3.27

328

3.29
330
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Compute the theoretical probabilities and find its mean and variance,

Fit a binomial distribution of the following and compute the
expected/theoretical frequencies:

ol 0~ 2 B4 5

o o e e B 145 5 9

Define hypergeometric experiment, hypergeometric random variable 4o
hypergeometric probability distribution.

Find the mean and variance of hypergeometric distribution.

Construet the hypergeometric probability distribution for the number of
black balls among 5 balls drawn at random form a box containing 4
white and 7 black balls. Find the mean and variance of this distributioy
and compare these with the mean and variance of the hypergeometric
probability distribution.

In a manufacturing company 35 employee use touch sereen mobile se
and 15 have push button sets. Eight employees are selected randomly
without replacement. Find the probability that exactly 5 will be using
touch screen mobile.

Four cards are drawn randomly from a well-shuffled deck of 52 playing
cards. Calculate the probability that two will be diamond cards.

S T S e P
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Special Continuous Probability
Distributions

After studying this unit, the students will be abla to
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“Unit -4: Special Continuous Probability Distributions

* Define a continuous uniform probability di stribution and continuous uniform
probability density distribution,

* Find mean, variance and standard deviation of a continuous uniform
probability distribution.

* Solvereallife problems using continuous uniform probability distribution.

+ Define a Normal probability distribution, Normal probability density
function, Narmal cumulative distribution function, standard normal random
variable, standard Normal distribution, standard Normal prabability density
function and astandard Normal cumulative distribution function.

* Describethe properties of a Normal probability distribution

* Find the ordinates of the standard normal curve using the table of the
ordinates of the standard normal curve.

* Find the probabilities for the standard normal random variable using the table
of the standard Normal distribution function.

* Inversely use the standard Normal distribution table to determine the value of
(i) standard normal random variable corresponding to a given value of the
standard Normal cumulative distribution function, (i) a normal random
variable corresponding to a given value of a Normal cumulative distribution
function and (iii) parameters of a normal random variable.

* Describe the Normal distribution as alimit of frequency distribution.

* Solvereallife problems using Normal probability distribution,




Introditction to continnous probability distributions

As you know that it is difficult to locate a specified value on 3 continy
random variable, that is why point probability in continuous case is alwayg
1o zero and we compute probabilities for interval of values. In this yj,
consider only continuous uniform distribution and the Normal distribution,

oug
Cqug
it we

4.1.1 Continuous uniform or rectangular probability distribution

Like discrete case, continuous uniform distribution is the simpleg,
probability distribution. It is used in the situations where the probability density
function f{x) remains constant over the entire range of the variable.

4.1.2 Definition of continuous uniform probability dé“ﬁéf ﬁmﬂi#“

The distribution of a continuous random variable X with pdf

-—-1—., asxsh

f(x)={b-a

0  otherwise

is called continuous uniform probability (%)
distribution or probability density function
and the variable X is called continuous
uniform random variable. This distribution b=~
has two paramelers, a and b. This distribution
is also known as rectangular distribution

because its graph is like a rectangle given as. F b

4.1.3 Properties of continuous ullifurrrt_pi'nhabilli_t:,-l_-His'ii!fi_'i';'ii'c'p'_'!ft" =

_U m “f._.f-_@n'“m!ﬂ"s uniform probability distribution
By definition
Mm:E(X]:fxf(x]dr
= Lo
"xb—adx
oY T i e L _l.fdA

9
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(i)

By definition

Variance = V(X) = E(X%) - (E(X)]* (i)
As E(X) = “—;b (ii)

_b*+ab+ad’
3

(i)

Put equation (ii) and equation (iii) in equation (i)

o NOT-FOR:SAUE"
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b +ab+a® (a+b)
3 4

4{!}’ +ab+ a’]—3 {ﬂz +b "'2“'“"]
= 12

4b* + dab +4a® -3a’ =37 -6ab
& 12
- b +a’ —2ab
R
(b-a)

12

(iii)  Standard deviation of continuous uniform probability distribution:

V(X)=

V(X) =

By definition

ba b-a
ki

S

If X has a uniform distribution over the interval (2, 4), find (i) P(2< X <3)
{u) F(BSX 54)

' Gwcnn 2 and b 4, so the pdf of uniform distribution in this case is given by

- 2<x<4
f(x)=
.o!henw’se

Now

. : }
M  P(2sX<3) =J'ldx=ljd.r
2

ebly

=(3- 2)_—(1)_,.. .

Unit -4: Special Continuols TIERARTTY Lisy ‘Ehﬂtiﬁn; 5
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) P[35xs4)=j'-;-d.:=%idx=%[xq
3 3 3.

