A

Integration

INTRODUCTION

In previous units, we studied differentiation and leamed how to determine rates of

change, slopes of curves, maxima and minima, and solutions to various real-world
problems. In this unit, we will study integration, which is the reverse process of
differentiation and an 1mportant branch of calculus used to find accumulation, area,
volume, and total change. We will learn the concepts of antiderivatives, indefinite and
definite integrals, their notation. properties, and fundamental rules, including the power
rule and the Fundamental Theorem of Calculus. We will also study ‘the relationship
between definite integrals and the net area under a curve, and use@ntegration to find areas
bounded by curves and lines, as well as volumes of solids of révelution. Furthermore, we
will explore important integration techniques such as Substitution, integration by parts,
trigonometric substitution, partial fractions, and, mtegration involving exponential and
logarithmic functions. The concepts of integration’ have wide applications in mathematics,
physics, engineering, economics, biology, and technology, including calculating the
volume of containers, population growth, consumer and producer surplus, distance and
velocity, drug dosage, moment of inertia. and sensor network measurements. Through
this unit. we will develop both conceptual understanding and practical problem-solving
skills related toantegration and its real-life applications.

3.1 Antiderivatives and The Indefinite Integral

Definition: A function F' 1s called an antiderivative of a given function f on an
interval 7 if F'(x) = f(x) for all x in /. In other words, the process of recovering a

function /' from its derivative f is called antidifferentiation.

To illustrate, let f(x) = 2x. If F(x) = x then F'(x) = 2x = f(x). Moreover, the function
G(x) = x>+ 10 also satisfies G'(x) = 2x = f(x). Therefore, if F(x) is any antiderivatives

of f(x) on a given interval, then for any value of ¢, the function F(.r}ﬂ: 1s also

antiderivative of f(x)on that interval.
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Definition: Let F be an antiderivative of f on an interval /. The set (or family) of all

antiderivatives of f is called the indefinite integral of f(x) with respect to x,
denoted b}’jf(.r}d.t: and defined asjf(.'-:]e:ir: F(.r_} +c, where F'(x) = f(x) and ¢ is

an arbitrary constant.

In the notation j f(x)dx=F(x)+c.
(1) The symbol J' is called the integral sign.

(11) If{:r}air is called the indefinite integral of /(x).

(i)  The function f(x) inside the integral sign is the integrand.

(iv)  The symbol dx is called the differential of x. It indicates the variable of
integration—the variable with respect to which the integration is performed.

(v) F(x) i1s an antiderivative of f(x).

(vi) ¢ 1s the constant of integration,

3.1.1 Basic Rules of Integration

Rule-1: ..-"ff[x]dr = A'J-f(x}dx (Integration of function with constant (k)).

Rule-2: _.Lf{r}i gfx) dy = J.f(r}.firi_l-g{r}::ir (Sum and Difference Rule).

]

Rule-3: J..r“d‘r:z « I + ¢, where n#—1 (The Power Rule).
n-+
. el
" i [ f(x)]
The General Power Rule: J'[f{x}] f(x)dx = ; +c¢, where n#—1.
n +

i5)
1(x)

Rule-4: J' de=In|f(x)|+c

Rule-5: If /7 is the derivative of /, and If'(x} dx = f(x)+c, then for any constants a

flax+b)

&l

[ (72)

# 0 and b, _[f'{m*+ b)dx = +¢. (Linear Substitution Rule).
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3.1.2 Some Useful Formulae

From (the above Definitions), we obtain integration formulas directly from
differentiation formulas, as shown in the following table.

— d . d
Derivative (—(f(.r)) Indefinite Integral j—(f(x}}dx = f(x)+c¢
dx dx
d i -
~()=0 _Ua:..{i.—{.
dx
a . . ]¢ir:Jc£1':A'+r
—(x)=1 d
dx
“’ N =1 Y i i
—(x7)=nx X" df= +e,n#—1  (Power Rule)
: dx * n+1
d ] - |
—(In|x])=—,x=0 —dv=In|x|+c,x=0
dlx X ‘X
d o
.._{l-ij"']:{,:rl ) e l'.»t'h. =i =+
clx
d . i . a'
—(a')=a"lna a' =3 +ca>0,a#1
dx . Inag
d ... N e — ,
2 (sin x) =cosx {005 X dx=sinx+c
dx
d . o s e 2
£ (cosx)=—sinx | sinx adx =—CoSX+¢
dx
d 3 [ i '-2 e I =
£ (tanx) = se82 X | sec” x dx=tan x+c
clx
d ; ! et o e
£ (cotx)=—csc x Jeset x dx cot x+¢
x
d A oz . L
£ (secx)=secxtanx | secx tan xdx =sec x + ¢
clx
i'r.r Y ™ 3™ . P ey ™ W g ¥
4 (csex) =—cscxcot x | escxcot x dx =—cscx+c
dx
7 S ] =] -
—(sin” x)= - 3 dy=sin x+c¢
dx - x° v =
| . 1 ;
—(secC ' )= ——dx=8ec |,r[+::-
dx |x|vx —1 " xyx =1
| I !
-= —(tan "' x) = . _[ —dx=tan" x+c i
; dx | +x° [+ x° g

(3) J
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Example 1 Integrate the following:
(i) | x™ dx (11) I—E‘E.:-: Py

99+ 100
X

+¢=——+¢ (By using Rule 3: The Power Rule)
99 + ] 100

Solution: (1) ",1-‘” dx =

10 o
We can verify this result by differentiation: —| —+c¢ |= L +e=x" +¢
cdx { 100 100

44

(i) -gsj_x-wﬁ_ggf_ﬂ.:_r_-mH: 1
08

9%
X

+¢ (By using Rule 1 and Rule 3)

Example 2 Integrate: I(RI? —6X° +4x —2x— 3) elx
Solution: By using Rule 2, we have:

[(8x7—6x" +4x’ —2x=3) dx = [8x"dv— [6x"dv+ [4x’d¥= [ 2 dy— [ 3

= 8_‘- .1'T£i1'—ﬁj,l‘ﬁdl'-l*d--[ljfﬁ'—zjl‘ .ﬁit'—]_[l dx (By using Rule 1)

# i 4 2
=8| 2 |—6] - |4+4] - |-2| 2= |- 3e AW =2 +x* —x?=3x+¢ (ByRule 3)
8 6 4 2

" 7 " A+x")

Example 3 Integrate: [ — ¢y 1) dx
P g { ) J.J; C { 1 ‘[ _'-;4 X

fird
Solution: (1) dx = ‘?I x Py = ?JI[TZ +e= 14\,"1_-+ ¢ (By using Rule 1 & 3)

4

(ii) j(lﬂ'_] at::j”z"‘j“';: .:fx=f( L X }:h— (By Rule 2)

x* x 2o
4 5 .T_t .-‘l.'_l | 2
=J-{I +2x" +)dt=—+2—+x+c=—-—5——+x+c(By Rule 3)
-3 -] X X
_ , o (5x* 4+ Tx=3)
Example 4 (1) [(5x"+7x—3)/(10x+7) dx = - i

I ] | 1Y)
| x+— || 1—— |dy==| x+—| +¢
) (1 1}( J:‘]H 2[1 '-.] (

[ (9)
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Example 5  Evaluate jtan xdx Example 6 Evaluate jSEEIdI

Solution: sec x(secx +tan x)

Solution; Isec xdy= j- dx

secx-tan x —
J tan x dx = _[ dx (secx+tan x)
SEC X : t
- »Sec” X +sec x-tanx
= In [sec.ﬂ +¢ (By Rule 4) = cdx
. sec.x+tanx
or =—In|cos x|+ ¢ .
rSec x-tanx+sec’ x
— i_' =

secx+tanx
=—In|cos x| + ¢ (By Rule 4)

Example 7 Evaluate Itan: xdx
Solution: Itan: Yy = I(secl X— I] dx = J‘secl .1'(11'—!].:11' —tanx—x+4¢
Example 8 Evaluate jcns*‘ x clx

) ; , 2.
Solution: jcns‘ _r.sir:J‘HCGEZA dr:ij{lﬂ:ﬂslr)dr:l Lol
2 2 R 2
Example 9  Evaluate Ilan X0
| +tan” x

. tan x —sec.x tan x—secx tanx  Secx
Solution: _‘- —dx = j . dx = I[ — Jdr
|+tan” x seq\ ¥ 8gCT X sec x

siIn“x .
—8inx+c

SIN X 5 I 3 |
:j[ COS™ X — a’x:j{sm XCOsx—cosx)dx =
Cos X secx

Example 10 Evaluate jsin 3xcos Txdx

. : o :
Solution: We knaw that, sin mxcosnx = ;[sm[m +n)x +sin(m — n]_r]

Put m=3 and n =7, we gel

_[ sin3xcos 7Txdx = % I [sin(10x) +sin(—4.x)] dx
| ]

= j[sinI[l.r—ain4.1‘)cﬁ‘=—‘:— +

T )

cos10x [ cos4dx ] coslOx cosdx
=== o =— +
10) 4 20 by

Example 11  Evaluate jsfu[jx he) dx
sin(x+5)
& . .|. 1"' 7 it f _f
Solution: _[ S{n[:-. +a) = j sin [{ 1.+ 0)+(a :-}] Py
sin(x +b) sin(x+56)

clx

B J- sin(x+ b)cos(a—b)+cos(x+b)sin(a—b)
sin(x +5)

[ (75)
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; cos(x +b) cos(x+b)
= || cos(a—=b)+sin(a—{ Ix =cos(a—=b)| ] dx+sin b Ix
I‘: (a—b)+sin(c ?}Siﬂ{,‘f-i-h:l:li (a-— ]II dx (a— }J. Hm(1+h}£
zcus{ﬂ—h}*_ﬁ—ﬂin[m—h}*[n|si‘n{:¢'+h_]|+.*:'
Example 12  Evaluate Iﬂ_ ﬂh; dx
(ab)
Solution: J‘ﬂm i t:ix':J.”h i fit=_[ ﬂ_b = h_._ dx=_[ H_._ —hh . dx
{‘ub ).'C i'f Tb":’ ti'l.b'l H\'b,\ E}.'L a"l.'
(E]t (E].\.
gt sy -Gl L
b a' b a [ﬂ) (h]
Inf — | In| —
b a
¥ EXERCISE 3.1 _J
1. Find all the antiderivatives for each derivative.
. dv \. Y dy
= =100x" N —=2+24r-10¢
W L S
2. Find each indefinite integral. (Check@nswer by differentiating.)
(i) [(1+2)a (ii) [ (3u” +4u) du
(iii) ~ [100x" dix (iv) [ (257 +3x7 )
3.  Evaluate the following:
j (5x" 4 109%-£20) (ii) jf(_r 4-l)cfr
it o
(iii) (\f+ J dv, (>0) iy (Y64 4 (o)
. - X
(V) [ %] (vi) I avte dx (vii) .;ﬂi‘i {'r}{])
“Ax+2 \/m' +2bx+c » ; w.l'x+l+v"; &

{viil}_wf*t-\/_dr (ix) j dx x) [V +1dx

ﬂ+!n}

. . X = L % o Inx E
(x1) j{3.1+3 +x7 ) ex (X11) J.? dx [mujjﬁﬂh

4.  Evaluate the following:
(1) jcs-::.rcir (11) J.{:nt:'xdr (111) Isec4.rdr (iv) Isin.r-cns?.rdr

[ (7¢)
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X " |
. rCOS X—sSIn X : COS2Xx i P
(v) _ dx (vi) j . dx (vil) J1—cos 2x dx
Y COS X—S8Inx SINX+COSX .

- m2 ) = 9y
(viii) ] dx (ix) I i dx (x) ko8 A dx
Vi

Y 1+ cosx +sin® x Y 1+cos2x

3.2 Method of Substitution or Change of Variable
The method stems from reversing the Chain Rule for derivatives. Recall that for the
differentiable functions y = F(u«) and v = g(x) the Chain Rule states that

d

—[ F(gx)]|=F'(g(x)g'x).
dx o

In terms of definite integrals -F’(g{x})g'(.x‘} =F(g(x))+c.

