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Further Differentiation

INTRODUCTION
Differentiation, a fundamental concept in calculus introduced by Newton and Leibniz,
allows us to study how quantities change and evolve. In our previous class, we studied
the definition of differentiation along with sum, difference, product, and quotient rules,
and applied them to find derivatives of polynomials and rational functions. Building
on that foundation, we will now explore how to find the derivatives of trigonometric,
inverse trigonometric. exponential. and logarithmic functions. We will apply
differentiation to identify increasing and decreasing functions and to find equations of
tangents and normals to curves at specific points. Higher-order deriydtives of algebraic,
implicit, parametric, and transcendental functions will also_bé Studied. We will use
linear approximations and differentials to estimate functiod values. changes. and
calculate relative and percentage errors in real-life contéxts like volumes of geometric
shapes. The unit also delves into finding local and global extrema using critical points

2.1 Review of Differentiation Basics

Definition: The derivative of thefnction v = /(x) is denoted by 1—1 or f'(x) andis
dx
defined as:
[(x+h)=f(x ) v
f'(x)=1im A )=/ (x) if exists or @ lim {i—l if exists.
A\ h dx 90 Sx

The derivative gives the instantaneous rate of change of the function at a point.

e Power Rule; i(.t“ ) =nx"" where nelR.
dx

e (onstant Rule: i[c] =0, forany ceR.

dlx
In the following rules u = u(x),v=v(x) are differentiable functions and ¢ is any
arbitrary constant.
du

e (Constant Multiple Rule: —(cu)=c—=cu’.
dx dx

L A
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e Sum and Difference Rule: (utv) =—Ei L utv
dx dx dx
e Product Rule: This rule helps to differentiate the product of two functions.
d ,
—(uv)=u'v+n'
dl_
e (Quotient Rule: This rule 1s used to differentiate the division of two functions.
c (u _u'v=u
dx i\ v a
where v(x)# 0 for all x in the domain.
N

2.2 Derivatives of Trigonometric Functions

Derivative of the Sine Function

While finding derivatives of trigonometric functions, we assume that the angle 1s
measured in radians. To calculate the derivative of f(x)=sinX.

Here, f(x+h)=sin(x+h), and

flx+h)— f(x)

f'(x)=lm - (By\tha definition of derivative)
f-il
. sin(x+Ah)—sinx =
= lim { ) (By substituting the values)
Jr=sl) IZ.'r'
R x+h+x ) NXPA—X
2cos| ——_——|sin B
. 2 ; : +q . p—
=lim < . sin p—:-‘.mq:ECDSP 9 sinl 4
fr—=al) ;1! 2 2
5 (2x+h). [h)
2COos sin| —
. 2
= lim
Jy—#t) h
: 2x+h),. sin(h/2 s oume
= limcos Jim { ) applying limit #—0
fr—-»id o h>t /D i
. sind i : :
=cosx(l)=cosx ( ltm 7 =1, # ismeasured in mdlans)
Bl f
&
Thus —(sinx)=cos.x
dx
The derivative of the sine function is the cosine function Prove by definition
d . d .
—(SInXx)=cosx —(cns J:-)= —Sin X.
dx . dx

(35)
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Derivative of the Other Trigonometric Functions

After finding derivatives of sinx and cosx by definition, the derivatives of the

remaining trigonometric functions can be found using product rule and quotient rule of

differentiation.

Example 1 Find f'(x)if f(x)=tanx (By using definition)

SIn X

COS X

Differentiating w.r.t. *x’, we have

F1x) = (sin x}’cnsx: sin x (cos x)’ [u )r Cuv—u
COS™ X

€08 XCOS X —sinx(—sinx)

CDEI X

9 .
_ COS” x+sIn” x (Q
cos” x O

1 s .
=acC X T SIn o CO87 X =

Cos” X .
J ) *
.IP-II ,, = tﬂn = = w
us ::ir( x)=sec” x Q

R gy
| o
i

ution: /(x)=tan.x =

+ (sinx) =cosx, (cosx) =—sinx

& (x*) escx+x’(cscx) =2xescx+x (—cscx.cotx) =xescx(2—xcotx)

2.3 The Chain Rule

2.3.1 Composition of Functions
Letg: X — Y,and f: Y — Z, then their composition feog: X — Yis defined as:

Seg(x)=f(g(x))

r@ W
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For example, consider two real valued functions g(x)=x"—x and f(x)=sinx. then
fog(x)=f(g(x))=/(+—x)=sin(x’—x)

Theorem 1: (The Chain Rule)

If /() 1s differentiable at the point u = g(x)and g(x) is differentiable at x, then the

composite function fe g(x) =f(g(x)) is differentiable at x, an f o g'(x)=f"(2(x))-2'(x)

In Leibniz’s notation, if Critical Thinking

v=f(u)and w=g(x),then | Suppose f(x)=x and g(x)=|x|. Then the composition
dv _dy du (f g)x)=x" is differentiable at x = 0, although g(x) is not
dx i dx _ differentiable at x = 0. Does this contradict the Chain Rule?

Example 3 Differentiate y =sin(x” —x)w.r.t ‘x’.

Solution: Let v =x"—x <L)

. . 3 - 1 Y "
Substituting # = x” —x mnto y=sin(x" —x), we have y=sinu

v 7
Now, we have y=siny and w=x"—x

Differentiate with respect to . Differéntiate with respect to x.

dy dit
— = Cosu —=2x-1
du dx

By Chain Rule @ = oy = cos u:(2a—1)
dx  du dx
dy . - . :
? =cos(x —x)(2x-1) (By using equation 1)
dx

2.3.2 Derivativieno? a Function Given in the Form of Parametric
Equations
Let a function be represented by parametric equations
x=f(t) and v=g(r)
From x = f(¢), we have

= _f' (x) (Provided fis bijective)
Now, by Chain Rule applying to y=g(¢) and 7= f"'(x), we get:
dy dy di
dx  dt dx
o ‘*
dv _di Ld_ 1
dx d_i clx ﬁ
dt \ dr J

[ (37) J
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. ody . .
Example 4 Find — if y=acos7and x=asinf.

dx
Solution: Differentiate y=a cosf and x=a sinf w.r.t ‘1’
dy ; dx
—==—gsin{ and —=acos!
dt di
dy
; dy asint
Apply the Chain Rule F =—tan?
dv dx  qcost
dt

2.3.3 Implicit Differentiation
When an implicit relation cannot be easily solved for y (or when multiple explicit

: : , U o e e
functions are involved), we can still compute .-:i_ using implicit differentiation. The
Y

steps are as follows:
. Differentiate both sides of F(x.,;..')zﬂ with respect fo x, treating v as an
implicit function of x.
2. Apply the Chain Rule to terms containing )"

: ; dy
3. Solve the resulting equation for —.

