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F(x)+C, for any real pumber C. It is called indefinite imegy

fhen the integral of the product of f(x) and gy

Fix) is an antiderivative of f(%

P03 = e i (k=€

If fix) Mﬂx}miuwllmmw, A,

WL X s :
- o [ () and dv= g ()

jl-rd'c' = w'Imﬁr e gle), de= [ x b and [a, b] s divided mion equal subintervals v,

. interval [a, :
i 0 s ne e -
l'i _ ylgrimertind

bh—a
T o= im0+ )+ S0 82

ctimd A% =12 3en
The ﬂlmﬂuhlqrﬂa[ﬂw:m;;;ﬂ ?fm functions # and v WL X sz
e =wv) = [
I f(x)is continuous and _r-::];:u;u mnniumdh:unrﬂ[mi_r].thmﬂnt ares under a curve y=/i
un [, b) isgiven by the d.ellﬂi:l Intepral of f{x) on fa, b):
Area = [ () = F(b)~F(a)
If n function f(x) i:.-.conl':mm;l om the cloged interval [a, ], then
T reomtemlpoaf < F)-Feo
Where F (x) i% any Ilm;:nu such that F{x)= f(x) for all xin [a, &].

PLANE ANALYTIC GEOMETRY

—— STRAIGHT LINE
B B e p e et s T
T.1 D¥ivivion of o line sement 1

i Recall distance formuln 1o calculate distance between two points given in Canssian plane.
ik Firdl coordinates of o point that diviides the line segment in given ratio (intermally and extervally).
i Show that the medians and angle bisectors of a triangle are concument.
12 Shape of 1 stradght line
i Dreline the slope of a line.
it Dierive the fommily io find the slops of a line prssing through two paints,
il Find the condition that two stratght lines with given slopes may bo

®  parallel to sach other, . to emch other
73 Equation of o sirakght ne parallel to Co-ondimie axes
i Findthe equation of a straight ling parallel to ) )
* peaxis mml of a distance a from it, #  y-axiond 5t disance b from it

T4 Stondard form of equadion of 2 straighi line e
i Define intercepts of a straight line. Derive equation of & straight line in
*  slopeiptercept from. ¢ paini-tlope form, s
*  intercepts form, *  gymmetric form, oo
il Show that a lnenr equation in two variables represents @ straight line.
il Redwos the genenal form of the equation of a straight ling 1o the ofher standard forms.
7.5 Bistance of a paind from o line i
L Recognize s pomt with respect to position of 3 line
i, FNMpap:dSmhrﬁnP::&r::pqhmnﬂnsimm@Hnu
76 Anple between lnes
i.  Find the angle between two coplanar infersocting strxight lmes.
i, Find the cquation of family of lines passing through the point of inersection of two given lines.
ik Caleubute angles of the triangle when the sopes of the sides are given.
77 Concurrency of strafght lines
i, Find the condition of cancurrency of thres strmight lines.
i Fh ihe equation of median, aliinide and Fight blsecior of a triangle,
{8, Show that
L :ish'l. beectors, ®
T8 Area of a trisngular reglon
L. Findarea of a triangular region whose vertices are given.
19 Huomogemous equation
i Recopmize Timear and qaadmtic equations in two variables
I lovestigate that the 2*' degree homogeneous equation in two variabiles x and ¥ represents 2 pair of smight lines
theough the origin and find scute anghe between them,

B e —

two-paint ferm,
norreal form

thee medians, *  three altitudes, of a triangle sre concurrent.

We are familtar aboutl Cartesian coordinnle system, we have learnt
eboul & in our previous classes. This Canesian coardinate system may be
help!ul to know the slope formula, Pythagoms theorem and distance formula,
In thnis Jesson we will lcarm in details and write the equations involving arbitrary
points, Most of the geametric ideas can be expressed using algebraic equations.
Annlytic peometry is defined as:

“The siudy of relationskip Betaven seometry dmd itlgrbrn s caltled
unalyric penmutry™
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. by
Ehlﬂ'l. imts, the msm
jent between WO o MEflar
For example to calculate the SW j jt “Risc” and the denominator is the g b
difference in the y-coordinates some Himes

between x-coordinates, some time called it "8 nsi -y, Rise
Slop between two POIRIS =S =X, Run

L )

—ention of Picrre De Fermat and Eﬂlﬂhm
simultangcus invet lines by algebraic i Ty
s Gmm:’;r‘f::m:r#w representation of curved 1o

i century by thent
tw variables say, © and v was gived in seventegath

t N
n Division of a line segmen well as with several of its subssts,
We are familiar with the set of ml:dmm a5 o i b mm
watural numbers and real numbers. nmbers

dimensional coordinate system call real umber line.
m,mﬂlﬂﬂl of distance between two given points )
The swdy of plane analytic geometry i srwh:
facilitated by the use of vectors. The :ﬁ:tlni.:t mmm: .
giwnpainumb:uhﬂmdbynﬁnsdﬂdmmlzmﬂl. 4o i
It Pix, ) and Qs ;) are two points i

BT i ."J
and 0 & in between the positive directions
xi—plane 0 - 1he angle in nl.
ornhcxmdym,mu.mfsthed‘mhdlheuym

associated to initial point P(x,)) and terminal point x.-
Qlxy.¥:) Figure 7.2
The components of the directed line segment PO are: T P{:..m_ul|
i - i Q(xy, ¥y} are the two poinis iﬂ:
e peplan, then the ditance  beess &
= (5, 1= 50) given  two points Plx, )

PQ=(x-x5,5.-%)
=% =) +(: =0}
Squaring both side of the directed line segment PO} to obtain
(PQY = [tx;—x )i +{y; 'J'ﬂ'jr sfa+b) =o'+ b +2ab
= (= xVii g =) 4 2= =)0 Jjfe!
=G i O 4220~ est = o =1 g =

Ly)is obtained by applyias 4
Qfxy J’tsz_w? e B
(PQY’ =(PR)' +(QR)

-7‘!‘.&"1}’ +0n '-"I]‘
P T

= = 0 =30 4 2% =0 Yy, - 3, )cosd
=tx,wf*t:v’;-m”f!m-&K:ra*x}m% L=F
(PQY*= (% =% ) + 0y =3} .-.mguu
PO = try = %) # s = 1) - (0Q) = e

L worsoss”

= - e
UNITT

P o =V T, =3 =, sy

This i the distanice from poirt P,

PLANE ANALYTIC GEOMETRY STRAIGHT LINE

1

0
«#) 10 point Qy(x,,34) in the Canesian coordinate plane.

*  The distanse from the arigin C{0,0) 1o paiet P, 3,0 s obtained by inserting 1, = 3, =0 mrmﬂ.‘t]
(M o =jor|= 357

*  The disisnce fram the origin 00,0 1o peieat Q{my,34) b obiained by irmering x = ¥, =0 in resuh
() d=(0Q)=fxie )7

¢ Wihe fine segment P is horizosial, then the distance from the poins P{x,. ¥} 1o poist C0x,. 3]s
obenined by inserting 3 = by in rosabt (1) of |G = J(x; = x Y

*  Ifthe line segment PO is vertical, then the disance from paine F(x,. 3,) o point Qfx,, y,)is obtained
by insenting x, = x, intewh (1 o =[PQY = J(y — 31"

[ 1] Find the distance between the two points P(3,-2) and Q(-1, -5),

m Plx, wd=(3,=2) Q{x, ) =(-1,-5) is used to obain the distance J in berween the two

peints P and O =

d ==+ =3 =l =3 (5= =+ =B =5

Co-ordinates of a point that divides the line segment in given ratio
{Internally and externally) L

Take Pix, ) and Q(x., p.) are the initinl and terminal points of a line sepmen PO and K(r, 3
Is & point that divides PC) in the ratio m, 2my. 0E 5, roond Fare the position vectors of T, © and B then
A GG )T it g e (ma)m i, r={ny=xie g

122w ey, PR =~ pQ =™ (0Q-0P)=—"(r.—r)
RQ my i iy

nTr"‘ﬂJ HII+'|’
If OP+PRwr ¢ —"—(p,~p), OP+PR=OR
i, + iy

then the position vector of OR is
OR = OP 4 PR =1j # — (5, =1} = AT 58 10, = 1w,
Hty -y oty iy

L i ORwr

"
Ay

() = Malen ) 4 (s p)
;-4 _ Figure 7.3
Equating x and y comgonents to obtain the coordinates of Rixy)
o | s, m
e [ mtm o mtm, }
that divides the line segment PCY in the mtiom, ..

