find the

{(fy  10-th percentile, i, €.,

(if)  90-th percentile, i. €., %;qp-
(17.2 sec, 42.8 sec')
Scores on a national education achievement test are normally distributed with y = 500
and o= 100.

(1 What is the 95-th percentile of this distnibution,

(i)  What are the lower and upper quartiles of this distribution.

(i) Tf the university decides to accommodate the 40 percent of the students with
the highest scores, what is the score that separates the successful applicants
with unsnceessful?

{ 6A4.5: 43255, 567.45; 525.33)
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7. (a)

(&)

8. (a)

(&)

9.(a)

(b)

1. (a)

(&)

11. {a)

(b)

12. {a}

The height a high jumper will clear, each time he jumps, is a normal random variable
with mean 6 feet and standard deviation 2.4 inches.

(i) ~ What s the greatest height he will jump with the probability 0.957

(1) What is the height he will clear only 10% of the time?
{ 68.06 inches, 75 inches )
Suppose that the amount of vaceine required to immunize human beings against
smallpox is normally distributed with g = 0250 ounce and o = 0.040 ounce.
Increasing the dosage increase the chances of successful vaccination. What is the
minimum dosage required to produce success in 99 percent of the cases.
( 0.34304 ounces) i

If X ~ N(70,25 ). find the value of @ such that P(| X — 70| < a) = 0.8. Hence find

the limits within which the central 80% of the distribution kies.

(641, 63.39, 7641 :

Bags of flour by a particular machine have masses which are normally distributed with
mean 500 g and standurd deviation 20 g. 2% of the bags are rejected for being
underweight and 1% of the bags are rejected for being over weight. Between what
range of values should the mass of a bag of flour lie is to accepted?

(458.92, 546.52 )

The lengths of items follow a normal distribution with mean 4 em and standard
deviation 12 em. It is known that 4.78% of the items have a length greater than 92 cm,
Find the value of mean pi.

{729

The lengths of rods produce in a workshop follow a normal distribution with mean e
and variance 4. If 10% of the rods are less than 17.4 cm long. Find the probability that
a rod chosen at random will be between 18 and 23 om long.

(0.7725)

Tea is soled in packages marked 750 g. The masses of the package are normally
distributed with mean 760 g standard deviation o What is the maximum value of the
o if lessthan 1% of the packages are under weight?

(4.299)

Suppose that the life in hours of an clectric tube manufactured by a certain process is
normally distributed with parameters g = 160 hours and o hours. What is the
maximum allowable value for o, if the life X of a tube is to have probability 0.80 of
being between 120 and 200 hiours?

(31.21)

Assume that we have a large number of students whose average weight is 150 /b and
that the weights are normally distributed. If we know that 36.4% of the students have
weights between 137 and 163 b, What is the standard deviation of the weights?
{2747)

In a pormal distribution g = 40 and P{ 25 < X < 55) = 08662, Find
P20 = X < 60).

(0.9545)

In a normal distribution 31% of item are under 45 and 8% are over 64. Find the
mean and standard deviation of the distribution.,

(30, 10)
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()

13. (a)

(b)

()

14. (a)

(k)

15. (@)

(B)

16. (a)

(&)

If X ~ Ny, 6*) and P(X < 35) = 020 and P(35 < X < 45) = 0.65. Find

Lt and ©.
(395 532)

Assuming that the number of marks scored by a candidates is normally distributed, find
the mean and the standard deviation, if the number of first class sindents (605 or more
marks) is 25, the number of failed students (less than 30% marks) is 20 and the total
number of candidates appearing for the examination is 450,

(4037, 12.32)

A marketing organization grades apples into three sizes, small (diameter less than
60 mm), medium ( diameter between 60 and 80 mm ), and large ( diameter more than
80 mm ). A certain grower finds that 61% of his crop falls into the small category, and
14% into the large category, Assuming that the distribution of the diameter X of the

“apples is described by a normal probability density function, calculate the standard

deviation and mean of his crop.
(24.97, 53.03)

The maximom temperature on June, 1 in.a certain locality has been recorded and
observed as normally distributed over year, About 15% of the time, it has exceeded 30

. and about 5% of the time, it has been less than 30" €. What is the mean and
variance of the data?

(2613 ¢, 1391°C)

A man cuts hazel twigs to make bean poles. He says that a stick is 240 cm long. In fact,
the length of the stick follows a normal distribution and 10% are of length 250 cmor
mere while 55% have a length ever 240 ¢m. Find the probability that a stick picked at
random is less than 235 cm long.
(0.203 )
The 90-th percentile of a normal distribution is 50 while the 15-th percentile is 25.
(fy Find p and o
(i) What is the value of 40-th percentile,
{36.17, 10.79, 33.44)

The masses of articles produced in a particular workshop are normally distributed with
mean i and standard deviation o. The 5% of the articles have a mass greater than
85 g and 10% have a mass less than 25 g. Find the value of g and o, and find the
range symmetrical about the mean, within which 75% of the masses li.
(51.3, 20.5, 26,72, T3.88 )
In a certain examination, the percentage of passes and distinctions were 80 and 10
respectively. Estimate the average marks obtained by the candidates. the minimum pass
and distinction marks being 40 and 75 respectively, assume the distribution of marks
to be normal,
(53.87, 1648)
What is the importance of normal distribution in statistical theory? Describe its
properties.
Suppose that X is normally distributed with g = 25 and o = 5. Find

(i) the lower and upper quanrtiles,
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(i1}  the median.
(ifiy the mean deviation.
(21.6, 284, 25, 4)

(¢) Inanormal distribution, the lower and upper quartiles are respectively B and 17. Find
mean and standard deviation of the normal distribution,
(12.5, 6.67)

{d) The continuous random variable X is normally distributed with mean 1 and standard
deviation o Giventhat P(X < 53) = 0.04 and P(X < 65) = 0.97. Find the inter-
quartile range:of the distribution,

{4.46)

17.{a) The value of second moment about the mean in a normal distribution is 4. Find the third
and the fourth moments about the mean in the distribution.
(0, 48 )

{b) Find the proportion of the area under the normal curve included between the limits
gt o ut2oand g+ 30 where ¢ and o denote the mean and the standard
deviation.

( 0.6827. 0.9545. 0.9973)
{c) If X is a random variable with distribution N 12.5, 9 ) and the random variable
Y=g X)=2X +5Find Pl== £ ¥ £21)and P(45 £ ¥ £ =),
( 0.06681, 0.00621)
Exercise 103
Ohjective Questions
1. Fill in the blanks,
(1} The normal distribution is a ——— distribution that ranges
from — oo (0 s (continuous)

{if} ~ The value of the parameter @ of a normal distribution is

always —— (positive)
(tify  The normal distribution is a bell shaped —— distribution.  (symmetrical)
(iv)  If X~N(50,25),then ¢ = —— (3)
() ;ha maximum ordinate of the standard normal curve is at i ©)
(vi)  Inastandard normal distribution. if

P(Z < gyg75) = 0975, then 250 = ——. (1.96)
(vii)  The maximum ordinate of a l:em*mal curve isat X = {41)
(viii) The total area uvnder a normal curve 15 ———— | (unity)

{ix) The ———— of a normal distribution correspondsto z = 0
in the standard normal distribution. (mean)
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()  Inanormal distribution, the mean, median and mode
are {equal)
i A Fill in the blanks.
()  Inanormal distribution, —_—'= - 06785 0. (Q;)
(i)  Inanormal distribution, ——— = gy + 06745 & (0,
(iii) In a normal distribution, @ D = . ( EI,"' 3)
(iv) In a normal distribution, M D = a. (4/5)
(v The limits u + 0.6745 o include ———— percent area
under the normal curve. (30)
(vijy The limits y £ ¢ include ———— percent area under the
normal curve. (68.27)
{(viity Thelimits 4 + 2 o include ——— percent area under the
normal curve. {95.45)
(viiiy The limits g % 3 o include ———— percent area under the
normal curve. (99.73)
(ixy In a normal distribution, all odd ordered moments about mean
are = {zero)
(x) Inanormal distribution, f = 0 and fi, = (3)
(xiy The normal distribution is neither platvkurtic: nor leptokurtic
but {mesokurtic)
(xify The points of inflexion of a normal curve are ——— from
> mean. (equidistant)
3 Mark off the statements as true or false.
(i) Normal distribution has two parameters namel and o, (erue)
P y M
(i) If X is normally distributed with mean g and variance o*
then it is denoted by X ~ N{ g, @?). (true)
(iii) The standard normal distribution has mean 0 and variance 1. (true)
{iv)  The maximum ordinate of a standard normal curve isat £ = |, (false)
{v)  The standard normal distribution is symmetrical about Z = (. (true)
(vi)  Ina standard normal distribution, if
P(Z < zgp05) = 0025 then 5550 = - 1.96. {trie)
(vii)  Tn a standard normal distribution, if
P Z < 25495 )= 0975, then 7345 = 1.96. (true)
{wiii} In a standard normal distribution, if
P(|Z| < a) = 095.then a = 1.96. (true)
(ix)  The normal curve has maximum ordinate at X = 0. (false)
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4. Mark off the following statements as false or true.

()

(i)

(1if)

(iv)
(v)

(vi)
(vif)
(viid)
(ix)
(x)
(i)

[xif)
(xdif)

(xiv)

(xw)
()

The shape of a normal distribution depends upen its parameters
namely p and o

The parameter & controls the relative flatness of the normal
curve.

The normal distribution is a bell-shaped symmitrical
distribution.

In a normal distribution, the mean, median and mode are egual.
In a normal disiribution,

Q= p-067450 and Q,= pt + 06745
In a normal distribution, mean and variance are always equal,
The expected value of a normal distribation is
The standard deviation of a normal distribution is o
The quartile deviation of a normal distribution is 0.6745 o

The mean deviation of a normal distribution is (.797¢ o

The two poinis containing the middle 95.45% area under a
normal curve are 4 + o.

In & normal distribution, all even ordered moments about mean
are Zero.

In & normal distribution, all odd ordered moments abont mean
In a normal distribution, §, = 0 and B =3
The points of inflexion of the normal curve lieat 2 + 2 &

The normal curve gets closer and closerto 1 .-axis but never
touches it,

{true)
{true)

(rrie)

(true)

{true)
(false)
(rrue)
(true)
(true)

(1riee)

(false)
(false)

{trie)
{true)

i false)

(true)

F T "N




SAMPLING
TECHNIQUES
AND SAMPLING
DISTRIBUTIONS

111 POPULATION (OR UNIVERSE)

A population is the totality of the observations made on all the objects (under

investigation) possessing some common specific characteristics, which are of particular interest to
researchers.

The population is the aggregate of the elements and these elements are the basic units
that comprise and define a population, The population must be defined in terms of

(i) content, {if) unit, . (i)  extent, (iv) time

For instance, the students of first year class at a given college. the characteristic to be
investigated may be the score received by each student in a college entrance examination, in a
given year. Populations may be finite or infinite.

11.1.1 Finite Population. A population is said to be finite if it includes a limited number of
elementary units {objects or observations).

Examples of a finite population are: the heights of all the students enrolled at a college
in a given year, the wages of all employees of a steel mill in a given vear, the amount of money
spent by each student in an engineering university in a given academic year, or the grading of
items as defective and non-defective that are produced by an industry on a given day.

11.1.2 (infinite Population. A population is said to be infinite if it consists of unlimited
number of elementary units. At least hypothetically, there iz no limit to the number of units it can
include.

Examples of an infinite population are: the weights at birth of all human beings, the
results obtained by rolling of a die, the lifetimes of all the bulbs produced in a production process
that operates indefinitely under given manufacturing conditions.

11.2 SAMPLE

A sample 15 a part of the population which is selected with the expectation that it will
represent the characteristics of the population,

11.2.1 Sampling. Sampling is a procedure of selecting @ representative sample from a given
population.

11.2.2 Sample Survey versus Complete Enumeration, The collection of information from a
part of the population is called making a sample survey. The collection of information from all
elements in a population is called taking a census or making a complete emumeration,

27
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11.2.3 Purposes of Sampling. The two basic purposes of sampling are:

(i) To obtain maximum information about the characteristics of the population with
minimum cost, time and effort,

(i) To find the reliability of the estimates derived from the sample.

11.2.4 Advantages of Sampling. Following are the main advantages of sampling over a
complete census.

(i)  Time Saving: A sample survey involves lesser amount of time and energy than a
complete enumeration both in the execution and the analysis of data. This is a vital
consideration when the information is urgently needed as the results from a sample
survey are more readily available.

(i) Economic: A sample survey requires less expenses and labour as compared to a
complete census because the cost of covering only a fraction will be lower than that of
covering the whole population.

{iif} Accuracy: A sample survey provides the results which are almost as accurate as those
obtained by complete census, A properly designed and carefully executed sample survey
will provide even better resulis.

{iv) Feasibility: Sometimes the data are obtained by tests that are destructive, For example,
to know the average life of certain type of electric bulb. we shall take a sample of these
bulbs and keep them on until they burn out. We cannot think of testing the whele lot. In
testing blood of a patient we do not drain the entire blood out of him but examine just a
few drops. Sampling may be the only means available for obtaining the desired
information when the population is infinite or inaccessible. Tn such cases complete
enumeration would neither be physically possible nor practically feasible.

Whatever he the merits of sampling, it cannot totally replace a complete census. A
census is a record of a nation's history and iis importance has to be given due acknowledgement,

.25 Limitations of Sampling. If the basic facts of each and every unit in the population
are needed, census become indispensable. The sample will not meet such a reguirément,

For example. the list of income tax payers is prepared very carefully, the list of voters is
prepared to include the nwme of each and every voier, or an inventory of all goods and stocks is
necessary to know the toial amount of stocks of a firm,

113 SAMPLING DESIGN

A sampling design is a procedure or plan for obtaining a sample from a given population
prior to collecting any data,

The collection of detailed information is known as survev. When a survey is carried out
hv a sampling design, it is called a sample survey. A sample survey should be properly planned
and carefully executed in order to avoid inaccuracies,

1121  Sampling Units. Sampling anits are those basic units of the population in terms of
which the sample design iz planned,

The sampling units must he distinct and exhaustive, /. e., they must make up the whole
population and they muost not be overlapping. Sometimes the sampling unit is ohvions, as ina
population of students or in a population of light buths. Sometimes there is a choice of sampling
unit. In sampling an agricaltural crop. the sampling unit might be a field. a farm or an area of land
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whose shape and area is at our disposal. In sampling a human population, the unit might be an
individual person, the household or all the persons living in a block.
11.3.2 Sampling Frame. A sampling frame is a complete list of the sampling units:

For example, a complete list of all the students i a college on May 10, 1995, is the
frame: A complete list of all households in a city is an other example of the frame. )
11.3.3 Types of Sampling Designs. Meaningfulness of estimates, obtained from a sample,
depends upon the methods of selecting a sample. Broadly speaking there are two different
sampling schemes.

(i  Non-probability sampling
(ify  Probability sampling

1.4  NON-PROBABILITY (NON-RANDOM) SAMPLING

A non-probability sampling is a procedure in which we cannot assign to an element of
pupulation the probability of its being included in the sample.

We often make inferences about the population from arbitrary and informal samples. A
wheat dealer forms his opinion about a sackful of wheat by examining just a few grains. To say
about the guality of rice cooked in a big pot, the cook takes only a spoonful of rice to taste and
decide on its quality of cooking. Such arbitrary selections ure frequently made in research, in
hiological and physical sciences.

11.5  PROBABILITY (RANDOM) SAMPLING

A probability sampling is a process in which the sample is selected in such a way that
every element of a population has a known non-zero (not necessarily equal) probability of being
included in the sample.

The advantage of probability sampling is that it provides a measure of precision of the
estimates. The underlying principle of a random sample is that personal factor is eliminated in the
selection as the investigator does not exercise his discretion in the choice of items. No factor other
than chance affects the likelihood of an item being included in or excluded from the sample. A
random sample may be taken with or without replacement.

1151 Random Sampling With Replacement. Sampling is said to be with replacement from
a population ( finite or infinite ) when the unit selected at random is returned to the population
before the next unit is selected. The formal description of the sampling method 15 as follows.
1.  Anobject is selected from the population in a way that gives all objects in the population
an equal chance of being selected.
3. The characteristics level of the object selected is observed, and the object is returned to
the population prior to any subseguent selection.
3. Forasample of size n,steps (1) and (2) are performed n times

Thus the number of units available for future drawing is not affected. The population

remains the same and a sampling unit might be selected more than once.
11.52 Random Sampling Without Replacement. Sampling is said to be without replacement,
when the sampling unit selected at random is not returned to the population, before the next unit
is selected. The formal description of the sampling method is as follows.
1.  The first object is selected from the population in a way that gives all objects in the
population an equal chance of being selected.
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2. The characteristics level of the object selected is ohserved, but the object is not returned
to the population.

kA An object is selected from the remaining objects in he population in a way that gives
all the remaining objects an equal chance of being selscted, and step (2) is repeated.
For a sample of size n, step (3) is performed (n — 1) times.

Thus the number of units remaining after each drawing will be reduced by one. In this

case, 4 sumpling unit selected once cannot be selected again for the sample because the selected
unit is not replaced.

11.6 SIMPLE RANDOM SAMPLING

Simple random sampling is a procedure of selecting a sample of »n  units
(n = 1, 2,--+, N) from the population of -N units in such a way that:

(7} Every unit available for sampling has an equal probability of being drawn.
(i) Every sample of size n has the same probability of being selected.
A sample drawn by this procedure is called a simple or unresivicted random sample. A

sample containing n elements selected from a population consisting of N elements is called a
sample of size n. The simple random sampling is used in the population which is essentially
homogeneous in terms of some characteristics relevant to the enquiry. For small populations
where the elements are easily identifiable and accessible, simple random sampling may be easy to
apply. ;
Theorem 11.1 If a simple random sample of size- n is selected from a finite population of size
N, then the number of all possible samples is given as

Na. of possible samples

1l

N", if sampling is done with replacement

No. of possible samples NP if sampling is done without replacement

Proof. A sample of size n under simple random sampling ( with or without replacement )
consists of an ordered specification of n elements, namely
{ the first chosen, the second chosen, - -+, the n-th chosen. )]

Sampling With Replacement. If we use sampling with replacement, the number of units
available for each drawing are N,

The first unit of the sample can be selected in N different ways, the second unit of the sample
can also be selected in N ways, the third unit of the sample can also be selected in N ways, and
soon, the n-th unit of the sample can also be selected in N ways.

Using the multiplicative principle. the number of all possible samples of size n, that could be
selected from a finite population of size N, is

No. of possible samples

NXNxN -+ nimes
= Nt
A sample of n units constitutes only one arrangement. and there are N " pessible arrangements

of n units from a finite population of N units. Each of the N* possible samples is selected with
the same probability

: 1 |
XKoo ntimes = =

1
x _— -
N NxNXNX-- ntimes "

.

b
NN
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Sampling Without Replacement. If we use sampling without replacement, the number of units
remaining after each drawing will be veduced by one
The first unit of the sample can be selected in N different ways, the second unit of the sample

can be selected in ( N — 1) ways, the third unit of the sample can be selected in (N — 2)
ways, and so on, the n-th unit of the sample can be selected in (N — n + 1) ways.

Using the multiplicative principle, the number of all possible samples of size n, that could be
selected from a finite population of size N, is

MNo. of possible samples = N(N - 1N - 2)--- {N-(n—-1)}
NIN-IL}N-2)---(N-n+1)
NN =1): (N =n+1J(N—nr) - (3)2H1)
(N =n)-=-(3)(2)(1)
N!

= - N
(N=n) 3

I

A sample of n units constitutes only one arrangement, and there are ¥ P, possible arrangements

of n units from a finite population of N units. Each of the Y P, possible samples is selected
with the same probability
1 L 1 1 1

— p R = =
N N-1 N-n+l NIN=1) - (N=n+1) .HP"
11.6.1 Random Digits. A 1able of random digits consists of a sequence of digits designed 1o

represent the tesult of & simple random sampling with replacement from a population of digits 0,

1, 2, -+-, 9. Ina lable of random digits each digit from 0 to 9 is called a random digit, each

having the probability of occumrence of 1/ 10. Here random implies that all of these digits have

the same probability of occurrence and the occurrénce and nen-occwrrence of any digit is
independent of the occurrence and non-ocerrrence of all other digits. Table 15 is such a table,

In a random digits table, random digits are normally combined to form numbers of more
than one digit. For example, random digits taken in pairs will result in a set of 100 different
numbers from 00 to 99, each having a probability of occurrence of 1/ 100 and each being
independent of other numbers similarly formed. Likewise random digits taken in triples will
result in & set of 1000 different numbers from 000 to 999, each having a probability of
oceurrence of 1/ 1000 and each being independent of other numbers similarly formed. Similarly,
random digits taken in quadruples will result in 10000 different numbers from 0000 to 9999,
each having a probability of occurrence of 1/ 10000, and each being independent of other
numbers similarly formed,

11.6.2 Selection of Simple Random Sample. A simple random sample can be selected by the

following methods.

(i) Lottery Method. In this method, a distinct and different serial number from 1 to N is
assigned to every unit of the population of N units and the number is recorded on a card
or a slip of paper. All the numbered slips are then placed in & container, and they are
thoroughly mixed. A blind selection is made of the number of slips required to constitute
the dgsired size of the sample, The items corresponding to the slips drawn will constitate
the random sample. The selection of items depends entirely on chance. Some lotteries
use a rotating wheel in selecting tickets. The wheel has equal segments on its rim, one
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for each of the digits © through 9. N lotery tickets are numbered from | to M.
Suppose the tickets have three-digit numbers. A tcket number then would be selected by
spinning the wheel thrice and recording the digit which appears at the pointer each time
the wheel stops. If the digit sequence is 534, then the ticket number 534 is selected.
The Iottery method becomes quite cumbersome to use as the size of population becomes
large. then an alternative method of selection of a random sample is employed.

(i) Using Random Digits. In this method a distinct sampling number from 0 to (N -1)
is assigned to every unit of the population of N units. A table of random digits is
consulted with a randomly selected starting point in the table. The table is read in single
digits. in groups of two, three or more according to the number of digits in the sampling
number ( N — 1) assigned to the last unit in the population. Any number greater than
(N = 1) is discarded. A number appearing second time is also discarded if the
sampling is without replacement. Continue the process of selecting the random digits or
numbers until the desired sample size is reached.

1.7  STRATIFIED SAMPLING

If the elements in the population are not homogenous, then the population is divided into
non-overlapping homogeneous subgroups, called strata, and sample is drawn separately from
each stratum by simple random sampling. This sample is called stratified random sample. The
process of dividing a heterogencous population inte homogencous subgroups is called
strarification.

The benefit of this method is that if non-overlapping homogeneous subgroups of the
population can be idemtified, then only a relatively small number of observations are needed 1o
ascertain the characteristics of each subgroup. Stratification is used also w0 improve sample
estimates of population characteristics. Stranfication is used:

(i)  to provide an adequate sample for each strawum,
(if)  because it can give more precise estimates of population characteristics than other types
of samples.
11.8.  ERRORS
11.8.1 True Value, By rrue value we mean the value that would be obtained if no errors were
made in any way in cbtaining the information or computing the characteristic of the population.

True value of the population is possibly obtained only if the exact procedures are used
for collecting the correct data, each and every element of the population has been covered and no
mistake or even the slightest negligence has happened during the process of data collection and its
analysis. It is usually regarded 23 an unknown constant,

11.82 Accuracy. By accuracy we refer to the difference between the sample result and the
true value. The smaller the difference, the greater will be the accuracy. Accuracy can be
increased:

(i) By elimination of technical errors,

(fi) By increasing the sample size.
11.B3 Precision. By precision we refer to how closely we can reproduce, from a sample, the
results which would be obtained if a complete count (census) was taken using the same method of
measurement.
11.8.4 Error. The difference between an estimated value and the population true value is
called an error, Since a sample estimate is used to describe a characteristic of a population. A
sample being only a part of a population cannot provide a perfect representation of the
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population, no matter how carefully the sample is selected. We may think as to how close will the
sample estimate be to the population true value. Generally it is seen that an estimate is rarely
equal to the true value. There are two kinds of errors:

(f)  Sampling (random) errors

{(ii} MNon-sampling (non-random) errors
11.8.5 Sampling Error. A sampling error is the difference between the value of a statistic
obtained from an observed random sample and the value of corresponding population parameter
being estimated,

A sample may not provide a true representation of the population under study, simply
because samples represent only a part of a population and thus depend on * the luck of the draw ",
even if the sample survey is properly designed and well-implemented. Generally, let T be
sample statistic used to estimate the population parameter , then the sampling error, denoted by
E, is defined as

E=T-8¢6

The value of sampling error reveals the precision of the estimate. Smaller the sampling
error, the greater will be the precision of the estimate. The sampling errors can be reduced:

(i) By increasing the sample size.

(ify By improving the sampling design.

{iif) By using the supplementary information. =
11.8.6 Non-sampling Errors. The errors that are caused by sampling the wrong population of
interest and by response bias, as well as those made by an investigator in collecting analysing and
reporting the data, are all classified as non-sampling or nen-random errors. These errors are
present in a complete census as well as in a sample survey.

11.8.7 Bias. Bias is the difference between the expecied value of a statistic and the true value
of the parameter being estimated, Let T be the sample statistic used to estimate the parameter g,
then the amount of bias is

Bias = E(T)-8
The bias is positive if E(T) > 6, itis negative if E(T) < & and it is zero if
E( T) = @ Bias is a systematic component of error which refers to the long-run tendency of the
sample statistic to differ from the parameter in a particular direction. Bias is cumulative and
increases with the increase in size of the sample. If proper methods of selection of units in a
sample are not followed, the sample results will not be free from bias.

Exercise 11.1
1. (@) Explain the terms: Population; Sample: Sampling frame; Sampling unit.
(b) Define suitable populations from which the following samples are selected:
(/)  One thousand homes are called by telephone in the city of Karachi and asked to
name the T.V programme that they are now watching
{if) A coinis flipped 53 times and 32 heads are recorded.
(iif) Two hundred pairs of a new type of combat boots were tested for durahility in
Vietnam and, on the average, lasted two months.
{ (i) Homes in Karachi city having telephones and T.V..
(it) An infinite number of tosses of a comn,
(i) Total production of a new type of combat boots during a particular period. }
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{c)

. la)

(&)

(e}

. (a)
(&)

(e}

. {a)

(b)

(e}
. la)

(b)

In each of the following situations, determine whether the sampling is done from a finite
population or an infinite population and then define the population.
() Acoin is tossed 20 times and 12 heads are recorded.
(i)~ Ten employees of large manufacturing company are selected as representatives
of labour to serve as a labour management committee,

(i#f) A sample of bulbs is selected periodically to determine the number of defective
bulbs produced by a production unit.

(iv) A coinis weighed 15 times to estimate its true weight.
{ (i) Infinite—population is all the potential tosses of the coin,

(i#) Finite—population is all the employees of the company,

(iii) Infinite—population is all the bulbs produced by the production unit,

(iv} Infinite—population is all the potential weights of the coin. )
What is meant by sampling? Describe the advantages of sampling over complete
enumeration.
For each of the following reasons, give an example of a sitwation for which a census
would be less desirable than a sample. In each case, explain why this is so,

() Economy (i)  Timeliness
(fif)  Size of population (iv) Inaccessibility
(v}  Accuracy (vi) Destructive observations?

Distinguish between the following:

{fi  Population and sample,

(if)  Sampling with and without replacement,
Distinguish between probability and non-probability sampling, giving examples.
Describe the advantages of using a probability sample.
What do you understand by a simple random sample? By taking some artificial
example, explain the method of drawing a simple random sample.
Distinguish between the following:

()  Random sampling and simple random sampling.

(if)  Simple random sampling and stratified random sampling.

(itr)  Sampling and non-sampling errors.

Explain how would you select a random sample of 10 households from a list of 250
households, by using a table of random digits,

A poll is 1o be conducted to determine the voting preference of the voters in a certain
city. Design a sampling plan such that the sample would be representative of the
population of all the voters.

In @ certain locality, there are 300 households. We wish to select 2 sample of 50
households. How would you select this sample using Random Numbers?

What is the difference between precision and accuracy of a result? Explain with some
examples.

What are two broad categories of errors in data collected by sample surveys? What are
the methods for reducing sampling error?
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11.9  SIMPLE RANDOM SAMPLING
AND SAMPLING DISTRIBUTIONS

As we have already mentioned that a random sample must be chosen in such a way that
it is representative of the population about which we want to make inferences. A random sample
of observations can be chosen in either of the two ways: with replacement or without
replacement.

11.10  SAMPLING DISTRIBUTION OF A STATISTIC
1L.10.1 Parameters, The numerical quantities, that describe probability distributions, are ¢alled
parameters, Parameters are fixed constants that characterise a population.

Parameters are usually denoted by Greek letiers. Thus, & ( the probability of success in a
binomial experiment ), and g and o ( the mean and standard deviation of a normal distribution )
are examples of parameters.

Let x,, x,, "+, x, bethe N elements of a population. A population value summarizes the

values of some characteristic ( or characteristics ) for all N units of an entire population, It
deseribes some feawre of the distribution of the random variable { or variables ) in the defined

population. Let x,, j = 1,2, --- N, be the observed value of some random variable X for the
J-th element in the population, then some of the examples of the population paramerers are:
N
Population total: = XXz :
Je=1
M
.
Population mean: = ""N

E 3
] ,J:FI"xJ' -'u}

Population variance: gt =

N
; : No.of elemenis with attribute A k
Population proportion: © = — = —
Popularion size N

11.10.2 Statistic. A srarisric is g function, of the observations of a random sample, which does
not contain any unknown parameter.

We know that a number of simple random samples can be drawn from the same
population and each sample gives a different value of the statistic that is used as an estimator of
the population parameter. The sample statistic is a random variable having its own probability
distribution. We intend to use a statistic to make inferences about the diswibution of the
population. A statistic is usually denoted by a small Latin letter (¥, 5, r ) lo represent its
value obtained from an actually observed sample. A statistic is denoted by a capital Latin letter

(X.5R)w represent its random nature,

Let x,, x;. -, x, be the observed values of a random sample X, X,.-++. X_ofsize n
from a given population of N items. A sample value is an estimate calculated from the »




36

A Text Book of Statistics — Part 11

elements in the sample. Let x,, i

= 1.2, #++, n be the i-th element in the sample, then the

observed values ol some of the sample statistics are

Sample total; _Z.l X
3 x,
Sample mean: =
n
i Ll o
E:{xr- -x)? E:l[.t, -x)?
Sample variance; e =
n n=1
where ns® = (n - 1)§°
; , No.of elements with attribute A x
Sampl riion; = = i
PR AR 4 Sample size n

11.10.3 Sampling Distribution of a Statistic. The sampling distribution of statistic is the
probability distribution of the statistic obtained from all possible samples of some specified size
that can be drawn from a given population,

11.10.4 Standard Error of a Statistic. The standard deviation of the sampling distribution of a
statistic is called the standard ervor of the statisric.

SAMPLING DISTRIBUTTIONS
FROM GENERAL POPULATIONS

1L11

We will now look at the most common situations where the Central Limit Theorem ig
used to specify approximate probability distributions for sample statistics where sampling is done
from general { non-normal ) populations.

The particular sampling distributions we are interested in are those for: (i) the mean,
{if) the difference between two means, (ifi) the proportion of successes; (iv) the difference
between two proportions.

11.12  SAMPLING DISTRIBUTION
OF THE SAMPLE MEAN, X

The sampling distribution of the sample mean X is the probability distribution of the
means of all possible simple random samples of n observations that can be drawn from a given

population with mean g and variance ¢~ .

11.12.1 Standard Error of X. The standard deviation of the sampling distribution of the
sample mean X, denoted by &, is called the standard errorof X.

} To discuss the relationships between the population and the sampling distribution of the
sample mean, the following symbols will be used.
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N = Population size n = Sample size

it = Population mean pty = Mean of the distribution of X
o’ = Population variance cr% = Variance of the distribution of X

o = Population standard deviation 5 = Standard error of the distribution of X

11.12.2 Properties of the Sampling Distribution of X. The properties of the sampling
distribution of the sample mean are given by the following theorems:

Theorem 11.2  The mean of the sampling distribution of X, denoted by Uy, is equal to the
mean of the sampled population, i ¢.;

Hy = B(X) =

This theorem holds regardless of the sample size n or whether sampling is conducted with or
without replacement.

Theorem 113  The variance of the sampling distribution qf X is equal to the variance of the
sampled population divided by the sample size. i ¢.,

ol

a

= Varl X) =

| Ea

where X is the mean of a random sample of size n from an infinite population (or sampling
with replacement) with mean p and finite variance o*.

The standard error of X then becomes
o?
X 'J"_
However, if the value of o is unknown, it is replaced by the sample standard deviation 5., the
estimate of the standard error of X then becomes

E_ = g. = S

3 X
yn

where, § = —-———-—-—E{X"_X}E
\ n=1

Theorem 11.4  The variance of the sampling distribution of X is

2 =
= V{IT(E} = HT[‘:L_,;]

a

i 1

where X is the mean of a random sample of size n drawn without replacement from a finite
population of size N with mean | and variance &*. The factor (N — n)/{ N — 1) is usually
called as finite popudation correction { fp c ) for variance.
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The standard error of X then becomes

ﬁ:[:\"un] F N=n
g. = B

% n | N-=1 JI N=1

However, if the value of @ is unknown. it is replaced by the sample standard deviation S, the
estimate of the standard error of X then becomes

-

B e e 5 N=n

X A J? N =1

where, ,"_5:' = M
hl n—=1

Theorem 11.5 If X is the mean af the random sample af size n drawn from a normal
population with mean | and variance ¢° (known), the sampling distribution of X isanormal

distribution with mean U ond variance aif n regardless of the size of the sample (including
sample size 1) The distribution of the standardized sampling ervors

X=uy _ X-i

] Tz o‘,;...lrn_

will be standard normal distribution.

Theorem 11.6  (Central Limit Theorem). For a large sample size, the mean X of a random
sample from a population with mean p and finite vartance a* has a sampling distribution that

Z =

is approximately normal with mean i and variance &2/ n regardless of the probability
dispribution (shape) of the sampled population, The lager the sample size, the better will be the

normal approximation to the sampling distribution of X. The distribution of the standardized
sampling errors

A=y . X-g
05 {I,-"'.Ulr;fv
will appreach the standard narmal distribution as n tends to infinitv.

Example 11.1 A population consists of four childven with ages 2, 4, 6 and 8. Take all
possible simple random samples of size 2 with replacement. If X is the age of a child, find,

Z =

(i) the theoretical sampling distribution of X . the mean age of two children in a sample;
(i) the mean, variance and standard ervorof X ;
(iir)  the mean, variance and standard deviation of the population,

Verify the results )

2 a- (i A

2= n) Ggo=

Vi S Y

Solution. Fopulation: 2, 4, 6, & Population size: N = 4, Sample size; n = 2

() g =t (iy o

MNumber of pessible samples = Nx N = 4 x 4 = 16

All possible samples that can be drawn with replacement from our population, and their means
are shown in the following tree diagram.
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First Second Sample values Sample sum _ b I
draw draw x: T L= 3

2 2.3 + 2
2 < 4 2.4 6 3
(4] 2.6 8 4
8 2.8 10 5
2 ;0 SR 3
4 < 7 5 8 4
i 4.6 10 5
8 4,8 12 6
“ 62 s 4
6 A L 10 5
a L 12 6
8 6,8 14 T
2 82 10 5
8 & 8.4 12 6
6 8.6 14 7
§ %8 16 8
Fig. 11.1 A tree diagram showing all possible samples of size 2 drawn with
replacement from a population of the 4 equiprobable values 2, 4, 6, 8
The sampling distribution of sample mean X . its mean, variance and standard error are
Value of X Number of occurrences Probability
¥ f pPE)=fIZf TpF) ¥ p®)
2 I 1/16 2/16 4/16
3 2 2/16 6/16 18/ 16
4 3 3/16 12/16 48/16
5 4 4/16 20/ 16 100/16
6 3 316 18/16 108/ 16
7 2 2/16 14/16 98/ 16
8 i 1/16 8/16 64/ 16
Sums Xf=16 1 80/ 16 440/ 16
Bz = EX) = L¥ p(xX) = % = §
0% = Var(X) = IX* p(x) - pt = o LT

16
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oy = Var(X) = J25 = 158

The mean, variance and standard deviation of the population

% 2 4 6 8 [Xx; =20
2 4 16 36 64 | X =120
2 20
II_[ = 4 = — = 5
N 4
b3 4 120 3
2 T L
gl = - = — = (5 = 5§
R 4
o =[5 = 223
We are to verify that
(@) = @ o) = (i) oy = —
g My =M - S R
2.236
5=5 250 158 = ——v
2 ey
25 =125 158 = 1.58

Example 11.2 A popularion consists of valwes 3, 6, and 9. Take all possible simple random

samples of size 3 with replacement. Form the sampling distribution af sample mean X. Hence
stare and verify the relarionship berween

(i) the mean of X and the population mean,
(i the variance of X and the population variance,
(iii)  the standard error of X and the population standard deviation.
Solution. Population: 3, 6, 9; Population size: N = 3; Sample size: n = 3
Number of possiblesamples = NxNx N = 3 x3Ix3 = 27

All possible samples that can be drawn with replacement from our population, and the sample
means are shown in the following tree diagram.

First Second Third Sample values T _ I
draw draw draw X, T
33383 9 3
3 < 6 3,3,6 2 4
B 0 15 5
R G . 12 4
3 L 3,6,6 15 5
TT—e——y 18 o
3 — 3,9.% 15 5
9 < 6 3.9.6 18 6
P399 21 7
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3 6,3.3 12 4

3 < 6 6,3, 6 15 5

9 6,3,9 18 6

3 6,6,3 15 5

6 f 6 6,6,6 18 6

9 6,6,9 21 7

3 6,93 18 6

9 9 6.9,6 21 7

9 6,9.9 24 8

i 9,33 15 5

3 9,3,6 18 6

3 9,3,9 21 7

f,ﬂa—f" { 9,6,3 18 6

9 S 9,6,6 21 7

3 9,6,9 2 8

" ‘ 9,9,3 21 7

’ 5 9,96 24 8
9,9,9 27 g~

Fig. 11.2 A tree diagram showing all possible samples of size 3 drawn
with replacement from a population of 3 equiprobable values 3, 6, 9.
The sampling distribution of sample mean X, its mean, variance and standard error are
Value of  Number of occurrences Probability

x i plx) = fIES x p(x) X p(X)

3 1 1/ 27 3/27 9/ 27

4 3 3/ 27 12/ 27 48/ 27

5 6 6/ 27 30/ 27 150/ 27

6 7 7/ 27 azf 27 252/ 27

7 6 6/ 27 42/ 27 294/ 27

8 3 3 27 24/ 27 192/ 27

9 1 127 9/ 27 81/ 27

Sum Xf =21 1 162/ 27 1026/ 27

= 2 162
py = E(X) = 2¥ p(%) e [
= ol 1026
ol = VanX) = L¥p(®) - pf = —— - (6) =2

oy = Var(X) = 2 = 1414
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The mean, variance and standard deviation of population

X 3 6 9 Xx; =18
P2 9 36 81 | Zax? = 126
X 18
j e
- N ~3 - °
x5 126
o 4 2 - 2
g7 = —— — I* = - (6 =6
N K 3 ]
o =6 = 2.4495
We are o verify that
3 o’ 3 o
(i) i = (i) o= = — ({i) o=
Hy H ) b 0 T F
=
b= 6 2w o TR o
3 J3
2 =2 1414 = 1414
Example 11.3 A random variable X has the following probability distribution.
X, 4 3 1]
plx;) 0.3 0.5 0.2

If @ sample of size. 2 s taken with replacement, obtain the sampling distribution of X.
Determine the mean and variance of the sampling distribution. Find the mean and variance of the
population. Discuss the rexulrs,

Solution. We have an infinite population. Since the sample is drawn at random with replacement
from the infinite population, the sample values are independent. Thus the distribution of possible
samples of size n = 2 drawn with replacement is

Sampie values Sample total Sample mean Probability
x X 7o 2N plF)
n

4.4 8 4.0 (0.3)(0.3) = 0.09
4,5 9 45 {03)(05) = 0.15
4.6 10 5.0 (03)(02) = 006
3,4 9 4.5 (0503 ) =015
5.5 10 5.0 (05)(05) = 0.25
5.6 1 55 {05)Y(02) =010
6, 4 1) 5.0 (02)(0.3) = 006
6,5 11 55 (0.23(05) = 010
6.6 12 6.0 (02)702) =004

Sum 1
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The sampling distribution of sample mean X, its mean, variance and standard error are

Value of Probability
;o plx) T plT) i (i)
4.0 0.09 036 1.440
4.5 01540015 = 0.30 1.33 6.075
3.0 0.06 + 0.25 + 0.06 = 0.37 1.85 9.250
3.5 010 +0.10 = 0.20 1.10 6.050
6.0 0.04 .24 1.440
Sums 1 4.9 24,255
py = E(X) = LI p(X) = 49
ol = Var(X) = L X p(¥) - ,ufT = 255 - (497 = 0.245
oy = Var(X) = 0245 = 0495
The mean, variance and standard deviation of population
x; 4 3 B
plx,) 0.3 0.5 0.2
x; plx;) 1.2 i 1.2 Ex‘r plx;) = 49
x5 plx;) 48 125 7.2 Tl plx;) = 245
po= E(X) = Xx, plx;) = 49
6? = VanlX) = Txtplx,) - u? = 245 - (49) = D49
g = 4049 = 07
We are to verify that:
() py = M ) eyeE @y of = T
49 = 49 0245 = 28 _ o5 0495 = 2L = 0495
2 42

Example 11.4 A population consists af value 3, 5. T and 9. Take all possible simple random
samples of size 2 without replacement. Form the sampling distribution of sample mean X . Find
the mean. variance and standard error of X . Find the mean. variance and standard deviation of
the papulation. Verify thar.

g A (i) o5 =
N =1 .J_

Solution. Population: 3. 5, 7, 9 Population size: N = 4. Sample size: n =
Number of possible samples = N(N - 1) = 4(4-1) = 12

M py=x ) 6% =

n
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All possible samples that can be drawn without replacement from our population, and their means
are shown in the following tree diagram,

First Second Sample values Yo . =
draw draw x, ‘ F e
5 35 B 4
3 < 7 3,7 10 5
9 3.9 - 12 6
3 5,3 g 4
5 < 7 5,7 1 6
9 59 14 7
K 1.3 10 5
7 < 5 7.5 12 6
9 7.8 16 ]
3 9.3 12 6
q< 5 9,5 14 7
it 0.7 16 8

Fig. 11.3 A tree diagram showing all possible samples of size 2 drawn
without replacement from a population of 4 equiprobable values 3, 5, 7, 9.

The sampling distribution of sample mean X , its mean, variance and standard error are
Valueof X  Number of occurrences Probability

b3 f pE) =fIXf X px) Xt p(x)
4 g 2/12 812 32/12
5 2 2[12 10/12 - 50/12
6 4 4/12 24/12 14412
- 2 2/12 14/12 98/12
8 2 2/12 16/12 128/ 12

Sum Xf=12 . 1 72/12 452/12

=S L/ 7
Hy = E(X) = XX p(¥) e il
6% = VanX) = L ¥ p(¥) - p2 = %—fﬁf‘ = 1667

o5 = YVar(X) = 1667 = 1291
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The mean, variance and standard deviation of population

% 3 5 T 9 Exi = 24
2 o 25 49 8 |Za =164
Exj 24
= ==
K N 4
g7 Z0_ip o g s
s == == =

We are to verify that

2 ; s a N-=-n
) py = (i) 51 [ ] (@) o = J': e
6w G P e . e fa] = 2an
2| =1 1 ,'FI
1.667 = 1.667 1291 = 1.291

Example 11.5 A population consists of values 0, 3, 6 and 9. Take all possible simple
random samples of size 3 without replacement. Form the sampling distribution of sample mean
X . Hence state and verify the velationship between

(i) themeanof X and the population mean,
(iiy  the variance of X and the population variance,
(iif) the standard error of X and the population standard deviation,
Solution. Population: 0,3,6,9; Populationsize: N = 4; Samplesize: n = 3
Mumber of possible samples = N(N - 1)}N-2)=4(4-1}4-2) =

All possible samples that can be drawn without replacement from our population, and the sample
means are shown in the following tree diagram,

First Second Third Sample values = Ex;
draw draw draw x; L %= =
> _<: 6 —0,3,6 0 3
9 0.3.9 12 4
! 3 0,63 9 3
0 fr————
9 0,6,9 15 5
9 < 3 0.9.3 12 4
6 0.9 .6 5 5
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et 6 3.0.6 3
& 3.0,9 12 4
] 3
. b= 3365‘; I 6
] 3,90 12 4
z —< 6 3.9.6 18 ]
3 6,0,3 b 3
- TS 6.0.9 15 5
0 6,3,0 3
6 o ot
9 6,39 18 6
S < 0 6,9,0 15 5
o 6.9 3 18 f
5 _< 3 9.0.3 2 4
[ 9.0,6 I3 3
9 3 < U 2.3,0 12 4
6 9346 18 6
e 0 9,6,0 5 5
3 9,63 18 6
Fig. 11.4 A tree diagram showing all possible samples of size 3 drawn without
replacement from a population of 4 equiprobable values 0, '3, 6, 9. ®
The sampling distribution of sample mean X, its meun, variance and standard error are
Vilue of X MNumber of occurrences Probability
% 1 pl¥)=fl3f ¥ p(x) ¥ p(x)
3 6 6/ 24 18/ 24 54/ 24
4 6 6/ 24 24/ 24 96/ 24
5 6 6/ 24 30/ 24 150/ 24
2 6 6/ 24 36/ 24 216/ 24
Sums 2f=24 | 108/ 24 516/ 24
Hy = E(X) = IX p(¥) = % = 45
-::I_';= Vﬂr{f‘l=Efzpff}—ﬂ%=%§—{4,5f= 1.25

=1
i

JVar(X) = J125 = 1.118
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The mean, variance and standard deviation of population
X, 0 3 6 9 3} x; =18
Xy 0 9 36 81 E_r; = 126
TE; 18
= e Gl 4.5
r N 4
i R 126
o -u = = - (459 = 1125
N M 3 (4.3)
o= 1125 = 33541
We are to verify that
. " 5 o' N-n 0 N=n
(4] . il O = =— T = —
@) pg=p ) o3 = N ] (iif) o = i
2 i 5 -
45 = 45 g8 o ALAT A AS TR s e
3 4-1 3 4-1
125 = 1.25 L1188 = 1.118
Example 11.6 A random variable X has the following probability distribution.
|
| X 3 4 5
plx;) 02 0.4 0.4

If a simple random sample of 3 numbers is taken withowt replacement, obtain a sampling
distribution of the sample mean X. Find the mean, variance and standard ervor of X .

Solution. We have an infinite population, The actual sampling distribution of X, the sample
mean of three numbers taken without replacement, is impracticable because the population is
infinite. Since the sample is drawn at random without replacement from the infinite population,
the sample values become independent. Then the actual sampling distribution of X , the sample
mean of three numbers taken without replacement, is impossible but it virtually becomes the
sampling distribution of X the sample mean of three numbers taken with replacement.

The population size N is infinite and n 3. Then the finite population correction

sdead. — 1l as N — o and 2 sinst, —» o
N -1 Jn Y N-1 Jn
The mean, variance and standard deviation of population
x; 3 4 5 Sum
plx;) 0.2 0.4 0.4 Lplx;) = 1 )
x; plx;) 0.6 1.6 2.0 E..r; plx;) = 42
xpplx,) 1.8 6.4 10.0 Zxiplx) = 182
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g o= E(X) = Zaplx) = 42

6% = VartX) = Tatplx) —pd = 182 - (427 = 056
The mean, variance and standard error of X

Lz = M4 = 42

|

o

ol

n 3

Oy = 4 0.187 = 0432

Example 11.7  The weights of 1000 students of a college are normally distributed with mean
68.5 kg and standard deviation 2.7 kg. If a simple random sample of 13 students is obtained
from this population, find the expected mean and standard deviation of the sampling distribution
of means if sampling were done (i) with replacement and (i) without replacement.

Solution. We have
Population mean: 4 = 68.5, Population standard deviation: ¢ = 2.7
Population size: N = 1000, Sample size: n = 25
{£) Sampling with replacenent:
pz= 4 = 68.5 kg.
O BT
oodn
(if) Sampling without replacement;
He = M = 685 ke

0.54 ke

=

N-—n 27 1000 — 25

o
O- =
X _'.f? N—1 25 1000 - 1
Example 118  Given the population 1, 1, 1, 3, 4, 5, 6, 6, 6, and 7.
{a@) Find the mean and standard deviation for the sampling distribution of mean for a
sample of size 36 selected at random with replacement.
() Find the mean and standard deviation for the sampling distribution of mean for a
sample of size 4 selected at random without replacement.
Solution. The mean and standard deviation of the population are:

]

= 0.53 kg

% |t ¥ ¥ 3 & 5§ 6 6 6 I |[Zx =d0
x; 1 1 1 9 16 25 36 36 36 49 |Zaf =210
g ol o o
N 10
Yot 3 1
o = b gt = |29 @) = 2756
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(a)

(&)

Sampling With Replacement. We have, sample size n = 36. The mean und standard
error of X dre;

o 2236
% =420 o 0378
ﬁ,;'n 1,||' 36

Sampling Without Replacement. We have, sample size n = 4. The mean and standard
error of X are;

ﬂ'fz

:ﬂ_:-‘-‘.

N =n 2236 [ 10-4

N-1  Jg yio-1 °

r o
g

Exercise 11.2

1. (a)

()

2, (a)

(b
(4]

3. (@)

How do you define a population and a sample? Differentiate between parameter and
statistic. Why a parameter is said to be a constant and statistic a variable?

A labour union has 1000 members. A random sample of 50 members of the union
gave an average age of 40 years. The average age of the members of the labour union
was, therefore, estimated to be 40 years. A complete enumeration of all the members
indicated that the true mean age was 43 years. Answer the following:

() Which figure is a parameter?
(if) Which figure is a statistic?
{ () Population size N = 1000, and population mean age i = 43 years;
(if) Sample size n, and sample mean ¥ = 40 years. }
What is meant by a sampling distribution and a standard error? Describe the properties
of the sampling distribution of sample mean.
What is meant by standard error and what are its practical uses?

What is the finite population cormrection factor? When is it appropriately used in
sampling applications and when can it, without too great an undesirable consequence, be
ignored?

A finite population consists of the numbers 2, 4, 6, 8 10 and 12. Calculate the
sample means for all possible random samples of size n = 2, that ean be drawn from
this population, with replacement. Assuming the 36 possible samples equally likely,
make the sampling distribution of sample means and find the mean and variance of this
distribution, Calculate mean and variance of the population and verify that

ot
L

= 5833}

(iiy o

(B pz=pn

Z
X

{p =17 o* = 11667, iy =% @

P
x
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(b)

i)

4. (a)

(&)

()

A finite population consists of the numbers 2, 4, 6, 6, 8 and 10. Calculate the sample
means for all possible random samples of size n = 2, that can be drawn from this
population, with replacement. Assuming the 36 possible samples equally likely, form
the sampling distribution of sample means and find the mean and variance of this
distribution. Calculate mean and variance of the population and verify that

o
M bz = @ o5 = s
n

(=6 p;=6 a=2582 o;=1826]

Draw all possible samples of size n = 3 with replacement from the population 3, 67 9
and 12. Assuming the 64 possible samples equally likely, form a sampling distribution
of the sample means. Hence state and verify the relation between

(i)  the mean of the sampling distribution of the sample mean and the population
mean;
(if)  the variance of the sampling distribution of the sample mean and the population
variance.
= = ST e T = .
(=75 pg =75 pg = o*=1125 o} =375, 0, = ¢ fn}

A finite population consists of the numbers 2, 4, 6, 6, 8 and 10. Calculate the sample
means for all possible random samples of size n = 2, that can be drawn from this
population, without replacement. Assuming the 30 possible samples equally likely,
make the sampling distribution of sample mean. Find the mean and variance of this
distribution: Calculate mean and variance of the population and verify that

o N=n

ﬁ N -1

0  ug=u iy oy =

(=96 pz=6 0 =2582, o0p=1633}

A finite population consists of the values 6, 6 9, 15 and 18, Calculate the sample
means for all possible random samples of size n = 3, that can be drawn from this
population, without replacement. Assuming the 60 possible samples equally likely,
make the sampling distribution of sample mean and find the mean and variance of this
distribution. Calculate mean and variance of the population and show that

L8 [N n
n N-1

(g = 108, 0% = 23.76, pg = 108, o = 396)

(i) py=u {in o

L]

2
X
Find the mean p and variance o2 of the finite population 1, 4, 7 and 8. Take all
possible samples of size 2, that can be drawn at random without replacement from this
population. Assuming the 12 possible samples equally likely, make the sampling
distribution of sample mean and find the mean and variance of this distribution. Verify
that

B EX)y =g (i) VanX) = ﬁT{ el ]

H=1
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3. (a}

(&)

6. (a)

(&)

7. (@

(5)

(c)

where X is the random variable “the sample mean’, N is the population size and n is
the sample size. What happens as N — o 7
N-n

fu =35 0% =175 EX) = 5 VanX) = <311}

In an infinite population i = 50 and o = 250, find the mean and variance for the
distribution of X if ;

ey . f =35 (i) n = 100, (i) m = IESD
{G) ug =50, 0% = 10 (i) uz = 50, o =25 (i) uz= 30, =02}

A large number of samples of size 50 were selected at random from a normal
population with mean [ and variance 2. The mean and standard error of the sampling
distribution of the sample mean were obtained 2500 and 4 respectively, Find the mean
and variance of the population.

(2500, 800)

If the size of the simple random sample from an infinite population is 55, the variance
of sample mean is 27, what must be the standard error of sample mean if n = 1657
(o = 3) '

If the size of the simple random sample from an infinite population is 36 and the
standard error of the mean is 2, what must the size of the sample become if the standard
error is to be reduced to 1.27

(n = 1009

The random variable X has the following probability distnbution:

X 4 5 6 7

plx;) 0.2 0.4 0.3 0.1

Find the mean piy, variance ¢ and standard error o of the mean X for a random

sample of size 36,
(uz = 53, oL = 0.0225, 6; = 0.15)

A random sample of 36 cases is drawn from a negatively skewed probability
distribution with 4 mean of 2 and a standard deviation of 3, Find the mean and
standard error of the of the sampling distribution of X

(Hz = 2, o5 = 0.5)

A random sample of 100 is taken from a population with mean 30 and standard
deviation 3. The probability distribution of the parent population is unknown, find the
mean and standard error of the of the sampling distribution of X.

(g =30, op = 05)

L 4
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1113 SAMPLING DISTRIBUTION OF THE DIFFERENCE
BETWEEN TWO SAMPLE MEANS, X, - X,

The sampling distribution of the difference between two sample means X = X 5 is the
probability distribution of all possible differences between means X, and X, obtained from all
possible independent simple random samples of », and n, observations that can be drawn from

two given populations with means 11, y, and variances 62, o3 respectively.

Often we wish to compare the means of two random variables. The comparison is made
on the basis of two independent random samples drawn from given populations.

Suppose that two independent randem samples of sizes n, and n, are drawn from
populations with means i, and y, and variances o and o3, respectively. Let X, be the mean
of sample of size n; from the population with mean y, and variance o}, then X, is a random
variable that has its own probability distribution with mean u, and variance o2 /n, . Let X, be
the mean of sample of size n, from the population with mean 1, and variance o}, then X, is
a random variable that has its own probability distribution with mean 1, and variance o3 /1, .

Then the differences X, — X, can be obtained from all possible pairs of X, and X, .
Consequently, the difference X, — X, between two sample means is a random variable that has

its own probability distribution which is called the sampling distribution of the difference
between two sample means.

11.13.1 Properties of the Sampling Distribution of the Difference between Two Sample
Means. The properties of the sampling distribution of the difference X, — X, between two
sample means are given by the following theorems:

Theorem 11.7 The mean of the sampling distribution of (X = X 2 ) denoted by U £ - F, is
equal to the difference between the population means, i. e.,

By -5 = EX, - X,) = p, - u,
This theorem holds regardless of the sample sizes n, and n; or whether sampling is done with or
without replacement. !
Theorem 11.8 The variance of the sampling distribution of (X . - X,). denoted by
o _% F is equal to sum of the variances of the sampled populations divided by the respective
sample sizes, i e.,

2 2
3 — e iJ F
= a;_i = Var(X, - X;) = ——+ = :
] 2 ﬂl ,n‘_z

= where X \ and X, are means of two independent random samples of sizes ny, and n, from
infinite populations ( or sampling with replacement ) with means p, and Mo and finite variances
o; and o3 respecrively,
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The standard error of ( X, — X, ) then becomes

2 2
= = a0 43
O% % = V(X - X,) = J—b s 2

However, if 07 and o3 are unknown, these are replaced by the sample variances § ;and §},
the estimate of the standard error of (X, — X,) then becomes

e = =g o = .i.p SI!
Lok X=X n, s
sy Ty —F 3 s B K
where 1'51';E et i LS and Szz = i 2)
=1 ny —1

Theorem 11.9  The variance of the sampling distribution of ( X 1= X,) is

L i of [ Ny-n o; [ Ny—n
6% g = VanX - X,) = - Ll |y 222
Xy~ X, 4ol & m [ N, -1 "y N, -1

where f] and X, are the means of random samples af sizes n, and n, drawn without
replacement from finite populations of sizes N, and N, with means u, and U, and variances
o and 03, respectively.

- The standard error of ( X, - X, ) then becomes

== a2 N, —n 3 Ny=n
o el e | S T S i et 5 |piohal SR
°%-%, Vo X =2 J [N]—I ]+ { Ny =1 ]

ny n;

Theorem 1110 If X, and X. , are the means of random samples of n, and n, observations
from twe independent normal populations with means p,, p, and variances o, o}

respectively, then the sampling distribution of the difference between sample means X [= X 5 1§
normal with mean and variance

Hg %, = Hr—Ha

a2 2

L S e
M My

Thar is, the distribution of the random variable

2 o g
le‘x:'.

(X, - %) - #g _3, _ X -X,) - (- 1)

" P 2 2
Xy~ %y Ll T
Hl HZ

is a standard normal distribution,
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Example 11.9 Let X, represent the mean of a sample of size n; = 2 selected at random
with replacement from a finite population consisting of values 7 and 9. Similarly, let X,
represent the mean of a sample of size n, = 3 selected at random with replacement from

another finite population consisting of values 3 and 6. Form a sampling distribution of the
random variable ( X X Y. Verifv that

Sera _ ol o
(i) Ff._fl = Hy— Hg (it} il TR e _"1_ +_n;_
Soelution. We have
Population 1: 7.9 N, =2 no= 2
Mumber of possible samples = N, x N, = 2x2 = 4
Possible samples CHT%r OBy CSTN - L95)
Sample means ¥, T 8, 8 9
Population I: 3, 6 Ny = 2 m o= 3
Ntunbernfpnssihlesamplts = N;xN,xN; =2x2x2 =8
Possible samples 38,35 (3.3,.6) (363 (6:33)
3,6,6) (6,3,6), (6/6,3) (666)
Sample means ¥, 3, A g Al S B LB

All possible differences between sample means ( f1 - .?2 Y are

%
X 3 4 4 4 3 3 3 6
7 4 3 3 < 2 2 2 1
& 3 + + 4 3 3 3 2
8 3 4 4 4 3 3 3 2
9 6 3 3 3 4 i 4 3
The sampling distribution of X, — X,, its mean and variance are
Value of  Number of Probability
X,-X, occurrences
5<%, f PE-G)=fIEf (F-B)pF-%) (F-5FpE-F)
1 | 1/ 32 /32 1/32
2 5 5/32 10/ 32 20/ 32
3 10 10/ 32 30/ 32 90/ 32
4 10 10/ 32 40/ 32 160/ 32
5 5 5/32 25/32 125/ 32
i | /32 6/ 32 36/ 32

Sums 2f=32 1 112/32 432/32
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e L e 12
By %, = EX -X;) = Z(XZ-5) K% -%) = "'I:}—z* =335
ﬂ'zfl_f: = Vﬂl"{wa' fﬂ = E{E‘g 'fﬂz Pl - %) *#Ift_gz

432
= —— = (35) = 125
o (3.5)
The mean and variance of population I are
* 7 9 Lx, = 18
x? 49 81 it = 130
Tx 1
#I - __’ = _ﬁ - E
N, 2
L 130
2 i 2 2
oy = - 2 — =B = 1
1 N, Hy 5 (8)
The mean and variance of population 11 are
*; 3 6 Lx, =%
% 9 36 Zx} =45
x; g
= —= = — =45
2 4
o} = ENIE -p} = B _ (45 = 235
2
We are to verify that
i o A
6) By .-g = Hi—H; @ o% _x, =?+ ny
1 2.25
35 = 8 =45 LS = ————
2 i
358 = 35 F:25h =123

Example 11.10 Two independent random samples of sizes ny = 30 and n, = 50 are taken
from two populations having means p, = 78 and g, = 75 and variances ol = 150 and
o2 = 200 Let X, be the mean of the first random sample and X, be the mean of the second
random sample. Find the mean and standard error of X, — X,

Solution. We have g, = 78, oy = 150, n = 30

u; =15 o= 200, mp= 50
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Then mean and standard error of X, - X, are
B g, = Hy—H; = 78-75 = 3

% _ g i a3 150 , 200
TR T 7 30

Exercise 11.3

L. {a) What is meant by the sampling distribution of the difference between two sample means,
Describe the properties of the sampling distribution of the differences between two
sample means,

(b) Let X, represent the mean of a sample of size n, = 2, selected with replacement from
a finite population -2, 0, 2, and 4. Similarly, let X, represent the mean of a sample
of size n, = 2, selected with replacement from the population —1 and 1,

() Assuming that the 64 possible differences X, — X, are equally likely to
oceur, construct the sampling distribution of X, - X,

0—1 62

(i) Verify that II:'}'ZF R = e g

| i | HI nz
{ﬂ.|:l,j.!1:{].lﬁfl_fz=f.ﬂ%=5.g%=]ig‘%l_f:}=3}

2. @) Let the variable X, represent the mean of random samples of ‘size n = 2, with
replacement drawn from the finite population 3, 4, 5, Similarly, let X, represent the
means of random samples of size n, = 3, with replacement, drawn from the population
0, 3. Assuming that the 72 possible differences X | — X, are equally likely to occur,
construct the sampling distribution of X, — X, Show that

. - . ) _ ﬂ-i'- ﬂ-z
£3] #,'IT':_ e Hy — H, (i) GTI Ay = —_nr + -_.g._nz
- — ot 2 i 2 A _
(i =4, p; =15, Bz 5, =25 0 = 0667, 02 = 225, gi_,l_fz = 1.083 }

(b) Let the variable X, represent the means of random samples of size 2 without
replacement, drawn from the finite population 5, 7, 9, Similarly, let X, » Tepresent the
means of random sample of size 2, without replacement from another finite population
4, 6, 8 Assuming that the 36 possible differences X i — X, are equally likely to occur,
construct the sampling distribution of X, - X, and verify that

(i) .u_fl-_i’r‘, = =l

(it) I'IE et {712 Nj = % ﬂ'; NE = Ny
Ay =X, n, N, =1 n, Ny -1
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by =Ty =64z 5 =1, 07 = 2667, 0} = 2667 0% %, = 1333}

3. (a) The television picture tubes of manufacturer A have a mean lifetime of 6.5 years and a
standard deviation of 0.9 years, while those of manufacturer B have a mean lifetime of
6.0 years and a standard deviation of 0.8 years. A random sample of size 36 tubes is
selected from manufacturer A and its mean X is calculated. An other random sample

of size 49 tubes is selected from manufacturer B and its mean X, is calculated, Find
the mean and standard error of the sampling distribution of the difference X, — X,.
(g,_g = 05,05 5 =01886)

(b} Random samples of each size _100  are drawn from two independent probability
distributions and their means X, and X, computed. If the means and standard
deviations of the two populations are i, = 10, o, = 2, H, = B o, = I, find the
mean and standard error of the sampling distribution of the difference ¥ =

(Mz,-z, = 205 _g, = 02236)

¢

11.14 SAMPLING DISTRIBUTION OF
SAMPLE PROPORTION, P

The sampling distribution of sample proportion P is the probability distribution of the
proportions of successes obtained from all possible simple random samples of n observations
that can be drawn from a Bernoulli population with proportion of successes .

11.14.1 Population Proportion. The population proportion is defined as

" No.of elements with attribute Ak
Population size N

where & is the number of elements in the population of size N that possess a certain
characteristic. In many applications of sampling the characteristic of interest in the population
elements is qualitative with two possible outcomes. Quite often, however, we are interested not in
the number of successes but rather in the proportion of successes.

11.14.2 Sample Statistics X and P. When the characteristic of interest is qualitative with two
possible outcomes, a sample statistic of interest is the number of occurrences among the n
sample observations consisting of the particular outcome reflected in the population proportion.
This number of occurrence is denoted by X. Another sample statistic is the sample propartion,
denoted by P, which is defined as

No.af elements with attribute A X

o= . Bl e
Sample size n

The observed value p = x/n of sample proportion 2 will serve as an estimate of =,
Obviously, the actual value we obtain for p will vary from sample to sample. 50 we ask. how
good the estimate obtained will be. Are the values of P likely to be close to the true proportion
T in the population. To what extent will they vary from one sample to another. Now for our
theoretical model. we define a population in which a given proportion 7 have a specific attribute
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A. We suppose that every unit in the population falls into one of the two categories A and A.
The notation is as follows

Number of units in 4 in Proportion of unitsin A in
Population Sample Population Sample
K x no= -2 B = =

: N n

The estimate of proportion of successes 7 in the population is the sample proportion p
and the estimate of the total number of successes k in population is thus Np or Nx/n.

11.14.3 Binomial Distribution as Sampling Distribution: Sampling Infinite Populations. If
a simple random sample of size n is selecied from an infinite population (or with replacement
from a finite population ) whose elements are characterised by some attribute to belong to one of
the two mutually exclusive and exhaustive categories where one of these will be designated a
‘success’ and the other will be designated a *failure’, then the exact sampling distribution of the
proportion of successes P is a binomial distribution,

11.14.4 Properties of Sampling Distribution of P. The properties of the sampling distribution
of the sample proportion P are as follows:

Mean and Variance. The mean and variance of the binomial sampling distribution of P for a
simple random sample of size » from an infinite Bernoulli population (or with replacement from
a finite Bernoulli population) are given in the following theorem.

Theorem 1111 If the population is infinite or the sampling is done with replacement, the
sample praportion P hds its mean and variance as

ftp = E(F) =R

n(l-m)
n

(=1
HE

= Yar:P) =

where T is the probability of success and (1 — m ) is the probability of failure. The standard
deviation (often called the standard ervor or sampling variability) is

Fpi = [Var(P) = 'M

However, if the value of n is unknown, it is replaced by sample proportion P, the estimate of
the standard error of P then becomes

P(1-P)
"

P 3=

Shape of Distribution, The sampling distribution of P is skewed to the right if © < 0.5,
skewed to the left if ® > 0.5 and symmetrical if & = 0.5,

Normal approximation. As n tends to infinity, the distribution of P becomes approximately
normal with mean 7 and variance (1 — m)/ n . That is, the distribution of the random variable
P—pp, i |

= | =
p Jall=m)/n

approach the standard normal distribution a5 # approaches infinity.
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Example 11.11 A population consisis of 5 members. The marital status of each member is
given below

Member 1 2 < | 4 5
Marital sraius 5 M 3 M 5

where M and 5 stawds for married and single respectively. Determine the proportion of
miarried members in the population. Take all possible samples of two members with replacement
from this population and find the proportion of married members in each sample. Form the
sampling distribution of the sample proportion P and verify that

= i n{l=m
() Hp =mn @ ep = J.n__j-
Solution. Population: 1,2,3,4,5; Populationsize: N = 5; Sample size: n = 2

The members with even serial numbers 2 and 4 are married while those with odd serial
numbers 1, 3 and 5 are single.

Number of married members in the population: k=12

0.4

Proportion of married members in the population:  n = % = —

Number of possible samples = N =N = § x5 = 25

All possible samples, the number of married members and the proportion of married members in
each sample are given below.

