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s A differcsiiad oquaion s o CHNEL hat VOIS iables): W RO ablefor  -:ooe R e e o ¢
{dependent warighle) o ane of mare varinbles ( higghest-orde? derivative which appears in j1 Differentintion uf fanetion of tw o yariaivs !
~  The order of o differcatial enuation i 1he 01T e AT g B e of two variables. i v
b vative APJRCATS ne pat pvali
the equation. o diff ential equation is the power of the m,‘u:n-nrdﬁ Gkt :'1 F;& p::ilnhkﬂmimmnfu Tuestion of two variables.
N ':Ifh:temmgﬂ ;l: ) Tt dqmudcﬂ cariatle v OF w inl-:ﬂ"ﬂl'l 1? ¥ f“:;:]h“ . lr:t;nlu'l::r‘l:rg:;m fa ofd
& A soluvion of an orditsary 411'!?:::”?:::“11&1‘;‘:#“ variable y 0 w dmv?ﬂm :-':;.'" T I|i <yt aed peove Buler's theorem on hmm;nwn functicns. i T
y(x) which, whe substituted 107 T G | vridile X OVET tﬂlﬁ":_h; 14 ooy AT " Verify Euler's theorem for homugness et of different degrees simple casex). e
e differential equation o a4 ideniity " ¢ aric oF 9T af s nt W{ﬂ* £ Sives Ja of he n Use MAPLE couemand diff 1o find partial derivatives i
o A differcotial equation % ool e O bl of the se1 07 473 of their derivatives | e
T ation wiiieh SO ol 1 f iy h
cach '!'m' b :::;.wnbh! and their d:_!l\"-:l'll'-"ﬂ- {n variables ¥ and y il amdl omly if for all = | =
L (. y) is homoEenasty jon of degi€e # LS Cine identiy % VS The goal of this uni & 13 extend the methods of single variable diffcrential calculus 1o funcions :
& A i‘ltl-llﬂ-:‘-lmnl?lII ¥ e and ¥ i for €very pasitive walug " of i virrinbles. }n many prastical situntions, thye value of one quartity may depend on the valies oftwo
| walies of the wariahles: 4 h-."_l-=?~'ﬂ"-3']' el 23 or more olhers. For example, he amoul of water in @ reservoir may depend on the amount of ruinfall
[, e and on the amaunt prwmr consumed by Toeal residents. The cament in an clectrical Circuil may Vary
i tan 3 L with (lve electromative force, thie capacitance, the pesistancs, and the i n the circuit. The flow
& The differential squatio a elxd) of bleod ftamn an artery into & sl capillary may depend on the dinmeler of the capillary and the
o Lo genous Function of degres 210 pressuic i both the anery and the capillary. The cutput of a factory may depend on the amount of
.. walled 2 hotd AOks d.iﬂu*:nri-'-'-'l eruation. if iy defines & cophal jivested in the plant and on the size of the labot foree. We will analyze such shoganions using
is called 8 ¥ fusctions of several varinbles

T many problems involving functions of several variables, the goal is 10 find the derivalive of
the fuwction with respect to one of its varisbles when all the athets are held constant. 1n this umik, e

! i n:cd1a:‘pm-r.-hpmewucqlumdshnumImwi:cmbcmdtofhdmpcsmdmﬁnfdumh\m:nf
B 1 Jacah Bemoulti aned Jokann ETLEL;:J:{J;‘:E“ of diffeveniial twa variables function.
H welt :mth 5:1:3":‘::",,3“, apaut Mewton's theories fmi Differentiation of the function of two variables ©
g i "ll?:.'l “:;1,,, wiewioa's theary o Buklons woa ﬂl&i;ﬁﬂ:du::':; In the real world, physical quaniitics often depend on two or AT variables: For sxample, we
iy i - B beothers ¥ 5 might be concerned with the temperature on & etal plate al various poiats at fime ! The locations of
0 i temperaiure on the plate are given o8 orderad prirs (x, ), sa that the rempernture T can he considered 38
e w hat N ok oA ol  function of two {ocation variables x and v, s well a8 @ time voriable 1. The notation of a furciion of
8y alliptisal wrhits. THE fiest ; single varisble, we might extend this 8 Tix.¥1). We begin our study of fupstion of two variables by
' calculus was W i were made o0 examining this notation and  few other basic cORCER'S
Gabricle Manfred in 1707 hﬁ“ﬂ#mmnuﬂﬂ“qﬁl::m 1$ih century- For illustration, if & company produces ¥ irers i o coet of 10 rapecs pev jtem. then the toisl cost
4 aoatlops wnd pariid Ci) of producing x ilems is given by: Clx) = 106
The cost is a function of one independett <ariable, the number of items produged. 1T the
company. wants to produce two producis, with  of one product at & cost of rupees 10 each, and v of
:’;’f‘“"wdm al a cost of rupees 15 each, then the \atal cost to: the firm & @ function of o
| pendent varinbles x and ¥