Theorem 3.1: Antidifferentiation of a Composite Function
Let g be a function whose range is an interval /, and let f be a_function that is

continuous on /. If g is differentiable on its domain and F is 6 rivative of [
(F'=f)on /, then _[ fleg(x) g'(x)de=F(u)+c. Q
g
Letting u = g(x)gives du = g'(x)dxand U +c.
Jetimgu=glo)g g'(x) [ 1 mﬁn
This equation If(u}du:F{u)+c has thessame form as the basic antiderivative

formula, J f(x)dx = F(x)+ ¢, but the\independent variable is now u.

The process of replacing .8 with *a new variable w=g(x) (and dx with the
corresponding du) is called.a change of variable or the method of substitution.

Recall! The Rule 4
If’(x}

J(x)
Let u= f(x). Then du = f'(x)dx.

;
-

— -
dx =%

L] L L ] L 2 L] ’ ]
Substituting into the given integral, we have_[ “j‘_ ((I}} dx = J— du
X Ui

We know from basic integration rules that _[la‘u =In |z.*‘ +c
u

f'(x)
f(x)

Finally, substituting u = f(x), we obtain J' dx=In [ f(::)[ +c

LS

Example 13  Evaluate J‘(Sf +5)’ x"dx

Solution: When an integrand contains an expression raised to a power, such as

3 F H . s
(Sf +5) , a useful strategy 1s to substitute u for that expression.

[ (7) )
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Let =5x"+5. Then du =25x"dkx.

_[(5.1‘5 +5) xde= LI[SIS +5) . 25x dx = 1 _[u du - i +e :Lu'* te
25 25 100

25 4

Finally, substitute back # =5x" +5: J‘{SIS +5) x dx = ﬁ

Example 14  Integrate jﬁ V1 ++/xdx

Solution: Let |+ \E =u. Then, \/: =u—landx=(u—-1)y =dx=2u—-1)du
Substitute V’T =u—=land dx = 2(u —1) du into the iniﬂgrzil*

I‘F VI++. fi*‘_[(“—l}\/— Z{H—l}c:‘u—Zj{u—l} T -:.fu

1 2 1 4 2 2 i
=2 —2u+1 du="2 T 92 4 du=21Zy2——y2 +Zy2l+
_[{H il }n = I{H H = Yedu = Lru 5” 3H } c

(52 + 5)4 b

5

=$H%—§HE+§H% +{.’=%(l+ J;]I —;(H\Eﬁ +§(]+J;)%'+v. cu=1++x

Example 15 Evaluate _‘-

X
: ~dx
Vi+x" +1+x°

Solution: Let v =+1+x". Then #° 24+ ¥ = 2u du =2x dx = udu = xdx

u '
j\f’l+1’ Fl+x° e IJH-H3 irf*'l.ﬁflﬂ-f)
:}n(l+~.,a']—|—.1':)+t'-

- - i)
where we can remove the absolute value signs since 1++/1+x° >0 forall x.

sin x
(AL d1
e

|
dn=J. du=In|l+u|+ec
I+u

Example 16 Evaluate I

Solution: Let v = cos x. Then di = —sin x dx.

Sin x —clu - e _” o
J‘ 05 X dr: — e dif:_ +¢c=¢€¢ +c=e¢ 'I..i+£_
-E'H ¢ d —'I
. Elu[!_lt
Example 17 Evaluate — clx
o l=x"
I
Solution: Let » = tan ' x. then du = o dx
X

mn X

e W T -l[F_Il.
I dl‘J‘E‘ du=e" +c=¢e' + ¢
1 +x°

[ (78)
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E‘_:I. e EEH
Example 18 Evaluate j @ 1) dx
e +1)

Solution: let ¢' +1l=u=¢"' =u—-1=e'dx=du

e +2¢" e +2 =142 i+ 1 T
_[ - fh':j —. @ {EI'ZJ. - r:.’nzj' - -':.i"i':':I —+— |du
(E-_.* 4 [)' b T

=

H

) B l .
=I[l+:r"]xfsf=ln |u|+L+r=In|u|——+c'=ln e +l‘— +¢
U —1 7 e’ +1

“In(l + e
Example 19 Evaluate J.E n JE }ctr
1+e

& i

dx

Solution: Let v =In(1+¢"), then du = -
|+ e

.[El ]MHEA]dx:J.n dn:%+r:%[|n{|+€‘}]2+c

]_I_E'l.
Example 20 Evaluate _[l]]{l+'t}__1n g
x(1+x)

Solution: Let # =In(1+x)—Inx

cdu 1 I xe=(Md%) x-1-x -1
Then, = ST = =

dv 1+x xONaxll+x) x(l+x) x(l+x)

i - _ﬁl => —dit = I dx

dx  x(1+2x) x(1+x)

2
i

I 2
dx = ju(—dn) — —I:f du = —?+c' =—E[ln (1+x)—In x] +c

-[ In(l+x)—Inx
x(1+x)

' tan”' (x7)

Example 21 Evaluate | =
1+x
Solution: Let = tan™' (x"),
L - — . (x') = du= 3_.1"ﬁ & = 2= g
dy  14(x7) dx l+x 3 P

1

k AFa3 2 -
Al ]dtzjngdu=%J-zfdu=%-l-i':é[tﬂ"_j{fﬂ“‘!’f-

Thus, J- T

[ ()
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3.3 Trigonometric Substitution

Integrals involving the radicals \/u:’ —-x, \/ff +x”,and Vx’ —a® (wherea>0) can
often be evaluated by making a substitution mmvolving a trigonometric function. The
objective of trigonometric substitution is to eliminate the radical in the integrand. We
do this by using the Pythagorean identities:

sin® #+ cos® @ =1 and sec” ) —tan® 6 = |
Case 1: Integrals involving va' —x” (where, a >0) can frequently be reduced to a
simpler form by using the substitution x = asin .

Case 2: Integrals involving va” +x~ (where, a > 0) can frequently be reduced to a
simpler form by using the substitution x = atan @.

Case 3: Finally, integrals involving vx* —a” (where, @ >0) can frequently be
reduced to a simpler form by using the substitution x =asecé.

Some ‘§|}Eciul lntegrals as Formulae

ﬂ—i-.T

dr—

- —x 2u d=X

. dx el
+ ¢ (i) I ——=—(=510 ' = |+¢, wherea>0
AN

1

a gl

X

Proof: (i) We want to evaluate j

The denominator a” —x” =(a—x){a%X), so

j I = clx —I I dlx Challenge!
a —x (a—x)(@+x)

Prove the given fﬂl‘lﬂﬂ]ﬂ‘-‘:’:

(a—x)+(@+X) S |x a
clx i dr—

2:1-[ (a—x)(a+x) 2 ?

+.C

|.7I:'+1'.'i'

=
I
=

|—@=x) (e+n) |, K. L dr=lum" (£)+C
" 2a (a—x)a+x) (a—x)a+x) ik a a

dx pr——
_ (1 + I .\d,r (1ii) I— ﬂ =Injx+va +x3 |+ ¢,
2a*\a+x a-x) whqu?e ::ﬂ
| l -1
= ity d- ‘ B
EH‘[[L’I"I*.!.' a—x ) ! (1v) J.J: ‘.t+\-‘3: i |+h
l Whﬁl‘ﬂﬂ}n
_j—([n[u+ur|—ln|u—r|} I :
<d (V) ‘—E':c [ ]+L’
I. d+ X t'\“JJ: —ﬂ
B ln Te where a > 0
2a |a—x !
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s I . -
(ii) We want to cvaluate j dx, where a is a positive constant and the

I|' 2 F
a4 —X

domain is —a < x < @ so that the square root is real.

Let x=asiné. —%ﬂﬂﬁ%. then dx =acos@do.

—

Also

Na-—x° = \/az —(a sind)° =Ja® —asin® @ = \/a:[l——-sin: A) = Ja? cos® 6 :a[msf)|

i T T —
On the interval —3 <f< E cost >0, so |cn5|9| =cos@. Thus, Va —x" =acosB.

Substitute into the integral: J - cos (7 cﬁ?:jld =0+c

l I
dy =
Ja& —x° Ii? cos ¢

X T
We have x=a sinf) = sinf/ =—, and since @ is in the principal ratige [_é , —],

¢l 2
g =sin™ [i]
a

] X
‘F] ) Ii = 1']_1—}[_] =
JO—x°

X

X

Example 22 Evaluate .f

Solution: Let x =3 sin @, whete 8 e {-% {}J U ( 0, ﬂ then dx = 3cos @ do.

=

G — -‘f‘)-{] sin @)° =,j9{l-ﬁin3{}] 2\{9&05:9 =3cosf!
jn,“}—x __I Jcost
(3sin @)’

:j{csc 0 —1) df=—cot@—0 +c ol

.3cos0dO = jcm 0de

We have x = 35"‘]5:}51[]9"£ So, @ =sin” ‘[1]

.1' )
]_ ]
cost) \fl—h.m H 3 x..l'

sinf  sin@ X

3
J-«.,a“} -x* . A9-x _,[.1‘]
; dx =— —sin + ¢

otf =

Thus, equation becomes

( S O)
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]
Example 23  Evaluate dx
j.n.f.t'"l +1

1 1 2x
Solution: ——— =

Let x~ =tané, where 0E[—% E) then 2x dx =sec” 8 d6

dx

sec” @

_1 j‘ Sﬂ‘rf} d6 = f do
tan t’}\/ tan~ & + 1 tan fsec
= —ISECH jcscﬁdﬁ——lnh:scﬂ cuh9| +C
tan ¢
1 — | R
= — ln|\fl + cot° ¢ — unlﬂ|+¢- =—In \/] + [—) ——|+cC
2 2 ) x
[J o I|I 4 .
:I—lﬂ a ;H— 1? +-'.’.’:liﬂ = +,I 1‘+£‘
2 - ¥ 2 x° ‘
. , . 1(.1': -9 \
Example 23  Evaluate | dy, {(x&9)

X
Solution: Let x =3 sec )., then dx=38¢et tan 0do

j "1 _ _IJSEEH 3secHtanFdd

I

[(o(sec? @ - 1) {ab & d6 = [3tan Otan 6 d6
3

_-tan:f?dt?=3j.(set3€— ]) df =3(tanf — 6) + c=3[\/5ccjﬁ'—l - E’} + ¢

—_— —

=3 J[%J —]—Sec"[%) +e=+x"—9—3sec” [%]ﬂ:
, (I+]]E'"
Example 24 Evaluatej g1

1+x"e

Solution: [et # = xe', then %— xe' +e'(1) = du=(x+1)e" dx

+xe T ()

J-(T-H]E” . J«(I—H')E”

du 3 K.
X zj —=1an & + ¢ =1an (.re )+ C
+ 1 :

[ (32)
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1 |
Example 26 Evaluate j—.:ir. x € (=0, OYUJ(O, 1).
Xl —x°

Solution:

J.; dx
Xyl = x

| —3x’ ; , : i
= 7 I : dyr Putu=yl—x"=u =1—x = 2udu=-3x"dx

V1 =% =1
VI = x* +1

+c

2x
Example 27 FEvaluate dlx
'[ ~.||'_1'4 + 9

Solution: Let u=x". then du = 2xdyx

M+-”|'M2 +3:‘ N :ln‘u%—xe‘u: + 9\+c'

The integral becomes:

1 B 1
ety e

Substitute & with x°:

l
'I.v’u:+9

Example 28 I “dx
@23 — 4x + 3
Solution: We have x —4x+3
X =dx+3=(x*-dx+D+3-4=(x-2)-1

J- dx _ j cx

(X—=2W% —4x+3 =2 J(x=2)"=]

