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FUNCTIONS AND LIMITS

Fumeilon : P
i the datmain and range of 3 Hon.
mﬂmwﬁﬂwm Finction (he. y = [ % ) and identify s domain and ampe.
I Inaetinng )
E:r::::;i‘zf::c';ompmiﬁm m:. i
l &
m&ﬁs:ﬁ:ﬂmﬁnmm of tore given functions.
wcendental luncilons . ! e
nigebinaic, tigongmetrie, verss trigonometrie, .
fﬂfﬁ explicit and implicit flanetions, and parametne representation of
leal ngrﬂ#nlnibulu
Dwﬂuf;huﬂy E:rnd. fumctions like y=ix), where f{x) -;f. &', logax, logex.

% gl -
g functions such = 24— =1 und distinguish between graph of a
the implicitky defined anad + 3% =a” and Sty

funetion and of an cqustion. G gy
it equations Ffunctions such as r=ai’, y = Jan x=a secl, ¥
. i x 'h'il‘:l‘rﬂﬁ:l:fn-!.
g=] when 1Sx=2
i j bot of:
MAPLE graphic conumnnds for twe-dismensional p ]
:hnn expression (of a function), « parameterized form of a fasction, .
unﬁm.e pn:h;c plots for plotting different fypes of fimetins.

ol a funetlon ] .
H;ﬂryu'mmwamwmmcmlm -
mrmmmml t o closed interval, «  halfopen and half closed intervals, on the msmber lins.
-'E'l?ﬁlilﬂhl micaning of phasse:

s xtends o era {(x-20}, .
Define fmit of & sequence. ¥
Define limit of a function.

Find the composition of two given fsctions.

e, Iryperbolic (and their
funetions.

«  the discontinuous functives of the type § =

implicit function

x tends bo infinity (x—b=)
Eh Dlgl:duﬂ;ﬁ'uﬁlqlra sequence whose nth fenm is gves.

State the theerems on limits of sum, differsnce, product and quotient of Runctions and demansrte 'thnuh.

examples.

riant limit X .
Eﬁmmaﬂhi:s of functions of the followmg types:
. i:i, 8 when x—va

x—a X=uof
! Jxsa=da a1
; uur.-"—j—“r,T.
Evaluate limits of different algebraiz, :xpumhlandmgmmmn‘b: functions.
Use MAPLE comemand limit 10 evaluate limit of 2 funetion.
d dlscunil Tumeilnny

E"mm'h""iﬁ'kmmﬁim Timits and demsonstrate through examples.
Prefine cantinuity of o function a1 I.puinl.i!d inam interval, .
Test continuity and discontinuity of o function af o point and in an inserval, )
Use MAPLE command iscant 1o test continuity of a function at a point and in a given interval.

. [14-1]. wihen X = o9,
&

. ﬂ+l;r_llw__5l;':" when x—0

S L
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UNIT-2

distinguishes caleubus from algebra and trig

from

FUNCTIONS AND LIMITS:

The concept of finction and its limit is fundamental idea to us, bn the studly of mathematics that

onametry. In this wnit, we will revise the concepl of function

unit-B of grade-X! mathematics and then develap the concept af Hmit which is the fundamental

building block an which ali the caleulus concepts are based.

amd o

colles

plans en buying every month accordingly, of eaclt type of animals.

collecting animals, Let 'y ° be the number of andmals Zurain owns, How ean
we write a function in terms of x and »7

Tumilclh:&nmﬁuu,llvwbcghmhg,whtnx-ﬂ,zmnhumbuuwlm
new animal, he owns 3 animals 5o, ¥ = 3 animals

Alter the first mopth, when x = |, Zurain owns 3 animals, plus the 1 animal

he just

¢
science and teehnology. In our routine life fanction is very | Th
useful eg. Zurgin like all kind of snimols. He staried

Funections

Function are constantly encountered in mathematics
re easential for formulating physical relationships in

~ =

three animals Zursin owns before
he stareed his colleetion.

ting them recently and already owns 3 animals. He

Let “x" be the number of months have past since Zursin started

bought. He now owns y =3+ | animals
Similnrly, after the second month, when x = 2, Zurnin owns 3

Peter Dirichlet was a
CGierman  Muthematician

amimals, plis the 2 new animals he bought after he started animals. He now mrsu::m ﬂl:::il;
o J=34+2 animals of mathematics such as
Therefore for x animals the function will bey= 3 + ¥ where, 't'is independens | “8Per theory. mechanics
variale and 'y i dependent varfable. ﬁ:m& peTson
In mathematics, the word function is used in much the same way, but more | Who gave the modem
restricti

“If a variable ¥'depends on a variable *in sush o v that ek
one vl of v then we call i Frixic iy

mrnuma.in and range of a function through graph *

Because domain refers to the get
values shown on

values,

Figure 2.1,

Thisisa

Exumple

Its domain is (—o,~2)(~2,) and mnge is (o0, D)0 50}

vely. It is defined as: definition of function in

1837,

aa af %t "determiner evactly
Yira function of ¥eg y= fiz)*

he domain and ranpe can he

identified by the graph.
of all input values, so, “ail the
the x-axis. The range refers to the sei of all Lutput
e shown on the y-axis. Consider the graph given in P i

.

Which ar

graph ofthe function /()= —L

Figure 2.1

b 1 ] Find the domain and range of the function whose

_ graph is shown in the Figure 2.3
Here the horizontal extent {5 —6 10 2. 5o,

the domain of the functi .
extent of the grooh is 0 10 4. So the mnge of the fane unction is xe[-6,2] venical

HET FOR SALE!

on is ¥ [0,4]. Shown in the Figure 2.3,

¥
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FUNCTIONS Angy Ly

Figure 2.3

in and range can be goeater than the given vyl
poction of the graph the domasn
I the: pragh vonfinuout beyond the gven POt ™ 7 7

~
W Graph of modulus function (i.c. =) and its domain and range
fusictint thitt containg an algebrac expression with in the absolute value symbols is calfeg o
. i [LOE]

“l::trmﬁv::::gmm we have sudicd that the absolute value of -
lmmbnkimdhmﬁvmﬂnnlbumﬁﬁ_lm i Skl
The parent absoluté value function can be written 25 fix -

x if xz0 aﬁ_h\ _::
definedas  f{xl= S § axd _ e -
To b the above absoluie valee functions simply choose some 1
v.l.fér:ﬂrx and get the values of v then draw them accordingly.

| 4] 32| [of1]2]3]4] Domainvalies | -jp -2 x" L
}'4’3 2 Ifﬂl!i" Range values Figure 2.4

Mow, plot the points i )
In general, domain of f(x) = x|is (~,0s)and range is [0,00) but the graph is v-shaped grah
Figure 2.4 shows the praphof f{x) x| -

15 sy absoluse valuc fnction for verical sranslation of (%) = £] you can use the Rumetion. #1s) = /00 &
(i Whm#bﬁﬂuwhﬁffh}imm'ﬁ'milupwaulg{.t}.

fii} m&ﬁﬂhwhfmmw‘ﬁ'miudU\mtngﬂgm. fy
mawwwmm.mhﬁmﬂmmﬂ SUx)= % youcan use the function g(x)= fx- ]
i) mb O graph o€ £ (x) will trasslate “&* unsits to the right to get g(x),

{1 k=0 the graph of fx) will g
hmsisulla&hngiml mﬁ:_mm: ettt the left to got gixd,

BRI 7) Graph th folloing sbsctue vaue fomerer s e
domain and range: Sl 3~ S anwanid R

From the definition of . :
function is Hhecktc vl fncion, the given
Ir,rj-{zx'u' i 3x4d =0
3x I 3xsq<q

The inequality3r e 429 is salisfieg whenever x3 .3 indIx+4<p
¥ =

27

UNIT-2
FUNCTIONS AND Linires

4 4 4
5 fi _— - .
15 satiglicd whenever x < 3.Ir :_—-j,y-u,mﬂuguphwillmtmormlhc;ﬂmmat

4
[-?0 J Use the tabular form to abiain thi graph of o fimetinn: 1

Sl =+ 350550 Sl =3x+4), 3x4dep

4 1 4
2 ) 0 -— a
3 x 3 3
» (] 4 ¥ 0 5

This flunction hns a domain st (oo ee) and ruige set is[(), =),

WCnmpusiﬁun of Functions™

Compasition of function can be deseribed a5 3 progression of “getting” and “dropping” “off, A
function gets “x° does something for it and drops it off Then another function gocs along and pets the
drop off, does something for it, and drop it off onee more. This pattern may proceed more than a few
functions. Suppose & composition as o progression of car rldes. ' bay is picked up by the first car

Consider the function A(x) whose rule is A(x) = /57, To compute h(4), you first need to find
& =8 =68 and then take ﬂmiq-.mmntlnnb:ﬁnﬁnﬁn&ﬁnm:n&ufﬂx}myhnphm
: )= i) i
Here glx)=x and f(x) = /3. We may think of the functions f{x) and
"eomposid” o create the fanction & i 2
Ina:h:rwmd:.hrtmllumnpulﬁ-nmnn
Ifwmwhmillmuwnu-mmpmibennmﬁou. g

W%} and gix) are the rwa functions, then, g vOmpesite finction wr compasision of g and [ it the

_:rm;;:;twh:c vatlex wre given Ev gl IO for il x in the deomiin of fixd suek that frxd is in the domain

s being

ﬁ:n:ﬁmituudasﬂthpulmmlhurhmﬁm.w:

m Let f{x)=2x~] and gla)= Sixs3, Find each of the following:

fal & (F{4) (&) flzta)) fe) flel=2n

e The funesion f{x) forx =4 is yeed 1o obiain f{4) =2(4)~
BN =g =37 +5 = 55

& The funetion gix) forc = 4 i used 1o obtain g(4) = 5(3) 73 =
Sty = f(Vi7) = 2477 -4

e flet-20 d‘n-us!_'lﬁl evisl, since =2 is ot in the domain of g,

1=7. Use (4} 1o obtain:

V7. Use g (4) 10 obtain:

%5
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Composition of two given functions
B3 Lot fi(x) =4x+1and glx) = 247 +3x, Find each of the following:
fap. o (Fix)) {b). fighn
. Using the given funstions to oblain:
(= gldx+]) = 24z + 1))+ 5(4x+1) =
=320 4162+ 24 20x+5=32x" +36x+7
b, Using the given functions to sbtain:
flglan = f(26 +3x)=42r +5x)+1= '+ 20x+1.
“This example shows that f{g(x)) is not usually equal te g ().
TEPTTI0E. 5 | Air pollution is & problem for many metropolitan arcas. Suppose that carbon monsrids -
is mensurcd s a function of the number of people according to the following information:

16’ +Bx+ 1)+ 200+ 5

100,000 . 1.41
200,000 1.83
300,000 243
400,000 . B3
00,000 3.72

Furihier studics show that a refined formula for the average daily level of carbon monoxide in the
airis L(py=07p +3
Further assume that the population of a given metropalitan arca is growing sceording to the
formula p(r) =L+ 002t where | is the time from now (in years) and p is the population (in humdred
thousands), Based on these assumptions, what level of air pollution should be expected in 4 years?
The level of pollution at tirme t is given by the composite function:
L{p(th) = L{1+0.02¢"}) = 0.7J01+0.02¢ Y +3, i v pln=1+0020
The air pollution expected in 4 vears is obtained by puting { = 4 in equation{
Lipti= Lt +0.02') = 0,71 +0.02{4)F +3 =2.0 ppm

Inverse of composition of functions iy
“Let w= f (%) be a fimetion af . This fiunction takes a dependent variahle y in response of indgpendest
variable x. The fanction that takes x as dependent variable in response of y as the independent is then calfed
the irverse function of f ()"
The inverse function is denoted by x= £7'(3) (i)

The symbol () means the inverse of fand does not mm}.

