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By the end of this unit, the students will be able (0:
bL1 sipgrieal sislirtsen o mon=inesr geualinm
Describe impartance of nsnerical rethods,
n wwuuwwﬂmm-m-lmqgmmﬂcmﬁhh
il Wmlmd-mmm:thuinu_mﬂ#hﬁ'
+  Biscction method. . falsi method,
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theough examples.
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v UseMAPLE mmnd.,hﬂwwmaumiﬂlnwh
P Mamwrical qualrature f
i Diefine numerical quadratare. Uss !
= Troperoidal rale, nt' Sdn'psm srale, e
Ewmkn?mm:mmwhwhlmkﬁ for Simpeon’s nule and demansomte |
. |

ionshi i ¥ 'Fnrr.-:mi:e,lh:

hematical stud ormhrdumuhwhwms{hcmwm:mn linear cquations. For ¢
]::lmﬂr:.‘utme!;s urnwuhnmmmﬁmnyrmnmdmd by @ uunvh_-.urpqm_uhu
f{:}nlmm—ﬁ.m"" whire # i measured in years. The stunding i for solving non-linear
C ic is ’l:fnll'l'nlh.Inﬁldu.Hkmlwﬂllmuﬁﬂﬂlh:lcmlnum'nﬂunulrﬂi}

i it a 1o obtaln the approximale
tmmmmhﬂf{lihm:lahm.mwmmmmu b g

rumber of '::Mmbeirmﬁbrush:smmmrmﬂﬂlwm:nm In this unit,
mmi::lg;"ﬁ:mmumdndmmmnhgmhnﬁmdimmhudn

“Numerical Solution of Non-inear Equations bl

i Iysis is the theory of constructive methods in mathematicn] snalyses. &
MW£$ a procedure thal permaits us to obtain the sohution of 2 mathersatical problem
with an arbitrary precision in 8 finite number of steps that can be prepared rationally.

JEXEY Tmportance of numerical methods _
Numerical analysis s both n Science and an Art. As 8 Bekence, it is concerned wﬂhﬂum
by which a mathematical problem can be solved arithmetically, As an Art, m:lmﬂ'!:d anply
eancerned with chooting that procedur: whiich i best suited to the solution of 2 particular problem 8
Students leaming numerical sohution of son-linear equations should have the follo
objectives in view. First, he should obtain an intwitive and working understanding of some 0 prae
methads for 1he basic problems of numerical analysis. Second, he should gain some appreciatinn @ &
marmrmﬂuﬂm need to analyze and prodict it. Third, he should develop some expet
the implementation of numerical method by using computer software.

jonce I

Basic principles of solving non-linear equations in onc variable

R e R roatienanies firnetion of o vingle verialle 5, then aop annilaey ©

s called o rout af filx) = B Ao we sy thuiet £ is o oeo of e penctin f ()"
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UNIT-12
If f(x) is any algebraic function CTIONTONUMERICAL METIODS
rn“db;:“m rules, such as quadratic farmyly s
¢ exammple, the quadratic equation - e fctors procedore and syns
ry, ==3obtained by common fctors procedure dratic
Sx)=2 +52+6=0
sy +2r+3x+6=0

=2+ 2)(x+3)=0=54220, s 43201

Cmn the ether hand, the actual romt
! 5 of nos-alpebrai

applying quadratic formula. The only way i to ﬁndnm::“
some numerical procedares. The numerieal procedures :n:lh: bracketing metbods

-

“ Real roots of non-linear equation in ane variable

For approximate roots of 2 noa-lin i
s :

L e Bt ks matrnm‘m::e nuimerical pﬂ'ﬂlﬂdmn Bisection method
maist be in the shape of a closed interval [, £]. i O o

The non-lbscar curve  f(x) has the fanction interval
; lues i
must b'r:ppnajm in signs for showing its mun}'gm lb{{:l:;l ‘::] . mﬁmﬁ. m{ﬂ s
jml Ill_nﬂoq will be preceded until an approsimate ol is obtained. mﬂmﬁmm g
conpulcr seicnee s the iteration. As the name suggests, it means that pmm bisection gt
falsi method is repeated until an answer is achioved. e * o
(a) Bisection Method
Ifp = f{x)is continuous function in
a & Ih y
interval [a, B], then, it will croes the x-axis at o
Eml]{r.ﬂ} MM x-coordinate x = r will keep as
ual root that lics somewhere in the interval
4], This i shown i the Figure iz s
bisection  method i
. systematicall
m'-'ﬁ the endpoints of the interval [a,b] cbse:'r
closer together till it reaches an interval of
:hlli;rﬂlh_ﬂm brackets the root r. The decision
i this process of interval halving is to
choose the midnai e+l
o . pﬂmt ¢ 3 and then analyze
: {fmﬂﬂ!ﬂﬂ!ﬂiﬂlﬂﬂﬂlﬂﬂiﬂ:
. Ilh:mmum flay and fie) st x=aandx= opposits 5§ BproNimAte
& ;?ot];‘huhfuxcmllq c]u.nddhcudjb. A R
il _ﬁmﬂm_ values f(e) and fi{B) © x=cand x= b have opposite signs, then the approcelmat
ST L T———————
s n}mnh;s]uu:c'u Sie)=0, then ¢ s our u ool to 8 root r.
COntaing the cases nrgmum,whvcmhmllulruwﬂeum: i
rool, and we are "squecsing down on it” see Figure tz-1-Till'l-‘ﬂﬂ"h'lil-"ﬂll"'lI""“"—"“r'I':!’"hl.:l

the new smaller ;
let interval and repeot the sequence of i A
Procedure in detail is as under: nested intervals and their anidpoints.

-3 an.I-_J.’!
cquaiion ¥4+ Sx+6= 0ars not

postible
Wm‘““‘““’*‘ﬂmhmhy.gz
and #ertive methods.

