Vector-valued functions return vectors with both
magnitude and direction to model multidimensional
quantities such as position, velocity, or force in 2D or
3D, unlike scalar functions which give a single value.
Their derivative provides the instantaneous rate of
change, yielding the velocity vector essential for
analyzing motion, with applications in engineering,
computer graphics, and physics, from robotic arms to | _
planetary orbits. This chapter covers definitions.

Vector Valued Functions“

INTRODUCTION

and Their Derivatives

component forms, operations, and differentiation RMeure 11.1
techniques for analyzing curves and solving real-

world problems involving velocity and acceleration.

For example, a particle moving along a path in 2Dnight have its position at time t

given by:

r(t)= ti +t° . This means at time ¢, the particlé is at the point (r,rz ] (Figure 11.1).

A real-world example of a vector-valued function in three-dimensional space 1s the
position of a satellite orbiting Earth. Suppose the vector-valued function describes a

satellite's position at time.t (in_hours): r(r)=(4000cos/)i +(4000sin?),+ 3000¢k

Here, the component§ represent
the satellite's coordinates in space:
x=4000coss , »=4000sint/,

and z =3000r (in kilometers). The
x- and y-components model the
circular orbit
xy-plane with a radius of 4000 km,
while the z-component indicates a
linear ascent along the z-axis at a
rate of 3000 km per hour. This
function maps time to a position
vector, describing the satellite's
trajectory through space, which 1s
essential [
communication
engineering (Figure 11.2).
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11.1 Scalar And Vector-Valued Functions Of A Single Variable

11.1.1 Scalar Function

A scalar function 1s a function that assigns a single real number (a scalar) to each
point in its domain. Think of it as a rule that assigns one value to a position in space,
like measuring temperature at a specific point.

Mathematically, if to each value of a scalar variable 7 in the domain of a function f(¢),
there corresponds a unique scalar /', then fis called a scalar function of 7. A real-valued

function 1s commonly called a scalar function. For example, _f(r)=3r+2cﬂsf 1S a

scalar function.
11.1.2 Vector-Valued Function (Vector Function)
A vector-valued function in a single variable is a function that takes one variable as

imput and returns a vector as output. Each component of the output vector 1s itself a
scalar function of the input. Typically. a vector-valued function is written as:

r(0)={f(t).g(t).h(t))=f(t)i+g(t)j*n(t )k
Where i .j,ﬁ:: are the unit vectors associated- with the rectangular coordinates

Sf(t),g(t) ,and h(r) are scalar functions'of}s, are the components of the vector-
valued function r(7).

11.1.3 Constructing A Yector-Valued Function

Step=1: Determine the Components: Identify how each coordinate changes with
respect to 1.

Step-2: Combine into Vector Form:

Express the components as a single vector using either component notation

r(6)=(/(¢).g(¢). k(1)) or unit vectors r(r)= f(r)i+g(t)j+h()k .
Step-3: Specify the Domain: Define the range of ¢ where the function is valid (e.g..
f =0 ) for time-dependent motion. e

.Hlu].'
Example 1: Projectile Motion 12
When a ball 1s thrown at an angle, its 10 (s ?/:5 23
position over time follows a parabolic 5 T 298
: ; A S

path under the influence of gravity. If the 6
initial velocity is v, at an angle € , the i #05s ‘x‘.

/ 405
position vector is: 1/ "\ :

€ 10 15 20 25 30 35 40 45

Fienre 11.3
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; , b s
r(7)=(v. cosO)ti +[[1; sin H)r—agr ],,-'
Where, (v, cos 8 )t =x-component (horizontal motion at constant speed) and

. I . . . . .
( Vv, SIn H)r ~9 gt’ = y-component (vertical motion with gravity deceleration).

This model simulates the trajectories of objects like soccer balls, arrows, or rockets
in 2D.

Example 2: Flight Path of a
Drone

A drone taking off and moving in a
helical search pattern can be
modeled as:

r(t)=5costi +5sint + 0.5tk

Where x- and y-components
represent the circular motion with a
S5-meter radius, and the z—
component represents the steady
ascent at 0.5 meters per second.
This describes real-world
applications  like  surveillance, 1.-.',_.“.-'1.11,1
search missions, or aerial photography.

11.2 Domain'and Range of a Vector-Valued Function

The domain of a vector—valued function r(r)= f(1)i + g (¢)j+h(t)k is the set of all
real numbers 7 for which every component function f(r).g(z) . and /(z)is defined.

11.2.1 Steps to Find the Domain of a Vector-Valued Function
Step-1: Determine the domain of each component separately.
Step-2: Find the intersection of the domains of each component f(f).g(¢) , and

h(t). The domain of r(#) is the intersection of the domains of f(7),g(7) .and k(1)

The range of a vector-valued function is the set of all possible output vectors r (1) as ¢

varies over the domain.
Example 1 Find the domain and range of the vector-valued function

r(t)=\a—1 +— ] .

=

[ 28y J




Lnit-11 Vector Valued Functions and Their Derivatives Mathematics-12

Solution: Step 1: The domain of r(r)= ¢4~!Ef+%j is the set of all ¢ for which
-l'_

both components are defined.
For the first component y4—¢> , the square root requires 4—¢* >0 .
=S <4=-2<1<2 =re[-2,2].