If f {x) is not one-to-00%
then f(x) does ot have a0
imverse function.

For example, if 3 = f(x) is one—to-one function, then the inverse |
of y= f{x) is the function x = *{y) formed by interchanging the independent and dependent variablet
xand y for y= £(x}, Thus, if (a, b) is a point on the graph af/(x), then (b, a) will be a point on the o2
the inverse of £(x). The domain and range of y = £ (x) are also valid for its invérse functionx = £~/

29 NGT EORSALE

UnIT-2

aniw of the composition of two given functions®
LIV, 6] Find the inverse function of £(f) = 33,

m'"" fnction /(1) takes an output 37~ §
a0 OUIpUL 1 in response of input 3¢ - §: H respomie of input £ The inverse function must take
f"{ﬁ'—!}-f

Ifz=3r—§ say. then _ﬂf
¥, 7 =3 Use these values in equation (i) to obtain; j"(;}-.‘ﬂ
3

FUNCTIONS AND LIMITS

Pu > >
bt as its argument instead of z to obtadn the inverse function of S=3e—#: j"t:]='+a

IS, 7 ] Let f(x) = 2x + 3 and g(x) = 3x and 1
=il 7 = hix) = y
Write expressions for the following functions T

fal hix) - i) ) fel. g7 W) s
In 5
i:: respoase of {{x) and g(x), the function ifx) | b. In response of £(x), the inverse of f{x) is: F
K= flglx) =) |
= f{3x) (e =3x x=f"= zEdvel = pmiE=)
=23c)+3 3 2
=6x+3 i =T
| X3
| T=f'1ﬂ-ﬂ insert x instead of =
e In response of g{x], the invers iy
: .g'l{k} & of glx) is: & In response of &ix), the inverse of hix) is:
=g F=j"6x+3) .
S £ Y z=3x = Iui
5 3 xepz), =6+l = x.,!‘;n 1
3 l {x} _;;3 4 1.-'
X - 6 =A%)
-3-:‘ I(l’_:l WIJM:H’I x=3 ;
. [ T—h'{-ﬂ insert vinstead of =
ﬁk““"ﬂl‘lhﬁﬂm“ a toal oF 2
i problem solvi
ot s ht could ot be addressed Wﬁsﬁﬁ u'ﬁnM?Pm of ealeulus, there were o wide | 1

how
not e B e W h (=3 L4} ¥e
5
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FUNCTIONS AND LIMITS
UNIT-2

i : i if
. Resd the graphs and write the function, domnin and range o 1.

* b, i

¥
3 ¥ I §
i

LLLL

TITT

L
e

f
’ ¥ o mximsmm ¥
SERETAEr il i b edkh
5 =i "“':'.'ll.l'p.'::'itz i J:T Eraakil
= = SHiEEiE * I "
: S AR
.r'_ x'; ".‘E‘ H* : H 'ﬁ‘ ¥
¥
5. Draw the graphs of the following functions.
. 2x-3 b 4lx-3]+3
¢ Sfrs7]-2 d 2dx+3|+1

i i i following funetions:
3 Find the com| mltﬁn:hmﬂ;{r}}mﬂgﬂ'{r}]ufth:i_‘ N
' l1 ;[:IS:’F* L, glz)=2x b f{x)=sinz, glx)=1-2

3 m!=f“—'.,g{x}=:l' A fe)=sing gl)=2c+3
¥+l =z )
inverse function of g (x)) and g ( (x)) for the following functions:
- Eﬁ}zﬁlf;?s gt.t}e-x-—:m b, fi{x)=2x+7, glx)=2x
x+3

b fe)= %i. ) =2x-4

e S = 2e-4), glxk= = o

UNIT-2

m_']“rnnstcndenml Functions

“Frunetions that are not dlgebraic are eolled trimecendestal funetinn =
The fimctions, such as all trigonometric functions, hyperbalic functions, exponeniial finctions nnd
logarithmic funclions nre called iranscendental funetions,

FUNCTI N N LIMITS

A palynomial £ (x) ixa Renclion of the form fiz)=ffxima, y* s, o toata e ea, ()
with m is 2 nonnegative integer and By Bypeein g8 81, 07 constants. If o, 20, then, the integer n s called
the degree of the polynamial,

The constont a, is called the leading coefficient and the conuan: ay incalled the constant term of the
palynomial function, In particular, the polynomial (1) is going 1o be

constant function by patting &= 0; Six)=ua,

linvear functinn by pusting s = 1+ Jx)=az+a,

quadratic function by putting # =2 f(x) may s’ +ax+a,
cubic function by putting » = 3: figl=u ' vaxtvasva,

mammlum of algebraic, trigonometric, inverse trigonometric, exponential™
Jegarithmie, hyperbolic (and their Identities), explicit and implicit functions, and
1 parametric representation of functions
L Algebraic funetions
A fanstion f{x} s called an olgebraic function ifit can be constructed using algebraic operations
{such as adding, subtracting, multiplying, dividing or taking roots) stasting with polynomials, Any
rational function is an algebraic function eg.
i ' B’ +5-9
fixy=2+8, ple)=3x bdr=7 and Hrps—TT_
[ § Trigonometric functions ' )
“Trigonameiric fimction are the functions that describe the relationship berwees the
angles of a right triangle~,
Any trigonometric function include one ar

stdex and
more of the following 6 frigonomestric ratios,

(i} sin(x) (). cosix) (i} tanix)

(1), esefx) (vl secx) (V). cotfx)
Thmmmuiunhumphul discussed in grade Mathematio
L Ioverse Mp-nmml:: l'nh:umm e

. "f::fj:ﬂ :ﬂfmrm Sunetion are simply defined as the fmverse functions of the

Thmﬁnmtiunsmmedmgﬂﬂwmghwlﬂnnynfm igonometric i IEonemetr

finctions are also known as “Arc functions” particularly m;“;}e [ ﬁmcﬁnr:s ::nl“:m s d
(i) Aresine(x) = sin"(x) where &=, 1]

(i) Are cosine(x) = ces '{x) where KE[=1, 1]

(i), Ase tangent(x) = tan-'(x} where xER

(i) Are cosecant(x) = cse 'y} where rZlorvs—|
(¥} Asesecantix) = sec (v} where x2lory=—|
(vi). Are cotangentix) = cor"{x) where e R

Inverse irigonometric functions are widely used in the fieg of physi
navigations,

BEF FORGALE

Baxig

et arcus fumctions  pnd
A0t Nigonometric finctions.
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UNIT2

ol [ Esgoneritind Depie b

- Axeas which utilize the exponential function include expa

) AN e

ﬂl.

iy

=Bk -
FUNTTIONS AND LiMrpy

evpon 4 i mdappﬁut[unhﬁﬂnymufmu_]dmgj_ ing.
e st fussivg han wiCp nsion of materials, lws of cooling, radinaci,
CO I TR R T SR T LTI T TS il PR i SO

oo arfl peial B npy,

decay and the discharge of a capaciter,

&AM R v
i ool B et R

win d

We require e base to be positive and 1o avord imaginary mimbers such as(=2)3 = V=2 =7,

We conclude b= | asa base, since f{x)=1"=1 s 4 constant function,

Exponent laws
17 2 il b v positive resl numbers, @# 1 and b# 1, then,
a =" "V = a " (ab) =u*b'.[§] =L . "= a’ifund only ify =y

w0
Loa'a"=a"™, B

i, Faxzl, p*=p"ilnd onlyilfo=h

Base fdﬁmnnnm;l Funcifons :

Of all possibile bases &, it con use for the exponentinl function y = b*, which ones are the most useful?
I you fook a8 the keys on a scientific calculator, you will likely see 10" and . Iis clear why base 10 would
be important, because our number system is a base 10 system. But what is e, and why is it included as a base?
It tums out that base e is wsed more than all ather bases combined, The reason for this 5 tha
certuin formulzs and the results of cemain processes found in calculus and more advanced mathematics take
son their shiplest form i this base is used, This is why vou will sec & used extensively in expressions and
formulas that mode] real-waorld phenomena. In fact, #is use is so prevalent that you will often hear people
referto y=¢" asthe evponential function, The bise ¢ an irrational number (like = ) it cannot be represented

exnctly by any finite decimal fraction, However,  can be approvimated as closely as we like by evaluming
tye exprression "
(1)
X

for sufficiently large x. What happens to the value of expression (i) 5 x increases without bound? The
resiilts are summanzed in the follewing table:

fi.'._'\r. .!él-'_- =Ty

[

W |27 ;

'J._ﬂﬂ_li"__ g = 271692,

10000 271814...

