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LHE 'D'nﬁr;a'bsﬁmlaﬁunuf'a parameter, point estimation of a parameter, point estimator and
1 pointestimate.

* Differentiate between point estimatorand point estimate.
i * Describe from arandom sample, the point estimators and point estimate for population

¢  mean and variance. i
g * . Defineun-biasedness, un-biased estimator, biased estimator and biased.
; E—-’ ' +  Describe the methodsto reduce biasinsample surveys.

-+ Describe and verify the un-biasedness of sample mean, sample proportion and sample

variance. g |

* ' Use calculator in statistical mode to directly find the un-biased estimates of mean and ,i I

o ‘variance of the population from which the sample was drawn.

] ? '+ Defineefficiency and explain bestestimatar. ;.

18 ey ‘Identify the best estimator of population mean, population variance and population

~° - propaortion. "o

i Find the best estimates of population mean, population variance and pupulaucrn 158

~ proportionfromagivenrandem sample. :

* Identify the pooled estimators, from two samples, of pn-puiaﬂnn mean, population
variance and population proportion.

Find the pooled estimates of populatian mean, population variance and population

. proportionfromtwo givenrandom samples. ! .

'D'ﬂ“‘“t'“'!"“mm“hmmh|"Itﬂl'1fi|estimatamd confidence coefficient.

:2‘?;:::::;““'&thﬂ:$:;:r:|n:::1::1hamm of anormal population (known ‘ i

sml'lllmﬂuu:mmst;:ndilﬂi-‘!u'«u'lr:'l:l".u.cIe o o

; “‘}rﬂ‘CPﬂPl-lhtiunp:np»ortiun{luge

ﬁ‘!fﬂt\nmpupuluﬂnnsﬂuge samples).

6.1 Introduction to statistical inference

Statistical  inference is a pracess  of drawing conclusions
(inferences) about the population on the basis of sample information
obtained from that population. There are two branches of statistical
inference.

i. Estimation of parameiers

il Hypothesis testing

Statistical inference is of immense importance because complete
knowledge regarding population is seldom available. In the previous unit
concepts of sampling and sampling distributions were discussed which is
actually a base for statistical inference ie. sampling allow us to make use

of the information gathered for the sample to draw inferences about the
entire population.

il o paramclers

Statistical estimation is a process by which the unknown value of
a parameter is obtained from the sample observations. Suppose we want
to know the average age of people in our country, the percentage of

smokers in the Khyber Pakhtunkhwa etc. then these are the problems
which come under estimation.

'__‘___*;-ni‘ estimation

There are two types of estimation (i) point estimation (ii) interval
estimation. When a specific value is obtained from sample observations
and is used to estimate the unknown value of the parameter, the process is
called point estimation and the single estimated value is called point
c.s_timate or simply estimate. For example, the values obtained by
X, 5%, p are point estimates for the parameters 4, @°,p respectively.
When a range of values is obtained from sample observations within
Which the unknown value of parameter is believed to lie, the process is

called interval estimation and the resulting interval of two numbers is
called interval estimate,
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n estimate

6.1.3 Difference between an estimator and a

A rule, usually expressed as @ formula that tells us how
calculate an estimate from the sample data is called an estimator and fp,
resulting number is called an estimate.

¥ in X ‘;z} is an estimator and
if X=+—= = r a
For example; if X—T—lﬂﬁ then a nd 100

=1 =y
20D 563 then E N is
n=1 n—1

is an estimate. Similarly, if s* =

an estimator and its numerical value 2.63 is an estimate.

0.2 Point estimation

This process provides a single value which is calculated from the
sample data as an estimate for the unknown population parameter. Point
estimate may or may not be close to the parameter because the random
sample used is one of the many possible samples which could be selected
from the population.

A random sample has ten observations 4, 3, 7, 8, 4, 10, 5, 5, 4 and
9. Compute a point estimate of (i) population mean (i) population
standard ~ deviation (jii) standard eror of the mean (iv) population
proportion of even numbers.

(i) Point estimate of the population mean U is;

n (estimator)
10 ’ (point estimate)

Statistics - Xl

(i)  Point estimate of the population standard deviation ¢ is;

1 2]
s =J‘;t—|:2x1———~(z:] ] (estimator)

-1
’;[ 40]_@1
10-1 10

9 =

fl
~[401-348.
9[ 01-348.1]
’ 2. i ;
= _g_ 2.42 (point estimate)

(i)  Point estimate of the standard error @ is;

L

5 =5 (estimator)
"
242 " ;
- E =0.77 {point estimate})
(iv)  Point estimate of the population proportion p is;
p= . (estimator)
n
& % =05 (point estimate)
].:I'[l_-]]-L'I'Iit‘.‘i of a good point estimator

In point estimation the unknown value of a parameter is estimated
by a single number which is quite risky job. This single value may or may
not be equal to the true value of the parameter. The closeness of the
estimate to the parameter value depends on random sample and the
estimator. An ideal estimator is ome which gives exactly the comect value
of the parameter but such estimator does not exist in general. Hence to
search a point estimate close to the parameter, it is necessary that the
choice of one appropriate estimator in a given circumstance should be
made on the basis of certain properties, called criteria for a good point
estimator. A good point estimator is ome which is unbiased, consistent,




efficient and sufficient. Only two properties, unbiasedness and efficiency

are discussed here in detail.
6.2.3

Unbiasedness

It is not possible for an estimator to obtain correct estimate from
each and every sample, even though if samples are drawn randomly,
However, if this estimator on the average (i.e. considering all possible
samples), give an estimate equal to the population parameter then this
property of the estimator is called unbiasedness.

