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(D INTRODUCTION TO SYMBOLIC
= PACKAGE: MAPLE

1.1 Imiroduction I
* Rectgnize MAPLE environmsent. ' Recognize basic MAPLE commands.
i, Usic MAPLE ix a ealculator. W, Use online MAPLE help,

1.2 Pelvpominks
i Use MAPLE commmnds Far,
= factoning o polynomial, * expanding an expression,  ®  simplifying on EXPression,
®  simplifying 2 rational expeessioa, = substitating into an expression.
L3 Graphics

t Plot o two-dimensional graph, it Demonstrate demain and range of & plat, !
i Sketeh pammesric cquaions, iv. Knaw plotting options. :
Id Marrices 1 |
| Mecognize mairis and vector entry arrangement, . Apply matrix operations. i

i Compute inverse ind transpose of @ matrix;

II' Intreduction

In the medem age of science and {echnology, the technical computation has become !h: hean
of problem selving in engincering and mothematics. To help us, MAPLE offers 2 vast repository of
shaatical algorithms converiing a wide range of applications. It is o symbolic and numesic
computing loels 45 well as o multi-paradigm programming language maple wes conceived at the
university of waterloo in 1980, From the first day it conu:uﬁ to be the benchmark software for
mathematical and symbolic computation. Maple user jnterface allows us 1o hmlr;f.s -lilluu,:e
compuiational power by using context sensitive means, interactive assistant and task temp lﬂ{!il- ;:
Uit we will leamy how to use the basic commands that will allow and lead us into the creative, dynam

e cuptivating world of MAPLE explorations.
Recognition of MAPLE Environment

Maple sofiware consists of three different parts.

i User interfuce : : ; o
: 1t hanidles the input of mathematical expressions and different W:El-lmmk-t_um interface
tandles the display of eutput and the control of the MAPLE worksheet environmen

il Kerne! F

It is « small collection of compiled C code. The entire kernel i loaded nt':mnm;h'lﬂ}{i!ﬁ::
fe started. |1 contains 1hose essential Facilities that rFrplrrcd t;; fun mep) per pik
mathermation] operntions. The components ol .'ﬂ:m-:_! mnlu:tw.ﬁﬁralrﬁf;:ﬂnpmm“. o S s
interpreter, srithmetics and memory management facilities an

of kemel ensures that the maple system is portable, compact and efficicnt,
= e includi ; gcbrn, statistics
" I cmlnnt'uw most of the maple mlllilrlls mclwimg fmrffﬂl:fﬁnfﬂil:lﬂd to linear al

d . graphics end other topics. This library also consis I R ‘o
L:lr::::i iJI:lerllrt.mul:'nrr:s. All the library moutines which are mplmu_mtlﬂ in I_lI;ew’lum o ml
pmgnmﬂ'r'lin" langunge that can be viewed and maodified. Hence, it is u“i::d  Joum
En’agmmminE langunge 5o, we can modify the existing code to produce the requ

dividual routines and different

LiNITA
Ih"ﬂﬂbfit.‘('llllhi TOSYAOLN: PACKAGE, Mape
A. Cetting staried with Mapie

The mopls software runs on different systems ang bt 1
I e btk iy, i p omma. 1t :bmc:_kk on the platfinm
= e Imnmau”nr hmmcu:;p}, ve Windows based operating syriem finstalled miaple sofware

\Ehm o maple !mf"un i atariedd, the maple prompt command (=) is displuyed (ike [=

[——
AESTED B8 mle BiOnL ¥ Nus

=1

g
£ & &
% = 1@ Ik

Figure 1.1 Maple star meny

This promjt. character will show a1 the u left of
weaiting to receive input in the form of maple :mmmpnpf e S Rnet it s o

you are finished with the maple session. vay will | r “Exar”
e B et Do Ao ni“ﬂmwn'i:alj""tﬁuﬂ: f:‘]ﬂ'-lm by selecting “Exir” under

S iy " i
BH chs FToe e AR RS oo
r e B Epg — : - ¥
S N 1
1 i=
=
B oo o |
LY -
L1 r'i ; 4
e -
HI % 7 _'[
T i -3

