Numerical Solutions of “
Nonlinear Equations

INTRODUCTION

Nonlinear equations, where variables appear with powers exceeding one or within
trigonometric, exponential, or logarithmic functions, are ubiquitous in mathematics.
science, and engineering. Since most such equations resist exact algebraic solutions,
numerical techniques are essential for approximating their real roots. The Graphical
Method offers a visual foundation by plotting functions and identifying x-axis
intersections. More sophisticated numerical methods—the Bisection Method, Regula-
Falsi Method, and Newton-Raphson Method—systematically refine approximations to
achieve desired accuracy through iterative procedures grounded in“fungtion continuity
and the intermediate value theorem. This chapter explores solution techniques for
nonlinear equations and introduces the Trapezium Rule, @ numerical integration
method for estimating definite integrals when analytieal integration is impractical.
Beyond theoretical importance, these methods have substantial practical applications
in determining chemical equilibrium concentrations, regulating cardiac rhythms,
analyzing nonlinear electronic circuits ‘with™ diodes and transistors, and solving
cryptographic problems.

8.1 Basic Principles\ ‘of Approximating Real Roots of

Nonlinear Equations

Before learning methods to find roots of
nonlinear equalions, 1t 1s important to
understand some basic definitions. A root (or
zero) of a function y = f(x) is a value of x for
which v = 0. In other words, a root is the
solution of the equation f(x) = 0. Since the
equation v = 0 represents the . x.-axis and a |«
root is a common solution of the equations y =
fix) and y = 0, the geometric representation
of a root of the function y = f(x) is the point on
the Cartesian plane where the graph of the
function intersects the x-axis. For example,
if f(x)=x’—=4thenf(x)=0 = x—-4=0
= x=2orx=-2.So, 2 and -2 are roots of the Figure 8.1

function (see Figure 8.1). A nonlinear equation is an equation of the form, y = f(x) =
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0, where f'is not a linear function in the variable x, that is, f(x) cannot be expressed in
the form ax + b for some real numbers @ and b with @ # 0. In such equations, the
variable may appear with powers greater than one or inside trigonometric, exponential,
logarithmic or other nonlinear functions. For example:

(i) x=1=0 (i) ©+2x+5=0 (iii) x—cosx =0
Note that x =1 is a root of the cubic function y=x"—1 which can easily be found

analytically. Consider another cubic function y=x"+2x+5. This equation has an

exact root given by
|5 [107 \/ 5 [707
X=7=—< —_—t e ——
2 V108 2 V108

which can be obtained analytically using algebraic methods but the expression is
complicated and difficult to handle in practice. On the other hand, its approximate root
(correct to two decimal places) x =—1.33 can easily be obtained using graphical or
numerical methods. In fact, formulas for solving quadratic, cubic, and.gquartic equations
do exist but no general algebraic formula is available for-quintic or higher-degree
polynomials. Therefore, numerical methods are essential forfinding approximate roots
in such cases. Before exploring these methods, we need-to introduce a basic result
known as the Location of Root Theorem (LRT).

8.1.1 Location of Root Theorem fART)

Theorem 1: Let / be a real-valued-function

which 1s continuous on a closed nterval [ a.b | If

Jfla) f(b)<0 then / _hasat least one real root ¢ ]
. (a)/1 ] | (b, 1(b)
in the open intervalfa, ]

The geometric wdea of the Location of Root
Theorem (LRT) comes from the behavior of a

continuous graph. I'a function is continuous on an

=
W

interval [a,hJ , Its graph can be drawn without
hfting the pencil from the paper. Since
f(a)f(b)<0. the values of f(a) and f(b)

have opposite signs. Without loss of generality,

(a, f(a))

assume that f(a)<0 and f(b)>0. In this case

the point (r:r ,_,f'(r:r)) lies below the x - axis and the ¥

point (b, f (b)) lies above the x-axis as shown in Figure 8.2

Figure 8.2. Since / is continuous on [a .b], the graph can be drawn continuously
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from the point (@, f(a)) to the point (b, /(b)) without any jump or break, in
particular, at x -axis.

As the graph moves from below the x - axis to above the x - axis, it must cross the x-
axis at some point ¢ in the interval [a, b]. At this point, f(¢)=0. Which shows that

¢ 1s a real root in the interval [a, ], Which shows that at least one root must exist. We
call the interval [.':Lb] an interval of sign change for the function f, because the
function changes sign from positive to negative or vice versa.

Example 1 Show that the function /'(x)=x"—200x—50 has at least two real roots
by finding its intervals of sign change.

Solution: The given function is f'(x)=x" —200x—50

Continuity:

Note that, lim f(x)= ‘lilr‘nl:.td'—2[]{11'—5[?}:_,"(_&'] Vee R

=
—> [ 1s continuous at every real number.

Interval of sign change:
At x=-3, 1f'(—3}:31+6[}ﬂ-5{1:6312:vﬁ

At x==2, [(=2)=16+400-5Q£ 366> 0

Similar calculations are given in thevtable below.

& 7 -3 -2 -1 () 1 2 3 4 5 6
flx) | 631 | 366 | 151 |} =50 | =249 | —434 | =569 | =594 | —425 | 46
Sign " " , -~ ] ] ) i i -

of f(x)

Note that, f(—1)/(0)<0. It means that, [—1,0] is an interval of sign change for f .