Members MNumber of Proportionof | Members Number of Proportion of
insample married members married members | insample  married members  married members
r p=xn ¥ p=x/n

L1 0 0 2 3 0 0

e | /2 3. 4 1 1/2

I, 3 0 o 3 5 0 0

1, 4 1 12 4, 1 1 If2

l; 5 0 0 4 2 7 1

2, 1 1 /2 4, 3 1 2

2, 2 2 ! 4, 4 7 I

2,3 1 /2 4,5 1 I/ 2

2, 4 2 1 L JigR 0 0

2,5 I 1/ 2 5, 2 I If2

3, 1 0 0 33 0 0

i | /2 5, 4 1 2

Continued 5, 5 0 0
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The sampling distribution of sample proportion P, its mean and variance are

Value of P Number of occurrences Probability
e ! flp)y=fZf pfip  pPEfip)
0 9 9/ 25 0 0
Iy2 o 12/ 25 6/ 25 3/ 25
] 4 4/ 25 4/ 25 4/ 25
Sum Tf =25 I 10/25 7/25
10
Hp = E(P) = Ep fip) = - =04
op = Var(P) = Lp*f(p) - p3 = —5-5— - (04)° = 0.12
: . ” - nil—m)
Weareto verify that () u, = = (iiy 0p = ——
fl
04 = 04 042 = 2A1-04)
2
012 = 0.12

Example 1112 It is known that 3 % of the persons living in Gujranwala city are known to
have a certain disease. Find the mean and standard error af sampling distribution of proportion
of diseased persons in a random sample of 500 persons.

Solution. We have proportion in the population = = 0.03 and the sample size n = 500. Let P
be the random variable ‘the proportion of persons in the sample which are diseased’. Then, the
mean and standard error of P are

x = 0.03

Hp =
" mil-n) 0.03¢1 - 0.03) s
Cp = “' = = || o = 0.00763

11.14.5 Hypergeometric Distribution as Sampling Distribution: Sampling Finite
Populations. When a simple random sample of size n is selected without replacement from a
finite population whose elements are characterised by some attribute to belong to one of the two
mutually exclusive and exhaustive categories where one of these will be designated a ‘success’
and the other will be designated a “failure’. then the exact sampling distribution of the proportion
of successes P is a hypergeometric distribution.

11.14.6 Properties of Sampling Distribution of P. The properties of the sampling distribution
of the sample proportion P are as follows:

Mean and Variance. The mean and variance of the hypergeometric sampling distribution of P
for simple random sampling without replacement from a finite Bernoulli population are given in
the following theorem.
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Theorem 11.12 If the population is finite and the sampling is done withowt replacement, the
sample proportion P has ity mean and variance as

18 E(P) =

Tl —-mw) N-—-n
Varl P =
arCEd n {N—]]

where 7 is the probability of successand (1 - m ) is the probability of failure. The standard
deviation (often called the standard error or sampling variability) is

= JVar(P) = Jﬁilhm} J’;_T
n =

However, if the value of m is unknown, it is replaced by sample proportion F the estimate of
the standard error of P then becomes

&y = P(l-P) N-n
n N =1
Example 11.13 Draw all possible samples of size 2 at random without replacement from the

population 1, 2, 3, 4, 5. Find the proportion of even numbers in the samples. Form the
sampling distribution of the sample proportion P and verify that

(i) Hp = W (if) ﬁ%= “{l—ﬂ}[N—nJ

1

2]

bl

n N -1

Solution. Population: 1,2,3, 4,5, Populationsize: N = 5. Sample size; n = 2
Number of even numbers in the population: £ = 2

Proportion of even numbers in the population: T = g = o (.4

Number of possible samples = N{(N - 1) = 5(5-1) =
All possible samples, the number of even numbers and the proportion of even numbers in each
sample are given below.

Sample MNumber of Proportion of Sample Number of Proportion of
values even numbers  even numbers values even numbers even numbers
e~ p=xin ¥ p=xln
1::3 1 /2 3, 4 1 1/2
1, 3 0 0 3,9 0 0
1, 4 1 12 4, 1 | 1/2
I, 5 0 4,2 2 1
2.1 1 Iy 2 4,3 1 1/ 2
2,73 1 12 4,5 1 /2
2,4 2 1 5,1 0 0
2,5 | 1/ 2 5,2 1 I/ 2
: S | 0 4] " i 0 0
3,2 1 /2 5 4 1 /2
Continued
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The sampling disiribution of sample proportion P, iis mean and variance are

Value of P Number of gceurrences Probability
P f ftp) = XS p f(p) Pl fip)
0 6 6/ 20 0 0
/2 12 12/ 20 6/ 20 3/20
! 2 2/20 2/20 - 2/20
Sum 2f = 20 1 8/ 20 5/25
8
= Py = = — = [1L4
iy = E(P) = Zp flp) R
0} = Var(P) = Lp?f(p) - 4} = —= = (04)" = 009
We are to verify that
. I-x) ( N=n
= T 1 2 = T’;f_
A o = [NHI ]
Bk : o1z - 0401-04) [5—1 ]
2 5-1
0.09 = 0.09

11.15 SAMPLING DISTRIBUTION OF THE DIFFERENCE

BETWEEN TWO SAMPLE PROPORTIONS, P, - P;

The sampling distribution of the difference between two sample proportions P, — F, is
the probability distribution of all possible differences between proportions £ and P, obtained
from all possible independent simple random samples of n, and n, observations that can be
drawn from two Bernoulli populations with population proportions of &, and =, , respectively.
Often we wish to compare the proportions of successes in two Bernoulli populations. We must
use the sample proportions of successes as our basis of comparison. Obviously, the number of
successes in both samples cannot be used alone as a means of evaluation. Specifically we require
a probability model of the difference between two sample proportions.

Suppose that two independent random samples of sizes n, and n, are drawn from
Bemnoulli populations with population proportions of m, and &, respectively, Let P, be the
proportion of successes in sample of size n; from the population with population proportion .
then £, is a random variable that has its own probability distribution with mean r, and variance
m (1=m )/ n .Let P, be the proportion of successes in sample of size n, from the population
with population proportion ®,, then P, is a random variable that has its own probability
distribution with mean 7, and variance 7, (1— n,)/n, . Then the difference B - F; can be
obtained from all possible pairs of .F, and P, . Consequently, the difference F, ~ P, between the
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two sample proportions is a random variable that has its own probability distribution which is
called the sampling distribution of the differénce between two sample proportions.

11.15.1 Properties of the Sampling Distribution of the Difference between Two Sample
Proportions. The properties of the sampling distribution of the difference F| - P, between two

sample proportions are given by the following theorems.
Theorem 1113  The mean of the sampling distribution of P, — Py, denoted by Up _p . 18
equal to the difference between the population proportions, L. e.,
Hp _p, = E(f-PB) = mm-m,
This theorem holds regardless of the sample sizes n, and n, or whether the sampling is
done with or without replacement.

Theorem 11.14 [f the populations are infinite or the sampling is done with replacement, the
difference between sample proportions F, — P, has its variance as

ﬁ;““ﬂi} i 'ﬂ:g“—“g}

m L

0% .p = YalR-B) =

-

The standard error of P, = P, becomes

n(l-=n i, {l—-m
Tp_p, = JVar(P - P, =J71fn 1) = zin .
1 p

However, if the values of m, and m, are unknown, these are replaced by sample praportions P
and P,, the estimate of the standard error of P, — P, then becomes

95-p =

. JP.U-P.} , BU-P)

m "

Theorem 1115 If the populations are finite and the sampling is done without replacement, the
difference between sample proportions P, — Py has its variance as

Vﬂr{ F:.[ o Pz}

mﬂ-m}{ﬂrm]}+mu-m}[Nrmz}

2
Gpi-bs

y Ny=1 ny N —1
The standard error of B, — P, is

Op-p = J Var(F, - &)
| m@=m) [ Ny=ny +_mﬁ|—nﬂf N, — i,
i y N, -1 n, L N, -1
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Example 11.14 Ler £ represent the proportion of odd numbers in a sample of size ny = 2
selected at random with replacement from a finite population consisting of values 4 and 5.
Similarly, let P, represent the proportion of odd numbers in & sample of size ny = 2 selected at

random with replacement from another finite population congisting of values 2,3 and 6, Froma
sampling distribution of the random variable B = P, Verify that

B wyg = i ok, = n,flﬂ—t-nl} & Jtzfln;—mzl
Solution. We have
Population: 4, 5: Ny=2 Ay =2
Number of odd numbers: k=2
Proportion of odd numbers: o= ;"'_I| = {.—
Number of possible samples: NixN = 2x2 =4
Possible samples:
(4.4) {4,35) (3.4) (5,5)
Sample proportion of odd numbers: 2
0 /2 12 1
Population Il: 2. 3, & N, =13 ny, =12
Number of odd numbers: ks = 1
Proportion of odd numbers: By = —k2— = —1-
=N &
Number of possible samples: Nyx Ny = 3%3 =9
Possible samples:
€22} (2.3) (6% €32y 13.3) (3 6) (6:.2) (6,3) (86, 6)
Sample proportion of odd numbers: )
0 /2 0 /2 I /2 0 12 0
All possible differences between sample proportions ( P, — P, ) are
P3
” 0 0 0 0 /2 1/2 /2 /2 1
0 0 0 0 0 =H20 =1f3 <33 ~=yr  _j
/2 1/ 2 1/2 2 12 0 0 0 0 =112
¥z | ¥ W2 yi y3 0 0 0 0 -ly2
1 1 ! | I 1/2 1/ 2 Iy 2 /2 0
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The sampling distribution of £, — Fy, its mean and variance are

Value of  Number of Probability
PI_PE ooCuITences
P~ P; f fp=p)=FlEf (p—p)fB—p)  (p—py) fip—py)
=3, I 1/ 36 ~1/ 36 1/ 36
-1/2 6 6/ 36 -3/ 36 3/72
0 13 13/ 36 0 0
12 12 12/ 36 6/ 36 3/ 36
1 4 4/ 36 4/ 36 4/ 36
Sum X f=36 1 6/ 36 19/72

Zip = pXp - py) = e

B -p = ECR-£) %

0% _p, = Var(Ph - B)

0w (17 - 1
= e—- —_— ——
72 |6 7

1

6

X(py = ) Py = ;) = BE

We are to verify that
: m(l=m) n(l=-n;)
i =m, -Nn i) ol 1 d R 2
L T IR T % e
L[]_L af
SRR AN = ek ey 3 3
6 s 77 2 2
e . e )
6 6 R

Example 1115 The actual proportion of men whe like a certain TV programme is 0.30 and
the corresponding proportion for women is 0.25. A questionnaire about this program is given fo
500 men and 300 women, and the individual responses are looked upon as the values af
independent random variables having Bernoulli distributions with parameters n; = 0.30 and

m, =025, respectively. Find the mean and standard error of P, - F,, the difference between

the sample proportions of successes.

Selution. We have m; = 030, =, =025 n =500, n,= 500

The mean and standard error of F, — P, are

Hp_p =% —-% = 030-025 = 005
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Thg =

Jnll‘l—-n[} " ny{l=my)
My ",

-

= 0.028

_ | 030¢1-0.30) , 025(1-025)
B 500 500

1L16 OTHER SAMPLING DISTRIBUTIONS

We have considered the sampling distributions of sample mean, difference betwesn
sumple means, sample proportions and difference between sample proportions. Other statistics
such as sample median, sample variance and sample standard deviation have their own sampling
distributions. There is different sampling distribution for each different statistic even though the
statistics may be computed from the same sample. For a given statistic, the sampling distribution
will vary for samples of different sizes. Thus, in a sampling distribution it is necessary to specify
the population, the statistic and the size of the sample. A change in any of these specifications
will result a different sampling distribution.

11.17 SAMPLING DISTRIBUTION OF

THE SAMPLE VARIANCE, §?

The sampling distribution of sample variance 5* is the probability distribution of the
variances obtained from all possible simple random samples of n observations that can be drawn
from a population with variance a2 .

The sampling distribution of sample variance has the property

=1 ot

;o= E(§%) =
Hy2 n
Example 11.16 A population consists of five numbers 2, 4, 6. 8. and 10. Consider all
possible samples of size 2 which can be drawn with replacement from this population. Form the
sampling distribution of sample varianee and verify that

=1
62

B =
3 "

Solution. Population: 2, 4, 6. 8, 10:  Population size: N = 5:  Sample size: n = 2
Number of possible samples = Nx N = 5§ x5 = 25
All possible samples that can be drawn with replacement from our population are

(2,2} (2.4} (2, 6) (2.8) (2,12)
(4.2) (4,4) (4.6) (4,8) (4.10)
(6.2 {6.4) {(6,6) (6,8) (6,10)
(8.2) (8,4) (8,.6) (8.8) (8 10)
(10,2} (10,4) (10,6) (10, 8) (10, 10)
=7 el
i) All possible sample variances: s* = 2 - %) = (% ;2} when n = 2
n

0 1 4 9 16

1 0 1 4 9

4 1 0 ] “+

g E 1 0 1

16 9 4 ] 0
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The sampling distribution of sample variance §* and its mean are

Value of §° Number of occurrences: Probability
52 f ; pist)y=FlES s pl s*)
0 5 5/ 25 : 0

8 8/ 25 8/ 25
6 6/25 24/ 25
4 4/ 25 36/ 25

16 2 2/ 25 32/125

Sf =25 1 25 p(s?) = 100/ 25

1
Moy = E(5%) = X p(s) = ..5[.’.,;’.. = 4

The mean and variance of the population are

X 2 l 6 B 10 . Ix_, = 30 .
X5 4 16 36 64 100 zxf = 220
U = b N 6
N 5
zxs .
ot = = _yur = 26y =3
N 5
We are to verify that U = =l
n
2-1

A
]
of!
o
.

Exercise 11.4
L. (@) A fair coin is tossed 50 times and the number of heads recorded are 27, The proportion
of heads was, therefore, estimated to be 0.54. Answer the following.
()  Which figure is a parameter?
(i)  Which figure is a statistic?
[ () The probability of head in a single tral © = 0.5;
(ify Sample size n = 50, number of heads in the sample x = 30 and the proportion
of heads in the sample p = x/n = 0.54.
(b) What is meant by the sampling distribution of sample proportion? Describe the properties
of the sampling distribution of sample proportion.
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2. (a)

(b)

3. (a)

(5)

4. (a)

(b}

A finite population consists of the numbers 2, 3, 4, 5, 6 and B. Find the proportion P
of even numbers in all possible random samples of size n = 2 that can be drawn with
replacement from this population. Assuming the 36 possible samples equally likely,
make the sampling distribution of sample proportions and find the mean and variance of
this distribution, Verify that

il =x)

I

i EP)=mn=n (iiy VarlP) =

where P and m are sample and population proportions respectively.
fn=23 pu, =2/3, 6% =1/9}

A population consists of N = 4 numbers 1, 3, 4 and 5. Find the proportion P of
odd numbers in all possible samples of size n = 3 that can be drawn without
replacement from this population. Assuming the 24 possible samples equally likely,
construct the sampling distribution of sample proportions and find the mean and
variance of this distribution. Verify that

M = m iy o3 =

nfl—n) ( N—n
n N=1

where P and m are sample and population proportions respectively,
{m = 3[4, p, = 3[4, 6% = 1/48}

Suppose that 60 % of a city population favours public finding for a proposed
recreational facility. If 150 persons are to be randomly selected and interviewed, what
is the mean and standard error of the sample proportion favouring this issue.

{up = 060, o, = 0.04)

A small, professional society has N = 4500 members. The president has mailed
n = 400 guestionnaires to a random sample of members asking whether they wish to
affiliate with a large group, Assuming that the proportion of the entire membership
favouring consolidation is m = 0.7, find the mean and standard error of the sample
praportion P,

{lp = 07, 6, = 0022}

What is meant by the sampling distribution of the difference between two sample
proportions? Describe the properties of the sampling distribution of difference between
two sample proportions. Explain its usefulness in statistical inference.

Let P represent the proportion of odd numbers in a random sample of size n =3
with replacement from a finite population consisting of values 4 and 5. Similarly, let
F, represent the proportion of odd numbers in a random sample of size ny = 2 with
replacement from another finite population consisting of values 2, 3 and 6. Assuming
that the 72 possible differences P, — P, are equally likely to occur, construct the
sampling distribution of P, — P, . Verify that

o2 i n‘,]{l—':rj} + '.r:l(I-:n::}

(6) Hp - p, = B =Ty (iD) [

m iy
fny, =12, =y, =13, pp_p = 1/6, 0% -p = 1/36)
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5. (a)

(&)

6. (a)

(b)

7. (a)

Let F represent the proportion of even numbers in a random sample of size n =2

without replacement from a finite population consisting of values 4, 6 and 9.
Similarly, let P, represent the proportion of even numbers in a random sample of size
ny = 2 without replacement from another finite population consisting of values 2, 3
and 5. Assuming that the 36 possible differences B — P, are equally likely to occur,
construct the sampling distribution of F,-— F, . Verify that

() Hp —py = By = Ty
@ o = r:,l[i—n,}[N]—n, L Ta-m) (N, —ny
, 1y N, -1 n, N, ~1
{my =2[3 my = 13, pp_p =13 o} _p, =119}

The percentage of families with a monthly income of Rs. 1,000 or more in city A and
city B is 25 % and 20 % respectively, If a random sample of 100 families is selected
from each of these two cities and the proportions of families eamning Rs. 1,000 or more
in the two samples are compared, what is the mean and standard error of F - B, the

difference between the sample proportions?
{Mp . p, = 005 Cp —p, = 0.059)

A finite population consists of five values 2, 4, 6, 8 and 10. Take all possible samples
of size 2 which can be drawn with replacement from this population. Assuming the 25
possible samples equally likely, construct the sampling distributions of sample means
and sample variances and find the mean of these distributions. Calculate the mean and ;
variance of the population and verify that

=1
O My=p @ pg = —o?
; n
_
where f:zxfmdsi-;M
n n

(4= 6.0 =8, He =6 s = 4}

A finite population consists of five values 1, 3, 5, 7 and 9. Take all possible samples
of size 2 which can be drawn with replacement from this population. Assuming the 25
possible samples equally likely, construct the sampling distributions of sample means
and sample variances and find the mean of these distributions. Calculate the mean and
variance of the population. Discuss the resuits.

n=1 -
(ﬁzj'dzzg’-“i"i-“sz:“* HE =ih B T Gu]

A finite population consists of 5 values 1, 3, 5, 7 and 9. Take all possible samples of
size 2 which can be drawn without replacement from this population. Assuming the
20} possible samples equally likely, construct the sampling distributions of sample
means and sample variances and find the mean of these distributions. Calculate the mean
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and variance of the population and verify that
: _ o _ N R—1 &
()  Hz=H W e Ny—1 a4 =
- X, X, -X)
where X = £X, and$3=z"—
n n
(u=50" =8 p: =5 p;=5)

(b) Take all possible samples of 2 distinct values from the population 2, 4, 6,8 and 10.
Assuming the 20 possible samples equally likely, construct the sampling distributions
of sample means and sample variances and find the mean of these distributions.
Caleulate the mean and variance of the population. Discuss the results.

N =n=1
= R % = = i, 2
M=6 0°=8 pe=6 U =35 Yz =4, Mo &= — “’)
Exercise 11.5
Objective Questions
L Fill in the blanks.

(iy A ————1is the totality of the observations made on all

the objects possessing some common  specific

characteristics. {population)
(iily A ————— is a part of the population which is selected

with the expectation that it will represent the

characteristics of the population. (scxmple)
(ftffy ———— is a procedure of selecting a representative

sample from a given population. (Sampling)
{iv} The descriptive measures of a population are called

—_— (parameters)
(v} A descriptive measure on the sample observations is

called ———— (statistic)
(vi} A population is called ———— §f it includes a limited

number of sampling units, (finite)
(viii A population is called ——— if it includes an

unlimited number of sampling units. (infinite)
{viii) Sampling ———— is a complete list of the sampling

units. {frame)
(x) A ———— sampling is a procedure in which we cannot

assign to an element of the population the probability of

its being included in the sample. (non-probabifity)
() A ———— sampling is a process in which the sample is

selected in such a way that every element of a population

has a known nonzero probability of being included in the

sample. (probability)
(xf} Another name of a probability sampling is

sampling, (random)
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2,

3.

(xi)  Random sampling provides reliable

(i) The sampling is said to be replacement  when
the unit selected at random is returned to the population
before the next unit is selected.

{xiv) The sampling is said to be replacement when
the unit selecied at random is returned to the population
before the next unit is selected.

(xv) A sample is usually sclected by replacement.

{(xvi) In sampling replacement, a sampling unit can be
selected more than onge.

Fill in the blanks. '

(i) In sampling replacement, a sampling unit
cannot be selected more than once,

(ii)  In sampling with replacement, a finite population becomes

(dii) random sampling is a procedure of selecting a
sample from the population in such a way that every unit
available for sampling has an equal probability of being
selected.

(i)  The sampling error decreases by increasing the sample

(v} The ——— errors may be present both in sample
survey and census.

{vi}  The bias increases by increasing the sample

(viiy A sample which is free from bias is called an
sample.

{viif) errors may arise due to faulty sampling frames,
non-responses and processing of data.

(ix) errors can be controlled by the proper training
of the investigators and following up the non-responses

{x)  The probability distribution of a sample statistic is called

distribution of that statistic,

{xf) The standard deviation of sampling distribution of a
sample statistic is called the of that statistic.

(xti} The standard error can be reduced by increasing the

(xiff) The number of all possible samples of size » taken with
replacement from a population of size N is ;

(xiv) The number of all possible samples of size n taken

without replacement from a population of size N is

Mark off the following statements as true or false,

()

(if)

A descriptive measure on the sample observations is called
parameter and a descriptive measure of a population is
called statistic,

A sample statistic is a random vanable whereas the
parameter being estimated is constant.

'l

{estimates)
(with)
(withour)

{withenit)

(with)

{without)

(infinite)

(simple)
{size)

(non-sampling)
(size)

{unbiased)
(Non-sampling)
(Non-sampling)

i sampling)

(standard errar)
(sample size)

(N)

(“E)

(false)

(frue)
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(iiry
()
(v)

{vi)
(wif)

(viif}
(ix)

(x)
{xf)

(xif)

A sample survey provides the results which are more
accurate than those obtained from a census.

A sample design is a procedure for obtaining a sample
from a given population prior to collecting any data.

More detailed information can be obtained in a sample
survey as compared to a census.

Sampling may be the only means available for obtaining
the desired information if the population is infinite.

If the data are obtained by tests that are destructive, then
complete enumeration becomes essential.

Every random sample is a simple random sample.

In sampling with teplacement, the sample size may be
greater than the population size.

In sampling without replacement, the sample size can be
greater than population size.

The number of units available for the next drawing does
not change in a random sampling with replacement.

In sampling without replacement, the number of units
remaining after each drawing will be reduced by one,

4, Mark off the following statements as true or false.

(i)
(if)
(iif)
(iv)
(v

(vi)
(vii)
(viif)

{ix)
(x)

(i)

The number of all possible samples of size n taken
without replacement from & population of size N is ¥ C, .
In sampling without replacement, a sampling unit can be
selected more than once.

In sampling with replacement, the sample size may be
greater than the population size.

In sampling with replacement; a finite population becomes
infinite.

Non-sampling errors may be present both in sample survey -

and census,

The sampling error increases by increasing the sample size.
Sampling and non-sampling errors are both controliable.
The standard deviation of a sampling distribution of a
statistic is called the standard error of that statistic,
Standard error is the difference of a statistic from the
parameter being estimated.

We can decrease both sampling errer and standard error by
increasing the sample size,

The reliability of an estimate can be determined by its
standard error.

(false)
{true)
(true)
(true)

(false)
(false)

(true)
(false)
(true)

{frue)

(false)

(false)
(true)
(true)

(fruie)

(false)

(true)
(true)
ifalse)
(frue)

(rrue)
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121  STATISTICAL INFERENCE

: Statistical inference is a field concemned with drawing conclusions about distributions by
using observed values of random variables which are governed by these distributions.

Statistical inferences are the conclusions made about the unknown value of the
parameter of a population using a limited information contained in an observed sample taken
from it at random. The two most important types of statistical inferences are

(f)  Estimation of parameters
* (if)  Testing of hypotheses

12.2  STATISTICAL ESTIMATION

The statistical estimation is a procedure of making judgment about the unknown value
of a population parameter by using the sample observations.

Population parameters are estimated from sample data because it is impracticable to
examine the entire population in order to make such an exact determination. Statistical estimation
procedures provide estimates of population parameters with a desired degree of ¢onfidence. This
degree of confidence can be controlled, in part, by the size of the sample (the larger the sample.
the greater the accuracy of the estimate) and by the type of the estimate made. The statistical
estimation of population parameters is further divided into two types

(1)  Point estimation
(i)  Interval estimation
12.3 POINT ESTIMATION OF A PARAMETER

The object of peint estimation is to obtain a single number from the sample that is
intended for estimating the unknown true value of a population parameter.

12.3.1 Point Estimator. A peint estimator is & sample statistic that is used to estimate the
unknown true value of a population parameter.

An estimator is always a statistic which is both a function and random variable with a
probability distribution. An estimator is denoted by a capital letter (e. g, 7. U, -+- )

Suppose that X,, X,, *++, X, is a random sample from a population with probability
mass function or probability density function f( x: 6 ), then the esimator T intended to
estimate @ is a function given by

T = 8(X;; Xpierrs Xy

12.3.2 Point Estimate. A point estimate is a specific value of an estimator computed from the
sample data after the sample has been observed. When a random sample becomes available from

73
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the population and the estimator 7 is computed from the sample data, the numerical value
obtained is an estimate of population parameter € from the particular sample. An estimate is
denoted by a small letter (e, 2., ¢, 1, =++ ).

Suppose that x;, x,.-*+, x, is an observed random sample from a population with

probability mass function or probability density function f{ x; 8}, then the particular value of an
estimator T intended to estimate @ is a given by

B TR
Example 12.1 A random sample selecied from a normal population with mean 1 and
variance o gave the values 25, 31, 23, 33, 28, 36, 22, 26. Give the point estimators for 1
and o and find their point estimates.
Selation. We have

x; 35 31 2% 33 2 36 2 2 |Xx =22
y-x -3 3 =5 B 0
(x,-%7 | 9 9 25 25 0 64 36 4 |Xx-%P=172

K
The point estimator of population mean # is X = . LY X
i ) |
X 224
The point estimate of population mean u is X = &, e 28
n
The point estimators of population variance o? are
A m
53=i2rx,-f11. §2=—1—Eij—f}3
nois) n=1 =
The point estimates of population variance o2 are
Lx, — X)? 4 x —X)°
S E 2% ] L S ZLS,. ippe= By~ e = 2457
n B n~1 8—1

12.4  UNBIASEDNESS

The distribution of an estimator should be centred in some sense at the value of the
parameter to be estimated. Because expected value is a measure of the centre of a distribution. a
reasonable requirement for an estimator T may be E( T) = 6. This property is called as
unbiasedness of the estimator T. It refers to the desirability of the sampling distribution of an
estimator being centred at the parameter to be estimated.

12.4.1 Unbiased Estimator. An estimator is unbiased if the mean of its sampling distribution
is equal to the population parameter to be estimatéd.

Let Xy, X,, ++, X be a random sample from a distribution f( x: 6 ). An estimator
T=pgX,, X,,-+-. X} issaid to be unbiased for parameter 8 if

E(T) =8
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12.42 Biased Estimator. An estimator T of a population parameter € is said to be biased if:
E(T) = @
12.4.3 Bias. If an estimator T of a population parameter 8 is biased, the amount of its bias is
Bigs = E(T)- 8

If T is an unbiased estimator, it will tend to give estimates nearer to & and if T 15 4 biased
estimator, it will tend to give estimates far from 8.

Example 12.2 A population consists of five numbers 2, 4, 6, 8 and 10. Consider all
possible samples of size: 2 which can be drawn with replacement from this population. By
Sorming the sampling distributions, show that

(i)  The sample variance § 2= 3(X ;= X)? ,l" n is a biased estimaror of the population
virigitce @
(ify The sample variance §1 = (X = X }ﬂ"'{n — 1) is an unbiased estimator of the

population variance o?

Solution. Population: 2,4, 6, 8, 10 Population size: N = 5 Sample size: n = 2
The mean and variance of the population are
X, 2 4 6 8 10 | Xx; =30
X 4 16 36 64 100 |Zx? =220
35 23
# = J = 11:1- = ﬁ
SN 5
Ext 220
Sing, S i g o 2
g- = - 8 ——=(6) = 8
N u 5 (6}
MNumber of possible samples = N X N = 53 x5 = 25
All possible samples:
(2,2) (2,4) (2,6) (2,8) (2,10)
(4,2) (4.4) (4,6) (4,8) (4.10)
(6.2) (6,4) (6,6) (6.8) (6, 10)
(3,2) (8,4) (8,6) (8.8) (& 10)
(10:2) (10,4) (10,6} (10.8) {10,10)
iz ~%) e b
(@ All possible sample variances: s* = =t S0 e n=2
0 l 4 g 16
1 0 1 4 9
4 1 )] ! 4
9 4 1 0 |
16 g 4 1 0
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The sampling distribution §7 and its mean are

Value of §° Number of occurrences Probability

5t I p(s*) = flXf st pls?)

0 5 5/ 25 ]

1 8 8/ 25 8/ 25

4 6 6/ 25 24/ 25

9 4 4/25 3e/ 25
16 2 2/ 25 32/25

Yf=25 1 2 s¥p(s?) = 100/ 25
i SR 100
E(5Y) = E#F pls*) = ETH = 4

Since 4 = E(5%) # o® = B8, therefore §7 is a biased estimator of o2,

2

I Z(x, = %) _ =)

(i) All possible sample variances: 52 e 5 when n = 2
: o~
0 2 8 18 32
2 i] 2 8 18
b 2 0 2 8
18 8 2 {i] 2
32 18 8 2 0
The sampling distribution of 5~ and its mean are
Vilugaf §° Number of occurrences Probability
& f p(§%) = fIXS 5 p(sY)
0 5 5/ 25 0
2 8 8/ 25 16/ 25
8 6 6/ 25 48/ 25
18 4 4/25 72/ 25
3z 2 2{ 25 64/ 25
Lf=125 1 ¥ psh) = 200025
k] ) " 200
ES) = T8 p(i") == = 8
(300 % Za" o8 = —2 |

Since 8 = E(§) = of = 8, therefore §° is an unbiased estimator of o2 .
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12.5 BEST ESTIMATOR

Let X, X,, -+, X, be arandom sample of size n from the distribution f ( x ; 8).
Among the class U of all unbiased estimators T' = g( X, , X, .-+, X, ) for a given parameter
6, the estimator T~ is said to be a best or minimwn varianee estimator if among the class U
of all unbiased estimators, none has & smaller variance than 7" .
12.5.1 Best Estimators of the Population Mean and Variance. Let X,. X,, -+, X bea
random sample of size n from a population with unknown mean g and unknown variance o”,
then the best estimators of g and o are :

IX, s _ X - X)

X = and 82 =
n n -1

respectively.

Example 123  Obiain the best unbiased estimates of the pepulation mean U and variance a2
Srom which the following sample is drawn;

A = Yy = 120, Y (x - %P = 302
Solution, The best estimate of the population mean g is the sample mean
= 2h o 10
n 8

The best estimate of the population variance ¢ is the sample variance

=2
$ o ZAm-F W | e
n=l 8=1
12.5.2 Best estimator of the population proportion. From a population which has unknown
proportion of successes 7, we take a random sample of size n with X as the number of

successes in the sample, then the best estimator of 7 is

Example 12.4 A random sample of 50 children from g large school is chosen and the number
who are left handed is noted, It is found that 6 are left handed. Obtain an unbiased estimate of
the proportion of children in the schoel who are left handed,

Solution. We have no= 30 X =
: &

Sample proportion: P= i = — = .12
n 50

126 POOLED ESTIMATORS
FROM TWO SAMPLES

Estimates of the population mean, variance, proportion, efc., may be obtained by pooling
observations from two random samples.
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12.6.1 Pooled Estimator of Population Mean. Let X, X,,, -+-, X

. X, ; betwo random samples of sizes n, and n, from a population with unknown mean

and X5, Xn,

my
4, then the pooled estimator X p Of pis

gx” +;§;xﬂ ) ﬂ]fl +I'I3f3

f}, - =]

Hl * 1'11 = ?.'!I + ﬂz

where X, and X, are the unbiased estimators of y, based on the first and the second sample,
respectively,

12.6.2 Pooled Estimator of Population Variance. Let X, , X,, ', X, and X5,
Xagt*ty X, , be two random samples of sizes n, and n, from a population with unknown

variance o?, then the pooled estimator 57 of o is

-2 ~ ¥ .3 o2 o
P By = 2 m+n =2

where §" and . are the unbiased estimators of &2, based on the first and the second sample,
respectively,

Example 12.5 Two samples of sizes 40 and 50, respectively, are taken from a population
with unknown mean U and unknown variance @2 .

Sample I:  n = 40, Xfx = 807, Zfax = 16329

Sample H: »n, = 50, Zfx, = 977, Xfx} = 19177

Using the data from the two samples, obtain the best estimates of [ and o°.
Solution. The best estimates of ¢t and ¢° are

Lfx + =
3 Ffx, + X fx; _ 807 +977 _ ro s

P o+ 40 + 50
; (X i 2
Tfen -5 = Zfad = __{_i = 16329 - (Bgz} = 47.775
1
Zia; =% = ZLfxd S A2S B _ eigr - BT e
s

2o ZFn %) + Tf(n -F) 47775 + 8642 _ o
5 ny oy = 2 40 + 50 - 2 -
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12.6.3 Pooled Estimator of Population Proportion. From a population which has unknown
proportion of successes 7, we take two random samples of sizes n; and n, with X, and X, as

the number of successes in the respective sample, then the pooled estimator 7T of 7 is

2 X+ X, - m P+ B
ny o+ ny n o+
where F and F, are the unbidsed estimators of m, based on the first and second sample,
respectively,
Example 12.6 A random sample of 600 people from a certain district were questioned and
the results indicated that 30% used a particular product. In a second random sample of 300

people, 96 used the product. Using the data from the two samples, find the best estimate of the
proportion of people in the district who used the product.

Solution. The best estimate of the population proportion is

n; = 600 p = 0.30
X4 96
= 300 = = == = — =32
m T M N
ik, my Py + N Ps K 600(0.30) + 300(0.32) 0307
no+ n, 600 + 300

1

Exercise 12.1
1. (@) Explain what is meant by statsucal inference?
(b)  What is meant by estimation? Differentiate between estimator and estimate?
2. (@) Specify the estimator and the estimate in each of the following:
{(iy  Asample of 35 students gave an average height of 62 inches.
(i) A sample of 50 households having television sets showed that 85 percent of
them liked a particular programme.
(i) A sample of 25 bolts produced by a company showed that 20 of them were
according to specifications.
(iv) A sample of 30 houses showed an average consumption of electricity as
63 uniis,
{ (iy Sample mean height X; ¥ = 62 inches.
(if) Sample proportion of households who liked particular programme P; p = 0.85.
(iif) Sample number of bolts according to specification X; x = 20, or sample
proportion of bolts according to specification P, p = 0.80,
(fv) Sample mean consumption of electricity X ; ¥ = 65 units )

{b) Suppose I choose a random sample of three observations from a population and obtain
the values 2,5, 3. From these values I estimate the centre of the population by ranking
the observations and taking the middle one. What estimator am I using and what is my
estimate?
| Sample median X,; = Xl,[rr+|.]|.'1]: Xos = Xanya) = 3}
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3. (a)

(b)

4. (a)

(b)

(e}

5. (a)

(&)

Is an estimator a random variable? Why or why not?
{ Yes. An estimator is a random variable having its own probability distribution. }

Why we ¢all the standard deviation of a sample statistic as standard etror of the statistic.

[ In the context of estimation, the deviation of a sample statistic 7 from its target
@ ( parameter to be estimated ) must be considered an error. So the standard deviation
of a sample statistic is commonly called the standard error of the sample statistic, }

What is meant by unbiasedness? Differentiate between an unbiased and a biased
estimator,

A finite population consists of the numbers 3, 5, 7 and 9. Take all possible samples of
size 2 which can be drawn with replacement form this population. By forming the
sampling distributions of X and § * show that
(i)  the sample mean X = X X,/n is an unbiased estimator of the population
mean p
(fi) the sample variance $? = X(X, - X)*/n is a biased estimator of the
population variance o2,
() p=6 EX)=6 EX) = u (i)o? =5 E5%) =25 ES*) # o}

Draw all possible samples of size 3 taken without replacement from the population
7, 10. 13 and 16. By forming the sampling distributions, show that both sample mean
X and sample median X, are unbiased estimators.

A finite population consists of the numbers 1, 3, 5, 7 and 9. Consider all possible
samples of size two which can be drawn with replacement form this population. By

forming the sampling distributions of X, 5% and §7 show that )
()  the sample mean X = X X,/n is an unbiased estimator of the population
mean L.
(if) the sample variance §% = X (X, - X)*/n is a biased estimator of the

population variance o .

(itf} the sample varance § = (X PR X ;" {m=1) 1% an unbiased estimator of
the population variance o*.
(G) u=35 EX)=5 EX) = u G)o?=8 ES) =4, KS*) # o
(iif) 62 = 8, E(5") = 8, E(§") = o7} -
A finite population consists of the numbers 2, 3, 4, 5, 6 and 8. Find the proportion P
of even numbers in all possible random samples of size n = 2 that can be drawn with
replacement from this population. By forming the sampling distribution of sample

proportions show that sample proportion is an unbiased estimator of the population
proportion. Also verify the relation

n{l—m)

n

Vanl P) =
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where P and m are sample and population proportions respectively.
{x =23, i, =2[3, 02 =1]9}

() A finite population consists of the numbers 4, 5, 6 and 8. Find the proportion P of
even numbers in all possible random samples of size # = 3 that can be drawn without
replacement from this population. By forming the sampling distribution of sample
proportions show that sample proportion is an unbiased estimator of the population
proportion. Also verify the relation

Sl B {1 -1) [N—n]

N-=1

where F and m are sample and population proportions respectively.
{r =34 p. = 3[4, 6% = 1/48}

¢

12.7 INTERVAL ESTIMATION

Interval estimation is a procedure of constructing an interval from a random sample,
such that prior to sampling, it has a high specified probability of including the unknown true
value of a population parameter,

12.7.1 Need for Interval Estimation. Any point estimate has the limitation that it does not
provide information about the precision of the estimate i. e., aboul the magnitude of error due to
sampling. Often such information is essential for proper interpretation of the sample result,

A point estimator, calculated from the sample data, provides a single number as an
estimate of the parameter. This single number lies in the fore front even though a stalement of
accuracy in terms of the standard error is attached to it. A point estimator, however efficient it
may be, cannot be expected to be exactly equal to the popuolation parameter. Moreover, we cannot
assess simply by looking at just only one value ( point estimator ) how close is the estimate to the
unknown true value of the parameter being estimated. A point estimate by itself does not supply
this information about its precision.

An alternative approach to estimation is to extend the concept of error bound to produce
an interval of values that is likely to include the unknown true value of the parameter. This is the
concept underlying estimation by confidenee intervals.

12.7.2 Interval Estimate. An interval estimate is an interval calculated from a random sample,
such that prior to sampling, it has a high specified probability of including the unknown true
value of a population parameter.

Let X,, X,,-++, X, be a random sample from a population with unknown parameter 6.
A confidence interval for @ is an interval ( L, U/ ) computed from the sample observations
X,, X;, ++, X, , such that prior to sampling, it includes the unknown true value of @ with a
specified high probability. Let (1 — o) be a specified high probability and £ and U be
functions of sample observations X,, X,, -+-, X such that

BiL==8=<U) =1-—ug, for 0 = o< 1
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Then the interval (L, U ) iscalled a 100 ( | — & )% confidence interval for the
parameter 8, and the probability ( 1 — o) is called the confidence coefficient or the level of
confidence, Note that, { 1 —a ) is the probability that the random interval ( L, U/ ) includes the
parameler 8 and not the probability that @ lies in the interval ( L . U/ ). The end points L and
£/ that bound the confidence interval, are called the lower and upper confidence limits for the
paramciar 8. These limits being the functions of sample observations are random variables. The
width 7 = L of the confidence interval measures the precision of the estimate. The shorter the
confidence interval, the more precise the estimate will be. The precision can be increased by

(i) decreasing the standard error of the estimate ( I. ., increasing the sample size ).
i) decreasing the confidence coefficient.

12.7.3 Confidence Coefficient.

Meaning of Confidence Coefficient. From the definition of & confidence interval, we know that,
prior to selecting the random sample, the probability is 1 — o that the confidence interval we
obtain will include the population parameter 8. The particular confidence interval Yesult will be
either correct or incorrect, and we do not know for certain which is the case.

Selecting the Confidence Coefficient. We should like the confidence interval to be very precise
{ i. e, very narrow ) and would like to be very confident that it includes 8. Unfortunately, for any
fixed sample size, the confidence coefficient can only be increased by increasing the width of the
confidence interval. The confidence interval widens rapidly as the confidence coefficient gets
near 100 percent.

The choice of | ~ @ will vary from case to case, depending on how much risk of
obtaining an incorrect interval can be taken. The numerical confidence coefficient { e. g., 0.95 )
is often expressed as a percent (e g., 95% ). Confidence coefficients of 90, 95, 98, and 99
percent are often used in practice.

11.%_ CONFIDENCE INTERVAL
- FOR POPULATION MEAN, pu

The interval (L, 0/ ) isa 100( 1 — ¢ )% confidence interval for the population mean

4 if prior to sampling:
PlL=qu < U) = 1-—»0

This definition simply states that a confidence interval with confidence coefficient
| — o is an interval estimate such that the probability is | — o that the calculated limits
include g for any random sample. In other words, in many repeated random samples of size n
from & population, 100{ 1 — @ )% of the interval estimates will include 4 and therefore will be
correct and o % of the interval estimates will not include t and therefore will be incorrect. The
choice of method used in constructing a confidence interval for y depends upon whether or not
the population is normal, whether the population variance ¢ is known or unknown, and whether
the sample size n is large or small. We discuss these different cases below.

12.8.1 Normal Population, o> known. Suppose that a random sample X, X,, -+, X of

size n is drawn from a normal population with unknown mean g and known variance o®. We
wish to construct a confidence interval which is likely to include the true unknown value of the
population mean u with a degree of confidence 1 - o. We know that the sampling distribution



Estimation 83

of X will be normal with mean g and variance o/ n. Consequently, the distribution of the
statistic

Z =

X-p
o/ \n
will be normal with mean O and variance 1. Then a two-sided 100 ( 1 - o }% confidence
interval for population mean i is given by
= a &

X—z;_w!? < U< }?-'—:PE'HTJ_!—

If X is the mean of an observed random sample of size n taken from a normal population with

unknown mean g and known variance ¢, thena 100 (1 — @)% confidence interval for j is
given by

This can be written e

- —n
Lpenfr T
n

Note that, often the word central is omitted when considering confidence intervals, but it is
assumed that a two-sided interval that is central, or symmetric about the mean is required.

12.8.2 Interpretation of a Confidence Interval. A 100( | - « )% confidence interval for
U ois

— o = = a
x":l"""’lv(_;‘ < Ho< X+¢1_m,rg—"r?
If we identify
L= Xz o and U:f+z,_m._,_—ﬁ—

oy

the probability statement implies that-prior to sampling, the random interval { L, I7) will include
the parameter @ with a probability 1 — o. Thatis

Pl X g

- [

"'zl—u,.‘l% it < X ¥z wq
n =%

It is to be emphasized that in this expression, u i% constant and it is the end points which are
random variables. To better undergtand the meaning of a confidence statement, we perform
repeated samplings from 2 normal distribution with mean g and standard deviation ¢ and a

100 (1 — )% confidence interval ¥ + S r.:r,’{ .“ru_ is computed from each random sample,
approximately 100 (1 — o )% of the intervals derived would contain the true value of 1.
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Interval
I
2
3
e
o
g Tq 2 Zieaa
Fig. 12.1 Repeated forming confidence Fig. 12.2 Two-sided confidence
intervals for u interval for u

Figure 12.1 shows what would typically happen if a number of samples were drawn
from the same population and a confidence interval for y were computed for each sample. The
true value of 4 is indicated by a vertical line in the figure. Different confidence intervals,
resulting from different random samples, are shown as horizontal line segments. Most of the

confidence intervals would contain 4, but some of them would not contain p. If a 95%
confidence interval were calculated for each sample then in the long-run, 95% of the confidence
intervals that were formed would contain g That is not surprising, because the specified
probability 0.95 represents the long-run relative frequency of these intervals crossing the vertical

line,

Figure 12.2 represents that, before the sample is taken, the probability is 1 — o that
the quantity (X - p}f{{y",fn_ } will fall in the shaded interval. The interval estimate
X % 2_o, 0f[n will be correct (i. e, will include g) if (X - p)/(a/y/n ) does fall in

the shaded interval. In effect. the risk ¢ of an incorrect confidence interval is divided equally in
the two tails of the standard normal distribution.

12.8.3 Steps to Follow When Forming a Confidence Interval. We will follow the following
standard format when estimating parameters with confidence intervals:

{f)  ldentify the population of interest, and state the conditions required for the validity of the
procedure being used to construct the confidence interval.

(if)  Give the procedure ( formula ) that will be used
(iif)  Construct the confidence interval
(iv) Interpret the results.

Example 12.7 A normal population has a variance of 100. A random sample of size 16
selected from the population has a mean of 52.5. Construct the 90% confidence interval
estimate of the population mean, . Interpret the result.

Solution. The size and mean of sample and the variance of normal population are

o, BT 7 T = 525, gt = 100 = o= I



Estimation

85

Confidence coefficient; 1 - o = (.90

l—@=09 = o=010 = a2 =005 = 1-a/2 =055

Loy = Tges = 1.645 { From Table 10 (b) }
The two-sided 90% confidence interval for u is
X zl_w-zL < e f"'zg_u.-:-—g—
I T
14 10

525 - (1.645)

< o< 325 + (1.645) ——

Tis 716

484 < u < 566

A two-sided 90% confidence interval for ¢ obtained from the observed sample is (48.4, 56.6).

We are 90% confident that the interval estimate contains .

Example 128 Unoceupied seats on flights cause the airlines to lose révenue. Suppose a large
airline obrained the 9% confidence interval for the average number of unoccupied seats per
Jlight, on the basis of the records of its randomly selected 225 flights over the past year, as
11.15 to 12.05. Find the value of X, the mean of the sample and @ the standard deviation of
the normal population from which the sample was drawn. Estimate the average number af

unoccupied seats per flight over the past year with 99% confidence coefficient.
Solution. Samplesize n = 225
Confidence coefficienr: 1 — a = 0.890
l—aw =09 = =010 = af2 =00 = 1-af2
Ij_orz = Zpgs = 1.645 { Frewm Table 10 () }

The two-sided 100( 1 - o )% confidence interval for u is
a

= o i
X =1z _{'u.:x_‘.z_.l_l'__.
111.-‘1",'— 1-af2
n Jn

The lower and upper limits of 90% confidence interval for u are 11.15 and 12.05. Thus

e a o

115 = I —(L645)
4 225

O 1305 = T4 CLEE) 2
J225

I

I

= 205 (i)

Adding (i) and (i), we get

X = 2320 = = 116
Futting the value of X in (i7), we get
o

225

11.6 + (1.645) = 12.05 = o =41
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Confidence coefficient: 1 - o = 0,90
l~o =09 = =001 = &2=000 =  1-0/2=.095
Bis = lpws = 2576 { From Table 10 (&) }
The two-sided 90% confidence interval for 1 is
= o = ¥
=2 F < U EHFY s ﬁ
4.1 4.1

< < 11.6 + (2.576)
o 225 # -|,|I| 228

109 < u < 123

11.6 — (2.576)

12.8.4 Any Population, ¢ known/unknown, n large. Suppose that a random sample
Ao X5, -, X, ofsize n is drawn from a population with mean p and varance g%, We
wish to construct a confidence interval which is likely o trap the true unknown value of the
population mean u with a degree of confidence 1 — q, If the population is not normal, and if
@? is either known or unknown, then according to the Central Limit Theorem the sampling
distribution of X is approximately normal with mean g and variance o?/n (when o? is

known and 5'1,"' n when o is unknown) if the sample size is sufficiently large, say, n > 30.
Coansequently the distribution of the statistic

Zow =l =t
A
is approximately normal with mean () and variance 1. Then a two sided 100 (1 - o )%
approximate confidence interval for population mean y is given by
= o

:I—u-'z_'ﬂ_' < u< X+ 5w — =
I I

We now turn to the more realistic sitoation for which the population varance o2 is unknown.
Because n is large, replacing o with its best unbiased estimator S does not appreciably
affect the probability statement. When # is large and population variance o is unknown, a
100 (1 - @)% approximate confidence interval for population mean 4 is given by

=

Ly

¥

z i c <Xz $

T L ] .Ulr: =] =2 .Uq

If ¥ and § is the mean and standard deviation of an observed random sample of size n
sufficiently large from a population with unknown mean g and unknown but finite variance a2,
thena 100(1 - a)% approximate confidence interval for u is given by

X

= § N §
I_:!_n"IET{'ﬁc-t*‘L r
n




Estimation ' &7

S
X

R e
: n

12.8.5 Sampling Without Replacement. When sampling is done without replacement from &

finite population of size N, the standard error of X is given by
a N=n
O e e
Jn ¥ N1
If the sample size n is greater than 5% of the population size N ( i e, n > (.05 N}, then a
100( 1 — @)% confidence interval for y is given by

This can be written XLz

- o N=n
X £ —_—
e Y N=1
However, when n is large and population variance ¢* is unknown, a 100 ( 1 - o )%
approximate confidence interval for population mean g is given by

A

£y 5 N—n

T e

If ¥ is the mean of an observed random sample of size n taken froma population with unknown
mean y and known variance o, thena 100 (1 — 0)% confidence interval for is given by

=

= il (23 N-—n
i I S i i
= Jgn N -1

If ¥ and & is the mean and standard deviation of an observed random sample of size n
sufficiently large from a population with unknown mean g and unknown but finite variance g
thena 100(1 - )% approximate confidence interval for p is given by

% 4z i N=—=n
I—BI'EJI N -1

The finite population correction (N —n)/(N — 1) may be ignored when the sample size n is
less than 5% of the population size N{i ¢, n < 0053 N).

Example 129 A particular component in a transistor circuit has a lifetime which is krown to
follow a skew distribution. A random sample of 250 componenis from a week's production given
an average lifetime of 840 hours, and the variance of lifetimes is 483 ( hours * ). Find
approximately 95% confidence limits to the true mean lifetime in the whole population of the
product.

Solution. The size, mean and variance of the sample are
n o= 25, X =840, §%=483 = § =,483 = 2198
Confidence coefficient: 1 — o0 = 095

—a =095 = o =005 = o2 = 60025 = 1-e/2 = 0975
G-pi = Tegs T 1.960 { Fiom Table 10 {8} |
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The two-sided 95% approximate confidence interval for u is
_ 5 = §

L g2 J—T S H<IXFL on __.J:
21.98 21.98

B40 - (1.960) < < B40 + ( 1.960)
2325{! a + 250

8373 < u < 8427

Example 12.10 A random samptle of size n = 200, selected without replacement from a finite
population of size N = 1000 with ¢ = 1.28, showed that ¥ = 68.6. Construct a 97%
confidence interval for the mean | of the popularion.
Solution. The size and mean of sample and the size and a standard deviation of population are

n o= 200, ¥ = 686, N = 1000, o= 128
Confidence coefficient: 1 — a0 = 0.97

l-a =09 = a=003 = o2 = 0015 = 1-0f2 =098
= Zyggs = 217 [ From Table 10/(a) }

_1'_

-
a3

" The two-sided 97% approximate confidence interval for u is

= a N-—-n
F i i -
u: Jn Y N -1
686 + (2.17) —28 EAS =2

y 200 1000 — |

(68,42, 68.78 ) =5 6842 < 4 < 6878
Example 12.11 An auditor has selected a simple random sample of 100 accounts from the
8042  accounts receivable of a freight company to estimate the total audit amount of the
receivable in the population. The sample mean is ¥ = 33.19 and the sample standard deviation
is § = 3448 Obtain the 9544 percent confidence interval for the mean audit amount in the
population,
Solution. The size, mean and standard deviation of the sample and the population size are

n = 100, ¥ = 3318, § = 3448, N = B042
Confidence coefficient: 1 - o = 09544

1 - = 09544 = o = 00456 = of2 = 00228 = 1 - /2 = 09772

G-gjz2 = Lam = 2 { From Table 10 (a) )

The two-sided 95.44% approximate confidence interval for the mean audit amount  is
2 § N-n
Iizl—u_.l'!ﬁ N -1

3448 | BO42-100

.,llllﬂﬂ 8042 ~ 1

26,3366, 40.0434 ) = 26,3360 < u < 40.0434

a3 x 123
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12.8.6 Normal Population, 0® unknown, n small. Suppose that a random sample X T
++, X, ofsize n is drawn from a normal population with unknown mean y and unknown

variance o7 . We wish to construct a confidence interval which is likely to contain the true
unknown value of population mean u with a confidence coefficient 1 - . However, time and
cost restrictions would probably limit the sample size to a small number, Many inferences in
business must be made on the basis of very limited information, i, e., small samples. When the
population is normal, the sampling distribution of the statistic

X -y
isa t-distribution with v = n — 1 :k:grﬂés of freedom. Thus, when n is small, population is

normal and population variance is unknown, a two-sided 100( | - @)% confidence interval for
population mean j is given by

T =

= 5 = s

X - IF;!-B}'E _"_'ﬁ = j.l’. <X + Ivl‘l_ufriﬁ
If ¥ and § is the mean and standard deviation of an observed random sample of size n from
4 normal population with unknown mean p and unknown but finite: variance o, then a
100(1 - @)% interval for u is given by

L 5 2 §
X =1, < <X +d -
wil=of2 wil—-ml

-..||?I-

Is
This can be written Xdt

-~

¥
T
For large degrees of freedom ( e.g., beyond the range of Table 12 ) the t-distribution can be
approximated by a standard normal distribution.

Example 12.12 Ten packets of a particular brand of biscuils are chosen ai random and their
mass measured in grams. The results are

pioE 10, T =918, 2x! = 15830983

Assuming that the sample is taken from a normal population with mean mass )i, calculate the
98% confidence interval for jL

Solution. The mean and standard deviation of the sample are

= Y.x = 3978.7 ~ 19787
n 10

¥ x? —n¥?

= 3213

Gy
I

_ | 1583098.3 — 10(397.87)*
n - 10 =1

Confidence coefficient: 1 — o = 098
l~a =098 = o =002 = o2 =081 = 1-of2 = (099
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Degrees of freedom vos =1 101 =19

foil-uf2 = lg.ge = 2821 { From Table 12)

The two-sided 98% confidence interval for y is
5

§
?a-::-m-:-'_d,';?—* _J__n_

12 . 3213
323 o e 3R+ (2R

1o

X - £ Jhotam e

197,87 — (2821}

395004 < u < 400.736

Exercise 12.2

1. (@) What is meant by eéstimation ? Distinguish between point estimate and interval estimate.
Why is an interval estimate more useful 7

(b} Distinguish between the following
(i)  Estimator and estimate,
(ff)  Point and interval estimation..
2, (g} Explain what 15 meant by
(i)  Confidence interval,
{thy Confidence limits,
{#if), Confidence coefficient,

{b) When would a confidence interval be preferred over point estimation for a parameter.
{ When the reliability of a point estimator is needed, the confidence interval conveniently
express the estimator along with its measure of variation. Reliability is reported through
the confidence coefficient and the variation is reflected in the length of the interval. )

3. (@) Finda 90% confidence interval for the mean of a normal distribution with ¢ = 3,
given the sample as 2.3, - 0.2, =04, =09,
[(=2.268 < g < 2668)

() The standard deviation of the amounts poured into bottles by an automatic filling
machine 1s L8 ml! (millilitre ). The amounts of fill in a random sample of bottles, in
mil, were 481, 479, 482, 480, 477, 478, 481 and 482. Suppose the population of
amounts of fill s normal. Construct a 90%  confidence interval for the mean amount in
all bottles filled by the machine.

(478.95 < u < 481.05)

4, (@) A random sample of size 36 is taken from a nermal population with a known variance
o’ = 25, If the mean of the sample is 42.6, find 95% confidence limits for the
population mean.

(40967 < u < 44233
(h) A school wishes to estimate the average weight of students in the sixth grade. A random
sample of n = 25 is selected and the sample mean is found tobe ¥ = 100 /bs. The
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5, (a)

(&)

6. (a)

(b)

7. {a)

(b)

(€)

(d)

(5)

standard deviation of the population is known to be 15 Ibs. Compute 90% eonfidence
interval for the population mean,

(95.065 < u < 104,935)

Suppose that the weighty of 100 male students of a university represent a random
sample of weights of 1546 students of the university. Find 99% confidence intervals
for the mean weight of the students, given ¥ = 6745 and § = 2.93,

(6668 < u < 68.22)

150 bags of flour of a particular brand are weighed and the mean mass is found to be
748 g with standard deviation 3.6 g. Find 98% confidence intervals for the mean
mass of bags of flour of this brand.

{ 747316 < u < 748.684 )

If the two-sided 100 (1 — @)% confidence interval based on random sample taken
from X ~ N(u, o?) is 12.18 < u < 20.56, find ¥.

{(x = 1637)

On the bisis of the results obtained from a random samiple of 100 men from a particular
area, the 95% confidence interval for the mean height of the male population of the area
was found to be (177.22 cm. to 179.18 ¢m). Find the value of X, the mean of the sample
and o, the standard deviation of the normal population from which the sample was
drawn, Find 98% confidence interval for the mean height,

(¥ = 1782, g = 5 1I77.04 < 4 < 179.36)

Explain what is meant by the statément, ‘we are 100 (1 — @)% confident that our
interval estimate contains w0’

{ In repeated sampling, 100 1 — o )% of all stch confidence intervals contain u. |
Explain what is meant by the statement, “we are 95% confident that cur interval
contains g

{ In repeated sampling, 95% of all such confidence mtervals contain 4. )

If an 85% confidence interval is 27.5 < g < 43.8, what does this statemenl mean 7
( Intervals so formed would contain i 85% of the time. )

If e = (.10, how many intervals would be expected to contain u ?

{ We would expect about 90% of the intervals to contain g and 10% 1o

miss U in the long-run in repeated sampling.)

What role does the sample mean play in a two-sided confidence interval for u, based on

a random sample from X ~ N{u, o )¢

( The sample mean is the midpoint of the confidence interval but has no effect on the
length of the interval.)

When seiting a two-sided 100 ( 1 - o % confidence interval for u, hased on a
random sample of size n from a normal population, how the following changes will
affect the length of the confidence interval for W (Assume all other guantities
remain fixed.)

(i) increasing n (ir) increasing (1 - o)
(iiiy  decreasing m (iv) decreasing (1 — o)
(v}  increasing & {vi) increasing T
(vii) increasing o (viif) decreasing §

( deereased, increased. increased, decreased, increased, no effect, decreased, decreased )
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9. {a)

(&)

10. {a)

(b)

11. (a)

(b)

12. (a)

(&)

12.9

Define Student's r-statistic. What assumptions are made about the population where the
r-distribution is used?
The contents of 10 similar containers of a commercial soap are : 10.2, 9.7, 10.1, 10.3,

10.1, 9.8, 9.9, 104, 10.3 and 9.8 litres. Find 99% confidence interval for the mean
soap content of all such containers, assuming an approximate normal distribution.

(9.807 < pu < 10.313)

The masses in grams, of thirteen ball bearings taken at random from a baich are 214,
23.1, 259, 24.7, 234, 21.5, 25.0. 22.5, 269, 264, 258, 23.2, 21.9. Calculate a
95% confidence interval for the mean mass of the population, supposed normal, from
which these masses were drawn.

(2282 < < 25.14)

A random sample of seven independent observations of a normal variable gave
Y x =359, Lx? = 186.19. Calculate a 90% confidence interval for the population
mean.

(470 < pt < 556)

A random sample of eight observations of a normal variable gave X x = 261.2,
¥i{x — %)Y = 322 Calculate a 95% confidence interval for the population mean.
(3208 < p < 3322)

A sample of 12 measurements of the breaking strength of cotton threads gave a mean
T = 209 grams and a standard deviation § = 35 grams. Find 95% and 99%
confidence limits for the actual mean breaking strength.

(186,76 < u < 231.24; 17762 < u < 240.38)

A random sample of 16 values from a normal population showed a mean of 41.5
inches and a sum of squares of deviations from this mean equal to. 135 (inches)’, Show
that the 95% confidence limits for this mean are 39.9 and 43.1 inches.

Find a 99% confidence interval for the mean of normal diswribution with ¢ = 2.5 and
if a sample of size 7 gave the values 9, 16, 10, 14, 8, 13, 14 What would be the
confidence interval if o were unknown.

(9.566 < p < 14434: 7.797 < p < 16.203 when & is unknown. )

¢

CONFIDENCE INTERVAL FOR POPULATION
PROPORTION OF SUCCESSES, n

The interval (L .U ) isa 100( 1 - )% confidence interval for the population

proportion of successes m if prior to sampling

Pl <me<)y=1<=o

This definition simply states that a confidence interval with confidence coefficient 1 — o isan
interval estimate such that the probability is 1 — o that the calculated limits include w for any
random sampling. In other words, in many repeated random samples of size n from a Bemoulli
population, 100 (1 - )% of the interval estimates will include the true population proportion
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of successes ® and therefore will be correct and 100 o % of the interval estimates will not
include 7 and therefore will be incomrect,

In many problems we must estimate the population proportion or percentage, for
example, the proportion of defectives found in shipment of raw materials upon inspection. In this
case it seems to be reasonable that we are sampling from a Bernoulli population; hence our
problem is to estimate its parameter 7. The interval is based on the estimator P = X/n, the

sample fraction of successes. We know that the sampling distribution of P is a binomial
distribution, The binomial distribution of the estimator P can be approximated by the normal

distribution with a mean of 4, = m and a standard deviation of 0, = Jxil- #)/n , when
n islarge and 7 is not too near 0 or 1. Conseguently the distribution of the statistic
P-n

N P(1=P)/n

will be approximately normal with mean 0 4nd variance 1. Then a two-sided confidence interval
for population proportion of successes m is given by

P{l1-P) P{l-=F)
P - zl—w'l --'“‘--'—"-'—“-ﬂ e <P+ :l—cl.l'l —n_

If p = afnisthe proportion of successes in an observed random sample of size n, then a
100 (1 - )% confidence interval for m is given by

fp{l—pl p(l - p)
P — a2 ‘“n— SR s —n_“""'
This can be written o= B 1'%

12.9.1 Sampling Without Replacement. When sampling is done without replacement from a
finite population of size N, the standard error of P is given by

=2 o wfl=m) N-—=n
= n N-1

Hn = F{I—P} N=n
2 n N =1
If the sample size n is greater than 5% of the population size N (i e, n >0.05 N ), then a
100 (1 — o )% confidence interval for ® is given

P{l-P) N-=-n
Pizl_“’u“ n \| N-=1

The finite population correction (N = n)/( N — 1) may be ignored when the sample size n is
less than 5% of the population size N (i e,n < 0.05 N}

which is estimated as
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Example 12,13 [n a random sample of 300 voung persons from a small town 40 were found
ta be inempioyed. Compute a 96% confidence interval for the rate of unemployment in the town.
Tnrerprer the resulr.

Solution. The sample size. number of successes and proportion of successes in the sample are

%= G0E pEan, g Mo lsSBioal
n 500 '

Confidence coefficient: 1 — a = (096
- = 096 = o =004 = af2 = 002 = 1-of2 = 098
= 754 = 2054 { From Table 10 (a) }

“f-ofd

The two-sided 96% confidence interval for m is

[ pli-p) ||P“—F‘]
p_-r'|—r.|'._.'2 _!}...H_P q‘_"" '_lt o p -|--21_w_2 .._n—

0.08(1 - 0.08) G 5B he 0.08(1 - 0.08)
500 ; ’ 500

0.055 = n < 0.105

We are 96% confident that rate of unemployment is between 5.5% 1t 10.5% because our
procedure will produce true statement 96% of the time.

Example 12.14 A poll is taken among the residents of a eitv and the surrounding country to
determine the feasibility af a proposal to construct  civie centre, If 2400 of 5000 city residents
favour it, find almost cerrain limits for the true fracrion favouring the proposal to constrict the
civic centre,

Solution. The sample size, number of successes and proportion of successes in the sample are

0.08 — 2.054 J

no= 5000,  x = 2400, p=§=§%[;=u.4s

Confidence coefficiemt; 1 - ¢ = (.999 { almost certain s 99.9% confident )
I-o =099 = o =000 = af2 = 00008 = 1-0f2 = 09995
Zpogen = :,]_ﬁ-,f‘,,.;rl.i = 330] { Fram Table 10 (8} )

The two-sided 99.9% confidence interval for « is

|'p11-'1 /.ﬂ{lﬂp}
F= Ty ays = L T P o %

|i 0.48(1 - 0.48) 0.48(1 — 0.48)
V 5000 5000

.48 - 3.291 < m < 048 + 3;'-'.91\/

0457 < n < 0.503

We are almost certain that the true fraction faveuring the proposal to construct the civic cenire
lies between (.457 and 0.503.
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Example 1215 A random semple of 250 from the 5000 students in Govi. College,
Gujranwala contained 30 lefi-handed students, Give an approximate 95% confidence interval
Sor the proportion of left-handed students in the colfege,

Solation. The sample size, number of successes and proportion of successes in the sample and
the population size are

iy 30

mo=r25 - T = 3, = — = — = 012, N = 35000
" n 250
Confidence coefficient: 1 = o = (095
| = =095 = o =005 = o/ = 0025 = 1 -=af2 = 0975
Towy = Lgrs = 1.aa0 { From Table 10 (&) }

The two-sided 95% confidence interval for @ in the finite population is

pll=p) N-n
o BT A
% 'MIJ n JN—l

612 + 1960 | 01201 =0.12) [ 5000 ~ 250
250 5000 - 1
(0.081, 0.159) =4 0081 < & < 0.159
Exercise 12.3 T _—

L. (&) A sample poll of - 100 voters chosen at random from all voiers in a given district
indicated that 53% of them were in favour of a particular candidate, Find
(i) 95% and (i) 99% confidence limits for the proportion of dall the yvoers in favour
of this candidate,

[ (5) 0453 < & < D647, (ify 0422 < 7 < 0678}

(b) In 2 random sample of 1000 houses in a certain city, it is found thar 228
own colour television sets. Find 98% confidence interval for the proportion of houses
in this city that have coloured sets.

(0197 < 7 < 0.259)

2. (@ In 40 tosses of a comn 24 heads were obtained. Find () 95% and (i) 99.73%
confidence limits for the proportion of heads which would be obtained in an unlimited
number of tosses of the coin.

{ (i) 0448 < m < 0.752, (if) 0368 < m < 0.832 }

{b) A random sample of 200 voters in a constituency included 110 who said they would
vote for Mr. A. Assuming all the 15000 voters in the constituency would vote, give an
approximate 95% confidence interval for the proportion whc: would vote for Mr. A.
(04815 = nm < 0.6185)

{¢) A random sample of 500 pineapples was taken from a large consignment and 65 were

found to be bad. Show that the percentage of bad pineapples in the consignment almaost
certainly lies berween 8.05 and 17.95.
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12.10 COMPARATIVE STUDIES

To this point we have been concerned with inferences about parameters of a single
population. We now turn our attention to estimation procedures that are important in comparing.
the parameter values of two populations. To make inferences about two populations; we must
obtain two samples — one from each population. There are many methods by which the two
samples could be obtained; we will discuss two of them in this text. These methods result in
either independent or dependent samples.

12.10.1 Independent Samples. If two samples are selected, one from each of two populations,
then the two samples are independent if the selection of objects from one population is unrelated
to the selection of objects from the other population.
12.10.2 Dependent Samples. If two samples are selected, one from each of two populations
then the two samples are dependent, if for each object selected from one population an object is
chosen from the other population to form a pair of similar objects. These samples are also called
as matched samples. The set of sample pairs is called a paired samples.

The key to recognizing two independent samples is to realize that they are always two
different random samples, whereas the dependent samples always consist of matched, or paired,
observations.

12.11 CONFIDENCE INTERVAL FOR DIFFERENCE
BETWEEN TWO POPULATION MEANS, u, - i,

In many busiriess and management problems, we wish to estimate the difference
between the means of two populations. For instance, we, may want to decide upon the basis of
suitable samples to what extent, if any, a fertilizer is more effective than an existing fertilizer; a
newly introduced product is more reliable than an existing product, or the degree to which a
particular training programme improves worker attitudes or performance,

12.11.1 Independent Samples: Normal populations, known variances, any sample size. 1f
X , and X , are respectively, the means of independent random samples of sizes n, and n,

taken from two normal populations having means g, and g, and variances ﬂ',z and o3, then
X, ~ N(y;.0%/n) and X, ~ N(p,,03/n) and that X, isindependent of X, .

