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221 Find mean, variance and standard deviation for the rangq
20-y) , 0sys<l
vanable ¥ whose p.df is f()= (3

0 , elsewhere

Special Discrete Probability

222 Distributions

The joint distribution of two independent random variables X ang y

* Define discrete uniform random variable, discrete uniform probability distribution
and discrete uniform probability mass function,

* Calculate mean, variance and standard deviation of discrete uniform probabil ity
distribution

* Define random digits/numbers and to know, how the random digits/numbers are
generated.
: * Solvereal life problems using discrete uniform probability distribution.

* Define Bernoulli trials, Bernoulli prabability distribution and Bernoulli mass
i function,

Minfbeacy I A * Calculate mean, variance and standard deviation of Bernoulli probability
(i) Are X and ¥ independent? 5 distribution,

g * Solvereallife problems using Bernoulli probability distribution.
(i) Find )y
B0, &), EX +Y), EXY) * Define Binomial experiment, Binomial random variable, Binomial probability

224 For the following joint distributiog; . :ii:::;ll::ul.:i:n, Binomial probability mass function and Binomial frequency 2

* Calculate mean, variance and standard deviation of Binomial probability
distribution

* Solvereallife problems using Binomial probability distribution,

* Define hypergeometric experiment, hypergeometric random v&rlai:ie,
hypergeometric probability distribution and hypergeometric probability mass

(i) vy : function.
(i) Vx4 i * Calculate mean, variance and standard deviation of hypergeometric prababil
™ ) vix - Y) | distribution :

* Solve real life problems using hypergeometric probability distribution.
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f {errata ahility distributions
When to use discrete probabilit
probability  distributions mﬁﬂd';:d \'aril:bles cuh?p.::
i f discrele :
ilities for all ible values © nasies;
IJmbﬂbﬂ"mln this unil:ﬂis few simple and commonly uwd distributions are
#‘w W;}'- ver many areas in our surrounding. _1': IS_ImPOI'-lam to know
E“:‘" r::,mc:er that which probability distribution is suitable for ,
and re

3.1

Discrete

particular situation.

“Introduction to discrete uniform distribution
This is the simplest probability diﬁ‘ﬂ'b"‘i"f‘ - "hf discrete
probability distributions. It is used in the experiments/situations where
probability at every point remains the same e.g. the outcomes of rolling g
fair die, drawing cards from a well shuffled deck of cards, drawing of
prize bond number ete. follow uniform distribution. A variable denoting
the outcomes of such uniform experiments is called discrete uniform
random variable and its probability distribution is called discrete uniform
probability distribution. The most important application of the uniform
distribution is in the generation of random numbers.

3.1.1

A probability distribution of the type:

is called discrete uniform probability distribution,

2 Probability distripy;
15 rolled once, “rbution for th oulcomes of a fair die when it

: N2 fair gje ;
likely, : 15 rolled g
¥ therefore, jis Probability dismbuﬁmc;‘

@

10 [0 ¥ = —

then all oyteq
: mes 1
given by are equally

- b
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Note that X follows discrete uniform distribution,

-Definition of discrete uniform‘probability function .

1
i ' = ]1- + "y
A probability function defined as p(x)={ ¥ *=L2:-,N

| - otherwise

is called discrete uniform probability function and the variable X is called
discrete  uniform random variable. This distribution has only one
parameter “N", the total number of results /items of a uniform experiment.

Write discrete uniform probability function for the results of a fair
die when itis rolled once,

Here random variable X takes all of its values with equal pmbability%.

Thus, discrete uniform probability function will be of the form:

1

ot = 2'| + » ]
p(x]: 5 » J.". l. 3,4 5 5

0, otherwise

* Graphical representation of discrete uniform distribution by means of a
histogram is a set of adjacent rectangles with equal heights i.e.

\72]
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Due to rectangular shape, uniform distribution is also  known a5

rectangular distribution

*3.1.4°" Properties of discrete uniform probability distribution’

{i) Mean of discrete uniform distribution
By definition mean = E(X) = ¥ x p(x)

Put range and formula of discrete uniform distribution, we get

25V PINLE NS PP
= D=y 2am 424344 N]

1| N(N+1 =
=F{—(,——-—q as 1+z+3+.‘.+_~=£’ﬂﬂ

7 2
N+t
2
(ii) Vmiam_:c of discrete uniform distribution
By definition variance: V(X) = Eqxey - [E(x) 2 (1)
We know that £y  N+1
3 (2)

NWE(X!] EJ:I-— Ex -__Hz

Ne™ Ty +2‘+--.+N=]

I RIS LR A - =HRSSY IpEchEal Liscrete Frobabiicy WAstiimsms= "

_1 [N(}V+1]{2N+l)} s Pa2s N < NVADRN+1)
N 6 ; il 6
_ (N+DEN+) @

6
Put equation (2) and (3) in equation (1) we get,

2
v = VHDERN+1) _(m-l (- N+l{2N+i N+IJ

6 2.J) 21 3 3

__N+‘1_‘.4N+2—3N—3 _N+1|N-1
T 6 J' 2 { 6 J
N -1
12

(iii)  Standard deviation of uniform distribution

By definition $.D(X) =, !v(x J s

R e

If X is a discrete uniform random variable taking wvalues 1, 2, 3, 4,
5,6, 7, 8 9 and 10 each with probability equal m% Find its mean,

variance and standard deviation,

Here total number of observations = N = 10

N+1 _10+1 11

S Mean= —=—— -
2 2 2

2
Variance = Nl = 102_I=1m‘_'1=£=8_25

12 12 12 12

Standard deviation = +/8.25 =2.87
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3.1.5 - Random digits/numbers