Similarly, f(5)/(6)<0. Thus, [5, 6] is another interval of sign change. We have

shown two intervals of sign change for /. Since / is continuous on these intervals, it

has at least two real roots.

8.2 Graphical Method for Approximating Real Roots

After learning the Location of Root Theorem (LRT). we can use a graphical method to
approximate roots of nonlinear equations, This method provides a visual way to locate
where a function crosses the x -axis.

The graphical method is mainly suitable for obtaining the root correct up to one or two
decimal places and is used to provide an initial estimate for numerical methods such as
the Bisection Method. Regula-Falsi Method, and Newton—Raphson Method.
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Steps of Graphical Method:
. Identify the interval of sign change where _,f‘{u_] ~f(h) <0, if not provided.

2. Draw the graph of y = f(x) on xy-plane within the interval of sign change only.
3. Observe where the graph crosses the x-axis.

Example 2 Find a root of the equation x—cosx =0 graphically, approximate to two
decimal places.

Solution:

Fixing Calculator: Fix the calculator to two decimal places.

Let y= f(x)=x—cosx

Continuity:

Note that, /'(c)= lim(x—cosx) VceR

— [fis continuous at every real number.
Identify Interval of Sign Change
Note that /(0)=0—cosO0=—1<0 and f(l)=1~cos{l)=0.46>0. Thus, [0,1] is the
interval of sign change and hence by LRI a xo0t lies within this interval.
Draw the graph

Calculate some functional values l M.
on some points inside the mnteryal 0.4 :
[0. 1] as given in the folowing ek :
table. | '
" / 0.2 .
0.1 —0.89 [ | | i X
0.2 —0.78 0 02 04 06 I 1.2
0.3 —).66 | ::; |
0.4 —).52 .
0.5 —.38 |
0.6 0.23 i |
0.7 —0.06 ki
0.8 0.10 e
0.9 0.28 =
Draw the graph of y=x—cosx [ *®
on the interval [0, 1] as shown in _H'T
Figure 8.3, E

Fivure 8.3
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Read the root

[tis clear from the figure, that the curve is crossing | while performing calculations with

the x-axis at x=0.74. Hence, the required root | trigonometric equations, always keep

your calculator in radian mode.

approximate to two decimal places 1s
x=0.74

¥ EXERCISE 8.1 _4

1. Find the real roots of the following functions correct to two decimal places using
the graphical method. within the specified interval of sign change.
(i) f(x)=3x+sin(x)=¢"[0,1] (ii) f(x)=x"=x=10]1,2]

2. Find the real roots of the following functions correct to two decimal places using
the graphical method, by finding some interval of sign change.

(i) fx)=x'—-x-1 (1) flx)=xe' -2 (1) LI (x)—2
8.3 Numerical Methods for Solving Nonlingar Equations
To find roots accurate to two or more decimal places, we-need systematic numerical
methods. These methods use the concept of intexvals where the function changes sign
to progressively narrow down the root. In_this section, we will study three important

numerical techniques—Bisection Method, Regula-Falsi Method. and Newton-
Raphson Method.

8.3.1 General Rule of Avcuracy, Tolerance and Calculator Setup

Before applying any numerical method for solving nonlinear equations, it is important
to decide the desiretdhaceuracy of the root. This is done using a tolerance value, which
determines how'close the approximate root should be to the actual root to achieve the
required number of decimal places.

Decide tolerance based on desired decimal places:
There are several methods to check the accuracy of a root in numerical methods, such
as reducing the terval length and checking the function value. In this chapter, we will

follow the function value criterion and consider the root accurate when | /(x)| is
sufficiently close to zero.

[f 1 is the number of decimal places required for the root ¢ of the function f(x), then
. 107
cll< :
7)<
Examples: *  For 2 decimal places (n = 2): | f(e)| < 0.005 = 0.01
*  For 3 decimal places (n=3): | f(¢)| < 0.0005 = 0.001
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Calculator Setup

e To obtain a root correct to »n decimal places, fix the calculator to at least n + 1
decimal places through all the intermediate calculations and round the final
answer 1o the required accuracy.

e Use radian mode if trigonometric functions are involved.

8.3.2 Bisection Method

The Bisection Method is a simple and reliable
numerical technique to find roots of nonlinear
equations in one variable. It is based on the
Location of Root Theorem (LRT): if a continuous

Jh)

function f(x) changes sign over an interval [a,b]

,thatis, /'(a)/(b)<0,then at least one root exists

within that interval. The method systematically Rigvore 8.4
halves the interval to narrow down the location of the root wntihthe desired accuracy is
reached.
Steps of Bisection Method:
1. Check that continuity of fon [a, b] and the.condition f(a) f(h) <0.
a+b

2. Compute the midpoint: ¢ =

3. Check the function value £{(¢):
e If| f(c)| =0, then cais the.desired root.
e Otherwise, determing the subinterval containing the root:
o Iff@@m)\f(c) <0, the root lies in [a, c]. Set b =c.
o Mfle) - f(b) <0, the root lies in [¢, b]. Set a=c.
4. Repeat Steps 2-3 until | f(¢)| is near zero.,
Note: the by section method guarantees that, after a finite number of steps. there must
exists ¢ € |a, b[ such that | f(¢)| = 0 up to the desired accuracy.
Example 3 Use bisection method to find a root of f(x) = x* — 3x— 10 within the interval
[2, 3] accurate up to two decimal places.
Solution: Check Initial Interval and Continuity:

Note that, f (c¢)= lim(x’=3x-10) V ce[2,3].