ROT FOREALE
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UNIT-7 == :

. o ——
coordinates of the midpoim R
i idpaint of the Ti wm:?ﬁ.lhﬂh”‘l’m’mdm g el

I & i the midpaint of the line e (A;
line segment PQ ';‘M - ::i;h ,::lhw ugmuﬂz PQ joining two points P(x,, 1) and Q(x,, 5,
The coordinates o po M MY~y

; . A E’:.Jr}r- . = ]' {_ﬁ}

: io mu i, (m, oF My i mEgAtive) arc: me=my W

externally in the ratio my @ m, (% £

. <+ which divides the line segment PQ joining the two pojn,
Find the coordinates of the point whic &) and Q(-6, 2) in the ratio 3: -2

fa). (1, 2) and Q(3, 4) in the ratio 57. (B PG,

I£ R, ») is 2 poiat that divides the line segment PQ in the ratio 5:7, then the coordinates.of
R{x, y) is obtained through result (B): :
. ﬂ=[ ety 4 M]
2 my -+ 1y
5(3) 4 7(1) 5(4}+?t21],[ll E]

- £37 ¥ 547 6 i t
N 1€ Rix, ¥) is @ point that divides the segment PQ) in the ratio 3:<2, then the coordinates of Rx, y)

is obtained throvgh result (B):

_ | magat ez mdyt ml]"l]

Exu_?} [ m+ my ! my+imy

! (3[4;; {;m 32 ;{—22141]=(_M__1} L3y =2

The medians and angle bisectors of a triangle are concurrent
I. The medians of a triangle are concurrent
Proof: I0ACx, ), Blx, 3. )and Cfx,,3,) are the vertices of 2
triangle ABC and P, Q and R are the midpaints of the sides 4B,
BC and CA, then the coordinates of the midpoint ) through
= .+ + ¥
mid point formla. Q(—Lzﬁ-,biJ] =,
IF Gl ) is the centroid (in centre) of the triangle ABC,

then, the coordinates of the point Gllll'tlth'iduih:mdim.ﬁ,q —
in the ratio m, 1, = 2: 1 are;

=5, m=7,P(1,2),Q3,4)

Bry) @ C&mn

Figure 7.4

i[ﬂ;_"\l”_ irfézl}y. |
Gix, y)= : a4 :
% 2+1 241 i [31—5:-:--'!1|!.|.t£32_ul) i)
Similarly, the coordinates

of the poi s .
ratio 2; | are respeciively; POInE Gtz ) that divides 1o medians BR and CP each It e

e :
e

i FLARE ANALYTIC GEOMETRY STRAIGHT LINE
i 3 &
_a.[ B +x []:I + % \I |
Gixp) = 2 : CIREL o[tz e wryvy, o
21 241 3 £ 3
- &
'd *
(55%)en {2325,
Gz, y)= 4 2 B B Rl Tt Bt | (iiE}
241 241 3 3
. 4

Therefore, the poinit G(x, y) lies on each median and consequently the medians of the triangle ABC are
coneurrent.

m Find the cenroid of the triangle ABC, whise veriicess s A(3-5), B{=T, 4) and C(10,-2),
@D et A3, -5), B(-7, 4) and C(10, -2) are the verices of the triangle ABC, ITG(x, y) is -
the centroid of the triangle ABC then, the coordinates of the point Gix, ¥) are:

G{x.y}n(" +1;+x,1 yj+y;,.+y,}_[3—T+lﬂ ~544-2

: 210 2 ]=r.=.—u

il The Wiseetars of a trelangle are concurrent
Proof: If ABC is o triangle with vertices Alx, v ) Blx, ) and C(x, ), whose lengths are

[48]= c.|BC]= aand |C[= &, then, the position vectors of A, & and C are respectively:
ri= i =i+ 07, =l )=xis mi, n=lx, ) =xisyi
Consider AD, BE and CF are the internal bisectors of the engles 4, B ¥
and C that meet at centroid G. This is shown in Figure 7.5.

IFAD is the internal bisector of angle A, then;

BD_BA _ BD ¢ bl k.

T Rl E::B!).DE c:h .{i} .

This means that D divides BC internally in the ratio c:b and =~ O

the position veetor of 1 is therefore: E"'}i_:’_! Flgure 7.5

: c
Agniﬂ'j.-l—].a .[1':_::. Bn+m= e i

e b T e (i)

a8

I BG is the internal isector of the angle B, then, L L TP i

AG AR o ™ DG:GA= a:(b+c)

i ar +{b+t'!.[5'1'§?-] ar, +br, + alx, ¥, +B(x,, 1 )4+l )
= LY =L i’ = B4 s i}
Position vector of Gix, y) is: ¢ ath+c a+bie I nb:c o

HOT FoRSALE 182
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. o ik .
T sl of the centroid G, 3} alitained from equation (i1} by equating the £ and

. ar, + b, +6% M]
Gix,¥) ’[__'___

COMpONenIs: o a+b+e “I'r}

Similarly, the internal bisector of the angle C also passes "‘_“”'Lgt.]::]]:l’i_ul’:é:lcﬁ(x. ¥): This, g,
angle bisectors of a triangle ABC are concurrent and Gi(x, ¥) 18 the point ¥, ‘
Muhammad Aynan hasa trinngular piece of backyard where he wants to build g gy
i ilt there?
pool. How ean e find the largest circulor pool that can be bu ;
mﬂw targest possible circular pool would have the same size as the largest circle thy can be
inseribed in the triangular backyard, The largest circle that can be inscribed in a iriangle is ingirege, This
can be determined by finding the point of concarrency of the angle hamlo:ps of each comer of thy
backyard and then makingz a circle with this point as center and the shortest distance from (hie Pointte
the boundary as radius,

(B 5 ) i the tength JO.

Here, O is the point of concurrency of the three angle biscctors of ALMN and therefare is the
incenier. The incenter & equidistant fom the sides of the
triangle. That is, 10 = HO = 10, f
We have the messures of two sides of the right wiangle
AHOL, 50 i is possible to find (e lenpth of the third side,
Use the Pythaparean Theorem to find the kength O,
= JILOF ~(HL) = 1¥ 12 = V169144 = 25 =5
Since 1O = HO, the lenpth 10 aleo cepmls 5 units;

;, ‘:-:;imtPﬂiﬂtsmﬂ{hlﬁlﬂitl}mt‘{irlj.%wm | AB|+|BC=| AC].

. e, T the midpoin of he fne segrent PG joining the two points P(x,, y,) and Qi 2)¢
a. (1020}, Qf~12,-8) b Do), Qe ) 1 r(' l] Q[E 1]

a In each case, find the i i L £ 4) ke ) i
thetwopoints oo OTthe boit Rlxs) which divides the fe segment PQ joinite

w FL2), O03.4) in the g 547.

€. PU=6.T), O15,~4) in the ratio %:u_

B P393, Q6-6.2)in the ratio 322,

4. In each case, in what o is the |
Qa, 3,) divided by fhe P g e segmont pg (ioining the two points P(x,2%) snd
A P(8,10), Q(-12,6), a[h-:.,?_“]
=),
£, Find the centroid of the 1

o A2 B2, s 5 mb'“}fu"ﬁum .
' » Bd.6),

3
b 2, 060, (£:3)
b Ihlluwing:
o c. A{l.l}.ﬂ"z-‘ﬂ'ﬂ{‘j}
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UNIT-7

BEW Siope of a Straight Line

m;hwafuiﬁmknmufnm\uhm
“steepness™ of the line, and whether it rises; or falls when
maving from hﬂm@u.mhﬂﬂumxhﬂmﬁmwﬁﬂc
the line from C 1o D goes down are depicied in the Figure 7.6:

Slope of a line

The graph of a line can be drawn
knowing onby one paint on the line if the
“stecpness” of the line is known, oo,
A rrrber that measure the “stecpmess ™ of o
fine iz colled stope of a line.