There are ten digits 0, 1,2,3, 4 5678 9. Iﬂ‘-’ol"ins_equul chance

= of selection for each digit, then they are called random digits becayse
10 . ;

now personal liking or disliking is impossible or one cannot predict ip

advance that which digit will come out during the selection procegs,
Similarly pair of digits make a number eg- 00, 01, 02...., 99 each having

1 . o 1
ot : 003, ..., 1000each having probability —
probability ™ or 001, 002, 1000

and so on, are called random numbers. Thus, random digits/numbers cap
simply be defined as the digits or numbers which have equal chances of
occurrence or their selection cannot be predicted in advance are calleg
random digits/numbers.

3.1.6 Randommnumber generator

Random number generator is a process (computational or physical
device) desipned to generate a sequence of numbers that cannot be
nf:r,umeiy predicted. One of the simple procedures is that: write each
digit separately on a slip of paper of equal size, fold it and put them in a
ha‘aket or a bowl etc. and mix them thoroughly. Then draw out the digits
blindly one by one with replacement and write in the order they occur and

, three, four etc. The

are extensively used in the
dom  sample,

which everywhere

Statistics = All S R Eas apecial Discretle Frobabiity LIaLiiEeeeETes

Table 3.1 Random digits (blocked merely for convenience)

= o D 00D ] 00 e BRSNS -]

b 00 D 0O e WD 00 NS [ -N--E—_A NN NN

U =] D 00 e D e L-R-B - -R N R -

S0 B sl = D b e ] U SN

(- IS - R SR

7 4 4 19666 22336 52919 90790
6 5 5 909 41 06612 84747 560090
279 69%611 35311 48753 361324
300 57021 1649%99% 73513 02810%¢6
4 3 8 56 491 94016 20058 57154
73 4 17739 BO776 35910 8129
261 19275 23474 6 880 2 9 27 48
507 75188 43578 91499 32050
7 87 6 5033 0 361 2 307 7S5 2950 4
9 B 4 32640 11007 57913 89%211
019 35829 52024 27508 768T7EH
8 6 4 -3 3 %5 67 9 4 3 1 85 92 21831
170 37413 41959 4947°S5 01259
507 7% 928 8 3356 12511 9 85 8 4
771 8§03 5 2 00 4 4 2 1.3 52 .4 54128
1 05 9 99 9 4 06 110 4 6957 457429
500 76146 57118 55152 6 0 1 7 8
8 7 4 6 2 6 8 8 86 746 93121 6 4 827
533 78154 25129 20654 92084
671 12301 _750472 84734 53047
3 00 31053 71332 6 9 29 3 36733
1 37 48425 4 3 95 2 85325 63052
1409 12941 75988 17935 9104@%
1729 10 95 8 6 1 4 46 39375 86 417
2009 23827 75919 06387122 52134
4 6 7 77381 27531 91751 6 012 4
3 57 168 95 7369 4 24936 297176
153 0 51259 71156 0 4024 6 9 6 53
8 51 57713 4 37592 73300 638222
§63 91472 8 85309 37245 02905
1 20 86991 88804 74855 T8093
¢ 53 73357 13349% 75501 9 8170
1 6 6 067 56 974817 21952 1 8142
4 32 81419 2%93599% 9 8413 4 5173
514 05804 44392 76708 5049 3-
4 87 82580 B0542 25186 03296
769 8 8840 6 7026 83270 667721
739 9 546 6 41616 97001 15022
217 4 27121 09710 83131 £E8113
4 35 29239 6 4608 10594 13763

