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UNIT-3

The derivative is onc of the main tools of calculus, 1t is insiantane
point in the domain. It is same like the gradient or slope of the tangent
line ko the graph of the function at that point. Before going o the
definition we need 10 revise the concept of limit introduced in
previous unit of this boak

TFFERENTIATION

ous rate of change of a function at a

156k .J'“-r.

3 ALEi= In this unit, we will start by defning derivative, which is the
: Distinguish between independant and mﬂ:ﬂ:ﬂ:ﬂﬁlﬁ; awhan independent variabile is incremented (o central concept of differential ealealus. Then we need 1o develop a lis
i Estimate comcsponding change in the depend of miles and formulass for finding the derivative of a varety of
decremented). : £ expressions, including polynomial functions, mtional functions,
G Explain the concepe of a raie nt:llu_tﬂﬂwmmurmun variabls with respect o another varibl; exponentinl functions, logarithmic functions, trigonometric functions i
R ey I??r:mm:i:;?aﬁcum of  flanction. AR el and hypesbolic funcrions. “The process of finding the derivative is | %M S I
v.  Definederivativeor difieren he sel of imtegers), from fiist principles {the derivation of pawet nde) knewn ax differentiotion. But the inverse process of differentiation ¢z | 17 1he sevse of @ tangent line the i
i Differentinte y =", where o €  (the b knenwm a integration’” We will discuss in details sbout integration in | concept of derivative is very old )
; (a4, whenn = L i p,  are infegess such ik 2 0, foim first principles Einid & of this hook. in the study of mathematics. Thia -
vii,  Ditferentinste y={ax+b) q =

| Derivative of a Function -

= fomiliar to Greek peometsrs.

. But the modern develepment of a u :
L T 'H““f“m = L The derivative of & furction at some point is known as the mi | calenlus credited o Tsaac Newton 1
: * r?]w“E?mi:;ﬁ: g thait comatant and th af change of the function ot the point. We con estimate the rate of | and GW Leibriz. Who previded 1
. I.'Ii:"!u'_"mlwntl?m eonstant multiple of o fancton is eqaal to the product of G A e Beaice B sol. Vi el s 4 6 R
e e hoos (o iffenence) of theirdeve, CHANES of the independent variable Ax.In the definition of derivative, | approachel 10 the derivatives and
H'u:“;u-h-mwcnl'n s for ifference ) of oo E_umuwnq.ﬂhﬂwmm ar iAo den arabe i o " 1. im:
»  the derivative of a product of two functions 15 ansidered usique

iction) pls (derivative of the first function * (&

|

Wﬁnﬂpdﬂmuﬁut:ﬂﬂﬂ |

“To understand the origin of the concept of variables, some real-life situations in which one
numerical quantity depends on, comesponds to, or determines another are considered. For example,

| The amount of income tax (output/dependent variable) you pay on the amount of your income

iinpu::dndqmndcm varidble). The way in which the income determines the tx is given by the tax
aw {rile).

[ilye first function) = (dertvative of the secand

gecongd nction). . )
»  the derivative ol a mm:ﬂ p[;rw Trrr:“?:ns is l:qu:: :.nm
depominator times the denvitive nurservor, ,
denotninator, il divided by the square of the denominalar

3.3 Application of Thearens an differentation

i the mumeratos times the darivative of &

: A in busingss w : :
= : Laitae ; 1 ks, L 4 person in c35 wunts to know how profit (output/dependent variable) changes with
L D wuligleofs®, @  sum{or@fficnee)of fiacignh, - e 1o advertising (input/independent variable). el
: poduct of functions, . »  quotient of WO ? 5 3, A Pecon in m:‘dm_;m wants to know how o paticnt’s reaction o a drug {outputidependent
34 Chain ﬂpnlr e ! lnm ""’]:"h““ﬂﬂ“:t“"'g' respect fo dose (inputindependent variable).
v oy i - H ~Show e - cach case, change in dependent varable requires the definite change in §
; s ? 1 El = wiven y=fu) and & = 2(x) dr g_ variahle through a definite rule which is called a function, o i
3 ey ) -

d i L i),
Gi  Usechain rule o show that E{_ﬂﬂl =l fE )

independent variable is incremented (or d ).

_ _ j i A familiar situation related to change in dependent with respect to change in i i
L Fad sve of implicit function. — f related to change in dependens with respect to change in tndependent is that & driver
15 Differentiation of trigonometric and inverse trigonomet o makes the run of 120, mile trip from Peshawar to Islamabad, in 2 hours. The table shows how far the
¥ e i fmctions (st r, o067, LN X, cOsec X, soc x, and cot¥) from first pmmfnwdinaﬂnt 2w driver ba tebuzied fom P"“”-“i‘-‘.”‘ vm__tlm =
s IL:E:?;-:T:;.;}::M fianctions (arsin ¥, AECC0S X, BCHN X, AICCORCC ¥, MCSEG % ﬁ : % : % = T
. : _ Tt - —
differentiation fommlae. s e m

[ Exponential and Logarithmic Fumliom
e deivativeof ¢ and  from fiprincples. , 3
: i svnitve of 1 ¢ and logs x from first principles. s | e
: S;:dhmmm w:;u;fl:miammfmd derivative dwwnmlmmwﬂﬂ
3.;1 DifTerentiation of Hyperhotic and Inverse Hyperbalic Functions
b i i séh x and coll x)
«  hyperboli functions {sink x. cosh x, tankh ¥, cosech =, xan k.~ .
. tm“: hl.:pcﬂmlli.: functions {sinfy x,mi;" ¥, tank x, coseci ¥, sech™ x and coth™ 2}
. U#MﬁPLEmimnddlﬁhdjﬁmnumnﬁum'm.

I fis the function whose rule is £ {f) = distance from Peshavear a1 time £, then, the table shows
that (1.0} =54, F(1.5)=88and £{2.0)=120miles. So the distance traveled from time ¢=1.5 10 r=20 is
Sl2)=F(15)=120-88=32,the change in dependent varisble (change in distance) in response of
Ineremented independent variable ¢, while the distomce troveled from time r=1S5mr=10 is

S{1.5)= f(1.0)=88-54=35, the change in dependent variable (change in distance) in response of
decremented independent vanable 1,
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UNIT-3

ey
Concept of a rate of change

The idea of average rte of change i
Mcmufmmnm%m{uﬂ.ns._ flyen we 5y
ip climbs from 0 0 10,000 m 1 m
4000 ms, 1f com grows a total of 28 fches byt
in these cxamples, the indicated average bl
is obtained by dividing the changs ﬂrndtpln En
change § independent v e
1 Letus ;‘mhn‘ the process of finding nmmmgsﬂﬂ
change of 8 function ¥ -,f'q‘,x'}h:: wl::ln:l;:yw \'::1:;0 “; e
[ i an amount
Eﬁm-| 3::iuhln je x4 Ax, Asx champes from x 10 xt Axy
will change 103 comesponding amount of y+ &y The nu_-d.mﬁr o
pairs P {x. ¥) and x+ Ax y+ Ay developed must satisTy
funetion 3= fx). This is shown in the Figure 33 -
If the finctian value at apoint P s ¥ s » = f{x) oy
fhien, the furction value at a poimt O is ?.-+by=f;x+ : {i
The difference of cquations (i) and (i) gives the change in ¥,
(p+)=y=Fx+is)-f1x) = ap= f{xebe)- =) i}
inxis Ar=xtAr=x .
mchl%frv:nge'm of change iu_ppu'nnrr:chggfi
by taking the division of equation (iif) by equation {ivh:
by et [0 _JEHBI-ID, ye g0
Av x+Ax-x i R ;
The average rate of change ¥ per unit change in £ 15 gven try:

dy _ flx+dn-fix)
Ax Ax

v

Determine the average rite of change of ¥ per unit

increases from | to 3.

ay thit the ship ¢l .
nz.if.zﬂfwi‘hy;ﬂ o wmmmurllm per duy,

© i) -
n % is the slope of the secant line P, obtin

on
e o

DIFFERENTIAT,

s at an wuwvelum”

fiz)

TJ“’.FWI

F

{

averige male of change Wil
miasures always "the approxisd

change in & for y=% —6x+52 ¥

UNIT-3

.

omething we encountes every day. For cxample, it v, (SR
ﬂzlgir:sutmrs at an average rate of 12 mk.

The average growth rate through definition (v) is:
N Mean-hi)  Jirm-1-(fi-1) i
& Ar A =

.7}
f The average prowth rate (i) is used for 1 = 4
arsd At = 5 to obtain the average growth between doys 4 and 9:
d=+ﬂruﬁ_44+5—~ﬁ

Ak
—n
At

Ar

3 5

=3
B — =

{i)

1
5

Thus, the average rate of change of the height of the com
wilh respect 1o fime (between days 4 and 9) is %{I unit
change in height for cach 5 units change in time). The graph

is. shown in Figure 3.2, The overnge mte of change is of
courge helpful in understanding the instantanecus rate of
change.
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Figure 3.2

with respect to.another variable

In the previous sub-section, we discussed the averupe mte of
change, and leamed that the average rate of change t the slope of
the secant line joining two points on the curve = ((r). Maore
commonly, we are asked to determine the éxact or instantaseous
rate of change at a particular time. For example, for an acroplane,
what is the instanta. ous rate of change of the distance that eccurs
1l a specific time? ” s can be dealt by the slope of a tangent line
to o curve ¥ = (x) ot & specific poipt?

To ilhestrate hig ickea, let us examine the graph of a function
=" at a particular point # (0.5, 0.25) with different secant lines
PO, PQ,,.., that developed from the secant line P

Derivative of a function as an instantancous rate of change of a variable ™

T SRR T TR = v = -
m According 1 the definition of the average rate of change: e e = o et Al ::'-_‘-'.ﬁ-. . T
Ax)=fix) bopm flx)=x —6r46 £ (05, 0.25) 02,4} 13 375 ;
%;f_l‘_*_h:'_i— = y=[{x} ’ sl P 05,029 D) R = : ﬁ -
(04 A =6+ A +3) (= 6x45) _ o $2Ax+AX — % =kl A P(05,025) [XTD) 05 P75 ulis Snsmel
= Ax i P(05,025) 0,(05,064) 03 039 o
xAcedet —6Ar  AEQx+Ac=6) o gy ﬁ““ tabular form contains coordittatey for the points £, Q. the change v in v, the change Aviny
™ A Ak amd A the slope of the secant lines PQ.PQ, PO,,.... Notice that the slope of the secant line £ is 2.5
=2x—~h+Ax Ay 375
E:m:mﬁvmllu!ihﬂn!ﬂ ind Ae=1. (E-—..-m 2.5],lrweul'.= ".--Iue::r.\rgit:lmm-n:u-.F'(\-'..n.m;.\g;jl,g,:j_,_;ér!L ,,,,, ). then, Ar pets smaller, and
%:HH-E-'-E-'-E smalier, and tends to zero.

germinates is h(r)=+E=1." i
(), Find thi average growth rate —.