1 1
For the second component Ik the denominator cannot be zero.
.f _—

je. t—1z2z0=r=1

Hence, the final domain: 7 €| -2,1)u(1,2].
The range is the set of all possible output vectors r(¢)= {.r(f)hp['f ])

For 4—¢°, range is [{].dl. Thus, the range of x(z7) is [[}, 2] ,and-y () can be any

+ l
real number except 0 (since — never equals zero).
lI‘_

Finally, range: [{x, y}|{} <x<2,yERy+#0,x# \@}
11.3 Identifying Scalar and Veefor-Valued Functions

Understanding the distinction between s¢alar-and vector-valued functions 1s crucial
for advanced studies in calculus, physics, and engineering. These functions are
fundamental in describing quantities that vary with respect to one or more variables,
such as time or position.

11.3.1 Key Identificition Criteria
Scalar Function
(1) Scalar-valued functions produce a single numerical value (e.g.. a real number).

(ii) Scalar-valued functions are typically denoted by lowercase letters (e.g., f(x)).

(111) Scalar-valued functions describe quantities like temperature or potential energy.

-

Example 2 In a heat transfer problem, the temperature 7'(x, v,z)=100—x" —y* —z°
describes the temperature at a point (x, y,z) in a three-dimensional space.

|dentification: The function takes a position (x,_v,z] and outputs a single number

T (temperature in degrees), making it scalar-valued.

Engineers use such functions to model heat distribution 1n materials, such as in
designing cooling systems for electronic devices.

Vector-valued function:

[ 28) J
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(i) Vector-valued functions produce a vector, often written as an ordered tuple or in
terms of component functions (e.g., f(7)= (f[ (1). 1, (r]> (2D) or

g(") = <g1(F],g3(i’),g3 ("]'} (3D)).

(n) Vector-valued functions are often denoted by boldface letters or with an arrow

(e.g., f(r) or f(f))
(111) Vector-valued functions describe quantities such as position, velocity, and force.

Example 3 Consider the function r(r)=({cos(r).sin(¢),r) . Here, the input is a

single scalar variable 7 (often representing time), and the output is a 3-dimensional

vector. For instance. if r:£ then r(i]: GGE[E],Siﬂ[EJ,i :<ﬂ,l,£ . The
2 2 2 - INA 2

output 1s a vector, indicating a point in 3D space. This function traces out a helix.

¥ EXERCISE 1.1 g

Give two real-life examples where vector-valued functions are necessary.

Construct a vector function for a particle moving 1n a circle.

Write a vector function fora car moving along a parabolic path.
Create a 3D vector function for a drone flying upward 1n a spiral.
Given x(f) = ™+ I v(1) = Ji . construct r(/).

6. Given ,ﬁ:(r}:ﬁ,y(:):ln Jr.z(t)=sec™ (¢) , construct r(r).

7. Find the domain and range of the following vector-valued functions.

- s ol e

;..

(i) r(r)=+ii +Ing (ii) r(t)=cos(t)i +sin(z)/
(iii) r(!)=ff+r:_}+e’£' (iv) r{'r)=sin(r]f+cns(r)1f+rﬁ§

8.  Determine which of the following functions are scalar functions or vector-
valued functions. Give appropriate reasoning to support the answer.

@ f()=(37-3) (i) h(r)=(r.¢" InVr)

(iii) g(r)=tan(r)+csc(z) (iv) j(r)=< i l >

G i e

[ () J
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11.4 Derivative Of A Vector-Valued Function

A vector-valued function of a single variable 1s a function that maps a scalar (usually
time ) to a vector in R". For a function in three-dimensional space, it is typically

written as:

-y -y
¥
B

r() =L ()L () L O)= AN+ £ )7+ 1 (0 R
Where 7, j,#': are the unit vectors associated with the rectangular coordinates and
fi(t),£,(¢) ,and f,(¢) are scalar functions of £, are the components of the vector-
valued function r(7).

The derivative of a vector-valued function r(7) with respect to ¢ is defined as:

r(r+Ar)—r(¢
—d—rzr'(.f)zlim ( )=r (1)
ct e At
If the limit exists, then r'(r) is computed by differentiating €ach-component:

(1) =(£(0), £ (1), £42))
= f() i+ R+ £ (0)k

Example 4 Find the first derivative.of «(r) =% +sin# + e’k with respect to

Solution: Differentiating each component separately, we have,

diay_ o dad s dyn_
E(r ]-21, £ (sin7) = cost, = [e ]—.es-
:>r'(f):2r?+cns§+e’£

Example 5 Find the first derivative of r(#)=sec i +tantj —costk at f-—% :

Solution: Differentiating each component separately and finding the value at 7 = % :

we have,
—(sect)zsﬂcr.tanrz::d(sem) :sec(i)tan(EJzﬁ.lzﬁ
dr | = 4 4
4
d(tant)

d 3
—(tﬂn.-!):sec‘f:;
dt

=

{7-.

[ @) J
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i[‘{:ns-’) =sinf = d(_mﬂ)‘ = sin(%) =L

dt dt

,,
1l
e | 7y

T - n 1 o~
=P | — =\Ef+2'+—ﬁ:
(4] T

P EXERCISE 11.2 _J

1. Find the first-order derivatives of the following vector-valued functions with
respect to ¢.
(i) r(7)= (rl + 1]?+{r1 +t° +3z),f

(o1

(ii) r(f}=(fsinr—cns.’]f+(cut(r)+lnr)j+(In(]Hl))k

2 i 3

(11) r(s i + -

S e v

2. Find the first-order derivatives of the following vector-valued functions with
respect to 7 at the specitied values of 1.

