Inverse Trigonometric l

INTRODUCTION

In earlier classes, we studied trigonometric functions and their real-life applications.
Now, we extend that knowledge by exploring inverse trigonometric functions which
help us to find angles when function values are known. This 1s essential in solving
equations and modeling periodic behavior in calculus of inverse trigonometric
functions. In this unit, we will define inverse trigonometric functions. their domains
and ranges, examine their graphs within the given interval and understand their key
properties and uses.

9.1 Inverse Trigonometric Functions and théir Graph
We have studied about inverse of a function. We learned that'only a one-to-one and

onto function will have an inverse. If a function is not one-to-one, 1t may be possible
to restrict its domain to make it one-to-one so that its inverse can be found.

Let / be a bijective function from a set X to .‘1&&&?%@&3&1"&!‘% function of /, writtenas [ ,isa
bijective function from a set ¥ back to set X siich that
x= () Vel \& y=f(x), VxeX

Here domain of /' = range of / nd.range of f/~'= domain of £ This mean that /' reverses the
correspondence of fie.. TN
/) =x. when f(x) »:%"«:‘*M their composition gives:

(B )@= (f®)=F"()=x VxeX

and

{ o Y=£("0)=f) =y, YyeY

The equation sin 90° = | clearly shows that 90° is the angle whose sine is 1. Sometimes,
we know the value of sine, cosine or tangent, but not the angle itself. In such cases, we use
the inverse trigonometric functions to find the angle. For example, the inverse of sin 90° =
| can be written as 90° = sin '(1) or 90° = arcsin 1, and read it as 90° is equal to sine
inverse of 1 or arcsin of 1. Generally, the equation x = sin v gives value of x for a given
angle of v. To find the angle v when x is known. we use the inverse function, that is,
y=sin'x

This means y is an angle whose sine is x and the symbol sin”' x is read as sine inverse
of x or arcsine of x. In other words, y = sin"'x iff x = sin y. Similarly, we can write the
other equations as y = cos” x iff x = cos y and y = tan”'x iff x = tan y, etc.

We know that trigonometric functions sine, cosine and tangent are periodic, meaning
they repeat their values at regular intervals. Due to this periodicity, trigonometric
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functions are generally not bijective (i.e., they are not both one-to-one and onto over
their entire domain). As a result, their inverses do not naturally exist without
restrictions. However, by carefully restricting their domains and codomains, we can
make these functions bijective that allows us to define their inverses, known as inverse
trigonometric functions. Next, we discuss these functions one by one in details.

9.1.1 Inverse of Sine Function

Consider the function /: R — [—1, 1] define by /(x) = sin x. The graph of the function
1s shown in Figure 9.1.

L o LR e S R > y=1

Graph ul’}{,r} = sin x
Figure 9.1
Clearly the graph of sine function is not bijective because 1t toyehes the line y = | and
v = =1 at many points due to the domain of sine function which is the set of all real
numbers. However, if we restrict the domain of £() = sin x to the closed interval

T T S . : Y . T T
[——* 3}—} , then the function with restricteddomain 1.e., f :[—— -—} [ 1, 1]

2 2. 2

becomes one-one and onto (bijective) that is invertible and is called principal sine

function. Then the inverse sing funetion is defined by

p=sin"x iff x = sin y

where the domain of sin ¥ 1s [-1, 1] and range of sin”'x is ‘:—% %}
The graph of the function sin: "g" g] > [-—1, 1] is shown in Figure 9.2(a). and graph
b T T . .
of sin™ :[-1, 1] —}[—E, E} is shown in Figure 9.2(b).
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Graph of y = sin x from —5 03 Graph of y = sin ' x from -1 to |
Figure 9.2(a) Figure 9.2(b)
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'x is also obtain by reflecting the graph of principal sine function

The graph of sin”
v = sin x along the line y = x as a mirror image shown in Figure 9.3, Observe that the

graph of v = sin x 1s symmetric about the line y = x.

