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Define a parabola and its clemenis (ic. focus, direstrix, eccentricity, veriex, axis, foca] chord wnmd latus rooium)
General form of on equation of a parabola.
Standard equations of parabola, sketch their graphs and find their elements.
Find the equation of a parabola with the following given elenents:
= focus and verex, o foeus and directrix, = veries andd directric
Recognize tangent end normnal to & paraboka,
Find the condition wiven a line is tangent 1o a parsboln al o poaint and heace write the equation of 2 ingen
line in slogre form.
Find the equation of & tangent and 2 nornal (o a parabola st & point.
Solve suspension and reflection problems related fo parabola,
Efligse
Define ellips and its clements {1.¢. centre, foci, vertices, covertices, darectories, mmjor and minor aes,
eccentricity, focal chord and lates rectumy).
Explain that circle is a special case of an ellipse
Dierive the standard form of equation of an ellipse and identify its elements
Find the equation of an ellipse with the following given clements.
o major whd minor axcs, s lwo poims, = joct, vernices of lengths of a latus rectum,
+ foci, minor axes or length of a lotus rectum.
Convert 2 given equation 10 the stendard form of equation of an ellipse, find it elements and daw the graph.
Recognize tengent and onmal toan clipse.
Find points of intersestion of an ellipse with a line including the condition of angency.
Find the equation of a tangent in sbope form,
Fine the equation of o tengent and o normal, to on ellipsz at a paint.
Hyperbala s
Deline typerbola and ils elements (ke centre, focl, vertices, direchrices, transverse and conjugate a%5
eccentricity, focal chard and Ints rectum).
Dierive the standard form of equation of & hyperbola and idenify #s elements.
Find the equation of 4 hyperbala with the following given elements:
s fransverse and conjugate ixes with cenlre ot ofigin, = two points,
«  eccentricity, Later recta and transverse axes, s focus, cccentricity ad centre,
= focus, centre and directrix,
Convert a given cquation to the standird form of equation of o hyperbaka, find s ehements and sketch the gr2pt
Recognize langent and nosmal to a hyperbola
§
f mpdmg of imtersection of & hyperboby with o line inchuding the condithon of tangency,
+  the equation of tangent in slope form.
Find the cquation of a tangent and a sermal 1o a byperbola = a peint.
Trapslation and rotation of axes
Dhefine translation and rotaticn of axes and demonstrate through examples,
Find the equations of ransformation for
» pransiation of wes, s rolation of axes
Find the transformed equation by using rarslation or rotation of axes.
Find new origin and new axes referred to old origin spd old axes. _ =
Find the angle through which the ates be rotated about the ceigin so thar the product term 2 18 row
form the trunsformed equation.
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(_Introduction J e

; : : we have learnt (hat
obiained as the intersection of the surfice of a cone with :::

whout the three types of canic sestions that 5 ne. I this unit we will study in details
: ; . re paraboln, hyperbok ind the ellipse. The circle §

c]lql and same time considered to be the fourth type of eonic section \:f i hpe ol

details about tingent and oormal in previous i) - We have already discussed in

n' Parabola ®

When you kick a soccer ball (or shoot an arrow, fire a missile or thoow
a stone) it arcs up nto the airand comes down again ... 4;1

A prrabiola is o curve where any point is ot an equal distance from: /.[‘

i Section {or simply a conic) is a curve

«  a fixed point (the focus ), and
» o fied steaight line {the directrix)

et o piece of paper, draw g straight line on &, then make a big dot for Figure 9.1{n)
the focues (not on the linef) -
Now play nround sith some measurements until you bave another directrix

dot that is exactly the same distance from the focus and the straight
line.

Keep going until you have lots of litke dots, then join the linle dots
and you will have n parabaola?

In our study of quadratic functions, the graph of the general
form of the quadratic equation y=act +hxte (1)

{with @« 0) is 2 parabala that opens upward if & > 0 and downward if
a<i.

equal
distances!

Figure 2.1{b)

The graph of o quadratic cquation s always parabola. But all parsbelas can not be represenied by quadratic
Equalion, because nll parnbolas sre not graphs of the functions.

() Parabola and its elements (Le focus, directrix, eccentriclty, vertex, axis, focal
chord and latus rectum

The parabola is the set of all points P in the plne
such that the distance from a fixed point F (focus) and the
distance from & fixed straight line (directrix) to a point ore
cquidistant.

I The line through the focus perpendicular 1o the directrix
% ealled the prineipal axis of the parabols, and the point whene
the axis intersects the parabola is called the vertex. The line
“gment AB that passes through the focus perpendicular 1o the
e and with endpoints on the parabola is called the focul

thard or jts latas rectum. These terminalogics are shown in the :
Pigure g3, Figure 8.2
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UNiT.0 CONICS.; 1= ,
(@ General form of an equation of a parabol W CONICS-I
pal a . - RIS '\_’.ﬂ Graph the 3 ~
Ta abtain the general :;qm of the parabola, let us assume 8 focus wuhlmrdmafts Flen0) ang 5 di::m and:l::::::*h;huum indicate the
directrixy =—p, (p s any positive mumber) parailel to the p-axis. I Pix, ¥ 35 any point on the cype mn im“‘ﬂf‘ﬂmbo;ai;d'm
and p,(—p, ¥} is # point on the directrix x = —p, then by the definition of parabola Figure 2.3. e ;:ﬂdmiﬁm 5
» - s (]
i and i8¢0 with
distonce from PtaF _ ok pacibol ¢ i) rapared the standard form of the paraboln (3) 40 ™
distance from Pra Py :
" Yedpy B=dp = p=2 =
distance from P(x, v} so P, = distance from Pix, ¥} to F x4+ b | Plxs 0555550, e ik o
" R e apens-to the right. The vertex
d(P,R)=d(P,F) 1p) d{Ffﬂ}NP- F) V(0,0), the focus i F(2.0), the directri s the fine x = -2 and (he
Vit pY +0= (- p) + (y-0), 2) om0 length of the focal chord is 4 = 4(2) = 8. The line of symmetry is
(x+pY=(x=p)+y',  bysquaring g (c=pY +(y-0) the positive x-axis, This is shown in the Figure 94,
: A 1, 8 : 8l [EEEEE) Graph the passbola < indi
f2prd pie -2px 4 pi 4y =dpxmy” (3) 2= ; I'-' parabola s’ + y=0and indicate the
The resull (3) is the stondurd form obtamed from the =2 vertex, focus, directrix and the focal chord,
general form of the equation of 3 parabola with vertex ot mRmﬂtmmbnh in the standard form
WVi0,0), focus Fip) and directrix x = -p. The pamabola i Figure 9.3 ¥=—p (7
E rie with o the positive x—axis if p > 0 and and i compared with the standard form of the 1
symmetric with respect to the negative x—uxis if p < 0. The vertex V(0,0) of the parabola is on the principal parabola (5} to obtain ;
axis of symmetry midway between the focus and the directric. ‘“!="*P=.‘Fl--_':-
EHJ Wﬁuﬁmfm:dmm their graphs and find their element s i e g
“The standard form of the equation of o parabola that is symmetrie with respect to the x—axis, with is V{0,0), the focus is F[ﬂ.%’], the dirsciri & Lhe
vertex (0,00, focus Fip, O) and directrix the line x = —p is: :
N y'=dpx ) line v =2 and the length of the focal chord is
“The standard form of an equation of a parabala that is symmetric with respect ta the y-axis, Wil Ly
vertex FU0L0), foerr FIO, p) and directrix the fine p=-p is: *‘P=4[7]=-I. The line of symmetry is the
K=4py (5 : : "
Pegative y—aris, This is shown :
The parabalas that have their veriex at the origin and open upward, downward, to the left and to the -3 in the Figure 9.5
right are summarized in the following table: , {iv) The equation of & parabola with the given elements

. | o foeus and vertex o focus and directrix
Ifarahinla Curye o fertex and directrix

up.if  p>0 | IEEEREST) Fi an cquation of parabola with
y' =4px

down, if p<0
Wl fal.  Focus F({), ~2) and directrix 3= 2, (113 Fom[~.u]mm{um.
dght, if p>0 x=—p

lefi, if p<0 Fip.0) mip (@ \I’mex‘f{ﬂ.ﬂ}mddi.rmﬁu#%.

b Grﬂphllﬁ‘“m form of a parabala e m
Hﬂ‘t.wt!'wlllfhﬂlhﬁphlmpm;;byhlpmmtwmnuunhhmﬁgwﬂﬂﬂ' < Bfiﬂlptﬂ'nﬂ.hwhufphp*-!ﬂmﬂk&shﬁmhy-zlmmmqm f
| - divection a5 determined by the form of g i the problem < : =

approprinte direction as ¥ rm of the equation. Finally, it is shown in the e on st mhrﬂpy-lldh"'sh“memt#ﬁﬂ!mddwthwofmﬁm

that the length of the focal chord (latus rectum) is 4p]. This number could be used in determin? negative y-axis. This is shown in the Figurs 9.6,

the width of the parabola. This approach is emplayed in the following examples.
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Fipure 9.6 Figure 9.7
o 2 5 & ik :
b By inspection, the value of p is p == that satisfies the directrix x =— . This gives the equation of

parabals P =dpr= 4(3]1“%1- that opens right (p > 0)

and the line of symmetry is the positive x-axis. This 15 shown
il the Figure 9.7,
& By‘mspmhn,ﬂ:wlu:nfpi:p--%ﬂumisﬁﬁ&c

directrix x = % This gives the equation of pambola

J.'udp,:=¢{—%].rn-2;, that opens left {p < 0) and the

line of symmetry is the negative x—axis. This is shown in the

Pgwo 0, Figure 9.8
(v) Recognition of tangent and normal to a parabola

A line which is parallel 1o the axis of a parabola intersects the parabola in only one (finite) point; all
other Tines will cut the parabols in two real and distinet points, real and coincident points, of compleX
conjugate points. “A fine which meets a parabola in two coincident points is called a tangent, " A tangett
to any curve at a point P is the limiting position of a secant line, culting the curve in two points P and @
s {J = P.The normal can easily be shown in the subsection of this section.

(vi) The condition at which a line is tangent to parabola at a point
"The line is tangent to parabola, when the line intersects the parabols in two real and coinecident

points. The given prarnbaln and line y‘ =4px (%)
y=mr+c )
i i ¥i=dp
of nonlinear equations:
L s ,,] (10)

The solution set {x.} of nonlinear system of equations (10) exists only, if the curves of the 57"
{10) are intersecting. That set of points of intersection {x,y) (a solution sef) can be found by solvinE
ponlinear system (10) simultancously.

