Random Variables and Probability
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miat-e petween discrete and continuoys

ine random d differ
« Define random variable an
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« Describe pmbahlliwdistrihutinn of adiscrete random Villﬂa.b e
« Find pmbablliwdlstrihutinnofadisclete randnmvafiab e
. Recognize probability mass functionand its properties

« Describe and find the probability distribution of a function of discrete random
variable.

+ Defineandfind the expectedvalue of adiscrete random variable.

. Findﬁtqexpectedvalueéfalinea:funcﬁun of adiscrete random variable. i

Describe andverify properties of expected value of adiscrete random variable.

Applythepropertiesof expected value of adiscrete random variable.

Definevarianceand standard deviation of adiscrete random variable

Find mean, variance and standard deviation of adiscrete random variable.

discrete random variable.

ofadiscreterandomvariabla,

Define probability distribution and probability density function ofi e
continuousrandomvarjable, :

Define and : i )
, mm“ﬂi:‘;:“ﬁ value, variance and standard deviation of a cuntmuDU?_, ,
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Probability distributions, which shall 'be studied in the coming

units, are very easy methods for calculation of probabilities in respective
situations but they need quantification of the outcomes of a random
experiment. For this purpose, sample space of a random experiment is
expressed in numerical form according to a characteristic of interest. This
numerical presentation of the sample space is termed as random variable

dom yarighle

Random variable can be classified as follow:
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Discrete random variable

&
Define and find variance and standard deviation of a linear function of 2 !

Describe, verify and apply the properties of variance and standard deviation

I! ; ::el:\:':rf:a:::n::z:r:i:d:h::; e expected value and variance for the :
Eos propertiestosolve re ﬂiihpr:ubh;n:.rmdum variable x and y also apply these i

A variable which takes jumping values or isolated values is called
discrete random variable. For example, number of rotten tomatoes
in a crate, number of children per house in a street etc. lis
probability distribution is called discrete probability distribution.
(@ Contintousrandom variabis
A variable which takes any value between two limits, [a, b], a<bh,
is called continuous random variable. For example, life of a mobile set,

speed of a car etc. It is written as @ < X < b. Its probability distribution is
called continuous probability distribution,

fribufion

If all possible values of a random variable along with their
respective  probabilities are shown in tabular form and sum of

probabilities is equal to one, then it is called probability distribution. For
example, discrete probability distribution of X is presented as

: &
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cdren were bom in a government hospital on Sunday.
Find the probability distribution for the number of girls.

[Solution:
Here n(S)=2"=2"=8
S = {BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}
X: the number of girls
=(0,1,1,2,1,2,2,3)

Probability distribution for X
e G
P Y |
= 1 L= TET
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A fair die is rolled once. Find the probability distribution for up
turned faces,
' Solution:
When a die is rolled wemaygt:tlnr20r30;40r50r6mh
with same probability 1/6 of its occurrence because the die is fair. It can
be shown in tabular form, called probability distribution as follows:

X 2 5

| Total

= 0 I
O] =]
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1
= 1
= |
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p(x)

obability mass function

If probability distribution of a random variable X is expressed in a
mathematical form or formula, then it is called probability mass function
or probability function. It is denoted by p(xi) and is presented as:

PX=x), i=1,2,..n
X =
P(x) ] otherwise

Remember that the objective of probability distribution and
probability function is same. Some writers make no distinction and they
use probability distribution and probability function interchangeably.

2.2 "Properties'of discrete probability distribution

A probability distribution and probability mass function p(x)
must satisfy the following two properties:

0 0= px)<1

(ii) gp{x,>=:
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First property means that answer of probability m'-:;: be Wiﬂ;m %ebﬁnge

sum of probabiliti
0 to 1 (inclusive) and second pmpfzrty meaﬂ&;e ﬂ::ual iy ities
for all possible values of a random variable must

E—

Example23 ity function
A discrete random variable has the probability Tun
11V =0,1,23
P
p(x)=1x\2 ;
0 atherwise

i) Compute probabilities for all values of X .
ii) Check that this is a probability mass function.
ii) Find the probability distribution of X.