I move off the line harizantally 1o
the rght first or move wp or down
{vertically) to return to the line, then the slope of the line is the “steepness” defined a8 the mitio of the

vertical rise o the horizontal rune  slope = E‘;-ﬁ + the run is always » movement to the right

Formula to find the slope of a line passing through two points *

FLANE ANALYTIC GEOMETRY STRAIGHT LINE

Figure 7.6

REN——
Figure 7.7

Mathemutzally, if any two points on a line are ¥
availnble, then thekr join makes a constant angle with o fixed ﬂrj"t'
direction and the angle 2o formed is independent of the chojee
of the two points on the line, This is a precise way of saying 4 L
that any line has 3 constant slope. It i customary {o measare
the angle @ which a line makes with the positive direction of - 5 N *X

the x-axir, The quantity tan0is defined 16 be the slope of the
line and is denoted by m. The slope oFa line is also referred to " g
grudient of the line.
For illustration, it A(x,y,) and Blx, ») wherex, = %, are any two points, then their join develops a
lme L that makes a constant angle @ with the v-avir. Daw AM, and BN parallel to y-ariv and AL
farallel to x-axis.,
The slape m of a line L thraugh the two points A(x, 3 ) and Bix,, 3. ). is therefore:
LB =HNL =AM ¥ -

LBENTIN 6 | Find the slope mi of the line L through the points

fa). E{L4) and F4,6) L M{3,1) and N{-1,3)

The standard equation of o fine s
a The given two points E(2,4) and F{4,6) form a line L. whose i

¥=mz+ cwhere i is a slope.
ﬂﬂiﬂ'iﬂ mn‘b-—t_‘ll =E=E=I
T -
L) ThmmmpuhuMg.nmm-l.nimmnlhu.wtmmpe'm
gadishe 3=l 2}
¥y ~1=3 4 3
Wmm 184
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7.9
Condition for two straight lines with given slopes are
Gk DRsoMElito ckeh otker {b). Perpendicular to each other
n. Parallel to vach other :
1f L, and L, arc the two lines having slopes m; an n,, then the lines L and L, are paraliey if
they make the same angle with the s-axis, that means they have the same slope. Conversely, if two Jing,
¢ L, and L, have the same slope, then they will make the same angle
with the x-axis and the Jines L, and L, are therefore paraliel for

which!  m=m, 0]
1t is imporiant to note that the lines parallel to s-uxis have
zero slopes whereas the lines perallel 1o y-axis have the slope = "

h. Perpendicular to cach other %/.
If L, and L, are the two perpendicular Imcs make the
anglesaand [ with the v-axis, then the slopes of the lines L,

and L, are respectivelymy =lana ande, =tanf, From the Figure 7.9, it is clear tha

Fipure 7.9

L 2 ¥
E—ﬂ i =v£l-'2+n

nfi= m[-;-f-u} take tan of Both siders

1 ¥
R (i) ’
The given lines L, and L, are found perpendicular, since the product of their slopes equals -1t
R
iy = lom g tan 8 = tana| ——— ==
my f : ﬂf[ nna] 1 (iid)

A Equation of a Straight Line Paraliel ig Co-ordinate Axes

miqmton of a straight line parallel to
o y-uxis and at distance ‘a* from i,

© x-axis and at a distance ‘b’ from i, 4 T
I yenuls and al o distance ‘a* fram It oA
) Let PQ hlw1htmwmﬁu‘mt o unis
from it see Pigure 7.10, This is very clear, thay all the points an the Jin 3 =T
have the same ordinate say *4°, i % 5

_m“'lfqﬂ“h“ﬂﬂfﬂ:mdlsthu ;rl Q -

: Figure 7.10
. the iy !
Fauaion of straight line is parallel to yeaxis at a distance @

satisfy the condition x = a therefore,
fromit, e x=a,

0 Ifl-n,lhﬂhlb!!bﬁﬂl.lllﬂl:nﬂﬂdhwihh B
i 10 PQ s pasalle snd 1o the Lot of yoxs 41 'Hu_’mi'““ﬂmbmx-n.
distanes 10

. " 2 e 15 equation is x = b

e

PLANE ANALYTIC GEOMETRY STRAIGHT LINE
mﬁ“’ the equation of straight line parallel 1o y-axis at a distance § units on the right side of

yemxis.

Mﬁ:‘;h e (i

. 5, lance is 5 unds 10 ncht side of is;

DL b right side of y-axis; 0, equation (1) y

il a=nals sl od @ dllstunce *b* from it Pi—'—.?—r Q
]

Let PO be a straight fine parilel to x-acis at o distance *5* units ffom it
see Figure 7,11, This is every clear that all the points on the same ordinaie say, "4,
Therefore, PO can be considereil a5 the locus of a point o a distance *b° Fom 5 "”E *
axis and all points on the PO satisfy the condition y = b. Therefore, the equation ¥
ofa siraight ling i paralle] to x-axis ¢t o distance b fom it ifeg,  y=5. Figgure 7.11

i I d =0, then the straight lne coincides with the x-axis and its equation becomes ¥ = 0,
H. If PC is paraliel and below the x-axis at a distance *4°, then its equation is p = —b, .

Standard Form of Equation of a Straight Line '

Because of their simplicity, linear equation (line} = used in many applications 1o describe
relationships between two varables, We shall see some of these applications in this unit. First, we need
to develop some standard forms that are related to linear equations.

@iy Intercepts of a straight line ¥
“If a straight line AB infersects x-axiv at C and y-axiy at D, A
then OC i called the x-intercept of AB on the x—-axfis and OD is n

cnlled the y-Intereept of AR on the p—aeis.
ST & [Find the x and p intercepts of a line Zesdpsting,

¥ : x'e o) .
The x-intercept of a line is obtained by putting v = 0 in a ol CHg
line: 2x4dys6=0 8
A0y —f = Th= = r=3 Figore 7.12

The y-intercept ofa line is obtained by putting x = 0 in a line:
2x+4y+6=al
20} +4y =6 = dp=—6= y=-3
The general criterin are that & line in two dimensional space can be determined by specifying its
slope and just one point.
(i) Sﬁprmmpl Form
i the line see Figure 7.13 develops the y-intercept ¢ on ¥
the p-axis. The line L also makes an angled with the positive
direction of the x-aris that develops a slope m = tan L
Let P(x) be any point on the line L. Draw PM paraflc] to y-axés and
€M parallel fo x-axis that give
CN=0OM=4x, N

NP = MP - MN = MP - 0C= y—c e

_In APCN, the angle is ZPNC = 90" and the siope of the line L :
¥ giving the slope-intercept form of the line L: Py 112

NoT FeRSALE. 186
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NP y—e¢

o iRl

B =S

= y=c=x1and

= y=xtanb+ec=mx+e e} e _ _

ight 1i pgmlmwhlhzaﬁgh(ﬂqul-m‘f the equation of Jine |

m#::fnﬁalf:-m:xkﬁ m denotes the slope and ¢ denotes the y-intercept of the line L on the gy,
afy.

RS o esiopes e lloving s @ 5-3=5 (). 243y

a. . Foriheslope, solve the given line for ¥ 1o obtain: x—p=35 =:-_r=-x+5 = y=x—5
Thus, the slope of the line is the coefficient of r—term which ism=1
b, For the slope of the ling, solve the given line for y to obiam:

2x+3y=6 = Jy=-2r+6 = _rn—-%:+2
_ Thus, the slope of the line is the cocfTicient of x-term which 15 m = -% ;
iR 10 | Find an equation of the line with slope 4, when the y—intercept is 6,
@I Fesult (1) is used for the assumptions m = 4, ¢ = 6 10 obtain the required slope-intercept form

ofa line: p=dx+h
il Polnt=Slope Form

H L iz & line see Figure 7.14 possing through the
point Afx, v ) and Plx, ) is any point on a line L, then the slope of the
line L is giving the point-slope form of a line L:

m=i—2l

e 5
x=% *o ;r A X
y=y=mlx-x) {ii) Figure 7.14

IO 1 | Find an equation of 4 line with slope 4 and passes throuph the point (2.4).
mﬁmll (i) & used for the assumptions m=4, - obitain poist-
s byw o Alrn ) =A2,4) 10 the required
x4+ y-d+8=0=—4 4= e i
iit.  Two-Palnt Form ARSI R0

If L is a line see Figure 7,15 passing throagh i
ACx, ) and Blx,, y,), then the slope of the line | js; .