O e y LR oy
7 S ¥ i - g
» e, Y i

UNIT-S
; ; , CONICS-II
The line (9) is used in parshola (8) 1o obiain the quadratic equation in £

(mc+c) = 4px
ﬂzx’+2m'.t+¢'=4px
m'x +2x(me-2p)+ =0 {11y
The equation (1) being & quadratic equation in z, gives a set of two values x, and x, of x, which will
Mumdﬁinlim{?}lunhtﬂhmamnfhmyﬂhm}gmﬂh.

Thus, & solution set {(x, 1,),(x;.5,)) of the system (10} s of course a set of poinis of intersection of
the system {10, 1

The points of interseation of the system (10) are real, coincident or imaginary. acconding as the roots
of the quadratic equation {11) are real, coincidént ar imaginary or according as the diseriminant of the
guadratic equation (11):

Dise=4(mc-2p) —4m’c* >0, real and different

Dise= 4{m¢'—2p}! —dm’c? =0, realand coincident

Disc= 4(me-2p)" ~dm’c* <0, imaginary
For what condition the tangent line dx - y— 4 = 0 intersects the parabola * = ¥?
I The cquations of the line and parabol ase:

y=dr—4
ey (13
The tine {12) i used in parabola (13) to obtain the p—coordinates of the points of mtersection: 3
¥
x ::JI

pP=dx—4  Putthe value of y from equation (12)
Fdxrd=0= (x-2 ' =0=x=22
The x-coordmates are used in the line (12) 1o obiain the y-coordinates y= 4, 4
Thus, the set of two points of intersection (2,4) and (2,4) are real and coincident and the tangent line
45— y—4 =1 i of covrse intersecting the parabola (13) at two coincident points (2.4) and (2.4).
a, The Equation of a tangent line in slope-form
If m is the shpe of the tangent to parabola 3" =4px {14
then the equation oftht tangent line is ofthe form  y=me+e  (15)
Here ¢ is to be caleulsted From the fact that the line (15) is tangens to pasabola (14). The line (15) &
used in parabela (14) to obtain the quadratic equation in x:
»i=dpx
{mv o) =4 px
mx+ e + 2mex = 4px
't + Ame—2p)x+ 2 =0 (16
Il the line {15) touches the parabola (14, then the quadratic equation (16) has coincident roots for
Which the discriminant of the quadsatic equation (16} equals zern:
d(mc=2p) = 8w )e=0
Apct +16p" - 1mep = dmci =0
16p° = fntep=0
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UNIT-S Contesy

an
1.6'_[!{;}—"‘}1:}:{] = P—m:ﬂ:f'f

The equation (17) represents the z@dﬂlnu ;
i the Tine (15) to obtain the required equation Of tAREETT i
F] (

[ tangency. The value of ¢ from mh““hiﬁm

=t
Fem

the equation of any tanget mpﬂahqhy’ =d pin the slope-form is

7
yemes[2]
e the ling y=mx-+c should

i 4
Jrnﬂl'f'ff—m“'[m]

s il condition of tangency in case of parabola " = d py and ling y = i + £ 188
(200

ot the th".l“'f’ dpx under condition:

lc---'E = dpx
(19) gy

g bo=mr—pntt, c=—pm’, ' =40y

For what value of ¢, the line x—_r+c=-'ﬂwﬂituuchﬂtpmﬁbﬂhxlﬂﬂy?ﬂscﬂ!uwhnu[c
o find the tangent line that showld touch the given parabola.
mﬂuvahunfuﬂq&:‘ﬂlh:liux—y+r=ﬂwi||lnu:‘nllmgivmpmbulalhmughmul{m‘m
e=—pn’ ==2()=-2
W =4py=420y
p=Lm=l

Here m is the slope of the Tine 1 - *:-D.vdsi:hiamti.Thtr:quimdl%ﬂaﬁﬂlhﬂﬂmhu

toch the parabola through (20) 0 = mx+e
=x-1= x-y-2=0

{vil) Thuquadnnut‘-tnrngentmﬂummaltnnpanbnhaupuint
. Equation of tangent to a parabola at & poaint

Let the equation of the tangent line #t 8 point p(x,, y,}10 parabola y” = #px be:

y=n=miz=x) 21 s

Hﬂ‘ﬂ‘l,.i!-flﬁihpﬂ of the tangent Ihﬁ.mmh}l"n dpxat H-Pﬂ'ﬂ“ p{j‘__}rl}lhﬂlw‘-bc
differentinting 3" = Jpx with respect to

yi=dp
dy dy _2p _ [dy

2"'?;”’:'EtT:"[Zl_:_m"szl- sy (22)
The substitution of (22) i (21) is giving the equation of the lisic @ wwp{-"t
parabola y* =4p:

J"_Jﬁ:m.‘..x";l]
Y=» “%{x‘ﬁ]

-W__-F s -‘%' "

Ll | %

'L_‘:-B-""__.-_‘.E-lﬁ‘_m._._é 5k ’ o
. - e T or

UNIT-2 :
’ CONICSIT
My=w =2pr=2py,
W =dpn = 2pe=2px, f =4py,
W =2pe+2py = W= 2plzx) (23}
= the cquation of the tangent lino at a point plx,,,) 1 parabola 5 = 4py is-
x=2p(psy) (24}

= if the tangent liney= m*[f] to parabola 3 = 4px is identical 1o yy, =2p(x+x),then the

coefficients of like terms of y= m-r[E]Hd 3, =2 p{x+x, ) are compared to obtain the contact

point;
g 2B i P
» L
Ipe, p ¥ Ip P
S 2y ==L == =i
¥oom ;] mjn' e Rl

Thus, the contact point is p{:,.y,}={;ﬂ~,%§]hnmarmhh ¥ =dapr. (15)

o if the tangent line y= mx—pin’ 1o parmbolax® =4py i identical to xx =2p(y+ 3., then the
coefficicnts of like tenms of y= pe— poc and xx, = 2p(y+ ) are compared o obtain the point of
contact:

m-:'-"; =5 =1pm

—pm’ ==y, = = po’

Thus, the contact point is ~ plx, %)= (2pm, per | in casc of parabols < =dpy.  (26)

EBEEIRES) Find the equation of tangent line at u point p(2,~) to parsbola y* = 8x. Show that p(2.4) is
the paint of contact in between the required tangent line and the given prrabola.
@I Result (23) i used to obtain the tangent line to the given parabol:
W =2p(x+x,)
¥-4)=2(2)x+2)
qy=dr+f = dx+dy+E=0=x+y+1=0
The paint of contact through result {25) is

o p(-“u."u }= {1"“. 4_P =4

Pl )= [f’%f]" (2,-4). p= 2, m=~1is the slope of the tangent line x + y + 2=0

b, The Equation of s normal line to parabola at a point
The equation of the normal line ot a point plx,, v, }to parabola Vi=dpei
y=y=mix-x)



- ..'-";L'-';‘;" - > i S =I:Q'&FWHM_§&J ’ P o .&f}“ S

mFﬂl'.‘S..u

UNIT-Y g ot apoint p(x,. ) thet can be huﬂb:.,

. vl =4
Here m, is the stope of the normal line 10 pard
differeniating 3° = 4 px with respeet o x:
y'=4px
dy

9 _y
?""rd: i

y “1_ZH sy (28)
f{=3£=[ﬂ] L —— M 2P
[r=nl

dx i \ ,
TT:: :mm:m of (26) In (27) s giving the pormal equation 2t 8 PNt plX, ¥ )10 pamboly
£ Z
: .'I-': = dpx: -
= =L - )
¥=% I'N__I‘I 14} (:w} e .igl
:r'“n'=_2-—’1{r—a} 5
P N
Find thé normal cquation at a point p(2-~4) lﬂpﬂ@ﬂh ¥y =8x
m Result (29) is used to obtain the normal line to the given parabolu:

y-»= ;—f&i"“-‘l?

y={-4)= -2;1-5{1—2}. P(x,.3) =29 4p=8

_!'4-!1=1—2=&x—*1-}'-—4=ﬂ:‘.‘x-}'—ﬁsﬂ

(vili) Suspension and reflection problems related to parabola ——
The parabola is more than just a geometric concept. It has mamy wses in the physical wot

1. Projectiles in the air, such & 2 ball, urnmisadle,nrww:pcrlayed from
1 hose, describe a parabalic path when acted on only by gravity, :

2. Many arches of bridges or buildings are parabolic in shape. With this
shape, the arch can support the strecture above it.

3. Rolating a parabola about its fine of symmetry, creates o bowl type
orfice called 2 pamboloid of revolwtion. A paraboloid has an
imporiant reflection property. Any ray or wave that originates at the
focus and strikes the surface of the paraboloid is reflected paralle] to
the line of symmetry. See Figure 9.9,

This forms the basic design of the reflectors for aulomobile headlights,

fiashlights, searchliphts, telescopes, ete. This & also an excellent collecting
device and is the basic design of TV, radar, and radio antennas, "

The cables of a bridge form a parabolic arc, The low point of the cable i l?ﬂ,ﬁbod"’
roadway midway between two towers. The distance between the towers is 400 L. The cable IsPuhﬂm‘

the towers S0R above the readway. Determine the equation of the parabola that describes L
cable. This is shown in the Figure 9.10:

UNIT-?
CONICE-T1

(~200,50)

(200,50

Wn'l ID]

vy

Figure 9,10
. Thl:pmbnlu.isfnnmdbylhcwb]:bemmthclwm,mhwpninnnlhu‘hlci:

midway between the towers, and 107t sbove the roadway. Tn order to write an equation, locate the x—axis
i (he y—axis in the eplane, Select the roadway s the x-axér and the line perpendicular 1o the roadway
through the lowest point of the tower as the y—uxiz. The pambola opens up with the venex at the point
(0,10, Two other points on the parabola are (200,50) and (~200,50). The standard form for this equation is;

(x—h) =4p(y-k) (30)

The vertex V(0,10) and a point on the curve (x, ¥) = (200,50) are used in {30} 1o obtain p