Clx, y) = 10 + 13y
When x = § and y =12, the toal cost i writhen with C(5.12) = 10(5) #15(12) = 230 rupecs.
m Function of two variables

i A fimetion = ™ f(x, ¥} i ¢ funcion af pwa variables £ anid ., if fisr worh given pair (2, vl we
eheruting i afele vilue of =" Whene 5, ol = and real vertblis.
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The : - = is the adent variable. The set of u|
ordered puir[::‘fl:::llmgc:ﬁ;. Fmt::ﬂpﬂm: ,?:;lr:; . .qﬂhe domain of fand the sci q:'
all values of f(x, ¥) is the range. y i

How to show it £ = f{x 9= |r|_.,r+_q- js a fimction of two indepenident yariables ¥ and
+? Find also the demain and range of a given function. . ]

For this fnction. we toed 1o shovw the frunsformation o 49 indepcadent variablos (inpils)
and y is just a single dependent variable = I respect of any 1wo renl values of md(fpcndcm variables x
and y, say, x = 2and y = 1, the fanction == fan=vi-1+! = 0 gives response of just ane &7 value of
zwhich isz=0 :

The function == f(x, )= Ji—x+)is therefore declared . function OF

P it varinbles x and v, i
O i of 1 (x, 1) i the set of all ardered (5, ) which [outivariate functions

Ji=x+y isdefined, We must have j—x+p200r yzi-h in order for the square 100t 10 be delincd,
In a function == f{x.¥) = JT=xay, wesce that == f (5 ) must b nonnegative and the Fuge

of f(z, y)isall z=0

Pa derivative i i
To give clear concept 1o partial derivative, the problem related to our real-life situations is

as:
Suppose, o small firm makes only two products, radios and audiocasseite recopders. The profitof
ihe firm from these twe products js piven by PLv, 3y = Ay — |y SJ"HBFr (i)
Where ¥ is the number of units of mdios okl and _pri.:r:hc mimber of units of recorders okl Hn«f.r
i i i  {reconders) affects P (probit):
mmﬂmlfh‘:ﬁ:ﬂﬁﬁg‘ ::ﬁi::: u:i been steady at 10 unies; only the sales of r;curders ay. The
nient would Jike (o find the rate {marginal profit! derivative of the profit function) at which the ¥
e of recorders sold, ) \
. l';' ;Tsnl‘m:: at 10 units, then this information reduces the pn_:ﬁl wio v:'_;ns'hles function 1o New
single variable function that can be found from equation (i) by putting x = IIJLW:t
prl0, v) = 4000F — 1010+ 5y —80 =3920-100y+5¥" s
{ 10, y) shows the rafit from the sales of y recorders. asﬂ_:mlpglmtxl
10 umits. %ﬁr;:l?ihinit}nm .: numbch of recorders sold, is the ordinary derivaiive of P(IO, ¥ withs

respect 1o Vi -d—P{l'EII. ¥)= —100+ 10y {iid

This represents the per unit profit from 3 aumber of audipcassettc recorders.

The notation of g} P10,y s usually stonds fior ordinary derivative, when the function 183
single variable function. In our cast the profit function (Iil is 4 function of WO S ?qf:r:“rdm
respect 1o y should be a partial derivative, For partial derivative with respett 10 3 1

derivative in cquation {ij}'ﬁrcp'iﬂ.‘ﬂl by -.%P{lﬂ.y‘_l 10 obtain
8P _ D p0,y)= P, =100+ 10y, prime notation " is not llowed
& &
Informally. : i
. the partial derivative % [x, y) with respest to x is the derivative of () obtained by kee? ™

as o varfable and y as 2 constant quantity.