Figure 1.2

ecognition of basic MAPLE commands
A MAPLE command 2 5 staterient of caleulation fo)
Fallowing are some commummds followed b e display o epsules,

lowed by a semicolon ar 3 calon.
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NI .

rify the given results. When you get 10 "Save the
Enter the commanids on your worksheet and ve \
file”, select “Save” widee the “File” menu or vss CTRL-S to save your waorking. For

-3 7 +_11;

24 " m
9?4 15%2 =X
wih m (1)}
11+4"I6+l—lm'
- ! (1] m

1 semicolon o =ohon at the end of @ armmand, MAPLE will interpret lhe next command

puation of he pervious coRMNAN " _ ) i .

mmmt - ?nnd- d {or **) denote addition, subtraction, multiplication, division and exponential

e e niocificd 1 commiand, MAFLE first does exponentiations then
fing of operatkons Ar¢ spech el in @ cof "

mﬂﬂnﬂnﬂm divigions, then additions and aubmm‘rnm;am arder. we use

i i L o 1o o Tile, type the Tollowing
matil: Tusn\'cuw.nn'blcm ur current MAF E sessl o L

i Save com
at the com

L

Bave yariablerame, ™

Replace the variable

w.mﬁx‘:nﬁr::u;nmm gaves the variable as & WMAPLE assignimert gintemment. If the valee af your

i st save them as well. .
riable depends on ather variables, you b ; .
:’:ﬂ:m save myore than ane varighle by BVIRE all variable names o the save command

Save W‘.M"
. 1fyou ke  mist

W Editing :
i hﬂﬂwk m:dﬂﬂﬂ:dh e cnnd- : eommands: MAPLE cmuhu“n-a;nc;s m
; lerd i ird
ihmetic) uniess you“:p-c:ify thyt you want decimals inocnimg-pdml arighmetic) with U
1 . . " i a
:::mi!“ stands for “evaluate using flonting-point arithmastic”},
da 3.
> 5 T 29 o "
9
a7 . M _ 4 4)
{" ““I-"['ﬁ AT :9"‘} i A ;
l 1
of signifigant figures you want it

The argument 4 mu:::vﬂfmnmdmeiﬁnsﬂmwnm

result 17 you omit this command, you will el ten significant figures:
/
27 M _ AN
= “W['i? + T2 ] &

1275862069

: i file name, bt |
pane with your \'nrin'n'lr:nmundmp‘lmﬂm file navme with your e .

" phtaining the graphing-cileulator result are: k.
mm Math tab < Click-Caleulus < Click-Differentiate to obtain: !

UNIT-L

ISTRODUCTION TOSYAIROLIC PACKAGE MAPLE
Iy,  Mapl faternal memory clearing commanik: To clear the ntemal icHry durimg a maple
ceseion, We tse ‘restant’ command of click (e restart icon on the tool bar of the worksheet. &4

[ restart I
when you enter this command, the maple session retums (0 its startip se. All the values resel 10 their
jmitial values.
v. Enthiment of variables: Use the colon-cqual symbal (=) 10 define varinbles that 15,10 asS1gn

values to (hem. Once you have defined a variable, simply typing its name wrill show fis value, nid using
the name in o formula will cause the value to be substitated. For example,

vk
= A= 25 B 145 fig
A=25 -

B =145 ™

Irmmmmmmyuhnmmuummmdm J

o A= S8 =10,0= 12 '

A=5

BE==10 4
L Ci=12 ®
w 2ed 4B+ 50

L]
-? ik . 1o L]
=
2 ¢ (1o

L
L=

"Use of 1
‘You click-start, then select-program <Maple 18 < elick-"Maple Caleulator” to obtam;
(i)  Maplesoft (TM) Graphing Calenlstor Overview

This graphically scientific calewlator is availuble for use as pan of your Maple{ T™) inztallation

" o¢ vin & Web Server running MapleNeg Th). The caleulatar use Maple for caleulations,
On toalhar,

«  ude the “serting tab” o control the basic computation senings for s caleularor,

. WIhe'Mil'lWwﬂmﬁmﬁmmmly.qmbuhﬁmﬁmwhwmmimhﬁm
. ‘._un:lhn '_'*Guph 12h" 1o control over how graphs are displayed and wiat they display.