(x=h) =4p(y—k), translate b unitsonthe z—axds, k wnitson the y=axis

(200-0F = 4p(50-10)), V(h k)= V(0,100 (x, ) = (200,50}
40000 =160p = p=250
The substitution of V(#, £)= (0,10) and g =250 in equation (30) 15 giving the parabolic equation
(x=0)" = 4(250)(¥~10)
= 10000 p—10) = x - 10005+ 10000 =0
that describes the path of the cable,
Audurmnnu is constructed so that o cross section along its axis is o parabola with the
receiver al the focus. Find the focus if the antenna is 12 m across and its depth is 4 m. Find the equation of
partboln that described the rder antenne, This i shown in the Figure 9,11,
@I e parabols i formed by the radar antenna. Tn onder to write an -T‘
squation, locate the x-arvis and the y-axir in the se-plane. The axis of
symmetry is the positive a-axs, The parabola opens to the rght with the  Gm
vertex ot the origin F{0,0). The other point on the parabola is (4, 6). The
standard form for this cquation is: L2
y=dpx . T
36=4pld), (xy)=(4,8) (31
36_9 G

I~ Foeous

pm—m==
16 4 l
Thus, the pambalic equation that describes the radar antenna is
obiained by puting p = 7 in (31) o= =]

Figure 9.
.‘r"‘4ﬂ'-‘(§].t=9x pE

mmarﬁ-,n] which is % m from the vertex F0,0).
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Exercisce 0
'[ﬂmhm:,H{ﬂthﬂupubohmpmsuﬂdhyﬂtﬂmlhnhﬂkﬂclhemmﬂgmmm
points of the focal chord (luts rectum) and the axis of symmetry: ]

o xt=2y byt m=3x4) v Q=3 =x

In each case, detenmine the equation of graphed parabola:

o, b

x=32

F(2,1)
®(6,1)

e e —t——x

-4 1 6 10

~

Vi2-1)

=10 -8

In each cun.mi:lhcnmminunfpinboh“lmmhﬂwghen information:

. Focuss FU0LY), directrix = 3, b Focus at 54,0, directrin x = -4,
e, Vertex at MO, s-avix is the line of symmetry, passes through (3,6),

d. Vertex at F0,0), y-axis is the line of symmetry, passes through (=123},

¢, Line of symmetry is vertical, passes twough (-3,4), vertex at 15,13,

f. Line of symmetry is hormontal, passes through (7,99, vertex ot H3~T).

Find the equation of the <<t of all paints with distances from (4,3) that equal their distances f05
=21}

Find an equation for a parbola whose focal chord s length 6, if it is known that (e pambolt B
m[ﬁ,ﬁzjmdhdimu-ixhpmlklmhym,

hmhm.ﬁﬁlhmh&nrmhhmmlhlhnuﬂmmh:
8, yedr=—B x—y+2=0
For what value of ¢,

a. the line x-y-l-c-uwimmuhlb:pmhh,.*,h?

b A=y x-y-2=0

b theline x—y+ =0 williouch the parabots = 2
3

In each case, find the tangent equation and normal equation

. atapoint (3,6) 10 parabala 3 =12y,

=Y 3
b 34 point [%-:}] 1o parsbola®= 3

10

Sl

CONICS-
Find the tangent cquation “
8 to parabols y‘a:.vﬂﬁchrmlmsmmnflwmmxm
b. wmx'-ywmhmm:nm'hqfﬁﬂ‘wﬁhﬂ:x—m
Find the equation of the bolic parti i i
bemhinty pdn mnurumn.rmmmwmm&umm

¥

A

3
fi
Equation M udar ¥ =dax  =day £ =—day
Focus [CAL] {=a, 0) (0, a) (0, ~a)
hhm X g x=ga = r=g
Vertex i, o 0.0 {0, 0y {0, 0)
Axiy y=0 y=0 x=0 o
Latuy =y =g y=u y=-g
¥ ,t 1
- F o
%h O X F [+] LZ; / =
F R -
NOT FORSALD
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UNIT-%

m Ellipse * 2

one end, the ellipse is entirely closed. The purabala

In shape and in format, the ell is different from the parsbola. Although the parabola i
ape and in pe mmmmmﬂummﬂmmenmm;

foed (plural of focus) and two vertices. )
(1) _EMipse and its clements

Ellipse it -

The second type of conic is called an ellipse, AOEF “;m

znd is defined as follows, PP 8, oo & . Vﬂ:
An ellipse is the set of ail points in & plane, Imuh entes

the sum of whose distances from two distinct

fixed poims (foci) is constat. o

« Center— It is the point where mujor i ¥
Figure 3,12

and minor axis intersecis cach other.
The midpoint of the connecting two
foci line segment is (he center. !
o« Focus - There are two focal poinis on the major axis which defines the ellipse. These are at the
same distance to the both sides from the center.
. Major Axis — It is the lengthiest dismeter of the ellipse. Tt has the end points on the widest pat
of the ellipse and passes through the center.
. Minor Axis — It is the shortest dizmeter of the cllipse. It = the perpendicular bisector of i
major axis. It has the end points on the parrow past of the ellipse and passes through the censer
«  Vertices — The four points where the major and minor axis touches the ellipse are the verties
The end points of major axis are gensrally called Vertex and the end points of mingr s &
generally called Co-verter
. Chord - It is 1 line segment it hos both the end points on the ellipse. Major px
chord which is the longest one in an ellipse. .

Eceentricity of an Eflipse

Eecentricity is the factor related to conic sections which shows how circular the conic stction is. Meet
eceentricity means less spherical and less eccentricily means more igilim'il:nl. It is denoted by " 4
The eccentricity of an ellipse is showed by the ratk of the distance between the two foci, 10

the major axis,

i s also B

®|n

where ¢= Eccentricity, ¢= The distance from the center to any one of the foci and 4% L2
The eccentricity of an ellipse is between 0 and | (0.<e <1}, 1f i1 fs gero the 6
with the center point and become a circle. If the mmmi::m:: :t;;:sﬂ?}:&: cllipse £ 2

siretched shape.
o
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Drectrix of an ellipse

Directrix is the line which i :

i mﬂulhﬂtmﬁmuuﬂrb::rmmmhﬂnhmﬁ:
foci of the

Lastus rectum of an Effipse
It i the line parallel 1o directrix
In an ellipse, Wmhmmmw“"“m focus of an ellipsc. It is denoted by =2/~

. i (where 2 is
minor dismeter), one half of the major diameter and
b is the half of the
The half of katus rectum
denoted by "1 * Vil . intersestion point with the
by major axis is the semi latus rectum. 1t j

ITPix, y) is any point on the ellipse, then

5 the distances
two fociF(-c,Mand Fic,00t0 the poin Pix ﬂm: t
following: i [

AEP)={x4c,p-0)
l(F = i v e v (o
ﬂFHP} L5 (I"-'-J"'m
_ P = fix-c) + ()
Bjrdernimnrm:ﬂiwe.nnm:l form of an ellipse &
4, P+ JdF, Py =2 (32)
Vir+ar s +fis—cf sy = 2a
o ey e y=2a- flrm
Squaring both sides to abtain s
(x+ci+ P mdg ~daflr—cy +37 +(x-cF'+ ¥
dof{x—cf + 3" =44 ~4cx,
gﬂx—ﬂ}:-ﬁ_paj' .'—2¢’|:l’+fj’
n'(.t‘t—:-’n-l-:"* }‘"] =a'- eyt
a'x -2+ o' oty = o= 2l Y
B P L e
("= +a'y = o'’ =)
Eiva’ymgdy,  F-f=p ar0850

Pi-a0) \ Fie® | Fir.

B (0~8)
Figure 9.13
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(i)  Circle is a special ¢
ase of an ellipse — , - |
The relative shape of an ellipse can be determined by s Ottt e o !
eccentricity e. The distance from the center of the ellipse to a foci is ¢, Horzonial: <00, () e asdy | Bemiminor asis |
and the distance from the center to a vertex is a. The eccentricityris Vertical: W), 00 a0}, (a/i) 02, (0,5)
given by the equation: o T (L Y] 0), ()
= dmmmmww © 6 L — i axh=g
distance from center to veriex | @ ki L L Mm&'“MMMHMWﬂm 1
The eceentricity of all ellipses are in a range between 0 and | 95°+4y" = 36. Sketch the ellipse. the coordinates of foci of the ellipse !
(0 < e < 1), This is shown in the Figure 9,14, ) a=0.98 mwﬂh#thﬂhm i e &;’;4_,-1_“"
An ellipse with an eccentricity elose to | is long and thin, and e=092 94y s z
the foci sre relatively far spart. If the eccentricity i small, elose ta 0, 9 4y . i
then the ellipse resembles a circle. It can be shown that the circle is a Figure 9.14 T 36 =1, divideont by 36 8
gpecial caze of the ellipse whene =10 ;;:‘H!: ! .
= (380
{iil) Standard form of equation of an ellipse .
The standard form of the cquation of an ellipse with center ot the origin, length of the semimajor o :[H‘I‘hsm m{fms-ﬂ }Tﬂ‘:ﬂf mmmﬂ .
: wﬁsa.hmhud’ﬂi:nm&nmr::ub:,nﬂmn]urukumlhﬂx—mr-=ss'hm1nlheF|guu‘e9.I5. o veisions st ibe S50 2 0 e e R
—:+r:—lsl (36) sumerical value is under ', Thus, o* =9 ora =3, ad =4 |
i ot X i “b-sz=“¢.-.ﬁ’.9‘—4F5¢r¢'-ﬂ§_ i
7 li'w:rq:-luethtfnﬁmﬂpﬂﬂ.mwuwmuﬂpﬁnwp@m.ﬂmﬂuMIH The o A £
we can develop the equation of the vertical ellipss given in the following definition. mmm . ﬂfﬂnmﬂmmmmﬁd 1
“The standuard form of the equation of an ellipse with center at te origin, Jeugth af the senimajor axis & mﬂ i stiini are the ¥
{ length of the seminvine r axis b nnr"mq.fw‘.ﬂﬂ.l'jﬂfﬂng the y—axis is shown in the Figire 8.16. Ci0,0) / E
Lela @y VAD3LVA0,-3)  eod points of the major axis E
Foa y B(20),B(-2.0) eodpoints of the auinor asis £
T i E(0.5).F(0.~5) soci i
¥ Semimajor axis | 10, a) . Forsome pok ! ]
. points on the eilipse, i
Semiminor axis [(0, ) o T ) ¢ omiminor axis 2.1 2 |
- S T et 50 b | s 00 wheny=1,then %t Dot = xe2aZE
—3, a L m—p p b
A-0)| Fl I"I[u-.;} 3 wdeen =2, then —::+;-: nx.ﬂ;‘? |
. The ellgree i symmmetcid with ; : ; - f
3 B respeit $0 the smafor sy, minor axis, The conter, sextices, foci, aod the [
o (0. -5) ¥10, ~a) {ﬂ_ﬂi A _[_-1-"5__[ (25 ) (245 ,) (246 i :
A Figure 2.15 Figure 9,16 3" g T T . T.—!J :
Graphing Ellipse; In order to sketch an cllipse, it is required 1o plot the center, the intercepts 14 on e e labeied to ebtain the gragh of the given ellipse in Figus 9,17, |
m‘;:u'umdtbunﬂ:enﬂumuii. . mﬂmmmﬂﬂpﬁlﬁh G e : !
I Fkn,mﬁmmewmiunnrﬁscch.‘qm:hﬂ:mﬂmrmm.mthui}ntk:“l"mlh:fﬁ"‘:: 22 +5y =10. Sketch the ellipse. vusinaie: of fosi of the sllipss
the numerator coefficients of the square terms are also L. The center is at (0,0) and plot the intercepts o0 i g s |
saxis and y-axis. For the x-intercepts, plot=the square root of the number 47; for ﬂ,,ramﬂz hﬁf‘;""‘m elipse equmion  the stursd 5
{4 the square root of the numbr brurumflﬂmhmww me 27 8
fuxuuhemlnrtﬂlf%‘w“k is horizontal, then the ellipse is ealled h.mm.mﬂlm 35~ divideaut by 10 :
major axis i vertical, the ellipse is then called vertical o £, o
mmﬂﬂﬂtﬂ#mmﬁﬁmmm Mbemhdpumufihﬂﬂl““'k g #w*(ﬁ;". i LE8:b)
E the cnd poists of the semirninor axis are summarized in the box:
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(v) Standard form of equation of an ellipse