3
3
) Given p(®) =c(%] x=01,23

Putting values of x, we get

oL L |
p(0)= g[zj = (1) [E] =2

STALIETICS = Al WAL =L Raltom Variables and Frobabillity Listributions

ii) All probabilities are lying between 0 and 1, and

> px)= 00
2 p(x)=p(0)+ p() + p(2)+ p(3) = statateS!

Since both properties are satisfied, therefore, the given formula is
a probability mass function or probability function.

iii)  The probability distribution of X

X 0 1 2 3 Total
1 3 3 1
R 1
M |5 & & 3
Example 2.4

Suppose a discrete probability distribution of random variable X
is given in the following table:

X -1 0 1

ply | 3¢ 3c . 6c

Find (i) the value of ¢ (ii) P(X=0) (iii) P(X <0) (iv) P(X=-1)
Solution:

0 As ¥ px)=1

r==]
or p(-1) +p(0) + p(1) = |
3c+3c+6ec=1

12¢=1 =0=
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Putting the value of ¢ in the given

k(1S)=1 = k=l

15
Put value of k in the given function we get
l -
3 p(y): i's"}' v ¥=1,2,3,4,5
(i) Weseethat P(X=0)= I - : 0 otherwise
3 ' ‘ i (i B
Gi) PX<0)= P(X=-1)= E (i) Putting ¥ = 5 in the formula, we have P(F=5=—
. 4 5 9
A - =P(¥= =3)= —%—=
(v) PX2-1)=PX=-1)+PE=0)+PX=1) 00 BFesha s paam=nt
3 3.6 12 Y
= _+_—+— m=—= f i v
212 12 12 A pair of fair dice is rolled. Find (i) the probability distribution
“ for the sum of dots. (ii) Using the probability distribution, compute the
i ] probabilities of (a) sum of dots is equal to 7 (b) sum of dots is less than 6
Find the value of k so that the function can serve as a probability (¢) sum of dots is greater than or equal to 2 but less than 5 (d) sum of dots
function of the random variable ¥ is S or 10.
. y=12,34,5 . . Solution: ;
ply)= L ) 2'3', LAlsofind (i) P(¥Y=5) (i) P(¥Y>3) : i
0 he I
G () nS)=6"=6=36 i
“ The sample space for the experiment is:
As we know that L1, (12, @3, @49, @S (s
3 (2.1}, {2:2)1 (2:3). (2-4)- (215)+ (2,6)
E|PU]=1 = 31, (G2, (B3, G4 @G5 3G
3 Tl@n. 42, 43, @49, @45, (48
Thy=1 G, G2, 63, G G5 (56
"'ky ) (61), (62), (63), (64, (65 (66
’f‘il:.':l

Let X is a random variable denoting the sum of dots on the upper
faces of the two dice. Its probability distribution is:
k[i+2+3+4+5]=]

o |
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V| e a5 7.8 9 10 11 12 [Tom
s 5
P® |36 36 36 36 36 36 36 36 36 36 36 1

o

This distribution can also be shown by the formula called probability
function as

36

6-l7-xl  os34..12
px)=
0 otherwise

(ii)  Now using the probability distribution, we get:

6
PX=T)=—
a) X=7) %

B)  PX<6)=PX=5)+P(X=4)+P(X=3)+P(X =2)

=—4-+i+i —i-:.lE
36 36 36 36 36

c) P(IﬂXcS):P(X:Z)+P(X=3}+P(X=4]

d)

R e

Statisties - XII Unit -2: Random Varlables and Probability Distributions

R R e e = i 3 ont iy
“Erobability distribution of s function. of diserete random yariable

If X is a random variable, then its functions like Xz.%, aX + b etc.

are also random variables and thus have probability distributions. In case
of two random variables, say X and ¥, their functions like X + ¥, X - ¥,
aX+bVetc. are also random variables where a and b are any two non-zero
constants. The function of a random variable is usually denoted by H(X).

Example 2.7

If a discrete random variable X has the following probability
distribution.

X -2 2 1
1 1 1
% 0|8l

Find probability distribution for X%, 2X + 4.