= f1s continuous on [2. 3].
Clearly, f being a polynomial in x 1s continuous on [2, 3].

f(2)=23-3(2)-10=-8<0,/(3)=3*-3(3)-10=8>0

Sign change occurs: f(2) f(3) <0 = rootexists in [2, 3].
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Apply Bisection Method: (Intermediate values rounded to 4 decimal places)

Iteration 1: a=2.b=23
2+13 . : s .
c-zT:E.:r j(2.5)=13.623—?.5—ID=—|.RT3{D

Since f(2.5)<0 and f(3)=8>0, the root lies in ]2.5,3[. thus, consider a=c.

T =
e R '-_."-1

Iteration 2: a=2.5,8=3 Note

f'(Z.TS] =20.7969—-8.25—-10=2.5469 > 0 In the iteration table, the signs
: written inside the brackets along
with the values of @, b and ¢
means their functional values are
Iteration 3: negative or positive accordingly.

M A
2.54+2.75
=25 b2 gs  eaot B ssee

2
/(2.625)=18.087-7.875-10=0.212>0

Root lies in |2.5,2.75] and so, consider h=c.

Root lies in[2.5, 2.625] and so, set h=c.

Continuing the same process. similar calculations.are performed for the next iterations.
The results are summarized in the following table.

Iteration a .h\(c t» E AL f(e) New Interval
\

2

1 2 (-) 3(H) |  250() | -1.875 [2.5.3]
2 2309 3| 275()| 2547 [2.5,2.75]
3 2.5 @) 2.75 (+) 2.625(+) | 0212 [2.53.625]
4 25(=)| 2.625(+)| 2.5625(-) | -0.8611 [ [2.5625,2.625]

5 25625 (=) | 2.625(+) | 2.5938(-) | —0.3308 2.5938.2.625]

6 25938 (=) | 2.625(+) | 2.6094 (=) | —0.0609 2.6094,2.625)

7 2.6094 () 2.625(+) | 2.6172(+) | 0.0755 [2+ﬁ094.2_ﬁ1?2'

8 2.6094 (=) | 2.6172(+) | 2.6133(+) | 0.0072 Stop
Approximate Root: |j'(2.ﬁl33}‘ =0.0072 = 0.01

Final Root: [x = 2.61 (correct to 2 decimal places)
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8.3.3 Regula-Falsi Method (False Position Method)

The Regula-Falsi Method (False Position) is a numerical method used to find a real
root of a nonlinear equation f(x) = 0. Like bisection method, this method also based
directly on the Location of Root Theorem (LRT). Suppose the function y = f(x) is
continuous on an interval [a, b] y
and f(a) f(b) <0, then there exists
at least one root in [a, b]. Without
loss of generality, we assume that
f(a) <0 and f(h) = 0. The idea of
Regula-Fals1 1s to approximate

’ /

.
¥ =
y=re / ! Secant Line

W >

the root by drawing a straight line
through the points (a, f(a)) and
(b, (b)) (called secant line) and
finding where this line crosses the
x-axis. This intersection is used

often as a better approximation of
the root than the simple midpoint
a+b

used 1in the Bisection v
= Figure 8.5

Method (see Figure 8.5).

¢ =

Slope of the secant line ipassing through the points (u.f(_u]_] and (E:r,f(!:r)} 1S

f(b;—f (a) . Thusatheequation of secant line is given by:
—a
™ b L .
.F_,f(ﬂ):'}‘( ] f (ﬂ)[.l'—ﬁ)
b—a

For the x-intercepts of the secant line, we substitute y =0 and x=¢ in the above
equation to get:

f(a)(b=a)

7(6)-7(a)

C=d—

On simplifying:
_af (b)=bf(a)
o 1 (b)-fla)
Steps of the Regula-Falsi Method:
|. Check that continuity of fon [a, b] and the condition f(a) f(h) < 0.
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2. Compute the value of ¢ using the Regula-Falsi

formula: The Regula-Falsi method

uf( b)—bf'( a) guarantees that, after a

r=— — finite number of steps,

J [b)_--f (”) there exists some ¢ € Ja, b[

3. Check the function value f{(c): such lh_ﬂl | /()] = 0 upto
e If |f(c) =0, then ¢ is the desired root. e the desired accuracy. .

o Otherwise, determine the  subinterval

containing the root:

o Iff(a)- f(c) <0, the root lies in [a, c]. Set b =c.

o Iff(e)- f(b) <0, the root lies in [c. b]. Seta =c.

4. Repeat Steps 2-3 until | /(¢)| is less than the desired tolerance.

Example 4 Use Regula-Falsi method to find a root of f(x) = x' — 3% — 10 within the
interval [2, 3] accurate up to two decimal places.
Solution: We set @ = 2, b =3 and apply the Regula-Falsi Férmula:
f(2)=-8<0and f(3)=8>0 = fhasarootin[2,3]
Continuity: Note that, /()= lim (x' =3x-10y W'ee[2.3].