e oSl SRR E QDG AulE
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é 22168 99 4
c6034 75209 A0 B1edE asrel
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3::5 s 798 3: ::;gg :;:‘;; :ggfg 3.1.7 Procedureof selecting random sample using random numbers
87330 9368 59595 262 "
tesld s 4064 ::I;f S5 69% a8 ;: (i) If a population has N =10 elements, allot digits 0, 1, 2...9 to
TE:E; ;;::: §d305 76423 1734 elements of the population. If N = 100, then numbers 00, 01, 02.., 99 are
;5237 5% & ”2:: :::;; gggga allotted. If N = 1000, then numbers 001, 002, 003... 1000 are allotted and
58854 08374 68 > §2473 §ica> S0 on.
9 8
c5181 677808 5828
CiiEh ERpEE EEEad 14088 43394 (ii) Takelany table of random numbers and 1akz?amndun.1 start from
st 1457 sso 19150 945¢ 4 anywhere either from the top or bottom, vertically, horizontally or
790 75935 87381 03593, i 1l
13254 373 S Sries sa494% BEayl diagonally.
96796 9727 .
172017 20229 2‘::11 g:f:f g;’!:'-' 2 (iii) Draw a digit or number of two digits, number of three digits and
23.’,§§ ;2:;: ::5 28 §57T182 53¢ ;i so on according to your population size, ignore the number which is
§3611 77391 05732 9 : 953 33517 greater than the population size N or sampling is done without
02220 63100 55479 65467 45214 J
S iYLt SeveT w6sss Asg Ll replacement and go further
i e R RANEE PR R F RS s (ivy Continue the process till the desired number of sample units is
6 -
41716 33997 62977 37783 01721 tsaiing
60909 81749 40695 46300 909454 '
16831 74736 30580 50317 B 9 6 0 7
26320 95962 57043 5606 8 291 78
:;:::’: ;g:ls 20584 65516 02000
16 13802 2820 4 8 99 20
:35:: ::%TS S3958 276177 6 6 8 9 6
32 819124 4107 4 71320
81
604 86347 53944 98999 462309 - :
S by o 5. Bk (i) Allot serial number 00, 01,02, ...,39 to students of the class.
323409 11352 :l}u?g 01185 53576 (i)  Tak d ber igi
rnesn o383 53,;,3 8335 1 s47209 ake a random num table and take numbers of two digits from
253'4 I8% 63 z:;;; 86124 66910 anywhere, ignore the number which is greater than 39, and go
1:::: :;:‘5 196 15 ::f:: nﬁggz: further. Let the random numbers be 39, 37, 02, 10, 21, and 22.
09 § 2
4‘" ﬂsT 5
shrag 298%2 Adees 25301 8284 (iii) The students whose serial numbers are 02, 10, 21, 22, 37, 39 are
;:3&: 319:; :;182 70019 ;g;:; included in our sample. This is random sample because our
EEY MEANE 35 :-:. Soi8n a-ps18 personal judgment is not involved here and all the students were
PTERY €87 9 given equal opportunity through random number table for being

included in the sample.

@
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m which has two possible outcomes classifjeq

A random 'mm i called 2 Bemoulli trial. For examp]e.
as success and Tﬂm or female), performance of a student in 4y
.ganﬁeir of a chﬂd; fail), result of tossing a coin (head or taj]) etc,
examination {p:;abk P ta.hng only two values ie. “0” for fajjyp,
ﬁfga;:.: v Further, probability of success is denoted by p
and failure by ¢ such that p +¢=1.

Bernoulli probability distribution

A probability distribution of the type:

is called Bemoulli probability distribution and the variable x
which denotes the results of a Bemoulli trail is called Bernoulli random
varigble. This distrbution was introduced by a Swiss mathematician
Jacob Bemoulli (1654-1705). It is also known as point  Binomial
distribution because it has only two classes of events. Mathematically

£ l-x
=01
py={ P9 .~ x=0,
{0. otherwise

A fair coin - :
= mm is tossgd 0 ce. What is the probability that (i) no head

X: number of heads
=0, 1

p = probability of head =

B | -

q:]—p:]-—-

(%]
b=

(as coin is fair).

The Bernoulli probability function is given by

I. x I. l-x .
plx)= [5) [EJ § S

0, otherwise

. 0. =0 r
(i) probability of no head = P(X = 0) = L.%] Ll] =(;;Q%)=Lli]

2

By definition mean = E(X) = ¥ x p(x)

]
=Yxp*
x=0

= pllql-o

+ Variance of Bernoulli distribution

qld-ﬂ

+1p'q" =0+p=p

By definition variance = E(X?) - [E(X)] 2

= Zx'p(x)-(p)’

-,

/80!
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o txipnq!—n_ﬁi
" Up”q"ﬂ'i‘lﬂlti""‘pi
e0sp-ptep =P =pa (ig=1-p)

o Standard deviation= y/P7

For a Bemoulll
equal to 0.6, Find the mean,
Bernoulll probabllity distribution.

random varlable X, the probability of succesy i
vargnce and standard deviation for hy

() By calculation:

Mean = EXX) = Zx p(x) = 0.6
Varlance = VX) = B(X?) = [BX)) 2= £ p(x) = (0.6)2 = 0.6 - 0.36 = 0.24
(ll) By properties:
Given that p = 0.60, ¢ = | =p=l=06=040
Mean of Bemoullj distribution = p = 0,60

Vardance of Bemoull} distribution = Pg = (0.60) (0.40) = 0.24
8D = V.24 =049

e o) =) -._.-_eatﬂm____

If a Bernoullj trail is repeated a fixed number of times, say n, then
guch an experiment is called Binomial experiment, It has the following
four properties;

i,  Each trial has only two possible outeomes i.e, success and failure,
ii, The probability of success remains constant for all trails,
jii.  The successive trails are all independent,
iv.  The Bemnoulli trail is repeated a fixed number of times, say n.

The variable denoting the number of successes of a Binomial experiment
is called Binomial random variable i.e. X=0,1,2,...,n.