Since any linear combination of independent normal random variables is also normally
distributed, then X, - X, is & random variable having a normal distribution with mean
i, - }, and variance o7 /n, + &3/ n, . Thus the distribution of random variable
(X, =Xp) = (=)

af

L= =
o2

Al

n K,

i a standard normal distribution. Then a two-sided 100 ( 1 - o )% confidence interval for
difference between means of the two populations &, — i, isgiven by
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If ¥, and X, are the means of the two independent observed samples, then a 100 (1 - )%
confidence interval for ¢, — U, is given by

N & . 6
(5 -%) 5. 44 » + %
Example 12.16 Apex’s current packing machinery is known to pour ground coffee into
“1-pound cans” with a standard deviation of 0.6 ounce. Apex is considering using a new packing
machine which is said to pour coffee into “1-pound cans” more accurately, with a standard
deviation of 0.3 ounce. Both machines pour ground coffee according to a normal distribution.
Before deciding to invest, Apex wishes to evaluate the performance of the new machine against
that of the old machine. A sample was taken on each machine against that of mean weight of the
contents of the “1-pound cans” yielding the following result.

Sample Size Mean |
Using Old Machine: m =25 % =167
| Using New Machine: II n, =36 %; =158

Construct a 95% confidence interval for the difference in the average weight of the contents
poured by the old versus the new machine.

Solution. The sizes and means of two samples and the standard deviations of two populations are
n = 25, X, = 167, o = 0.6
n = 36, X; = 158, o, = 03
Confidence coefficient: 1 — o = 093
l-a=09 = =005 = of2 =0025 = 1-af2 = 0975
Z_qiz = g = 1.960 { From Table 10 (&) |

The two-sided 95% confidence limits for g — g, are

2 5
o o

(/=% * 3 i
& 1| n Ty

(0.6)% = (032
25 16

(167 - 158) + I.%UJ

(065, 115} =% 065 < g, -p, < L15

12.11.2 Independent Samples: Any populations, variances known/unknown, large samples.
When both sample sizes are large ( say greater than 30 ) the assumptions regarding small samples
can be greatly relaxed. It is no longer necessary to assume that the parent distributions are norimal,
because the Central Limit Theorem assures that X . is approximately normally distributed with
mean g, and variance o /n, . and that X, is also approximately normally distributed with
mean 4, and variance 5%:"]"1 , and that fi is independent of fz. then {fl - fz,'r is
approximately normally distributed with mean g1, — i, and variance o7 [n, + 03/ n; .
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Thus the random variable
{fl = fzj = {‘u] -#2]

ol a7
el PR S
m, n,

has an approximately standard normal distribution. Because n; and n, are both large, the

approximation remains valid of if @ and o2 are replaced by their sample variances §,” and
E‘:f. The assumption of equal variance is not required in inferences derived from large samples.
We can modify the previous result to obtain a confidence interval by substituting the
sample variances .§,1 for o and jzﬂ for o3 as long as both samples are large enough
(n, > 30, n, >30) for the Central Limit Theorem to be invoked. Hence the distribution of
random variable X, — X, approaches a normal distribution with mean g, — g, and variance
§2/ v 8210y,

Then the distribution of random variable

(X, = X3) = (= ih5)

Ay 2
5.8
SEEL
4 5

approaches the standard normal distribution. Then a two-sided 100 { 1 - o )% approximate
confidence interval for difference between means of the two populations y, - y, is given by

P

el S
(Ilnleiz1_w2 H—'-i-
I

M4
3

If ¥, and ¥, are the means and Eli and 57 are the variances of the two independent observed
random samples, then a 100 (1 — o )% approximate confidence interval for g, — u, is
given by

(%, - %) £ 2

i
£
-3

Example 1217 Rural and wrban students are to be campared on the basis of their scores on a
nation wide musical aptitude test. Two random samples of sizes 90 and 100 are selected fi v
rural and urban seventh class students, The summary statistics from the test scores are

Sample Size Mean Standard deviation
Rural: 1 n, =90 X, = 764 5 = 82
Urban: IT ny, = 100 Ty =812 5= 78

Establish a 98% confidence interval for the difference in population mean scores between urban
and rural students.
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Solution. Confidence coefficient: 1 — o = 093
l—o =098 = a=002 = o2 =00 = 1-a2=09
T = fgee = 2326 { From Table 10 (&) }

The two-sided 98% approximate confidence interval for s — g, is

2 a2
" o § §
(X — X)) 2gy_gp |+ 2

n, n,

(7.6)* + (82)%
100 80
(21, 75) = 21 < p, - g, =15

(B12 — 76.4) £ 2324 J

We conclude, with 98% confidence, that the mean of urban scores is at least 2.1 units higher
and can be as much as 7.5 units higher than the mean of rural scores.

12.11.3 Independent Samples: Normal populations, same unknown variance, small samples.
When n; and n, are small and o} and @3 are unknown, the formula for constructing a
confidence interval that we have been discussing cannot be used, However, for independent
samples from two normal populations having the same unknown variance o2, we can develop a
confidence interval for u, — . as follows :

If X, and X, are respectively, the means of two independent random samples taken
from populations which are N(g,. 0?) and N(u,, 6?), then X, ~ Npy, 6*/n ) and
X, ~ Mu,, 0/ n)andthat X, isindependent of X,

Since any linear combination of independent normal random variables is also normally
distributed, then X, — X, is normally distributed with mean

aulf‘_f: = M,y = M4

and variance

[}

a

e

gt  o? 1[ | ! ]
= e o = o — e
(Bt

n, . n n,
Thus the random variable

‘.E| _:E:l} o {nu] _uu'z}
1 I
o f— + —
J"! L

has a standard nommal distribution. Thus, if ff and Sf are the two sample variances

gt

( both estimating the variance o commen to both populations ), the pooled {weighted arithmetic
mean ) estimator of o, denoted by §7, is

.
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oo _ (-8 + 0o _p§2 UXy =X )P+ 3Ky -5,
. no+n, —2 n o+ my =2

(ZX:-n X2)+ (ZX3E - ny X2)

nt+n3-2

Then thie random variable
T = ‘{_:fj - X,) = (1 - H,)
5 HL] + :1
has a f-distribution with v = n, + n, — 2 degrees of freedom. Then a two-sided

100 (1 - o )% confidence interval for difference between means of the two populations
.u'] = #z is gﬂw h:.r

= e 1 1
(BT % i S j—F—
HISHL Y oy i

If ¥, and ¥, are the means of the two observed random samples and s, 15 the pooled estimate

of the common standard deviation of the two normal populations, thena 100 (1 - @ )%
confidence interval for 1, — g, is given by

= | I
{Xl-x:,_} + Ivi_aiz 5p -;-i-?z'—
It should be noted that this is used under the conditions when the sample sizes are small
(ie, np <30 and n, < 30 ). When both n, and n, are greater than 30, it is legitimate
to use
=25 gz &
(XX Y S
e 2 ) E g B =

b s

L5

as a good approximation.

Example 1218 Suppose you want lo estimate the difference in annual operation cosis for
automobiles with rotary engines and those with standard engines. You find 8 owners of cars
with rotary engines and 12 owners with standard engines, who have purchased their cars within
the last two years and are willing to participate in the experiment. Each of the 20 owners ko.y .
accurate records of the amount speni on operating his or her car ( including gasoline, oil,
repairs, etc. ) fora 12 month period. All costs are recorded on a per 1000 mile basis to adjust
for differences in mileage driven during the 12 month period. The results are summarized below:

| Sampie Size Mean Standard deviation
Rotary: 1 no=8 % = 5696 5 = 485
5273 5, = 635

Standard; 11 n, = 12 X




Estimation 101

Estimate the true difference (i, — p,) between the mean operating cost per 1000 miles of
cars with rotary and standard engines. Use @ 90% confidence level.

Solution. The pooled estimate of population common standard deviation is

s \{ (n, =) + (m, — )33

n1+n3-2

= 5513

(8 —1)(485)% + (12 —1)(635)%
§+12-2

Confidence coefficient: 1 — a0 = 0.90

l—a =090 = o =010 = o2 =005 = 1-02 = 095
Degrees of freedom: vemn+n-2=8+12-2=18

fy-aa = hgos = 1734 (FromTable12)
The two-sided 90% confidence interval for g, — 1, is

! 1 1
(5, =X)L a2 % —n-—+n—2~

(5696 — 52.73) £ 1.734(5.813 ) —;-+-l'?

{—0.37, 8.83) = -037 < u, - p, < 883

Example 1219 Given two random samples from twe independent normal papulations, with

—Smple Size Mean Sum of squares
I a, =11 o= 18 Tix - %P =737241
il n, = 14 Fp = 60 Y x, — %) = 36517

Find a 99% confidence interval for (jt; — U, ). Assume that population variances are equal.
Solution. The pooled estimate of population common standard deviation is

JE(IH %) + Lxp - %) [372.1+ 36517
g = = —lv-——“— = 560

mo+n =2 1414 -2

Confidence coefficient: 1 - o = 099
l—a = 099 = o = 001 = of2 = 0005 = 1-0f2 = 0995
Degrees of freedom : Ve mtn,-2=1+14-2 =23

gz = fyipoos = 2.807 { From Table 12}
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The two-sided 99% confidence interval for ( o= H,) is

(=X ) 2l gy 8, | — +—
1 1
[——— + —
11 14
(826, 214) =4 86 < u - pu, < 214
Example 12.20 A course in mathematics is taught to 10 students by the conventional class
room method, A second group of 12 students was given the same course by means of

programmed materials. At the end of the semester, the same examination was given to each
group. Their scores are given below:

Group I |70 66 76 77 73 72 68 74 75 69
Group 11 |77 B3 92 85 82 84 80 8 91 93 80 87

Compute a 90% confidence interval for the difference between the average scoves af the iwo
populations. Assume the populations to be approximately normal with equal variance

Solution. The sample means and pooled estimate of population common standird deviation are

(75 - 60) = 2.807(566)

|7 668 T T T T 68 M 15 6 Zx, =720
X | 77 83 92 85 82 B4 80 8 91 93 8 87 |Xx, =.1020
Xj [4900 4356 5776 5929 5329 5184 4624 5476 5625 4761 T x] =" 51960
Xy |5929 6889 8464 7225 6724 7056 6400 7396 8281 8649 6400 7569 |T xi = 8692

.-f[ = —--E":‘.:I = u--—?z‘} = ?2

n 10

B 20 WL

5 s 12 '

e (Exf —n X7 ) + (Zx} —n, 32

¥ i # oy —2

= 448
10 +12 =2

Confidence coefficient: 1 — o = 0.90

-0 =090 = =010 = a/2 =005 = 1-0f2 =085
Degrees of freedom : VEam+n,-2=10+12-2 =20

fvil-aj2 = la.pes = 725 (From Table 12)

P J{m&u-mmﬁ + [86982 - 12(85)%}

The two-sided 90% confidence interval for g, — u, is

e o 1 1
(3 = X)) £ty _aja 55 | —
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o |
4 1.725 (4.4 '—— —
(85 — 72) & 1725 (448) [+ —

13 + 331 = 069 < g - g < 1631

Exercise 124

L. (a) A test in statistics was given to 50 girls and 75 boys. The girls made an average grade

of 76 with a standard deviation of 6, while the boys made an average grade of 82 with
a standard deviation of 8. Find a 96% confidence interval for the difference y,— i,

where p1, is the mean score of all boys and 1, is the mean score of all girls who might

take this test.
(342 < p, — p, < 838)

(&) A manufacturing company consists of two departments producing identical products, It
is suspected that the hourly outputs in the two departments are different. Two random
samples of production hours are respectively selected and the following data are

obtained:
Department 1 Department 2
Sample size: 64 49
Sample mean: 100 90

The variances of the hourly outputs for the two departments are known tobe @i = 236

and g1 = 196 respectively. What is the point estimate for the true difference between

the mean outputs of the two departments 7 Find the 95 percent confidence limits for the
true difference.

(%, - X, = 10; 4456 < uy — u, < 15544)

2. (@) Two independent samples of 100 mechanists and 100 carpenters are taken to estimate
the difference between the weekly wages of the two categories of workers. The relevant

data are given below:
Sample mean wages  Population variance
Mechanists: 345 196
Carpenters: 340 204 -

Determine the 95% and the 99% confidence limits for the true difference between the
average wages for machinists and carpenters.
(108 < o, — , < 892,-0152 < p, —p, < 10.152)

{b) General Incorporated Mill's packing machinery is known to pour dry cereal into
economy-size boxes with a standard deviation of 0.6 ounce, Txm samples taken on two
machines yields the following information:

Machine 1 Machine 11 g

n|=15 ny =21

x; = I8.7 ounces = 21.9 ounces
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Assuming machine 1 packages a content that is N (u,, 036 ) and machine [I
packages a content that is N ( 4, , 0.36), construct a 95% confidence interval estimate
of gy =y
(28 < f, -4 < 36)

3. (@) A sample of 150 brand A light bulbs showed a mean lifetime of 1400 hours with a
standard deviation of 120 hours, A sample of 200 brand B light bulbs showed 4 mean
lifetime of 1200 hours with a standard deviation of 80 hours. Find 95% and 99%
confidence Timits for the difference between the mean lifetime of the populations of
brands A and B.

(177825 < , = g, < 222.175; 170.856 < g, — u; < 229.144)

(#) Let two independent random samples, each of size 100, from independent normal
distributions N (u,, 62) and N{g,.o}) yield ¥, = 48, § = 864, %, = 56,
i} = 7.Finda 95% confidence interval for (g, - g,).
(0.025 < g, —u, < 1.575)

4. (@) In order to ascertain the age distribution of operatives in a certain industry, random
samples of 1720 males and 1230 females are drawn. The sample means and standard
deviations were 33.93 years and 14.20 years for the males and 27.44 years and 10.79
years for the females, Calculate the 95 percent confidence interval for

(i1 the mean age of all male operatives,
(i) the mean age of all female operatives;
(iii} the difference between their mean ages.
(33.259 <, < 34.601; 26837 <y, <28.043; 5588 <y, — p,< 7.392)
() The means and variances of the weekly incomes in rupees of the workers employed in
the different factories, from the samples are given below:
Sample Size Mean Variance
Factory A 160 12.80 64
Factory B 220 11.25 49
()  What is the maximum likelihood estimate of Lh_e difference in miean incomes?
(i) Compute the 95 percent confidence interval estimate for the real differences in
the incomes of the workers from the two factories.
{ (i) 1.55, (i) 0.003 < p, -y, < 3.097}

5, (@) Let two independent random samples, each of size 100, from two independent normal
distributions N(p,, of) and N(g,.03) yieldx = 48, 5 = 864, F = 55,
§} = 7.88.Finda 95% confidence interval for (p; — ;).

(=16 < g, -y, <=0)
(b) Given that
%= T m o= 9. Lxy -5 ) = 1482

Xyi= 60, My = o, E’(xj'z _fj }3 = 1830
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and assuming that the two samples were randomly selected from twe normal populations
in which ¢ = o3 (but unknown), calculate an 80% confidence interval for the
difference between the two population means.

(84 < p, —p, <21.6)

6.(a) Two random samples of size n, = 9 and n, = 16 from two independent population
having normal distributions provide the means and standard deviations; ¥, = 64,
%, =59, § =6 and §, = 5. Finda95% confidence interval for u, — p, assuming
g, = 0,.
(037 < p, - 4, <963)

(b) A course in mathematics is taught to 12 students by the conventional class- room
method. A second group of 10 students was given the same course by means of
programmed materials. At the end of the course, the same examination was given to each
group. The 12 students meeting in the class room made an average grade of 85 with a
standard deviation of 4, while the 10 students using programmed materials made an
average of 81 with a standard deviation of 5. Find a 90% confidence interval for the
difference between the population means, assuming the populations to be approximately
normally distributed with equal vanance.

(0693 < p, — p, < 7.307)

%

12.12 CONFIDENCE INTERVAL FOR DIFFERENCE
BETWEEN TWO POPULATION PROPORTIONS, n; — 7,

We now turn to statistical inferences concerning a comparison between the rates of
incidence of a characteristic into populations. Comparing infant mortality in two groups, the
unemployment rates in rural and urban populations, and the proportion of defective items
produced by two competing manufacturing processes are the examples of this type. The unknown
proportion of elements possessing the particular characteristic in population [ and in population
11 are denoted by m, and 7. respectively. Our aim is to construct confidence intervals for the

parameter T, — Ty
A random sample of size n, is taken from population I and the number of successes is denoted
by X,.An independent random sample of size n, is taken from population II and the number
of successes is denoted by X, . The sample proportions of successes are

X, X,

P = —, =
1 ﬂ] F nz

An intuitively appealing estimator for m; — 7, is the difference between the sample proportions
P, — P,. When constructing the confidence mtervals for m; - m,, we will use the sampling
distribution of F, - F,.
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When both sample sizes n, and n, are large, the Central Limit Theorem assures that F is
approximately normal with mean m, and variance m (1 — &, )/ n, and that P, is approximately
normal with mean %, and variance 7,(1 — ®,)/n, and that A is independcat of P,

Since any linear combination of independent normal random wariables is also normally
distributed then for large sample sizes n; and n,, the sampling distribution of the random

variable P, — P, is approximately normal with mean
H P~ P =r -1,

and standard deviation

il Jz,(lﬂ-n,} 5 '.r:zl[]n-ﬂl}
1 2
The first result shows that P, — P, is an unbiased estimator of ®, — m,. For large sample sizes
n, and n,, the random variable
(A =F) = (%N,
J“:“'“H , Ma(l-m)

n, i,

7 =

is approximately standard normal. The estimate of the standard error of F, — P, can be obtained
by replacing ®, and m, by their sample estimates P, and P, as

E{l-F) F(l—-F)
SR i L 2
- 2 J Lt L

The random variable Z then becomes
(f=F)=(% -%,)
HO-5)  BUA-F)
H iy

Therefore, in the case of two large, independent random samples a 100( 1 - o )% confidence
interval for m; — m, can be readily constructed from this approximation.

Then a two-sided 100(1 — « )% confidence interval for m, — m, is given by

RU-B) PBA-B)
" L

(h =Rz zl—n,-':J

If p, and p, are the proportions in the two large, independent observed random samples, then a
100(1 - o )% interval for m; — 7, is given by

= p) pill=pyl
'[P]"Fj}izl-wl\f I = L 4

1 ny
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Example 1221 An antibiotic for pneumonia was injected into 100 patients with kidney
malfunctions (called uremic patients ) and into 80 patients with no kidney malfunctions (called
normal patients). Some allergic reaction developed in 40 of the uremic patients and in 16 of the

normal patients. Construct a 95% confidence interval for the difference between the population
praporiions,

Solution. The sizes, number of successes and proportions of successes in the two samples are

X 40

o= 100, x, = 40, = = = 04
1 1 By n, 100
x 16

= 80, o I = —de =i (2

i 2 P n, 20
Confidence coefficient: 1 - o = 0.95

l1=a =09 = oo=00 = g2 =005 = | - = 0975
Z-wz = Zoars = 1.960 { From Table 10 (b) |

The two-sided 95% confidence interval for difference in the population proportions m, = Wy is

(1= p) Pyl = py)
(P = p) 2 Za—wzJ s Al B =
ni 4

04(1-04) 0.2(1=02)
4 -1 D60
{0, l’. i = \, 100 + %0

(0.07, 0.33) = 007 = m;—m, <= 033

Exercise 12.5

L (a)

(B)

2 (@)

In a poll of college students in a large state university, 300 out of 400 students living.
in dormitories approved a certain course of action, whereas 200 out of 300 students not
living in dormitories approved it. Estimate the difference in the proportions favouring
the course of action and compute 90% confidence interval for it.

(p-p, = 008; 0023 = &, - n, < 0.137)

In a random sample of 400 adults and 600 teenagers who watched a certain television
programme. 100 adults and 300 teenagers indicated that they liked it. Construct 95%
and 99% confidence limits for the difference in proportions of all adults and all
teenagers who watched the programme and liked it,

(0.19 < my-m, < 03L; 017 < 1, -x; < 033)

A poll is taken among the residents of a city and the surrounding country to
determine the feasibility of a proposal te construct a civic centre. If 2400 of 5000 city -
residents favour the proposal and 1200 of 2000 country residents favour it, find a
95% confidence interval for the true difference in the proportions favouring the proposal



108 A Text Book of Statistics — Pac: 11
to construct the civic centre.
(D095 < Wy - < 0.1455 )

(b) The population of intérest are the voting preferences of ill registered voters in the Punjab
and the Sind. Two independent random samples were taken from these populations and
the values n, = n, = 1000, p; = 0.54 and p, = 047. Find a 95% confidence
interval for N =M,

(0026 < &, — =, < 0.114)

3, (@) A market survey organization carried out a product taste study with consumers in two
regions. In one region, a random sample of n; = 400 consumers was selected while in
the other region an independent random sample of n, = 300 consumers was selected.
Each person was asked to indicate which of two servings of product had a better taste.
Unknown to the subject, one serving was a new high protein breakfast cereal and the
other was an existing cereal, In the first region, proportion p; = 0.35 of the sample

* persons preferred the new cereal and in the second region the proportion was
p, = 0.65. Constructa 90% confidence interval for 7, — ;.
(0039 < ®, —®;, < 0.161)

(b) Independent random samples are selected from two populations with fractions of
success 7, and 1,. Construct a 95% confidence interval for m, — ®, for each of the
following cases.

(B  a, = 100 o= 072 n, = 100 py = 0.61
(@ n, = 130 py=016 n, = 210 p; = 025
(iiiy n, = 70 p = 033 n, = 60 p; = 048
{() —002 to 024 (i) —0.176 to —-0.004 (i) -0.12 to 0.22 ]
Exercise 1.6
Objective Questions
1. Fill in the blanks.
(i)  Statistical ——— is the conclusion made about the unknown 3
value of population parameter by using the sample observations. (inference)
(i) The statistical ———— is a procedure of making judgment e
about the unknown value of population parameters by using the (estimation)
sample observations.
(ii)  The object of —— estimation is to obtain a single number
from the sample that is intended for estimating the unknown ;
true value of a population parameter. (point)
(iv) A point estimator is a ———— variable whereas an estimate is _
a constant. (randorm)
(v)  An estimator is ——— if its expected value 15 equal to the

population parameter to be estimated. (unbiased)
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(vi) If T isabiased estimator, then ————1is the difference of its
expected value from the parameter 6 to be estimated. (bias)
(vii) The sample mean X is an ——— estimator of population
mean . (unhiased)
(viiij The sample proportion P is an ——— estimator of
population proportion . (unbiased)
(i) The sample variance §2 = (X - X2 [(n-1) is an
estimator of population variance o7 (sinbiased)
(x) estimation is a procedure of constructing an interval
trom a random sample, such that prior to sampling, it has a high
specified probability of including the unknown true value of a
population parameter. (Interval)
2 Fill in the blanks.
(i The width of a confidence interval is ———— if the level of
confidence ( 1 — o ) is decreased. (decpeased)
(iff  The width of a confidence interval is ———— related to
confidence coefficient. : (directly)
(iil) The precision of confidence interval is increased by
the level of confidence. (decreasing)
(iv) The width of a confidence interval ——— if the sample
size is increased. {decreases)
(v) The confidence coefficient is also called ——— of
confidence. {level)
(i) 1 - @ is the —— that the interval estimator includes
the unknown true value of the population parameter. {(probability)
(vii) A sample consisting of 30 or less observations is known as
a——— sample. (small)y
(viii) A sample consisting of more than 30 observations is known
a8 4—— Sﬂmp}ﬂ Hﬂrgg}
3 Mark off the following statements as wue or false
()  The types of statistical inferences are estimation of :
parameters and testing of hypotheses. {true)l
(i) The types of statistical estimation of parameters are point
estimation and interval estimation. (true)
(i) A point estimator is a sample statistic that is used to estimate
the unknown true value of a population parameter. (erue)
(iv) A point estimate is a specific value of an estimator computed
from the sample data after the sample has been observed. (true)
(v)  An estimate obtained from the sample ohservations is always
a point estimate. (false)
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ivi)  Point estimators may be more useful than interval estimators
because probability statements are attached to point
estimates. {false)
(vif) The point estimation provides two values with a probability
statement for estimating the unknown true value of a
population parameter. (false)
(viii) A confidence interval is a type of statistical inference. (true)
(ix) A point estimate provides information about the precision of
the estimate. (false)
4. Mark off the following statements as frue or false
() We cannot contrel the precision of an interval estimate by the
choice of sample size or level of confidence. (false)
(i) ~The width of a confidence interval incresses if the
confidence coefficient is decreased. (false)
(fiiy The width of a confidence interval decreases if the
confidence coefficient is decreased. {rrue)
(iv)  The width of a confidence interval can be decreased by
decreasing the confidence coefficient. (true)
(v}  The precision of an interval estimate can be increased by
decreasing the sample size. (falve)
{vi)  The precision of an interval estimate can be increased either
by increasing the sample size or by decreasing the confidence
coefficient, (true)
{vit) o is the probability that the interval estimator includes the
. unknown true value of the population parameter. (faise)
(viii) The statistic T can be used in making confidence interval
for 4 when population is non-normal. (false)



1 3 o HYPOTHESIS
TESTING

13.1  THE ELEMENTS OF A TEST OF HYPOTHESIS

We are often concerned with testing or drawing a conclusion about the population
parameter @ based on a simple random sample data. In this chapter we present formal structures
for making inferences about population parameters such as p, &, ¢*, erc., we will begin by
introducing a test of hypothesis,

13.1.1 Statistical Hypothesis. A statistical hypothesis is an assertion or conjecture about the
distribution of one or more random variables. It is an assertion about the nature of a population.
This assertion may or may not be true. Its validity is tested on the basis of an observed random
sample. Hypotheses are usually phrased quantitatively in terms of population parameters. The
following are some examples of hypotheses.

(i) i = 25 ( A population mean equals 25 )

(i i o= 40 ( A population mean is less than 40 )

(. w20 { A population mean is greater than or equal to 20 )
vy =m = 04 { A population proportion equals 0.4 )

13.1.2 Hypothesis Testing. The siatistical hypothesis testing is a procedure to determine
whether or not an assumption about some parameter of a population is supported by the
information obtained from the observed random sample.

13.1.3 Specification of the Form of Population Distribution. The experimenter, or
researcher, must make an assumption about the nature of the underlying distribution of the
population. Is the random variable normal or binomial. Or does it follow any other form of the
distribution. It is, therefore, necessary to identify the theoretical probability distribution of the
tandom variable under consideration because the decision about the hypothesis is made on the
basis of probability of occurrence,

We will find that there are certain elements commeon to all tests of hypotheses. These
elements are introduced and discussed below:

13.1.4 Null Hypothesis. A null hypothesis, denoted by Hy, is that hypothesis which is tested for
possible rejection (or nullification) under the assumption that it is true.

A null hypothesis is always a statement of either ( 1 ) “no effect” or ( 2 ) “the status
quo”, such as the given coin is unbiased, or a drug 15 ineffective in curing a particular disease, or
there is no difference between the two production methods, or the production line requires no
preventive maintenance, etc. The experiment is conducted to see if this hypothesis is
unreasonable,

111




112 A Text Book of Statistics — Part 11

1315 Establishment of the Null Hypothesis. Let @ represent the true but unknown value of
the population parameter and 8, a value on the number line, the hypothesis to be tested will take

on one of the following three forms.

(i) 6 =8, thatis, the true value of the population parameter is equal to some specified
value &

(if) O =8,, thatis, the true value of the population parameter is equal Lo or greater than
some specified value 8.

(iiiy 6 < 6,. that is, the true value of the population parameter is equal to or less than
some specified value €.

13.1.6 Alternative Hypothesis. An alternative hypothesis, denoted by H,, is that hypothesis
which we are willing to accept when the null hypothesis is rejected.

An alternative hypothesis gives the opposing conjecture to that given in the null
hypothesis. The alternative hypothesis is often called the research hypothesis, because this
hypothesis expresses the theory that the experimenter, or researcher, believes to be true. The
experiment is conducted to see if the alternative hypothesis is supported

1317 Formulation of Null and Alternative Hypothesis. The alternative ( or research )
hypothesis is a statement about the value of a population parameter that an investigator attempts
to support with observed random sample. The statistical hypothesis testing makes use of the null
hypothesis that refers to the same population parameter but denies the alternative hypothesis.
Thus the basic strategy in statistical hypothesis testing is to attempt to support the research
hypothesis by contradicting the null hypothesis. Therefore, when choosing the null and alternative
hypotheses, take the following steps:

(i)  The experiment is conducted to see if there is support for some hypothesis. This will be
the alternative hypothesis, expressed as an inequality in the form “less than" or “greeter
than™ or “notequal to”.

Cample : Hp: 8 < 40

(i), State the null hypothesis with an equality sign as a complement of the alternative

hypothesis,

Example: Hy: 8 2 40

The following table presents the three types of altemative hypotheses that constituie the
counterparts to the three types of null hypotheses.

Null hypothesis H - Alternative hypothesis H,
1. 8 =28, 8 <8,
2 8 =8, 6 >8,
3, 0 =8, 0 =8, (i.e.8<B0r 8 >6;)

Example 131  Forun ‘e tne null and the alternative hypotheses used in tesi of hypothesis for
each of the fallowing:
(i)  The me=n lifetime of eicctric light bulhs newly manufactured by a company has not
changed from the previous mean liferime of 1200 hours.




Hypothesis Testing 113

(if}  Anawtomobile is driven on the average no more than 16000 kilometers per vear.
(i) At least 10% of the people of Pakistan pay income tax.

(fv)  The proportion of the households that do not own a colour television set is more than
0.40 in a locality.

(v)  The average yield of corn of variety A exceeds the average vield of variety B by at
least 200 kilogram per acre,

Solution. The null hypothesis H; and the alternative hypothesis #, for each of the given
situations are:

() Hy: i = 1200 hours against H: p # 1200 hours

(i) Hy: g = 16000 kilometers against H: p > 16000 kilometers
@) Hym 2 010 © against H:m < 010

(iv) Hy:m = 040 against H:n = 0.40

(v} Hy: -y 2 200kg against Hi: - g < 200kg

13.1.8 Simple Hypothesis. A statistical hypothesis is said to be a simple hypothesis if it
completely specifies the underlying population distribution, namely

{f)  The functional form of the distribution, and
(#f)  The specific values of all of its parameters.

That is, if it specifies the particular member of the particular family of probability
distributions, e. g., a random variable has a normal distribution with mean ,u 30 and standard
deviation o = 4; or a random variable has a binomial distribution with # = 6 and © = 0.4,

13.1.9 Composite Hypothesis. A statistical hypothesis is said to be a composite hypothesis if
it does not completely specify the underlying population distribution, e. g., a random variable has
a normal distribution with mean @ = 40 or a random variable has a normal distribution with
mean ¢ = 50 and standard deviation ¢ = 4 or random variable has a distribution with mean
# = 40 and standard deviation ¢ = 5; or a random variable has a binomial distribution with
x =04

13.1.10 Test Statistic. The test statistic is a sample statistic which provides a basis for deciding
whether or not the null hypothesis should be rejected. The most commonly used test statistics are
Z, Tyt o F

13.1.11 Rejection Region. A rejection region specifies a set of values of the test statistic for
which the null hypothesis is rejected (and for which the alternative hypothesis is accepted). It is
also called as the critical region.

13.1.12 Nonrejection Region. A nonrejection region specifies a set of values of the test
statistic for which the null hypothesis is not rejected. It is also called as the noncritical region.

13.1.13 Critical Values, The values of the test statistic which separate the rejection and
nonrejection regions for the test are called critical values.
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13.1.14 Two-tailed Test If the

critical region is located equally in both

tails of the sampling distribution of test Rejection
statistic, the test is called a two-tailed or Region
mwo-sided rest. In such tests, the analyst
is concerned with detecting values of
the test statistic that are either too large 1 T J

or too small to be consistent with the R 0 Sl 2

hypothesis being tested, Fig: 13.1 Reject H if Z< 2, 0r £> 3, _, /2

Rejection
Region

by v

With a two-tailed test, acceptance of null hypothesis means dcceptance of a unique value
for the population parameter.
13.1.15 Omne-tailed Test. If the eritical region is located in only one tail of the sampling
distribution of test statistic, the test is called a one-tailed or ene-sided res:.

13.1.16 Left-tailed Test. If the
critical region is located in only the left -
tail of the sampling distribution of test Reyz'ctmn
‘statistic, the test is called a left-tailed Region
test.  In soch tests; the analyst is
concerned with detecting values of the

Acceptance
Region

test statistic that are too small to be = {‘:l i.
consistent with the hypothesis being b
tested. Fig: 13.2 Reject H, if Z < 1,

With a pne-tailed test, acceptance of nuil hypothesis means accepting that the population
parameter is one of many acceptable values,

13.1.17 Right-Tailed Test. If the
critical region is located in only the

right tail of the sampling distribution of Aceeptance
test statistic, the test is called a right- Region
failed test. In such tests the analyst is
concerned with detecting the values of
the test statistic that are too large to be tjl .
consistent with the hypothesis being e
tested. Fig: 133 Reject H, if Z >z _,

Rejection
Region

by

13.1.18 Deciding upon an Appropriate Test. Now the question arises, that how we should
decide upon an appropriate test. While deciding upon an appropriate test the following hints are
helpful:
(i)  If we are looking for a definite decrease, i e., if H, is givenby 8 < 8, we use & one-
sided left tail test.
(i) If we are looking for-a definite increase, i. e, if H, isgivenby 8 > 6, we use aone-
sided right tail test.
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(#if)  If we are looking for any change, i. e.. if Hy is given by 8 # 8, we use a two-sided
test.

The preceding discussion describing the nature of the one-tailed and two-tailed tests is
summarized in the following table:

Table : Describing the nature of test.

Null Alternative ; Ay :
i of test L 4
hypothesis _hypothesis Type 5 ) Location of rejection region
e z8, 8 <8, Left-tailed  The rejection region is located in the left tail of the

sampling distribution under H,.

8 <8, @ >80, Right-tailed The critical region is located in the right tail of the
sampling distribution under H,.

8=8, 8 #6, Two-taled The rejection region is lacated equally in both tails
of the sampling distribution under Hy.

Remarks : The names of the three types of a test are associated with alterative hypothesis H,.

The choice of a one-sided left tail test, one-sided right tail test or a two-sided test
depends upon the type of alternative hypothesis,

13.1.19 Errors of Inference. Sample evidence is used to test the null hypothesis H,;. If the
sample evidence convinces us that H, has only a small chance of being true ( a large chance of
being false ), we say H, is unreasonable and reject it. If the sample evidence does not convince

us that H, is unreasomable, we do not reject H;. Therefore, there are two alternative
conclusions.

(i)  Reject the null hypothesis on the basis of sample evidence,
(if)  Accept the null hypothesis on the basis of sampie evidence,
There are two possible states of nature of the null hypothesis,
(i  The null hypothesis is true.
(it} The null hypothesis is false.
Thus, in hypothesis testing one and only one of the following four possible outcomes will oceur.
(i) Ifthe null hypothesis is true, we may reject it leading to a wrong decision,
(if)  Ifthe null hypothesis is true, we may accept or not reject it leading to a correct decision,
(#i)  If the null hypothesis is false, we may accept it leading to a wrong decision.
(iv)  If the null hypothesis is false, we may reject it leading to a correct decision.
Type-1 Error. A Type-I error is made by rejecting H, if H, is actually true.
Type-Il Error. A Type-Il error is made by accepting H, if H, is actually true,

These four possible outcomes can be displayed in four cells of a table as follows:
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Table: Hypothesis and conclusion reached from sample

State of nature of hypotheses
Sample indicates conclusion ~ H, istrue H, is true
Reject H,, Type-1 emror Correct decision
Do not reject { or accept ) H, Correct decision Type-1I emor

The probabilities of the four possible outcomes are commonly designated as

=]
I

P(Rejecting Hy |H, istrue) = P( Type-lermror)

1 =& = P(Accepting H, |H, is true )

=
[}

P( Accepting Hy|H, istrue) = P(Type-Il error)

1 = B = P(Rejecting Hy|H, is true)
We can represent these conditional probabilities as;

Table : Conditional probabilities

State of nature of hypotheses
Sample indicates conclusion H, is true H, is true
Reject H,, o 1—f
Do not reject ( or accept ) H, 1-u B

13.1.20 Level of Significance. The level of significance of a test is the maximum probability
with which we are willing to a risk of Type-I error. It is the probability of obtaining a value of
the test statistic inside the critical region given that H; is true, i. e, it is the probability of

rejecting a true null hypothesis. It is denoted by o
P{ Rejecting H“IH“ istue) = P(Typel emor} = o

The level of significance is also called as the size of the critical region or the size of the
test. It is a small pre-assigned value, say, 0.05 or 0.01, which is generally specified before any
samples are drawn, so that the results obtained will not influence our choice.

13.1.21 Level of Confidence. The level of confidence is the probability of accepting a true
null hypothesis. Itis denoted by 1 - o

P( Accepting Hy|H, istrue) = 1 - @

Example 13.2  The prosecuting attorney in a trial attempts to show that the defendant is guilty.
The trial can be thought of a test of hypothesis, since a decision is to be made as to whether the
defendant is guilty or innocent.

(a)  State the null and alternative hypothesis of interest io the prosecuting atiorney,

(b)  Define the Type-1 ervor and Type-l error for this situation.
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Solution. Since the prosecuting attorney wants to show that the defendant is guilty, this specifies
the alternative hypothesis and the hypotheses are

H,: Defendant is innocent H,: Deferdant is guilty
Type-1 error would occur if the defendant were found guilty if, infect, the defendant is innocent.

Type-1I error would occur if the defendant were found innocent if, infect, the defendant is guilty.

13.1.22 Statistical Decision Rule. A statistical decision rule specifies, for each possible sample
outcome, whether the null hypothesis should be rejected or not. It is also called as a decision
Junction or a decision criterion,

13.1.23 Conclusion. A test of hypothesis leads to one of two conclusions.

() If the observed value of the test statistic falls in the rejection region, the null hypothesis
H, is rejected in favour of alternative hypothesis H,.

(it Tf the observed value of the test statistic does not fall in the rejection region the null
hypothesis is neither sccepted nor rejected. It is, then, stated that there is insufficient
evidence to make a decision.

13.1.24 Test of significance. The rest of significance describes a process of testing a hypothesis
to gain a general impression about the parameter. No decision is imminent or even implied. In
this case, a level of significance is not present. Instead we investigate the values of ¢ that would
lead to rejection of H,, as opposed to the ¢ values leading to acceptance of H,. The test of

significance differs with hypothesis testing that refers to the act of actually testing a hypothesis at
a selected level of significance to make a decision based on that conclusion.

13.1.25 Steps to Follow when Testing a Hypothesis. Since we will be conducting many tests
of hypothesis, it is useful to follow a set procedure, In the remainder of this tﬂxt. we will always
follow the same format. The steps we will follow are given below:

Before any sample observations are considered: "

I.  Identify the population of interest and state the conditions required for the validity of the
test procedure being used.

2.  Formulate and state the null hypothesis H;; and the alternative hypothesis H,.
3.  Decide and specify the level of significance, o,

Select the appropriate test statistic and its sampling distribution if H is assumed to he
lrue.

5.  Give the critical value (or values) of test statistic for desired value of o

6.  Establish the rejection (critical) region.

7.  State the decision rule: Reject H, if the value of the test statistic from the observed
sample falls in the rejection region, otherwise do not reject ( or accept ) H,.
Now consider the sample values:

8. Calculate the value of the test statistic from the observe sample.

9. In the light of your decision rule, draw the conclusion as to whether to reject or accept
H, and then state the decision in managerial terms.



118 A Text Book of Statistics — Part 11

Exercise 13.1

L. (@) Define the following co ncepts in your own words as fully as you can:

() Hypothesis' testing (if)  Statistical hypothesis
(i)  Null hypot jesis (iv)  Test statistic
(v)  Level of ¢ ignificance (wi} Critical region

(&)  Explain with exs mples the difference between:
(i) Estimétion and hypothesis testing
(&) Null ‘hypothesis and alternative hypothesis
(iii)  Simiple hypothesis and composite hypothesis
(v} Acieptance region and rejection region
(v)  Twpe- errorand Type-II error
(vi)  Ine-tailed test and two-tailed test

(e) Whiit is, the difference between a one-sided and a two-sided test? When should each be
usrad?

2. (@) Fixplain what is meant by:
(i) Statistical hypothesis (if)y  Test-statistic
(iify  Significance level (fv)  Testof significance
'tb)  Distinguish between the following concepts:
(§)  Statistical estimation and hypothesis testing
(#i)  Rejection and non-rejection regions :
(fi)  Atestat o level of significance and 41 | = o confidence level
3. (@) Explain how the null hypothesis and the alternative hypothesis are formulated.
() State the null and alternative hypotheses to be used in testing the following claims:
(i) ~ The mean rainfall at Lake Placid during the month of June is 2.8 inches.

(if)  No more than 20% of the faculty at Highland University contributed to the
annual giving fund,

(iif} The proportion of voters favouring Senator Foghorm in up coming election
is (.58,

(iv) On the average children attend -school within 3.8 miles of their homes in
suburban San Francisco.

{ () Hy: 4 = 2.8 inches against H: u # 2.8 inches; (if) Hy,: m < 0.20 against
Hi: m > 020 (i) Hy: ® = 0.58 against H:m 2 0.58; (iv) Hy: p < 3.8 miles
against H,: g > 3.8 miles.}

4. (@) Indicate Type-l and Type-II errors in the following statements:
() Aninnocent driver may be held by a traffic constable.
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(i) A judge can acquit a guilty person:
(it) A deserving player may not be selected in the team.
{iv) A bad student may be passed by the examiner.

[ (i) Type-l, (if) Type-Il. (iif) Type-l, (iv) Type-IL}

() For each of the following situations, indicate the Type-1 and Type-11 errors and the
correct decisions,

(i)  H,: New system is no better than the old one.

Adopt new system when new one is better.
Retain old system when new one is better,
Retain old system when new one is not better.
Adopt new system when new one is not better
(i)  Hy: New product is satisfactory,

Market new product when unsatisfactory.
Do not market new product when unsatisfactory.
Do not market new product when satisfactory.
Market new product when satisfactory.

{ (i) Correct, Type-ll, Correct, Type-I; (i) Type-ll, Correct, Type-1, Correct }

(c) Suppose that a psychological testing service is asked to check whether an executive s
emotionally fit to assume the presidency of a large conmany, What type of error is
committed if the hypothesis that he is fit for the job is erroneously accepted? What type
of error is committed if the hypothesis that he is fit for the job is erroneously rejected ?
{ Type-Il error; Type-Terror )

5. (@) The director of an advertising agency is concerned with the effectiveness of a certain
kind of television commereial,

(1) What hypothesis is he testing, if he is committing a Type-I error when he says
erroneously that the commercial is effective,
(i) ~ What hypothesis is he testing. if he is committing a Type-II error when he says
emroneously that the commercial is effective.
{ (i) Commercial is not effective; (ii) Commercial is effective }

(#)  Outline the fundamental procedure followed in testing a null hypothesis.

\ 4
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132 TEST OF HYPOTHESIS ABOUT
A POPULATION MEAN, u

13.2.1 Forms of Hypothesis. Let y; be the hypothesized value of a population mean. The

three possible null hypotheses about a population mean, and their corresponding  alternative
hypotheses, are:

1. Hg:p 2z g, against H:p <y,
0 Hgrp-£ i Against Hipg = jiy
3. Hy: p o= pg against H:p # p,

In each case, the test will be made by obtaining a simple random sample of size n and computing
the sample mean X. Then X will be used in computing a test statistic. Depending upon the
calculated value of the test statistic, H; will be accepted or rejected.

13.2.2 Normal Population, o* known. We know that for a normal population having a mean
Mo and a known vanance ¢ the sampling distribution of X is normal with mean M, and a

standard error of Of = cr‘.n"’ ﬁ . Thien the statistic

K-ty _ X-ly
o3 ol Jn

has the standard normal distribution. Consequently, the statistic Z is the test statistic for testing a
hypothesis about the mean of a normal population whose variance o? is known,

13.23 Normal Population, ¢* unknown. If the variance of the population &2 is unknown,
then we estimate o* by the sample variance §? and we estimate the standard error of X by 85,

where S, = 6, = ﬁf ﬁ . If the population is normal, the statistic

X - X -
T = Ho _ Hq

I3 $/Jn

has ‘'a student’s t-distribution with v = n - 1 degrees of freedom. Consequently the statistic T
is the test statistic for testing a hypotheses about the mean of a normal population whose variance
o? is unknown.

13.24 Any Population, ¢® known/unknown. Finally secall the Central Limit Theorem
which states that the sampling distribution of X is approximately normal even for non-normal
populations if the sample size is sufficiently large ('say, n > 30 ). Then we will use the test
statistic

X-ttg _ X-p _ X-py

£ = oo = cj!"f\llrn— = ﬁf}ﬁ
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to test a hypothesis about the mean of any population ( normal or not ).

The summary of the procedure of testing a hypothesis about the mean of a population whose
variance ¢° is known/unknown, at a given significance level o, for the three respective
alternative hypotheses is shown in the following table.

Testing mean of a population, 0% known/unknown:
Summary of procedure for 3 alternatives

—L Choose alternative hypothesis j
Hyt i = i, Hy il = i, Hy:p =y,
Hi:p < p, Hyp> iy Hiiy#
Set level of significance: o
7z = -f".ﬂn & fﬂ'ﬁ{r
on = FIn
w2l g SUECER
n n=-1
Reject H, if Reject H, if Reject H,, if
L=<z, Z=n Z < g4, OF
L2 g3
Calculate the observed value of test statistic
|
¥ s -?_.ﬁu i I:_.uu.
o/yn = §/\{n
i Exi =2 E{x" e ilz
X = 5 5 = ——
n n=1
We reject H,, if We reject H,, if We reject H, if
A S T G T< Zgg OF
otherwise we do otherwise we do L A
not reject H not reject M ;
A e e otherwise we do
not reject H,
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The summary of the procedure of testing a hypothesis about the mean of a normal population
whose variance &7 is unknown, at a given significance level @, for the three respective
alternative hypotheses is shown in the following table.

Testing mean of a normal population, ¢ unknown:
Summary of procedure for 3 alternatives

Choose alternative hypothesis

f_

'4|

[

Hyipt 2 ity Hyipt £ 11y Hytpo=
Hitp <, Hyt it > 1y Hi p# Hy
|
Set level of significance: o
1

P x:“'l
5.-" n
n e |
|
Reject H, if Reject f,, if Reject f if
Pt i AT T <1, zi500
e G ) T>hg-o2
|
[ Calculate the observed value of test statistic
|
e X = Hy
idn
-_ E’xi -0 E{-tr' “E}:{
X = B o e
n n—1
|
We reject H,; if We reject H,, if We reject H if
'E{'rv:u f}'rv:t-u l“""‘lv:m"'z ar
otherwise we do otherwise we do -
not reject H, not reject Hy, IR
not reject H

Choice of Test Statistic for Testing Population Mean. The appropriate test statistic for testing a
mean is either the Z or the T statistic, and depends upon the sample size and whether the
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population distribution and population variance are known. Thus in testing the hypothesis about
the population mean we will use:
{i)  The test statistic £ when the population is normal and variance is known, or the sample
size is sufficiently large,
(ith  The test statistic T when the population is normal, whose variance is unknown and
sample size issmall (n < 30).
This can be summarized as follows,

Population Population Variance Sample Size Appropriate Test Statistic

Distribution gl n

MNormal Known Any Z

Normal Unknown Any T (If n > 30, canalso use
Z as an approximation )

Any Known or unknown n s 30 Z

where, when o is unknown, its estimate is the sample variance § *.

Example 13.3 A Bureau of Research statistician is designing an experiment to test
achievement scores of first year students in Government College Gujranwala on a standardized
test, scorved ane through one hundred, He @5 willing to assume that the distribution of scores is
normal, He ¢so believes that the trie achievement of all first vears studenis in Government
College, Gujranwala is greater than 58. If he has a sample of 36 such scores what hypothesis
should he tesit,

Solution. S5ince he believes 1 > 58, he should test Hy: p < 58 against H: g > 58. He
hopes to reje ot H,;. A rejection of H, is a positive action due to the overwhelming evidence that
[t 15 not lessithan or equal to 58, An acceptance of H, is a negative action because it implies
that there is 1ot sufficient evidence to reject H,.

Example 13.4  If the nudl hypethesis is Hy: p = 50, when would a Type-Il error be made.
Solution.  When infact g > 50 and H, 15 accepted.

Example 1:3.5°  If the null hypothesis is Hy:p = 100, when would a Type-Il error be made,
Solution. YWhen infact 4 < 100 and H, is accepted.

Example 113.6 A company claims that the average amount of coffee it supplies in jars is
6.0 oz with | a standard deviation of (.2 oz. A random sample of 100 jars is selected and average
is found to be 5.9, 15 the company cheating the customers? Use 3% level of significance.

Solation. We have =" 100, = 50 o =102

The obje ztive of the sampling is to attempt to support the research ( alternative ) hypothesis
that the a verage amount ¢ is less than 6.0 ounces. Consequently, we will test the null hypothesis
that ¢ 2: 6.0 against the alternative hypothesis that y < 6.0.

The eler nents of the one-sided left tail test of hypothesis are;
Null hy pothesis Hyi g 2 60

Alternc tive hyprothesis H:p < 60

Level af signific-ance: o = (.05
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Test statistic: Z = S follows a standard normal distribution
ﬂ-‘f ﬁ under H,
Critical values: Zp = Zggs = —1.645 [ From Table 10 (b))
Critical region: £ < —1.645 .
Decision rule: Reject Hy if Z < - 1.645, otherwise do not reject H,,
Observed value: § =2 T o I 5.9{* 60 - 50
o/fn 02/ 100
Conclusion: Since z = -5 = — 1.645, we reject H,; and conclude that the average

amount of coffee is less than 6.0 ounces.

Example 13.7 A company makes parachutes. The company has been buving snap links from a
manufacturing firm. The company is concerned that the guality of snap links they receive from the
Jirm might not be up to specifications. Specifically, the company wants to be convinced that snap
links will withstand a mean breaking strength of more than 5000 pounds. Perform a test of
hypothesis at the 0.005 significance level if the mean breaking strength for a random sample of
50 snap links is 5100 pounds. The population standard deviation is 221 pounds. What is
implied by the test result.

Solation. We have n =50, xr = 5100, g = 221

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis that
the mean breaking strength & is more than 5000 pounds. Consequently, we will test the null
hypothesis that y < 5000 against the alternative hypothesis that y > 5000,

The elements of the one-sided right tail test of hypothesis are:

Null hypothesis Hy: g = 5000

Alternative hypothesis Hy: 1 > 5000

Level of significance: a = 0005 = 1—-o =1 -0005 = 0995

X -

Test statistic: Z = _.fﬂ follows a standard normal distribution
gll,lﬁ lmdcl' Hn ¥

Critical value: B = Iypos = 2576 { From Table 10 (5) ]

Critical region: Z > 2,576

Decision rule: Reject H, if Z > 2.576, otherwise do not reject H,.

Observed value: g Bl SO0 S000) .
ol n 221/.f50

Conclusion: Since z = 3.20 > 2.576, we reject H, and conclude that the mean

breaking strength is more than 5000 pounds. Links from tie firm are
up to specifications. Buy them.
Example 13.8 The mean lifetime of electric light bulbs produced by a company has i the past
been 1120 houwrs. A random sample of 36 electric bulbs recently chosen from a supply of newly
manufactired bulbs showed a mean lifetime of 1087 hours with a standard deviation of 120
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hours. Test the hypothesis that the mean lifetime of light bulbs has not changed using a level of
significance of 0.05.

Solution. We have n = 36 X = 1087, § = 120

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis that
the mean lifetime g has changed from 1120 hours. Consequently, we will test the null
hypathesis that ¢ = 1120 against the alternative hypothesis that g # 1120

The elements of the twe-sided test of hypothesis are: -

Null hypothesis Hy: p = 1120 I

Alternative hyporhesis H:p # 1120
Level of significance: a=005 = a/2=0M5 = 1-a/2=105975

Test statisric: Z = JE - _ follows an approximate standard
S, ; & normal distribution under H,.
Critical values: Zain = Zggs = — 1.960,
fogrz = Zges = 1.960 { From Table 10 (b) }
Critical region: Z < =1960 or Z = 1.960
Decision rule: Reject Hy if Z < —1.960 or Z > 1.960, otherwise do not reject H,.

X—py _ 1087 -1120
ifln 120/,/36
Conclusion: Since — 1.960 < z = — 1.65 < 1.960, we do not reject H,; and conclude that

the mean lifetime is 1120 hours.

Example 139  We wish Io test the hypothesis that the mean weight of a population of people is
140 16, Using o = 151b. o = 0.05 and a sample of 36 people, find. the values of X which
would lead to rejection of the hypothesis.

Solution. We have n =36 &= 1%

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis that
the mean weight u is not equal to 140 pounds. Consequently, we will tesI the null hypothesis
that ¢ = 140 against the alternative hypothesis that g # 140,

The elements of the two-sided test of hypothesis are:

Null hypothesis Hy: u = 140

Observed value: = = —~1.65

Alrernative hypothesis Ho:up # 140
Level of significance; a =005 = af2 =0025 = 1-=0a/2 = 0975

Test statistic: = A=He follows a standard normal distribution
o ,fJ_ under H,
Critical values: fwz = Gpon = 1.960,
Lowz = Zpegs = 1.960 { From Table 10 (&) }

Critical region: Z =< —1960 or Z > 1.960
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Decision rule: Rejeet Hyif Z < —1.9680 or Z = 1.960
_{T—_M_ﬂ“ < - 1.960 or ﬂ} 1.960

15/ 36 15/, 36
X <1351 or X > 1449

Hence, the hypothesis H,: p = 140 will be rejected if either ¥ < 135.1 or ¥ > 1449

Example 13.10 An ultrasonic equipment manufacturer uses a component in one of its machines
that must withstand considerable stress from vibrations while the machine is pperating. An all-
metal component has been available for some years from a supplier. Extensive historical
experience has shown this component has a mean service life of 1100 hours. The research
division of the supplier has just developed a modified component constriicted from plastic and
metal, bonded in a special way. The manufacturer wishes to know whether or not the mean
service life of the modified component (W) exceeds the mean service fife of 1100 hours for the
original component. Test the hypothesis at 1% level of significance if a sample of
n = 36 components yielded ¥ = 1121 and § = 222 hours.

Solution. We have no= 36, o= 1121, § o= 222

The abjective of the sampling is to attempt to support the research ( alternative ) hypothesis that
the mean service life y exceeds 1100 hours. Consequently, we will test the null hypothesis that
4 = 1100 against the alternative hypothesis that 4 > 1100,

The elements of the one-sided right tail test of hypothesis are:
Null hypothesis Hy: p = 1100

Aflf??-l_ﬂﬂlv&' hypathesis H:p > 1100

Level of significance: o = 0:01 = l-a = 1 =000l =099
; el 3 X = My : ; A

Test slatistic: & E e follows a approximate standard normal
SiAn distribution under H,, .

Critical value: B = Lpggs = 2325 | From Table 10 (&) |

Critical region: Z = 2326

Decision rule; Reject Hy if Z = 2,326, otherwise do not reject H,.
¥ = 21—

Observed valie: = Ji ﬂ = ll-l: L = [.568
§yn 222/ /36

Conelusion: Since z = 0.568 < 2326, so we do not reject H; and conclude that

the mean service life does not exceeds 1100 hours,

Example 13.11 A lumber company is interested in seeing if the number of board feet per tree
has decreased since moving te a new location of timber, In the past, the company has an average
of 93 board feet per tree. The company believes thar the production has decreased since
changing locations, a random sample of 25 trees yields ¥ = 89 with § = 20. Assuming the
mermality of the data, test the hypothesis at a 10% level of significance,
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Solution. We have n = 25 X =89, §F =20

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis that
the mean production i has decreased from 93 board feet. Consequently, we will test the null
hypothesis that g 2 93 against the altemative hypothesis that g < 93,

The elements of the one-sided lefl 1ail test of hypothesis are:

Null hypothesis Hy: p 293

Alternative hypathesis Hy: p <93

Level of significance: o =010

Test statistic: e x ._'u“ follows a r-distribution under
S/n H, with

Degrees of freedom: V=n=1=2-=-1= 24

Critical value: foia = baom = --1.318 { From Table 12)

Critical region: T = —1318

Decision rule, RBeject Hy if T = — 1.318, otherwise do not reject Hy,

Observed value: L Vol B 1.000

~ §fn /25

Conclusion Since ¢ = - L000 > - 1.318, we do not reject H; and conclude
that the mean production has not decreased from 93 board feet. The
tree company's claim has not been established.

Example 13,12 Expensive test borings were made in an oil shale drea to determine if the mean
yield aof oil per ton of shale rock is greater than 4.5 barrels. Five borings, made at randomly
selected points in the area, indicated the following number of barrels per ton 4.8, 54, 39, 49,
3.5. Suppose barrels per ion are normally disiributed, Perform o test of hypothesis at the 5%
level of significance.

Solution. The mean and standard deviation of the sample are

X; 4.8 54 39 4.9 55 | Zx =245
% 2304 2906 1521 2401 3025 | Xxf = 12167
X, 245
¥ o= SN LM 4.9
n o]
e = 2
§o (ZxE-wxt NS5489 _ Lo
n-1 5 =i

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis
that the mean yield u is greater than 4.5 barrels. Consequently, we will test the null hypothesis
that 4 = 4.5 against the alternative hypothesis that g > 4.5,
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The elements of the one-sided right tail test of hypothesis are:

Null hypothesis Hy:p £ 45

Alrernarive hypothesis Hiop > 43

Level of significance: ¢ = 005 = " 1l-g =09

Test statistic: T = L‘Eﬂ. follows a t-distribution under
S5/n H, with

Degrees of freedom: v=n=1=5-1=4

Critical value: b B biggs = 2102 { From Table 12 )

Critical region: T = 2132

Decision rule: Reject Hy if T > 2.132, otherwise do not reject H,,.

- E“H—u L 49-45

T - osdlys
Conclusion: Since t+ = 1.40 < 2.132, we do not reject H, and conclude that the
mean yield is not greater than 4.5 barrels..

Example 13.13 A carle rancher has changed the type of feed he uses to fatten his cattle for
sale, The feed company claims that the new feed will increase the mean weight gain in his caitle
by more than 100 pounds per steer. Assuming the weight pain of catile is normally distributed,
* test the hypothesis of the feed company at o = 0.05. Previously, the mean weight gain per steer
fas been BOO pounds. A random sample of 30 yields a mean weight gain of ¥ = 935 pounds
with a standard deviation of 85 pounds.

Selution. We have no= 3, ¥ = 935 & = 85

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis
that the mean weight g is more than 900 ( i. e, 800 + 100 ) pounds. Consequently, we will test
the null hypothesis that 4 = 900 against the alternative hypothesis that g > 900.

The elements of the one-sided right tail test of hypothesis are:
Null hypothesis Hyo gpos 900

Observed value: = 1.40

Alternative hypothesis Hoop > 900
Level of significance: a = 0035 =4 1l - = 095

X =i

Test staristic: I = —::--;ﬂ follows a t-distribution under
S/yn H, with

Degrees of freedom: v=n-—-1=30-1= 29

Critical value: fojog = liwgpes = 1.699 { From Table 12)

Critical region; T > 1699
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Decision rule: Reject H, if T > 1.699; otherwise do not reject H.

Observed value: i = P 935 -900 _

iifn 85/{30
Conclusion: Since r = 226 > 1.699, so we reject H; and conclude that the
mean weight is more than 900 ( £ e, 800 + 100 ) pounds.. The feed
company’s claim has been established.

Example 13.14 Workers at a production faciliry are required to assemble a certain part in 2.3
minutes in order to meet production criteria. The assembly rate per part is assumed to be
normally distributed, Six workers are selected at random and timed in assembling a part. The:
assembly times (in minutes) for the six workers as follows,

2.0 24 1.7 1.9 28 1.8

The manager wants to determing if the mean for all workers differs from 2.3. Perform a test of
hypothesis at the 5% level of significance.

Solution. The mean and standard deviation of the sample are

X 0 24 A7 0 1o 2 I8 | B o= 126
¥~X- L=0F 03 -<@gs =02 97 =03
(x;-%) | 001 009 016 004 049 009 | X(x,-%) =088
f = ..Ei = E = 2. ]
n

Sy
i = Elx =%) fI}SE - 042
n=—1 6=1

The ohjective of the sampling is to attempt to support the research ({ alternative ) hypothesis
that the mean assembly fime g differs from 2.3 minutes. Consequently, we will test the null
hypothesis that g = 2.3 against the alternative hypothesis that y = 2.3.

The elements of the two-sided test of hypothesis are:
Null hypothesis Hi:p =23

Alternative hypothesis Ho:p # 23

Level of significance: a=005 = a/2=0025 = 1-af2=0975

Test statistic: s i{;&l. follows a r-distribution under
§/n H, with

Degrees of freedom: v=m=1=6=1=35

Critical values: bars = Troms = <2571,

Lyt-afz = Isipars = 2:371 { From Table 12 )




130

A Text Book of Statistics — Part I

Crirical region:

Pecizion rule:

Observed value:

Cemrefpesiom;

T <=25TMerT > 2571

Reject Hy if T = =2.571 or T > 2.571, otherwise do not reject H,.
X—=f, 0 21-323
iidn  oa2lJs
Since -2571 < r = - 1.166 < 2571, we do not reject H, and
conclude that the average assembly time is 2.3 minutes.

pi= —1.166

Exercise 13.2

1. (@) 'Why is the z-test usually inappropriate as a test-statistic when the sample size is small?

(B)

Define

“Stadent’s r-statistic”. What are its assumptions? Explain boefly its use and

importance in statistics.

For each of the following, a random sample of size n is taken from a normal
distribution with mean y and variance o . The sample mean is ¥ . Test the hypothesis
stated, at the level of significance indicated.

Sample n 13 o Hypotheses Level of
i, H, significance
(i) 30 152 3 H=158 = 158 5%
(if) 10! - 27 1.2 <263 > 263 3%
(7} 49 125 4.2 o< 1235 M= 1235 1%
(iv) 100 435 (.18 Uz 440 U< 4.40 2%
Sample | » ¥ Y(x -3) H“HFpﬂthmsHi si;ﬁfé a%‘fm
(v) 65 100 B42.4 Ho=1992 u#99.2 5%
(vi) 65 100 8424 i< 992 H>992 5%
(vii) BD 853 25088 o= B62 M o< B6.2 10%
(viiy | 100 685 36 .| =70 g0 19
{ () Since zgps = =196 < z = = 1.095 < 196 = g7 we do not reject
Hy:p = 158 against H:p = 158
(fi) Since z = 1845 > 1.645 = 7,4, Wereject Hy: y < 263 in favour of
H:p> 263
(éf) Since z = 2.5 > 2326 = z,, Wereject Hy: p S 123.5 in favour of
Hi: g = 1235 :
() Since z = - 2778 < - 2.054, we reject H,: p = 440 in favour of
Hi:p< 440
(v) Since gz, = —1.96 < z = 1778 < 196 = zgems we do not reject
Hy: p=992 against H;: u # 993
{vi) Since z = 1792 > 1645 = zjq.. weireject Hy: p 5 932 in favour of

Hiz > 992



Hypothesis Testing 131

3. (@)

(&)

4. (a)

(&)

5. (a)

(B)

(vii) Since z = —1.428 < —1.282 = gz, ., we reject H,: u 2 86.2 in favour of
H,: u < 862.

(vili) Since zyps = ~2576 <z = —2.5 < 2576 = 2,4, We do not reject. H,:
4 = 70 against H;: p # 7.0, )

A random sample of size 36 15 taken from a normal population with known variance

g? = 25 If the mean of the sample is ¥ = 42.6, test the null hypothesis g > 45

against the alternative hypothesis 4 < 45 with & = 0.05 (o is the probability of

committing Type-I error).

(Since : = -2.88 < — 1645 = g,.., wereject Hy: u = 45 in favour of
Hi:p < 45)

Ten dry cells were taken from store and voltage tests gave the following
results: 1.52, 1.53, 149, 148 147, 149, 1.51, 1.50, 1.47, 148 volts. The mean
voltage of the cells when stored was 1.51V. Assuming the population standard deviation
to remain unchanged at 0.02 V, is there reason to believe that the cells have
deteriorated.

(Since z = -253 < - 1645 = gz, wereject H;: 2 151 in favour of

Hj: p< 151)

A sample of 400 male students is found to have a mean height of 67.47 inches. Can it
be regarded as a simple random sample from a large population with mean height 67,39
with standard deviation of 1.3 inches?

(Since 2505 = - 196 < z = 123 < 196 = z;4, we do not reject
Hy: po= 6739 against H: u # 6739 at o = 0.05)

The mean lifetime of electric light bulbs produced by a company has in the past been
1120 hours with a standard deviation of 125 hours, A sample of # electric bulbs
recently chosen from a supply of newly manufactured bulbs showed a mean lifetime of
1070 hours. Test the hypothesis that mean lifetime of the bulbs has not changed using a
level of significance of 0.05.

{ Since zypy = - 196 < z = = L13 < 196 = z;4,, we do nol reject
Hy: po= 1120 against H: p # 1120)
Suppose that the mean y of a random variable X is unknown but the variance of X is

known to be 144. Should we reject the null hypothesis H,: g = 15 in favour of an
alternative hypothesis H;: g # 15 at a level of significance of o = 005, ifa

random sample of 64 observations yields a mean ¥ = 127 What are the 95%
confidence limits for .
(Since z = -2 < - 1960 = gz,.,., we reject Hy,: u = 15 in favour of

Hy:p # 15 906 <p< 14.94)

In a syrup filling factory the mean weight per bottle is claimed to be 4 = 16. A random
sample of 100 bottles is taken and a test statistic used is X, the mean weight of the
sample. For a (.05 level of significance, find the critical values for the test statistic and
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6. (a)

&)

7. {a)

(&)

8. (a)

formulate the decision rule. Assume the weights to be normally distributed with
a? = 2.56.
{ Reject H, if X < 1568 or X > 16:32)

A random sample of 36 drinks from a soft-drink machine has an average content 7.6
ounces with a standard deviation of 0.48 ounces. Test the hypothesis u = 7.5 ounces
against the alternative hypothesis g > 7.5 at the 0.05 level of significance.
( Since z = 125 < 1.645 = g,,,, we do not reject Hy: u < 7.5 against

Hy oy >175)

It is claimed that an automobile is driven on the average at most 20000 kilometres per
year. To test this claim, a random sample of 100 automobile owners are asked to keep a
record of the kilometres they travel. Would you agree with claim if the random sample
showed an average of 21500 kilometres and a standard deviation of 3900 kilometres?
Use a 0.01 level of significance.

(Since z = 3846 > 2326 = g4, wereject Hy: g < 20000 in favour of

H: p> 20000)

A random sample of 100 recorded deaths in the United States during the past year
showed and average lifespan of 71.8 years with a standard deviation of 8.9 years,
Does this seem to indicate that the average lifespan today is greater than 70 years? Use
a 0.05 level of significance.

(Since z = 2.02 > 1645 = 7045 wereject Hy: g < 70in favourof H: y > 70)

It is claimed that an automobile is driven on the average no more than 12000 miles per
year, To test this claim, a random sample of 100 automobile owners are asked to keep a
record of the miles they travel. Would you agree with the claim if the random sample
showed an average of 12500 miles and a standard deviation of 2400 miles?

( Since z = 2,083 > 1.645 wereject H,: p = 12000 in favour of H;: g > 12000

at o= 0.03)

Given the following information. What is your conclusion in testing each of
the indicated null hypothesis? Assume the populations are normal,

Sample | Sample | Sample| Estimate Hypotheses level of
size mean | of variance H H significance
from sample ? ;
(i) 16 11 81 us10 u=10 0.01
(ai} 25 8 64 o= 1 =10 (.01
(i) 25 9 44 =10 o= 10 0.02
Sample | n 7 Y4 X3 Hypotheses Level of
' H H, significance
)
(iv) 12 249 1235 o= 241 = 24,1 2.5%
(v) 17 356| 14718 i =40 U= 40 5%
(vi) 6 |1505.8 508 |p=1503  u> 1503 %

(it} 10 129.8 976 oz 1330 L= 1330 1%
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(b)

9. (a)

(b)

10. (a)

{{f) Since 1

= 044 < 2602 = 1 0. We donotreject H.
(i)  Since 1 = —1.25 > -2492 = 1, ..\, we donot reject H;.
(iif) Since ty g = —2492 < t = —0714 < 2492 = 1, ;4. We do not
reject H,.

(iv) Since t = 2.622 > 2201 = 1y 5q05. Wereject Hy: g < 24.1 in favour of
H:p> 241,

(v) Since fj5. 9,5 = —2120 < t = —1.892 < 2,120 = 1. 45 We do not reject
Hy: u = 40 against H,: y # 40.

(viy Since @ = 2152 = 2015 = I5. 095+ W reject. Hy: u = 1503 in favour of
H:u > 1503.