M ns:ﬂ:c“muu_h"'Iueugmﬁheﬂmuudmpmdm::mharlmmwuhvemlm

o usethe “varisble tab” to comtrol the variables you have assigned and their values,

T'o invelve the graphing calculatar, use your mouse 1o press the “Math tabe and select functions |
to epply. This will baild up your expression for your in he input arca, which is just below the |
session history arco on the left side of the caloulater, When you are reads W evalunte your

jon, press ENTER key on your . Alternatively, vou can press the “Giraph bution™,
1o graph the expression, or the “datn button”, to tabulate values for the expresaion.

Differentinte f{x)=a" + 4544 with pespect 105 at a poin

tx-:.'l'hn.-tmpsmquh@dl‘ur
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LNIT-1

it ires A: the expression & +4x+4, X the differentiation aof [ (x) with respect 10 x and
Cursor ¥ 1" requires A g _
P- the differentiation of f (x) at a pointx =2

DIT(aX

mﬂ[(:?}‘-"\x‘i"*.ﬂ'ﬁ

'EIH:H'E!:[H"* — :’+h*q with l-:?f_-ﬂm; mﬂﬂ'}:iﬁml [ll.il- The gmphil‘lg - Cﬂlﬂ-ﬂlml
(TR 2] e £+ 4644

result is as under:

B i i P the
halh) sy os A the function o +dx+d, % fhe integration of f (x) with respect 10X,
fu:‘ammmr'ﬂndq:ﬂwuwcrlmiu-'I.nl'ihﬂmﬁﬂﬂl-

AP Q)
Int(x ~ 2 + 4z + 4301} 6333333
alculalor ) ;
() g:’!::e m:plpgaﬂl:ulﬂiﬂf simply type in mwmﬁﬂ]ﬂﬂﬂnﬂﬂiﬂi&: i R
l:?mtm Fe e sl
1:;::?:.:---lu:lc‘-::*rl:l'ﬁ""“l""'"_" ——
‘_—.—-——l-.;:.k:-h——l—'u—‘ Ti e B e e
- stzpioft e it Cotcuey
;- :": :-_-: h-nh:-dnt—::hn-u-w“-ﬁ'—'*"""_‘_“-'“-
=, == [t e
! e, I L it 3
e ki) "_':_“ = i —— .
| T = S

11 e s ks L v T P

o )
Then you will see the unit calculator as shown in the Figure 1.3,
Online MAPLE help ‘
heln with MAPLE syntax by using the ¥ :
m:u:qaun’;:; a'i;:ul a particular command, you can quickly get help by typmg 4
followed by the name (no semicolan). For example, e
> 7 Addition T
ing i “additi “dm&andhuwwmeitaﬂlhﬂ'“
i i aining information about what the “addition™ do- g
:d:-'ﬂ 1 :mg;; ?:ﬂie Iilflc “Cross” box at the upper left of the window 1o close down
window.

he HELP men, a5 descibed preftoliel

e T

R T e SRR v TS T
{ i
¢ hles
.0
.Ji.i
i ¥

HET FORSALE
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== d Arithmatic Oparaton « .« - =

F Dwecriphion
= - b wrvr—i— - i, -
Asgmar s b e b b

B it 1 b i o B T B, " T, W 0 S
P T Y i 1 [ Py, b e T el

[
B i o " Bt o e e, 0 R e 6 e B Sl gL e pgrssian
e R

1 g ] Far S e 1 T P e ke b .1:‘
B il L o g s g
JE— e - s
¥ gmknliae] EH cabelard Bedarty i exr—
_-l:ndﬂhi--i“mi-'-l——-—‘ ]

o Tho b it e el e o oF i L

Thiead Safety
| v P s e e P WA T

Exarplen Uning Arghmatic
Tt it o st i |0 et e i
Ib -l w1
s ] -
Figure 1.4

EEW Potynomials

We are familiar about polynomiols since our previous grades. The fctorzation of a
polynomal, expansion of an expression ¢an be solve through direct MAPLE commands and context

e,

{a} Commands

> factor @ +Tx+ 12);
" (x4 4)(x+3) m

]