Definition of unbiased estimator:

An estimator is said to be unbiased if the mean of its sampling
distribution is equal to the true value of the parameter, otherwise, the
estimator is said to be biased. For example, if 8 is a point estimator of
the parameter @ and E()=6, then £ is called an unbiased estimator
of@. If E(@)#6 means that @ is a biased estimator of@. Further, if

E(é]:a& means & is positively biased. IfE(l.‘;‘}-r:!S' means that & is
negatively biased. Remember that in previous unit we have shown in

= - ;

practical examples that E(X)=p =x. This implies that F==% s a
n

unbiased estimator forg . Similarly, E(p)=p means that ﬁ:i is an
i

unbiased estimator of p. The bias of an estimator & is given by

B(6)=[E(6)-6).

Show that sample mean X
-population mean 4 .
Proof: ;

is an unbiased estimator of the

Consider a random sample X,....X, from a normal population
having mean g and variance o, then by definition,

Statistics - X1l

E()?)zlE[iXJ}

n i=l

Taking expectation on both sides to have

=TIIIE(X.)+ E(X,)++E(X)]

1
=;(,u+,u+--- + Jt)
having mean 4 )

ni

(As X, are drawn from a population

=——=yg Thisimplies that X is an unbiased estimator of u .

Show that sample proportion P is an unbiased estimator of

population proportion p.

Proof:

By definition p =
n

g(ﬁ}:g{i):lmx}
n n

~Lip) (As X is Binomial random variable having mean np)
n

=p. It means that 5 is an unbiased estimator of p.

1 =3 . )
Show that sample variance i =——E(X.—X]z is an unbiased

estimator of population variance o” .




By definition #* =—— (X, ~X)’
n—-14

(n-1) s‘=}":(x,-i)=

i=l

=i‘,(x, —p+p—X) ie. p isadded and subtracted
=l

=i[(xl—.u)-(i -

=1

=i[(x. — )+ (X — ) =2(X, — ) (X = )]
inl

X~ 4R - ~2E =) DX, =)
i=l

i=l

3 X~ (R~ 2K - (X0 As ZX = y=n(X =10

=3 (X, - 0 (X - =20 (X =)
sl

Now taking expectation on both sides

(n-1)E(s)=nE(X,~ i) —nE(X -’

potingt droial

—

@

. SR ANIVT EADR.C Al

vEl
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=(n-1)o*

E(s*)= o’
This implies that s o I
Tixample 65 1]

Draw all possi

population having elements 4, 8, 12, 16 and show that;

iy EX)=p ieX is an unbiased estimator of 1 .

i) E(s")=0"ie. §

of o,

iii) E(S) 207 ie §'=

- - %‘

b b i(xl—f)‘ is an unbiased estimator

n—

' i(xl—z?}‘ is a biased estimator of -
LS

. Givend, 8,12, 16;

_N=4;B.I]dn=2

40
Population mean g = X M =210

N

Population variance ¢~ =

X’
N

4

. ﬁ__(zi]‘ﬁ
N

480

—

4

{

4

- Y (X, —X)? is an unbiased estimator of” .
=4 =l

ble samples of size 2 with replacement from a

e
ﬂ) =20
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Since sampling is with replacement therefore possible samples are
N =4"=16

(i)

(i)

Statistics - Xl

E(R) =4ty =L f(R) =12 =10=p

As mean of the sampling distribution of ¥ is equal to the population
mean g, so by definition of unbiasedness we say that X is unbiased

estimator of g .

The samplmg distribution of s*

Ny ‘T““FW;
DRy i l
8 -
3 1
e (R s
E(s)=p; = "‘s’_f(s :u——-zo o’

Hence §° = ——] Z{xf—-f ¥ is an unbiased estimator of a
n=1

The sampling distribution of §*

e —————————

, 202
p—— _A.—....mirammsmuﬁzi
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E(§)=% S’f(S’]=11£:~=!ﬂ
E(sH)#o*
lei. = "
Hence §* :;E{X, —X}z is a biased estimator of .

- il
Draw all possible samples of size 2 with replacement from a

population consisting of units 1,256 and find the proportion of even
numbers in the samples.

Construct the sampling distribution of sample proportion fand check that
E(p) = pi.e. p is an unbiased estimator of p.

!iven 1,2,5,6 N=4 n=2

Possible samples of size n = 2
shown in the table.

ol &

Sratistics - X1l .

The sampling distribution of sample proportions P

E()= =X b (1) = 1 =05=p.