Solution:

The probability distribution of the random variable X is

HX) = X* p(x)
4 1
3
4 1
2
1
1 6
Total 1

NOT FOR SALE
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ility distribution of the random variable 2X + 4 jg

The probab
H(X) =2X+4 P (x)

1

0 3

1

8 2

1

: 5

Total 1

22.4 Mathematical expectation:of a random variable: j,

Hope you have understood random variable and its presentatioy
methods like probability distribution and probability function. Now e
want to study its properties like mean, variance and standard deviatio
ete.

22.5. Definition’ of . ‘mathematical, expectation
o ofa random variables . % = - oo o

Mathematical expectation or expected value of a random variable
is defined as “the mean of a random variable over a very large number of

trails™. If X is a discrete random variable having the following probability
distribution

X | ) [XpGx)
=] Px) | xiplx)
2 px) | xaplx)

e N

Toal | g | L)

eSS

.

-

A = 57 ';-_:".:Q'F
Statisties - XII Unit -2: Random Vartables and Prabability Distributions
The expected value of X is denoted by E(X) and its formula is

given by E{X}:Iiixip(zi).pm\rided it exists.

TP

A random variable X has the following probability distribution
X 0 1 2 3
p® | 177 T

Find the mean or expected value of X, i.e. E(X).

 Solution:
x | @ Xp(2)
0 17 0
i 1 an an
I 2 217 4n
A | 17 37
" Total 1 107

Mean=E(X)= 3 3 plx) =2 =143
awl)

= Adlscmlemdom variable can have the values xy = 3, x» = 8, and
%3 = 10 and the respective probabilities are 0.2, 0.7 and 0.1. Determine the

By definition E(X) = S,Ix,p(.q)

=xp(n) + opla) + opla)




If function of a random variable is denoted by H(X), th.en expected
value of the function is denoted by E[H(X)] and its formula is given by

E[H(X)] = ZH(x)p(x).

=3(0.2) + 8(0.7) +10(0.1)
EX) =06+56+1=72

A discrete random variable X has the probability distribution:

| x |-2 1 3
| TS TS e
PO |3 6 2

Find (i) E(X?) (ii) E (2X+5)

"

ince X* and (2X+5) are functions of the given random variable X,
therefore, we first find their probability distributions and then the means

| as follows:
x| e [Eoee Teoo2es [ Xpm | xS |
'; -‘_"t. ] | 1 E7 T BT el . =Fa[ G s
B 1 oleizis |- Lom./
I 15 3 3 !
| e Sl 1 5
| e i 7 o | =117
| \ > 0 '
\ ?T 3_-_~_. 'i E 9 11 %‘__4.5 1_21= 5-5
(Tl | 1 2 g | -6 7

N e ey e e .

Statistics - XI|

it -2: Random Varlables and Probability Distributions.

E{H(X)} = ZH(x) p(x)
E(X*) =2 p(x) =6

p(y)= é‘(%]’ [12)3-’ » ¥=0,1,2,3

0 otherwise

Find E(Y) and E (r?).

e ek

 Solution:
e e ™ %
By definition

E(Y)=

3
E)’;PU‘.)

|

““;'W’z-7m~\fi5}§;.§£_;? "T-ﬂlw'
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Properties of mathematical expectation
Expected value of a random variable satisfies the following

properties.
(i)  Expectation of a con
¢ is a constant.
Proof:
By definition
E(X) = Zx p(x)
As the variable X is taking only a constant value ¢ therefore
E(c) = Zc px)
=cZp(¥)
=¢ (1), as sum of probabilities =Ip(x)=1

stant is the constant itself i.e. B(C) = ¢ where

=€
(ii) lfaandhammomnstants.ﬁwnE[aX+b]-—*aE{X)+b
Proof:
By definition
E(X) = Zx p(x)
Hemwel'me.afuuctionufdmmndomvaﬁahleXi.e.aX+b. $0
N E(aX +b) = Z(ax +b) p(x)
= Zax p(x) + b p(x)
I! = a¥x p(x) + bEp(x)
| =a EX)+b(1)
| =aEX)+b

P g e o | |

Statistics - XI|

. This property shows that expectation is changed by that constant
which is added to, subtracted from, multiplied with or divided by the
values of a variable 1.e,

(i) EX+c]=EX)+e (i) EX—<]=EX)-c
ﬁ\r) E[i) - ﬂl
[

c

(i) E(eX)=c EX)

where X is a random variable and ¢ is any constant.

