HIGHER ORDER DERIVATIVES
AND APPLICATIONS

g i X B P o z :

41 Higher Ceder Derivatives

L0V higher oeder derivatives of algebraic, trigonometric, exponential and logasiihini functions.
'the secand A srivative of inplich, inverse irigonometric and parametsic fncticns.

i, MAPLE command (Y repeasadiy oo fingd higher onder derivative of fnetion.
4.1 Maclaurin's and Tuylor's Expansions

I ¢ Machwrin's and Taylor's thearons (witheut rensainder tenm). Use these thearems 1o expand sin x,

o imn g o, e, logs {1+ ) amd In {1+ %),

ik, MAPLE eommand tayler 1o find Taylar's expansion for & given fanction.
4.3 Application of Decivatives

i peametricul interprettion of desivative,

i * the equation of tangent asd sormal 1o the curve at a given point,

fid, ol ibe angle of mersection of e two curves.

. Libse point an 2 curve where the tangent is parallel 1o the given line.
44 AMaxhma and Mininm

F oz incrensing and decressing fumetions.

i P that i (x) = & differentiable function on the open inerval (o) then

= %) s incrcaring on (e B) il 7 (x)= 0% xa (a ),
= rix) i decreasing on (a ) 1 ()< 0, xe (mb),

i Faoming a given function for exiresine valoes.

iv., it the second derivative rale 1 find the extreme values of a finction at 2 paint.

v. secgnd derivitive nile s examing 2 given function for exireme valuos.

Wi, v real life problems related (o extreme values

ELTITIE 1 |Find the second derivative of the following functions: <
. dr+2
fa). fix)=8r'-9c'+6x+d (B) [ TR Mceod Mariritive of £ £ 53
[ESelutionz} be written with any of the

vl L MH.PLEmMmm{mmu:}h campuite makimun (minimum) valus of a function.

‘ E=C =t

i1 higher order derivatives has useful physical interpretation. If y = f (1} is the position of an
olkier o rme 1" then %ﬂf’tﬂ is is velocity at time 't and 5;,—"'3 its acceleration ot time '
A o o the Newton's law of motion “The aceeleration af an ablect i proportional to the fotal
Jepri o i o ™, Bo, the second order derivatives has importance in mechanics. The second ander
el 1008 ix also impertont to praph the functions, Now, in this unit we will leam in detuils aboat

hizlies order differentiat on and 212 appheations.
L]-'_ Higher order derivatives
I r function y= f (x) has 2 first derivative ), then the derivative of ', if it exisis, is the second

deehaie of = f (), written 433" The derivative of * i it exists, is called the third derivative of =/
(i it sy By continuing this process, we can find fourth derivative snd other higher derfvatives

Bar o= tinle ‘,-m;,uz;' 35" =5x+7, then the higher derfvatives are the following:
._.=f-{ﬂ=,‘£_-:=4f+ﬁﬁ+ﬁx-i first derivative of v
£, ﬂd} d‘ d_'r
i “r{‘j'E'E[E] =120 412046, second derivative of p
e dfdy) _ .
" rduli:;._:;[-;;] =Mx+12, ﬁlll’dﬁ:ﬁ'ﬂli‘h‘tﬂrr
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can

i If the given function is f{x)=8x" =9 + b+, then, the l‘ﬂ:ﬂ'ﬂ-twm
first and second derivatives of the given function through | 42+ 14y Bt [FEn]
linearity property are the following: dx’

The third derivative can be writt
f{ﬂ:%:%{h’—ﬂx’+h+4}s21«.:’-!3:+ﬁ : it =4 ve

in a similar way. For decivative
nzd, he  derivative boldi the

neation 1 (x), n=A5,..,

Fiz)=

""?.%W_lsns}-ns;-:#

P
b Ifthe given fanctionis f{x)e == ;"*T,m“ the first and second derivatives of the given
v 3x-
I'unﬂinn_thwd'l quotient rule are the following:

- 2 (3x-1 LAY
dy _ dfaxs2 (h-tlzt#ﬂ}*n‘hﬂﬁzﬁh‘-‘ -i[E].
.E'E[Jx-l ]’_ Ge-1) drlv 7
_(@3a-1-B)dx+2) 10
(A1) [EEE )
_dly ) (O)Ex=1) —(-10N2)0x 103 _ 60(3=—1) _ 60
1) v’ -ir(ru] G=-1 Gr-0' Ge-1y

Tn the previous unit, we sow that the first derivative of a function represents the rate of change of
the function. The second derivative, then, represents the mic of change of the first derivative. If a
function describes the position of » moving abject & time 1, then the first derivative gives the velocity of
the object, Thut i, if y = i) deveribes the position of the object at time t, then vir)=g'{r) gives the
velocity al atime t,

The rate of change of velosity is called acceloration. Since the second darivative gives the rale
of change of the first derivative, the scoeleration is the derivative of the velocity. Thus, if a(t) represents
the sceelerntion ot fime 1, then

d’s

dv
al) "&;-E';--!’[!}I
An object 35 moving along o straight line with jts position s(t) {in fect) at time © (in
weonds); )= -2'=Tr 44

fua). Find the velocity st any time . (B Find the aceelemtion at any time £,
fed. The object stops when velocity is 2ero. For £ 28, when does that ocour

¢ The velocity at any time ¢ ks the first derivative of s{) waok. & vn%nk*-ﬂ-?
Tiee necsberation at any time ¢ is the first dedvative of Wil wrt & o= ? =Hi—4
't
c Use iy, - 0 to obluin the time: 3 -4 -7=0
(=T =0, “"L?j

Thie objeet will sop ot § scconds, shince we want time 120
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UNIT-4 IHGIER ORDER DERIVATIVES AND APPLICATION,

m T :'IH; order derivatives of algebraic, trigonometric, exponential and logarithmic™

The successive derivatives of some ﬁmammphuﬁuobhh!h:lﬂﬂﬂ form of
derivatives in the following cases:

I The nth dorfvative of f{x) = (ar+b)"
I F{x)=(ax+#)", m is posilive ineger, then the successive derivatives of the given functig;

developed a general term for the nth derivative of a fanction:
Six)max+b)”
1) = mafax )™
SOy =l = D e+ by

r'tx;....-[m-mm-z;, {m=rr+ a4 5™ {i)
o (ac+ Y7, nris positive integer

{m n'_i!
1fm =1, then the nth derjvative of 'ﬂ'ﬂtﬁﬂt T is obtained by inserting
m = -1 in equation (i): :
) i (=) nlg® F
S y= =120 -3 ) a* Kax + B) Ty . i)
i The nth derivative af /(x) = Infax + F)

I f{x}= Infax+b), then the successive derivatives developed a genicral term for the ath derivative

of a function:
fix)= ln{n4-b‘1

Sixy=
_ (=0’
£ {ax+by

1= ENERE

{ax+ &)

ux+h

H

g Y TA S S OO ) ) L Y

(axety
Ik The ath derlvative of fix)=a™
If f(xy=a™, then the suecesiive derivatives developed o peneral tenm for the nth derivative:
Fixr=a™
£(3)=a™loga 5 omt) =ma™loga

£ (9)=mloga-5-(a™) =mioga( ) loga—(om) (i)

P . e

- "=

FIGTER (ORI DERIYATIVES AXD APTLICATIONS

UINIT-d u' ‘
= g~ (loga)’
S =m ™ (loga)®
If @ = &, then the nth derivative of f{x)=¢™ is obtained by inseting o = e
Jixy=c"
) me™
ST (x)= mlan)e™ = ' e™
il {,r}-.m‘n (v
., Thenth derivative of fi{x)= sinfax + )7
W f{x)=sin{ax +&), mnﬂwmmemmdw-hpndllmﬂm for the nth
derivative of 1 function:
Six)=sinfax+b)

rm“"m‘"*ﬂ*nﬂn(uvb-f% ]
S (s1=atcos{axe 643 Joetn{arsb+ 22

J'_!:#]-a"n‘u[ﬂ+b+%]n¢'!in£n+b+i;~]
ff#)‘n’ﬁﬂ[u+b+?—l

v The nth derivative of £(x) = cos(ax +b):
I fix)=cosac+, then the successive derivatives developed a general term for the n-th

derivative:
Sixh=coslex+b)