(vii) Since t = —3.073<-2.821 = 1y, wereject Hy: p2133.0 in favour of
Hip< 1330 ).

A random sample of size n is drawn from normal population with mean 5 and

varance o,

W K =25 =3 dad §F =2 whitise?
(i) mrp=19 x¥ =2 and ¢ =-2 whatis §7
(i) =25 &= 1W0and ¢ =2 whatis ¥

vy K= 15, =14 and. ¢ 3. whatis n?

£ = =5, e e =79 no= 25)

Injection of a certain type of hormone into hens is said to increase the mean weight of
eggs by 0.3 ounces. A sample of 30 ezgs has an arithmetic mean 0.4 ounces above
the pre-injection mean and a value of 5 equal to 0.20. Is this enough reason to accept
the statement that the mean increase is more than 0.3 ounces?

(Since r = 274 > 1699 = t.gs. We reject Hy: p = 0.3 i favour of

Hy:p>03 a o= 005)

n

A random sample of 25 hens from a normal population showed that the average laying
is 272 eges per year with a vanance of 625 epgs. The company claimed that
the average laying is at least 285 eggs per year, Test the claim of the company at
o = 0.05.

(Since t = = 2.6 < — L7l = f5,.0¢- We reject Hy: g = 285 in favour of

H:p< 285).
A producer of a certain make of flashlight dry cell batteries claims that its output has a

mean life of 750 minutes. A random sample of 15 such batteries has been tested and a
sample mean of 745 minutes and a sample standard deviation of 24 minutes have been




134

A Text Book of Statistics — Part 11

(&}

11. (a)

(b)

12, (a)

(b)

obtained. Verify that these results are consistent with the null hypothesis u = 750
against ¢ < 730 at o = 0.01.
{ Bimee ¢+ = — 0807 > - 2624 = f14.001 We do not reject Hy: p = 750

against H: u < 750.)

Ten individuals are chosen at random from a normal population and the heights are
found to be 63, 63, 66, 67, 67, 69, 70, 70, 71 and 7Tlinches. In the light of these
data. discuss the suggestion that the mean height in the population is 66 inches.

(Since fyps = —2262 < 1= 178 < 2262 = 1y 445 We do not reject

Hy: pt = 66 against H,: p # 66 at o = 0.05.)

Ten cartons are taken at random from an automatic filling machine. The mean net weight
of the 10 cartons is 15.90 oz and the sum of squared deviations from this mean is
0.276 ( oz ). Does the sample mean differ significantly from intended weight of
16 oz.?

(Since fy e = —2262 = 1 = —1.806 = 2262 = Ity 54:5, We do not reject

Hy: p= 16 against Hy: g # 16 at o = 0.05.)

In the past a machine has produced washers having thickness of 0.050 inches. To
determine whether the machine is in proper working order, a sample of 10 washers is
chosen for which the mean thickness is 0.053 inches and the standard deviation is 0.003
inches. Test the hypothesis that the machine is in proper working order using a level of
significance of 0.05.

(Since ¢ = 3.16 > 2.262 = 1y, g, We reject Hy: g = 0.050 in favour of
Hioop = 0050.)

A random sample of 16 values from a normal population showed a mean of 41.5

inches and a sum of squares of deviations from this mean equal to 135 (inches)®. Show

that the assumption of a mean of 43.5 inches for the population is not reasonable and
that the 955 confidence limits for this mean are 39,9 and 43.1 inches.

(Since 1 = —2.667 < - 2131 = 45 05 WETEjECt Hy: 1 = 43.5 in favour of
Hi:p # 435 at o = 0.05.)

A random sample of nine from the men of a large city gave a mean height of 68 inches,

and the unbiased estimate of the population variance from sample, § was 4.5 (inches)’.

Are these data consistent with the assumption of a mean height of 68.5 inches for the

men of the city.?
( Since ty. gy = —2.306 < t = -0.708 < 2.306 = 1,479, 50 We do not reject

Hy: p = 685 against H,: u # 68.5 at o = 0.05).

4
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13.3  TEST OF HYPOTHESIS ABOUT
A POPULATION PROPORTION,

Tests concerning proportions are based on frequency or count data, which are outcomes
of experiments such as the number of defective items in a production line, the number of errors
made in typing a complex mathematical manuscript, and so forth. In this section we shall present
the tests based on count data, where the test concerns the parameter 7 of the Bernoulli
distribution for both small and large sample sizes. The statistic for testing hypothesis concerning
proportions is the number of successes X or the proportion of successes P in n independently
repeated Beinoulli trials. For small n, the tests require the use of binomial probabilities. For large
n, the normal approximation to the binomial, using the Z statistic, is appropriate, the 22 statistic
has y? -distribution.

13.3.1 Forms of Hypothesis. Let n, be the hypothesised value of the population proportion.
The three possible null hypotheses and their corresponding alternative hypotheses, are:

L.  Hy''m 2w, against H:im <=,
O - i A against H:m > m
3- Hyiw =m; against H:® # ®,

In each case, the test will be made by obtaining a simple random sample of size n and
counting the number of successes X in the sample and computing the sample proportion P.
Then P will be used in computing a test statistic, Depending upon the calculated value of the test
statistic, H, will be accepted or rejected.

13.3.2 Test based on Normal Approximation, We know that for a Bernoulli distribution 'mr.h
proportion of success m;, the sampling distribution of the number of successes X in a sample of
size n is a binomial distribution with parameters n and n,. The sampling distribution of the
sample proportion P = X/n is also a binomial distnbution, The mean of the sampling
distribution of P is m, and that m, (1 - m, )/ n is the variance of the sampling distribution.
Conseguently, the test statistic 15

P =R
,j:r:n (1-my)/n
which is approximately standard normal for large sample because of the normal approximation to
the binomial. Or multiplying the numerator and denominator by n, we obtain the test statistic.
X-—nnm,

1||ﬂnn{! '-Tﬁn:l

which is approximately standard normal when n is large and m; 1s not too close to zero or one.

Strictly speaking, in computing Z we should use a continuity correction factor to transform the
discrete binomial into a continuous normal distribution, that is

th — R, Pt 2 -
¥ = 2 = 2n

Jn‘nﬂtl—nu} J'.r;uil—nﬂ‘_lf'n

£

=
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We should use a plus sign (+) when X < n ®; or P < m, and a minus sign ( = ) when

X}nnnurP::- Ty«

The summary of the procedure of testing a hypothesis about the proportion of successes in a
population. at a given significance level @, for the three respective alternative hypotheses is
shown in the following table.

Testing population proportion:
Summary of procedure for 3 alternatives
—| Choose alternative hypothesis i—
|
Hoot 2w, Hy:m<m, Hyim = m
Hiin <wy H:r>mnm, H:m#mn,
]
Set level of significance: o
|
fo i P-m,
NENCEEE
Bom )
n
|
Reject Hy if Reject H, if Reject H, if
&<y L= _y Z< gy, 0r
£> 2w

l

Calculate the ahserved value of test statistic J

I

Py
Jnﬂl—x“uu
X

| e
n
! I
We reject H, if We rgject H,, if We reject H,, if
i <Z, BT L= Zayy OF
otherwise we do otherwise we do 23 %G g2
not reject H, not reject H, otherwise we do
not reject H,

Example 13.15 The repuations (and hence sales) of many businesses can be severely damaged
by shipments of manufactured items. that contain an wnusually large percentape of defective
items. A manufacturer of flashbulbs af cameras may want to be reasonable certain that less than
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3% of its bulbs are defective. Suppose 300 bulbs are randomly selected from a verv large
shipmeni, each is rested, and 10 defective bulbs are found. Does this provide sufficient evidence
Sor the mamufacture to conclude thar the fraction defective in the entire shipment is less than
0.05. Use o = 0.01.

Solution. Wetiave - n = 300, %= 10, p = > = 2 _ o33

" 300
The objective of the sampling is to attempt to sopport the research ( alternative ) hypothesis
that the proportion of defectives m is less than 0.05. Consequently, we will test the null
hypothesis that © 2 0.05 against the alternative hypothesis that 1 < 0.05.

The elements of the one-sided left tail test of hypothesis are:

Null hypothesis Hy: n =z 005

Alternative Inyporhesis Hit < ID.ﬂﬁ

Level of significance: a = 0.01

Test statistic: = sl follows an approximate standard
g (1= )/ n normal distribution under H,

Critical value: o = Lo = —2326 { From Table 10 (5) ]

Critical region: £ < —2.326

Decision rule: Reject H,, if Z < —2.326, otherwise do not reject H,.

Observed value: ¥ = =% = 0033 - 005 = =151
JE(h=my)/n y 0.05(1 — 0.05)/ 300

Conclusion: Since 2z = - 1351 > - 2336, we do not reject H,. The

manufacturer cannot conclude with 99% confidence that the shipment

contains fewer than 5% defective bulbs.
Example 13,16 It is known that approximately 10% smokers prefer cigarette brand A, After a
promotional campaign in a given sales region, a sample of 200 cigarerte smokers were
interviewed to determine the effectiveness of the campaign. The results of the survey showed thar
26 people expressed a preference of brand A. Do these data present a sufficient evidence to
indicate an increase in the acceprance gf brand A in the region. Use o = 0.03,

X 26

Solution. We have A= 200, x=326. p=—= = 0I3
n 200

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis
that the proportion of smokers ® 1s greater than (.10, Consequently, we will test the nuoil
hypothesis that ® < 0.10 against the alternative hypothesis that © > 0.10.

The elements of the one-sided right tail test of hypothesis are:
Null hypothesis H,:x s 010

Alternative hypothesis Hy omo> 0.10
Level of significance: a = 005 =% l = 695
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Test statistic: Z= follows an approximate standard
NENTEE normal distribution under H,
Critieal value: Zi_o = Zygs = 1.645 { From Table 10 (&) |
Critical region: Z > 1,645
Decision rule: Reject H,, if Z > 1.645, otherwise do not reject H,.
=8 043 - 0.10
Observed value: 7= i 2 = - = 1414
IR (L=mg)/n y 0.10(1 - 0.10)/ 200
Conclusion: Since z = 1414 < 1.645, so we do not reject H;. We cannot
conclude with 95% confidence that the promotional campaign is
effective.

Example 13.17 A supplier of components to.a motor industry makes a particular product which
sometimes fails immediately it is wsed. He controls his manufacturing process so that the
praportion of faulty products is supposed to be only 4%. Ouwt of 500 supplied in one barch 28
prove to be faulty. Has the process gone out of contral to pmducc too many faulty products? Test
as o = (L03 applying continuity correction,

Solution. We have moo= 500, x = 2%

The objective of the sampling i% to attempt 1o suppoert the research ( alternative ) hypothesis
that the proportion of faulty products 7 is greater than 0.04, Consequently, we will test the null
hypothesis that © = 0.04 against the alternative hypothesis that 7 > 0.04.

The elements of the one-sided right tail test of hypothesis are:

Nudl hyporhesis Hyr w2 004
Alrernarive hypothesis Hyom o> 0.04

Level of significance: o = 0.05 = 1 - = 055
Test statistic: Z = SoEdiotismnl follows an approximate standard
v'[ nmy (1—m; ) normal distribution under H;
Critical value: Sia = fgos = 1645 { From Table 10 () }
Critical region; Z > 1.645
Decision rule: Reject H, if Z > 1.645, otherwise do not reject H,,.
+ 0.5) - - = '
Observed value: x = (x ) = A = (8=00) = (L) = L71
\,l[nn:{,{l —my) + 500(0.04)(1 - 0.04)
Concliusion: Since z = 171 > 1.645, we reject H,; and conclude that the

process is out of control.

Example 13.18 The records of a certain hospital showed the birth of 723 males and 617
females in a certain week. Do these figures conform to the hvpothesis that the sexes are born in

equal proportions? Usen = 0.02

.‘-{‘.
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Solution. We have * =773 n=xi= 517, n.o= 1340
x 723
= — = —— = (.54
B % = 1340

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis
that the proportion of male births T is not equal to 0.5. Consequently, we will test the null
hypothesis that ® = 0.5 against the alternative hypothesis that £ # 0.5.

The elements of the two-sided test of hypothesis are:
Null hypothesis Hy:m= 0.3

Alternative hypothesis Hi:m # 05
Level of significance: a=000 = a2=000 = 1-gJ2 =099

Test staristic: = e follows an approximate standard
\'II Mo (1= )/ normal distribution under H
Critical values; Zary = Zggy = —2.326,
4 _gi2 = Zyge = 2326 { From Table 10 (&) }
Critical region: £ < -2326o0r £ > 2326
Decision rule: Reject Hy if Z < —2.3260r Z > 2.326, otherwise do not reject H,
el a4 — (),
Observed value: e - ozt = 2928
J gl —my )/ n J0.5(1 - 05)/1340
Conclusion: Since z = 2928 > 2326, we reject H, and conelude that the
proportion of male births is not equal to 0.5, 52
Exercise 133
1. (@ For each of the following sets of data, carry out a significance test for the hypotheses.
stated. :
Sample |Number in Number of Hypotheses Level of
sample SuCCesses H, H, significance
(i) 50 45 n <08 n>08 50
(i} 60 42 T = 0.55 n % (.55 2%
(iif) 120 21 n=1/4 " #E 14 5%
(i) 300 213 n = 0.65 n % (.65 1%
(v) Y 56 mo= 076 n < 0.76 1%
{ (i)  Since z = L768 > 1.645 = g, wereject Hy: m < 0.8 in favour of

. H;: %508
(i) Since z = 2335 > 2326 = z,4 . wereject Hy: m = 0.55 in favour of
H: ® # 0.55.
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(b)

2. (a)

(B)

(e}

X (a)

(b)

(i) Since 7y = - 196 <= z = 1897 < 196 = g;45, we do not reject
Hy: m = 1f4 against H;: m # 1/4.

(iv) Since zyps = —2576 < z = 2179 < 2576 = z;4e. We do not reject
Hy: m = 065 against Hi: © & 0.65.

(v) Simce z = =3.060 < -2326 = gz, , we reject Hy:m 2 0.76 in-favour

of Hy: ® < 0.76. )

A basket ball player has hit on 60% of his shots from the floor. If on the next 100 shots

he makes 70 baskets, would you say that his shooting has improved. ( Usea 0.05 level

of significance ).

(Since z = 2041 > 1645 = g, wereject Hy: n = 0.60 in favour of
H: n =060, Yes) :

In a poll of 10000 voters selected at a random from all the voters in a certain district, it
is found that 35180 voters are in favour of a particular candidate. Test the null
hypotheses that the proportion of all the voters in the district, who favour the candidate
is equal to or-less than 30% against the alternative that it is greater than 50%. Use a
0.05 level of significance,

(Since z = 3.6 > 1.645 = z;,.. wereject Hy: ® < 0.5 infavourof H:m > 0.5)

A retailer places an order for 400 recapped automobile tires with a supplier whoe claims
that no more than 5% of his output is ever returned unsatisfactory. In ime, 31 of the
400 tires are unsatistactory. Should the retziler continue 1o rust his supplier's word as o
the rate of returns? Use 5% level of significance.

(Since z = 2524 > 1645 = ;... wereject Hy: = < 005 in favour of

Hp: > 005 Noj)

A commonly prescribed drug on a market for relieving nervous tension is believed to be
only 60%. effective. Experimental results with a new drug administered to a random
sample of 100 adults who were suffering from nervous tension showed that 7( got
retief. Is this sufficient evidence that the new drug is superior to the one commonly
prescribed? Use 5% level of significance.

{ Since 3 = 2041 > 1645 = Zngse We reject H,: m = 0.60 ‘in favour of

Hy: m>060; Yes)

An electrical company claimed that at least 95% of the parts which they supplied on a

government contract confirmed to specification. A sample of 400 parts was tested, and

355 meet specification. Can we accept the company's claim at a 0.05 level of

sienificance?

(Since z = 5735 < - 1645 = gz, . wereject Hy;: ® = 095 in favour of
Hi:nm <0895 Noj

An electric company claimed that at least 85% of the parts which they supplied
conformed to specifications- A sample of 40 parts was tested and 75 did not meet
specifications. Can we accept the company's claim at D05 level of sipnificance?
(Since z = —2.100 = — 1645 = z;4.wereject Hy: ® = 085 in favour of

H:n <085 No)
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(e)

4. (a)

®)

5. {a)

(b)

6. (g)

(&)

The manufacturer of a patent medicine claimed that it was at least 90% effective in

relieving an allergy for & period of 8 hours. In a sample of 200 people, who had the

allergy, the medicine provided relief for 160 people. Determine whether the

manufacturer's claim is legitimate.

( Sinee 'z = — 4714 = - 1645 =
H;: m < 090; No)

A coin is tossed 100 times and 38 heads are obtained. Is there evidence, at the 2%

level that the coin is biased in favour of tails?

(Since z = -24 < =205 = g5, weregject Hy: m 2 05 in favour of
H:m<05; Yes)

A coin is tossed 400 times and it turns up heads 216 times. Discuss whether the coin

may be an unbiased one.

( Since 75,5 = - 1960 < z = 1.6 < 1.960 = z4 4, We do not reject Hy: @ = 0.5
against H: m # 0.5)

In a random sample of 1000 houses in a certain city, 618 own colour TV sets. Is this

sufficient evidence to conclude that 2/ 3 of the houses in this city have colour TV sets?

Use o = 0.02.

(Since 7 = -3288 < -2326 = gz, wereject Hy: ® = 2/3 in favour of
Hi: m# 2(3; No)

The sex distribution of 98 births reported in a newspaper was 52 boys and 46 girls, Is

this consistent with an equal sex division in the population? Use 5% level of

significance.

( Since z;,, = - 1960 < z = 03594 < 1960 = gz, we do not reject
Hy: ® = 0.5 against Hyiw = 0.5.)

Zy05 WE TEjet Hy: m = 0.90 in favour of

The reputations (and hence sales) of many businesses can be severely damaged by
shipments of manufactured items that contain an unusually large percentage of defective
items. A manufacturer of flashbulbs of cameras may want to be reasonable certain that
less than 5% of its bulbs are defective. Suppose 300 bulbs are randomly selected from
a very large shipment, each is tested. and 290 good bulbs are found. Does this provide
suficient evidence for the manufacturer to conclude that the fraction defective in the ©
entire shipment is less than 0.057 Use o= 0.01, "
(Since z = —1.351 > -2.326 = z,,,,. we do not reject H,, . The manufacturer cannot

conclude with 99% confidence that the shipmemt contains fewer than 5% defective
bulbs )

A supplier of components o a motor industry makes a particular product which
sometimes fails immediately it is used. He controls his manufactoring process so that the
proportion of faulty products is supposed to be only 4%. Out of 500 supplied in one
batch 28 prove to be faulty. Has the process gone out of control to produce too many
faculty products? Test at o = .05 applying continuity correction.

{ Since 2 = 171" > 1645 = z,.., weteject H;: x = 0.04 in favour of

H,:n > 0.04 and conclude that the process is out of control )
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134  TEST OF HYPOTHESES ABOUT THE DIFFERENCE BETWEEN
TWO POPULATION MEANS — INDEPENDENT SAMPLES

There are many problems where we are interested in hypotheses concerning about the
differences between the means of two populations. For instance, we may wish to decide upon the
basis of suitable samples whether a new fertilizer is more effective than an existing fertilizer, or
whether a newly introduced product is more reliable than an existing product. Specifically, within
the frame work of statistical language, we are interested in making inferences about the parameter
iy = Wy A test of hypothesis must be based on assumptions regarding the structure of the
underlying distributions. Two independent random samples must be taken — one from each of
the two populations of intergst,

13.4.1 Forms of Hypothesis. We are interested in tests about the parameter u, — u, . Let §

be a hypothesized value of the difference between two population means the three possible null
hypotheses ‘about the difference between two population means, and their corresponding
aiternative hypotheses, are:

L., gt =M 28, against Hi:py = p, < 8

2. Hy:p,-u, S8, against Hp:py,-p, > 8

3. Hyp -, =8, against Hp:p -, # 8
134.2 Independent Samples: Normal populations, known variances, any sample sizes.
Suppose that we have two independent random samples of sizes n, and n, from two normal
populations having, respectively, means u, and y, and known variances o} and 3. We
known that X, is distributed as N(g,. ¢? /n, ) and that X, is distributed as N(py, 03 /ny),

and that X | 18 independent of fz. The statistic X p= EI, the difference between two
independent normal variables, is also normally distributed with mean 4, — u, and variance

ai/n, + &%/ n, . Consequently the random variahle

has a standard normal distribution. Thus the appropriate test statistic is
'[E -X ) = 50
1
ol
L4

m ",

ik

1343 Independent Samples: Normal populations, same unknown variance, small samples.
Suppese that we have two independent random samples of sizes »; and n, (n, < 30 and

ny < 30) from two normal populations having, respectively, means u, and 4, and unknown
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common variance 62 ( i. e, 6f = ¢} = &% ). Then X, is normally distributed with mean
and variance o J."'h‘] and X » is normally distributed with mean y, and variance o*/n, and
that X, is independent of X,.

Therefore, X, — X, is normally distributed with mean
#f,_fl = H = H,
and variance
2 gt ot = 4
T U e e T (e e
1 e 3 nj nz
Thus the random variable

(X =X,) = (i = 5)

1 |
o |— + —
n fy

2 e

#

has a standard normal distribution. Since we assume that the two populations have equal
unknown variances (0} = o} = ¢® unknown ), we will replace the population variance by the
sample variance.

The difficulty in making this replacement lies in the fact that we have two estimates of &7, SE
and §2, since two different samples were collected. Even if o = 63 = @7, it is unlikely that
the two samples collected will have exactly the same value because of sampling crror, But if ff
and §§ differ which of these two estimates should be used to estimate the unknown population
variance .

Since we wish to obtain the best estimate available, it would seem reasonable to use an estimator
that would pool the information from both samples. Thus, if S2 and S2 are the two sample

variances (both estimating the variance ¢ common to both populations), the pooled (weighted
arithmetic mean) estimator of o, denoted by S, is

(n, =18 + (n, ~1)$3
o+, — 2

i Foetd
§2 =

X, - X))+ UX, - X,)*

n o+ 0, —2

(EXE-n X2) +(ZXE -n, X})

e e
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To obtain the small-samples test statistic for testing H,: 4, — 4, = &, substitute the pooled
estimator of o~ into the above formula to obtain

which has a r-distribution with v = n, + n, — 2 degrees of freedom.

13.44 Independent Samples: Any populations, large samples. When both sample sizes are
large ( say greater than 30 ) the assumptions regarding small samples can be greatly relaxed. It is
no longer necessary to assume that the parent distributions are normal, because the Central Limit
Theorem assures that X, is approximately normally distributed with mean g, and variance

67 /n,, and that X, is also approximately normally distributed with mean W, and variance
o2 /n, , and that X, is independent of X, then X, — X, is approximately normally distributed
with mean u, - g, and variance o7 /n, + ¢%/n,.

Thus the random variable

has an approximate standard normal distribution.

Because n, and n, are both large, the approximation remains valid if or and o] are replaced
by their sample variances .S'A'f and .§22. The assumption of equal variance is not required in
inferences derived from large samples, We can still use Z test with S? substituted for o} and

$; substituted for 63 so long as both samples are large enough for the Central Limit Theorem
to be applied.

That is, we use

(X, -X,) - &,
5,8
.F'II ﬂ:_

The summary of the procedure of testing a hypothesis about the difference between means of two
populations whose variances &, ¢ are knownfunknown, at a given significance level o, for
thee three respective alternative hypotheses is shown in the following table.

Z =

LY

as the test statistic,
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Testing difference between means of two populations, o}, ¢ known/unknown:

Summary of procedure for 3 alternatives

-—‘—I Choose alternative hypothesis ]—\

Hy: gy ~py 2 8 Hy: py =4y = 84 Hy: by =ty = 9
H:p-u, <8 Hy: oy —p, > 8, Hy @ -, # 6,
Set level of significance: o

7w {fl'fz}"au = (X, _x_z}_ﬁu
Z s a2 o2
LTS L
8y i L
Reject H, if Reject H,, if Reject H,, if
Z g, Vg Z < gy, 0r
L= o
Calculate the observed value of test statistic
_Ax=%)=8, . (F-%)-G,
= 5.2 ﬂ'l = 3-3 §1
ol i i G
L T
We reject H, if We reject H, if We reject H, if
212, Ity 2 < 2y O
otherwize we do atherwise we do Z > g2
oot H :
Ll il ghtnieet otherwize we do
not reject H,

The summary of the procedure of testing a hypothesis about the difference between means of twe

normal populations with same unknown variance o = 035 =

-

o2, al a given significance level

t, for the three respective alternative hypotheses is shown in the following table.
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Testing difference between means of two normal populations, same unknown variance:

Summary of procedure for 3 alternatives

—{ Choose alternative hypothesis I——-

Hyi gy -y 2 8, Hy' fty—p, S8, Hy: gy —iy = 8,
Hytpy—py <9y R Hy: iy —py # 6
Set level of significance: o
T.= {fl = fz.} = 'su
B

ny Ny
< ELX5|_X_1}E+E{XI-2—'E2.}1
> ot A = 3
Reject H,, if [ Reject H,, if Reject H, if
<ty | T}rh.l,u T<t,..,00

V=n1+n3u‘2.

|

Calculate the observed value of test statistic

(% = %) =

1 1
§,—+—
Y nr m

_I; }1 + E{Iu = EI ;'!

mo+n, =2

I E(xﬂ
_'rP =
|

We reject H,, if
[ Iﬂa

otherwise we da
not reject H,

We reject H if

'}"?:I—u

otherwise we do
not réject H,,

T >t a7
|
We reject H,, if

1%y O

E>tigin

otherwise we do
not reject M
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Example 13.19 Apex's current packaging machinery for coffee is known to ground coffee into
“l-pound cans” with a standard deviation of 0.6 ounce. Apex is considering using a new
packaging machine which is expected to pour coffee into *“1-pound cans”™ more gccurately, with a
standard deviation of 0.3 ounce. Before deciding to invest in the new machine, Apex wished 1o
lest its performance against the old machine. A sample was taken on each machine to measure
the mean weight of contenis of the *1-pound can”, with the following results.

Sample Size Mean
Using O1d Machine ny =25 X,

16.7 ounces

Using New Machine my = 36 ¥, = 15.8 ounces

Test, at the 5% level of significance, the hypothesis that there is no difference in the uverage
weight of the contents poured by-the old machine versus the new machine.

Solotion. We have n, = 25 o= 167, g, = 06

n, = 36, xg= 138, ¥ = 0¥
The objective of the sampling is to awempt to support the research ( alternative ) hypothesis
that the average weight of the contents poured by the old machine u, differs from that of the
new machine p,. Consequently, we will test the nall hypothesis that W, = W, against the
alternative hypothesis that u; # u, .

The elements of the one-sided right tail test of hypothesis are:
The elements of the two-sided test of hypothesis are:

Null hyvpothesis Hyvp = pyo=p jiy— s = Olie. 8, = 0)
Alternative hypothesis Hi:py # fy = p—p; # 0(ied, 20)

Level of significance: a =005 = of2=0025 = 1l-a/2 =095
Test statistic: Z = follows a standard normal
distribution under £,
Critical values; Zyia = Zyes = = 1960,
Yoglz = Zgs = 1.960 [ From Table 10 (&) }
Critical region; £« —1960 or Z > 1960
Decision rule: Reject H, if Z < - 1.960 or Z > 1.960, otherwise do not reject Hy.
X —X.) =4 ~15.8) -
Observed valiie: = i axz} = 0 = (167 - 158) ﬂq = §.92
e 106y (03)°
m s 25 36
Conclusion: Since z = 6.92 > 1.960, we reject H,, and conclude that the mean

weight of a “1-pound can™ filled by the new machine is not the same
as that of filled by the old machine.

Example 13.20 The test was given io a group of 100 scouts and 1o a group of 144 guides.
The mean score for the scouts was 2753 and the mean score for the guides was 26.81.
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Assuming a common population standard deviation of 348, test, using a 5% level of
significance, whether the scouts performance in the test was better than that of the guides.

Solution. We have n = 100, X, = 271.53
n, = 144, X, = 2681

Common population standard deviation: o = 3.48
I'he nhyective of the sampling is to attempt to support the research ( alternative ) hypothesis
tht the mean score for the scouts g, is greater than that of the guides u, . Consequently, we

will test the null hypothesis that 4, <, against the alternative hypothesis that g, > u,.
The elements of the one-sided night tail test of hypothesis are:

Nudl hypothesis Hy: ) S H; = H,—p; £ B(ie §; < 0)
Alternative hypothesis  Hyi g, > g, = f;—f; > 0(ie 8, > 0)

Level of significance: o = 0.05 = 1 =6 =093

Test staristic: Z = = follows a standard normal
P ) * . distribution under H,
" 5
Critical valiue: 5 = Ee = 1045 { From Table 10 (&) }
Critical region; Z = 1.645
Decision rule: Reject H, if Z > 1.645, otherwise do not reject Hy;.
) 2 = o
Observed value: P L el R e il IS
g % + i 348 L Sl
n, ny 100 144
Conclusion: Since 7 = 1.589 < 1.645, we do not reject H, and conclude that

there is net sufficient evidence, at 5% level of significance, to show

that the performance of the scouts in the test was better than that of the

guides,
Example 13.21 The management of a restaurant wants to determing whether a new advertising
campaign has increased its mean daily income ( gross ). The income for 50 business days prior
to the campaign’s beginning were recorded. After conducting the advertising campaign and
allowing-a 20 days period for the advertising to take effect, the restaurant management recorded
the income for 30 business days. These two samples will allow the management to make an
inference about the effect of the advertising campaign on the restaurant's daily income. A
summary of the results of the two samples are shown below:

Sample Size Mean Standard deviation
Before campaign n =50 X = 1258 § =215
After campaign n, =30 X = 1330 5, = 238

Do these samples provide sufficient evidence for the management to conclude that the mean
income has been increased by the advertising campaign test using o = 0.057
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Solution. The objective of the sampling is to attempt to support the research ( alternative )
hypothesis that the mean daily income after advertising campaign L, is greater than that of

before the campaign 4, . Consequently, we will test the null hypothesis that ¢, € y, against the
alternative hypothesis that 1, > gu,.

The elements of the one-sided right tail test of hypothesis are

Null hypothesis Hy:p; s iy = p,-p, < 0(ie 8,5 0)

Alternative hypothesis Hyipy > by = g,—p > 0(ie 8§, > 0)

Level of significance: o« = 0.05 = 1 -0 = 095

. & (X, - X)) - &
Test statisric: = T . follows a standard normal
it RS 5_2 distribution under H;
m i
Critical value: Zj.g = Zggs = 1645 { From Table 10 (&) }
Critical region; Z > 1.645
Decision rule: Reject H; if £ > 1.6435, otherwise do not reject H,
X, —%)—8 33p- -
Observed value: = My =) — ¥y = (1330 — 1283) [: = 1414
: i+£ \’{215)1 , (238)?
Conclusion: Since z = 1414 < 1.645, we do not reject H,,. That is, the samples

do not provide sufficient evidence, at the oo = 0.03 significance level,
for the restaurant management to conclude that the advertising
campaign has increased the mean daily income.

Example 13.22 A feeding test is conducted on a herd of 25 milking cows to compare two diets,
one of dewatered alfalfa and the other of field-wilted alfalfa. Dewatered alfalfa has an economic
advantage in that its mechanical processing produces a liguid protein-rich by product that can be
used to supplement the feed of other animals. A sample of 12 cows randomly selected from the
herd are fed dewatered alfalfa; the remaining 13 cows are fed field-wilied alfalfa. From
observations made over a three-week period, the average daily milk production in pounds
recorded for each cow is:

Figld-wilted alfalfa |44 44 56 46 47 38 58 53 49 35 46 30 41
Dewatered alfalfa |35 47 55 29 40 39 32 41 42 57 51 39

Do the data strongly indicate that the milk vield is less with dewatered alfalfa than with field-
wilted alfalfa? Testar o = 0.05.

Solution. The means of two samples and estimate of common variance are

% |44 44 56 46 47 38 58 53 49 35 46 30 41 | Xx, =587
X |35 47 85 29 40 39 32 41 42 57 51 B s =1507
x? |1936 1936 3136 2116 2209 1444 3364 2809 2401 1225 2116 900 1681| ¥ x2 = 27273
x3 |1225 2209 3025 841 1600 1521 1024 1681 1764 3249 2601 1521 X 3 = 22261
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%, = = T isias
n, 1

%,0m 25 2 20 _ 4935
= s, 12

' 3 2
PR EA-II_E{J_L = 713 - 28 . 96160

" 3
1 2

Bk <3 = Bop - AL o s *s‘im = 84025
PR Y € 0 G Y. et 20 S [767.69 +84025 _ .
" no+ n, -2 Yy 3+12-2

The ohjective of the sampling is to attempt to support the research ( alternative ) hypothesis
that the mean milk yield with dewatered alfalfa i, is less than with field-wilted alfalfa .

Conseguently, we will test the null hypothesis that 1, 2 g, against the alternative hypothesis
that i, < Uy,

The elements of the one-sided left tail test of hypothesis are:

Null hyvpothesis Hyi gy 2 f; = M, -4, 2 0(ie 6; 20)

Alternative fupathesis Hii = iy = -y 20 {le 85 2 0)

Level of significance: o = 0.05

(X 3T i'r_l} - 4y
Test statistic; e : : follows a r-distribution under
5 o H,; with
i By By .
Degrees of freedom: vV=mtn-2=13+12-2 =23
Critical value: Lvia = tagps = — 1714 { From Table 12
Criticel region: T =-=1714
Decision rule: Reject H, if T < — 1.714, otherwise do not reject H
r_q - X = E 4 i 5 — A 5 =
Observed value: P= o a0 2. = ol [ =it = —-0487
1 I
. g2 + ] 3 | —H——
i) (O, S 7 L Y ¢
Conclusion: Since + = - 0.87 > — 1.714, we do not reject Hy,: py =

against H i f, < H.

Example 13.23 Two random samples taken independently from normal populations with an
identical variance vield the following results,




Hypotheses Testing « 151

Sample Size Mean Variance
I m o= 12 =10 & = 1200
1 n, = 18 ;= 25 5, = 900

Test the hypotheses that the true difference between the population means is at most 10, that is
My = py = 10, against the alternative that 4, — g, > 10 at 5% level of significance.

Solution. The estimate of common variance is

|y =DE + (- 1)E]
no+hy,—2

= 319

(12 = 171200 + (18 - 1)900
12 + 18 - 2

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis
that the mean of second population g, is greater than that of first population g, by more than

10 points. Consequently, we will test the null hypothesis that u, - g, < 10 against the
alternative hypothesis that u, - g, > 10,

The elements of the one-sided right tail test of hypothesis are:

Null hypothesis Hy:ps — g, = 10 (i.e.d; = 10)

Alternative hvpothesis Hy: py — ity > 10 (i.e. 8, = 10)

Level of significance; o = 005 =% 1 - = 0.95
Text srarisric: T = follows a f-distribution under
1 1 : :
5 b e e Hy, with
oy oy
Degrees aof freedom: W=y +n—2 = 12+ 18 -2 = 28
Critical values: beoh—a = biines = L1701 { From Table 12}
Critical region; I'= 1.7M
Decision rile: Reject Hy if T > 1701, otherwise do not reject H, .
% -%) =8 5-10) -
Observed value: t = (5 - 1) %= 0 =M= 1 = 0421
L sig L+ L
N n n, Yz 18
Conclusion: Since f = 0.421 < 1L.701 = 15 4. we do not reject H,,.

Exercise 134

1. {a} For each of the following sets of data. perform a test to decide whether there is a
significant difference between the means, u, and i, . of the normal populations from
which the samples are drawn,
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152
n | Zx o] L o} Hypotheses o
{i) 100 | 4250 30 80 | 3544 35 Hy: gy = Hy 5%
Hyipy # My
(it} 20 95 2.3 25 135 2.5 Hyipy 2 sy 2%
Hi:yy < g,
(i) 50 | 1545 6.5 50 | 1480 7.1 Hy:phy S Yy 1%
' Hi:py > Hy
no| L n, ¥ x, | Commeon Population Hypotheses o
standard deviation &
(i) 100 | 12730 100 12410 10.9 Hyily S Ky 5%
Hyipy >y
(v) 30 | 192 45 315 1.25 Hyipy 2 U, 1%
Hy:p <,
(vi) | 200 |18470 300 27663 0.86 Hyip) = M, 10%
Hyipy # 1y
m | Za |X(5-F)| m |Bx | Sx-%,)°| Hypotheses " | o
(vit) | 40 | 2128 B10 30 | 2580 772 Hyifhy s 4,y 5%
; Hyily > fs
(viii) | B0 | 6824 2508 100 | 8740 3969 Hy gl =}y 2%
Hpyipy # 1y
(Lx) 65 | 5369 BREG 20 | 4672 3026 Hy:p,—p, 20| 1%
Hyipy -,y > 20
[ () Since z = —2.096 < —1.96 = 2,55, Wereject Hy:pt; = M, in favour of
Hiijy # Hyo
(i) Since z = - 1402 > — 2054 = g5, . we donot reject Hy: gy 2 H,

(#i1)

{iv)

()

(vi)

against H: i, < H,.

Since z = 2493 > 2326 = gzp4 . Wereject Hy: jl; = U, in favour of
Hitly > My

Since z = 2076 > 1.643 = 204, We reject Hy: gy = ji, in favour of
Hyt iy = Hy. :

Since z = —2.036 > —2.326 = z,,,,wedonotreject Hy: 4, 2 p, against
Hep, < U,.

Since z = 1.783 > 1645 = g4, We reject Hy: g, = U, in favour of
Hi: |y #+ Wy
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(wif) Since z = 1.752 > 1645 = z5q5. wereject Hy: fy = [l ir; favour of
Hy: fy = My

(viil) Since zp = —2.326 < 7 = -2351 < 2326 = 4, We do not reject
Hy: 4, = p, against Hy: py # py.

(ix) Since z = 2453 > 2326 = gy, wWereject Hyt iy - U, S 20 in favour
of Hy: u; — f; > 20.}

() A simple sample of heights of 6400 Englishmen has a mean of 67.85 inches and a
standard deviation of 2.56 inches, while a simple sample of heights of 6400 Australian
has & mean of 68.55 inches and a standard deviation of 2.52 inches. Do the data indicate
that Australians are on the average taller than the Englishmen?

[ Since z = 15.589 > 1.645 = z,,,, wereject Hy: f, S i against Hy: gy > |,
at of = 0.05. }

2. (@) A random sample of 100 professors in private colleges showed an average monthly
salary of Rs. 5000 with a standard deviation of Rs. 200. Another random sample of
150 professors in Govt. Colleges showed an average monthly salary of Rs. 5600 witha
standard deviation of Rs. 250. Test the hypotheses that the average salary for the
professors teaching in Govt. Colleges does not exceed the average salary for professors
teaching in private colleges by more than Rs. 500. Use o = 0.01.
[ Since z = 3499 > 2326 = 7,4, wereject Hy: [y — pty < 500 in favour of

Hy: py = py > 500}

(b) A random sample of 80 light bulbs manufactured by company A had an average
lifetime of 1258 hours with a standard deviation of 94 hours, while a random sample
of 60 light bulbs manufactured by company B had an average lifetime of 1029 hours
with a standard deviation of 68 hours. Because of the high cost of bulbs from company
A, we are inclined to buy from company B unless the bulbs from company A will last
over 200 hours longer on the average than those from company B. Run a test using
o = 0.01 to determine from whom we should buy our bulbs,

{ Since z = 2.118 < 2.326 = z,q,, We do notreject Hy: gt — fi; < 200 against

Hp: gy —py = 2000 )

3. (@) A farmer claims the average yield of comn of variety A exceeds the average yield of
variety B by atleast 12 bushels per acre. To test this claim, 50 acres of each variety
are planted and grown under similar conditions. Variety A yields on the average 86.7
bushels per acre with a standard deviation of 6.28 bushels per acre, while Variety B
yields on the average 77.8 bushels per acre with a standard deviation of 5.61 bushels
per acre. Test the farmer's claim using a 0.03 level of significance.
| Since 7 = -2.603 < — 1.645 = ;... wereject Hy: gty — Hp, 2 12 in favour of

Hy: oy = By < 12}
(b) An examination was taken to two classes of 40 and 50 students respectively. In the

first class, mean grade was 74 with a standard deviation of 8, while in the second class
the mean grade was 78 with a standard deviation of 7. Is there a significance
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4, {a)

(h)

(e}

(&)

difference between the mean grades at 1% level.
{ Since gjgs = — 2576 < ¢ = 2490 < 2576 = Zpegs» We do not reject

Ho: gy = p, against Hy: g, # My
A random sample of 100 light bulbs manufactured by company A had a mean lifetime
of 1230 hours with a standard deviation of 20 hours, while a random sample of 121
light bulbs manufactured by company B had a mean lifetime of 1200. hours with a
standard deviation of 66 hours. Are the mean lifetimes of bulbs manufactured by two
companies are significantly different?
{ Simce z = 3 > 1960 = Znors- We reject Moo g, o= p, in favour of

Hyipg, # p,.}
A random sample of 200 villages was taken from Faisalabad District and average
population per village was found to be 498 with a standard deviation of 50. Another
sample of 200 villages from the same district gave an average population 510 per
village with a standard deviation of 40. Is the difference between the average of the two
samples statistically significant 7
{ Since 2 = —2.650 < — 1.960 = 2., we reject H,: i, = p, in faveur of
Hyw, = fy.)
The means of simple samples of 500 and 400 are 11.5 and 109 respectively. Can
the samples be regarded as drawn from a population of standard deviation 5 7
| Since zppee = = 1960 < z = 1.789 < 1960 = ... we do riot reject
Hyt gy = M, against Hyi oy, # p, .}
Describe the procedure for testing the equality of means of two normal populations for:
(i) Large samples,
(i} Small samples:

For each of the following sets of data. perform a test to decide whether there is a
significant difference between the means, gy and u, . of the normal populations from

which the samples are drawn. -

| Ly | Ex=%) | n T | =) Hypotheses 0

®

i >,
R 5%
o
CHy =My, = 4] 1%
T PRl | SV
LMy =4, 10%
CHy oy

i} 6 171 q3 7 164.5 112 Sy S M, 3%

x

(ir) 5 | 6785 562.3 71 9716 308.6

o ox

="

(fif} 8 | 2384 296 10 206 145

=

=

=

i) 12 | 116,16 451 IR | 156.96 T2

I
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{ () Since t = 2.135 > 1.796 = 1.0, Wereject Hy: g, £ p, infavour of

Hy: Wy > 1,.
(i) Since t,o. 508 = -2228 <t = -0567 < 2228 = ;5 475, WE do niot

(e)

6. (a)

(b)

7. (&)

(k)

reject Hy: W, = p, against Hj: p, # U,.

(i) Since t = 2088 < 2583 = f. 00, Wedonot reject M@ py — p, < 4
against H: ¢y -y, > 4.
{iv) Since foga0s = = 1701 <t = 1.260 < 1.701 = 154 05, We do not reject

Hy: g, = [, aganst Hy: g, # U,.}
Eight pots, growing three barley plants each, were exposed to a high tension discharge
while nine similar pots were enclosed in an earthen wire cage, the number of tillers
{ shoots ) in each pot were as follows: :

Caged 17 18 25 27 29 27 23 17 28
Electrified 16 4] 20 16 21 17 15 20

Discuss whether the electrification exercises any real effect on tillering.
3058 > 1.753 = fp;.q9s. we reject Hyo g, < p, in favour of

{ Since: ¢ =
Ho:p, > g, a =005}

A random sample of 6 cows of breed A had daily milk yields in Ib., as 16, 15, 18,
17, 19 and 17 and another random sample of 8 cows of breed B had daily milk
yields in Ih., as 18, 22, 21, 23, 19, 20, 24 and 2]. Testif breed B s better than
breed A at o = 0.05.

{ Since ¢ = 4162 > 1782 = 1, 545+ We reject Hy:op, =

Hoipes >}
The heights of six randomly selected sailors are in inches: 62, 64, 67, 68, 70 and 71.
Those of ten randomly selected soldiers are 62, 63, 65. 66, 69, 69, 70, 71, 72 and
73. Discuss in the light of these data that soldiers are on the average taller than sailors.
Assume that the heights are normally distributed.

0526 < 1761 = 1,505+ We do not reject Hy: g, < p, against

f; in favour of

{"Simge: 1=
Hi:tgy, > pat o= 0.05. |
The weights in grams of 10 male and 10 female juvenile ring-necked pheasants are:

Males 1293 1380 1614 1497 1340 1643 1466 1627 1383 1711
Females | 1061 1065 1092 1017 1021 1138 1143 1094 1370 1028

Test the hypothesis of a difference of 350 grams between population means in favour
of males against the alternative of a greater difference.

{ Since t = 1.007 < 1.734 = 1, 05 We do notreject Hy: g, — f, S 350 against
Hy:py - py, > 350 at o = 0.05.]

The following data are the gains in weight, measured in pounds, of babies from birth to
age six months. All babies in both groups weighed approximately the same at birth. The
babies in sample 1 were fed formula A, and babies in sample 1T were fed formula 5.
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8 (o)

]

9. (a)

(b)

(Assume that the experimenter has no preconceived notions about which formula might
be better).

Sample I 5 F R OB % W9 B B
Sample 11 5 i R e AT eE Ty

Test at the 5% level of significance that the mean of population I equals mean of
population II.

{ Since fiy.ppms = — 2145 < 1 = —1.083 < 2145 = 1}, g, We do not reject

Hy i, = M, against H;: p, # ft,.}

From the area planted in one variety of value, 54 plants were selected at random. Of
these plants, 15 were “Off-types” and 12 were “Abberrant”. The rubber percentages
for these plants were:

Off-types | 621, 570, 604, 447, 522, 445 484, 5.88
582, 609, 550, 606, 559, 674, 555
Aberrants 4.28, 71, 6.48, T4, 73T, 7.20, 7.08, 6.40,
893, 591, 551, 636

Test the hypothesis of no difference between the two means, Also compute a 95%
confidence interval for the difference of two population means,

{ Since r = —3.120 < - 2060 = i1 g5, We reject Hy: yy = u, against
Hypy & pgpy 0383 < g, — ;< 1B7L)

The LQ's of 16 students from eme area:-of a city showed a mean of 107 witha
standard deviation of 10, while the 1.Q.'s of 14 students from another area of the city
showed a mean of 115 with a standard deviation of 8. Is there a significant difference
between the 1.Q.'s of the two groupsat () 0.01 and (i) 0.05 level of significance 7

{ () Since fy gops = —2763 <1 = =2395 < 2763 = 15 405, We do not reject
Hy: f, = i1, against H: p, # u, at a = 0.01.

(if) Since 1 = -2395 < — 2048 = 1,0 000, We reject Hy: g, = p, against
Hi:py # i, at o= 005}

Means of random samples, each of size 10, from two normal populations with the same
standard deviation were found to be 16 and 20 respectively. Further, the sample
standard deviations were equal to 5 and 7 respectively. Test the hypotheses that the
populations have the same mean, using (.05 level of significance,

{ Since figgps = =2101 < 1= - 147 < 2101 = 15 550 WE do not reject
Hot ) = py against Hy: iy # Q4,0

A random sample of size n, = 10, selected from a normal population has a mean
&, = 20 and a standard deviation E[ = 5. A second random sample of size n, = 12,

selected from a different normal population has a2 mean ¥, = 24 and a standard

deviation §, = 6.1f g, = 22and p, = 19 and o and o} are unknown but
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10. (a)

(&)

()

approximately equal, test whether there is any reason to doubt that pu, - 4, = 3.
{Since t = —2.934 < —2.086 =ty s, WeTEjeCt Hyo g1y = fty = 3 in favour of
Hppy - py # 3 ar o= 0,05}

The following values are obtained by two different samples while sampling a normal
population with = 3.0 and ¢ = 0.5. Using these data solve the following problems:

A iy I e RS 7 e o e e N 1 T S (IS 7 T o
B g4 98 AN -3y a7 33 31 3T 34 33
(i) Combine the data into one set and test the hypothesis H,: u = 3.0 against
H: p# 3.0, :

(i) Assuming that o is unknown test the hypothesis H;: u, = p, against
Hi:u, > pg. Use o = 0.05 in both cases.

{ (i) Since zyps = = 196 < z = 0626 < 196 = z,,., we do not reject
Hy: po= 3 against H;: g, # 3.(i) Since r = 0.694 < 1.734 = fy4.055 we do
notreject Hy: i, < [y against Hy: p, > g}

A group of 12 students are found to have the following 1.Q.'s:

112, 109, 125,-113. 116 131, 132; 123, 108, 113, 132, 1328
Is it reasonable to assume that these students have come from a large population whose
mean L0Q.'s is 1157
Another group of 10 students are found to have the following 1Q.'s:
117, 110, 106, 109, 116, 119, 107, 106, 105, 108
Can we conclude that both the groups of students have come from the same population?
{ (i) Since ;005 = —2201 <t = 1.386 < 2201 = 1) 4475, We do not reject
Hy:po= 115 against H:p = 115 at a = 0.05.
(i) Since t = 2608 > 2086 = 1344, We reject Hy: py = U, against
Hy:p, # pyat o= 005 )

A random sample of 16 values from a normal population gave a mean of 42 inches and
a sum of squared deviations from this mean as 135 (inches) . Test the hypothesis that the
mean in the population is 43.5 inches.

Another random sample of 9 values from another normal population gave 2 mean of
41.5 inches and a sum of squares of deviations from this mean as 128 (inches)’, Test the
hypothesis that mean of first population equals the mean of the second population.

assuming that the variances of the two populations are equal.

[ Since fi5.000s = —2.131 <t = =2 < 2131 = ti5 00, We do not reject
Hy: ppo= 435 against H: p # 43.5)

Since fy;.q0s = —2.069 < t = 0355 < 2.069 = 1y g5, We do not reject
Hy: py = p, against Hy: py # ;)

L 4
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135 INFERENCES ABOUT THE DIFFERENCE BETWEEN
TWO POPULATION MEANS—DEPENDENT SAMPLES

There are many situations that require matched-pair comparisons. This method is
appropriate when the observations of two dependent normal populations are compared. For
example, if we are making inferences about the difference between blood pressure before and
after administering a drug to heart patients, the blood pressure data after the drug is taken is
dependent of the blood pressure before the drug is taken.

When matched samples are employed for making inference about the difference
between two population means g, — g, it turns out that the procedures simplify to those for a

single population mean 4. Suppose that we have an extreme and simplified form paired
observations with pairing of before and after measurements. To analyse paired experiments, we
consider for each pair the measurement before and after any conditions as variables X and ¥,
respectively.

Suppose that X is a normal random variable with mean 4, and variance -::Flzf i e,
X ~ N(g,, o) Y isanormal random variable with mean yu, and variance o3, i e,
Y ~ N{py, 03) X and Y are dependent. We wish to estimate p, - p, .

We consider for each pair the difference berween the random variables X and ¥ and
denote this random variable by D,

O = ¥-X

We now consider the population of differences so obtained. We denote the mean of this

population of differences by u,, and variance by 5}3 » which are given by

Hp = Hy =l
0 = 0;+0;-2po, 0,

A simple random sample of size n is selected from this population of differences. Let
X, and ¥ denote the before and after measurements respectively, for the i-th object in the

random sample, so (X, ¥ ) 15 a marched pair of observations.

Thus (X, ¥) (X5, ) -+, (X,, ¥ ), iz a random sample of n paired
observations from the bivariate normal distribution with parameters given by g, = E( X ),
U, = E(Y) 0] = Vanl X ), 03 = Var( ¥ ). and p = Corr(X,¥) = Cov( X, Y)fie,a,).

The object is to make inferences about p, = g, — . To measure the change in
measurements of the i-th object, we use the difference

P A E X

I i

then D, D,, ---. D_ are independently and identically disuibuted random variables

with common normal distribution having mean u,, and variance I:If, ;
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Now these differences D, = ¥, - X, i = 1, 2, -+, n may be thought of as a
random sample of differences from a population of differences. We calculate the mean of the
sample differences Dy, Dy, -, D, denoted by D . This statistic D is a random varible that

has a sampling distribution with g, by the earlier procedures for 4 single population mean, but

K

we are really estimating M, = o, — M,, the difference between the means of the two
populations. The random variable

o

3 =t
= =
Dfﬁ

follows a r-distribution with v = #n - 1 degrees of freedom, where

1T

5D,
EJ" & i=|

S‘:‘. = i=] & i=1
& =1 no=1
n {n 2
X D? "l 2D |fn
i i=1 iml |
n—1

13.5.1 Test of Hypothesis about y, = u, — ;. Like the construction of confidence
intervals for y, = W, — ;. wstson u, = M, — y, for the case of dependent (matched)

samples parallel those for single population. Mean of the sample differences D correspond to X,
mean of population of differences u, = u, — y, comesponds to Y and o, corresponds o

Small sample test of hypothesis H: i, = &, is based on the test statistic

ol

= 51]
.D.l'lll‘ulr:

which has a r-distribution with v = n — 1 degrees of fresdom.

P

Ly

The summary of the procedure of testing a hypothesis about the difference between means of two
normal populations with matched pairs of observations, at a given significance level o, for the
three respective alternative hypotheses is shown in the following table.
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Testing difference between means of two normal populations, Dependent samples:

Summary of procedure for 3 alternatives

,____J Choose alternative hypothesis
Hy: pp 2 8, Hy: bp S0, Hy: up =8,
H: p, <6 H: pp > 8y H:pp # 6,
Set level of significance; o
b-8
" T &
Sp/yn
b = ,____..._E i S5 = _Ir‘_._.L_j
n J n—1
Reject H, if Reject H,, if Reject H,, if
T Siti TSt g T <ty 00
v = m =1 T}tl';l-—ﬂc":
Caleulate the observed value of test statistic
44
s NEr
"-‘D.-"'-fr"—
T e 3(d, - d)?
.d = E SD = -
n : n—1
We reject H, if We reject H,, if We reject H, if
I =hin P> h-w I bynts OF
otherwise we do otherwise we do 1> 00 g2
not reject H, not reject H; o TENES
not reject H,

Assumptions. To make valid inferences about the difference between means of two normal
populations with matched pair of observations (dependent samples) the following assumptions

must be met,
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(f) A random sample of n differences must be selected from the population of differences
(if) - The population of differences must be (approximately) normally distributed.

The assumptions of an underlying normal distribution can be relaxed when the sample
size is large. Applying the Central Limit Theorem to the differences D, . D, - +-, D, suggestsa

n

nearly normal distribution of (b - Uy j/ {§ Df-"rﬁ } when n is large ( say greater than 30 ),

Example 13.24 A new weight reducing technique, consisting of a liguid protwein diet, is
currenily under going tesis by the Food and Drug Administration (FDA) before its introduction
inte the market. A typical test performed by the FDA is the following. The weights of a random
sample af 5 people are recorded before they are introduced 1o the liguid protein diet. The five
individualy are then introduced 1o follow the liguid protein diet for 4 weeks. At the end of this
period, their weights (in pounds) are again recorded. The resylts are listed in the table,

Person 1 2 3 4 5
Weight before | 150 195 188 197 204
Weight after 143 190 185 191 200

Perform a test of hypothesis at the 5% level of significance if the mean weight is smaller after
the diet is used than before the diet is used.

Solution. The mean and standard deviation of the sample differences are

Person Weight Difference
Before After (after minus before)
i & X di = ¥ - % d?
1 150 143 -7 49
2 195 190 -3 25
3 188 185 -3 9
4 197 191 -6 36
3 204 200 . -4 16
Sums -25 135 *
d = 24 8. =%
n 5
5 Td? -nd? £ Jl3ﬁ—5{—5}3 -
n—1 S =1

The experimenter believes that the mean weight after is smaller than before, then the mean “after
minus before” difference p 5, is less than zero. Hence p,, < 0 is the alternative hypothesis. The

elements of the one-sided left tail test of hypothesis are:
Null hypothesis H:pus =2 0

Alrernarive hyporthesis Hii i < 0
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Level of sighificance: o = 005

= 3§
Test statistic: T = ——FL follows a r-distribution under H, with
SplAln
Degrees af freedom: y=n-t=8-1=4
Critical value: fpow = Tspos = —2132 ( From Table 12 )
Critical region: T < <2133
Decision rule: Reject H, if T < —2.132, otherwise do not reject H,,.
§ o s
Observed value: t = —=L = 7 g = = T7.076
S5/dn 15845
Conclusion: Since t = =7.076 < -2.132, so wereject H,.

Example 13.25 Productivity ( units produced per day ) for a random sample of 10 workers
wey recorded before and after training. The following paired observations were obtained.

Werker .. & 3 -

A S

9

Productivity before | 54 56 50 52 55 52 56 53 53 60

Productivity afier 60 39 57 56 Sh 58 62 55 54 64

Perform: a iest of hypothesis ar the 1 percent level of significance o determing iff mean

productivity is greater after training than before raining.

Solution, The mean and standard deviation of the sample differences are

Worker Units produced per day Difference
Before After (after minus hefore) = o
i A ¥: di =y —% dp —d (d, —d )
1 54 G0 6 2 4
2 56 39 3 -1 1
3 50 57 7 3 9
4 52 56 4 0 0
] 55 56 1 -3 9
6 a2 58 6 2 4
7 36 62 ] 2 4
& 53 35 2 -2 4
o 53 34 1 -3 9
10 [510] td < 0] ]
Sums >d, =40 Y(d, -dyY =1

- _ Zd _ 40

] = e— o e

f 10

| . — e,
. _ | Xta,-dy [
n—-1 10-=1
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The experimenter believes that the mean productivity after is greater than before, then the
population mean “after minus before” difference p,, is greater than zero, Hence pi;, > 0 is the
alternative hypothesis. The elements of the one-sided right tail test of hypothesis are:

Null hypothesis Hyi iy 29

Alternative hypothesis Hi:pp = 0

Level of significance: o = (.01 =h l-o = 099
e D - 50 I
Test statistic: T = S s follows a -disuibution under H,, with
iy

Degrees of freedom: V=n-1=10-1=29

Crirical value: hitow Podgpu-= BN2E { From Table 12}

Critical region; T > 282

Decision rule; Reject M, if T > 2,821, otherwise do not reject .
= G m

Observed value: t = .d —L = 2 : g = 5§
fafm 2210/

Conclusion: Since t = 572 > 2.821, wereject H,

Example 13.26 A company is interested in hiring a new secretury. Several candidatey are
interviewed and the choice is narrowed 1o two possibilities. The final choice will be based on
typing abifity. Six letiers are randomiv selected [rom the company’s file, and each candidate is
required o type coch one, The number of words typed per minte is recorded ro each condidate,
The duta are listed in the following table,

Letrer I 2 3 4 5 7]
Candidate A 62 60 65 58 59 64
Candidate B 59 i) al 57 55 60 |

Do the date provide sufficient evidence 1w indicate o differcitce in the mean number of wordy
typed per minute by the two candidates. Test using o = 0.02.
Solution. The mean and standard deviation of the sample differences are

Letter Number of words typed by Difference
Candidate A Candidate B (A minus B)
i X; ¥ d; = x -y, dr
| 62 59 i 4
2 60 60 (i 0
3 65 Gl 4 6
4 58 57 | 1
5 39 53 4 16
& G4 &0 4 16
| Sums 16 58
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2d; 16

d = = — = 2667
G

n

= 1751

5 - nid? - (4, _ | 6(58) - (16)°
8= i — 1) 6ia — 1)

The experimenter believes that the mean typing rate differs for the candidate A and B, the
population mean “A minus B difference p;, is not equal to zero. Hence p, # 0 is the

alternative hypothesis. The elements of the two-sided test of hypothesis are:

Null hvpothesis Hy:pp = 0
Alternative hypothesis Hi: gy # 0

Level of significance: a=002 = a2=001 = 1-a/2=09

Test statistic: = __E}_:_fn_ follows a t-distribution under H; with
Su.-'ﬁ

Degrees of freedon; ven=1=6=1=3

Critical values: bz = Isom = —3:365,

fuit-wz = 500 = 3365  (FromTable 12)

Critical region: T «-3365 or T > 3.365

Decision rule; Reject H, if T < —-33650r T > 3.363, otherwise do not reject H,.
- 6670

Observed valug: t = — % 26-‘5’{, SR 3.731
ipfdn L1516

Conclusion: Since r = 3.731 > 3.365, so wereject Hj.

Example 13.27 An experiment was performed with seven hop plants. One half of each plant
was poliinated and the other half was not pollinated. The yield of the seed of each hop plant is
rabulated as follows: :

Plant Pollinated Non-pollinated
1 0.78 .21
2 0.76 D.12
3 0.43 0.32
4 092 0.29
5 (1.86 0.30
6 0.59 0.20
7 (.68 0.14




Hypotheses Testing 165

Determine at the 5% level whether the pollinaied half of the plant gives a higher vield in seed
than the non-pollinated Kalf. State the assumptions and hypothesis to be tested and carry through
the compurations to make g decision

Solution. The mean and standard deviation of the sample differences are

Plant Yield in seed Difference
Pollinated  Non-pollinated (Poellinated minus Non-pollinated)
i & ¥ d = 5~ ¥ : d}
1 0.78 0.21 0.57 0.3249
2 0.76 0.12 0.64 0.4096
3 0.43 0.32 0.11 0.0121
4 0.92 0.29 0.63 0.3969
5 0.86 0.30 0.56 0.3136
6 0.59 0.20 0,39 0.1521
7 0.68 .14 (.54 0.2916
Sums 3.44 1.9008
gt o B e
n 7

% 2 i Vi
§D=\‘nzdi (Xd,) =J?{1.9n{}3} G s

. n(n—1) (7 - 1)

The experimenter believes that the pollinated half gives a higher mean yield in seed,
then the alternative hypothesis is g, = 0. The elements of the one-sided right tail test of
hypothesis are: 1

Null hypothesis Hyi b £ 0

Alrernative hypethesis H:p, >0

Level of significance: o« = 003 = 1-a = 093

. D -8 .
Test statistic: T = '*_.'f'""ﬁ" follows a -distribution under H; with
Sp/ F
Degrees of freedom: v=n-1=7-1=28
Critical values: Ly = Igoos = 1.943 { From Table 12}
Critical region: T = 1.943
Decision rude: Reject H, if T > 1.943, otherwise do not reject H;.
d -8 0.491 - 0 :
Observed value: t = — 0. = - = 6039
§p/fn 01872/ 7
Conclusion: Since t = 6.939 > 1943, se we reject H,, and conclude that the

data provides a sufficient evidence that pollination gives a higher mean
yield in seed.
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. Exercise 135

L (a)

(h)

2. (&)

(b}

Haemoglobin values were determined on six patients before starting and after three
weeks on B, Therapy. The following data were pbtained

Individual
Number

Haemuoglobin (gm)
Before Therapy

Haemaoglobin (gm)
Adter Therapy

i
5

3
4
3

H

122
11.3
143
114
1.5
12.7

150
134
16.0
13.6
14.0
13.8

Do the data indicate a significant improvement 7
(Since ¢ = 3927 > 2015 = Paoogas e We rgject Hy: Uy, S O in favour of

Hy gy >0)

Eleven school boys were given a test in Drawing. They were given one month’s further
tuition and a second test of equal difficulty was held at the end of it,

Marks in [st test =3 2 ¥ 210 48 20 18 17 23 W% 19
Murks in 2nd test 24 190 22 18 36 2 ) 24 20 2 17

Do the marks give evidence that the students have benefited by the exira coaching?
(Since 1 = 0956 < 1.812 = 4,80 we'do not reject H,: p, < 0 against

Hp: iy =10

A taxi company is trying to decide whether the use of radial tres instead of regular
belted tires improves fuel economy. Twelve cars were equipped with radial tires and
driven over a preseribed test course. Without changing drivers, the same cars were then
equipped with regular beited tires and driven once again over the test course. The
gasoline constumption in km per Titre, was recorded as follows:

Radial tires: 42 47 66 70 67 45 57 60 T4 49 61 52
Belted tires 41 49 62 69 68 44 57 58 69 47 64 49

At the 0.025 Tevel of significance. can we conclude, that cars eguipped with radial tires
give better fuel economy than those equipped with belted tires ? Assume the population
to be normally distributed.

( Since ¢ = 2490 = 2201 = fingrs. We reject ot gy < 0 in favour of

H: u, >0)
A certain stimulus administered to each of the nine patients resulted in the following
increase in blood pressure:

- 8 i 8 . 3 3, 5.
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A (a)

(b)

4. (a)

()

Can it be concluded that blood pressure in general is increased by administering the
stimulus?

(Since r = 3.0 > 1.86 = 1, .. wereject Hy: i, < 0 infavourof H: uy > 0)
To verify whether a course in Statistics improved performance a similar test was given
to 12 participants both before and afier the course. The original grades recorded in
alphabetical order of the participants were 44, 40, 61, 52, 32, 44, 70, 41, 67, 72, 53
and 72. After the course the grades were, in the same order, 53, 38, 69, 37, 46, 39,
73, 48, 73, 74, 60 and TE,

()  Was the course useful, as measured by performance on the test 7 Consider these
12 participants as a sample from a population.

(ify  Would the same conclusion be reached if the tests were not considered paired ?
(use 5% level of significance in both cases ).

{ () Since r = 3445 > 1,796 = Iy pgs s We reject Hy: g, = 0 in favour of

H: gy =0
{ii) Since t = 0863 < L7117 = 1ty g5, We donot reject Hy: g, — 4, = 0

against Hy: g, — g4, =0},

The time required by 10 persons to perform a task in seconds before and afier receiving

a mild stimulant are given in the accompanying table.

Before 34 45 31 43 40 41 33 29 4] 37

After 29 42 32 29 36 42 26 28 38 33

Test the hypothesis that there is no difference between the mean times in the “before™
and “after” populations. As an alternative, assumed that the after population will have a
lower mean. Use 5% level of significance.

(Since t = -283 < - 1833 = g 0. Wereject Hy: p, 2 0 in favour of
Hi:pgg; < 0)

Ten young recruits were put through a physical iraining programme by the army. Their
weilghis were recorded before and after the training with the following resulis:

Recruit 1 Z 3 4 3 f 7 B 9 10
Weight (Before) 127 126 162 170 143 205 168 175 197 136
Weight (After) 135 200 160 182 147 200 172 186 193 141

Using o = 0.05, should we conclude that the training programme affects the average

weight of young recruits.

(Since f5. 500 = — 2262 < 1 = 1471 < 2362 = 45, We do not reject
Hy: pp, = 0 against H: y, # 0.)

The following data give paired yields of two varieties of wheat. Each pair was planted in

a different locality.

Variety 1 45 32 38 3 60 38 47 a1 42 38
Variety 1I 47 34 60 34 63 44 - 49 46 41

(]
el
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5, (a)

(B}

Test the hypothesis that the mean yields are equal.
(Smee 1 = BE2S 3 2262 = £ o0, WETEjRCt Hyo g, = 0 in favour

of Hi:pp # 0)°

Twenty college freshmen were divided into 10 pairs, each member of the pair having
approximately the same L. One of each pair was selected at random and assigned to a
Mathematics section using programmed materials only. The other members of each pair
were assigned to a section in which the teacher lectured. At the end of the semester each
group was given the same examination and the following results were recorded:

Pair Programmed materials Lectures
I T6 81
2 70 52
3 85 ' 87
4 58 70
5 91 86
6 75 T
7 82 1]
5 64 73
2 79 &S

10 88 83

Test the hypothesis that there is no difference between the mean scores in the
“programmed material” and “lectures” populations. Use 5% level of significance.
( Since Iy, = — 2262 = 1 = 0571 < 2262 = fy 54975, We do not reject

Hy: ptp = 0 against Hy: gy # 0

It is claimed that a new diet will reduce a person's weight by at least 10 pounds on the
average in a period of 2 weeks. The weight of 7 women who followed this diet were
recorded before and after a’ 2-week period.

Woman 1 2 3 4 3 i) 7
Weight (Before) 129 133 136 152 141 138 125
Weight (After) 130 121 128 37 129 132 120

Test the manufacturer’s claim at & 5% level of significance for the mean difference in
weights. Assume the distribution of weights before and after to be approximately
nomal,

(Since r = 0910 < 1.943 = r. 4, we do not reject Hy: u;, < — 10 against
H:p, >-10)

\ 4
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13.6 TEST OF HYPOTHESIS ABOUT THE DIFFERENCE
BETWEEN TWO POPULATION PROPORTIONS, n, — x,

There are many economic and management problems where we must decide whether
observed differences between two sample proportions come from common or different
populations. Such problems require a comparison between the rates of incidence of a
characteristic in two populations. i

13.6.1 Forms of Hypothesis. We are interested in tests about the parameter &, — &, . Let dy
be the hypothesized value of the difference between two population proportions, then the three
possible null hypotheses about the difference between population proportions, and their
corresponding alternative hypotheses, are:

L Hy:my-my 26, against Hpm-m <8

2. H:w®-m, <4 against H:mn -m, > 8,

3. Hym-m,=248, against Hi:x, -—x, £ 8,

Depending upon the alternative hypothesis a one-sided left tail test is required for { 1 );

{ 2) requires a one-sided right tail test, and ( 3 ) requires a two-tail test.