=> f1s continuous on [2, 3].

af (b)4f{a)

K(6)=1(a)

Iterations (Intermediatg 4-decimals)

Iteration 1: ¢ =2, b =3
fl@)=fAB2'E-3(2)-10=-8<0
f(h)=f(3)=3"-3(3)-10=8>0

af (b)~bf (@) _ (2)8)=()=8) _

f(b)— f(a) (8)—=(-8)

f(0)=f(2.5)=(2.5) =3(2.5)- 10 ==1.8750 < 0

Since f(2.5) f(3) <0, root lies in the interval [2.5, 3].

Iteration 2: Now, ¢=2.5,b=3

fla)= f(2.5)==1.8750<0, f(b)=f(3)=8>0

. af (b)=bf(a) _ (2.5)(8)—(3)(-1.875)
f(b)=f(a) (8)—(—1.875)

fle)= f(2.5949)=-0.3119<0

Since f(2.5949) f(3) <0, root lies in the interval [2.5949, 3].

[ 249 J
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Iteration 3: Now we take, ¢ =2.5949, h=3
flay= £(2.5949)=-0.3119<0, f(b)=f(3)=8>0
af (b)y—bf(a) (2.5949)(8)—(3)(—-0.3119)

o= —

_ =2.6101
f(b)— f(a) (8)=(—=0.3119)

Je)=f(2.6101)=-0.0487 <0
Since f(2.6101)/(3) <0, root lies in the interval [2.6101, 3].
Iteration 4: Take, a=2.6101, h=3
fla)= f(2.6101)=—0.0487 <0, f(b)=/(3)=8>0
. af (b)—bf(a) _ (2.6101)(8)—(3)(—0.0487)
f(b)=f(a) (8)—(—0.0487)
f(e)= f(2.6125)=-0.0068 <0
Since |_f(2.6125_]‘ =|—ﬂ.DUGE| =0.0068 =0.01 = 2.61251s a root.

=2,6125

Final Root: [x = 2.61 (correct to 2 decimal places)

8.3.4 Newton—-Raphson Method
The Newton—Raphson Method 1s a numerigal method tised to find an approximate real
root of a nonlinear equation f(x) = 0. Thig' method works by drawing a tangent to the
curve y = f(x) at a point near the root and using the point where this tangent crosses the
¥ -axis as a better approximation~of*the root. The initial guess chosen is based on a
sign-change interval.

Since this method requires. the function to
be differentiable (having a slope of
tangent), it uswally® reaches a good
approximation faster than the Bisection or
Regula-Falsi methods. The derivative of /| +—+—
should not be zero near the root. This
method does not rely directly on the
Location of Root Theorem (LRT).
Suppose x, is an initial guess for the root

of f(x)=0, where:

(x f(x)

fx, f(x,))

. fis differentiable near x,. and Figure 8.6

2.  f'(x)# 0 near x;.

The slope of the tangent line to the curve y = f(x) at the point (x,. f(x,)) is given

by j"{_rn ). Draw a tangent to the curve at this point (see Figure 8.6).
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The equation of the tangent line 1s;
.1"”.}‘.(3:{1 ) = .f’(Iu )(T —Iu]

This tangent intersects the x-axis at x = x,. Substituting v =0 and x = x, gives:

U_.fl(-"u) =fr(.-"-'n )(II _-""u]

Solving for x;:

S (-'::} )

X =Xy —

fﬂ(*"u}
Similarly, if we draw a tangent at x = x,, its x-intercept x, Is:
X =X /(%)
2o o ST
/(%)

Repeating this process produces a sequence of x-intercepts:
X _.r(.'f” )

“FH+] o o
..f { r1:..11 ]

a4=0,12,..., fi(x)=0

This is the Newton—Raphson formula, used to appréximate the root of f(x)=0
iteratively.

From Figure 8.5, it is clear that each neW approximation x,_, is closer to the root,
x = ¢, than the previous one x, . If thére.exists some non-negative integer m such that

Xm+1 — X 15 closed to zero, then, b, will be the desired root, i.e. |[f (xu)] =0
Steps of Newton-Raphson Method:

1. Prepare the equation: Write the given equation in the form f(x)=0
Choose anvinitial approximation x, from the interval where the function
changes sign and ensure that:

(i) f(x) is differentiable within this interval. (1) [f'(a) # 0 near x,,

/()

%)

Use this to compute successive approximations,

2. Setup the formula: x =x — =02 .

3. Check for convergence: I | f(.l‘,'.,. E) |=0, then stop.

4. Conclude the root: x=x

**n+]

1s the root correct to the desired accuracy.
Example § Use Newton-Raphson method to find a root of f(x)= X’ +2x" +10x-20

correct 1o two decimal places.
Solution: Prepare the function, Ghven:

f(x)=x"+2x" +10x—20
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Choose initial approximation:

Note that: f(1)=-7<0and f(2)=16> 0.
« Notethat, f(c)=lim(x'+2x" +10x-20) Vee[l,2].