100000 2;?'il§'?..¢ - Use binomial theorem to find the
1a00a00 | 271828.., value of &

UNTT-2

FUNCTINS %5 LAY

Inteeestingly, the valuc of cxpression (i)
chose 10 27183, In fa : sion (1) s never close 1o 1, but see —_—
e Ih.:‘ﬂ‘i :,':;{.ﬁ' 45X increases without bound, the value urwm;;?.?“ Aching a munber
& The imational number ¢ to fwelve decimal places is: fpproaches an imatianal

S ETTTH

“by eell division #s piven o
¥ .
! '\-; with N is the number of by

e=21718 281 828 430

pproximately by
N=
eterin present after t hours and Nyis the mum

(AL
[

(=00, If we start with 25 bacterin, how

many bacteria (1o the neasest

.8 ] cn iscase, i
alesa, in fntestinal discase, is caused by a cholern bacteriwmn that mdtiplies exponentially

ber of bacteria present of e siast

@l Thour! L Yhouns? s 4 hours?
. Use the amount of initial bacteria M, =25in the
Eiven equation to obiain:  N'=25"" () p =25
= The bacteria 4 a time ¢ = | hour is oh i
=1 in equation ({} g g
2 N=25¢"" =99 07 bawterie =
The bacter in at i time ¢ = 3 hours s ebtined i
t = 3 in equintion {i); TR
N = 251750 = 1500 hrcterin
€ The bacterin at a time ¢ = 4 hours § P i
£=4 in equation (i} i Pb!nm L
" N'=25¢" = 6392 bacteria
Thus, we conelude that the bacteria §
Erowing when therh:mu:.upuwm » o
¥ Logarithmie Fanietjons
Logarithms are an alternative w writing
- a I3 ¥ W “
whmha%mm or indices, They are used extensively in the
sudy of sound. The decimals used in defining ihe intensity of
M;h:ﬁm:h%i:mlu 0
ntil the development of comput ulators,
: : puters and eyl
me;mﬂ}:gh effective ol for large scale n:mwiml
MIpUtitions, no - thi it sti
2 crucial role in many WimnEﬁﬂﬂ o b i
For }}ilut-;r:ﬂqn. I!I;:e start with the exponential function y=f(x)
defined by y=2 en the interchy f les i
ot nge of the varfabies & giving the
x=3
We call this inverse exponential fiuneti
; 8xpa o, the logasithmic funey;
mmbu.ls:-:z.md write this as: ¥=logx ifand only if -.r:;
The fverse af e il |

e Jogar (tmic fisnction fx: e g e
/ e is: i Inig,.L,_.L.-.hﬁ-n’a i cquvalent i

mlugmmehubnrxislheupmmtmu-hichbmubemkdm
L +]

NET FORSALE

TR il B
G bl s triiomic ds)

) will be presem in
S Interpret

S 351 140

T

q'tﬁggig

{1

= Rt

btain x. The domain of

whfhhﬂ!‘ﬂ 1’Ilm‘ggufﬂ‘=

fously, the i
P range of the logarithmie function s the sey ofall rea|
function,

gy 2

34
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i FUNCTIONS AND LIy = —
UNIT-2 - [ -2 FLACVIORS AN LIMITS
p cm‘;,ugm:: e with base 10; 3 = 10g,X means 0'=x The number qr:?nf;arm“ will take for the flu vinus to infeat n people is given by
Comman -Ihmgmh?aﬂ“'r:-"w e 1 the answer o the question” 16 whal cxponent mus 10 be T(n) =143 In [ L E ] " |
k " which is read “the logar . : | | | r
mx‘; md'“':x ; oguaifbaic Ao . Thrmwufm, that will take for the virus to infect 500 people, is obtained by puiting 1 = 500 in
Evaluate the following } ic e i :
"3 i 10,000 -500 )
(o). log10000 (o). 180! . Jogsl0 2 a  T(500)=—143In [ 4998(500) ]- ~1.43 'ﬂ{zmom ]- ~1.43In{0.00350)
EED < This isequal e log 10000 = log10* =4logl0=4 i (-5.512?5}" :. by
Thiks is cqual te: The common logarithm i3 alse =y 10,000-5000) X3 II
gy T2 0n =2 s o i SEABeIAE [ 4998(5000) 1430 = 500000 =-t.43'ﬂ[ﬁ }- 12,17 =12 doje
e ﬂlﬂgm= ihe natural logarithm s alse
calbed Napierion fogarilims. ¥, Hyperbolle functions and their identities |

| ks | AR
. This is equal to: Iugiﬁnhﬁlnhu-ilusln—i In physics, it is shown that a heavy, flesible cable (for example a power fine) that is suspended

Between two poins al the same height sssumes the shape of o curve ealled o catenary, with an equation

; el Linggnrltlins afz & : ﬁ
;"“m ;_::“imm; are logarithms with basee: y=In xn'.reml!- e’w’; xl ——_ of the form _'Ir'=-£(c- e a iy J”":’,
*In x", which is read “the el-en al 27, s the answer to the question” 10 Wwha caponent T!li.u. is one of several impaortant lwliﬁ]ﬁﬂﬂi thot involve A K.‘-
praduce ¥"? combinations of cxponential functions, In certain ways, the functions we - w

3 =log, x means p=x & oS e shall :h.ﬁty;: nnulw to be trigonometric functions, and they have ™
» auhich s “y i ithm of x to the base 5", is the answer to the question essentinlly the same relationship 1o the hyperbola that the tri e
“ = log, 1" wh!lﬂ-'l-'lﬁ read v is the logarithm of x ﬂm:tmm have to the circle. For this reason, these ﬁmctinn:m nmllr.d
povier must 4 b raised to produce X1 hyperbolic functions. Three basic functions are the hyperbolic sine B
S {denated '!Wm:t; r:-:n“u:ud “cinch"), the hyperbolic cosine {coshe;.  — e
. 4 - Matural lﬂgﬂl‘{ﬂ'll‘l'li.ﬂ". X™ logx mm kogh I],al'p:[t}ulic lengent {w: Fmrlnmed Hm cable
Common logarithmic; 1081 =08, * “tansh®), Tt tited ! : ]
L:u,arhhm-i:-Exp-un:n'li-‘ﬂ Relationships ¥ E,-_e-:m - “c' B o Figure 2.8
T logx=pF is equivalent (o x=10 ﬂnhx--—z_.mxa__,' s tinkem £ E poilyrafte
Inx=yp is equivalent to x=gF B L7 I 2 e+ & —e"
; einh? s
Logarithms e s
F;LLFE':: ﬂr :Tin:m tive real pumbers b1, and p and x are also any positive real numbers, then: l:fhll(x +¥) =cosh.xcosh y+sinh xsinh ¥
i lr.'lrg,.I 0 i logh=1 i log, b =x iw Py x=D W |°W=m5ﬁ+l°3*~ *‘“H¥+y}ﬂm'nhxwdu+mxmy.
ok y ' The name *hyperbalic functions"
i i I M=N ; 2 8" comes from the fict that the functions sinht and cosh
vi, lﬂgﬁ%=lnﬂ.ﬂ ~log N vil log,af "= plog,M viii. logM =log,N, samz role in the parametric representation of the hyperbolic x*— y =1, a5 the & :" t P]*!r'::
ine indicated nentinl functions: and cost, dn in the parametric representation of the circle x¥ 4+ % = | r 1 Y
T, 10 | Find x to four decinul places for the following indicated expo Eliminating the parameter t from the ic lituu;.-- -
) ) 107=2 ) =3 o nbh'dntum equation of the circle: ;‘1-;*;- m',':l ﬁm‘nl i cost, p = sint : n
- mhmwlm;?j“ﬁm x=cosht, y=sight :
s 1W'=2 b = 5 parmamietiic oq ““[‘“”"hﬁ'm’ts‘l“"iwﬂlﬁuquwmdm e th o
hg!.l.'l‘=h=31. lﬂ‘ﬂrlﬂml‘idﬁ Inr*=l,n3, Iﬂﬂrﬁﬂlhﬂdﬁ mﬁmmﬂmfhgmbunfmm ¥ ‘m!t-ﬂ“::gl tracting the second from - :
xlogl0=log2,  legl0=1 xine=tn3, = ine=1 ;”.-m Explicit and Implicit Functions
+=03010 x= 10986 = i “;mﬁ:;::’m?@“rTMrf&}: y=X+3 yasing y=e -3¢ i)
Twao people with the eovid-19 positive visited the chmpus of Peshawar Liniversity: in terms of x that is in t‘ﬂ“ﬂﬁmm;mh. volving only x tesms, then we say that y is expressed explicitly
number of days I that it took for the carona virus to infect # people is given by Sametimes wE havs an cquation counecting x and y but it is impossible o write i i the form of y =/ x):

10,000 - ] yuat =y bsinx-cosy=1, sin(x+y)+e" 4o =x'4 ! (i)

Tin)m= =143 [ 4%98n In these cases we say that y is expressed implicitly in _
How many days will it take for the virus to infect a. 500 people? b. 5000 people? T i

35 Wﬁﬁw
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UNIT-2

The following curves are modeled through implicht funclions: L. a8
b Leommiscale curve: (Y =Tu*-',.=~_.

o The Bifolium carve: (17 o =4ty

¢ Folium of Descartes: x’-i-y‘—%:qp;ﬂ 4 Cissoid of Dieceles: Y- =4
I L
¢ Cardioid curves E;_;’-I-}l!}%:tq,llxl-i_v'-l-l [, Ellipse curve: i—ﬁi—,ﬂl

1
x
g Hyperbola curve: -;-{-:—ﬂ

wifi. . Parametric represeptation of functions - . )
1t is sometimes useful luduﬁmﬁxewmmxmdymmemduvdpm{:.y}.-iﬂmm they are
uchfnmﬁmn[suﬂuwvuw:.myn ;

x=flf) y=glr} iy

mdmnhnfﬂmaﬁm:ﬂnnsfmmﬂgmisminmﬂ D.Thtuﬁ_nbh:isuuedammmm
and x=f{f) and y=3{0) are called the ptrie equations.
i f(r) and git) are confinsions fimefions af parameter Lon an interval D, then the equatio
c=ftn  and y=g( _
pre called the je equations for the plane cupve generated b thie set of ordered pairs in'the phani:
x, ) = (), {O) =10, 8 ) (it i

il [715. 12 Sketch the graph of the parametric functions (x{:},y(ﬁ}:ﬁ—l.ﬂ}]fur all 1.
d L i o

Th:piphitlh:mllw&unﬁfnﬂpﬁnﬂ{r.y}widi
:ti-r.y-lfﬁnrdiﬂ‘crmtrﬂtvaluewfr: _ Le _
=0 = ety ) = (300 ; : )
r=1 = (o), W = (2.2} -
=l = (e, W) = (1.4) o N 7 A
Thcplntu.t‘uupmiﬂnn“cm 1, = (%00 f,n{i.!}.rl-—*ﬂ.lij in o 4
mﬁghtlin:pmﬂelmﬂa:dimﬁumm LT .