The standard form of the equation of an The standard form of the equation of 18
ellipse with center ot C(h, K). length of the| cliipse with cemer at C(h, K), length of the
seminsap 15 @ and semiminor axis b, and major | mﬁmﬁru&ammmhﬂﬂﬂﬂ
axis parallelw the x—aris axis paraliel o the y—uxiy is:

H
(S N st MR TR wh‘-}:ﬂ-l.,,ﬁ (41)
al B b ot
¥
| Wik s a)
‘ Fifk + )

Fll—,

. : 4+ k)

e h-b . Fawb

e Fph, k-c)
] Vilk=a) . ;
Eigure 9.20
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vertices/end points of the mEor axis,
ﬂtempbh:nl'lh:nﬁmr_ﬁm'.slrﬂﬁd
of the given ellipsa (42) are the
following:

* The coordinates of the cenler
C10,0) of the translated cllipse
ane X =0, Y = 0. Put X = 0 and
Y = 0 in (43) 10 obtain the
coordinstes of the cemter of the
given ellipse (47):

i ;F:{-a.js;—z}

F P i
Pl = 25 =Be+ 100y +4=0

{1, 0)
m_,r;(&-n

(1.-2) i

— il
(1,4}
Figure 9.2}

Xmx—| = 0=x-1 = r=| wd ¥ =p+2 = f=p+2 = y==3

The center of the given ellipse 42) BO(1~2)
The coordinates of the vertices V=500, Vo500 nrlhcmluadellbumx--s.'f-l){h
ﬂs:nrﬁuﬁjﬂﬁx--«i\'-u{hmufv,]_mxn

coordinates of the vertex V, ofthe given ellipse(43)

Xmp_] = Smp=] = yw-d md¥=y+2 = =

NGT FOR SALE|

=5 and Y = 0 in 43) to obtain the

¥+ = p=_3

e . s Ul o Se BE :E TR T - j
e " S— T - . e
The cllipse (5-b) is related t0 the harizontal standar - RS G the etpse whoge e :
form ellipse (36). The center of the cllipse is of the orighn, bul ; 3 vertices, foci und the end pomy: ul‘t}muﬁ:::::nl 3255 8e 100y + 40, Todicase the center, £
the vertices of the major axis are on the x-axis, since the lrge. 4 ' EIITITD Revritc the i ipse squation I '
numerical value is under ', Thus, o'=3 or a =5 and r{—ﬁnm 0) 4;*—5‘.:“::?:::0%4 e S by comptn e
b'=2 0 b=v2 and & = ~b* =s-2=3 or c=24f I -_-}l Ii—{ J] ; 3 *x ‘*{\'*—-Ir+l:l+l*ll1 r’+4|.:l} o d
The coordinates of the center, vertices'end points of the = Ak : M -
i ] .—\"i} Add arif subiract 100 to oblain 1
major axis, end points of the minor axis and the foci are the 2
folloving: ‘{x"lﬁl}*ﬂ{y*ﬂyu}-;m i
Ci0.0) cenler L He-1)'+ 250+ 2 =100 I“
v,(-!j:nw,(-.i;} end points of the major axis prpaeiEll 4!‘,&—”!1' +35"LI"0;3*’,|=':*‘”*J—"+3’,=I i) s
B,(0.4/2),B {0,~/2) end points of the minor axis ) 75 a 2
FL{—JE ﬁ‘_i,FlN'i 0 i msmclﬂmfﬂ:wﬂhmim x-,'l'-.ﬁ--x.-lm"r._p_‘uy-hlﬁ-ht‘_am -_,‘,
1 2 : the translated ellipse in the X¥-phne: Eﬁ:.f{i:] 145) G
of an ellipse t h its elements . ] b
(iv) Equation pse throug _ The center of the ellipse is at the origin. The major wxis s horlzontal and the vertices are on the
Find an equation for the cllipse with foci F(=1,0) @l F(l,0)and vertices V,(-2,0) and d-avis. Thug, & = 5, &=2 and =431 = 24,58
V,(2,0). hﬁdgﬂt;mmﬂﬂhtmrmbﬂuﬂwﬂsﬂhﬂhuh:ﬂwiﬂﬂﬂmﬂrﬁnﬂ
D By inspection, the center of the ellipse is at C(0,0) and the distance from the ceater to the vertes mn;"““‘“’““‘l’“f‘ﬁ““"“"ﬂw
hnuz;m:llhcdhummnﬁc:;htgl.mwm&bkmmwﬂm;amCmunm V,(=5,0),V,(5,0) end polni€afibe mafor i
Fugl-c=d4-1=3=b= B,(0,2), B 40,-2) end painis of the minor axis
- ; form ellipse (36) to obiain
nnw:maraudbmmdhmmmlmm ellipse F{=~4.58,0), F,(4.58,0), /3] =4458 e
g’_g;_,. {39) The coordmates of the center,
4
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The vertex V, of the given ellipse (42) 5 V{4, ~2)und the vertex V, of the given ellipse (42) iy op
vourse V,(6,-2),

This coordinates of the fock F,(~4,58,0), £,(4.58,0) of the transhted allipse are X = -4.56, y =0
case of F) and X = 458, ¥ w 0 (in case of F,), Put X' = —4.58 and ¥ = 0 in (43) i obtain ghe
cootdinates of the focus ¥, of the given ellipse (42):

Xexe] =3 488z | o ru-350andYuy+2 = 0=yt = yu-2

The focus ¥,of the given cllipse (42) s (~3.58,~2)and the foce F, of the glven ellipse (42) i of
course Fy (5,88, <2),

The graph of the ellipse is shown in the Figure 9,21,

The arlentation of the cllipse eequstion with center CUh, &) are summarized in the boxes;

e ; Vertices'End Polnts of 1]
w Foel ‘Major Ass End Falnts of Minor Axly
Horzontal | E(h=c. k), Fheck) | Vilh=a k) Vik+ak) | B(hk+b),B (hi-b) 1
Yerilcal Fifick+ch Fihk-c) Vilhok +a), Vihok =a) By(h b k), B (=5, k)
Note that & w o' - ' ore® = o = witha > b>0, ¥
OEERIIRIA] wind the equation of ihe ellipse with
verilees at (=1, 2) and (7, 2) und with 2 as the length of the '
sermiminer axls, ¥{-1,2) s K24
With the vemces of the ellipse are of " 3.2 £
Vi(=12)and V,(7,2),the center bs at the midpoin of the ]
line segment V, V, joining these vertloes. The midpolnt Pigure 9.22
(3,2) of tha line segment V, ¥, Is the center COA, k) = C13, 2), This bs shown in the Figure 9.22
The disiance from the center C(3, 2) 1o either vertex s & = 4 units. The semiminor axls has a lkength
of b= 2, From the Figure 9.22, we sec that the major axis is prrallel 1o the z-axis, The hortzontal standand
form of the ellipre (401 s used to obiain the required ellipss equation;
Goh), k)
III ﬁl .
I T
Efg%L*i""—‘u--l. Clhk)m (3,2 amd,ha? {44)
(vi) Recognition of tangent and normal to an ellipse ¥
A Tungent to an ellipse 7 .r/M
“A line that imernets the eflipse 8t 3 polnt & kiown 53 tangent at L
the ellipse" In the Figure %.23, the line LM b tangant 10 the ollipse which ., x
I Instersecting the ellipse ot point *P* ns shown i Figure 9.21 ®
B,  Normaltosn f:,,’"u ke
Normal o an cllipse Is a line perpendicular 1o the tangent 10 curve ‘\.}t
MmmWMufmmmLﬂQﬂhWIuheﬂmmmh *
perpendicular to the tangeat LM at polnt ‘', as shown I Figure 9,21 Fljgure .23
260 . NOFFOREAE
————

of the quadratic equation (49) are real,
quadratic equation (45)

HoTFoRsaLE

- -
i
o
el s

il
el
UNIT-Y

(vil) Point of Iy

Pl £ ]

2 : i 'I 145)
at B [EL]
develops a system of nonlinear OEstions:

5-:-+£:=1J
a N

147

nonlincar system (47) simubancously,
line (45) is used in el i A

The lin { iuwmﬂm{dﬁium:hmﬂ:ﬁ:mnqmmhz

¥ (mree)

e +T-|

x a’m’-rb’}-a-i‘a’uuu?{;'-g‘]: 0 (g
mwmfdﬁymummmnh
i a line (45) 10 olunin & set of two values y,

Thus, a solution s T
the system (47),

Ihwh'lurhnumhurlb:mm{*?]mﬂmmuwhmy.mﬂhuhm
coimcident or imsginary, \ scconding as the discriminant of fhe
#a'm" +8°)(a")(¢~57) >0, real and differems
~Ha'm*+8)a*)e?~47) =0, reat and coincidens
Disg = tlg'n 27 Ha'm*+8" () (e ~57) <0, imaginary

Find the points of intersection of ihe hh-;—l-ﬂnﬂﬂn:ﬂipcﬁ*+9y’

;p’mauurmmqmdzzﬂa‘&hwmhmd
and . of p,

Mz )} of the system (47 i of course o set of points of intersection of

Dl'ﬂ-‘—_-ﬁ!'m!:’—
ﬂa‘c*ﬂn‘a’c’

=36,
Thuqmmurthelh:mdiuen:
25-y-2=0 (491
F=lx=2
dx 4957 = 36 150
The Fine (499) iz used in mmimammmwormm of itersection:

4 +H2r-2) =138
45 494 4 4—Bx)-36=0
40" =T2x=0

9
= yul, ==
0, 3



i

UNIT L A

LR AL (RS
mwmwhhﬂuﬂq'hmlhjm =0, -:-gi\‘f_\'w—z- E

Thus, the set of two points of intersection (0,-2) and [;\,;J arc peal and distant and the line 2e -y _3 .

hﬂmﬂt%ﬂﬁ}swiﬁ{ﬂ.—z}m(g E].