Example 5 Find j—l if x +RRsim(n~) =0
I
Solution:; Differentiate.x + " +sin(xy’) =0 with respect to x to obtain:
llfl".. fj 3 ﬂf . 5 {-!'tl" 5 5 ﬂh" 4
—(x)+— (v ) x—1sm(xy)) =0 2vy—+ v cos(xy )+ 2xv—cos(xy’ ) =-1
cir{ dx J ah:( ' ) Cdx ' " odx '
ﬂll"' 4 L'f 4 (ﬁ : 4 4 3
I+2y—+cos(xy” ) —(xy") =0 2y—il+xcos(xy” r=—1—y"cos|xy”
T odx T odx 'dxi ()} ' ()
d_'r " " 3 . ._12 ) r:
.?.yi +c05({i-'_] [Jf" + .\:{E,vﬁ]l =—] a =— et R }
dx 1 dx I dx 2y { I+ xcos(xy '}}-

2.4 Derivatives of Inverse Trigonometric Functions
Here, we will prove that:

; & - w o I . R | -1 1 <
1) —(sin~ x)= ,forx e(-1, 1 i) —(tan™ x)= —. forxelR
(1) .*:ii:( ) — (=1, 1) (111) ufr( ) 0

(11) i(cus".ﬂ:— : forx e(=1. 1) | (iv) i (cot™ x)=— 11, forxelR

dx Jl=a2 clx I+ x
[ (38) ]
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- d = I
(v) —i(sec x)= = for x e (—o,=1)w(l,:0)
dx | x| v/ x =1
d

(v1)

|
(csc™ x)=— , forxe(—om,—1)u(l,»)
dx |,r|~s,||'_r?—]

Proof (1): Let y= sin”' (x), where xe[~1,1]and ye [—%

ra | X

|

smy=x ... (1)
Differentiate equation (1) w.r.t. x, we have

dv
cos y— =1
dx
dv 1 B l
dx  cos ¥ ”J[:_USE ¥ \/l — Hinz y
d . . . I 3 |
—(smm  x)= . forxe(=L1) (¢suly=x)
dx |—x’
Proof (2): Let y=cot '(x), where ye(0,7) and\ & R.
cot y=x N )

We differentiate equation (1) w.r.t. x3
dv { '

—cs¢” y—=1 (cot y) =—csc™ y
dx 5
dy | -
—_ = —— cscy#0, forve(O,x
dx ooel v el )]
l ) .
=— - (‘¢ l+cot” y=csc” y)
l+cot™ y
5 I _
—(cot™' x)=— —|for xe R (" cot y=x)
dx | +x°
Proof (3): Let y=sec' x,where x e(—w,-1]U[l,%) and y E{G,J‘T]—{%}
SEC =X vl 5 x|
We differentiate equation (1) w.r.t. x:
dy ’
sec Vtan y— =1 ( (secy) =secy tan}-)
dx |
dv I

dx secytany

[ (32) J
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Linit-2  Further Differentiation Mathematics-12

tany+#0 = yv#0 and v#7r = x#-1,1 and from equation (1).

! l
2, = il 2) (" secy=x)
dx xtan y
/
1.|||Ed11 v, ve|l, E}
TR
tan y =< =

{
~.J' x €(l,00)
X

b o3

Y
1

x € (—o0,~1) Prove formulae (2), (3) and (5).

f

N ye(31
\/—

.
rsecy=ux, andxe(l,o)when ye (H,E),
{J | xe(l,-1) 2
tan y =
—Jx* =1, xe(-x,]) whilEJrE(—ﬂ&,—lﬁ)WhE“-‘JE[%‘H]
\ /

Substitute the value of tan y in equation (2)

| _ _ Reall!

3 X E {]'ll:ﬂ)
dy xvx =1 J—, x, ifx=20
— 4 _'l:"' —
dx l v e\ —x, ifx<0
5 N . o
—xxxt =1

d = L X
Hence, —(sec  x)=—+—o—— where xe(—0,—1)w(l,0) [ X :{ .

cx |x|~f;r3—l H —x if x<0
Example 6 Find dﬂ if _v=:~:cns"‘['—r]—w’crl—f -

+1- H

if x2 {]]

’ ; ; - 3 1
Solution: Differentiate y = xcos ‘[—]—ﬂa‘ —x* w.r.L. X to obtain:

(4

iﬁ—cm"[£}+r - l L. [_r'J —l{az-x )— g —(a” —x")
d  \a) \/]ﬂ{xfu)l dx\a)l 2 _ dy

X 1 1 |
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¥ EXERCISE 2.1 _J

. Derive the formula for the derivative of the following functions w.r.t. x:

(a) sec x (b) csc x (c) cotx
In 2 - 6, differentiate with respect to the variable involved.
; ] sint
2. y=xcosx 3. y=xsecx+— 4. y=
X l—cost
5. y=(1+csct)sint 6. y=secx+4Jx—10

In7-9, find % by making suitable substitutions and applying the Chain Rule.

I+ x :
1. y= 1 5.  y=(sinx +cosx)?
—X
In 9 - 12, differentiate w.r.t the variable involved.
9. y=sec(tanx) 10. y=+/sinx +cr.:rs~u";
1. y=tan’ x+cot(x’) 12, y=sin’ (cos2V)
.. dy . , :
13. Find a’_ for the following parametric equations:
Ix
(i) x=sin"t and y = cos 2f () x=+l+sect, and y =+/tan¢
. v —b'x
14. If x=asect and y=bhtant,show-that— =——.
dx avy

15. Use implicit differentiation to find &Y if:

clx
(i) ax” +by™2ex+2fi+c=0 (i) x+tan(xy)=0
16. Differentiate w.r.t. the variables involved.
. PR, X o - g - + I i ?\ .1
Q) sin 1(_) O Point to Note
a x =1 %+ % 1| %l
——| = ——>Iforx e (~a,~1)_y(l,»),and
(iii) cot™ (x)++eot x > -1 -
4
(v) (tan)” '11 : < —1 has no solution.
1v) (tanf)” + ¥ -
tan”~ f . ¥
2.5 Derivative of Exponential Functions
A function defined by ]
- ‘ lim~——=Ina
f(x)=a', wherea>0anda#1 0
is called an exponential function. s 7

If a=e=2.71828 then f(x) = ¢e", 1s called natural exponential function.

[ (41) J
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Now, we shall find the derivative of f(x) = a*, using the definition.

Let f(x)=a" seiil)
From equation (1) we have f(x + h)=a* ™" o(2)
fi(x)= lflmﬂ e h,'] =i (definition of derivative)
(- |

After substituting the expression for f(x) and f(x + /) from
equations (1) and (2), we get:

Challenge!

X+ - 1 f
a’—a' a(a —1)

=lim = lim g
hr—0) h fr—() h * Prove that ;(E‘- )=¢
h
. a —1 _ 19
:ﬂ'l hm __._ﬂf l[‘lﬂ' ki - Dﬂ}!’ﬂuknﬂw Ine=17
J1—si) h
d . i
Hence, we have proved that [—(a¢")=a Ina|.
dx
e I':{l’ : i :'«ii'|'|:.'r .|_.-1
Example 7 Find = if (i) v=e (i1) a
clx

Solution: (i) Differentiate y = e wort, x and @pply the Chain Rule, to obtain:

> Ty L d .  du
— =™ * —(sin**) v—(e" ) =e" -—
dx dx dax ™ dx
d’p' sin* & d - . 8N

— =" "Z8inx—I(sinx) =2sinxe™" "cosx

dx dx

=Usinxcosxe™

.
(ii) Difterentiate. y = q" w.r.t. x and apply the Chain Rule, to obtain:

dy d ' du}
—=a" Ina—I(x Na" ) =a"' Ina-—
: (') ( () =

cx clx
=a" Ina(3x%)
=3x’a" Ina
2.6 Derivative of Logarithmic Functions

If @ =x, where a > 0 and a # 1, then y is called the logarithm of x to the base a,
written as:
y=log.x , x>0 , yeR
If ¢ = e, where e = 2.71828, then the function
y=log, x=Inx (whenever ¢’ =x)
is called the natural logarithm of x.

[ (42) J
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Now, we will find the derivative of f(x) =log_x, using the definition.