= is continuous on the interval of sign change [1, 2].
= Root lies in the interval [1, 2].
» Take initial guess: x, = 1.500.

« Calculator fixed to 3 decimal places (for accuracy).
Derivative: f'=3x* + 4x + 10
e Note that, /' exists and /'(x) # 0 around x, = 1.5.

e = Newton—Raphson method can be applied.

f i ( ‘rﬂ )

Newton—Raphson formula: |x =x — =012, 4

AT P )
Perform iterations: We have, x, =1.5.
f(x,)=f(1.5)=(1.500)" +2(1.500)* +10(1.500) %20 = 3.375+4.500+15-20=2.875=0
Iteration 1: /'(1.5)=3(1.500)" + 4(1.500)4+ 10 = 6.750 + 6+ 10 = 22,750

' .
X, =X, - "-{F(x”_]-:l.ﬁﬂﬂ— 8 o
O 22.750

f(x)=L08374) = (1.374) +2(1.374)* +10(1.374) =20 = 0.110 2 0

1.374

Iteration 2: /"(1\374) =~ 3(1.374)" +4(1.374) +10 = 21.160

S0 rama- 210 36
1(x) 21.160

£ry) =£(1.369) = 1.369° + 2(1.369) + 10(1.369) — 20 = 0002
Stop iterations: | /(1.369)| = 0.002 < 0.01

Conclude the root: x = 1.37 (accurate to two decimal places)

¥ EXERCISES.2 4

. Find the real roots of the following functions correct to 3 decimal places using the
bisection method, within the specified interval of sign change.

i) f(x)=xsin(x)—1:[1, 2] (1) f(x)=3x—cosx—1:[0, 1]
(iii) f(x)=x"=2x-10 :[l, 2] (iv) f(x)=x"—=3x—10 :[2, 3]

[ 243 J
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2. Find the real roots of nonlinear equations correct to 2 decimal places using the
Regula -Falsi method, by finding some interval of sign change if not specified.

(i) 3xX-9x"+8=0;[2,3] (i) X*+4sinx=0; [—2.2,—1]

(ii1) xe.=2 (iv) 3x+sinx=¢"
3.  Find the real roots of nonlinear equations using the Newton-Raphson method.
(i) ¥ +x° =3 (x+ 1)near x=1 accurate to 2 decimal places.
(1) €' =4x near x=2 accurate to 3 decimal places.
(i) x* + 2x =5 = 0 accurate to 4 decimal places.
(iv) 3x+ sinx = ¢" accurate to 3 decimal places.
(v) tan(x)=xaround x, =4.3 accurate to 4 decimal places.

8.4 Estimating the Value of a Definite Integral

In many practical problems, however, the objective is to evaluate adefinite integral of
a function over a given interval. Similar to nonlinear equations, definite integrals are
not always easy to evaluate analytically. and in some cases exact solutions are
impossible to obtain using standard integration techniguées:

For example, the integrals

Ol :;E:* * dy and (@) “sin(x*)dx

cannot be evaluated easily by elementary methods. In such situations, numerical
methods are used to estimate the value of definite integrals with reasonable accuracy.
One of the important numerical'methods used for this purpose is the Trapezium Rule,
which will be developed and applied in this section.

8.4.1 Trapeziwnn (Trapezoidal) Rule

Consider a continuous function j'(.r) =0 on [c:.h].

b—a i : w : ;
et h= for some positive integer n. Divide the interval [cnf:r] into n
7]

subintervals of equal length A as follows:
[a,ﬂ+ h]‘[u +h,a+ 2&],[:‘3 +2h,a+ Sh]. ,[a+ (n=1)h,a+nh= .-_*1]

Let x, =a+ih;i=0,1,2,...,n. In this way the above subintervals can be written as
follows:

[u = Xys X, ] ,[Jnrl sk ] ,[J:2 ,.1‘_1]. - «[-"fn_| X, = J;-].
The function values f(x,)./(x)./(x,),..../(x,) at the end points of each

subinterval represent the lengths of parallel sides of »# trapeziums as shown in the

[ ) J
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a=x, X, X, X, xi X, X, X, £ &
Figure 8.7

Figure 8.7. Length of the base of each trapezium 1s /4, that 1s, the distance between the

parallel sides of these trapeziums Thus, the areas of these trapezidnis are given by:

A _-[; %0 YR (e =02,

Since the value of the definite integral j I (x)deastapproximately equals to sum of

arcas of the trapeziums, we have:

E.f{.ﬂdr S iA} DA+ A+ A4+ A
he . o he ‘ B oo B o s he . ot
z?[f{_rﬂ}—l—f {_1‘1)}%?[1)‘(3:1 _)+f (x, )}—FE{"HI: )+ / (I;_}}Ir...+E[_)‘[_r”_|)+f (Iﬂ_j|
=g[-f{:"'n._]+2f(xl _}"'E.f{‘]": .)+"'+'?'.f(:'trr—l)+~f.('rel }J

Hence.

f L . 0
_I.l T]fﬁ’*’_[!f H]+2f[ )+2f [‘TJ'_]+”'+2.:'I‘ {_-T”_| )+J{ {'rh' )]
Note:
1. From Figure 8.6, it is clear that the accuracy of the approximation improves as
n is laken sufficiently large, because increasing the number of trapeziums
reduces the gap between the exact area and the approximated area.