the |- 0 developed a

u=(-1,2) and passing through the point p (3,0).
" e TR 1_5'11.:uh."_‘.0
g 2 Graphical Representation ;

In our classes we have fearnt that grphical ; .
mwmnmnfmnummﬂuﬁ'visulmmd_mwmw [T 1 ]
MmmMuhmmmﬂwwhiml ration of 50 and - s
then different symbols. m,m.mmmmﬂn o ;.__,?;’__._-
charl. : mi ] ]
(a) Graphical display of explicit defined functions like T ; ki '.'..:

y=£(x), whgre f(x) =@ loga ¥, logx . A== .
i Graphically represemation of fix)=¢" . =
¥

Etp.rbmmwﬂw graphs of . Figure 110
y=¢ and y=¢".

m Use a seientific calculator to create the table of points. Plot
these points and :h:nju&n:hemmumhﬂm grapls of smooth curves in the g 2.1k
The domain set is (~o9,25) while the range set is (0,99). i

FUNCTIONS AND LISITS

LETTTER, 14 Skeich he graph of y=3°

k !
m}. : I:::d sketch graphs of equations such =
+ simply make a tables by assipning

integers to x, plot the wesulli
; ; esulting points, and th
paints with o smooth curve a5 shown in | :g::j;T.TIl.m

P — ‘-’Y.’E‘-:. o ==
=3 =~I [1] 1 2
¥ 003 | 05 5 2 E
e - P 3 - -
Wi O =
slsiabalolals]
4 1211 [0o5 003

|Iiimﬁ.ﬂmmulh

S graphs.y= 2% and y =2 .

ires as shown ; 3= 27" by pletting both

: ;: I-u.m:.':r 2,12, The graph of f(x)=b", b>1 shown in :::: same set of coordinate

graph of ¥ il 2", and the graph of fx)=0", O<h<l in Figues 213 = 1= looksvery muh
FELT prirs 2.1 2 looks very much like the

"

F
|| 1
0 | T T it
Era T T wsawes tamaTmmEEIN LS
ll—. H ] -
. ll_"Tﬂ‘"-'"".f g
1
I | T t
= Mls ,rf s i i
41 ] i phe L L ;
b, 1 EI#—!. }!_5 S L
TR s EFVE S _'\‘ [P P |
vk Lt ¢ R e
2 £ =10 i : an x
[ary L L. [l ] =p_ | LWL % ' 10
.: : _.|f__$__ =
L ! ™ |
m I ]
1 - - .
s e
i [H] T Tt JI| - . I
Figure 2.12 I i

Figture 213

The graphs in Fi
L . pures 202 and Figures 2
exponential functions that are summarized in I;L“f&tﬁ* following important general properties of

Basic properties of the graph of fx}=8" =0 bz

1. Al graphs will pass threugh the poi
: point (0.1).
2. All graphs are continuous cusves, with no hotes of jurips,

3 IFE> i a8
{, then & increases as v increases, 4 W0<bh<], then » shewtrmdes a8 ¢ increases




- hiiLl 2
- R e _?.}_
'8 L Hh i S BT
UM
ik, Graphicaily 1 epreseniation af lngt o v 0ol {ITICRR
i 15| Sketch the graph of 3'=!°‘L’:tx' - A
W can graph ¥ = 0g" by ploting x=7",5m

i the graph of the
- i  Any ardered pair of numbers of ofth
mmw;‘:luﬂfunﬁ:;n will be on the graph of the logarithmic

For cxmmple, ordered pair

2%

s = =
- — aeveyee
:I ¥ 0,03 0.5 1 2 :
5 i 0 1 1
F-—‘, =

The graphs of y=2" and y=log, X are shown in the Figure 2.4,

' Wsmammﬂ{ y=log,(x~2)- r
' We can graph = log,(x—2) by plotting x~2=2',

1k
;
:

G 17 | Sketch the groph of ¥=Inx
We can graph ¥= In¥ by plotting x= ¢, since

B

logarithmic function § _
The graph is shown in the Figure 2.16.

-
"
s
i

rdered umbers al functi
i an the graph of the exponent]
el ot Fw interchange the order of the companents.

¥
Figure 215

they are equivalent. ;
on will be on the graph of the

."::.- B A
! Bl - e i
i ik
UNIT-2
FUNCTIONS AND LIMITS
(b) Graphical display of implicit defined function such as +* + V=gtand Lo X
and distinguish between graph of a function and of an equation « &
l.1.;|r|||J]-.-"'-'-ﬁJI Sketeh the graph of + 37 =0, _Ii'l'"“*' i
@D This cquation ° + 3 = 9 is an equation of circle having L J
radlius 3 with centred at origin (0, 0}, - 'H 3
Rewrite the equation «* + 37 = 9 as i = .
: Co=0) +{3—-0y =% b o i s
The standard form of equation of circle is  (x=A) +(p -k =#* : 1
With eentre (h, £) = (0, 0) and radias r=1 il 3 i
Ho, this is a cirele of radivs 3 centred at origin (0, 0), )
Figuie 2.17 is showing the graph of ¥ +# = 9, Figne 217 "
B 15 et e graph of 5542 g |
: 6 9 ¥
m'fb:tqlm‘im £+‘V—!rlislnuquu!hnnfellipm 2=2ns - =
16 9 ey .
L L
Compare it with the standard equation :_’+bL’-l Ae ==l = S 1
where, h=0,k=0a=16=4, b="T=3 and cw JIE-0 = J7 T ": .
S8 Conters (h, &) =1(0,0) e TOE
Fock: (iteki=(+7,0) h.t—
Vortices: {k+a.k) = (+3.0) Figure 2,18 -
Co-vertices: (h, k+5) = (0, 4) .
an‘uﬂwmler.vmiumrmimdmaufhe;nphpapu-ns:hnminﬁgumllﬂ.
% students will lenrm sty about conie in unit § and 9. I
() Graphical display of parametric equation functions such as x = ar’. y =
X=gsechy=45tan 0 R
Skmhliwm:hnfﬂupmmmmmﬁmn{n.m}l-(zr‘.u+31.
To sketch the graph of th i ¥
SRR ko o oL e e
t & -5 — -3 =2 =] [} 1 2 3 4 5
- =2 [ ;
A |18 | 75 |48 |27 [ 12| 3 | o F 12| 2| ag ] s | s
W -2 =17 |-B| 9| Ss] a3 7 [l 23 | 27
y--H+3=l-yT_'3 o (1}
x=3r 5 s - GH)
I [
3 ][ 4 ]‘
x= 07 ~6p+9) x=2 (7 =6y+9)

“This is a right epening parabola, its graph is showan in Figure 2,19,
NOT FORSALE
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FUNCTIONS AND LIMITS

(i), y ()= (3,208 (1), 250 () for 0 < ¢ <2q.
w Sketch the graph of the parnetne B < make a table 1o get the idea of the shape

SIS To sketch the graph of the parmelric pavaion, 165

mddl:ﬂhnnnfﬂw!ﬂ‘l‘h [ﬁﬂ] ] [lﬂ]

(5) | =

o (B @LE)] = |GG

1|
i_x{t}l s {21z | o | -2a2 | 3 212

] 242 3

=141 i

- e
[x0 | ¢ 1.41 2 141 0 141

Mow, convert he standard form by eliminating {he parameter. 8.2,
:—3mm=ul=9ms’m it
yi=23in (1) = 57 =4 sin* () {ii)

From (i) and {ii}. -—~+;4—-m: (1) +sin® (ty=1

So, the formula of ellipse is -‘—+='L=l where a=3,
This is an rlhpsu,vdunhm"ll be dbnmcd in detail in unit=9.
(d) Graphical display of discontinuous functions of the type

bh=2

x when 0OSx<l S -""'I — -
Jranf-l when 1=x=2 :."'rl_l1:*- Ii ': ‘| 13
AT, 22 | Gzﬂphlh:ﬂmwndm: ;rﬁﬁﬁt'ﬂ ':f:?:—f%‘?'rl :
I-x i x<=1 R ,I"I:r'. =
f{ﬂ“[”z ¥ cREETd X e ?-J'T‘f"lﬁ
1 if x=2 aH _i’_lq':i_'-‘_’-r'." ok

[Sootion _ : i

o Usethe function f(¥)=3-x forx <=2 o obtain  set i
of points:

L ]

I 3

b, Use the function f{x) =x+2for 2 Sx<2 10 obtain & set of poinis:

A function that defined by

fix) 0 4 called compound funetion.
¢ Use the function f{x) = | forx 2 1o obtain a set of poinis:
x 2 4 |
o i 1 i

Usubmubullrpmmswuhmmegmphuh campound function in Figume 220,

4

mmw

UNIT-2
—— FURCTIONS AND LIMITS
MAPLE graphic commands for two-dimension "‘*
O an expression (or a function) a wﬂmﬂeﬂiﬁl:‘::::. of a function

@ implicit function by restricting domain and range

v Look at the following example, the proceduse to use the maple graphic s is illustray
RIS, 23] Use maple commands to draw the graphs of the given I’uuhun_wm e
fut. Function fix)=—(x+2)", with domain [0,-4],
ihe Parametric function (x{e), ¥{1)) =cos).sin(t) fors=-3.51 35, x from =15 10 1.5 and
- from=1.5 1o 1.5, i 4
fel. Animplicit function « — 5" =] ¥ from -5 to 5 and ¥ from <5 10 5.