(b}  Context menu result

You can use Maple’s contest menus to perform a wide variety of mathematical and other
operafions. Enter the polynomial and place your cursor on the lzst end of the polynemial or
expressions and rght-click. The command will show you full information about factorization on line
by wyping. Then choose the factor option from the open window as shown in Figure 1.5, The context

e offers several operation to choose form according to the expression that are using. The
above result through context menu i% as under: i o

= Tetl2
> T )3
(x+4)(x+3) @
The resull is vbtained through right-click on the last end of the expression by selecting ' R
Eontext ménus, As shown in Figure 1.5, ecting “Factor™ on the B
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LmIT-1

= gme ® WAS #= -
i

- miE e v w M

iit{ﬂ

L

il
it

asm=

iiuqﬁ%wﬁum{\

Figure 1.3
“Use of MAPLE commands for expanding an expression

L 11:;;:1;::;’1.5 commantd “expand” tpefiore perenthesis 10 expand the given ERpIEssIoN.

&N, ndt (5 1‘!".:.’1'*4'#—3”'.
aaek F4pf—3L+8x—8 (k)]

5 gﬂ::nm:il:-:::u;:ﬂim and ploce your cursor om the last end of the expression and righ

cliek. Then choose expand option from the opened window as shown in the Figure 1.6
(x*+2) (44w —3)

» expand { (x4 " (ura+da-1) )i @ |
t S+6P -3 +Bx—6 .
1
| ..
| T Sl oasi e
| T T :...._. Faidendaii=e
| R ey L
e
- .
‘_ﬂ
7 - X pm———
= ;
| =
| -
I =
R
gt i
*_
—_—
| IE
L s L

»
i
¢
!
i
0

Figure 1.6

INTHRODUCTIN TO SYMBOLIC PACKAGE, MAPLE

7 Use of MAPLE commands for simplifying an expression
{a) Command e i

1 9 2
> simplify (251 +5 =5 |;

L=
(b Coniext menu result

Enfer the given expression and place your cursor on the last end of the expaession and
click. Then choase “simplify” from the opened window as shown in the Figure 1.7, ' ne

H

5 (257 + 5% !
> simpliy (2512 49° )23 )i g
> il

Bemmi oas
i i e e b By o bt

By o b e e
we RTPT O #»@= FIO®s & FAs

W e ==

=G sl Mes S o

+ il
3 . v
T —
Figure 1.7

rI—g'
" ""Wm'i el
T A2
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CKAGE, MAPLE UNIT.A
I.N'i'ﬂ.ﬂnl}cﬂm IO SYMBOLIC PA INTRODUCTION Fo S¥YMBOLIC PACKAGE, MAPLE
UNIT- = : Wi s i -
Bt 1 Pt ot im P =
(b)  Context menu result - cursor on the last end of the expression and right L A
Enter the given :wrnsmjulm\““?:‘:uﬁwﬂm_ e LT e Hiw w1y Wies A an =
elick. Then select “simplify” option a5 3 ; 'l' Sobie me— ™ w
ii:"-‘i ' I = !
> TaTa+12 " . e — |
s smplify ( (P29 /(BT ) ) | = ] |
1+4 | = i
e :
A ; o |
- o L 3 r——— i
[ —— D= v .
R T S -3 B 5 N | =T |
e .-':q-'i"g‘_ e ——— ol
e — R L :'_ T e fes B R ] e 4 |
e | T e o o = e —
T ~ i Tae s —
I“_;"?—'.:l' .}-uu — :I —p-—-_ & - Figum 1.9
= [— [T S P —— .
e SA08W LR ¢ MTEN OO «0 8/00s AR F® 8 —on
e = T === T — —rra— - = - “u
[ »Eﬁli;;il__'_@ Fig EEa i ag = == _'JI'.-
| o Pulin » o |
|
- . = |
Figure 1.8 ~
of MAPLE commands for substituting "“_“FI.H’"M
(u)  Command
5 subs(t=20,F =2t +5): ® .
L a6s —
I
: - Figure 1.10
(b)  Context menu result on Tast end of the expression and right -
. sion and place your cursor ; 1.10 hics
lick ':::hm: xa;‘ v::v:!ﬂ:’ al a pui::" option as shown in the Figure 1.9 and Figure Grap
respectively. IEEEY iot a two dimensional graph
To plot any two dimensional h in MAP g
fF=2-t+5 ) an prompt, £raph in LE we use “plg tommand in the command
» eval { 1°2-2%145, | = H