Figure 9.3

The sine function can be restricted to any one ofrthe.infinitely many intervals
I =« T T 3r 3n Sm g T i

- === = |, | =y —|. | —, — |01 generally | T ——, na+— |, ne s
2 2 2 2 2 2 2 \2 2 2

with range [—1, 1] and length of each nterval 7 where it is strictly increasing or

decreasing, to make the sine Munefion one-to-one. If

interval is not specified, them sin”' x is a function with
sin™ x # (sin x) ' or

T :-'1

domain |—1, 1] and range [-E‘ E

SN X

9.1.2 Inverse of Cosine Function
Consider the function /: R — [—1, 1] define by f(x) = cos x. The graph of the function
is shown in Figure 9.4.

v
Graph of f(x)=cosx
Figure 9.4
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Like the graph of sine function, the graph of cosine function is not bijective because
again 1t fails the horizontal line test. It touches the line v = 1 and y = —1 at multiple
points. However, if we carefully restrict the domain of /(x) = cos x to the closed interval

[0, 7], then the function with restricted domain i.e., /:[0, 7]—[-I, 1] becomes

one-one and onto that is invertible and is called principal cosine function. The inverse
cosine function is defined by

y=cos 'x iffx=cosy
The domain of cos™'x is [~1, 1] and range of cos™ x is [0, 7].
The graph of the function cos:|0, z|—|—1, 1] is shown in Figure 9.5(a) and graph of

cos™ :[—1, 1] [0, 7] is shown in Figure 9.5(b).
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Graph of y = cos x from 0 to.nx Graph of y = cos ' x from -1 to 1
Figure %8() | Figure 9.5(b)

The graph of cos 'xis also obtain by reflecting the graph of principal cosine function
vy = cos x along'the line y = x as a mirror image shown in Figure 9.6. Observe that the
graph of y = cos x 1s symmetric about the line y = x.

W -

{m,—1)

Figure 9.6
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Like, sine function. the cosine function with range [—1. 1] can be restricted to any one
of the infinitely many intervals [—2.?:'. —.?r] ; [—.-fT.. U] ; [0. .?I'] . [Jr. Zﬂ'] or gencrally

[mr, r;';-rr+;r]. neZ to make the cosine function one-to-
|

one. If no interval 1s specified, then cos™
with domain [~1, 1] and range [0, 7].

x 15 a function .
cos ' x #(cosx)”! or

COs X

9.1.3 Inverse of Tangent Function

Consider the function define by f(x) = tan x with domain is the set

-{.1‘|IER h:&'i{ﬂﬂ+l]i§~,ﬂ EE} and range is the set of all real numbers. The graph

of the tangent function 18 shown n Figure 9.7.

Graph of fix) = tan x

Figure 9.7
Clearly the graph'of tangent function is not bijective because the line y = 2 intersect the
graph at multiple points. However, if we restrict the domain of /(x) = tan x to the open

h

. T . . . . o . b o

interval (—;‘ ?]. then the function with restricted domain i.e. f :(_E' EJ_} R
L] i - L] - W L] W I';II- 'FI-

becomes one-one and onto that is invertible. This function with domain [-?. —{] and

range (—oc, oo)is called principal tangent function. The inverse tangent function is

defined by y = tan 'x iff x = tan y.

. e T T
x is (—oc, oo)and range of tan 'x is = F )

The domain of tan™'

The graph of the function tan : [u%._ %) —» R 1s shown in Figure 9.8(a) and graph of
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Graph of y = tan x from -% to % Graph of y=tan ' x
Figure 9.8(a) Figure 9.8(ky

The graph of tan'x is also obtain by reflecting the graph of principal tangent function
v = tan x along the line v = x as a mirror image shown in Figure 9.9. Observe that the
graph of y = tan x i1s symmetric about the line v = x.