Let f(x)=log, x . (D)

From equation (1) we have: f(x+h)=log (x+h) SR 7

flx+h)= f(x)
h

We know f'(x)=1lim (definition of derivative)

fr=wl)

After substituting the expression for /(x) and f(x + /) from equations (1) and (2), we get:
_lim log, (x+h)—log, x _ lim z " ( x+h J

Iim1 1o (]-l—;? Iimlln l+h 5 B\
— — — — = — fi
=0y h Ea X sl e Ba ¥ [im [l+ —J =@
fi—10 1
1 = - o
=—.log e
X
=—1-. | v log, b= :
x log,a log, a
= : (v logy x=jnx)
xina
Hence. we have proved that w‘—;—(log v = !
’ 7he Sl glng
: X Example 9
Example 8 Find @ 1N € . EF
dx log, x Find T, if y=In(cos(e’)).
1 clx
Solution: Differentiate v = 4 Solution: Differentiate v = In(cos ("))
log, x with respect to x’, and apply the Chain

1

with respect to ‘x’, and apply the Rule to obtain:

Quotient Rule to obtain: dv 1 d
Tyl P’ ' ——= — {EUSEJ]
dy _(a’)'log, x—a(log, x) dx  cos(e") dx
dx (log, x)*
B I fting d (")

1 cos(e') dy

a lnalog x—a"

Xlna . ~
= . = _ sin(e’) Challenge!
(log, x) = e

cos(e") Prove that

=

* )

a*(x(Ina)’ log, x—1)

v X d
=—¢ lan(e ) —(Inx)=
T |

xIna(log, x)°

[ () J
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¥ EXERCISE2.2 _4

. Find f'{x)i;
(i) f(x)=("+4x)e"

{lll] _f'[.li'.'] = pFF

2. Fmnd ﬂ 1
cx
(1) P= In(e" —e™) () y= lﬂgm
(iv) y=In(l —cos” X) (v) y= In_r
4=

()  f(x)=sm(2")
G Fy=StE
e —e

5

I_—A () y= In(x—«J.r: —I]
I+ x

X =12x+1)

(vi) y= RERENE

2.7 Equations of Tangent and Normal Lines te a Curve

Tangent Line: Suppose that x; is a point in
the domain of the function f(x). The tangent
line to the curve y = f(x) at the point
(x9-/ (x,))is the line with equation

Y=Fo =Mx=x;)

where m= f'(x,) = LS

=M

Normal Line: A line theongh point [.ru,‘f'(.ru )}
of the curve y=Y4x) and perpendicular to

tangent line is called normal line to the curve

Need to Know!

Vertical Tangent
IFpiNs oo or —mo at x = x,, then x = x5 1s
tangent to the curve y = f(x) is called

vertical tangent
L. -

, pravided /" (x, ) exists.

Slope of tangent line to a curve at a

point 1s also known as slope of the
curve at the point.

._],,‘ = f{l) .
: . . . : L 1
If m= f'(x,) is non zero, then equation of the normal line is y—y, =——(x—x,)and
n
if m= f"(x,)=0, then x = x, is the equation of the normal line.
Example 10 Find the equations of the tangent and normal to the curve y=secx at

. T
the point where x = z

Solution: Here, y = sec x

Differentiating (1) with respect to x:
dy
—— =secxtanx
dx

(1)
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dy

L 7t " - .
m-=— :SQE[EJIHH[E): \/E {E?l-IU}"}L' 0l '[f.lﬂj._li.:nl |]|-li.::|
v=r d

dx| _..

T . v/
Put x=2=in (1), y=sec|=|=+2
ut x 4u{}i 1 SEC(ﬂrJ

The equation of tangent ai[gﬁ J?TJ =(x,,v,) with slope m = J2 is:

J"'\',E: ﬁ(lﬁ%] o =Yg B ”?{.I_IH-}
pfF = ,ﬁ_,f_ﬂ

4
4y—d2 =4-2x-7\2

42x—4y+42 -2 =0

. . s :
The equation of normal to given curve at [E \E] = (X Vs K

y=+2= —%[x—%)

x+ 4@_1'-8—;?? =
2.8 Higher-Order Derivatives
The derivative /' of a functien fis\itself a function and hence may have a derivative
of its own. If f'is differentiable. then its derivative is denoted by /" and is called the

second derivative of .\ A8 long as the new function remains differentiable, we can
continue the process of differentiating to obtain the third, fourth, fifth, and even higher
derivatives of /. These successive derivatives are called higher-order derivatives.

The tollowing are the commonly used notations for mgher-order denvatives:

1% derivative |2" derivative| 3" derivative n'™ derivative

V' " y" . p

dy d’y d'y d"y

dx dx’ dx’ dx”

J(x) J"(x) S"(x) ()

W ) ?: .1'_1 B

Dy DA D'y D"y

Jf 77 if d'f

dx f."T dx’ dx”

; (45) :
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Example 11 Find the higher-order
derivatives of the function

l .z T -
(¥)=—x —x +—x"—3
f 1 y

Solution:

Differentiate f(x) = %f —x + %f -3

to find 1ts higher-order derivatives.

i __] 3 2 I .
/ [_1]—1.4_1 —3x +; 2x—0

ol

ff(x) = 3x"=6x+]

[M(x)=6x—-6
%) =6
f(x) =0

"(x) = 0(n=5)
Example 13 Find all higher-order
derivatives of the function y=¢™ .
Solution: We differentiate y = ¢ to find its
higher-order derivatives.

frL

b dy
x Rry

=" a=ae™

()

Differentiate with respect to “x ', to obtain:

d*y , 5 5y
T’,— =ala™a)y=g"¢"
ax
{f; 14 2-f ax ¥ _ax
d—'q:ﬂ'{f'u}:u e’
%
4
'ﬂ, i 4 ax
A =ae
Y
d"v )
d—'”: e (n=1)
£
=a"y

Mathematics-12
Example 12 If x=¢” and v=¢"",
show that x° d—_'}i— 2y =0,
dx”
Solution: Given: x=¢" ... (1)
and y=¢& ...(2)

Differentiate equations (1) and (2) with
respect to ‘1, to get:

dx dv

— =ge” and — =2qe*”
dt i
Using equations (1) and (2), we have:
ﬁ =ax and 4 =2ay
dlt et
Apply the Chain Rule to obtain:
ey
@&y g  2ay
dv  dv o ax
dt
dy 2y
e .(3)

Differentiate with respect to *x’, to
obtain:

2 ;J:— '!F i
™y _ o dx
dx” X"
Using equation (3), we get:
2y
Y-y
— 2 “ -
x°
il
Fad )
X
.
2 d7 Y
v ——=2y
dx”
,d’y
= xr—=-2y=(
dx”
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2x—=3
x+1

Example 14: Find y,if y=1In

2x—3 Find Yio in E:}Lﬂ]]lple 16.
x+1

Solution: We arc given: y=In

Before differentiating we apply properties of logarithm:

l [11'-3]
y==In
2 x+1

| -
=—|In(2x=3)—In(x+1
LI (2x=3)=In(x+1)]
L 2 I ) (By differentiati t. x)
Y == - ifferentiating w.r.t. x
28 2x-3 x+l ! £
1 ¢ o el @ |
=—(2(2x-3)" ~(x+1) |
V= %(-2(21 —3]_3 +(x+1 }_1: (By differentiating w.r.t. x)
ot %{4(2.&‘—3)_] —2(x+1 ]1: (By differentiating w.r.t. x)
y, = % Fu412[2:-|f—-3".~_}_t +6(.r+l)_4) (By differentiating w.r.t. x)
[ -12 6 —6 3
Y= ; _ S\ gl Bs s 4
2 (2x58)™ (x+1) | (2x=3) (x+1)
¥ EXERCISE2.3 _4
|.  Find the equation of the tangent line to the curve y=sin"' [%]—i-cns x at the
: T
point where x = =2
2. Find a point on the curve y=tan" (%)—% where tangent is horizontal. Also

find the equations of the tangent and normal at that point.