33,1 Binomialprobability distribution
The binomial probability distribution is given as:

i

The Binomial probability mass function is given by the formula:

px) =\E' P . x=012..0

0, atherwise

This distribution has two parameters n, p whereas n denotes the
number of independent Bemoulli trails and p denotes the probability of
success on a single Bemoulli trail. Note that if n = 1, the Binomial
distribution reduces to Bernoulli distribution,

A e

'

A fair coin is tossed four times. Find tho probability distribution
for abtaining various numbers of heads,




‘Solution:
Here n =4 (four Bernoulli trails)
X: the number of successes in four trials

X=0,1,2,34

] . y e =
p=z (probability of head on a single coin) thors. m
|1 X: number of successes in 6 trials
g=l-p=l--=+ B
> 2 X=0,1,2,3,4,56
The Binomial probability function is: p=0.75
Y g=1-p=-075=025
plx)= g{i] [EJ v F=OL204 The Binomial probability function is
0 . otherwise . ”
()= C(0.75)' (0.25) " , x=0,123,4,56
The Binomial probability distribution is 0 ; otherwise
'X " 1Y (1 il § 4 fid
(ERA=C 5 () PX=4)=C(075) (0.25)" =0297
W -
) A [} 3 &
5 E"( 1 ] [ i ]"" &30 () Px25)= C(075) (025) +C(075) (0.25)" <0534
2D
e -lﬁ ' 4 b 0 6o 8 i gt 8 2 -2
1 5 [1 ] [1 J 4 ' (i) PX<4)=C(075) (0:25) +(I:{D.’?5) (025)” +C€(075) (025) "+
3 IR .
a1l €(075)'(025)" =0.169
4 (1 1 R 3
2 aleie f] H _6
s gt TG  Example39 |
S ?['2'] [E] =2 g A certain drug treatment cures 90% of cases of hookworm in
A W % o 7 i) : children. Suppose that 20 children suffering from hookworm are o be
“54_ i H-g I:!_J _1_ e o treated and that the children can be regarded as a sample from the
— Aol 3 S TEs i population. Find the probability that (i) all 20 children will be cured (i) exactly
oy o ] e e —_— ] i
Idb.:i Sin]Seh 5-’%‘ f_;=__q_ w1 g:; 18 will be cured (iif) at least one will be cured.




Here n=20 }'={)!l-2|3|4
X: number of children to be cured — (:2[[].42)’ [ﬁ_ss)i-—r S ymdl 24
X=D,l,2.3...20 0

p=090,¢9=0.1

' otherwise

@ PIr=0)=C(042)" (058)° =0.11316
- |Closoy @10y, ¥=01.2.3....20 ‘
e 0 otherwise (i) P¥=l)= q(n_.gz}' (0‘53)*-1 =032779

plx

2 2 % (iii) POSYSD=P(Y=0)+P(Y=1)+P(Y=2
() Plall 20 will be cured) = P(X =20) = € (0.90) (0,10 = 0,115 =3

. | = 011316+ 032779 +¢ (0.42)’ (0.58)"
(ii)  Pexactly 18 will be cured) = P(X = 18) = g(ngn)'“(n.m]’” =0.28518 |

=0.44095 + 0.35609
(iif)  P(at least one will be cured) = 1 — P(no one will be cured) = (179700
=1-PX=0) (ivi PO<Y<2)=PY=D+PY=2)

o =0.32779 + 0. =0.
=]hg[0'90}0{0.m}za-u 0.32779 + 0.35605 = 0.68384

=1 -0 (approximately) A machine produces 10 per cent defective items. Ten items are
=1 selected at random, Find the probability of not more than two items being

defective.
PR SRR

bt =harey

In Peshawar 42 % of (he i i )
: 5 population has type-A blood. Consider, 100 1
taking a sample of size 4. Let y denotes the number of persons in the Wehavep =w%'ﬁ"1_d

sample with type-A blood. Find (i) P(Y = () (i
wipo<rey 0T O A=) i) PO S ¥ <D fg= =
10

“ ' n=10

Gi -
e thatp =042, g = 0.58,n=4 X: number of defective items

Y: number of persons in the sample witp type-A bl@d X=0,1,2,3... 10

lllm— e = B~ e NOI.EFO ALl
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m1LY(9)" — TEA T
p(xy=4xL10) \10 s A= U L s ¥ =1-*C(—) [_—]
0 otherwise ) ks
Now : 3]
=1- (3] =1-0.01024 = 0.98976

P[not more than two items being defective] = PIX <2]

3. Properties of Binomial distribution

e st
® 1][’2) +cf 1](2] @ENTI}] | (i)  Mean of Binomial distribution

“oli0)i0) ')l
; By definition J
" ( 9 m+10[ 1 ](g ]’+45[_1_](i] Miomm Bl = 5
a Jﬂ) 10110 100 /L 10, ean = E(X) = X x p(x)
=0:3487 + 0.3874 + 0.1937 = 0.9298 _ = ;"::n +C pig™
ok =U£‘p°q“'°+1&p'q""l+2&p2q"‘z+...+m’:‘p"q”‘"
The chances of a bomber hitting the target and missing the target ' 1 i )

are 3:2. Calculate the probability that the target will be hit at least once in ; =0+npg"' + ..+ np"
i =nplg 4 ..t p]
m ) =nplg+p]l™
Givenlhalp&%,qz-%,nzs =np ()™ “pEg=l
=np
X: denotes the number of hits. (i) Variance of Binomial distribution
X=0,1,2,3,4,5 -

: By definition
] 3 x % S-x ) ~ _ g ,
So  p(x)= C[‘g) [;) v x=0,1,2,3,4,5 Variance = V(X) = E(X*) - [E(X)) (A)
0 otherwi As E(X) =np (1
# ErWise
Now, Pfat least one will hit th Now E(X?) = I+ p(x)
: € target] = 1 - P[no one wil] hit the target] =3 [x-1) 441 plo) B Pl

P(Xl’;) = 1. -P[X= 0]