> Pplois

n Command Context Menn

[;.pi'm{-{:+2}‘t.f-n..-#].' > -(x+2)° tx 52 i
5 - . . =[x+ -
| iﬁ"'}!‘\ 1 “Fr > plot ~{x+ 2, x=0_-4)
1A '_'_\T'I AT AP T

x @ i
17 o ; I——/'—* T
_i'l '_‘f'l’: Ill"-l‘
| 33 A7
O 2 v A
[> -
Figore 2.2 . [ Figure227

[N
Conmand Conrext Meng

» plot| [cos(i), sin(t), t=-3.5.3 5], » sin{t), cos{r)
~E5.15 <15.157 I sinit). cositl 11
Sl e = ploi([sin{r), cos(r), r=-35.3.5]]
eI T ] s Fmsntmannm
HuEe R
s E s R R T
I AE] [ £ HIeT, s A
i T = =
EHEH S e s
t Tk > I : |
T HE fama. =
k3 . - I
- o 2.2 A .
igute 223 > Fiasine 234

This graph is abtained through right-click on the
Builder <20 Parametric Plot” on the comtext meny,

5T FOREALE

The command below will show vou fisll detail nfpbninguplmwmmlimbyw

lust end of the expression by selecting "Plots < plog
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FUNCTIONS AND LIMITS
UREIT-2
C nek Contexi Meny
. DR . ‘t s o ll]
> piulslimph'c.i:pl.aq[f —¢=1 EE ;?‘ fh )
x=-5.5,y=-5.5); s smariplot 1% 31(¥
:-rl —
| 5 iure 2.26
| 3 Figure 2,23 Figure 2 oy
| itained through right-click on the Tast end of the expression by
This graph i% "
Fbﬂts‘lﬂ-lmﬂliﬁll’hl‘ﬂl.]' on the context menu. — :
Jifferent types of functions |
MAPLE package plots for plotting WAL

i fons wsing
Look ot the following cxample the procedure of ploming the fun
fltustrated. . -

Use MAPLE commands to draw the follo
Csitufion JC fix)=*~b,x from =1 to 10 and y from =5 :ﬂ&m
(78 {x{!}.;{tl‘wm}ﬁnm}nr from 1102, %

plotiing packages on Tine by Typing

—mto , y from 10 R

The command below will show you full detail of
, ! plots|animate]

ER Commantd

ry plots{animae]( plot, [:;‘ —b,

,:_lu__lﬂL h==5..5}
x bulseg

Context Menu
[’ — b b

T (splot, [ —b,x==10.10.
5] =amimate]L P
> b= b= 3)

(1

-y L B e

1

N
|'.'a.|_l
=

i Y. b5
Kb _!.- Lt t—h ]
ﬁlﬂ o e e g o £ L o EEE
b -8 =1
: '\_'?._?t A B o
'_.-T:_ : .'_'_. e g1
B T T | : e
g (A ) £
>  Figure 227 L. >  Figwe228
| ing " <Pl
5 Thkpiphkobtﬁnmmuughﬁghteﬁ:kununhﬂnﬂufmgmpmﬂmhyum Plots
< Animation (choose 2D-Implicit Plot)" on the context mentl.
43

s |

ot Build

UNIT-2 FUMCTIONS AND LIMITS

b, Commannd
E Mows[animate]

(‘plot3e, [cosle*x)*sin(t*y),
pe—pon, y=-non) i=1.2);
=1

Context Menw

*snlrty), X -Ron, Y==K K
lohefy=[x,y, "]l 1=1.2)
=1

> plots(:-animate) (plotdd, | cos(r®x) ?L

:9' Figure 2.29 . Figure 2,30

This graph is obtained through right-click on the last end of the expression by selecting “Flots < Plot
Builder < Animation (choose 3D-Implicit Plot + Parnmeter) " on the context menu.

1. Recognize and wrile the type for cach of the following functions:

n pe=asinietr b, p=Tx'+32 —dx+5 ¢ yeactmr-7

L1 =l

d. y=log 16+ Tlog,(x) o E y=:“:¢ g y=oJr-8

st =36

e
A sealed bar contains mdivm, The number of grams present at time tis given by (1) = 1004
where £ 5 measured in years, Find the ambuat of radium in the box at the following times:
i f={ h. =800 ¢ r=1600 i 1= 5000
; Eml]-lm\' did you B’::pf::m the above resulis?
s g a calculator nt-by-point to plot the followin nential functions:
3. WR=(2%[-50] b m(x)=(37%[0,3] ¢ an:[ﬂ? !;m d N -=:"E:'[ﬂ. 51
4. Using o calculntor and point-by-point to plot the following logarithmic fimctions:
1, y=khx b. u=—lax ¢ ¥=2In{x+2)
d y=d4infx=3) ¢ p=dlnx-2
E Sketch the following paramstric curves:
o [xih ) ={3-0,2¢), ¢ is real number.

b, - <
. Skeich the graph of: (), 30)) = (4 cost,~3sinr)

L oEE b %e" R U g 4
€ log,(x+35) L log,x* g 1oge(2x — 5}
7. Sketch the graph of:
A 4yied b, X+ =lh €. i+f—:l d f--“-I-'?-'-i-ﬂl
8. Use maple commands to plot the graphs of the Eﬁrh«lym in gLl S
HET FOR SALE a4
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UNIT-2 FUNCTIONS AND Livrrs

Limit of Function
The algebraic problems considered in earlicr sections
What is the revenue when X flems are zold?
How much interest is camed in 2 years? -
Caleulus, on the other hand, deals with dynamic situations:
At what Tate is the economy growing?
How fast is a rocket going atany instant after lift—of?
, * The technigues of caleulus will allow us 10 UnSWer many qu
of change.

The key idea underlying
studying limits after explaining the location of
Identification of & real number by a point on the number line
be illustrated with a dingram called a mwmiber

dealt with static siluations:

estions like these that deal with rates

the development of calculus is the concept of limit. So we begin by
intervals on the real number line.

The various types of pumibers used in this book can

line, Each real number comesponds to exactly one point on
several sample numbers located on it is shown in Figure 230

1 1
— et % 5, P
A <3, =2 =1 0 1 2 3 4
Figure 2.31
m%mmhﬂnn of open interval, closed interval, half open and half ™
closed intervals on the number line

"t sar that consigts of all the real nunthers frenveen fwve paints iz eolled an interval.”
A special notation will be used o indicate an interval on the real number line.
For evample, the interval including all numbers &, where —2 = x < 1 s written as (-2
indicate that the number ~2-and 3 are not ; ]
If-2 and 3 are to be included in the imerval, square brackets are used, a8 in [~2, 3],

. 3). The

The chart below shows several typical intervals, where 8 <h
Inequality Interval Notation
1o aszsb [e,b]: Closed Both a and b are included:
o asx<k [ﬂ,b]:l-hlfnpmfcluaed a is included, & is not.
o a<xsh {a.b]: Half Open/Closed b is included, a is not,
o a<x<h (a,b): Open Both ¢ and b are nol included.
Tnterval notation i also used 1o describe scts snch a= the set of all pumbers ¥, with xz-2. Thié
interval is written[=2,22).
Represent the following intervals on number line,
). [-2=) ). [4=) fe). [=21

o Start at -2 and draw a heavy line to the nght,

is itself a part of the graph.
The symbole=, read “infinity” does not represent 4 number. It simply indicates that all n“ﬁ-t:;

greater than 2 are in the interval. Similarly, the notation (~e=,2) indicates the set of 2

numbers wi.ﬂl x<2
wor FoReA

the line and vice—versa, A pumber line with -

il .':“nd.!ﬂﬂ'[x—}.ﬂ B \

a5 in graph’ Use a solid hole at -2 to show hat -} il x tends to infinity (x — =)

The answer to the phrase x tends to “infinity* is ﬂsn;- s thist
is. i

FOR

b, .
T = e .'..-r.?_.-l-_ ]
| & .:-i — : : 1 . : FLNCTIONS AND LIMITS
- s e St ¥ B
The graph of the interval [4,90) is as under: e
fé :1 | i " 1 i I
_ 2 3 4 s e
& The graph of the interval [=2, 1] is 2% under: S . ; 3:’:’5“ - .$_} :
: : . | '-.-;.vs. ! 3
| =2 -1 0 i 2 3
A m WIE-UHMMIMM.MMEENRMM
fal. ' ‘
. £ i i ’ Lok bl ng ik
- ! | 1 [ [
g * . i : - - 4
4 B Lm0 e 2 :; ;4
" EI- _-*.-.r'lar. e 2wy k
‘ i . " ; 3 I St .i. i I 1 1=
s g A Za 6 7R 9 10
(). Ll il wer e o
H : [ ‘ | |
| i
RS o B T TR o LT esa b
mfﬂm given graphs indicate the following intervals:
a 553 e 0 a4 Ty e f===1]
bt T L b L h—— i ™

xtendstoa(x—a). o xtends tv infinity (x — =)

!I._h:nmdthumw—ﬂj
answer to the phase x tends to 0" i5'casy 1o ; '
1o ls‘*'uu}'lbﬂtﬂharﬂ!t\‘llucnfnﬁmclimJ*nf{x}l'::""

e ]
g s ﬂg&?ﬂdﬁurﬂ“,wmxh‘m
- In this situation, we are in positi
ﬂh}*_{-_*u whi ‘:FI il 7 m""ﬂ'}'ﬂlﬂx
e~ 'EIJ tends 10 a single number “say

gets closer and cliser to & sing

s e real number “2"o
very elose 1o "™ on both left and right sides of g
sppraaches 1o *0" or x tends to 0" and is denoi
L=,
e adn Sea

The 1o the - o function
answer ﬂruaxlmw“u"(aisnymﬂnmber;ismym -
J-=_.r"{x_!=-"":-.= " --#mmm““n !
gets closer and closer to a sin ol sides |
gle real number “2a"on by

x el ber a’on both left and o i
lﬂ"a"prthdslunﬂ'*l;:?mMMdnﬂmﬂdﬁﬂr"ﬂ'.htbksmm- : nf. Vol “ppmm‘is'
0" 0ds 10 *a™ and is denoted by x— o, when £(x) tends fo 3 si *se“wm" 7y

i il M tos sk llmm_ber"u:.rz.czu“. .

wits.y
T

ﬂ:h-ﬁunliﬁn‘;ﬂx)-_.us::lz

r &

R,

K
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gets smaller and smaller, when ¥ spproaches "5
sitsation, we say that the function /(x) gets

= from cither side,

FUNCTIONS AND Livgiy,

“mﬁhd’lnﬂuﬂrl I thyg
and '“H“.M'-hwlinr.'hxﬂ.‘

UNIT-2

FUNCTIONS AND LIMITS
iy _“ wﬂ“mm“ﬁmw’m“mnﬂimhﬁﬂ—-.