13.6.2 Test based on Normal Distributions. The unknown proportion of elements possessing
the particular characteristic in population I and in population Il are denoted by =, and =,,

respectively. A random sample of size n; is taken from population I and the number of SUCCESSes
is denoted by X, . An independent random sample of size n, is taken from population I and the
number of successes is denoted by X, . The sample proportions are:

X X
B ==L and P = —*
"i nz

An intuitively appealing estimator for m, — &, is the difference between the sample proportions
P, — P,. When testing hypothesis about m, — m,, we will use the sampling distribution of
P, — P,.The sampling distribution of P, —~ P, will have mean and standard error as

= J'rclil—ni‘_l , J(-m)

L ny

Ho-p = %= % o

For large sample sizes n, and n,, the random variable
(A-B)-(m-m,)

Fim
\/nt{t—m) L Ta(l-%)

n fia

is approximately standard normal. The estimate of the standard error of F, — P, can be obtained
by replacing %, and 7, by their sample estimates F, and P, as

a Jﬂunm , R(U-F)

L T

T oy
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The random variable Z then becomes
(B -P) = (m-m)
J_P_-{_i =4 A=K

n

&=

i Tig

{er) Testing the Hypothesis that the Difference between Two Population Preportions
Equals Some Non-zero Value. To test the more general hypothesis H,: 1, — m, = §,, we use
the test statistic

& M= BNy

R(-F) _ AR(1-B)
y "

b) Testing the Hypothesis that Two Independent Populations have Same Proportion of
Successes. Our aim is to test the null hypothesis of no difference H,: 7, = n,. Under the null

hypothesis H;: m, - %, = 0, the two populations have equal proportions ©; =1, , we denote
the unspecified common population proportion by 1.

Sinee under the null hypothesis it is assumed that 1, = 1, = 7, then the sampling distribution of
F - P, will have mean

Hpopw = Bk B

Jrr{l-'.rtj " mil—m) =Jﬂﬁ|—ﬁ}[i+i]
m My m ",

The unknown population proportion % involved in the standard error must now be replaced by
the sample proportion.

and standard error

T - py

The difficulty in making this replacement lies in the fact that we have two estimates of F, and
P, . since two different samples were collected. Which of these two estimates should be used to
estimate the unknown population proportion .

Since we wish to obtain the best estimate available, it would seem reasonable to use an estimator
that would pool the information from the two samples.

The proportion of successes in the combined sample provides the pooled estimate.

i X +X, = m P +n, P,

m o+, L + My

The estimate of standard error then becomes

" FO Jﬁ{l—-ft}[L+ : ]
2 noon
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For large sample sizes n, and n,, the random variabie

h =5

\[ﬁfhﬁ;[i_¢]
M

is approximately standard normal under the null hypothesis H,: m, - m, = (.

£ =

The summary of the procedure of testing a hypothesis that the difference between two population

proportions equals some none-zero value, at a given significance level @, for the three respective
alternative hypotheses is shown in the following table.

Testing that the Difference between Two Population Proportions Equals Some
None-zero Value. Summary of procedure for 3 alternatives

—|_ Choose alternative hypothesis ]—
l

Hyim —m, 28, Hy:m —-n, <8, Hy: ®y —m, = 8
Hi: &~ &y <0 H: ® —n, >0, H:m-7m,#%6

| Set level of si’gnjﬂcance: o |

(B =F) -4,
Alt~h) HU-F)
n, n,
|
Reject H,, if Reject H, if Reject H, if
Z<2, e L= 2,00
| Z> 4.
[ Calculate the observed value of test statistic |
(P —P3) - By
A= E) Bl =R}
n, 1y
We reject H, if We reject H, if We reject H, if
TR T :{:WE'H—
otherwise we do otherwise we do 22 4
s s ot reject Hy otherwise we do
not reject H,
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The summary of the procedure of testing a hypothesis that two independent populations have
same proportion of successes, at a given significance level @, for the three respective alteative
hypotheses is shown in the following table.

Testing that Two Independent Populations have Same Proportion of Successes:

Summary of procedure for 3 alternatives

Choose alternative hypothesis

I___

Hym-n,20
H:m-m,<0

Hy:m-m,50
H:m-m,>0

Hy:m-my=0
Hyim —my#0

Set level of significance: o
7 = (F-8)-0
Jﬂl_ﬂ}[i+i]
™ n
& X, + X, B +n, P
ny o T
Reject H, if Reject H, if Reject H,, if
Z<y, Z5E o Z{zwlnr
Z}'.-T..!_.wlz
Calculate the observed value of test statistic
Sy =l
P (P —p;)
J*“"“" 3
" 3
A= ntx mopy+n,py
n +n, no+n,
We reject H,, if We reject H, if We reject #, if
Zieg z EET 2 < Zy, OF
otherwise we do otherwise we do I> g3
notimject H, not reject H, otherwise we do
not reject Hy
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Example 13.28 A cigarette manufacturing firm distributes two brands of cigarettes. It is found
that 56 of 200 smokers prefer brand “A" and that 29 of 150 smokers prefer brand "B”.
Test at 0.06 level of significance that brand “A” outsell brand “B" by at least 10% against
the alternative hypothesis that the difference is less than 10%,

Solution. We have = 200, 1= 56, =L = —— = 028
" ! R D00
X, 29

n, = 150, ¥ = 29, = 2 = = = (193
. % Pa ny 150

The objective of the sampling is to attempt to support the research ( alternative ) hypothesis
that the difference between the two proportions of smokers m, — =, is less than 0.1

Consequently, we will test the null hypothesis that m; — m, = 0.1 against the alternative
hypothesis that @, - m, < 0.1

The elements of the one-sided left tail test of hypothesis are:

Null hypothesis - Hy:my-m, = 01 (Le, 8, 2 01)
Alternative hypothesis Hi:wx-%x, < 01 . (i.e,8; < 01)
Level of significance: a = 006

Eoir iy SR
Test statistic: Z = =R 4 follows approximately
& B{l1-F) P,(1-P,) standard normal distribution
+
n " under H,
Critical value: Zo = Zaps = —1535 { From Table 10 {a} }
Critical region: £ < —1.555
Decision rule; Reject H, if Z < —1.555, otherwise do not reject Hy.
- -8
Observed value: 7 = (p = py) 2
P}(]_Flj e Pz“':.ﬂz:'
n, n,
2 (028 - 0.193) — 010 2 Mg
028 (1= 0.28) 0193 (1-0.193)
o
200 150
Conclusion; Since z = - 0287 > - 1555 = gz, . we do not reject

H,: ® = ®, = (.10 and conclude that the data present sufficient
evidence to indicate that brand A outsells brand B by at least 10%,

Example 13.29 A firm found with the help of a sample survey (size of sample 900) thar 0.75
of the population consumes things produced by them. The firm ihen advertised the goods in paper
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and on radio. After one vear, sample of size 1000 reveals that proportion of consumers of the
goods produced by the firm is now 08. Is this rise significant indicating that the advertisement

wars effective?

Solution. We have

m o= 900, p = 075 =n, = 1000, p, = 0.80

= mop R
& 17 3 P3
1y + ny

900 (0.75) + 1000 (0.80) _ ¢ 77c

900 + 1000

The objective of the sampling is to artempt to support the research ( alternative ) hypothesis
that the proportion of consumers after advertisement m, is greater than that of before .

Consequently, we will test the null hypothesis that ®, < =, against the alternative hypothesis

that My > |y

The elements of the one-sided right tail test of hypothesis are:

Null hypothesis
Alrernarive hypothesiy
Lével of significance;

Test statisie:

Critical value:

Critical region:

Decision rule:

Observed vealue:

Conclusion:

H a

Gi®y S Wy o= wy-m; € O(les 8y £ 0)

Bl 2 % 2 =T > 005e 6% 0)
o = 0.05 = l—a = 095
'E-PA—-P]}-[}

Z = follows approximately
Ap_ & i 1 standard normal distribution
=) n, o under H,,

L. = Tgos = 1645 | From Table 10 (&) |

Z > L6445

Reject H, if £ = 1.645, otherwise do not reject H,,.

- {Pj =% FI} -0
\/ﬁ(]-ﬁ;[i+i ]
. .
= (08—0.75) — 0 Lom
] 1
X 1-10. e
J[ 7761 ﬂ??ﬁ][ 500 S ore ]

Since z = 261 > 1.645 = ;4. wereject 1, and conclude that the

data present sufficient evidence o indicate the consumption afier
advertisement is higher than that of before,
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Exercise 13.6

L (a)

(5)

2. {a)

For each of the following sets of data, test the hypothesis that there is a common
proportion T

Sample | Sample O
Sample Number of | Sample Numberof |  Hypotheses Level of
size Successes | sive  Successes significance
(i} 150 125 200 176 Hy:m, 2w, 5%
Hi:mp<nm,
(i) 10040 542 LKL 427 Hy:m =m, 1%
Hom #n,
(iff) 1003 63 120 L] Hy:m, =m, 109
H:m #n,
(i) B0 40 60 23 Hy:m = m, 3%
Him =%,
1 {5) Since z = - 1245 > - 1645 = gz, wedonot reject Hy: n; 2 =,
against H: m;, < 7.
(it} Since- z = 2.941 > 2576 = z;5.., wereject H;: m; = =, in favour
of Hyixy # 1.
{Fif) Since zy5c = - 1645 < z = —0.573 < 1645 = g, we donot reject

Hy:®, = &, against H:m, # =,

() Since ¢ = 1373 < 1645 = Znes. Wedonolreject Hy: ®;, = m, against
He:m = %)

In a population that have certain minor blood disorder, samples of 100 males and 100
{emales are taken. It is found that 31 males and 24 females have the blood disorder,
Can we conclude at 0.01 level of significance that proportion of men who have blood
disorder is greater than proportion of women? .

{ Since z = LI109 < 2326 = g4, we do not reject H,: n, < =, against

Hyvmy =omyii}
The records of a hospital show that 52 men in a sample of 1000 men versus 23

women in a sample of 1000 women were admitted because of heart disease. Do these
data present sufficient evidence to indicate a higher rate of heart disease among men

‘admitted to the hospital?

{ Since z = 3413 > 1645 = g, wereject Hy: T, < m®, in favour of
Hiimy 2 My}
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®)

3. (a)

(b)

{c)

4. (a)

(5)

5. (a)

In a study to estimate the proportion of housewives who own an automatic dryer, it is
found that 63 of 100 urban residents have a dryer and 59 of 125 suburban residents
own a dryer. Is there a significant difference between the proportions of urban and
suburban housewives who own an automatic dryer? ( use a 0. EM level of significance ).
{ Since z = 2364 > 20537 = z,4: 50 we reject Hy: = T, in favour of

Hyi:® # Ry}

A random sample of 150 light bulbs manufactured by a firm A showed 12 defective
bulbs while a random sample of 100 light bulbs manufactured by another firm B
showed 4 defective bulbs. Is there a significant difference between the proportions
defectives of the two firms?

{ Since zpp5s = —1.960 < z = 1.270 < 1.960 = z,4,;, we do not reject

Hy:m, = &, against H:m # X;.}

In a random sample of 800 adults from the puplﬂa:tion of a large city 600 are found to
be smokers. In a random sample.of 1000 adults from another large city, 700 are

smokers. Do the data mdmgie that the cities are significantly dlffﬂl'ﬂm with respect to the
prevalence of smoking amohg men?

{ Since z = 2353 > 1.960 =~ 'z';_m, wercjmt';Hu: T, = =, in favour of
Hyimy # Wy

In two large populations, there are 30% and 25% respectively of fair haired people. Is
this difference likely to be hidden in a sample of 1200 and 900 respectively from the
two populations?

{Since z = 2529 > 1960 = gz;,.. wereject Hy: @, = =, in favour of

Hi:m # n,a o=0035]

A machine puts out 16 imperfect articles in a sample of 500. After the machine is
overhauled, it puts out 3 imperfectarficled in a batch of 100. Has the machine been
improved? Use 5% level of mgmﬁcm

(Since z = —0.104 > - 1.645 =754, we do not reject H,: m, = ®, against

H:mn,<m)

In a random sample of 250 persons who skipped breakfast 102 reported that they
experienced mid moming fatigue, and in a random sample of 250 persons who ate
breakfast, 73 reported that they experienced mid morning fatigue. Use 0.01 level of
significance to test the null hypothesis that there is no difference between the
corresponding proportions against the alternative hypothesis that the mid morning
fatigue is more prevalent among persons whao skip breakfast.

(Since z = 2719 > 2326 = g;4, We reject Hy: %, S ®, in favour of

H:m >n8,)

A manufacturer of house-dresses sent out adverlising by mail. He sent samples of
material to each of two groups of 1000 women. For one group he enclosed a white

return envelope and for the other group, a blue envelope. He received orders from 9%
and 12% respectively. Is it quiic certain that the blue envelope will help sales.
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()

Use o = 0.05
(Since z = 2.19 > 1.645 = gz, wereject Hy: m, < m, infavourof H : m, > m;)

A random sample of 150 high school students was asked whether they would turn to
their father or their mother for help with a homework assignment in Mathematics and
another random sample of 150 hlgh school students was asked the same question with
regard to a homework assignment in English. Use the result shown in the following table
and the 0.01 level of significance to test whether or not there is a difference between
the true proportions of high school students who tarn to their fathers rather than their
mothers for help in these two subjects:

Mathematics English
3 Mother: 59 85
Father: 81 65
( Since z = 3016 > 2576 = zj4: We Teject Hy:m, = m, in favour of
Hyimy # 0,0
Exercise 13.7
Objective Questions
i 8 Fill in the blanks.

() A statistical — is an assertion about the distribution

of one or more random variables. {(hypothesis)

L]

(if) A statistical hypothesis ——— s a procedure to

determine whether or not an assumption about some

parameter of population is supported by an observed random

sample. (resting)
(ii) A ——— hypothesis is that hypothesis which is tested

for possible rejection under the assumption that it is true. {null)
(v} An ———— hypothesis is that hypothesis which we are

willing to accept when the null hypothesis is rejected. (alternative)
(v}  The —— hypothesis always contains some form of an

equality sign. {null)
(vi) The ———— hypothesis never contains the sign of equality

and 15 always in an inequality from. {alternative)
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(vii) A statistic on the basis of which a decision is made about the
hypotheses of interest is called —— (1est statisfic)

(viiiy A ———— region specifies a set of values of the test
statistic for which the H; is rejected. (rejection)

(ix) An ——— region specifies a set of values of the test
statistic for which the H;; is not rejected, (accepting)

(x)  The values of the test statistic which separate the rejection

region from acceptance region are called

values, (critical)

(xi) I the eritical region is located equally in both tails of

the sampling distribution of test statistic, the test is called
test, (two-tailed)

(xif) If the critical region is located in only one til of the

sampling distribution of test statistic, the test is called
 — 1 {one-railed)

Z, Fill in the blanks.

{i) A value of the test statistic is said 1o be statistically
i 1t falls in the acceprance region. (insignificant)

(i) A wvalue of the test-statistic is said o be statistically
significant if it falls in the region. (eritical}

(iff)  If the null hypothesis is false, we may accept it leading to a
= decision, (wrong)

(iv)  If the null hypothesis is false, we may reject it leading to a
decision. (correct)

(¥) A ———error is made by rejecting H, if H, is actually
— " (Type-D)

(vi) A ——— emor is made by accepting H, if H, is
actually true. (Type-il)

(vif) Thelevel of ———— of a test is the maximum probability
with which we are willing to-a risk of Type-1 error. (significance)
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(viii) The level of ———is the probability of accepting a true
null hypothesis. (confidence)
{ix) The ——— of freedom is the number of independent or
freely chosen variables, (degrees)
3 Mark off the following statements as True or False,
{i) The types of statistical inferences are estimation of
parameters and testing of hypotheses. (true)
(ify A null hypothesis is rejected when a test statistic has a
value that is not consistent with the null hypothesis. (true)
(iii) The probability of accepting the wue null hypothesis is
called the level of significance. (faize)
(iv) The probability of rejecting the wue null hypothesis is
called the level of confidence, (false)
(v)  The probability of accepting the true null hypothesis is
called the level of confidence. (true)
(vi}  An assumption made about the population parameter which
may o may not be true is called statistical hypothesis. (true)
(vii) The null hypothesis and alternative hypothesis are
complementary to each other. (True)
(viii) The null hypothesis H,, always contain some from of an
equality sign. (rrue)
(ix)  The alternative H, never contains the sign of equality. (true)
4. Mark off the following statements as True or False.
(i)  The level of significance is the probability of accepting a
null hypothesis when it is true. (faise)
(i) A null hypothesis is rejected if the value of test-statistic is
consistent with the H. (false)
(iify  The Type-I error is considered more serious than a Type-11
error. (true)
(7v) A value of the test-statistic is said to be statistically

insignificant if it falls in the rejection region.

(false)
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i¥) A value of the test statistic is said to be statstically
stgnificant if it falls in the rejection region. {frue)

(vi) If the critical region is located in only one tail of the
sampling distribution of the test-statistic, then it is called one

tailed or one-sided test. (trur)
(wif) 1If the eritical region is equally located in both tails of the

sampling distribution of the test-statistic, then it is called a

two-tailed or two sided test, s}
{viiiy The degrees of freedom is the number of dependent :

variables. (fuise)
(ix)  The ¢-distribution approaches the normal distribution as the

sample size increases, (frue)
{x)  The standardized normal distribution has smaller dispersion

than student’s r-distribution. (true)

(xi)  H, is rejected when probability of its occurrence is equal to
or less than level of significance. (rse)
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141  RELATIONS BETWEEN VARIABLES

The concept of a relation between two variables such as family incomes and family
expendifures for housing, is a familiar one. We now distinguish between a functional relation
and a statistical relation, and consider each of them in turn.

14.1.1 Functional Relation between Two Variables. A functional relation  belween two
variables, is a perfect relation, where the value of the dependent variable is uniquely determined
from the value of the independent variable. A functional relation is expressed by a mathematical
formula. If x is the independent variable and y is the dependent variable, a functional relation

is of the form

¥y = flx)

Given a particular value of x, the function f( x') gives the comesponding value of ». The
observations, when plotted on a graph, all fall directly on the line or curve of the functional
relationship. This is the main characteristic of all functional relationships,

14.1.2 Statistical Relation between Two Variables. A staristical relation is-a relation where
the value of the dependent variable is not uniquely determined when the level of the independent
variable is specified. A statistical relation, unlike a functional relation, is not exact. The value of
¥ is not uniquely determined from knowledge of x. The observations, when plotted on a graph,
do not fall directly on the line or curve of the relationship. This is the main characteristic of all
statistical relationships.

In many fields such as business, economics and administration exact relations are not
generally observed among the variables, but rather statistical relationships prevail. For example:
(f} The grade point ¥ secured by a student in the college is undoubtedly related to his grade
point x secured in the school. (if) The consumption expenditure ¥ of a household is related to
its income x. (i) The maintenance cost ¥ per year for an automobile is related to his age x.
(iv) The yield ¥ of wheat is related to the quantity x of a fertilizer. (v) The amount of sales ¥
of a newly produced item may be related to its advertising cost x. () The weight ¥ of a baby
is certainly related to his age x. (vii) The saving ¥ of a person or a firm is related 1o hisfits
income, (viii} The height ¥ of a son is undoubtedly related to the height x of his father, efc.

Causal Relation. Another factor to consider is whether a causal relationship exists between two
variables. In the example of steel output and labour input, it is clear that 4 causal relationship
does exist. The number of workers will influence the number of tons of steel produced, There is
also a causal relationship between hours of sunshine and the rate of growth of wlips. Conversely,
it is less clear that more steel output will cailse a rise in the number of workers, nor will we make
the sunshine more by forcing tulips to grow faster. It is important to note regression analysis and
correlation analysis make no assertions about causality.

181




182 A Text Book of Statistics — Part 11

142  REGRESSION ANALYSIS

One of the most common and important tasks that statisticians must face is to determine
the existence and nature of relationships between variables in a problem. We are interested in
relationships between variables because we may often possess information about some varigbles
and wish to use that information to draw conclusions about another variable. In many situations,
we face the problems that involve rwo or more variables and we are to make inferences about
how the changes in one variable are related to the changes in other variables, and how one set of
variables is considered to predict or account for the other variable. These problems can be dealt
with measuring statistical relationships between variables, representing the relationships in
mathematical { functional ) form and evaluating the significance of the relationships.

The regression analysis provides a method of estimating an average relationship { often
linear ) between two or more variables, which allows the investigator to explain and predict and
this is, in & sense, the best possible approximation, The regression analysis provides an equation
that can be used for estimating the average value of one variable from given values of other
variables,

14.2.1 Simple Regression. The simple regression is a relationship that describes the
dependence of the expected value of the dependent random variable for a given value of the
independent non-random variable. In statistical relationships, if only two values are involved:

Regressor. The variable, that forms the basis of estimation or prediction, is called the regressor.
It is also called as the predictor variable or independent variable or controlled variable or
explanatory variable. It is usually denoted by x.

Regressand, The varable, whose resulting value depends upon the selected value of the
independent variable, is called the regressand. It is also called as the response variable or the
predictand variable or dependent variable or explained variable. It is usually denoted by Y.

The values of the independent variable x are determined by the experimenter and they
arg fixed in advance. They are arbitrarily selected constants and thus have no error attached with
them. The independent variable is not random but a mathematical variable and we can choose the
values we give to it. On the other hand, however, the problem is usually complicated by the fact
that the dependent variable is subject to experimental variation or scatter. Besides depending
upon the regressor variable, there is a random error in determining the response variable. Thus the
response variable possesses a random charscter, it is left free to take on any value that may be
possibly associated to a given value of the independent variable.

Let ¥ be the response variable and x be the regressor variable and y, = E( }’| x) be

the expected value of the distribution of the random variable ¥ for a given value of the non-
random variable x, then the simple regression is given by

Hy o = Fix)

where f(x ) is a function that describes the relationship between the regressor x and the
response Y and f( x) may be of linear, quadratic, exponential. geomeiric, or any other fotm.

14.2.2 Regression Function. When we look for a relationship u = = f(x), where the

function f( x) isto be determined, i. e, given the points only we have to 'work backwards' or
regress to the original function f{ x ). Hence this function is called regression function,
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14.2.3 Regression Curve. The regression curve is the locus (a continuous set of poinis) of
the expected value of the response variable for given values of the regressor variable. If several
measurements are made on the response variable ¥ at the same value of the regressor variable x,
then the results will form a distribution. The curve which joins the expected values of these
distributions for different values of x is called the simple regression curve of ¥ on .

143  CURVEFITTING

Curve fitting is a process of estimating, from an observed sample, the parameters of the
population regression function of a response variable on a regressor variable,

14.3.1 Least Squares Principle. The principle of least squares says that the sum of squares of
the residuals of observed values from their corresponding estimated values should be the least
possible. This principle was given by a French mathematician Adrien Legendre.

14.3.2 Least Squares Fit. Among all the curves approximating a given data, the curve is
called a least squares fir for which the sum of squares of the residuals of the observed values
from their corresponding estimated values is the least.

For a given set of observed data, different curves have different values of the sum of
squares of the residuals. The best fitting curve is the one having the smallest possible value of the
sum of squares of the residuals. To avoid the personal bias in fitting a curve to observed data, the
method of least squares is used.

143.3 Scatter Diagram. The scarter diggram is a set of points in & rectangular co-ordinate
system (with x measured horizontally and y measured vertically), where each point represents
an observed pair of values. To aid in determining an equation connecting the two variables, a first
step is the collection of the data showing the paired values of the variables under consideration.

Let us suppose that n pairs of observations (x, ¥ ) (%55 ¥3 )0 oo (2 ; ¥, ) are
made on two variables. The next step in the investigation is to plot the data on a graph to get a
seatter diagram. The choice of the regression curve to fit may be influenced by theory, by
experience or simply by looking at the scatter diagram. For example, the experiment may have
been designed to verify a particular relationship between the variables. Alternately, the function
form may be selected after inspecting the scatter diagram. as it would be useless to try to fit a
straight line to some data if the relationship was clearly curvilinear. In practice the experimenter
may choose the one which gives the best fit,

It 35 often possible to see. by looking at the scatter disgram that a smooth curve can be
fitted to the data. In particular, if a straight line can be fitted to the data, then we say that a linear
relationship exists between two variables, otherwise the relationship is curvilinear. A visual
examination of a scatter diagram gives some useful indications of the nature and strength of the
relationship between two variables and aids in choosing the appropriate type of model for
estimation.

For example. if the points on the scatter diagram tend to run from the lower left side to
the upper right side (that is, if the ¥ variable tends to incréase as x increases), there is said to be
a direct relationship between the two variables, On the other hand if the points on the scatter
diagram tend to run from the upper left side to the lower right side (that is, if the variable ¥ tends
to decrease as x increases), there is said to be inverse relationship between the two variables.
The scatter diagram gives an indication whether a straight line appears to be an adequate
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deacriptir:m of the average relationship between two variables. If a straight line is used to describe
the average relationship between two variables, a linear relationship is said to exist. If the points
on the seatter diagram appear to lie along a curve, a curvilinear relationship is said to be present.

Fe .

¥

> X

{d) Inverse Curvilinear Relationship

£ B 0 ,
$ {#) No Apparent Relationship () Direct Linear Relationship
with wider scatter than in (a)

Fig. 14.1 Types of relationships found in scatter diagrams

Farts (a), (&), (e) and (d) of Fig 14.1 show direct linear, inverse linear, direct
curvilinear and inverse curvilinear relationships. The points tend to follow a straight line with
positive slope in (@ ). a straight line with negative slope in ( b ), a curve with positive slope in
{ ¢ ), and a curve with negative slope in ( d ). Of course the relationships are not always so0
obvious.

In () the points appear to follow a horizontal line. This type of scatter diagram
depicts “no correlation™ or no evident relationship between x and Y variables because the
horizontal line implies no change, on the average, as x increases. In ( f ) the points follow a
straight line with positive slope as in (a ) but there is a much wider scatter of points around the
linethanin (a ). ;

Note that a scatter diagram is primarily used to determine the appropriateness of a
particular type of equation for describing the data. The approximate “goodness of fit” of the
equation is also apparent from a scatter diagram, for example the fit in ( @ ) is quite good as
compared to the fit in { f). However, "“goodness of fit” can and should be defined and determined
precisely.
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144  SIMPLE LINEAR REGRESSION

If the simple regression describes the dependence of the expected value of the dependent
random variable Y as a linear function of the independent non-random variable »x, then the
regression is called simple linear regression. It is given by

Hye = o+ fx

which implies that & = pu, when x = 0. Thus « is the intercept of the line along v-axis.

¥lx
The B indicates the change in the mean of the probability distribution of ¥ per unit increase
mox i

14.4.1 Simple Linear Regression Coefficient. The simple linear regression coefficient is the
relative change in the expected value of the dependent random variable with respect to a unit

increase in the independent non-random variable. It is denoted by f . The slope of the line
remains constant at each value of x.

It is measured by tan @ y‘"‘ U =a+pfx g=0
where @ is the angle made by the line ¥z #
with the positive side of the x-axis
The slope of the line depends upon the
value of the B If the value of § is
positive, the line will slope upward

like the solid line in the Fig. 14.2. On Sk
the other hand, if the value of B is A<
negative, the line will slope downward >
like the broken line in the Fig. 14.2. 0 x

Fig. 14.2 Simple linear regression

145 THE SIMPLE LINEAR REGRESSION MODEL

We used the scatter diagram to illustrate the problem of selecting the regression line that
provides the “best” estimate of the relationship between the independent and dependent variables
in @ regression problem. The next step is to specify the mathematical formulation of the linear
regression model to provide a basis for statistical analysis.

14.5.1 An Example of Regression Model. In this section we will give an example to illustrate
how the regression model between two variables can be used to simulate real world problems.

Suppose that we are to investigate the relationship between the consumption expenditure
and the disposable income of households in a certain city for some given period of time. We
know that as one’s income increases, there is a tendency to spend more, What kind of relation is
there between income and expenditure? Is it proportional, or is there any other form of a
relationship, how close this relationship between income and expenditure is? Certainly there is no
functional relationship between disposable income and consumption expenditure. Now let ¥
denote the consumption expenditure and x denote the disposable income.

Let us suppose that we have already divided our households into various groups on the
basis of income levels. We do not expect that all the households within the group which have
some given (fixed, predetermined) income x will display an identical expenditure. Some will
spend more than the others, some will spend less, but we do expect a clustering of the expenditure
figures around a central value with some variance. For each possible value of x chosen
non-randomly there are several values of ¥ that could occur. Thus Y becomes a random
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variable that possesses a distribution or population of associated y values for any given value of
x. This distribution of associated y values, for any given x, is described either by a probability
density function f,{ ylx) or by a probability mass function e ,v!x) if the population has a
discrete set of possible values, T%ﬂ distribution represents the relative likelihood of different
values of ¥ occurring,

The mean of ach probability distibution of ¥ values varies in some constant and
systematic manner with the independent variable x. The mean of any distribution of ¥ for
given x will be denoted by u, = El }’| x) and the variance of this distribution by

0}, = Var(Y|x). These are unknown parameters. They are constant for any fixed value of x

but may vary between the distribution of ¥, for different x,. The mean of ¥ for all values will
be dented by u, and the variance by o} or o2,

It is not unreasonable to assume that the random variable ¥ depends on the associated x
value only through its mean that is 4, = f(x ), but any higher moments of ¥ do not depend

on x. Thus we shall assume that the mean value of the random variable ¥ depends upon the

associated x value but the variance does not. We shall further assume that af,l , 18 constant for

all values of x,i.e., o, = o?.Hence we assume that all the means g,  lie on a continuous

|x rlx
curve called the regression curve. The particular form of the regression curve is arbitrary, of
course, and varies from one application to another. We shall only concentrate our attention, for
the time being, on the simplest type of regression curve, namcly, the straight line {a linear
dependence) but shall give procedures for more general models.
14.5.2 Mathematical Formulation of Regression Model. Our observed paired values of x
and ¥ are only sample values from a large population. However, for a moment we are concerned
with constructing a model for the population of all possible paired values. If, for example, a linear
relationship is considered to be appropriate. that is, the average relationship between the
dependent random variable ¥ and the independently varying non-random variable x is assumed
‘to be linear. Since we are interested in the conditional expeciation By = E(¥|x). By assuming

that ¥ and x are linearly related. we are saving that all possible conditional means 4, which

might be calculated one for each possible value of x must lie on a single straight line, This line is
called the population regression line. T specify this line we need to know its slope and intercept.
Let o bethe y-interceptand B be the slope of the line. The population regression line is written
as follows:

Mo, = o+ Bx
This line is unknown, When some exact value of x is specified from its domain, it is customary
to denote this value as x, . Associated with this valpe x, of the independent non-random variable
x, there exists a random variable ¥, with a distribution or population with mean ., and
i
variance 07 . Assume that

(]

2

Hyly = @+ '8'1"" S = E(E~ Hy: o y=o
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Now we define a deviation of the random variable V; from its unknown mean u . and call
i

this deviation as population regression error, For this reason, this difference is usually called the
random “error” and denoted by £, . Therefore, we can define the random variable €, as

E_'. = }‘}_Hf:ri = }';_—{[[+.3_IJ.} = Y,-{r.-ﬁxj

There are three generally recognized sources of errors in such regression problems:
(1) specification ({ or equation ) error, arising from the omission of one or more relevant
independent variables; (2) sampling error, arising from random variation of observations around
their expected value and (3) measurement error, arising from the lack of precision in measuring
variables. These errors are assumed to have zero mean and the constant variance identical to the
variance of Y for a given value of x. We can now define what is called the population regression
model as

Y= o+ Bx +¢g

where, X a predetermined value of a non-random variable.

¥, = associated with x, a random variable with mean My = O + Bx; and

= g%,

variance c:r}z,l =
&

o = the population y-intercept of the regression line.

f = the population slope of the regression line also kmown as the population
regression coefficient,

g, = thedeviation (¥, — i ) inthe population.

i

This model is said to be simple, linear in parameters and lingar in independent variable.
It is simple, in that there is only one independent variable, linear in the parameters because no
parameter appears as an exponent or is multiplied or divided by another parameter, and linear in
the independent variable, because the variable appears only in the first power. -

14,53 The Sample Simple Linear Regression Model. In our population regression model o,
i 2 Bt and a? are unknown parameters we wish to estimate these parameters statistically on

the basis of our sample observations on x and ¥, and we may wish to test hypothesis and
construct confidence intervals about these parameters. In this regard sampling is accomplished as
follows:
(i) Asetof n valuesof x inits domain is observed and denoted by x,, x,. **, x, . The
x's are not randem variables, but they may be selected either by some random procedure
or by purposeful selection,

(if) Each x, determines a distribution or population whose mean is o + fx, and whose

variance is . From this distribution a value ( a sample of size one ) is selected at
random and denoted by ¥,
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Thus we have a set of n pairs of observations denoted by (Y, ) (5, x3), ===, (¥, x)
which we have written to stress the fact that each sample of Y that we take has an associated x
wvalue. The values of x may or may not be all distinct, but as we shall see, we must have at least
two different values of x represented if we are to estimate both o and . We can write the n
actually observed sample pairs as (x;, ¥, ). (23, ¥3). ** =, (x,, ¥,) without incorporating any
further assumptions into our model, we can obtain estimates of o, § and Hyfpo It is customary

to let @ be the best estimate of o, b be the best estimate of f and to let § be the resulting
estimate of ;ur_l - and the line resulting @, b and ¥ is called the best fitted regression line. This

line has the same form as the population line. Thus the sample simple linear regression is
¥y = g+ bx

where ¥ = the ordinate of the estimated line for any given value of x which is the best
point éstimate of By

a = the y-intercept of the estimated line which is the best point estimate of o

B = the slope of the estimated line which is the best point estimate of §
Thus, if x; is a specific value of x, then '

y. = a+ bx;
is the equation for finding v,, which is the best estimate of Hylx. for this value x,.
P

We can specify a sample regression model _1*“ (x;,3) o
just as we did in the population regression '

A

model. Again we need to define an error
term, which in this case is the deviation of
actual value y, from predicted value y, . This
error term is denoted by ¢, which means that

the sample regression error ¢; is an éstimate

of the population error €. The errors e 0
(i = 1.2, - =+, n)are often called residuals
X,

or deviations or prediction errors. !
Fig. 14.3 Residual of v,

X X x;

Residual: & = y.-§ = y,-(a+bx) = y,—-a - bx

These residuals from the estimated line will be positive or negative as the actual value lies abave
or below the line. Thus the sample regression model is

¥, = a+bx+eg

14.5.4 Covariance of Two Variables. If (x,, y, ). (x,, ¥,). »-*.(x,, ¥, )are n pairs of
observations on two variables X and Y, then the covariance, denoted by s, is defined as

T

E{-rf -—"'-‘-'H."r,r_’.i}

n

xy
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It is & measure of the linear mutual variability of the two variables. lts sign reflects the direction
of the mutual variability: if the variables tend to move in the same direction, the covariance is
positive; if the variables tend to move in opposite directions, the covariance is negative. It can be
casily expressed as '

LXY | :
By B —— — Y i L SRR
n-
If %, %, *=*, &, and ¥, ¥;, **°, ¥, are two series of n observations each, and if

z; = x; % y;, then

1l

s =st+sits,
(@ &2 =32+ sﬁ when X, ¥ are independent variables

14.5.5 Least Squares Point Estimation of o, § and Hylx, (Fitting of Straight Line). We

now face the problem of estimating the linear regression between a dependent random variable ¥
and an independently varying non-random variable x given a sample of y values with their
associated values of x. A general method of estimating the parameters of a regression line is the
method of least squares which is explained in the following theorem.

Theorem 14.1 Let (xp, ¥), (x5, W) = o0  (x0 ¥, be n - observed values of a random

variable Y, with their associated x values, where the regression lineis f, = ¢t + Bx.

(f)  The least squares line is given by ¥ = a + bx, where

nXxy —(Ex(Zy;)  Exy, -nky

b o= =
nXa? - (Ex)? Tal —nx
E{x,- _EHJ’;‘ =) = Fiy
E(x, - X)? 32
P Zy-biy _ ¥ - b¥
I

(i)  The least squares line always passes through the point of means ( X, ¥).
(iif)  The least squares estimate of ‘uﬂ . 18
_1"'1" = ?"‘ b{xr'_f}

Example 14.1  The following sample of 8 grade point averages and marks in matriculation
was observed for students from a college.

Scare 480 490 510 510 530 550 610 o640
GPA G R I e B R ) IR 1 RS SR

Find the least squares line. Estimate the mean GPA of students scoring 600 marks.
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Solution. The estimated regressionlineis § = a + bXx

X; ¥ %7 X ¥
480 21 230400 1296
490 2.9 240100 1421
510 33 260100 1683
510 29 260100 1479
530 3.1 280000 1643
550 3.0 302500 1650
610 3.2 372100 1952
640 37 409600 2368
4320 24.8 2355800 13492

The least Squares estimates a and b are
nZay = (Ex)(Zy) _ 8(13492) - (4320)(24.8)

S : = = 0.00435
nZxf = (Ex)? 8(2353800) — (4320)?
Y 2y, - blx = 14.3-(}.-:}:435(432{1; Liahes
n

The best fitted line is ¥ = 0.751 + 0,00435 x
For x = 600, we have ¥ = 0751 + 0.00435(600) = 3.361

14.5.6 Properties of the Least Squares Line. The line fined by the method of least squares
has a number of properties worth noting.

{1) The sum of the residuals is zero, that is
2E =0
However, rounding errors may, of course, be present in any particular case, Hence, in
minimizing X ¢ the least squares method automatically sets Y e, = 0.

(2) The sum of the observed values y, equals the sum of the fitied values ¥
Xy, = L
Therefare, it follows that
(f) the mean of the fived values ¥, is the same as the mean of the observed values y,

(iiy X (¥ = 7) is also equal to zero.
(3) The sum of the squares of the residuals ¥ e is minimum.
Zef = 2yt -aly-bLx ¥

{4) The regression line always passes through the point of means (¥, ¥), the centre of
«gravity of the observed data. That is, whenever x = X,wehave y, = ¥,
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Example 142  Given the following data
x; 0 1 2 3 4
¥ 1.0 1.8 33 435 6.3
(a)  D¥erermine the least squares line taking x as indepéndent variable,
(B)  Find the estimated values for given values of x and show that
@ Zyn=LXs
iy e =0
(¢)  Calculate the sum af the squares of the residuals.
(d) Verify that Eeﬁ = Ey,-a = a}:_‘ﬁ- ] bzl‘,- ¥i-
Solution. (a) The estimated regressionlineis ¥ = a + bx
X, 0 1 2 3 1 Lix =14
¥ 1.0 1.8 33 4.5 6.3 Z_}', =169
X ¥ 0 1.8 6.6 13.5 252 | Zx ¥ =471 |
x? 0 1 4 9 16 |Zaf w30 |
The least squares estimates o and b are
p - BExy ~(Ex)Ey) _ SELD=(10)169) _ . ..
nX@ - (Ix) 5(30) ~ (10)? i
=2 Ly, —bEx - 169-133(10) _ o7
n 3
The best fitted line is ¥ =072+ 133
() The estimated values ,ﬁ- for the given values of x and the residuals 2; = ¥, - _';',- are
obtained as shown in the following table.
¥ ¥, §,= 072 + 133 e = ¥ - ¥ el ¥
0 1.0 0.72+1.33(0) =072 0.28 0.0784 1.00
1 18 0.724133(1) =205 - (.25 0.0625 3.24
2 33 072+133(2) = 338 - (.08 0.0064 10.89
3 4.5 Q724+ 133(3) =471 -0.21 0.0441 20.25
4 6.3 072+ 133(4) = 6.4 0.26 0.0676 39.69
Sum 16.9 16.80 0 (.2590 75.07
It is verified that
() 169 = Xy, = X§ = 169
() e =Xy -73)=0
{c) The sum of the squares of the residuals is  2e’ = 0259
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i) We are to verify that E.--?‘,z b }’f -aZ yi—5 b ¥
0.259 7507 = 0.72(169) - 1.33(47.1)
0259 = 0239

14.5.7 Coding and Scaling. In many cases the process of coding and scaling by a linear
transformation can simplify the job of estimating the regression line or curve.

Thearem 14.2  The sample linear regression caeﬁ?nem b iz independent of change of origin
Buit it i5 not independent of change of scale.

Let (%, v ) (x5, ¥3), <=+, (x,. v, ) be n observed values of a random variable Y, with
their associated x values, then the sample regression coefficient is
Zix; = %)y~ ¥)

br= =,
Let u o= .T‘;t'p = 5 =pFhy = FT=p+hu
and szy,-k—q'r = yy=qg+tkvy = §F=g+kV

In this transformation we choose the constants: p, ¢ and h, & so0 that the transformed values
u, and v, become as simple as possible. Then

k
h_u' = T ’bvu

A Special Coding and Scaling. 1f the values x,, x,, -+ +, x, of the independent variable x are

equilly spaced at an interval A, then calculations involved in solving the normal equations can be
made much simple by taking the origin at ¥ and choosing a suitable unit of measurement. The
choice of origin and unit is explained below in the two cases.

if) If the sample size is odd, say # = 2m - 1, then we take the orgin at the middle value
x, whichisequalto ¥,/ e, ¥ = x,.If h isthe common interval, we take h asa

new unit of measurement, then changing each x; into u, by a linear transformation
u, = (x, ~X)/h, the variable u takes the values —(m — 1), —(m — 2), *++,
=2, =1, 0 L 2ivee (=2 {(m—=1) Thus, weget .

\ T, 5 0 s Tud = Tk = v

(if) If the sample size is even, say n = 2 m, then we take the origin at the average of the
two middle values x, and x whichisequalto ¥, ie,. ¥ = (x, + xm,‘_,)l,."l I K

m+ 1
is the common interval, we take h/2 asa new unit of measurement, then changing each
X mtu u, by a linear transformation w. = (x; — ¥)/(h/2), the variable u takes the
e Valles ~(2m = 1);—=( 28— 3}, =oo, =3 =1, 1,3, %=, (Zm=3), (Zm =1}
Thus, we get

Yu =0 = Tuds Tad =
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The values of the controlled variable are coded into integers symmetrically about zero. When the
values of the coded variable & sum to zero, the least squares line of ¥ upon u becomes

¥y =a+bu

where a = 2 ¥ and b = 3

n Eu;

In' the end, we must change the least squares line of ¥ on wu into the least squares line of
¥ on x by transforming back the coded variable « into the original variable x, Sometimes, for

the sake of further convenience each observed value y, of the dependent variable can also be
transformed into v, by a linear transformation v, = (y, — ¢)/ k where g and k have arbitrary
values,

Example 143 The following table shows the tons of steel produced versus the number of
workers in a small steel mill.

Observation number Number of workers Tons of steel produced
i 4 ¥i
1 1 4
2 2 6
3 3 10
4 4 10
5 8 15
6 a 15
7 7 16
8 8 20
Estimate the line of regression using u = - ;, :‘5
J '
, - = 4.5
Solution, Wehave ¥ = 45 and h = 1. Lety = 2= = &

i i 2 1/2
x-435 3
X ¥i W, = _._“_lf':! W ¥ L
1 4 -7 - 28 49
2 6 -5 - 30 25
3 10 -3 - 130 9
4 10 = - 10 1
5 ] 1 15 1
6 15 3 45 9
7 6 3 80 25
8 20 7 140 49

Sum 96 0 182 168
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The estimated regression lineof ¥ on wis § = a + bu

The least squares estimates of a and b are

i B o B
n 8
Ly 182

b = et AP = 1.0833
Zu? 168

The best fitted lineof ¥ on wis  § = 12 + 1.0833 4

Substitting F=fs

for u, we get the best fitted lineof ¥ on x as

-

yo= 12+ 1.5333{

x=-45 ] o JOB L Lo
0.5

= [24+2167(x-45) = 124+ 2.167Tx-975
="Fo5 4 2.167%

Example 144 The following data show, in convenient units, the vield Y of a chemical
reaction run at various different temperature x.

nm=7  Ex =980, Xy =274 Iy = 395
Zxf

Assuming that a linear regression model ¥, = @ + Bx, + &, is appropriate estimate the
regression line of yield on temperature. Find the residuals sum of squares.

I

140000, Xy} = 11554

Solution. The estimated regression lineis 5 = a + bx

The least squares estimates @ and b are
nEx = (Xe Ty

b =
nZ.‘rf - {Exijl
. T(3958) - (980)(27.4) _ o oassr
7(140000) — (980)7
o = 2=y 274-004357(980) _ ;s

n 7
The best fitted line is ¥ = —2.1855 4+ 0.04357 x

The sum of squares of the residuals is
E'?? ZJ"E‘HE}U_E’ZH i
11554 — (-2.1855)(274) - 0.04357 (3958) = 297
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14.5.8 Limitations of Linear Regression. There are a number of limitations and cautions that
must be kept in mind when using linear regression. They are,

Firstly, the linear regression is applicable only to relationships that can be described by a straight
line. Non-linear regression methods exist to deal with some non-linear relationships. If you are in
doubt about whether the data are approximately linear, a scatter diagram will help you to decide.

Secondly, the procedure used to find the regression coefficients a and b will give us a linear
equation which is the best fit ( i. e., has the lowest value of %, e? ) for the data, even when a linear
relationship is non-existent. Therefore, the test of significance must be made to determine
whether the regression coefficient b is “real”,

Thirdly, the regression equation predicts values of the dependent variable based on values of the
independent variable, It is therefore an asymmerrical measure, The regression equation predicting
Y based on x (called “regression ¥ on x") cannot be used to derive the equation that will
predict x based on Y.

Finally, the regression equation holds only for the range of values actually observed. The
regression equation will not necessarily hold beyond this range.

Exercise 14.1
1. (@) Whatis a scatter diagram? Describe its role in the theory of regression.

() Explain what is meant by

(i) regression, (if) regressand, (iff) regressor
(¢} Explain what is meant by
(i) simple linear regression, (i) simple linear regression coefficient.

2. (@) The following measurements of the specific heat of a certain chemical were made in
order to investigate the variation in specific heat with temperature,

Temperature ( ) + 0 10 20 30 40
Specific heat ¥ 0.51 0.535 0.57 0.59 0.63

Plot the points on a scatter diagram and verify that the relationship is approximately
linear. Estimate the regression line of specific heat on temperature, and hence estimate

the value of the specific heat when the temperature is 25 e
(¥ = 0514 + 00028 x; y = 0.584)

(b) Determine the estimated regression equation ¥y = a + bx in each of the following
cases

M n=10, Tx, =20, Ty =260, Lx ¥ =3490, Ll =314
(@ n=100, ¥ =125, § =80, Tx y = 1007425, Tx’ = 1585000
(i) T =52, 5 =237, X(x — ¥ ) = 2800, Z(x,=%)(y =7¥)= 9871
) n=8,F=75 =5 Xxy =364 X(x~-7) =132

= 240864 + 09568 x; y = 3875 + 033x;y = 5370 + 3525 x;
0.5459 + 0.6363x)

Rty Mty
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3. (@) Estimate the regression line of ¥ on x for the following data.
X, 25 30 35 40 45 50
¥ 78 T0 65 58 43 42

Is it possible from the equation you have just fonnd
() an estimate for the value of x when y = 547

{ify an estimate for the value of v, when x = 377 Ineach case, if the answer is
“Yes", calculate the estimate. If the answer is "No", say why not.
[ ¥ = 1144 - 145x: (i) No, x is controlled ; ({ii) 61 }

() From n pairs of values (x,, y,). i = 1,2, *--, n the following quantities are
calculated = -
= 20, Zx = 400, 2y = 220,
Y x? = 8800, Lyl = 2620, Txy = 4300
Find the linear regression equation of y on x and x on y. Which would be the more
useful if, '
(il x ig'the age (in years) and y is the reaction time ( in milliseconds )} of
20 people;

(i) x isthecost (in 000 Rs. ) and v the floor-space ( in 100 ft * ) of
20 buildings
(¥ =135-0125x; x =255 -05y; () y on x; (i) x on ¥}
4. (a) The following table shows the ages x and systolic blood pressures ¥ of 12 women.

Age(years) ™ X, |56 42 72 36 63 47 55 49 33 42 68 60

Blood préssure -}‘;- 147 125 160 118 149 128 150 145 115 140 152 155

Assuming thata finear regression model ¥, = @+ Bx, + e, is appropriate, estimate the
linear regression of blood pressure on age. Estimate the expected blood pressure of a
woman whose age is 45 years. What is the change in blood pressure for a unit change
in‘age? . ’

{y =80.78 + 1.138x; 132; 1.138)

(6) Suppose that four randomly chosen plots where treated with various levels of fertilizer,
resulting in the following vields of com.
Fertilizer (kefAcre) x | 100 200 400 500
Production (Bushels| Acre) ¥ 70 70 80 100

= @ + B of production ¥ on fertilizer x.

() Estimate the linear regression %

(ii) Estimate the yield when no fertilizer is applied.

(iif) Estimate the yield when the average amount of fertilizer is applied.

(iv) Estimate how much yield is increased for every kilogram of fertilizer applied.
{() ¥ =5%+ 0070x (i) when x = 0, § = 59; (iii) when x =X = 300,

¥ = 80; (&) 0.070 bushels per kg of ferilizer )
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5. (@)
(b)

6. (a)

(B)

7. (a)

b}

Describe the properties of the least squares regression line.

Determine the regression line and estimate the weight of a student whose height is
65 inches.

Height (inches) %, [ 72 66 67 69 74 61 66 62 70 63

Weight (pounds) ¥, | 178 141 158 165 180 133 150 |40 160 136

Find also the estimated values for given values of height. Show that the sum of the
estimated values is equal to the sum of the observed values of weight. Find the
deviations ¢, = y, — ¥,. Show that these deviations add to zero.

(F = —944 + 3.72x; 158.76)
Four identical money boxes contain different numbers of a particular type of coin and no
coin of other types. The information on the combined weights, is given below.
Number of coins in box X 10 20 30 40
Combined weight of coins and box ¥ 312 509 6E2 8463
Estimate the regression line of ¥ on x. Estimate from your regression line, '
() the weight of an empty box,

{if)  the mean weight of a single coin. State the co-ordinates of one point through
which the line of regression of ¥ upon x must pass.
{(F =134 + 1832x; () 134, (i) 18.32; (25, 592)}

Fifteen boys took two examination papers in the same subject and their marks as
percentages were as follows, where each boy's marks are in the same column.

Paper | X |65 73 42 52 84 60 70 79 60 83 57 77 54 66 B9

Paper II Y: |78 B8 60 73 92 77 B4 839 70 39-73 8% 70 8BS 89

Calculate the equation of the line of regression of ¥ on x. Two boys were each absent
from one paper. One scored 63 on paper I, the other scored 81 on paper IL In
which case can you use your regression line to estimate the mark that the boy should be
allocated for the paper he did not take, and what 1s that mark ?

(¥ = 3553 + 0665x, 63 onl = 78 on II)

The following data shows the son's height and father’s height,

Father's height (inches) x, | 59 61 63 65 &7 69 71 73 75

Son's height (inches) Mol 6% -c6h - 67 67 BE 69 10 52 72

Estimate the regression line g4, = o + [ x of son's height on father's height using

¥ x

U = (x;, —67)/2 and v; = y, — 68. Predict the mean height of sons whose fathers

are 7 inches in height.
(¥ = 3595 + 04833x; 69.78)

For 9 observations on supply X and price ¥ the following data was obtained
Tx;-90) =-25, X(x -9y =301, X(y-127)=12
Ty, - 1279 = 1006, F(x, —90)y, - 127} = - 469

Obtain the estimated line of regression of X on ¥ and estimate the supply when the
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{€)

8. (a)

(h)

9. (a)

(&)

price is Rs. 125.

{(x = 143.69 — 044 y; 88.69)

Mumber of revolutions x (per minute) and power v (hp) of a diesel engine are
x; 400 500 600 700 800
¥ 580 1030 1420 1880 2310

Determine the regression line of the y-values on the: x — values of the sample using
x = 100 4, + 600 and y, = 10 v, + 1400 estimate y when x = 750.

{(§ = —1142 + 431 x: 2090.5)

Fit a straight line taking x as independent variable
3x;, #2 5 8 11 14 17 20 23 26
3y, -2 7 10 16 16 25 28 28 34

Also estimate v for x = 5/3.
(¥ = 1714 + 1.286x; 3.86)

Fit a least squares line to following data taking (i) ¥ as dependent variable (i) X as
dependent variable.

it 1 3 4 ] B 5 11 14

¥ 1 2 4 4 3 1 8 9

Show that the two least squares lines obtained intersect at the point (¥, ¥ ). estimate
the mean value of ¥ when x = 7. Estimate the mean value of x when vy = 6.

(¥ = 05455 + 0636dx, 3 =5forx=T;

-05+ 15y, £ =Bifory==6)

A random sample of 5 pairs of observations. (x;, ¥,) is given below

I =

X 3 Z 3 1 4

b7 13 9 27 8 18

& = 6. Also find the least squares linear regression 1 =

(by, = 054, b =066

Determine the least squares linear regression ¥ = a, + b, x and estimate y for
a,, + b, yand use this to

find that value of y for which ¥ = 6. Account for the difference.

(¥ = 09 +47x, 7 =291 for x = 6; £ =009 + 0194y, y = 3046 for

6 which is a useless estimate, because the regression analysis does not permit the
inverse use of the least squares line. )

Compute the regression coefficients in each of the following cases:

10, T(x; =%V =170, Uy =5V = 140, Yz —xNy, -7) =92
W) T(x, -ENy;-F) =148, 5 =793, 5, =16627, n = 15

by, = 016, b, = 0.04)

X

-~
X =

i) n=

4
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146  SIMPLE LINEAR CORRELATION

The simple linear correlation measures the strength or closeness of linear relationships
between two variables. The purpose of simple linear correlation is to determine whether or not
two variables are related, that is, whether one variable tends to increase { or decrease ) as the
other variable increases. The correlation analysis is performed keeping in view the following two
aspects.

(7} It measures the closeness of the linear regression to the distribution of observations of a
dependent variable with associated values of an independent variable.

(if) It measures the degree (extent or strength) of covariability between two variables,

We have discussed this first aspect in the preceding chapter. We shall now discuss the
second aspect of correlation. This approach to the problem of understanding the relationship
between two variables is to leave the type or form of the relationship unspecified and concentrate
on measuring the strength of the relationship itself.

14.6.1 Positive Correlation. The correlation iz said o be positive (or direcr) if the two
random variables tend to move in the same direction, 1. e., increase (or decrease) simultaneously.
That is, the correlation is positive if the least squares regression lines have positive slopes.

Perfect Positive Correlation. The correlation is said to be perfect positive if the relationship
between the two random variables is perfectly linear with positive slope.

14.6.2 Negative Correlation. The comelation is said to be negative (ot inverse) if the two
random variables tend to move in opposite directions, i. e., one random variable decreases as the
other random variable increases. That is, the correlation is negative if the least squares regression
lines have negative slopes.

Perfect Negative Correlation. The correlation 15 said 1o be perfect negative if the relationship
between the two random variables is perfectly linear with negative slope.

14.6.3 No Correlation. If ope least squares regression ling is horizontal and the other least
squares regression line is vertical then there is no correlation between the two random variables.
That is,if X and ¥ are independent, then Cow{ X, ¥} = 0 which implies that p = 0 and we
say that there is ne correlation.

147 CORRELATION ANALYSIS

One of the most widely used statistical techniques applied by statistician is cerrelation
analysis. In purely correlation problems both the variables X and Y are random and the
relationship between them is considered simultaneously and symmetrically. Examples: of
correlation problems are: (i) heights and weights of persons, (if) ages of husbands and ages of
wives at the time of their marriages, (i) L Q. of brothers and I. Q. of sisters, (iv) marks of
students in economics and in statistics, (v) income and L Q. of persons, (vi) demand and supply
of a commodity, (vi) daily wages and overtime wages, (viii) gold prices and silver prices,
{ix) the height and the circumference of head of babies at the time of their birth, (x) the greatest
and the smallest diameters of hen eggs, eic.

In correlation problems, we sample from a population, observing two measurements on

each individual in the sample. For example, if a person is selected at random, and both his height -

and weight are left free to take any possible values, Thus we have a joint distribution of two
random variables or we may say that we have bivariate distribution. The data are assumed to be
obtained by taking a random sample of values of X and Y.
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14.7.1 Sample Correlation Coefficient. If (x,, v, ). (%, ¥ ), ***, (x,, ¥,) is 4 random
sample of n pairs of observations from a bivariate population, then the sample correlation
coefficient, denoted by r or more appropriately Iy i defined as

] £y .i‘_..
It can be expressed as
: IR Ilx, =X)y -¥)n
Sy 8y J &l JIE(x, =52/ n Bty - 52/ n)
L%, =Xy =F) Zxy —nxy

[ -5 %5, -7 J(ER -nENZAE - n7?)
T ¥ = (Ex 1 (¥ ) n

JIERE = (T nlEyE =Ty )P n)
nZx ¥y =(Ex ) Zy)

JInZa? - (Zx)2 HaZy - (Zy,))

This r is the maximum likelihood estimate of p. The process of subtracting ¥ and 7 indicates
that the origin has been shifted to (X, 7).

14.7.2  Properties of Sample Correlation Coefficient r. The sample correlation coefficient r
has the following properties.

(1) r is symmetrical with respect to the variables X and ¥, that is

F, = F

aw .53

(2) r is the covariance of values of the two variables X and ¥ measured in standard units,
that is

ro= Cowz,,z,)

3 Change of Origin and Scale. The value of r remains unchanged if constants are added
o or subtracted from the values of the variables or if the values of the variables are
multiplied or divided by constants having the same sign, but the value of r changes in
sign only if the values of the variables are multiplied or divided by constants having

opposite signs. That is, the magnitude of the sample correlation coefficient |r| is
independent of change of erigin and scale.

(4) r alwayslies between -1 and + 1, i. &.,
=t B el
- i
(5) ! r| is the geometric mean of the two regression coefficients b, and b . thatis

G — {+f—~} fh},_,xbl_, .
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g A + b, xb, if b, and b, are positive
_'Illlby.r xb,, if b andb  a&re negative
{6) r is zero when one of the variables X or Y is constant.

Theorem 14.3 The correlation coefficient is independent of the origin and the scale of
measurement of the variables.
Let (x,. y, ) (x5, ¥ )+, (x,, ¥,) bearandom sample of n pairs of observations from a
bivariate population.

hk

ff we let w; = (x; ~ p)[ h and v; = (y; = @)/ k then r,, = TalTal ™
That | Ty if frand k have same signs
kb i e -, if h and k have different signs

Similarly, ifwelet w, = p + hx, and v, = g + ky,, then r, = |h||k| Ty

{r if hand k have same signs
i

=3

That 1s, ~Tey if h and k have different signs

Example 145 The following are the measurements of height and weight of 8 men,
Height (inches) x| 78 8% 97 6% 59 79 68 6]

Weight (pound) ¥ | 125 137 156 112 107 136 123 104

(i)  Calculate the correlation coefficient berween the height and weight of eight men by
using the deviations from their medns.
(i}  Again compute the correlation coefficient by taking the deviarions of variable X from
70 and of variable ¥ from 120.
(i) Do the resulis in (§) and (i) agree?
Solution. (i) The coefficient of correlation between X and ¥ is

x; ¥, X% - ¥ =3 (x;,=%) (y; -3 (% =x Ny, - ¥)
78 125 3 0 9 (0] 0
a9 137 14 12 196 1444 168
97 156 22 3l 484 961 682
69 112 -6 - 13 36 169 78
50 107 —16 =18 256 324 288
79 136 4 11 16 121 44
68 123 -7 -2 449 4 14
61 104 — 14 - 21 196 441 204
600 1000 ] 1] 1242 2164 1568

3o =N S0 o,

n &
WIES S el

1 ]
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PO Vi ek RS 1568
T B - S -9 (1242)(2164)

() Let the assumed mean for x be p = 70, and 4, = x, - p = x; = 70, Let the assumed
meanfor y be ¢ = 120,and v, = ¥, - g = ¥y - 120,

= 0.956

X Yi = % - 70 Vp = Yy T u; v} ¥
T8 E25 8 3 i 25 40
89 137 19 17 361 289 323
o7 156 27 36 729 1296 972
69 L12 -1 -8 | 64 8
59 107 =11 -13 121 169 143
79 136 9 16 81 256 144
68 123 -2 3 4 9 =B
61 104 -0 =16 81 256 144

40 40 1442 2364 1768

The coefficient of correlation between U7 and V is
" nXuv = (Xu)(Xv)

Jiu Tu? —(Zu;)® Hn Zv} = (Zv,)?)
" B(1768) — (40)(40)

V 18(1442) — (40)% | [8(2364) — (40)*)
(i)  Theresultsin (i) and (ii) are same, since 0956 =r, =r, = 0.956.
Example 14.6 The following data were obirined for a sample of 10 persons from a height
and weight distribution.

Tx, =700, Ly = 1550, Xx?= 45120, Xy} = 240550, T x, y. = 108650

Compute the coefficient of correlation.
Solation. The coefficient of correlation between X and Y is
" nExy (L5 NEy)

.J"In Eal = (Zx P HnZy: -(Zy)%)
5 10(108650) — (T00) (1550)

J (10049120) — (700)? }{10(240550) - (1550)? )
14.7.3 Goodness of Fit of a Linear Regression Equation. One approach to correlation
analysis emphasized the covariability of the two random variables. The other approach to
correlation analysis is related to regression analysis and provides a measure of the strength of
closeness of the linear relationship between two variables: thus comelation coefficient is a
measure of the goodness of fit of the linear regression equation, Consider a sample from a
bivariate distribution of X and ¥, There are two regression functions, each obtained by

considering that variable as dependent whose mean value is to be estimated and treating the other
variable as independent. The two linear regression functionsof ¥ on X andof X on ¥ are

By = Oyx + Py X, Hiy = Oxy * Byy¥

rﬂ ¥

= 1.956

r

= 0.79
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f

where fi,, and B, are the population regression coefficients of ¥ on X and of X on ¥
respectively. Their corresponding least squares sample regression lines are

3= By A B K ¥ =a_ +b, ¥
where b, and b, are the sample regression coefficients of ¥ on X and of X on Y
respectively. The least squares estimates are

.
Rl e T
By = By =Y =By ¥
3.1'
)
L Ay = i
b;y = o F oy = &~ b.l.'_l.' ¥
j'r

The regression equation of ¥ on X becomes

-

y=y+b,(x-X)
and the regression equation of X on ¥ becomes
X =F4b (=)

The regression coefficients are related to the correlation coefficient as

" = .i'_.l.}, * r #_5' b o Sr_l.- e ol
L3 52 S s 52 5
85 2 o it

Thus the regression equation of ¥ on X becomes

= = ray o
y =3+ (% —X)
a

and the regression equation of X on ¥ becomes

= 5
i=7%F+—=

(y=-3%)

¥
Since 5, and 5, are positive, the signof 5, , &, , b, and r, will always be same. Note also

that if any one of these four quantities is zero then all others must equal to zero. A positive sign of
r,, indicates that X and ¥ are directly related. A direct relationship between X and Y is
associated with an upward sloping regression line; that is as one variable increases other variable
also increases, A negative sign of r, indicates that X and ¥ are inversely related. An inverse

relationship between X and Y is‘associated with a downward sloping regression line, that is as
one variable increases, the other variable decreases.

Theorem 14.4 In the correlation analysis the two regression lines intersect at the point
(x,¥)
Theorem 14.5 The correlation coefficient r is the slope aof the regression lines for standard
sCOves.

Theorem 14.6 The graphs of the regression linesof ¥ on X and X on Y areidentical if all
the points of the given sample lie on a straight line.
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Example 14.7  The following data were obtained for a sample of 10 men from a height and
weight distribution,

7 o= 70, ¥ = 155, T (x, -%) =120,
TP = 240550, T(x ~FNy-F) =150
Calculate covariance, cﬂrrefa_rf'an coefficient, the two regression lines.
Solution, The variance of X, variance of ¥, covariance and correlation coefficient are
5 . Elxg=x)" 120

5= = = Ii
* n 10
Zyf 240550
2 B =3 A
3 = —y¢ = = (I155)y = 30
7 n i 10 )
(%, —E)(y =F 150
3”=EI, )y =) _ = g8
n 10
xy 15
ro= - = = .79
.,fl.!';! 3_3 N (123030)
The estimated regression line of ¥ on X is ¥yo=a, +b, x
The least squares estimates of @, and b, are
5 ]
b, = —— = 2 s
; Sk
a, = F-b, T = 155 -125(70) = 67.5
The best fied line of ¥ on X is y = 675+ 125x
The estimated regression line of X on ¥ is I =a +b.y

The least squares estimates of a,,and b, are

a, =X-b ¥ =70-(050)(155) = -75

The best fitted lineof X on ¥ is X =-75+05y

Example 148  Find the coefficient of correlation if the two regression coefficients have the
following values

(fy 045 and 0.8, {ify —0.1 and —0.4.

Solution. .
(] ro= {+-) Jb_,,,xh” = +,/(045)(08) = 06
(i) ro= {+f—},|"b_,.,><b” = —J(=01)(=04) = -02
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Example 14.9  The coefficient of correlation, for a sample af 20 pairs of observations is 0.6,
Fx =12 ¥ =20, 5, = 1.5 and s = 2, estimate the lines of the regression. Estimate

the mean of Y for x = 10. Estimate the mean of X for v = 22,
Solution. The estimated regression lineof ¥ on X is : y=a. +b

X

¥ ¥

The least squares estimates of a yy and b, are

bu = rs"l B Dﬁ{!} = (B8

: 3 L5

Gy, = F=b, T =20-08(12) = 104
The best fitted lineof ¥ on X is

y = 104 + 0.Bx

For x = 10, we have
j = 104 + 0.8(10) = 184

The estimated regression lineof X on Y is ¥ =a - +b.y

The least squares estimates of «,, and b, are

_ ese . O6{1S8). "
b, = S ERE N 0.45

a, = F=b_ ¥ = 12 - 045(20) = 3

£¥ iy

The best fitted lineof X on Y is
x = 3+ 045y

For y = 22, we have

-

x =3 + 045(22) = 129

Example 1410 The following results are given from paired data of two variables

X and Y.

Estimate of variance of X = 9

Estimated regression lineof X on Y: 40 x — 18y

Estimated regression lineof ¥ on X: 8x - 10y
Find (i) The coefficient of correlation between X and Y,
deuviafion of

fiii Mean values of X and Y.
Solution. (i) The estimated regressionlineof X on Y is

404 ~ 18y = 214 = Fow g bty
: 40 40
0.45

The estimated regression line of ¥ on X is

214
- B
(i} Standard
Y,
b” = E =
40



206 A Text Book of Statistics — Part II

66 8 8

B - A = T b,
SR T A T

The estimate of the correlation coefficient between X on Y is

ro= (+/-) b, xb,, = +[(08)(045) = 06

@ =9 = s =+J9 =1
b - rﬁ'.‘r’ SJ-'
4 5,
0.6 s, !
08 = 5 =5 {I.ﬁsy = 0B8(3) =3 5y = 4
(iif) Since both the estimated regression lines pass through the point (X, ¥ ). Thus
- E =18 = Bl sl (i)
RE=IOF & =060 it i)

Multiplying (if) by 5 and subtracting it from (i)
wx-18y = 214

0¥y - 350y = —330
- + +

Py =54 = ¥ =17
Putting this value of ¥ in (i}, we have
BX-10(17}) = -66 = X =13

14.7.4 Correlation and Causation. It i5 necessary to consider the sampling distribution of the
sample statistic R to decide whether or not we should accept the hypothesis that the variables in
the population are related. But aside from this technical aspect of a relation between two
variables, it is necessary for a statistician to consider whether or not correlation indicates a cause
and effect relationship. It is possible to correlate the temperature of Lahore city with the birth rate
and it is possible that a high positive correlation may be found showing that when the temperature
is high, the birth rate is high, and when the temperature is low the birth rate is low.

There is no meaning to such a correlation. There is no causal relationship between the
two phenomena. This example illustrate that you can correlate anything, and there are chances
you may obtain a high correlation which may have no significant meaning at all. A high
correlation simply tells us that the data we have collected is consistent with the hypothesis we set
up. That is, it supports our hypothesis. We may say the following situations that brought about a
high correlation,

(iy X isthecauseof ¥

(ify Y isthe cause of X

(iff) ‘There is a third factor Z that affects X and ¥ such that they show a close relation.
{iv) The comelation between ‘X .and Y may be due to chance.



Simple Linear Regression and Correlation 207

Only by more thorough investigation we can come to some conclusion as to whether or
not X is the cause of ¥.