55
(vili) The equation of a tangent line in slope-form
2
Him s the dope of e tangentlne o clipse £14 =1 51
: a
then the equation of that tangent line fs of the form = s + ¢ (52)

Here ¢ is to be caleulated from the fact that the line (52} is tangent to ellipse (511
The fine (2} is used in an ellipse (51) o obtain the quodratie equation in
£ ey
a’ B

f{a’m‘+h*]+2ﬂ‘m¢: +a’{¢" -.h*}s (1] (5%

If the line (52} touches the ellipse (1), then the quadmtic equation (33) has coincident oot [
which the diserimbnam of the quadiatic cquution (53 equals zero:

da'mic’ -4{:"“’ b }[n’]{r’-'—b’]:ﬂ-
a'm'c’ =(a’m’ +6° (¢ =47 )=0, divide our byda®
a'm'e —a'mie! +at iV - b+ =0
&' = b =0
—We’=—(a'mt + 1)
' =a'n 44
c-t-.r'm {540
The equation (51) is the condition of tungeney. The value of ¢ from equation (54] is used in the line (210
obtaln the required equation of the tangent line:  p=mv+e=med Joim'+4 (53

[ Nore /-

. mmﬂwmullﬁpu:—:#:—lhliﬂhlwmh
y-mtm 156

= Conditlon of Tangency: The line y = mr + ¢ should touch the cllipse 5;#5;-1 undet
contilors  ¢= 4T o

281 : ROV FORSALE

CONICHA
ILvammby For i
whu.uhuur:.thclmeh—;ﬂ-ﬂvﬁﬂlﬂuunhmcﬁ 2L i
afcmﬁﬂlhhﬂsmlmuﬂushuﬂmﬂtsi\'mﬂﬁ m3+4 i |
mmmnrmmm&uh e

are: c=dfalntep =2 /¥4 =34

Hmﬂ'.'zii-ll'l'ihpu ol the |
The required tangent lines that

-—Jr+t-ﬂwillnwhﬂ1:;hcn¢ﬂipulhwﬂmmﬁh
e 2e 4o
ﬁnuummulipaﬂMrthma: %
VYEmetealidd med 5
The B
(ix) equation of a tangent lipe 1o ellipse at a point
The equation ol a line at a po £ ot ]
tangent -pun:P{a'...v.lwﬂibﬂ},‘t"%"“’!*y.-mi-rﬂ . 15
ferem, is the slope of the ipse Xy 27 i
) lope o tangeni rltneb:lq:ua—.+F=l a3 pomt Pix,5,) that can be found by
differentiating ..'t:q.lE;nl with respect to « £+£-|
& b @ b

k.‘.—z!..‘t:n
a b

P

E',EJ by
[a& r-..mt o, m 1589)

The substitution of (59) in (55) is giving the equation of the tangent fine 31 a poiat P(x,, 3;) 1o ellipse:
Fow=mix=x)

el

> |
r*r.--f,irx-:.l _

oY = ox 3
I’t f‘é’a’:’%*‘-&: +i’i

e R !
=
=FL+_,&-=L.1 {60y -‘E;*%'I“{-‘i-ﬁi

m] Find the esuation of the tangent at o point F[l%]mqmpg :!i...)’_!,;_
5 9
EIIETD Resul {17 i used to obtain the tangent line

to the given ellipse:
=
a* &
12
12 ]
#(3) (s E
5ol “tron=(32). 0t 25,4709 ;
Ix 12y i

-E+?;.|=z:-'.:+my-m=n=:.ox+ y=T5=0

BT FeRcALE



™11 COMCs . i '._F_,'.- 5 ;mr” v 5 y
(X) The equation of a normal line to ellipse ata point
: P
The equation of & normal at a point P{H.h]“‘“"“ﬁ"‘{ﬁ:jm
y=y=mlr=x) e >
] bl E
Herem, is the slope of the normal to -.-ilimi‘-p*;-;'iﬂ a point Plx,,y;}that can be found py
a
dﬁ'ﬂ:ﬂiatmg-;- +£ = | with respect tox: _ Summary of standard Ellipses ¥
a b & I: 5 y:—_“'-'-i
— =] e R
E,'Hl:‘zl Equation | o' YEThTY | Pt ETlec
a b e mal—b ¢'==ﬂ'!—b=
-2.’:-4.5-:'.'%.1: f Focus (te,0) {0,:6)
b
=S Directrices gmdep yaid
de g Major axis y=0 x=0
[ﬂ] --blx‘=m, Vertices (a,0) (0, a) . ©-6) (33
de ), . a Covertices (0,4 (2h,0) 3 In ench case, write the equation of ellpse through ; : 2-5
WY & Centre (0.0) 00| - Center is at (-3, 2), =2, b1, uspor axis & boriincy OPoHOR:
m,_::---—u-h‘: {62) . " & i b. vﬂﬁﬂﬁﬂﬂ[‘ aﬂ{]zﬂi =3 r
Tom b Eccentricity e=—=<1 e=—<| L ﬁmiﬂhﬁlﬂmhhmh I
The substitution of (62) in (61) is giving 2 a d. Vertices e a¢ (08) and (02), ¢ = 5. length of minor axis is 6,
the normal equation at & point A{x,, ) o ellipse: ; % The:shape of an elfipse depends on the ecc ity of L *
it 3 - _ A mwh:y: uthcellwe-;.nﬂm
a'y, a Graph x + (e mceniriky ofite elpee 242z wl,
F=¥ =_l{:—q]‘ my=— B\ € B b mmlﬂﬁh o
b'x, by, E o cllipse with vertices are at (~5,0), and (5,0) and the eccentricity is ¢ = 3
y=n_x-x &% A & ricity of the ellipse, if the length of the semimajor axis & a = 3
i - =4 and
f& ——'-% " Mwh“ﬁ;_q 2 a the length of the
a
* the lifte x~ +c = 0 will touch the ellipse £ +2°
H A =
mrnﬂﬁmmlm’mu.pnh?[iEJ to ellipse -’f-i-i-fr-zl. 4 ! ! il
. ] 5 : 15 9 B the line 2e—y+ o= 0 will touch the ellipse f:...;".'i-n
mnmh{ } 15 used 1o obtain the normal line to the given ellipse: 3 4
x;lxl=j;3. "‘(’lr}";jz['s-ljg]-ﬂ!=25.&t=9 &, : hh“‘*-"""—"ﬂwillwmhmumpu ;_;+€;=l?
=4 2 1 each case, ind the tangent cquation an normal equation
12 - ntapoint (1,2) to eflipse 24 = :
. 2) to ellipse ‘+$- 17 b, Illpﬂﬁlﬁj}mgum;;__‘_};:l-,
—_— ] 1 -
25 5 *  Find the tongent equation
L)
3 e & o the A :
zs{; “3{5!4]1} "“{"’”"4“9‘1 Fwhich is perpendicular to the line 9x + 8y~ 3= g,
. b tothe Lo o iwhichi
ﬂlhﬂ ?+4 |Wh=hﬂp!u1hlmﬂnh&+1u.__ 14=0,
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UNIT.9 coNicsyy .

why should we be concemed about the conjugate axis or the bength £ Ti: significance of b is determineg
by solving the standard form of hyperbola for y:
r! 3
-l
A ]

¥ x

— ==l

(£ B2 {1-£)

: - 1
== 1!';‘ ’I-—%i (68)
i

: ’ i sahues for x, then
mmmmmm%mumﬂ}.ﬁwmmmwmdm x, thenthe

fraction a’ becomes smaller and somller. In fet, the fraction eventuaily gets very chose 1o 2o, Thus, for
z
-ﬁ 1. Therefore, for large values of x, the 3 values approsches the
larpe values of x, the term 1 ':W

value £ 2 . and the value of the byperbola gets closer and closer 10 the fines:
y= :I-%x-

These linss are ealied the ssvmptotes of the hvperbola M;ﬁmwmﬂu:‘m’:tmwn
digtances from the center of the hypatola, the values of p (of the hypshola) Become o
ummﬂu@ﬂqmmmﬁ:_mm . Wﬂﬁw
hhﬂmhmﬂmnﬂhﬁjﬂﬂlnm
= For horironts] standand form byperbols Hﬂ, he asymptotes ave the lines

3 169}
¥ tﬂx

= For vortical standend formn hyperbola g-%sl,hwm”ﬂ:ﬁ:u

< (70)
: y iﬁj s Stscifa
- If 2 serzight line cos 3 yperbola in two points o a0 anfiite distance from the originand #
finite distance from the origin is then colled the asymptotes. et
The oreration of the hypabols with comer G0}, verfines and focd are sumemarized .

e —— = " [Fed = == —Tva I - = B oL
r_w ' E(—=.0) Foeth V{200 Viat)
Vertical E(0.c).F£0,—~) Vi0.2). V. £0.-a)
sicae that & =g +5.€>0-

CONICR
Shetch the hypertop £ _p* | -
- [} g -

c=uﬂ-’+ﬁ“=9+lﬁ=25.c=_t$
The E::i:rclhmﬁhmﬁ{—i.n}tudli
wre the lines

(3,0). The asymptotes ¥

b4 b 4
- bl 13 e
¥ d":j » H'r !x

For sketching the hyparboby, the end points of the
eun,hmmrh{ﬂ.n-llmtﬂwnhmud,mmm: Fi-50) PX-30)
lines through the points (04) and (0.4) parallel 1o he - * —
x-axjs. Similarly, draw the lines through the cnd poims of
the transverss axis Vi(~3.0) and Va(3,0) parallel 1o p-
uammmnmmh.mmmw:u
the extended disgonals of the mughnlh:m
of the hyperbola. The sketch of the hyperbola & shown in
ths Figure 9,28,

EEEIE20) Sietch the hyperbola 1657 ~9,7 = 144, with
mulumﬁhmmmmauwm
Determine the vertices and foci of the hyperbol.