Let w=x—2, then du=dyx, the ilth‘:gral becomes

j du =_[
m/s..'l—l fh,‘u ¥

Substitute » with x=2

_[ dit
uiw — 1

dit = In

du = ]I‘I‘.l‘: + \r’f +9| f ¢

|

== SEC

+ c=sec |H| + ¢

|
= §ec |x—2| + 0

[ (%)
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¥ EXERCISE 3.2 J

I.  Evaluate the following integrals: (By using suitable substitution)

.|,

(1) _[.1'{11‘34—8]”{4{1' (i1) I{x"iZf dx (111) I[]+l]h(%)c&‘

A

(1+vx)’ Si4l 4 ; %30
{H}J \E d j(?—.’f} X ax (vi) _[ 73 +5]
- sec’ x o [SINY—COSX : tan® x
alx d ;
(vil) Itan AR & (‘“")_f J14sin2x v ) Ib{.‘.‘t x+tan® x =
(x) § X e (xi) I]“HECIdx (i) J-In(am x)
“l+xtanx cotx tan x
= Elr
e
{xm}_ 2+ ) X

2. Evaluate the following integrals: (By change of variable)

(i) Iai dx (i) jsin"ff::"!m (iif) jlfe__, dx

(iv) jmm (v) Igfl_z;; dx (vi) jx\/;‘_lz
(vii) sz'fal dx (viii) Jl?f[lnk{lln,r):] dv (ix) jl i—3+4 dix
(x) ‘[(]j:); (xi) jﬁ (xii) | :i: dx

(xiii) j‘/‘:dx (a>0)

3.4 Integration by Parts
The rule that corresponds to the Product Rule for differentiation is called integration
by parts. Integration by parts 1s a technique for simplifying integrals of the form

J‘f[_r}g(.r} dx
Product Rule in Integral Form

Suppose that f(x) and A(x) are two differentiable functions. According to the product
rule,

[ (84) J
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. .
i [ f(xX)A(x)] = f(x) B (x)+h(x) f'(x)

Integrating both sides with respect to x gives:

£(x) hx)= [ [ S () + h(x) f/(x)] d
Splitting the integral, we have:

£(x) h(x)= [ fCR(x) dic+ [ () f(x)
Rearranging terms, we obtain:

j FO) R (x) dy = f(x) h(x)— jh{x; £'(x) di (D

Now, let #'(x) = g(x), then A(x)= J.g{.r_] dx.
Substituting into (1), we get:

[ fgd = £(0)([ g0 )= [| ([e@ar('(0)) [ AN

Example 29 Evaluate _[xsinn:rd‘r. n#0.

)
S’

Solution: _[rsin nxdy: Integrating by parts taking x asdirst function. we have

—COS HX — COS 1Y —vcos ax ]
:A'[ ]_I( ]{l)dr: ' +—jcnsm'cir
i

1 1 i
—xcosnxy 1 sinnx —¥COSM”  sInnx
= r—ss +C=; G
I H I ¥ n-

Example 30 Evaluate I 2 et dy
Solution: Applyingthe formula for integration by parts, we have

Eiﬂ: Eﬂ'}:'.' El’.’.l'.'l' ] o= Em E { :'lJ'.'l.'
J'I e™ dr=x —j ddx =x———| " dx=x————+¢
a a a d a a a
i X ] ar (X — l
=" | ——— |[+c=e — |+c¢
a a a
+
Example 30 Evaluate J. — clx
COS™ X
X 2
Solution: _[ — dx :j xsec” x dx
COS™ X
Applying the formula for integration by parts, we have
. Sin x
J-_i: sec’ xdx=x-tanx—| tan x-1dx = x-tan .";'—.I. dx
: COS X
- —Sin X
=x-tanx+ dyv=x-tan x+1In|cos x| +¢
Y cosx

[ (33)




N . V2 thematics-12

Example 32 Evaluate J In(sin x) - sin 2x dlx

Solution: J.ln['sin:c] . 8in2xdx = j]n{sin_ﬂr'}-ZSEn X+ COS X dx
dit

=2 |In(sinx)-sinxcosxdy Put wu=sinx. —=cos x = du=cos xdx
. clx
2 2 q 2
P i if - 2 i
=2\lnu-udu=2|1In H-——J-_-_du =In u-u’ —judu =u Inyu——++c
’ 2 2 u 2
bR o TRl X sin” x
=s8in" x In(sin x)— +C Note!

—_—

[ L8 0+ £/ (0lde = f(x) +e

=sin” x [lll[sin x) —%] +e

Example 33 Evaluate j.e.": (cos x+2xsinx)dx
Solution: IE"TE (cosx+2xsinx)dyx = IF"'Z Cos X dy + J e' 2ysin xXely

=e" (sin ,r}—j[sin x)e' 2,,1'dn'+_[€"h 2xsin xdy = e" sinx+C

Example 34 Evaluate _( siu_][ a Jz;{r

vl + x°
T T

]dr: Putting x=tan 0 ; ()5(—5. E] dx = sec” 0dO

¥

N1 +x°

Solution: jsin“[

{ tan & ] tan &
:J'sin" - -sec?ﬁdﬁzjsin"( )secfﬁ.ﬂ;a
h ,J| +tan’ @ \) sec @
) oo X
= | sin™ i Y tosé |-sec’ @dO = _‘.s.in‘1 (sin@)-sec” Od0
. L COS 7 :

= [6-sec” 0 d0 = 6 tan 6 [ (tan O)(1)dO = O tan O—In | secf| + ¢

=@tan &—In|vsec’ 8|+ c'-:ﬁtan5~%1n]l+tan1{?|+ c':(tan '.1‘]*.r——21-h1|1+.1*"1 |4+¢

- xtan"r—%ln{l+f']+c‘.

EIHI!I]]]E 35 ShDW that ‘I-E"u. Siﬂ i'lT {i"{' = - 1 1 E-I'M' Siﬂ [b_‘l’ B [ﬂ]‘j_l E ] o
‘fﬂ" B 25 a
SR Lot 1= .[ e” sinbx dx Integrating by parts, we have

_ e [_ cﬂsbr]_-[[_cus b,:u:] S
b b

[ (3¢)
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oy

e cosbx a
+ T
b b

e cos bx al| ( sin bx ( sinbx | .
i i —I e -adx
h b b b

—
—

e coshxdx  Again, integrating by parts, we have

]

e"coshx ae”smbx a p . .
=— + : - — J.::f sin bx dlx
b h° b”
e coshx ae“sinbx a’
[ =— + - ——/
h h h*
a e coshx ae” sinbx
I+—[=— + -
h- b b

hl 2 e . (an :
[ ;ﬂ ]f = iz (asinbx—bcoshy) = | =———(asinbx —bcoshx)

a +b°
Substituting @ =rcosé and H=rsind, we have

e ; .
| =———(rcos@sin bx—rsin € cos bx)
a +b°
1 g o : 1 = .
= ——— " r(sinbxcos@—cosbxsind), = ——e" rsin(bx—8)
a +b a +b

Since g=rcost and b=rsiné

Squaring and adding, we haven? 5a° +5° = r=yJa* +b° and —— e_b

rcosftd a

— t:-1nf':?=E = {5‘=‘Lan""[ij
a a

I W e b | 3 b
f=——e"\Ja +b sm[fu'—tﬂn '—] =" sm[bx—lan E—J+ ¢
a +b° a [+ B2 a

Example 36 Evaluate IJ: sin” x d

| —cos2x

oL N S o P AR
Solution: IA sin” x dx —J.r. dlx —EJ.I:_J. —xcos 2x)dx

- -;l; jx .cb:—-i; I x coS 2x dlx Integrating the second integral by parts

=l(£}_l[_{sin 2""]—_[(“"2":].mr}:f-*“i"?”'uljsinz.rdr
21 2 ) 2 2 2 + 4 4

x° xsin2x | [ cos 2x ] r xsin2x |
- —| = +f=— ——cos2x+c
4 4 4l 2 4

4
[ (87)
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Special Integral

\/ﬁ X [ 2 a I

_[ X' +a de==\x"+a +—In[x+x" +a’|+c
2 2

Proof: Let ;':_[1,‘.\'1 +a” dx

=J-~.,|I'.1'J +a” (1)dx Integrating by parts, we have
I

:1./.1‘:+.:.': {.t}—j..‘ri—!_ [(I:-FH -}rh .r~..|l"r +d —It‘ —(x*+a’ (2x) dx

Yy 4+at-a
i T e de=x+lx" +a° —j ¢l
«fr g

e

JT s X 4 a J- ;
=X+ X +a — dx
= u'l:“+£r VX +a’
:xﬂ'f+al— x +a de+a’ j\{i

[=xJxi+d —!+u:j

|
: = {x
VX +a
| . | 'I . | :
2l=x.x"+a +a ln‘ Y+Vx+a

I=;1 Jx° +a1+—!11‘1‘+v'1 +a ‘-1—-‘.’

5 3 X 2
Thus, J' X +a dn;:E-,f:r +a’ +Eln ‘.t+-w":-. +a |+

Challenge!
. r 2 X I a woo il
o

7 2
(11) J- X —d dv=— 1[‘11_'“* -P—In .1+«J.1 — il \+c

\ 2 2
Example 37  Evaluate [\/x’ —4x+13 dx

Solution: [\/x”—4x+13dx=[/(x’ ~4x+4)+13-4 dv=[(x=2) +9 dx
=[J(x=2)"+(3)" d

Let x—2=uwu. s0 du=cdx

(x=2) +(3) dv=|Ju +3" du =—\Ju" +3 +ifn W+alti-+3
I [N o + L i o
[ @ ]

W)
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Replace » with x—2

x—2
2

_x—2
2

Example 38 Evaluate IJSI—J:E —7 dx

—

-J[.T—Z}:'" +9 +-§ In‘ (x—2)+ \f(.r—zf +9i+c_.

Jx—4x+13 +gln (x~2)+/x* ~dx+13+c

Solution: j\f&r—f —7 dx :I\/—{f —8x)—7 dkx

= [ =" —8x+16-16)—7 dx=[\—[(x—4)" ~16]-7 dx

= 'Jf —(x—4)" dx Let x—4=u, so dx=du

¢ —t A
=3 —u" du =£—fx||'3‘—u‘+—sm I{£J+L’
. 2 2 3
Substitute back n=x—-4

:I—4 Jg—{r—él}l +Esin" [ﬂ]ﬂ: :.1‘-4_\/31__13 —?+Esin" ["‘_4]+ &
2 2 .3 2 2 3

Example 39 Evaluate .[\[Il —8x+7 ldx
Solution: I\/.r" —8x+7 dr:_[\f(‘f =8x+16)+7-16 dx
=-- .\/{,1;—4}2 -9 dx=IJ{x—4}3 —3* dx Let u=x—4, so du=dx

= | Ju* -3 fﬁa':%»”‘u: 9 -‘%In‘rw 1|||H1“‘3:“|'f’
Substitute back v =x—4
:"";4\/{x—4}1—9—gln‘.r—4+ \/[.1‘—4}'1'—9I+c.'