=fTh .
& -1 (i)
FFthe equation of sTine L thovughthe: Ag, ) wigy slope m is
Y=p=mlx-x) (i)
then the equation of a line L through the (o oo
Blx, 1) kmmﬂfﬂﬂmmhﬁlmhﬁxhﬂ} and
}r-—'jli:-zl—-j.{'r_x}
H=x (¥

187

Ll

. Parameter r, lor us draw AL and PM parallel to peecir and AN

R bty TR e
TN FLANE ANALVTIC GEOMETRY STRAIGHT LINE
m Find an equation ofa line that passes through the two points P(-1,-2) and Q(-5,0)
Result {v) i used for the assumptions p i 7 Tt
required two-point form of a fine: mptons Plx. 1) = P(=1,-2), Qlx,, ) = Q(-5,0) 1o obiain the

S 1
S (Sl S TN

A

i

=-dy-Bmixs = 2xddy+10=0=s x+2p45=0
iv. Double=Intercepts Form

Ifa line L interseots the v-aviy and y-axis ol points A and B, then OA = & and OB = b are the x and
y-intercepts of the line L

Let P(x) be any point on the line L. Draw PM parallcl to yaxts L
und PN parallel to x-avis. From the Figure 7.16, the comparison of
similar wrinzngles ABNPind APMA s giving the equation of double-

]
intercept form of a line L: L v l
MP MA Ii—o x
OB-ON _ OM b—y  x v
Dl e Y il o e by = 3
DN ORI g etk R
Figure 7.16
E+ﬂ=| =¥y i)
ab ab a b

[EEI 15| Find the equation of a line whose x and y intercepts are (3,0) and (0,4) respectively.
@EIIEED Result (vi) is used for the assumptions a= 3, b = 4 to obtain the required line:
LA
i o4
4
-IlL;Eﬂ = 4r43y=12=dx4+3p-12=0
¥ Symmetric Form
Let a line L through point A(x;, ) makes an angle 8 with the positive direction of the s-axis.
IEP{x, ¥} is amy point on the line L, then AP = r. Ifwe allow
F1o vary with any positive or negative values, then P will take any
positien on the live L, Conversely, if P is given to be any point on
hlhj:hmmummqmwmurrmbe found which in fact is
the distance of P fiom A, Thus, it follows that r serves as a
Pazameter of point P

To find the coordinates of o point P in terms of the

parallel to x-axis, that with the following assumptions

OM =0L+LM =0OL+AN Figure 7.17
MP =MN+ NP = LA+ NP (v}
dvelops the parametric equations ofa line L through the paint A(x,, ) at an angle 9
OM=0L+LM MP=MN+NP
=0L+AN =LA+ NP [wiii)
I-x,+rmﬂ.uusﬂ=¢ }'=J;+rﬁnﬂ,ﬁnﬂ-¥
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_ _ line L afler simplificas
The parametric equations  automatically give the symametric form of & N
x-!
'DDEB e = _‘f_-‘_lli-y_-_& =r Iit}
-"_Z cosfl sind =
sind

‘ 14 Find the equation of a straight line with inclination 45° and passing theough the po;.
(2.42).
@D tHere we have inclintion w=45°and point (x,31)= (232 The equation of fing i 4,
Substitute the above vahucs in the formula o get the cquation of a siright line.
a2 _y-f2
co345°  sind5°
——-tain-ﬁ"f;-z}:ml-i'{ --ﬁ}

i I

-—'.t:El,'x -N= E[}’— *JE}

=x=y=2+42=0
vi.  Mormal Form

Th:munlﬁ:moﬂﬁnc‘uﬂ:mimmhlimhlmnfh
Imﬂhnfhmm&mmimhmmmmm
makes an angle with the x-arix,

Ifa iwLiﬂnm&mhM}uﬂupnim&md B,
then OA and OB nlhexnﬂ}uil:mpeg_nrth:&u L. Draw ON

Figure 7.18(k)

mﬂ‘-%:ﬂh:;:mﬂ ’
(x}

IFOA a0d OB are the x and yinterceps of s line L, then through result (), the equation of 8 norms!
I&:thmurmmdimnepmdm B Eo¥

s |

Pmnwf;;.%;ﬁ-la *oostl+ ysinD= p (xi)
mmﬁmcﬂ]hk_ﬂnufmndwmﬁ:ﬂwﬁmohﬂnc
) ,H Find the conesponding huuf.mqirmhn,h-ﬂmmmmhrwm
mﬂm,umhimmmmmmm
mm hnndﬂmumu_ﬁnmpﬂ,aqm'

40 obtain the required equation of @ line:
xcos120" + ysin|20* S

-1
=3 Se—x4 v
R R T O
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UNIT-6

Mow, use trigonometric substitutions in coaation (ii)
u=mﬂ,%=m‘a=¢-m’am
i tnf.sec’@ o ctan.sec’s
—fe e T
il I tan’ ) 4+ ﬂj‘ ;Q!
Reeturn substitutions in (i)
-2 =i
fm#l"h[ml{uﬂ fﬂ'}H'}"c‘

| -
et 14+

I+

o ';&4'(#*2]’
" l+{z+32) e
=—In ! +C

I+{x+2)

=.-Iuk|+(x+ 2]’}'%

+C

=32

1 H
—_— e Inli + C
.1r"+4x+5¢ 2 I M E+

-%hfx'i-"#*'#"'c
[ F-xd‘z
ExnmplcSEH Emmﬂlwl .!’*"4""5*

x+2
v
LSiliitiiiis) I;p——:,m”
By completing square in denominator
42 24+l i
|

x+2

sinf
cosl

= —;—h|1+{x+ 2}‘1+:’.‘

dy=
IJ:’ +45+5 IJ.\"‘+4:+4+I Vix+2) 41

Let lf=x-ll-2,-3--]=-ﬂh=dr

X+l | u
de= i
jJ{x+z}’+l jvfu'i—i
Now, use trigonometric substitutions in equation (ii)
v-m&%-m’ﬁ = dhu = 56c70.c0

u tanf.sec’ 0 tanfscc’ @ tanf.sec’§
‘[]u’ndb'fim'hi ﬂ-'[ Jsee'n dﬂh]‘ ‘secl

Retumn substitutions in (it}

0= [tan0-seca = sec+ C

0= [tan8d0 =] = g = —In|cosB|+ € (iif)

(i}

(i)

i
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INTEGRAT

X432
jmdﬂﬂm{im“[u}]+c
= “*“:+C=m+c

H(‘.’Mclj x+32 s‘_&= r___,l.';+4.r+.5+£‘

Ay

BY tniceraton by pare

In previous sections, we have leamnt some of the basic techniques of integration to solve
problems like [x'dvand [sinxdx. But, how-do we evaluate an integral whose integrand is the product
of two functions such ns jxa'mn&. [xe'ﬂk. fxln-ﬂﬁ

To solve integral of the Lype like that, we have a technique called integration by parts.

Recognition of integration by parts
Far this technigue, recall the differentiation of the product of two functions f(x) and g(x) wr.t .
S 0800 = S5 L (500 + 8002 1) = £ )+ 209 )

0 =L 1/ DN -5/ (x) @
The integral of (i) with respect to x is giving
[ 1e0g rde= [ L1 Fg (e~ [ g) (xhdem £ (g0~ [ g) 1 ()
The equation that can be transformed inte more convenient fom by substituting a=/fx) and
=g, d= f(x)de and dv=g' (v fudv=av—fvde i)
This is the standard form of the integration by parts formula,
Ex .|||||r||-‘m Evaluate the i-ﬂtcw IIE'I‘!!K..

@D The integral rule (i) with 1 = x and &= ¢* is used to obiain:

I"M‘dt-xﬂ" '_l-z‘{”d'- %"l dv:&’.-:ﬁr. v=e’
=xe'—pg"+C
Applying method of integration by parts (o evaluate 7a

types [Va P, [V s 2, [Je-a
i Evaluate [Ja® - xdx

The given integral is
Soucion ] o m

It this problem, we ehaose u=+/a" — 5" and % =1 to integrate the integrand of (j):
[=IJa—xde= Mtrm-fﬁg:—ﬂm
i y— e - T “.1_{ 2 1-) ,
N [ Tt TR, s it
159 NOT FORGALE

o i ;
: ;;-%Lu‘—x'}* '(<2x), dv=1dk, v=x

p— INTELRATION

=xa -+ j;,_“‘?j\r'_‘m..l_'j?n_:f;_i

2|="'\|ﬂt'r’+a'sh|":'+c- I ::‘.: x'=m 3
gt

il Evaluate [a™+

S 1= o’ +xae 1)

In this problem, we choose n= Jg'+x’ and ;‘E= I 1o integrane the integrand of (7):
|=I'~Jp!*:’dr
=Ja=+x1{x}—f {It x]lﬂk
a+x
= * (a'+x')= o il .
=xyg +x1—j-3;defﬂx:.‘n*+x‘- !m— aclel amd subiract q
— i it
=xfn'+ e’ +I3§%—Ida=+x!m=xda‘+ i a'jm -1
: o —
2I=.tq,l'n"+x:+ar1l'l_lx+v‘a'+x: P ST Ij_n:'l't! -ln1.r+\l|<r +rl
P ¢
lwu-z-ix—+“?lnlx+dd’+x‘ 3
Thus, jda‘+-x’dt'=1;-d ‘+x‘+£21nLt+~Ju’+x=t+C
iii, Evaluate [+/x'=a'de