. Iffj'i‘l . i\ A __.i?r
(i) r(r)= )r+[xﬁe );at r—E

\ sin f

(11) r(:}= ru}r+2)f+1n(r+v'.fl+l)_}:atI:U

g Si“;("‘)_;ﬁ/mk" at 1 =0

(il)) r(7)=arctan(7)i +
(iv) r(f):re"“f+cns(3:)}+In{1+r:]ﬁ:atf:ﬂ

{

11.5 Velocity and Acceleration
If r is the position vector of a particle moving along a smooth curve in space, then

—r(¢) represent the velocity vector of the particle, which is tangent to the curve, i.c.

dt
d ¢ s . ; ; .
Fr[f) =v(t) , and the derivative of the velocity vector with respect to time ¢ is the
[
: : . d d’
acceleration of the particle, denoted by a i.e. = v(t)=a(r)= Fr(r] .
1 !

Example 6 Vibrating conveyor belt in a factory sorting system
A small metal part moves on a conveyor belt in a factory. The belt transports the part
eastward (x-direction) while simultaneously vibrating sideways (north-south, y-

[ @92 J
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direction) to help sort items into bins. The position of the part at time t seconds 1s
g oy A ar e g : T :

given by r(z)=>3t"i+2siny in meters. At a specific moment, r=— an engineer

needs to analyze the part's motion to ensure it enters the correct bin. Hence, find the

: s i
following quantities at 7 =—.

(a) wvelocity (b) acceleration (c) speed (d) direction of motion.
Solution:
(a) Velocity: The velocity vector is the first derivative of the position function.

v(t)=r'(r)=6ti +2cosy , at :=izr. is, v[%—)=6[-§]f+2ms(-{;~)l}=3ﬁ+{}}

At this instant, the part 1s moving purely eastward with no north—south velocity.
(b) Acceleration: The acceleration vector is the derivative of the velocity vector.
- : - b/ i - i 14 ': g o
a(t)=v'(r)=6i —2sing , at 1 =— is, a[—)= 6i —Zﬂlﬂ[—jj =6i—2]
2 2 2
The part is accelerating eastward at 6 m/sec” and southward at 2 m/sec’. Even though

its north-south velocity is momentarily zero, it is/starting to move southward.
(¢) Speed: The speed is the magnitude of the velocity vector.

‘v(r]l= J361% +4cos’t . at ¢t z% ,

(2] (62) +[2eolE)) - Vorrrro-3s

The part 1s moving along its path at about 9.42 meters per second.
(d) Direction of Motion: The direction 1s given by the unit tangent vector,
o)=Y .[EJ_amn_; A

|V(I)l,ﬂt.f=—15, v = i =i+0/

The direction of motion is due east (positive x-direction). The part has momentarily
stopped its north-south oscillation and is moving purely horizontally along the belt.
Example 7 Drone inspecting a cylindrical water tower

A drone is programmed to fly in a helical (spiral) path around a large cylindrical
water tower to inspect its outer surface for cracks or rust. The drone maintains a
constant horizontal distance of 2 meters from the tower's center while climbing
upward at a steady rate. The drone's position in 3D space at time ¢ seconds is given

by: r(r)= 2costi +2sing + 3tk

Here:

[ 293 J
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« x(7)=2cos’: east-west position (amplitude 2 m)

» v(7)=2cost: north-south position (amplitude 2 m)

« z(t)=3¢: Vertical height (climbs 3 m/s)
At a specific moment ¢ =z seconds, the drone operator needs to analyze its motion to
ensure smooth inspection. Find the following quantities at 7=z (a) velocity. (b)

acceleration, (c) speed, and (d) direction of motion at t =7 .
Solution:

(a) Velocity: Compute the first derivatives of each component.
v(t)=r'(1)==2sinti + 2cost] + 3k
at t=m , v(x)==2sin(z)i+2cos(x)j+ 3k =0i—2]+3k

At this mnstant, the drone has no cast—west motion, 1s moving southward at 2 m/s,
and is climbing at 3 m/s.
(b) Acceleration: Compute the second derivative.

a(r)=v'(1)=—2costi —2singj + 0k
at t=x a(z)=-2cos(z)i—2sin (7 )% 0k'=2i + 0] +0k

The drone is accelerating eastward at 2'm/s?. This centripetal acceleration points
toward the center of the ciretilar path (the tower's axis), keeping the drone in its
circular horizontal trajectory.

(¢) Speed: Calculate the magnitude of the velocity.

|v(f]| = Vdcost r+4sin’1+9 =13
v(7)|= V13 = 3.6056 m/sec

The drone's speed is constant at about 3.61 m/s throughout its helical climb, ideal
for capturing stable inspection footage.
(d) Direction of Motion: The unit tangent vector is,

at t=x ,

P (1) = V(1) B —25i[].-'f+2l:{35{,}+3£
‘v[r)‘ J13

— i(ﬁr)=ﬂf—2i+3k

B T R

NE Viz® i3

The drone 1s moving in the south-up vertical plane. The direction has no east-west
component.

[ 299 J
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¥ EXERCISE 11.3_4

In the following exercises (Questions 1-5), each problem involves a vector-valued
function representing the particle's position in the xy-plane or in 3D space. Find the
velocity, acceleration, speed, and direction of motion at a specified value of «

Interpret the results by describing the particle's motion at that instant, including how
fast and in what direction 1t 1s moving, whether it 1s speeding up or slowing down,
and how its path 1s curving.

l.