&5

{h), Find the average growth rate between

The tabulur form clearly shows thit, as @ approaches P, Avapproaches 0, and the slope of the

days 4 god# (07 exact) rate of change at that pasticular point.

) : afier the ¥ A p
e The height h of a certain brand of com with respect to t days (rz1) + secant line approaches the stope of the tingent line at a particular point P (0,5, 0.25) which is 1.
Example NER LS ght Geometrically, the slope of the tangent line to & curve ata oty n

particular point P iz the instantancous
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i the slope of
i vermingl evelops the idea thit the s
mﬂ'ﬁmf hu:;fv: 4 betier approsimation for ll;:
- ﬂu::::amﬂl‘ntlﬂlhtmn:upmmlnrpﬁmlmé
slope of discussion on limit, it foliows lh:l.ﬁ-ﬂ
uws;umdﬂumufﬂwuugcﬂlm to 0 curve ¥ i
particular it P eomesponds to the instantangous
) & ia.ﬂﬂslnpcuflhrﬂtﬂﬂ
of change at that point. That is, 5
line PQ
lim Ay & _ qiope of the
P O

¥ i fix
.Qf Secant line g

mngent line at  parficular Figiee 3.4
f deir p divided by delia 2>
it P, : i cuad b limit as delta x spproaches 2670 @
PO The statement !ﬂ% is read . i
N thie result is the slope of tangent
e ';:&m:cm the derivative of fimehon,

ot the instantancous rate of change of y wi

' mtmniﬂtuhmﬂﬂ“"‘

of a function f{x) at @ I

S} = lim fleefs)=Fx) - if ehis limit exists 0

{hat paint )= e I . 3
i i 'wﬂllud!l'im prh:;u rule of derivative 0T 4 function F(x) with respes

:-fh;s-i}tx] is & function, then its derivative or differe

mbﬂ'in'lhedmniﬂnf}"I{.r}iunhﬂnlr'=_."{x}isdsﬁ'nud.thm
a

rentiable process that produces the function I
e "hlfmmmwurnfunmu flx)=p*~6x+5 by frst

P{4,-3) heipte mule (1) is:

The derivative of a given function by first pri
f@)'mﬂﬂ%}:ﬂﬂ. y=flx)=x'=bx+3
A=l

[+ Ay —Blx+ A} 5| (2 =64°43)
= LE Ay

H
b GAr+S— g 46x=5 _ o Zehx+(Ax) —6A
o g A 2R EL s ket 2 lim, e

Ax-a)
o fi AEEEH A=) _ i (24 Ar-6) =226
et s s e of e g sy el
urve f(x)= 56X+ Fhus, the stope of the tangent line at a particular poin, ssy P (3.
c =4 :

s =dx=06
curve is: J;“Eﬂslf41‘ﬁ=9’ at P(4,-3).

~3)ont
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point P is the desivative of a funcie

" s
coefMicient is denoted by " ory'. 1inl
Y the function f is ssid WY
. . o

' 6o the function { is called differen
e in pll:nlltl“#

. point P(3,9) develops a nonhomogeneons line:

: L
point P (% A 2,

UNIT-2

From this problem;, we conclude that

THFFERENTIATION

* the slope of the secant line (the average rate of change) ks called the approximate rate of ehange.
* theslope of the fangent line (the instantancous rite of change) is called the exact rate of chapge,

First Priociple Rule

I (x) b any Tuncthon, then the derivative by first principle role is
£ )= fim LIy g

The pm used for finding the derivative ;fa flnciion in -

amnd the vesull 1 jg the differentisl cocfficient of a function
Six)= 5" =6+ 5 ata pariicular paint P(4, 3),

Symbol (x)is used to indiente the defivative of f (x)
with respect 1o x. Sometimes other symbaols are used to indicate
the denvative, Each of the symbols in the following box
indicates the derivative of the dependent vanable y with respect
1o the independent variable x:

“The tangent line to the graph of a function ¥ = () 2 the point
{x, f{x)) iv-the line through this point having slope

e S48 = F(x) i
fixy= lim = i

provided this limit exists. 17 this limit does not exist, then there is
no tangent {no derivative) at the point,

is called the differentiation

i F [x): re2d T peime of 2"

fertvative of f Lv) with respect s 1)

. % eend " dee oy, ddoo 2" (vhe
denvative of i with respect wx)

0L 7 read = Fprime” dthe detivalive
of the function M{xh with respect fo x)

v. D, ! rexd " b ox, 0 (the
denvative of v with respect ea)

v. ¥ o rend "y primse” (ihe derivative
o with respect 16 11 :

The slope of the tangent line is the instantanesus rale of change, gives "the exact mte of change in the

phenomena.” )

TS 4 | The function is f{x)= 5%

fajl. Find the derivative of o function at a point P (3,9),

{b). Find the tangent ke on a given curve y = ¥ st a point P(3.9).

fe). View the slope of the tangent line on s eurve y=c* ata point P (3,9) graphically.
a. By first principle rule, the derivative of 3 given function is:

fe=tim LEEIT@ e iy

= Jif (x+ Mf_' {-"']l = Him 4+ 2xAx 4 {ﬂ.‘l.'}" -
A Az e Ax
- ﬂ (24 Ax)=2v 1

b, Hesult (i) is used to cbiain the stope of the i
line ata P (3,9 on o curve y=x°: .
S=20=6 \
The tungent line. on a curve y=x° at a

¥=3,= [(®)x=x,),Point from of the line

y-9=6(x-3), P(3,9)
fa=y=9=0

of tangent
33N is 6,

The graphical view of the slope of the tangent line is nepresentedin | 1002 7 .

Ay

-
¥




UNIT-3

Differentiate ofy uffrmf[ml,ﬁudplumlbj
I J(¥y=x".n is any integer, then, by first principle rul, the derivative of f(x)=x

f{x}:ﬂafﬁé’ﬂ;&l Kl I-I-J,H_-_f{;ﬂ-x'

= Jim i“”——%—'—{. by Biiwcinlit cxpansion

H{H—n e 1
A — et YA - a7 i =) rlm"h_]
= lim zm =ﬂﬂ3[,.;“‘ax+-—-—1 X Ax)

“ , aln=1) .
™~ .T:Ej. E [hx"' + “_ﬂlﬂz h A4 ] = ET.[M"] +‘|.‘|_T‘[—"2—"X Ax "‘]
= g™ O

Differentiation of y = (ax + 4)" from first principle

Proof: Lety = (ax + &) (). Where » is an integer
y4dp = {alx+ A} +b)" (i) By using the binomial theorem

. 18 .  pIFFERENTIATION

* el is

"

Y+ Ay = (ax+5)° +[;‘ ]’ax +&)""{ml+{; ](ma}"*{w!’ *{:}‘“ HEF (o)t (a6

Subtracting eqguation (1) from eguation (i)

r+ay-1-.tmbr-r[:}mﬂ”{mﬁ+[:J‘=r+#}"’iﬂm‘+(;}ﬂ*51‘"{"“1‘*-"*'1““““‘““’1'

" . ’
g,y-['r ]:mi-b}""{uMH [: }mH B aAx) +[3 ](mﬁb‘.l Nadx) +, o (@)

Dividing equation {iv) by As
. H 1 i, ¥ ana rik
M{a[r](m+b]“‘+[:]{m+b . ’[ﬂ-dx]’+[1}m+b}'" (odx)’ +.4a" (Ax) ]
= . Ar

,
Apply lim on both sides of equation (v)
i —ll

» n wdp ] L B ml+m+ﬂql{m}.,|}
HT;%'__M{'I[:](“{'M -1+[z](¢x+b} o &x) +[3](:u;'+ 1" (Y
fn 2 o [ e 2 A
.—_a.[f](m'-vbrl +ﬂﬂ{1}“+ﬂ {a-dux) +£Tq[3}m+b} + +.;"‘I5. {fx)
By applying limit all terms tends to zero except first term so,
220 are "

Hence, d i
Sy =Elax + b = nax+ b

This is gencralized power rule of differentiation.

(iv)

vl
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IHFFERENTIATION

. Find the averape mte of change of the following functions over the indicated intervals:

Loymged  fomesdwrss boyarels  fomr=d 1oxes
€ dmif =347 from ral jo5=3 d h=y2+4  Bom i=8 woreks

1 Use definition for the e of change 1o find out fhe average rate of change over the specified

imterval for the following funciions:
A s=2-3 from f=2t00=5 b y=y'-6x+8 from r=Jtex=11
& Ad=m from r=Ztor=21 o hufr-9 from r=O10¢= 14

3 A ball s thrown siraight up, Tes height after t seconds is given by the formula &= —160° + 80r. Use

definitian for the rate of change to determine the average velocity % far the specified intervals:
o, Fromiedio =], b, Fromi=2mi=201,

if, The rate of change of price is called inflation. The price p in mopees after oyears is

(=3 +1+1. Use definition fur the rate of change to determine the average rate of change of
inflation from £ = 3 1o £ = § years, What the rate of change means? Explain,

5. A farmer plants x acres of sugr beets. The profit generated is Siz)=1800x -85, Determine the

avessge rale of change of the profit, when the planted area is in between + = 20 acres and + = 1]
acres. What the rate of change means? Explain,

. Use first principle rulz to determine the derivative of the following functions:

[}
a fix)=13x b. flx)=(5z+8)" e fixi=xt+l
d fl=12-2 e fix)=l6x =Tz £ 4G L

T

7 Use function f{x)=¢'=Tx+6 1o do the following:

o, Find the derivative of a function at paint P54,
b, Fﬂb:umlhumll:mm}-=x’-?:+ﬁ at point P{5, ).
€ Viwlhﬂﬂpnnfl‘htnngtntliutuuﬂtc:l_mmlﬁ'ﬁ.ﬂ}?