[ Solution 1= [ —aids

In this problem, we choose u = x*~ " ond % =1 1o integrate the integrand of (7)
1= [ —adx
=ﬁ'j [.r?[x . dr

1
%;%‘n“rﬂ:“{m_ dv= v, x=v

i

!-l
%-é[f—:ﬁr txdvm ldv=>v=x

- i
=m-1:}%;?‘*‘"4f‘““l;?;__$‘“
b*’{f'ﬂl] d subtmet o
"I‘;-’f]"‘l'jfj?_:" add and =
& =i

: : = ap: ale o
B N et LT S STl i
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Hltx"";?‘-?‘*a’,m[ [ };I +;}c
sz——éi:j:_f‘f_h LT e o
2 2° __'E__ El
o, [V e £V ﬁ.[l*r_ ] ]ﬂ-
2 2 Ja

Evaluation of integrals using integration by parts
SR | Evaluste the integral [ xIn xd,

m The integral rule Iun‘r:- fv = Ivdu with substitution n = In xand gu; is used o obiain:

-t‘,] .r:[i }! it 1 v £
Zhnzde=lny] X |- (2[4 o L L ML =X
I ’[1 IZ x g e vt b 2

.'.t' 1 A‘-; 1 :t 1 2
=—lpyx—= = - = =E &
3 Inx 2f.mﬁ-+c 2[11; 2 2}>C zl.ux T—H’.‘
(EEIR 12] Evaluate the integral Jo"sin xdx.
m'l'h: integral is
l‘fglﬂﬂm
The integral rule juhb::-m-
dvlde=ginx is used to obtain:
l=I.e' sinxdr = §"{-cosx)— I{—mx};’c&
=—e"vosx+ | g'cos xdx (i)
It appears that we hwel not made any progress since we cannot evaluaie the pew integral,
E:-m:r.mfm of the new integral prompis us to apply the technigue a1 second time and see what
ppEns,
Again, the integral of the integral part of equation (ji) with substitution n =
used in (i) to obtain:
I-_[e' sin vy =—¢" mx+[ _fam:&]
- ¢ cosx+[e* 5inI-J{sinxK¢'M}-C o
'l--;'mx+e'dﬂx—_[!’iin:dz+f
I=—¢' cosx+esinx—I+C

(i)
J'Mu with substitution tr=g* (let u be either &" or sin x) and

Ly
"El"xuﬂnx

¢ and %-m: is

= X me' (Sinx-cosx)+ C
Ui g'[ﬂnxz—m-\f} _'_E'i

‘Thus, Ig‘:fnxﬂx- ﬂ;’;_-‘{‘*z_‘fﬂjj +C

v ik Use suitable substitutions snd tables 1o evalunte the following indefinite integrals:

UNIT-6 1
INTEGRATION
alive must be passed 1o .4
|
Exercise
1. Evaluate the fallowing indefinite integrals by method of substimtion:
'R Iain": cas e b, Im cosads c ]ﬂ%‘“‘_‘ld‘

E0d X
f I:hx—m-’:

Ty
SN T4+ e0sx

d Ie' sine'dy

e _[E-jziidr

i3 finx dx
i ‘rr'-t-lﬁ % Im’:+£dz © jje"'--t
2x+5 2+x
L
3 Eﬂhmmﬂhwinghytdngimguﬂmbym
B [xfetd b, [xeosrds €. fesin(x) s
d Ie'mxdt 2 j!h“[x]dr f. jr"si‘n:!"}d'

MWanhﬂmmmmm.E:WMuh
leading seientist in classical antiguity, His mathematical work is 10 modem in technigue
hiilwmmwﬂlemltWMﬁm
wmmmmﬁmw.mm;mqmﬁcmunmm
ﬂﬂuﬂﬁwﬁﬂiu;!hmnﬂwhm.ﬂ:uﬂdumﬂﬂuﬁndmbuﬂdhy
wahoﬂlsmdqﬂﬂh-dmﬂndwhmnhywmm:udmnﬂm
Archimedes also gave a procedme to find spprocimating valuies of = and barded i1s valoe Archlites

T 10 .1 [EUEF T TP e
[3]—1.3?]- He ale Ervented a method to find the square rools and proposed anoihier method based on the

“ﬁfhdformmuﬁugnmmuhpumﬁmhmnﬂimbﬂumm
Archimedes was mast proud of his discovery of & method for finding the volume of a sphere. He showed that

Wﬁm:?nﬁmk% the valume of the eylinder. The method of mechanical theorers, which was the part
MWhHWhlm_.hMWMMWhMmﬁ

discorveries that are paricipating in th rsin ides of the integral calculis:
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UNIT-h T ¥ i LS
4 NIRRT
mimgmtiun using partial fractions To determine the constants 4 and 4; we mult ; :
- . oo ar multiply both & : i
Partial fraction decomposition has great value a5 2 tool for integration. This process may pe . o EI~T=L¢{::+|}+P: zadu of the equation {i) by (x =2) (x + 1) a8
thought of as the “reverse” of adding fractional algebraic expressions, and it allows us 10 break y, Setx=2=0 =5x=2 in equation (i) to obtain; dx=2) G
rational expressions into simpler Kenns. Partinl fml{?n‘dﬂbﬁ‘ll'ﬂ“m“ is an algebraic procedure for SopstlmD=> =y on (i) to obtain: H2)-im AG+N+4Q-2) = 13234, = 4=5
expressing o reduced rational function a5 2 UM of fractional parts. For example, the rational expression Prafigl 4{:?:q!}ufm ﬁlﬂ to obiain :
fw=ted (@ il
M pix — ] . : Use these constants values in equation (i) to obtain: u_.x,“*‘ il gy B
can be decomposed into partial fractions anly if Pfx) and Dfx) have no commen actors and if the de ; Eu ) ‘~x-T x=1 z%) x-1 x+l
of P(x) is te“s?;un the ,,1:::3 of Dfx). If the degree of P(x) 15 greater than or equal to the degree of 5’;; Use this dtc;md‘_l tion instead of rational cxpression in the given integral to obiain:
O P o e o ebian a polynomial plus a proper fracion. For example, the rational function afte [ de= [{—5—+-"—ﬂ = [ dxs [Zadem Singe-2)4 (s )+ InC
R e —ax #x=3 2 Y Rx—1 (i) cAxi=r-2 -2 JH-I]‘“ =2 x+1 F+lj+in
division is: B e T =x+3ptlbh 5 =Infx-2) +In{z+ 1)+ InC = Cx=2)(z+1)'
s +3x41 isour polynomial term B I%de .
Bx—1 i 1 i . A "3 : .t—l}'
hich decompos
. e ﬁWFWrmm“hE“mmw, 2 ition into pastial factions). The integrand islpmpﬁﬁiﬂbnn,mmmhyhﬂnﬁngdwdemhﬂm
In algebra, the theory of equations l-{lls us that any palynomial P} with real coefficients can be (x-2) = {x—2Yx=2)x=2)
expressed as a product n:ﬁigrl_-ar and mgdm:_ghl: quadratic powers, some of w!ii?h may 'n-e_regcal:d. Thu. The denpminator factors are the three repeated linear factors, 56 we can set the rational funetion
fact ean be used to justify the following general procedure for obtuning the partial fractica ; ; F~6x+3 A4 Az A
decompesition of a rational function. equal to the sum of the three partial fractions =r557= 1 -2 == 0
Let j[x‘j:%l% ,where PUOY and Dix) have 0o common factors and D(x) = 0. Tor determine the constants 4, A and 4,, we multiply both sides of the equation (i) by {x- 2o
The steps involved in decomposing the ational function are the following: € _-I obiain: o =6x+3= A{x-2) + Aylx —2)+ 4, = Al =t )+ L lx=20+ A {iiy
L If the degree of Plx) is greater than or equal to the degree ufﬂ{x].memugmi;rm.ﬁ_ﬂ sux—z-:u =:=2hmﬂun§:ﬂwu‘puim
P(x) ; ) R(x) - (Y -6+ 3= A(2-2 Vs 42D+ 4 = =5=4, = A4="5
the f lynanl i i : § )
D x) e Tk S (LAY W 35 8 fonetion D{x) in which the degree ufthemﬂﬂit‘ For constants A4, 4,, equate the cosfficients of ¢ and x on each side of equation {ii) to obtain:
wlmﬂlﬂ;]hlﬁsﬁnhhmﬁlﬂﬁmﬁﬂmwmml Dyx). o i I=d4, & tenms —f=—dd ¥4, X oS
Factorize the denominator Dix) into the product of lincar and imeducible quadratic pOwer: Solving this system of cquations for the unknowns 4, and A, toobtain A =1and 4. =-2
Expross Plx) as 2 cascading sum of partial fractions of the form Aol ____._-ii'_"_-_ﬂ_l.. A Use these constants values in equation (if) to obtain: )
DL . R TR ST S D SR I S S
Verify that the number of consvants used is idenfical to the dmﬂﬁn% -2y x-2 (x-2) (-7 =x-2 tz=2F (==
— - J& 5 . - - — Use this decomposition insicad of rational expression in the given integral Lo olvain:
EM --nid _ wh- A o T T e L i L i 2 5 t}li"'il:l‘:.l §y—1 el
e L L e - where ﬂnd are @ [ | = [T, ket E__"_}_
o ns, such that g (x) #0 -;i.-"!m - S And £ L) 52 S8 dex -2 (x-2) (-2 g 0 =341 e
Evaluiate the following integrale ' - s A S8
w@j = W BGr-2)4 o e
; fX =i +4
m Bax=2 ) j__—"{x-lj’ de fe). Iifi..‘:ﬁf._-‘dx ) 1'11’+x‘+2$+4#
{I +1} {I"‘ ""}
i j fx—1 & ngimmﬁ"pupu&mm‘ and the denominator factors are the two repeated quadratic
;'E—.'l:-il ; factors, so we can set the mtional function cqual to the sum of the two partial fractions:
The integrand is a proper fraction, 5o we stan by factar £l st b+ 2xad Ax+ B  Ax+S
The denominalor fAetors are the twg dia T he denominator r‘—x—liix"ﬂ:w ey ) ®
equal to the sum of the 1wo partial fractions distinct Vinear factors, so we can set the Fith To — e dlinilicr .
Wity o determine the constants values, the similar procedure is used 1o obtain A =04, =25 =38, =1,
- L
164
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UNIT-6 .
With these substitutions, the fon (i) becomes:
equation (i) —_— INFEGRATION
E'l- 42544 3 1__;:'['1 {ii) mﬂinﬁn IIIW
@4F ) (D A definite integra is gy
Integrate this decomposition to obtain: fa, b] ﬁmmmmﬂf‘ Integral that contains start and end value, say a and b, where nterval
24 5t 3 2141 _ook at the follow fi i ; ] : i .
i -; ; :“:in-igg:J e ",:it +J e "dr showing definite integra) g Ngures, Figure 6.1 i showing the indefinite mtegral while the Figure 6.2 is ]
y Bl
2 x4+ 2xad 3 2",;{;.; | ¥ ]
J (o +1) ’#"I{Hﬂf#*jh‘ﬂi _‘{{x"f'} Six)
Now the readers are in position, how ta find the complete solution of the' question.
: 1 =f 2x : £ o 5 x
Hint: [——de=tan'x, [ —de=Inuu=x'+1 I ik
(x +|31 S+ _ Figue6| Figure 6,2
Il'?*_l.'liﬁ-?' r=tan ), dy = sec’d Definite integrals can be calculsted in n same way a5 we have leamt in previous section for