3.  Find a point on the curve x+ v—e¢' =0 where the tangent line is vertical. Also,
find the equations of the tangent and normal at that point.

4,  Find all points on the ellipse x* —xy+y° =1 at which the tangent line is
horizontal.

[ (#7) J
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5. Find y, if:
(i) y=x'-3x"+4x-5 (i) y=In(2x+3) (iii) y = x’e®

(iv) x° n—}'z =4 (v) x° - Xy +J:3 =f
(vi) x=acost, y=bsint (vii) x=t¢°, }*:2!3
6. Find y, and write expressions for y,, and y,, without evaluating them:

(1) y:sin['ziJ (11) _1,*=In|['_1:I —a’)
. 3 3 dl ¥
7. If x*+y° =25, show that y" —+25=0,
dx”
8. If v=¢€" cosbx, show that ¢ : » 2n£ +(a" +b7)y=0
dx” dx

o

: 5 V
9. If x=sinf and y=cos , show that ——+2=10
%

5

10. Ifx=Inrand y= 4 . sShow that d—'fﬁy =0
t dx”

1. If y=acos(lnx)+bsin(In.x), show that 3;3__1;1 +xy,+y=0

2.9 Increasing and Decreasing Functions

Increasing Functi@ V Decreasing Function

Let / be an interval and let /:'{ < [R be a | Let / be an interval and let /: /- K bea
function. We say that fis\Ineréasing if for | function. We say that /is decreasing if for
any x.,x,el. any x,,x, el

x <Y (%)< () o<x, = fx)270%)

(a.b). [a.b], (a.b]. [a.b).(=0.a). (=o.2)(=2,a], (a.2), [a,)all are intervals.

Let / be a differentiable function defined on an interval /. Then
(i) fisincreasing on /,if f'(x)=0 foreach xe/.

(i) fis decreasing on /, if f'(x)<0 foreach xe/.

Example 15 Prove that f(x)=¢"defined on R =(—o0,%0) is increasing.

Solution: We differentiate f(x)=¢" with respect to *x’ to obtain.
f'(x)=e">0 foreach x e(—o0,0)

Hence, f(x)=e"is an increasing function on R =(—o0,20).

[ (48)
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Example 16 Show that f(x)=2" defined on R =(—0,%0) is decreasing.

Solution: We differentiate f'(x)=2" with respect to “x” to obtain.
- d
(x)=2""—(—x
f'(x)=2" = (=)
f"(.‘t') =—2"" <0 foreach xe (—DC-:!Z})

So, f(x)=2"is decreasing function on R =(—0,0).

2.9.1 Stationary Point
A point on the graph where its derivative is zero is called a St[ﬂ‘i{}ﬂdW point.

Example 16 Find the intervals on which the function f(x)= |1| defined on

R =(—o0,20), is increasing or decreasing.
Solution: We know that;

( | | x ifx=0 Critical Thinking
=X ¢ b
-x if x<0
Differentiating w. r. t. “x’: oy
. 1 ifx>0 ' ”
f(x)= g
=l JE<y

We now evaluate /'(0) by definition;

F(0+h)—[(0)

/(0)= lim s (By definition of derivative)
T==¢ 7
f(h)=0 /
= lim- Al ) —llmll|
fr—3#l) h fi—al] h
Since f(x)= |1| is defined different on left and right of x =0, we compute one sided
limits:
J /
hmH—hm Y —1 and IIIHH— ]IIT]E—I
=0~ fp h=slT ;; =" =0

h
Since left-hand and right-hand limits are different, the limit llmt | does not exist.

h—0 h

Hence /'(0) is not defined. (.. x 1s a critical point but not stationary)
The function has no stationary point because there 1s no point where the derivative 1s

equal to zero.

Since /' (x) =—1 <0 for each x € (-, 0) = the function is decreasing on (-0, 0) and
flx)y=1=> U for each x € (0, o) = the function is increasing on (0, o)

Hence ,( |.1| is decreasing on (—::r:: {]) and increasing on [D :a:)

[ O J
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In the above example, the function has no stationary point, but it changes behavior
around a point where its derivative is undefined.
Conclusion: From these examples, we conclude that a function may change its:
1. Increasing/decreasing behavior around:
o Stationary points where f"(x)=0.or

o Points where f'(x) is undefined.

2.9.2 Critical Point

For a function f(x) a point x = ¢, ¢ € Dom f s called a critical point if:
f'(¢)=0 or f'(¢) does not exist.

Examples:

1. For f(x)=

:r|,the derivative does not exist at x = 0, so x = 0 ig7a critical point.
2. For f(x)=x", thederivative /"(x)=2x is zero atx = ({Sox= 0 is a critical point.

Method to Find Intervals Where a Function isdoCeéasing or Decreasing
To find the intervals where a function is increasiigiordecreasing, follow these steps:
Step 1: Differentiate the given function f(x) te find f'(x).

Step 2: Find critical points by solving f'(:r}:ﬂ and identifying points where f'(x)

does not exist,
Step 3: If critical points exist,\divide the domain into sub-intervals using the critical
points.

Step 4: Select a test point from each sub-interval and substitute it into /'(x):

e If f'(x)>0 in a sub-interval, the function Point to Note

In each sub-interval of the domain
determined by the critical points, the

sign of the derivative remains the same.
" y

1s increasing there.

e If f(x)<0 in a sub-interval, the function

is decreasing there.
Example 12 Find the intervals in which the function _,f"[.r):lr}—lrz—ﬁx IS

Increasing or decreasing.
Solution: The function f(x)=2x"—3x"—12x is defined for all x & R =(—o0,).

We differentiate f(x)= 2x' —3x" —12x with respect to x to obtain:
[(x)=6x"—6x—12 ... (1)

It is clear from equation (1) that /"(x) is defined for each x & (—o0,20).

[ (50) J
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To find other critical points, we solve f"(x)=0:

6x" —6x—12=0
6(x"—x=2)=0
6(x+1)(x—2)=0
x=—1 and x=2
Hence x =— 1 and x = 2 are the critical points of the given function.

Mark these points on the real line. These critical points divide the domain into intervals
(—oo,—1). (=1, 2) and (2, =).
< O O >

=0 x==1 x=2 +a0
Figure 2.1
Now we check the sign of f'(x) in each subinterval.

Interval | Test point Sign of /’(x) Conclusion
(—o0,—1) x==2 | ["(=2)=6(=2)"=6(-2)—12524>0 | Increasing
(-1.2) x=0 [ /(0)=6(0)>=6(0)—1212,<0 Decreasing
(2,=) x=3 f'(3)=6(3)"-6(3)=N2=24>0 Increasing

Hence the function f(x)=2x"—3x" —12x

* Increases on (—o,—1)and 2.~ *  Decreaseson (—1,2).

4

Example 19 Find the interval$ where the function f(x)= x* is increasing or

decreasing on the domainye(=oe,00) .

Solution: We differentiate f(x)= x* with respect to *x” to obtain:

.f'r[-‘l’_)zg-‘f = siealil)
3x’
From equation (1), we conclude that 7(0) is not defined. Thus x =0 is a critical

o

point of the function f(x) =x3.

To find other critical points we solve f'(x)=0.

2
=0

|
3
The above equation has no solution. Thus, the only critical point is x =0. This
critical point divides the domain in the following intervals.
(=20, 0) and (0, =)

[ (51) J
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Choose x =1 € (=9, 0) and substitute into equation (1).