2. While applying the Trapezium Rule, the values obtained from the calculator
should be rounded to at least four decimal places to maintain accuracy in the
final result.

3. Although the rule 1s motivated using a positive function only to represent area.

it is generally true for any continuous function on [a,b]| including those that
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take negative values. In such cases, cach trapezium approximates the signed
area, and the sum provides a reliable estimate of the integral. The proof of this
generalization is beyond the scope of the book.

I 3
Example 1 Use trapezium rule to approximate the definite integral LJ&" elx
by dividing the closed interval [l'l.l] into 7 subintervals of equal length.

Solution: Here, f(x)= ¢

Given: ad=0,86=) W=7
Continuity:

Note that, f (¢) = 1]i[‘tl‘_l (e g ) Ye E[ﬂ,l] .

= f(x)=¢™ is continuous on [0,1].

Step size: h= 8. = I;U :%50.142‘

n

Trapezium Rule: rrf(x)d.x = g[_,f'{,r”)+ 2( /(2 )W) -+ f(x))+ f(x, }]

We have, f(x)=e".

Compute function values (round te 4/ detimal places):

Xy =0, f({])zl
i .
X, . =l ,r(iJ:e-“"” =0.9798 x, 2R =3, f[:)ze—“" =0.9216
7 7 °\7 il il 7
2 y
x.i—:+l=§ (E]: e =0.8322 x;, = §+l=if{i =e 'Y =0.7214
T T 9 7 7 7T KT
5 5 & _.
,lﬁq:i i E (1}2 —"54'-1_0 6004 .= _+l:E'f [E :E’_MIIJQZD_-'—'I-?Q?
S A 7 7 T 9 7)
.1'7:E+i=|. f(1})=0.3679
7 7

Apply Trapezium Rule:
L: e dr~ ﬁ [I +2(0.9798 +0.9216 +0.8322+0.7214 + 0.6004 +0.4797) + 0.3 ﬁ?‘}]

- ﬁ[l +2(4.5351)+0.3679] =0.7456

Hence; L:e—f: dx = 0.7456
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Example 2 Use Trapezium Rule to approximate the definite integral
J‘f: X : d\:
914"
by subdividing the closed interval [[L(i] each of length 1.

Also compare the answer by solving the integral using the Fundamental Theorem of
Calculus.

Solution: Given: a=0,.b=6. h=1
Number of subintervals:

h— o
p=2—a_ 6—-0 6
h I
Points: x,=0,x,=Lx, =2,x,=3,x,=4,x,=5.x,=6
Function: fx)= 2
|+ x°

-

(¥
Continuity: Note that. f{c¢)= lim l . ] ‘E’:*E[U_G].
T . + .T_

= f(x)= I—F:Y‘-.‘E is continuous on [0,6].

Trapezium Rule Formula:

Jor ()t~ 2L ()27 () £ 067 () + £ () 7 () 1 (3]

Compute function values (4 deecimal places):

£(0)=0/(1+0)=0.0000
F(1)=1/(1+1) =0.5000
f£(2)=2/(1+4)=0.4000
£(3)=3/(1+9)=3/10=0.3000
f(4)=4/(1+16)=4/17 = 0.2353
£(5)=5/(1+25)=5/26~0.1923
f(6)=6/(1+36)=6/37=0.1622
Apply Trapezium Rule:

=J'*’ Y _dv~ l[m 2(0.5+0.4+0.3+0.2353+0.1923)+0.1622 |
0]+ x° 2

=0.5[2(1.6276)+0.1622 |

=0.5(3.4174) =1.708 7
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Trapezium Rule Answer: J'ﬁ 2 e ~1.7087

9

0]+x

Exact Value using Fundamental Theorem of Calculus:
We have:

1 du A

Jﬁdx — hr|u| +C
u

\ J

&
L

6 X L p6 2x | ,
I - d.t:—_‘- : £4{l'=-—|"}i!|]+.l"
U]+ x° 290 +x° 2

I I
=—In(14+36)—=In(1+0
Lin(1436)~Ln(1+0)

( By Fundamental Theorem of Calculus)

—~In(37) = 0.5%3.6109 ~ 1.8055

—_

Comparison:

LA X

dit = 1.8055| (Exact Value)

r = —clx = 1.7087| (By Trapezium Rule) j
014+ x°

Q

o 1 +'.I_

Note: The difference between the approximatewalue and the exact value of the definite
integral is |1.708 — 1.806 |= 0.098 which ¢an be decreased by increasing the number of

P _EXERCISE 8.3 _J

Use Trapezoidal Ruleta approximate the value of the following definite integrals.

subintervals.

-

L. _”_CGS{I‘JH'I taking n=4 2. L:E'" dx taking n=7
3. _T In(x)dx taking n =106 4. | “_ x'dy taking n=8
3, : Jxdx taking n=4 0. :_It e dx taking =04
7. [ (¥'-x+1)dr taking k=02 8. [‘sin(x")dx  taking /= %

9. Show by the trapezium rule that the approximate area bounded by the curve

y= \,/3—2.1'—:.-:3 and the x—axis using n=81s 13.5 square units. Calculate the
exact area by using the formula for finding the area of semi-circle.
10. Setting #=10.5, use the trapezium rule to find the approximate area bounded by

the curve y=¢" from the line x =0to the line x =4.
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8.5 Real-Life Applications of Nonlinear Equations

In real life, many physical, biological, chemical, and technological problems lead to
approximate real solutions to nonlinear equations. In such situations, solving equations
by algebraic methods becomes complicated, and sometimes no exact formula exists.