8 Uud:ﬂnﬂdmnrdnivnﬁvetod:mmﬁuulh:shwarﬂruagmﬂin!m:h::un-tutlgi'mn

mmmmamhmmhmmﬂmmm:mzﬂhmpﬁuhrh
following curves:

8 Sz +Teem3 b fix)=6x' =1 1x-10,2=1

¢ Six)=3x" —6x-10,5=0 d SR =28 +3c-4, 1=

Mk:twmmndunmaudnmmhnummdihnmmn
things work in tandern and allow the driver o determine the speed of higher
vehicle aed the distance heishe has traveled.

Electronic versions of these two gauges simply use derivatives to transfom
1k data sent to the electronic motherboasd from the tyres to miles per hour
(MPH) andd dissnnee (KM),

NOT FORGSALE 70 |
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UNIT-3

m Theorems on Differentiation :
I previous section, the derivative of a function fjx) is defined:

o S A - ) i h
I (xy= limy o “mwwmﬂm.nwdngngm
We learnsd that Ihduiwliwisfmnﬁbriwh'fﬂ-ﬂ':;h“mh.mwgrﬂudmgﬂn

the previous section, yau may be wondering W L cierwags:
mfm !.hitr:nd 'thr:’::'.l:l :wtul sections, the discussion ot the theosem that prov 8
of finding derivatives. o
Proof of differentiation theorem
mﬂl-‘l; The derivatlve of a constant iy pero o —"
Proof: 1f () = ¢, where ¢ is any constant, then, by first principle rule, the derivafive ¢ 3 constant
— A -
is ()= lim IM:E% =0,
Aiton 7 ivail flnction & zero.
This enleulation develops the rule that tlse derivative of a constont
Ingeneral:  R0F(x)=e. where ¢ is any constant, then: fix=0
5.5 | Differentinte the following constant functions:
fa). fixy=13 (B fix) =3 e} flay=Tm
graphis of ihe functions are horizontsl lincs paralicl 1
mtmmhmhmilwm&ummhm_ —
m—‘l:mJuﬁwﬂv:ufuwtmﬁummﬂliplnuhmhnﬁmdmmm :
lm i j(::ig:ﬂ} where © is mry consiant, then by the E{:‘:t pm'ldpll:'l'l.lk.ﬁlﬂd:ﬂl:’-lllw a
functionis: f{n=y=cglx) )
A p+ by =gl +ar) (i)
g equation (1) from equation ()
y# Ay -y =egle+Ax)—ralx)
Ay =gl +Ar)=egls)
Diividing ecquation [ by &y
Ay 95[x+m-c-g{:j
Ar Ax
M-:{i—--—ui-—'{“'nﬂ" {IJ} {ivi
Ax Ax -
Applying Jim on both sides of equationiv)
. plxs Al gle)
;‘?ﬂ%'“ﬂ Ax
Hence, [(x1=cg'®) _ - ) S
i the rile that the derivative of 4 constant maftiple funeti .
?;mmlwmmmmm derivati - oFa function (2}
% If glx)=x" and fix)=cglx), ¢ isany constant, Users F{x}l-rf{x}nmf:‘_
- T, 6 | Differcntiate the following fnctions: b filx)e-x ). A
Exaimpies ¥

@ £ =189
x-nxig, singe all function are

i}

s =,
: 1 f.m-:ﬂ."i-jsx*. then,

mmguiwwwﬁragh': nction st () =40 =1L, "
ihe derivative of o gren funetion i f{l}-ﬂ.iﬁ{ﬁ}r“' o vl

NOF FOR SALE
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W IIFFERESTIATION -

Theorem=3: The derivative of a sum (or difference) of two functions is equal to the sum (or difference)
of their derivatives,
Proef: To determine e derivative of 8 polynomial, such as the derivative of the sum or difference of
two or more functions, we need 1o develop a rle that could be used in the determination of a desivative
like f(x) =3x" + 26" 43, In this situation, if i+)= £(x)+ g(x), then, our task is to determine K(x) by
first principle rule of differemintion:
hizh=y= flxh+ glx) A
yaAv = a4+ Ax)+gln+Ax) iy
By subtraction couation (1} from cquation (1) "
Frdy= 3 = flrsbe)+ gl bn)= fix)-gin L
Ap = f{x+da)= flx)+gle+ac)-gle) il
Dhividing equation (il by A then we have
O E T e TR Rt £i8)
Ay Ax

oAty filxy | gle+Ac)—gie) (i
Ax Ax
Mow, apply lim on both sides of equation (1v)
| ol Ml da) - fix) {x+dr)—glr])
Bagl et P R B
Henmce, A{z)=fx)+g%) -
- We can =1y that the desivative of a sum of wo functions is the sum of the derivatives of two

fimctions. The difference of two  functions (1) -g(rjcan be wrnen ai the sum of
Sy =glxd= ({x)+{-gix}]. Thus, the derivasive of the difference of two functions is the difference of

their derivatives. ]

Ingeneral: [y =f{x) and v = g (x}, then, the sum rule can be restared vsing the notations:
i{utv}-ﬂtﬂ =
tlx dr dx f

This rule geneealizes 1o the sim and difference of any given number of functions,
SRt 7 | 1 Fieh =3 4 de and g.{:q =Ta~-2the differentiate f{x)+gixiand fixh-yic)
U Since, fix)=32 ¢ dxand gie)=Te-2
S+ g0 =00 + 40+ (Tr-2) =3’ 41 1x=12
[ o i
'EI f{ry+gm],_a3ﬂ:‘ Flx-2a E;{a.:’}+ %{l h]-%[:]-ﬁxl-l 1
Mow, Slx) = gpla) = (30" 4 4x) = (Ta=2)=3x* -3+ 2
o I
Life --x:gﬂt%ﬂr—3.!-#2:;-5;{5:’]-%{]:}#%[3]“6;-} .
Theorem—4: The derivative of @ product of two functions i funcsi
de sevond function) plus (derivative o'l'ﬂ:fir';‘;’u‘nnliu:;:;t I;wm‘m:}. L
Proof: If i(x) = f(x) gix), andf(x) and g(x) are difterentiable functions of x. then by first principle
rute, Aix)=y= fxipi) ; ik
Frip= e+ Ardgiredr) {ai)
Subtracting equation (1) from equation (1)
Prdy—ye= flr+ A+ A= f(x) gl
Ap= e+ Axdgla+ 89~ Fivkeir) (i}

o M
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UNIT.3 o

The addition and subtraction of f (x4 Ax).g(x) to the right side of equation
By = f(x+ &) glx-+ Ae) - f(x+ A g(x) + £+ Ardgln) = £12) )
= [ O+ ) g+ Ax)= g(x)} + 20O LS v+ Ax) = ()
Mow, dividing equation (iv) by Ax

By _ Jlr+ a0glx-+Ax) () + glo)lf e a0 - ()] ™
Ay Ak

Now, apply Eﬂm bath sides of l.'l]lliﬂ.lll;l (v}
S0+ Be)le + Ax) ~gx)} + gn) f s+ 89 =S50}

& _
H'.‘.‘m,‘ﬂ‘!“»

Ar
. A}~ {-"H'
« sty R0~ ) B0

Hence, Wix)= f{x)g s+ g0 () )

This calculation develops the idea that the derivative of a product of twa functions is the firse
function times the derivative of the second, plus the second function times the derivative of the first, )
I gemerad: 1 g = F{x} plx) = & v with « = f{x) and v =g (x), then the product mule can be restated using

Boiis: B
the notations: ﬂ_-r"d’+1.'ﬁ . :
Theoremn-3: The derivitive of o quotient of vwo functions is equal 1o denominater times the derivative
of the numerator, minus the numeratar times the desivative of the denominator all divided by the square
af the denominator.

Peoift: I h{:i=%+ g(x)=0 and f(¥) and g (x) are differentiable functions of x. then, the
glx

derivative of Bix) can be found by first prineiple mkm
=p=t (i)
hix)=y #x)
L Jlarin) :
yHiys= e A (i)
Subtracting equation (i) from equation (i)
_yadxtan  fix)
i 35 plr+Ar)  gix)
= f{:+h}§{x]-ﬁx+h}\f(:] -
i s+ A0)£(0) e
“The addition and subtraction of £{x)g(x} 1o the numerator of equation (i)
Six+ax)gla)= Mixhplx)= flx)gir+ A+ f{x)glx)
Ay glx+ Ac)ulx)
_ UG+ A0 = £(x) = ) g+ ) = g (x))
&, glx+ Axye(x)
Mow, divide equation (iv) by Ax. Then

Y~ s

(i)

Ax Elx+Axhg(x) {v)
Apply lim on loth sides of equation (v)

R = T

IMFFERENTIATION
i Ax)= i
hﬂ_ﬂx}{ﬂﬂtﬁ ﬂt‘?}_ﬂﬂlﬁﬂ.&“aﬂ.ﬁﬂ]
sty Jim p(x+ an)gix)
Hence, #'(x)=E00 0= Flx)e'lx)
{glx)
i FAL ,
I general; lr}"m"}‘r—:—q witly w2 f{(x) and v = g {x), then the quotient rule can be restated
using the notwtions:
L S0
ﬂ_.da?.ﬂ_
SR, 8 | Differentiate the following functions:
rpj.yw-la."—h‘-ﬁx Ly (o =20 =3 _11+Iix+9
s ia i o
p vy d i ;
= Ii'_l-u+r+wlbnn%=a-{u+il+nﬂ=—§+§+%su\.m:dn'h'lliveul'lsi\mﬁlwﬁwis:

oA d
o 1-{:93+;s:1]=3{4;’}-£;1r*}+§-tt5x! =12¢' -4x+5

: dy_ dv du i
& If}-u-vlhwd—-kta-;+u-z 50, the derivative of the given function is:

Pl T
% (20 L0 -2+ (0 -2 £ (2 -2

d d
= -m~{f&-m—zm}+u‘-ﬂ{ %c:*;—z%{:}}

—{x:-z:j'{h -'n}“"] -%"nﬂh fl —“27}1‘2’{1‘[ 2)= 2x=2X
s ] 3{ ]
“H“W"‘h ‘H-ﬁx‘i'ﬁ-j.r —s.'l‘,—ﬁk+6

pod_ v

[ II'y:-EM%:—d!—._ﬂi.
Voo,

H' —
o su.thtdﬂ'imiv:ura_simﬁmﬁmk:

i : d . .
%_{x‘mna} (x +13;+9r1—q;*+|3:+91-r{r+11:+3}
(2 +1lxs3)

{1 12+ 3)2x +13) = (o 41354 9)2x +11)
(' +11x+3F

+Sx+l3;"+l-l!i.t+39]-—ilr'+iﬁ.t’+l!x+llx’+1433+95|]

W

dx

dy _ (2 4225
dv (41 L4 3
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dy _ w

L R

dy _—4x’ —12x-60

dr (2 #11x4+3)

dy M +3x+415)

de (1 dF
m Application of Theorems on Differentiation

ihe biological and medicine,

Caleulus is used in both applied mathematics and pure rrummhcs- it
physical sciences, computer science, engincering, statics, coomamics, astificial intelligence and mony
more areas of other fields. .