. Example 4.2

Let X ~U (~1,3) .Find mean, variance and standard deviation for this
continuous uniform random variable,

Solution:
Herea=-1,b=3

Now

a+h =1+3 2
EX=5=7 2™
V(X)= b:] - E;}] (ST;) =1333

5.D(X)=V1333=1.155

S Normaldis{ribution

Normal distribution is the most common and useful amongst all known
distribution. It is considered as the cornerstone of the modem statistical theory.
The reason of importance is due to the facts that:

i,  Many natural phenomena like age, weight, light, LQ, grade,
temperature, income etc. tend to be approximately normal.
ii.  Most of the discrete distributions such as Binomial, Poisson, etc.tend to
Normal distribution as sample size increases i.e. n = es,
iii.  Forasample of size n 230, the distribution is considered as normal.
iv. Many variables which are not normally distributed can be normalized
through suitable transformations.

AT ENORSAUE
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v.  'When Normal distribution is shown on & 8P paper, 1t gives a bey).

b |
e which 18 generally taken - .
shaped curve called Normal cur¥ By i) Mean=Median = Mode l
standard for comparison. . '
e s iv)  The Normal curve is unimodal. 1
42.1 Definition of Normal probability distes v) The first and third quarti .I
P e first ird il . _
A random variable X is said 0 follow a Normal distribution if jy 5 e e ]
probability density function s v) QD= S0 miMD= %a
F )= S _agxse, —wSuSe 0505 VH)  Alhod aeder:swomats sl mas Lo, s flyee M0 10, |
321:' o viii)  Measures of skewness, fy =0ory, =0 |
Where ix) Measures of kurtosis, fa=30r 2=0 :
5 = Normal random variable. x) For Normal distribution, out of the total observation, 68.3 % lies within
)= The height of the curve comesponding t0 a given value of X, - the limits (u = @ ), 95.4 % lies within the limits (p £20°) and 99.7 %
lies within the limits (u = 3 ) .Graphically this statement is shown as

y = mean of Normal distribution.
o - standard deviation of Normal distribution

22
x = a constant approximately equal to e 3.1429

¢ = a constant approximately equal to 2.7183.

"This distribution has two parameters, 4 and@” . Normal distribution is simply

written as X ~ N (u,0%).

Properties of Normal distribution

123 Standard normal’yariable

i . The total ity within i 2 3
) i prchahl_hty within its range — < to + o is always equal (0 01¢ Normal random variable X is transformed by subtracting its mean from it

ke ' and the difference is divided by its standard deviation and is called standard
3. % -1[5:&"-]1 Normal variable, usually denoted by Z, that is
I e -, -
€ dr=1 )
SNiro - , 7= X-u
) The Normal distribution is ¢
symmetrical abou is a bell
shaped. St e 0. Paossible values of Z are also form —<o o +2.

121
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424  Definition of standard Normal prabability distribution

The probability density function of the standard normal random Variable 7
defined as

The entries in this table are

the probabilities that rando
the standard Normay distribution tak

| 2 area in the figure), For negative valu
f(ﬂ*Et’ ', —es<zlw

m variable having
€5 on a value between 0 and z (the shaded |
es of Z, areas are found by symmetry.

-

is called standard Normal probability distribution. !

; s : Née
Total probability under the density is equal to one i.c. f oz ¢ %=l 1t : '

simply written as Z ~N(0,1). The reason for using standard Normal Probability
distribution in place of Normal probability distribution is that:

- 0 . 00z 0,03 iy

s

0023 (YL
(i) Toeasily calculate the probabilities of Normal distribution i.e. O | O0MB 00GE 0078 00517 00857 008 00 bo6s  wame  mee
Plx, <X <x]=P[z,<Z< zz]I and probabilities of Z can directly be 07 | 0OT3 002 LTI 00510 048 0097 WIS e106 8116 sain
taken from table 4.1, 03 | 01179 00217 04285 01293 043 04368 04406 143 alds0 0517
(i) Zis independent of the unit of measurement. 04 | 0S54 OIS 010 01664 0T 0T 0 waee S earm
Area (probability) under the standard normal curye, O G e omn sws sam ey e wame s
' 06 | 02258 02291 02324 02357 0mEe 02422 02454 02486 02518 02509 |
To compute probabilities of intervals in case of continuous random PT|030 2612 0260 02613 04 oM et v emm |
variables, it is a blessing that statisticians have designed tables in which areas 08 [ 0381 02910 0299 02961 029 03 WM el 1% o
(probabilities) have been compiled. In case of Normal distribution such a table is 09 (03159 oms o3 oome  esi ,_,m LIS WM AN amm 4
available for standard Normal probability distribution, .T"' 0313 0308 s o3us e G e e o ;
LI | 03643 03665 03686 03708 03719 0349 03TM e3T0 om0 osme :
12 | 03849 03869 03838 03907 03925 MM 0% 039N 03T nA0lS |
13 104032 04049 04066 04082 04099 OIS 04IN 04147 0N 0T
(14 (a2 oawr wam sae s GANS QUM B9 00K el ;
LS | 04332 04MS 04357 0400 QN2 QM 04406 04418 04430 D48l