At

fen fi o fo
Figurs 12,1
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. function f(x) mwst be opposite in
The given interval{a,,by] is the initial interval ot which (¢ g

P
ﬁw.mmmuhmmmwmmmmm in the interval [a .!:l.
It develops the first ierate c'{wwh|wz}m?cﬂtmr"::: aghin] m:t roaml ¢ i iis
The next intervalla,,bJis the first ierval which "'“'“W”_“ ot 2) to wetual root ¢ in the
— i+ erat ¢ {theough B
mdpbﬂ:,-i‘:?!’ll.nmm’mm !

intervalla,. By

md e, is i
Similarly, M in {a B s the nth mmmnmu&mﬂu:m-‘l root rand ¢, s its
i ¥ terval [a,. 2,

= ¢ r E- "'!ll]'
i —‘-l-'——-‘ . ] d.u'.'ch‘pi the hl‘l}‘"i iterte €. b0
meom'tc.

idnoint ¢, 15 taken as the
This completes the a imes jicration of the bisection melbod and the midpoint €,
desired approximation 1o the getual root Fec, of p = fix}

—. i isection method 10
sk Perform two  iferatins ol the, hus:?cmn e
I'lu actual root r of the noo-linear equation flx)=sinx—~
{xis in radinns) in the interval (0.5, 0.7} B}
Reset n interval ; A &
interval[a, #,].-[ﬂ.ﬁ,ﬂlf:] ;ﬂv:wwn‘:u: function [{x)=sin—¢" values | continuous and Jfia)

= @ =0.5 and x=b, =0.7 10 obtain:

i fla,)=f(05)=sin03= e+ a 127 cn}
f(B)=f{07)=sin 0.7-¢" =+0.148>0 1
mmuuhnwluﬂj{u,}mi Fik) are opposite in 5

imterval (0.5, 0.7). . -

i The midpoint of the initial imterval [ablE €=
w.hu=r=n.,=&1:-h-0.1.q=&ﬁmtbeﬁnuwhg:
'j[a,]tj'{nj‘j:sinﬂ.ﬁ-e“ =-0127<0
fiB)=f(0.7)=2n07~- 47 =10,1482 0
fle,)=£(08)=sin0§-¢"* =+0016>0 .
The function values f{a,)and f{c,)are opposite h-‘@u,mmw‘ jmation to ¢ ml
Fits) fics in the interval [0.5, 0.6) and discard h,-n.T,mhthﬂeffllnmﬂmﬂbhh
X
(e, 8] =105,06) L e
i The midpoint of the fist imerval s q:._;_b;”; =22122-0s55,and the fumct Haties .

To find approximate rost of
an equation f{x) = 0in the

ife i Eigns

ms}mmﬂmﬂlrnfﬂ-ﬂ lics n the

‘.‘:ﬂ’::&%‘ﬂ.nj, and the function
2

aciual roat 7 of

=g =05 z=b=06,a0d =5 = 10,55 are the following:

W FoREALS

TRODECTION TO KUMESICAL METHODS

fla)=r(05)=sin05- o . =0.137 20 P
S(6)=1(055)=5in0.55-¢* w_g 054 <0 Y

SB)= 1(08)=5in06-¢* ms001650

The rnmihn values f{b) and fie,) are opposite in signs, 5o the approxisation to st root £ of f(x) W
lics in the iterval [0.35,0.6] and discand o, = 0.5, The first interval s resct to obiain the second intesval

[, ) =[0.55, 0], &
ﬁjhumndhnlhnufﬁnhhmhnnﬂhihrﬁdwh 6, =032 is declared approximate
root to actual ool r =, The approximation value of a function Fix)=sinz—e™ ot approximate oot ‘ﬁE‘
r = 0,551/ (0.055)= -0.054, '
() Regula-Falsi method
The next bracketing methed is the mhdﬂrmuyﬁhimmumdnﬂupdmh
bisection method converges at a fairly slow speed, As before, we assume that Slah and fib) have
opposite signs. The bisection method always used the midpoint of the interval as the next terate, but in
Ewgutn-ﬂ-rmmlmd.lhnm‘uihlnm Is anywhere in the interval [, b] represented by the point of
intersection (e, 0) of the stright line fumedh;-lh:puims{u._ﬂu}}.nd(b.ﬂh}}md-dzxm |
y=f{a)_f(b)-s(a) t
=g b-a F
0-f(a) _£(8)-7{a) |
Py Dl 0 1.
e=a— ﬂ_&}f{ﬂ i
Fla)-rit) '
mnd  then  analyee  the  thres
possibilities that might arise :

i OF dhe function values
fia) and flc) ax=a
and x = ¢ have opposite
signs, then the root Hes in
the interval [, "-] and
disesird &,

Ifthe function vabues f (c)
mﬂﬁ'}ﬂx =candy= b

opposite signs, then
the root lies in the interval
[e, &) and discard o,

Figuns 12.3
i,

::;Thn tion value &t x = ¢ is f{c)= 0, then ¢ Is our opproximate root. This is shown in the
gure 12,2,
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sa:wallu..a,,]-[u.s,n.ﬂ_ and compute 1h= 1
values al x = a, = 0.5 and !=b,=ﬁ,?hﬁmﬁtn

I[m}=fiﬂs}==hms_.4*s41 u}mﬁ"