" B Ty | -'-?.:-wﬂ-?—'. - :;:?ﬂ.?"? :
| Ei‘_.:""" ;1_'\_'- < T f:éi_ -~ -h.i h -'—-!.'_- .:-. : 2 1 £his,
IKTRODUCTION TO SYMBOLIC PACKAGE, MAPLE ' iEia
VR - UNIT-1 .
INTRODUCTION TO SYMBOLIC PACKAG
: C 1 B MAPLE
T, 3 | Plot the graph of X' +3x+48. . Sketeh o : '
i, 3 graph of 43x+8 i (v) Comtest m'u;wumugh right click on the f!‘::‘tf':ammﬂ e
The i x Tivis result is obtsined _ o skelch the pammetric equation in MAPLE. We S
shown in the Figure 111 and 112 Jast end of the expression by selection “plots= 2D following example. 5 MAPLE "plot” as discuzaes, in the
respectively. plot™ on the conlext men, Sketeh the graph of parsmetric equation = cos{r) and + = sinn).
oy Command L B s Where 4 <fsd,x=-2w2mdy=-1102 i
> plofl# +3x +8): "> smartplot ( 2°2+3%cH8 )3 . g’w Context mens, rayyly i
. !
T_tl Comman and s;;;ﬁflml ”ﬁ{;ﬁﬂﬂm right click on it i
20 120 = plot([cosis), sin{r), t=-4..41,-2 .2,-2.2); plot and domaie pn y. D uilder < 2-D) paramensic ‘
g il for the 5
> i ar : Paramctric 1,
. F“" Cosir), sinis)
&0 Y plot{ feos i, un (i1 =—d  4)y-
= 0 bk
40
40
20
I’ m - 4 -
; - -0 -5 0 s R *
i { v -3 b : L !
& A [
- & igure 1,12
k > Figure 111 i
4 =
2 e T P T ) & -‘ L™
Ea " Domain Illi““:&“t P : x We use “phot” command in {he
:I Tupimnmdhnmiuwdmphwﬂhw‘“dw z
>
comimand prompt. . .
: L £ in=1tad Figure [.16
TEEETSEE. 4 | Plot the graph of x° + 2 having dnrm“[b!' Context menu result function, fght The
: of & +2 is shown in Enter an AL O " J plofting options listed below ean provi
" The g8 O lick on it and select plots < plot builder <2-D Optians can be used with the “plot” command aad are genea s, (it create 2.D plots. These
the Figure 1.13and 1,14 respectively. plot and enter the domain for the expressaon g:::ile two dimensional plots. The help page of m]}' ﬂmi-!;-t;-!m 2ll Maple commands that
{8 Command function. ﬂﬂhmmumm aptions that accepts. A S i
= ]. :;. x=+2....#u—3'..3}:-3 3 We can use an mﬂﬂ;‘u::;:hiﬂ]:rﬁmﬁﬂ ¢ .
> plaild +2,x=-3..3); > plot (x*242, x = =3 .. ) Interactive Plot Builder exploring the options in the “plot” commund by using the
i : ; 6  Adaptive '
(1] adaptiy
: ; When we are plotting 4 function u\r::a:ﬂ;:lmﬂ The
2 5 contralled by “sample” and “numpains”, M:'F“ "“‘?“"’ 15 sampled ot o qumber of points,
intervals to ate 1o ¥ ve plotting, where g
6 i off by senting umeﬁLtmm“~mu“'m“ﬂf the given function. This subsar fmmnm‘“’n ;
g 5 subdivided ot most six times fn o false. By default, this oprion is ser to tr e
4 4 integer, we can control the taximen by POV (B plot. By sering this opeion 1ok oL TC
] maximum i Iz “Erting this option 1o a non ;
3 = 8 Andetatlon <1 ofsix times that subintervals are divided, B
. s IR
-] E ;TR T | e 2 | - - BRG than, = §
R anmatation oplion allows us 16 add descriptive text
i s _ v+ Plot® in this context reans a collcction of poy o D curve or paint plot. The tém *poin
1.14 . points that are py 2 e lerm t i
> Figare 1.13 Figs ated as  single plot clement, such thay '