T

r(t)=2sint +34 at b 2. =¢'i+ejatt=0

Pivt+k at t=2

r(r)
r{:):cnsrf+5in{f+2rﬁ? atr=m 4. r(t)
r(t)=e'sinti +(¢' 2t )] +arctan (2t )}k at r=0
A cannonball is fired from the ground at an angle 30" with an initial velocity
of 100 m/s. Assuming gravity acts downward ( g=9.8 m/s?) and neglecting air
resistance.
(a) Formulate the position vector r(:} of the cannonball as a function of time.

(b) Find the velocity vector at¢ = 3 sec.

(¢) Determine the time of the flight (when the cannonball hits the ground).

A comet orbits the Suntin an elliptical path such that its position (in AU) at
time t (in years) is described by, x =2cosf, y =sin/.

(a) Write the position vector r(7)

(b) Find the velocity and speed at 1 =i;-

(¢) Show that the acceleration vector always points toward the origin.
A robotic arm moves such that: Its x-position increases linearly at 2 m/s, Its y-
position follows y(r)=1¢". Its z-position is given by z(7)=1-¢".

(a) Construct the position vector r(r)

(b) Find the velocity vector at r=1 sec
(¢) Compute the acceleration at /=7 sec
A particle moves along a circular path, described by the position vector

r(:'):Rcﬂsmff+R5in otj . Prove that its velocity is perpendicular to its

position vector.

@99 J
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10. A Ferris wheel of radius 20 m rotates with an angular speed of 0.2 rad/sec.
(a) Construct its position vector r(z)

(b) Find the passenger's velocity at r=10sec

(¢c) Show that the acceleration is centripetal (toward the center)
11. A quarterback throws a football with a position vector

r(t)=201 +(201-4.9¢*) ]

(a) Find the time of flight before it hits the ground.
(b) What is the maximum height reached?
(c) At which time did football reach its maximum height?

[ %
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Answers

Answers to Exercise 1.1

1.
(i) y=3x+I)x-1) (i) y==2x-Nx-2) (iii) y=2x—-1)2x+1)
Ho15.05
X
T
ol
\ -
*
-d
v
(iv) p=2+x-3 (V)  fx)=x"+2x+J Q
: ¥ W
X
]

2, (i) y=—x-Dx+2) (i) _1-"—{-'-‘—3}:

J. y=x+1)x+2) 4, y=-2x+1)
v 5, y=2x*'-2

. i 2x—3 i

1. Algebraic Functions:; g(x) = )= Ax +2x, AXY=(x—=1Y
¥+ |
2. Transcendental Functions: g(x) = cot x, Alx) =™ + i +2x, kx) = X
=

3. Fundamental Transcendental Functions: g{x) = sin x, hl{x) = e nx)=15
4. Non-Fundamental Transcendental Function: k(x) = cos 1~
5. Domf= ] -0, oof, Range /= |0, =o[. Graph 15 |6. Dom f = | —oo, =], Range [/ = ]0, oo[.

given in the following figure. Graph is given in the following figure.

[ 297 J




R s, \1athematics 12

ﬂx]==3' -""'j' 1 x
My 6 ﬂ-ﬂ=[—J
¢ 3
4
4
2 | I 0, 1) 1
0, 1) of 2 4 &
>
-4 4 -2 0| 2 x

Exercise 1.3

. (i) x)=4"+2 (iv)
(iii) D, =R == R, =D, =]-w.

(111) Graphs of f{x) = log(x — 2) and

S (x)= 4" + 2 are drawn in the figure. g()=4"+2
Note that: < T

(a) any horizontal line crosses the curve of
[ only once. Which indicates that f is
one to one

(b) both functions are symmetric about the
line y=ux.

(i11)  Graphs of f{x) = sin~! (x) andj"l{,t'}_E- sin (x) are drawn

2. () D, =R _ =[-LI1LR =D =[_

r--r|=-t
pa | &

in the figure, which clearly fndicates that:

(a) any horizontal line crosses the curve of fonly once.
Which indicatesthat’/'is one to one.
(b) both functions dre symmetric about the line vy = x.

3. The graph of /~™s given in the figure.

4. (i) v=2x (ii) y=x-3
(iii) y=2x-3

2x+45

L

-1‘_
Ix+2

[

6. y=Invyx-1+3

2 Yix+S5

— |

[ 298) J
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8. Comparison: From the figure, 1t 1s clear
that the graph of g(x) 1s obtamned from f(x)
by shifting 1t 2 units to the right and | unit
upward. Therefore, both graphs are identical
in shape but differ in their position on the

coordinate plane.
Yy

4
3
2

gx)=3" "+ 1|

Ay =3
M3 s =2l O T 3

10. Graph of g(x) =%|11-—?|—3 1s given in the |

figure.

9. Transformed function: g(x) = 4In(3x - 6) +1
CGraphs of f(x) and g(x) are given m the

figure.
Ay
15
0
= Sxy=Inx)
X
of | & 10 15 20 25 30
_5
g(x)=4In(3x-6)+ 1
~10

o gOQ==|2x=7|-3
\ 2

Answers to Exercise 1.4

1. () S=14-242,4+242
(iv) §= {1} (V) S= {llng.[l ‘jﬁjl

g s j

Fr

(ii) 5= |

£,

2. (@) S=[0,1]1 () S=[2, =]

(iv) .w:E,u[qu 3445

[3+46)

i (i) S = {1, 3!

Answers to Exercise 1.5

27.73 hours 4.
(i A=-0.13863

k= —0.0507
(ii) N=125

11.4 = Rs. 3664.2 12, 1= ¥K.42 years

EXERCISE 3.1

1. 34.7 hours 2. k=00511 3.

5. 60dB 6. [=10"W/m> 7.