I{E’\-':'“f{n‘ﬂ:‘hn'?'t‘“ =152 e in signs, 30 the setual root Fof {5 Ties in he

“The function values f(a,) and IU’.«'} e 0P

i (05071 Bt O B5-07) 8477 o268

—0.048
& =ﬂ.._"j.{ﬂ":_1-{b'} _ozs:;ﬂ: jl'{,g.} =sh[ﬂ~59ﬁ3&1}—¢'nm=*ﬂ-ﬁl

o g

That wmm ﬁlmiﬂﬂﬂhﬁﬂ g, 5 A 0,502364 arc e following:
: =05 x=f=0"h -
i The function walues atx =gy '
fla,)=sin05-¢* =127 <0
.f{h}:sinﬂ,?—-:‘” = +0.148>0

i “"‘“‘:Hﬂ.ﬂalbﬂ

f[e,}nmﬂ.smﬂ—-: | s o
mﬁmliuuvdwf{a,}mi _fi:c,}mnppuﬁtﬂ h!ipﬂ.ﬁthmmmmlmmmmwﬁmww
{x) Ties in the interval 05, 0.592364] and discard b, =0.7. The

the first interval '[a,_h]=LD.5.MBﬂM].
Equation (1) 8 used to obtam

iﬂ‘u_bllf[ﬂll =G‘5_MM =0.755

G5 f(a)-1() e

i a1 5215
ot provides the function valae at & =0.755: F{0755)=sin(0755) = €*7=0

i The funetion valucs stx =4, =0.5, x= b = 0592364, = 0.755are the followinks

f{q].,muj-.‘"--u.m-:n

I{hlgwﬂlm_f‘ﬂsmﬂm)ﬂ

flg)=sin0755-¢"" =40215>0 . o actusl

The finction values I[m}mf{q}ﬂwh"ﬂ“-"m“mmﬂw ) js rest

of f(x) lies in the interval (0.5, 0,755] and discard & ~0,592364, The first e

abtain the second interval [a;, b,]=[0.5, 0.755]. p—

After sccond iteration of the regula-falsi, the point ¢, = 0,755 is mﬂﬁw’"ﬂ’,wﬁ‘
oot r = ¢, The approximate vahie of a function f(x)= sinc—e™ ol approximate root 15
F(0.755) = 0215,
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INTRODUC T
TONUMERICAL METH DS

iterative  method  which  reguires : ptnmmri;
wmmu: E:" contrast of h::ng methods
which require twe in computing Stccess
approximation. -

The Mewton-Raphson method uses the shopes
of the tangent lines to the graph of a function f{x)to
approximate roots of the equation f{x) =0,

If fi{x) and '(x) are continuows near ncis]
rools, then this extra information regarding the nature
af f(x) ean be used to dnuetuplum::ggfhu
{x, } that will converge faster to actual root than either
the bisection and regula-falsi methods.

If r s any actual root of form 2 -
i of an equation of the Jix) =0, and x, i k :
vand g, i an inital approximation 1o

the actsal r, then the tangeat line on a curve f(x) at a point (x,, f;) crosses the x-axks at a poien(r.,0)
The point {x;,,0) & the point of intersection of the tangent line and the r-axis. and the x-coondmase x l:l:'llt
point of infersection (x,0) i our firt approximation to the actual oot Foff e ;
E = m K §

ks o equation f{v)= 0.Thic iv

The slope of the tangent line on & eurve y = £ (x) at a poim (55, 3} 15 used to obaain the first

I:'l'lﬂlr-M
approximation (iterate) x, : b ] PR i €. I i 4
P TR | Yy S Y T B
i *=h
Sm"'ﬂ?"h“‘hﬂﬂfﬂlmmaunmy-ﬁz}ugm{;r_j)awmm&m
. tlﬁ9|=ﬂxl—} . P }
ilerate x, » b o . _fixn)
WO R 5 e B )
rix)-L8
; |

This procedure of slope finding method is contimsed til it resches the (i + 1 Hh iterate:

T L L. ;
L =X, f{q].l—u. L2 i

which is called the Newton-Raphson method.

T

“hwu;u:m of an cquation of the form J(x) = 0 with imifial iteraie %, the ieration method
Fis ""J_“{‘i f= -

' f[x,j'f 00,23, i=1,23

mmﬂm&mi\cm{q]Enwmmmhmhwmrmﬂhhhimﬁmﬂ
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.- actual toot = 0438447 of the
Use Newton-Raphson iterative method 0 Bpproses L= ol P

to six decimal
non-linear equation f'((x)= 2" —Sx+ 2 with initial stat %, 0.4 ihat must be accurale to 81X dEC
places.
@D The given non-lincas cquation ()= ' =3¢+2 and its der
ihe Newton-Raphson iterative methad 1o obtain the successive ferates
T == J.'J;,:i §=0,,2

i

fle) _xi-z (047 =2 g a5, =0

=% TP(x,) 2x,-5 2(04)-5
X =I—ﬁﬂ-ﬁﬂ&ﬂ;—mﬁf-ﬁ-ﬂ,ﬂ“¢?.l-1
TN () 2 -d 2(D.438095) -5
- m:::ﬁmmx;:ﬁ;zﬂ: agrees to 5i% Adecimal pocuracy nl‘lac.-rulhom pe 438447,
Wi achieved in just two ilerates of the Mewton-faphson methad the six decimal acearasy. o
[EREW MAPLE ——d “feolve” o find numerical solution of an equation
and demonstrate through examples
The use of MAPLE command “fsalve” to find
ittustrated in the following example.
Use maple command “fanlve’ 10 solve.
fa), Linear equanon x* =5+ 6=0 with initial start X = 1.8,
1 (bi. Monlinear equation x’—-:‘-r+6=ﬂw"rll1m'lwhtulxu=0.5. _
The command below will shaw you full desail of the approximate oot of linear and non-