_x—4

9

¥ =

1'—4-!-\/.1'3 —3.1'+?[+ ¢

Jx: —Bx+7 2 In
2

¥ EXERCISE 3.3 _4

Evaluate the following integrals:

l. - In xdx 2. jf In x dx 3. _[J: cos 2x dx
4. _ I dx 5. j:re*l"' clx 6. _[.rzer“ dlx
Gt~ 1 8 U

[ (%)
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7. I.r tan” x dx 8. ‘lnfsin.r}-cnsxdt 9. [ &* In(1+e")dx
10. I[Zf £2x)e" de 11, [e tan™'(e" )y 12. >
. “ l+cosx
) " ) -1
13. [——ax 14, [ a 1S, j'm" Vx
|—sin x x \E
16. Jﬂsinﬁdr 17. je =y a.'r 18. j : — dx
14 x* (1+x7)

I Inxtan™ (In x)

X
e (1++/x)
Jx

3.5 Integration by Using Partial Fractions

19, jsin-' vy 20. dx 2]._[':51:3 X dx

22, J-Eﬁ"'{.l:ﬁﬁ—x"—l—l}cir 23; j dx 24.[(33" (s1mhw —3cos 3x) dx

If P(x),0(x) are polynomial functions and the depéminator Q(x) (x#0), in the
P(x)

O x)

rational function , can be factorized .imtoy linear and quadratic (irreducible)

factors, then the rational function 1s written as a sum of simpler rational

)
functions, each of which can be integrated by methods already known to us.
Here, we will give examples of the following four cases when the denominator O( x)

contains

Case-1: Non-repeated linear factors.

Case-11: Repeated and non-repeated linear factors.

Case-I1I: Linear and non repeated irreducible quadratic factors.
Case-1V: Linear and repeated irreducible quadratic factors.

P{x

Case-l: Integration of _" ah where Q(x) has non-repeated linear factors

Example 40 Integrate I : 33;;2 % dlx
x(x—1)x—

)
Sﬂluﬂun:j o dx
x(x—=1)x—=2)

Ix=2 A B C
Let =—- +
x(x—=1x-2) x x-1 x-2
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Multiplying both sides, by x(x—1)(x—2) we have
x—2=Ax—1)(x—2)+B(x)(x—2)+C(x)(x—1) (1)

Putting x= 0 in (1): 3(0)—2= A0—1)(0—2)+B(0)(0—2)+C(0)(0—1)
2=A(-1)(=2)+BO)+C(0) = —2=24 = [4=-1
Putting x= 1 in (1): 3([)—22A{l—l){l—2}+B(]}{1—2}+C(l)[]—]]
3=-2=A(0)+B(-1)+C(0) = 1=—B = |B=-]
Putting x= 2 in(1): 3(2)-2=42-1)2-2)+B(2)(2-2)+C(2)(2-1)
6—2=A0)+B(0)+C(2K]1) = 4=2C = |C=2

=2 =1 =l 2

=t +
x(x— ]}( r-2} x x—-1 x- 2
Thus, j

dx

m—nn—z) _I[ ;
z—j—dx—J. - dx+2"-

[ Case-11 Integration of J

> de==In|x|~In|x=1]$2In}¢=2|+ C

ci1 where Q@) has repeated linear factors:

Example 41 Evaluate J' _ L’u.—l[l ~dx
(x+1)x—3)
Solution: Let £F 40 - A s B n ¢

(x+ I.)(.T“E}l 4+l x-3 {'1._3}3
Multiplying both sides by (x+1)(x—3) :

6x—10=A(x=3)"+ B(x+1)(x=3)+C(x+]) 19
From equation (1),
0. +6x—10=A(x"=-6x+9)+Bx* —=2x=-3)+ Clx+ 1) esll)

Let x+1=0 = x=-1 Putting x=-1 in (1)
6(=1)—=10 = A(=1-3)* + B(0)+C(0)
—6—-10=A(-4) =>-16=164 = |4=-1
Let x—3=0= x=3 Puttingx=3 (1)
6(3)=10= A(0) + B(0)+C(3+1)
18-10=4C = 8=4C = |C=2
Comparing coefficient of x* on both sides of equation (2)
A+B=0 = B=-4 = B=—(-1) = |B=1

[ (o)
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So (1) becomes

6x—10 -1 ] 2
= e} 1
(x+1)(x=3)y x+1 x-3 (x-=3)

Thus._[ ik ,dr=_[ = + ! + 2 — | dx
(x+1)0x—=3) x+1 x=3 (x-=3)

_: -2 4]
=— Laﬁu! c£1+‘7'Jl{r 3) P dy =—In|x+1|+In|x— 3|+"(T ) + ¢
X+ xX—3 —2+1
=ln!:r—3|—ln|x+l|+2{1_3} +c=In I_}— 2 + C

~1 &l x=3
P(I}

Case-I11  [ntegration of J air where (J(x) has at least one non-repeated

irreducible quadratu., fa:::tur.

5x° +3x+2

Example 42 Fﬂuij{x+lnt:+l}uk

Solution: Sx+3x+2 _ A Br+C

(x+D(x*+1) e
Multiplying both sides by (x + 1)(x* + 1) to'¢lear fractions:
SEE+ I +2=A+ 1)+ (Bx+C)x+ N sia L)
Putx+1=0 = x=-1 inequation (I
5(=1+3(=D)+2=A[-1P KN IB(-1) + Cl(-1 + 1)
5-3+2=A42)+0 = d=24 = |A=2
From (1)
S +3x+ 2= X+ B+ Bx+Cx+C
5x° +3x+2=(A% B>+ (B+Cx+C+ 4
Equating coefficients of x*, we get
S=448 = 5=248 = |B=3

Equating constants, we get

2=A+C = 2=C+2 = |C=0

Now, the integrand becomes,
Sx+3x+2 2 3r+{]'

(x+D(x" + ]]_T+| o+ 1
J' 5x+3x+2 __‘[

- =2 -—-d1+ dx =2
(x+1)0x"+1) x+1 % +l 1+]

1+l

=2!n|,r+1[+%h1|.r”+l|+ .:r=21n|x+l|+%h1{f+l]+f

L 2

[ (92) J
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Case-1V

e:il. where O(x) has repeated irreducible quadratic
factors:
e,

3 e
Example 43  Evaluate J.'T{ t“':;:I
XLy

cx

X 4+2x+1
Solution: : - : -
(x + 1)

X +x+x+l1

B (X +D+x+1 X 4
(2" +1)

x +1) x+1
. A r +
(x~+1)

(541  (# +1)

X X ]
= + A 3 i3 "
x 41 (x+1)y (x+1)
Thus, _[r -I:Z.r-i:l dx :J' dx +_|' r:.{r+_|. - l dx
(x"+1) 41 (1 +l} (x~+1)
|

:Eln“ )+ l““]

I
B e——dx ...(]
-1 -{{x-+1}- sl &

To evaluate _[

J-':l

; azrzj , Nee>0 do = j
(x*+1) {lan‘ﬁ-t-i}

dx, put x = tan@\dv=sec’ 0 db
(‘+I}

-sec” 0 df = .f dé‘
(HEL 0) sec?
= [cos’ 0 db = I(1+Cﬂs2€)df_f}:_;_l:9+5‘“229:':%[9+25m{:‘cn5€}

=l[6’+sin§ms€]=l 9+Hm9mﬂhﬁ =l e+ mnqé? .t & + 1anf{

2 2 COs 2 sec @ | 2 |+tan” &

2 [tan"x+ & } (1) becomes
2 ] 4x°

Finally: JT +2x+l 1

2 | | | 3 T
dy =—In(x +1)——— +=fan" ¥ = 1 -t
(x* +1) 2

x* +1 2 214-x*
|

—In(x” +1}+ltan" :-.:+l > - : +c
2 2 2 +1

1+x° x°

; : I. 3 .-1:_1
=—In(x"+1)+—tan x+ - +c
2 2 2

2(x"+1)
(93)
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¥ EXERCISE 3.4 _J

Evaluate the following integrals:

| J' Sx+7 I 9 J‘ 13,1' +5 I 3 j.r' + 2::‘“ —x—1 e
(x+1)(x+2) x+4x+3 x =1
2 J- x —12x-21 " p J- 3—16x din & j 6x —22x+18 I
' == 445 -6x7 s x(x=1)(x-2)(x—-3)
=3 ‘ —1 25(x
7. [ 8 [S——ar 9. L)
(x+2) e’ (.:?" - ]] (x—=2)x+3)
[0 J-,r" +4x +5x+2 i % I X420 —] 12 J- % +2% 4] e
' (x+1)(x+2) S (x=D(x 4D (AN +4)
i1 jf +3x% +x+1 e 4 j cosx i _[ x e
T4+ Di(x~1) "~ dgint x—1 U =2x+2)

3.6 The Definite Integral

Definition: Let f be a continuous function, en the closed interval [a, b]. The definite
"
integral of f from a to b is defined as If{.r]cir: F(b)— F{a), where F'(x) = f(x).

Here, a 1s the lower limit and'b the upper limit of the integration.

Remark: The value offa.definite integral 1s a real number, not a family of functions,

as 1s the case for wndefinite integrals. The numbers ¢ and b are the limits of
integration.

Theorem 3.2: First Fundamental Theorem of Calculus (FTC)
If £ is continuous on [a, bland F(x)= [ (t)ds for every xin [a, b].

i

then F'(x)= f(x),on [a, b].
The derivative with respect to upper limit of the integral of f is just f(x).

Theorem 3.3: Second Fundamental Theorem of Calculus (FTC)
If f is continuous on [a, b] and F'(x) = f(x)on [a. b], then

b
[ 1) dx = F(b)=F(a).

( [59) )
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Example 44  Evaluate: [ (x*+1) dx

| | ‘;+I 6 I
Solution: J-{.r-*+1] dx= - +x :{éx-‘+x}
[ 6
| —+1] -
LY 5 )_|
5 ¢ (g £ 5 5
= =(1)F +1 =D+ =D |==+1-"%1=2
['5 | ] , 6 . }] 6 6
e secd
Example 45 Evaluatcj — de
siné+cosé#
™ secd secd " sec’ @
Solution: = di = de
— }[SinHH:-r.:-m") Iu}*-.t’p’(tdnt?-H} ;!: |+ tan é

=[1n[i+tané|]"" =In

l+tan——
4

—Injl +0|=In|1 R1[>0=In2

7 ;
Example 46 Evaluate I i

] 1|||.‘:: <+ {J

Solution: Let f(x)=x"+ 9, theny’(x) =2Xx, so

dx

o7
|
W o 3
_" dx ] (X +9}]{21 = L ¥4
\/1 +g 0 2 l
2

[Ve5] <[V7r9-079]=T6-Vo=4-3=

Substitution in a Definite Integral (Change of variables)

Suppose that g is differentiable function on [a, b]. Also suppose that f is continuous
by

b
on the range of g. Then J‘f{g{'x)]g'(,r_} dx = I f(u)du.

glaj

Example 47 Evaluate IZ.re"Hv

Solution: Let g(x ]: x'. Then g'(x)=

The integrand is e* Zl—j(g ) g'(x }WIth flu)=¢"
When x=0, L*:g[ﬂ):[]'zﬂ

[ (%)
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When x =2, ;ﬁr:g(';z):z2 — 4
2 =4 4
Therefore, j Ixe’ dy = j e' du= IE“ dit = [E” T —e¢'—e'=¢"' -1

0
Hr=ll i

Integration by Parts Formula for Definite Integrals

Let f(x)and g(x) be functions with continuous derivatives on the interval [a, b].
Then the integration by parts formula for definite integrals 1s:

j.f[ef}.g(r} dx = [f{.ﬂ Ug(.r}dt ]I - T[Ug(x}a.{r)(f{.ﬂ )} e

Example 48 If f('{]] = f(x) =0, show that I,;"l{.r}sin_rdr:—’[ f"(x)sinxdx

Solution: J. f(x)sin xdx Applying integration by parts:
i

=| f(x)(—cosx)|, — If’(.r}{-—cus x)dx =—f(x)cos m+ f(0)cos 0+ jf’{_r) oS x dx
0 [

i

=—(0) (=) +(0)(1)+ |f’{,r}:=;in_r|: — I:-“.ing:- £(x)dx

=0+0+ f’{;'r}sin{rr}—f'{[}}sin{ﬂ-}—_[f”(.r}h'in xdlx

g w

= f(2N0) = 1(0) (0)~fJ4x)sin xdv =~ f'(x)sin x dx

{
3.6.1 Properties of the Definite Integrals

Throughout this section, assume f is a continuous function on the given interval.

f fr
Property-1: If[x]dw: : J.f{f )dt.