8 =100 9. A=Rs.4764.06 10. 7~ 3 years
f

. (i) v=20x"+c (i) y=21+601" =21 +¢

100 |, 23

i) —x +c iv) —————+¢
{}‘3} t (%) X E.r'c

2, (D) 1+ +c (il) w' +2u +¢

5 z
3. (i) fz_x-" +5x +20x+¢

D)
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A 2 [ 3
(i) ‘Tﬁ?ﬂ- (i) :‘2—+4J_T~ - () 2 +4x +e
4 () —(70+8)" +c (ii) -l(r-"wfﬂ- (iif) —l[|+l];+c-
' 140" A P
(iv) __t_(| | J:]* b o (v) Lﬂ{j_r_}_}.;}“ +C (vi) —-L-{T— X }5 k¢
3 | 21 25y

. -3 2 .
(vii) —é(r’ -Jr’+i] + ¢ 5. (i) ixf-!:+2{.i.'—]}-i-r_' (i) Jax' +2bx+¢+C

9

)3 (r+1)"* =2 e ) S(10dr) =10 ) (1) (1) e

2 2 3
{\_.} o a+ 2bx _4e {‘r‘i} 1_—5{ 1_3 +1)*|

y _':'(IH+I)‘:+L"
2h° [{Hm‘_}"

9
Exercise 3.2

77 »
1. (i) e (ii) 89 2. (M 13 (i) 42 (ii) ﬂ 3. ﬁ 4. ()0 {ii}_[ f(x)dy
6 3 L
| 128 16 8 a
5 — b. (i) — i) — i) 0 7. — o 2 9. 38 13. —
132 ) 15 @ 15 (1 3 R 3
| sint b ]
14. 18 16. (i) 1 (ii) —In2 17. (i (il — —
' 2 “ WA ) l+b°x" l+a'x
Exeércise 3.3
1. (i) 1n|c5c.r—|.':ut_r|+c- (ii) ~cole—1x+¢ (iii) 241 +sin” x +¢
(iv) x+ o Jlr+.:- (W) Ssinx+cosx+c (vi) —JEt::wﬁ,t'+c-
i X ... cosbx cosBx -
vil) tan—+c¢ vin ~ +¢ (IX) tanx—x+cC
(vil) 2 Vi) |2 | & ()
2 tan’ x 3. 3 x
X) 2—v2 (%) = (xii) tanx+ +e (xiii i
( '3 3 i~ e
(xiv) 4:.1'?-4In(l+-i5)+r (xv) :"_.1.;"?_-1-.T—:’..|I'I(|+*.,|'l-=-.'l')+r.'
In T+i
(xvi) — +e 2. (i) In|intanx|+c (i) ~In|sinx+cosx|+c
In7 +1
i - ) , {Inmsx}:
(iii) —In{l+.~.:m .r]~+—r (iv) |T'I|L‘L1-H.T+ rsin .r|+.:- (v) + ¢
4 2
" [!nsin.r}: - | T
vi +cC vii +C viii — ix) —
(vi) > (Vi) E{']-I—{f:'} (vi) 2 ( 12
Exercise 3.4
'; i I _'}
L) e i) ~in[S 2 G arctan(e” )+ e
6 |3—e smx+2

| o
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1.

_ (Inx | . |3x-5] L] Jx'—4
(1v) arcsin| — |4+ (v) In + (vi) arctan +c
2 30 [3x+5| 23 R
- 'r - - JT
(vii) J."—.EJEI.['CIE[I](—]+{'“ (wiii) :jrf:mn{ln_r}+ ¢ (iX) E-T
_E:l'_ A
X | Jxi=9 - . -
(x) +c (xi) E:lrutzm - }-I—i‘ (xii) arcsmx—+«l=x" +¢
4+ x° L ;
T . . r +4 a—a’ =x e
(xiii) —In2 (xiv) ————+¢  (xv) aln +fa” —x* +¢
8 dx X
Exercise 3.5
o W s
. o X Inx x e XSIN2Y  cos2x . _
(i) xInx—x+¢ {ii) ——+¢ (1) + +¢ (1v) —.t'cm_1'+ln|1~:|r|_r|+c'
h 64 2 4
E .!?'T 4 i 1 AT iy PR o L i
Xe ¢ W XE 2xe 2e ” X
(v) - +¢ (vi) ———+—+c¢ (vii) xtan I—ln|:s-i:+;:_t]——+ ¢
2 4 a a a 2
(viii) sinx-In(sinx)—sinx+c¢ (ix) [e*" +I]|11(] + & }—rf' + ¢
Inx) tan™" (In ¥) Inx tan”'(Inx) e "
{ﬂ{ ) (nx) lnx, \Inz) .. (xi) — (¥ Wee (i) 24xe’ +c
2 2 2 5
I“h E'”' S
(xiii) ﬁ{.’iﬁin.1'—i.:u.~«'.r_}—T{_c:rh3.1‘+:aitl3.1‘}+rr (Xiv)  xe¢' +c¢
I -| i I [ I . X X
(xv) e tan [E ]—;lﬂ(!+f }+¢* (X¥i) rmn;—lln SE‘EE +¢
(xvii) xtanx+xsecx—In |:n:u ri —=In lﬁut.a‘ + tan .'r| + ¢
- SIMXx ; ! _
(xviii) +¢ (X1X) E\F‘r.:‘-'tﬂl'l 'V —In({l+x}+c
X
. N i
(xX) —lruusﬂ+4ﬂsmﬁ+-'-h:{15~f.x_' 4+ (xxi) - +¢
X"