/(=)= - i =—§{D:ﬁf’[x]{ﬂ for all x&(—0,0). {'.‘{—1)5 =—I)

3(—1)3
Thus, the function is decreasing on (—ao, ).
Choose x=1¢e(—0.0), and substitute into equation (1).

j-r(l):_zl__:g}[}::;f'(_r)}ﬂﬁ:ﬂ'ﬂ“ IE{U-.GU)-

3(1)

Thus, the function is increasing on (0, =0).
3

Hence the function f(x)= v defined on (—w0, o0):

. Decreases on (—oo, (). . Increases on (0, ).
2.10 Relative and Absolute Extrema
2.10.1 Global (Absolute) Maximum

Let / be an interval and let /: / — [R be a function. We say that / has a global (absolute)
maximum at x=ce/ ,if f(¢)= f(x) forall xe /.

If f{x) has a global (absolute) maximum at x = g;"then f(c) is called global (absolute)
maximum value of the function.
2.10.2 Global (Absolute) Mininwm

Let / be an interval and let /: / — IR be a function. We say that / has a global (absolute)
minimum at x=c e/, if f(cysy/(x)forallxe /.

If f(x) has a global (absehute) minimum at x = ¢, then f(¢) is called global (absolute)
minimum value of the function.

The global maximum and minimum of a function are collectively called its global

extrema.

Example: (a) Let f/(x) = x" be defined on the interval [0, 2]. 1Y

The function f has a global maximum at x = 2 and a global 1 .

minimum at x = 0. The corresponding maximum and minimum :

values of the function are: | i
f(2) =4 (global maximum value) 2. (2y=4

and f(0) =0 (global minimum value) (See Figure 2.2).

(b) The function f(x) = x* defined on (—x, =) has an absolute
minimum value at x =0, where /(0) = 0. It has no absolute £(0)
maximum value. (See Figure 2.3) 0

-

1
]
1

Figure 2.2

[ (52) J
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(¢) The function f(x) =—x + 2 defined on (—, «c) has an absolute maximum value
at x =0, where f(0) = 2. It has no absolute minimum value. (See Figure 2.4)

X
=
2
S =0
Figure 2.3 Figure 2.4
Local (Relative) Maxima Local (REIWinima

Let/ be aninterval and let /:/ — IR be | Let/bean intervalandlet /' : 7 — Rbe

a function. We say that f has a local | a functiop”>We Say that / has a local
(relative) maxima at x=ce /[l , if there | (relative) mMinima at x=e < /. if there

exists an open interval /, such that ¢ €/, | €Xists an open interval /i such that
and: e €/, and:
f(e)= f(x) forall xe/ fle)< f(x) forall xelnl,

If f(x) has a local (relative)ymaximum | If f{x) has a local (relative) minimum at
at x = ¢, then f(c¢) is called locdl (relative) | x = e. then f(e) 1s called local (relative)
maximum value of \the function. (See | minimum value of the function. (See
Figure 2.5) Figure 2.5)

Absolute maximum
No greater value of fanywhere.
Also a local maximum.

Local maximum
No greater value of

[ nearby.

Local minimum
No smaller value
of [ nearby,

Absolute minimum
No smaller value of
f anywhere, Also a )
local mimimum

|
i
\ Local minimugn E
i No smaller valde :
E of fnearby., i

b

W

R R R

i
i
'l j
e d
Figure 2.5

[ (53) J
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2.10.3 Method to Find Global Extrema of a Continuous Functions
Defined on a Closed Interval |a, b|

Find all critical points of the function within the interval [a, b].

Find values of the function at critical points and at end points of the interval.
The largest of these values is the global maximum value, and the smallest is
the global minimum value.

Example 20 Find the global extreme values of f(x) = x* —4x on [-2, 3].

=

Solution: We are given: f(x)=x"—4x .. (1)
We differentiate equation (1) with respect to ‘x’ to get:
() =x"—4x .. (2)

From equation (2) it is clear that f'(x)exists on [-2.3].
For stationary points, we solve f'(x)=0:

4x’—4=0
4(x' =1)=0
(x=1)(x"+x+1)=0

Either: x=1=0 or x +x+1=90

The equation x”+x+1=0 has complex rogtsy so the only real stationary point is
x=1,
Critical Point Value:  f(1)=1" —=4{l)="3
End Point Values: f(=2r3 {—2‘]4 —4-2)=164+8=24
£3) =3 -4(3)=81-12=69
From the values -3, 24..69:
. The global maximum is f(3)=69 *  The global minimum is (1) = -3

2.10.4 Second Derivative Test + ,
: , : : Point to Note
Let f be a twice differentiable function at x =¢, where

= ] . » If first denvative 15 not defined at
¢ lies in the domain of /. Suppose that /'(¢)=0. Then: a critical point, can we apply
- . : e b second dernvative test at that
2 / has relative maximum at ¢ if f/"(e¢)<0. eritical potit
, . . e m Y J
2. / has relative minimum at ¢, if /"(¢)> 0.
3. If f"(¢)=0, then the test is inclusive, and the nature of the critical point
cannot be determined using the second derivative test alone.
. . . - 4 , .
Example 21 Examine the function f(x)= EI4 ——x" —x" +4x+1for relative extreme
values.
: i : .
Solution: We are given:  f(x) = =¥ —;_r' —x* +4x+1 (1)

[ (54 J
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Differentiate w.r.t. ‘x:  [f'(x) =2X —4x"—2x+4 v k2)
et Fi(E)=10:
It =yt =2 +d4 = ()
_':3—21 —x+2=0
v —x—22%+2=0
(X =1)=2x"=1)=0
(x=2)x*=1)=0
(x—2)x—=1)x+1)=0
Thus, the critical points are: x=-1,x=1,x=2
We differentiate the function f'(x) =2x" —4x> = 2x +4 w.r.t. x’
f"(x) =6x* —8x—2
=2(3x*—4x—1) +:(3)
Substitute x ==1 into equation (3):
Fr(=1) =231y —4=1)-1)=12<0
Thus, the function has a relative minimum at x=-—1.
x = 1, substitute into equation (3): () =231 -4 DD=-4<0
Thus, the function has a relative maximum at x=1.
Substitute x =2 into equation (3): f"(2)=23(2)—4@)=1)=6>0
Thus, the function has a relative minimum at x =2.
Substitute x = -1, 1‘ = ] and x = 2 into equation (1):

D=2 = F D 1 4R e g = 2
: 5 19
f(|}=5{i] ——{I'} —(1); +4(”+]__E =i
l N\ .5
f2)=5 }—3(2}‘3—[2}*+4(2}+1—§
Finally: * The relative minimum value atx=-=1 1s f{-]‘_p-%
*  The relative maximum valueat x=1 1s j'[l}z%.
. The relative mmimum value atx=21s f(2)= %

¥ EXERCISE2.4 4

1. Determine the intervals on which /1s increasing or decreasing for the domain
mentioned in each case.

(i) f(x)=sinx ; xe(0,27) (ii) f(x)=4-x" ; xeR=(—00,x0)

(iii) f(x)=x +3x+2 ; xe[-41] (iv) [f(x)=sin .x+:::cus 2x :x[0,27]

[ (55) J
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2. Using the Second Derivative Test, find local extreme values of the following
functions:

(i) f(x)=8-2x" (i) f(X)=x'=-x=2 (iii) f(x)=x"-8x" +2
(iv) f(x)=(x+2)(x=3) (V) f(x)=(x"-2x)¢’

Discuss the global extrema of the following functions over specified domains.
(1) f(x)=sinx+cosx on[0,27] (i) f(x)=x"" on[-18]

4. Find the global and local extrema of the following functions over the specified
domains. (Hint: Use the increasing and decreasing behavior of the functions
including the end points).