Exercise 14.2

1. (a) Differentiate between regression and correlation problems, giving examples.
() Define the terms correlation and product moment co-efficient of correlation.

{¢c) For a set of 50 pairs of observations on variables X and Y, we have
(%, — %)y, — §) = 450.Find the covariance.

(5, =9)
2. (@) The simple correlation coefficient r = )8 ‘;" (s5.8,) is given as

= EEII“E}{F.'_F]
YE(x = %) X(y, - 3)

The following table gives the ages of husbands and the ages of wives at the time of their
marriage.

Coaple:. - 5 s e S i, S R Tl 2
Hushand'sage % | 25 20 300 30 31 392 33 35 37 38

r

Wife's age ¥ | 28 2F NN esran syl e ane i ks

Calculate the coefficient of correlation by using the above formula.
(r=1082)

(b) The simple correlation coefficient r = s, 'f (s, 8,) is given as

- Ix y; —nxy

- J(EE —aFYEE -0y

The following table gives the demand and supply of a commodity.

Supply X | 400 200 T00 100 500 300 600

Demand ¥, 50 60 20 70 40 30 10

r

Calculate the coefficient of correlation by using the above formula.
(r=-0857)

(¢) The simple correlation coefficient r = ey J,J' (8,5, ) is given as
Zx 9 —(Zx)(Zy)n
VIZx? = (Zx P/l Ey? —(Zy, )7 n)
The following table gives the traffic density and accident rate.
Traffic density X, | 30 35 40 43 30 &l 70 ] S0

3

Accident rate ¥ 2. 4 5 5 8 15 24 30 32
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(d)

3. (a)

(b)

()

4. ia)

(b)

3. (a)

(b)

6. (a)

Calculate the coefficient of correlation by using the abeve formula.
{r=0983)

The simple correlation coefficient r = 5, ;"II (%, 8, ) is given as
] EJL‘, }'J =, {E-rj }{.E}', :]
r =
JIrEx? = (Ex)% Hn ZpE - (2y,)?)

The following table gives the number of persons employed and cloth manufactured in a
textile mill..

Persons employed ol B 209 113 189 176 200 219

Cloth manufactured  ¥; 23 47 22 40 39 31 49

Calculate the coefficient of correlation by using the above formula.
{r=0963)
For a set of 22 pairs of observations, we have
Lx=983 Ty =400, ExF=161330, TyF=8475 XLy =15811
Find the product moment correlation coefficient for the data,
{r=-08325)
For a sample of 20 pairs of observations, we have
¥el;, ¥Fa§ Zx=180 Xyia3M Xy wH0d
Calculate the coefficient of correlation.
{r = 06133)
For a set of '8 pairs of observations, we have
Ty, =448 Ty =472, F F=129958 Tix .y =12162 3,.=166
Compute the product moment correlation coefficient,
{r =1015)
For a set of 30 pairs of observations, the standard deviations of x and y are 4.5 and
3.5 respectively. If the sum of products of deviations of x and y wvalues from their

respective means be 420, find the Karl Pearson's coefficient of correlation.
{r=1053)

Fora given set of data, we have 57 = 9,102, 57 = 2204, s, = 1694

Find the product moment correlation coefficient for the data,
{ir= 0378)

For a given set of data, we have  r = 0.48, 5, =36, s = 16, Find 5 .
(5, = 18.75)

For a given set of data, we have

r=05 X(x-FNy-7) =120 5,=8 X(x-F) =9
Find the number of pairs of values.
(tn = 10)

A computer while calculating the correlation coefficient between two variables X and
Y from 25 pairs of observations obtained the following results,

Sx= 125 Zxp=650, Ey =100, Eyl=d460, T y.= 508
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(&)

()

7. (a)

(k)

8 (a)

It was, however, later discovered at the time of checking that he had
copied down two pairs as: while the correct values were:

-x,l 'ﬁ B -xf 3 ﬁ
¥; 14 6 5 5 12 8
Obtain the correct value of coefficient of correlation.
(r=067)

The following data show the marks in economies and marks in statistics obtained by ten
students.

Student i 1 2 3 4 ] (] 7 il k) 10
Economics x; | 78 36 96 25 75 8 90 62 65 39
Statistics Yy 2 3k 91 gk 88 62 B 58 51 47

(i) Compute the coefHuient of correlation.
(i) Again compute the coefficient of correlation by taking the deviations of
variable X from 50 and of variable ¥ from 60.
(iif) Do the resultsin (i) and (ii) agree?
{ () 0775, @G 0.775, (i) Yes)
Compute the correlation coefficient between the variables X and ¥ represented in the
following table;

x- 2 4 5 6 8 11

¥; 18 12 10 8 7 5

Multiply each x; value by 2 and add 6. Multiply each y. value by 3 and subtract 15.
Find the correlation co-efficient between the two new sets of values, explaining why you
do or do not obtain the same result as above.
(- 092)
Interpret the meaning when
r= =1, re= ), S |

Sketch scatter diagrams which illustrate:

()  positive linear correlation,  (ii)  perfect positive linear correlation,

({ii) megative linear correlation, (i) perfect negative linear comrelation,

(v}  no correlation, between two variables X and Y,
From the data given below, calculate the coefficient of correlation between the ages of
husbands and ages of wives at the time of their marriage.

Couple i 1 2 3 4 5 ] 7 8 9 10
Husband'sage & | 280 27 28 23 20 3036 35 33 31
Wife's age ¥ |20 200 2 18 21 a30-0% 28 29 27
Find the regression coefficients. Verify that r is the geometric mean of the wo
regression coefficients -

(r=08, b, =08, b, =075)
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(b) The two regression coefficients have following values, find r.
() b, =086 b, =095

¥E

() b, = -052 b, = -102

(G)r = 090, (iyr=-073)
{¢) Find the two regression coefficients in each of the following cases.
W Tx = 176, Zy = 328, x5 =947
Tt = 4964, Xyr = 182, n = 8
i n=10, Elx-%F =170, X(y -7F) =140,
(g -X)(y-¥)=92
(fiy Zix, -XNy,-¥) = 148, s, = T.933, g, = 16627, n. = 15

]

(iv) n = 8 x=71 ¥y =5 Lx ¥y = 364,
E l:-Ii -X :'2 = 132, Z{ i Ff = 56.
(v r = 097, 5. = 17.08; s, = 1434

X

{ () b,, = 206 b, =047 ()b, = 054, b, = 066 (i) by, = 0.16
b,, =004 (iv) b, =064, b, =15 () b, =081 b = 1.16 }

9. (@) Explain why the regression line of ¥ on X is not necessarily the same as the regression
line of X on Y. How would you decide which is the appropriate regression in any
particular situation. Answer the following.?

(i)  When do the two lines coincide?
(/)  When are they at right angles?
[ ti) Exact linear relation. (i) Uncorrelated X, ¥ (Le. p=0)}
(b) Calculate the coefficient of correlation and obtain the lines of regression from the

following data
Price x 3 4 5 6 7 2 9 0 31 - %2
Demand ¥ 25 M- 2. W B LT 160 130 Gl b

(r= =098 5 =3145-193x;, % = 16—=05%)
{¢) Given the following data:

n = 100, Yx, = 5000, Ty, = 6000,
Tx ¥ = 300300, Xx? =250400, Xy} = 360900,
Calculate

() s 5, and r,

(i)  regression lines,
(iif) estimate the value of y for x = 55,
) s =2 5, = 3, =05 (@) F=225+075x =302+ 033y

(iif) 63.75 )
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10. (a)

)]

(c)

11. {a)

®)

12. (a)

(&)

Giiven the following data:
n=10, Xx, =120, Xy =250, Xxy =30707 s =35 5 =72

Calcnlate regression lines.
(¥ = 1804 + 0.58x; £ = 850 + 0.14y)

Given that means and variances of two series X and ¥ are

X-series Y-series
Mean; 25 38
WVariance: 25 36,

The correlation coefficient between X and ¥ is 0.75. Estimate the most plausible
value of ¥ for xr = 40 and most plausible value of X for y = 38.
(§ = 155+ 09x 515; & = 125 + 0.625y, 37.5)

If the mean height of 500 fathers is 68.65 inches with standard deviation of 2.8 inches
and the mean height of their youngest sons is 69.65 inches with standard deviation of
2,85 inches and the coefficient of correlation between them is (.52 obtain the two
equations of the lines of regression in the simplest form.,

(¥ = 3327 +053x; & = 3313 + 051y)

Given the following data:

x=3 F=28 b . ==-15 F

3 L, = =02

Show that the two estimated lines of regression intersect at the point (X, ¥ ). Estimate

the value of X when ¥ = 30 and the value of ¥ when X = 55.
Hint:  Show that the estimated value of X for ¥ = ¥ = 28 is 54 and the estimated

value of Y for X = X = 54 is 28

A5 =265 % = 536)

For a given set of data, the least squares regression lines are
{ Estimated regression line of ¥ on X: § = 208 — 0219«
Estimated regression line of X on ¥ £ = 162 — 0785y
Find the product moment correlation coefficient for the data.
(r = -0415)
For the following set of data, use «, = x; — 1000, and v; = (¥, = 250)/5 to find the

product moment comrelation coefficient and the least squares lines of regression of ¥ on

X and of X on ¥
X 1000 1012 10089 1007 1010 FLS 1010 1011

¥ 235 240 245 250 255 260 265 270

(0.583; §y = —1386.1346 + 1.6235x; £ = 956.326 + 0.2096y)

On each of 30 items, two measurements are made on the variables X and Y. The
following summalions are given

x= 18, %y = =B, X x} = 61, 2yt =90, Zx y, =56
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()

Calculate the product moment correlation coefficient and obtain the lines of regression
of ¥ on X and X on ¥.If the variable X is réplaced by U where u; = (x; — 1)/ 2,
find the correlation coefficient between U/ and ¥ and the regression lines of ¥ on U
and U on Y.

(0.856; ¥ = —0.751 + 1.10x; £ = 0.633 + 0.664y; 0.856; ¥ = 0351 + 221 u;

o= —0184 + 0332y)

The following table shows the marks in statistics and mathematics obtained by 10
students from & large group of students.

Marks in Statistics x, |75 80 93 65 8 71 98 68 B84 77

Marks in Mathematics y; 18 78 8 .72.91 80,95 72 8 74

Estimate the linear regression function considering
(i) X as independent vanable,
(ii) Y asindependent varable.

(5 = 2913 + 0661x; % = —1439 + 1.15y )

13.(a) A random sample of 20 pairs of observations (x;, y;) gave the following
¥=2 ¥=8 Zxf =180, Ly} =1424, Zux y, = 404
Estimate the linear regression function taking () X as independent variable,
(i} ¥ asindependent variable.
[ = 632 +084x;x = —2_,57 + 0583 v}
(#) Given the following data:
r'aTs Bawls T Ly =as VB TR ) TR0y - v =06
2(x; = X )(¥; — ¥) = 13. Determine the two regression lines.
(y =11+13x; ¥ =05+05y)

{c) The correlation coefficient between the two varjables X and ¥ is r = 0.60.
Ifs, = 150, 5, = 200,¥ = 10 and ¥ = 20, find the equations of the two
regression lines of ¥ on Xand Xon ¥
(y =12 +08x; £ =1+ 045y)

Exercise 14.2
Objective Questions
1. Fill in the blanks.
(i) The ——— is a relationship that describes the dependence
of the expected value of the dependent random variable for a
given value of the independent non-random variable. (regression)

(ify ~ The variable, that forms the basis of estimation, is called
: {regressor)
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(iif) ~ The variable, whose resulting value depends upon the selected
value of the independent variable, is called — {regressand)
(iv) ~The ——— diagram is a set of points in a rectangular co-
ordinate system, where each point represents an obhserved pair
of values, (scatter}
(v)  The principle of least squares is used for finding the ——
g and b of the parameters o and 3. (estimates)
(viy The ——— regression line always passes through (%, 7). {estimared)
2 Mark the statements as true or false,
(i) The simple linear regression model contains two parameters o
and f (false)
(if)  The simple linear regression model contains four parameters
o B, py, and a2 (true)
(iiy The simple linear regression model is simple in that there is
only one independent variable. (true)
() The parameter o is called the slope and the parameter B is
the intercept of the regression line. (false)
(V)  The regression coefficient is denoted by o. (false)
(vi)  The parameter o is called the y-intercept of the regression
line, (bruee)
(vif) In a regression analysis the independent variable is always
prefixed while the dependent variable is random, {true)
{Viil} The principle of least squares says that the sum of squares of
the residuals of observed values from their corresponding
estimated values should be the least possible. (true)
(ix)  The principle of least squares is used for finding the estimates
a and b of the parameters o and J. (true)
(¥} The constant b estimates the parameter § representing the
slope of the regression line. (rrue)
(xi) The regression coefficient & is independent of change in
origin and scale. (false)
(xif) The estimated regression equation of ¥ on x is used to
estimate the mean value of ¥ for a given value of x. (true)
3 Fill in the blanks.
(i) The correlation analysis is possible when both the variables X
and ¥ are ————, (random)
(i) If the two variables move in the ——— direction, the
correlation is positive. (same})
(iif) If the two variables move in ———— directions, the _
correlation is negative. (oppasite)
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{(iv) The correlation coefficient is ———— of the change in
origin and unit of measurement. (independent)
(v) The correlation coefficient r is the. ———— mean of the .
two regression coefficients. (geometric)
{vi) r = 0 indicates that the two variables are linearly ———— (independenr)
4. Mark off the following statements true or false.
(  The strength of covariability between two random variables is
called correfation. {truir)
(i) The sample correlation coefficient R is a point estimator of the
population correlation coefficient p. (rrue)
{iffy  The correlation coefficient r is not symmetrical with respect to
X and ¥ (false)
{iv)  The correlation coefficient changes with a change in origin. (false)
(v) - The correlation coefficient is not affected by change in origin. (true)
(vi} The correlation coefficient is not independent of the ongin and
the unit of measaorement, (false)
(vif} The comelation coefficient is a pure number which is unitless. (true)
(xiif) The correlation coefficient r always lies between—1 and 1. (true)
(xivi r = 1 indicates perfect positive correlation between the two
variables and slope is positive. (true)
(@) r = -1 indicates perfect negative correlation between the two
variables and slope is negative. (true)
5. Mark off the following statements true or false.
(i) r = 0 indicates that one regression line is horizontal and the
other regression line is vertical. (rrue)
(if)  The comrelation coefficient r is the geometric mean of the two (rrue)
regression coefficients.
(iti) Each of the two estimiated regression lines passes through the
point (X, ¥ ). {true)
(iv) We can always estimate the “X and ¥ values from the
regression equation of ¥ on X. (false)
(v}  The regression coefficientof X on ¥ is —1.2 andof ¥ on
X is 03 (false)
{vi}y  The regression coefficientof X on ¥ is - 1.2 andof ¥ on
Xiis -03 (frue)
(vi{) The regression coefficient of X on ¥, regression coefficient
of ¥ on X and correlation coefficient have same sign. (1rue)
(viii) If the regression coefficientof X on ¥ 15 — 1.2 andof ¥ on
X is — 0.3, the correlation coefficient is 0.6 (false)
(ix)  The regression coefficient of X on ¥ is always equal to the

regression coefficient of ¥ on X. (false)
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Many experiments, particularly in social sciences, result in observations that are only
classified into categories so that the data can consist of frequency count for the categories. For
example, the classification of people into income groups as very rich, moderate, or poor,
manufactured items may be classified as being excellent, good, poor, or scrap condition; in a
survey of job compatibility employed persons may be classified as being satisfied, neutral, or
dissatisfied with their jobs; in plant breeding, the offsprings of a cross fertilization may be
grouped into several genotypes; rainfall may be classified heavy, moderate, or light; each
household may be classified as owning no cars, one car, or two or more cars. Our aim here is to
present some inferential procedures that can be used to study data that are classified into multiple
categories.

151 MULTINOMIAL POPULATIONS

When each element of a population is assigned to one and only one of more than two
attribute categories, the population is called a multinomial population.

152 ATTRIBUTE (QUALITATIVE VARIABLE)

A characteristic which varies only in quality from one individual to another, is called an
attribute. Examples of atiributes are: marital status, education level, blindness, smoking, richness,
beauty efc. It is not possible to measure an attribute quantitatively. The quantitative data relating
to an attribute may be obtained simply by noting its presence or absence in the objects, and then
counting that how many do or do not possess that attribute.

15.2.1 Class and Class Frequency. A class is a set of the objects which are sharing a given
characteristic. A class frequency is the number of observations { or objects ) which are distributed
in a class.

15.2.2 Classification of Objects. The objects (or individuals) can be divided into two distinet,
mutually exclusive and complementary classes according to whether the objects do or do not
possess a particular attribute. This process of dividing the objects into two mutually exclusive
classes is called dichotomy.

Tf several attributes are noted, the process of classification may be continued indefinitely.
The objects that are classified according to as they do or do not possess the first attribute can
further be subdivided according to as they do or do not possess the second attribute and the
objects of each of these subclasses can still further be subdivided according to as they do or do
not possess the third attribute, and so on, every class being divided into two subclasses at each
step. For example, the members of the population of district Lahore may be classified according
to sex as males or females; the members of each sex may be further subdivided according to
marital status as married or unmarried; that results into the married males, unmarried males,
married females or unmarried females; the members of these four classes may be still further
subdivided according to educational status as literate or illiterate.

215
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15.2.3 Notations and Terminology. For theoretical study it is necessary to have some
notations to represent different classes and their class frequencies. The capital Latin letters A, B,

+ are used to denote the attributes and their presence. The Greek letters o, f, -« - are used
to denote the absence of these attributes. Thus A will denote that the object possesses the
attribute A and o will denote that the object does not possess the attribute A; B will denote
that the object possesses the attribute B, and B will denote that the object does not possess the
atribute B. Hence “ o means “notA”,“f” means “not B".

Class frequencies will be denoted by enclosing the class by symbols in brackets, Thus
( A ) denotes the number of objects possessing the attribute A: ( @ B ) denotes the number of
ohjects possessing the attribute B but not the attribute A,

The attributes denoted by A, B, --- are called positive attributes and their contraries
denoted by o. B, --- are called negative artributes. Thus the classes A, B and AB

represented by positive attributes are called positive classes; the classes o, f and of
represented by negative attributes are called negative classes; and the classes AB, oB, erc.
represented by both positive as well as negative attributes are called contrary classes.

15.2.4 Order of Classes. Order of class is known by the number of atiributes specifying the
class, e g., a class specified by one attribute is known as the class of order 1, the classes
specified by two attributes are called as the classes of order 2; and the classes specified by three
attributes are known as the classes of order 3. The total number of observations denoted by n is
called the frequency of the class of order zero since no attributes are specified.

In the study of only one attribute A, we have the following frequencies

Frequency of the class of order zero : n
Frequencies of the classes of order 1 : (A) (o)

In the study of two attributes A and B, we have the following frequencies
Frequency of the class of order zero : n
Frequencies of the classes of order 1 : (A), (), (B), (B)
Frequencies of the classes of order 2 ¢ (AB), (AB), (aB). (af)

These observed frequencies can be expressed in the form of a 2 x 2 table as

Attribute B
Attribute A B B Total
A (AB) (Af) (A)
o (B ) (af) (o)
Total (B) (B) e

15.2.5 Number of Class Frequencies. If we include the total number of observations n as a
frequency of the class of order zero, then in general, for k attributes the total number of class
frequencies would be ( 3 ). Thus in case of only one atiribute the total number of class
frequencies would be (3)' = 3; for two attributes it is (3) = 9, and soon.
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15.2.6 Ultimate Class Frequency. The frequencies of classes of the highest order are called
ultimate class frequencies. The number of ultimate class frequencies for k attributes is given by
( 2. Thus in case of two atiributes the number of ultimate classesis (2)° = 4, and so on.

If n is included as a positive class, then for k attributes the number of positive classes
is the same as the number of ultimate classes. For two atiributes, the positive classes are n, (A ),
(B). (AB) and the ultimate classes are (AB ), (AB), (aB), (o).

It is interesting to note a very simple result that any class frequency can always be
expressed in terms of the class frequencies of higher order. Any class can always be expressed as
a sum of its two subelasses produced by dichotomizing it for the study of a new characteristic.
For example, in the study of two attributes, we may have:

r = (A)+(g) no=(B)Y+(8)
(A) = (AB) + (AB) (B) = (AB) + (uB)
(a) = (aB) + (off) (B) = (AB) + (aB)

15.2.7 Consistence of data. The class frequencies that have been observed in one and the
same population are said to be consistent, if they conform with one another and do not conflict
each other. In the study of attributes, no class frequency can ever be negative. If any class
frequency is negative the data are said to be inconsistent. Inconsisiency may be due to wrong
counting, inaccurate additions or subtractions or due to misprints. The necessary and sufficient
condition for the consistence of a set of class frequencies is that no ultimate class frequency
should be negative. To test the consistence of data, we calculate the ultimate class frequencies
from the given data and if any of the ultimate class frequencies turns out to be negative, data will
be inconsistent. If no ullimate class frequency is negative, the data are consistent. It is however
important to note that the consistence of data is no proof of accurate count, accurate additions or
subtractions or the absence of misprints. :

153 INDEPENDENCE OF ATTRIBUTES

If in a sample of size =, the class frequencies of attributes A, B and AR are
represented by (A ), ( B) and { AB). Then we have

Proportion of individuals possessing A = (4)
[
: i : (B)
Proportion of individuals possessing B =
n
Proportion of individuals possessing - AB = (AB)
n

The two attributes 4 and B are said to be independent if,
Proportion of AB = ( Proportion of A ){ Proportion of B )
(AB) (A) " (B)

n n n
(AB) = 1ANB)

n
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In case of independence of attributes A and B, the 2% 2 table must have the form

Attnbute B
Attribute A B ;] Total
a (A)(B) (A B) (4)
n n
= (0)(B) (e B) ()
n n
Total (B) (f#) n

Example 151 If there are 144 A's and 384 B's in 1024 observations. How many
(i) AB's and (if) oB's will there be for A and B being independent.

Solution. Wehave n = 1024, (A) = 144, (B) = 384

For A and B being independent, we must have

{A)(B) (144 )(384)

' AB) = = = 54

€ tAR) - 1024

(i) () = n—-(A) = 1024 — 144 = 880
(B) = n—(B) = 1024 - 384 = 640

(a)(f) _ (880)(640)
n 1024

Example 152 If the A's are 60%, the B's are 40%, of the whole number of observations,
what must be the percentage of AB's in order that we may conclude that A and B are
independent?
Solution. let n = 100, then (A) = 60, (B) = 40
For 4 and B being independent, we must have

(A)E) 60 x40

AB) = = = 2
(AB) = Py 24

There must be 24% AB’s 1o justify the conclusion that A and B are independent.

Examplé 153 Given the following data. Find whether A and B are independent or
associated.

(i1 me= 150, (A) = 30, (B} = 60, (AB) = 12
(ify (AB) = 256, (of) = 144, (Af) = 48, (wB) = 768
Solution.

fﬂﬁ} = = 550

{f) Observed frequency of AB's = (AB) = 12
Expected frequency of AB's = (ANB) _ {I:gnﬁm = 12
n

(A)(B)
n

Since (AB) = , the atiributes A and B are independent.
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(if) We have the 2 x 2 table as
Attribute B
Autribute A B - B Total
A (AB) = 256 {(AB) = 48 (A) =304
v (aB) = 768 (af) = 144 () =512
Total (B) = 1024 (B) =192 n = 1216

Observed frequency of AB’s = (AB) = 256

n

Since  (AB) = AXE)
n

, the atiributes A and B are independent,

154  ASSOCIATION OF ATTRIBUTES
{ CORRELATION OF QUALITATIVE VARIABLES )

The two attributes A and B are said to be associated if they are not independent, L. e.,

(AB) # (A)B)
1

Association of attributes may be classified as positive or negative.
15.4.1 Positive Association. The two atiributes A and B are posirively associated or simpfy
associated, 1f

(A)(B)
AB ——
4By > 222

15.4.2 Nepative Association. The two attributes A and B are negatively associated or simply
disassociated, if

ARy = AAEY
n

It should be noted that disassociation does not imply independence.

15.4.3 Complete Association and Disassociation. There will be complete (or perfect positive)
association between two attributes A and B if one of them cannot occur without the other,
though the other may occur without the one, that is, if

(5 LAY = (8) = all A's are B's and all B's are A's
(i) (A) < (B) = all A’s are B's
(iiiy (B) < (A) = - all B's are A's

There will be complete disassociation ( or perfect negative association ) between two
attributes A and B if none of A’s is B'yand none of o'sis s
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1544 Coefficient of Association. The sirength of association, between two altributes A and
B, 15 known as coefficient of association.

The Yule's coefficient of association, denoted by (), is defined as :

(AB)(af) - (AB)(aB)
(AB)(fB) + (AB)(aB)

This coefficient lies between —1 and + 1.

Q=

If ¢ = 0, thetwo attributes are independent.
If ¢ = 1, thetwo attributes are completely associated.
If @ = -1, the two atiributes are completely disassociated.

Example 15.4  Given the following ;

(AB) = 110, (oB) =90, (AP =290, (of) = 510
Discuss association.
Solotion. We havethe 2 x 2 table as
Attribute B
Attribute A B B Total
A (AB) = 110 (AB) = 290 (A) = 400
o (aB) =90 {fly = 510 (o) = 600
Total (B) = 200 (B) = 800 n = 1000
Observed frequency of AB's = (AB) = 110
Expectid fegicy or Aps = CAVBY - (400Y(200) ) o
n 1000
Since (AB) > {AJ:B} , the attributes A and B are positively associated.
Example 155 1660 candidates appeared for a competitive examination and 422 were

successful. 256 had attended a coaching class and of these 150 came out successful. Find the
coefficient of association between success and coaching a elass.

Solution. Let A represent success and B represent attending coaching class, then we have

n= 1660, (A)=422, (B) =256, (AB) = 150
Attribute B
Attribute A B B Total
A (AB) = 150 (AB) = 422 - 150 = 272 (A) =422
o (oB)=256-150 = 106 (af) = 1404272 = 1132 (o) = 1660422 = 1238
Total (B) = 256 (B) = 1660256 = 1404| n = 1660
0 (ABYoff) — (AB)(uB)

(AB)(of) + (AP M aB)

(150)(1132) — (272)(106) Y

0.7
(150)(1132) + (272)(106) .
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Exercise = 15.1

L (a)
{b)

2. (a)

(b)

()

(&)

(c)

4. (@)
(b)

(c)

5. (a)
(&)

Distinguish between attribute and variable. Define positive ¢lasses, negative classes and
ultimate classes.
Given the following ultimate class frequencies, find the frequencies of the positive and
negative classes and the whole number of observations n.

(AB) = 95, (AB) = 55 (aB) = B5, (of) =45
{n= 280, (A)=150, (B) =180, (&)= 130, (B) =100}
Given the following frequencies of the positive classes, find the frequencies of ultimate
classes. :

n 250, (A) = 80, (B) = 100, (AB) = To

[ (AB) 10, (aB) = 30, (af) = 140, (AB) = 70}
Measurements are made on a thousand husbands and a thousand wives. If the
measurements of husbands exceed the measurements of the wives in. 800 cases for one
measurements, in 700 cases for another, and in 660 cases for both measurements, in
how many cases will both the measurements on the wife exceed the measurement on the
husband? '

(160 )
Giventhat (A) = (o) = (B) = (B) = nf2, show that
() (AB) = (uf) iy (AB) = (oB)

Define the consistence of the data.
Find whether the data given below in each case are consistent?
@ n =12, (A) = B, (AB) = 90
() n =50, (A) =40, (B) = 32, (AB) = 15
(iiiy n = 1000, (AB) = 200, (AB) = 350, (oB) = 500
{ (i) Not consistent since (Af) = -8, (if) Notconsistent since (aff) = -7,
(itf) Mot consistentsince (o) = =50}
Comment on the following data contained in a report: 100 -students appeared in a test of
whom 80 passed in Statistics: 70 passed in Mathematics and 48 passed in both the
subjects.
[ Not consistent, since (aff) = -2}
What is meant by independence of attributes.
There is 240 A'sand 270 B’s in 600 observations. What would be the number of AB
if A and B are independent. .
{(AB) = 108 )
If A's are 60% and B's are 40% of the whole number of observations, what must be
the percentage of AB’s in order that we conclude that A and B are independent.
{ AB’s are 24% }
When are two attributes independent, positively associated, negatively associated?
Given the following data, determine the nature of association between the attributes A
and B, i e, find whether A and B are independent, positively associated or negatively
associated.
() " (A) = 30, (B) = 60, (AB) = 12, n = 150
(i) (AB) = 110, (aB) = 90, (AB) = 290, (af) = 510
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(i) (A) = 415 (AB) = 147, (e) = 285, (af) = 170
[ (i} Independent, (ii) Positively associated, (4if) Negative associated |

6. (@) What is meant by association of attributes?

(b) Explain the difference between the following with examples,

(f)  Atribute and variable,
{fiy Correlation and association,
(iif) Positive association and negative association
7. (@) Find the association between injection against typhoid and exemption from
attack from the following contingency table
Attribute Antacked Not attacked
Inoculated 528 25
Not inoculated 750 175

(@ = 065) 2

() Calculate the coefficient of the association between the intelligence of fathers and sons
in the following data:

Intelligent fathers with intelligent sons = 265
Intelligent fathers with dull sons = 100
Dull fathers with intelligent sons = 95
Dull fathers with dull sons = 450
(Q = (0.85)
{¢) Find if there is any association between the tempers of bothers and sisters from the
following data
Good natured bothers and pood natured sisters = 1230
Good natured bothers and sullen sisters = 830
Sullen bothers and good natured sisters = 530
Sullen bothers and sullen sisters = 980
(@ = 046)

8. (@) 750 students appeared in an examination and 470 were successful. 465 had attended
classes and 358 of them failed. Calculate the coefficient of association to discuss
association between attending classes and success,

(2 = 0.92, highly positive association )

{b) 100 students appeared in an examination, and 50 failed in Mathematics, 60 failed in
Statistics and 40 failed in both. Find if there is any association between the failing in
Mathematics and Statistics.

(@ = 071) 4
() Can vaccination be regarded as preventive measure for small pox from the following

data: “Of 1482 persons in a locality exposed to small pox, 368 in all were
attacked. OFf 1482 persons, 343 persons, had been vaccinated and of these 35 were
attacked”.

(@ = -057)

4
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155  TWO DIMENSIONAL COUNT DATA: CONTINGENCY TABLE

_ A simple random sample of n elements selected from a bivariate multinomial population
that has been classified into r categories A;, A,, +--, A, of attrribute A and ¢ categories

B, B,, -+, B, of auribute B will produce a two-way frequency table which is called an r %

¢ confingency fable — a name due to Karl Pearson. A contingency table is made up of the
observed frequencies relative to the two aitributes and their categories which is generally
presented in the following tabular form, with rows representing the r categories A, A,," "+, A

of attribute A and columns representing ¢ categories B . B,, - -+, B of attribute B.
15.5.1 Cell Frequency. The number of observations falling in a particular cell is called the cell
frequency. '

An r x ¢ Contingency Table

Attribute B

Attribute A B, B, B, 3t B, Row total

A oy B2 Oy 5 ! 2 .

Ay o O3 @ 5 2y, ;.

Ai & O o, i P o

.,.- - -

Ar 2 D 0”- O 9,

Column total 0. 0.5 o, == 0., 2

The table shows, in all, k& = re cells or categories. The symbol O, denotes the

number of sample observations in the ( i, j ) category of attributes A and B, respectively, for
i=1,2 -+, rand j = 1, 2, -+, ‘c. The entries in the table represent the realizations 0

the observed frequencies of the random variables O, ;. Note that the i-th row total is the observed

frequency of the i-th category of auribute A summed over all categories of atribute B.
Similarly, the j-th column total is the observed frequency of the j-th category of attribute B
summed over all categories of attribute A. Let

&. = _Elau for Fi= 3, s ar
JE
F

L'.-Il; 5 Ig! ﬂrj for J = ]‘ 2"“" E

denote the.mw and column sums, respectively, where the “dot” notation indicates the subscript
over which summation has taken place. That is



224 A Text Book of Statistics — Part II

=]
n

Observed frequency of A, N B;

]
i

Observed frequency of A, i e, i-th row total

2
I

Observed frequency of B, i e, j-th column total

[ £ r . :
DI HTED N T

imffm] j=l

156  TEST FOR STATISTICAL INDEPENDENCE

In analyzing bivariate multinomial populations, the first-step of a typical inferential
aspect of interest usually is whether the two attributes are statistically independent or whether -
certain levels of one attribute tend to be associated or contingent with some levels of another
‘attribute. If they are independent, we know that there is no relationship between them. If it turns
out that they are not independent and a relationship does exit between the two attributes, the neit
step in the analysis then is to study the nature of the relationship. We begin with the first step of
the analysis, testing whether or not the two attributes are independent.

We are concerned with testing the null hypothesis that the two criteria of classification
are independent. Recall, if two classifications are independent of each other, a cell
probability will equal the product of its respective row and column probabilities in accordance
with multiplicative law of probability. Therefore, the null hypothesis stating that the
events A,, A, -+, A are independent of events B, , By, - ++, B_ can be rephrased

P(AnB;) = P(A)P(B;) foralli=1,2+- randj=12" "¢
Thus the null and alternative hypotheses for a test of statistical independence are
Nuldl hvpothesis H;: A and B, are independent for all cells (4, j)
Alternative hypothesis H,: A, and B, are not independent for some ( i, j)

Here, H, represents statistical independence and H, represent statistical dependence.
The problem now becomes testing the goodness of fit for the model of independence.
We compare the observed frequencies o, ; With the expected frequencies E(O. ;) that are

expected if the attributes are independent. Under the null hypothesis of independence of attributes
the estimate of expected frequency E( 0,,) is

gt g 9-0.; (i-throw total)(j-th column total )
g n number of observations
The test statistic then becomes

Xt = i i Aoy~ )
=] j=1

fu

which has an approximate chi-square distribution with v = (r ~ 1)(e — 1) degrees of
freedom for large n.
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In this case, we base the test statistic on the expected number of elements € in the

sample from each category if H,, is true and the postulated proportions hold. The farther the
observed frequency o, departs in either direction from the expected frequency e i the large ig

(@;; = ¢; ) and hence the larger is ¥ ?. On the other hand, if there is perfect agreement between

the observed and expected frequencies, i. ¢., o, and e, are identical for all classes, ¥ 2 = 0

because each (o, ;= € ¥ = 0.If all the observed frequencies o, ; are close to the expected

frequencies e, supporting H,, the value of x* will be near o zero; if o, ; are far from e,
indicating rejection of H,, the y* will assume a large positive value, It follows, therefore, that
for-a given level of significance o the critical region is the upper tail of chi-square distribution
with v = ({r— 1) ¢ - 1) degrees of freedom, £ ¢.,

Critical region: P2t

On the guestion how Large a sample size should be, we know that this test is based on the
normal approximation to the binomial, a fairly conservative rule of thumb is that the
approximation is adequate if each ¢, = 5. If there are not at least 5 items, the value of chi-
square is inflated because squared differences are divided by a very small size expected frequency
in z* = Zflg,; - ¢ ]1/3” }. However, if the cells have too small expected frequencies the
condition of at Jeast 5 items in each expected frequency class can also be accomplished by

combining neighbouring row or column class, but for pair of rows or columns that is combined
the number of rows or columng for degrees of freedom is reduced by one,

15.6.1 Assumpiions. To conduct a valid test of hypothesis for independence using data from a
contingency table, the following conditions must be meL

(fy A simple random sample of size n has been sélected from a bivarate multinomial
population.
(ify The sample size n i% reasonably large so that for each cell, the estimated expected
frequency must be at least 5.
15.6.2 Yates® Correction. To improve the approximation to the y” distribution and thus be
able 10 obtain a more exact probability value from the ¥* table, F. Yates has proposed a

correction for continuity, applicable when the criterion has a single degree of freedom. The
correction is intended to make the actual distribution of the criterion, as calculated from discrete

data, more nearly like the ¥ distribution based on normal deviations. The relation Z° = x*
between Z and ¥? holds only for a single degree of freedom. The approximation calls for the -
absolute value of each deviation to be decreased by 1/2, because for two celled tables, the
deviations are always equal in magnitde but opposite in sign. Therefore

b E I:|O—f1 ~05)%

- €

Thus Yates® correction is analogous to the continuity correction which is applied in the
normal approximation to the binomial distribution. There is a tendency to under estimate the

Adjusted ¥?
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probability, which means that the probability of rejecting the hypothesis will be increased.
Adjustment results in a lower chi-square, Consequently, in testing hypothesis, it is worthwhile
only when unadjusted 7 is greater than tabulated »? at the desired probability level. When
n(or &) is large continuity correction has little effect, but when &'s are small, it should be
applied. When |a - e| is less than 0.5, the continuity correction should be omitted.

15.6.3 Coefficient of Contingency. The coefficient of contingency is 4 measure of the strength
of association on a numerical scale as an index of association between two criteria of
classification. When the test for statistical independence leads to the conclusion of dependence,
we may wish to measure the strength of association between two criteria of classification. Insofar

as the ¥? statistic represents an over all deviation from the model of independence, it is
intuitively reasonable to use this statistic to gauge the strength of this association. We may cail
xj as the “square contingency”, But in applying the ¥ ? statistic as a measure of association the
limitation is that the number of degrees of freedom attached to this statistic depends upon the
dimensionality of the contingency table. A x? value of 165 ina 2 x 2 contingency table
would reflect a significant association, but this would not be so ina 6 x 8 contingency table,
Several measures of association have been proposed to adjust the ¥ 2 statistic to a common scale
that 15 irrespective of the dimensionality of the contingeney table. We then write
ot = A
n
and call ¢? as the “mean square contingency”. In the following are two commonly used
formulas, large values of a measure indicate a strong association and small values of a measure
indicate a weak association between the two criteria of classification.
Pearson's coefficient of mean square contingency:
C = I—z, . gsos (4=
L q
where g represents the number of rows or columns, whichever is smaller, and n indicates the
sample size.

Example 15.6 Four hundred and ninety two candidates for scientific posts gave particulars of
their university degrees and their hobbies. The degrees were in either mathematics, chemistry or
phyvsies and the hobbies could be classified rowghly as music, craftwork, reading or drama. The
data are presented concisely in the following contingency table.

7 e Degree
Hobby Mathemuatics Chemistry Physics
Music 24 B3 17
Craftwork I 632 28
Reading 32 121 34
Drama 10 26 444

Dizewsy the association berween the two criteria of classification, e, the degreex and hobbies. If
the nudl hypothesis of independence iy rejected, caleulate the Pearson’s coefficient of mean
sguare contingency. What could be ity maximum value for this contingency tablz.
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Solution. The elements of the one-sided right tail test of hypothesis are

Null hypathesis H,: The degree and hobby are independent.

Alternative hypathesis H,: The degree and hobby are not independent.

Level of significance: o = 0.05 = 1 - =095

Tesy statistic: Xt = F My b f;;llniws ?n'appmximam :fhirsqunm
i=1j=1 ¢ distribution under H, with

Degrees af freedom: V= ((r=Te=1YV=(4=1X3-1) = 6,

Critical value: Yoiia = Xhoes = 1259  (FromTable 11)

Critical region: 3> 1259

Decision rule:;

Reject H, if y* > 12.59, otherwise do not reject H,.

Observed value: The observed frequencies o, are :
Degree

Hobby Mathematics: B,  Chemistry: B, Physics: By Row total
Music: A 24 83 17 o. = 124
Craftwork: A, 11 62 28 oy, = 101
Reading: A, 32 121 34 oy = 187
Drama: A, 10 26 RE o;. = &0
Column total g, = TV @y = 202 o, = 123 n-= 453

The expected frequencies ¢, ; under the null hypothesis of independence are

B O {i-th row total) { j-th column total )
& = = 5
f n number of observations
which are given in the following table. Only (r — 1)¢ — 1} = (4 - 1}3 - 1) = 6 expected
frequencies are obtained through this procedure. We could work through this procedure to give
the other expected frequencies, but this is unnecessary. as the remaining frequencies can be found
by using the fact that the sub-totals and totals must agree with those in observed data:

Degree
Haobby Mathematics: B, Chemistry: B, Physics: B, | Row total
T
Musie: Ay [ GEDUD, _ 5y U _ae 0 3ip 124
49 492
cuaftwork i, | SODUD _ jop  AOUB) 599 25.3 101
* 492 492
Reading: A, | UENTD _ 599 (ENNEN) _ ., 46.7 187
492 492 .
Drama: A, 12.5 475 200 [ 80
Column total 77 292 123 492




228 A Text Book of Statistics — Part 11

The #* -statistic is calculated as under

(?e-l_l Observed frequency Expected frequency b~y L
(L)) 0 & —‘—ﬂ—
if
A B, 24 19.4 1.09
AB, 83 73.6 120
A B, 17 31.0 6.32
A, B, 11 15.8 1.46
A,B, 62 59.9 0.07
Ay B; 28 253 .29
A.B, 32 293 0.25
AL, 121 111.0 (.90
A B, 34 46.7 345
AB, 10 12,5 0.50
Ay By 26 47.5 9.73
A, B, a4 20.0 28.80
Total 492 492 7t = 5406
Conclusion: Since x* = 54.06 > 12.59, we reject H, and conclude that the two criteria

of classification are association.
Pearsen's coefficient of mean square contingency:

at 54.06
c = = = (L
Jn‘+;¢f2 'J492+54.ﬂﬁ i

Maximum value of € for this contingency table:

‘(‘I'_" = J.i.__l = D.RIBS
g 3

Example 15.7  Discuss the resemblances of stature of parents and off-springs for the following
deata

Parents
Off-springs Very tall Tall Medium Short
Very ail 20 30 20 2
Tafl 14 125 B3 12
Medium 3 140 165 125
Short 3 37 68 151
Solution, The elements of the one-sided right tail test of hypothesis are
Null hypothesis: H,,\ The stature of off-springs is independent of the stature of parents,

Alternative hivpothesis: H, : The stature of off-springs is not independent of the stature of

parents,
Level of stgnificance: & = 065 =3 l —a = 095
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c

i (o, —e )
PO I el ML

=1 =1 'E'r-_||

follows an approximate chi-square
distribution under H; with

Degrees of freedom: v = (r=Dc=1) = {4 =13 = 1) =
column are pooled because ¢, = 288 < 5

Test statistic:

6, since first two

Critical value: Xii-a = Xeoes = 1259  (From Table 11)

Critical region: x5 > 12509
Decision rule: Reject H,, if x* > 12.59, otherwise do not reject H,,.

Observed value: The observed frequencies o, ; are given in the following contingency

table:
: Parents
Off-springs | Very tall: B, Tall: B, Medium: B,  Short: B, Row total
Very tall: 4, 20 30 20 2 o, = 72
Tall: A, 14 125 85 12 0y, = 236
Medium: A, 3 140 165 125 0y = 433
Short: A, 3 37 68 151 0y, = 259
Column total o =40 i, = 332 0., = 338 @y =290 no= 1000

The expected frequencies ¢, under the nuil hypothesis of independence are

e i @0 (i-throwtotal ) (j-th column total §

b n number of chservations

which are given in the following table. Only (r — 1){c — 1) = (4 — 14 - 1) = 9 expected
frequencies are obtained through this procedure. We could work through this procedure to give
the other expected frequencies, but this is unnecessary. as the remaining frequencies can be found
by using the fact that the sub-totals and totals must agree with those in observed data.

Parents
Off-springs Very tall: B, Tall: B, Medium: B, Short B, Row total
Very tall: A; (72)(40) (72)(332) (T2)(338)
1000 1000 1000 2088 7
= 288 = 23.90 = 24.34 .
Tall: Ay (236) (40 (236)(332) (236)(338)
1000 1000 1000 '
= 044 = T78.35 = 79,77 OBy &0
Medium: A, (433} (40 (433)(332) (433)(338)
1000 1000 1000
.3
= 17.32 = 143.76 = 14635 gt 4
Short: A4, 10.36 85.99 B7.54 75.11 259
Column total 40 332 338 290 1000
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Combining the first and second columns of the expected frequencies, we get

Parents
Off spring Tall: B, Medium: B,  Short: B,
Very tall: 4, 288 4+ 2390 = 26.78 2434 20.88
Tall: A, 044 + TRIF = BLT9 79.77 68.44
Medium: Ay 17.32 +143.76 = 161.08 146.35 125.57
JShm'l: A, 1036 + 8599 = D635 £7.54 75.11
Accordingly, we combined the observed frequencies as under
Parents
Off spring Tall: B, Medium: B, Shaort: B,
Very tafl: A, 20 +30 = 50 20 2
Tall: A, 14 +125 =139 85 12
Medium: A, 3 +140 = 143 165 125
Short: 4, 3 +37 = 40 68 151
The y? statistic is calculated as under
(?el_l Observed frequency Expected frequency (0;; —¢ )2
(i) % € 41—"-2 .
i
A, B, 50 2678 20.13
A, B, 20 24.34 0.77
A, B, 2 20,88 17.07
A, B, 139 87.79 29.87
A; B, 85 79.77 0.34
Ay B, 12 68.44 46.54
A, B, 143 161.08 2.03
A, B, 165 146.35 2,38
A, B, 125 125.57 0,00
Ay By 40 96.35 32.96
Ay B, 68 87.54 4.36
A, B, 151 75.11 76.68
Total 1000 1000 ¥¥ = 23513
Conclusion: Since y? = 233.13 > 12.59, we reject H, and conclude that the Stature of

off-springs is not independent of the stature of the parents.
Pearson's coefficient of mean square confingency |

2 1
¢ = " L ciguss
nm+ xt 1000 + 233.13
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Example 158 A random sample of 30 adulis is classified according to the sex and the .
number of hours they watch television during a week :

Sex
Time warching television Male Female
Over 25 hours 5 8
Ulnder 25 hours 10 7
Using @ = 001 test the hypothesis that a person’s sex and time watching television ape
independent,
Solution. The elements of the one-sided right tail test of hypothesis are
Null hypathesis H,,: The sex and time watching television are independent.
Alternative hypothesis H,: The sex and time watching television are not independent,
Level of significance: o = 0.01 = 1 - = 099
roE {]D__ =7 ] - 0.5) follows an approximate
Test statistic: ytom ¥y i o) chi-square distribution
i=lj=l € under H, with
Degrees af freedom: v = (r=I}e-1)=(2-1¥2-1) =1
Critical value: frton = o = BES
Critical region: ¥l > 663
Decision rule: Reject H,, if ¥* > 6.63, otherwise do not reject H,.
Observed value: The observed frequencies o are given in the following table:
Jex
Time watching television Male: B, Female: B, Row total
Over 25 hours: A, 5 8 o, =13
Under 25 hours: A, 10 7 ay, = 17
Column total oy = 15 0,y = 15 n =30

]

The expected frequencies ¢, , under the null hypothesis are

2, E @ @;  (i-throw total ){ j-th column total )
4 n number of observations
Sex
Time watching television Male: B, Female: 8, Row total
Over 25 hours: A, % =65 6.5 13
Under 25 hours: 4y 8.5 = BiS 17
Column total 15 15 30
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Now we calculate the 7 * statistic as under

Category Observed frequency  Expected frequency {l o, —e | ~ 05)2
(i i) 0 2 e
! t"u

A, B, 5 6.5 0.154

A, B 8 6.3 0.154

A, B; 10 8.5 0118

A, B, 7 B5 0.118

Total 30 300 ¥t =054
Conclusion: Since ¥* = 0544 < 663, we do not reject Hy: m,,= m,. m,; for all

(i, j) against Hy: @, # @, W, for at least one (i, j ).
Exercise 15.2

1. (@ Define contingency table and cell frequency. What is a 2 % 2 contingency table.

(b) Inan investigation into eye-colour and left or right handedness of a person, the following
results were obtained:

Handedness
Eye colour Left Right
Blue 15 85
Brown 20 a0

Do these results indicate, at the 5% level of significance, an association between eye
colour and left or right handedness.

( Since Adi y* = 056 < 384 = [, we do not reject Hy: There is no
association between eye colour and left or right handedness against H,: There is

association between eye colour and handedness, )
{¢) - An investigation into colour-blindness and sex of a person gave the following results:

2. (a)

Colourblindness
Sex Colourblind Not colourblind
Male 36 064
Female 19 981

Is there evidence, at the 5% level, of an association between the sex of a person and
whether or not they are colourblind?

(Since Adj ¥ = 479 > 384 = y 4, wereject Hy: There is no association
between sex of a person and colovr-blindness in favour of H,: There is association
between sex of a person and ¢olour-blindness.. )

A driving school examined the results of 100 candidates who were taking their driving

test for the first time. They found that out of the 40 men, 28 passed and out of the 60
women, 34 passed. Do these results indicate, at the 5% level of significance, a
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(&)

3. (&)

(b}

4. (a)

relationship between the sex of a candidate and the ability to pass first time 7
(Since Adj y' = 1290 < 3.84 = x .., we do not reject Hy: There is no

relationship between the sex of a candidate and the ability to pass first time against
H, : There is relationship between the sex and ability to pass.)

Qutof 1350 persons, 450 were literate and 600 had traveled beyond the limits of their
district, 300 of the literates were among those who had traveled. Find out by calculating
(i) coefficient of association, (if) the value of chi-square, if there is any association
between traveling and literacy.

(Q = 06, Since Adj x> = 13365 > 3.84 = .55, We reject Hy: There is no
association between traveling and literacy in favour of H,: There is association between
traveling and literacy. ) '

The following are the data on a random sample of 150 chickens, divided into two
groups according to breed and into three group according to yield of eggs.

Yield

Breed High Medium Low
Rhode Red 46 29 28
Leghorn White 27 14 6

AfTe these data consistent with the hypothesis that yield is not affected by the type of

breed?

{ Since ;{2 = 407 < 599 = x:.ru_gﬁ,wedn not reject H,: There is no association
between chicken breed and yield of eggs against H,: There is association between

chicken breed and yield of eggs. )

The students of a college took three courses : arts. commerce and science. The students
were classified according to the sex. The data on these students are given as follows :

Course of study
Sex Arts Commerce Science
Male 200 300 100
Female 100 200 100

Use chi-square test whether there is any association between sex and choice of course
of study.

(Since x? = 13888 > 599 = xi ... we reject Hy: There is no association
between sex and course of study in favour of H,: There is association between sex and

course of study. )

The following table shows liking of three colours: pink, white and blue in samples of
males and females:

Sex
Colour Male Female
Pink 20 40
White 40 20
Blue &0 20
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(&)

5. {a)

]

Test whether there is any refation between sex and colour.
( Since y* = 263889 > 599 = x;.r a5 » wereject H,: There is no relation between
sex and liking of colours in favour of H,: There is relation between sex and liking

of colours. )
The following table gives the condition at home and condition of the children.

Condition at home
Condition of children Clean Noteclean
Clean 175 143
Fairly clean 136 116
Dirty 125 145

Test for the association between the conditions at home and condition of children.
{ Since ¥ = 5027 < 599 = }{iu.,,.mdn not reject H,: There is no association
between conditions at home and condition of children against H,: There is no

association between conditions at home and condition of children. §

The table given below shows the relation between the performance of students in
economics and statistics. Test the hypothesis that the performance in economics is
independent of the performance in statistics using 5% level of significance

Grade in statistics
Grade in economics High Medium Low
High 56 96 28
Mediom 48 168 G 24
Low 16 86 78

(Since x* = 892112 > 949 = »7 ... we reject H,: There is no association

between the performance of students in economics and statistics against H,: There is
association between the performance in economics 7 _ statistics. )
A thousand households are taken at random and divi - into three groups A, B and C,
according to the total weekly income. The following table shows the numbers in each

group having a colour television receive, a black and white receiver, or no television
at all.

Income group
Television type A B C
Colour television 36 51 93
Black and white 118 - 207 373
None 26 42 32

Calculate the expected frequencies if there is no association between total income and
television ownership. Apply a test to find whether the observed frequencies suggest that
there is such an association,

(Since ¥* = 266 > 949 = xf; 044 + We reject H, : There is no association between
television type and income group in favour of H,: There is association between
television type and income group. )
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6. (a)

(&)

(e}

A random sample of 200 married men, all retired, were classified according to education
and number of children as indicated below :

Number of children
Education 0—1 2—3 Over 3
Elementary 13 31 35
Secondary 19 42 14
|_College 12 17 11

Test the hypothesis, at 5% of significance, that the size of family is independent of the
level of education attained by the father,

(Since y2 = 117194 > 949 = y. g, We reject Hy: There is no association

between education and number of children in favour, of H,: There is association
between education and number of children. )
A survey of 200 families known to be regular television viewers was undertaken. They
were asked which of the three television channel they watched most during an average
week. A summary of their replies is given in the following table, together with the region
in which they lived.

t

Region y
{hannel MNorth East South West
PTV 1 29 16 42 23
PTV 2 6 1 26 7
STN 15 3 12 10

‘Test the hypothesis that there is no association between the channel watched most and

the region.

(Since y? = 13446 > 1259 = 7 o5, We reject Hy: There is no associatio

between the channel and region in favour of H,: There is association between the
channel and region. )
From the following table showing the number of employees and condition of factory.

Condition of Number of persons employed
premises Under 50 51 —150 151 —250 Over 250
A 84 133 49 62
Ay 87 B2 20 25
Ay 26 9 9 5

Discuss the association between the condition of premises and the number of persons
employed. Compute the coefficient of contingency.

(Since z = 3006 > 1259 = 2. o5, We reject Hy: There is no association
between the condition of premises and the number of persons employed in favour of
H,: There is association between the condition of premises and the number of persons
employed. € = 0.22)
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157 RANK CORRELATION.

The correlation between ranks of individuals for both the vardables X and ¥ i called
rank correlation. A special case of correlation is when both the variables X and ¥ consist of
sets of ranks. Suppose, for example, that two judges have ranked the same set of n objects.
according to some characteristic of interest. We are interested in determining whether the ranks
assigned to the objects by one judge are related to or show any agreement with ranks assigned to
the same objects by another judge.

15.7.1 Derivation of Spearman's Coefficient of Rank Correlation. Supposc that we have a
sample of n individuals from a continuous bivanate population and two measurements for
variables X and ¥ are made on each individual. We have n pairs of observations (ay. b )

(ay, by), =+, (a,, b,). These values for two variables can be ranked in separate ordered series.
Let x,, x,, "+, x, be the ranks of a,, a5, *=+. a, and y,, ¥y, *++, ¥, be the ranks of

by, by, »++, b, . The coefficient of rank correlation r_ is the ordinary correlation coefficient
between the two sets of ranks. Then the coefficient of rank correlation is
- 6Xdl
] n(n® =1)

The r, always lies between — 1 and + 1. This formula is called Spearman’s coefficient
of rank correlation, in the honour of Charles Edward Spearman. Spearman's rank correlation
coefficient is equivalent 1o Pearson’s product moment correlation coefficient computed for ranks
rather than the original observations. This nonparametric procedure can be useful in correlation
analysis even when the basic data are not available in the form of numerical magnitodes but when
the ranks can be assigned. The ranks may be sssigned in order from high to low, with |
representing the highest, 2 the next highest, erc. (or in order from low to high, with 1
representing the lowest, 2 the next lowest, ete.).

Example 15.9 Using Spearman's formula caleulate coe'™ ‘ent of rank correlation for the
fellowing data giving ranks to the measured quantities.

; 4.7 2.9 6.4 it 4.9 T.3
b, .6 54 6.2 4.9 8.3 72
Solution. The coefficient of rank correlation is obtained as
Measurements Ranks
2 b; 4 ¥ d; =~y d?
4.7 8.6 e 1 3 g
29 5.4 5 ] 0 0
6.4 6.2 2 4 =2 4
25 4.9 6 6 0 Li]
49 8.3 3 2 1 |
7.3 7.2 1 3 -2 -t
Sum 18
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6Ld?
ro= 1___1_"31_4__‘ = ——E“—=}L= 0.4857
n{ns —1) 6l{(6)" -1}
Exercise 15.3
L. (@) Whartis rank correlation?

(b) The following table shows how 10 students, arranged in alphabetical order, were
ranked according to their achievements in both laboratory and lecture portions of a
statistics course. Find the coefficient of mark correlation.

Laboratory 8 3 ] 2 T 10 4 6
Lecture 9 5 10 i 8 7 3 4 2
(r, = 0.8545)

(e} The ranks of the same 10 students in Mathematics and Economics were as follows:
(I8 (8 55 (3 1% (4, &5 ¢5 23 (& Th43-8% (8, 105
(9, 3% (10, 9 the two numbeis within brackets denoting the ranks of the same
students in Mathematics, and Economics respectively. Calculate the rank correlation
coefficient for proficiencies of this group in two subjects.

(r. = 045)

3 {a) Five sacksof coal 4, B, €, D and E have different weights, with 4 being
heavier than B, B being heavier than C, and so on. ‘A weight lifter ranks the sacks
{ heaviest first ) inthe order A, B, B, E €. Calculate a coefficient of rank correlation.
(r. = 0.5)

(#) Sevenarmy recruits 4, B, C, D, E, F and G were given two separate aptitude tests.

Their orders of merit in each test were
Order of merit Ist 2nd 3rd 4th 5th 6th Tth
First test G F A D 8 C E
Second test D F E B G C A

Find Spearman's coefficient of rank correlation between the two orders and comment

briefly on the correlation obtained.

(r, = =0.036, Very little negative correlation )

4. (@) Ten competitors in a beauty contest are ranked by three judges in the following order

Competitor A B c D E &, G H i J
Judge X 1 6 3 10 3 2 E 9 7 8
Judge ¥ 3 5 8 A 2 10 2 1 (] 9
Judge Z 3] 4 g g 1 2 3 10 3 7

Use Spearman’s rank correlation coefficient to discuss which pair of judges have the
nedrest approach to common tastes in beauty,

(r,, ==021,r,_ =-030. r = 0.64; Thisindicates that judges the X and Z

EL
have the nearest approach to commeon astes in beauty. )
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(8) The following table shows the grade point average awarded to six children in a

competition by two different judges.

Child A B C D E F
Judge X 6.8 7.3 g.1 g4 7.1 9.2
Judge ¥ 7.8 0.4 7.9 9.6 8.9 6.9
Caleulate coefficient of rank comrelation by Spearman's formula.
(r. = 0.26)
{¢) The following table shows the marks of six candidates in two subjects.
Candidate A B [ D E F
Mathematics X; 38 62 56 42 59 48
Statistics ¥ 64 29 B ] 73 69
(i) Calculate the coefficient of rank correlation.
" (if) Comment on the value of 'ynur result.
[ () 0.886, (ii) High pesitive correlation. |
Exercise 154
Objective Questions
1. Fill in the blanks.
(i) A charaeteristic which varies in quantity from one individual -
to another is called a (variable)
(if} A characteristic which varies in quality from one individual _
to another is called an ——— (attribute)
(i)  The observations made on objects regarding an attribute are -
called data. (gualitative)
(iv) is a process of dividing the objects into two ;
mutually exclusive classes of an attribute. (Dichotomy)
(v}  The degree of linear relationship between the two variables _
is called (correlation)
(vi)  The degree of relationship between the two attributes is
called ———— (association)
(vif)  The two attribures A and B are ———, if
(AB) = (A)(B) {independent)
n
(vif}) The two attribures’ A and B are ——— if
(AB) # (4)(B) x {associated)
n
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(ix)  The two attributes A and B are associated, if
(AR) > L4X(B)
n
(x)  Thetwo atiributes A and B are associated, if
(AB) < (A)(B)
n
(xi)  The coefficient of association, denoted by 0, is a measure
of association between the two
(xif)  If the coefficient of association equals 0, the two atiributes
Aand B are ———,
(a1if) 1f the coefficient of association is not equal to 0, the two
attributes A and B are
(xiv}  If the coefficient of association equals — 1, the two attributes
A and B are completely
(xv)  If the coefficient of association equals 1, the two attributes
A and B are completely
(xvi) A ——— table consisting of r rows and ¢ columns is
made up of the observed frequencies relative to two
attributes-and their categories.
Cxvii) The two attributes are said to be , if for every cell
of a contingency table the observed frequency o, ; s equal
to cxpecicd frequency &,
(xx)  Foran rxe contingency table, the y*-statistic has degrees
of freedom v =
{xxfv) The larger -are the dlffenence berween the ohserved :md
expected frequencies, the larger will be the value of x?
which leads to the of Hjof independence.
(xxv) The rejection of H, of independence indicates that the two
criteria of classification are
{xovi) In a chi-sguare test for mdependence no expected frequency
should be than 5.
2, Mark off the following statements as false or true.
() A characteristic which varies in quantity from one individual to
> another is called an attribute,
(if)  The quantitative data relating fo an attribute may be obtained
simply by noting its presence or absence in the objects.
Liti)  The presence of attributes is denoted by capital Latin letters and
~ . their absence by Greek or small letters.
(iv) The class frequencies of the highest order are called ultimate

class frequencies.

{positively)

{negatively)

(artribites)
(independent)
(associared)
(dissaciared)

lassociated)

{contingency)

(independent)

(r=1lc=1)

(rejection)

{assaciared)

(less)

(false)
{true)
(true)

(frue)
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g

-
i

1w

v

(vi)

(viii)

e

()

J-(xi)

(Ii'f,':l-

il
()

(rvi

The two attributes A and B are associated, if.

, A B
(48) = LALEL

The two attributes A and B are positively associated, if

cAmy < AXE)

The coefficient of correlation, denoted by r, 15 a measure of the
strength of linear relationship between two variabies.

The coefficient of association, denoted by @, is a measure of
association between the two attributes.
The coefficient of association always lies between — 1 and 1.

A contingency table consisting of r rows and ¢ columns is
made up of the observed frequencies relative to two attributes
and their categories.

The disassociation of two attributes means their independence
A measure of the discrepancy between the observed and

"expected freguencies is called a chi-square (%) test of

independence.

The value of y? -statistic is always non-negative.

The larger are the differences between the observed and expected
frequencies, the larger will be the value of ¥° which leads to
rejection of H, of independence. -

The rejection of H,, of independence indicates that two criteria
of classification are associated.

(false)

ifalse)

(rrue)

(true)

(true)

{true)

(false)

(true)

(true)

(true)

{true)



1 6 ANALYSIS OF
TIME SERIES

i6.1 TIME SERIES

The sequence ¥, ¥,.***, ¥, of n observations of a variable ¥, recorded in
accordance with their fime of occurrence 1, fy, "= 7, is called a rime series. Symbolically,
the variable ¥ can be expressed as a function of time 1 as

y = flt)+e
where f(1) is a completely determined or specified sequence that follows a systematic pattem of
variation and ¢ is a random error that follows an irregular pattern of variation.
Signal. The signal is a systematic component of variation in a time series.
Noise. The noise is an irregular component of variation in a time series.

Therefore, a time series is a sequence of observations, on a variable, that are arranged in
chronological order. The observations in a time series are usually made at equidistant points of
time. Examples of a time series are: the hourly temperature recorded at a weather bureau, the otal
annual yield of wheat over a number of years, the monthly sales of a fertilizer at a store, the
enrolment of students in various years in a college, the daily sales at a departmental store, efc.
16.1.1 Historigram. A historigram is a graphic representation of a time series that reveals the
changes occurred at different time periods. A first step in the prediction or forecast of a time

series involves an examination of the set of past observations. The construction of a historigram
involves the following steps:
(i)  Using an appropriate scale, take ume ¢ along x-axis as an independent variable.
(i) Using an appropriate scale, plot the observed values of variable Y as a dependent
variable against the given points of time.
(iii) Join the plotted points by line segments to get the required historigram.
Example 16.1  Draw a historigram fo show the population of Pakistan in various census years

Census | Population t
e 140+
year {million)
120+ ¥
1951 3344 5 100+
E B0t 5
1961 42.88 E, 650+
™ 4pt
1972 65.31 20+
1981 B3.78 L 1951 1961 197271931 1998 x
Census year
1998 130.58 Fig. 16.1 Population of Pakistan

241
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Solution. The population of Pakistan in different census years 1s represented by a historigram as
shown in Fig. 16.1.

162  COMPONENTS OF A TIME SERIES

The examples of time series suggest that a typical time series may be compaosed of the
following four components:

(i) Secular wend { T')

(i)  Seasonal variations (5 )
({if) Cyelical fluctuations ()
(iv) Irregular movements ()

These are the basic components of a time series, each of which is regarded as the result
of a well defined distinct cause. A time series is not necessarily composed of all these four
components,

16.2.1 Secular (Long-term) Trend. The secular trend is a line or curve that shaws the general
tendency of a time series. It represents a relatively smooth, steady, and gradual movement of a
time series in the same direction (upward or downward). It shows the general increase or
decrease in a sequence of observations, and reflects the effect of the forces operating over a fairly
long period of time. Examples of secular trend are:

() The decline in death rate due to advancement in science.
(it} A continually increasing demand for smaller automobiles.
(i) A need for increased wheat production due to a constant increase in population.

16.2.2 Seasonal Variations. The seasonal variations are short term movements that represent
the regularly recurring changes in a time series. These variations indicate a repeated pattern of
identical changes in the data that tend to recur regularly during a period of one year or less, These
changes are repeated with the same pattern within a specific time period, called the periodicity.
Seasonal variations may have the fixed penodicity, such as daily, weekly, monthly, or yearly e,
These changes are periodic in nature and their influence: upon a specific time series is fairly
regular, both in respect of length ( time ) and amplitude ( size ).

These variations reflect the effect Y1 Cold drinks

; : 50
caused by the recurring events, The main (006 )
causes of seasonal variations are seasons, P 1955

religious festivals and social customs.
Examples of seasonal variations are: 304 1954
() The weekly statements of sales in /\1993
a store, N+ :
(i)  An incresse in consumption of 1993
electricity in summer, L
(i)~ An  after Eid sale in a ! ] i I Y
departmental store. 0 i Ig |3 4'; X
(iv)  Anincrease in sales of cold drinks Quarter
during summer. Fig. 16.2 The seasonal pattern of cold

drinks sales
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16.2.3 Cyclical Fluctuations. The cvelical fluctuations are the long term oscillations about the
trend. These are the periodic up-and-down movements in a time series that tend to recur-over a
long period of time. The cyclic patterns tend to vary in length { time ) and amplitude { size ) and
they are differentiated from the seasonal variations by the fact that they do not have a fixed
periodicity. Although, these variations are recurring yet are less predictable than seasonal
variations ‘and secular tend, therefore, they have a more dangerous effect on a business and
economic activity. These fluctuations reflect the effect caused by a so called business cyele. A
business cycle has the following four phases:

(i)  Trough ( Depression )

(i) Expansion ( Recovery )

{iiiy Peak ( Boom or Prosperity )
{iv)  Recession ( Contraction )

A rrough is the lowest point
relative 1o the rest of the particular
cycle. After the downswing has run
its course; the expansion  phase
reverses direction and starts rising:
The upswing eventually levels off and
redaches its peak. This is the highest
point relative to the particular cycle.
Finally, the upswing starts 1o turn
downward. We refer to this following
phase asa recession.

0 Ed
X

Fig. 16.3 The four phases of business cycle

16.2.4 TIrregular Movements. The irregulay movements are unpredictable changes that
indicate the effect of random events. The examples of random events are wars, floods,
earthquakes, strikes, fires; elections etc. The irrepular movements are unsysiematic, non-
recurring, accidental and unusual in nature. These variations are also known as erratic, accidental
or random variations. Examples of irregular movements are:

(i) A steel strike, delaying production for a week,
(i) A fire in a factory delaying production for 3 weeks,

16.3  ANALYSIS OF TIME SERIES

The analysis of a time series is the decomposition of a time series into its different
components for their separate study. The process of analysing a time series is intended to isolate
and measure its various components. The study of a time series is mainly required for estimation
and forecasting. An ideal forecast should base on forecasts of the various types of fluctuations.
While performing the analysis. the components of a time seriés are assumed to follow either the
multiplicative model or the additive model. Let

¥ = Original observation,
T = Trend component, § = Seasonal component,
C' = Cyeclical compenent, { = Irregular component.
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In the mudiiplicative model, it is assumed that the value ¥ of a composite series is the
product of the four components T, §, € and 1. Symibolically,

Y = TwiswCxd

where the component 7 s given in original units of ¥ but the other components §, C and /
are expressed as percentage umthm index numbers;

In the additive model, it is assumed that the value Y of the composite series is the sum
of the feur companents T, 5, © and [, Symbolically,
= T+ 5 +C+0

where the components 7, S, € and [ all are given in the original units of ¥. Conventionally,
the multiplicative model is considerad as the standard model for analysis of a time series.