S{x)=—asinfar+ ﬁ!-um[u+ b+§]
f[x]u—d’«ﬁn[n+ﬁ+§}- g‘ml{ux+ a-u%]

E o {3)-+-n’sin(ux+ b+ %]: *:u[a.:+a+%”]

(v}

r{#}n.':“[ﬂl-ﬁfﬂ:—*] i)

(SRR 3] Find the Sth derivatives of the following fanstions:

fa)  Sixy=(6x+ay L .fi-ﬂ",fx 3 fe). flx)=Infdx+7)
(4"» m-ﬁ" .fd. f(-t]:f'h m m}bm*.ﬂ
OT FORSALE -




. e .. J =

e TN el

i HIGHER GROER DERIVATIVES AND APPLICATIONS

g I fix)=(6x+4)" wilha=6 b=4andm =2 Mmrmmm”mmma

obtained by inserting n = § in equation: f{x)= -;--Hn #fee +5)7
.f"m={g s:! stex+ 0 = 5’9’[45“4} atn]{smﬁus}tﬁmﬂjus’{lsuu{&“”
b. U fla= o 3}wuha=lmdb-:l mmlhns“mmafwgmmnimumw
s & “
inserting #=5 in equation = {x)= ¢:+br*

(-.1}‘5.14 . 1
- @3 “axe
e 1f f(x) = bnf4x +7) with =4 and 5 =7, then the 5% dcrivative of e given function is obisined by
§ - ’ ! - {n=1ta®
inserting n = 5 in equation:  f"(x) “____-{m-rb}‘
,-“[_] !—u‘m’n A
{4e+ T @)’
o 'Il’fm-ﬁ“ Wﬂn-ﬁuﬂm-ﬁmmﬁmnwﬂmsmhmmunbﬂmw
inserting » = 5 i equation: _.r"'[rl'l*ﬂ"ﬂ"!hﬁﬂi
L) =4%"(log6)”
'3 lr_,f{x}-a"wiﬂlmll.ﬂlnlheﬁ'dﬁmuﬂwnfﬂmpmimﬁnuhnhlhpdbyinmhgn-ih
equation: SiF=me™
=4 )
f H‘f{:}-ﬁn{ﬁxi-ﬂw[ﬂm'jandeTMﬁeSlhﬂcﬁmﬁvEnfhgjmmﬁnni!nbﬂhﬂ

[z n'ﬁn[u: Wb +£;—]
Fx)='sin [5.!+T+ Ezﬁ]

by inserting o = § in equation:

TR Find he o dsvtive of 542" 35427,

m:qu:lliﬂn'ﬂ. ey =354y
The first implicit desivative of () w.ot xis: (i)

£—{;’y+ zf]--‘i{axﬂy}
-—-{x 1+*-{21’1--—¢!~r‘.t+~—m}
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{*+6y" —2}—=3—2ay 1
The second implicit derivative of first implica dervative (i) wiLxls #[r.;‘ﬂ,« —1191--:3 2xv)
Liorer-mE e a2 Lo-Som
r;h+12y—-u;~-+u*+ﬁy‘ 2]-—:::-»-2;‘3
(re1zy S Te (e’ -98%-2p-2F

{=’+ﬁr‘-2} -*Er-rzn:-.ﬂ‘—*‘ﬁ--az_-.-[%j

—1[1'4-11:-—4-5.1' EE]'] 1[.?'*1-*[—"-‘;,":'% E‘P[ i'-:iu'_l
T TR
![  Gx—da'y }y[9+4£f—12w]
ATEe -2 [F 46y —27
= by -2
fr—dx'y " ___v_+14.r‘y’ -T2’
-1[ Faby-1 (e -2Y ]
(465" =)
—2pix’ 6y =2 + G Ax x’ + 67 =20+ Sy + 2467 -T2y
. [+ 6y ~2F
(= +60°=2)
_=Ry(x 436y + 44126 ~24y* - — %) 4 6’ + 36yt~ 128 —dx'y— ztr'f+iry+54y+14x‘)r' — 72

]] mvmﬂ%

Y3

#+ey’-2)

L A et e # 0.3 +!3EJ-";—Ih—#f:-!'h’}hh‘,wﬂy%zﬁ:‘}’*w

w6y -2y

dly_236)" 41255 ~24y" 36y x 3y’ + Ay’ + 58y + 6o’ ~12x)

e’ (6 +5" -2
e WL .
EIID T siven equation is cos ™+ y = 20y fih

Tk deiw ) wrri

Seleos v+ ) =2 (259)

_{!-‘Dl'ﬂ*'-f.l’}ti—m-j

:ﬁ“_y‘_# %nl[—{.ﬂyd- = (w ]

-
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UNIT-4

=} dy =
] = et i)
[:E:;: 1}'+de' f1

The sceond implicit derivative of first implicit derivative (i)

WL T s ir = =L fays -
TS '*[LW+IJ%] ,ﬁ(z’ hg] ;5 1=J1=3" 4 201~ y?

+

d| -1 dv | -1 . P s
LA 1 ! LT L O
dr[ ey ]d.'f o LL:" d d

L

—2y v [ -1 diy gy o dly
+0 =+ +1 =d—=+2x
[m-fﬁ E i-¥ ]E'? ey

dy o d’y P (e I 1 e )
Emﬂinnmﬁdmaf—w*,wmm, [ﬁn x e [ +4}%

dy =y
2 Ll
+‘}[I—;II—;’+1:5I~)F ]

_K._I.‘.‘]ﬂ [ . <
ay _lo-p )% ooy
i [ = +1-h] [ L +|-n-]
I]_J,l h_},:
5 nyedr o |

it {nﬂu-ﬁ}[-n l-y’-th-_y’HJI——_y?]

1
(RIS i the second derivative £, when e paranerc functions see:

=148, W)=t 4 27 40
@I The first derivative of the parametric fimctions « = x(¢) and y = (1) wird. x is:

ﬂ-f‘lw——n% ﬁj

dt
dx  df dx

|

Thnsmﬂﬁuimh:nrﬂnpmnmﬁmlimhmmby:mmm*“

- dla | o dt "
equation (i): ﬁ,ﬁ-; & o= :‘% + Multiply and divide it by dy
dr de
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o dr
B i
; (i}
dt

The quotient rule of differentiation is used to simplify the right hand side of equation {ii):

. ££[£ Ei[ﬂ] dedly dyd'x
d drdildi [ dtdildt ) dt g b ai i
= % =g S (it

& @

Lige (it} kn (iii} o obtain the general term for second derivative of parametric functions x (£} and

win:
Eéi_ﬂﬂ d of 3 _J.Fl-mf:;‘-
| S s vaane Fom K
dxl dt E [#]‘ el i 3 ae s E
* dr [a‘r] e

In light of mesult (iv), the first and second derivatives of the pammelric finctions

- s !
2= 145,y ="+ 2% +1 with %ﬂ;,%.z, %-3;-4.4;. ‘%-&u

the foll ) dy dydr 3edr t(3t+4) 344
M R & 2 2
ded'y dy d'x
d'y _de g’ d dp? _ (2N6+4)- (37 +40)(2) 120 48— 6P -8 6 3
et [E]’ &' 8 BT
ot

MAPLE command dift_repeatedly to find e Y
m:fu_ i tp ‘}‘ higher order derivative of

The procedure (o use of MAPLE command diff is illustrated in the following example,
BT 7) Ditforcatinte  #() =2 + Painr 45 4.2 wrLx

Command
> diff(* + Paints) + 5 4+2,0)-

. 120 4 2sinx) + dreos )~ xsing x)

of second derivative, afler - :
& given function lhw::nmh.mm press the "Eater” key two times 10 obtain the second derivative of
NETFeRsaLE . 108
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UNIT HIGHER DRDER DERIVATIVES AND APTLICATIgN,