:Iiln_“ v -r} 7 T T 3

1 2x" +2x+3) : o :

(xxii) ——=In2 (xxiii) - . + ¢ (xxiv) xsin™ x+vI-x" +¢
4 2 5(1+x7)

| |
(xxv) == CSC X Ccoly+ = In |L'HL‘ r—cot .1‘| + ¢

i it}

Exercise 3.6

(i) 2Infx+1|+3In|x+2|+e (i) In|x+1|+2In|x+3|+c
{iii}% +2x +--é—|n -EE— +¢ (iv) x=7In|x=7|+In|x+1]|+¢
(v) %1n|4—31‘|+h1|lr+l|+c' (vi) —3]n|,h.'i+ln|.r—1| +]n|.1’—2|+ln|:r—3|+c'
. 4 ! I (¢
(vii) In|.r+1]+ - -+¢  (viii) ¢ +21In ]+r'
x+2 ][r+2} .,‘i.'-"'+ll

)
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Ll

(ix) 4In i +¢ (x) In|_1:+1|+r: (xi) 111|_T—I|+Ear+:t.'1n_r+r
" | i)
(xii) Eln(r = |]"I E]n{r +4}+ Edn.hm 1——arr.l..-1n[EJ
(xiii) 1m|.1r—1|—iln[.1-1 1)l
2 4 2(xt+1)
(xiv) l]l‘l|h‘ill-t‘—l|—i]n[.‘iin:-'i‘+ﬁin-'|:‘+|}— arulan[w]+r
3 6 3 V3

Exercise 3.7

5
% square units 2. (i) Signed area = %, Total area= 4
bk a3 = : TR Sl P el
(ii) Signed area = —6, Total area= — 3. (i) = (i) 8 (iii) 7 (iv) E
; 4 ; ;
| square unit . 5 Square units 6. 36 square units 7., Ll 8. (a) 9

(b) 9 (¢) The function is nonnegative on [U,Z’:—] , sosigned-area equals total area.

37

— square units 10. 18 square units 1., Consumer's Surplus = 27
Producer's Surplus =36 12, D{x) =4 " S(x) =12 +x 13. (a) p =2In2
32
(b) p=6—+H3-In2) 14, 'CS,="Rs. 324 15. (i) — ¢ubic units
%
8r ... o 16
(ii) —-3— cubic unit§ (iii) 4z cubic units (iv) cubi¢ units

Exercise 3.8

[ = 2048 units units, /= é;’vﬂr‘ 2. (a) 1:[;):6:3—36r+3{} m/s (b) =0 m

Z 9 3. 9 2

¢) 78 m W)=314+ ——+ —cm/s (e =<t +=f=———+3 cm

(c) (d) (1) a3 (e) s(2) 5 S ¢
(a) M(1) = 200-3' (b) 16200 bacteria 4. (a) P(r) = 25000 + 8001 + 30£ (b) 36000 people
(¢) 5650 people (dy h=3 r_,i"[.r}rirtlﬁ (e) J‘?IIILA']E.I{TTI

() LI flx)dx=4 4, (a) T= 1['% = 4,62 hours (b) AUC = 30 mg-h/L.

(¢) One dose insufficient; 6 doses needed 1n 24 hours

(a) Totalats=10: 12¢2+ 1274 (b) Student forgot the contribution of the second dose
(¢) () 12¢°*+12eF (i) 12¢72+ 1215+ 12
{d] C 1 }ﬁ ll._.li'._” 2r 4 IEE_,—UJII—HI_ |",'| —. 21— 14)

i 17

0
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EXERCISE 4.1

(iii) order 2. degree undefined

1. (i) order 3. degree | (i1} order 2. degree 3
(iv) order 3, degree 2 (vi) order 2, degree undefined 2. JTd —rAd =0
ar

3. E +kT=0, k>0.4. ﬂ——g-iu'. k = (., g is gravitational acceleration; & +g=10

df dt m dr

IN ; [ / R

W bT, k50 6 PR, k0 7, Pl 2By

i Tre el RC i L

B =
i
EXERCISE 4.2
(i), (ivh (vii)

4., e =" +C - 5 EtanJJ_'=,r+C'

2. Separable: (i), (i), (v), (vi) Homogeneous:

3. sin"x+sinx+C=0

7. y= sin{f +C') 8. y=In

9. y=x+ilfFH+C 10, y=Ce+202y-1) 1. (EPNhy=C
: 2 |x+] : S '

%

J = In|Cy]

r g "I:' -9 .III
12, 2_1'=In|[.{cﬂ" +e” }l 13. viIny=y+xcosx—snx+C 14, mn{'—
X

17. ¥ +y" =Cx°

15. cﬂs[l1=|n|{fr| 16. x'p£€NT3x)
X
18. mn"[i]=|n|r.'x| 30..Y9. —X —_ln|C] 20. e =tn|CH
X X+
|

21. 2y =30 ROV =06x }nlC[]-‘ + 1’}| 2. y=3+Cx" 23. ow=C
2 2Z 26 s=4d

24. L‘U-‘+|I:—f~x‘1+i' 25, tan” y=—+—
r . 2 ) E 4
28, yqfx’+y =x 29, y= Jr+:r]n|-r[

27. e'(sinx+cosx)=1
EXERCISE 4.3

§ =%r‘ —%f! +10¢r 2. 863 (approximately) 3. 619 (approximately)
(b) 20 grams (¢) 48 hours 5. Rs. 1491.8

1. v="=Tr+10:
6. Rs. 15021

4. (a) k =0.05776
7. 7.32% 8. 16.80°C 9., 7.12 hours 1. Hf'_l=%{l—ge‘-””}
- f ’
13. (i) _T[r]:(},_ _ ]
8T

11. f(f)=2e "‘famps 12. HHZ—%E “‘*“"‘mnps

0
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13.