16.3.1 Coded Time Variable. We can take the origin at the beginning of a time series
and assign * = 0 (o the first period and then number other periods as 1, 2, 3,- -+ as shown

al lefr ef the folidwing iable, However, it is important to note that in order to simplify the

tiend calealai e, the thye vaciable ¢ 15 coded by
[ (r—t ) h for odd mumber of periods
x g (=1l h for even number of periods in units of k period
L =T) (h{2) for even number of perivds in unitsof hf 2 period
where the average rumber 7 = ( first period + last pedod )/ 2 and & is the constanl interval in
the time vadable. Since X(¢ —F) = O, thenweget L x = 0= ExP= Ye¥ = -+ and
50 o,

The odd number of years in period 1980 — 1984 at the middle of the following table
has 7 = (1980 + 1984)/2 = 1982 as the middle point. The code for the year 1 is x = r =T .

For 1 = 1982, wehave x = r — ¢ = 1982~ 1982 = (). Thus, the coded yearis zero at [ . For
= 1980, wehave x = 1980 - 1982 = —2, Actually, the only computation we need is that for
i . Thus after entering x = () at the middle of an odd number of years, we assign — 1, =2, =+~

and 5o on for the years before the middle year, and 1, 2, -+« and 50 on for the years affer the
middle vear as shown in the following table.

The even number of years in perod 1980 -— 1985 at the right of the following table has
= (1980 + 1985)/ 2 = 1982.5 as the middle point. So x = 0 half way between the years

1982 and 1983, For 1 = 1982, wehave x = + — 7 = 1982 — 19825 = —0.5. Then after
considering x = (1 at the middle of an even number of years, we assign - 0.5, -1.5, - 2.5,
-~ + and so on for the years before the middle vear and 0.5, 1.5, 2.5, --+ and so on for the

years, after the middle year as shown in the following table.

However, to avoid decimals in the coded years we can take the unit of measurement as
I/ 2 yeas. Then after considering x = 0 at the middle of an even number of years, we assign
-1, =3, =5, -+~ and 50 on for the years before the middle yearand 1, 3, 5, <+ and soon
for the years after the middle year as shown in the following table.
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Table: Ceded Year Number
Origin at beginning. 0Odd number of vears. Even number of years,
The starting year is The middle year is x = 0 isat the centre of
coded x = 0 coded x = 0 two middle years
Coded year Coded year Coded vear Coded year
n units as in nnits gs m-unils as:  in unils as
Year one year Year one year Year one year 1/2 year
f x t x=r-1 1 e pa g g
12
1980 0 1980 -2 1980 -23 -5
1981 1 1981 -1 1981 - 1.3 -3
1982 2 1982 0 1982 -0.5 =1
1983 3 1983 1 1983 0.5 1
1984 4 1984 2 1984 1.5 3
1985 2.5 5
16.4 ESTIMATION OF SECULAR TREND

It has been earlier stated that one component force that determine the value of the

variable at any period of time is the secular trend. The secular trend is measured for the purpose
of prediction or projection into the future. The secular trend can be represented either by a straight
line ot by some type of smooth curve, It is measured by the following methods:

(i)
(if)
(i)
(iv)
16.4.1

Method of free band curve

Method of semi-averages

Method of moving averages

Method of least squares

Method of free hand curve. The secular trend is measured by the method of free hand

curve in the following steps.

(i)
(i)

{iif)
(iv)

v

(wi)

Using an appropriate scale, take the time periods along  x-axis, as an independent
variable,

Using an appropriate scale, plot the points for observed values of the variable ¥ a8 a
dependent variable against the given time periods.

Jain these plotted points by line segments to get a historigram.

Keeping in view the up and down fluctuations of the graph, draw a free hand smooth

curve or a straight line through the historigram in a way such that it indicates the general
trend of the time series.

Instead of locating the line simply by eye looking at the graph, the average ¥ of original
values may be used as the trend value 7" at the middle of the time period. Plot this
average in the middle of the time perod and the required trend line or curve should be
drawn through this point, as it i a reasonable condition that ¥ shouid be equal 10 ¥'.

Read off the trend values for different time periods from this trend line or curve.
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If & straight line is used for locating the trend, then it becomes easy o estimate the
rate of change ( slope of the line b ) by measuring the difference y! | — y' of the trend values

B |
for any two consecutive time periods x and x + 1. Symbolically it is expressed as
b = y.,, = ¥,.Then the equation of the trend line is summarised in the slope intercept from as

¥" = a + bx with origin at any time period, 50 that. ¢ = trend value for the origin.

If the historigram indicates a non-linear trend, then in such situations it is generally
preferred 1o use a curve instead of a straight line to show the secular rend.
Merits.

{i} ~ The free hand curve method is a simple, easy and quick method for measuring secular
trend,

(7fy  The trend line or curve smoothes out seasonal variations,

(iif) A good fitted trend line or curve can give a close approximation to the trend based on a
mathematical model.

Demerits.

(/) Itisarough and crude method. It is greatly affected by the personal bias, 7. e.. different
persons may fit different trends to the same data.

(i) It requires oo much practice to gel a good fit.

(iff)  The free hand curve method is subject to personal bias, so it is unable to give reliable
estimates.

Example 162 The following time series shows the number of road accidents in Punjah for the
vear 1972 o 1978,

| Year 1972 1973 1974 1975 1976 1977 1978
| Nuwmber of accidents | 2493 2638 2699 3038 3745 4079 4688

(1) Obtain the historigram showing the number of road aceidents and a frée hand trend ling
by drawing a straight lime,

(i)Y Find the trend valwes for this time seriés.

Solution. (i)
e EE.
Year Value Total Mean Trend o i
¥ value 2
1972 2493 2200 , 4000+
2] Trend hine
1973 2638 2550) T 000+ A
= —=%"R_ Historigram
e ]
1974 2699 2050 Ezmm_
1975 3038 23380 3340 3340
1000 =
1976 3745 3650
— ¥y
1977 4079 4050 ' g 2 x o2 g p¥
g 2 2 8 F & =&
1978 4688 4400 Yrar

Fig. 16.4 Number of road accidents
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(i)
16.4.2

Reading off the trend line, we get the trend values.
Method of Semi-averages. The secular trend is measured by the method of semi-

averages in the following steps.

(i)

(i)

(iii)

(iv)

()

Divide the observed values of the time series into two equal periods. If the number of
ohserved values is odd then it is advisable either to omit the middle value ahogether or
tor include the middle value in each half.

Take the average of each part and place these average values against the mid points of
the two parts, and the average value of each part should be considered equal to the
average valoe of its respective trend values.

Plot the semi-averages on the graph of the original values.

Draw the required trend line through these two plotted points, and extend it to cover the
whole period.

With two points located on the straight line, it is simple to compute the slope and
y-intercept of the line. This slope gives the estimate of the rate of change of values. Now,
the trend values are found either by reading off the semi-average trend line or by the
estimated straight ling as explained below

Semi-average Trend Line. Lel y{ and y; be the semi averages placed against the times x, and
X5 5-and the estimated straight line (in slope-intercept from) ' = a + b x is to pass through the
points (x,, ¥/ ) and {x,, ;). The constants a ( y-intercept) and b (slope of the line) can be
casily determined. The equation of the line passing through the points (x,, ¥{) and (x,, ¥3)
can be writlen as

¥

Yo =¥

y o=y o= L (x—x;)
o
¥=3 = blx—x) where & = BT
o
¥ =y -bx)+ bx
¥y = a+bx where a = y; - bx,

If the number of tme units in the observed time series is even, then the following formula may be
used to find the slope of the trend line.

b o= 1 SI 554 Sl
a2 nf2 nf2

_ 1 (-8 Y i8-8
nf2 | nf2 n/ 4

_ A5, -5))

nt
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where 8 = sum of y-values for the first half of the period.

o
n

sum of y-values for the second half of the period.

number of time units covered by the time series.

=
]

Merits.
{f)  The method of semi-averages is simple, easy and guick.
(i) Tt gives an objective result,
(fif) Tt smoothes out seasonal variations.

(iv) Tt gives bettér approximition to the trend because it is based on a mathematical model as
compared to free hand method.

Demerirs.

(i}  The arithmetic mean, which is used to average the two halves of the observed values, is
highly affected by extreme values,

(if)  This method can only be applied if the trend is lincar or appraximately linear.
(#f)  This method is not appropriate if the trend is not linedr,

Example 16.3  The following rable shgws the property damaged by road accidents in Punjab
Jor the years 1973 o 1979,

Year 1923 1974 1975 1996 1977 1978 19979
Property damaged | 201 238 392 507 484 p49 742

(i}  Obtain the semi-averages tremd line.
(iy  Find our the trend values.

Solation. (i) Let x = 1 — 1973,

Year Property damaged Semi-total Semi-average: Coded year Trend value
t ¥ X = 1—-1973 ¥ =190 + 87 x

1973 201 0 190 +87(0) = 190
1974 238 831 277 1 190 + 87(1) = 277
1975 392 2 190 + 87(2) = 364
1976 507 3 190 + 87 (3) = 451
1977 484 4 190 + 87(4) = 538
1978 B44 1875 625 3 190 + 87(5) = 625
1979 742 4] 190 + 87(6) = 712

The semi averages trend line is

Cl

¥ = a+bx
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Taking the origin at 1973, we have
¥y = 270, dra= A
¥, = 625, Xy = 5
§eBiTh
e
= 625271 = &7
3—1
g = y-bx
277 - 870 = 190 SRS SR
: : EESERER”
Year

Fig. 16.5 Property damaged
The semi-averages trend line is
y o= 190 + 87x with origin at 1973

i) For different values of x, the trend values are obtained as shown in the table.
Example 16.4 The following table gives the number of books (in 000°s) sold at a book stall
Jor the year 1973 o 1981,
Year 1973 1974 1975 1976 1977 1978 1979 1980 1981
Number of .
books (000°s)

() Find the equation of the semi-averages trend line,

(if)  Compute out the trend values,

(iif)  Estimate the number-of books sold for the year 1982,
Solution. (i) Let x = ¢ — 1973,

42 38 3% 23 32 24 20 19 17

Year No.ofbooks Semi-total Semi-average Coded year Trend value
t y x = 11973 ¥ =395 - 3x

1973 42 0 39.5-3(0) = 395
1974 38 | 1 39.5 - 3(1) = 365
1975 35 e - 2 39.5-3(2) = 335
1976 25 | 3 39,5 - 3(3) = 305
1977 32 4 39.5-3(4) = 27.5
1978 24 5 39.5-3(5) = 245
1979 20| o K 6 39.5-3(6) = 21.5
1980 19 7 39.5-3(7) = 185
1981 17 | 8 395 - 3(8) = 155

The semi-averages trend line is

r

y = a+ bx
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Taking the origin at 1973, we have

yr= 35, x =15 and i = 20, X, = 635,
oo BTH o RSN 3
X5 — X &5—135
o= w—bi = 33=(-3)(15) = 395 )
e WA= 3x with origin at 1973
(i) For different values of x, the trend values are obtained as shown in the table.

(4} For the year 1982, we have x = 1982 — 1973 = 9. Then

¥y = 395 - 3(9) = 125
16.4.3 Method of Moving Averages. If the observed values of a variable Y are v, y,, -,
¥, corresponding to the time periods 1, 1y, "+, f, respectively, then the k-period simple
moving averages are defined as

I & | k41
e s i Y o
: E day % i e
k+2
1 B
ity = — S e, g, = — 2
* i = k i:-z-m i
where a;, a,, ay, **-. a, is the sequence of k-period simple moving averages. That is, the

k-period simple moving averages are calculated by averaging first & observations and then
repeating this process of averaging the & observations by dropping each time the first
observation and including the nest one that has not been previously included, This process is
continued till the last & observations have been averaged. For example, the 3-period simple
MOVIng averages are given as

".M"“

M

'i.nllr--

(n+¥ty) =

| —

a, =

o

g

b
i 2
s

ig{* £
and so on, Each of these simple moving average of the sequence a,, @y, ay, *** is placed

against the middle of each successive group. For practical purposes the k-period moving
successive totals §,, S,, §; - - are obtained by the following relations

{_‘l-‘: %+ _1'3 + _'!I',;J =

|

iy =

ey = ?(.?3 + Yyt ) =

3

,'5'1 — - 2}".

-

By = 8+ Yagy =0
83 = 53% Vg2 — N2

tad
|
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and o on. The k-period simple moving averages are obtained by dividing these #-period moving

successive totals S, §,, §; -+ by k as given in the following relations,
'5:
ﬂl i ——
Kk
G Yeit — 0
2 i i
-1-”'.\'.:1-3 = }’3
e R G

and 50 on. Each moving average should be placed against the middle of its time period. Then it is
obvious that

(i) When k is odd, the sequence a;, 4y, ay, "+ of simple moving averages will
correspond directly to the observed values in the time series.

(i) When k is even, the sequence @ g,. @y, ~+ - of simple moving averages will not
correspond directly to the observed values in the time series and will be placed in the
middle of two time periods. It is then sometimes necessary to centralize these averages
so that they should correspond w0 the observed values in the time series. For

centralization, further 2-period moving averages of the former k-period moving
averages are computed which are called k-period centred moving averages.

Smoothing of a Time Series. The smoothing of a time series is a process of eliminating the
unwanted fluctuations in a time series. The moving averages tend to reduce the variation present
among the observed values of a time series, so they are used to eliminate the unwanted
fluctuations. Thus the moving averages may be used in smoothing of a tme series. They
eliminate the effect of periodic fluctuations if an appropriate period moving averages are
calculated. For this purpose the period of the moving average is chosen such that it should be
equal to the period of at least one cycle. The secular trend is measured by taking the following
steps.
(i)  Find the moving averages of an appropriate period,
(if)  Plot the points representing these moving averages on the graph of the observed time
series and join these points by the line segments.
(itf)  The graph of the moving averages indicates the secular trend by eliminating the periodic
fluctuations
The period of moving averages should be decided in the light of the periodicity of a time
series. Because only the moving averages, calculated by using the time period  which
approximately coincides with the periodicity of the time series, would eliminate, nearly
completely, all its regular fluctuations and show a trend.,
Merits.
(i) The methed of moving averages is easy and simple.
(if)  The moving averages of an appropriate period eliminate the periodic fluctuations, so it
may be used to eliminate cyclical and seasonal fluctuations.
Demerils.
(i)  The method of moving averages does not give the trend values at the beginning and at
the end of the original time series.
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(i) The moving averages are highly affected by the extreme observations however the affect
may be reduced by using the geometric mean as average.
(fif) The method of moving averages does not provide a mathematical aquatmn for the trend,
therefore, the forecasting is only subjective.
“(iv) The selection of inappropriate period of moving averages may generate the cycles which
are not present in the observed time series.
Example 16,5 The following rable shows the production of silver wtensils (in theusands) at a
certgin factory in Gufranwaia.

Year Utensils ya
(000 200
1970 170.0 sl lwﬁ
1971 154.8 & " Historigram
2 120+
1972 156.5 =
1973 158.9 E T
974 140.3 404
1975 L34 1 1 | | L 1 1 |
ﬂ 1 T T T T n L) I e
1976 1607 PEREEREEEE
Year
1977 1783 Fig. 16.6 Production of silver utensils
() Calculate 3 year simple moving averages for the following time series.
(iiy  Also plot actual daig and moving averages on a graph.
Solation.
Year Production 3-year 3-year
b maoving total MOVIing average
1970 170:0
1971 154.8 481.3 16043
1972 156:5 4702 156.73
1973 1589 455.9 151.90
1974 140.3 453.4 151.13
1975 154.2 455.2 151.73
1976 160.7 4932 164.40
1977 178.3
Example 166 The following table shows the food grain price index number of quarters Jor the
vears 1962 E’i 1963,
Year Quarter I  Quarter 11 Quarter IIT  Quarter IV
1962 03 97 96 93
1963 97 102 106 9%
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Calculate four quarter moving average cenired.
Solution. The four quarter centred moving averages are obtained as under:

€3] {2) (3} (4) {5} (6) ()

Year  Quarter  Priceindex:  4-quarter 4-quarter 2-quarter  d-guarter centred
numbery  moving total moving average  moving total  moving average
(4)+4 of (5) (6)+2
1962 1 93
2 - 379 94.75
1! 06 ; : 190.50 05.25
383 95.75 :
v 93 19275 96.38
388 97.00
1963 1 o7 198 9950 196.50 98.25
In 102 403 i D{}‘?S. 200.25 100.12
1t 106 :
v 08

Alternately,  for the sake of convince, the four quarter cenired moving averages may be
caleulated as shown in the table given below:

() (2} {3} i) (5) (6}
Year Quarter Price index d-quarter d-quarier 4-quarter
nuimher moving centred centred
¥ total moving MCVIng averuge
total (5)+8
1962 | 93
Il o7 -
1 G T62 0525
383
1% 93 188 = A 96.38
1963 I 97 398 T86 98.25
I 102 403 801 100.12.
L 106 i
v 98

16.4.4 Method of Least Squares. For sitbations in which it is desirable to have a
mathematica! equation to describe the secular trend of a time series, the most commonly used
method is to fit a sraighitline ¥ = a + bx, asecond degree parabola v = a + bx + ex7,
efe,, where: ¥ is the value of a time series variable, x representing the time and all others are
constants. For determining the values of the constants appearing in such an equation, the most
widely used méthod is the method of least squares. becaose it is a practical method that provides
best fit according to a reasonable criterion. The principle of least squares says that “the sum of
squares of the deviations of the observed values from the corvesponding expected values should
be least™,

Ameng all the trend lines approximating a given time series data, the wend line is called
a least squares fit for which the sum of the squares of the deviations of the observed values from
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their comresponding expected values is the least. The method of least squares consists of
minimizing the sum of the squares of these deviations. To avoid the personal bias in measuring
the secular trend this method is used to find a trend line approximating a given time series.

Secular Trend — Linear. Tt is useful to describe the trend in a time series where the amount of
change is constant per unit time.

Let (x4 %) (%5, ¥ © o (x,,v,) bethe n pairs of observed sample values of a

time series variable v, with x representing the coded time value. We can plot these n points on
a graph. Because of the fact that y,, v,, *--. y, are observed values of a time series variable,

i

these points will not necessarily lie on a straight line. Let us suppose that we want to fit a straight
line expressed in slope-intercept form as

¥ =a+bx

, This line will be called the least squares line if it makes X ¥y —a - bx } minimum. The
method of least squares yields the following normal equations.

Ly = na+ bXnx, Yxy = aXx+bLr
The normal equations give the values of @ and b as
s 5 = .
dia nF..t:«,{E.rH._y!' i Tv-hEx -5 bE
nExt—(Ex)? 7
However, if & x = 0, then the usual normal equations reduce o
E,J.‘ = na, E-T,"u’ = hYi
Therefore, the values of & and & also reduce 1o
aa 2y p w2
" N ¥

The trend values y are computed from the least squares line ¥ = @ + b x by substituting the

values of x corresponding to the different time periods. The secular trend can be indicated on a
graph by plotting these estimated vales against their respéctive lime periods.

Properties:

(i)

(i)

(iif)

The least squares: line always passes through the point (¥, ¥) called the centre of
gravity of the data.

The sum of the deviations 2.( v — ¥ ) of the observed values y from their corresponding
expected values ¥ is zero, e,

2y-¥) =0 = Zy =127

The sum of squares of the deviations 3.(y — v)* measures how well the trend line fits
the data. A smaller Xy — #)° means the better fit

Example 16,7 The following table shows the production of steel in a steel mill for the time
period 1977 10 1983,

Year 1977 1978 1979 1980 1981 1982 1583
Production (000 tonsy | 127 101 130 132 126 142 137
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Find the linear trend by the method of least Squares by taking the origin:
(@) at the beginning period of the time period,
(i) at the middle of the time period 1977 — 83,

Calculate the trend values in both cases.

Solution. (i) Taking the origin at the beginning period, 1977 ( i. e., July 1, 1977 ). we have
x=f- 1977,

" Year Production Coded year Trend value
t ¥ xo=p=1977 Xy x* ¥y = 11.628 + 0386 x

1977 12.7 0 “0 0 11.628 + 0.386(0) = 11.628
1978 10.1 1 10.1 I 11628 + 0386 (1) = 12014
1979 13.0 2 26.0 &) 11.628 + 0.386(2) = 12.400
1980 13.2 3 39.6 9 11628 + 0386 (3) = 12,785
1981 12.6 4 504 16 1L628 + 0.386(4) = 13.172
1982 14,2 5 71.0 25 11.628 + 0.386(5) = 13.558
1983 13.7 6 822 36 11628 + 0.386(6) = 13.944
Total 89.5 21 2793 9]

The least squares rend line is

y = a+bx

The least squares estimates @ and b are
RExy=(ZxNEy) _ 7(2793) - (21)(89.5)

g = - = 0.386
nXax? - (Xa)? 7(91) - (21)?
2= - S5-(03
o Zy-bXx _ 89.5-(0.386)(21) 5 iR
n 7
The best fitted line is
v = 11.628 + 0.386 ¢ with origin at 1977

For different values of x, the trend values are obiained as shown in the table.

(if) Wehave 7 = (1977 + 1983 )2 = 1980. Taking the origin at the middie of the time
period at 1980 (i.e., July 1, 1980 ), we have & =t — 7 = t — 1980.

Year Production  Coded year Trend values
r ¥ x = (- 1980 Xy ¥ y = 12786 + 0.386x

1977 12.7 =3 3R 9 12786 + 0.386 (= 3) = 11.628
1978 10.1 -3 =203 4 12.786 + 0386 (-~ 2) = 12.014
1979 13.0 = ~138 1 12.786 + 0.386 (1) = 12.400
1980 13.2 0 0 0 12,786 + 0.386(0) = 12.79
1981 12.6 | 158 4 12786 + 0386(1) = 13.172
1982 14.2 2 .7 SR | 12.786 + 0386 (2) = 13.558
1983 13.7 3 R el 12786 + 0386 (3) = 13.944
Total 89.5 0 0.8 28
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The least squares trend line is ¥ = a+bx
Since 3 x = 0, the least squares estimates a and b are
P
"
b o= nxy e 10.8 = 0386
Yol 28
The best fitted line is
¥ o= 12.786 + 0.386x with origin at 1980

For different values of x, the trend values are obtained as shown in the table.

Example 168 The consumer price index for medical care {medical cost) are given in the
following table for the years 1980 to 1987. The base period 1979 is assigned the value 100
which actually means HH %.

Year 1980 19%1 1982 1983 1984 1985 1986 1947
Production (000 tons) | 1060 1111 117.2 1213 1252 128.0 1326 138.0

Find a least squares limear trend,
(i) by taking the origin ar the middle of the time period with unit of measurement as 1 year

(i) with unir of measurement as. 1{2 vear.
Compure the trend values in both cases.
Solufion. (i) We have, f = ( 1980 + 1987 )f 2 = 1983.5: Taking the origin at the middle of
the years 1983 and 1984 (i, ¢.. January 1, 1984 ), with unit of measurement as | year, we have
= t=-T= t-= 198335

Year Production  Coded year Trend value
r 3 x=r-—19835 by | 32 y = 12242 + 4.38 x
1980 106.0 S =371.00 1225 17242 + 438 (-35) = 107.00
1981 111.1 -235 - 27775 6.25 12242 + 438(-2.5) = 11147
1952 1172 -1.5 - 17580 225 12242 + 4.38(-1.5) = 11585
1983 121.3 =05 —60.65 0.23 122.42 + 438 (-0.5) = 120.23
1984 YRR . 0.5 62.60 0.23 12242 + 438(05) = 12461
1985 1258.0 1.5 192.00 2725 12242 +°438(1.5) = 12899
1986 132.6 2.5 331.50 6.26 123242 + 438(25) = 13337
1987 138.0 3.5 48300 1225 12242 + 438(35) = 137.75
Total 9754 0 1839 42
The least squares trend line is
¥ = a+ bx
Since 2 x = 0, the least squares estimates a and b are
T
aa Y IR L eign
n 8
Txy a53.9
e Xy _ 183.4 - 438
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The best fitted line is
y o= 12242 + 438=x with origin at middle of the years 1983 and
1984 and unit of measurement as 1 year

For different values of x, the trend values are obtained as shown in the table.

(i) We have, ¥ = ( 1980 + 1987 )2 = 1983.5. Taking the origin at the middle of the
years 1983 and 1984 (i e, January 1, 1984 ), with unit of measurement as 1/ 2 year, we have

f—F _ t—19835

x = =
12 1/2
Year Production Coded year Trend value
t = 19835 i
t ¥ A Ty x? y = 12242 + 219 x
1/2 ;
1980 106.0 -7 - 742.0 49 12242 + 2.19(-T7) = 107.09
1981 1111 -3 — 5555 25 12242 + 2/19(-5) = 111.47
1982 117.2 -3 -351.6 9 12242 + 2.19(-3) = 11585
1983 121.3 -1 : -121.3 1 12242 + 219(=1) = 120.23
1984 125.2 1 125.2 1 12242 + 2.1941) = 124.61
1985 128.0 3 384.0 9 12242 + 219(3) = 12899
1986 132.6 5 663.0 25 122,42 + 2.19(5) = 133.37
1987 138.0 F 966.0 49 12242 + 2:19(7) = 137.75
Total 979.4 0 367.8 168
The least squares trend line is y = a+bx
Since X x = 0, theleast squares estimates o and b are
g =2y IR 122.42
n 8
Tay 367.8
b = - = = 219
Yt 168
The best fitted line is
¥ o= 12242 + 2.19x% with origin at middle of the years 1983 and

1984 and unit of measurement as 1/2 year
For different values of x, the trend values aré obtained as shown in the table.

Example 169 The consumer price index numbers y for medical care (medical cost) were
given for the yeary 1980 — 1987. The base period 1979 was assigned the value 100.
The least squares linear trend, with x measured from the middle of 1983 and 1984
(i e, January 1, 1984 ), and unit of measurement as 1/ 2 vear is

-

¥ = 12242 + 2.19x
(i)  Compute the trend values.
(i) Predict the consumer price index number for the year 1988,

(iiiy In which year can we expect the index of medical cost to be double than that of 1979
assuming the present trends.
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Solution. The least squares linear trend is

(@)

(i)

(if)

-

¥y o= 12242 + 2.19x with origin at middle of the years 1983 and

1984 and unit of measurement as 1/2 year
Wehave = (1980 + 1987)[2 = 1983.5. Then

-t _ t—1983.5

g T
For different values of x, the trend values are shown in the table.
Year Coded year Trend value
- .
' x = ﬁ § o= 12242 + 2.19x
/2
1980 -7 122.42 + 219" = 107.09
1981 -5 12242 4+ 2.19(=5) = 11147
1982 -3 12242 + 2.19(-3) = 11585
1983 -1 12242 + 2,19 (- 1) = 120.23
1984 1 : 12242 + 219(1) = 12461
1985 3 12242 + 2.19(3) = 12899
1986 3 12242 + 2.19(5) = 133.37
1987 7 12242 + 2.19(7) = 13775
RO 74 TIBR e = t—19835 _ 1988-1983.5 _ 9
12 /2
The estimated consumer price index for the year 1988 is
¥ o= 12242 + 2.19(9) = 14213
Price index for 1979 is 100. Expected price index for r is 200,
Now 200 = 12242 + 2.19x =3 x = 354
But g t — 1983.5
/2
354w % = 177 = 1~ 19835 = ¢ = 2001
T

Shifting of the Origin. While shifting the origin of a given trend line & units from the previous
origin, we substitute x + k or x — & in the given trend ling, for x depending upon whether the
new origin is forward or backward of the previous origin and then find the trend line with new

origin.

Thus in shifting the origin of a given linear trend the only change that take place is the
change in the y-intercept. If we are to shift the origin k units forward, then to obtain the value of
new y-intercept the previous y-intercept a is to be increased by & times the slope b and if we
are to shift the origin & units backward, then to obtain the value of new y-intercept the previous
y-intercept @ is to be decreased by k times the slope b. That is, the value of the y-intercept of
the new trend line would be the trend value at the new origin based on the previous trend line.
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Thus, if with previous origin the trend line is ¥ = a + bx, then with new origin k units from
the previous origin, the trend line is
y=a+bixtk) = (athk)+bx
Example 16,10 Suppose that the linear trend equation is § = 110 + 1.5 x, wirth origin at
1980 and unit of measurement for x is one year. Shift the origin at 1985,
Solution. The linear trend equation is
¥ =110 + 1.5x with origin at the year 1980
For shifting the origin at 1985, replace x by (x + 5)
F o= 110 + 1.5(x + 5)
10+ 1L5x + 7.5
1175 + 1.5x with origin at the year 1985

Secular Trend — Nonlinear : Many times a straight line will not describe accurately the long-
term movement of a time series. In such situations by a careful look at the graph of a time series
we might detect some curvature and decide to fit a curve instead of a straight line.

Second degree curve ( Parabola ). This curve is useful to describe the trend in a time series
where change in the amount of change is constant per unit time. The equation of the quadratic
{ parabolic ) trend 1s

V= a+bx+cxt

]

L

The method of least squares given the normal equations as .
2y =na+bXi+ecEal
2xy = artx+bXxt+cXad
2xly = alxl+ bY + e Xt
However, if Lx = 0 = ¥ x?, then the usual normal equations reduce to
Yy = na+cxrx?
2xy = bXx?
2xly = aYx?+ eXa?
which give the values of a, b and ¢ as
nZaly—(ZxH)Ey)
nExt — (La2)?

L By—ely

a
n
B Zxy
2.k
Example 16.11 Given the following time series.
Year 1931 1933 1935 1937 1930 1941 1943 1945

Price index | 96 87 a1 102 108 139 307 289
(i)  Fit a second-degree curve ( parabola ) taking the origin ar 1938.
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(ity  Find the trend values.
(iti) What would have been the equation of parabola if origin were at 1933,

Solution, (i) We have 7 = (1931 +1945)/2 = 1938. Let x =1 -7 = ¢ — 1938

Year Price index Coded year Trend value
t ¥y x = t-1938 x* 5 Xy Xy ¥
1931 96 -7 49 2401 - 672 4704 100.3
1933 a7 -5 23 625 - 435 2173 83.0
1935 91 -3 9 81 -273 819 81.8
1937 102 -1 1 1 - 102 102 96.7
1939 108 1 1 1 108 108 127.7
1941 139 3 9 81 417 1251 174.7
1943 307 5 25 625 1535 7675 237.8
1945 289 7 49 2401 2023 14161 317.0
Sum 1219 0 168 6216 2601 30995 1219.0

The quadratic trend is
§ =a+bx+cxt
Since X x = 0 = X x°, the least squares estimates a, b and ¢ are
nTxly — (Tx3)(Ev) _ 8(30995) — (168)(1219)

e = = = 201
nrxt - (L) 8(6216) — (168)2
= d =
. Ly -cXlx _ 1219 (201)(168) _ 1102
n 5
bow 2AE LB e
¥ 52 168

The best fitted curve is

§ o= 1102 + 1548x + 20147 with origin at the year 1938

(if) For different values of x, the trend values are obtained as shown in the table.
(iii) For shifting the origin at 1933, replace x by (x - 5)

1102 + 1548(x - 5) + 2001 ({x - 5)

1102 + 1548 (x - 5) + 201 (x* - 10x + 25).

110.2 + 1548 x =774 + 2.01x% - 201 x + 50.25

¥

= B3.05 - 4.62x + 2.014° with origin at the year 1933
Example 16.12 Given the following time series.
| Year 1931 1933 1935 1937 1939 1941 1943 1945

| Priceindex | 96 87 91 102 108 139 307 289
(i  Fita srraight line taking the origin ar 1938,
(if)  Fir a second-degree curve ( parabola ) taking the origin at 1938,
(i) Which is the better fitted trend.
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Solution. (i) Wehave 7 = (1931 +1945)/2 = 1938. Let x = ¢ — 7 = ¢ — 1938

Year Price index Coded year

t ¥ x=1-1938 x> x* xy xty y2
1931 96 =] 49 2401 -672 7404 9216
1933 87 -5 25 625 — 435 2175 7569
1935 91 -3 9 Bl -273 819 8281
1937 102 -1 1 1 - 102 102 10404
1939 108 1 1 | 108 108 11664
1941 139 3 9 8l 417 1251 19321
1943 307 5 23 625 1535 7675 04249
1945 289 7 49 2401 2023 1416l 83521
Sum 1219 1] 168 6216 2601 30995 244225

The linear trend is
§ = a+bx

Since X x = 0, the least squares estimates a and b are

1219
e 3G L R
n 8
R )
¥ x2 168
The best fitted line is
j = 15238 + 1548z with origin at the year 1938

The sum of squares of residuals is
et = Ty -aXy-bXxy
= 244225 — 15238B(1219) — 1548(2601) = 182103
The quadratic trend is

¥y =a+bx+cxt
Since X x =0 = Xz, the least squares estimates a, b and c are
ALy =~(Zx )Ty 8(30995) — (168)(1219)

c = = = 201 ,
nZat - (Ex?)? 8(6216) — (168)2
2z 2 =
. 1! Sy-c¥x _ 1219-(2on(e8) _ s
n 8
b= 2L o 2 g5
¥yl 168

The best fitted curve is

-

c oy = 1102 + 1548 x + 2.01x? with erigin at the year 1938
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The sum of squares of residuals is

Yer = Ly'-aly-bXaxy-=cXlaxly
244225 — 110.2(1219) — 1548 (2601) — 2.01 (30995)
7327.77

({if) Since the sum of squares of the residuals for quadratic trend is smaller than the sum of
squares of the residuals for linear trend, therefore quadratic trend is better fitting trend,
Merits. o
(i} The method of least squares gives the most satisfactory measurement of the secular trend
in a time series, when the distribution of the deviations is approximately normal.
(ii}  The least squares estimates are unbiased estimates of the parameters.
(iii) The superiority of this method lies in that the computations needed to determine the
linear, exponential or quadratic trend have been reduced to formulae.
Demerits. :
(i}  The method of least squares gives too much weight to extremely large deviations form
the trend,
(if)  The least squares line is the best only for the period to which it has reference,
(iii) 'The elimination or addition for a few more time periods may change its position.
{(iv) The only real criterion for the selection of a method of measuring trend is the judgement
' as to how well the trend line follows the general movement of the time series.
Uses of Secular Trend.
(i)  The secular trend may be used either in determining how a time series has grown in the
past or in making a forecast.
(if) The trend line is used to adjust a series to eliminate the effect of the secular trend in
order to isolate non-trend fluctuations.
Exercise 16.1
1. (@) What is meant by & time series? What are different movements that may be present in a
time series.? Describe each of them carefully.
(&) Explain the difference between histogram and historigram.
(¢) Describe the following terms;
(i)  Secular trend. {if)  Seasonal variations.
(iii) Cyelical fluctuations, (fv)  Irregular movements.
2. (@) Describe various methods of measuring secular trend in a time series. Discuss the merits
and demerits of the methods of smoothing the data.
(5) Plot the original time series to obtain a historigram.

Year 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992
Value 500 365 430 445 389 38.1 326 387 417 411 3338

Draw a free-hand trend of the following data on the same graph paper:
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A (a)

(b)

(c)

4. (a)

(b)

5. (a)

&)

6. (a)

What do you understand by the method of semi-averages utilized for smoothing of a
ime series, Give an example?

The following table shows the property damaged by road accidents in Punjab for the
years 1972 1w 1982,

Year 1972 1973 1974 1975 1976 1977 1978 1979 1980 1981 1982

Property
dimaged 213 203 238 392 507 441 649 473 342 365 330

Using the method of semi-averages, find the linear trend,
(¥ = 2702 + 20.2x with originat 1972)

The following table gives the number of books (in 000's) seld at a book stall for the
year 1970 to 1981.

Year 1970 1971 1972 1973 1974 1975 1976 1977 1978 1979 1980 1981

Number of
hooks(000) 135 At a4 A% a0 25 200 20 160 E 17

Using semi-average method, find the trend line. Compute the trend values.
(¥ = 3201 - 147x with origin at 1970)
What are moving averages? How is a time series smoothed by moving average method?
Give an example.
Draw a historigram of the following time series. Determine a trend line by a simple
moving averages of 5-year from the following data:
Year 1921 1922 1923 1924 1925 1926 1927 1928 1929 1930
Value 2 108 130 0 140 158 180 196 210 220 230
(127.6. 143.2. 160.8, 176:8, 192.8, 207.2)
Calculate 7-day moving averages for the following record of attendances:

Week Sun Mon Tues Wed Thurs Fri Sat
1 24 50 30 48 54 55 62
2 28 52 41 42 50 41 42

Plot the given data and moving averages on the same graph.
(46.14, 45,71, 47.00, 48.57, 47.71, 47.14, 45.14, 42.20)

The following table shows the United States average monthly production of bituminous
coal in millions of short tons for the years 1981-91. Construct (i) 4-year moving
averages (if) d-year centred moving averages

Year 1981 1982 1983 1984 1985 1986 1987 1988 IQEEFI 1990 1991
Production 500 365 430 445 389 381 387 326 410 417 338
[ (D) 43.5, 40.7, 41.1, 400, 37.1, 376 386 373 (i) 42.1, 40.9, 40,6 38.6, 374,
38.1 38.0] :

Compute 4-month centred moving averages from the following:

Month Jan Feb Mar Aprnil May June July Aug Sept Oct

Value 23 26 28 a0 3l 35 a7 a2 34 38

(27.75, 29.88, 32.12, 33.50, 34.12, 34.88 )
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()

7. (a)
(b)

8 (@)

()

9. (a)

Find 4-quarter centred moving auerages for the following data.

Year Quarter 1 Quarter I Quarter 11T Quarter IV
1948 71 72 78 84
1949 72 69 75 79
1950 73 80 85 86

Plot the original data and the wend valoes on a graph.
(76.38, 76.12, 75.38, 74.38, 73.88, 75.38, 78.0, 80.12 )

Ezxplain the methed of least squares utilized for finding a secular trend in a time series,
Given the following time series.

Year 1968 1969 1970 1971 1972 1973 1974 1975 1976

Value 3 4 B B 7 g 10 13 12

Determine the linear trend uvsing least squares method by taking the origin at the
beginning period of the time period. Estimate the value for the year 1978,
(¥ = 311 + 1.17x  with origin'at 1968: 14.78 }

The following time series shows the number of road accidents in Punjab for the years
1977 1o 1987,

Year 1977 1978 1979 1980 1981 1082 1983 1984 1985 1986 1987
Number of | .
et 2493 2639 2669 3038 3745 4079 4683 4845 4505 4793 4728

(i} Use the method of least squares to fit a straight line taking the origin at the
middle of the time period,

(i)  Find the trend values for this time series.

(ifi) Estimate the number of road accidents in 1989,
G ¥ = 383791 + 27137 x with origin-at 1982; (i) 2481.05, 275242,
3023.79, 3295.16, 3566.54, 3837.91, 4109.28, 4380.65, 4652.02, 492339, 5194.76;
(i) 5737.50 } -
Fit a straight line § = @ + b x from the following results, for the years 1985—95
{ both inclusive ). Find out the trend values of » as well.

Tx=0. Xy=4389 T2 =110, XTxy=-844

(% = 399 — 0.77x withorigin at 1990; 43.75. 42.98, 42.21, 41.44, 4067,
39.90, 39.13, 38.36, 37.59, 36.82, 36.05)

Fit a straight line to the following data taking the origin at the middle of the time period
and unit of measurement as 1/ 2 year and find the trend values:

Year 1980 1981 1982 1983 1984 1985
Production (000) 10 12 8 10 14 16
(¥ = 1166 + 0.54 x with origin at the middle of 1982 and 1983 and unit of

measurement as 1/ 2 year; 8,96, 10,04, 11.12,12.20, 13.28, 14.36)
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(b)

{c)

10. (a)

(B)

11. (a)

(b)

Fit a straight line to following data, Plot on the same graph paper the actual and trend
values.

Year 1970 1971 1972 19713 1974 1995 1996 1977

Value 12 15 18 25 20 22 26 30

(¥ = 21+ 1.12 x with origin at January 1, 1974; 13.16, 1540, 17.64, 19.88,
22,12, 2436, 26.60, 28.54 )
Far the following time series, determine the trend by using the method of

(f)  semi-average,

{fi}  3-year moving average, ;

(ifi) least-squares for fitting a straight line.
Year 1968 1969 1970 1971 1972 1973 1974 1975 1976
Value 2 4 6 § 7 6 8 10 12

Which of the trend do you prefer, and why?
{() y = 3.8+0.8x withorigin at 1968, (i) 4.0, 6.0, 7.0, 7.0, 7.0, 8.0, 10.0;

(itf) ¥ = T+x withoriginat 1972; Least squares trend |

Fit a second degree curve to the following time series and find the trend values.

Year 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990
Production | 23.2 314 398 502 629 760 920 1057 1228 131.7 151.1

(¥ = 7664 + 13.0x + 03974 x? with origin at 1985 and unitof x as 1 year;
21.6, 31.0, 41.2 52.2, 64.0, 76.6, 90.0, 104.2 1192, 1350, 151.6)

Fit a quadratic curve to the following time series.
Year 1924 1927 .- 1930 1933 1936 1939 1942
Index of coal price 187 142 133 129 136 169 279

Use your results to estimate the values of the index for 1935,
(¥ = 1199 + 11.89x + 11.99 x* with origin at 1933 and unitof x as 3 years;
¥y = 133.16)

Fit a second degree curve to the following time series

Year 1980 1981 1982 1983 1934 1985 1986 1987
Quantum Index 100 &7 96 102 139 210 289 307
(¥ = 131.8 + 1689 x + 1.64 x* with origin at the January 1, 1984 and unit of x
as 1/2 year)
Fit a guadratic curve (parabola) to the following data. Compute the trend values:
Year 1931 1933 1835 1937 1939 1941 1943 1945
Price indey 95 87 91 102 108 139 07 280

(% = 110.16 + 1548 x + 201 x? with origin at 1938 and unit of x as one year;
100.3, 83.0, 818, 96.7. 127.7, 1747, 237.7, 317.0)
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12. (@) The following are the annual profits in thousands of rupees in certain business:

(&)

13. (a)

(b)

()

Year 1977 1978 1979 1980 1981 1982 1983
Profit 88 101 1035 91 113 120 132
(i) Fit a linear trend by the method of least-squares and make an estimate of the
profits in 1985.

(i)  Fit a parabolic trend.
(iify Determine which is the better fitting trend.
{() ¥ = 10714 + 636 x with origin at 1980 and unitof x as 1 year
¥y o= 139.04, (i) ¥y = 103.24 + 6.36x + 0.976 x* with origin at 1980 and unit
of x as 1 year}
Fit a quadratic trend from the following results, for the years 1985—95 (both inclusive).
Exm Ly i xx: = 110, Yx* = 1958,
Yy = 410, Zxy = 801, Tty = 4587
Find out the trend values of y as well. Estimate the trend value for the year 1996,

{(# = 316 + 546x + 0568 x? with origin at 1990 and unitof x as 1 year;
18.50, 18.85, 20.33, 22.95, 26.71, 31.60, 37.63, 44.79, 53.08, 62.53, 73.10; B4.81)

Suppose that the linear trend equation is ¥ = 50 + 2 x, with origin at 1983 and unit of
measurement for 1 is one year. Shift the origin at 1980,

(¥ = 44 + 2x, with origin at the year 1981)

If the linear trend in the data for the years 1960 to 1965 both inclusive with origin at .
the middle of 1962 and 1963 is ¥ = 1306.667 + 73.428 x; the unit of x being one

year, then determine the trend line with origin at 1960 and hence determine the trend

values.
{( § = 1123.097 + 73.428.x; 1123097, 1196525, 1269.953, 1343.381, 1416.809,

1490,237 )
The parabolic trend equation for the projects of a company (in thousand rupees) is

¥ = 104 + 0.6x + 0.7 x?, with origin at 1980 and unit of measurement for x is
one year. Shift the origin to 1975. .

(¥ = 249 — 64x + 0.7x2)

4

~ Exercise 16.2
Objective Questions

With which particular characteristic movement of a time series would you mainly
associate each of the following; '

(i Increased demand for foot-wears before Eid. (8)
(ffy ~ The decline in death rate due to advancement in science. (N
(fii} A steel strike, delaying production for a week. (n
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(iv)  Rise in the prices of certain consumer goods due to tax increase (5
in the annual budget.
(v)  Aneraof prosperity in a business, (C)
(vi) The festival sale. (5
(vii) ~The production of sugar recorded for 1986, 1987, ---, 1992, W]
(viii) The weekly statement of the sale of pens. (5)
(ix) A fire in a factory delaying production for 3 weeks. (n
x) An after Eid sale in a departmental store (5)
(xi) A need for increased wheat production due to a constant (T}
increase in population,
(xif) The monthly rainfall in inches in a city over a S5-year period. (5
(xiif} A recession in a business. )
(xiv) An increase in employment during summer months. ()
(vv) A continually increasing demand for smaller automobiles. (T
.3 State whether the following statements are true or false.
£1] The graph of a time series is called histogram:. ifalse)
(i} Secular trend is a short term variation. (false)
(ifi)  Seasonal variations are regular in nature. (true)
(iv)  Secular trend has booms and depressions. (false)
(v} Irregular variations are not regular in nature. {trie)
(iv)  The idcrease in the school fee in private schools is an irregular (false)
variation.
(vif) The increase in the number of patients in the hospitals is like (true)
secular trend in a time series.
(viif)y The increase in the number of patients of heat stroke in (false)
summer i% like secular trend in the time series.
(ix)  The secular trend is measured by a straight line. when a time (false)
series has an upward trend,
(r)  The secular trend is measured by semi-averages method when {rrue)
trend is linear,
i) —~The straight line is fitted to a time series when the movements (true)
in the time series are linear.
(xif) In the measurement of secular trend by the method of least (false)
squares, the number of years must be odd.
{xiif) For a least squares linear trend ¥ = a + b x, the bisa (false)
variable and y is the slope of the line.
(xiv) Seasonal variations can be measured only when the time series (false)

containg yearly values,
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Multiple choice :  Select a suitable answer:
(f)  The graph of a time series is called
{a) histogram  (b) polygon (c) straightline () historigram
{(iiy  The secular trend is measured by the method of semi-averages when:
{a) time series contains yearly values (b) trend is linear
{c) time series contains odd number of values (d) none of them
(iii) In the measurement of secular trend the moving averages
{a) give the trend in a straight line (k) measure the seasonal variations
(¢} smooth out a time series ) {d) none of them
(iv) For aleast squares linear trend y = a + bx, the b isthe:
{a) variable (b) intercept () trend (d) slope
(v}  Foraleast squares linear trend y = a + b1,

@Iy<Xy WBWIyr=0 (@Zy=23 (d noneofthem
{vi) For aleast squares lineartrend ¥y = a + bx, the = ;E]l2 = () when
(@) all the y-values lie on the line. (k) all the y-values are positive,

{r) all the y-values lie above the line.  (d) none of them.
[ d, @R e G0d (e ) al



17 ORIENTATION
OF COMPUTERS

17.1  INTRODUCTION TO COMPUTER

17.1.1 Computer. The computer is defined as an electronic device which is used to store and
process data to solve different problems according to a set of instructions given to it. The word
“computer” came from the word “compute” which means “to calculate”.

17.1.2 Capabilities of Modern Computer. The following are the details of capabilities of a
modern computer,

Speed. The speed of a computer is defined as the number of instructions processed in one
second,

A computer can perform millions of instructions in one micro second. It performs one
operation at a time. When a computer performs an operation, the clock of the processor generates
electronic pulses at a fixed rate. It generates millions of pulses or signals in one second. The
number of pulses generated in one second is called frequency. The unit of frequency is hertz
{abbreviated Hz). Hertz is a measure of number of vibrations per second.

The speed of a computer is measured in megahertz (abbreviated MHz) and in gigahertz
(abbreviated GHz), Modern personal computers may have the speed more than 2 GHz ( 1 GHz
= 1024 MHz ).

Data Storage. A computer can store a large amount of data. It stores the data in its memory and
can retrieve it with a high speed. The ability of 4 computer to store the data and to retrieve it with
a very high speed makes it suitabie for modern data processing,

Data is defined as a combination of characters, numbers and symbols collected for a
specified purpose.
Data Processing. Data processing consists of series of operations performed on the data to
achieve the required resulis.

The main function of a computer i3 data processing. It includes the arithmetic and logical
operations. It also includes the classification of data, arrangement of data and its transmission
from one place to another. The results of data processing are called the output or the information.

Accuracy. The computers are very accurate in calculations.

A modern computer can perform millions of operations in one second without any error.

The accuracy of calculations depends upon the input data and the program instructions. If the

input data and the program instructions are correct, then we expect that the computer will produce
'accurate result.

Diligence. The computer has the ability to do work for long hours. It never tires. Working for
long hours does not affect the accuracy of a computer.

269
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172  HISTORY OF COMPUTER

The history of computer and calculator goes back to a very long way. For many
centuries, people used their own brain-power to perform arithmetic calculations. The names of
three great scientists who contributed in the invention of computer are

I; Abu Jaafar Muhammad Ibn Musa Al-Khwarizmi ( 780 — 850 )
2 Alan Mathison Turing ( 1912 — 1954 )
3. John von Neumann ( 1903 — 1957 )

Blaise Pascal, a mathematician and scientist of France, developed the first mechanical
adding machine called *“Pascaline” in the 1642. Pascaline performed addition and subtraction.
This machine was modified by Baron Gottfried Wilhelm von Leibnitz in  1671. He introduced
“Multiplier Wheel" to perform all the basic arithmetic operations such as addition, subtraction,
multiplication and division.

The designer of the first computer was Charles Babbage a mathematician of the United
Kingdom. He designed a machine called “Analytical Engine” in 1833. Analytical Engine was the
first programmable computer. It consisted of the following units,

(7} A storage (1o store data)
(i)} A mill (to perform arithmetic operations)
(iif) A control unit (to control all operations and to coordinate the Input/ Output units).

The program (instructions) was given to the Analytical Engine with the help of punched
cards.

The Americans were also experimenting to develop a computer. An American scientist
working at Harvard University, developed a computer between 1937 and 1943. It was the
“Harvard Mark-I"

In 1943, American scientists, J. W. Mauchly and J. P. Ekert developed an electronic
computer at Moor School of Engineering. U.S.A. The electronic computer was called Electronic
Numerical Integrator and Calculator (ENIAC). Manufacturing of ENIAC was started in 1943
and finally completed in 1946. ENIAC differed in only one significant way from the computer of
today that its programs were stored externally on tape. This means that programs could be
executed sequentially.

In 1944 John von Neumann suggested that the computer program should actually be
stored electronically inside the computer, This was the final breakthrough in computer design.

173  TYPES OF COMPUTERS
The computers are of three types:
()  Digital Computer
(i)  Analog Computer
(iif) Hybrid Computer
17.3.1 Digital Computer. A digital compurer works with digits. It operates by _counting

numbers or digits and gives output in digital form. It works with only two signals, 0 and 1. The
data and instructions are entered and stored in coded form of 0's and 1's.
These computers are manufactured in wide variety of sizes, speeds and capacities. The

digital computers are commonly used in offices and educational institutions. Digital watches,
digital thermometers, etc., are the examples of digital computers,
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17.3.2 Analog Computer. An analog computer does not operate directly with digital signals.
It receives input gives output in the form of an analog signal.

The analog computers measure physical quantities to give output on a scale. The output
is in the form of graph or a reading on a scale. A dial clock , thermometer and weighing machine
are all examples of analog computers. The results achieved are not accurate as compared to those
achieved by digital computers,

1733 Hybrid Computer. A hybrid computer have features of both analog and digital
computers,

The hybrid computers get input and give output either in analog or digital form. Modem
is an example of hybrid computer.

174  CLASSIFICATION OF COMPUTERS

The computers are manufactured in a wide variety of sizes, speeds and capacities. In
computer terminology, size refers to the amount of data a computer can handle, Generally a
computer with a high processing speed is called a big computer. Depending upon their speed and
memory size, the computers are classified into the following different groups

() Micro Computers ' (i) Mainframe Computers

(fif} Mini Computers (v} Super Computers
174.1 Micro Computers. The micro computers or personal computers are designed to be
used by one user at a time. These are commonly used in offices, at homes and in educational
institutions. These computers have processing speed of the order of millions of instructions
processed per second (MIPS). The peripherais used in these systems include keyboard, monitor,
character or page printer and a mouse,

The micro computers are small in size and are mainly used in accounting, database, word
processing and graphics, ete. Laptop and notebooks are micro computers,

17.42 Mainframe Computers. The mainframe computers are very large computers. The
mainframe computers have very high processing speed. These computers are used by large
business organizations like banks, insurance companies, scientific research institutes and weather
forecasting bureaus. The largest IBM 5§/ 390 mainframe, for example, can support 50,000 users
while executing more than 1,600,000,000 instructions per second,

17.43 Mini Computers. The mini computers released in 1960s got their name because of
their small size compared to the other computers of the day. They are smaller version of the
mainframe computers. Like the mainframes, mini computers can handle much more data than
personal computers, These are used for maintaining details of a large business organization, to
analyse the results of experiments or to control and maintain the production activity in factory,

The mini computers have large memory and faster input/ output devices. They are more
expensive and have more processing speed than micro computers. The most powerful mini
computer can serve the input and output needs of hundreds of users at a time. The mini computers
cost anywhere from § 18,000 to $ 500,000 and are ideal for many organizations and companies
that cannot afford or do not need mainframe systems.

17.44 Super Computers. The super computers are the most powerful computers made, and
physically they are some of the largest. These systems are built to process huge amounts of data,
and the fastest super computers can perform more than 1 trillion calculations per second.

Some super computers such as the Cray T90 system can house thousands of processor.
This speed and power make super computers ideal for handling large and highly complex
problems that require extreme calculating power. These computers are used by Nuclear scientists
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to create and analyze models of nuclear fission and fusion, predicting the action and the reaclions
of millions of atoms as they interact. These computers are also being to map the human genome,
or DNA structure. The super computers can cost tens of millions of dollars and consume enough
electricity to power dozens of homes.

17.5 HARDWARE AND SOFTWARE

17.5.1 Hardware. The physical parts of the computer are called hardware. It includes all
physical devices or units that make up a computer. The examples of hardware are; CPU, monitor,
mouse;, kevboard, efc.

17.5.2 Software. The set of instructions given to the computer to solve a problem or to control
the operation of the computer is called software. The, software is prepared In computer
programming languages. The examples of hardware are: Microsoft Word, Excel, Corel Draw,
Photoshep, eic.

176 HARDWARE COMPONENTS OF A PERSONAL COMPUTER

The computer itself, the hardware, has many parts, but the critical components fall into
ona of four categories.

1. Central Processing Unit (CPU)
2 Main Memory
3 Input/ Output Devices
4 Secondary Storage 5
CENTRAL
PROCESSING UNIT
| ARITHMETIC
| LOGIC UNIT
INPUT DEKICES I OUTPUT DEVICES
| CONTROL |
\? — ‘_'* Nt T v @
MOUSE KEYBOARD t MONITOR — PRINTER

MAIN MEMORY
(RAM)

!

SECONDARY STORAGE

""1 FLOFPY
}-

HARD
DSk

Fig. 17.1 Hardware Components of Personal Computers
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17.6.1 Central Processing Unit (CPU). The central processing wnit 15 the brain of the
computer, the place where data is manipulated. In large computer systems, such as super
computers and mainframe computers, processing tasks may be handled by multiple processing
chips. (Some powerful computers systems use hundreds or even thousands of separate processing
units}. In average micro computer, the entire CPU is a single chip called a micro processor. The
CPU has at least two basic parts:

(i} Control Unit
(i) Arithmetic Logic Unit (ALL)

Control Unit, All the computer’s resources are managed from the control unit. Think of the
control unit as a traffic cop directing the flow of data through the CPU, and to the other devices
The control unit is the logical hub of the computer.

The CPU’s instructions for carrying out commands are built into the control tinit. The
instructions, or instructions set is expressed in macrocode a series of basic direction tells CPU
how to execute more complex operations.

Data will have to be first transferred from the input device or secondary storage to the
main memory and taken from there to the ALU for processing. Instructions on what to do with
the data must be given to the ALU. Then the results have to be transferred to the main MEemory
and from there to the output device. For these and many more such tasks we need a sort of
manager, It is the control unit which takes care of all these activities.

One of the most important function of the control unit is the handling of program steps.
Each basic instruction such as ‘add’ , *subtract’ or ‘store’ is in the form of code. Only the control
unit understand each code and gets the instruction executed. In that process it may move data
from an input device to the memory, from the memory to the ALU, from the ALU back to the
memory, from memory to an output device and so on. The control unit is like the nervous system
of the body and supervises all the operations of computer

Arithmetic Logic Unit (ALU). The arithmetic logic unit is a pan of the processor in which all
arithmetic and logical operations on the data are performed.

Arithmetic section of the ALU performs basic arithmetic operations such as addition,
subtraction, multiplication and division.

A logical operation is one in which data is compared. For example, whether the first
number is greater than the second number, or it is less than, equal to, not equal to, grater than or
equal to, ete. The logic section of ALU performs logical operations.

Arithmetic Operations Logical Operations
+ add = # equal to, not equal to
b subtract S greater that, not greater than
% multiply <, less than, not less than
2 ik greater than or equal to,
= divice 2, 2 not greater than or equal to
; less than or equal to
= 4 3
£ Tuised b A power : not less than or equal to

The ALU includes a group of registers high speed memory locations built directly into
the CPU that are used to hold the data currently being processed. For example, the control unit
might load two numbers from memory into the register in the ALU. Then it might tell the ALU to
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divide the two numbers (an arithmetic npe'raﬁém] or 1o see whether the numbers are equal ( a
logical operation )
17.6.2 Main Memory. The main memory, also called RAM (Random Access Memory) or
primary storage contained in the processor unit of the computer temporarily stores data and
programme instructions when the are being processed. ;
The main memory has many storage locations. Each memeory location has a Storage
Address, like a Post Box number. The computer stores or retrieves data using the address. The
computer always keeps a list of data items and corresponding addresses. This is. of course, done
automatically and we need net worry about it,

When the computer retrieves data from a location, it merely reads what is stored and
transfer them elsewhere. It does not destroy the stored data. On the other hand, when it stores new
data in a location, the previous contents in that location are lost.

The most common measurement unit for describing a computer’s memory is bytes, the
amount of memory it takes to store a single character, such as a letter of the alphabet or
numerical.

The measurement for Computer Memory and Storage
Unit Abbreviation  Pronounced Approximate Actual
value (bytes) values (bytes)

Kilohyte KB KILL-uh-bite 1,000 1.024

Megabyte MEB MEHG-uh-bite  1.000,000 1.048.576
( 1 million )

Gigalyte GB GlG-uh-bite 1,000,000,000 1,(¥73,741,824
{ 1 billion )

Terabyte TB TERR-uh-bite  1,000.000,000.000 1,099,511.627,776
(1 million)

Today's personal computers commonly have from 64 to 236 million bytes (or 64 to
256 MB) of memory. Some compuiers improve their processing efficiency by using a limited
amount of high speed RAM memory between the CPU and main memory. High-speed memory
used in this manner is called cache (pronounced cash) memory. Cache memory is used to store
the most frequently used instructions and data. When the processor needs the next program
instructions and data, it first check the cache memory. If the required instruction or data is present
in cache (called a cache bit), the processer will execute faster than if the instructions or data has
to retrieve from the slower main memory. '

17.63  Input/ Output Devices. Computers would be useless if they did not provide interaction
with users. They could not receive or deliver the results of their work. Input devices accept data
and instru¢tions from the user or from: anether computer system (such as-a computer on the
internet). Output devices retum processed data back to the user or to another computer system.

Input Devices. Before processing unit can work, the data and programme must be entered into
the computer memory, this is done by means of input devices. The most common input devices
are keyboard, mouse, scanners and digital cameras.

Output Unit. There are various devices to present information in a particular manner or to deliver
it at appropriste speed. . g video display units, line printer and COM (Computer Output
Microfilm).
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17.6.4 Secondary Storage. A computer can function with only processing unit, mernory, input
and eutput devices. To be really useful, however, it also need a place to keep programme files and
related data when it is not using them. The purpose of storage is to hold data.,

It is important to understand the difference between how a computer uses main memory
and how it uses secondary storage. Main memory, also called primary storage or RAM,
temporarily stores programmes and data being processed. Secondary storage, also called auxiliary
Storage, stores programmes and data when they are not being processed.

The physical components or materials on which data is stored are called storage media.
The hardware components that write to, and read it from, storage media are called storage
devices. Two main categories of storage technology used today are magnetic storage and optical
storage. Although most storage devices and media employ one technology or other, some use
both.
The primary types of magnetic storage are as follows;
(i)  Diskettes
(if) Hard disks (both fixed and removable)
{iify High-capacity floppy disks
{iv) Disk cartridges
(v] Magnetic tape
The primary types of optical storage are as follows:
{1} Compact Disk Read-Only Memory (CD-ROM)
(i) Digital Video Disk Read-Only Memory (DVD-ROM)
{fii) CD-Recordable (CD-R)
(iv) CD-ReWritable (CD-RW)
(v} Photo CD
The most common storage medium is the magnetic disk. A disk is a round, flat object
that spins around its centre. Read/ write heads , which are similar to the heads of tape recorder or

VCR, are used to read data from the disk or write data onto the disk. Depending on the type of
disk, read/ write heads may float just above the disk's surface or may actually touch the disk,

17.7  INPUT DEVICES AND OUTPUT DEVICES

17.7.1 Input Devices. Inpur devices consist of hardware that translate data into a form the
computer can process. The people readible form may be words like the ones in these sentences,
but computer readable form consists of ‘0’ and *1' or “off” and “on" electrical signals. Input
hardware devices are categorized as three types

{7} Keyboards
{ii) Pointing devices
(itf) Source data entry devices

17.7.2. Keyhoard. Kevboard is a device that converts letters, numbers and other charactérs
into electrical signals that are machine readable by the computer processor, The kevboard may
look like a type writer keyboard to which some special keys have been added. Keyboard has 3
types of keys, namely
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{ Alphabetkeys (A, B: €25 & & B &, ¥4, 2)
(ii) Numerickeys (1, 2, 3, 4,5, 6,7, 8 9,0)

{iii) Special keys (F1, F2, ---, F12, Alt, Cul, Shift, Tab, Capslock, Enter, -, €ic)

The standard keyboard has 101 buttons on it and now a days the keyboards with 104,
106. 110 buttons are available in the market.

17.7.3. Pointing Devices. Pointing devices control the position of the cursor or pointer on the
screen; Pointing devices include.

(it Mouse (if) Light pens, erc.
Mouse: A mouse is a device that is rolled about on a desktop and direct a pointer on the
computer's display sereen the mouse has a cable that is connected to the micro computer’s system
unit by being plugged into a special port or socket. It has two/ three buttons, a wire or wireless,
On the bottom side of the mouse is ball that translates the mouse movement into digital signals.
Depending upon the software, many commands that you can execute with 2 mouse can also be
performed through a keyboard. The following are the functions of a mouse.
(i)  Point, Move the pointer to the desired spot on the screen, such as over a particular word
or object,
(ify Click., Press and quickly release, the left mouse button twice as quickly as possible.
(iif) Drag. the pointer to another location
(iv) Drop. Release the mouse button after dragging
(v)  Right click. To make a selection using the button on the right side of the mouse which
usually brings up a pop up menu
Trackball. The trackball is movable, on top of a stationery device, that is rotated with fingers or

palm of the hand. Trackballs are specially suited to portable computers, which are often used in

confined places such as on airplane tray, tables. Trackballs may appear on the keyboard centred
below the space bar,

Joystick. A joystick is a pointing device that consist of vertical handle like a gearshift lever
mounted on a base with one or two buttons

Touch pad The touch pad is a small, flat surface over which you slide your finger, using the
sime movement mouse,

Light Pen. The light pen is a light sensitive stylus, or pen like device connected by a wire to the
computer terminal the user brings the pen to a desired point on the display screen and presses the
pen button, which identifies that screen location to the computer,

17.74  Output Devices. The devices that are used to receive data from the CPU in binary code
and convert it into readable form are called ourpur devices. The output devices enable CPU to
transfer information to the user and other devices.

The output device receives data from CPU in computer code and converts it into a form
that @ user can understand or which is readable to the other devices. For example, the binary
string 01000001 from CPU represents letter ‘A’ on the screen. The cutput is divided in two
calegories;

(f)  The output that is sent to the secondary storage, €. g., magnetic tape disk, etc. This
output can be used by the CPU as input for further processing. .

(if)  The output that can be read and used by people. This output is further divided into:
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(@)  Softcopy Output. 1t is the output that is temporary and is erased when the computer is
switched off, . g. display on the computer screen,

(b) Hardcopy Output. 1t is the output that is permanent and is always available for use,
. g., print out on the paper.

Softcopy Output Devices. Softcopy output devices are used to display output on the screen. They
are also called Visual Display Units (VDU). The most commonly used softcopy device are:

(i), Monitors
(ify Pc Projectors
(iif)  Sound Systems
Hardcopy Output Devices. The computer user usually needs output printed on the paper for

permanent record. The output received from the computer on the paper is called hardcopy. The
devices used to produce a hardcopy are two types

(i)  Printer
(i)  Plotter
DATA DATA PROCESSING INFORM ATION
INPUT OPERATION OUTPUT
(_ ARITHMETIC LOGIC UNIT |
KEYBOARD | = t _____ : | MONITOR |
| e CONTROL UNIT — |
MOUSE | - ———I-— PRINTER
MEMORY UNIT )

!

_STORAGE
Fig. 17.2 Information Processing System

178  SYSTEM SOFTWARE

System software consists of all programs including the programs including the operating system
that are to controlling the operations of the computer equipment. Some of the functions that
system software perform include: starting up the computer; loading, executing, and storing
application programs; storing and retrieving files; and performing a variety of functions such as
formatting disks, sorting data files, and translating programs instructions into machine languages.
System software can be classified into three major categories; operating systems, utilities, and
language translators.

179 OPERATING SYSTEM

An operating system (OS) is an integrated set of programs that is used to manage the
various hardware resources of computer system. Its prime objective is to improve the
performance and efficiency of a computer system and increase facility, the ease with which a
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system can be used. Each time a computer i% turned on, or restarted the operating system is loaded
into the computer and stored in the computer’s main memory.
17.9.1 Functions of Operating Systems. The following are the functions of operating
systems.
(i)  Processor management, that is, assignment of processors to different tasks being-
performed by the esmputer system
(i} Memory management, that is; allocation of main memory and other storage areas to
system programs as well as user programs and data.
(iii} [rjpj.lt,ﬂ' Cutput management, that is, coordination and assignment of the different input
and output devices while one or more programs are being executed,

(fv) File management, that is, the storage of files on various storage devices and transfer of
these files from one storage device to another, It also allows all files to be easily changed
and modified through the use of text editors or some other file manipulation routines.

(v)  Establishment and enforcement of job priority system, That is, it determines and
maintains the order in which jobs are to be execnted in the computer system.

{ui}  Awtomatic transition from job to job as directed by special contrel statements,

{vif) Interpretation of commands and instructions.

{viii) Coordination and assignment of compilers, assemblers, utility programs and other
software to the various users of the computer system.

(ix)  Establishment of data security and integrity. That is, it keeps different programs, and
data in such a manner that they do not interfered with each other. Moreover, if also
protects itself from being destroyed by any user.

(¥} Production of dumps. traces, errors messages and other debugging and error-detecting
aids.

(xf)  Maintenance of internal time clock and log of system usage for all user.

(xii)  Facilitates easy communication between the computer system and the computer (human)

operator
The most commonly used operaling systeéms are;
(i) DOS (i)  WINDOWS
ity O8f2 (v} UNIX
(v} LINUX

17.9.2 DOS. DOS stands for Disk Operating System, the most widely used operating system
on personal computers. Several slightly different but compatible versions of DOS exist. The two
most widely used, MS-DOS and PC-DOS were both originally developed by Microsoft
Corporation in 1981,

MS-DOS is the text driven user interface, that is, the user types a line of text as .a
command, The computer then executes the command. These commands can be used to format
disk. copy, -and surname, delete backup files and organize and manage files on disk. MS-DOS
versions 2.0 and vp incorporated a tree structured hierarchical file management scheme. In this
scheme, files can be managed into groups, which are known as directories. M3-DOS version 4.0
and above added additional enhanced commands and support for network and added a user
interface called DOS shell with pull down menus. A shell program usually provides a limited
graphic interface and certain utility functions file maintenance
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17.10 APPLICATION SOFTWARE

Application software consist of programs that tell a computer how to produce
information. When you think of the different ways that people uses computer in their careers or in
their personal lives, your are thinking of examples of application software. Business, scientific,
and educational programs are the examples: of application software. The most widely used
personal computer application softwares are:

()  Word processing (ify  Desktop publishing

(fir) Spreadsheet (iv) - Database

(v) Presentation graphies {vi) Communications

(vii) Electronic mail (vil)  Personal information management

(ix) Project management
17.11 PROGRAMMING LANGUAGES

A programming language is a way of communication between the wser and the
computer. With the help of a programming language, programmer writes programs to solve
problems with the computer,

Each programming language has its own rules for writing a computer program. The rules
are called the syniax of the language. The process of writing a compuiter program is called coding.