[d

(i) f(x)=4-x" on [-1,2] (i) f(x)=cosx—sinx on[0,27]
5. Provethat f(x)= In[%ﬂ has local maximum at .w.::TE,
X
1

6. Show that f(x)= x* has a relative minimum at x = J_ ;
e

2.11 Local Linear Approximation {Lineairizatiun)

Sometimes, complicated functions are hard\té, work with, so we use simpler functions
to approximate them. These approximations are often accurate enough for practical
purposes.

In this section, we discuss lincarization, which uses tangent lines to approximate a
function near a specific peint.

Linearization simplifies~complex or nonlinear functions with a straight-line
approximation,_ihaking calculations easier. It is widely used in machine learning,
physics, engineering, and economics for quick, local estimates, especially for small
changes around known values.

2.11.1 Linearization Recall!

If a function f(x) is differentiable at x = g, | # function of the form ) = mx + ¢, where m is
hen the approsimatig funcio el e i
L{x)=f(a) + [ (a)(x— a) line.
is the linearization of f(x) at x = a. The | Let (& f(a)) be a point on the graph of
approximation y=f(x). If f(x)is differentiable, then the
Jlx) = L(x) equation of tangent line at (@, f(a))is given by:
of f(x) by L(x) is called the local linear y = fla) + f'(a0)x — a).

i 5 - : L
approximation of f{(x) at x = a. The point
x = g 1s referred to as the center of the approximation,

[ (5¢) )
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We can see in Fig. 2.6, the tangent line L(x) = 2x — | to the graph of the curve f(x) = x°
at (1., /(1)) lies close to the curve near the point of tangency. Ay
For a small interval on either side of x=1. y-values of the
tangent line provide good approximations to the y-values
of the curve f(x)=x". We observe this phenomenon by
observing the table of values for the difference between the
values of L(x) and f(x). The phenomenon is true not

Just for this curve; every differentiable curve behaves \'”ﬁ -
locally like its tangent line.

o

Fieure 2.6

X 0.7 | 08 [ 09 | 1 | L1 | 12| 13
flx) =22 049 | 064 | 081 1 | 1.21 ] 1.44] 1.69
Lx)=2x—1 | 04 | 06 | 08 [ 1 | 12 |J~04\[ 1.6
fO)—-Lx) | 0.09]004]001| 0 |o0a1]0.04 | 0.09

Example 22 (a)  Find the local linear approximatiod of f(x)=+2x—1 at x=5.

(b) Use the local linear approximation obtained\in part (a) to approximate 9.2, and
compare your approximation to the fesult‘produced directly by calculator.

Solution: (a) We are given: flx)ev2x -1 (D)

|
Differentiate /(x) w.rt. xy \f'(x) :%{E.r—l]_z (2)

I )
N ovs okt

Substitute x =35 into equations (1) and (2):
‘ r . 1 I
)=J2(5)—=1=3 and f'{5)= =
/(5)={2(5)-1=3 and 1'(5) :

Now linearization is: L(x)=7(5)+/"(5)(x=5)

IS DU
=3+§(.r-3}=§[9+.1~5}—§{.1+4)

Hence: L(x)= %[r+4)

Thus, the local linear approximation at x =35 is:

V2x—1 z%(.\.‘+4] . (3)
[ (57) ]
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(b) Substitute x =35.1 into equation (3)

J2(5.1)-1 :%(5.14’4)

=

Mz%(g.])

v9.2 =3.0333 o (4)

Calculator value +9.2 =3.0331 ... (5)

From expressions (4) and (3), we see that the calculator value is very close to the value
obtained by linear approximation.

Example 23 : (a) Find the local linear approximation of f(x)=cosx at x= %
(b) Use the local linear approximation obtained in part (a) to approximate cos91°, and

compare your approximation to the result produced directly by a calculator.
Solution: (a) We are given:

f(x)=cosx AP
Differentiate f’[r) with respect to x:
f'(x)=—sinx 7% (2)

Substitute x = % into the equations (1)'and(2)

.f{i] =cos L% and f’(i] = gin Ly
2 9 2

L & 2
T - T Y =
The linearization_xi=—"1s: L{x)= f'(—— + [ = :r~~]
2 TR 2 T AEYN 2
| 3\
={}+{—I)(r—£
2
T
= L(A]w—l-k-E s (3)
Thus, the local linear approximation at .1:2% IS
J(x) = L(x)
From equations (1) and (3): COSX = —_r+§ oo (D)

F

(b) To approximate cos91°, first convert degree into radians:

7 9lx
180 180

[ (58) J
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Substitute x =91°=1.588825 into equation (4):

cos91° = —m—ﬂr il
180 2
= ¢0s91° =-0.01745329 sii(5)
Calculator value: cos 91° =-0.01745240 .. (6)

From expressions (4) and (5), we see that the calculator value is very close to the value
obtained by linear approximation.

¥ EXERCISE 2.5 _J

. Find the linear approximation of f(x)=+x+1 at x=3, and use it to

approximate 3.1 and /2.9 .

2. (a) Find the local linear approximation of f(x)=sinx at x=0.

(b) Use the local linear approximation obtained in part (d)\to approximate
sin 2°, and compare your approximation to the resultproduced directly by a
calculator.
2. Find the linear approximation of the following functions at the given points:

(i) f(x)=vx’+16 at x=3 i\ A(x)=tanx at x=x
() f(x)=cosxatx=10
3. Use a local linear approximation to estimate the following:
(i) (32)-11 (ii) sin29°
2.12 Differentials

Assume that / 1s differentiable at a point x, if dx 1s an independent variable that can
take values 1n the neighborhood of 0 and not 0, then we define dependent variable dy,
by the formula:

dy = f"(x)dx i)
Since dx # 0, we can divide both sides of (1) by dx to obtain:

dv

== f'(x)

dx

This achieves our goal of defining dv and dx so that their ratio is equal to the
derivative /' (x).
Example 24 (a) Find dv if y=x"+7x.

(b) Find the value of ¢v when x=1 and dx=0.1.

Solution: (a) Let /(x)=x"+ Tx.
Difterentiate /(x) with respect to x:
F(xX)=4x*+7 I

[ (%) J
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We know: dv=J"(x)dx
Substitute the value of f”(x) from equation (1):
dv=(4x" + T)dx .. (2)

(b) Substitute x =1 and dx = 0.1 into equation (2):
dy =41y +70.1)=11(0.1)= 1.1
Thus, the value of dy1s 1.1.
2.12.1 Using dy to Approximate Ay
When a function y = f(x) is differentiable at a point P(x, v). we can use the differential
dy to estimate the actual change Ay in y, for small change Ax in x.
The actual change Ay in y 1s given by:
Av=fx+Ax)=/f(x) ...(1)
But calculating Ay exactly often requires complicated formulas. Instead, we use the
differential dy , defined as:
dy = ['(x)dx
If we take dx = Ax, then: dy =f(x)Ax 2(2)
Let O(x + Ax, f(x + Ax)) be a neighboring point of P(x, y) on y = f(x).
e The slope of the tangent lin€at\P is f"(x)
e The slope of the secant line connecting P and O 1is i—;
As Ax — 0, the point, O approaches P, and secant line PO approaches the tangent
line at P. (See Fig. 2.7)

AY AY Y
Q
s P X P X
= e > > >
v =

Figure 2.7
Therefore, for small Ax :
slope of tangent line at P = Slope of secant line PO

[ (60) J
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: . Ay . .
Substitute f '(:.-:) ~ f into equation (2):
r