Therefore, numerical methods provide a practical and systematic way to obtain
approximate solutions with desired accuracy.

For example, in chemical reactions, scientists need to determine equilibrium
concentrations of substances, which often leads to nonlinear equations. In biology and
medicine, the regulation of heart beats and nerve signals involves nonlinear
mathematical models. Similarly, in electronic circuits, components such as diodes and
transistors follow exponential laws, producing nonlinear equations that must be solved
numerically. In cryptography, nonlinear equations play an important role in designing
secure communication systems and encryption algorithms.

8.5.1 Chemical Reactions

In many chemical reactions, equilibrium concentration. or reaction rate leads to
nonlinear equations. These equations are ofteri ‘difficult to solve analytically, so
numerical methods are used to find approxintatewvalues.

Example 1 In a chemical reaction, the concentration x (in moles per liter) of a

product at equilibrium satisfies thelrclation  xe' =1.

Find the equilibrium concentration correct to two decimal places using Newton-
Raphson Method.

Solution: Define the Tunction: f(x)=xe" -1
Derivative: /(%) =¢" +xe" exists at every real number x.
- -f-(‘ru‘]
Newton-Raphson formula: x  =x ———
f(x,)
x.e" —1
X, =X, —— -
% e+ x et
J{0)==d

f()=ie' =1=1.718
So, root lies between 0 and 1
Initial guess:
Note that f(0.5)=0.5¢"" —1=—0.1756, which is closed to zero.

Also f 1s differentiable near x, =0.5 and hence continuous as well. Thus, we take

x, = 0.5 as the initial guess and Newton-Raphson Formula is applicable.
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First iteration:
j'(U.S) =0.5-" =1=—0.1757. 1(0.5)= e +0.5¢" =2.4730

X, =0.5—— =0.5711,  f(x)=/(0.5711)=0.5711-&"""" —1x0.0107

Second iteration:
"(x )= £(0.5711) =" +0.5711->"" = 2.7813
F(x)=r1(

0.0107
2.7813

—_— -

~ (.5673

x, =0.5711—

f(x,) = £(0.5673)=0.5673-¢"*" —1=1.0004 1 % 0.0004~ 0
That is,| f (0.5673)| ~ 0

x =~ 0.57 moles per liter

8.5.2 Regulation of Heartbeats

The human heartbeat is regulated by electrical signals that control the contraction and
relaxation of the heart muscles. The variattan,of these signals over time can often be
modeled by nonlinear equations.

Example 2 The clectrical activityhofthe heart is represented by a variable x, which
measures the signal strength of the heartbeat. At steady-state, the signal satisfies the
nonlinear equation:

F—¥=1=0

Find the real steady-state value of the heartbeat signal near x =1 using the Bisection
Method, correct to two decimal places.

Solution: Identify the function: f(x)=x"—x-1

Continuity: Note that, f (¢)= ]im(.r" —:q:—l). VeelR

— [ 1s continuous at every real number.

Interval of sign change:

F()=1=1-1=-1<0 f(2)=8-2-1=5>0
= [1.2] is an interval of sign change

= [ hasarootin[l, 2].
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Iterations Table: (Intermediate 4 decimal places)

Mathematics-12

Iteration a b _a+b f(;_-) New Interval
2

1 | (=) 2 (+) 1.5 (+) 0.875 [1*1_5]
2 | (—) 1.5 (+) 1.25 (=) —0.2969 [1:28,1:5]
3 1.25 () 1:5:{) 1.375 (+) 0.2246 [1,25‘.1,375'
4 1.25 (-) 1.375(H) | 1.3125 (=) | 0.0515 [1_3]2511_375'
5 1.3125 (=) | 1.375(+) | 1.3438 (+) 0.0828 [1.3125, 1.3438]
6 1.3125 (=) | 1.3438 (++) | 1.3282 (+) 0.0149 [1.3125, 1.3282]
7 1.3125 (=) | 1.3282(+) | 1.3204 (=) | —0.0183 [1.3204, 1.3282
8 1.3204 (=) | 1.3282(+) | 1.3243 (=) | —0.0018 Stop

Note that, |7(1.3243)(=|-0.0018<0.01

Final Answer: |[x = [.32] (correct to two decimal places)

Thus, the steady-state value of the heartbeat signal s approximately 1.32 units,
8.5.3 Electronic Circuits
Electronic components such as diodés and transistors often produce nonlinear voltage-
current relationships. In circuits,hé voltage or current at certain points may satisfy
nonlinear equations.
Example 3 Diode/AC Circuit
In a circuit, the voltage I across a component satisties the equation:
sin}) ' —0.5V" =0
Find a non-zerorgal value of V' correct to two decimal places using Regula-Falsi

method.

Note: J represents the voltage in volts.