N



Swwties- X! 0 .~ Unit-3iSpecial Discrete Frabability Distributign,
=¥ x(x=1) p(x) +§x p(x)

ngx(x—l}ép"q“ +§x (:'_‘p'q""‘
% [‘Kﬁwl)& p’q"" +1(1—l)'§7 pla +2(2- l)é'!’gqm +otaln=1)p'g™ ]"‘[ﬂﬂl
L]

=[0404n @=1)P2g2+ .o+ 0 (n=1)p"1 + (np)
=n@-1)p g + .. 4 p] + (0p)
=n(n-1) p [q +p] ™ + (up)
=n (p-1) P (1) + (np) Asp+q=1
=wp*=np*+np 2
Putting equation (1) and equation (2) in equation (A) we get
V(X) = 'p* = np? + np = n'p?
=np - np*
=np (1-p)

=npq  (vq=1=p)

(i)  Standard deviation of Binomial distribution

By definition
C 8D = W (X)
= Jpq

Statisties = Xl|

Find the mean, vatlance and standard deviation of the Binomial
distribution whose parameters are n =20 and p = 3—.

rete Probability

Wehuveuelu.p=%.qn%.lhemfnre,

Mennznp=20x%512

Variance = hpg = QDR%R -§= =48

8.0 = Jnpg = VA8 =219

Kned p E%, find (i) the complete Binomial probability distributior

(i) mean and vadance of this distribution, (iii) calculate the mean an
variance using properties and compare the results.

(i) Here pﬂ*:? qf—'%, ned, X=0,1,234

1V 2)
- _ " xuﬂ,l.l&“
ww={5(3) 3
0 , Otherwise

o
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r X P = é(%](%]" xpl) Xp(x)
Fo= ps x 3 - — T 23
AY(2) 16 0 0 _ a Binomial distribution with mean = 5 and
$ g[i]a 3r's: SD=47
T PYAA [ 2 2 PP
3)3 81 81 81 Giventhat np=5
2 é 1 rg ==..2£ ﬁ 2 Squaring both sides
213 )13 81 81 31
sl IX(aN" 8 - il 72 Jnpg =4
Ty Q[EI j] =H 81 81 i Or npg=16
o 1Y[2 1 4 16 o
-_— —_ = — SR S— q_
K E{S]‘ LJ]H 81 81 81 o
Ao 108 216 g=—=32>1
e by : 81 81 5

p or g should not be greater than one because p+ g =1

108 ;
(ii) Mﬂﬂ=ﬂx)=z-xﬁ'(x:'="s_l =1.333 Hence it is not possible to have a Binomial distribution with mean 5 and
S.D4.

Variance = E(X) - [E(X)]
= Ep(x) - (1.333)
216 A random variable X is binomially distributed with mean 38 and

rTE 1.778 =2.667 - 1.778 = 0.889 , S.D 2.94. Find n and p.

S.D(X) = V0.887 = 0.943

(iii)  Mean and variance by properties: ®
Mean of Binomial distribution = np=4>{% =1.333
; I Or npq=28.64 (i)

meeomeom:a!d:strihutiun:npqzatxlx-% =(.889 i

%5 =0. Putting value of n p in equation (ii), we get

$D(X) = 0943 Hgnit
Note that i i e
both by calculation and Properties, we have the same results. m
92



=“:—='D,23
=33

ap=l-g= 1-0.23=0.77
Put in equation (i), the value of p, to have
n(0.77) =38

38
=22 -40351=50
"=

Hence the required parameters are [n =49, p = 0.77] ,

L334

Binomial frequency distribution

If the Binomial probability distribution is multiplied by N, the

number of Binomial ~experiments, ie. Np(x) = N [‘; Pt@”} the

resulting distribution is known as Binomial frequency distribution. It is used

to find the expected frequency (Ep) of X successes in N Binomial experiments.

Suppose five fair dice are rolled 96 times. Find the expected
&eqnencieswhenthenumher4.5nr6ismgardﬁdassuccess*

We have N=96 n = 5, X: number of dice showing 4, 5 or 6.

- X"-‘-ﬂ‘ [‘2.3,4,5

P = Plresulting 4,5 or 6 on o single die) =

o

(= W #%7
(]
| —
o
I
B |-

Statistics - X1l

Unit -3: Special Discrote Probability Distributions

e

B [ l x 1 S=x
p¥)= 9[5) [5] v ¥=0,1,2,3,4,5

Now expected frequencies are computed as follows:

sV (1™
x |w=¢2)(3) B=Np(o)
5 o . 5=0 E
ey e
el2/12 32 32
- 1 =1
1 E-[l] [l] =3 95[..5.] =15
\2)\2 32 32
) 2 =2
il2) 2 32
N 3. 3-3
s\2) 2 32
» & 54
i f_-[i] Ll] = =15
\2)2) "= :
5 55
5 E'[_l,) [l) =l =03
sl2) (2 32
Total 1 96
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o The expected frequencies are computed as:
Fit a Binomial distribution to the following data and compute eXpecteq

T
i X |p@=c(032) (068) |
ks - C(032)" (0.68)

4 = - S
0 | $(032)°(0.68)° =0213814

C(0.32) (0.68)" 0402478
1 T L =

‘ 5
2 | €(032) (0.68)" =0.284099

i 43
3 | 6(0.32)(0.68)"" =0.089129

‘ 7 .
4 | €(032)'(0.68)" =0.010486
Given that n = 4, N = 150. Now for Binomial distribution p =np s _

but here g is unknown so we replace g with its estimator X.