- [ROF[FOR SALE
Mmﬁ 121




SFig, .
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- v #:,
- -|-Tmmul_jnﬂﬂ‘I'ﬂ:‘-‘l'.'hl'l'll.!'l..-'l.i"I'.\(ZI-L"-'-W.-JI-IM"L'E,
3]

—_—

mm“ﬁlir.a! enpressions, Bppears
taled. AN apislation for & curve OF R

specifies the ype of 345

n is -
i n‘ﬂl'kg' of the AXES. lPale'luﬂd n “I:- RO llwuﬂl a% Iﬂ“L ““ Gpllﬂ'll
115

Jotting
e i { afe of mare BKES top
e o AR ations of fick marks and

T #50 “d“hwﬂ mjum ni!l:‘;:c;;‘, For amplt; e axis color, ko8
such as”

prmnation i With
y ntis v all dhe eEs: axisdlel
n, e “;r wanis) spcﬂiﬁ.,é":,.-. dir {dhr:‘ln;lwn‘:. wp‘:r::fl:.:. ;-:nu':c h{t;f;d:; e g
o, the direchy o . -

o luies L : nl‘ i ¢ anes. The © ils
o Ciwing? hﬁws}ﬂ::.l;& o spechiy different information for differen

can ) T

: e i gecept the axis|3] option- :
The list 1 Wy contain

e mcksfdirl = L

. il options

for 2.D plotting 4o 108 365 s ot eSO OF

The axi {nformation is BIVE .

“ ; "‘d"“'m". ANCS ﬂcvahmt:anbteiihur
i oY e i nnuthr.n rmﬁal and angulor axcE

Nnm'm Py dis'ptn.ytd Ty defaull. s pﬂ'!:r.

gt mlz:ﬁhﬂ with the cards = polar opiian:

o'p'l‘.uhhusnﬁ

-] Wﬁ . )
s, A pame, 8 datatype = Mo
pame of a0 image file, 05 8 SIring. o

Thevn'lucnf!ﬂn'hﬂhﬁ IH,M,mmsm-J:w

used with the |mBge Tools package. oF & col . = s =
e s mensions of the lot can e incd by the ol
g ; Iwm‘ v y E i i of e P
1f the size option 15 “’F‘*“de::;ﬂwﬂm image i displuyed with mdanvmr.hm:rm gl 5
| e “Wnr 1ol [celer) phject of 854 color string. 161 ':nlant '
?ﬂi&aﬁ:ﬁeﬂ; :‘[m: fite t does not exist, it is then azsured to be 8 .
. 3 ollow

C st ion
us

be an i :
the font option. The defaull is no caphion,

URIT-1 mt:ﬂnﬂuﬁmmmm_lc PALKAGE, MAPLE

g Caption font

eaptionfont = |
This option defines the font for the plot captien, specified in the same manner as font, This option
over-rides values specified for font.
o Color

golor = fi or colour = n
This allows us to specify the color of the curves 1 be ploned.
g Color scheme

calorseheme = 1 or colourscheme © i
This allows us to apply a color scheme to a surface o1 set of points.
o Coordinate view

coordinateview = 6.7 |
This option is used when the axis coordinates option has the value polar. When that is the case,
then Fjealy specifies the radial range that is to be displayed and 8, specifies the angular range.
o Cords

‘ cords = enAmE

The value ename is onc of the choices listed on the cogrds help page. The cartesian axes are displayed

by default. To generate polar dxes with polar plots, we use axiscoordinates = polar option along with
the coords = polar option,

g  Discount
discount =1
This allows us for detection of discontinuities.
a Filled :
filled = ruefalse or list

Il‘ﬂ::l‘[lluﬂupxiunhmmh‘ul.lhtwbclwmlhcwn:mdﬁex—uisisgivmbyasuﬁdmhr. :

The value of the Miled option can also be & kst cominining ooe or moOTe sub  options
{ndw,!whqrmﬂﬂy}.ﬂlﬁ:upﬁma n:npplindmlymdrmbdmmdnmhihenﬁghd
curve ftself. This option docs net work with non-cirtesian coondinate Systems.