Suppose that X is a simple discrete random variable, distributed
as follows:

Find (i) EX)  (if) EQX+10) (iii) (X - 10) (iv) E(10X) (v)s[f_u)
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(i) By definition E(X)=Zxp(x)=3
(ii) By property E(X +10) = E(X) + 10=3+10=13
(i) E{X—l(})=E(X)-lD=3-1{J=—-?
(iv) E(10X) = 10E(X) = 10(3) =30
X —-EL&==-3—='I}.3
& [TEJ' 0 10

1 random variable

22.8 Variance and standard deviation of

If X is a random variable, then its variance is denoted by Var(X) or
V(X) and its formula is given by
V() = EIX - EC0)?

Or V(X) = ElX?) - [EC0) *
S0 = JV(X)

Consider the following discrete probability distribution:
X - 3 8 10
plx) 02 07 0l

Determine the mean, variance and standard deviation.

Mﬂn:E(X}:&m]=1_z

Statistics - XI|

Variance =V(X) = E(X?) - [EQD) ? = 22 p(x)~[7.2] 2=56.6-51.84= 476
and S.D(X) = JV(X) =476 =2.181

T30 Pro A . A ¥ . T
2.2.9 'Properties of variance and standard deviation of a random variable

Following are some of the important properties.

(i) The variance and standard deviation of a constant is equal to zero
i.e. Vic)=0and 5.D(¢) =0, where ¢ is a constant,

Proof:
By definition V(X) = E[X - E(X)])*
As the variable X is taking only a constant value ¢, therefore
V(e) = Efc - E(©))*
=E[c-c]? «E(c)=c
=0
$.D@E)= V0 =0

(i) Variance and S.D of a random variable are not changed by
adding/ subtracting a constant to/from the values of a random variable
i.g,

V(X x¢) = V(X)
Proof:
By definition V(X) = E[X —E(X)] *
As (X + ¢) is a function of the random variable X, therefore,
VIX +c) = E[X +c — E(X +)]*
= E[X +c - E(X) - E(0)) ?
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2 _C]Z < Elcy=¢
= ElX +c- D) A random variable X has the probability distribution given below
= E(X - ECO1". ¥ 9o B 3 3

= V(X) 3 4 2 ‘1
plx): % 10 1w 10
similarly V(X - €)= V&) a .
Find i) E(X), i) V(X), i) V(X +5), iv) V(X - 3), v) V(3X)
sD(X % c)=5DX) ) . ‘¥
ol # ariable are multiplied or divided by 5 vi) S_Dl?}
@) If the _values. of :;ill el square of that constant i.e. L
constant, then its vanance . Solution: . :
Vieky =& V00 -
3 X p(x)
r ¥ 0 3110
cy €
1 4/10
Proof: , 2 2110 o) el
By definition V(X) = E[X-E(X)] 3 10| )
AS (¢X) is function of the random variable X s0, Total | -1 | 110

V{c}(} = EICX - E(GX}I :

(i) E(X):Exp{x]:-i—é:l.l
=E{C.3:‘I’.'E{x:|]2 v .
= E[X - E(0)1° ) VoD =EXY - [EXF =26 plx) - (1.1)
21
= =— =121
=c* V(X) R
Similarly V[£J=V(§} =2.1-121=089
c c
S.D(c X) =lcl S.D(X) (iii) By property of variance V(X +5) = V(X)=0.89
. ' i V(X -3) = V(X)=0.89
m[g _5.0(X) (iv)
cJ lel

) VX =3V(X) =9(089) = 801
()  Variance and standard deviation can never be negative i-¢-
V(0 20 2nd SD(X) 2 0

i o




o sp X 3P gpy=0.89 =094
3~ 1B
<2 o ieia
3

Probability distribution of a continuous randomivarisible

All possible values of a continuous random variable along it
probability cannot be presented in tabular form. This purpogse & ouly
achieved by formula, called probability density function of the CONtinugy,
random variable.

2.3.1'  Probability density function
If probability distribution of a continuous random variable g
expressed by a formula, then it is called probability densi

ty function (pdf)
or simply density function and is denoted by f{x).