Property-11: J'_f (x)dx = —j flx)dx.
i h

i ' i
Property-11I: j f(x)dx = _[ fx)dx + J f(x)dx, where a<c<b.

This result can be generalized as follows:

fy

J‘f{x)dﬁ: = }f{x} dx + rj:f{x} dx + ]if{x)cir 4t j flx)dx+ :i f(x)dx

where a<c¢ <, <e¢;<+<e <c,<b

[ (%)
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f h
Property-IV: jf{.ﬂ dx = J-f(r:; +b—x)dx.
’ ) i i
(1) As a special case, if we take @ =0, we obtain: Jf(.r}:ir = jf{h—_r}dr

h b
(11) As another special case, 1f we take a =—=b, we obtain: j f(x)dx= J f(—=x)dx.
—h —

(111)  For any integrand of the form J(x) _1f there exists a substitution
J(x)+g(x)
x—>a+b—xsuch that f(a+b—x)=g(x) and g(a+b—x)= f(x), then

h

J~ f(x) e h—a.
f(x)+g(x) 2

il

4] !

Property-V: J f(x)dx = I(f{.‘-:) +f{:-.r])dr

—if 1]

In particular, if f(=x) = f(x) (that is, f 1s an even function), then

]

[ fyde=2f 1w o

and if f(—x)=—f(x) (thatis, f isdmodd function), then jf{x}c.{r =0

ki 2

Property-Vl: ]f(_!:] dx s j (f(x)+ fla—x))dx

i

\ 0 if  fla=x)=—f(x)

In particular, !f[r}dx = 4
K]

2[ fxyde if fla—x)=f(x)
il .
Property-VII: If f(x) = 0 on the interval [a, b], then jf[.'-:}dr,&{} and if f(x)<0on
“r [
the interval [c. d]. then j-ﬂ_.r]dr < (.
) h b
Property-VIIL: If f(x) < g(x) on [a, b]. then [ f(x)dx < [g(x)dh.

f2 fr b
Property-1X: I({Ifl (X)+ Bf,(x))dx= ijf,{_.ﬂ.a{t+ ﬁff:{A') dx.

[ ()
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* if 0<x<2
Example 49  Let f{.x}={: l e
—X

4
if I<x<d Compute: _f f(x)dx.

4

Solution: [ f(x)dx = j f{r}dr+I F(x)dx = jr aﬁ:+J’{4 x)dx

L] [ [

=d£_:+ dx X 4: @ _Or |, 4(4}_14_’ L 4[--;-1_(212
3Lk 24 HE B 2 2
= E—O]-F {16—3}—{8—2):§+8—ﬁ=§+2:8+6:14i
3 3 3 3 3

]
Example 50  Evaluate: [ f(x)dx where f(x)=|x—1|+|x+2].

Solution: To find where the expressions inside the absolute values changes:
x=1=0 = x=1 and x+2=0 = x¥9

So, break the interval [-6,4]atx=—6,x=-2,x=1,x =4,

These points divide the interval [—6, 4] into three intervdls [-6, 2], [-2, 1]. [1, 4].

Now, express f(x) without absolute values afnd\compute the integral over each

subinterval:

(@) Forx e [-6,—2]: [x—l|=—(xx DX x+1and [x+2|=—(x+2)=—x-2

)= et e+ 2 = xR 2 =2

ff{:r]dﬁ:=f{ 20— Ddx—[———x] [—1 —'-:]

=4+2)—(-36+6)==2—-(30)=-2+30=28
(b) Forxe[-2, 1] |x=1|==(x—1)=—x+1land |x+2|=x+2
fx)=|x=-1|+|x+2|==x+1+x+2

|
jf{;ﬂif.r= IS{?’I=|3I|'_J =3(1)=3(-D=3+6=9

(c) Forxel|l.4]:|x—1|land|x+2|=x+2

S@)=|x= 1] +|x+2|=x—=ltxtd=2x+]
4

| fxyx = [@x+Dde=[x" +x]} =[(4)" +4]-[(1)’ +1]=16+4-2=18
i

|
From (a). (b) and (c)., we have:

4 -2 | 4
_[f[:fjldt: jf(.r}d1"+jf{x]dr+“-f(.r}¢£t =28+9+18=57.

—i

- O )
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' 1
Example 51 Evaluate jf (1—x)2 d.

' 3
Solution: Let / = ‘[ x(1=x)2 dx

f

1 3 H h
I zj-[l--:n:}z (l-—-(l—-.‘f))E dx [By using J-If{,r}dx Zjlf(fi-i- h—I)-:irJ

1 3 I 3 | 3 3 3
- J.{l —2x+x)(1- |+ 1) dx = J(1—2.1‘+.r:}.1‘5d1: = .'-[.1:E —2xx¥ +x°x2 )dﬁ:

i i

e 8 7 3 8 4.2 IV ¥y 5 gy 319 8
— . _2 2 4+ ¥ d — | — v —— 4 — 2 — | — l N ] F lysax ] 2 | ﬂ
_[(A x? +x° ] X LI R ]ﬂ (5{} 7{] 9(] ) (0)

2. 4 2 _126-180+70 _ 16

~57 779 315 315

Example 52 j cos” xdx
il

in

Solution: Let / = IC{}SE xdx

]

Here f(x)=cos’ x = f(E:r—.ﬂ-—[cns(E:r—x}]j = (cos .:'.‘)5 =cos” x = f(x)
L = 2_[ cos’ xdx

]
Also j'{:r—.r) ={:.:l:m'{ﬂ'—.'.-:Il]5 = (—cosx) =—cos” x=—f(x)

Thus, 1'— cos” xdx =0

=~ Iu'

't.|""ﬂ'l'l X —+JCOSX

-

L +Elﬂ X COs X

E¥ 24 [1] #
. SINX —+/Ccosx
Solution: Let [ = J' —J J

¥ a Y
S5 N2 +sin” x cos” x

Example 53  Show that j dx = 0.

alx

h h
Using the property: If{x]d.r:_[f{u +b—x)dx of definite integrals, we substitute x

[ (%)
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: 3
w1th£+—ﬂ—,f=£—.r:
5 10 2

(z T

1”]'” \{SIH[E_IJ_\]CDE(__T) ‘"J-'“ Jcos x —+/sin x
I =

5 2 +sin’ [E—I)msj(——x} \[-+51n X COS™ X

2 2
Wil oo [
:_J' SR NP k. Clearly [=—1 =52/ =0=>1=0.

\/_+51n‘.r cos’ x

Vsinx —+/cos x

\/_‘-I“"Trl['l X CDH 1:

'ir

That s, j

Example 54 Given I J() dv=4 and If{x]dr:l[). Evaluate -f[.r_} d
e 1+e ’ ¢ 1+e”
Solution: Key identity: 1 + I —=1.
l+e" l1+4+e™
Multiplying the identity by f(x), we get: }‘{,1') AS) = f(x)
1-1—.5:" 1+e™
3 " 1 3
Integrate over [-3, 3], we get: _[ /(¥ d1'+j &) dx = Jj'{_r}dr
AN l+e
Substitute the given valies: 4 J*J. J(x) -dy =10 = _[ air =10-4=6
| +e™
Thus,]- f(x) dx = 6.
o
Example 55 Evaluate J. _:: B A e
' +2x +1
Solution: Let f(x)= ? sm:_t
X' +2x" +1
)= (—x) s ( —;r} _ X 51111 X sl

(=x) +2(=x)" +1 x"+2x +1
This shows that f(x) is odd over the symmetric interval [-a, a].
Y sin® x

)
Hence, [ ————dx=0
Lo¥ H2x+]

. ©
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Example 56 Evaluate J. f(x)dx.
|

2 I |
Solution: Since f(2—x)= f(x) = j f(x)dx=4= 2]’ f(xX)dv=4= J' f(x)dx =
0 0

L

Given J.f{‘.}iix' =4 and f{E —_.t_‘;l — fl:,‘["] = f{—l‘}.
i
3
To uvaluatﬂ_[f{.r]:ir. Putx=2—¢, dv=—dt. Whenx=1,t=1; Whenx=3,1t=-1
l

Therefore, j f(x)dx = j fQ2=1)(~dt) = -j [(2=0)(—=dr) = J' fQ2=1)di

—If{E—r}dr—jj{r}cix 2jf(r}dr_'?rv:-_4 Since f(2—x) =£(x) = f(~x)
v EXERCISE 3. 5 4

. Evaluate the following definite integrals:

xld

j['.r2 +x)dx (ii) j'(4.r3 43072 dx. (i) J' sin® xdx
14—."4 1 :"T 3
(iv) | ———dx (v) \[[costdado (vi
o I +sinx 8 R
o opIn(1+ 1] NS L .. f sin’x
(Vi) i[ T (wiil) jtan x &l (1x) J:I+e£°“" dx
2. Evaluate the follawing definite integrals:
Q) ’~ﬂ B where /() 5-3x if x<0
[ Oy where f(x) =+
PSR T 543 if x>0
5 4
(i) [ f(x)dx, where f(x)=|x—4]+|x (iii) [[4—x7| dx

5. Lit fayed T L DRERD o i dened i ) =)+ )
x e X)= . F1ETE X ) 15 delined as: &o(x) = Jix =X ).
' 2x+1 if 2<x=4 ' '

4
Compute: Ig{:r]c.{r.
I 2 I 2
4.  Simplify: (i) -[f{r)cir —If{x}f.{r—-[f{x} dx + jf{,r)cir.
] 1] 3 3

(11) jﬁ_}"[r} cx — jfij'{-il — X )dx— I SHx)dx— j-ﬂlf{ﬁ — x)dx.

| T
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5,

6.

10.

11.

13.

14.

-

(1) I In(tan x)dx =0

| | |
Prove that I.r'” (1-x)'dx= I.r”{l —x)"dx and hence evaluate f.r{l =3y "dh.
il il 1]

Evaluate the following definite integrals:
1 2

| | e
(1) ‘I-.l'd-ii—.rtir (i1) j\/l‘r_a{r (i11) j; " id\:
i —X s

Let f(x) be a function satisfying f(x)+ f(—x)=x"+x" for all x. Evaluate the

1
-

definite integral _[ J{x)dx.

-

| 1h [l

Let Ij'{x)dr = 20), jf{.*:}fir =435, Evaluate _[ f(x)dx.
] l 3

4

Given that: If{.r]cir =16 and jf{'.r] dy=12. Evaluates, the integral
L] il
J'(:z f(x)+5) dx.
If f(4=x) = f(x). show that [ f(2x)dx = [\x) .
” 1

Show matj{l-_ﬂf[l-f]atr=jf(’l-.rf)dr.
-1 =1

If fla+x)+ f(a—x)r=0sshow that I flx)de=0.

Show that Jlffl'lt_ f.{r:ff{.ﬂd\‘, where f(x) 1s an even function. Hence or
— i +& i

o 3

. X
otherwise evaluate I

=il

cdx.