" mmwmm[;_}inmﬂﬂ:ﬂm' nm.-li-nniu{nﬁgj,mmm s the st of
b Limit of a sgquease the soquence (8} i mon-negalive integers, The functional values of s (n) develop
= nurnber L is tha timit of
b e given >0, s.=L for a2 . 1o esticsere s A at ym g ) =
lrsuthukI:wﬂfﬁwuw mmmﬂwnw#ﬂ*hﬁ z u-,..;‘_a-ﬂnﬂz S
If L docs not exist, 15 HnlS, 1= L. §, L as no = : 'ro:r-;g‘;qu;f?mwh R
[ o sequence. . e o ¥ =TS T
ol a seq) o P o S L
notations are abbreviated

2

The one dimensional 'uiml-m a real number line is shown in figure

Lt N : :t: 5 LAES
LctS:."‘_L M:M.Tﬂiﬂ“"“f‘*m““wwn“‘w“ i o ol W NS
i " mﬂhw-w'“iﬁuwmm'"m .
of n into the general Limit theorem of sequence
inte, | If lima, = Land limb, = M, then the limit exict are the following:
wsi mln'lllllﬂh” :;]n B WLR ';.'a é”ﬂrz M Lincari ey
=5 n [L]% ._I.I‘!:I'ﬂ'_'i' _]'I-_ +8 .I_.llln'-',rl'lh i [ﬂ]_ E{n_b_]-f.ﬂ Product rule 9
pl sl |Blel=]l_|= ol =
%Jfﬁ\ﬁ =3z 30| a0l | o8| | @ ['O% Bogodes0  Quimtak g0 Judh=VD Reoimbe
0 S I -‘ﬂhmwhﬂm (11 27 Find the limit of each of these convergent/divergent sequences. =
1. we can get more fcms by using this procest ' [ nlen'+2 4
Similarly, we ¢ Sl lﬂ—l} L e s fel. {f-l]} =
o .= S AA ; n w043
nelOOR & n+ i d s ;
: - : S.=lF;;—L. MG nee % e .M_%
B’ Lef =
m lim {e} = lim ——

. lnﬂuabm'esﬂquﬂlﬁﬂ“"'" foled Ty Some of the sample
H“‘ﬁmﬁmm-mmhm? i =lim Mﬂ; ,-IhnL| u‘%
integers plugged inko them. This | n |+—i e PR n lim({-1)
" is an important idca which allows = 4 llﬂ Hi
ws to do many things ": =LlnT"=s wlag 150

can 1+ = 1000
wﬂwmsx"md Hence, the o ﬁ
ence, the sequence is converging to 8, 1 3
Tummmw{il i kv . n4n'+2 b 2
plmih:pﬂhll{"-s-}“'mﬁ w’ g = "j'..l-+1|1+3
. H ' b2
over all possible values on the . From the graph we noticed that 33 8 Sand 42 "[“"—:"—;]
i of the given SCquERCT. then & T 1. 0 0 2 7 g
graph represcnting first 25 erm mumuunﬂ?#ﬂ“mm e e T 1 3
mwﬂﬂﬁﬂmﬂmd ; b " _"'-"'_;]
hlhﬁsmdhwﬂlﬂhm" noaon
TETO
. mt2
3 - .-
. adg - R

| 47
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A | 2
2 =
» I By
=lim = s
ity | I 3 ? 1 3. a0 ﬂ
e Wb ey
R e (=) ()

In the above expression the numerator tends to | asw — =, but the denominator approache;
to 0. So, the quotient increases without bound. Hence, the sequence is divergent.
¢ Let a, ={—1}' .

-y

lima, = I'I.E{-lr
The sequence docs not appraaches to any specific number. So it s divergent sequence by oscillation,
The nith term is always efther 1 or 1. Tt is 1 when nis even and =1 when o is odd,

Limit of a function ' ' o 7 £ 4

“Let [{x) be a function defired on an open inperval X Containing x = ¢ (the value [ (c) do not
needs to be defined) v

The specific number L is called the fimit of function f (x) asx — c ifand only if, for every £>0
there exint &~ O such that lf(-'l}"q{ﬁ o — ﬂ-ch—d-r:_ﬁ”
This definition is ulso known as the couchy definition for limit. i Ry
| + Usually limit of a function is written & fim /(x) = £ and read as “Lim off{x) as x— e L
This is neither desimble nor practicable to find the limit of & function by numerical approach, You must
be able to evaluate 8 limit in some mechanical way, y =
Theorems on limits of sum, difference, p
demonstrate through examples = 7 "
Let f(z) and gix) be two functions, for which 1:'51_({:] = Land lim g{x) = M
i The limilt of the sum of two Tanctions is equal to the sum of thelr limits

Hgglfir}*stzll=ﬂqfix}+gtn; glx)=L+M
5 28] If f(x)=x" +2x+3 and 2(x) =x—4 then calculate [i_:g;[_r{x]-rgml

flx)=x +2x43 (i)

 IEE

e

roduct and

3 Ly

quotient of

all-ad= KK TR

nctions and

A

S e s T W e i

glx)= x=4 (i)
: By adding () and (i) f(x)#glx) =" +3x-1 (i)
9 Applying lim on both sides of (ii).
& lim{f(x)+ glx)] = lim (x* + 3x=1) o IS =K, where K s sy consa 9

lim ()= lim K = K (constant rule)
K ()= Klim £ = KL (rliple =19

e 3 0 = = - [
=lim.x* +3lim(x)-tim(l) =4 +6-1=9

Hence, I'i_r.n.}i_ll"(x}ig(x}]ﬂg '

i

The limit of the difference of two lunctions is mnl to the difference of their limits
}Lﬂ}lf(x}—g{r}l-l'is_qfix}-[;iggir:--l--m . :

i 29] If f(x)=x=T and g(x)= 5 +3x+2 then calculate I.i_rqral.[ﬂx}"zflﬂ

D s, /=7

glx)=x" +3c+2

]
i}

UNIT-2 .
By subtracting (i) from (i)
F)-glr)= (x=T)= (" +3x4+ 2) =x=T=4 =352
. = =259 =i 2w a0y
¥ applying I'IE on both sides of equation i),
£|Lle[f(1'}—g(x]|}=1j_rq||1—[;’ +2546) = ~lim(«* +2x+9)

= -[lli_gﬂ:’}uﬂuyn lim m]--{1+2+9] =-12
Heace, lim((x) - g()}=-12

i The Bt of the product of the functions Is equal to the praduct of their Uit

Um0 ()= [ i £0) [ i )] w0

If fix)=x+5 and g(x)=2x—4 then calculaie fim| fi{x)g(x)]

EIED Sivce.  /(x)=x+5
glx)=2x-4

By multiplying equation (i) and equation (i,

_{'{x].gf.r}:{m‘i-ﬁ]{?_t-*ﬂ =26 ~dx+10x-20 = 26 +6x=20 1,.,;
By applying tim on botl sides of equation (jii). |

i)

i

L) =l £ 6x-20) = 2lim (x°)+ 6lim(x) ~lim(20)
e Al it L T8 TR R R = =R
=2(9)+6(3)~20=18+18-20=16 :
Henee, lim(f(x).a(x)}=16 |

The Hunlt of the quotient of the
Himit of the denominator I ﬂ'—&umn.

L s
w<L2(x)

limg() 3 o S Qand A0,
SRR 31] 16 /(D=4 and g(x)=*+3 then caleulate ﬁm[ﬂﬂ]
-]
D siece, /=14 Gk
ot gx)=x'43 —
By using equation (i) and equation iij, £ . X=3

[ R P
By applying Ll!iiﬂﬂ both sides of equation (i}, .

i ) o iy [L".]

== x4 3

v, | : i
Is equal to the fuoticnt of thelr lmits provided ihe

& fim (x=4) 34

=4 ]
lim(x +3) 7 iy

7 . s



FUNCTIONS AND LIMITS

1 m-"ﬂh‘! 5
‘ |MI. E b
“ﬁ L e
[ LT
LB LTIl
. , BT I F Y T S
2= 3, .2 14,_._#“_:’""*_11-#": ] |
= =yt rax™ +a’x” . ﬂ}ﬁmﬂmfwﬂm‘ﬂ* | poennt LT :
. hnmhmhﬂﬂh‘“fm‘mw mit of the expression’!) ;
Being 2 i mwmhﬂwa:-u.hhl&nﬂuﬂ ' Interestingly, the valoe of crpression b mever chose to 1, but seems 1o be approaching a
and us such its limil, when x = ¢ X i TS M ot e it o e i o e
wiven x tends bo @ in: o ; mumber that we call ¢. The imational mamber ¢ bo welve decimal places ix:
5 —a" 4@ H st @b ( .'_)'u -
tim x-a =h e A _ lim 14| =2.718281828439 = ¢
= + pereris ;
::::f'—'{-u""l +........+.|""l+¢"'=nd"" B S e oo IE
3 ' fim [l+-j =1.7I5IB15IR489 = ¢
b T—-T‘"‘ ]—1«5 . I : X
- | 0 i in this sistion, . @es), ”.-J.-. o) ORI ) B 0
mhnummimuurmw[i].mnmd * e ,
Prool: Whenx—a, ' .
rationalize given flnction 1o obtain the required limit: v | % T lm{tes) =e
we nocd o ’ i: D . i
i [ x=u ] qu:,i'—'r [{ilf]'“&%ﬁi o Prool: Mwe puty=—, then s oo, whenx 0, and the lefi-hand side of the it thas gives the
ll..?-—:r g P x+ida e i
[ T—=va : ;
; _Hﬂ£+m.'@ﬁ+gﬁeﬁ+ﬁ-z& | it i H[hxpuh(ui]l S
: : o -1
il (|+.l_]- when x = o 3 ) b, . Prove o H-——:—uh.‘ FELY
> 1 ; L Proofi Wwepwt a'~1= ), then x is obtaincd by takimg log of both sidex:
Prove that um(u;] =e P JEH - ;i
s iresti ike ), it camnot be represented exactly by sny okl x
Proot: “The base " o an iational muenber (WKEE), (20 B0 Ly vatuting he expres® """|:“'f' » = slganiogli+y)
decimal fraction, However, € can be approxi e - pu o4 2)
i [Hl]' (i : g
; . & i .o mwm Uﬂﬂjhﬁ#ﬂ'ﬂ L
(o sufficently large x. What happens to the value of the expression 28 X Jcreases ¥ £ )

m.-:mmmdin#ﬁlhmﬂshbh' - ; =T

G,

L

.‘..
)
o

-'Z-nF

.