2.3.2 Properties of probability density function

A pdf must satisfy the following important properties:
() fx=20, asx<h

@ [feode=1

A continuous

random i o tion
given by variable X has the probability func

f(.t):{m' 0<I<I
Ul Ol'herwise

Find value of the <onstant ¢,
Check that the function is 4 p g ¢

- ® y

Statistles - x|

®  Wekn

ow that sum of all probabilities js equal to one j.e,
I
g fix)de=1

§=1 Sig=2

Put the value of ¢ in the given function, we have
2x
fm:{g 0<x<l }

otherwise

(ii) ) fix) > 0 for the given range
b) [f(odx=1
Taking L.H.S
[f(x)dr:jzrdnzixdr=z§j=x=i=1-a=1=m.s

Since both properties are satisfied, therefore, the given function is a p.d.f.

aemenee. i MOTHENR-CGA |8




=1 0 L1 L

in
i dx-_: dex
1 L - (x)dx=]-2-"
(iif) @) P(;‘x“ ] Lf i
2 4-1_3
X . m*""'_-=T_16
=72 — Xl 4 16
2 M
2
]
..2j.tdx=?-£2_|:ﬂ

ntinuous  case point probability is

_1)_ 0, because in €O
(c) P(xaz]

Expectation variance and standard deviation =« continuous

random variable

If X is a continuous random variable, then expected value of X is

given by E(X) = | xf(x) dx, provided that it exists.

Let X be a continuous random variable with pdf given by

z <x<
f={z  05xs%
0 otherwise

Find the mean, variance and standard deviation of X.

® By definiion

Mean = E(X) = [ f (x)dx

(i) By definition
V(X) = E(X) - [EX))

I.?. 9
iR g 16 2 16 116 ]J_ﬁ.
T2 9 8f 9 .8 9

A random variable X has the density function given by

(2-2x) 0<x=<1
0 " otherwise

f{x)={

Find (i) E(X) (i) E(X?) (iii) E@X)  (iv) EQ2X-1)

(v) variance and standard deviation of X

JE— 2LAT FAD.C AL =



,,,g-vn_,\;%'n'\.wa-w.-\.n-w....m.w-n-....-—-. o

v--J‘-
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Statistics - Xl

i 1
@ E(X)=[1ﬁ1}dx=fnx(2—2x)dt=!){lx-2f)dx

(i) E(x‘)=[ 2fx) dx= i P(2-2x) dx = :{ (22-2x%) dx

tae b 20
=2£x’dx—2£x’dx—2[?|"]—2{4 ]

(1 ] 2 1_4-3_1

= 2L" ]-zL—-u
(iii)  E(2X) = 2E(X), (By property)
=21/3)=213
)  E@X-1)=2E(X)-1=2(3)-1=-1/3
(v)  Variance = V(X) = E(X*) - [E(X)) 2

$.D(X) =\/0.056 =0.24

mﬁ-‘ﬁmﬂnﬁnnn -~ eI

Statistics - XII

2.4 Twoindependent random variables

This is an extension of the one random variable case. The problem
will be to recognize the old ideas behind the new names.

The distribution of two or more random variables is called joint
distribution. Specifically;

The distribution of one random variable is called univariate probability
distribution.

The distribution of two random variables is called bivariate probability
distribution.

The distribution of three random variables is called trivariate probability
distribution.

The distribution of many random variables is called multivariate
probability distribution.

3-4»2

Bivariate probability distrihuiiun

If all possible values of two random variables along with their
joint probabilities are presented in tabular form then, it is called bivariate
probability distribution. Suppose X and Y are two discrele random
variables, where X has “m" values and Y has “n" values, then bivariate
prohablhty distribution of X and Y is given by

o w2V

NOT FOR SALE
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Unit -2: Rando

ibul

=

b .:ii sribution  we can obtain

the bivariate probability

univariate probability distributions as:

il i bability
i arginal probabili (ii) The marginal pro
. :?s::uﬁon of X e distribution of ¥
X p(x) LAk 20)
0 plx) B o)
ja n _\p.(;:.’_j.,” e
: Bimy g > :
{1 pe) Y PO
= i " E
[t BS el i
_-'  Xm P‘[J'q} : - .:F' POR)

probability

244

Independence of two random variahles

Mathematical expectation of {ywq random
3 o
If X and y are
W0 rand 4
of their sum or g . g les then
“mlsdmuedbl'E(Xin mean or expected value