2.
b.
8.

1

(ii) I-f{£}=4:r[3mé) (iii) 75.4 minutes 14. (i) velocity: v(r) =1470—-980¢
g

(ii) height: i(r) = 147071 —490¢"  (iii) Maximum height: 1093 cms
(i) velocity: vz)=4.91—e™) (i) height: h(r) =50245-4.9¢-245¢"

Answers 5.1
dx—y—1=0 3. Sx+3y—18=0 4. Gx+5y—=16=0,6x+y-24=0,y+2=0
x=2v=4=0,x=4=0,x+2py-4=10
Medians: 14x =y =23=0, llx+ 14y =23 =0, 25x + 13y -d46 =0
Altitudes: 3x—4dy+14=0,4x— 13y +64=0,5x+v=-22=0
Perpendicular Bisectors: 6x — 8y -25=0,8x - 26071 =0,5x+y-2=0

. (143 + (2—ap +(dA=-3)=0 (i) Zlx—-14p+41=0 (ii) 28x-21y+359=0

1L 2+ +H(=3+4)r+G-T0=0 (@) 22x=11r+17=0 (i) 1lx—11y+20=0
12. Notconcurrent 14. mycx— nrcy + mpey— macy + macy — mijcs =0
15. k=4 16. a=—-
Exercise 5.2
1. (i) 168.7% acute angle: 11.3° (i) 7.1°2. (i) 90 (if) 45410 120°
3. (i) 18.4°3i) 101.3° 4 243,23 5) (i) 66.4° 66.4°.53.1°
(ii) 36.9° 19.4°, 123.7° (iv) 53.1°,. 6348, 63.8° 6. 126.9° 74°, 1067, 53.1°
7. 112.6°,674° 112.6° 674> 8. 164§ O,/ Collinear 10. 2=7
Exercise 5.3
1. (Bx=4y)2x+y)=0, 79.7° 2 W 2= vl x=3p}=0, 45° 3. (Sx+yp)}x+y)=0, 33.69°
4. wyv=ux(tanatseca), 90° N (Tx—y)x—=y)=10, 36.87° 6. k=2
8. 2+ S5xy=-3"=0 9. x—y+ 100=0, slope =1 10. 1, 45°
11. 2¢=y=0,x+3yEQMR7° 12. (° 13, 3x +y=0,x=3p=0,90°

EXERCISE 6.1

1. (a) x'+y' =10x=14y+70=0 (b) x*+1' =2axcosf—2aysinf =0
(©) x*+y =5x+3y-22=0 2. (i) (x-1 ) +{(p=3) = g . Center: (1,3), Radius: H:E
(i) {.::'--f,.r]lJ +{_v+h}: ={a+h}: ; Center: (a.—b), Radius: |a+ b

3. x4y —4x—6y-12=0; Center: (2.3), Radius: 5

4. x +y =2x=3y=0 5. Sy +5y =19x=11y+2=0;Yes, (4, 1) lies on the circle.

6. 343y +72x=38y=11=0 7. x4y +2ax=2gy+a =0

8. v +1 =10x=4y+25=0 9, x +y =10x+17=0

10. x7+ v =40x+20p+100=0; x* + 1" =10x=20y+100=0

1. ¥ +y —4x=1=0, x'+y" -14x+29=0

12, x*+3" =10x=10y+25=0, X"+ +6x+2y—15=0

[

304 J




R s, V1athcmatics 12

v U e

10.

EXERCISE 6.2
(a) At(2,2): Tangent: x+y=4 Normal: x—y=0 Al (E\Eﬂmb‘.ﬂﬁﬁinﬂ):Tﬂngﬂnt:

xcosf+ ysind = 2J2  Normal: xsin —yveos@ =0
(b) Tangent: x+4y =24 =0, Normal: 4x—y—=11=10

Condition of tangency: ¢ =a° (I +m") Point of contact:

( . ] [__am e ] depending on the sign of

- - es ;
Vi+m® i+m? NI+m Nl+m
(4.3) 4. (@) x—y+2¥2=0 (b) 3x+4p+10=0 ()4x+3r+10=0

Ix—4y+13=0 and 3x—4y—=17=0
(a) Tangent: x+y—4=0, (Pointof contact:(2.2))

e oy a8
(b) Tangent:4lx+yv+116=0, [ Point of {:t}ﬁhﬂct:[——.——}]
’ . 29 29}

(¢) Tangent: y+4=0. (Point of contact:(2,—4))
4x+3y—=36=0. (Point of contact:(6,4))
(a) l[.r—F!]1 +i,'}-+]}1 =38 (b) Centre: (3,-1), Radiusy 5 (¢) P:(3.4)
@ y=4 (& x=3 @O®x=-2 |
EXERCISE 6.3
(i) Vertex: (0.0) Focus: (3,0) Dirgetrix®»=-=3 (i) Vertex: (0,1) Focus: (0,3)
Directrix: y=-1 (iii) Veftex; 43,0) Focus: (1,0) Directrix: x=3

(iv) Vertex: (2,0) Focus: (2\2)Directrix: y=-2 2. (i) (y-2) =—16(x-1)

(ii) l::-':-wfi:lJ = IE{}'F-E} (Til) [j-'v.?}" =8{x—06) (iv) 4y =5x+6

(i) x = —2dint 4 (ii) y? = =2dv+d" where d is the directed distance from origin to directrix
5 !