. -

e = = = = s === = - =

Figure 9.9

Like sine and cosine functions, the domain of tangent function can be restricted to any

e . 3 =« T r 37 3t Sm
one of the infinitely many intervals L ey o e L e ey or

T T . .
generally (Hﬂ'"—g. niT +?J. n e Z withrange R to make the tangent function one-to-

d—

one. If no interval 1s specified then tan ' x 15 a function with

. T
domain (—oo, oo )and range (—5 3] . P e

tan .x
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Example 1 Find the principal value of

(i) sin™ [%J (ii) L:us"[—%} (iii) tan"[—%}

Solution:
- (] e ]
{I} Let sin E(—):}} {ii} Let ED5_1[—£]: V
2 2 '
We want to find the angle y, whose sme | w. ot to find the angle y, whose
1S L1 S \ﬁ
) cosine 1§ ——
| 2
—  sin y =—, where the principal 3 o
2 = ¢os y=——, where the principal
2
R R T T g e
value of sin 'x lies in [—E, ;] value of cos 'y liesin [0. ;r]
\,E Sr
As sin_\f=l=sin£ AS COS pISAS— = CoS—
6 2 6
—ty Y= £ = = S—E
a 6 f?
Thus, sin™' [J—):E— Thus. cos ' —£ S
2) 6 2 6
(o
(iii) Let tan™ L——J=_}‘
V3
1 o T T
Then, tan y :—ﬁ, where the principal value of tan 'x lies in Sy

I b1
As tany=——F7= lan(—g)

V3

T
— VY =——
= 6

Hence. tan™ ol &

ﬁ 6

9.14 Inverse of Cosecant Function
The graph of the function f(x) = csc x with domain {.r[.i: eRAx#nnr, J?Ez}and

range is the set R — (-1, 1) 1s shown in Figure 9.10.
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Graph of y=cscx from —2x toln

Figupahl()
Clearly from the graph it follows thatcosecant function is not bijective because the line

y=1and y =— | touches the graphlat many points. However, if we restrict the domain

. ' e T : . . . ,
of f(x) = csc x to the interval [-.?, ?] —101}. then the function with restricted domain

e £

e _ZalngR i — (=0, 1)U(L, «0) becomes one-one and onto that is
2 2

Pa—

invertible and is called principal cosecant function. The inverse cosecant function is
defined by

y=csc 'x iff x=cscy

The domain of csc 'x = R—{-1, 1) and range of csc " 'x =[—%.UJ u[{], %] .

The graph of the function csc :[—-%-D] '-,J[D, g] — (—o0, =1)(L =) is shown in

T

Figure 9.11(a) and graph of csc ' (=0, =1) (], o) [—%,{}J u({}. E] 1s shown

in Figure 9.11(b).
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FiY
?E Ll i
( ]‘_1] 2

Graph of y = cse x from -2x to2n Graph of y=c¢sc' x
Figure 9.11(a) Figure 9.11(h)

9.1.5 Inverse of Secant Function
The graph of the function f(x) = sec x with domain {x |xe Rax%(2n+ l)%, n EE}

and range R —(-=1, 1) 1s shown in Figure 9.12.

v

Gmphnl’_p=5ar_tfmm—%m%r

Figure 9.12
Clearly from the graph it follows that secant function is not bijective because the line

y=1and y=-I touches the graph at many points. However, if we restrict the domain

of f(x) = sec x to the interval [ﬂ. E]—{%} then the function with restricted domain

i.e. _,f':{ﬂ, g}u{% R}—}(—m, —I]LJ[L o) becomes one-one and onto (bijective)

that is invertible and is called principal secant function. The inverse secant function
i1s defined by

y=sec 'xifx=secy

[ 262 J
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The domain of sec™'x is R—(—1, 1) and range of sec™'x is[U. %)u(g,, .rr:‘.

—

The graph of the function 5&&:[{],%—)u(g, frJ—-ar(-—uu,-l]u[l, «) is shown in

i

Figure 9.13(a) and graph of sec :(—11, -l]u[], %) —}[ﬂ._ %Ju[g .?1':‘ 1s shown n

Figure 9.13(b).

My AY
(-1, ®)
1
(0, 1)

€ 1 -»

’ 5 n X

1= {m.—1)
v W
Graph of y=sec x from 0 ton Graph of y=sec' x
Figure 9.13(a) Figure 9.13(b)

9.1.6 Inverse of Cotangént Function

The graph of the function f{xt) = cot x with domain {x|x R Ax# nz, n e Z} and range

(—o0, o) is shown imFigure 9.14.