@ (124)
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16 [0M5 M6 0MM GAe oaps 0as OIS 04 045 ouem
LT | OASSE 04S64 04573 04sE2 04591 04599 04608 0A6I6 04625 gy
LB | CAGIL 04649 04656 04664 04671 04GTB  0AGHS 04693 04699  gq7p
1.9 04719 04719 DATI6E  0ATIZ  0ATIE  DAT44 04750 04756 04761 04767
10 | 04772 0ATIB  0ATEI 04TBS 04793 0ATIE 04803  OS08  04B12  gugy
L1 | 0ABZI  04B26  04EI0 04834 04838 04842 O4B4E 04850 04850  pqusy
32 | DABS1  OABG4 04868 OAETI 0ASTS  OABTE 04881 04884 04887  p4ggp
13 | DABOI 04896 04898 04901 04904 04906 0499 04911 04913 e
24 | 0418 04020 odenr oans 0497 04929 04931 04932 04934 g
15 | 04938 049D 04941 043 04MS  DAME  OAME 04949 04951 (408
36 | 04353 DAISS 04956 04957 04959 D490 04961 0492 0493  pAvey
L7 | 04965 04966 04967 04968 04969 04970 D41 04972 04973 04974
I | 04974 0A9TS 04976 0ATT 04T O9TE 04979 04979 04980 07981
19 | OASB1 049D 04981 D83 0494 04984 0985 0495 04986 04986
30 | DAIT 04T 0497 OMER  0498 04999 0498 0.4989 04990  0.4950
3| 0AB0 04991 04591 04991 04992 04992 04992 04992 04993 04993
32 [ 04993 04993 09 04994 04994  pA99 04994 04995 04995 04995
33 [ 04995 04995 04995 04005 04996 04996 04996  0.4096 04996  0.4997
M| 09 0o vaser oum 04997 0497 04997 04997 p.4998
IS [ 04998 04998 0498 04998 p.90g 0498 04998 04098 04998 04998
| o 1 0w s o 0499 04999 04999 04999
”.. om mg_’ M_m B 6 Len e 04999 04999  .4999
L json wom wm m oo m 04999 04999
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Use of the area table

The table of areas of the standard Normal distribution gives probabilities
for standard Normal variable 7 between O (its mean) and a specified value, say z.
Therefore, Z-value must always be rounded Up to two decimal points as required
for reading the table. Locate the first two values in the stub and third value in the
box lead. Because of the symmetry property of the Normal distribution the
probability (area) between 0 and a positive Z-value must be exactly the same as
the probability between a negative Z-value and 0 as long as the Z-value on both
sides is of the same magnitude, that is

Pl0<Z<12]=P[-12<Z<0)

Example 4.3
IfZhasa sta_ndard Normal distribution, find:
A P[-eo <Z<oo] g P[Z=21.64]
b. P[0<Z<e] h. P[~1.96<Z<~106]
c. P[-=<Z<0] i. P[Z<-1.64]
d. P[0<Z<2.63] j- P[-1.7<Z<1.25)
e P[-145<2<0] k. P[Z<-2.46]
f. P[l<Z<15] L. P[Zz<2.11]
Solution: |

This example is a practice on how to take the required probability from the
areas table. It is quite simple and interesting. First draw standard Normal curve
for each case, shade the area in which you are interested and then take the

probability directly from table 4.1. J

= NOTEOR:SAIED
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P[—h{qu]:l

. Pl0<Z<w]=05
P~ <Z<0]=0.5

P[0<Z<2.63]=0.4957

e. P[-145<Z<0]=0.4265

Pl1<z<15]
=P[0<Z <1.5]- Plo<z<)
=0.4332 - 0.3413 = 0,0919

& P[z21.64]

=Pl0<Z <] - -Pl0<z<]. 64]
=0.5-0. 4498=0.0502

Unit -4: Special Lontinuous Frobability D‘i"ﬁh;‘h'ﬁ :

Statistics - XII

h.

4207

P[-1.96<Z<— -1.06]

= P[-196<Z <0]- P[-—IO&:ZcU] 3
=04750-0.3554 = 0.1196

P[Z<-1.64]
=P[0<Z <=]-P[-1.64<Z<0]
=0.5-0.4498 = 0.0502

P[-1.70<Z<1.25]
= P[-1.70<Z <0+ P[0<Z <1.25]
=0.4554 + 0.3944 = (.8498

- P[Z>-2.46)

=P[-2.46<Z <0]+P[0< Z <=0
=04931+05 =0.9931

Plz<211] .
=P[-=<Z<0]+ P[0<Z<2.11]
=0.5+0.4826 = 0.9826

R ——

‘Inverse use of table of areas under standard normal curve

. . Hope you will be able to determine the interval probability for the
’ N standard normal variable Z from the area table. Now we try to reverse the process
‘ ' and determine a value or values of Z corresponding to a given area (probability)
from the same areas table. This is called inverse use of the area table.