It means that ,$=§ is an unbiased estimator of population

proportion p,

6:24  Efficiency

If there are two estimators, both possessing the property of
unbiasedness which can be used for the estimation of a parameter, it is
difficult for us to choose the best one between them. The efficiency
property decides to prefer the one which has minimum varance. Hence
efficiency is a selection criteion for efficient estimator between
unbiasead estimators.

Definition of efficient estimator:
If'-:?'l and 61 are two unbiased estimators of the same parameter

¢ and Var(6,) < Var(,) . then §, is cfficient estimator than &,.

Efficiency is generally expressed in relative terms as:

_ Variance of efficient estimator
Variance of other estimator

R.E

If 0<RE<1= § is efficient

If RE>1= é_. is efficient.

- - P . L N O N W L W |
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If R.E =1 = both estimators are equally efficient.

For example, in case of normal distribution both sample mean and sample

= O
median are unbiased estimators for u. However Var(X):T and

Var{median):%. Mow comparing these estimators by relative

efficiency criteria as:

__Var(X) _ o'/n _o° W _2
" Var(median) no*/2n n mo® «
I B W P
2/7 22

This implies that X is more efficient than median for u. Thus, an
unbiased estimator which has minimum variance is called the best or
. the most efficient estimator,

A tandom sample X, X,.X, is drawn from a normal population

; ~ X +X,+X
having mean g and varianceo” . Let @:@i"“_xi and ei,—:_f__i_—l

are the estimators for p.
i) Which of the estimators is unbiased?
i)  Show that 6 is efficient estimator for u than 6,.

To check unbiasedness, we first consider:
bs x: +2§; +X,

Take expectation on both sides

) e

Statistics - XI1

1
E@)=EX,+2X,+X,)

1
-;{E{X.)+‘ZE(X,)+E(I,]]

1
_'4-[#+2#+ﬂ] -Mﬂﬂlﬁyh&\l‘emmﬂ

4 . )
=Tﬂ=,a Hence 6, is unbiased estimator of p.

Now consider the second estimator;

=

(6 =1

B W e W

3

w

(i)  To check the efficiency, we have first compute variances for both

estimators.

Var(él) =Vﬂr[ﬁ|+_2:fL"ﬂl I

1
16
1

_.l—ﬁi

having variance &

%_h+&+%

3

[E(X,)+ E(X,)+E(X,)]
[+ p+p]

=pu Thus, ézisalmanunbiasedu&ﬁmalumfp

[Var(X,)+4Var(X,)+Var(X,)]

o’ +40°+0*),As X,, aredrawn from the papulation

N Y L N el el = -




B -~ : -,.5‘.
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=—;~War(}(,}+Vartx,]+'far(x3}]

=%[cr’ +o*+¢*] =0’ /3
Now compare the efficiency of §!| relative to &, as;

_V@) 30718 307 3 9 1551 = Biscfficient than 4
v, o'/3 8 o 8

Thus relative efficiency criteria shows that the estimator®, is efficient

than él It means that va:{éa]cvar(.?ﬁ.] and hence éz is the best
estimator for the parameter jL.

6.2.5  Pooled estimator from two samples

Parameters can also be estimated by estimators which are obtained
by pooling (combining) the estimators computed from two or more
random samples drawn from the same population, such an estimator is
called pooled estimator. For example two random samples of sizes
n and n, have means X,X, and variances

A respectively, then

& i

combined mean given as Ef:"_‘!‘l_ et i
n +n,

2 2

combingd:  vadaace: &= Ti—BE 0, -
' notn,—2

pooled estimator of p and

pooled  variance

estimate of ¢*. Similarly, if random samples of sizes n,n, are drawn

from a binomial population having sample proportions P
mp+mp

ﬁ is pooled estimator for p. If needed, pooled

p2, then

c

estimators from 3 or more samples can be obtained to extend in a Similar
way.

A
Statistics - Xl
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Consider the following two samples
Sample A: 1 4 8 5
Sample B: 3 0 9 4

Compute pooled estimate for (i) population meang (ii) population
variance 0" and (iii) proportion of odd numbers in the population.
[

i) f_1+':t-+3+5 18

_  340+9+4 16
= = =45 St S
1 4 a % - . 4
z =mEtmE 445 +4(4) 18+16 34 .
. — —_—d
: n o+, 444 8 S 25 is  the pooled
estimate of . _
- Ex)'l. 1 s’ ] 1
=—|106—"L |=_[25]=8.
(i) e 1[2 } e [Dﬁ |7 3251=8333
Z (16)* | 1
106~ ~[42]=14
[2 ] 4- 1[ 4 } 3[ J=il
¢ = m=Dsi +(=D)s] _ (4-1)(8.333)+(4-1)(14)
. non—2 4+4-2
= 24'99:+42 = 662}99 =11.17 is the pooled cstims:clof at.
(iii)

Proportion of odd numbers in sample A: p, ===0.5

-hlh-i

Proportion of odd numbers in sample B: p, =—=0.5

= | b

_MPAmB, 405)+405) _2+2 oo . sl
g m+n, 4+4 8
estimate of p.
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es an interval of values calculated from sample
the unknown population parameter, Interyy)
containing the parameter of interest,