s e

i
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wiE

umIT2 * “
Taking limit ¥ —0, wﬂlmx—-rﬂ

o . loga
a'=l, I TN
Tim: ’H"Em = lim : T
1] x 'I-j'] r-"ﬂl i 1 F [+ 0
S ylagihﬂ[—'-"m lhg*i ¥
:md—l_‘.n]mgﬁ- ua-m
E A S
el e
By replacing *a” with *e” the following resalt can be deduced. i (L N
ﬁmﬁ--—‘h!ﬂl £ b
e x e
L Prﬂ“ihl.tllﬂ £ry= J- T i .;H.L.; v iy T T e el ; ’ .'.'- i
J—.J—-‘ = 1’:—_ sy u-.-lj ager orpl @ 0 ] AR TR s
Pronft We have to show tha: umJ*—x:?_i-—T s T o, B dee

-ul I | -' o
Take LHS lim f(x)=lim ’”' s _fore ""!’_'..uw:.mmmm

Nw.miﬂn!lj?:fnﬂ[m:u:{&]rlm+r] | |. ._! I dE1 4 W
£ = R g

.'|!+ﬂ+ a

X"'II""I

3+a+ d

. = m”T_ -

1 i .
&y o s fr #ipirn
{—-—-1 ) =R

= Hﬂﬂﬂ

[ Pmnthrhm
I'roof: lrwp.n{l+x1‘-1-:.mﬂ+:j =1=z

oot oflex)" =1+ z) Taking Iusurhmh :Ldm-m nhlmn .,_

} Ingﬂ-}xr#lﬁﬁl-ln:jn gt sl 00 ]
nlog(l+x) =log{l+z).
Us:&mmﬂmhﬂu hﬁ-huﬂqﬁcutﬂ:ﬂﬂmﬂmmwnwwsdh

;+xr SEploges) oz mloglirn) *‘rt'hiuﬂlﬂl"

R I R

-nki,uw;—-}& when x =+ o - l‘ ,1:;'! -_-mp o et ¥
syt ——snloge=n
...-{ ‘:—T rin IKHHWIH} “loge "
loigll + =)

UHITE vy T

Th—.--mnltaﬂu-murrhhutl}mfmlunwmﬂhhnmwdm limit of & function.
pumrﬁniﬂmy uscful g ewahiate fimits where mlm techmigues nl;hb:wnmﬁr mrﬁmn . ed, Ta d-‘:h:
T coeem.

et f(x) s ) and ) b functions such that f{x) S g{x) S hx) fior ol x i s0me pen interval comiaining
", except passikly e feself, 1T EEHI}"" ﬂm‘ |H'I'I-M-r}l L rthen Hm =t

Tt term of i, Ihunrmmupmdupmhmﬂt?m.?m,lhu

]

G t-iu"?n*wns Ii:v[Sx’+§.!+é} S+9%6 30 3

e Prove ihai Hm"—iy'-‘=1 if amghe x i measared in radion.

Proaft Take a positive acite central angle of u circle with radins
Fe= I uﬂmmﬂm figure,

mmaapg, mx-]gﬁ-jpgi i@a{«-t{munmmn:mu
In AGRS, 1an thu|H|

SR 1 RO join R, Figure 2,33
®  Aseaor M@MMFUHM}--M:
£ r':l- ﬂ.mq.oim m@-.— r’xmi{l]i_’:}l 1} : i,
@ mama"mﬂma {l]{mx]:-mr " ‘
From il figure we observed
Area of AQRO< Area of sector QRO < Area of & SRO,
:&%ﬁnx{%x -:% Lan x

o -As rh;uh mmiw. w.dlv:dm;by sm:wegu
Y aaty ot ®

i __' [} T .l..-, ] Shl il -
qmr‘:__m: [’Hh— ]1:6. = biﬂﬂr‘ﬁmﬁ—uﬂ
Whnx—hﬂ. =B |

Sin:n—isandlﬂthodbﬂuﬂtiuﬁlqmﬁlymlihdr
Thetcfore, by the sndwich theorem, It must alio approsch 1 fc. lin ™2 - |

—_nr

Limilnf:dﬂ&rmh!g:hmlc,nmﬁ.uud“ zonomen ri ‘Wlu
mduﬂlhﬂ&‘hﬂEMﬂmmannthnmmmw T A
Example E E‘l.lﬂl.l.h hﬂlm " i ! )
sl Syt b Oy 46

P =dyey  Nimlx'-3c47) Jl=3e7 5
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UNIT-2

¥
H

[Bioi }i\_ﬁy Evatuate lim (' ~3x-2).

¥ ¥ i "=| 3y =M= -11'5 !Bz
Tim, ’Jx‘-?.x—z=3mu‘-n-1}§-[!ﬂu=-hnn]} =2y - 3=-2)-2) =@

y "i_;'}‘;ﬁ_ﬁ'iﬂgﬂ Evalunte the limits

fa). limsin® x (). tlim (1-cosx), meulmsiuxzﬂllﬂlmmxﬂ.
" L]

lim sin? x=[ i dnxT:ﬂ
.. lim sin* <= [

E Command to evaluate limit of » fanction’

b lim (1-cosx)= lim | ~lim cosx= I=1=0

m of using MAPLE command ‘limit” i illustrated in the following cxample.
R 28] () f()=# +2x42, when xtends o 2.
o (). [(3)=(2¢)x~4), when x tends o 3.
(' -a’) when x tends 1o a.
fcl fix)= e .
This uﬂllm&wymmmmndlnbmnuuhm
g Command
> ll:ni(l;:"}-r{_lx-l-!].xmi}‘. 10

Paleltes: enrsor button to select limit palette. Click-
o I:ﬁtfmmdreplm-hy 2, Click (@ + by {for sum

i o)
1 e commnsd For the required finit |
of o fanction is pot Known o youl.

ot i i, casily on Tine, i1 tse command
nd:ohﬁmﬁnu}.damprm'ﬁnm’hqrmuhummqumd el g H X
linmit: -

" Ii.m([r’}ﬂbﬂ-zn
w=al » ‘h

b Command

C s fimi(2e Kx -4 x=3% " !
Palcites: Elick-tltmqudrdlimi_l.nérq"mnhy ¢
.Uunmbmuﬂcllhﬂitpllﬂh L
g]i'::{n‘b}mrpm&uﬂ rule of a function), then Enter” key 1o obtain the requ!
= 2.8 ) =4))
e ((2°) 4 "

u " '3 5
M(EJ{M quotient rule of a funetion), then "Enter” key tor obtain the required limit:
b

b o
a
hlim.-:———

= p=g

3t

T EEReaS

Mﬁml}umw»uhﬂﬁmilphuncﬂcbll:mn&ndlhfﬂndmhw-h'l- -

L
2 FUNCTIRS AND LIMITS
] T
i Evaluate the following limits: : o Y
11 Frired fx -1
lim| = G " LR
& -—E[-\";_—f] X I-h-g[;’fx-fzj = ey
=
d limE— e lim=HRX fim X
L | = oy X L
i 220X sin'(7x)
S TR X Ca i ;
L, LUlse algebra and the rles of limits to evaluate the following limits: {
1 I
. =5 x+3 k] y K-'\IE e =
b lim et
» I.E{x_.‘}* = x E} =5 "
% Find the limit of the convergent of the following sequences: r |
3 [i"-. b [ﬂ} [ !:"}L
n+T B+n

4. Weekly sales (in rupees) at big store x weeks after the end of an adventising campaign ane given

mﬂﬂsm;,%
Find the sale for the indicated weeks limits:
o S(5) b Tim 5(x) < limS()

5, Use MAPLE command “limit"” to evaluate the limit of all parts of Q.1.
L Use glgebruie techniques to evaluate the following.

' h._._“""""""; b fimX =9 R Y.
bt ] e Hi—mqﬂ-
=5 5
d tan @ -sinf [ -1]0 5 3
L sin’ @ e liml - £ lim(l+2x)
; ..L]'
% I+x

'

Wwﬂmmwhﬂhmm?mu&w
II By

[

L
x
*Ei.
i
Einn

ECEEEEEN
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3, ¢
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"R by

e s A1 : -
X ol =y i b - T 2
.@! k. e 5 o .
e " o f % l kL
BiE m v 2oty e e

HEHY

T -,f_"_,.u-.:._'.;;;'i::.’-..:_l g g e
S Al S . : "_-:_". o { ol I?.-I:"
VNI i FUNCTIONS AND LIMITY A “UNIT2 S s
: N - . FURCTIONS AND LAMITS
2 Continuous and Discontinuous Functions b, 37] Discuss the continuity of f(x) = +* - 24 - v,
i h ; s are=)
Before discussion about centinucts and discontinpous funciion wi will revise the concept of
Vitmit of  function, which we have done in provious Section 2.6. oA f{omd2eo3ias I 1
i ¥
Recognition of left and right hand limits : S®=07-20-30+5 ;
It iz a value the function approaches i the x-values approach the limit from one side only 1.e. the . =23 +5=1 -
Yeft side fimit and the night side lmit. b lim f(x)= !E.“.!': x =2 -3e43) 4]

. i t of & funetion ! : e HE =(1y =201y N vl
e me a loft hand limi if /(x) can be mads as close 1o the nuaniber. L’ as : e A b dicominaas it st apon | 1
A given function f(x) has a - lim f () = tim (# 2" =34 5 ik . G
fim f(x)=L Ve Y= x+5) o one OF fhe thros condilions .
we plense for oll values of x <e e fim . . | = (1)'=20)-3(1) + 5 Tl dom e ety
syt handd Himit of @ function " g amaeain g i e
& :hlil:l;nﬁl.‘r:m }ri.!.'}h:ﬁ a right hand Yimit if £(x) can be made & to the mimber ‘L' as We plense e =lim .ﬁx}l= fzmj v
¢ = el
for all values of x > ¢. o e ; i P i g
1n general, the fumction fias & it as x approaches ¢ if both the left hand and sight bsag fiosit Nw{l‘n?k:ml}zrx:;ﬁ:ﬁ of function,
et o g e * Jim flx)= J’_ﬂ' fix)=lim _i:‘{x} =l Clm Tt can be seen that the side limits consider with the value of the function with the point,
. - ) i Continuity of 2 function In sn interval
Wl Determine whether lim f(x)and Hiy fix) exist, if ! " fncsion ix sald fo be @ continudus finterian in dn fnterval when
e pg s . ﬂ:_ﬁuc_ﬂn&r e at every point in that interval and no jumps or
* o : _— sk fiovef ) J(x) & cominoous “the
_f[x]-»{l.ﬁ x {.f":{ém i . v b anne functions (x) satisfics these criterin from x = a to. [ closed interval [a, b]q:r?h i
i ifi2zsx o ot e say et {x) s continuous on the interval [a,4]. continaous o (ke (a, b} interval,
@, lim f(x)=Tim f(x)=lim{3x +4)=3(3)+4=13 y W_“““ of continuity and discontinuity of a function at a pointand inaninferval ® |
' Bt o R = . - - e o ¥ . :
fim f(x)=lim ()= im(16-x) =16-3=13 e 159 " IEEERIDIERS) Discss the continuie o6 (5 = 221, bt s g
-al” ¥ G e o ST ) ik v
Since lim /(x) = lim /()= lim £ () =13 - e o a B e e
— limy £} extsts and equal 1o 13. = . TR N s son Y e Rl 7
im f( : ; .
. : i A ~12=4 e A SR
@, lim S =lim )= m(16-x) =16 o . T

lim f(x) =iz / () =lim(x)=12 plapeli=t A b

Wi s 0¥

- i ot exist. - (22 2%z 0

r 1 (%) mfmt. ]:m {.'.l'} doesn i " i

J: !Eﬂ::::u:ﬁ:i{mmtﬁm e f{.:;fﬂ:}lﬂd sometime it does not and alse sometimes ::T;;cfﬁ{aﬂl l:tnn_t defined. We know that if any of the three conditions of continuity docs not satisfy,
, We e on will discontirmous. .