Rewite the given hyperbola in the standarg
form of the hyperhola (67

165" 957 = 144

E-Eglai--‘:-l (1)

144 144 g 16

lfﬂnnumnkinhnglh:y—u&.ﬁmuhﬂ
@ =9.0=33 and §P=16,b =44, The vertices of the
hyperbols are Vil0.3and V,(0,-3). The end points of the
mjnmmsm[—q.mmmu;mmohﬁfmi
< be firund by using the formel:

=gt =0 16225, 0= 45

The foci are therefore F0.5) and F, (0, ~5). The asympiotes are the fines

Figure 9.29

}':EJEE = axn_E;
S i

Sketch the rectangle fisrmed by the points (0,43) and (44, 0) and then sketch the asymptotes using
‘hdingm:. of the roctangle, With the asymptotes, wertices and i it i casy to skeich the hyperbol, as
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UNIT®

(iv) Equation of hyperbola through its elements
Find the vertices, foci, eccentricity and the asymptotes of the hyperbola 1647 97 = 44,
T Rewrite the given hyperbok in the standard form:
]ﬁ_';l--g'yta'i“ -

] 1 2
LTS R S
144 |44 9 16

If the transverse axis s the x-axis, then select o =9, a=3 lﬂbz'l'ﬁ.ﬁ-tTh:\rlhcnfci

obtained by formuls ¢ = ya® +b° = JO416 =45,
The vertices, foci, sccentricity and asymptotes of the given hyperbols - = e following:
Vila,0) = Vy(3,00, Vyl-a,0) = V,{=3,0)  vertices
Fle.0) =50, F(—c.0) = E(-5.00 foci

a-.—.-E:i:rl ecConiricity
a 3
L 4
_}'wt—z'!‘.t-i: nsymplotes
a

ERNTEITS 22 | Find the equation of hyperbol, when one focus i at (0,6), center is at C(0,0) and the
cocentricity is 3. :

ETIETD Focus (0.6) gives ¢ = 6. This indicates that the tramsverse axis s the y-axis. The eccentricity 3
i giving the value of &:

e= £=l-3-'rE =g=]
o a

These values of u and ¢ is used in the formula 1o obtain the value of i
& =a'+b
F=c'-a'=36=-4=32

¥ 3
-IL-I—='I. al=4 =32
4 32

(v)  Standard form of equation of Hyperbola
]rwm{t;}w&E&TuhmufMMhdamiﬂfﬂ"'ﬂdh
can be derived through transhation of axes. B h
Transtation of hyperbola horizontally:
mm.dfumut‘ﬂnwwhnuhhmwmumqmﬂﬁfﬁ*md
V, (- k), foci at (k—¢ k) and Fy (h+.c,k)is:

{ ) : -*}’:.
o et

(72)

269 oT FoReats

CONICS-11

Figure 9,30

Translation of hyperbola verticaliy:
The standurd ﬁ.rmﬂflhcm:h. af

4 hyperbola wij
V;(hk~a),fociat Figh,k +.c)and . with center a1 C{l, &),

vertices at V(b k+a) and

—ehis
-4 G-ty i
& & (73}
»

T L
a’ = !
'{F;{'k.t-ic}

r,(mh_ﬁ
—

li (ﬁ‘..‘.‘—lﬂ7 .
"-\\
F il ke
J T ——T1
Figure 9.31
The orientation of the biyperbala equation with center Clh, &) are summarized in the box:
Eﬂmllﬁm Faci Vertices
v!ﬂmm Bl =c, k). Fih sy Vith=a. k) V i+ a k)
‘ertical Rk +e), Fh k—c) Vithk+al V ik k-a)
Note o =atept pap, .
Sketch the hyperbola
=l ()
- e 2
“enter ot O, &) and the transvierse s iz the -

axis. Determ : ;
- PR ine the vertices and foci of the hyperboly,

g S —




I R —
B = =NWEEENE

Uiy

-l a2y
143 25

The given Wyperbola; 74 with substitution .
Xwx—h=y-landy=yk=y+2, h=l, k=-2 ymllwmwhypm‘bnln in the XY¥-systeny,

b L
144 ‘ 4. 73 :
The hyperhola 75y fias o transverse axis on the x-axis that give o* = 144.a =12 and =25 5

The value of cis abtained by formula:

o= Ju=+b‘:|=\j144+25 =13

The coordinates of the vertices and foci of the new hyperbaks i the XY-systent are the following:
Vi{=a.0) = V,(=12,0), V,(a,0) =V, (12,0 vertices
F-c,0) = F,(~13,0), F.{c.0) = F,(13,0) foci
The asymptates in the XY-system are the lines:
5
Yn%x-%x. ¥ =--f-'x--ﬁx
‘The cocrdinntes of the vertices amd foci of the given hyperbola 74y in the xp-system are the
following:

V(I @, k) =V, (13,-2), Vall—m, k) = Vi[=11,~2) vertices

F(h=c, k) =F(-12,-2), Kl e k)= V,(14,-2)  foci

The asympiotes in the XY-system can be converted in the xp—system to obtiin:

b

Y==X
Fe .
¥
s—X, a=1b=5
T
U-k}-%{x—h}. Kmg=l ¥ =y=k b=l h=-2
5
rb 2= —(x—1),
y¥imaslx—)
12y+2M4=5x-5=12y-5x+29a0
ve-2x
a

5
==X
12

5
[;p-k):-ﬁ{# Iy
]
y+g=_ﬁﬁx-l}=11y+14u-5x+!= 2y Sxa 9=
Having skeiched the asympiotes and the vertices, we can sketchthe hyperbola as shown in thepigure 932

. !.__.-"
(=

Figure 932

—

. Furnnnslglhgtheh}mthsi‘:ﬂf_ =y’ i
@ g horizontally, the asympiotes are the fines:

b
—k) =22 =
(] 1#{1: &) 76)

» For translating the hyperbola X4 _(e=dy*
& Iwertically, the asymptotes are the lines:

—& =g:£ a
(y=4&) 5= o

(vi) Recognition of tangent and normal to hyper
2 itior to bola
- hc;“lme wlu_nhr:‘!m:ﬂm;: m;mh:rdmm i o tangent. For the hyperbola, there
Wo tamgents » eoincident {with an asympiot comp i slape,
farmmlation for tangents to hyperbola will be discussed in the 5mﬁ¢n§:;:rmlin:‘l R e

vif .
(Vi) Point of intersection of hyperbola with a line including the condition of

tangency

The given linc and hyperbola

Y=mr4o

¥ ._JL.; i78)
a § (79

*“{"Nﬂ S¥Elem Uf-ﬂﬂ‘llrllﬂ.l' 'ﬂim
o R ] '
St :}

b

a
Y=mr4g

(L]

The
o mlu::: s:ht y}ofanﬂm system of equations’ | o exists only, if the curves of the system
ﬂmﬂimmm at set of points of intersection {1, {a solution set) can be found by golvi
I Linses {738 used in hyperbola (7ofe obinin the quadrtic SquAtion in x:
‘r__!__ {mr+e)’
al r =
.tll:.inz-g"’m’} -Eﬂ-’nn+n’[r'+ﬁ=}=- 0 e

ot ReRaE




E AR R AT o
T y -. "*d‘.-q;.' e w
- "'.‘_*— i \r g__fl-"iﬂ‘:' ra I 8 N )
= - . . 1\“‘:[ F i il g |92 f,«.}--: o + i A
UNit.e CoMesy ¢ SIS S e L i T,
. 5 gkt . fiwo values x and x, of x, which ws Ifihe ling - CONICS |
'll'hctflwm being a quadratic equation in x, gives a set o GO - wm,,,_dwmm:';‘fﬁ“‘m - then the quadauic equaion bess coingi .
be sed in a fine 1o obtain a set of two values y, and y, of - _ _ ta'ae gt :uud:nn_ " going o be g, coincident rooty fr
The solution m“x"_.'.!}‘{le},r}} of the system is ol course a set of points of inersection of the Systeny me : L ]{a ][""*thﬂ ,
) it m7e¥+|:'ﬁ!_,u:”:}ira i__,’l}: 0, divide ot by dag? i
The points of intersection ofthe system are real, cofncident of imaginary, un?Mirag_thmh a’m'c’~ ane’ - oy Belepiag
of the quadratic equation ~ are real, coincident or imaginasy, or according g5 the discriminant of g, i ~a'mi Bty ap i
quadratic equation J -a’n*+¢’+a'=u :
Dfif:‘d-ﬂ‘m:p: +4{bl_"!ml}{qt]{c; +b’}}u, real and different 3 e ﬂa*m* -3 i
Disc=dg" ' "‘"':El'i'-'a’ﬂ-'l:'[ﬂ:]{f: +4) =0, real and coincident =gt gt :
Dise = ‘e +A(5 o) o) +°) <0, gy e =G {_
. ; = v e Sy The equation & the condition of tangency, T4 vale . |
m]ﬁndtlwlpnmorhlmmnuﬂhch.i y=I=0and the hyperbola dy'= p* =g i x4 lﬂuhuinﬂnmqltﬁ'ednquuimuﬁh:ummgm e of e from equation . - 5 used in the i
TS e canations o the v and byperola e R
x=y=1=0 e
| y=x-—1
; FIES P i _ . mmnnfgnylmmw ..~‘;..-";=|i,“,“bpﬂ_,mﬁ._
¢ The line . s used in hyperbola - obtain the x~coordinates of the points of intersection: a §
4= (r=1)' =4 IRmeiNa 45 .
" t 43
( 4:'-Ix’+l-1.1'}-4-n:&!;‘a-ix—ﬁ:-ﬂ:-x:l.l-% . lhelum--mnmuummw:‘?%::me
The x-coordinates are used in the line ta ohinin the y-coordinates:: o ;____ﬂ‘mt'-b’
*=h-3 givey=0,-3 m For what value of ¢, the fine ;-:-;1”..- will touch the hyperboks -{_E,i_ et ot
Thus, the set of twa points of itersection (1,0) and [-%,—:] are real and distinct and the lise “"‘““f"ﬂw'hﬂwmmmummmmwm ¥
LT The values of.c ot which the lige y = 5
5 Imep=gric will tonsch the em hivperba)
X = =1 = 0 interseets the hyperbola: - ﬂpohitl.ﬂ}nd[-i.-g]. | 72 ¥ giv L through resuh