<

Graph of y=cot x from -2x to 2nx
Figure 9.14

Clearly from the graph it follows that cotangent function is not bijective because the line

=2 intersects the graph at many points. So, we restrict the domain of f(x) = cot x to the

[ 26y J
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interval ((}, .:lr), then the function with restricted domain i.e., f:(0, Jr)—}[—m, c::-)

becomes one-one and onto that is invertible and is called principal cotangent
function. The inverse cot x function is defined by

y=col 'xiff x=cot y
The domain of cot™'x is (—oo, o) and range of cot 'x is(0, 7).

The graph of the function cot :({], .s'r) —5 (—o, «0) is shown in Figure 15(a) and graph

of cot™ :(—, @) —(0, x) is shown in Figure 9.15(b).

4= >
X
v 5 v
Graph of y=cot x from 0 to « Graph of y=cot ' x
Figure 9.15(a) Fizure 9.15(h)

Example 2 Find value of:

(i) sec[tmf](—ﬁ)] (i) mt[cns"(—%}] (1i1) cs{ﬁin‘][gﬂ

Solution: (i) sec l:ta_u“ ( Nf )]

Let  tan™ (-\E) =y

First, we find the angle vy, whose tangent 1s -3

tan y = —J/3 , where ¥ E(—%. E]

2
T g
Now tan_v:—\/g:tan{——] — p=—=
3 3
So, tan”' (—3)=-Z
0, tan ( J_) -

Now. h't:L“[lal‘l_l (— 3)} = 5{;‘{:[—5] =2
3

Therefore sec [tan ] (—\,@ ]} -2

[ 264 J
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First, we find the angle /. whose cosine is

=3
I

cos y =——, where ye|0, 7]
(A
Now, cos y=——=cos| — | = y=—
3 I 2
So., cos '[—— = —
2 3

Now. cat[cus" [—

1

2

V3

Theretore cot [cns'l (

]

—

S0,

sin y =

Now., ¢sc [sin"‘ (g

Therefore. csc [sin"

V3

3

2

3] %

— , where ye
2

Mathematics-12

[_

|u|-‘~=1

3]

. N ( ﬂ') T
Now, siny=—=sIn| — | = y=—
2 3 3

The table below summarizes tlie domains and ranges of the principal trigonometric and

inverse trigonometric functions.

Function W Range Function Domain Range
sIn X \7 T T
[—E‘ E} _—], ]_ sin”! x [_I.n t] ‘:_E* E]
COS X [.[]!i ﬁ.-] :_11 ]: el [—l, !] [ﬂ, ,?I']
lan x T T T
cse X 5 - B
: U[U.— {—-‘ri—l]u[L @) | cse™ x [—3"-1—|]'-'[|~ ) _JE~ “]"—-‘[”* IE
SEC X - - " : \
_u, %] u[% ;r_ (=0, —1]U[L, )| | sec™ x  [(—oe, =1]U[1, =) _{L %J U[ %-H
coLx (0, ) (—o0, ) cot ™! x (0, ) (0, )
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Example 3 Find the domain of the following functions

] (iii) A(x)=sec” (Inx)

5

X =5

(i) f(x)=cos"'Bx-1) (i) g(x)=sin" [
Solution: (i) The inverse cosine function, f{x) = cos 'x is defined for all x such that
—l<=x< 1.

Thus, the domain of /(x) = cos '(3x —1) is defined for all x that satisfy

.
—] €£3x=1=<] =5 =3 = ﬂ*_irié — .I'E[[},§:|

Hence, the domain of /(x) = cos '(3x—1) is [[L %} such that =1 <=x<1.

(i) The inverse sine function. f{x) = sin™"

x° =5

x is defined for all x in the interval [—1, 1].