Solution: Define Function: /(V')=sinV —0.5V
Select Interval: /(1)=sinl—0.5=0.3415>0

f(2)=smn2-1=-0.0907 <0
—[1, 2] is an interval of sign change.
Continuity: Note that, f(c) = lim (sin}’ ~0.5V") Vce[1,2].

= f1s continuous on the interval of sign change [1, 2].
— Regula-Falsi Method is applicable with the interval [1, 2].

Regula-Falsi Iterations: V=

af(b)-bf(a)

f(b)-f(a)

[
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Mathematics-12

Iterations Table: (4 decimal places)

| af(b)-bf(a) | New
leration | @ b T @ | TP | e
| l {+) 2(-) 1.7901 (+} 0.0510 [1.7901, 2]
2 1.7901 (+) 2(0) 1.8891 (+) 0.0052 | [1.8891.2]
3 1.8891 {+) 21(=) 1.8951 {+) 0.0003 Stop
Checking: | /(1.8951)| = 0.0003 < 0.01

V' =1.90 volts
8.5.4 Cryptography
Cryptographic algorithms sometimes involve high-degree nonlinear equations to
generate secure keys or pseudo-random numbers.
Example 4 Key Parameter
In a cryptosystem, a key parameter x satisfies the equation:

x —10x+5=0
Find a real value of x correct to two decimal places using the Régula-Falsi method.
Note: x represents a component of the encryption key; dlsiapproximate value is crucial

Final Answer: (two decimal places)

for secure key generation.

Solution: Define Function: [ (x)

¥ —1Qa+%

Select Interval: f(1)=1-10+5=-4<0\/(2)=32-20+5=17>0
Continuity: Note that, /{¢)= lin:] (A’ﬂ*—]“.l‘-F.S) \ E[], 2].

f1s continuous on the intervalof sign change [1, 2].
Regula-Falsi Iteration Fable: (4 decimal places)

af(b)=bf
Iteration W b X = /( ) f(ﬂ) f (IL;} New Interval
f(b)=1(a)

1 1.0 () 2.0 (+) 1.1905 (—) —4.5136 11.1905, 2]
2 1.1905 (=) | 2.0 (+) 1.3603 (-) —3.0453 [1.3603. 2]
3 1.3603 (—) 2.0 (+) | 4808 (—) —2.68R() [1.4808, 2]
4 1.4808 (—) 2.0 (+) 1.5523 () —1.5098 [1.5523, 2]
5 15523 () | 2.0(4) 1.5888 () _0.7641 [1.5888, 2]
6 |.3888 (—) 2.0 (+) | .6065 (—) —{).3645 [1.6065, 2]
7 |.6065 (—) 2.0 (+) |.6148 (—) —.1682 [1.6148. 2]
8 1.6148 (—) 2.0 (+) 6186 (—) —.0764 [1.6186. 2]
9 1.6186 (—) 2.0 (%) |.6203 (—) —0.0350 11.6203, 2]
10 1.6203 (—) 2.0 (+) 1.6581 (+) H0.9520 [1.6203, 1.6581]
|1 1.6203 (=) | 1.6581 (+) |.6216(-) —0.0031 Stop

Checking: | /(1.6216)| =0.0031<0.01

Final Answer:

x=1.62

[
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I~

Lad

¥ EXERCISE 84 _J

In a certain chemical reaction, the concentration of a substance at equilibrium 1s

governed by the relation x*+0.2x—0.04=0 , where x is the equilibrium
concentration (in moles per liter). Use bisection method to find the positive
equilibrium concentration of the substance accurate to two decimal places.

The flow rate of blood in an artery is modeled by the nonlinear equation

Q:j{P—%], where (O i1s the flow rate (mL/s), P = 100 mmHg 1s the blood

pressure, k = 0.05, and R = 10. Determine the possible real values of the flow rate
Q) accurate to two decimal places.

In a nonlinear LC circuit, the equilibrium charge ¢ on the capacitor satisfies

g’ —4¢+2=0. Find the equilibrium values of charge stored ot the capacitor
lying in the interval [0, 1] using Regula-Falsi method accurate to three decimal
places.

In a certain cryptographic system, the decodingispeed v (in units per second) is

-

=

W

related to the security delay function u'(t-)= ,where d(v) represents the

20+v
decoding delay in milliseconds, For secure transmission, the system requires a
decoding delay of 50 milliseconds. Use Newton—Raphson Method with mitial
guess v, =35 to determing’ the decoding speed v that satisfies d(v)=350,

correct to three deeunal places.
In a secure communication system, the phase shift # (in radians) of an encrypted
signal is modeled by the nonlinear function

£(8)=sind-0.5.
For proper synchronization of the encrypted signal, the phase shift must satisty
S/ Eﬂ'_} = (). Use the Newton—Raphson Method with initial guess &, = 0.5 to determine
the required phase shift @, correct to three decimal places.
In a nonlinear electric circuit, the voltage x (in volts) across a component 15
modeled by

f(x)==0.1x"+2x+1.

Use the Newton—Raphson Method with initial guess x, =15 to estimate the

operating voltage at which the circuit reaches equilibrium. The equilibrium
voltage is the voltage at which the net change in the circuit becomes zero, i.e., the
circuit reaches a stable operating point.
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