. T N —. T
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1fP[Z 22]=0.025, find the value of z. |

i) Sketch the given statement
- graphically as

i) From the figure we see that the unknown value z is a Positive vy,
because it lies to the right of 0 (the mean) and probability ahgy, it

is equal to 0.025.

iii) As we know that probability from 0 to o is equal to 0.5, so the Since P [Z = 2] = 0.05, therefore, P[0 < Z < 2] =D5 005 0.45. In the area
probability for 0 to z will definitely be equal 10 0.5 0.025 ~ table we can see that 0.45 is lying between 0.4495 and 0.4505 whose
0.4750, i.e. P[0< Z < 2]=0.4750 corresponding Z-values are 1.64 and 1.65 respectively. The Z-value in this case is

iv)  Now search the figure 0.4750 in the body of the area tapje to given as z=%~l-°l—6-§=l.645.
determine the corresponding value of Z. From table 4.1, we
observe that the figure 0.4750 corresponds to 1.96. Hence 7 = 1.96 Hence P[Z 21.645]=0.05

and the area above this value is equal to 0.025.

* Nole that if the valie we are searching for is not available in the table
then we may pick the nearest value to find Z-values. Aftter leamning the use of areas table and its inverse use. now vou would be

“ able to compute probabilities for any Normal random variable X by first
X-u

Determine z when P[ZEZ]=0.IO converting X to Z by the formula Z =T and then use the table of areas for

" : - the standard Normal distribution to obtain the desired probabilities.

The probability P[Z 2z]=0.10 is graphically shown as: l

4.2.8: A pplication of area table to any Normal distribution

ASP(Z If a Normal distribution has mean 40 and standard deviation S find the
g - . ”
(222]=010=>P0 <7<y e e probabilities for the values of X specifiedas i) P(X 244) . ii) P(X $25)

= 0.5-0.10 = 0.40. In the area g = - N—
- ble 4.1 P ]
observe that exactly 0.40 s : we e N T iii) P(32< X <50).

consider the closest ares 03997, yhich =

~

= -
AT

comesponds to a Z-vajye 1.28. Hence 2=128 ~0=" 3 T
I.md area above it is equal 1o 0,1 or 109, ' ::-_—_hi"‘_‘_' S0 B 5 _:p? In order to find the probabilities, we first ﬂll_ﬂl-!ﬂ-rdi“ X by subtracting its
= o mean 40 and dividing the difference by standard deviation 5 to get Z and then find

probabilities through area table as follow:

) e HDI
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(i) P[x=244]
i ii P(32<X 50
e [ ~H . ,u 50~ ,u]
_ a
44 —
=pPlzs 40] & [ {zﬁso-m]
el 5
:P-ZEE:I = [—cz< ]
|“75
=P[-16<Z<2]
=P[z208] 2 =P[-1.6< Z<0]+P(0<Z<2)
=P[0<z<=]-Pl0<z<080] g | il il
=05 - 0.2881 = 0.2119 : W ""j Examiple 48

Suppose the ages at time of onset of a certain disease are approximately
normally distributed with a mean of 11 years and standard deviation of 3
years. A child has just come down with disease. What is the probability that

(i) P(x<25) the child is i) between the ages of 8 and 14 years? ii) over 10 years of age?
N F[x _#‘:_2‘5__”} _ ,ii.i,) u@cr 1?. years?
¢ o ~ Solution:
=P[2525—40] Given u = 11 years,0=3 years
d i) P[8<X<14]
=F[z_<,:£] _P[Bh,u{ X - <14_p]
a o o
=P[Z<-3] _ P[¥ gl 53_11_]
=[.-*h<z <0]*P[-.3<:Z €ﬂ] =P[“_3 <z<§:|
3 3

=0.5 - 0.4987 = 00013
X =P[-1<Z <]

= P[-1< Z<0]+P[0<Z<1]
=0.3413 + 0.3413 = 0.6826
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i) P[X >10]

=P[x—_£ }E__‘{] Sd >

a o Given y = 65 mg
_=P[Z>£;‘—”] =25 mg
=P[Z > _Ti] i) P[X>85]

7 [ 85—
=P[Z>-033] =P a“>—a£}
=P[-0.33<Z<0]+P[0 <Z< =] )
=0.1293 + 0.5 = 0.6203 =pP|z> 352‘555]

P [X <12] =p|z> %]
X-p 12-p4 :
=P|: o k: o } =P[Z > 0.80]
=P|'Z{ 12;11] =P[0<Z <] -P[0< Z <0.80]

: =05 - 0.2881 = 02119 = 21.19%
=P[z <033] - , _
=P[-e<Z <0]+ P[0<2<033] B Plx<as
=05 + 0.1293 W Plx=
=0.6293

| . ; ‘N =p[x'3‘c45""]
& o " el

The sucrose concentration in Population
n;m:ﬁSmgandS.D:ZSmg.