Thus, the domain of g(x)=sin" ( Jis defined for all x that sausly

o 4"£1 = A4=2x-5<54 =2 1449
= =1 and <9
= x=1or x<—1| and (x<=9)(wH3) <0

= xe(—oo, —1|U[l, ) and Axel-3, 3]

The intersection of two result gives [=3, —1]U[1,3] = xe[-3,-1]U[L 3]

Thus, the domain of £ (3% % 8in" { "':5 ] is [-3, —1] UL, 3]

(iii) The inverse secant function / (x) = sec 'x is defined for all x in the interval
(—x. —l]u[l, b) .
Thus, the domain of i(x)=sec ' (Inx)is defined for all x that satisty

| ]
= Inx=lor lnx<—-1 =2 x>2e or x<e = x=e or x=—

e
= Xe [—II.-, l}u[e, c:s-:-)

e

Hence, the domain of A(x)=sec™ (Inx)is {—-f..', l]u[e. ©)
| e

Example 4 Prove that:
(i) csc'x=sin" -]- x e (—n, Hl]u[l, W)
X

= I ]
(11) sec"'.1:_—.12115'1—,_1'E(—fr;:,-1]u[], 0)  (iii) cot” x=tan™' —, x&(0, )
X X

[ 269 J
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Proof: (ii) Letsec 'x=ythenx=secy

I
= COSy=—

Hence,

I

Solution:
Proof: (i) Letcsc 'x=ythenx =cscy
: |
— Siny=—
>
]
=> y=smn |-—
\ X
I I i I
Hence, CSC X=8In —]
A
Proof: (iii) Letcot 'x=ythenx=coty
I
= tany=— = ¥
-r't

| 41071
Hence, cot™' x =tan ’(—
X

Example § Prove that

e =1
SIn X+COSs "X

(1)

| | .JE. . . .

(111) tan x+cot

Solution: (i) Letsin 'x

= tan [....

X

: 72 \ T .
= x=siny= cos| =X\ V0S| ——a |=sina
! Jb aaf T
= = cusL-—- X = €08 x=|——y
2 2
_ T N ‘.. T
=  cos x+y= - = ¢cos 'x+sin 'x= =
: T
Hence, sin 'x + cos 'x = =
Similarly, we can prove (ii) and (iii)
| 57 425
Example 6 Show that cos — =cs¢ —
25 24
g 7 P
Solution: Let cos  — =@ — cosa=— . ae|0.—|and
25 s 2
. 7 625—49 _ 1
sima==x,/1—-| — | =% 5!Ht1'=i'\fl—'f:ﬂ$'lfl']
25 625 u

267)
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_ [ _ 2
625 25
24 ﬂ.}
— SIN@ = — v oae|l, —
25 2
25 | 25
— CSC@=— = a= CSC ' —
24 24
ThUH., {:[}IS_I l = u[-.;[:_l &
25 24
Example 7: Without using calculator find the value of sin[l tan g} .
: 4 4
Solution: Let tan 5 - = tan ¢ = ~

Here, x= 3, y=4
= r=axt 4+ = 37444 =J25=5
: 3 4
So, sing=—and cosa=—
5

Using half angle identity

. | —cosa
sin— = =

2 2
I 4 I
Thus, sin| —tan™ _]:_
(2 3) /s

" EXERCISE 9.1 _J)

I.  Find the principal value of the following:

(V3) o | E
— (n) cos [ T]

(1) sin-

(iii) ran-‘(—ﬁ]
LY 2 P
1_1ria

(v) sec ey (v) esc (- 2) (vi) Sin'l[um(%rﬂ

(vii) tan” cm[%” (_yiiilscc"[Ems{%ﬂ (1x) csc ‘{\Ems%)

(D) |
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(x) tan” [3:05{3{:{15"[ [%]I

d (xi) csc“[%““ﬂ{tﬂ“_1 [%)H

2. Find the domain of the following:

(i)  f(x)=sin"'(5x=3) (ii) g(x)=cos ' vx—3

(i) h(x)= csc' (x° =3) (iv) k(x)=sin"'(Inx)

(v) plx)= tan~' /4 —x’ (vi) q{x]:sec"[.r+2)

(vii) w(x)=sec” ( 31: l ] (viii) v(x) =sin” (Inx)+ csc™ [E‘ )