This process provid
data, as an estimate for
estimate has a high probability of

An interval which is constructed from sample observations in spch
a way that it has a high probability of -
containing the unknown value of
parameter is called confidence interval. a2
For example if L and U are two _, .
statistics, then the confidence interval L : T
for the parameter & is given as:

PlL<8<Ul=1-a

Main points about confidence iqii\c-.rw;l_ =

i. ‘The end points that bound a confidence interval i.e. L and U are
called critical values or confidence limits where L is the lower
confidence limit and U/ is the upper confidence limit.

ii. The region between L and U is called confidence interval o
confidence region or acceptance region for the unknown parametet
8.

iil. The region beyond the acceptance region ie. from —e= 10 L and U
to e= is known as critical region or rejection region. lledl

iv. The probability that the interval contains the parameter is ©

confidence coefficient or confidence level and is den

(1-a).1t is also written as100 (1 - &) % . ed

The probability that parameter lies in the rejection region i call

significance level and is denoted by o o 0

(U-L) is called width or length of confidence interval which ®

measure of precision for confidence interval.

S
Unit = E“imﬂ!nn

Go3) A

tistics - X1 S atl
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vii.  Precision means accuracy of the confidence interval, It can be
increased either by increasing the sample size or decreasing the
confidence coefficient,

Arge  sample  confidence interval for population mean U

t_l_g_:g-.g'ls known):

To find a 100(1-a)% large sample (n>30) confidence interval
for population mean u when ois known, we begin with the statistic

v PSS TR

z=—‘u which has a standard
aln an

normal - distribution  and  make
probability statement as:

PI-Z ., <Z<Z ,)=1-a

4 7w

Zan Zaiz

Where Zer means that probability or area to the right of Zen is equal tn
af2. Similarly probability to the left of -Z« p is equal to @/2 such that
al2+al2=a.

A 100(1 - &) % confidence interval for 4 when ¢ is known is given by;

J?iza,zi.

Note for particular sample use ¥ instead of X.

Example 6.9

An electrical firm manufactures light bulbs that have a length of
life with mean g and a standard deviation of 40 hours. If a random

sample of 100 bulbs has an average life of 780 hours, find a 95%
confidence interval for the population mean of all bulbs produced by this
firm.

Solution:

= o
A 100(1- &) % confidence interval for 4 is X £ Z_, ;7;

NOT FCR SALE

<F;

e E T T v e ey

]

F‘._



We . are given o =40, n=100, ¥ =780, and confidence leve]

l-a= 95% =095s0=1-0.95=0.05, 3 =—'2—=ﬂ-025
Now make inverse use of area table of standard normal distribution

and search 05-0025 =0475 in the body of the table which
correspond 102, = Z, ., =1.96.

Putting values in the above interval estimator, we get

40
780+1.96——
J100
780:+1.96(4)
[772.16 , 787.84]

Hence the 95% confidence interval for g is from 772.16 to 787.84
hours.

A random sample of size n = 400 selected without replacement
from a population of size N = 2000 with =4 gives ¥=80. Use this
sample information to construct a 90% confidence interval for the mean

of the population.

A 100 (1-)% confidence interval for 4 is X £2,, - [ —

V-1

Given that N = 2000, n =400, o=4 , x =80,
1-a=090, a=0.10, %=n.os.

From the area table we have Z,,=7 . =1645 corresponding t0°
the probability 0.50-0.05=0.45
Hence the 90% confidence interval for y is

3

JE—— L — ‘.‘E"

L
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or 80+£0.294
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or 80-0.294 , 80 + 0.294
or [79.706, 80.294]

Large sample confidence interval for population mean L w hen

g'is. unknown

Practically, ¢ is usually not known but if nz30 then, central
limit theorem allows us to consider the sampling distribution of X as

approximately normal with mean g and SE =-j= that is, ¢ is replaced
n

by samplc. standard deviation s. An approximate 100 (1-&)% confidercc
interval for 4 in this case is given as;

fizm:‘,f-.
n

A scientist, interested in monitoring chemical contaminants  in
food, selected a random sample of n=50 male adults. It was found that
the average daily intake of dairy products was T=756 grams per day

- with a standard deviation of s=35 grams per day. Construct a 95%

confidence interval for the mean daily intake of dairy products for males.