i. What proportion of the population

" . 45-65
18 normally distributed witha =P|Z< o

=P[Z <-08]

) . : | P[ iz :g ‘0]_PI 0.80 ]
1L what on Of i i u

) = 0.5-07288] = 0'2[[9 = 21.19%

What proportion of the Population are Jjeg between 45 and 85 mg?
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iii) P[45 < X < 85]

= = 5—
=P[u<u<8__ﬂ]

- 3 o o
=P 45-65 <Z <——__85-65]
25

= P[-0.80 < Z < 0.80]
=2P[0'< Z < 0.80]

=2(0.2881) =0.5762 = 57.62%

Suppose the yearling trout in lake have lengths that are approximage ly
normally distributed, about a mean g = 9.5" with a standard deviation =] 4"

(a) What percent of the trout caught have length over 12" (b) If 80 percent of the

trout caught have length greater than x, find x.

(a)  We need to find
P[x > 12]

_p[X-x  12-95
o 1.4
25

=Pl Z>""|=
[ }:.4] P[Z>1.79]

=Pl0<Z <w]-P[0< Z <1.79]

=05 - 04633 = 0.0367= 3.67% 4%

(b) We need X-value above which 80% observation will lie.
- Mathematically this statement can be written as P[X > J’I =080

Wwhich in standard units js
following figure,

cqualto P [Z> z] = (.80, shown in the

Statistics - XII Unit -4: Special Comtinuous Pw-lutil:l'ltf Distributi

area table 4.1, it corresponds Z = — .52 (minus sign is used because Z
value lies to the left of 0),

X -
AsZ=2"H =>X=u+Z0=95+(-052)14=95-0.728 =88
Ly X=88

Hence P[X >8.8"|=0.80=80%. It means that 80 percent of the trout

The Peshawar Municipal Corporation installs 10,000 electric lamps in the
streets of Peshawar. Average life of these lamps is 1850 hours with a standard
deviation of 200 hours. How many lamps may be expected to burn for more than
2000 hours?

We first find probability and then multiply by the total number of lamps to
compute the required expected frequency as

P[X > 2000]
=P i > 20(:0%’“]

a T

coplmns 2000-1350]
i 200

[, _ 150
=P|Z>—
: zm]
=P[Z > 0.75]
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=P[0< Z <] -P[0<Z <0.75]

=05 - 0.2734 = 0.2266
Thus, the number of lamps that is expected to burn for more than 2000 hours i
N fix) = 10,000 (0.2266) = 2266.

In a statistics examination, the mean score of students was 78 marks ang
the standard deviation was 10 marks.

a) Determine the standard scores of students receiving marks:
i) 70 i) 83 i) 92
b) Find the marks corresponding to the st'a.nda.rd scores:
i) -1 i) 1.6.
| Soltion:
Givenu =78 , o=I10
(a)  X-values are given and we need to find Z-values:
X-p T0-78 -8

R T o

= 0 —lﬂ=-.
W gelE Bl 5

a a 10 10
i ZLEE M

. 10 10

()  Zvalues are given and X-values are required, we know that

() X=78+(-1)10 =78-10=6g
() X =78+ (1.6)10 = 784, _ 04

137 |
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. Two students A and B were informed that they received standard scores of
-1 and 1.6 respectively on a multiple choice examination in Mathematics. If their
marks are 68 and 94 respectively, find the mean and standard deviation of the
examination marks.

SX=p+Zo

Putting values for student A 68=p +(-1) o

68=p-0c - (i)

student B 9=p+160 (ii)
Subtracting equation (i) from equation (ii)
26=260
26
=
Putting value of o in eq (1) we get
68=pu-10 = H=T8

Therefore the mean and standard deviation are =78 and o=10.

o 10

'4-'3-'-):.:- (O rdinates of the standard Normal distribution

Ordinates mean heights of the standard normal curve corresponding to a
specified Z-value. It is denoted by f(z) and is obtained by using the function

z!
f(z)=71§e-_’" , —ee<Z<w

Fisher and Yates have computed ordinates for different positive values of z and
presented them in tabular form as shown in table 4.2. It is important to note that
the ordinates at negative values of Z equal to the ordinates at positive values of Z
due to unique property of symmetry of the Normal distribution.