lhﬂrnqwiﬂnsmﬁunh!‘lypingwﬂbmﬂinﬂillmz

wative f'(x)=2x+3 are used in

the approximate solution of given function is

a
> Hahe
> frolvelf —§u+ 6] JER——— __ _
T The gquadratic funetion f{x}hdmammﬂwﬂpﬂhmmﬂ.mnmﬂ sﬂhmunﬂwﬂlh
po:lywn'u.lir.
5 Palynamial o= & =5+ 6
Polymamial =5 —Sx+86
> fratw| Polynosial)
; % potetsintz) - expi-2))
G il
I > foodvelwin
: Context Memu:
i » sinlx) —expl =%}
> funlvel sin(x)=expl -2} 1
1 “snm‘
E ..mmhumhdwﬂrﬂﬂnmﬂmmmummmﬁmwuwg

squmerically Solve® on the coptext mem

oY FORGALE

UNIT-12 SN -

INTHR
OULCTION T NUMERICAL, METHODS

e

3 Exercise ¥
I Find an imterval q<ysh ll e I..
g X at which Sl and Fi8) have opposite s I-sl.r_
:- ﬁ;; s sigue ot the following |
b flx)= ;
e S{x)=tifx)=5ex d ;::::i :'"”‘"" e
2 -(,‘an'lpulc Four fterates of the biscction methad for mLImJ'-H i
interval [y, b, ): following functions with indicwed -
a flx)=e'-2-x [I 1.5]
| 1 w b B, _f{x:jxm;(.l.‘;- e
e f(x)=In(x)-5+x [32, 4] a _qx].=xa_1m+:'1 }:& :E!xwm
1 ::mrwl: four iterates of the reguls-falsi methiod for 1he followring 5 } i
:[a".b']: functions with indicated
A fle)=e'=x, =24, - |
(=) X [-24, 1.6] b f{x)=cosxel—y, [os 1.6], * & in mdians ]

e f(x)=¥ -10x+23, [-24, ~1.6] I'

O Wk iy
¢ will happen if the bisection method is used with the Function f()=—'— for the !
foliowing inter: ais; . |

& [3,7) !
b (1,7 !
5. Find fterate x, of Newton-Raphson fterative method for the Tollowing functiors with initial start 2 I
e -y - :
; ﬁ} i b fl9)=sin(x).x, =1
g - Fix)=x42x-), x, =0 d. f(x)=sinx, x,=-2

U!ﬂ' !'I:v.rlnn-l{:q:hm 1
method i
i - 5 I: Herative 1. 1] Spproxamale the actual r of the ﬁ'uﬂwhg mon-lneay

B flx)=x'+3x—1=0 on (0,1)

-

: b flix)=r' +25 =z 4120 on(-3,-0)

¥=3=x4lon[-3,-2

" E‘:;m:;hmnmilmmmmmmwmmmlpm
LE command *fsolve’ 1o solve 32° + 4x-3=0 with iitial start at x =05

Syrian mathenatician, astronomer and philasopber. He contribute
scaence, medicing, astronomy. His tmmshtion on the difference

= many fields of

’Ms?ﬁlmunmﬂmmﬁahwmmmwmmﬂ
hm‘ﬂwﬂd‘: ﬁI;: Ilﬂdfhmhluhmduhdunde:whﬁﬂmhﬁh
position in 10™ century, He justified the technique by & fornmal

W

Eeometric proof , within the tradition of Muslim mathematice. Deuble

ﬁhlﬂlﬁuﬂ
Was knawn as Hisab-ab-Khaw'syn 1t was wsed for connurics to solve

MMMMMMW

T FoRsHE
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2.2 Hm_ |Qn'_'d“-tll:l'l_ ;ﬂmwwﬂmm:ﬁ?nm ppproxinmle
Mumerical integration & t
solutions for E:ﬁ:-.itu integrals lln.l mu solved pralytically- For example,
i @
I -}‘E'.lﬁ' )
- i could be used directly to
hum-m.lmﬂhu.mhnmuuur?mamww ! ;nwmnlhﬂmbcﬂburﬁhy
obtain the actusl solution. The nu!!y‘\;'ﬂy :.u r approximat
merical procedurss, o .
&mﬁmumurmmw
i (i)
I= !rmdr S
. puinis:
aver the interval [, 1] by svaluoting f(x) at a finite mimiber of equally spaced

¥ a=X, By Fay %,mb

fix): i J".---.-'L- f-
Numerical QHMF

4 e by, e an exp esslon
“if o vei af paliey B e fspervard [, b) B g =5, <5 e

of the fonn E{f{l}] = i‘.h) fix) =, )+ i fix )+ e fiE)

0 _ i)
with the property .E FLeje = Q[,f:ﬂl-- E[ﬂ:}] {

is palled @ monerical r'::reg:wnan ar qun-.im!.umjmrm.fm

The term £ [ (5] i called the truncation error for integration. The values I=,
L are called the weights. -
given id pai hsen in various Witys.
Depend mumerical procedure, the grid points [x }are & i
= Wm,mn'g. mh,mmidpnlnﬁmchofzumhuqumy_m-.;?.bl;um w.umﬁ“ o
wﬂﬂhﬁfm Simpson's rule it must be familiar about approxinma rectang!
2 ximate arca by rectangles, » =
g Ir P{:rzﬂ is @ function over the interval [n.ﬂl:l, lhunih:r
o
t&hmtiﬂmﬁ@m;:ﬁ? |!§'ph
ﬂx}mthnimrﬂl[a.b],ﬂﬁmhnwn fgure 12.4.
i {he function (%) must be known a1

[ are calicd the
e

ﬁéi%%%n?‘m the intervalla, bl, cach of widih :
xia=%, K Dyee-ted ‘-"’},;‘.:_+m.t=u.1.1..,.n iz D Figure 12.4
S mﬁugﬁmwﬂwﬂmmMﬁnﬂMWWtw!ﬂW“
inteval [a, b] is rearranged as under
f;! ﬂ,},ﬁ_i ;{M+Eﬂﬂ#+u+lﬂxm (i)