Few stmple cuaniples of apphaatione ol dbficroTl aion arg g this secton.

m Differentiation of )

o Cotistant muitiple of 27 & Sum (or difference) of funchions » Polynominfs
o Product of functions s Quntient of two functigns

9| The cost in (millien) dollars to produce ¥ unils of swheat given by
Ctx) = 5000+ 20x-+104/x. Find the marginal cost when
(@), x=9units (B, ¥=|Gunits
feh &= 23 units (g Asmare wheat is produced; what happens 1o the marginal cost?

a Ifﬂ'{.r}=sﬂllﬂ'+mx+1ﬂ-.|r;.ﬂ:enﬂumm-gjmlmuislhndmimﬂfcmwiﬁ:mspﬂtm:
LY =ia 5
C"{r}-iﬂﬂﬂ[-z-}{r 3 Eﬂﬁ--‘?; |
Thtmuginlluuslat:=9milsisuhulmdhyuumh1gx-9mC‘{x;:
5 5. 6%
= =20+ 2= = = 521467
c“m_imﬁ 1t|+3 5 52
b mmm'gimlmﬁal.:nlﬁurﬁuisnuainndbyinsuﬁm:-lﬁinﬂ’{:}:
5 -a042=2 -5212
E'{lﬂ“?ﬂ+jﬁ—lﬂ+4 a - :
r- mm;hmmur:Eunhsisuhminndhy insening & =25 in Cx):
= 5 2043 =521
CEs)=W+ 7= 2
d lldwmﬂﬂrppmf!ﬁm.

i . mmgmgofmm'uhvuiuhlﬁnmt,mmmﬂpmﬁugm:imwml
s :: e ward marginal o sefer 10 rates of change. For example, the nuarginal cost refers to the rate o
of cost. gince the derivative ofn '&mwnml‘}nm: of change of the funcibon, & marginal mﬁ_{ﬂ

e ol profit) function ks found by wking the derivative ofthe cost {or revenue of prafit) funstion, The
e af production.t is tho oot o producethe (e st hem (Le. cnemoreitem).

HieT FORSALE

UNIT-3

IFVERENTIATION

Docs s festher [all more slowly than 3 rock? An Tulisn

msbsematician astronamer anid physicist raise it question before i
A0 years ago. He theorized that he e of falling ohjects depends L
_ﬁnlh::ilmb‘.‘lﬂ-::.'m‘tnlmlu-!lkhﬁﬁwllllh:-lﬂldﬂs Pk
1dea by dropping sphercs of diffezent masses bot the game diafeter e
froem The fop of the Leardnp tower of Pis in laly, The result was ]
exacily & he predicted they fell a the same rake. adfien (Galid
L In 197 clusing the Apalbs 15 lursar tanding, Diavisl Scoat {commisnder) SRR}
pn'hmnhd:mr:mmn-nI'weadﬂiaiouﬂﬁw.wlilhnm:ulumm:nrﬂnmmh:mﬁ-hra
vacuum, o hammer and a festber fell af the same rate,
Exere
R Differentiate f{x) + g {x) and f{x) - g (x) i } :
a f(;}=3r+'?mdg{:}=ﬁx=+2.:—-3 b. j'[:'!=!7f—1l'lndglﬂ=%1]*%5—5
c f{x]ux’—%udg{r}s};’—lfi-i d. f(x]-#.r’—ix:.ndg{xﬁ%f-&;
N metmmﬂndmmwnfhﬁuwmm:
n = =23+ b =07 4200 - 4)
e y=Ex-3x-1) 4 y=(-3z+6E-2)
3 Umlh:qwﬁulnﬂ:lnﬂmﬁuu:mcdeﬁn&wummiulhwhgﬂmﬁnﬂs
_3x-3 \ =z 46z _Sx+6 (Zp+IMap-1)
A ik - TINAT 3 4 AP=""5,00
4. Firn.lunuqm:{mohupgfmiil'nmtbcmhuflhnfunaﬁunﬂdwpuﬁmiupumiﬂmrnﬂluwing
problems:

a Slx)=3s-T ut(3,2)
e fU)=riy @x=2 d fl=igu(33)

5 Furuuﬁnlmsufmmﬁ:cdlmwF.ﬂruﬁmdm:mm:hn#dhmummm
by the formla. 4= 5

b, f{s)=x' ox= ::'l

a. Solve the above equation for y in terms of x and P
b, Tretermine the rate of chanpe of p with respect 1o 1.

At your home, Take n ladder measure its length and put if with the wall as shown
in the figare. Pull it away from the wall al the constant rate of 6ft'min. Caleulate
haow fast is the top of the ladder moving down the wall when the bottom of the
Tadderis 6 feet from the wall,

Efmin,

(T FORSALE .
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UINIT.2

. = ".W hm]“
“The chain rule is a rule which we use to differentiate the ‘;mnﬂm:uxﬂ-nh:m similar

m“‘.?“"wﬂi{l‘kmufﬁ:ml.im in umit-2 that & function is 3 COMP - function of a function. For

functions £ (x) and g(x) if it is writien as f [g(x)). In other words IR PO e

example sin{x") is a composite functions because of we congider f(x) = sin(x)

then f [g(x)] = sin{x"). Generally, we write chain rule 85,

DIFFERENTIATION

4 gom=/lstlg® - (@
: = 7 )
mrme that %-%-_& when y= £ and u=gid |
Prool: For our convenience, we set y= Flxh=fgln) ®
Let u = glx) the equation (i) will be y=F(x)= flgt)=r1) (i)
p+dp=Fletbs) - ]

Mow, siibtracting equation (i} from equation (i)
v Ay =y = Flx+ &) = Flx)
Ay = Fx+ Ax)=F(x) {iv)
Equation {iv) can be wrilten & .
‘ Ay = flglx+a0]- el (0
A= glx+ A - gl=)
= plr+ Ary=du+ glx) {vi),
Substinite the value of g{x+ Ax) from equation {vi) 1 equation (v)
Ap= fTau+glx]- Meix)
Flxs Ax)=Fix)= fu+anu)=f{)
ivide fon (ivy by Ax then we have
i wy; _ FlxAn-F(x) _ [+ )= 1)
N Ax Ax Ax
Multiply and divide the right side of equation

Ay _ flutdu)-flu) Ay
Ax Aui Ax
_ Sk bu) = fw) glet Ax)-g(x)
Au Ax

Where,

wu=glx)

{wii)

by Awso,

viii)

b ) g b
ay w+ Ay — ) o glx+dx)= r
e - e el — T T

Henee, %‘I %_%Ewm.

We have

1t can also writien a5 [/ (g 0N = /008 () =/ (¢ ()

e s, 10 | Differentiate the following _hmlinds_w:.t. £ 3
@), fix)=4x-% @) f)=5+1

E

5 DIFFERENTIATION

a I y=f(0=(4r—3)=u with u=dx=-3, then, the first derivative w.et, x by chain rule is:

% '%i—:-%m‘}iﬂx— W W) =1 20¢ w1200 =3), um (Ax-3)

B I y=f(x)=v158 +1 =i =u? with u=15¢" +1, then, the first desivative by chain rule ix:

%H%% su={152" +1)

- - 15
=%tu*1%ns;’+u=%{u* K0x) = 132 5

j:-n JISI'H
'I‘b: revenue realized by a small city from the callection of fines from patking tickets is
‘given byR{x}n%‘-j_"-E—whrr::is the number of work hours each day that can be devoted 1o parking

'pmnl.mqumnhnummawmmnmmmymwmmnmmmm

qﬂdnni:lhumﬂheriumuhguth:mnfﬁmlmmpnm.Hwﬁnhmr:um

. parking'fines decreasing during the epidemic?

_m"i\fcnndlnﬁud %i-n-, m:wmmmmmmﬁmcmmmmmtu
R
obtain —Et- E‘Ed‘r < (i
First find 22 as follows,
dy
16000

TR
R dx

_dR _ (x+2)(8000)~8000x(1) _ 16000
ey (er2y Tt

B30

=15.625 atx=30
dR

| SRe1s.605 and % - Garusedin aquation (1) to obtain: %=—--—=us.ﬂzsx—m--93.15

dx ot
“Ihis tells us that this sevente is being lost at the rate of approximately $94 per day.

" .I-.l:‘l.'.-.lu.":._. =, 1?*?-""1
Ify = f{x) is any differential function of x, then it admits an inverse function x = g(¥).

Suppose v is changed by o small amountAy. This will cause x 1o change by an amount &x, The
increment Ax in x cormrespands to the increment Ay in y is determined from

x=g(y), x=g(y) is inverse of y = f(x}
8 :
Thatgives:  1=02%
Lo M= Leibaiz was the first person who
mentioned  the  composite’ of the
By letting Ax 3 Oto obtain: 'EEEEQ sl gyl
4y on 1676 The commen notation of the
chain rule is also due Leibniz,

i




UNIT-2 = oL

dy dx 1

D RS
i —_—
dy

Thua#mdit-m inrocal to each other.

i & TeCIp o

BlE

12 Verify mu%-i-!rwm fallowing problems:
dy

fa). flx)=(4x=3) oy flay=fise #1

s The derivative ofy = (4x=3)'is %:um — 31, This result agrees to result
‘; wtu[‘“"";‘w ]: 12ax-3

iiveof o L
Thudenmmau{d: d‘l

d  13az-3)
B Thtdnﬁvaliwnfy=uf!5=’+li:%- isx
1567+
Thiz result agrees to result
S S ]_ 15x
dc  de ! Taeat) dse+
dy ElE-ﬂ
5%

Use of chain rule to show that (@ =s{f(I" /1) »

Proo: Let y={/(x] and 1= flx)then y=u’and %-uﬂmpaw,ﬂ',;

dy _dy du_ oo o
Bu:ﬁ_d'u d‘:m.: =

or Lol =sls ol 00 e )

Jin words, iff(x) is equal to &n cxpression in x raised to a power of m, then f(x) is oqual 1o the

product of 1 ines the expression 10 the n-1 povwer times the derivative nﬂr::xpzwiunwfﬂ:mpﬂu
e variable. The statement ks Jaow as the general power rule.