e o
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TABLE 4.2:  Ordinates y or f(z) of the standard Normal curve ag z
z 0.00 001 002 .03 0o 0.05 0.06 0.07 W
- [ ——
0 | 03989 | 03989 | 03969 | 03985 | 03986 | 03984 | 03982 | 03980 | o3oyy 03973
=t
01 | 03970 | 03965 | 03961 | 03956 | 03951 | 03945 | 03939 | 03932 | ga92s 0.3918
=1 |
02 | 03910 | 0390 | 03694 | 03885 | 03876 | 03867 | 03887 | 03847 | 0283 03425
. ]
03 | 03814 | 03802 | 03790 | 03778 | 03765 | 03752 | 03739 | 0375 | 0381z | pager
[ —
04 | D3GR | 0366 | 03653 | 03637 | 03621 | 03605 | 03589 | 03572 | 03855 0353
- I
03SIL | 03503 | 03485 | 034674 | 03448 | 03429 | 03410 | 03301 | 033742 | 0338
o6 03332 03312 03102 B3m 03251 03230 - | 03200 03187 03166 03144
07 | 03123 | 03101 | 03079 | 03056 | 03034 | 03011 | 02989 | 02966 | 02943 | noom
08 | 02897 | o274 | 02850 | 02827 | 02803 | 02780 | 02786 | o273z | o2n0e 0.2685
0.9 | 02661 | 02637 | 02613 | 0358 | 02565 | 02541 | 02516 | 02492 | 02468 02444
10| 02420 | 02396 | 0.2am | 0217 | ox3zs | 02209 | pazs | nazsy | o229 022203
LU 0319 | 02155 | 02131 | 02107 | 02083 | 0208 | 0203 | 02012 01989 o 0.1965
12| 02 | 01919 | 04895 | 04872 | 0ase9 | 0k | om0 00781 | 00758 | 04736
13| 04714 | 00681 | 00665 | 00647 | nag26 | oqen 0IS82 | 01561 | 04539 | 01518
1 ora | oaer | 0w | ouss | s | aaas 0.3 | 00374 | 0u3se | 0a334 | 0adts
15 01295 | 00276 | 040257 | oa2s 03219 | 00200 onsz | one | oangs 01127
f——— |
16| 00109 | 01092 | 0107 | 01057 | oameon | oj0z 01006 | 0.0989 | 00373 | 00957
17 | aossn | ooss
: BUSOS | 00393 | 00878 | uegsy 00848 | 00833 | oosts | 00804
__—————-——_..—_____
18 | 0om0 | 0075 | ommsr | pages ROTH | 0omu | gon

Ordinates of the standard normal curve given in table 4.2, as usual require

Z-value Z =

X-u

rounded up to two decimal points.
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Find the ordinates of the standard normal curve at )Z=025ii) Z =3.13 ]L_.:- ﬁmﬂe 4‘1—5 i
iii) Z=-1.64 i

Look at table 4.1 and search 0.2 in the z-column, go in the body of
the table across this value up to the column headed by 0.05, The
desired ordinate is 0.3867.

ii) Similarly ordinate at Z = 3.18 is equal to 0.0025

iii) - Ordinate at Z = -1.64 = ordinate at Z = 1.64 = 0.1040 (By
symmetry property). |

4.2.10 Fitting of Normal distribution 1o observed frequencyidis

The fitting of Normal distribution to observe data means to compute
theoretical/expected frequencies corresponding to the observed frequencies. This
can be done by three methods, the cumulative standard normal probabilities
method, the area method and the ordinate method. Here we consider only the

ordinate method because it is simple to understand and comparatively less
laborious.

This method involves the following steps:

(i) Compute ¥ and § from the observed frequency distribution 10
estimate the unknown parameters pand . -

(i) Caleulate Z= 3‘%& from the mid-points (x).

(iii)  Find ordinates corresponding to Z from ordinate table 4.2.

(iv)  Multiply the ordinates by [%] , 1o get the expected frequencies,

where n is total frequency and ¢ is the size of class interval.

R
Lt e aNOT-FOR SAL

b SRS M L T T

Unit-4: Speclal Contl

nuous Probability Distributions

Fit a Normal distribution to the following table which shows the
weight measurements of 60 male workers of a factory.

‘W_eighu-ﬂfg_} 50-54

55-59 | 60-64 | 65-69 | 70-74.

1579 | 30-84 | 4599 |

E e

Nmi T IR 70 N 8 2 s 5 1n| 6 hzl\
*r{diﬁﬂom":

weights | 7| x| £z | #2 zn"%—ﬁ fo) | o=@
soss | 2 | s2| 108 | se0s | 235 |oozs2|373700250)=1 3
5550 | 4 | 57| 228 | 12096 | -L72 | 0.0909 34
6064 | 6 | 62| 372| 23064 | -110 | 02179 82
6560 | 12| 67| 804 | 53868 | -048 | 03555 133
70-74 | 16 1152 | 82944 | 015 | 03945 15

7579 | 12| 77| 924 | 71148 | 077 | 02966 111
80-84 | 6 492 | 40344 | 139 | 04518 6

8590 | 2 | 7| 174 | 15138 | 201 | 00529 2

Total | 60| - |4250] 30810 | - = 0

:

& A 0



As L and o are unknown, therefore, Z = S

' ;ﬁ__zﬁLJ?%?ﬂ-[ﬂs_ﬂ]: R
S—‘J:f [}:f] & Lo J5081.83-501736

= {64472 =8.029

x-% _x=70833
8,029

Put values of x (mid-points) one by one to get z-values as shown above in the

table. Ordinates f (2) is obtained from table 4.2. The factor RE-
5

60 (5)
8.029

=31.37

Sratistics - X1
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ftinueus Probability Distributionb..