= a7 7. =2.h==12,c=16 8. Tangent: v =x+at’, Normal: v=—ix+ 2al +at’

Tangent: 2x—y—=7=0, Normal: x+2y-=11=0

Tangent: 3x—yv+1=0. Point of tangency: [I? 3]

EXERCISE 6.4

. 1 (x+2) (p=1) -
—fi = | = | —_—t— =
- "4 s T ® " 3% 20
3) (y- | -
(iv) (x- — {. 1:_.” e 2. (i) Centre: (0,0}, Foci: {iﬁ,ﬂ) . Eccentricity: e = %

95

Vertices: (£3,0),  Directrices: x =+

53 )
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: = - S 5 .
(ii) Centre: (-3,2), Foci: {—-3_| -.52] Eccentricity: ¢J=-\;-:~ Vertices: (0,2) and (-6,2)

Directrices: -r=2ti 3. L-+L=l 4. T
J5 25 16 36 20
¥=5) (v-3) 3 x+2Y (y=3Y
) ) AU SR €0 () (O
25 9 5 20 16
: 32 18 g :
8. 4 units 9. Bbyo6 10, - and 5 | 1. Minimum distance = 2
2 SN ko
12, ll+2dﬁ 13. ﬁﬂcﬁﬁ 14. k ::J:-Jﬁ 15. The line is a secant,
6 L+L=I
16 9
EXERCISE 6.5
Y -3 e ¥ ol AT 2
. (1) ———=1 ) ———=1 (m) ———=1
64 36 4 60 50 50
2.(1) Centre: (0,0); Vertices: (+£6,0); Foci: (£10,0); Eccentricity: e = % aDirectrices: x = i% (11)
Centre: (—3.2). Vertices: (.—H:irv@-.l}: Foci: (0,2) and [—6.1} » Eccentricity: e = % Directrices:
5
5
X=—3+t—
3

(i11) Centre: (0.0): Vertices: (0.£5) Boer: 0.+ u"r—’ﬁ ); Eccentricity: ¢ =

L ‘

_— 25 X (x=1)" (»=3)
Directrices: y =X 3. ———=1] 4. - = |
AV 49 25 16 4
+1) (xR x+1) (v-4)
S G ) I C N s At} (p-d]
16 36 12 24
yd) P ) 3 2
AR e R ! S §, =]
16 3 16 4
9. Tangent: _s.-sccﬂﬁ‘rn:nf} =1, Normal: axtan@+bysecd =(a" + b’ )secOtan @
a h
0 ‘1' . o 3
10. = 11. e=+2 12, . LTV b I (:’2\/:
2 4 4 12 2
15. Sy=10x-=l4and 5y=10x+14 | 6. i*'=% 17. 6
19. y=2x—35 and y=-3x+10 20. a'F=b'm’ =1
EXERCISE 6.6
1. 75 million km y A }’=¥*I" 3. 12.75m 4., (a) 2045m (b) 4U~4'r§n1.
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5. (8 8m (b)) 18m 6. (@) —-—+2=1 M2I5m 7. (@) 6.36x10""m
|44 64
(b) 5.31=107" 5 (€ ., =1384x10"mandr_, =2.756x10"m
8. 126.65miles 9. (a) 36000km (b) 6000km (c¢) é 10. 31.75meters
5439
11. meters

Answers 8.1
1. () 036 (i) 1.86 (i) 1.32 (i) 0.85 (iii) 7.39

Answers 8.2
2. (i) 1.068 (i) 0.605 (iii) 1.929 (iv) 2613 3. (i) 2.61 (i) —1.93 (iii) 0.85

(iv) 0.36 4. (i) 1.73 (i) 2.153  (iii) 2.0946 (iv) 0.361 (v) 4.4934
Answers 8.3
1. 0.8903 2. 1.7212 3. 7.5522 4. 4.0625 5. 54468

6. 1.4704 7. 29411 8. 0.6179 9. Exact Area= 14.137 10:23203x10"

Answers 8.4
1. 0.12 moles perliter. 2. 4.88mlL/s 3. 0.539 coulombs 4. 65311 unit/seconds
5. 0.524 radian 6. 20.488 volts

Answers 9.1
Inverse Trigonometric function Exercise 1 Answers

. g N . =TT N —-IT
1. (i) — (il) — (iil) — ) — (v) —
3 4 3 6 4
=T - 3x -
(vi) — n.mu:E (viga) —_— (iv) — (x) O
3 g
% 4
(xi) i) N (1) [—.-— (ii) [3.4] (iii) Z‘-‘.Exiﬁ
3 L3 2
. i - . I i |
(v) — 8 (v) [-2,2] (vi) (=0, =3] U [-1, x) Hnl[—l‘r.-_ e \J [1,90)
e

=

3«50 — o
€ 4. (D) (i) —— (i) — (¥vi) —

B
e J13 7 7 J3

(v) 1!@ {vi) \Jﬁ

(viii)

Answers 10
Solution of Trigonometric Equation Exercise 2 Answers
1. x=-297,041and 2.33 radians 2. x=1.16 radians J. x=10.65radians
4. x=-1.66 radians 5. x=-2.04, 0.82 radians 6. x=-0.89, 0, 0.89 radians
7. x=0.40, 1.57, 2.74 radians 8. x=1.89 radians 9, O@=53.13
10. (a) s =8.96m (b) #=1.15 11. 7=11.55m, 8=49.]
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