T FORAEE

g
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UNIT=12

#ppm;ﬁnlk Area by Rt:ll:“j
cmmﬂalhqhihlmwm[
TLen ) Lot x derte £ endpoint
Mihhﬂ“r'mm'ﬂlllknrmﬂﬁi:wbuu:m' m“hm
whihhﬁilﬂbimmhmﬂ&m ot B S The ares of the

IF [ f{x)eeis the actual area in the inisial b
I minluhimm&tmlhuuh Jin s ar

mmﬂ:mnf&:mhhhhmwiﬂ
rectangles i giving approximate area wndor the curve ﬂm;:"hh::narmfmﬂml
[ definite integral i)
Iw!.ﬂr}dxuﬂ. "f[;)]m'ff[xl}ki-‘r[xi]m+“+r{x.}& R
This approximation improves as the numb of
integral (o ‘“-Tmmarmn,m
values of i ore wsually required to achieve reasonahl Howeuer,
wsed in prachice,
8 The Trapezaidal rule
m'm“fﬂ‘wiﬂ“hﬂmhm‘dw
trupesoids are used instead of nectanghes, Figure 12. shows the ¥
arca approxiimated by n irapeznids instead of n rectingles.

I | f(xddeis the actual ares in the intial subinterval
!
then the spproximate area [,-!fr.};f{xll] il 5.

area of the trapezoid lies in the initial subinterval [ 2, ). Thure,
the sum of the weas of all & trapezoids i giving approximaic
area uneder the curve f{x) 1 actunl area represented by definite integral {iv):
% .
Jrone =1,

= ! (
shrte)e s (s)]ave=[f(x )+ f(x)]ars.. +§[f (x.)+ f(=,)]as
1
-5[ Sav2f42h 4 421, + f]Ax ivi)
In ﬂlmt..lrﬂx) is continuous o [a, b, then the trapezoidal e is
f=!![x]-i’; --12“-—[1;+2£+2£+ ...... +20,+ 1]

The , =
" subinterval is X =X, nAr = b=o+ndrthal gives &r-g, Moreover, the larger the
W“r““ﬂmﬂumhnhu.

RorRemoaus

318




UNIT-12

H
; . e integral [ = | #°dx
EREEIS ) Approimicthe dfme gl =155 e of the et

@I The given interval i fo, b] = (=1, 2 and e

st

TRODUCTION TO NUMERICAL METHODS

approximate
for n = 4 subintervals and then compare your
integral that pust be pecurnte 1o § decimal places.

-a 2={-1) .3
ﬁrﬂb i 3 FI'D‘TS
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iii. The Simpson's role
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that requires theee  consecutive grid points et
interval [a, B). The definite intepral of the sseand degree 3
polynamial in equation (i) s simplified by 2 rule called

prismoidal rule, This rule s valid for o polynomial pix) of
degree less than or equal to 3,

For Simpeon's rile, the function f{x)is known at equally
even sphced grid poims in the interval [a, b];

in an even

riasx, N B N, =
Vo R N7 I T S } o
Xy, =X, +208x, n=0,12,...

b=a+2nAx, Xy, =b, yea = ﬁx-.?z-—' :ﬁ-ﬂ ;
A
In light of even spaced grid points, the definite integral (iv)is rearmanged as under
& g ™
rs ]‘ F{x)ex =-ix S{x)des f Flx)de bt T S{x)de i)
- a5 o s
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If | f(x)dvis the actusl ares in the initial even subintcrvalls,,x,], then the parsbolic are in the
L]

subintervel [x,,x,] represents the approximate arca:

[ £ = [ ptards, amz b,
. %
=[ﬁ-gﬁ][p[x.}+#p[3#1]+ pix ,}] {iv)

If the width of one subinterval is M=@.ﬂm the widih of two consecutive subintervals is

| M=% =2Ax. The subintervals are of equal width that gives i':‘;_"tn,. Using these in equation (iv) to

oblain

f 700 = s =3%f‘[p{m+4p[5'¥‘]+m:]= Fptz)+4ptm)+ s3]
iy oy -

Since the polynomial passes through the three consecutive grid points on the curve, the best
“pproximations would be the function itself: that is p{x,) = f{z,), and (%)= f(x), and plx;) = fix,).
These are substituted in cquation (¥)to obtain: J
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Thus, the sum $,, of the arcas of all m parsbolic strips is giving the appro
J(x) to actunl area represented by definite inegral GiD):

S = [0 (5 o4 (020 (] 5L )01 )+ S

ximate aren under the curve
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bt S ()47 (5)+ £ (5]
ﬂi:-[j; A S+ At Lo )42 L4 S+t foa)* ]
In general: If f(x)is continuows on [a, b], then the Simpson's rule is
I-if{x} =5, -%[f,a-{.{_j‘; PR N L A PRI % o |
) ()

(vif)

The even o subinterval is =, = x,+ 2nAr => b=o+2nAx that gives Ar=
& Mareaver, the larger the value for n, the better the pppraximation.
ﬁ (RN 6 | Approximate the definite integral J= T sl - n =2 subintervals and then compare
mmm:ﬁul:mmmmwﬂﬂ:ﬁ&u integral that must be accurate to 5
decimal places. )
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The Simpson’s rbe (vil) is used for Av=075and n= 2 to obtnin:
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These function values are used in equation (7} 1o obiain;
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m-ﬂPLE commands -
Simpson’s rule and demonstrate t?mmmmwl“““ and *Simpson™ for™

The ust of MAPLE Soinmind :
example, “trapezoid”

a 'g‘h: command below will show
detail about Thpcmi.!;h[mhm lll:};r';‘;lm&

p M Studenst Cateutus )
Tespl =), x=0..1,
e irapezid,xtput=plo;