Bivariate probability function

If all possible values of two random varables with their
associated probabilities are shown by a formula, then it is called bivariate

function. It is denoted by p(x, y) (discrete case) and f (x;, ¥)

(continuous case) ; foral.l.nandy]_

ariahl By

and is defineq as:

N of U ap——— 1§

S G e

Statistics - Xl Unit -2: Random Varlables and Probability Distributions
EX t 1 = Z%(x.— + ) plx, 3 (discrete random variables case)

= [Jtx £ %) f (5, ¥) ds dy (continuous random variables case)
zY

Expected value of their product is
E(XY) = ZZ (xi) plxi ) (for discrete case)

= [[(xiy) f(x y) dady  (for continuous case)

246 Properties: ol mathematical expectation of two random variables

Let X and ¥ are two independent random wvariables and then they
jointly have the following properties:

(i) The expected value of the sum of two random variables is
equal to the sum of the expected values of the individual random
variables i.e.

E(X +¥)=E(X) + E(Y)
Proof:
By definition

EX+Y)= ?:uf_ll (xi + yj) plxi, vj)
= iéx;p{xa. )+ g%yj.ﬂm ¥l (1

i=l j

Consider gl ?.;.ri plx, ¥5)
= gi"",i.l plxy)

J— i s g g R P BT
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= in!pitn yiy+ ple yar+ . ¥ pxi ya)l
d Y
= $x () p( ) + plr) PO - + plx) pow) (s X and ¥ are
=l
inde:pbndﬂlt}
= $.0 ) (o) + %) + - +70%)

= ixrp(x;) (n (as sum of probabilities is equal to one.)
=l

=¥ xi plx)
=
= E(X) @
Again consider gg)ﬁp‘:ﬂ.}‘l}

=§hﬁﬁnm
= ;ﬁmm W)+ P x2 Y} # oo+ Pl Y]
= Sutptet ) + e p) + - + PEPI]

= gy;prm [plxs) Hp 32) + ... + plxa))

(3)
Putaquaﬂan&}andﬁ)inqlmﬁun (1), we get E(.Y+Y)=E(X) +E(Y)

N

Statistics - XII e Unit -2: Ruﬂem\'nlublu and Prolubiﬁty Distributions

(i)  The expected value of the product of two independent random
variables is equal to the product of their individual expected values ie.
E(X ¥) = E(X) E(Y)

Proof:

By definition
EXY)= gJE:Il(xJ. ¥) Pl ¥i)

i xi Yy plxi) pOy) (as X and Y are independent)

Iz

EM!

E plx) Zy; PO

Let X and Y are two discrete random variables with the following
joint probability distribution:

Adding rows and columns to find p(x) and p(y) shown in the
following table.




P W T S e A PR }i ¥y M g =y e B
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By definition _0504+240= 32 Consider the following joint probability distribution of two
00 = Ex p(x) =2 x 040 + 4 x 060=0: independent random variables X and Y.
25 o
L —1x025+3x050+5%0 i A A AT e -
= 1.22= . ARl :
=025+150+ 0 |01 20 0107 7R |
Now by property 1 | 015 30 H =k mﬁ-'ﬂﬂ ;
E(X+ V)= EQ0+ E(Y)=32+3 =68 Find: (DV(X), (i W), (@DVX+1), (v)VX-Y) 1
EQX -31) = E2X) - B3N P E TR iy o
e - [EnteREN
T | e = Al " T &‘,-f_ b .l.——-
=2(32)-3() =64-9=-26 X G S e
Since X and ¥ are independent, therefore, (1] g %g aY, -u:i%l-. wﬁlﬁgf:{n ' '* J
E(XY)=E(X) E(Y) = (3.2) 3)=96 pO). | 025 50 2507 [
247 Variance of the sum or difference of two independent ralyt_!'m_n'
yvariables o (D V(X) = E(X)* - [E(X}Iz
If X and ¥ are two independent random variables, then variance of E(X) = Lx p(x) = 0 (40) + 1 (.60) = 0+ .60 = 0.60 %
their sum is given by the formula: E(X?) = T p(x) = 0% (40) + 12 (.60) = 0 + .60 = 0.60 g
VX +Y) = E[X +Y - 2 =
e i ‘. V(X) = 0.60 - (0.60)* = 0.60 - 0.36 = 0.34 |
=E[X +¥ - E(X) - E]? ¥
[X +Y - EQN) - E(V)] | () VN =EY)-[EMP 1

= E[(X- E(X)) + (Y-E(D))]?