17.11.1 Types of Programming Langoages. Muny compuler programming languages are
available. Some programming languages are close to human language and some programming
languages are close to machine language. Therefore, programming languages are divided into two
types:

{f)  Low level langnages

(i)  High level languages
Low Level Language. The programming language that are close to machine code are called Low
Level Languages. The programs or instructions written in these languages are close lo the
machine language instructions, The mainly used low lével languages are:

() Machine Language, The instructions writién in this language are in the form of binary
strings of 0's and 1's. It is the fundamental langoage. The programs written m this
language are executed directly by the computer.

(€0} Assembly Language. It is similar to the machine language. In this langpage, symbolie
codes are used instead of binary codes. The symbelic cedes are also called mnemonic.
The program written in this language is translated to machine code with the help of an
assembler, This language is also known as symbolic language.

High Level Language. The programming Iunguages.that are close 1o human languages are called
high level langoages. The programs or instructions written in high level languages are close to
English language. Each high level language has its own rules (syntax) and character set. Some of
the commonly used high level languages are:

ALGOL: Algol stands for ALGOrithmic Language.

BASIC: Basic stands for Beginners All-purposes Symbolic Instruction Code.

COBOL: Cobol stands for Common Business Oriented Language.
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PASCAL:  This language is named in the honour of French mathematician Pascal,
who invented the first mechanical ealculator.

FORTRAN: Stands for FORmula TRANslation,
C: It is a general purpose language. It is widely used language in
scientific and all other helds.

17.12 LANGUAGE PROCESSORS AND TRANSLATORS
The program that converts a source program, written in the programming, into the

machine code, i e., in the form of strings of 0's and 1's is called language processor or
translator. There are three types of language processors or translators:

i)  Assembler

(i1)  Interpreter

(iif) Compiler
17.12.1 Assembler. An assembler translates a program written in an assembly language into
machine code. :

INPUT OUTPUT
Assembly Machine
Language ASSEMBLER Language
Program Program

17.12.2 Interpreter. The language processors that execute a source program by translating and
executing one instruction at a time are called interpreters.
17.12.3 Compiler. A compiler is a translator that coverts a program written in a high-level
language.

INPUT OUTPUT

High Level
Language
Program

Machine -
Language
Program

COMPILER

17.13  BASIC IDEA OF WRITING AND RUNNING A COMPUTER PROGRAM

17.13.1 Computer Program. The computer program is a detailed set of instructions that directs
‘& computer to perform the tasks necessary to process data into information. These instructions
usually written by computer programmer, ean be coded (written) in a variety of programming
languages. A computer program is also known as software.

17.13.2 Computer Program Development. The program development is a process of
producing one or more programs to perform specific tasks on a computer. The process of program
development has evolved into a series of five steps most experts agree should take place when
any program is developed

1. Review specification. The programmer reviews the specification created by system
analyst during the system design phase.
2. Design.  The programmer determines and documents the specific action the computer

will take 1o accomplish the desired Lasks.
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3 Cade. The programmer writes the actual program instructions,
4. Test. The written programs are tested to make sure they perform as intended,
5. Finalize documentation,  Throughout the program development process, the

programmer documents, or writes, explanatory information aboul program steps |
through 4 is bronght together and organized.

Five Steps of Program Development

REVIEW
SPECIFICATIONS

DESIGN

CODE

FINALIZE
DOCUMENTATION

17.14 NUMBER SYSTEM

A set of digits, symbols and rules used to express quantities for counling, comparing
amount, performing calealations, making measurements, representing: values, efc. is called
number system. A number system is named after the base of the system. The total number of
digits in a number system is called its base. The most commonly used number systems are;

1. Decimal Number System.

2. Binary Number System.

3 Octal Number System.

4, Hexadecimal Number System.

The most common number system is the decimal number system, It is used in normal
every day life. High level computer language nowadays use only decimal number svstem. Earlier
programming languages required writing of long strings of numeric digits. Different number
systems were used as shoricut for writing these strings. These number systems are no longer in
use. However, their knowledge is necessary for understanding data representation inside the
computer.

17.14.1 Decimal Number System. The base of decimal number is 10 and it consists of 10

digits from 0 to 9. In decimal system, any number greater than 9 is represented by a
combination of decimal digits. Every digit in the number has its value that depends upon the
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position er weight in the given number. For example, the position and weight of the number 3046
is given below

3046 = IxI0P + 0x10f + 4210 + 6

17.14.2 Binary Number System. The base of decimal number is 2 and it consists of 2 digits
0 and 1. In binary system, any number greater than 1 is represented by a combination of binary
digits. Every digit in the number has its value that depends upen the position or weight in the
given number. For example; the position and weight of the number 1011 is given below

1011 = 1%x2% + 0%2 + Ix2' + 1

17.143 Octal Number System. The basé of octal number is 8 and it consists of ¥ digits from
0 tw 7. In octal system, any number greater than 7 is represented by a combination of octal
digits. Every digit in the number has its value that depends upon the position or weight in the
given number. For example, the position and weight of the number 3046 is given below

3046 = I xE + 0x8 + A xB 4+ 6

17.14.4 Hexadecimal Number System. The base of hexadecimal number is 16 and it consists
of 10 digits and 6 alphabeis from A 1o F.In hexadecimal system, any number greater than 13
is represented by a combination of hexadecimal digits and alphabets. Every digit in the number
has 115 value that depends upon the position er weight in the given number. For example, the
position and weight of the number 3046 is given below

36 = I x16° + 0%16° + dx16" + 6

The following table represcnts the binary, octal and hexadecimal representations of a
decimal number.

Decimal Binary Octal Hexadecimal
numbers representation represenialion | representation
] 0000 00 0
1 0001 a1 1
2 0010 one 2, no unity 02 2
3 0011 - 03 3
4 0100 04 4
5 010 one 4, no twos, one unit 05 5
] 0110 06 f
T 0111 : 07 T
8 1000 10 5
one 8, no fours,
2 i no twos, one unit 3 ?
10 1010 12 A
11 1011 13 B
12 1100 14 c
13 1101 15 D
14 1110 16 E
15 1111 17 F
16 looon O 16, no aigl?l. no fours, 20 10
no twos, no unit
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17.15 HOW COMPUTERS REPRESENT DATA

To a ¢computer, every thing is a number. Numbers are numbers; letter a punctuation
marks are numbers; sounds and pictures are numbers. Even computer's own instructions are
numbers. When you see letters of the alphabet on a computer screen, you are seeing just one of
the computer’'s ways of representing numbers. For example. consider this sentence: Here are
some words, It may look like a string of alphabet characters to you, but to & computer it look the
string of ones and #eros shown in the following table

H 0100 1000
¢ 0110 0101
y 0111 0010
8 0110 0101
0010 0000
% 0110 0001
. 0111 0010
e 0110 0101
0010 0000
8 0111 0011 :
o 0110 1111
i 0110 1101
e a110 0101
0010 0000
W 0111 0111
o 0110 1111
r 0111 0010
d 0110 0100
& 0111 0011

17.16 BINARY SYSTEM AS A FOUNDATION
OF COMPUTER PROGRAMMING

In computer, however, all the data is represented by the state of the computer’s electrical
switches, A switch has only two possible staies “on” and “off” so0 it can represent only two
numeric values, To a computer when a switch is off, it represents a (2 when a switch 13 on, 1t
represents a 1. Because there are only two values, computer are said to function in base 2, which
is also known as binary number system ( b means “ 2™ in Latin ). Why we go for binary
numbers instead of decimal numbers? The reasons are as fellows:

L The first and foremost reason is that electronic and electrical components, by their very

nature, operate in binary mode. Information is handled in the computer by electronic /
electrical components such as transistors, semiconductors, wires, efc., all of which can
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only indicate rwo states or conditions on ( 1 ) or off { 0 ). Transistors are either
conducting ( 1 } or non-conducting ( 0 ); magnetic materials are either magnetized (1)
or non-magnetized ( 0 ) in one direction or in the opposite direction; a pulse or voltage
is present ( 1 } or not present ( 0 ) in wire. All information is represented within the
computer by presence or absence of these various signals. The binary number system,
which has only two digits ( 0 and 1 ), is the most suitable and conveniently used to
express the two possible states,

The second reason is that computer circuits only have to handle two binary digits rather
than ten decimal digits. The result is that the internal circuit design of computers is
simplified to great extent. This ultimately results in less expensive and more reliable
circuits for computers.

Finally, the binary number system is used because everything that can be done with base
of 10 can also be done in binary.

The reason why the octal number system is used with computers is because it can

represent binary values in a more compact form and because the conversation between the binary
and the octal number system is very efficient.

The primary reason why the hexadecimal number systems is used with computers is

because it can represent binary values in 4 more compact form and because the conversation
between the binary and the hexadecimal number system is most efficient. An eight-digit binary
number can be represented by a two-digit hexadecimal number

Exercise 17.1

L {(a)

(&)
2. (@)
{a)
(c)
3 (a)
4. (a)
(B}

(b)
(b)

(e}
7. (@)

How are computers generally classified? What are the four major categories of
computers?

What is CPU? Why is it called the brain of the computer?
Explain the working of Arithmetic Logical Unit (ALL,

Explain the Control Unit,

What is secondary storage? How it differ from a primary storage?
Describe the various input and output devices with examples.
What is computers software? :

What are the functions of a system software?

What do you know about DOS ¥

What does application software do and what are ils generic types?
What are computer languages and their types?

What is an assembler?

What 15 a compiler?

What is Binary Number System? Why is it used in computer?.
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Exercise 17.2
Objective Questions

L Fill in the blanks.

(i)
(i)
(i)

is commonly used input device.
| MB equals ——— bytes.

Sereen output is considered as a

() CD-ROMisatypeof —

{v) is a set of electronic instruciions,

(v} The most common type of computer memory is called

(vif) A high speed memory that ig built into the processor is
called —

(wiif) RAM is called —— storage.

{xf) Arithmetic operations are carried out by ——— umnit

{(x) The —— i3 the TV type screen Ijiat you view your
programs on.

{xiy The ——— allow you to type information into the
computer

{xii) Keyboard, mouse, scanner are the ————— devices

2 Mark off the following statements as true or false.

(i) 1Kb = 1000 bytes.

(i)  Plotter is an input device to draw the graphs of the output

{iii) A complete computer system has two parts: hardware and
software,

{iv) The keyboard and monitor are examples of output devices,

{v) UNIX is a application software

(vi) The purpose of a storage deviee is to hold data

(vif) Base 2 is another name for the decimal number system

(vili) A CD-ROM is an example of a magnetic storage device

{kevboard)
(1,048.576)
(softcopy)
(Optical disk)
(Software)

(RAM)

{cache memory)

{primary)
(ALU)

{monitor)

(keyboard)

(input)

(true)

{false)

(true)
(false)
(falze)

(true)
(false)

(false)
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(ix} A hard disk may also be referred to as secondary storage

device. (true)
(x) The central processing unit (CPU) contains a Control Unit

that performs arithmetic and logic operations, (false)
(xf) All computers werk on a binary number system {true)

(xif) FORTRAN is a low-level language (Talse)



SAMPLING
DISTRIBUTIONS
FROM NORMAL

POPULATIONS

Al Chi-square y* Random Variable. If Z k6 Z, -+, Z bethe v independent
standard normal variables, then the sum of the squares of these v random variables
=27

follows a chi-square distribution with v degrees of freedom. Thus ¥? is a continuous random
variable with its.range

R =¥ 0E g ciua]
- A2 Degrees of Freedom. The term degrees of freedom is defined as the number of
independent or “freely chosen™ wvariables.
A.3 Shape of Chi-square Distribution. The chi-square distribution 15 positively skewed
rather than symmetric as is the normal. The skewness decreases as the value of its parameter v

increases. The chi-square distribution approaches to the normal distribution with ¢ = v and
g? = 2 v as the number of degrees of freedom tends to infinity.

Fig. A, 1 Probability density function of y> random variable

A.4  OQuantiles of Chi-square Distribitions. The probability that the chi-square random
variable 7 is less than or equal to a positive number 1'3; p 18 represented by

FCEt..) = PLEES 2h.) = b

287
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This function has been tabulated, and the quantiles ¥2.  of the chi- square distributions can be
found in Table 11. For example, if v = 10 and p = 0.9, then

P(X < Xiago) = Pix% < 1599) = 09
A.5  TheT Random Variable. If the random variable Z has a standard normal distribution
and another random variable y* has a chi-square distribution with v degrees of freedom, and if
Z and y* are independent, then the random variable

ST
Nxiv
follows a r-distribution with v degrees of freedom. Thus T is a continuous random variable
with its range
R = [#;—cctges]
A.6  Shape of r-distribution. The r-distribution is mound shaped, single humped, perfectly

symmetric about the value ¢ = 0. Ag the number of degrees of freedom v increases, the r-
distribution approaches the standard normal distribution.

fi)

N(D.T)
T.ov=17
T.¥=4

T,v=1 orCauchy

i i L i | i i L
t T T T T T T T T | + 3 00

=3 =2 = 0 i 2 3|
Fig. A. 2 Probability density function of T random variable

—oo £

A.7  Quantiles of Student's t-distributions. The probability that the random variable T, is
less than or equal to a number 1, p 18 represented by

Flty,) = BT, s t,,) = p
This function has been tabulated and the quantiles +,  of the Student's r-distributions can be

'-l"l ‘ﬁ
found in Table 12. For example, if v = 10 and p = 0.9, then

P(Ty = tgw) = P(Ty < 1.372) = 09
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Ordinates of the Standard Normal Curveat Z =z

Tabulated Values:

2} =

NiT

0.00

0.01

.02

0.03

0.04

0.05

0.06

ﬂ.« m

0.08

0.09

4.0

-3.9
-18
-3.7
-3.6
-3.5

-3.3
-3.2
31
-3.0

-2.9
-8
«2.7
-2.6
=25

-2.4
-23
2.2
=21

UEELELH
URETELH
L0000
00001
0.00002

(.00002
000004
0.0000G
000009
0.00013

0.00020
0.00029
.000432
0.0006:1
(.006047

000123
0.00172
000238
0,00327
000443

0.00595
0.00792
001042
0.01358
0.01753

002239
002833
0.03547
(04398
0.05399

0.00000
(.00
0.00001
0.00001
(00002

0.00002
0.00004
000006
L0009
0.00013

000019
000028
L0
200059
(L0004

000119
00167
L0231
000317
(30

00578
L0070
0.01014
01323
001709

(02186
02768
(03470
(04307
0.05292

LIREEETT
(D000
{00001
0.00001
0.00001

(0.00002
(0.00004
(L0000
000008
0.00012

0.00018
000027
000039
(.006057
(00081

0.00115
0.00161
0.00224
0.00307
0.00417

000562
0.00745
0.00687
0.01289
0.01667

002134
002705
003394
4217

005186

00040
(.00
000001
0.00001
000001

HALTT A
000003
HELVL AR
0.00008
000012

0.00018
0.00026
LREVEER
(00055
0000749

000111
000156
000216
0.00298
00405

00545
0.00727
(.00961
001256
0.01625

0.02083
002643
003319
0.04128
005082

HEEEREH
LELEL T
000001
(00001
L0001

000002
(.00003
(00000
0.00008
0.0001]

0.00017
000025
000037
(00653
000076

Q00107
0.00151
000210
000288
0.003493

000530
0.00707
(.00%35
0.0H223
001585

0.02033
002582
0.03246
04041
0.045%0

(L0000
(0.00000
(.0000
0.00001
0,00001

000002
0.00003
0.00005
Q00007
(.00011

000016
000024
00035
000051
000073

0.00104
Q00146
000203
006279
(ALY

000514
(L0687
{0.00909
(01191
001545

001984
0.02522
003174
003955
004879

00000
000000
000000
0.00001
Q.00001

G.00002
(D0
0.00005
0.00007
000011

000016
fonez3
(00034
000048
0.0007 1

0.00100
000141
R
0.00271
0.00370

0, 00455
(.00668
(LODERS
0.01 160
0,01 506

0019346
(L0463
003103
(003871
0.04780

G000
(00000
£.00000
(00001
0L00001

0,000
000003
(00004
0.00007
0.00010

(.00015
0.00022
000033
000047
0L.0006E

(.00097
0.00136
000150
000262
0.00358

0.00485
000649
0.00E61
01130
001468

(01888
(02406
003034
(UO3TEE
004582

(L0000
(LOCH
(LOOD00
00001
000001

000002
(00003
000004
00006
Gl

00014
000021
(00031
0.00046
(300066

D.00094
0.00132
(00184
(00254
0.00348

000470
0.00631
(.00E37
(101100
001431

001542
002349
0.02965
(L3706
{1.04386

00,0000
RATE VLS
(1,000
000001
(.00001

(100002
00063
000004
000006
000009

0.00014
0.00021
OL00030
(L0004
(0.00063

0.00090
000127
(00178
00246
0.00337

(L0457
000613
(L0084
{01071
01394

0.01797
0.02204
(102898
0.03626
0.04491
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Z

0.00

0.01

.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

-1.9
-1.8
-1.7
-1.6
-1.5

0.0
0.1
0.2

0.4

0.6
0.7
0.8
0.9

1.0
11
1.2
13
14

L6562
007895
0.05405
0.11062
012952

(.14573
007137
[P e
021785
0:24197

0.26609
0.28069
L1
0.33322
035207

0.36827
038139
0.39104
039605
039804

0359854
0.39655
039104
0.38139
01.36827

035207
033322
631228
0.28969
0.26600

0.24197
0.21785
0.19419
017137
0.14973

0.06435
0.07754
0.00245
0.10915
0.12758

0.14754
006915
0.19186
0.21546
0.23935

0. 26360
0.28737
0.31006
033121
0.35029

036678
038023
039024
030654
035892

0,30892
39654
0.39024
0.38023
(36678

035029
033121
031006
028737
(26369

0.23955
0.21546
019186
0.16915
0.14764

006316
0.07614
0.09089
010741
0.12566

(i 14556
0.16694
0.18954
0.21307
0.23713

26129
028304
0.307E5
032918
0,3484%

0.36526
037903
(L38040
0.39608
0.39886

0.39886
0.39606
(1.38940
0.37903
036526

34840
0.32018
030785
(128504
026129

0.23713
0.21307
0, 18954
0,16694
0.14556

005195

0.07477
0.08933
10567
12376

0.14350
0.16474
018724
021069
0.23471

.215888
0.28260
030563
0.32713
0.34667

036371
0.3TTED
(.38£53
.39559
039876

30876
0.39559
0.38833
037780
036371

0.34667
0.32713
030563
028269
(25888

023471
0.2106%
0.18724
016474
(.14350

0.06077
007341
008780
0.103%6
(.12188

014148
0.16256
0,18494
020831
023230

025647
0.28034
0.3033%
0.32506
0.34482

0.36213
0.37654
038752
039505

039862

039862
0.39505
D38Te2
(37654
35213

0.34482
11.32506
0,30339
028034
025647

023230
0.20831
0.18494
016256
(L14146

(05359
007206
008628
0.10226
0.12001

013843
0. 15038
0.18265
020594
0,22938

125406
027798

03014

032207
0.34204

0.36053
037524
038667
0.39448
(39844

(1.39844
039448
038667
037524
036053

034204
032287
030114
a.27798
0.25406

022988
0.20594
0.18263
0.16038
0.13943

0.05844
0.07074
(LOB4ATE
0.10059
(11815

013742
015822
0.18037
020357
022747

025164
0.27562
029637
0.32086
0.34105

0, 35889
037139
038568,
039387
0.39832

B,39822
0.39387
[.38568
0.37381
0.35880

0.34105
01.32086
025887
027562
D.25164

0.22747
030357
0.18037
0.15822
0.13742

0.05730
(L6943
(.08329
0.09893
0.11632

13542
(15608
0.17810
20121
0:22506

{24923
27324
Q29659
031874
0.33312

0.35723
0.37255
038466
.39322
035797

039797
039322
(1.38466
0.37255
035723

033912
0.31874
(. 29659
027324
(.24923

022506
0.20121
017810
015608
0.13542

005618
006814
Q08183
005728
011450

L1334
015395
0.17585
0,19886
0.22265

(.24681
0.IT0RG
0.20431
031659
033718

0.35553
037115
0.38361
0.39253
0:39767

0.39767
039253
038361
037115
0.35553

033718
031659
0.29431
0.27084
024681

0.22265
0.19886
017585
0.15395
0.13344

(05508
006687
OE03E
0.09566
11270

13147
(L15183
017360
0.19652
022025

0.24439
(1.26548
0.29200
0.31443
0.33521

0.35381
0364973
038251
{1.3%151
(1.39733

0.39733
0, 35181
0:38251
0.36573
035381

0.33521
31443
029200
026848
0.24439

022025
0.19652
(17360
015183
0.13147
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Table 7 (Continued )

z 0.00 0.01 002 003 004 005 006 007 008 009
L5 | 012952 012758 012566 012376 0.1218% 012001 011816 011632 001430 011270
16 | 001092 0.10915 010741 010567 010396 0.10226 010050 0.09803 009728 (09566
L7 | 009405 009246 0.09089 008933 008780 008628 008478 008329 008183 (.08038
LB | 007895 007754 007614 007477 0.07341 007206 007074 006943 0.08814 006687
L9 | 006562 006438 006316 006195 006077 005959 005844 0.05730 005618 003508
2.0 | 005399 005292 005186 005082 004980 004879 004780 DO4EE2 0.04586 004401
21 | 004398 004307 004217 004128 004041 0.03935 003871 003783 003706 003626
232 | 003547 003470 003394 003319 003246 003174 003103 0.03034 002965 D.02898
2.3 | 002833 002768 002705 002643 002582 002522 002463 002406 002315 0.02794
24 | 002239 002186 002134 002083 002033 001984 001936 0.01888 001842 001797
25 | 001753 001709 001667 001625 001585 001545 0.01506 0.01468 001431 0.01394
2.6 | 001358 001323 0.01289 001256 001223 001191 001160 001130 001100 001071
2.7 | 001042 001014 000987 0.00961 0.00935 000909 000885 0.00861 0.00837 000814
2.8 | 0.00792 000770 000748 000727 0.00707 000687 000668 000649 000631 0.00613
2.9 | 0.00595 000578 000562 000545 0.00530 000514 000439 00485 0.00470 0.00457
3.0 | 000443 000430 000417 000405 000393 000381 000370 000358 000348 000337
3.1 | 000327 000317 000307 000298 000288 000279 000271 000262 000254 0.00246
32 | 000238 000231 0.00224 000216 000210 000203 000196 0.00190 000184 000178
3.3 | 000172 000167 000161 000156 0.0015] 0.00146 000141 000136 000132 000127
34 | 000123 000119 0.00115 000111 000107 000104 000100 000097 000094 D0.00090
3.5 | 00008 000084 0.00081 000079 000076 000073 000071 0.00068 000066 0.00063
3.6 | 000061 000050 0.00057 000055 000053 000051 0.00049 000047 0.00046 CLO0044
3.7 | 000042 000041 0.00039 000038 0.00037 0.00035 000034 000033 000031 0.00030
3.8 | 000029 000028 000027 000026 000025 0.00024 000023 000022 000021 0.00021
3.9 | booozo 000019 000018 000018 000017 000016 000016 0.00015 0.00014  D.O00LS
4.0 | 000013 000013 000012 000012 000011 000011 000011 000010 000010 0.00009
4.1 | 000009 000009 000008 000008 000008 000007 000007 000007 000006 0.00006
4.2 | 000006 000006 000005 000005 000005 000005 000005 000004 000004 0.00004
4.3 | 000004 0.00004 000004 000003 000003 000003  D0OMG 0.00003  0.00003  0.00003
4.4 | 000002 000002 000002 000002 000002 000002 000002 000002 000002 0.00002
4.5 | 000002 000002 000001 000001 000001 000001 000001 000001 000001 000001
4.6 | 0.00001 000001 000001 000001 000001 000001 000001 000001 0.00001 0.00001
4.7 | 000001 000001 000001 000001 0.00001 000001 0.00000 000000 000000 0.00000
4.8 [ 000000 0.00000 000000 000000 000000 000000 000000 0.00000 0.00000 000000
4.9 | 000000 000000 000000 000000 000000 000000 000000 000000 000000 0.00000
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Table @
Values of the

Standard Normal Cumulative Distribution Funetion

Tabulated Values: d(z) = P(Z < z) = ]‘ I

S

z |'000 001 002 003 004 005 006 007 008 009
4.5 | 000000 0.00000 0.00000 000000 000000 000000 GO0000 000000 COG0O0 0.00000

e :zf'( *dz

4.4 | 000001 0.00000 000000 000000 000000 (00000 Q00000 0.00000 0.00000 0.00000
-3 | 000001 000001 000001 000001 000001 (00001 000001 000001 000001 0.00001
4.2 | 000001 GO0001 000001 0000001 000001 000001 000001 Q00001 0.00001 000001
=40 | 000002 000002 000002 000002 000002 000002 000002 000002 0.00001 0.00001
-4,0 | 000003 600003 000003 (.00003 000003 0.00G03 000002 000002 000002 000002

-3.9 | 000005 DODO0S 0.00004 000004 DO00O4 000004 0.00004 000004 00600 000003
-3.8 | 0.00007 000007 0.00007 000006 000006 000006 0.00006 0.00005 0.00005 0.00005
3.7 | 000011 000010 000010 0.00010 DO00D9 000008 000008 0.00008 D.DODDE 0.O0GOS
<36 | 000016 000015 DO0DIS 000014 DODOIA 000013 0.00013 0.00012 000012 000011
-3.5 | 000023 000022 000022 000021 000020 000019 0.00019 D0DDIS DOOOLT 000017

<34 | 000034 000632 000031 000030 000020 000028 DO0027 000026 000025 (LO0024
-3.3 | 0008 DOOCAT 000045 000043 000042 000040 000039 000038 0.00036 (00035
<32 | 000069 000066 000064 000062 000060 000058 000056 000054 000052 0.00050
=31 | 000097 000094 000090 D.OO0RT DO00S4 000082 000079 0.00076 0.00074 0.00071
-3.0 | 000135 000131 000126 000122 0.0011E 000114 000011 (00107 (LO0L04  (UO0LOGO

-1.9 | 000187 000181 000175 000168 000164 000159 000154 000149 000144 000139
-8B | 000256 000248 (00240 DOUZI3 000226 000319 C0N212 DO0205 0.00E99 0.00193
-2.7 | 000347 000336 000326 000317 000307 G.00298 000280 000280 0.00272 0.00264
-2.6 | D.O0M66 (00453 (LO0440 000437 000415 000402 D001 000379 000368 0.00357
-2.5 | bOU6Z] 00604 DO0SET 000570 000554 0.00539 DO0S2I 000508 (LO0454 000450

<24 | 000820 000798 000776 000755 000734 000714 000695 (00676 000657 000639
=23 | 001072 001044 001017 000990 00094 000939 000814 OL00BES 0.00866 0.00842
2.2 | 001390 001355 001321 001287 001255 001222 001191 001160 001130 001100
=21 | 001746 LOIT43 001700 001659 (OI618 001578 001539 01500 001463 0.01426
2.0 | 002375 002222 002169 G011 DO20SE 002018 001970 001923 001876 (0TI

<19 | 000872 002807 002743 002680 002619 002559 0.02500 002442 0.02385 0.02330
-1.8 | 003503 (03515 003438 003362 003288 003216 003144 003074 003005 002938
=17 | 0.04457 004363 004272 004182 004093 004006 (03020 0.03836 0.03754 0.03673
L6 | 005480 003370 005262 005155 005050 0.04047 0.04846 004746 004648 0.04551
-1.5 | 006631 006532 006426 006301 006178 006057 0.05938 0.03821 005705 0.05592
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Z

0.00

0.01

0.02

003 004 005

0.06

0.07

U-ﬂfs

0.09

-1.4
-1.3
-1.2
1.1
-1.0

0.9
-0.8
0.7
-0.6
0.5

-0.4
-0.3
-0.2

0.1
0.0

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.0
1.1
1.2
1.3
14

L5
La
1.7
L8
| B

008076
005680
011507
0.13567
0. 158066

0. 18406
0.21186
024196
0.27425
0.30854

0.34458
11.38200
0.42074
0.46017
050000

(1. SO000
(h53563
(57926
a1l
(65542

eI 146
0.72575
0.75804
0.78814
081554

0.84134
0.86433
(.85493
090320
091924

093319
094520
095543
(L5637
097128

0.07927
009510
011314
0.13350
0.15623

R EIES]
0.20897
0.23885
027043
0.30503

0.34020
0,37528
041683
045620
1.49601

0.50300
0.54360
358317
062172
0.65910

069497
072907
0.76115
(79103
01859

084375
086650
(1LEHARE
(190490
0873

0.93448
0.94634
095617
(L5h4RS
097193

0.07780
009342
001123
013136
015386

L1787%
0.20611
023576
0.26763
30153

0.33724
37448
41294
045224
(.49202

S0T98
0.54776
058706
62552
B6IT6

0.69R4T
073237
076424
0.79389
082121

(.84614
fLB6RA4
(LBERTT
(.90658
0:92220

893574
94738
95728
(L9562
097257

0.07636
0.09176
010935
012924
15151

(17619
0.20327
0.23270
0.26435
0. 29806

0,33360
0.37070
0.40505
044828
(. 48803

051197
055172
055095
0.62930
(L6664

0700594
073565
076730
79673
0BZ3IEL

84843
w8076
(0.89063
0.590824
042364

053694
0194545
0.95818
(.96638
047320

(07493
G00012
010749
012714
0.14917

017361
0.20045
0:22965
0.26109
0, 259460

0,330%7
0.36693
040517
(144433
(.48405

051595
0.55567
(L5943
063307

067003

(. T0540
0.73891
0. 77035
(UTA955
(L2639

0,85083
0.87286
0.89251
0.90988
0.02507

(K93822
L94950
(.95907
L9712
097381

007353
(L8451
0.103565
012507
(.13686

017106
0.19766
022663
025785
0.29116

32636
036317
40129
(44038
(LAR006

0.51994
0.55962
0.59871
0.63683
0.67364

0.70884
0.74215
077337
0.80234
0.52894

085314
LBT493
0.89415
0.91149
L2647

(L93943
095053
0.95994
0.96784
57441

0.07215
O.0K6S2
0.10383
0.12302
0.14457

0.16353
O 1948%
0.22363
0.25463
028774

032276
(3355942
0.35743
(143644
(L 4TH0E

0.52392
(156356
060257
(L64058
067724

LR 3
.74537
77637
080511
083147

0.85543
057698
0.53617
0.91308
092783

(194062
0.85154
01.96080
(1.96856
097500

0LO7078
008534
0 04
012100
(114231

0. 16602
;19215
0.22065
025143
(128434

0.31918
0),35560
01.39358
043251
047210

0.52790
0.56749
0.60642
0.64431
0.68082

0.71566
0.74857
0,77935
D.B078S
0.633598

QL8376
087900
089796
0.01466
0925922

054179
95254
096164
(.26926
(L97558

0.06944
0.08379
010027
11900
014007

16354
0.18943
021770
(.24825
(.ZR0%G

0.31561
035197
(138974
(42858
046812

(L53188
L57142
061026
(L64803
0.68430

(71904
075175
OLTE230
031057
(10

085993
(LBB100
089973
191621
0.93056

094295
0,05352
0.96246
0.96995
0.97615

(LOGEL]
(L0RA2G
009853
011702
0. 13786

016109
0.18673
021476
0.24510
027760

031207
(L34827
038591
(42465
046414

(L53586
0.57535
(il 40
065173
068793

0.72240
0,75490
0.78524
0.81327
0.83891

(LB6214
0.BR298
0.90147
0.91774
093189

0S40
25449
26327
7063
097670
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Table 9 ( Continued )

z 000 001 002 003 004 005 006 007 008 009

2.0 | 047725 097778 097REI1 097882 097932 097982 098030 0.98077 098124 0.98169
2.1 | 098214 098257 098300 098341 098381 098422 098461 058500 098537 098574
2.2 | 098610 0.98645 098679 0.98713 098745 (.98778 0.98809 0.98840 0.98870 098899
2.3 | 098928 0.98956 098983 0.99010 0.99036 099061 0.99086 099111 D.99134 0.99158
24 | 099180 099202 099224 099245 099266 099286 099305 099324 099343 099361

2.5 | 099379 099396 099413 099430 0.99446 099461 099477 0.99492 099506 0.99320
2.6 | 099534 099547 099560 099573 0.99585 099598 0.99600 0.99621 099632 099643
2.7 | 099653 099664 DS9674 099683 (99653 059702 099711 0.99720 099728 0.99736
2.8 | 099744 099752 099760 099767 099774 099781 099788 0.99795 0.99801 0.99807
2.9 | 099813 059819 059825 099831 0.99836 099841 099846 059851 009836 0.99861

3.0 | 099865 099860 059874 D.O9RTS DIYSRI OUUEEE 09980 0.90893 DHYE9E 0,99900
3.1 | 099503 089906 099910 099913 D9U9L6 DY991E 099921 099924 099926 0.99929
A2 | 059931 099934 099936 099938 099940 099942 0.99944 0.99946 099948 0.99950
3.3 | 0.99952 099953 099955 0.99957 099953 0.99960 (.99981 0.99962 0.99964 0.99965
34 | 009066 099068 099969 099970 099971 099972 0.99973 0.99974 0.99975 0.99976

A5 | 089977 099975 099978 099979 009950 099981 099981 0.99952 0.99983 0.99983
36 | 000984 0090ES 99985 099986 (.99986 099987 (.99987 N.S9988 (.99988 0.99989
3.7 | 099950 (99090 0909990 (99990 099991 090901 (99952 099992 099992 (999492
3B | 090993 009993 099993 (199094 099994 099994 0.99994 099995 0.99995 0.99993
39 | 099995 0.99995 0.99996 099996 0.99996 (.99996 0.99996 099996 (.99997 0.99997

4.0 | 099997 099997 N9999T 099997 099997 (99997 (.09998 090998 (.99998 (.9999%
4.1 | 099995 099998 N999UR (199995 099998 099996 (99998 099998 (.09999 0.99999
4.2 | 099999 099090 (00099 0.99999 099500 (99090 (.99900 (99999 009000 (.00000
0.94090 (99990 099900 009999 090903 (909990 (99999 (99999 0.99990 (99999
0.99999 (099999 100000 100000 1.00000 100000 1.00000 100000 1.00000 1.00000

<A

tn

LOGOOG. 100000 LODOOB 1.00000 100000 1.00000 1.00000 1.00000 1.00000 1.00000
_——— — e
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( Inverse Standard Normal Cumulative Distribution Function )

Quantiles of the Standard Normal Distribution

Tabulated Values:

o]
z, = 07'(p)

E

¢{zp} = F{ZEEP] = 17;:;‘:‘3_:!!2 dz = p

P 0.000 0.001 0.002 0003 0.004 0005 0.006 0.007 0008 0.009
0.00 —-oo 30902 -2B7EI 27478 -2.6821 25758 -25121 24571 -2.4089 -23656
0.01 -2.3263 -2.2904 -2.2571 22262 -2.1973 21701 21444 -2.1201 -2.0069 .2.0748
0.02 -2,0537 20335 -2014]1 -159%4 19774 -1.9600 -1.9431 -19268 -19110 -].B957
0.03 -1.B808 -1.8663 -1.8522 -1.B3R4 18250 L8119 -L.7991 -1.7868 -1.7744 .].7624
0.04 -1, 7507 -1.7391 17279 17169 17060 16954 -1.6B40 -1.6747 -1.6545 -1.65468
0.08 -1.6840 16352 -1.6288 -1.6164 -1.6072 -1.5982 -1.5893 .1.5BOS -1.5718 -1.56%2
0.06 =1.5548 15464 -1.5382 15301 -1.5220 -1.5141 -1.5063 -1.4985 -1.4009 .1.4833
0.07 L4758 -146B4 14611 -14538 14466 -1.4395 14325 14355 -1.4187 14118
0.08 -1.4051 -1.3984 -1.3917 -1.3B52 -1.37B7 13722 -1.3658 -1.3505 -1.3532 -1.3469
.09 <1.3408 -1.3346 -1.3285 -1.3225 -13165 -1.3106 -1.3047 -1.2988 -1.2030 -1.2873
0.10 -12816 -12759 -12702 -1.2646 -1.2591 -1.2536 -1.2481 -1.2426 -1.2372 -1.2319
(.11 -1.2265 -1.2212 -1.2160 -1.2107 -1L.2055 -1.2004 -1,1952 -L1301 -1.1B50 -1.1800
012 L1750 -1,1700 -L.1650 -1.18001 -1.1552 -11503 -1.1455 -1.1407 -1,1359 -1.1311
013 -li264  -LI21T7 -LAI70 -1.1023 -11077 -L1031 -10985 -1.0939 -10893 -1.0848
014 -1.0B03  -10758 -1.0714 -1.0669 -1.0625 -1.0531 -1.0537 -1.0494 10451 -1.0407
0.15 -L0364  -L0322 10279 -1.0237 -10094 -L0ES2 -LOIED -LO0SS -1.0027 09986
.16 09945 09904 09863 -DURY2 -DOTED 00741 09701 -0DU6] -09621 00581
017 09542 -09502 09463 -09424 -09385 09346 -09307 09269 09230 09192
0.18 19154 09116 09078 058040 -09002 0895 -0.8927 0B8R0 -0.8853 -0.8K16
1% L8779 -DAT4Z 08706 -0.8660 -0.8532 08596 -DBS60 08524 -D.B4R3. 08452
0.20 L8416 08381 08345 08310 08274 -0.8239 08204 -0BI60 -DR134 8099
021 {8064 08030 -0.7995 07961 07926 07RO -07858 07824 07790 L7756
0.22 07722 -D7688 -07655 -0.7621 -0.7588 -0.7554 07521 07488 -0.7454 07421
0.23 07388 007356 07323 07290 07257 007225 -0.71920 07160 -0.7128  -0.7005
0.24 07063 07031 06999 06967 -0.6935 06902 06871 -0.6840 -0.6808 06776
0.25 06745 -D6TI3 06682 06651 -0.6620 -06588 -0.6557 -0.6526 -0.6495 D664
.26 06433 -0.6403 06372 06341 -06311 06280 -0.6250 -0.6219 -D61B% -D6ISE
0.27 -0.6128 06098 -0.6068 06038 06008 -0.5978 05948 05918 -0D.5%R% 05838
0.28 -0.5828 -0.5799 05769 -0.5740 -D3710 -0.5631 -05651 0.5622 -0.5597 05563
0.29 -0.5534 05505 05476 05446 -0.5417 05388 -05359 05330 -05302 05273
0.30 -05244 05215 -05187 05158 -05129 05100 -05072 05044 050015 04987
0.31 04958 04930 04902 04874 -04845 04817 -047E9 04761 04733 04705
0,32 4677 04649 -DA621 04503 -D4565 04338 04510 04482 04454 04427
0.33 04390 04372 04344 04316 04289 04261 -043H 04207 04179 04152
034 04125 04087 D4070 04043 H4016 03088 03061 03534 03007 03880
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P 0.000 0001 0002 0003 0004 0005 0006 0007 0008 0.009
035 53853 02826 03709 0377 03745 -0ATIR 03697 -03665 03638 0361l
036 43585 03558 D353 03508 03478 03451 A03425 0 -D3398  -0.33710 03345
037 413319 03202 03366 04235 03213 03188 03160 03134 03107 03081
038 3055 03029 -0.3002 -0.2976 -02950 02924 02898 -D2ET1 -0L1845 -D2E19
(.39 D793 02767 0274 0275 02680 -0.2683 02637 02611 02385 {32559
040 02533 02508 02482 D2456 -02430 02404 A023TE 002353 02317 02301
0.41 27T 2350 02224 D298 02173 02137 02121 02096 020700 02045
0.42 02019 01993 01963 01942 01917 01891 00866 -0.1840 01815 01789
0.43 0764 01738 D713 L1687 00662 00637 00611 01586 -D.1560 01535
044 L0500 <0484 -0.1458 01434 00408 -0.0383 D135 01332 -0.1307 01282
045 .1257 01230 0026 00181 -01156 08130 011050 01080 01055 -0.1030
046 L0004 00970 00954 00920 00004 -0087% ODES3 -00B2RE -0.0803 -D.07TE
0.47 L0753 00728 00702 00677 00652 -00627 00602 -DO5TT 00552 00527
048 £0.0507 00476 -0.0451 00426 00401 00376 00351 00326 -0.0301 00276
049 L0151 00226 00200 00075 00150 -0.0125 00000 00075 00050 -0,0025
050 G000 00025 00030 00075 00100 00125 00150 00175 00201 00226
.51 00351 00276 0030 00326 00351 00376 00401 00426 004351 00476
0.52 00502 00527 00552 00577 00602 00827 00651 00677 00702 DOTZE
053 00753 00778 00803 00828 00853 00878 00904 00929 00934 00979
.54 40004 01030 00035 00080 0105 07130 01156 00181 0206 0.123]
.55 01257 00282 01307 00332 00358 D383 00408 00434 01459 01484
0.56 00510 01535 0150 04586 OUall Q1637 QUEse2 00687 OUETER 0738
057 01764 04789 00KI5 00840 DUOR6E 01891 DU9IT 0942 (0196 (L1993
058 02009 02045 02070 02096 02121 02147 02173 02198 02313 02150
059 0IETS 02301 0ZF27 0 0.235Y  DRATE. 02404 002430 02456 0487 02508
.60 02533 02559 02585 026011 02637 02663 02689 G275 02741 02767
061 02793 02819 02845 02871 02898 020924 2950 02976 03062 03029
0.62 03055 03081 03107 03134 03160 03186 03213 03239 D366 03292
.63 03319 03343 03372 03398 05435 03451 03478 03505 03531 03558
0.64 03585 03611 D363 03665 036020 03719 03T4s 03772 03799 09826
0.65 03853  ORE0 03907 03933 03968 030989 04006 04043 04070 04097
66 04125 04152 04179 04207 04234 04261 04289 04316 04344 04372
0.67 04399 04427 04454 04482 04510 04538 04565 04393 04621 04649
0.68 04677 04705 04733 04761 04789 04817 04845 04874 04902 &49.’5":1
.69 04958 (4937 05015 05044 05072 Q5100 05129 05158 05187 05245
070 0.5244 03273 05302 05330 05350 05388 D517 0546 05476 05505
0.71 03534 05363 05592 03622 05651 05681 05710 05740 05769 0579%
0.72 (5828 (3858 05888 05918 03043 05978 06008 06038 06068 0.6098
0.73 06128 06153 06189 06219 06230 06280 06311 06341 06372 06403
0.74 06433 Dad6d 06495 06526 06557 (6588 06620 06651 06682 06713
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Table 10 (a ) { Continued ) and Table 10 (b}

P 0.000 0001 0002 0003 0004 0005 0006 0.007 0.008 0.009

0is (L6745 06776 06808 06840 06871 06903 06935 06967 06999 07031
0.76 07063 07095 07128 OTI60 O7I92 07225 09257 D290 09323 07356
077 0.7388° 07421 07434 07488 07521 07554 07588 07621 0.765%  (LT63R
078 07722 07756 07790 07824 07858 07892 07926 07961 07995  0.3030
h7e (2064 OB (03134 08169 08204 08239 08I74  DEII0 0835 0.8381

30 08416 08452 08488 08524 082360 0359 D862 OR6AT 087G 04742
0.81 08779 08216 08853 08890 08927 08965 09002 09040 00078 09116
.52 09154 09192 09230 09268 09307 09346 09385 (09424 09463 08502
0.83 05542 0O581 09621 09661 09701 09741 09782 09821 (9863 0.59004
L84 09945 00985 10027 LOD6% 1.0HQ LOISZ 10494 10237 L0279 10322

.85 L0364 10407 L0451 10494 10537 LOSEL 10625 L0669 10714 10758
.86 j0B03 LOR4& 10893 10932 L0985 110317 10077 L1IZ3 LUT0 1217
087 FA2e4 L1311 101359 LI407 L1455  LESO3 11552 L16BT 11650 10700
.88 10750,  LIBOO 1.B850 11901 10952 12004 12055 1.2107  12le0  1.2212
.89 12265 13319 LISTE 12426 12481 125360 12591 L2ed6 12702 1279
0.90 1.2816 12873 12930 1.2988 13047 13106 13165 13225 13285 136
0.91 13408 13460 13532 13505 13638 13722 LATEY 13852 13917 L3984
0.92 14050 14118 14187 14355 14325 14395 14406 14538 14611 14684
.93 1.4758  1.4833 14909 14935 15063 L5141 15220 15300 153B2 15464
0.94 1.5548. 15632 15718 15RO 15893 L5982 16072 16164 16258 16351
0.95 1.6440 16546 16645 16747 16840 16954 L7060 LTIED 17279 17392
0.96 17507 17624 13744 1L7RGG 17991 L8119 LB250 1.R3B4 18522 1.8663

0.97 18808 18957 19110 19268 19431 19600 19774 10954 20141 20335
0.98 20537 20748 10069 ZLIID1 3444 20701 RI9T3 22362 32571 20004
0.99 23263 236560 24089 24573 25121 25758 2.052F 27478 LETEI 30A02
1.00 ]

Table 10 (5)
Specific Quantiles of the Standard Normal Distribution

"
_ & Food
®(z,)=PZsz,)= [

p |00005 0001 0005 001 0025 005 010 020 030 040
Zp |-3291 3090 2576 -2326 -1.960 -1.645 -1.282 -0.842 -0.524 -0.253
P (60 070 080 09 095 0975 0990 0995 0959 09995
Zp | 0253 0524 0842 1.282 1645 1960 2326 2576 3000 3.291

f————— — ________— ————

Tabulated Values: 2L & '(p) .

E.—zzfl dr = P
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Table 11
Quantiles of the Chi-square Distributions
Tabulated Values: x f: 5 2
£
vip
Flxl )= Bxlsgl )= { f(x?)dx? =p
2 2

V. | 2boos Xéow Xdoas 28050 & Lhow. ¥ew ¥l x&m XBo0s
11000 000 000 000 002 271 384 502 663 788
2| 001 002 005 010 021 4601 59 738 921 1060
3/ 007 O0I1 022 035 058 625 781 935 1134 12.84
4021 030 048 071 106 778 949 1114 1328 14.86
5/ 041 055 083 L15 161 924 1107 1287 1509 1675
6| 068 087 124 164 220 1064 1259 1445 1681 1855
70 099 124 169 217 283 1202 1407 1601 1848 2028
8| 134 165 218 273 349 1336 1551 1753 2009 2195
9 1.73 2.08 2.70 333 4.17 1468 1692 1902 2167 2359
10 216 256 325 394 487 1599 1831 2048 2321 25.19
11| 260 305 382 457 558 1728 1968 2192 2473 2676
12 [ 307 357 440 523 630 1855 2103 2334 2622 2830
13| 357 411 501 580 704 1981 2236 2474 2769 2983
14 | 407 466 S63 657 779 2106 23.68 2612 2014 3132
15| 460 523 626 726 855 2231 2500 2749 3058 32.80
16 | 514 581 691 796 931 2354 2630 2885 3200 3427
17| 570 641 756 867 1009 2477 2759 3019 3341 3572
18| 626 701 823 939 1086 2599 2887 3153 3481 3716
19| 684 763 891 1042 1165 2720 30.14 3285 3619 3858
20| 743 826 959 1085 1244 2841 3141 3417 3757 40.00
21 | 803 890 1028 11.59 1324 2962 3267 3548 3893 4140
22| 864 954 1098 1234 1404 3081 3392 3678 4029 4280
23| 926 1020 1169 1309 1485 3201 3517 3808 4164 4418
24| 989 1086 1240 1385 1566 3320 3642 3936 4208 4556
25 | 1052 1152 1312 1461 1647 3438 3765 4065 4431 4693
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v

2
X .00

2
Aoow

2
Aoo2s

2
Ao0s0

2 1
Xoa00. Xyooo

]
X950

2
Aogrs

2
Xd.990

2
Xo.g9s

EE8ENR

2

88498 Begs

nenZh

ERE

95
100

11,16
.11.81
12.46
13.12
13,79

14,46
15,13
15.82
16.50
17.19

17.89
18.59
19.29
20.00
20.71

2431
27.99
31.73
35.53
39.38

43.28
4721
51.17
55.17
59.20

63.25
67.33

12.20
12.88
13.56
14.26
14.95

15.66
16.36
17.07
17.79
18.51

19.23
19.96
20.69
21.43
22.16

25.90
29.71
33.57
37.48
41.44

45.44
49.48
33.54
57.63
61.75

65.90
70,06

13.34
14.57
1531
16,05
16,79

17.54
18.29
19.05
19.81
20.57

21.34
22,11
22.88
23.65
24.43

28.37
32.36
36.40
40.48
44.60

48.76
52.94
57.15
61.39
65.65

69.92
74.22

15.38
16.15
16.93
17.71
18.49

19.28
20.07
20.87
21.66
2247

23.27
24.07
24 88
25.70
26.51

30.61
34.76
3896
43.19
4745

51.74
56.05
60.39
64.75
69.13

73.52
77.93

For valuesof v > 100, the quantity

about mean 1,|I'2 v = | with unit variance.

17.29
18.11
18.94
19.77
20,60

2143
22.27
23.11
23.95
24.80

2564
2649
27.34
28.20
29.05

33.35
37.69
42.06
46.46
50.88

5533
39.79
64,28
68.78
73.29

77.82
82.36

3556
36.74
37.92
39.09
40.26

41.42
42.58
43.75
44.90
46.06

47.21
48.36
48.51
50.66
31.81

57.51
63.17
6E.BD
74.40
7997

85.53
91.06
96.58
102.08
107.57

113.04
118.50

38.89
40.11
41.34
42.56
43.77

44.99
46.19
47.40
48.60
49.80

51.00
52.19
53.38
34.57
35.76

61.66
67.50
73.31
79.08
84,82

G}.53
96.22
101.88
107.52
113.15

118.75
124.34

4192
43.19
44.46
45.72
46.98

48.23
49.48
50,73
31.97
53.20

54.44
3567
56.90
58.12
39.34

65.41
7142
77.38
83,30
29.18

95.02

100.84
106.63
112.39
118.14

123.86
129.56

45.64
46,96
48.28
49.59
50.89

52.19
53.49
34.78
56.06
57.34

58,62
59.89
61.16
62.43
63.69

69.96
76.15
82:29
8838
9442

100.43
106.39
11233
118.24
124.12

129:97
135.81

48.29
49.65
5099
5234
53.67

33.00
36.33
57.65
58.96
60.27

61.58
62.88
64.18
65.48
66.77

73.17
79.49
83.75
G195
98.10

104.21
110.29
116.32
12232
128.30

134.25
140.17

2 x* may be taken normally distributed
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Tabulated Values: rv:F

vip
Fir,,,) =BT, st )= H‘me =g

'3

v fopoos  To.o01 Ingas  fomo  foos  fooeso feaoe  Tozo0
1| -636358 -3I829 63656  -31EX 12706 6314 3078 -1.378

2| -3Le00  -223ZR 2935 965 4,303 -2.920 -1.886 -1.061

3| szezs  -l0204 -S4 4541 3182 2353 1638 D978

4| -&6i0 STATE 4604 3,747 -1776 2132 -1.533 -0.941

5| 6860 -5.R%4 4,032 -4.365 =231 -2.013 1476 1.920

6 | <5e5% -5.208 -3.707 3143 2447 <1943 1440 1,806

7| -5408 4,785 -3.409 24998 -2.365 -1.895 L4ls -0.896

§ | -s.041 4501 -3.355 -2.896 -2.306 -1.860 -1.397 -0.889

9| 47K -4297 23250 -2.821 -2.262 -1.333 -1.383 NRE3
10| -4587 -4.144 -3.169 -20764 228 -1.812 <1372 0879
1| 4437 4025 -3,106 2718 -2,201 -1.796 -1.363 D876
12| -4318 =3930 31053 2681 2178 1782 -1.356 DA
13 | 11 1852 -3012 2650 X160 1771 -1:350 -DLET0
14| 4140 3,747 -2 977 2624 -2.145 -1.761 -1,345 368
15 | 4073 -1733 24T 2602 2,131 -1.753 -1.341 -0LB6E
16 | -ams GG -2.02] -2.583 -1120 -1.746 1337 -0.BAS
17 | -3.965 3,646 -2H98 -2.567 -2110 -1.740 -1.33% 01,863
18| -3ez2 4610 2ETR 1553 22,101 1734 -1.330 1862
19 | -3.883 -3.579 2861 -2.5%0 -2.093 1,720 -1.328 0861
20 | -3850 3,552 -2.845 2,528 -2186 -1.725 -1.325 -0.460
21| 3am B 1 2531 AT -2080 1.7 1323 LE5
2| -3z 3308 -2.%19 -2, 501 2074 1717 5 Bt AR 2
2 -3.768 3485 -2.807 -2.500 -1.064 -1.714 -1:319 -0.858
24 | a7ds -3 46T 2797 -7.492 -2.064 LM -1.318 0857
25| 3T 450 2787 -ZARS ~2.060 21,708 <1316 0856
26 | AT 2435 27790 24T 2056 L7060 <R35S 0856
17 “3GRG 5421 2T -2.473 -2.052 -1.703 -1.314 855
28| 3674 3408 -2.763 2467 2048 -1.7m -1,313 -f1.855
29 | 340 -3,396 -3.756 2462 -2045 -1.609 -1an 0454
3| 3646 -1.385 -2.750 2457 -2,0472 -1.697 1310 0,854
35 | <3591 - L3340 -2.724 2438 -2.030 - 1600 -1.306 0852
40 | -3.351 3307 -2.704 2423 2021 -1.684 -1.303 -.R51
45 | 3520 4281 2690 2412 2004 -1.679 -1.301 -0.RS0
a0 | 3496 3261 1678 -2.403 -2 -1.676 -1.299 0,349
60 | 3460 3.232 2660 -2.390 2,000 -1.&T1 -1.296 0848
™| 34 210 -2.648 2381 -1.994 1667 1294 847
80 | 3406 SR UL -1A39 237 ~1.990 1664 1292 846
o0 | 3402 -3,183 -2.632 -2.368 -1.987 -1.662 -1.291 L8456
o0 | -390 3174 -2.626 -2.364 -1.984 -1 660 -1290 -.343
200 | -3340 SR 2601 -2.345 -1.972 -1.653 -1.286 -0.843
00 | 3310 3107 -2.586 -2.334 -1.965 -1.648 1283 0342
1000 | -3.300 308 -2581 -2.330 -1.962 -1.646 1282 -0,842
- 23,290 3060 -2576 2376 -1B60 1645 1282 -nEa2

e
(=3
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Table 15 (Continued ) Random Digits

6E41192 11674 34435 BO0653 25321 17230 77512 23717
90487 B4735 183567 D616GT7 25868 89254 447284 36531
33487 1’2940 B106G 03932 22995 63819 93I00E 91036
59084 16322 61468 10882 452903 02002 61615 63042
28392 11748 H93258 38469 66641 212238 89783 73263
18843 06459 383892 16345 52877 37816 64420 74941
16775 44189 B6040 70478 08742 51407 72241 53736
FTETLS5 FBRFI AFEH S6T1E RESGES EDIVR Edo3y ¥73513
70428 14106 67084 16900 57991 27283 24933 57215
75540 43367 66893 62172 52680 28371 43473 92425
55011 B1643 83608 00358 67205 90420 21092 81661
45256 B5777 49392 34030 01333 73306 37140 29328
27450 75061 90673 87307 61117 02154 45530 15927
832171 90459 11077 61617 45434 T4188 74107 04174
010B] 95300 45883 17135 208108 10232 27402 17652
43733 66312 B9736 61899 T1L169 44481 02216 24818
95795 B3057 553595 03599 B4502 81021 05600 39627
BE006 04170 B6180 25240 224555 16362 77569 33507
01781 16820 B1576 60679 92598 60516 24450 50498
B6319 82730 96410 23505 B89424 73665 06425 41488
15142 70090 H66357 39584 27701 19869 915071 20997
47858 BT7100 B2344 27498 E£2815 31773 71180 04575
50841 64632 02451 73548 87668 53544 54121 75902
720735 27307 77034 98096 39624 20637 45372 88890
53553 76957 65153 56256 70384 17137 48864 73643
29024 82572 64194 37612 12688 52138 38BBOS 63458
16510 51461 52797 41945 54267 31621 92317 01977
55930 46033 07817 48020 63293 35080 17929 13394
03483 24150 20013 58713 ES030 63067 GB492 16757
BI151 20032 06443 98872 B35308 54162 46466 20674
69469 87910 96381 79558 27127 07147 41653 42271
83151 73238 342358 66251 25888 635535 30446 96100
64963 05580 18568 61200 61639 24896 06224 32626
22341 49421 BESIE IR4S6 16923 17510 81239 249%5%
76616 74956 71033 44945 R9275 4612 D1573 6GR4DS




Table 15 (Continued )
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Random Digits

31531 48095
59292 16215
34172 04973
55867 54715°
76360 72976

50418 36528
20733 41389
38103 925561
04223 29352
40722 28253

26099 76287
95426 82300
40001 45549
31005 19057
96511 88634

20508 44694
38727 33012
23972 68014
63236 19222
0F1l1l5 36537

78952 21090
21570 11526
64788 76012
76881 06219
47005 54849

42034 B3668
55862 47528
IT5&) D3IT36
68477 70249
09070 04375

336635 61707
24142 31078
65680 B80!
92463 28512
18327 3871710

016340
510440
01793
239273
01760

69287
77388
49260
09073
23 E27

45241
16743
61549
68167
18992

831238
4764535
93315
54061
52434

T4575
G10935
20007
2232 &
32483

Bo405
68543
61884
619989
G5717

46988
68713
35416
10051
747135

5T113
99934
67995
80668
442812

59951
35630
82008
84483
57504

45147
18001
91297
gor97
B68 94

85287
30384
&81 23
$2027
LBS 06

92675
i44067
L6220
18374
T1661

40782
5201
23279
98140
90053

- T T |
95%84
41472
563786
668557

44739
74608
15390
84573
98731

82973
0335 1
28327
50064
91017

88001
39763
D5432
15253
36575

S |
11018
|

0716 ¥

775390

97835
74764
60643
33474
49193

377189
56625
39380
383453
49422

T6487
10349
85923
1 1857
1.1:5:27

6T 12
96802
83861
FoboT
B35355

27655
717534
25049
76376
88325

28415
98192
g2682
97775
102635

86908
20368
8 e232
28134

18300

36745

Ty
17338

it B

B0388-

58788
11720
05006
48367
19690

33611
9 2R 23
2. 307N
62148
21913

68345
3IR402
31324
22915
1I'21R3

83015
65027
3132
06764
69274

210546
43383
62538
21638
T1836

B8 233
31131
14871
159094
712686

68946
iz0ze
18589
11584
781135

546335
06488
52357
20498
69543

05324
43623
52339
70168
17073

68221
73813
22329
95681
09803

11430
35853
14642
66908
668 64

88190
95093
80338
45135
44024

D9 21
FE0865
D9E93
70102
TU547

29473
51879
43843
20068
17841

2T
21503
TO0E85
70442
05691

172969
26740
58849
18288
06014
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Random Digits

{ Blocked merely for convenience )

51 L'k}
63523
83591
80738
87774

56926
49 382
883840
97687
92602

08978
B3i208
91633
77158
10635

72693
04689
l6625
79042
43350

209379
54980
91642
83634
48621

58238
57648
8530
02153
18829

99255
20474
81283
37412
246475

60012
0697
2570
36786
17396

46055
813735
42057
14084
28542

TO0087
88175
LIDRES
27801
61930

953732
64783
91809
24811
35640

29266
68981
Y9423
32671
89555

313178
6O6G46
65767
57699
30585

09599
798135
42417
11624
29187

53169
91282
55237
01206
jdl60

16021
67039
25479
39260
04512

20563
36552
67832
66190
15186

04634
67992
65745
28281
42482

13607
45638
§2242
6.4 B 6.8
03308

81652
74784
525719
48018
69139

34793
58182
68463
18164
236635

63212
68120
61795
592032
57570

B5746
94735
50229
435121
94080

97243
47171
483586
83858
68532

IBEE10
33700
B2315
35789
67223

200091
90781
10390
BO3I6S
74958

03074
66776
25103
880353
67181

81877
910635
70505
05530
61038

46285
94872
85791
467712
01756

92962
42556
33182
09965
178149

00593
40389
80390
45838
16689

41336
46813
62054
40755
1 1:2446

64197
23282
TO643
80733
37645

Ty 320
27930
67376
76630
09902

06984
46339
99724
01983
64170

37542
T3I2H2
43326
00176
60142

71025
F19:1'3
50649
d887T6
37019

33371
17157
36501
24976
97944

82463
84656
17324
33357
TE1S54

16443
96238
44658
64605
40607

91014
04533
60452
23043
09218

18701
45712
67320
36286
50433

21616
22128
80040
B7792
80509

36479
11235
24974
47985
20743

944735
33321
29560
47020
10970

48273
T2:103
78129
90974
76075

9TITH
56218
D192
90427
591532

68936
14589
48108
85199
& 3-8 ) ]

89401
74215
¥1375
19312
88716

74487
93500
72265
79475
01918

98619
39872
02352
07695
50808

20863
55811
17288
95085
4216895

982613
41266
34381
852123
37544

149432
29242
23376
32963
64219

60941
09133
20838
66153
20011

74699
37738
60426
07252
47334
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Table 12 ( Continued )

v towon - ‘oeoo  Tosso  loors  Tossn  foses  Tosw  Toogoes
i 1.378 3078 6314 12706 31421 63636 3189 36,54
3 1,061 1486 2.920 4303 6,965 9935 23,328 31600
3| 0978 1.63% 2353 1182 4541 5841 10.214 12924
4| 090 TA00 2132 2776 3,747 4,604 7.173 g.610
51| o920 1476 2015 2571 3.365 4032 5594 6:365
6| 0906 L440 1.943 2447 5143 3507 5208 59549
/) 0.5 L4115 1.895 2,365 2.098 3490 4,785 5408
§ | 0.839 1397 1460 2,306 2,896 3.355 4,501 5041
9 | D883 1.383 1.833 2262 2821 3,250 4297 4,781

10| 0879 1372 1.812 2.228 2,764 1169 4044 4587
11 0.a78 1363 1.796 2200 2718 1106 40258 4437
12| 0E73 1.356 1.782 2179 2.681 3055 3930 4318
13| 0870 1.350 L7 2160 2650 a0z 3.852 4021
“14 | 0568 1.345 1.761 2.145 2624 2077 3787 4.140
15 | 0866 1341 1.753 2,131 2602 2547 k Rk 4073
16 | D365 1.337 [.746 2,120 2,583 1421 1686 4015
17 | D863 1.333 1.740 2.110 2367 2,398 1646 31965
18 | o862 1.330 1.734 2101 1552 2578 3610 1922
19| 0861 1.338 1729 2.093 1538 2461 3579 3.883
20 | (880 1.325 1.725 2086 2.528 2845 33552 3.850
21| 0859 1.323 1721 2080 2518 2.831 3527 3419
22 0856 132 L717 074 2.508 2519 3,503 3792
23 | 0.558 1.319 1.714 2069 2500 2307 3385 1,768
24 | 0857 1314 1391 2064 2.492 2797 3467 3.743
25 | 0856 1316 1708 2060 2485 2787 3450 1775
26 | 0ESA 1315 1706 2056 2479 2779 3.435 3,707
27 (.855 1314 1,703 2.052 1473 271 3141 31689
2% | 0.855 1313 1.701 2048 2467 2,763 3.408 3.674
29 | (354 1311 16049 2045 2462 2756 1,306 3660
3| 0854 1310 Lea? 2042 2457 2.750 3,385 1646
35 | 0ss7 1306 1.600 2030 2.438 2724 3340 3:50]
40 | 05351 1.303 1684 2001 2.423 2,70 3307 33531
45 | 0850 1301 1679 2014 2.412 1690 3281 3320

S 1 (LR4S 1.299 Lalh To04 2403 1678 3261 3496
L) (A48 1296 1671 2,000 2380 . 2660 3232 F4n60

T 0.847 1.294 1667 I 54 2381 1648 1311 3435

- B0 0,546 1292 1664 1950 2374 2639 X595 F4le

L] 0.846 1.291 1.662 1987 2.368 X632 3183 3402

100 (LE43 1250 1660 1.984 2364 2,626 4 3390

200 843 1.286 1.653 1.972 2,345 2.600 431 3340

500 842 1243 1648 1965 233 2.5%6 LR jale
] LE42 1.282 1646 1962 2330 2581 3008 3300

S 0.842 1.282 1.645 1.960 2326 2576 3.080 2.29()

_=#=‘==
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40887 OBR43 04158 L7766 62048 12460 67670 74160
39769 ORIB2 42082 74472 65978 83223 15014855730
19071 77964 57117 11438 43497 43734 92867 97585
11872 05718 35665 37597 16967 99887 17300 73206
18585 93417 38142 23635 33162 62992 40636 45108

OBBT73 45777 86663 21681 27600 76307 21629 72281
B6461 23620 76270 06756 86623 52599 19009 29505
39029 73019 40640 26037 48449 11424 §4280 49349
80117 27669 53375 53797 22612 03658 91474 33821
63750 55853 99135 54259 06904 30371 60548 11847

07933 53878 47608 20735 95654 37742 78738 05297
90675 35073 95773 02817 93162 01159 07621 83301
53674 32002 35103 63110 06773 82875 56382 83653
85478 97431 16401 97445 79732 62706 52829 75240
36897 27107 94133 85891 81015 33897 10553 10327
98500 76027 25552 60626 43973 58516 117568 552130
37490 45221 23528 31596 76135 98432 35975 24477
21739 23468 28295 24608 16619 92676 60771 85960
26995 12579 313151 87529 054523 48051 58565 13600
47418 24554 98181 92334 77016 80723 76616 92011
40921 34239 O0B148 B5563 10233 66315 02912 08024
75463 02620 43318 73497 74035 85246 03539 51573
03820 97524 70314 08956 66B18 93279 27211 16494
48752 859233 57113 65075 99696 5744997 69090 12551
75275 97488 50896 13800 O0E78S 29256 18768 16758
32521 35461 01764 26246 39689 79662 30141 91204
32933 298941 TEOHO00 67557 B4177 BE3 16 04789 59504
36958 28914 51729 49889 72203 62534 38924 93045
32470 85046 67117 38300 09237 06639 63399 86652
62177 B7T06% B805%8% 74671 ‘03078 43562 DIESHYT 11672
28633 08504 02639 29316 442732 30546 £6271 10435
80557 84859 47794 99929 37987 94201 77088 50814
45958 50321 14660 96664 91769 54657 26878 09854
41041 89788 80677 06772 58746 77404 08983 3613
30208 02012 95331 £§5327 13841 60117 57560 16089

%
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62849 DO0522 32055 29561 58517 19929 83971 70325
D611 91987 (05203 86806 87265 20684 93421 45909
67843 71012 91317 11850 557309 89929 92120 99018
11790 61854 25065 6BE551 90495 52856 49087 235452
64048 55624 94564 31454 TBO018 30714 54557 31052

B9 196 92205 485357 25271 66936 46962 832488 01932
16921 39390 40432 57520 87502 51384 96731 42587
20268 78442 13053 72094 28%27 17295 &6070 71938
42626 67896 24331 40302 10069 60936 67698 15789
97655 11384 03388 21018 B6THE 02003 26908 56576

59851 19594 36606 04785 66944 95565 30956 15639
53223 97891 14874 26879 95552 99342 47143 88600
61374 55721 90149 22485 RB8O3IE 86064 31176 T4623
30394 63965 95392 2832 21216 38066 73824 97836
D178 53424 23319 89682 0DO0349 74446 BI068 46308

40999 74948 16189 20405 22474 64236 15007 BO0X16
47470 51792 39382 60203 84439 67503 34787 33110
84513 28834 76355 83630 64225 92487 07184 24185

14877 DE8250 42031 54551 F1282 B273% 39716 004TS
04907 32201 11546 485077 66448 2BBS55 R5997 B2534

B4030 59987 44352 44464 98518 31405 82173 31918
96852 67153 25335 33979 43567 45784 76893 54639
82112 7617 10760 71019 29265 16822 96916 59378
20200 92128 &R0 ¥IO1Y F525I 99522 T1O039 32200
Jo793 14699 61780 41828 96823 37605 10730 69368

64221 27958 B7404 01566 STRIE 40849 62722 9201486
00279 98233 51879 76770 71732 04278 58647 43183
44690 06767 90785 53321 42010 91558 79286 61771
74392 33277 69104 B8737 12941 79558 24274 3837
014535 1198 130351 16211 233200378217 26565 807463
ToB08 52912 02908 37285 B3282 B&E251 55547 L7006

5
2068 06067 16117 64197 56341 99804 04531 73117
8341 69023 92785 97762 94819 434834 92195 08199
32050 26218 702064 09953 93950 19838 OBG642 714126
76422 73257 94285 950955 55890 27843 B6208 70360




Drugs drag you down, down, ......... till you are under the ground.
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