04|

05

(3
sl HHFFEE

o "Simpson is iltustrated in the following

b, The command

Gt s Simpson e o oy
[ Psimpson

| with{ Student{ Caleulus 1) -
qu{-_‘h“ud‘
method = simpson, output = plot);

I
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SE“M'S mh."ﬂhﬂ!ﬂ.ﬂ-." and the
partition is uniform. The spproximate value
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of the integral is 06321205808, Number of i
g

" subintervals used: 10.
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INTRODUCTION TO SUMERICAL METHODS

1. Usethe trapezoidal rule 1o approximate the value of cach definite integral. Round the answer o the
nearest hundredih and compare your resulis with 1he exact value of the definite integral:

b I=][§+l]dr. n=4
o

o 1o}, yug TS (e
R »

% Use Simpson’s rule to approximate the value of each definiie integral. Round the answer to the
nearest hundredih and compare your results with the exact value of the delinite mtegral:

b. Inli%-!]dr. n=d

1
d I= jr":.rx. a=4
]

Exercist

i
& ."-I.:’n'.t, n=4
1

A quarter circle of radius | has the equation y=il-& for 05x<], which means that

%
i\lll-f =E. =g
&
Approximate the definite integral on the left by tmpeznidal mle that equals the right side when
n=31.

4, A quarter circle of radius | has the equation ,}-==-u|1—:' for 0= x < 1, which means that
iJl-r‘.&-E. =4
o
Approximate the definite integral on the left by Simpson’s rule that equals the right side when
n=31.

5, Use MAPLE commands to find the approximate area in the iterval [0, 2] by
4, Trapegoidal rule b, Simpson’s nule

Thomas Simpson was a Brithh mathemastician and creator of Simpson's nde for

definite imegrale, This rule was knovm and wsed exrlier by Bonoventura
Cavalier in 1639 and lter by James Gregory. The long popubimity of Simpson's
tecibonk invites this association with his nams therefore many resders woald have learmd
it from them. A challenge propesed by ‘Fierre de Fermat' w0 find a peint ‘D* such that
the sum of the distances 1o three given points A, B and C is ks, This challengs was
popularized in laly Sampeon treats this challenge in this fint pant of Docrine and
application of Fluxions (1750) by the description of circular arc at which the edpes of the "“”‘“

wisngle ABC subtend and angle af 5. n second part of the book be extends thi geometrical methiod. Sumpse®”

Y Y
e

sevvenl ethooks contals mort ofhe opimizaioo roblems rated by sivplo chnigoes,
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X The room of the equat

fa), 1.88

B Wit

I Choose the correct aption,
i When f{x)=0, the mots of

iii. The Newton Raphson & (ch x==pa7187
(a). Taget mothed method is alss known a5 .

fa). :solve (2" =5x4.7)mg
e). Simplon (' ~Sxe 3=y
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-hqh}mﬁﬂhaHMI limit

he quatiog Im kX

(b, {3_-}}
32

3. I—%,_E
S 3
- 0. xmoamg D S g i
8. x=4.7847,

(e}, diameter method (b}, second method
iv. The iterative formuly for neswion Raphsan ";‘:_:‘ndm method
X o=
{a). x -ﬁﬂ (b}, x _.ﬂ’.':l 3
£x) ey @ n-Lal Lix)
v.  Ifthe fanction val (% /%) “ 5o
2]  valiies £ (a) anil £ c) ot r = g and x = ;)
in the interval: © Bave the opposite signs, then the root tiey
o da) [m 8] b),
v The Newton Raphson m;}h at {e). {ab} fd). fm e
{a), ﬂlli?l‘l:l.rypqim o b . . )
. ek continuaus poini ::d;; M{ DHP““
il Thewsil:vemts for 3t - cos £ = | hym‘mgw.' i
n n:,:_ Rmhflhim!lhndltdmmwu:m' I
.. lmk D507 B 0
Vil The MAPLE command to safue & i S50 (). 0607

0 solve equation x - $x43=0 s
(bl feolve (' —Sxr+3=0)
(d). Psolve (X' ~5x+3m0)

Y| :
on X —gin x i—-ﬂ h;rusﬁ:gihlmmhnmﬂmdbmmml{xtm

by 1.

Ii.!lml-ﬁ e 1.49 idi. 1897
(b} Binary Chopping method
{d). mul‘lhuem‘

=1 o 2. Use trapezoidal rule for approximate vakae
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INTRODUCTIES TO NUMERICAL METHORS

® If f(x) s continuous and (e} and f(b) have opposite in signs, then th biscction method will
be used o approximate the sctul root Fof the non-linear equation )
Jix) = 0 in the mterval [a, b). In bisection method, the approximate rool of r will always be the
midpaint of the mteral (o, B).

@I fix) is continuous and f{a) and [ () have opposite in sigrs, then the regula-flsi method v
be used 1o approximate the sctual roet ¥ of the non-linear equation. f{x) = 0in the interval [a, &),
In Reguls-Falsi methodl the npprositmate root of r will not be the midpoint of the interval [a, 4]
that should be anywhere in the intecval [a. b

@ If fix) and its derivatives are coninuous fanctions and x, s e initial iemie, then the Newon-

Raphson method x,, =, ‘ﬁt‘f’“ P02 B i 12 B
)
produces 3 sequence of succossive tertes|x | that will converge faster to ¢ than cither the

bisection and regula-falsi methods.
% If f{x) is contimuous on [u. b]. then the irinngle e
R, =f{x) v+ F(x )4+ f(x,)dx
is used to approximete the definkte integml | £{x)dx.
& IS muthmw{n. b],thmlhetq:c;mdll rule is

A 242 et 2ot £, 2r= 22

is used to approximate the definite integmi ;ﬂ.r}tir.
- W{x}imw&numf:.b}.bhﬁiu;mkmh
s,_..:?..[,gu[j;+_r,+..u+fm}+z{f,+,q+m.+{h_,}+.ﬁ_]

wihﬁr-—{‘*;—"}‘nmd to approximalte the definite hnﬂrljﬂxw.