-:nlnulu:'mq of indefinite mtegral, but there is slight difference,
indefinite integral ot point a and ot point b, then subtract

4
Bt [ |
. ) ¥
m}lmd-l.bﬂdlndnm!. h
a

te find definite integral simply caloulate
the resule.

= e,
: Exercise @

1. Evaluate the indefinite integrals after decomposing the following rational functions into partial

ta il
fractions: Ifé=;+1[+ﬂ- gq.c j-t‘”drz f‘;i[“‘c
: } | ‘
I I +2x-1 4xj+4x:+1_.'1 1 1 )
. b | ——— T o — F ml 2
2 '[1{*‘3]' Hx+1) : I a1y ' -Jx"-I L ?54 =+
d =542 [ j dx -3 ., " J_ oo | - For b=4, 32+ C i) |
, ;’{:—1} R ] B 21 : S T T Subtract ﬂq“hﬂﬂil_}ﬂnmmm (i .
i S M. ' -|-'1+2 r I o ' -E 1_ |
" E‘{.1r+l‘,u,;m’+1.]|""c ke mﬂ : “m_f:"dr H 8 +£"-5 £=1 |
2, Therate at which the body =H§Eu1dn;&{h milliliters per hour) is given by wﬂ Tntegral as the it o o
iy e e Thisﬁu&ﬂngprwmiswlmw-mnwhcnw:myﬂmmislhedaﬂnjhlnugwﬂur
. (407 (r + 2) . F)= 2 B p = g 5 =2 Tein weitien symbclionli
oome s oo mmm'm““m If R(0) = 0 is the current 4% i
The fourth iw»lﬂﬂi“ﬂmﬂim&mm’? tedd during the firgt hour afier it was adminis u{ Am 'L_r’d‘.. a ) |
A, mﬂwnrwnrmlmmwmmﬂiﬁwwﬁlmﬂht- rs) is estima WtI_'mdsmlﬁ"ﬂ!mhwswnhmmm_t-g)Inx,zufmﬁm1 it
to be W 1o L ;n"’““ﬁbﬂ'ﬂisnlhdumIuw_!rﬂmltnfinh‘ﬂﬂﬂm.l&lrnumﬁerzi::nlledthcuul;lpi(il}nﬂ:;r
— & [+ ﬁ'::?ﬂ:l‘ﬂnn.meﬁm:.ljnn fixy=x knl]edﬁthmyinduﬂm:ﬁmkulhummimcmﬁ“ the
Wmsmé;j!ml:m“ndwumﬁ:rﬁigu the currem voting population, then how much will 1B :r{rg:::?x'wﬂh respect to ﬂae variable x, e :
An oil tsnker aground on a reef is lncing ;| - “mmmmmlﬁ-ﬂfﬁdhb}udmﬂdn:uncqujmmmwmwm
4 *t “5IE 6l and producing an oil elick llutisnd:'llilll""""ﬂd : ) POINIS Are. x,,%,,.....x,, then the definite integral OF f{x) from x= g to.x = b i
1 IW ] b " -
at o rate approximated by E-T_Hd-il‘ tzn if{x)druPﬂié;!lffhlhﬂxﬂt.ﬁf{x”]i S M'é;
where r is.the radius {in feet) of fhe - ) 5 i
4 minutes if the radius is r‘:m‘!ﬂfltdmk after t minutes, Find thie radius of the slick "ﬂﬁ !EE!{&}&:. P=1,23,..n ® .
|1ﬂﬁ W Wmm 1'56! :
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ml’iml the actual area of the region pmedod by fcaurys, S5 SR e et e
interval [0, 2). '

=2 i
m Fntnswnmﬂs.thewiﬂhai‘mchmmﬂgltis Axmi—asgm=g 11

; f

246
The right end points of the subintervals are T, fo. T

6 n . ion (1) to obtain the actual aren:
SO O 11:%1 ;15%. Xy = gy X, = I Sqution {i) A

A =ix'dxn I.i_mzuf{xl}m

= lim Ax] f(x)+ flx )+t fix]

e[ 0]

- i
2[4 16 3 4"‘] & Am =

=lm= —= 4=+ =¥t

El-I-j"ln.lli'[i':-'t ;T " o

—tim S e e Je i

¥
B[ 2ate3en] 16,24 B 18 508
=‘i'3‘.§‘{‘_“§'_] E[a*ﬁu*ﬁn 33

mnﬂmntll theorem of integral calculus " . i
ious section, we leamed that we can determine the area of a region st
mﬂhﬂzrﬁ with the tools available 10 us ot this time, evaluating a definite hﬁmﬂ we
summation proca; is rather tedious and time consuming, To provide us with a more effi chumnln.dm
evaluating the definite integral, we now consider 4 very impertant theorsm N & o

“fundamental theorem of integral calculus®. This explanation will show that the definite integee
fed in a general manner and pot only 1o the concepl of area, mﬂf"l

i w:ru wpﬂm a betier understanding of the meaning of the fundamental theoren of
caleulus, let us begin with area of a region using definite integral

drea= | froe,

B [pf{n-t-l]{zll'l'u]
f

i)
(M. (M)
{m. £ ()

| |

Figee 62 13
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The area function A(x be continuous and i aaiivG o the: kvl

) s the area from 2 to x that mugt
[a; b].