Here o is unknown but n = 50 is large, therefore, 100(1-a)%
confidence interval for g is:

J?J_rzm:,f;

We have 1 —a =095, a=005, Z,,= Zys =1.96
Hence the approximate 95% confidence interval for g is

@2
g, adeNTRE O DeS0 Gl




or 756+ 9.70

35
7562196 —
450

or 756970 , 756+9.710  of [746.30 , 765.70]

This means that the mean daily intake of dairy products for myje
yaries from 746,30 to 765.70 grams pet day. ]
634 Confidence interval for population mean / e
unknown (small sample) s
When o is known and n is small, then the interval estimaio

fizm:‘;— will still be used for g but if @ is unknown and n < 3,
n

then the statistic l=£:“—lr is used which has t-distribution with v=n-I

s!-.!;

degrees of  freedom and

1 =
g P le=F)
n-1
Probability statement can be made
a8’

P[-t"l" 3-“'}{ b, 2.{|alj| =l-a |

Putting value of r to have a 100(1-@)% confidence interval for A when
o is unknown and n is small as;

5
al2iv) 3‘;
S M

e e

The number ofhva-l-'..l;s in the sample that are independent and freé
1? vary is'called degrees of freedom eg if .1“+.'c,=10. we cal
give value only tox, or x, the second one will be aummaﬁcaw
computed. Hence d.f=2-1=1. Generally  if have
%, =10 we can gave values to first n-l ScOres freely

and one score is restricted, so we have degrees freedom 4.f =n-1

X +1

B

213 ; ;ﬂ
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TABLE 6.1 (Critical values of student t-distribution]

df Iy Tosa s Fon L df
1 3.078 6314 12706 | 31.821 |63.657 |1
2 1.886 2.920 4303 6.965 9,925 2
3 1.638 2353 3,182 4.541 5.841 3
4 1.533 2.132 2.776 3.747 4.604 4
5 1.476 2015 2571 1.365 4.032 5
6 1.440 1.943 2.447 3.143 3.907 6
7 1.415 1.895 2.365 2.998 3,499 7
8 1.397 1.860 2,306 2.896 3.355 8
9 1.383 1.833 2.262 2.821 3.250 9
10 1372 1.812 2.228 2.764 3.169 10
11 1.363 1.796 2.204 2.718 3.106 11
12 1.356 1.782 2.179 2.681 3.055 12
13 1.350 1.771 2.146 2.650 3.012 13
14 1.345 14761 | 2.145 2.624 2977 14
15 1.341 1753 2.131 2.602 2.947 15
16 1.337 1.746 2.120 2.583 2.921 16
17 1.333 1.740 2.110 2.567 2,898 17
18 1.330 1.734, 2.101 2,552 2,878 18
19 1328 1.729 2.093 2539 2.861 19
20 1.325 1.725 2.086 2.528 2.845 20
21 1.323 1.721 2.080 2518 2.831 21
22 1.321 1.717 2.074 2.508 2.819 22
23 1.319 1.714 2.069 2.500 2.807 23
24 1.318 1.711 2.064 2492 2797. |24
25 1316 1.708 2.060 2.485 2787 25
26 1.315 1.706 2.056 2479 2779 26
27 1.314 1.703 2.052 2473 2711 27
28 1.313 1.701 2.048 2467 2763 28
29 1.311 1.699 2.045 2462 2.756 29
oo 1.282 1.645 1.960 2,326 2.576 oo




d a 99% confidence interval for population  mean i
Find 2

random sample selected from the
0.097, 1.04,0.99, 0.98, 1.03,1.01, 0.99.

5 5
- i + g ——
A 100(1—a)% confidence interval for g is X Ig.(n 35

population gives the values 103 101

We have values 103, 101, 097, 104,099, 0.98, 1.03, 1.OL 635,

Heren=9 , 2x=905, 3. x2=9.1051, therefore,

n 9

Ji{}:x’ (EIJ] J_l_. 9. 1(}51F(905) ] =0.02245
n- n 9-1| 9

1-a=099 or a=0.01

Now form r-table 6.1, we have 1,y , 1y =Topya = looos.@ = 3322

. : . . %
Putting values in expression for confidence interval, we B¢t 99
confidence interval for 4 as '

0.0245
LMH'ESS[T] or [1.00S6 + 0.0274], [0.9782 , 1.033]

= @s)

- I l‘llﬂ:

M
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6.3.5 Interpreting the confidence interval

What. does it mean to say we are

O8% confidant that the true value of the l.mi

population mean 4 is within a given \ @

interval? Tt means that if we construct 100 | :
such intervals for different samples, almost @ 1 :
98 out of 100 will contain the parameter and ! 8 2
only 2 out of 100 will not contain the true ¥ -
value  of the parameter. It  can = .
diagrammatically be shown as given in the :’ -
Figure. Two of the intervals at serial number « g._":—
3 and 97 do not contain the parameter u 4!

while remaining 98 intervals contain the I

parameter, Remember that we cannot be absolutely sure that any one
particular interval contains the mean g.

63,67 Confidence inferval estimate for the difference between two

populations means when' 0 and @, areknown

In this case X,—X, is the point estimator of (#—/4) which in
standard form can be written as;

7o K= X - -p)

Probability statement for the random |
variable Z can be made as
P-Z,<2<Z,,]=1-a

The 100(1-@)% confidence interval for (g, —g,) in this case is given
by

o'
I:X Hx :':tzarz n R:
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T

'I'hemwcm_-mg qualities of two fypes of ﬂﬂiﬂr{mhile tires were
compared by road — testing samples of n, =n, =100 Llre.s of each type
The test rosults are ¥ =26400miles and % =25100miles. The standary
deviations for the two types of populations  are 0,=3194713 44
0, =44.2719 }especﬁuely. Estimate (i, - ) the difference in mey,
miles to wear out, using a 9% confidence interval.