1
A density function defined as f (x)= b-a ' BELLY is the pdf of
0 + otherwise
continuous uniform probability distribution.
Uniform distribution has two parameters, & and b,
The range of Normal distribution is from — o310 + @,
For Mormal distribution the total probability within its range is always
equal to one.
Normal distribution has two parameters, pt and o.
For Normal distribution Mean = Median = Mode.

4
For Normal distribution M.D = 30'

For Normal distribution out of the total observations 68.3 % lies within the
limitsp£a, 954 % lies within the limits p = 20 and 99.7 % lies within
the limits p = 30.

7 =_X_—_g { standard Z-score)
o

Pl0<Z <12)=P[-12<Z<0|

Ordinate mean (height) of the standard normal curve corresponding o a
specified z-value. Tt is denoted by f(2)

Point probability in continuous case is always equal to zero.

Continuous probability distributions give interval probability.

When Normal distribution is shown on @ graph paper. it gives 2 bell-
shaped curve called normal curve which is generally taken as a standard
for comparison.

For Normal distribution =0 and fa=3.
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Read the following statements carefully and indicate which Statemen jg
. I

4.1

or false,
i, If X is a continuous uniform random variable Ula, &) then

ﬁx):a—l_g. a<x<h

{i.  Fora Normal distribution, the mean is always lies between the median g
the mode,
iii. The right and left tails of the normal curve extend  indefinitely, neyer
 touching the horizontal axis.
iv.  The til will be on the right hand side of a Normal distribution for any
positive z-score.
v.  Mean = Median = Mode for Normal distribution.
vi. The mean and the S.D of the Standard Normal distribution is 0 and |
respectively,
vii.  The Normal curve is symmetric around the standard deviation.
vili.  For Normal distribution about 99.7% observations lies within the limits
pt3ic
ix.  All even order moments of Normal distribution are zero. -
x. In case of Normal distribution the two quartiles @, and ( are equidistant
from the Centre.

4.2 Fill in the suitable word in the hlanks.

i If X has a continuous random variable over the interval (2, 6), the mean of
the distribution is equal to
i 1
ii. [EX—-N(;{.: M Ihclj. standard normal variable Z is distributed as
';‘ha maximum I.1e1|.;hl of the normal curve lies at the point_______
or a Normal distribution, the mean deviation from meanis -

For a Normal distribution, the odd order moments are equalto

vi. The value of skewness = kurtosis = for disiribution.

vii. ormal distribut;

viii < distribution mean = 10, mode = 10, the value of median =?
iii. The normal curve is symmetric around the :

1X.

The standard normal curve
: 5 Symmeltric arg
% The interval (4 £ 20) under the ik

—— % of the area, normal curve always cover abott

i

- ﬁ‘i{}:ﬁﬁ‘;‘r-mﬁmﬁmp,uaaaﬁ:ﬁw
Tbuy g

Statistics - X1

Select one correct alternative out off the given ones.

iii.

iv.

vi.

vil,

The random variable of the Normal distribution is:
{a) discrete (b) continuous () positive

If the distribution follows Normal then Mean = Median = Mode

(a) true {b) false {c) impossible
1f X is a uniform variable over the interval (5. 10), then the mean of xis
(@5 {b)7.5 () 10 {d) 15

Use of the standard normal variable Z instead of normal variable X
(a) complicates the calculation of normal probabilities.

{b) simplifies the calculation of normal probabilities.

{c) Does not make any difference.

{d) pives Wrong answer.
The total area under a Normal distribution curve 10 the lefi of the mean is
always equal to

{a) 1 ()0 {c) 0.5 (d) 0.9
A normal curve with a small standard deviation will be
{a) positively skewed (b) more spread out
(c) less spread out {d) platy kurtic

The tail of the Normal distribution
(a) meet the horizental axis at Z=3.0
(b) cross the horizontal axis at Z=4.0

(c) never meet or Cross the horizontal axis.