Carl Rungr wis » German mathermtician and physicist. He was co-developer of the nunge -
leutta method in the ficld of mimerical analysis. He reseived his Pl deggres in mathemaotics at
Balin in 1580, In 1826 he became the professor in Hanover, Germany. He olwo shidied
spectral lines of various elements bed Was very interested In the npplication of this work Lo
astronomical spectrosphy, Rusge resched to his retirement in 1523 but be continued 1o run his
irstitute until his mcotssor Gustave Herglotr, nrrived in 1925,
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- Domain: (~e0.
R : (<0.8) DO = oy
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ANSWERS ANSWERS
. I I~
L0 flE)=4F sl glf(=2x 2 b Slgl)=sio(l—x) gL =1-sin' x=cos'x L
¢ Slglol=xglf(=)=x A flelx))=Sin(2x+3), gL/ (%)) = 2Sins 3
-7
& a K@= =x-] b GRS R =
—14
K@) =g ()= x-1 Flo =g ==
e B'x = lgla)=x43 4 K@= gl)=3 slfinverse &
K= =2 =g (@)= selfivese -
1. . Trigonometric b, Algebeaic ¢. Inverse trigonometric y
:l Logarithmic e, Implicit f Hyperbolic g Explicit j
2. a lingmm100 b 07089 in gram 70.9¢ . B )
¢ (.5025 in gram 50.3g & 0.11648 in gram | 1.6g : ’{ﬂd‘ . I
e mmworndmhﬂnh:dmuwﬁhdnwufﬂm : -_ - “_— T ;
all - > : 7 i (L) i & i
9-2] iB =3 T a({[EETy . -
10 T o i i TT T - - - = - - - = = <
: : E - A 1] : i
= Ik :_ L 5t L ._!_ i B .:_ '-‘15-"‘---'.1 EEE B J
= T | 1 ﬁ' =i W] L1 1.' =
bt 2 e L 1 o 1 ] y--l.fm.g;l_llh ] o %
1 D e e SarBryazsaar : e T (e =
=1 5 - 5 10+ H ! -I' Fd * e me I' pas 112,88 i 'il.--:__
l i e R S E Mo ;
i ! _'- T (.0 .‘
| § € d . = 5 10 s IE i |
e R o
50 |4ls 1aglny |- i o e = SEENEEERINTR | i | &
- T k & = T . ¥ r
‘ i ® i SmNEEEN AN |CHA AR ANREEE TR =2 \
J ] oK | = b 3: H - (18581 aw
i il ; , A A AmEE ;T:‘; T —H020) 2N
: s - - i [N ' 5
m 3] 1 l] : "'[F = I{F = %‘:::: ﬁ—-__::.-- o 1 F i 0] y h_;
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1. o -l b
4
2 dosmoteds b g “ 3
‘3 TR b g .0
4. w5900 b 551429 e 5200
G LR b Lgr= . B d. does not exist
¥ 4 m g
& p"'url [t g !
¢
s 0
i Exercise
i e i

L a Continugus an the whole set R af real numbers
b. Continiusus af every real value of &, except x=3
©. Cofltinuous at mmmq:.wmmx-amnn-z
f1x) is continuous at x=10
3. & glx)is continuous on the apen imterval (=1, 2)
b, glx)is contiuous from the right af x=~1
Eqﬂ.ﬂ&mﬂnmﬁmﬂgﬂﬂ:u!
ig{xﬁsmmmmmmw-i.‘zl
4. o f{x)s continuous on the open interval(0, 3)
b. f{x)ir continuous from the right at x=0
e f mmmﬁmmewlm:zi _
d. f(x)is contimuous on the elosed intervall0, 3]
5 o, f{x)is discontimuous af £=1 b, _r{x}dsﬁmdw:rx-ﬂ
6. 2 The graph is s under: b fim E(s)= §1,000 E(10.000)= §1,000

. lim_ E(s) does oot exist; E(20,000)-52.000. d. Yes at 5=10,000, no at 520,000

7. true
i
ih iy, a (i), & {ivh. d v e (¥ b
h E::ii-!. ; {viii} ¢ ix). a (%) ¢ (xi).d (xii}. ¢

(xii).a (i) a (xv)e

L

a5 bl
3 21 40,25
ke Bk~ el a4l
. A =0.0; 14.4 units/second 7
b..ﬂ.twﬂ.ﬂl;ls,““im

Af =3 35 ﬂumn@mhufhmhua

Rs.25
Ar=30; 1170; the profit is increas rigss

ing at the rate of R.1170 per acre, when the number of serey

changes from 20 10 50.
o3 b 3

25556 Rede lE  eay g
53 b y=3r-19 AT -
LR RS 22 b1, p=x-16 G of, pm-fr=10

L7, y=Tr-6

o
a EU’(:HSIJ}FIJ.:H, T‘E{ﬂ‘}“ﬂxﬂ"-mﬂ

e UL S .
h ﬁlf{xi‘l‘ lh’}]-—s':-l?. EU(I}"-H‘]I" 'I";";I‘-il-
d .
e E‘—[f(#)-u-g{f}]-u;‘"gx, ﬁu{ﬂ_ e,
d [
d. &r[f(x}-mtx}]-izx’ s T T:_,[fm‘ﬂﬂl-llt’- L

dy_ el
Y & H"z”'.ﬁ‘"[y*?f? b, {:—=4h’-uzr'+&3-s

& Bgge 15

‘& x -ﬂ; 2 d %‘—1:’;-'2
L %""’P‘-‘ﬁ" p k2046

; de (A4 1)*

€, ﬂ,é-—.ﬁ 24p +32p+20

- . -

- 2x 2 B3p+2)
o P b 3r-dpsi=0 ¢ ra25-7ep d y=-2r+§

L . i
ik @ (x-p)