'_I'o:lal'. ' g 1

c_Lfr 192 _ 128 . >
X= o0 - _ - Emgmle:ii.lﬂ
= Suppose that seven coins are tossed and the number of heads
“X=np =128=np noted. This experiment is repeated 128 times (i) fit a Binomial
' distribution under the hypothesis that the coins are unbiased. (ii) compute
Or128=4p =p= l_:_'§ =032 +g=068 the theoretical ﬁ?queumﬁ. (iii) find its mean and standard deviation.
Solution:
The fitted Binomial distribution is: (i)  We have the following information
1 :
s x . - = 128‘ = = (mi.us are Imbm)’
p(x)={C(032) (068) , x=0,1,2,3,4 | ELESALSAGIAT  NEREES
0 » otherwise g=L | diorofors; the fitted Binomial diseibution s
2

-~ | s



T \ o x=00G7
plx)= {C(l 12y (42)

(ii)

0 , otherwise
« T=2
X I o
X pix):{:[%J (EJ Er=Np()
(1] T=0 1
il B A O 128 x — =01
0 ‘E[EJ [5 128 128
7 5 e 8 128 x —— =07
2 (E(EJ[EJ 128 128
2 E:[l 2[1]74;3 =21
212/ 12 128
3 E—:(i ![l T3S =35
ila)l2 128
Wl T4
4 5(1J[iJ 238 =35
a2 z2)- 128 .| .
5 W T-5
A1T(1) 21 =21
e ?(2“2) 128
_— &A1=
il2)\2 128
7 7=7
7 E[lJ [lJ o =01
"l2)\2) 128
i
Total 1 128

(iii)  Mean of Binomial distribution= EX)=np= ?[l ] 3.5
2

o L 1 1
Standard deviation of Binomial distribution =0; = .Jn? = ?XE"‘E

7
HJ;-I.BZ

| S

e e

Xl g
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tl"he l:‘ainomial distribution is based on (he assumption that the
successive trals are independent and the probability of success remains
unchanged from trial to trial. These assumptions hold only for sampling
with replacement from an infinite population but there are experiments in
which the conditions of independence is violated and the probability of
success does not remain the same/constant for all trails eg. if sampling is
without replacement from a finite population, the probability will change
from trail to trail and the successive trails will be dependent. Such
experiments are called hypergeometric cxperiments having the following
four properties:

i.  Each trail may have two possible results, success and failure,
ii.  The probability of success changes on each trail.
iii.  The successive trails are dependent.

iv.  The experiment is repeated a fixed number of time, say n.

The random variable X denoting the number of successes in a
hypergeometric experiment is called hypergeometric random variable and
its  probability distribution is  called hypergeometric  probability
distribution.

T
If values of a hypergeometric random variable along with their
associated probabilities are shown in tabular form, then it is called

hypergeometric probability distribution i.e.

X 0 1 2 n Total
KifN=-K

K\(N-K KJ[N-K} f'K]fN—KJ [HJ{JH

B IZIJ n—0 [l n=1 [2 {nuz

p) |- N]

#

L O

n |?l

98




.

The probability mass function of hypergeometric random Variapj,
X is given as:

342

=

Hypergeometric probability mass function

[K [N—KJ
x )\ n—x ! x:ﬂ,i,z,...,min(n,ff)

p(x): N
n

0 otherwise

This distribution has three parameters N, K, n, whereas
« N denotes total number of items in the population.
« K denotes the number of successes in the population.

+ n denotes the number of elements in the sample drawn g
random.

+ X denotes the number of successes in the sample.

A committee of size three is selected from 4 men and 2 women.
Find the probability distribution for the number of women in the

SR e

aM
2W| «——K

N—> 6 persons
As it has not been mentioned that an object selected is returned 0
we consider it without replacement
hypergeometric  probability ~ distribution 18

s

e i B TR DR R T

Statistics - XIl

Now  n=3(size of committee)
K=2 (number of successes)
X=0, 1,2 (number of women in the committee)
Hence the fitted hypergeometric probability function is:
_ (2 6-2
x)\3-x
p(x)= (s) » #=0l2

3
0 , otherwise

The hypergeometric probability distribution is:




Example 3.21

In an international recitation competition of the Holy o
panel of 11 judges is formed to judge the best recifation. Tyo regy, o @
Ra and Rp were considered to be the best where the opinion of jyqp.c o
divided. Six judges were in favour of Ra whereas five in favour of

Re. 4
random sample of five judges was .draWn from 'thc_ panel. Fipg the
probability that out of five judges three are in favour of recitation Ry,

Solution:
In the given problem
6R, |e—K
5R;
N—=>11
n__'sr x=0l I| 213' 4!5 [.: Xd).l,z...‘“]jﬂ(n,k)}
{6](11—6)
x| 5-x
= 7axx 7 x=ul 4.5
plx)= N L2.3,
n
0 otherwise
Now
" e R T
+  Mean of b ; R
of hypergeometri = W
given by metric  probability - distribution by definition 5.
101