3. Show that:

: a8 a1 ;s 3 -y
(i) cos” —=sin Rl (ii) csc ' = =cos ™ =
17 17 + 5
43 24 . oo i ”
(iii) 2tan” —=tan" — (iv) 2sin ll=5ru1 1336
4 7 25 625
4.  Without using calculator find the value of the following:
; ] 5 G (Y o i 7 B 24
(1) cos —cnt"—] (1) sec| —sin '—j (111) tan(—cnt']—]
2 12 \ 2 29 2 7
/ = s ). /-
(1v) tan L.s.in" J; (v) cot -1—5-39':" “J{_] (V) ggc(lmr‘iJ
2 . \: 3 2 3
9.2 Sum and Differen¢e\Formulas for Inverse Trigonometric
Functions

In this section, we willk derive the addition and subtraction formulas for inverse
trigonometric functiens: These identities can be derived by applying the fundamental
trigonometric identitics along with algebraic manipulation. These identities are valid
only within the principal value of the respective mverse trigonometric functions. We
will now establish the sum and difference formulas for the inverse sine, cosine and
tangent functions that are given below.

= =
(i) sin”' x+sin”' y=sin"’ (,1-4[__-..1- + yl1=x
)
i i . B = .
(i1) sin”' x=sin”' y =sin '(.1'1;'1—}’1 —yyl=x
' : J

sin(a = ) = sina cos ) £ cos a sin
cos{a = i) = cos a cos f + sin & sin

tan ¢ * tan
| xtan g tan £

e w . 2l e . ¥ "|
(111) cos  x+cos l}’ZCﬂS '(.tj-‘-\f{l-.r"}{l—y')

tan(ex £ ) =

. el 1f b g, 2 3
(1IV) cos x—cCos '_1-'2:::::5 '(.13=+J{l-x"}{l—_v') ~ /
/

. ; 4 x+y » . . A x=y
(v) tan”' x+tan~ y=tan”’ ' (vi) tan'x—tan' y=tan" :
l—xy |+ xy

[ 269 J
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To prove (i), we proceed as follow:

e | - ok &
Letsin'x=a = sing=xandsin'y=f = sinfi=y

Now cos e =ix/l—:-:in3 o = i\{'i

: Tz
Since a, fi E[—:. ?]. s0 cosa.cos ff =0

dm =

cosa=vIl—x"

Similarly, cos f=+/1-y°

Now sin(a+ fi)=smacos i +cosasin ff

sinf@+ B)=xl1—-y" +yl-x> = a+f=sin" (u/ﬁ + 1ﬁ)
Thus, sin™" x+sin™' y=sin" (r\[l——1+vﬁ]

Similarly, we can prove (11), (i11) and (iv).
Next, we proceed to prove formula (v) as follows:
Let tan 'x=a@ = tana=xand tan ' y=0 ) tanf=y

Now tifi(d+.8)= tana +tan f

| —tan o tan

X+ y L X+
tan{cx + f§) = — = " a+f=tan —=
] — Xy | — Xy
y y \ ¥+ y
Thus, tan™ x+tan™ g3'tdn™ ——
1—xy
Further by putting y=x in (v), we get
2 : G X+x . a2
tan~ x+tan"' x=tan"' =  2tan' x=tan" ,
| —xx | —x°

Similarly, we can prove (vi).
In a similar way, the following results can be derived from (1) and (i1)

2sin” x=sin"’ (E.N —x* ) and 2cos ' x=cos ' (Zf - l)

| 1

Example 8 Prove that cos™ x=sin" y1—x"

Solution: Let @ =cos ' x . then cosa =x

& | b |
Now sin e =\fl —CO8 @ =+1—x"

= @ =sin" (\/I—T) ( cos ' x=sin" (\f:))
[ 27)
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Example 9 Prove that sin '[153]+51n (12) z

5 12
Solution: Let x=— and v =
13 13

Using the identity sin~' x +sin~' = sin ][,lw.“—l +yV1=x° ) we have
ST SN [ S F:T 12 [5T
s —+sm —=sm | —, (1—-| —| +—, /1| —
13 13 13 i 13 13
- f 5 144 { J
=sin | —
13 Iﬁq
£ ’ 12 [5 o ]2 IE]
= Sin =sin_ -
13 169 13 .]3 13 13
l
l