@ Filled regions
illedregions = trucfalse

1f the filledregions option is set 1o true, the o jons defined by the curves ith di
calors. This option is valid only by using the fbllglwius mmm?slz = - e
amtqru:p‘mt'. mFllmnﬂcf and “listcontplet”. This option does not work with non-Carfesian
-] Font

foni = |

This option defines the font for the plot title, caption, axis tick Iabely . )

i i H itk . and axiz labels if no values
have been specified for the axes font, cuptionfont, label font, ot ti . :
of the form [family, style, size]. or title font options. The value s a list

= 14
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U
Courter, Helvetica, or Symbol, It can also be any font

The valwe of family can be one of Times, “imes New Roman and Calibri in Windows. The first

nanie supported by your system, for m':.
fenter of the famibly name must be capitalized.
:h: value of style can be omitted or one of roman, bold, italic, bald italic, ablique, or hold

oblique. The Symbal family does not accept 3 style option, The final value, size, is the point size
i be nsed.
o Gridline !
pridlines=truelalic .
When i i 1dli drawn. The default is
Fidlines = true or gridiines is provided, default gridlines arc . ;
g-rldlhfﬂ -r;‘ln_lf the axis option is alse provided and containg a gridlines sub option, then that
option over rides this gridiines apthon.
-] Labels
poags £ he variables i i wiiginal
i i 1 the names o varishles i e wrigin
Thix option specifies labels for the axes. By default labels are the 1
rm:.m to be platted, if these are available otherwise, no lakels will be used.
g Label directions
Inbeldizeetinns = [xy) —_
' i ireci i ; i along the axes, hes
This option specifies the direetion in which labels are printed h
of x and ¥ should be hortzantal or vertical, The default direction of mny Iabels is borizontal.

a « Label fom

Inbelfont =1
The fant of the labels an the axes of the plot, specified in the sume manner as font, This opion
overrides values specilied for font.

o Legend
legend =5

1 the plot command is being used 1o plot multiple curves, then s ¢an be a list containing a legend entry
for each curve,

a  Lepend style
legendstvie =5

Sinde the value s is a list consisting of one or more sub options. The sub options are wr.ﬂabjuln:-;
the Tegendstyle option include font = fand lacation = loe. The location = loc sub wption
us top, bottom, right and left for loc,
o Linestvle
linestyle =t
It comrols ‘the line style of curves, Theline stylevaluetcan be one of the following
nafmes: solid, dot, dash, dash  dot, long  dash, space dash, orspace dot. The default value
of t is solid, The value t can also be an integer from 1 to 7, where cach integer represents a line siyke,
a5 given in the arder above.
a Num paints
numpnints = o ¢
Specifies the mimimum number of points to be generated. The default number of points is 200,

15 NOT FeRSALE

Symihol far polnis in the plot, where the value s is one of aster

UNTT-1 INTRODUCTION TO SYMBOLIC PACKAGE, MAPLE

Plot employs an adeplive plotling scheme which Il.ihﬂlﬂll[l:;“}l'_lhﬁ- more wark where the function valuss do
not He close to a straight line.

o Resolution
resolution = p
This sets the horizontal display resolution of the deviee in pixels. The defaull resolution is p=800,
The valuz of n is used to delermine when the adaptive plotting scheme terminates.
(-} Snmple
sample = [1]
A st of numerical values which is to be used for the initial sampling of the function. Mormally, the
function iz sampled at additional points. To restrict sempling to only these values we include
the adaprive = false opiion.
-} Sealing
scaling = &
It controls sealing of the graph. The value of s is unconstrained by default, which means the

plot is scaled fo fit the plot window. The constrained value causes all axes to use the same
scale,

g Sl . .

size = |w, h|

We use this to specily the size of the plot window., We can set the size of the plat window
5 s s r

specifying the number of pixels, o proportion of worksheet widih, or a mtio, such as a square, the

golden ratio, or a custom ratio, ’