I+€'|

Given the function f(x) satisfies the following conditions:

() [ f(x)de=12 (i) f(4—x)=f(x) (iii) f(x+2) = f(x)
Evaluate j J(x)dkx.
I

Show that:

I

. SIN X COS X
iy =

dy=1()

)

©
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(i) [x(7-x) cos(z—x)dx=0. (i) j“" D +4x-2) 4

i 1+e
16. Evaluate the following definite integrals:
3 2 In2 T
: X s e
1) : ~dx i)
{ -!..r‘ +(4—x) ; ;[ e +2e”
7. Find the indicated derivatives:
@) d-'[ sin y (i) dT 1 2
dt |+\/_ dx? 1+1°

3.7 Apphcatlun of Definite Integrals
3.7.1 Area Under the Curve

A remarkable result in calculus is that the area under the graph of y = f(x),
where f(x) = 0, can be obtained simply by evaluating the defimite integral of

J{x) over the interval [a. b].
If f is continuous and f(x) = 0 over the interval [a. b], then the area A of the region
f

under the curve of f fromatobis A= If{.r}ait

 Notes: 7
1. If f(x) <0 on the interval [a, A].'then the area bounded -~ .
] { 3 ]
by the curve y = f(x) andXx-axis is given by If(.i:}e:ir - 0 =y
i - :'l:
¢ 0 y=f(x)
or equivalently I|f{.r}| dx or equivalently —I f(x)dx. '
y & i v Fivure 3.1

2. If f(x) 2 0 on the interval [a, ¢] and f(x) <
0 on the interval [¢, b], then the total area
bounded by the curve v = f(x) and x-axis

on the interval [a, b] is

]L f(x)dx

j f(x)dx +

i h
or equivalently J.f{x] c!r+j|f{.r]|dr

i I
or equivalently If{.r‘,lc.ir—ff{x}dr .

( )

Figure 3.2




N . V2 thematics-12

3 If f(x) changes sign at ¢,, ¢;, ¢y, ..., ¢, In(a, b) where ¢, < ¢,< --- < ¢ are

the roots of f(x) = 0.

H
Total Area= ﬂf{ 3:)| dx = i

]I-f(_r}dr

]- f(x)dx

et jf{x}dr

4.  The area bounded by the curve | 5. Area between two curves
x = f(p).the y-axis, the horizontal | If f and g are continuous and f(x) = g(x)
lines over the interval [a, b], then the arca A of
y=c and v=d (d>c)isgivenby | the region bounded by the graphs of f,
g, x=a,and x=nhis

:ff (v)dv.

A=[[f(x)-2(x)]dx

The above result dogs not require f(x) or
y=d o(x) to remain pesitive over the interval

_ la, b]. Y
x=£() 4
y=/x)
J!:E ,-"'"
. I oL
.{tr — L=
PE. b E=a
X
v i y=glx
Figurg A3 __
Figure 3.4

Signed Area agdhNNet Signed Area

b
The definite integral jf[.‘f] dx gives the area between the curve and the x-axis, but

o

the interpretation depends on whether the curve crosses the axis.

e [f the entire curve lies above the x-axis, then the definite integral directly
gives the signed area—and it 1s positive.

e [f the entire curve lies below the x-axis, then the definite integral directly
gives the signed area—and it is negative.

e [fsome part of the curve is above the axis and some part is below the axis,
and we add these arecas with their signs (positive for above, negative for
below), then we get the net signed area.

[ (104 J
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Thus:

e Signed area refers to the case when the curve i1s entirely above or entirely

below the axis.

e Net signed area refers to the result after canceling positive and negative

contributions when the curve crosses the axis.
In both cases. the formula is the same:

i
Signed Area (or Net Signed Area)= If(x}dlr

The result may be:
e Positive (more area above or entirely above).

e Negative (more areca below or entirely below), or Zero (equal area above

and below).

Example 57 Find the area bounded by the parabola y = x* =(5x + 4 and the

X-axis.
Solution: Given the parabola: y = x" — 5x + 4
Set v =0 to find x-intercepts:

r—5x+4=0 = (x—1)x—4)=0
So, the x-intercepts are at x =1 and x =4.
The parabola opens upwards (pobifive” leading
coefficient).
Between the roots x =1 and\e = 4, y(function) is
negative. The vertical lingsare x = 1 and x =4, which
are exactly the intercepts.
Therefore, the region bounded by the curve, the x-axis,
and these lines is from x = | to x = 4, where the curve
1s below the x-axis.

E‘i&
1-.
14
(1, 0) (4. 0)
“ t t +—>
100 3 3 %
=L
24
3+
v
Figure 3.5

Since the curve is below the x-axis fromx =1tox = 4. the area is:

-+ b ]
Area= M dx = _[—i_xl ~S5x+4)dx= f (=" +5x—4)dx
|

2.5 ] (L& SO )
3 2 | 3 2 |

_ﬁ_[ﬂll'_‘lﬁﬂl_ﬂ&g
3 6) 6 6 2

. 9 .
The area 1s 5 square units.

3 2
_ s

2

—4(1]]

| 0
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Example 58 Find the area bounded by the curves y=13—x"and y = 2x+35.
Solution: First, we find points of intersection of the curves y =13 —x” and y=2x + S as:
13—x" =2x45 = 13—x"=2x=-3=0= 8—x"-2x=0

=x'+2x—8=0 = x’+4x—2x-8=0

= x(x+4)-2(x+4)=0 = (x=2)x+4)=0

So,.x=—4orx=2

Determine which curve 1s on the top:
Test x=0:
y0)=13-0"=13
y(0)=2(0)+5=5

So, vy =13—x7is above v = 2x + 5 in the interval [—4, 2].

Arca = j[upper—lﬂwer]dr — I[{l3 —x7)—=(2x+5)]dx
4 4
2 2 .
= IfS—x: —2x)dx = [Ex—'——x:} Figure 3.6
"y 3 4
3 E
=| 8(2)— 2 —2° |-| 8(—4) - EX ={_4)’
3 3
= 6() —[% +ET4J = 6{}—8 ;64 = 60—? = 60— 24 = 36 square units

The area between the two curves is 36 square units,
Example 59  Find the area of the region bounded by the parabolas y =4—x and

y=x" —2x.
Solution: To find the pomt of intersection
equating both equations.
-3 =x"—2x
4—x"—x"4+2x=0
4—-2x" +2x=0

—2x" +2x+4=0

Divide by —-2:
¥ —x=-2=0 Figure 37
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(x+1)x=2)=0
So, x=—1 and x=2
Intersection points: (=1, 3)and(2, 0)
Determine which curve is on top at [-1, 2]
Take x =0 & [-1, 2]. Put it on both curves, we have
Test x=0: p(0)=4—-0"=4 and v(0)=0"=2(0)=0
So, 4—x" >x —2x forx=0
Thus, f(x)=4-x"is the upper curve, g(x)=x" —2xis the lower curve.

-

Area = j[f{':r)—g{xj]cir S “{4—1‘1}—[}1': —E.r)}:ﬁ'

= J' (4=2x" +2xX)dx = |:43:—%:nr3 +f}
-1 -1

-

: 2(8) ; 2(=1) . 20 7 _ :
= j =i e L ':’" —_— e = oy = — | —_—— | - a
(4(-—] 3 % ] (4( 1) 5 +(=1) ) ; ( 3] O, square units

3.7.2 Consumer and Producer Surplus
One place in economics where area between/two curves is important is in the
calculation of a quantity called consumer Surplus and a quantity called producer
surplus.

Demand Function

The demand curve for a commudity’ shows the quantity | #1

consumers are willing to buy at any given price. Let p be p=D(x)
the price that a consumer 1s'willing to pay for a quantity x
of a certain commodity. Then p and x are related to each Demand function
other through the déemand function p = D(x). The graph of

the demand function generally slopes downwards, as the | © X

demand for a commodity decreases when its price Figure 3.8
increases: that 1s, with an increase in price, the consumer
is likely to buy less. [Figure 3.8]

Supply Function

Let p be the price at which a producer 1s willing to sell a
quantity x of a certamm commodity. Then p and x are
related to each other through the supply function p = S(x).
The graph of the supply function generally slopes
upwards, as the supply of a commodity increases when
its price increases; that is, with an increase in price, the 0
producer 1s willing to supply more. [Figure 3.9]

A

p = 5x)

Supply function

=

Figure 3.9

[ (107 J
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Market Equilibrium

The point where the demand and supply curves intersect is called the market
equilibrium. At this point the quantity that consumers want to buy equals the quantity
that producers want to sell.

If (x,, p,)is the equilibrium point, the quantity |#
SR Supply curve

x_1s called the equilibrium quantity and the price

p. 1s called the equilibrium price.

(x,. p.) Equilibrium point

Algebraically to find the equilibrium point, we

solve the system of equations formed by the Demand curve

demand equation and supply equation. 9 X, X
ieure 3.10

Consumer Surplus (CS) e ¢

Let the demand function be p = D(x), and let x, be the quantity demanded when the

market price 1s p,. However, some consumers who are-unaware of equilibrium price
are willing to pay more than p, for the quantity x,0f the"commodity. The difference

between what a consumer is willing to paysand'what they actually pay is a benefit to
the consumer. -
Thus, consumer surplus can be defimed as:
3.4 Consumer Surplus (CS)

Consumer surplus is the totalsbenefit gained by |#
consumers when they purchase an item at the

Consumer

equilibrium prige, tather than at the higher price
they would have been willing to pay.
Geometrically, it is the area under the demand | 7<[~==="" (X Pe
curve and above the horizontal line drawn
through the equilibrium point.

Supply curve
}...-Equilibriunl point

Demand curve

Figure 3.11
Area under demand function Area under equilibrium price
Thus, CS = —

fromx=0tox=ux, fromx=0tox=x,

-

| ( Demand function ) dx — j ( Equilibrium price ) dx

1]

=

b

]ED(.r‘,lah' —_[ p.dx = I (D(x)—p, )dx

L

[ (109
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Producer Surplus (PS)

Let the supply function be p = §(x), and let x, be the quantity supphied when the market
price is p_. However, some producers are willing to accept less than p_for the quantity
x, of the commodity. The difference between what producers actually receive and

what they would have been willing to accept is a benefit to the producer.
The great economist Alfred Marshall called this benefit producer surplus.

3.5 Producer Surplus (PS) P
Producer surplus is the total benefit gained by

Producer

producers when they sell an i1tem at the Surplus

equilibrium price. rather than at the lower price

Supply curve

Equilibrium point
they would have been willing to accept. Pobonde oS50 PI*
Geometrically, it 1s the area above the supply E Demand curve
curve and below the horizontal line drawn |0 X 5
through the equilibrium point. Frloure 3.12
Thus. PS Area under equilibrium price Area abovesupply function

R [ fromx=0tox=x, }-( fromx=0tox=ux, )

| | { Equilibrium price ) dx — J'(Supply f'I.Iﬂctiﬂn}cL"r
0 0
= g:r dx — IS (x)dx = I(p‘ —S(x))dx
Cl}l]ﬁunlor Surplus {( S) and Producer Surplus (PS) Formulae
I.  With Respépito"Quantity (x)
Let: * p =D(x)=demand price function
* p =S8(x) =supply price function
* x_ = equilibrium quantity

* x,= equilibrium price = D(x,)=5(x.)
Consumer Surplus [CS} area between demand curve and equilibrium price line, from

x=0105=%:C8= I(D{\.] p]dl:

Producer Surplus [PS}z area between demand curve and equilibrium price line, from

L.
g

x=0tox=x,:PS'= J-(pu—S{x_‘,l]ﬂir

Total surplus (TS): TS = CS + PS = j(D[.r}—S{.r]]d*-.

( T
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2.  With Respect to Price (p)
Let: » x,(p)= D Y(p) = quantity demanded at price p
* X (p)=S"'(p) = quantity supplied at price p

» P =choke price (demand = 0 for higher prices)
* P =minimum price (supply = 0 for lower prices)
* P =equilibrium price

Consumer Surplus (CS) = area between p, and p_ ,under demand curve x,(p):

fevax

i
CS = I x,(p)dp

P=p,
Producer Surplus (PS) = area between p,, and p_, under supply curve x_(p):

o

PS = [ x(p)dp
= P

3. Summary Table

Surplus I Integration w.r.t. Quantity | Integration w.r.t. price I
. NP

CS J (D)= p, )ex I x,(p)dp

I
0 p=p,

X

s

2
PS I( p. —S(x))dx I x(p)dp
;

] = 13

4. Key Notes .

*  Choke priceyy__ = D(0) (price when x =0 in demand).

max

*  Minimum supply price p_ = S(0) (price when x =0 in supply)

mn

*  When integrating w.r.t. x, limits are quantities, integrand is price difference.
Example 60 The supply curve for a good is p, = +/16+x. The demand curve 15
linear with vertical intercept 73 and passes through the equilibrium point. If the

quantity sold is xe = 33, find the equation of the demand curve( p,, ).
Solution: Supply curve: p.=+/16+x
At x, =33, p. =+/16+33 =49 =7. So intersecting point is (xe, p,) = (33. 7).