._.fzﬂ 144] | 4£
= 51n . = 51n € >
169 169

Therefore, sin” (i]+5i|1 : (EJ . L
13 13 Z

Example 10 Prove that tan~ (iJ— tan”' [ I_'FJ =X,
R x+y) 4

Solution: L.H.S = tan " [l} —tan”’ [I — ]
¥ x+y

(x x—y (¥ +xp—yx+y’ )
41 v ox+y i v(x+ v
=tan™ | — -~ |=tan™ '[ﬂ, '1]
X x—y ; & L33
o X, %) ¥+ X"+
\ ¥y Xty ). \ __1_;1:_1;'4—‘1,:] P
Sf B +xy—ap+ 7 ety pf
= tan —————— |=tan =
OF Y +X+ ) x° 4y
s

=tan (1) =4 =R.H.S

| x A x=v\ =«
Thus, tan™'| = |—tan™ Lo [ =i
¥ X+ y 4

[ @7y
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- 2
Example 11 Solve the equation lan_'(l—])+tan_' [i)=£.
x+1 x+1) 4
Solution: Given that tan™ [E]+tan" {i):i
x+1 x+1 4
f I—I_l_ 2x ) ( 3x—] i
ot X EL el | % tap x+1 =5
— an T 5 ; = an _?ﬁ_{";” y
. x+1 x+1) s (x+1) )
( Sp=i | |
tan™ x+1 ML Sl N {:TH] — tan 2
- +4x+1 4 (x+1) (—x" +4x%1) 4
L (x+1)

P

N R CL (.

(x+1) (=x*+4x+1)

— I +2x=l==x"+ANI* = 2¢2-x-1=0

=5 (x=D2x+1)=Q/ = x-1=0or 2x+1=0
|

= x=]l el x=——

1 . .
Here, x= S does not satisfy the equation.

Thus, x = 1 1s the only solution.

P EXERCISE 9.2 _J

Prove the following:

e S Y Y L5 .33
l. siIn —+sin —=co§ — 2. €OS —=—C0§ —=C0§ —
2D ¥ 425 2D 13 325
. 43 ...43 . o8 & il i3 B3
3. tan'=+tan ' ——tan  —=— 4. sin” —=sin"' ==sin" =
5 19 4 13 5 65
: 4 2 . .
5. 51n'—-+cns'l—=sm'~f£ 6. sm'1?~~~1-2t£u1z'lr--'.:aats..lg;—f1
5 13 b5 5 4 85
7. ﬁin"L—rsin l+am‘L—£ 8. tau"—+2tau"i:£
J2 J5 Jio 2 7 3 4

[ @72 J
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10.

12.

14,

15

16.

18.

19.

20.

a0 7
tan T—ldﬂ E+[dﬂ g—lﬂﬁ

sec’ [Iﬂ]‘l_l i]+ cse’ (cm" %] _587 11. tan’ (Sec" 3}+-::[::-t2 (Csc" 4) =23

Ztan"lx=sin_[[ 21, ] -1<x<] 13. tan(sin™ x) = —— =, —l<x<l
|+ x~ Ill—."['_
Ztan".rzccrs"[:_x;] 14. cos(sin' x)=+1—x’

+x°

tan” x+cot” (x+1)=tan"' (x* +x+1)

2 tan ‘(tangtang):cns'l(CDSH+CD5¢) 7 E‘:Ul_l[ SRR ]=£—£

2 | +cos@cosg l-sinx/ 4 2
If tan ' x+tan ' y+tan ' z=r, then show that x+ y+z =%z
: o 2x—1 2x+1\
Find the value of x if, tan l( )+ tan '[ ]=—-
3x—1 3x¥ + 4
5l 2 ) ] o 3 3 2 V + ¢
If sin™ pﬂ +cos” qﬂ = tan '—'J,shuw that y= Ve

1+ p° l+g 1% 1= pg

273)