Exercise

Find the indicated higher derivatives of the following funictions:
B f0=3 saxes, S) b m-:-n%- f(x

a4+l

€ s=ETT. 0 d peEL y
. Use imphicit nide to find out tie secand derivative of the following functions:
a b!xl*'ﬂ:yl'ﬂ"ﬂ" b _\-ttf-r'
e ¥-Zuy=0 Cod gy
3. Use parametric differentiation o find out -E% for the following parametric functions x (1)
anad » (N

B x= 4l p= 6l b, x=3mts2 y=6r'ed
E
1+
+. Find the indicated higher order desiviative of the following function,

1 fl=l +de-5)", (2 b fisi=1an"{x), f5(x)

e SW=3e" 00 4 S =atinlel
5, Use MAPLE command “diff” to find the indicated higher order dervative of the following

functions.

o fixy=Jacci2e) . S b. i) =sinfsins), 4}
. Find the indicated derivative of the following by using rule.

o yiﬂ:&?}" ,T"dﬂi\'ﬂiw

b fi(x)=B(2r-4), 10* derivative

e plx)sdcosdn +8) , 67 derivative

d ACxdm Tt 12 derivative

€ x=apcosds, y sbsinds d, JFI%'d:?- A=

"I"'\I:I:I-'.'l:':;. atd

By using the chain mule and other differential mles, some of the derivative computations cun be mdiis 2
perform. For complicated derivatives mathematicians, scientists and engincors use computer sofiwares, Such 3
mathemniica, maple and Matlab, use computer sofwars to compute, ?

o | +4) sin' ()
e 1+casix)

o Al e
de| (7 +4)75in’(x)
Although we have all mathematical 100ds o compute shove type of ; A
invalving computer seftware may be mose efficien, type of problems by hand. But |hmi
L.
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UNIT HIGHER ORDER DERIVATIVES AND APPLICATIONS

mﬂiurln‘: and Taylor's Expansions

i_'.!’ft_m the value of & funclion and the valees of it derlvatives are known o & particular point and .
from this information it is desired 1o abtain values of the function arcund that particular point. The:
Taylar palymomiaks ond Taylor series allow us o make such exlimates,

Maclaurin’s and Taylor’s theorems. Using these theorems o expand sbw, cos ™
x tun x, &, ¢, loga(l+x) and Inj1+x) : i
A Tavlor's Themem :

I (x) and it o derivatives atx=x, mre f*(xd /™ (xadior S 7{ze), then the nth order Taylor
polyromial p f} may be'written as!
—ge? -
p00= Ll =5 )+ E )t OBL ey i
Thiz polynomial provides an appeoximation to £ (x). The polynomial and fts o derivatives are
very much matched wirh the values of £(x) and its first o derivatives evaluated stx=x, ;
Pl ) e Sixgh gty = 1) Bolme ) = () vy plimg) = £%g)
EEEEEEEE #) The function y= f(x} =&’ and its derivatives evaluated atx, =0 are known by f(8)=1,
Fioy=1, S=1, f10)=1, £90)= 1. Use fourth order Taylor polynomial about xy=Q 1o catimate
03 m x=02,

{EATTIED The fourth order Taylor polynomial p, () is sbtained by terminating the Taylor polynomisl
(i) after fourth order derivative term; )

- 3 - -
O e R SEBY ey i
Inzert x, =0 in (1) to obtain:

- T

Fft'-ﬂ‘-m1+_f'Mr+f‘m}E.E+!*m}_§+Iuimi_:

2
_ £ x
_I+x+_i_r+_ﬁ+§-'l i}
The Taylor palynomial Iﬂi;jiﬁummuhninupprmimﬁm of a function y = f{x}= e’ atx= 02
. :
Pld=Tev4 ‘3-+5J—+ X
g
z T
ﬁ{ﬂl}h‘l+ﬂ,2+£“1_+.g'_2}t+{_ulz.£
2 3l 4l

=1+0.24 0,02+ 0.00133+0.00007 =1.2214

Matice that the Taylor polynomial approximation equals the achial function valye
¥ f(02)=e" = | 22140 x=02,

. How
lhn:';m Taylor palynomials genersied by = fx) m 1, i Bpprosimate v
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i 1 more and weed T the Tayioe polynossal, Wil peiy s o .
aﬁﬂmhﬂ:: mm . Mow, look at the following examples e prnu-dl.w to the wse of Tuylor and Maclrin's
% T amswer these ausstions, we sirodisse mmmmmmﬂmmnmm i the "I-'l:mm iz illustrated in these examples.
s "f“ pelynomial, we obiain an infinite series. known a5 o Taylor series. MIEE. @ |Use Taylors serics 1o approsiate l‘m.-nlm afn function f(x)= "ot o painly, =2

PR = f ) == %) meL_‘.ﬂ. FEN +£"'—-if x) i m'nm funetion and ite derivatives m v, = 2

# - | =g L1 B
‘F‘”ﬁ“hﬁﬁmI1n\:Iﬂrﬂ!’lhﬂmﬁ:ﬂlﬂlﬁlvﬂﬂtﬂﬂﬂl’dﬂ:ﬂﬂﬂrﬂﬂwnhﬁﬂxmmh fix)=e', fi2)=2 ='-'J1+9LJ""(J!I]E¥'. f=s =730 J"'.E-ﬂ e I?}W = 13891
Taylor setics approsimations of ¢, sincond cos xequal the valaes of &', #in xendcos x for every vl o, are used in Taylor seiies (i) o abtain the Taylor series approximalion of &' ola point y, = i:
Hpirenis, sl Vicyelms e 8. Tiye ”“Mm“m“’ﬁ"“”m range of ¥ vabues Fy & -ﬂz}q:—:}f{z}ﬂ“ 3y r:za+i——“"3"r:z:-.

o exninple, v value of & Runction ,ﬂx]-ﬁ which equasly its Taylor series only when ~l < x<],
o

-

= 7.389 1+ 1380 K v=2)+ 73891

b= 21} na'n“ 1] -

H. Msclaurin's Serics .

A special case of a Taylor scries occurs, whin the function y= f(x} & known only ot the origiy I Machurin’s fheorem for the funciions of the typef Etl ="
, =, This special condition imposed on Taylor series, develops e Maclaurin's series: THARmpI G0 | Llse Maclhwrin's series to approxiniate the value of a fnction Sy} =a" ot o pointx, =0,

“Iive fiimvction and {is desivatives al 1, =0

o (2" .

x)= )+ x| +—J' i +~—-—J"" ) ;

TI T " e ; i “ Tixy=of, fi0)=1 f )= aloga S0 = o s
ve Taylos wd Maclaurin® s sees of y=(x) nbnuupmiculurpmmr‘mufmm Fin=aGoga), D) =(log,a)’
Fad= Al =x) 'r.]'+—x‘}~f' Lx)+ —-5’—..!"' (E R +{ﬂ’— are used in Maclaurin series {iii) to obtain the Moclaurin serics spproximation ofe’ ma pains 5, =0
Sl Gl
i

nx:-;w}w*mn“} o "" £ (Ot *’} LI = 0y S () -’lrﬂnm IO

I we wsex—gz, =h, ﬂ\mupuunu (1.}md{.,-,m|m i . - o 7 .
paspuatar nodntion for the Taylor and Maclaurin's series of arder o ﬁ-'l-r"“f e fl) ; FIRRS 2"{ o5 35{108.“1
P - ¥ i W . s B . Mackorin's thesrem for the funetions of the type fig =c*
Fs b= fnh+h f&14“fﬁp}+3;j"{-'r.}*._---f ) tiv) ) e b) FREETHEE L | Use Maclaurin's series o spproximate the valueof a function fixi=¢' ala painty, =0.
Fis = £(O) !:r'r.n}--—f'mh’rtrmh# —0) o) | et EEnmD ™ h';“;w Mﬂ;:'dﬂ*ﬁmma-“