ARSWERS

i3

1. A 20 —4x42)'(3s"=4)

-1 g
8D G
(¢ -22-8)
L a fO=@x-50x=67) b S¥=TEEs
-12{2x-5)" o Al
s = o BT S 3
.—ﬂ -
S N R S A =
4, 42228 dollars/hour . " o
s a3 b T ey (x+p) +1 s
i - o edx " 1 i -3}
b o =g’ STy G- Gy
e %...wﬁ b L= blula’y
8 slope=947 9, 25 miles per hour.
{ Exercise 34
1. a Coss(2x) b —3cosec* (39) ¢ 3[sec’(u)-5in0)]
| ! - 3ein*(x).cos(x)
o, —2eot{x).cose’(x) (3 E-}';’"H; I
3. u =kcosec'(3x) 2xcot{3x) b mh+uﬂ2mh-3um‘m
¢, —Bcoseoleootls 4. Haxe3eect (24}
5 cosfz sect s tan xsindx . 2sec’ 2x+oodn(l+tan2x)
3 x cos o x coseeds
= i“ a
N I R A
: - a
de -1 . iﬂ A I i-?——t‘“-i;lfﬂd[_t__]]

b 1;-(«- ) a-3)

ol

s

By T s Gl Ty =
r. E; i-, . 4 Lpe ‘.'.—'_ : E #;'_:_,'*J:'-;.'.' -_ .-I:-:
R e o ‘ . .1":_-.-.-:'. ] I"’_,.. b T
- o el - . e dal el 1 =
s el G - f i ] 'f:f-"- "‘E‘{:.' fe
— i e )

- ()

#1(3) = -0.5498 = 0,55 cubic unit/ses,
VA3 =0 caibic units Isee  p13) = 05498 =.0.55 cubie ity | g

T .

L 5 4
u'ﬁ: b s 2k . e
A 2
b e T h ,—i;
A’ a) i A
o MBI b e & (5 =P
D) | ma™ e + e = -
X +dln
a G 43k b : . ;f{; a4
e =27 [sin(2x)+e0s(2x)] { Hrcosxs2)e™ ‘
5 Looshi2z) b 3sinh(iz) .. .2 g
Al x =a
. E%; e, —2eosec(hlx) £ cosh(z)
227 mem.af mercusylyr; 081 mm of merury/yr 041 mm of mercyiye.
) = 1000000 202" ; A1) =27,726bacteciafbe
A(5) = 7,097,827 bacteria/br
: &
\ Review Exercise E’) -
Wb oA @b e Wb id i a pigEe e nd .I"_’




[ :Sf E
I T i
L& 3 2400 +4) 486400 + dx—5)(x 4 4)-x + 1206( + dx~5)" " + 2880 +dx=3) {357 +-4)

el
b 16Q1+tan x)-tan x-+ 24tn’ {1+ tan’ x) e Bloumpel o Mrhl)es2

5. & JJooc(Zoan(2x) + 752 wn(25H2 + 2 n(2x) §

b, —cos{sin{x))cosx)’ + Isin{sin(x)) cosx)sin(x) - cos(sin(x)) cosix)
6 o 16632007 (3x+2f b 181440y 2= 41"

. (34 d. (577
€ (3)*4-cos(3x +8+37) ._{_ AP
. { Exercise [4.2)
o TS Ay ;
- d y==
| . = _'p--..h._:ﬂ b, p=-2x o y== 3
I = 1426 =1 s L S
| - R r-—‘n[—*—it—] b ymoxel ¢ =x+3 ¥
! - d. x=l
| 3, [ 8 y--,ﬂ-% b jrn{:-i-u];:: C x=l
! 5. L3 1-11-;‘“—-—:’4-_-.. b x'-ix‘-“ﬁf- .....
;' R U W T TR -
i (8 1+-ﬁ+4‘+ﬁ!+ i 3 1 4*“5“” ‘-JET
! & b ozns % Mg b w6 g Eaos -
et
I b i critical point (0-2) it huﬂkun(m-!]ﬂtﬂ.mkdmﬂﬂmt-zm
i ;
i ik muummmﬂ.ﬁ}kmm ; . E;)
- b i uitﬂpd[%-ﬁ] §i incressing on (—=,-25) [E,n] mu[— 2
| 5
: . pelative minimum (-250) mm[i.-gm]
- b x=-3,5 cox=01 4 x=01
;,- :: mm-;l b rﬂiwui_u_nn::nl
£ prciher mEximum nor d. !Memmuﬂ

minimum s o
| oo okl o (181) b estive misiown: ncressing on (~18,4); desrsssing on (15

] concave up on ([~ 4, i , : o
. Critical points: J.MEMmgflq;Mmm
! t;ﬂmwmm =33 Mpﬂﬂ:{ﬂ,ﬂhmwu[_ﬂ.ﬁhw

down on (~=,0).
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a)

2. Relative maximum of | st x= 0, relative minimum

b. meﬁumnﬂiw-lrﬂmmmﬂzﬁ;ﬂ
& a. Rslunemmmﬂx-z,mkﬁumﬁnmu:-i.uﬁ:

b, Relative siximum at x= -3; relative minimum nx.% ; nicsither a1y |
7. a, The expenditure on advertising that leads to maximum

k. The muximumn profit a2 x=6 & 512 husdred dollars, iz
& The number of hundred thowsands of tires is =1,

tires x that deviloped the maimum profit is P(1

Bl
b, The maximum drug concentration time s x = 3. =
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