E(Y) = Zy p(y) = 0(.25) + 1(.50) + 2(.25) =0+ 0.50 +0.5 =1

E(¥") = Iy p(y) = 0% (:25) + 12 (.50) + 2% (25) =0 + .50 + 1 = 1.50

EXHY-Em) “ V(¥) =150~ (1) = 1.50 — 1 = 0.50

When X and ¥ are independent then ot s ) Since X and Y are independent, therefore,
VIX+1)= VOO + V), Simitaty (iii) VX +¥) = V(X) + V() = 0.24 + 0.50 = 0.74
V-1 = V%) + vy (iv)  V(X-Y)=V(X)+ V(Y)=0.24 +0.50=0.74

= E[{X-EX))* + (Y- E(V))? + 2X-EXONY- EN)]
=EX-EX)*+ EY- )+ 2E(X-
= VIX) + V(Y) + 2 cov(X, )
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Key points
L

n of the results of a random

iR eadithe ollowing gstatemen’s ully :write T for - true
- 5i... . -and Fforfalse statement Far ;

« A varigble that is itself 2 functio
experiment is called random variable

jumping values of isolated values is called

ERn ot LR o P T —

i.  Random variable is also called chance variable.
ii. Discrete random variable takes every value between two limits
iii. The sum of probabilities in a probability distribution must be one.

s A varable which takes

discrete random variable iv. The probability function and pdf can be negative.
« A varisble which takes any value between two limits [a, B], a <b is v. Mathematical expectation of a random variable is also called
called continuous random variable average or mean of the random variable.

vi. Expected value of a constant is zero.

vii. Variance of a constant is zero.

viii. E(X=Y) = E(X) - E(Y)

ix. WVX=Y)=WV(X)-WY)

® If all possible values of a random variable along with their respective x. If fix, y) = f(x) fiy), it means X and Y are independent.
probabilities are shown by a formula, then it is called probability
function or probability mass function. It is denoted by p(x;)

® If all possible values of random variable along with their respective
probabilities are shown in tabular form and sum of probabilities is
equal to one, then such tabular form is called probability distribution

* The mean of a random variable is called mathematical expectation. i. A discrete variable can take 2 mumber of values within ¢
T e, its range or an infinite number of values that are countable. ';
] : ii. The probability function p(x) cannotexceed i
Mean : E(X) = Ex p(x) where X is a discrete random variable i, if p(x) = — f 1 4 i
o Vaianos: W)= B (EQOR . if plx =31 orx=1,2,3,4,56then P(X=20r3)=
" The distibug _ iv. A variable whose value are obtained from the outcomes of a f
distribution. on of two or more random variables is called joint random experiment is called
- v. Random variables are classified into
" Hfln )=
. JGxi, 3) = fix) fly)), then X and ¥ are independent vi, The distribution of two or more random variables is called______
E(X +Y) = E(X) + B(Y) and EX~1)= Eqy) - vii. The value of the expression L X p(x, y) is always
" EXY)= . i
. VWTY) Fi(x;;{}n"fx and Y are indepen viii. If X and ¥ are two independent variables then E(X Y) =
; = + V(1) and V(x _ p _ ix. If X and Y are independent random variables then S.D(X-Y)=__
independent D=0 + vy, if X and Y are 2 8 |
x. WEE =3, EX) =5 thenSDK)=__ :
é

e
PP o RIS

=y

nigls

- e




. S B | L S i L - -1y S NEE— - B o R 5 SR T - B
Statistics - "‘ 1 " F P P e i R R o (R -
2 Statistics - XII ~ Unit -2: Random Varlables and Fmbih‘ili'ty Distributions.

g given Ones. .