-2 y =gt fiOF=l fl=et, 0= Fld)=c T 0)=1

T M of ¥ Olx-h % * xth i

i Fi;urcTr. i i ﬁmnm »= iz '“ s shown ¥ F—" an:us-.-_d in Mackaurin series (67 o ebtain the Maclaurin's serics approsimation of ' at a peint %, =0:
o =1~.1'+'r-4£ﬁu,
) FTRET
The popular notation for the Tayler & mcw-uruarmnm P, Maclaurin's theoren for the function ul the type flep= itz
' al n' =
o P o ‘*’5"“-:'*—!11'4,11-—}'{;,1 % _,r'.:;]. o =n2 Use sacluurin's sertes to approximate the volue of o funetion £ (x) = sin (&) ol &
i Fla o+ )= fiope 'E'r{ﬂ']'+£|rm"'—f'(ﬂ} L4 ‘—.r"'(ﬂ'i C‘WT‘M function and its denivatives atxy, =0
: i 3 e Fixy=siny, fi0=wn(0)=0, lad=cosa, i =coni=1
I n functinn = F{) i known ot 2 particular poine - A g Six)=—sing SO =<sini =0, [ {s)=-comn, T == =}
_ o Taslor series i) AT e = cosily = =1
siwarsh oF backwird eint x =6+ 8 ofa fundtion = fie) are; S e are wsed n Maelanrin sevies {iif) to obtain the Maclaurin series approximuation ofsinxat o point g,= 0
IS I . 3 at
Szt = S m"txu1+~n:.1+imx.> . x=xy ; snv=f @10 @ o o
Flag =)= S8 um"u.r»-r 5. IETRRTD. . SRR L€ B <
T (a) J'"tx.}+. sy = B T AT Thi

=7 S Loimb Wﬁﬁw sl 12
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B.13] Use Maclaurin'ssristo approxime the value of a function /()= cosx R point 2=, g, (14 )= vlog ¢ 5 log.e+ Flog ..
ST The funcion and its derfvatives at 1= 0 e Je o Maetanrins dvenven for e fameibon of the e fid - 5o

s R s i~ sin Use Maclaurin's series to approximate the value of 2 function f{x)= In{l +x}at a paint
e =xnl=0
I (kY= —cosx, £ (0)m-cosO==1, S~ (x}=sin (© m

. : : X, =0,
are used in Mackaurin series (i) 10 nt:!l.iﬂ. the Machorin serics lpprmsuuﬂun‘ﬂf a function eosrg g ! m s St a5 it k
pointx, =0; cosx= Itﬂ:—u;-[u:|+7_,-!..l"'{ﬂ).r"tﬂ]+a- 3 Fx)=nfts x), £(D)= Ity =0, f(ﬂ=“lﬂ- f’ﬂa.}"l
2 x e e . "
A eneo it R i
M Wbt e B Ui Busing i ‘ it : obtain the Maclaurin's series approximation of In{i+x)ut a
vl Ui M i’y i 1o imase the value of a function f(x)= tanx ata point x, = {, are used in Maclaorin's series (i) te g 3
&I The function and its derivatives atx, = 0 y pointn =00 In(l+x)= 00+ x O+ 57 7 O+ 3 /7 O+
F(3)= o, f(0)= tan0=0, [ {x)=sec"z, f'(0) =sec’0=1 2 onPe Rl e BN
U {x)= 2sec” rinnx, (0} =20} =0, o(x)m 2vec’ x4 Atan’ see’ X =0+x(l)+ 53D+ ) D e et et
F7{0) = 2aec’ 0+ dtun” Dsec’0=2 LY . .
mmbdinuanhmwgnn}mmninlhrhhdm{n?‘_mﬁwmmmmnfaﬁmhm tnxalapoit Nee Toier's T compute the series of e Rollowing fanctions 31 %, =3
: x -'l—) i. fix)=sinx il fix)=cosx i, fx)y=tanx w, fixy=a
re=b marsfOES Wl MG O E J}m-e vi. f{5)=log(1 +x) vii, f{e)=1n{l +x)
2 i — g e e —
= 0421+ 35O T2 x4 20 MAPLE command “Taylor” to find Taylor’s expansion for a given function '
= ’ The use of MAPLE command *Taylor” is ilhstrated in the following example.
R - ’ :
1 Machorrin®s isem i thie Timdion of e (e i = gyl 1+ " Wﬁrmm:ﬂ:ﬂ:ptﬁ mmmwm ]
EEE 1S Use Maclourin's series to approximaie the value of a function f(x) =log, {1 +x) it & pois i i G e sl vy
¥, =0
m The function and its derivatives atz, =0 oy i
flxy=log 1+ ), f(0)=log {1} =0 > nplarl e xm0,4); 14 hate) & }I'Hr}lﬂ 4-"%‘?!"‘1"# o)
f{*}‘%h&ﬂf'(ﬂ}*hi,ﬂhg.a Context Menu: |
$ > F " ;
Fix)= -'—"—101_11, fHity== > series| etx,x,4) \f
Resr - Lalde) e 4 el o 4+ L' 101
2 i 4 F] ]
.I""l:rh“”}; log,e, f°(0)=2log, e ‘lm‘l:is:gwuhuhhhq jugh right click on the last end of the expression by selecting “Series < 5™ on
comlext men, ¢ X
are used in Mashwrin's serdes (1) 1o obtain the Maclaurin’s series approximation of 4 function S .

)= log 1+ a1 a point x, =0:

1 > mylor{sinix),x =05
tog (1420 £ @+ £ O+ G 00 DL e gy -

; t -u%fn{ﬂl
=y @ EDQ‘I?:!'IH:!::
=0 L1 Koo i
+ﬂufs-:, 2 '““;:2 3 0k E B series| sinks),x,3) : ’
1“&"'5‘[“!“' T lng;-m r—-.—,-;j +ﬁh ]
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EEW Appiication o Derivatives |

In this section, we will sioe how p gse dac thesin e
angles in between two curves, the maximine and shvadanum vl : -P
whiere the function is increasing ordecressmg. il
Geometrical inferpretation of derivative
Consider a function y = / (1) as shown in tle Figure 4.2,

IR e T IR

beiine the ek, e deemal lines, g
 a finsetiva a5 well os the it

Ll Pl y,) be o puint o @ crve V= Iixh £ Normal Hine i
The change Av i ¥ develops n clange Ay inr. ) .
The coordinates of a poim (0 are thorefore 44 o Tongent line
O 1+ Ay, 4+ Ar), Notice that the slope of the seeant >y
T P ﬁlj' J A%y
¥ it Ax) = e Ples #.
%:_ hos fy : o % ....::I_-T—t
If we mke values of () closer 1o P, then o i =
approaches P, and A-gnp.oaches 0 anl dhe slope of f x )
tie secant line PO onomically approaches the slope Figire 4.2

of the tangent line st a particular point ' ad s deneved by
dy Ay

- 1 e
= m =

st twd=Tad _ .
e fim) (i

Equations of tangent and norimal fo the curve at A given puint_“ _

If the siope of the tangent Tine an o ciirve =1 (x) at o particular paint Blx. 3.0 5 (%), then
the mngent line on fhis euirve ot 2 paicular poimt Pl v, i the nonhoopereots e (developed frm
the definition of the poin form of the straight line);

== A -

RE Lt kY = ) 0] : 1

The normal Tine is the line perpendicular to the tangent line on Bis curve at a particulur pot

: =2
Plovwxal VIR SOBE e’
(= pad = 2) t

Fix)

Gpd=mn(s=n) meLik) )

[T ik 18] Find the equaticis of the tangent and nonnal lines on a curve p= o ata paint A2
I the given curve is y =", then, the sope of the tangent line b the first d.lﬂ\rllhl't af the given
qurve ol 8 particisar point F{2.4):
A xy=2x
SRy 22 == m xa, Gba i P24y

The tangent line (i} an the glven curve at a panicular paipg P24) is:
yoyy=mlx=x) Gl

fp—H=ts 2
_“‘.+..r.-4+3=“:.'F—"'.ff_fi-lnﬂzg.‘._‘_r_“n

TOGTIER CRBEIR PERIY ALY ES A0 LI At
The normal ling (1) on the given curve of a particudas point M2 4) i
=1
(r=p)=—fr—x)
m