f(e) i not defined whereas lim f(x) = f(x)exist. , S Therefore, /(x) is discontinious function at x = 3.

selli L

.;L'c‘ﬂ v

T T fﬂﬂﬂﬂﬂfl,.}ﬂ'u’.f ni,ﬂt,.!'.h‘! w‘r!]!;in IM . , . m :_i;wa try to find the limit of f{x), we conclude that f{x) is continuous on all the values
Continuity of a function st 4 point i i - dod limit at that point exist and ; Fed
" Afunction e i Bstion £ 1t i ot e oint=o . . S )= Ji = lim (v e 2)m 4
SPRLIRE R A o8 ] } This implies that f(x) is continuous at oll the values of x other than 2. ) bt
1 (i) fe) i exist. 5 , ’ -t. (SR s, 39 First-class postage in 1995 was 50,32 for the firs ounce and $0.23 for each additional
i) lim f{x)= lim f(x)exist orlim S x)exinly e {1 &, ] ounce up ' 11 ounces, If p(x) is the amount of postage for a letier weighing in ¥ ousves, then we write:
Pl Ll ™

(i) dim f(x)=fle) % 50 & 8 O EOR SALE ;

If any one of the above condition does not satisfied then the function is not continuous.

57
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P(x)= u

a). Giraph pix) for 0< x<
(8). Find lim p(x). lim p(x) and p(1). 3

(0. Find lim ps) and p(4.5) b .

- S : '

- a
b

FUNCTIONS .'q.unmm:

5032, ifD<xsl
$0.55, if l<xs2

| |

: s u
| $0.78, if 2<x<3 b 1T

= b

Immﬁﬂx}kmlhh Fhastire 234 r
me'ﬁnp@p_turlhﬁnaﬁmlh:hn,ﬂwmﬁh : - ¥
and the value of the function sl x= lare: . :
lim p(x)=032, lim plx)=0.55 and p{1)=0.32. _
From the graph of the function, the limit and the value of the function are equal:
_%p{;}sl.zi._ plas) =124 . _

Thus the function is continuous 8t x = 4.5,

Fiiure 2.5

more than one formula to define the function, and therefors these types of functions are called
contivsens fmnciloa. L :

=5 terval - e e A e

Lﬁol: at the ik cvumpls The procedure of using o

command for continuity of & function is illustrated in this example.

Eﬂﬁé@j’:m Use w‘ command “iscount” 1o check the continui

of function fl)=x +4 in:
fa), Internal from 0 to 1.
{B). Closed intervsl [0, 1].
fe). EFQMH\'I][D.'I,L

s dscons? +4,x=0.1) T
o icoad# + 4,30, elosed ); traie
+ bicond# + 43 = 0.1 lopen'); true

et
Ceeate at loast five funcions randomly then use MAPLE comvmand “iscont” to check their contis?
an interval (0,1}
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FUNLTIONS AND LIMITS

o mm_ﬂmmtnlnuh:tmml}'mﬂﬁmnﬁwﬂhfnthu

iy
s flx)=2c=3 b.b(x}-;% b i 225

{x=3)x+2)
thi [LEZ )
1. Show that function f{x)={ x ¥ is conlinuous at x = 0,
I Wx=0 :
A Use the graph of the function g{r) to answer the following }

i s [ 'i
Hﬂﬁmhﬂnﬂmhwim{—l.zﬂ -H- u EH:_ H
by s glx) continuous from the right at 5 =17 H LT

Is lim g(s)=g(-1)? 2 .
e Is gix) continuous fom the lefl at x = 27 — v
I Fim giz)=g(2)? i
: Lkﬂr}nﬂﬁmmhchudiﬂml[al,zﬂ Lidksasa: .
1 the gmph of the function f{x) to answer the followi
& s fix) continuous on the open interval (0, 37 Emwa fim
b Is f(x) contimsous from the right ot x =07
Is lim f(x)= f(0)? :
e s f(x) continuous from the leh st x= 37 : Hrer
I& lim f(x) = g(3)? B I
d. s plx) continuous on the closed interval [0, 37 I
5 ﬁipbudhmnmﬁuunrdhmrm' a;!fmprulluwinnmm' ise functions:
14x, ﬂ%‘-l - j._l"x'ﬂﬂ
a ”‘}'IH. ¥ i51 b f={1, i x=0
L [ X x>0

camputer salesperson receives a base slary of 51,000 per month snd commission
ﬂinhllnlnwilﬂ.mﬁhglh:m,lflhmyy:-hmﬂﬂ.ll;:ﬂﬂm:

- u“:mm iﬂ:ﬁi:ml s_'m:r;m Let Efs) represents the person’s eamings during
b. Find lim E{s) and E{)0,000),

& Girph E(s) for 0 < 5 < 30,000
¢ Find [lim E(s) and E(20,000) d. s E continuous at s =10,0007 A1 5 = 2,000
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1 Choose the earreet ﬂl?““'."'

Pade=d o

| = The independent \'n'ilbluinlhﬂﬁmﬂbm y= TTEs s
i (=) by, (e x i ¥y
[ i, It n.ﬂ-%mn—i} is: ; -
;‘1 | - T = e, T {dy, undefined
e {a) ﬁ 18 :
of F1 =X st - s
I 1k The domuoin x n-——— e
i o, —3) L (=3, ) B (b (sa =Ty (=3, W'.Ir o
gl e (@, =) nay
| s Y Lhor poan 2k .
g i The Pomain Fh"'i-? : emal bt T T =, ”
I tay, w=-3 by, x=-3 () wSxSe . (@ reFES
A ® Ifﬂx}*hﬂmﬂ:{ (51}3!.5 e 1 (@, =1
! {ak k. = ’ e e
i expressed of x as v = {x) then y is cof
- Ifz-:u:n [uu:tin:: R {b), explicit function
i i:; linear function mﬂwﬁmm
s - ~1mmd glx)y=x+l g0 3
o tnl.lr{\slﬁ-lr}f:h (b}, 12agesd (o) e +8x—] m._h‘. g4
:- witis The value of ¢ it 2 Ak . % I;
/| (al, 3042 ) = eh, :
I 1f 5= 7 then the value of x is: L
' ) 10(5) WE L
" ;ﬂ; & e e )
: g tp™ e
i % 5 g ae G, L2
T T e s
i T o — T R It
¥a (o) h:lnTLn':H (b1, In(m+ ) (e): In{m ) ) .
-_.3_. digcontinuous &l poimt: i
PN The function f{x) 5 i 3 s
? )y =11 m -2 {e) =3
i 1in'-’iri = - i
.I. :i . l--—_‘
5 (b). 2 tc). 3 {d). 90
= " @.seel then fi=
: e Irﬁrm e @ 5 @
; ¢oe i .
s T YY) L The inverse function of #‘ = 3

4% 1 I-x
1, [2-x - ! ulﬂl[‘
s 1Ing[2"} (b 1!1:;[1 J:] fek 5 x-1
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UNIT:2

A function y = f{x} is a rule that sssigns for each value of the independent varisble ¥ & unique

value of the dependent variable v» = fi(z)

A fusction that delined by more than ene equation is called a compaund fonction,

The graph of a function f(x) consists of all paints whose coordinates (x, y) satisfy a function

= fi¥), Tor all x in the domain of f{x).

4 Let y = f(x] be a fimetion of x. This function takes on dependent varisble ¥ in response of
independent variable 5. The function that takes x a8 dependent variable in response of ¥ as the
independent is then called the inverse function of f{x) and is denoted by x= 7'

& A function f{x) is called algebraic if it can be conatrucied using algebrale operstions {(such as adding,
subtracting, multiplying, dividing, or taking rots) stanting with palynomials, Any mtional function
|5 an algebraic function, .

4 Functions that are not algebraic are called transeendentnl funciions.

% IFa function is defined by an equation of the form ¥ = (), one says that the function is defined
explicitly or is explicit. The terms “explicit funetfon” and “implicit function” do not
chamcterie the nature of the function bot merely the way it is defined. Every explicit function y
= f{x)} may also be represented as an implicit function y = f{x) = 0.

& Ifir) and gir) are continuous functions of parumeter t on an interval £, then the equations
= f{f) and y= g (1} E
ae called the parametric equations for the plane curve © generated by the st of ordered pairs
i plane: (o) = (x (), 2 (0) = (£18), £ (1)

@ I fix) B a fenction of x, and ¢, L are the real numbers, &mlﬁth:ﬂnnu[:ﬁnﬂimjl:}ux
approaches ¢ : lim fix)= L

o

A function f{x) is said to be o continuous ot x = ¢, ﬂaﬂthm:u!‘ﬁ:ful‘mrh;m&ﬁmum
satisfied:

o The function is defined at x = & thut is, f{c) exists,
o The function approaches a definite limit as x approaches c; that is lim f(x) exists,

o The limit of a function is cqual to the value of 3 function when r = o that is,
lim £{x}= fie).

H. Su{nhn; mp-nlhli mathemaizian and educator, He eamed his ph D degres from his mutable
emmitribation to funciional annlysis throagh the bancach-steinhaus theeren. He is alio one of the
carly founders of probability and gams theory. He also proposed sandwich theorem in 1938 first
time specifically n=1 casz ofbisecting J-solids with a plane.