Using Differentials to Approximate:

dy = %— x Ax Since Ay = f{x+.ﬁx)—f{:} and for small
' : . change Ax
dv = Ay (for Ax is small) o= Avand Ay =b),
Thus, for small change Ax, the actual = dy~ f(x+Ax)=f(x)

change Ay 1s approximately equal to the
differential dy . that 1s:
Ay =dy = f"(x)dx

and hence: / (x+Ax) = f(x)+dy

2.13 Error in Differential Approximations
Suppose [ is a differentiable function at a point x, and there is a small change Ax
in x. If:
e Ay isactual corresponding change in v, given by
Ay = £ (x+Ax)- £ (%)
e 4y is the approximation change in vy obtained using differentials, given by

dv = f'(x)dx\ where dx=Ax

Then:
Error in Ay is: Error = Ay —dy
. L ; . Av—dy Error
Relative error in Ay is: Relative Error =—— = , when Ay =0

Ay Original Value
Percentage error Apis:

. E
Percentage Error = o dmC %100 =|—— B ‘x]{}{] when Ay #0
Ay Original va]uc‘
Example 25 Find ¢y and Ay for the function f(x)=x" when x=1 and dv=0.1.
Solution: We are given: f&@) =¥ wiml 1)
Differentiate with respect to x: f'(x)=3x
The formula for dv is: dy =" (x)dx

Substituting expression for f"(x): dy =3xdx

Substituting x=1 and dx=0.1: dv =3(1)%(0.1)=0.3

We know: Ay = f(x + Ax) — f(x)

Substitute x=1 and Ax=dx=0.1: Av=f(1+0.D)=F(1)=7£(1.1)=f(1)
From equation (1), f(x)=x’,s0:  Ay=(l.1)'=(1)’=1.331-1=0.331

[ (61)
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Example 26 Usec differentials to approximate V24 .
Solution: Let /(x)=+x ... (1)

|
Differentiate with respect tox:  f'(x)= i.r . o ()

2 20x

Choose a real number that closest to 24 is a perfect square. Take x =25
We are approximating 24 ,so: x+Ax=24 and x=25

Thus: 24+ Ax=25 = Ax=-]
Since in differential approximation, dx = Ax, we take: dx =-1
We know: dv = f"(x)dx
| ]
From equation (2): cdy = dx
* T2
I l -
Substitute x =25 and dx=-1; dy = -])==——=+0N
T 2425 D="%
We know: f(x+Ax)= f(x)+dy

Substitute ¢y =-0.1, x=25 and Ax=-1:
£(25=1)= f(25)%(-0.1)

f(24)=#(25)-0.1
From equation (1): JZ_ﬁl = \/ﬁ —0.1=5-0.1=49
Example 27 Using differentials approximate the value of cos 61°3.
Solution: Let /(x) = cos ¥ (D
Differentiate withorespect tox: /'(x) =—sin x i)
Choose x = 60° because calculating cos 60° is easy.
We are approximating cos 617, so: x + Ax =617 and x = 60°

Thus: 60°+Ax=61° = Ax=1°
Since in differential approximation, dx = Ax, we take: dv=1°= " radian
We know: dv = f"(x)dx
From equation (2): dy =—=sm x dx
: 3
Substitute x =60° and dx = ——: dy =—sin 60"(i) =— V3 X = —0,015]
180 180 2 180
We know: fx+Ax)= f(x)+ady

Substitute dy =-0.0151, x=60° and x+Ax=61°: f(61°)= /(60°)+(—0.0151)
From equation (1): ¢cos61°=cos60°—-0.0151=0.5-0.0151=0.4849

[ (62)
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Example 28 The side of a cube is measured to be 25 em, with a possible error of £1 cm.
(a) Use differentials to estimate the error in the calculated volume.
(b) Estimate the percentage errors in the side and volume.

Solution: Let x be side of the cube: x=25cm., di=Avr=2l cm

Let /' be the volume of cube: V=x
(a) The differential of ' 1s: AV = i(-r}]{il'
cx
=3x dx (D)

Substitute x =25 and dv =%l into equation (1):
dV =3(25) (x1)=£1875¢m’

Thus, the estimated error in measuring volume is £1875 em’
(b)  Percentage error in measuring the side is:

ﬁxlﬂﬁ=ixlﬂﬂ=4% o NN
X 25
Since: V=x"and dV =3x’dx
The percentage error in measuring the volume is:
V e :
W 100 =222 100 M < 100
V % X
. . dV AN,
Using equation (2): 78 x 100.23x4% =12%

Example 29 The radius r of a'circle is measured with an error of at most 2%. What
is the maximum corresponding percentage error in computing the circle’s

(a) circumférence? (b) area?
Solution: Since rJs the radius. The percentage error in measuring the radius 1s given as:
d .
Z1x100=2 % (1)
”

(a) Let C be the circumference of the circle:

C=2nmr
The differential of C is: dC = %(Eﬁt’}df‘ =2xdr 2o (2)
Percentage error in measuring the circumference:
% %100 = Z;f %100 = % %100
Using equation (1): % x100=2 %
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(b) Let A4 be the area of the circle: A =mr
The difterential of A4 1s: dA = ;i mr )r:i'r =2xrdr
%

Percentage error 1n measuring the area:

AL 100=127r 5,191 100
A Tre r
; : dA
Using equation (1): ? x 100 =2%2 % =4 %

f EXERCISE 2.6 _§

. Find the differential dv in the following cases:
(1) y= X —3\{; (11) Y= COS X’

Use dv to approximate Ay for the following functions:

i-J

(i)  y=x"—x when x changes from 3 to 3.02.
(1) y=sinx+cosx when x changes from 30%10, 29°.
l
(iii) y=— when x=0.5 and dx=-0.1
A
3. Use differentials to approximate the value of:
)
(i) 26 (T (33)s (i)  tan46°
4. The side of a cube i1s measured to be 30 cm with a maximum error of 0.14 cm 1n
its measurement, Find the maximum error in the calculated volume of the cube.
5. The radius of a'sphere is measured as 100£0.5 ¢m and the volume is calculated
from this measurement. Estimate the percentage error in the volume calculation.

2.14 Applying Extrema to Real-World Problems

To solve extrema problems in real-life scenarios, follow these steps:

l. Understand the Problem — Identify what needs to be optimized.

2. Define Variables — Assign variables to unknown quantities.

3. Formulate the Function — Write an equation representing the quantity to
optimize.
Find Constraints — If applicable, express limitations.
Find Critical Points — Take the derivative and find critical points.
Verify Extrema — Use the second derivative test to confirm maxima/minima.
Interpret the Solution — Relate the mathematical answer back to the real-
world context.
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Example 30 A rectangular garden is to be fenced on three sides with 100 meters of
fencing. The fourth side is along a wall and requires no fence. Find the dimensions that
maximize the area and the maximum area.
Solution: Let the side opposite to the wall be x meters.

Let each side perpendicular to the wall be y meters.
Total length of the garden to be fenced:

x+2y=100
100 —x
y = i)
' 2
Area of the garden =4 = xy
Substituting the expression of y from (1):
die _T(lﬂ[}—-x}
2
| 5
;4:5{1{}0.1'~+.1"} . 2)
Differentiating w. r. t. *x”:
d—A:—lv[_[{]D—ijz.Sﬂ—.r .. (3)
de 2
Se ﬁ=[]: 50-x=0
clx
x =50
Thus, x = 50 1s the ¢ritical point.
Differentiating equation (1) w. r. t. "x”:
d’ A . ;
Since P =—] <), the area 4 1s maximum at x = 50 meters
1.
Substitute x = 50 into equations (1) and (2):
100-30 | ] - 2
y= > =25 meters and A =E[]U{]x5ﬂ-3{} ]= 1250 m

The maximum fenced area of the garden 1s 1250 m?, which occurs when:

e The side opposite the wall 1s 50 meters

» Each of the sides perpendicular to the wall 1s 25 meters
Example 31 Find the dimensions of a rectangle of maximum area that can be inscribed
under the curve y=4—-x" and above the x-axis.