_ If we increase xby As, then the ared A(x) under the curve will increase by an amount that we call

& Ain Figre 64. We can see that 44 is slightly bigeer than the are of the inscribed rectangle and
slightly smaller than the area of the circumscribed rectangle. In Figure 6.5, the smaller rectangle is
inseribed (within the curve) and the large rectangie is circumseribed, y

For the aren of the inscribed rectangle, we tike the minimum value of f{x) within the closed
interval [x,x+ Ax], We call this minimom vatlue f{m),

For the area of the circumseribed reciangle, we take the maximim valie within the closed
interval [re+Ax] We reler to this value as (M), Hence the minimum area it Simix and the
maximum area is M AT,

Algebraically, we can write  f{m)Aes A4 < F{M)Ax

AllIF

fim <32 14, axe0 (i
If we take the limit as Av—+0, then /() and f (M) approach the same point on the curve and
both approach (x) Snys lim 84 5 r
: dd . AA_dd o ]
which states that —=m- iz, ﬂ_l'l.'ln e e (iii) !
Integrating (1ii) to obtnin Alx) = F{g)+C {iv)

Here F(x) isthe antiderivative of f{x). To détermine a real vahue of Afx), we must solve equation (iv)
for

Put v =ain (iv) to obtain:  Ha)= Fla)+C =0=Fa)+C, Ala)=0 == -F{a)
Purx = bin(iv) to obtain: A= Fhi+C = Afh)=Fl)—Fla), C=-Ffal (v}
The last equation (v} tells us that if it is possibie to find an entiderivative of f{x). then we can

b
evaluate the definite integral [ f(x)dv. This is nicely condensed in the fundaments) theorem.

Statement: If a furction f(x) 5 continuous on the closed interval [ab]. then the definite integral of
& function f{x) in the interval [a,b) is:

i
[ rivde=|F @7 = Fi8) - Fia)

Prooft Here F (x) is any function such that F(x) = SFix) for all xin [a, &)
It is impertant 1o recognize that the fundamental thesrem of integral calculus describes a

means for evaluating & definite integral. It does not provide us with a technique for fnding the
antiderivative. To find the antiderivative of o definite integral, we use the same techniques we used to

find the antiderivative of the indefinite integral. But what happens 10 the constant C7 This constant C
drops out as illustrted below:

ik
[ s = [Fix)+ €7 = [(Fb) 4 C)~(Fta)+€) ]
= F(b)~Fla)+C~C = F(b)~F(a) (vii)

HOT FoRSALE)



UNIT-4

Baslc properties of the definite Integrals

R o . - bt g
In compu Iving integrals, it is often hefpful to use the seven I o,
- al mmmm}muwm are listed below: g

b [rinde=0
Proof: By the definition of the definite integral
f 100 = i s =3 £6)(0)

5 Ax= =0

={aﬂ[u}en hence, i..l't-r‘ldz-—*“

5 &
W | feds= [ iy

Proaf:
Let Fix)=_f(x), [a, b] be an interval then by the fundamental thegrem of integral caleulus.

]
| flxydes E ()~ Fla) fi)

alse , ]'Ifﬂn%ﬂﬂ—*‘{al {ii) _- Show that :[ f(x;m;j' Sip)dvby

using the definition of defiite

s £]
Hence, by (i) and (i) [ (o= [ £()dy (proved) integral,

& =
W fFCodes-[ rrads
Proof: By using the definition of definite inlegrate

[ = 1m3. rexy
W " theorem of
and IIW*’EEHEW where Ay~ 974 i‘;::g,“;,':,h:ﬁfm
o T = fronse
~RLf “"[T]’E:&{-gﬂxa‘l;—“] i el
S fi= v &
mg;"i}'—n—ﬂ- ll-!f{l.'m Hgnu;. ij’{_ﬂm, _‘I'f{x}c#
= [

[ s 1]
o [ fGode= [ flxdes [ fanacecp
Prool: Let F'{x)=f(x) asxzp

" INTEGRATION
_[.r‘ {x}&:f-*(c]—#{a] (i)

!.ﬂﬂlﬁ =F(b)-Fie) (i)

B‘? adding (i) and (i)

[reodes [ fede= paef - ey Fib)- Eeef

[
= F{b) - F(a)=
FiR =Ria) I s Use definition o the definte ntegral 10
W

* , ']
Hence, = X - . ]
¢ :{!{z]u& J’ffmaf:[nw ot 1o s | e

v [ e 0 when sy = 00

0 when f{-x)=~f{x) |
Proof; If 7(x) is integral o interval [ a] wirt 'x', then for a number 0 in the

definite integral of f{x) from —a to a is 2 ﬁnmsdl:deﬁnituilmwdufﬂ;) from 0
a - 1] o ) -

| royae =[ foades| foode= [ fexat-n [tnidte = =] fvrates] reepae

- - L] " L} ") [

interval [-a, a), the
o ars

“frentes] e flrens ol z{zlf{""*' when f(-x)= /(x)

0, when f{=x)=-f{x)
I.'-.||||r|'|'m Evaluate the foltowing definite integrals:

fa). I{H+4x+1}¢ (). j{2f+4r¢1}a.j[2,=+4y+;}¢- mjffqnlkh::—-j{x‘i-ﬂlﬁ

i wl [ ] .
{d). !{r’ +1)de= I{r‘ + Do+ ;'{:’ +1jede fa), J':’n‘;:- I.-r‘dn i';’.ﬂ-- Zf,r:.fr
i e =] L] L]

] | 1 :
m“' i{z-!’ +41+|F£¢=‘L'r _‘_____41‘ -
i 3 2
16_16 2.4 92 11 70 1%
“[:*z*’]‘[ﬁz*']'?'?'?“?

1
LS !-{2:‘ +drd = }{2)'74* 4+ lhdy,
i

ix' gyt ! O
= Fﬂ__. =2 Ay 35_35
F $ 2 +:[I“IT+T+41 =8 5 since J{x)=g(y)

L !{.ﬂi 1H"=-hx‘t+l}dr,
1
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UNIT-0 lmmﬂl?m o

2 ; Y|
o] e o )5
d ]'(f+\m=:[{x’+ua+]{x’+t}dr.
' 4 4.8 . f1 ) 14 _14
\%1—'{-\%-},{1-1—3—‘:[:—3—#51‘34'2 [3+l = 3 3
=i « 4
e [;’&a]'z‘amjfﬁ-zjx’m
=1 =f [ @ 1
Cal [ Y (O o L U P Y £ O
BB b33

r2ett =3
Evaluate the following definite inegrals: (@, [“—~dv @), [usineae
[

i i |

26% =3 e (26 =30 e

I

-3
-e'.l-'e-:l-hl_ -[ Eq]_[tih.__‘ E-l_-_s.g
i:-—i-' 3:5{' F'fzg"{ B!'I'zﬂ i“'z! E:'I'ze 1 2 s'nln

b We need to substitute 8 new variable ufx):
o du e i
e Yty =— = Ixs e xlte—
EEMN, Itﬂ 5 dx 2

The lower and upper limit of x:-%md :-; are used fn = 1o obtain the lower and upper limit of &

B

T 3 ti z
— —_— = ——
= 3 X nu:}_[a 9 u

1
a:-%:x‘-ws.r[%]‘-uﬂ%--u

mhuaﬂlhminﬁ::ﬁminugﬂmmm

. [ .
indaee L € o L (I | i
E.tmx”dt zédhmﬁ H—E_-E[m%-m%—]
- - o i .
-.—T[m(z.mn - cos{].0966)] = (07812~ Mﬁq,?l{_lmm= 0.6189
. i
ORI e e folloviog e il . forge g [esn
Y L]

m ‘T"“““”‘““"‘“ff“ﬂ"ﬂmh&m'ﬁm W=x and %-e’ is used to bl
xe'dr= = : I's
'! i"'L !e'l;& .'.unx.dukﬂhg","v’

=(¢ -GJI-H L Gl T O N
b Theimtegrlis 1= forsinyge
u
The intepration’ iuti
. hymmwmmmmmu-.-mgam;i.-.mmum
Ve [ sin xade
L]
= i_'-—msxm -I[-m:k'#yﬂ-u’ & d:*e‘#.%ﬁ sinx, v=~cosx

i
= (¢! cosl-" emﬂpj’.*mn&
a

I i
=-2718{0.540) + 1+ [e* coneale =~0.468+ fe'cosde Use radians
L} - L]

i
=0 468 +!’f cos Again integration by parts

--Mssi-{;' :inxl-j[dn 2ol
L]

impe, .E
i : Sl f.‘&-m:x.v sinx
=~0.468+ (¢'sin )~ ¢5in 0) " sin xdle

s
L= 0468+ (2.718(0.841)~ (10— 1
b= —(L.468+2.287 = 1.519
" 1819
&3

1 =0.9]

W-nmmn integral as the arca under the curve
U J(x) is continuons and f(xy= Oon the closed interval (a b :
J‘f&}mﬂh.‘:.l‘mu{{d. ] s given by the defimite Way'ﬂx;qm %41;‘ i
Area = [ f(x)dew F(b) - F(a) @

Area between u’mmmm
The steps involved in finding the arca between a curve and
the x-axis are the following:

S The definite hnmj{m&m the sum of the signed

S1Es between the graph of p = 7(x) nnd the x-axis from = atox= b,
Where the aren shove the c-axis {peak) are counted positively and the

! Figure 6,6
Areas below the x-axis (valley} are counted negatively. This is shown in the Figure 6.6.