13 Differentiate the following functions:
(. f0=012 -7 ). fi=d1+1
& lfysﬂx}n[lh’-*'ﬂ' then, the first derivative of a given function is:
e 1L -7 =81 - 22 =176x016 < T)

9 NG (PG RIEALE

= _.".i-ﬁi.in_-:h'-ﬁ‘-_:‘ Bl "% i E

b lfrﬂﬂrlndh’+n.mwmmmﬁmwm
dr_d e Lot = Lag sy i) = 3
= #['lfﬂ.'l]‘ E{z; +10E d‘{h’-i-llj 2{!1 +#11y 3Ba") m

Itmﬁﬁmﬂﬂﬁuﬁm:-ﬁfj and y = g {f) of patsmeter & 1 = Blx)is an inverse funetion of x = fifh

then 3= glh(x)] isa function of x,

dy
; - de dy V _gr &0
Byﬂlhﬂhﬂudmﬂmﬂﬁmd}r-ﬂl{ﬂ] werl s %B%IIE*%'W
dr ot

pw%‘ when x=at’ and y=2ai.

mmwm%-zur.%-za jis wed to obiain:
Bl IR
%"%E'u"}[w] f
we can still differentiate to find

W mrluﬂﬂullnpﬂdtrnmﬂm b
Whether v is expressed explicitly ot_hnpilailly i verms of x, "

meﬁw%.ﬂyismpmdﬂpﬂdﬂjmmﬁufz.mIvﬁu-huh:nwﬁ

explicitly in terms of x. liyi:uptﬂndl.mpmlﬂr in terms of x, then %wﬂlhnpm:dhmm
of x and y. 3
meuiy.m!uuﬁupl:udnﬂmnhmdmm:hmm&ﬂauumumﬁﬂ%m ¥

fiirst solving the equation for y explicitly. mw is kmown as impﬂﬂtmumltuuiﬂ
ﬁﬂ_mliﬂinuul'dum:m of the equation with respect 1o x and then salving the esultant equation

mﬁm&m%.
i Mhmﬁhmﬂmx'y+ly’=3:+!y,

. EIEED The implicit equation s Aya2y =+
The implicit differentistion of 1s obiained by differentiating both sides w.r.t. =:

—i{;’yi- iy’] = -f’;[}x +2¥)
e | d d
E{x’rﬂﬁm’) == B+ 2 29

dy g2 g g
1&}‘4'1:*1"5.? = 3+1¢

NGECRISCEE 80
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UNIT-3 © DIFFERENTIATION

(6 -2) B 3= 2
b 3229
i F6y-2
EBEEAMREAA | Eind the sope of a tangentHins to the lcl 7+ =S+ &y a3 paricular pont 2(54),
m The shope of a tangent line (o the given curve is %m'm“mhﬂiﬂih
derivative of x*+ ;' =Sr4 4y with respect tox
d
ti:[f”" )= (5x447)
L
1\'+2_1.rd‘ j+d#
dy
dr
dy_5-2x
dr. 2y~4
At a point P(5, 4), the slope of the tangent line is: '
dy S-25) -5 '
dx 2} -4 4
Mote tliat the expression is undefined aty = 2. This makes sense, when you see that the tangent is

verical there.

L Find the derivative of the following functions w.rt invalved independent variable:

- l
b wed(-dr+2)" b, ';-i&f:fiL
=1=-37 d = !
€ ow 3 3 m
2 Determing the dervative (7 {x) in cach case:

o f()=(2x-5(5x-T) b o=
c ft:1=[’:_"j 4 f@exfiEei

ey L asoae -

]
i Find —3— of the following function in terms of pararmeter t;

o r=ted,y=r+20 41 b x=3ar+2,y=6+5

afl=ry. 2 4 gedot o 3arl
L o’ y e L i

UMIT-3 DIFFERENTIATION

4 At a certain factor, the total cost of manufacturing g units during the daily production. fun
i8C{g) = 0.2¢" +4 +900 dollars. From experience, it has been determincd that approximacly
gi#) =1* +100¢ units are manufactured during the first ¢ hours of a production run. Campute the
rate at which the total manufacturing cost is changing with respeet to time odie hour ofter
production begins. '

s Useimplicit differentiation to perform % fle the following functions:

a Feyieds

b o(sidy)=2 6 (e edyed 4 edet

6. 'mummmmmwwmmmg:

',I Steytal b, teely=x -8 -'H‘-I;Fﬁ' d J.‘r"-")"*"z‘
3 L:l"—:.hi-;-.'l. Mnmbmmmﬁﬁ:
a -
. du dv
] Ll

% Determine the slope of the tangent line to the curve 3¢ =Ty +14y =27 u the point P (=30},

i, Suppnummnmbomlnwﬁomhmpnhtﬂm:.ma
time. If one boat travels north at 15 miles per hour and the other =
bont travels cast at 20 miles per hour. How fast will the distance
between them be changing after 2 hours? ¥

tion of Trigon tric and inverse Trigonometric Functions
Fr 2 e BT S e S S T L

To understand this section we need 1o know shout tigonometric function. For diffesentiating all
Mcmmmhmmnﬁi&mﬁﬂiﬂnlﬂmmmw Jearnt e We will
mmdmtqmﬁﬂuﬂdminmhsw:ﬂffcuﬂﬂlﬂmmmuihﬂmuwmﬁuﬁw of the
trignnometric function

L]

L Derivativeofsinx: 1fy=sin x then the derivative of y = sin x is % - ok,
Proof: By the rale of first principhe.
¢ La . y=tinlg) i
y# by wsin(x +4x) {if}
Subtracting equation (i) from equation (ji}
y+ By = y = sinfx -+ Ax) - sin{x)
Ay =sin(x + Ax) - sin{x)

: _2m[1+m+x}ﬁn[x+m-x]
2 Z

. ye= f[-':}

._.,;.;th- 1‘-‘“@[%—“]‘“5“[“- ]

ol

0T FORSALE o




UNIT.3

Ay= Zwl{x o2 }.a,[.".:—}

New, divide equation by the &,

&y 1“[::1—%}!1“[%]
Ax

Ax
Mow, apply lim on both side of equation

_lj:_gﬁ— = lim, m[n%i] ﬂ-%j

ax
F ]
Ax
gin| =— _ Ax
= tim cos| £+ 25 I‘:m—n[l] ) W
A=t . _2 e ) 'ﬂ_" .:E o =1
* = cos{x+0)-1 i3 :
- L ” . At
= Zorfx) ] : -_-%';-—bﬁ as Ax =0
Hence, %*W}

i, Derivativeofcos.az 16y = cos x, then the denivative of y = cos.x is % = &in x.

Proof: By the rule of first principle.
Let Yoo

y+ Ay = coslx + Ax)
Sublracting equation  from §

yriy-y= cos{x + Ax) = cos(x)
Ay = cos(x + Ar)—cosx)

. fx+hatx X+AX=-X
ay--zm[ 2 ]-sh[ 3 ]

wan{E)olt)
nyn—zﬁn(x +%}ﬁn[-‘-:-]

Mow, divide equation by the Ax.

wy=flz)

et e{E28)(52)

v,

DIFFERENTIATION

W-#Yﬁgmbmhﬁdﬁﬁwﬁw

The traffle poblee officers s radar
gums 10 bake the advaniage of the casy

dat Bl use of derivallves, When @ radar. gun

o[
BiR| — 4
Ac)y _[l] sin(Ax)
'gmﬂ".:.-umun[:q--_i—]lm 2 him 1

A hmﬂﬂuduncnunw

. : molorway, The gn 4 wble 1o
==sin(x+0)-1 determine e fime and distance at
==5inx

which the tadar was ohic to hil @
certaln sectbon of the cor with the s

Hence, % = — ginfx) of derivative it is able to cakeulate the

speoil o which the car was geing and
ik Perivafive of 14z [fy = tan 7, then the derivative of | ppe gepant wﬂ than the o3t
}’-Il.nxis-l-‘t = 5e’x, e
dx ‘.~
Preef: By the nle of first principle. - bn,
Let ¥ = tan(x)
}ld-qp'lm{xlf-ﬂl'} o

Sublracting cquation  from squation
r+m—r-mﬂx+§ﬂ-w£#}
gy SRCEEAT)_FiRE)

cos(x+4x) coslx) _
Divide cquation (iii) by Ax - ‘
éz.L{gss__.' x+ax) _sinlx) 3 :
Ar Ar |cos{r+Ax) cos(z) . §
How, apply Hmmmdm :

sin(x +Ax) sinlz)

by _,ﬁmau{:ta:}-nmj&_m:i:ﬂ'_x+.ﬂx).nm{x}—mﬂ.ms{x+ﬂﬂ
-y Ar = Acx,coslx).coslx+Ax)
-l SnCEEBT=E) [ | 1 :inn:]
) A costhcosix v Be) o conte ) coslx) Ax

b NSE TR R I e
e B BT T e

dr _
E—uﬁ‘{ﬂ

m.;m-m"m
Hence,

Derivative o see o1 Ifp=seex, then the derivative of ¥ = sec{x) i 5‘5‘ = secl ). lan(x),

Proof: By the rule of first prineiple.

Let

= seelx)
and ¥4+ Ay = sec(x+ Ax)
Subtracting equation  from equation
yob by =y =sec{x+ Ax)—seclx)
Ay =soclx+Ax)—sec(x)
Mow, divide equation by the Ax
i'm(xi-b:}—lbﬂx!
Ax Ax
(orFelSa ]
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UNIT-3

Now, apply Lim on both sides of cquation {iv).

1 1
: .'E'Z'.t. I oos[;q—.ﬁx}-msfa".l cos(x)—cos{z +4x)_
i o L = cos(e). cos(x + Ax)

Ax
: £ Ar .- Ax
; -2:in[x+=+m-]$ih(x T M) -Iﬂn[h; ]"“[_z_]
2 i i e

My Ax.cos(x].cos{x+ Ax) Areet M,pm[:}:mﬂrh&x}

s 2 i B oy

»'E*L?g.-

= | 1y M) ) ,Hx}w}
—Mx-rﬂ:lm; cm{:d"” Soslx) COEE !