U“"'l=%1-{x—2)
d{y-4)==(x-2)
p+dp-lh-2=O0=x+4y-18=0
TM519] Find the equations of the tangent and normal lines on the curve =97 st a paint, whon
¥ eroszes the - axis.
@I The coordinates of a particular point P at which the given eurve y=9- Femsses the e ot
we y=00 .ce
Puty=0 i y =9~ ¥ to obiain a set of pointe 0= p=9=x =x'=9 = r=23 = (0. =10}
IF the given curve is p= 9= , then, the slope of the tangent line is the fira derivative of the
ghven curve at a partieular poind P{£3,0):
S{xy==2x
Fi¥==2(3)=—0=u, afa el Pie3,00
SE=Nm-2=-N=6=m, aiqxpeim P-3,0)
The tengent lves (i) on the given curve et the particulas points ae:
(y-0)=-6(x-3), m=-4 P0)
x4 y=1BeD A
Clp=O)m6lx+3), m=6, P30) s
fix-y+18=0 i
The normal lines (i) on the given curve at the particular points are:
0=k, m=-6, PO)
Gy=x=3
F=by-3=0
O=0)=ZH(x43), m=6, A-3,0)
Gy=-z-3=x+6y+3=0
Angle of intersection of the two curves
If ) is the slope of the first curve and m: is the slope of the second curve. then the f
in hetween these two curves at o peint of intersection hmmhmmﬁrmﬁ;
that point, This angle takes the notnion: tan -E%'L i
; (i
Exumphi? o =
miul:nl‘ ﬁﬂﬂé'h:;iﬂit of interseciion in between the curves yoe o' 25+ | and y =" +1 a1 the
@D T required angle ofintersection i hetween the given two curves fs: n0 « 2= ()

I+

For point of intersection, sobve the systev of nonlinear equations for the unknowns x and

BT FERERLE

i The tangent equation ut a paint
B a3, 13 ¥ =)= s ~x b
. The normal equation ai a pain

B xuy. )i Lr—n)= “ix -,
m
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- UNIT  GHER ORDER DERIVATIVES ﬂﬂunmm W2 e | .
N » " UNIT-4 THRCTIEN ORI BERIVATIVES AND APPLICATIONS i
- P i (i} b
X & =2x+], p=a'tl . lon o obtan: 1
Using first equation of the nonlinear system (ii) in second equation : - b
[ D T | Excroisi @ I
x"‘.\:’]-h!ﬂ ' '

1 Ineach case, find the equation of the tangent line to the curve a1 the indicated value of !

TI“mﬁf::;:i:ﬁgﬂ:;'ﬂx;i“;lﬂib:munmlimmﬁﬂ hﬂhﬁihlu[gr}%m i an. =3 i J-wnT3:+n}. x =0,

h'#"'“hh'btﬂ'nyﬂ:’-ﬁﬂ-l-l . & ¥=gte, xml il, JI:_:I* 5=l

Put x =1 to obtnin y = y'~ 2x+ 1= =14 241=2 - 2, Ineach case, find the equation o nortul o the curve ot the indicated valie of £
' Put x = 2 to obtain y = '~ 25+1 =8~ 441= 5 8 y=xet x=l b ywi2xsl), x=0

“This process developed a set of points of intersection: (0,13, (=1,2), (2,5}, ¢ y=oonte-g) x=E P s
" The slope of the first curve at a point (2, 5) is: %-sxs_z =[%]m~_'~3{231_1=|u=n1.m S r“dmmw';mm,hnmmm;;w-.z,mH_n

' b Find an equntion of the mngent line 1o the curve sinx = v)=xy at (0,7}

mlhwnf:ﬂlnmmdmulpuﬁuﬂ.s:}ﬁ: %-2&‘ =[£L-1{1’J-4-m"m}l ¢, Find an equation of the normal ling 1o the curve x*+ 2y = ' at (1, -1},

d. Find an equation of the normal line to the curve xy=2 = p'=3x=1 at (1,2},

The slopes m, and jm, are used h[i;luﬂmﬂ:muthmnﬂummm . i Show tiet the fizst foisr ternd in the Talor series xpantion of /) =tan

m—m, __ 10-4 6

= - g 1
B e, T 0@ 31 L B G )
B-m"f—l=ﬂ.t4$3 b, mmmmmwinwmmmumu{f{x}--ﬁ

R PRI R TP L K TSP
shoat x=4 are; 1+4(x 4) M{x gzl 4)

Point on » curve where the tangent is to iven line
ngent is parallel to the given line ¢ Show that the first four terms in the Taylor series expansion of

: “Look st the following examsple the procedure to find the point on a curve where tangent is pasallel 1o

i +
" the given line is illustrated in this example. Jri= ko about k= | are: ;]4.,},.'-4.3[{3::]"{:;1“ +{J;I|:| ]
W Find all the points on the curve y=25" +d4x” where tangent line is parallel to the line 5 Find the Maclourin series expansion for the following functions:
e B 1 o : Al
i s ey : i f{:]-i:; b flsymgn's e fld=ceshs . fix)=Inll-4x)
SHe Slope of the given line = § 6 o Usethe Maclaurin series for ¢* to show that the sum of the infinite series 15444 L o ise.
B ]
ey e yo 2wt & TR ThET
o g " b Uupm{n]lbfmlimltIhr.vtlhbcnrcﬁln.lmuilhtim¢m4dm:innlplunﬂ,
ﬁ-hhﬁx F=ir4dc’ when x=-2 ks Mh‘nﬂcurhmmmﬁhﬂmm
i Then y=2(=2)" +4(-2)°=~16+16=0 o a*=y=al At t=dlE b p=an ay'=day
- + i 2 %
I+ 4x-4=0 F-I(::-J)+O[B‘.J e o ﬁfﬂﬂ!m‘iﬂhmthn:w_rmix’—dx'uhr:hngmuﬁmumﬂelmﬂnlintjl!.\'—i.
3 3
I+ br-2r-4=0 P A
Ixix+2)=2(x+2)ul =_2['ﬁ}* *[E]
[+ 2} 3x=2)=0 =E+l§-lﬁ+¢ 64
:-.:-:t+2-l]. Sz—zll} 78 T.E
64
-2 agnd x=+= e
= x +3 ytn,n
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Maﬂmn and Minima |

Always the maximum gnd mirinmnem silues of i lew,
For u quadratie function (whose yriph & thﬂll.i}. the “m?mf'“ wnﬂnmkmmml vﬂu:::“n:nhimwudﬁ%
without grashing by finding tlw verick wah For e HJT!& 1o determine the maxi :
iques are necded, T this unit, we shall see how 10 152 i is increasing or d g,
bt vahies 57 s Rt as sell 38 the intorvals swhere the Tunction 15 in & of decreasing

Inereasing and decreasing functions

Suppose oo conlogist has dct:nnm:d the ml"-"r‘
population of o certain species 05 3 rﬂﬁﬂ“‘_ﬂ“fm "_' Fime 1
(months), 1F it turmns aw tht the popalation is increasing uatil
the end of the firet year and deereasing thereafler, It is

a function can be read from 18 graphics) v

reasonable to expeet the population t be maxintized at tme Papulution cyry;
{ =12 and for the populstion curve to have @ high pomt af < ) L i
1= 12 as shown in the Figane 4.3, Phgure 42

1P the geaph of a function ({7, such 25 this population . _ )
curve, is rising throaghout the interval 0 <1< 12, then we say :h-lj‘(f} is mmi:_,- incrensing o th
fntarval. Similarly, the graph of the function in Figue 4.3 i5 strictly decreasing on the interval 12 =1<20,
Theee terms me defined mone fomually in the Figare 4.4.