=

The 100(1-a)% confidence interval for (4, - #£;) in this case js

given by

v o ol
(X,-X,)*Z,, 7:+E’

Given m, =100 F=26400 0,=31.9473 o, =1440
ny =100 %=25100 0,=#42719 o, =1960
1-a=099 =00l %:0.005

Hence z,,=2.57

Putting values in the expression, we have 99% confidence interval for
(ﬂ; -ﬂz] as;

(26400~25100)+2.57 %+Tﬂ

1300£2.57(5.831)

or [1285.014 <(4, - 11, < 1314.986)

. i
) o - e . 8 |
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6.3.7  Confidence

unknoywn (large sample case)

interval for

iy =,y when & and &, are

When population variances are unknown but sample sizes n, and
n, are large (230) then 0,0, are estimated by sample variances
SZ,S; respectively. The statistic Z in this case will be of the form
_& X))
o
The 100 (1-&) % confidence interval for (g, — x,) is then

z

= = e
(X, —X,)xZ_, [—++
L on
Example 6.14

lntelligencé test of two groups of boys and girls gave the
following results:

Girls: n=60 mean=75 S.D=8

Boys: | n, =100 mean=73 5.0=10

Compute a 95% confidence interval for (g, —p,) where g, is the mean
score of girls and y, is the mean score of boys in respective populations.
Solution:

Here @;,0, are not given but n ,n, are large, so 100(1-a)%
confidence interval for (u, — g,) in this case is

= = S! Si
(xl 'xz)izau :1+_1

Wehave n, =60, X =75, §=8
© n, =100, Ez=?3, S, =10

T AT EAD QAL




l-& =095 , @=005, %:tmzs

From area table of normal distribution, we have Z,; =Zoums = 136_
Hence the 95% confidence interval for (2, - 4;) is:

64 100
N 1 — e —
(75-73) %1 7o

2:+1.96 (1.44)
242.8224
(-0.8224 , 4.3224)

6.3.8 Confidence interval estimate for the difference between, twq

normal  populations means  (x, —4.) when o oh are

unknown (small sample case)
When population variances are not given and n, ,n, are small
(<30) then we have to make another assumption ie. 0,=0,=0 and
this ¢ is estimated by unbiased pooled estimator. In this case the statistic

X, -X, has the t-distribution with (n,+n,-2) degrees of freedom
given below;

2
where 5, = Jm -0 SOST

A 100(1-a)% confidence interval for (44, - pt,) in this case js given by

(fl 'f:}tfam.,q:-;, 'f’ ‘I-‘f"l-
H": n,

HTATSTCE - All

The following two samplﬂs were randomly selected from two
normal populations for which G' 0‘2 but unknown,

Sample-l 103 94 119 g 98

Sample-I1 97 82 123 92 175 88 118

Compute 90% confidence interval for
population means,

the difference between the two

100(1-@)% confidence Interval for (4, —p,) in this case is

s g 1 1
CRE - - "pﬂ',:""":

Given that
m=5, Lx =492 , ¥a= 48718
=7, Lx; =775 , Ix!=92019

Now X, =& = 5-552 =98.4

Ihl
I

5"*—: 5 _0m
7
2 2
(=D =35 ~%) = Tt - E5 =43113-——(4952} =3052
J:l.i

(m~Ds} = X5, -5 = 5.2 -E2) 92019-”"'5’ =6215.4286
n

s = [m=Dsi +(n,~1)s}
ntn, -2




_ [B0s2+62154286  _ J&szaszs& ety
¥V s+7-2 Vo0

Here 1-a =090 , a=0.10

From 7~ table 6.1 we have  fs. v, 2= fangacssr-» =loasan = 1812

Hence 90% confidence Interval for (g, - u,) is

1.1
(984-1107D+1812(2554) [=+

-12.31+£27.10
[-39 4l<p, —p, <14.79]

estimate for " popnlationS=pr

6.3.9 Confidence interval

(large sample case)

When the sample size is large the sample propon P has
the sampling distribution which is approximately normal with

mean p and S.E=Jﬂi.'e.
n
z=L"E _N@O1)asn—e
’ﬂ
ﬂ %
A 100(1-a) % confidence interval for p is written as;

perf
n

If p is unknown then the confidence interval for p is computed by
" ’.3&
tZ 0
P al? n

A random sample of 200 persons from a city was interviewed and
50 of them were found to be literate. Calculate a 90% confidence interval
for the proportion of literate persons in the city.