. > |

Statistics - Xl =

L&k (N-k
y N]xz-lx[k—x)!xt[n—.tJ
n

1 & kGk-D! (N-k
[N]Elx(k—x)!x(x—l}l!(nw.r)

n
=i-i (k-1)! N-k __k_i k-1\(N-k
N\ =t (k=x)x-D\ n-x ) (NY=ilx-1){ n—-x
n n
Let y=x-1=x=y+1
Fx=1,y=0
fx=nmy=n-1

..,E(m=(ﬁ§[*;’][nf;f:]

n

]
Apply the hypergeometric identity E(TJ( . t r] =[m;-n]

e — ,ﬁ*'mﬂlﬁ}iﬁ;Fﬂﬂeﬁmllﬂ
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x (N-1)t _ Kn(n=1)'(N-1)!
(N=n)ln-1)1_ N(N-1)! (n-1)!
(N—n)'n'
-
N
+ Variance of hypergeometric probability distribution
By definition
Variance = V(X) = E(X%) - [E(X)] * (A)
nK
As E(X) = 5 SO——{ |

Now E(X) =¥ x* p(x)

O 5 e W
0

LG (] (IR

fg,[x-,,@@ﬁjﬂ(n b mﬁu ﬂ(f_ﬂ,,;

x(x-1)
Ak

UV

o e 2| ()

If

Using the hypergeomelric identity g (':][ ' ) - ["’”']

Eﬂﬁ:

k=-x)!x\ n-x

UE” T e | M
k

)

()

y=x-— x=y+2
=2 y=0
x=n, ¥=n -2, therefore,

n

- )

k-r k

k(k-1) (N-2)  nk
[N [n-z]+F
Ck(k-1)  (N-2) mk
- (N=n)(n-2)1 ' N

(N=n)tn!



_k(k-1)a(n-1)(n-2)! (N-2)! nk
~ N(N-1)(N-2)!  (n-2)! N
_n(n-1k(k=1) _nk
_——N( N-1) + ¥ ik )
Putting equation (1) or equation (2) in equation (A)
_n(n-1k(k-1) nk n’k
o= NN-1) N N
nk [ (n-1)(k-1) o1k
N[ WN-1 N

nk[ N(n=1)(k-1)+ N(N-1) -nk(N—])]

Vi =—
) N N(N-1)

_nk[nNk-nN-Nk+N+N*~N-nkN+nk
N N(N-1)

nk[ N*~Nk+nk-nN

N N(N-))

_nk[N(N—k)-n(N~k)

N[ N(N-1)

nk[(N-k)(N Hﬂ)]

N| N(N-1)

L

®

o RIE e

.

A bowl contains 4 green and 7

red balls. A sample of 5 i
s.;:]er.:tl‘.‘:d. from the bowl without replacement, Fi::w the i:];?ﬁm
distribution for the number of green balls. Compute the rﬁc:n ant:
vananr:-e of this probability distribution and compare them with the
theoretical mean and variance,

s
The bowl contains
4 G| «—x
TR
N——> 11 balls
Heren=35

X: number of green balls selected

X=0,1,2,3,4 [5 is not possible as there are only 4 green
balls.].
1(4)(11-4
(e
= T v x=01,2,34
¥
0 otherwise

Now hypergeometric probability distribution of X is given as

e e mEm o m w ol e R

X117 N
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e 4)[7 ,
e 5 = = _840_
8 A } Variance = V(X) = E(X*) - (E(0)] *
“"'1 iy 4 7 _dt A N »!
: o){5-0) 21 0 0 =2 % p(x) - (1.8182) :
0 ) 462 _1848 ;
(s : L ~(1.8182)" = 4 — 33059 = 0,694 i
.:. N 7 * Verification
e 1 ){5-1) _140 140 140
; .;..1 '11] = 462 4—‘;2- Mean of hypergeometric distribution = E(X) =5$-=51£]—=E=1.3132 i
i : 1 11
[ & ;
— Variance of h tric distributi =E£EEN_“
=3 N o ypergeometric distribution V(X) ¥ F S E
: = iodaoog L -5
=1.8182——~| —=
462 462 11 (11-1)
=0.694
m | 56 ;
462 462
2| 2
462 462
840 1848
462 462

e — L pT s g g e S B g




= A probability function defined as

px)={N
0 , otherwise

v x=12N

i called discrete uniform probability function

* A random experiment which has two possible outcomes
classified as success and failure, is called a Bernoulli trial.

» If a Bemnoulli trail is repeated a fixed number of times, say n, then
such an experiment is called Binomial experiment.

* The Binomial probability mass function is given by the formula:

2 I _a=x T
oy <[P0 L =012
0 otherwise

*  Mean of Binomial distribution is np

* Binomial distribution has two parameters i.e. n and p. Its range is from
Oton

* Variance of Binomial distribution is npg

* The hypergeometric probability distribution is

p(x)= [.::' )

0 otherwise

= H S .
0 mi'i’e’mwmﬁmc distribution has three parameters and its range is from

» x=0,1,2,...,min(n, K)

Statisties - X1l — Unit Ao (e
. nit -3: Special Discrate Probability Distributions

W

rite T'or true and F for faliain the following stafemnent.

i) If

X

1
2.

then X is not uniform random variable.