X

Figure 4.4
«  The function f(vi is strictly increasing on an interval (o, &), if
Sim) = flxg), whenever v < x, for 5 and xon (g, b),
e The mmimffk:}hﬂﬁtll}"dubuﬂlgmlﬂi.lm fa, &), 3
Jix) = fixg) whenover x, <., for x,and 100 (a, b),
T al 22| Find the imervals at which the function f{x)= +*is increasing or decreasing.
Tine fuction f{x) = x* is a parabola passing shrough the origin, Take iny two poiats s #04%
in the interval {a, b} for which: flx,)= fix)=x < x'u (s, - Ny +x,)
1, xye (0,00 with condition £, > x, then the function f(x) is increasing in the interval (02
SJix)=Six)=0 '
S5)>Sn), ot (o - hand (3.5, }are + v, shion =g
a0 8, (o0, 0) with condiion x, > 1, then the functon (+) I‘.'Idu:reuin; i e intervol (2

Ix)= fix)=o
Ha= e, shon Ty >N
mmﬁﬂ

Sy (o= ) is dve bty (x4 1
i

IR Prove that it/ (x) s a differentiable function on the open interval (a, b) then

®  j ()i increasing on o, 5)iF S0 0, Yae (a.h)

& f'{x) s decreasing on for, B)if 12120, Yore (o h)
Proof:  Let x,x.& (o0} sach that 3, >x then there exist o point @ between. 1 s &, such tha
Fie)= .i't:rl::;i;[.r.]
ey =50 e)= flx)- fix)
For /()= 0 and e, v, =,

It n function by oomtisiie on jd, )
et M emtighbe sm qa, by thew ihere
e it da LhsuchTa

Therefore, )= fix) 2000 5 > 5, pii

! ; Jihi plup _
Or FIES RS AN A A = e
T, [ isan evepsing function.

Sanibacky, the proal of part (i) con be done whvich is left 0s an exercise for the reader.

Determine the values of x ot which the function fix)=x" +2x=73is incrensing or

decreasing. Ao find the point sl which the given function is pieither incrensing nor decroazing.
Far graphical view, the given Ranction through completing squane
fig=r +2e-3=y e 2rel=1=F=(x+1) =4
is compatcd with the general cquation of parabola f{z}=als-A] & £
10 abinin o parabela with vertex (=1,-4) that opens upwand (a =1is
pasitive), The graph of o pamboln through the points (1.5} and

(2,50 i shown in the Figare 4.5,
The derivative of a given function with respect 10 v & the

slope ol the parabola: (v} = 2re2
¥ the slope of parabala s 7(x) > 0 (positive], then & gives
fixy=0
2x+2>0 = Mxs=2 = x==1
':'hl?;:mu that the given function ((x) is increasing in the interval
If the slope of parabolais *{x)< 0 (negative), then it gives
Fig<o
#2210 B o L = <=1
This shows that the ghven fanction f{x) is decreasing in the interval {—ee,— 13,
Ifthe slope of parabola is [ +) = Dizero), then it gives
Six=0= IritmlIrm-2 = gm=]
This shows that the given finction £{x) is neither Inereasing vor decreasing at o veriey, (=1,—43,

Examination of a given function for extreme values
Typically the cxtrema of a continuons function ocewr either a0 endpoings of the fnterval or at

© puints where the geaph has o "penk” or o “valley” (points where the graph is higher o Tower than all

rearby points). For eximple, the funetion £{x) fn Figure 4.6 has “peaks™ at 8 and D and “valleys™ ot C
anel E, PT-e::; and valleys are what we call the rolative extrema, '
exact lecation ef o relative meaimum of mininun sther than o graphic’s approximat
nnnnulllg.-: Found by using derivatives, The concept developed is o under: g -
Sx} be a function g5 a roller coaster track with & roller coaster car moving from left b ri
i hi]
alangs v graph in the Figare 4.6, Ax the cor moves up wwurds u puak, its flgpr ﬂﬂtls upwitrd Aﬁ:
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UNIT-4 \ IIGHER ORDER m"“ﬂ‘ﬂmﬂmm\h%- L

i TR0 tilt downward ag thy
'mmwﬂ&ﬂhmlh HM“':\IQLWIM"ME‘MW ’ I -
down toward o valley, Jﬁ;ﬂmmm-mmimﬁxmﬁﬂﬂ:ﬁﬂmiﬁ
figure) represcnts the tangen fine 1 the graph at that paint. USIng s SHEARY, P2 50 0 U pag
the peaks and valleys ut A, B, C, the tangent line is horizontal e 0, g’kﬂm%
E.M'ﬂm,nmdmitum“;mdmuwhlnﬁmdﬂynlfﬂnmdulpuk "‘d"‘mt
make the 90° chiange of direction at valley E. There is o tangent line at D or E, because of the shayy,
This, the paints wiere o peak or @ valley oceirs hive this property: the “I‘Eml line iz hge
mdhh:hp:ﬂumnrnnunmtiﬁ: i;dgﬁnrd:hm.ﬂms]ﬂpcoﬂhcmw mmmwhﬂh
function f(x) ata point #x, f)) s the value of the derivative ()

Sz b
Mo tangent
4 E No tangent
Mo mngent & ik
0 7] £y , I f oy T b
c
Figure 4.6
S Mefative Macdmwmd and Reldtdve Viisioon: The fonction f{x) B8 said to have & retasice

maximum at 3 number ¢ if fc) 2 f(x}for all x in an open mterval containing ¢ Also, f{x) &
saild to have a relative minlmum at o number d i F(d) < fi{x) forall x in mm opan vl
cantaining d. In general, the relstive moxima mnd relstive minima are called relative extrema,
I el * alies w4 vitlend Point: Suppose Fix) is defined at a number ¢ and either fic}=0
or e} does not exist. Then the number ¢ i called a critical volue of f(x) and the peit
Ple, fic)) onthe graph of f(x) & called a eritical pirin,
Note that if f{c) is not defined, then ¢ cannot be a critical value, If there is a relative masimen
ot ¢, then the functional value (e} a1 that point is the maximum valve. Sumilarly, if there is o rebaiive
minimum a1 ¢, then the functional value () at that point is the minimum value.

ERIEIEE2A] Finu the critical values for the following fumctions: vl
ful. flx)=dx' -5 =8+ 20 {h), f{;*i‘ i ﬂ,}.|3,:4n
¥=a
i X
fl f{x) =3 <1227 fel. f{x}=&§_4x
. The first desivative of the given function is: Lis=120" < 10 -8
(30 =120~ 1O~ defined for all valuss o . Set (. 0 10 besin the citical ales:
S (=126 o108 = 20e-0r+ 1) = x=d ]
vz
b The first derivative of the gives funetion - ,«.[J,},m-q
i
mﬂﬁvﬂ]h’ﬂﬁmmﬂ;:z‘ .. i

UNIT-4 HIGHER ORDER DERIVATIVES AN APPLICATIONS
-1 L]
n The firss desivative of the given function s Sieh=dx? gt
Thndwivﬂlw&mdtﬁnndalx-ﬂ.hnﬂnnﬁgiulmim Fixy at ok = 0 i
S(0)= 1203 ~20 w0, defioed. So & = 0% erfical valbe. For Siher ritical values, et

=4 -
Fx)=0 wobladn: f{x)=&¢? -!ur} ='-I=r3.:*'r1-;)-.n=: 2-xul = gm?
Thiss, the critical valies arex= 0, 2, . -
o The derivative of o given function is: f{.lf_'I:l.ti—l!.r"
L TR A S .
PUCEE (Gt ) S R R R SR
s 3 A @
The derivative foils o exist when x = 0, but the original function f{x) is defined when ¢ =0, 5o
x=0is a eritical value of £(x).
Ifx= % then ("(x) is going to be 0 anly, when the numentords -4 =0 mzem forx=1.Sox= 1 ia
also the eritieal value of () . Thus, the critical values of () are 0 and 1.