".

L1 m"'““&'l‘tou

. i _f{,ﬂ 1ma continuous function over the interval [a, ﬁ]_, then the area hﬂ"ll'ﬂm__}l h.lﬁ.-ﬂ and the
x-axis oM ¥ = o 10 x = b can be found using definile integrals as follows:

&
o For £(x)= 0 over [a,b], the area is: rea= [[+f(x)lex

& For f{x)5 0 over [ab], the arca is: drea= fl'ﬂl"}lﬂ’-'

¥ f (%) is positive for some values of x and negative for ofhers on an interval (a8 in Figure 65,
then, the area between the graph of and the x-axis can be found by (dividing the interval
subintervals over which f (x) is always positive or always negative) taking the sum of the areay of
subregions over each subinterval:

13 i ]
Area= [ fix)des [[= (el [[+f(x)de) = ~A+ B (ii)

In Figure 6.6, A represents the area between ¥ = f{x} and the x-avis from x = a to x = ¢, and §
represents the area between p = fir) :ndﬁ:x-ﬂ:f:ﬁum:ﬂcmx=b,ﬁum&ahd3uepmm
quantities, Since f(x) = Oon the interval [c, &), the area is

fle £ = Band £(6)< Oon theinerval L ) he area'is. [i=/(x)kl =4,

“H plication of definite integral as the area under a curve

[EEITIEN0] Find the srea between the x-axis and the curve
fixi=2" -4 fromz=0tox=4.

First find out the x-intércepts of a curve f{x)=x" <4 that
can be found by solving the equation of 2 curve:
Zr-dwl = x=d =2
The subintervals of the interval [0.4] are therefore [-2,0], [0,2Jand
{2.4]. The total area of the region in the required interval [0,4] is the
sum of the areas of the sub regions in the subintervals [0,2] and {2,4];

Arva= [l=7 (e [i+£ (0, 1) Oin{0,2Jand 1(3) > 0in[2,4]
[ i

O

B e ool i) (B g 16,16 16
-ii B=(D 0*1'[1 15] [3 3] ?+T+T=I5mkﬁfﬂ

The sketeh of the region is shown in the Figure 6.7,

T v b i e 0] Ay o _16
[ . 3

i% nat the correct area. This definite integral does fg

4, vt
ilj“’- a real number,

U represent the area gver the entire interval [

INTEGRATION

Find the area between the x-axi
e Xaxis and the curve

First find out the xintercepts ofa =yt
can be found by solving the equation of a mﬂ:ﬂmﬁx} Sl
& -2r=0 = x=0,2
Themﬂ:iMsﬂfﬂtiuHﬂlI—l.}}mlhmhnH.ﬂ] [0,2]and
[2,3]. The total area of the region in the required interval [—;JI in}:;r.
au;}ncrﬂmm of the sub regions in the subintervals [1,0], [0,2]and

' 3 H
A= [.l-rf{:}ldnj[—_r{x];.ﬁ+![+_r¢,;;|y;_ F(5)2 Oin-1,002,3] Figure 6.8
B L}
T s, s |2 28] |2 22 |2 2]
Jo~2ee- z:m+|:‘[,= im'lTT[.‘}.TTHTT,

-1 8 7 8 4 4 4 4
= (0=0)=| —=1] ——d = — - —pmp=mm]] = =
. }[3 }[! ]—{0 “[3 9}[3 "‘]'3*'3*3 3(1] ?
The sketch of the region is shown in the Figure 6.8,
MAFPLE command “in” to evaluate definite and indefinite integrals
use of maple common “ine* is illustrated in the following example.
ST 21| Use MAPLE commanid ‘int’ 1o solve.
fa). Indefinite integral of a function f(x) = x* +x'+x% 4+ x4 1 wrtvariable .
). Definite integral of a function f{x)=5" w.r.t varisble x.
feg).  Definite integral of a function f(x)= xe* in the interval [0,1]. ]
o Command:
> imf b P bl a) ._;_.;.,,%,u%;‘,.i,;h
ug;m:mmmmmumwﬂmmwmm.mmuﬁmm
required, then press "ENTER" key to obtain the integral of & given function:
> ]:‘+u’+a*+:+ld:

%;’+%:‘++§;’+%1’+:

b Command: ¢ Command:
> il rmpa); > indx-explx),a=0.1);
1
3 1
Urinlgmm Using Plalenes:
1
> j;r‘u » Lx.“ﬁ,]h
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o viou Know a 200 vear old |:|:'|I|Hi'l'l'l z

The relationship betwesn derivative and infegrals a3 an inverse operion
s noticed first time by lsaac barrow (1630-1677) in the 17* contury. He
Was o teacher of Sir lsasc Mewion, Nowion and Leibniz are kaawm as key
inventor of caleulus, They made the e of caleulus as conjuctor, thal is 85
& mathematical statement which ie suspected to be frue. Bul has not
proven yet. The fundamesal theorem of integral calculus was tiol
officially proven in all its plory until Bernlacd Ricmann {1826-1864)
it in the 19% century, During this 200-years & lot of *

mathematic like resl analysis had invented before Riemann eould prove F

that derivatives and inegrals ane inverse, e

I. Evaluate the following definite integrals:

30 x 4
a. [sxds b, [ N [ A [afedr -
1 H I I
NG O s S Teosf 24 h. i 00
c. 11:{: —l}jxdx i !.Ic"*‘:‘}: £ !ms[l r:}ir !m
1 Evaluste the following definite integrals: ’
P50 =3418 to4
',T 9 -1%) g % Lt
3, Use definite integml 1o find our the area between the curve f{x) and the x-axis over the indicated
interval [a, b):

no fl¥)=4-2, (03] b fixy=x"-5x+6,[0,3]
e fixy=x"-6x+8 [0,4] d fixy=Sx-x, [13]
4. Setup definite integrals in problems a to d that represent the indicated shaded areas:

" b. c. d.
¥

¥

E.E_Wln[n—i]
Where { s the time in hours afier mmﬂﬁ“‘ﬁmmiwh::u}_hﬂl

a. Find the tots’ sumber of bamels that the ship wil Jeak on the first day

5 pmnllmkuhh:khgﬁlunmugiuninhhpqmw

b Find the total number of barrels that the ship i

e Whmhhppcrﬂmuvulh:lm‘tgmhu:em“ulm
Use MAPLE command “int" to evaluae

a fl=2+rlwr. %

on the second day.
amount of oil leaked per day?

B SlK) = ime e

.

v

vii

wiii.

Chonse the correct aptlon, :
The process of finding antiderivative is called.

(a). differentiation b},
J'IH‘I Bdd= h e
ta). lnjsind+C ib). Injeos+C

I
{al. :.1’.”4?3]“: {b). m"fm
Im&-___.

fa). %hfj;—:'n'

@, —%[hénf-m]é-n]m]

f2-A)as=

(ak %-4# +C

{e). _..-:_' +dx+C

[ rixig (e

(al g0+ [g'(x)f (x)ex
fed £ gle) = [ (=) (e
[mat{x)de=
(s}, %‘Ilﬂ’(.r}+:-wﬂ,x}+£‘

(e, %Mnt{:]-x-ruﬂ(x}d-c
I x+8

-6
(). Inj-g+ €

de=

).

(dj

(b,
{d),

(bl
(.

(b,

(d)

bk

{4l

eh

)

. —In|cozt|+C (4},

INTEGRATION

probability {dy,  linear equations

~In|singl| +C . ,1

ﬁn"[i ]ﬂ'.i' ),

1, |t=86
LT
2 |.-+a e

11, |r .
E[!.IIIE + ]|+ ] } C

——dr+C
4x'

X Az _4d =dg+ C

3 1

W,

e

E.d
-

=

f(x)g(x) - [ gl (xds
Sgix)- [ gle)f(x)eie
al'llnjl:.!t}-l- = tan{x)+

3tan’ (x)+ o+ tanlx)+ C

+

ok 63l

1, |x 1, |=
-—hi-— |] 1 J.._
+ +2h3 I+

Fh g

e =1 ‘

S . X +1 E
% i

3 W 4 :