Hence, 5 =secta}an(x)

V. Derivative of cosec xt lfy-mx,mmﬁmhwﬁywip% = —cob{x}.cosec(x).

Proof: By the rule of first princir =
Let

J' = goses(x) (i
and y+by=mﬁ:+ Ax) (i)
Subtracting equation {{) from nqmﬂmu‘}
¥ Ay = y = cosec]x + Ax) - cosec(x )
Ay = cosec{x+ Ax) = waﬂct-t) iy
Mow, divide equation (i) by the Ax
ﬂ_zmm{xa-ar}-mm(x] )
A Ax
Mow, apply ‘}.‘[m on both sides of equatton {iv). =y
i 2 — g SOoCLe + Ax)— W]_hmm+h} sinfx)
SR s Ar Ar
s+x+dx) . (x-x-Ax ¥
L singx)-sintc+AY) Hm““[ 2 }“‘{ 2 ]
s py sinfx)sin{c+Ae) A Axxinlx).sin(x + Ar)

) _
=N m[s:s:ummr ~-"’{ } [m} T‘;

1 1 __cosfx) |
i msm(xl sinfa+) cm::lw sinfx) “sinc)
dy

Hence,  —-= cot{x).codeclx}

= —colf ¥} cosec(x)

Derivative of cotx: 1fy=cotx, then the derivative of y = cot 5 ig & o
i ¥ w-‘md‘ ~cosec(x).

= | . GOPFORSALE

NPT DIFFERENTIATION
Proof: By the ruls of first principle.
Lk = colfx) fi)
and ¥ Ay = collx + Ax) it}
Subtracting equation (i) from equation (i),
) +ay= of = coilx + Ax) - colfx)
iy = cotfx + Ax) - col(x) i}
Mow, divide equation (jii) by the Ax.
Ay _ cotx+ Ax) - cotlx) (i)
Ax hx
Mow, apply Eﬂ on boih sides-of equation (iv).
cos{z + Ax) cosx
colx +Ax)—colx _ lim sinfx+Ax) sinx “mﬂxcns!:ﬁ- Ax)~cosxsin(x + Ax)
Eﬂ% N T e A Arsin wsin(x + Ax)
sin{r—x—Ax) b o T -thmur‘ sin{-Ax) = ~sin Ax
--!Ennlnxﬂn{x+dxj ﬂﬂuin{xi-nx': giny Ar 2
! indr, 3\ et . y.
m alnh-"-:ut_nax} Aot unx m!. fnx :h:m sin'x ~entec’
[The migonometric farmulae are listed below. 3
L4 g)=cosx i (o) sinx Y () =sec' s
-—n(wsm}-"o:ll IE0EACE v.—{w:x} =N XRC T *_i@,“} =—cosec’s

n:mmmh“m%%wﬂmnwmmﬁmmumhﬁm
the trigonometric functions, ns summarized i the box: - !

4 e 2 X iRk
LE{amu]tmuE[u} H'E{ )= mu#{u} d
4 d . s 4
ME{uu}- m’uzm iv. E{mm} col i cogect Iﬁ_{u}
. o ) i d : d
W -{secu) = s geay E{ﬂ ﬂ.%"{-‘-n! i} l-nuur’“-g(h'}

Ty

&
L §
|

PRI, 10 | Differentisic the following trigonometric functions:
14sinx
fa)  plry (i +r)ging . flv= .
I-coslx)
st

@ Ifﬂwwmﬂmmu pirr={t +:]sm.' ihenﬂupfndudmhn[iﬁ:ﬁﬂwmw.rmkmm

dll[n: 'ﬂ’ = I[:’-H]?{sin:}ﬂsmr]—(r +r]-{:‘+t]mr+slm{.:+l]

b If the miven funotion is f{,r]:-

1+5inx,
obtain: ———

(2= m:} {1+m..r‘,|| (1+sinx)-

umlhemmmleufdimﬂmﬂnhmwrtxhwh

g!ll m-ﬂ {mW*mx} (mm_‘_mx]

1 _d Lsintx)
e dvl 2—cosix)

(2-cosay (Z—cosx)’

ST FORSALE 86
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UNIT-3

a. [tum p\mirmmuf{:

&
dx
b

A TR,

_ Zeosu—cogls-sinx—sin’x
- ,IJ
Emr-lirzn:-{-“ Yedsin'T) Mf:-l LEn s eoste =
e {2-eosx)’
functions:
17 Differentiate the following trigonemetric s ‘g
fa). f{z)=secxianx B (= 3,' F2tanx

)= segxion s mmwm&ﬁnmﬂmw £ x i used b obtain:

S0 Xtan = S0 ¥ imﬂﬂ'ﬂlﬂ - [W-‘ﬂ‘m-"[’“: #)+tan x{secxian gy=sec’ X +secctan’ x

&
A FHAT e the wofient rule of differentiation Wrt. x is used i
umﬂmmmmm}umlmm !
g_;l,”.zm:}—-{.r +tnx)-(z* Hﬂ-ﬂ—; {3I+1‘.hn;}

o, ‘:‘E dx 3:::“.;11] {3 + 2tan{x)f
* (Zrdsec x)3x+ 2anx) - ~ (342306 iyt tanx) 3ot {4z ajmxnﬂ ~2x)sec’ x
(Bx+2ranx)’ {(3x+2tnx)*

Differentiation of inverse trigonometric functions '
Berivative ol sin v I p=sin™ x,thenx =sin y.
The differeatiation afix = sin Wty is: %‘w
Tak: iurmpm:ﬂ lunm’ml: dmwm of pwit x

Ty y= inyp=x
..._ _-_j Vein'y+eos’ ¥ I, siny

Here, the sign nflhem’inlﬁﬂwmullm of eos v, By definition ofsin™ &

.E o E _.55 55
gt et ,
Hence, cos y is positive:

Derbvative ol e a2 I p=oos™ x;thenx=cosy,
Thic differcotiation of x = cos y WL y is: 5"““?
T:ktusmpmdha‘hm.thedbmmqryw,u

T T i

Here, the sign of the radical s the same s that of siny. By definition of cos' %
Oscos ' xsm or 0Sypsm,

wein'y+eos’y =1, cosy= ¥

“lso, if y lis between ﬂmdtmsinyhmmﬂppqﬂﬁ“_nm i{cm"x}‘* FI'
= ﬁ..;

e - -
UNIT=3
iil, | Derivative of tan a2 I = tan x, then s = tan y.

The differentinfion of x = tan p w.rl y s %H-ﬂbﬂ' ¥
Take its reciprocal ta obtain fhe derivative of y w.rl =
d,'l' 1 i =
& Wy ¥ Trun'y ¥ l4x

. Derivative ol see v Iy asec x, thenx =$ec y.

waecty=141an’y, o y=x

dx
The dil‘!’nmrﬁnﬁnn of x=sec y wrt s d_y_ secytan ¥

wammpmlmuhunlbeduimlwut‘}-wﬂ.r
dy ! wletan’ gl y, secy=x
dx " secytmy my.fwc’y—l- .:J_n-

- 1
We tnke + sign before the radical sign to oblain: I_{w; :‘j=:’,;—1

¥ Derivative of cosee ' 1f p=cosec™'x, ll':nxww&n:j

mmn'mmimofxwm;-wr.l.yﬂ' 5 —cosec{¥)cot(y)
m:u.m1mut|outrhnmuwmwufywru1
L L R = 14eot’ y=cosec’y cosecy=x
dr cosecycol y mg-q'm‘y—\

dy -1

— =%
i et

Wi take + sign before the radical sign to obtain: -—lmu'x'l ;]—-
vi.  Derivativesfent'x: If y= nn:“.t.lhmr-my
The differentintion of x=goty  w.rL ¥ is: %--mm’:r'

Take its nnlpmul 1o obiain the derivative of p wort. x
f:! il . -
ol nmc'y ldcot’y 140

opsec yeldcol y, cOly =X

These inverse rigonometnc fommuias ane listed in the boot:

bty i‘“"“"'ﬁ it 0= s .+.:
T e el

x- !.+ Taoah
'Tb-chﬂnﬂhﬂnhéwmdm iﬁafmﬂuﬂmn‘ﬁhcmmhﬂ&ﬂnrﬂlﬂﬁt

_mﬂumlhthgmﬂmm trigonometnic ﬁmmmumﬂhﬂ
| = i i
#hiﬁ"ﬂl w#h} *lm If.'!'j——ilf.'!
d - y Y ; d
L8 .__““ .-]-—T—[“j v, ;l'mn.‘ ﬂ'_‘;;—""_""]

e | d
Wl I_‘Iﬂli" W= 1";'1'—# fae)

L ﬂ—{“ﬁ 1-!] T—{u"

(P EORSA]

. S




UNIT-3
RSB i e s 47
fah. ¥=tan~'x ). ¥=cos
EED 2 y- s ' (i
= fix)=tan E
J"BE-: 1 (i)
5 S E; (iii)
Now, y=tan” () = 2= T

; oy dy i
B}!mglhcdmnmh'ﬂ a7 #h I | & I‘t
From equation (ji) and equation (i} ;"[iﬁ'lﬁ}]"‘w Wx(1+2)
-1
b e oo
u'-——'I'_:::
X+T
i s |
T

du 2=
-2
(1) () (1) (1)
= {x"-ﬂ}!
_(#en)R)-(=-1)z)
(5

2 -2 el dx
T (#4)

Mow, y:m‘-ln \\‘Mmu‘:.z-fl=ﬂ

Let

&_d x5 4l
i =i
=I:h E'IDH- 1]
dy__ -l - o
du Jj-u® .
By chain rule
dy _dy du
dy du de
=1 ax =] . &
Hm—= X
E I_[f-l}’ Ty
e

dy =4 ] i .
e [:.l‘ +IT =[x ‘1}' *
J__W w(& 1}
s 1-4: t.h{-::*'!}
@, 2
dr x +I]

Excreise

ipbe rules 1o differentiate the follewing functions. | )
1. Useoffirst principle rules €.y =cos(3x)+an(3x)

a y=sin{2s) ¢ b y=cot{lz), .

: d y=cot’(x) e y=tanyx . L Jr-_dn’(x]

1 nﬁwﬁm&mmwcmwmmmmmmm.
a1 cot{ix) . b y=(sin2z+cotdx) e p=dcosecls

' 9 L+tan2e
ieln - g

3. mwnmmﬂnﬁﬂmwm%mmmm;mm_

S A -

d y= cosec (1457 e y=cosec™(r+3) £y= IE'““_‘ (ﬂ]

4, lemmmnrmmmh:WMﬁﬁme ?I
Pm-i-ﬁm_%, 051104 - T :
where P(t) is rafit (in huncireds of dollars) for a week of sales t weeks after January fiest
8 Whatis the ratc of change of profit t weeks after the first of the year?

b. What is the rte of change of profit  weeks after the first of the year? 26weeks after the first
ufﬂnyuﬁﬂwhaﬁqm first of the year?