e -

[

p

53 T
cra — . ﬁdﬁ
- | -
= the partial derivative 2. i o
yas a vari Q’m’ﬂ"“mhr’lﬂuh‘wmﬁ Lﬁm hmhlm
ble and g Eonstant quantity R "
. p.]rml derivatives of a function ;Itnru variables
=hfz= Xy is
yees m::'h dﬁﬂ'ﬁ:ﬁ;f::n:daﬁﬂ. then the fiet puﬂuid]l:imﬁmq" r
Sunctions f, » Fepectively, defined by, T
L - fo=1, =l JL 800 )
i
%“L(’-J’FL; [mﬁ:‘ité.‘-:’!:ﬁm
Provided that limits exist. o & =

i '-:II:r."h‘ is flx, 9} = x"v+ 1", Find partial derivatives { and
m partil derivatives of fiz, 1) worr = and y are the folla ' o

ar a *
ﬂtnf" n—m{.l"}'+_“|’}-§fll+y:‘ ¥ i coratant

& _,_ 48

3 =S = Py )=2 42y, xisconstam

mm function & == " sin (3x+3"). Find =, and z_ a1 2 point [5 n]
@I The partial derivative of = (x, ) wt. < is: A

d i
='=E[Em{k+y1}]. 3 1% constang

=2xsin(3x+3')+ ¢ cosie + )2 (34 ) =2 coa3+
: - = Zrsing3x+ p' )4 £
= 2xsin(3x+ 31+ 3 cos(ix 1 ) i

e = Eui E 3
&, (=) 2:’“[ 3 ]*'3?'“[3;]'%’;“-*5“'“_"
partial derivative of zfx, y) w.nt. y is: : -

a y
%“'a;[f'ﬂrﬂ“y*l].  is constant

% Y4 pemr o,
ﬂ_v[im;' : }1]] =:’m[3x+f}%{1:+f}.—.:’mh+ ¥HD+34%)
=35y cos(Iv+ )
[1, l;_m.] =3[%] mi I‘.ﬁ[a?‘)sﬂ
Suppose that the temperature of the water at the poi i
e te point on a river where a muclear power
discharges its hot waste water is approximated by T{x,y)=2r+5y+xp-40 n
Where x represents the of the river water in degree Celsius before it reaches the

Power plant and v is the number of i
" megawatts (in hundreds) of electricity being produced by the
fa). Firnd and interpret T, (9, 5) {h). Find and ﬂﬂ;:?ﬂﬂ Zog o

2 The N .
partial derivative of (i) w.r.t. v is the rate of change in Twith respecttox: T, =2+ 3, y s constant
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aY+sal the I'P‘P““m'-‘- change in lemperature

This rate withx =9 andy =S i [Tlon =242 ;
o e iﬂpucmuichy  remains constim ol 500

m}i“ from & one degree incrense in inpul walen
B “The partial derivative of () w.r1. s the rete of changs in T with respect 10 \
This rte withx = Fand 3 =5 i [T-lm aSaxaisd=ld e upgwaw change in lemperature
resulling from & one megawall increase in production of clectricity if the inpt wiler lenipsrature x

remmins constant af 970

sibes, then find o e Tollowing:
<

i 1',==54 x, &8 constant

1 lfﬂ#.r}ﬂx’y+xr’ and t iz amy real mu

oo 0,0 b =10 fi, -t
d. finn e fie' £ o4
3, The function is f{xy.5)= Lret el yr=2Y", Find the fis tiom vatue a1 the following paints:
o (0,00 b f(1,-1.1 € _r'é—-l. L=1)
a @ @ 5
b =Sl X ;_:-,,r{!.y.n =S

i Find the partial derivatives [, and [, ofcach of the following functions:

A fxy)=sinlxt)easy b flnpd=ad 4y
e flny=giEny 4 flny)=s +xyra ¥
- f{x.j'}- Si.l'l._‘ Xy | ﬂl,:. r'! __'!tﬂup o5 ¥
4. The production ﬁlhﬂiﬂl‘ltfﬂl‘lhﬂﬂnﬂ.ﬂd Siafes was onee estimated as:

== flxy)=x"" :
\Where ¥ stands for the amout of labor and y stands for the amount of caplal, Find the marginal

productivity of labat [%] and of capital Lgﬂ
5. Asimilar production function for Cannda is:
e fr-l-.y"':xﬂlyﬂi I . .
Where. stands for the gmout of labor and v stands for the mmount of capital. Find the marginal
productivity of Iabor [E] and of capital [ﬁ}
éx ay
6. If j{x.y]rf_ij_\-’. thven find f, and f, Ty using definition ol partial derivatives.