(d) are asymmetric

P ——
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4.5

4.6
4.7

4.8

4.9

S Uit -4: Special Continuous p,;';;g}’;,-&

.

viii.  The area under the normal curve within two standard g SRR o P
g Viayj
mean is . Ot of gy,
: 410 LetZ~N(0, 1). Find the area under the normal curve i :
(a) 68.3% (B)95.4% | . in the following cases:
(i) 10 the right of 2.63 (i) to the left of -1.45
(c) Y9.7% (d) 99.999 .
(Hii) between 2,27 and 3.02 (iv) between —1 .96 and -1.06
ix. Fora N istribution = = ;
ormal distribution 4=40, o= 8. The value of 7 for X = 5 is (v) between ~2.65 and 200 (vi) below 2.17 !
(a) 2.00 (b)-1.75 (c) 0.80 (d) 1.50 411 Determine the Z-value in the following statements:
A oy approximate relation between M.D about mean ang SD (i) PIZ > 2] = 0.005 (i) PIZ>2]=0.1075  (iii) P[Z > 2] = 0.9599
distribution is - of Ntlrnn] |
4.12  For a Normal distribution, find the Z-score location that divides the distribution
(a) SM.D=48.D (h)dM.D = 55. as follows:
() 3MD=35D (d)3M.D=25.p (i) separate the top 20% from the rest.
() Define continuous uniform probability distribution, {ii) separate the top 60% from the rest.
(b) Find i . : iddle 70% from the rest.
) Find mean and variance of the continuous uniform distribution, OB CEmEss 3 PRI
; o ssbehinh i i standard deviation
Dcscnhc Normal distribution and throw light oa. the importance 4.13  Suppose the d:stnbu{lmn of X is nﬂrmnl having mean 46 and
distribution, portance of Nommal Compuie the following probabilities:
Defi s . i) PIX > 50, i) P[X < 38 (iii) P[45 £ X £49)
tne Normal distribution, Write down its properties, MATEEE i : P 225, Find the following I
b = =225 Fi o
Define standard normal variable and standard N — ) 414 A Normnl distribution has mean = 100 and variance
role of this distribution? ormal distribution. What is the probabiktick

IFZisg a standard normg) variable, calcul (i) P[X = 76] (ii) P[X = 124] (i) P[X <92.5]
» Cib 3
G Pz> 160) o (iv) PIX £ 107.5) (VM POISX<127)  (vi) PHI25X<1285)
@ iz V) P-1.96<Z<1.96] 415  The average seasonal rainfall in certain couniry is 16 inches with a standard
. <2.30] (Vi) P[-1.50 < Z<0.67) deviation of 4 inches. What is the probability that in a year the rainfall in the
i) Pl1gicze -1.02) i country will be between 20 inches and 24 inches?
) Plo<cze 1.96] ™ P 416  In a certain book, the frequency distribution of the number of words per page
Find the proportion of may be taken as approximately normally with mean 400 and SDE .ii“ au;qmc .
2 n o H ween
following sectigps. # Nomal distribution that corresponds to each of the chosen at r:::J:'.?rrclcn‘n. what i the probability that the number of words lies
i 415 and 4507
iy 2z » -
<025 i) z5 080 (iiiy 2 4.07  The heights of a certain population of com plants follow 2 Normal distribution
<=L30 (iv) Z>-0.75 with mean 145cm and standard deviation 22¢m. What percentage of the plant

heights are

RNAaT e o l.l‘d
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420

421

4.22

an
424
425

4.26

- T—

(i) 100 cm or more, (i) between 150 and 180 em (i) 180cm or more

The number of calories in a salad on the lunch menu is normally diﬁlﬁburm i
mean 200 and SD 5. Find the probability that the salad you select will copygy, lh

(i) more than 208 calories (ii) between 190 and 200 calories

A sales tax officer has reported the average sales of the 500 firms tha he haygy
deal with during a year amount to 72,000 with a SD of 20000, Assuming thy
sales in these firms are normally distributed, find.

(i) the number of firms whose sales are over 80000 and

(ii) the number of firms whose sales are likely to range between 60000 gq
80000. '

The mean height of 1000 students at a certain college is 165 cm and 5D is 10¢em,
Find the number of students whose height is

(i) less than 172em (ii) between 159 and 178 ¢m and
(iii) more than 173.2 cm.

The mean wage of a certain group of workers working in a factory is Rs 285 with

a standard deviation of Rs 50. Find the percentage of workers get above 200
rupees.

Assume the mean height of soldiers to be 69 inches with a variance of 9 inches.
How many soldiers in a regiment of 1000 would you expect to be over six feét

all?

1f Z~ M0.1). Find (i) P(-1 < Z <1}, (il) ordinate of the normal curve for Z=22
A Normal distribution has mean 1 and o = 3, find P[IX] < 2]

Find the ordinates of the normal curve at

MZ=252 (i)z=-023 (iii) -1.81

mdgglwummm; Standard deviation on an examination in which marks of %
e d'scores of -0.5 and 1.3 respectively.

140 Y

427 Ina Normal distribution the mean is 20 and the standard deviation is 5. What is

the approximate value of the mean deviation?
428  The mean deviation of a Normal distribution is 16. Find the approximate value of
its standard deviation.

429  The length of left middle fingers of 1000 criminals is given below:

e e
= e

Fit a normal distribution to this data by the ordinate method.

430  FitaNormal distribution to the following data.

(19
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