&

Unit-6: Estimation

-
Statistics - XII

Given

n=200, X=50 (Number of literate persons), therefore
X 50

‘:—-=—=0‘.25, g=1-p=1-0.25=0,

s §=1-p=1-025=075,

1-a=090, @=0.10. From area table of standard normal distribution,
we have Z_, =Z, , =Z,, =1.645

...'_E

2
Hence the 90% confidence interval for p is 0.25+1.645 ,%
or 0.25+0.05 or (0.2, 0.3) or (0.2< p<0.3)

63110 Large sample confidence interval estimate for the difference
o '_'hi;f‘\\'lil'.l'a twopopulation proportions (pi=p2)

A simple extension of the estimation of a binomial proportion p is
the estimation of the difference between two binomial proportions. For
sufficiently large sample sizes the sampling distribution of p,—p, can be
approximated by a normal distribution i.e.

z:(ﬁ _ﬁ }‘-( :' } - N(ﬂ,n
[b,, b
m n

The approximate 100(1—a)% confidence interval for (p, - p,)is given by:

-

ﬁ ry - A
(Pi-P)rZ,, #"'Tz'
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Two pairs relieving drugs were compared each on independey
samples of n,=1000, n,=1000 individuals. Out of these individuals 750
receiving drug-l and 800 receiving drug-Il reported some pain relief.
Construct a 90% confidence interval for the difference between
population proportions.

As p,,p, (population proportions) are unknown, therefore 100(1-e) 9

confidence interval for (p, - p,) is (p, - p.)+Z,,, ’—f’—+%’l
2

Given information are;
X, 750
= = p=—L=—o=075
m=1000 , X,=750 ,p, T
g=1-p, =1-0.75=025,
m=1000 , X,=800 ,p,=22-8% ;¢
c n, 100

é,:l-ﬁ,t:h_ﬂ.s{):{llﬂ.
1-@=09 , a=010 | g=m}5.

From the area table of standard normal distribution, we have
Zon =Zy0 =1.645.

Hence, the 90% confidence interval for (py = p,) is
(0:75-0.80)+1.645 J (0.75)(0.25) _ (0.80)(0.20)
1000 1000
—0.05 +0.03
(“093 ] _0.02]

@)

| g o R Nt i

Statistical inference is a process of drawing conclusions (inferences)

about the population on the basis of sample information from that
population.

Statistical estimation is a process by which the unknown value of a
parameter is obtained from the sample observations. ,

When a specific value is obtained from sample observations and is used
to estimate the unknown value of the parameter, the process is called
point estimation.

When a range of values is obtained from sample observations within
which the unkmown value of parameter is believed to lie, the process is
called interval estimation.

A rule, usually expressed as a formula that tells us how to calculate an
estimate from the sample data is called an estimator and the resulting
number is called an estimate.

An  estimator issaidmbeunbiasadifﬂummuiilssampﬁng
distribution is equal to the true value of the parameter, otherwise the
estimator is said to be biased

If 5‘, and @, are two unbiased estimators of the same parameter § and
Var(8)) < Var(6,) then 6, is called efficient estimator than 4,.

An cstimator which is linear, unbiased and has minimum variances
among a group of linear unbiased estimators is “called best linear
unbiased estimator or BLUE, :

A rule for calculating two numbers to create an interval which has a high
probability of containing the parameter of interest is the confidence
interval.

The region between L and U is called confidence interval or confidence
region or acceptance region for the unknown parameter £

The region Beyond the acceptance region i.e. from —<¢ to L and U to oo
is known as critical region or rejection region.
The probability that parameter lies in the rejection region is called
significant level and is denoted by a.

el S B |~ 0 N A . P —
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viii. ~ The precision of a confidence interval increases by

the sample size.
ix.  Estimation has types.
Read the following statements carefully and indicate which x.  (1-@) isknown as

statement is true or false. Choose the Correct answer:

interval for the

i. Statistical inference means making confidence 3 Hiblints el essitor npes

: " () synonyms diff
ii. Parameters are constant and stalistics are random variables. A - (b) different
iii. Inference regarding population parameters can be done in three ways, e {"" LEIE I+’°F'“ ation (d) formulae
iv. A statistic will always be an unbiased estimator if the sample itself is ii. Bias of an estimator can be:

chosen without bias. (a) positive (b) negative

1 = : . 3 {c) either positive or negative (d) always zero
T 7y
v, § s E(X —X)" is an unbiased estimator of o, ik If = 0.5, then 0.5 i called:
vi. Inestimation procedure we estimate the value of a statistic. _ (a) estimator (b) estimain
vii. A 99% confidence interval will be wider than a 95% confidence (c) interval (d) all of above
; interval constructed from the same data. iv. Eatimation hss types.

viii. The precision of the confidence interval will increase by increasing (@)3 (b) 4

the sample size. ©2 @5

ix. Confidence limits will vary from sample to sample.

i V. e is called ;
x. t-distribution is used for interval estimation of g4 when O is known

(a) level of significance (b} confidence level
and n is large. (¢) confidence coefficient (d) all of above
6.2 Fill'in the blanks. i The probability statement P[~Z,, <Z < Z.,1=1?
L Ancsti.matorisir.se.lfa . @) & ® B
ii. A value of an estimator is called an
: Tx ©1-4 (@ 1-a
iii. If x,x..x be a random sample, the expression X = is an ; vii.  If the average value of an estimator is equal to the true value of
=y the parameter, the property is called;
' . iv. A single value of an estimator for a population parameter is called (a) efficiency (b) sufficiency
its estimate. (c) consistency (d) unbiasedness
| v. If expected value of an estimator § is equal to the value of the viii.  Statistical inference makes inferences about
: parameter 6, then & is said to be an estimator of @ . (a) Sample (b) population
vii If two estimators Tand T, such that Var(Z}) <Var(T,) , then (c) both population and sample (d) estimator