Ll el =)

plx)

ii. Bernoulli experiment will always give only two results,
iii. Tossing a fair coin a large number of times is a Binomial experiment
iv. Binomial probability distribution has only two parameters i.e. n and P-

v. A Binomial random variable is discrete.
vi. Mean and variance of binomial distribution are equal.

vii. If each digit from 0 to 9 has the same probability i.l:.l they are

0’
called random digits.

viii.The Binomial distribution will be symmetrical if p = q=-l?:

ix. The hypergeometric random variable cannot assume the negative
values.

x. Hypergeometric probability distribution has three parameters ie. N,
K, and n.

12" Fill in'fhe biankss
(i)  Bernoulli trail has possible outcomes.
(ii)  Bernoulli distribution has = parameter.

(iii)  Range of Binomial random variable is from 0 to
(iv)  Parameters of Binomial distribution are "
(v) Mean of Binomial distribution is and variance is
(vi) The number of trils in hypergeometric  distribution s

11

e, T T R e
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{vii) Bernoulli random variable takes only  twq values

vi) The Binomial distribution is the

(viii)  Pairs of random digits arccalled .

(ix)  The successive trails in a Binomial l’.‘-ﬂ:[.?f:riI1l\':njl'r:::.l:::1 __[__i______‘ &) equal probability distribution
(x)  The probability of success il 10 trai o o
hypergeometric experiment. ' ) . 3 b) individual probability distribution

¢) discrete probability distribution

d) continuous probability distribution

Choose the correct answer.

i) The Binominal distribution was introduced by Vi) W n =60, p =07 for a Binomial dissibuion S
i deviation i
a) Simon Denis Poisson  b) Jacob Bernoulli viation is equal to

¢) Abraham De Moirés d) R.A. Fisher a) 42 b)'6.48
i) In a Bernoulli trail the probability of success is denoted by c) 18 d) 3.55
i ; b) 1-p viii)  If a fair coin is tossed once, the value of p will be
e)p d)1-q a,% w%
ii) The mean of the Binomial distribution is
a) b) npg 9% o5
&) mp d) \Jnpq ix)  The number of parameters in a Binomial distribution are
a) one b) two
iv)  If X bas a Binomial distribution with p =~§ and n = 9, then ils c) three d) four
mean will be equal to x) The range of uniform distribution is equal to;
a)2 b3 a)~0100 B)0,1,...N
)5 a6 c)lito w d)1,2,3...N
9 T — y 34 Describe in brief the discrete uniform probability distribution.
n has parameters 35  What do you know about random digits, random numbers, random
a)2 b) 3 number generator and random number table?
c)d @ 3.6  Explain how you would select a random sample of 10 colleges form a list

of 206 colleges by using a random number table.

™ (112



37
38

39

3.10

in

312

313

3.14

3.15

3.16

17

B ] ] |

Define i) Bemoulli experiment ii) Bernoulli random varigp)e iii)
Binomial experiment iv) Binomial random variable.

Define Bernoulli probability distribution. Find its mean, variance and
standard deviation.

i) What is a Binomial experiment and what are its conditions/properties?
ii) Find the mean and variance of the Binomial distribution.

Suppose X has a Binomial probability distribution with p = 04 and , = 3
Find i) P(X = -1), ii) PX =2), iii) P = 1.5), V) PX = 2), v) P(x . g

Ifn=>5andp= %' Find the complete Binomial probability distribution,

A fair coin is tossed six times. What is the probability that i) Less thay
four heads occur ii) 2 or more heads occur.

If 40% of a consignment of eggs are bad. Estimate the chance that 5 eggs
chosen al random contains i) None, ii) one and  iii) at least one bad
eEE.

A certain drug causes kidney damage 1% of patients. Suppose the drug is
to be tested on 50 patients. Find the probability i) none of the patients
will experience kidney damage and ii) one or more of the patients will
experience kidney damage.

If 60% of the students in a large college are day-scholar, Find the

probability that in a random sample of 12 students from that college
exactly 7 will be day-scholar.

If the probability of hitting a target s %and ten shots are fired

independently,. What is the probability of the target being hit at least
twice?

'Iflhe probability that a person entering a utility store will purchase sugar
is 0.90. Compute the

probability that exactly one the next
: % person among
five entering the utility store will purchase sugar?

@ 2

atatistics - All

3.18

3.19

3.20

R |

322

323

3.24

3.25

3.26

1) Define binomia distribution and explain how it arises in practice?
b) Derive its mean ang §.p,

Let the probability of o defective bolt i

5 0.10, Find a) the mean and b) the
standard deviation far the g

distribution of defective bolts in a total of 400,

The mean and standard derivation of a Binomial distribution are 3 and

1.5 respectively, Find the two parameters of the Binomial distribution i.e.
n and p. -

In a Binomial distribution the mean and variance were found to be 12.38
and B.64. Find n and p.

Is it possible to have a Binomial distribution with mean = 5 and standard
deviation = 37

a) If X is a Binomial random variable with n = 10 and p = 0.6 then find
E(3X-2).

b) If a Binomial dislribuliun has mean=3 and variance= 2. Find P(X < 5)

Find the mean, variance and S.D for the following binomial probability
distribution:

Also compare these results with the mean, variance and S.D of the
Binomial distribution for p = 0.5

a) Define Binomial frequency distribution.

b) Four dice are thrown and the number of sixes in each throw is
recorded, this is repeated 108 times. Find the expected frequencies of 0,
1,2.3.4 sixes.

Fit a Binomial distribution to the following table,

m Probuhl!lrf !Il‘trlblﬁt!— 1