Solution: Let one vertex of the rectangle on the parabola in first quadrant be A(x, v).
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The other vertex in second quadrant is B(—x,y). Ay
Height of the rectangle = y
Width of the rectangle = 2x
Area of the rectangle: 4= 2xy -
The vertex A(x, v) of the rectangle satisfies y=4—x". B(—x.[y) A\Y)

Substitute this expression of y into equation (1):
A=2x{d—x")=2(4x—x")

: . : dA , | X
Differentiate with ttox: —=2(4-3x") ...(2
1iterentiate with respect to x 5 ( X") (2) < Cx0) Dz 0) -
dA Figure 2.8
Sct =0
cx

24-3x)=0 = =4 = ,xl:g e =

B

We consider only positive root since x in first quadrant is positive.
iz . . d4 )
Differentiating — = 2(4—3.1" ) w.r.l. Xx;
dx

44 a(=6x)==12x

-
dx”

2
Al x=—:
J3
d*A 3 24
=12 = \=N—<0
Fl
2

A
Negative second derivative implies that area 1s maximum at x =—.

J3

: 2 ., )
Substitute x =—= into y=4—x":

V3

' J3 3 3

The dimensions of the rectangle of maximum area are:

e Width =2_1'=i units *  Height =3— units
J3 3

Example 32 A cylindrical can must hold 500 em® of liquid. Find the radius and height
that minimizes the material cost.

Solution: The cost of the material will be minimized if the surface area of the cylinder
i1s minimized. Our objective i1s to minimize the surface area of the cylinder.

[ (s6) J




L'nit-2 Further Differentiation Mathematics-12

Let: ° Radius of the base = r cm

*  Height of the cylinder = # cm

Volume of the cylinder: V =mr*h=500cm’
;I
L e
wr-

Surface area of cylinder:
*  Surface area of two circular ends =277 «  Curved surface area =27zrh
Total surface area of the cylinder:

S =2mr*+2xrh e (2)
Substitute the expression of h from equation (1):

. 5 ;
S=2mr +2arx E =27r + @
ar- r

Differentiate *S" w.r.t *r":

LI L )

dr re
Set ) =)

dr
) ) (
Ay — 1[}[1{.1 _0 = Apr— [{jﬂ;{} \ et 1000
- I\ 4
13
250
,.=[._.] (@)
T

Differentiate eqbation (3) w.r.t. r:

d’s 2000

e 4+ -

dr” I

w 173 5
. 230 . d-S
Substitute r = [—J into —-:
T dr-
8 2000

|
Since ff—f' > (0,5 18 minimum at »= ( ZSUT :
dr- g
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. 3 5
Substitute r:[ﬂJ nto I:r:l?:

br zre
500 500
h = N [ 3
['zsu)i (7)7(250)
o[22
/s
The material cost 1s minimized when:
|
15 3
*  Radius =r=(£] cm * Height =h= ISD{} - cm
" (7)3 (250)

Example 33 A car moves along the parabolic road y =4 —x°. A mobile tower is at the
origin. Find the position of the car where the signal strength is strongest.

Solution: Signal strength is strongest when the distance between.the ‘ear and the tower
1S minimumn.

Let the position of the car be P(x, v) on the parabola y =4 —°

The distance D of the car from the tower at origin (0. 0ys:

D=xyfx"+ 5" ¢a )

Since the car lies on the parabola y =4—x"

= f:ﬁl—y ey
Substitute x* =4 -y into equation (1):
DzJ4—y+_1;:1
Since minimizing\f s equivalent to minimizing D° :
D' =4—y+y°

LetD” = f(y):
f(y)=y" —y+4

Differentiate with respect to y :

df L
— =2y -] o
PR (3)
Set ﬁ={1i
ﬂll,'
2y—1=0
|
y=—
2
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Differentiate equation (3) with respect to x:
d’f

—=2>

dy

Since second derivative 1s positive, f 1s minimum at y =

L ]

]
.,

. [ 3
Substitute y :E into x” =4—y;

% 24—1—21
2
x=zx 3
2

The positions of the car where signal strength are[é%)and[—g,é] :

Example 34 A software company is designing a data ‘processing algorithm for
analyzing batches of customer transactions. The runtime” 7(»2) in milliseconds depends
on the size of the batch n (the number of tramSactions processed together) and is
modeled by the equation:
T(n) = n’\=12n" + 36n
e The term »’ reflects the timescomplexity of a sorting step in the algorithm.
e The term —12»° accounts, for optimizations that reduce processing time for
moderate batch sizes.

e The term 36 nrépresents overhead that scales linearly with batch size.
The company wants to [ind the optimal batch size » that minimizes the algorithm's total
runtime.
Solution: The runtime of the algorithm is:

T(m)=n’ — 120" + 36n B 1)

We need to find the input size » (the number of transactions processed together) that
minimizes the runtime 7(»).
Differentiate equation (1) with respect to n:

Al _ 3,2 240436 ()

dn

To find critical points set ? =
(]

I =24n+36=10
nw-8n+12=0
(n=2)n-6)=0
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Thus, the critical points are:
n=2andn==6
Differentiate equation (2) with respect to m:

d’T
—=b6n—24 e d )
dan
Substitute n = 2 and # = 6 into equation (3):
d°T d°T
—=0x2-24=-12<0 and —=6x6-24=12>0
cdn” cdn”

%
B

Since —— < 0 at n =2, the function ?’(n} has a local maximum at n=2.

dn’

Since — >0 at #=6, the function 7'(n) has a local minimum at 7 =6.
dn’

The runtime is minimized when the input size is n = 6.

¥ EXERCISE 2.7 _4

I. A window consists of a rectangle surmounted by a sémicircular opening. If the
total perimeter 1s 21 meter, find the dimensions_that maximize the area.

2. A rectangular sheet of metal with dimensions 40 cm by 25 c¢m is to be made into
an open box by cutting equal squares, from the corners and folding up the sides.
Find the size of the squares that maximmmizethe volume.

3. A closed cylindrical tank 1s to be ¢onstructed to hold 54x liters of water. Find the
dimensions that minimize the'construction cost of the tank.

4. A wire of 20 meters is cut lnto two pieces. One piece is bent into a square and the
other into a circle. <How should the wire be cut to maximize the total area
enclosed?

5. A team of environmental scientists is monitoring the oxygen level in a lake over
time to ensure the water quality remains suitable for aquatic life. The oxygen level
in the lake, measured in milligrams per liter (mg/L), 1s modeled by the equation:

O(t)=1"— 18+ 811+ 100
Where O(¢) is the oxygen level at time ¢ (in days after monitoring began).
Scientists want to determine when during the monitoring period the oxygen level
is at 1ts lowest, as low oxygen levels can be harmful to fish and other aquatic
organismes,
Find the time 7 when the oxygen level is at its minimum.

6. The perimeter of a triangle 1s 16 cm. If one side 1s of length 6 cm, what are the
lengths of the other sides for maximum area of the triangle.

7. A poster must have 200 cm?® printed area with margins of 2 ¢cm on top/bottom and
3 cm on sides. Find poster dimensions to minimize paper used.

8.  Find two positive integers whose sum is 12 and the product of one with the square
of the other will be maximum.
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