Demand is linear p, = mx+c.

Vertical intercept ¢ =73 = p, =mx+73

It passes through (33, 7): 7=m-33+73=33m=—66=>m=-2
So, p, =—2x+73.

[ (119 J
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Example 61 If the supply function for a particular commodity is 25p = (x+10)
and the market price is Rs.64, find the producer’s surplus by two methods:

(1) Integrate with respect to x (i) Integrate with respect to p
- > x+10)°
Solution: Given: ESI} -t [I + “:})- = p= (X . )

Atp =64:25x64=(x +10) = (x +10)°=5"x §
Take positive root: x, +10=5%x8 = x, +10=40 = x, =30

Method (1) Integrate w.r.t. x

t; 0 3 3130
5o o110 T 22107
0 4

; 25%3
A i

[ 6ax30- B0 ) [ 107} 1999 GO A0 _ 5002800 - Rs. 1080
75 75 75 75

Method (11) Integrate w.r.t. p
From:25p = (x+10)° = x+10=5\/p = x=5\/p£10

Find p_. when x=0:

mn

”—TSJE—IG =% ) F:]n = \/F“_ - \/__2 - Fuun_q'

P
PS = I-"f:{.-”]-f#ﬂ” I(S.J_—lﬂ]dp—[S -lﬂp] {-lg{}-gf'“—]ﬂ;}}

Ir'll'l'ulll

—[E{fﬁ} —10(64]}-[—(4} * =10/ 4}] [—ﬂ{slf’f—640}—[?{23}-‘"1—10(4)}

ATII 9 P
=h130_33ﬂ_ﬁ4ﬂ+4g=5'2i Bﬂ_ﬁnn_&;‘]-ﬁou_msn 600 =1080

Both methods give PS = Rs.1080.
3.7.3 Solids of Revolution

The volume of an object plays an important role in many problems i the physical
sciences. In this section, we consider methods for computing volumes of solid of

revolution.

If'a region in a plane is revolved about a line in the plane, the resulting solid is a solid
of revolution, and we say that the solid i1s generated by the region. The line
about which we revolve is an axis of revolution. In particular, if the region shown
in Figure 3.13(a) i1s revolved about the x-axis. we obtain the solid illustrated in

[ (111)
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Figure 3.13(b). If a plane perpendicular to the x-axis intersects the solid shown in
Figure 3.13(b). a circular section 1s VA y=f(x) x=b
obtained and volume in this case G Rt
can be found by disk method (‘l-)/d O
which is explained below in |9 4 bx

theorem 3.10 and 3.11.

Figure 3.13(a) Figure 3.13(b)
Let / be continuous and non-negative on [a, b}, and let R be the region bounded by the

graph of y = f(x), the x-axis and the vertical lines x = a,and x = . The volume V of
Iy

the solid of revolution generated by revolving R about the x-axis is V' = JJT [Iflf.‘f}]j d.

Similarly, let g be continuous and non-

negative on [c, ], and let R be the region
bounded by the graph of x = g(x), the y-axis
and the hornzontal lines y = ¢, and y =d. The
volume F of the solid of revolution
generated by revolving R about the y-axis 1s

el
¥ ou= .‘-;r[g(_y)]' ﬁh Figure 3.14

Volume of Solid of Revolution i®, Cross-sectional Method

Let S be a solid that lies betweenthe planes P, and Ps. If the cross-sectional area of §
in the plane Py is A(x). where 4 is a continuous function, then volume of § is

.‘r
= Jl ﬁ(.l'] dx

Example 62 A solid has a circular base of radius 2. Parallel cross-sections
perpendicular to the base are equilateral triangles. Find the volume of the solid.
Solution: Let us take the circle x* + y° = 4. The solid, its base, and a typical cross-
section at a distance x from the origin are shown in Figure 3.15 (b).

— VA
-}J = |'.1 = I_ F 4 C
"
'l._i' I
\// A s
o IS¢ Exﬁy
]
|—; 605
. A A Yy D ¥y B
(a) The sohd (b) Its base (c) A cross-section

Figure 3.15

[ (112




N . V2 thematics-12

Since B lies on the circle, we have y =+4—x" and so the base of the triangle ABC is
|AB1 = 2y. Since the triangle is equilateral, we see from the Figure 3.15 that its height

1S \Ey. Therefore, the cross-sectional area 18

2 2y- \E) /

A(x)= %lBESE){HEight} =

= \/E}"? = \E[il—x?)

and the volume of the sohid 1s

T 1

V= _[ A(x)dx = _[ ﬁ(;;_f)dr -3 41_%}_

A3
=JE[(4{2}— 9 } ﬁ[ﬂ—5+8—ﬁ]=ﬂ
3 33

Example 63 Find the volume of the solid obtained
by rotating the region bounded by y=x". y =064,
and x = 0 around the y-axis.

Solution: Since the axis of rotation is the ysaxis; we

2.1
e

3 : ;
I cubic units

—

write the curve y=x" in the form wfl ¥='". The

region and the solid with a typicdl'disk are sketched

in the Figure 16. Using the Formula
e

i j;r{g(y}]z dvawith ¢ =0, d =64 and

4
A3
l'.1 .
]

g(y)=y", we have

Figure 3.16

i = &4
V=[z(y") dy=n[y"dv=x
0 0

| e

=9

3072n

cubic units

__3_33' EANSIY =3_5T I S/3 ]
=={ (64" 0] 5[(41 |

3T i 3T
2 =211024) =
5{} 5{ )

Example 64 A cone is formed by rotating the straight line y = 2x around the x-axis
from x = 0 to x = 5 cm. Find the volume of the cone.

Solution: The volume V of a solid formed by rotating v = f(x) around the x-axis from

h
x=atox=bis: V= J..i'r[j"{x]l]1 dlx

i

Here f(x)=2x.a=0andb=53.

[
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3 1 5 3 e A
So. V=rg|l(2xYdr=m|d4xdx=4n|x"dx=4m| —
| J. [¢ar=sr| 5|

? 5 ,
— 47| 2t =4H{EJ=50“"" ~523.6 cm’
3 3 3

Example 65: A mug is designed by rotating the line y=3x+1 around the
x=axis from x=0to x=4 cm. Find the volume of the mug.

]
Solution: The Volume V is given by the formula: I = jﬂ'[f(.t?}]z dx

Here f(x)=3x+L a=0,and h=4

-1' 1 ; 1 g :'.j 6t1 ’
V=it {3,1*+I}‘dr=xj{i}.r‘+ﬁ,r+!]d:r:;r ? + ? +Xx
0 0 = . i

=73 +3x7 + .r]: - H[(S(f{}" +3(4)° +4)—(0 )] = 7[192%48% 4] = 2447 cm’

¥ EXERCISE 3.6 _§

Find the arca of the region that is above, the x-axis, but below the curve
y=({x-=2)3 -x).

I.  Find the total area and the signed area between the graph of y=x" —4 and the

—x
i

x=axis over the interval (i) [—3,—[] (11) [—3.3].

2. Sketch the region boundediby the given curves and find the area of the region.
i) y=2x yel® (i) y=+x,y=x°
(i) =2\ y=1-x* (iv) y=x"andy=|x|.

Find the area of the region bounded by y=|x—3|,x=2,x=4 and the x-axis.

4. Find the area bounded by the parabola y=x"—6x+8,x=2,x=4 and the

X-axis.

Lh

Find the area bounded by the parabola x =9— y°, and the y-axis.

6.  Find the ratio of the areas of the regions bounded by the parabola y = x* —4x+3
and the coordinate axes.
7. For the function f(x)=2x over the interval [0,3]:

(a) Find the signed area (b) Find the total (physical) area
(c) Explain why they are equal in this case.

3. Find the area of the region bounded by the curve y = (x—=1)(x + 1)(x = 2) and the
X-axis.
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9. Find the area of the region bounded by the line y=x+1 and the parabola
y* =2x+10.

10. The demand function is p = 30 — 2x — x~ and supply function is p =—6 + 4x + x°,
Find consumer’s surplus and producer’s surplus.

11. At equilibrium, the quantity sold is x.= 4 and the price is p. = 16. Consumer’s
surplus 1s 16 and producer’s surplus is 8. Both the demand and supply curves are
linear. Find the demand function D(x) and the supply function S(x).

12, The supply function 1s p = In(x + 2) and the quantity sold 1s x.= 2. Consumer’s
surplus 1s 6 =2 In 2, Find:

(a) Equilibrium price (b) Linear demand function p = a — bx.

3. Ifthe demand function for a particular commodity is p = 100 — 2x and the market
price is p. = Rs.64, find the consumer’s surplus using two methods:

(a) Integrate with respect to x. (b) Integrate with respect to p.

15. Find the volume of the solid obtained by rotating the region bounded by the given
curves about the mdicated axas.

(i) y=x,x=2, y=0; x-axis (S +r=2,x=0,y=0; x-axis
(i) y= Jx—=5.x= 6,x =8 y=0x-axis (iv) y= x —2x, y=0; x-axis
3.8 Applying Concepts of Integration to Real-Life World

Problems

3.8.1 Moment of Inertia
Definition: The moment of inertia of a single particle of o ()
mass m about an axi§s B is defined to be mr”, where r is -

its distance from the particle to the axis AB. For a system of -
particles m,.m,,....m, placed at distances #,r,....1, ' B

respectively from a given axis, the moment of inertia of the Figure 17
system 1s defined as
- -2 I AT % 2
mr- + mr A+ e my, = ng,.
i=1

The moment of inertia of a rigid body having continuous matter 1s:
lim;, 2 + -Om :J'.r2 dm

the integral being taken all over the body.
.  Ifthe moment of inertia of a body of mass M about any axis be MR", then R is

called the radius of gyration of the body about that axis.
The above defimtions and the following two theorems enable us to determine

the moment of inertia of many other bodies.

-
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Example 66 A uniform Rod of Length 2a:
Find the moment of inertia of a uniform rod of length
2a and mass M about a line through one end and
perpendicular to the rod. p
Soluation: Lct M be the mass of a uniform rod A8 of P O
length 2a. then the mass per unit length of the rod Figure 20
is i

2a
Let us consider an element PO of length 6x at a distance x from the line AY. Let AY

be a line through 4 and perpendicular to AB.

>
ot

«© X ax

. . M
s om = Mass of an element PQ =(Mass per unit length) x (ox) = e X OX
a

The moment of inertia of this element PQ about the line AY 1s

M

2} o g =

X om=x-—-0x
2a

Thus, the moment of inertia of the whole rod about AY {s

24 2a L 9 A\ 3 3
[ g Mg M2 T NS 00\ () 4,
2a Zern 2al 3 £ 24 3 3 2al 3 3

Example 67 A Uniform Rectangular Lamina:

Find the moment of inertia of a uniform rectangular lamina about a line through the
centre and parallel to a side,

Solution: Let O be the ceéntre of the rectangular lamina ABCD with AB =2a,BC =2b

and M be the mass pfthis lamina.

Ll

Mass M M
Area (2a)(2h) 4ab

Let OX be a line parallel to AB about which the

moment of inertia is to be required. Take an £ ¢

™ »r
elementary strip PO of breadth ox perpendicular to L—“ B
0 dix
¢

Then the mass per unit area (density) is

OX at a distance x from O.

e 4

.. om =The mass of this elementary strip

. M . 4 B
= density x area = 4—(2.-_‘)-{??_1:] = —0X.