§ A normal seated mmhmmmulmmmmammmumr
¥} m the hungs ¢ suconds after exhaling is given spproximately by Vm-m—:mm%ns:sa_ -
a. What iz the rate of flow of air t seconds afierexhaling?

b,wmﬁﬁpmnfﬂnwnfﬁ'ﬂmnmlﬂerw4mn&saﬂumlﬂnﬂﬁm

 The goal of this section is to develop the differential calculus of logarithmic and exponential
functions. We shall begin by deriving differentiation formulas for In xand . The derived formulas will
be applied to a number of differeatiation problems and applications, 3




Sl el -
I e

Derivative of ¢* ang 3+ from first principle

i bl‘l‘i'ul.lihtul'r" H_’_'!. mmdm“‘j“gf}lsg byﬂmnnmplnmlum

_._.umﬂi.*&t}-@ sy
tiﬂhl__!t 4'--E‘
I-l}rnmﬂ‘ Ar 'EJ-“F Ax . da_|
da_ 4 | e ke ST
=l S g 1y S e

" Daribmie i 1 prark then the derivative of y=q" by first principle rule is:
ﬂ-ﬁm Fix+Ax)= fix) Sm flx)=a’
dx  aa Ax

=i A a2 0
] Ay

An—sl

=lha

Derivative of lnx and log.v from first principle
i Derivative of Iny: [Fyr= Inx, then the derivative of 7= Inx by first principle nle is:
ay=[flxy=lnx s

duh[“_] ruitipy e divide sut by x

Ax

i
.-H.ml( }ln{H—] Ilmlh[l-r—- -%hen% '-'lirg{l*xl;‘"

iil, Derivative of tag,x: I p=log % them the derivative of y= log ¢ by ﬁmp-inngﬂh rule &
MM "f"-""-’"}«.-"""ﬁ-'

N
gyl () 1 3
W- Eﬁhhh I+—

= lim ;ﬁ:us,[w—]. muliply and divide out by x i
n%mim‘ = ]:-i_hhg{i +—i"_,;-‘]“._-%h&‘ i Eﬂﬂ_”)% :f}’%
91 E}ﬁ?l@w

mwﬂw l'nmhsmlha&h the box:
F—h‘}%‘ f:—hr']wn"lns.a ﬁf—{h~=3-+ lv—ﬂﬂl.#-'l‘“hlﬁ

mmmnhmmm:memﬁuﬂmﬁlhmﬂlndlhm&'
dﬂhmm;m:ﬂmmm loasrnhmu functions, um'nmnudm the box:

)=t A )= alog ()
ki SeLS T a)
mz%ﬂ';hﬁf#m
19 Differentiate the following functions:
@ =T o) f9=log T Te4® (@ SW=EE™) @, S

M.E;ﬂn 1) < ;‘é‘“ fr)

@ Ifthe given fimctionis fix)=T""" then the derivative of the given funclion wet x is
Py
Letu= 4=3x" then 2= 15
Now, y=1" d%s%ﬂ" = 1" log, (1)
By using chuin rule %n——
:" ﬂt?'.hs‘tﬂ{—lix‘]#-gw—ﬂx‘?"““'“kg’m ek
h "*ﬂm\'ﬂﬂmmwu!{-ﬂ-hﬁm+x’ Mm:ﬂuﬁmwﬂuﬂvmﬁhmunwn xis:

Llug“l{_r’ ?x,'r-ix‘] "us.JEr’- T+—E:’}=—|ﬂs.ﬂ—'twll+3h o=t =Tx)

2{‘} ?ﬂhgﬂﬂ—-[x’-TxHJ: -Wlmti-i:t

e Irlb:alvmi’d.nﬂmuﬂ:_ltl'l[n"+="] then the derivative of & given function wort, = is:

Lo L ot s o= -{lﬂn}—{a"+c"'} T

"—{m-nm"-]h {mx'-_e = !{ln-ﬂq-ﬂ

Igu Inje "+ Ui Infe™ + &)
& rfwﬁmmnm:.-i then the derivative of a given function w.r.. x js:

@ 3{.&] [ ng) -, R
d

s Inx {ins) (Inx)’
2 Inx- Lot
o ; M b x— g™t u'h!lrinx—- }
(tnx)® *(inx)’ w(lnx)
ING P RIGT T




hmﬂmﬂﬁuunmmmnmhtmmﬂ Ing;ltilhnism.medmm.m task of
differentiating products and quotiénts for that of differentiating sums and differences. 1t is especialy
wlmh!.r.-u:mumfmmwcmqﬂmmdqumﬁmﬂmmﬂm&m:m%
variables appear in both the base and the exponeat. -

m Differentiate the following functjons
@. y=in T---““* = ®). =5

[’ =4)
A =3
=1
W » n[?h’-ﬂ]
" Ifthe given function after simplification is
y=ln[’”"‘ "“]m[m* 3Y)-tnl( -4, logarithms rules
(-t
='knx-l-.ln[;*—-ij’-1n.[,t’-&}%zhx+1lﬂt;‘—3}-%h{x*-4},
theen the denvative of y wrl xis
ﬂ-;[lnx+21n{x’ 3:-——1:.[: 4]]=—Mﬂ1+2——[1n{x’—3}1———h1{x‘ 4)

dr
i dxt = 200" 412
R P G
B oyt
In y=1n{x™"), taking In of botl sides
In y=sinxinx
then on differentiation w.r.t. ©. It becomes;

d e
Eﬂh!}' Iiﬂnxlﬂ )

4x' =5x" +3)
mr'—sux. —4) e -3)x+2)x-2)

lﬁs i -d_ I
e dnx#[lu}d-hrﬂ_{m:]

IMFFR - i 3

W Differentiation of the hyperbolic functions
Derivative of sinfue: ]fyﬁﬁnh.t'—'—"r..llzm on differentintion w.at, 1, it bee

%:i['.’:zi] E[dx{c}-_[{']] =(e" +c" ) mioshy

il .'t!u:n an differentiation w rt. x, it be
d - -8
-5l g s
L Derivative of tanfy: 07 po tan fre= -—Sh'b" Lthen on differentintion w.rt x 10 oo themd

d'
- = %ﬂmh;ldnh}-siuhaimskﬂ

o “ecaktx =gt
_ Eoshrcoshr—sinfixsin ke _ cosh'r—sinh’s _ |
cosh’s coshr coshE

v, n«wm'arum: If y=sechx= Wj“.lhen on differentiation wr L x throu wiile,

=gech’y

d e
dy Mg M) coshaty—sinhe _—sinke __sinar 1

eoeh'x mh} Teoshx | oosix cosh
w Derivative of cosechie: I p= cosechs =

it becomes it

Fﬁx' then on differentiation wark x 0 i
. d d, .
e i beocnns L B hj&-{l]-{l}ﬁhm fx) _sin {0 —coshs _ —coshy
dr ain W sinh’r  sinkx
fex
i .::h e ———==gothx cozechc

vi.  Derivative of cotfiy: Il‘:smhw-—-—-hh then on differentintion w.r... x throu. LT

. dy ihh::—{mh x)=cosh :.--—{mhx}l
it becormes it Lo s ad veoshir—sinfx=|

_ sinh xainh x ~cosh xeoshx ~{cosh’ X-ginh®r) 1 '
sink sioh's sk Coneeh |

The hyperbolic formulas are Tisted babow:

a4 L
"E;W“l‘ *j=cashx i, ;Iﬁlh.r‘j-linh.\' m.iu.n”}: sec) e

d
fv. 5 (eosechs) = - coth x concchr  v. —-(un ) = = ranh x see i i,h.m Ayl

'ﬁwnhm:nlnmb:m:dmdmulhc nl:r.nlmnf
Ly, bt m lhnpuwnul:udlhunﬂuﬁw-

DIl vertaiing




UNIT3 DIFFERENTIATION

d .. PIFRR
i E{!Inhu] -mgh..—i.;u) ,,-Li.{mm-:mn;m

a
i ;;I\‘-Wﬂ"‘ = = ¢coth e cotechy ;{'}

o £
¥ Eimﬂ_m} = =gagecy = {w)

i
11 'd-;ﬂvlnh ) gee iy %"{Iﬂ

L)
' Etlﬂ: bl =~ tanhwses b.u-:'—[u]

Example

1=
. 21) Differentiate the following functions: (@, y=cosh(@x' -1 ). » "““"ﬁ[ +:]
XIS « 16 the given function is ¥ = cos (2" ~1), then the derivative of y w.rt, x is:

% ditwﬁ:zr*-mmhm:’-uiﬂf -B .
=sinh(2e’ -n[z —r{x’]+v-[*1]]-ﬂﬂ‘iﬂ’"'11"53[3']'*‘“1""“*“’”"{1"‘1 H

b Ifthe given fnction is y = mk[: J"] then the derivative of y w.rt, 1 is:

1-x
:-’--[nc ] —mwhﬂ}z[ﬂ e

=~ tank b sec by — [ ]: mﬂum[ﬂuﬂ:ﬁ!ﬂ]
del l+x

(1+x)
2 I-x l=x
“er (i b

Differentiation of inverse hyperbalic functions "
i Derivatiye ulvind ‘s Ify =ginh 'z, thenx = sinh ¥ | the differentiation of x =sinh p vt yis:
%- casly  Take its reciprocal to obtain the derivative of ¥ w.rL x

E'é:n_...
dx 3[1—31115 'y ?_

Here, ﬂmI!No\fllwmdbcﬂulhumulhnnfwhrwh:hMMmalwwlpwm

Hence, -—{m-ﬁ".t} T_.