(vili) Equation of a tangent line in slope-form ’ s s ||4 [%J_g =44

1fm s the slope of the tangent line to hyperbota
H

i .,’-4.5*-9_.«,'.3
2

5';"':3=| . Hm;::--%igtheﬂn;suﬂhulh: J=%~T+E’. The required tangant lines thar shaulg touch the i
a hype . b
then the equation of that tangent line is of the form thola through m;uu is: 3
ey e J”""‘“‘i‘l.'=;.ti‘-1 .'.mz—s- -
Here ¢ is 1o be calculated from the fact that the fine *+ Istangent to hyperbola ¥ ' 24
The line  * isused in hypesboln 10 obtain the quadearie equation in x: (ix) Equating of a tangent line to hyperbola at 2 Point £
L-tmoel The equation ofthe tangert a  point Py, 1) e

a
x’[b’-n:m’]-za"ﬂﬂ‘!'nll:e;+b‘]- ] F=m =n{r=1)




i
x|
4...!

=

UNire

e , ; —Saeh I .
Herem, is the slope of the tangent tine to hyperbola E?‘%ﬂ 8 point Pl yi)that ean P |
- R 1 s 5;"%-:1 CONicsn |
ﬂ'.’“ndh‘?diﬁﬁ‘tnlhlhg “'_IHJ!L.1 with respect to x: 2 "2 &
v S-J2, il
L | : i b e |
T differentiste wri x 22 b‘,r .
E_z_yﬂ.u IR '
o b dv (ﬁj b = R
ﬂ_ﬁf.\_‘ Lo ﬂ.F' o [+
e EI=,,}J I DJ-' E':
[22] = Efﬁ. =, Sy 42y . e ml b, "'“J' {55 'ﬂ.
dx [TOTI ms‘mmnnrf'ﬁjmrwrsmm : . |
The substitution oft%2) in (91 & giving the eiation of the tangent ling at a poim Plx, )0 ‘ Py feo) mﬂm:nmpmﬂ.r,,_mmw
hyperbola: |
| FHE mljx pr' | y-‘ﬂ*:::#_x'} .‘-l'l;“_'i_?'l |I
=¥ —"'"i* %) | 25 or-x) :
J 5 198
: x & ’ 1
BABE g g R a -
¥ b a & L LY m Find e ot 18 - =
- £ ¥ "‘“‘”"“‘“"'Pﬂ""( waii.r, 3
=5 M., 5 s L—Letar(a,n) CIIIED Reeun 0 9 9 16 |
a b a b = }ig used 1o obiain the normeal line 10 1he given hyperboly:
Exampl¢ T4 Find the equation of the tangent at a poin P[ m]!.nhmh._-)_ =], j‘j{-jl-i"—ﬁ& a'=9,5 = |
m Result1?3) mmwmumummmwhmh " Flﬁ .;'.
I—'} Do, o=9.p°=16 x5 Ty 16 e -
at b = .'.{:,.,L-,}w(j.—-J
16 o 9
e ; |
0.l (st : |
x=5) _(9y—16)
s_’..lﬁ_yui 5 I
9144 = =He=2x1)= 59y -16)
B0x~16y =144 = B0r 16y ~144=0= Sy y_9- =054 d5=dSy 50
(x) Equation of a normal line to hyperbola al & point e+ 48y =25
The equation of the normal a1 a paint Ft:..r.lmhapm-.-a!’..ﬂ, s
p=y=m{z=x) 54

Here s, is the slope of the normal 10 hyperboly -_-:'L. . at a point Pix,, ijm“ﬁl"

bydimm—l:'*“"“m‘“’

. 275 L o Rmens mw .
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In'ench case, sketch ¢

Exercise

he hyperbola represented by the equation. Indicate the center, vertices, foci ang

T 2 =h atdyoqag

the equations of the asymploles;
i E:'l-'ﬁl I, E_E:-l
4 9 25 4 ‘
[1*3}'_{1'--3}’i| o Dl el
] 16 TS

r 5 In each case, determine the cquation ofgrphcd ellipse:

K53 (00
V=55

L]
Fi-5-T)

3 Inmhmwrhnﬂnmnhnnmlhlhwghmmmum
' Fociare at (0.3) and (03, one vrtex is a1 (0,-2)
Vertices are at (5,0) and (5,0}, one focus is at (-7,0),
Transverse axis is the x-axis, axympiotes are the lines y = Jxand j= -3,
i i ane o1 (5,0) and (5,0, cceeniricity is 513,
‘-I E:::;mu{J..-I}m{-h—l}.aqmlommlheﬁnuy“ﬁﬂ}xuﬂjﬂ}w
=(-0fd) x + [5/4). ‘
4 miﬂu:mﬁlﬂm&fiwhmmﬂmmmﬁﬁwmdudhmm
. the points (~5.0) and (5,0 is 3.
h lhapoiﬁ{ﬂr”}ml_'ﬂ.lﬂiihmn
uation of the hyperbol _
= wrﬂ:i::ev:iﬁﬁﬂﬂ.—lh (42} and that passes thavugh the point with coardinates (5.1}
g with vertice (.1, 3.3t pssestrough e i withcoorlinses (04}
mehmskmhlhfﬁwhhmmudﬂmmmmmmm the
[N

asympiotes: (=3 (paly
¥ (,+]}’-(y-'1f="| i - -_.'_"T_L=|

2 NGEPEOREAEE

A theline y= g4 0 wip touch the hyperboly £._ )
6 4

b lbl‘.'ﬁﬂ:_y:
LB

]

~F e willtouch the hyperboly 73
Inunhnm,f‘mlhchnmteqmﬁnnm

)

a ::npﬂiu[‘wﬁi-.% to hyperboly %i— ;-I?

=]?
z H]

= K

1 > =7

mlm

b atapoint (-S_'SJ”hj-pqh.h ‘;:—é-l?

r Summary of standard Hyperholas
L Ly e
Equation oty I —r_ i I
L '-.:-ﬂ'}‘l'b’ o = +H
— T (#C.0) e
Dimc!rim I‘-.ii 3 __'i?r_
- Major axis y=0 =5
Lorless ea0) @227
Y
| Covertices (0,28) =5.0)
— Centre 0,0) &
&Nﬂll‘ldly g-f}] ‘ ""E:’i
¥
MY M
F
\\-._,__../
Graph ' "—“‘z‘—-u M;
F 3 E ! i
'-'-—-_____ = r-
Mo FeRsnnE
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i jtly reference 10 & system
If the coordinates of a point of the equation of 3 “mi?cag the cquation of the same :unreuz:;., "
rectangular or oblique, then the coordnales & figue. The process of so changin
nbtai:td with m&im-m another system of axes, skl .i;;hn:gmn of coordinates, o
coordinates of a point or the equation ofp curve is calked the tran

i) Translation and rotation of axes r
o
I general, we come scross [ define thmlc IS
W T tgn?uhliml. of Avest This will be used in changing /e

i irecti the oxes withowt chang;
. llli'.':l'fiun af Axest This will be used in changing the directions of the o nging the

igin of the system. change of the direction and the origm of
G :IE::';:H ransformation: This will be used, when e o o

o E lation of axes,
mn;ﬁtr‘r:lm::n the fwo seis of coordinate wees = calbed the teans

The rotational relationship between the (wo 5¢t5 of coorditmte axes s calied the rotation of axes,
o

change of axes that are the fllowing:
origin only and tHE BEwW axes are paralie] yy

(i) Equations of transformation for translation of axes
If O(0,0) i the old origm of lhr. set of old rcm.:s:::; s ¥
coordinate axes av and oy, fhen the coordinates of a pont

1o the old axes are Plx, ¥ .
= 100k, k) i the new origin of the set of new: reciangulat P

i i 1 to the old rectangulir
coordinate axes OX and OY parallel to !
mnrdhmcmthunllwmmﬂmmuhpnnPwihrﬁpﬁ:mth:

e, : X
new axes are POL Y L Y , ! i |T ™
1rPMnnd0Nm-=p¢rpmdv::mwtuuldmﬁ:th$:$ ! ;
mmPthuth=Wuumdmmwﬂxn e q—:—ri-lr | .
. f M
{ollowing assuntpiions ﬂ,,__,f__.——————-‘_"N
:-N-Ju.%“fﬂﬁr.uhl =, MP = 3 also OM, =X, MP=Y Figure 9.33
ﬂmmhu'adrﬂ:m@hrmdim_um
y= M=ol +NM=oN-+OM, = X
= = kY
= MP = MM, + MP=NO+MP N
dmhpsnmufmmumrdMnmhmurmwmmmx,rwmnt‘m:mﬂﬂ
y=X4+h y=Y4k (%7}

The set of equations |97} are the equations of transformation for transtation of lﬁ-m##

; oy 10
s substitution in 4 given cquation, a new cquation of the same graph is obtained, referred 1o

Inted axes
E:.; Equations of transformation for rotation of axes

[fox and oy is the set of old rectangulor coordinate axes, then the set of new mﬂﬂﬂﬂ“m‘ﬂcml'
aces OX and OY 18 olstained by rotting the old reclangular coordinates through an mgjeﬂ.u
anti-clockwise direction
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Transh 2
; m Iﬂlﬂpmnlkiamthmghlbcpun[tpl}lhgmnh*x: 35f*—h+|m}-+4;n_
Su

Ifthe coordinaies of

~ CONIES-11
Pwilh respect 1o the new

copndinates of a point

A point P with respect 1g
NS fire PIK. 'i',j ﬂEﬂH BXCE are H'h_‘lﬂ. then the

and OX ang /

ol

M=, MP= 5, ON=X, Np=y M PN =
M PN =

through ofd rectassmslar coondinate axes
a=0M

=0ON, -MN,=0N,
y=MP
= MM, +MP=NN+MP=ONsing 4 NPeosll=Xsin0+ ¥ cos
develops o set of rectangulor coordinate aueg i ferms of new
x=Xeosl-Yam, y=Xsinb+ ¥ eosh

An equivalent farm of the reftions (99) s
K=rcosl+ psing, ¥=

T

=M N = ONets - NPsing= X cosh- v sing

“““"'":_ﬁ; XY by means of the relation:
[k,

—TEin 0+ prosd i

( Tsibrmu! cquations through translation and rotation of axes
XM e T

o T Sl WL v A TR

(iv)

b 1

; bstiule r=X + k=X + | h=ljandp=Y ¢ k=¥ =2 (k=
4’ + 25" By 100y + 4 =()
. 4{:~:+|}“+zs{v-:}’-s{xn}nmxy-z;a-n
which yields the stundard form of ellipse in XY-plane by compleiing the square:

¥ X
35 T = XY - Sistem 100

. The standard form of the given conic
wbﬂ‘.{l[hﬂ of X=x+| m?:j'_Z:

4 L]
i-‘l-'_—_ll_'_ _{ L 2}
25 4

-Ej i'iﬂ!‘zi\r:ﬂ ﬂw-lﬂl'l.