1
L3 The derivative of a given finction is: (2} = Ga? =dx

T
2y Fa ; —4—ayl
= 6 - mdmdy' —d=
ris) []}r’ T
The derivative fails 1o exist when x = 0, but the original function f{x) iz defined when x = 0. So
w= s critical vilue of f(x), If ¥ 0, then f*(x} s going to be O only when the numetor4 -4y =0 is
Zero forx = |, Sox=1 |s the critical vilue of f{x) . Thus, the critical values of f{x) are Oand |,
Theorim 4.4 I u continuous function f(x) has & relative extremum at ¢, then ¢ must be & ¢ritical
value of fix).
The function f(x) i defined by f(x)= ' ~3x*~9x+1, Determine the intervals at which
the function f{x) i stricaly inereasing or decreasing,
SIS Fist, we need 1o find out the derivative of the given function, which is: Flxy=32" - 6x-9
Far eritical values, et "{x) =0 10 obisin: 35’ —fir—9=D= Hrslx-Tml=r=-3
These eritical values divide the 1~ meir into three parts, as shown in the Flgure 4.7, Mext, we
select & typical number from each of these intervals, For example, we select =2, 0 and 4, evaluate the
dm_rm_lvq al these values and mark each fmerval os incrzasing or decreasing. according 1o whether the
derivative is positive or negative respestively. This is shown in Figure 4.7,

3

| '_ , S0 J=n :_ Six)
et L)y (=1, 8ot 0,1)

x" 3 i o
- - =Lpisd 2 3 3
2|0 | 4 i:
! yu] x=3 ¥
i 2 (3,-26)
i s A o Figure 4.7
. et {x) incresses in the intenals = . 3
interval -]« x <3, for x < ~1 and ¥ > 3, but decreases in the
LG A L
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ENIL-4

EEIEES) Do the function fop= o’ =3v'- 0041 and B
derivalive /() = 3x* — -9, Use these graphs to tell abaut e
Tollowing questions:
fal. When f*(x}is positive, what does that mean i Lrns o5 the
graph of f{x)7 ) .
thi. When fhe graph of f{x) is decreasing, what does fhit mean i
temis of the graph of F{x!

m The grphs of  fin=a’-3x"-0r4
SUx)=3r" = by =9 are shown in Figure 4.8
These praphs develop e idea that the eritizal values of
i) ure always imercepts for the graph of f'{x) =3¢ —6r=9:
s 0 Fix) s positive, e (X} S increasing.
e IFf"(x) is pegative, then f{r) isdecreasing

State the second derivatives rule o find the extreme values of o function at 2 pow

The first dersvative of 2 funetion con be used 10 determine whetler the function i incressag i
decreasing on a given inferval. We shall use this infomeation 1o develop a procedure calicd the L
derivative test for elagssifying @ given point as o reletive maxinium, o relative minimim, or neiter,
The steps invelved in first-derivative lest for relative extrenm ore the following:
1. Find all ¢ritical values of ). That ix, find all numbers © such thor f{e) is defined and oie
Fled=00or i) does not exist,
2 The paint {e. f{ch) is a relative maximom if (v} > 0 {rising) for all « in an open interval (s, g
the lefofe, and ©(x)< 0 (falling) forall x i an open merval (o, 5 to the gt of e
5 The point e, f(cl) is 2 relative minimum it () <0 {falling} for all ¥ in anen intervel o gy
the leftof ¢.and () > 0 {rising) for all v in an open interval (c. &) to the rght of .
4, The point {e, £ (c)) 15 00t an extremum i the Serivative {x) has the spne sign in open inkerd
{a, <) anal fe, &) oon both sides of ¢ :
In light of first-derivative test, the function f{x) =" -3 =O9v+| (example 24) has tbe crsid
vadues -1 and 3. The function. f(x) is increasing when x < —1 ind x > 3 and deereasing when 147
TJ;: first d;ﬁmwc test tells s that thers s @ relstive maximum of 6 81 ¢ = 1 and o ,ﬂaﬁwm]uhl'{
=doatr= J,

IR 27] Evamine the funciion (x) =22+ 3x*~120-5 for the relative extrema using firsé-detits

ekl ﬁﬂ

et

The first denvative of fa)=20"+ 35"~ 125 -5 j5-.
Fixym6x° + 6512 = blx+ 2Hx-1)
Set )= 0 1o abtain the eritical valpes:
_f'u]:&r“+ﬁx—12-ﬁ-d{x+1.‘u‘,x~lj=ﬁ=r.lr=-1,| =
To test the critical values -2, 1, we cun st the
-..-1:1::: '-",-bﬂ'"ﬂl Many '-'::‘:”hiﬂﬂ of the 1en mmﬁ : L
we try 1o select i : i
_-;- lﬂm : " numbers that will make the compitations easy, This i
The test values -3 and O are wsed for the erjtieg)
S == 6l=3+ =31 = 24> {positive)
SO =060+TH0-1) ==1220 (ncgative)

vahue x= -2 1 ghtain:

—
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The value of the derivitive is posttive (rising) to the left of -2 and negative (falling] 1 the 5
Thtsdiom 52 T et L i 5
JE=2)= 22"+ =21 -12(=2) = 3= =16+ 172242 =1%
The test valses 0 and 2 are used for the eritical value 1= | 1o obiain:
S0y = H0+ 2H0- 1) = ~12 (neguiive)
S = 2422~ 13=24 (pasitive)

The value of the derivative is negative {flling) w the leftof 1 amd pesitive (rising) 10 the right of
6. Thus, £ = | leads a relative minimum point. £{1) =201+ 301 - 120 - 5= -12
Theas, the arow pattemn in 1he figure suggests that the graph of f{x)
has a relative maximum at (=2, 15} and a relative minimon af (1-12)
The Seownl Deeicatlve Rule: It 15 often possible 1o clussify a eritical
point P, £ic)) on the graph of (%)} by examining the sign of e}
Specifically, if {e)}=0 and {c) >0, then there is 3 horizemal
tangent Hee ot P snd the groph of [f{x) is concave bp in the
neighbathood of P. This means that the groph of fix) 15 cupped
upward from fhe horizontal langent at P and 1o expect /o be o relative
ninimaum, a5 shown in Figare 411

Similarly, we expect £ 1o be & relative maximum, if f7(cl=0
el e} <0, because the graph is cupped down beneath the eriticol
point P, as shown m Fipure 4,12,

Sl

fi)=0
F
Feet\S@>0 framo 7Y rieco \W<0

—

L3 o L £ L5

fir
Sler=0 and fTicy=0

M - Fie=0 and Mk
implies fie)is a relative minimum  implies fic)is 2 relative maymuem
Inot i, Figure 4.11 Figurs 4,12

. ;l'l: point Ple, f{c)) is said 1o be 4 relative maximum, if the slope +'te)of the tangent line from
eft 10 right along o eurve through P, is decresasing from poshtive to 1o ive and
second derivative /() is negative, IR

. Thepchu?{c,_.l’[c}}irnﬁdﬁhmhﬂwmﬁnmﬂahﬂm}‘:ﬂjﬁhmmlhﬁwnhﬂw

tight along @ curve through P. e incrensing from megative 1o sern o positive and she second
derivative (e} is positive. These observations I 16 the secimt-derivative fest for reltive exteme.

The Secomd Derivative Rule for Reltive Extremias Lay £11) be 3 fonction sch thay 7 sz

. : ; Flel and

f?ﬁ?ﬂmﬂm imterval fa, &) contining r. ¥ i

4 ), ihere b a relsti - d i
i a ve minimwm at x € and the graph of fix) is coneave up in the

LIS eh= 0, then there i o relative masimmm atv= ¢ and the goph of f{r) b concave down in the

eighborhood of Fies 1))
AW e)= 0, then the second detiative tes Tails nemd gives nos infortuaon,