'LI'I ' }
ab A Figure 22

The moment of inertia of this strip about OX 18

b M . b .
om-— =—o9x-— by previous example.
3 2a 3
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Thus, the moment of inertia of the rectangular lamina about OX 1s

M B Mp® ¢ Mb MY Mb 1
2D o = el e i o L g
I?a 3 " 6a Jud s b 2 Ul ) s

Hence the moment of inertia of the rectangular lamina about a line through the centre

e |

and parallel to the side with length 2a is ;—Mhl,

3.8.2 Distance, Velocity, Acceleration

Suppose a particle is moving along a straight line with position function s(¢) velocity
function v(r). and acceleration function a(f), Since s'(f) = v(7), the Fundamental
theorem of Calculus gives:

t5 5

_[v('r}dr = j §'(t)dt = [s'[rﬂ = s(t,)—s(t,) (1)

h N
Similarly, since v'(7) = a(t), the Fundamental Theorem of Calgu_ig_;s@iws:

2

[ a(eyde =vie,)=v(r) ()

fl

If we want to calculate the distance traveled during the time interval [7,, /,], we have

to consider the mtervals when v(7) = O\ (the, AY

particle moves to the right) and also “the V(1)
intervals when v(7) < 0 (the particle. moves to
the left). In both cases the distanCe isscomputed 4, m

by integrating | v(r)[. the speed. Therefore, total ‘ i

P\ ol Lot
distance traveled = ._[‘1-'{':‘3 dl. w
1

Given figure shows how both displacement Figure 23

and distance traveled can be interpreted in terms of areas under a velocity curve.
3

Displacement = Iv{f}df =4 —4,+ 4,

5

Distance = [v(()di = 4 + A, + 4,

Example 68 A particle moves along a straight line with acceleration a(f) = 61 —
18(m/s°) and initial velocity v(0) = 15 m/s.

(a) Find the velocity function v(r).

(b) Find the displacement of the particle during 0 <7 <3.

(¢c) Find the total distance traveled during 0 <¢ < 3.
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Solution: (a) Find v(¢)
We have a(f) = 61— 18
Velocity is the integral of acceleration:

1={!):ju{!}cﬁ :j'(m-ns]m :652;-13;+.1-=3:3 ~18t+¢
]

0

where ¢ 1s constant of integration.

As v(0)=15m/s

So, v(0)=3(0)"—18(0) + ¢

15=¢
Hence w(i) =3t —187+15

(b) Displacementon 0<7<3

S =3 —18t+15) dr =[1* —9¢ +151];
i

=27-81+45=-9 This means that the partrele ntoved 9 m to the lefi.
(c) Total distance traveled
Note that v(1) =3(1" —61+5) =3(1 —1)(r—5)
and so v(7)20 on the interval [0,] and v(7)<0 on [l, 3]. Thus the total
distance traveled 1s

3 | 3 1 3
J’[ w(1) | dt =j[ uummﬂ (1) | dt :ju{:;m+j{-1.-m}m
ii i 1

i |

) 3
=[(3r =18t+15) dt — [ (31" ~18¢+15) d
i 1

=[' =9¢" +15¢], [t —9¢" +15¢],
= [(1=9+15)—(0)] = [(27—81+45)—(1-9+15)]
=T7-=(-16)=7+16=23m
Example 69 Growth rate of population: A town’s population growth rate (in
people per year) 1s given by
P'(t)y = 5000 +200¢

where 7 is the number of years after 2020. If the population in 2020 (r = 0) was
100,000:

(a) Find the population function P(r) (b) What will the population be in 20307
(c) Find the total population increase from 2022 to 2028,

[ 13 J
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Solution Given
A town’s population growth rate is
P'(1) =5000+200¢ people/year, 1t = years after 2020,

P(0)=100,000

(a) Population function P(r) (b) Population in 2030

F 2030 —>1=10 (1e. 10 yecars)
P(1)= | P(t)dt = [ (5000+2001)dr P(10) = 100000 + 5000(10) + 100(100)
P(f) = 50007 + 100£ + C = 100000 + 50000 + 10000
Given P(0) = 100000 = 160000 people
100000=0+0+C = (C=100000
P(r) = 100000 + 5000t + 100

(c) Population increase from 2022 to 2028
2022 —» ¢, =2 and 2028 — 1, =8

Increase = P(8)—P(2)
P(8)=100000+5000(8)+100(64) = 146400
P(2)=100000-+5000(2)+100(4)=110400

Increase =146400—110400= 36000 people

3.8.3 Average Value of a Function

finition: If f is continuous on Men its average value on [a b] (also |

called its mean value) is f \b o f(x}dx

'Emmple 70 Find the: aur{ig{. value of the function f(x) = x* + 2 over the interval
-1, 2].
Solution: With a=—1 and b =2, we have

:lHEJFE(Z]J [FH 2{—I}H =l[§+1+4+2)=1(2+6j=3
3103 3 33 3 3N 3

Thus, the average value of f(x)=x"+2 over [-1, 2] is 3.

Example 71 A temperature sensor moves slowly along a 10-meter track,

continuously measuring temperature. The temperature at position x is given by
T(x)=20+x, where T(x) is in °C

Find the average temperature measured by the sensor as it moves from x=0 to

x =10 meters.
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Solution: Function: T(.‘r] =204 x, Limits are from x=0 to x=10.

Lo}
I

Average Temperature = I[ED+1).:J&
[l

10-0

2 T 2 .
-=~L Eﬂx+L :L 20{'1{]]+ﬂ — 2(](0}-%&- =259
10 2 10 2 2

i
3.8.4 Drug Dosage Required by Integrating Concentration
Core Concept: Drug Concentration and Integration
Think of fighting an infection as a battle between the drug and the bacteria.

'fDrug Concentration C(7) : This is like the "number of soldiers” in your bloodstream at time 1. B

Right after a dose, you have many soldiers. Owver time, the body removes them
(metabolism/excretion), so the number decreases.

Minimum Inhibitory Concentration (MIC): This is the minimum number of soldiers needed to
hold the battlefield and prevent the bacteria from growing, If the number of soldiers drops below
this, the infection can start winning again. {

Area Under the Curve (AUC): If you imagine a graph of "number cfsﬁ'ldir:rs" (concentration) vs.
time, the arca under that curve represents the total fighting effort over time.

A short time with many soldiers might give the same total “ﬁ,gfﬁﬁng effort” as a long time with fewer
soldiers.

This "total fighting effort" (AUC) is what maﬁg@”ﬁﬂdﬁing the bacteria effectively.

Why Integrate? nl \

Integration is just a way to add up the total “soldier-hours" (concentration x time).

If C'(7) is concentration at time {, then:

This AUC (Area Under the Curve) measures total drug exposure,
Doctors know [rom experiments:

e [ AUC is too small —» drug won’t work well.

e I AUC is too large —» risk of side effects.
\ So they calculate the AUC to decide the right dose and frequency.

Example 72 Basic AUC Calculation
A patient i1s given an intravenous dose of an antibiotic. The concentration in the
bloodstream over time is modeled by:

C(t)=8¢"""(mg/L) where ¢ is n hours.

(a) Find the total drug exposure (AUC) from =0 to t =6 hours.
(b) What is the AUC from =0 to infinity?
(c) If the minimum required total exposure over the first 6 hours is 40mghr/L. is

the drug exposure from this dose sufficient for a 6 -hour treatment?

| @




N . V2 thematics-12

Solution: (a) AUC from r=0 to r=6:

0 0,15 71®
AUC, .= JHE‘_H Bt A= e - 8 (E-n,ﬁm —=e%)
= g ~0.15|  —0.15

i

=8 (1—¢°%) =53.333%0.5934 ~ 31.65 mg- hr/L.

0.15

(b) AUC from t=0 to infinity:

~).15

0

0.15

= 005 F -
AUC, . = [8e™ msl‘ } =8 ~ 0)=5333 mghrL

(c) Required total exposure over first 6 hours = 40mg - hr/L

Actual AUC from +=0 to t=6=31.65mg hr/L
31.65<40

Conclusion: No

The drug exposure from this dose over 6 hours is insuffi¢ient-to meet the required
minimum of 40mg-hr/L

b2

EJ'I

¥ EXERCISEJ.7 4
Find the moment of inertia / of a uniformrectangular plate ABCD about the edge
AD when AD =3, AB =8, BC =3..CD = 8 and the mass per unit area 1s 4.
Find the moment of inertia‘0fha uniform triangular lamina about its base.
A particle moves along a straight line with acceleration a(7) = 121 =36 (m/s”) and
initial velocity v({@) 30 m/s.
(a) Find thevelocity function v(7).

(b) Find the displacement of the particle during the time period 1 =7 <6.

(¢) Find the distance traveled during this time period.

A particle moving along a coordinate line at time /=0 is at a position 2¢m from
the onigin and traveling at a velocity of Scm/sec. I the acceleration of the

particle is given by: a(7)=3—4(r+2) . Find the velocity and the position of the
particle as functions of .
A projectile 1s launched vertically upward from an mitial height of s, feet with

an initial velocity of v ft/s. Neglecting air resistance, show that its height s(7)

. N | | _
above the ground at time ¢ is given by s(7) :_E gt +vit+s where, g >0 is

the magnitude of the acceleration due to gravity.

@
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6.

10.

1.

12

In a bacterial culture, the growth rate is proportional to the number of bacteria
present. Initially there are 200 bacteria. After 2 hours, there are 1800 bactena.
(a) Find the number of bacteria at time ¢ hours.

(b) How many bacteria will there be after 4 hours?

The rate of population growth of a small city (in people per year) is modeled by
P'(f) = 800 + 60z, where ¢ is the number of years after 2025. If the population in
2025 (1= 0) was 25,000 people:

(a) Find the population function P(r).

(b) Estimate the population in 2035.

(¢) Calculate the total population growth from 2028 to 2033.

Find the integer b such that the average value of f(x)=2+4x-3x"on the
interval [2, b] equals —7.

Let / be continuous, Ij'{_.r_‘,l dx = 5. I the average value of f on [U, 4] 15 twice the
£

4
average value on [{L E], ﬂndvl.f{:.r}dr.
) 3
Let f be continuous, and f-;uppn::;c:_l-f{.r)drz& If the average value of f on
|

4
[I.. 4] 1s three times the average value on [3, 4], ﬁnd_[f{x}d‘c.

3

i )
Let / be continbious‘and suppose: jf(.t‘}r.{t' =10 and_[f[.r}r:ir = 6. If the average
0

=

value of f on [{l 3] cquals the average value on [3, 4}, find _[f(.r}d.r.
3

A patient receives an I'V bolus dose of a drug. The concentration in the blood is

modeled by:

C(r)=12¢ ™" (mg/L) where t is the time in hours since that dose was taken.

The minimum effective concentration (MEC) is 3 mg/L. The drug is considered

effective if total AUC in a 24-hour period 1s at least 150 mg-h/L.

(a) Find the time T (in hours) when the concentration reaches the MEC.

(b) Calculate the AUC from =0 to = T for a single dose.

(¢) Determine it one dose provides enough total AUC over 24 hours. If not,
how many doses (given at intervals of T hours) are needed in 24 hours to

meet the requirement?
@
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13.

A patient takes a drug every 8 hours. The single~-dose concentration (in mg/L)
isC(1) =12¢7"" where ¢ is time in hours since that dose was taken.
(a) Understanding Contributions
If the patient takes doses at r =0, =8 and 7 =16. Write the contribution from
cach dose separately at time /=10 hours. Then write the total concentration at
=10
(b) Common Mistake
A student calculates concentration at =10 as12¢"*" = 1,624 mg/L.
What 1s wrong with this calculation?
(c) Just Before V/S Just After a Dose
Calculate
(1) Concentration just before the third dose at 7 =16 houts.
(11) Concentration just after the third dose at r = 16heurs.
(d) General Formula
Write the general formula for C,_, (¢) for'l6<7 <24, ie., after 3 doses

have been given.

123)