"th
33 Select the correct answer out of i

()  The height of persons in 8 cOURrY i (viii) 1f X and ¥ are independent random variables then V(X-Y) =

(a) discrete random variable (a) V(X) - V(1) (b) V(X) + V(1)
(b) continuous random variable {c) V(X) W(Y) dVX+D
(c) both discrete and continuous (ix)  continuous probability distributions give

(d) neither discrete nor continuous (a) interval probability (b) point probability

The outcomes of tossing 2 coin three times is a variable of (c) negative probability (d) zero probability

» the type (x)  if X is a random variable having its pdf, the E(X) is called
(a) continuous (b) discrete (a) median (b) geometric mean
(c) neither discrete not continuous {c) mode {d) arithmetic mean
(d) both discrete and continuous 24  Describe the concept of a random variable and give its examples.
(i) Iffix)=kx,0<x <], then value of kis 2.5  Explain different types of a random variable with examples.
1 1 2.6  Classify each of the following random variables as either discrete
@ 3 (®)2 © 2 @1 or continuous:
(iv)  If V(X) =2 then V(2X + 5) is equal to i. Time to failure for an electronic system.
@4 )2 (©)8 ) 6 ii. The height of a person.

ii. Th ber of questi ked i ral ination.
() IFE(X)=4 then B3+ 10} s il e number of questions asked in an oral examin
iv. Temperature at a place.

{a) 10 P
" e)4 @22 v. The maximum breaking strength 250 kg of a wire.
)  IFEX)= :—i JEXY = % then $.D of X i vi. The number of fatal traffic accident per month on the motor way.
; vii. The life time of a mobile set.
@ 9 (b) -3- © 2 @ 2 viii. The amount of rainfall at Islamabad during different months of
(vii) =S 9 2016.
Vi) I fix vi= ; £
S 3) = ) fiy), It means variables are ix. The number of admitted patients in a hospital in a year.
E:; mmlawd (b) dependent * x. The number of Mosque per village in a district.
1 (d) associated
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Statisties- XIl ===l e a
robability  distribution, probability  function .. d
1 : Define :
) E pmbabilityl:iensit}' function. What are the two. basic proper;..
of all probability functions?
28 Find probability distributon for the number of heids whep 5
balanced coins are tossed.
29 In a family of three children find the probability distribution for g
] number of girls.
210 A random variable has the following probability distribution.
1 X 4 6 7 10
i ) 02 04___c 01
i (i) Find the value of c.  (il) PX<7) (iii) PO > 6)

e e R

211

212

213

214
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A coin is tossed three times in succession. Find the probability
distribution for the number of heads minus number of tails.

A pair of fair dice is rolled once. Find the probability distribution
for the difference of dots,

Check whether the following is a probability distribution or not? If
not, then why?

X 0 10 5 25 5
PR 01 03 04 g3 ﬂ.c:

A discrete random variable has the probability mass function:

c
.D\’-r)=';- v x=0,1,2.3
0 elsewhere

(i) P(x > 1) (i) PO < ¥ < 3)

its Properties,

Statistles - Xl

2.16

217

2.18

2.19

2.20

" Unit -2: RandomVarlables and Probability Distributions.

Ax*

0<x<1
w=|s ]

. elsewhere

Find (i) value of the constant A (ii) P(X < 0.5) (i) P(0.2 < X <0.3).

Discuss mathematical expectation. Write some of its important
properties.
For the following discrete probability distribution of X
x =2 1 2
px) 173 1/6 112
Find (i) EX) (i) X% (i) E2X+5)
Find the mean, variance and standard deviation for the following
probability distribution:
¥ = 0 1 2 3
Py 0.125. 05 0.2 00s 0125
Let ¥ be a random variable with probability distribution as follows:
Y 1 2 3 3 5
) 0.125 045 0.25 0.05 0.125
Find (i)  Expected value
(i) Variance
(iif)  S.D for the random variable ¥
A variable X has the p.d.f fix) = I:.b:’(l-x) * DngI]
0 . otherwise

Find (i) The value of k

(ii) E(X) (iii) Variance (iv) S.D