=1, X‘S-l,ﬂ_}?-iﬂ_ XY — Eysten

B 29] Tramsform (o anes inclined at an angle 45
in“‘_i't-h+4xya-1 =0,

The substinition of equation 1951
X¥=XcosB-Ygind, B=45" |

1o the origingl aves of the conie

V2, i1, 2
nXﬂMlS—Yi[HS:TX——E—Y-T(x_\'} _.13h45=m¢5=!;§

y=Xgint+ Yool
= Xeos45+Ysinds =Tﬁx+§v-%{x+w
In the given canic equation
2 2 V2 2
4—{x-v)‘+E(mvr-sfow]u[;][x—vnxm_]. 0 , ‘
HOT ForsaLE 280



UNIT-

o obtain the transformed equation of hyperbol
X =¥ a3 (X -¥)-1=0
that yields the given conic by substituting:

v)

of axes. The procedure developed is as under: ¥

mnrdimhmuxanday.umlh:m'ginnfu-sﬂnf
mwhmd&nmwmuxmdo?mimlnlhuu .
rectangular coordinate Axes is O(h, &). Further, the sct of new G
rectznpular coordinate axes O and
rotating the rectangular coordinates axes (3% and OY through
an angle 0,0 <0 < 90"in anti-clockwise direction.

mnlﬁmumuhwﬂm;wsmm}-“*ﬂ“ﬁ
rectangular coordinates of 2 point P will) respect 1o rectangular

XY m2

i i
= K= (xt3), ¥ == (5—¥)
X-Y = 2 7

A . "+ and new axes with respect to old origin and old axes

“This s actually the general transformation (third type) which requires both translation and rotation

1f O(0,0) is the old origin of the st of old rectangular ¥

OY' is obtained by

M

IT the rectangular coordinates of 8 point P with respect

o
=i
=

Figure 9.35

coordinates axes OX. OY and new :mnglll:u' coorndinaes
axes OX, 0¥ are respectively POXY) and PEXSY')

The following assumplions : ;
oM =x, MP = 3 OM, =X, MP=Y. ON, =X, NP =¥

m-uu;huldmmnguhrmrdhmwam

x= oM

=oM=MN

=al+LN-MN

=oL+ 0N, —M, N,

=oL +ON, cosB-M, Psinl=h+ X cosf-Y'sind
y=MP

= MM, + MM, +M,P

=OL+H.,H,+M;P=k+0H,mB+N,Fm:B

= k4 X'sin0+ Y cozd

. fie -
wnwufmmmhrmdlrmeminmwmmmd‘mmm X'and Y'by means @
relation:

y=he X' cosf-Y'sing, p=keX'sind+ Y cosl i o
Transform to mew axes inclincd at an angle 45° to the original axes ©

m-ni:x1+y:-3x+wdl=n'mmhﬂ- 3.
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UNIT-¥

‘l'he anuimm of equation (i),
r=h+X cosll-Y'sing, B=q5t
=h+X'cos45-Yginas
2

I 2
=T 5 x*--.j_v-=1+-£{x'n\~} :,sinl-ﬁhwﬁ—ﬂ
y=Rk+X'sin0+ Y cos K
=k+X'cos454 Ysinds
¥2,,
=3+-X +if—‘f'=3+%{x‘+'l"}
i the given conic equation

2 F T 1
[2+;E{'.\C‘-T }]I-f-[h:ﬁiﬂ +Y ]I] “E[I-r—-‘?;{r-‘r'].]u[hif_[x._r] l*£{1'+‘r'}]—1=n
1o obdain the transformed equation of hyperbol -

3K YL ANI (X -¥) 4 W2 (X4 ¥) 5 2020
that yields the given conic by substinuting:

V2
x-2+-z—~{x -1} s }[’-%-;l-t%?l Yr,%';_}_.%a

y=-3+-"";—5{x’+‘r"]
(vi) Angle through which the axes be rotated about the origin so that the product
term xy is removed from the transformed equation
The substitution of the equations of rnsformation 1
¥=XeosB-Yzind, y=Xsinb+Ycosd
inthe conic of the form ax® + 2hgs by ' is

@’ + Ty + byt = n[KmB-‘rai.uﬂ}* +2i(X cosB- ¥ sin BN Xsin 0+ ¥ cosB)+ b Xsin B+ ?mﬂ}’

={acos" 0+ 2hsinOcos+ bsin® 0)X" + {-2(a~8)sinDcosd + 2hfoos” B-sin’ ) XV + fasin’ 0-nsinBeosD+ beos' 0] Y*
" The expression ax’ + 2y + by ® will be of the form aX® + BY*, if the coefficient of X¥ ferm on
the right side of the sbove equation equals zero:
{-2(a—b)sinBeos B+ 2h(cos’ B-sin’ 9)} =0
~{a—&)sin 204 2heos 20 = 0
~{a—b)sin 20 =-2hcos 20
sn20 24
cos28 a-b

2h

Mlﬂ-m
1. o 2h
B-Elﬂﬂ iy
m‘““m'qh‘*m“m'hﬂWﬂmmﬂﬂhmhﬂmnnfﬁg

eonie Gy + 4y’ 1250~ 1~ = Ddoes pot contain the term involving XY7
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AL TR TN =
VNI L
then the angle@can be
tedd (hrough an angle 0 th Toung '
If the axcs of the given ol B YO !
“Wl.mh'l‘ﬂilu“ﬁh: ' I
ﬁ-llﬂl".}i .n'F?.b""nk:ﬁ
2 a-h i o
121 i gy = (6T =
: g Vi Laeiga==
urilm-'léﬂ‘:_:.:n-im j z 1
Exercise
gl ® o The stadard form of the Fa parabala ; "
I Tﬂrﬁhl.:lu_;:m:::lmﬂ:'n;:__y+1=u, MwﬁmV{ﬁ.ilﬁﬂﬂa;ﬂn::}:Mdﬁmﬂr;r bepi :m‘*f ‘W“E,:h'l.\"'k
0,2), the equatio ; : : AP (Y =RY = e~ )
v :Tﬂfr 1,2} , the canic” +yt 4 2x=dy+1=0, ]:nd mmmmu;tﬁmm :::dm'nqhm"kmrk R
b e 2 Gy 30 =i il * P aml dizectrix line y = & - p iz (x-h) = p{p—
. onic 2y 6XH16Y T = ) =dpip-k)
. mﬂi-::..::mﬁc:’+y= 3y +105~10y+21=0. equation ofthe tangent line st a poiit Pfx,y, 1o parsbola i 33, = 2p{x-+x,)
iﬁ{': =] Tlll! Wi i ::- i
2 ":';:rmnmm-imﬁmdlml T e e e oL rmins
- -y = [i ; should parabo
it dfm“nwmnﬁmm? x: ipx i ERINEEmtS i la 3" = 4 v under condition; y=mr+ £, ¥=dpy
i . . ofthe conic 3 = . ! m
p, 90" wihe original axes ic 4yt +day—1=0. +  The normal equation to parabola ' = 4 ata point Pix,.y,)is: ¥, = {1}
45" 1o the ariginal axes of the conic ¢+ )7 +41 g Efliprse: *
[ - = Fl =0 ¥
: d 45"10 the original axes of the conie oy = 221042yt + 2 The standard form of the cquation of an ellipse with center st the origin, kength of the semimajor
3 Tﬁhmmmmmhmdﬂitrﬂ;s;h wxes 2, length of the semiminor axis b and major s along the x-axis is: 5—:+-=E;-I
. N iinal nxes o :
T L tan 1(1/2) to the original o b Thlwmdhnnnrm:mbnarndl{puwihmlﬂ:uﬁ;i:hmmhnrm
411yt =363+ 48y -~ dxy+41=0 through(1,=2). imi
1 ; mrﬂ&ﬂlu#ll.mnﬂhmmuhhmdmﬁuuklmm:yqﬁs is: iwﬁ-l
ar . tan(=4/3)to the original axes of the conic e : s
{14 8y’ = 20x-40y + 24y~ = 0 through (2-1) = . Thesiandud fom ofthe equation of an ellipse with center ot C(k &) kngth o the sernimajor
™' (3/4) to the original sxes of the conic MR8 18 s s by e o Al plol b the - ais ﬂl*%&:'
A} 24
i S +ﬁ;+51y-2¢=?“uwﬂ'n' ) o I, 'Ihcnmdud !bnnn_flbncqmthu of an cllipse with center at C(h, &), lerpth of the
¥ Tk;“;;m““ Wil he origin'so that the transformed qumnumﬁ Hﬂim:}urmnindgmhmwnxhb,mdmjwuismlﬁlnﬁ: y-axis is:
i 'II;:+4_fl_10;—&[11.424#-5=ndu=|mtwm=mmhmgx‘” {I;‘Lzh S,
a. ' i g XY? g ol
’J - sx,*h‘;+zﬁ#_lﬁﬁn‘mmmhmmmm } . Thel.‘qmliwnﬂbehwl'l!hnﬂw%+%llunmhﬂm._ﬁ}i&:
; [H
X 1, .:’ A
. | Par i
‘e The equation ofany tangent fine to cllipse i:-th:n!Tnlh slope-form is: y =k fatm’ +5°
if

i
The line = my + ¢ should touch the ellipse :7+‘E-Iuﬂwnmdkhr= S