Ii Irerivative of ca ' IIFHWSH"I,M#-MJ.

then the differentiation of < =cosh yw.rt yis En;ﬁ,_gy
Tmrlundnwwohmmummﬁrﬁuf
A S S|

“sinfy=x, cogh’y—sinh’y=1

';lmh?-.x' m*’y_,m*ﬂ":]
Hm,u::mgwfﬂundmﬂnlheﬂnuuﬁn of cag

hy which we know is always positive
Henee, l:wk"-f!-

x’“l

—= NETEeRaMLE

LiNIT-3

WL Derivative of ok 16y = tan 4%, thenx = tanh y,
then the differentiation of 5= tank ¥ wrt v is: #"-"‘-sm&’y

dy
Tlhhm:‘pronlmnhntnlhnduﬁuhurjw.u.z

dr 1

" sehiy T-E.F_ Iﬂl- sech’y=1-tanh'y,|xlc !, tanfiy = x

Iv.  Derlvative of secf e Iy =gech™x, thenx = sechy.
The differentiation of x=sechy w.rtyis: %n—mﬁymhy

Tﬁehmimmnhhﬂnﬂudﬂimhtn\fy w.rlox;
~1 =1

ﬂh' o | £ - h‘, =x
dx sechytanky imy.,n-mfy T = R ey

Ht!'e.lhmnﬂhlmﬂcﬂwlhnmammﬂufhmbm“mwumh': is always

positive, so that tanfy i always positive. Hence, —-—{:n:i 'ﬂ'jl-i?

v.  Derlvative of eoseeh™'s: If v = cosech™x, then x = cosechy,
The differentiation of x = cosechy w.r.t.yil:%‘ ~=cogea hy cothy

T:h:lumipnulbubhimhdnﬂnﬁvenfyw:&:
dy | =
de cosechycothy mﬁyJwa:ﬁ’yH

-1

=% X cosneh
::Ffﬂ Ll

Here, ﬂ'u:ai,pﬂhmﬁmkhmumﬂcﬂbywﬁ.ﬂmtﬂrhpﬁﬂhwwﬁw
necording as x is positive or negative, '

_..{mﬂxjz—-—J_._it';:a-ﬂmdw-{gm‘zjt——J—ifxdﬂ
—-(mg.i %) -_T_- for all values of 2,

weothy = cosech’y +1

vi, Derivatioe o eotfh-le: y=coth s then x = coth y.
The differentiation of x = cot fiy Wiri vis -giz-en'anm’y
Take its reciprocal 1o obtain the derivative of pwert

dy -1

-1 1 )
& oy cothiyai o=l v eosech’y =cothly =Lz 1, cothy = x

Nor FomSaLE




UNITy I - ' __.._‘..E‘Egﬁ. : _i.—T_H'JbI" T r i o T, i
mhm&e - 3 . 3 DIFFERENTIA ,'..zi:_.fu:'__'._-:_xl,‘. 41 L -
W_\ :'“"“'Nlﬁﬂmuh;mlimuw _“_ff UNIT-3 e : bR R R
5 tsin A ’ d E DIFFERENT i
I+ . %(Mk"xj-:r—-l it L taye L  Saitian o5 PIFFERENIUTION: 3
2 (oseen I a e X o S s en oo '
el o a)m—, o =i - i . » diffla* & 75+ 2,2 e
The chain rule m i &M‘r‘:}_x_ﬂﬁ:‘? VL. E{mh"x]-—.xl ! . st +7 11], » Ok Tx+2
the inverse i be used 1o derive the gencralization nflhep:wnﬂsmﬁﬁ::mmr = I This i ﬁﬁ;‘”'ﬂlﬂ
Hyperbalic functions, ; ; is result s obtai a4
i %ﬁin.&"w}n 1_ 4 Maummh:rh o oy mﬂtm?wmwwm“hm“““’ expression by selecting " Differentione < 1
El-r-u* :h'{"} H e foos k™ w) = 14 b Command:
e i 3 ',a-':"] Context Menu:
i 2 gy =t d : w1 i ,w{jgu_ml , eou:
i I-u #{"} L %{mmﬁdu}= u.| i{“] (o +3x-2} "}' > -L“_L{a}it’*' ”‘]
-E[m hﬂ":.u -1 i . 5 lﬂ'f;u’ +1 dx ;‘-:;::: LF _kl +3z+ 15] {3-1:4'31 » dw'{ (x-'h:-t- ]_z'!x.'_ 163 (1 + 3%x =2}, 1)
uai-u' iﬁ'{"} Lk E{ﬂﬂ iy =;_‘;E-_1£{“j (#43:-2) _.,.—L.]"!* _ a4 za v s} 3 +3)
LU 22 Differentiate the followin = Fi - & Gt fwnt::;d:r thene—2)
L Solition ] g functions: (@), ywsinh'(z) @), yo S30AE > dif(s’ + sinfx)” + arccosts). x); 3 > %3+ sin{x)*2 + arccosx)
m o AP A i FREN& 34 2atala)coule) = =l > diff (x3 + sin{x)*2 + arccosz).x)
di-—d ¥ =sin k"' ("), then the desivative of y wr.t x is: J1-7 338 2 alile) o) ———
de -E[ﬁ“'ﬁ"h'}] L fsin ™33] ) | ’ . g::::mﬂ: Sk =7
T = ~cosh ;
e ) 2 o :;mtm .*m +“_m| i > #-cashlx) + arcsinhiz)
JIH(PY dx C . e ) + > diff(x"2*coshiz)+ nrcsinbix).x)
= 3 : 2 xcosh{x) 5 sichiz] + I .
145 J PR
B fthe given function is y= SNA_ (2] . Exercise
7 et 1. Usetherule of first principle to find the derivati
dy  d (sink'(x) m-ﬁ“ﬁ}-%[ﬁnk“{;}]_ﬁnﬁﬂ{x}. LA RPN .: S 1:’: ““‘*‘ﬁ;“mﬁmﬂa:
dr x| cosh(x) L eosh™ (x]] . ]“3 o flE==e" ¥l 4 fley=2
- feos ™ ) e f)=4" [ S loplx+l) g fmj 5
‘:u\sn ¢ r‘+1_““""l:r]l. l: coth™ () sin k™ (x) 2, Fid [0 iffGo s Ml T SRR
eI X 2 - e pge '
= sinfi™{x) [oosh™'(x)f d e ¥ ! P
JoHleoshifx) e, sl e Inferr-gmy g 2T
£ X -'l_[mhﬂ{x)]r 5 dy Pl
100 MAPLE Command ‘diff'to differentiate a funcfio - Find S by using any suitable rle of differentiation. o
The procedure 1o use the MAPLE y a function a y=xfr b y=xJEH
following examiple. command ‘diff" to differentiat + o p= an:" v
B 23] use At i gt i i y=ln(x=vx'+l)e yme™ ¥ =1
=8 MAPLE command "diff” 10 differeatine P / . y=ecos(lx) { y=x o #
(@) flx)=x"+Tx+2 w.rl variable x : :&mh the fallowing functions. E
A . 3 - L a y= i B
@ SOy G iR vy ik ity L (EA2416) o variable s yelopx+2)' b y=cosh(3n) et ;
(). Fix) =t coshy + arcsinke 5 £ (' +3x-2) & e gt = {vosx)
WL variable s, - y=aakt| 2] e y=incoth{x))
% 2 b oy=mxcosh'(x)-ofif =1
HOT FORGALE
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DIFFERENTIA TiON

A research group (used hospital recards) deve the approncimate mathematical model reiggeg
Wl:hhodprummdfyh: p[.x;-ﬂt;l?z;dln{n-i}. fsEr<6s o
Mn{nhmmmhm;mmawmmmmmmmhh
rate of change of pressure af the cod of [0 years? at the end of 30 years? at the end of 60 yeans?
A single cholers bacterium divides every 0.5 hour to produce two complete choler bacteria, |y
We stan with a colony of 5,000 bacteria, then after £ hours there will be &

Alr) = 5000 2" bacterin. Find AYr), A'(1) and A'(5). Interpret the results,

Use MAPLE command "diff” to differestiate all the functions given in Q.3 and Q.4,

T e R
e bt 'u'rlrt'ﬁ:*‘l.o

Choase the correct aption.

1€ firy=2r +3r+2 then f(=3) is:

ta). 9 i), 11 {ex 21 {d). 29

The average rale of change for f{x)= ' =6x+5 is ifx increase at ve [1,3).
i) 1 iy, =1 feh 2 ) -2

If y= fix) then fYx)=

fa). E:‘&E# {b), iﬂjiﬁa_:%'ﬂ

{x=avi+ fix) (= A+ fx)
fe). Lim - id). i;,_:L?L_ﬂ‘_

IF fiey=20 -3¢ +4 then £33 s

{a). 54 ib). 45 (&) 35 {d), 27
If f{ﬂ-%lhm Fin=
(. Kix)=g'(x) (b}, Sk (x)= hx)ir'(x)

[xtf [Py

(e}, LAp(0+ ¢l : fehe(x) - Sixlgx
(eF " (6o

IF kit =JF then #in) is:
3 2 :
If flx)=rtanx then f(x)=

(a), wnxseesec's (b) sunr-xiec's (o) scx (). i)+ {1+ mn(x)’]

d.
— R =
poiai
{a). : i) = ) = x
i = Y FF Yy
1 d d
- 1
IIIJ’,TI dx ; 00 sl sl SpRuE e
{n). sec”{x) (h). cos™(z) fe). eoseni'ixh (1 oy o 4
If /) =inix}then fXx) - i ”.]f';" i
@ ). & - S 17 R

o FORSALE

o il
LT o N—
Take a spherical balloon or a ball, It must be inflated.

*  Find ibe general formuln for instantaneoas rate of change of the volume 17 L
w.rt, radig ﬂtimll:llF-;-lr‘ ¥, 1
= Find its rate of change of ¥, w,r.1, rat the instant when r = 3, — ]

UNIT-1 DIFVERENTIATIN

iy sumnary-—3

The average rate af change » = f{x) per unit change in x is given by:
& S8 fE) o g

The shope of the secant & the average mie of change which measures "the approximate rate of
change in phenomena,"

The instantaneons rate of change of a function ¥ (x) ot & 'pm'linﬂ*:_ posnt Pl (2 s the
derlvative of a function y = f(x) umupﬁuf{x}.mﬂﬁ‘ﬂ;m‘ 3= f(x) provided

1hi limit exists. This is numed by first principle rule of derivative of a funciion £ic).
The tangent line to the graph of a function y = f(x} a1 the point P {x, [ {x)} i the line through

this point having slope n”"EEM;‘:_-ﬂ&‘ o i) if this bimit exists, OF this Timit

thocs Dot exist, then theee is no tangent at the point,
The slope of the tangent is the instantanecus rate of change which measures “the cxact rate of
change in phenomena,"
In business terminclogy,
o the instantancous mie of change of cost is the marginal cost which counts "as the
approximate rte of change in business phenomena”,
o the sverage mte of change iz the exact mte of change which counts "as the actual rate of
change in business phenomena®
For amy real pumber n, if f{x) = " thene  f{r)=mx""
The chain rule is a rule which we use to differentinte the compasite function. It is generally
LUl = FTa (e )

written as

Lo LS