Tyiscalld_______estimator thanT,.
interval is best.

vii.  Aninterval estimate with




6.4

6.5

6.6

6.7

6.8
6.9

6.10

pq . .
i ' ; J.——' is an inte :
ix. [‘u'zm %{P{p"'z"" n real Cstimatg g,

(a) mean (b) variance
{c) proportion (d) S.D
X A 90% confidence interval for the population megp T

from the
o . a

()X 1.645— (b) x+1.28 —
Vn Jn

(c) F+2.58- (@) ¥+1.96-%

% 7

WI:u: do you :ilnderstand by estimation? Differentiate between 4
estimator and an estimate.

Describe the following:

i) Statistical inference ii) Types of estimates.

Distinguish between

i) Point estimate and interval estimate

ii) Estimator and estimate.

De.ﬁne :nd discuss with examples the following properties of a point
i) unbiasedness, ii) efficiency,

What do you mean by bias? What are the factors which introduce bias?

Given "f:“‘!m sample 4, 3, 7, 8, 4, 10, 5, 5, 4, 9 Compute point
esimate for () population mean (i) population variance (iii) SE of B¢

If random samples .
i of si%e n = 2 are dra i nt from
Poﬁllahﬁllha\rjngvg]m 10,11, 13, 15, 1518, wn with replaceme

Show that;

)8 i i
ample mean i g unbiased estimator of population mean

NS TAtEIE = Al

6.11

6.12
6.13

6.14

6.15

6.16

6.17

6.18

Uhit -6: Estimation

(x-3)

n-1

aa . 2 .
if) Sample variance §° = 15 unbiased estimator of the

population variance.

A random sample of size 3 ie. X,x,xr is drawn from a normal
population having mean 4 and variancec®. The following two statistics

I =x’—+2:1i : E=£—% are taken for 1 .
i) Which of the above is unbiased?

ii) Which of the above is most efficient?

Describe the concept of confidence interval estimation.
Define the following terms:

i) confidence limits, ii}confidence coefficient
iv) precision of a confidence interval.

A random sample 12, 9, 14, 10, 12, 07, 13, 11 is drawn from a normal
population whose ¢= 2, Compute a 90% confidence interval for the
mean of this normal population.

A sample of 100 chocolate bars is taken at random from a large shipment
have an average ¥=0.8 pound with a standard deviation of § = 0.1
pound. Find a 99% confidence interval for the mean weight (u) of
chocolate bars for the entire shipment.

An electrical firm manufactures light bulbs that have a length of life that
is approximately normally distributed with a standard deviation of 42
hours. If a random sample of 49 bulbs has an average life of 800 hours.
Find a 95% confidence interval for the population mean of all bulbs
produced by this firm.

Given the sample 2.3, —02, —04, —0.9. Compute a 90% confidence
interval for the mean of a normal population with &=3.

The heights of a random sample of 100 college students showed a mean,
height of 64 inches. If standard deviation of the height distribution of the
population is 3 inches, find a 95% confidence interval for the mean
height of the population.

" fii) level of significance,




6.19

6.20

6.21

622

6.24

625

I n=50, Zx=2163, Tx* =144949.6. Compute a 39% confidence
interval for gt .

A random sample of size m —16 taken from a normal population wig, .
variance o, =9 has meanX, =75. A second random sample of iy,
n, =25 taken from 2 different population With a variance o] =25 py
amean X, =70. Find 2 98% confidence interval for z, — 4, .

The number of accidents per day in two cities was observed and the
following information was obtained:

Estimate 95% confidence interval for the difference between the mean
accidents of the two cities.

When it is appropriate to use t-distribution instead of the Z-distribution
to construct confidence interval for the population mean or difference of
population means?

A sample of 10 measurements of the diameter of a spare gave a mean
T=438inches and a standard deviation s = 0.06 inches. Find a 95%
confidence interval for the actual diameter.

A random sample of 12 ball bearings has weights in grams as 314
331, 359, 347, 334, 345, 35 325, 36,9, 364, 35.8, 33.2 Find 2
90% confidence interval for the mean weight of the population from
which these weights were drawn.

The following summary statistics were recorded from independent

6.26

627

6.28

Find a 95% confidence interval for p i e
tosses of a coin, P AL 24 heads are obisined. in 40

In a survey camied out in a large city 170 housewives out of a random
samp!; of 250 preferred Lipton brand of tea. Find a 95% confidence
interval for the percentage of all housewives in the ci ing Li

brand of tea. " Sipehely i

Independent random samples of n, =800 and n, =640 observations
were selected from binomial populations 1 and 2, andX, =337,
X, =374 successes were observed. Find a 90% confidence interval for

the difference (p, — p,) in the two population proportions. Interpret the
interval.