Leonhard Euler was a Swiss Mathematician, Physicist, Astronomer and Engineer. He
mgmwmmuwmmmﬁmmmh
such s calculus, graph theont, topology and analytic tumber theory. He also made
ﬁpﬁmmmmmmanuHmmwﬁmndmmm,m“i
mmmmw;{ﬂmmmwmmmfwmmmmm
‘r.thﬁhmmlemwmmmm
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Euler's Theorem
The specialty of Eulesy
homogencous function is u fi .m';"i“hlnvmf,.h o
r-fl:,y}mnmmdwwhymik i

PARTIAL IRFFERENTIA

Homogeneous function of degree

“A fisnetlon § (% v} is zoid 1o be o homogen
FARR| 0
eonctnt vadies of i, we five S, ;;']m-i‘i}‘:”“ e At

Ay o x5 " :

For cxample, v
w Jlx,¥h=3x+4y is o homopensous function of degree
1

Since, Az Ay)=3(lx)+d(iy) =
¥} =)+ A4y =
B fix))=35+4y"is s homogeocous Rution of 1(1:41'} = flax. yy= 241 (x,y)

Since, f(Andy)=3{4z)" +4(4p)"
=4 (3,457
= f{Ae, A=A f(x )
In genemnl, A fuection f(%,%.%,..5) i =id to be ifh s expressed in the form

homogencous of degree u if, for all values
of 4 and some constam { -;‘J{};]'
vabues of i, we have  FUAx, Ay, A0, A8 ) = A 18, Ky e 5, ) fix .

BT S | Show that the function f{x,5) =25 +3" is a homogeneous function of degres 2.

of & anel some

(EEIET The function :
- 2,0 =2y 4y is & homogencous function of dejree 2, if the identity (i) is

S(Rx,A5) = HA=AP) + (47
5 ¥) "2.1!-0"4- ot =3t
Thus, the given function is 2 homopensons fi 1::{ 2*{3'-1}';}“] Az, n=2

mund

Sttement: If == £ ;
== f(x ») is continuously differcotinble and defines
8 homoegeneous
&Fw..um Be 2 function of
E_—ky—=n :
dx & (i

M =x" ¥ i
Kz=x I[T.']' then, its partial derivatives with respect = and y are the following:
i 8

Sewrgher) o) o

i e ——
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1o obtain the Buler's method of order A;
2fer(BmerEr )

UNIT-11
The addition of the products of (i) by x and ¥ (i) by

Beog-es @it
-u*;(ﬁ]uu (i)

B 6 | Use Evler's (heorem to verify that the
homopgereous function of degres 2. i,
U The homogencous function and its derivatives
&_ &z
2= flx, ) =ar+ 2y +o’s —é;—?ﬂﬂbr. g

function sefiny)=ad +2byro’ Ba

b+ 2oy are used in Euler’s result (iv) 10

mnﬁmﬂ:dwwurmpmlmim: :
xﬁwgmmmuﬁuﬂm'rm = 2a¢" 4 2buy + 2y + 200"
i

w-mmmmmmamwm

Hax 2y ey J=25, o=l

The
AR
) ¢ v o St ot
Buy (P iy
=%y
B e it can be reduced to

[ Solution ] T\nfmﬁnnu-[.l.y}'urﬁlm:nwnm' Teowever,
thm:mmﬂe.ﬂ

The given function isa ’
. &
=) =2 n=2 Eﬂ
=y

The partial derivatives of z = tan wwrl xand y
= P .. & a2
= *"x | o
are substituting in (7) o obtain the required result:

& &
— =2z
= oy

m’i[x%q—, %]n 2z, z=tmu

M, ap BN o ——
:E-r-r;'!ﬂﬂl‘i 1mms’l 2sinyeosi =sin

UNIT-11

APLE commang PARTIAL BiFyEs
kiih:: lowing m”hmﬂwm_ THN
: [o] mk M“H“MLE . ) 1 )
Ui MAPLE convmnd 671 e et
fih flxy)=e'+ ' 437 N . e aff
(Bh S(x.2)=ysinxsxcosy e vy, minh'ﬁmmd:

e Conpmaml }"i_,
> i+ 23w ey 8
32437 4y -?"‘-;;
> diff (4 )" 430y 14y, ), : @ -
. e
> AN +-0050) 4,2 s :
yeoula) + el y) 425
> diff ysin(a)+x-cosln 4’y 2 '
e © sinls) —xsinfy) ,
nE e cursor button to sclect expression in which interesed. i protlesm, i
ﬂwmbuispmhlderhrnﬁwpmm.ﬂﬂszuﬁﬂ i o . : e |
mmmmmmmm
pm:m'hyhahndnmwﬁnlﬂrhmﬂly‘vm P
> ol 47 4307 2 ay) &
17436 4 By 7
> %{ﬂ+y+;-g-f+4ﬂ.,] L ‘]
37 +Bry+ 4P {2 ]
- =2 -I :.l.!.l._'.l:';-l.:'_ ‘ | E,
| 5 mclhcﬁ:ﬂwwhgﬁmiuu :
& ww e y)=sin a2, 7 by .T_ﬁ,.‘* .
n 4 o == flxy) :+}-? |
£ i
: 5 z‘f{-‘«.}'}“:‘:‘—!y’,,‘f+y‘ d ;sf[;:,ﬂ.[f{-fiy']i !
?cﬂhrﬁmmmemhuwammraummww !
b= finy) = a4 2y + byt b z=flny)=le a4y -
3
© M= E] B,
u I[x FMMMI?J‘E}"D-
4 ]
1P ;t] &, 8
W-[‘v .MMM#a‘+yay s
5, 1
I R e e L
= x+r+ﬂmjnwﬂtx&+ya, sin{u), com{u)
mm_._ & 308

L ——_—
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du
] u“_m_,ﬂ— Y. then show that ,E{-,-E.s.
LRSS A swation of
6. Use MAPLE command “diff" to find the partial & ,mq
S X | ens(yhw-ret'y!
M f{;‘y}-%,w.r-;'_‘.l b _-_-_,i' 3::
'+ rot'st
€ gtan(e)-xcot' (pwer-i'x’ % [‘;:?-]w

f Review E
1. Choose the correet apiinn.
. 1 the function 2 = (%), x and y are:
1) slphamumeric varisbles

¢ independent variables (). dependent consiants
i I Geg)= E + ) then £(1,5) s ”
{a), 2% hh -5 e} 125 di. 33
ar .
i 2 e 4ot then o L s
' " (). 2e+y
AR T R 6 2+ .
v a5y 1 1
] T ), ——=
(FA :L— (b --F el W i), Gy

v. The Euler's Theorem statcd that:

: x & e A
& xZ 4 am () xptypmm (@ G e mE

ta), ‘me—m=nz (B ax

vt - The functions of mose than o independent varisbles are called:

+ {8} monomial fanctions iy, polynomial functions
(v} maltivariate function id}. none of these

Vi I s s =@ ¥ —2 thenf (1,0, )is: .
i R s A (0 1y

il 1f £ p)=osyie enfiis: -

. [a)l 3cosy.e" =siny AN Seosye” .
S el T iy U Bokpe™
{r) 3e™cosy . : e
o If A =3+ xy thenfy s W
2 mf 3xe + 20 (L), 3x"e+2y3x
() xeh=20y 3y 3

: TR :
' piekioels it bt = W B e G
"

PARTIAL DIFFERENTIATION
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PARTIAL DIFFERENTIATION

W A function == £ x, ¥) s a fonethon o
each ordered pair of real numbers (x, ¥). The real wumber
¢ 5 real
is the dependent variable, The set ofall ordered mhsni::ﬂn
real number, &5 the domuin of Fand the ey of
= A polynomial function inx and v is the sum o

T twa variabies x and i

f functions of the form
f{-"l}'} - m’y‘
% M == f{5,y) isa fanction of two varisbles, thon the first partial derivatives of 2 = f(x
respect o and v are the functions f, and f, respectively, defined by, .
£k ,ﬂ,“mﬁ»‘tﬂw_ £y = tim LEL A= f(x )
it Aaadl q:r
&

the varinhles and for every positive value of 4, for which the identity is trae;
Sl A =2"f(x,1)

if a uniue of ¢ is obmmined from f
0l y are Independent variables; » L

mumbers (1, ) such that
sl valoes of (r, ) i the range, RN

¥ with

A function flx, ) is & hemogeneous function of degree m in variables xand v, if for all values of

The specialty of Euler's theorem [ to verify the degree of a homagencous function. The

homogencous function is a function = = f {x, ¥) not aliered if the real mmbers rand yaf n

function = = f(x, ¥) are stretehed or squeszed by any real sealar quantity b

Carl Newrmarn was Gernn mathematician, He studicd physics from his father and
hmnmmﬂiMWWﬂmﬁm.h
1875 be introduce the new standard sotation (d-hat) during a lechare on the
m!?:iullhmybfmm’;mhulwmhhdhhhmuﬂnnm
uotition or § (Greek delta) He worked on the drchet principle and can be
M_mdmdun-nurlh:iﬂhlmofm theory of integral equations. The Neurmnn
Sevies, That is anslogows 1o the geometric seres

—1—=n+.r+.t*+x’+.u

l=x
Hmudnhmm
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