HET FORSALE
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Use the second-derivative test o determing whether cach caiical valuc of the figyey,
S(x)=3x — 507, 5 commesponds o3 elave maximun, a elative minimum, of neither,
The fiest and second derivatives of f(x) are the following:
SO =150~ 150" <15 (o=t 1), (1) = 605"~ 305 =303(2° 1)
Put 7Gxy = 152" - 150 = 1527 - x-+1) = 0 to obtain the critical values 0, | and ),
The second derivative ~(x) at a critical pointx = 0is: _.I"'!‘.GJI- SOH0-1) =0
The critical valucx= 0 declares the filure of second derivative test,
The second derivative /*(x) at a criticol pointx=1 iz (1) =300
The critical value x = | leads to @ relative minimaim of £(1) = 31 —5(1)+2 =0,
The second derivative /*(x) at 3 critical point = -1 is: f*(~1)=~30<0
The critical value x = ~1 gives a relative maximum of 7(~1)= -3~ 5(=1)+ 2= 4
The second derivative test works only for those critical values ¢ that make fici=n, This tig
does not work for these eritical values ¢ for which J'(e) does not exist or that make f™(c) =g, I beth o
these cases, use the first derivative test fo procecd the process of relative extrema,
Solve real-life problems related to extreme values

mAmmam-memnfm=—t{m:"). x>0 gallons per mile whey

200
traveling + miles per hour on a sraiohd fevel road, If fiael costs 32 per gallon, find the speed ihay wil
produce the minimum total cost for a 1000 mile trip, Find the maximum wotal cost,
Mmmmarmmhmammammmﬂwhu pr mmile) (ihe mumber

t A
of mills) (the cost per gallon) that develops the rule c{mﬁ[ﬂ'y_] (1000)(2)= 2000 +10x°

The independent nﬁuﬂurzprmuspeed.ndymiﬁw wvailues of x makie sense here. Thay, the
domuin of Ofx) is the open inlurd{ﬂ.w}mdlbw;mmendmhl: 1o check,

The first and second derivatives of O are the following: c*(x]-ﬂ*"_;jii'!“l, c-;;;,=%
Put C'{x) = 0 to obtain the eritical values: E;E-u 2107 -8000=0 = & = 5000 = x =428 Inph

mﬂyq'iliﬂlmburiqthmh isx= 283, The second derivative test at a critical valoe x = 283

is: {.'{za.s}=—ld%':'§3uan>u .

The second dervative test shows that the eriical value « o 28.3 beads to & minimusm value. The minimsm

RIS oo it - OO s
poini is on the and how far is it below the attachmen ol atuches 1o the lefi support tower,
second d’:uriu?v:n ﬂﬁﬂﬁfﬁ“ e need 1o find the fing apg
i et b5 0SS 0
i Since the second derivative is positive for

I
e i - 5w s e 8
125 :

HIGHER ORDER DERIVATIVES AND Abpr g

Il LU L RHEE F T ONTTES AND AP AT { "

Thie low point an the cable ocours 70,0 A fo thee right ol the eft i
original function o olarin the divance fram the low pains of 1

i itieal value for x = 0,
i e below the mtnehsien

polat: =03 1280200 = 2N = —1 25 w o
‘J‘lmﬂ‘om.lhclnwmium'dn.:ﬂbhhmllmmlhn-r' 't bl s point of atteciment |
Tn1!1:.m11pﬂﬂ. . 'q
mm_m:.z.mmm maximize (minimize) W compute meximom (oimmem >
value of a function ' 2

The procedure o the e of MAPLE command maxbmisag (v
vilise of a function is Hlvsimded in the fallowimg example

(FAV ""._-5] Ut MAPLE commends to conypiie
) e cos ) fteyes =

L coinpl A2 maxinnm Irwinbianm)

A 1he interval {-1.2],

a. Commanid;
* waarimsiie] vead s} )]

= miwinits{eon(x) )z
=1
Castegy Memi:
= emix) . ;
. Elpttvization| Mavimize || conf ) i
' I1, = 5.sm23 1824894110 16 7])
This resull is obaained through right click on the Instend wl the expression by selecting "Optimzation < |
meaxinize local™on the cuntext menu,
“ oomlx)
* Optintzestisa] Mininrizedf cote) )
I =1, v = 2041 3026435 0977) )

b, Command;:
* mavinzeln® — 38 4 4o eny ),
_ } i1
> wimimize{s® = 2% 4 3 gma ) =
3

#r

g —-—'E'“_._..‘ L?E_-..TTB

L Find the exitical values of the given functions in the following problems and show wherne thie
fisnction is inetensing and where it s decreasing.

B fxd=xtedniel
Find the oritical values of the following fisnctians:

L f=2' - o Tav e 15

b f{;]:.l‘vii.r’*—lﬁ]‘—g.a?E

b, J"I-l'!*%f—.'r’-lix-rﬁ
€ f{x) 65" ~dy

Borrensny

* ]
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HIGHER ORDER DERIVATIVES AND unm‘m i

memuﬁmmﬁmm:mﬂwmm.lﬂwﬂm&mm‘
ERven eritical values for the following problems: - .
MOS0 3y m0at s bx=—1 b f(x)m (e -4+ 2) at x=]

o S =t e e k= lx=2 g m}-#x’-uann‘
Fiud:li:ﬁﬁmrﬁumurmmmhﬁummbmmm%hmﬂ
Mﬁmm&m;mmwmwmmmmm

o fl)=20x+ 20) ~8(x+20)+7 b fmn%xi-m:_

F‘mdnll:ehn’v:almuﬂh:fuﬂﬂmﬁum

w flx)=x=3x'41 b SR =246 49242 '
+ Suppase fix) iz a differential finction with derivative f&i‘[’-ﬂ'{x—ﬂr-q{nﬁjl'
Fll:ldlll'm‘irinlﬂhnuff(;} memmhlmm,
relative minimsem, of either,

" Suppose f(x) is a differential function with derivative n;}-—m—[;*;;_;"?l

Find all eritical valuss of f{x) mmmmmmmm .
& relative minimum, or neither. 3
ﬁmmnrmﬁudmmmﬂmhmiwlﬂmmmhm
upnnpniuhnmmhﬁnﬁﬂmﬁ:mmﬁdmtmﬁwﬁq'

Plx)=80+108x—x", 0<x=10

i Findlkcumdimmadm&ﬁuummmnﬂmmﬁt

# Find the muximum profit,
mwm:mnrmmmmﬂmm;ﬁmu:mnr;mwmmufw
tires is approxinuated by ﬂx)-—,u-y;hm;-m Isx=]s
F‘md:h:mmhnrufhuudmdlbﬁmﬂtiuﬁu
maximum profit. 1

|

:.! Find the maximem .
A diesel generator bums fuel at the rage of Wx}‘%[%i-h]ﬂmwhﬂ"'“
mﬂmmmmi Stopese that fuel costs 52.25 8 g0 2
the minimum cost. fibe genceator is aperated far 32 hov

errenatd

_.J'- .
.

NI TIGHER DRDER DERIVATIVES AND APPLICATIONS

I. Cbmihmmm
i. I f{1)=3 + 41 =5 theg Sinis
(AL 3 =dres

b G+ 4 el 12 idy Ge-3%
e I {)=36 4 465 thew ()i
fa). 3 -drs5 b 6r—4 fel. & fdy Ge+§
: d"
i Iy ihen ‘.5.5'
fal we™lople") (B wte™ fel e i mete™
iv.  The 5™ derivasive of fic)ei' is
@) o . e e 5 i o«
. The 4" derivative of sin ¢ iz
). %rﬂu: &y %um: fei. %r'ﬂw fdx %“‘“‘

vl IF f{s) and its derivatives ar w= x, are Fi5) Si%h- "0 5) then the i order polymomial

S(x) will be equal o;

&

. xmuu.-zmm._aiﬂfirrsr B flx)+ie=n)f) ‘**"--"Elu Fre
fer. J"EI'+k}+tr+&l.l"ﬁ}+..,*i_z:1h‘]fm fdy fix-Rsla=nyr “’?‘--*Efn_ﬂf w

ik
= taylor(x,c" =0)

fel taylor(e™, = 0,5)

The equation of normal a point () i

5 x-g, -&U-.v.i

. taylor(e™)
iy taylor(e* x= 5

B O-p=tir,-0)
L

eh (r=p)=mix-xy @ n)e-tireny

% Theangle of intersection oFthe two curves can be caleul

uted by wsing the formulas,
Gl B =gin ) Hm M Gy I Mo
b=, b e,
oy BH s Sty
fay tany Fms I Pe=gin ey
X I fix}is differeniiable on e open interval (o, &) dteﬂx}hshimly increasing if:
g fixy=o e riaso @Y floso A Moo

HET FeRSALE

To ealculate the first five terms of taylor's series for Slx)=c", the MAPLE command iz used as

53
5

: &

-