B Smart view

smartview = truefalse

This is used to determine an appropriaste view of the plot datn. The plot command generntes daty
based on the range provided by us or on a default range §f this is not provided. When the
smiartvlew = true option i provided, a view that tries o present the imporant regions of the data
Is computed. To show all data computed, usc the smartview = false option. The default scttin
of smartview is true. This option is available for the plot command and onl lie .
not points, polygons or text, i i
[} Siyle
= style=z

t
e L

i : i vaon. and polygon eutline all draw
ﬂ-lr"'? by interpolating between the sample points. The peint style resulis in a plot of the points onl
The default style, polygon oudline, draws any polygons as filled wilh ' ouiline. The ke i,r,
shaws the polygons with o outline, whereas line dmmws the polygons as outlines oaly. The pesas
lime style is o combination of the point and line styles, . The point
B Bymbol

i svimbiol =g

isk, by cross
dismuond, paint, solidbox, solideircle, saliddismond sk, box. circle, s diagonaleross,

IET FORSALE
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g Symbolsize
symbolsize =0
Thtiittofasgﬁboluwdinpiwingmbcﬁmbyimm umber. This does not affect the
symibol POINT. Thye symhol size 15 10 by default.
o Thickness
= ihichkness = 1
This option specifies the (hickness of lines in the plot. The hickness = o must be o non-negative
nurber. A valus with 0 produces the thinnest line, By default the value is1.
o Tick marks
Tickmarks = |m. 1l
“Thie values m and B specify the tick mark placement for the x-axis and y-axiy respectively and can take
an integer specifying e pumber of tick marks, a list of values specifying Jocations, & list of equations
each having the form location = Jabel, & name, or & spacing structurs.
o Title
rithe=t
Wemg{wcaliulnmthepmmvﬂmtmnbemuhiuwcxpmﬂM.TMumimmuaim
eonsisting of the title followed by the font option. There is no title by default for a plot.
o Title font
tittefont =1
1 specified in the same rmaniner a5 font. This optiot averrides values specified for font!
p  Transparency
{ransparency =1
This option specifies {he transparency of the plot surface. The transparency =1 must evaiuste o8
{loating-peint number in the range [0, 1], 0 means “got transparent” but 1 means “fully
transparent.” .
p Useunits
useunits =1

Thisnplinn.wiJlI:tstlmimn‘mdmamalmiumpmnrdﬂfmcﬁmmmﬂldb:i.nnlndadinlu
axes Ishels. The value t can also be fist of units.

o View T

view = [xmbn.. XMAx, :rmin...ymui
View option indicates the minimum and maximum coordinates of the curve f0 be displayed on B
gereen, By default it is determined by the smartview option: if smartview = false is given, then all the
plot data will be displayed; if smartview = true or the smartview option is not given, then the plot
ﬁmlmwﬂ!bcmlymdmdmmimammtbhﬁm’ ufmdmwhicuguwsyunw#m
sigeni ficant features of the data,

1. I the same aption is provided more than once, di ified
;unuill:.rﬂl-:m:umd. once, with different vu.hﬂ.'llmuh:ﬂmlvdmw

i, All abpwe options are available for the Standard Workshect interface.
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Plot the graph of sec{x) and give the title as;

title="Graplin of Secant Funciion *

201):

titlefont = | " Times New Romon®', 20]

s plot{sea(x), xm-2%.. 2w, fitle = Groph of Secant Function”, titlefont = | "Times New Romun™

Graph of Secant Function”

i
Liad
HE:

L=

-6

Figure 1.17

This example uses the following axes ond graph properties:

title="Graphin of Secant function"
axes = framed

style = point

symbol = psterisk

symbrolsize = 20

tickomarks = [spacing (Pi), defmult]
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? &rMatnces

The commiand will show you full information about matrices on line by

m Recognition of matrix and vector entry arrangement *

w)  Command

N ?Eﬂ::gli{ﬂ;nﬂ. GramSchmidt, JordanBlack, LUdecomp, ORdeeomp, Wronskian, addenl, )

addrow, ad), adjoint, angle, augment, Brerkesnels, Danol, brasts, bezoul, hlgekmairix, afmn:'ﬁ; ‘
charpoly, cholesky, col, coldin, colspetce, colgpan, companion, conedl voned, ;:ariy m.
crossprod, curl, definite, dolcols, delrows, det, diag, diverge -:i&-'prdj. gﬂnw;m;
elgenvalites, eigenvectors, eigenveet ritermateiy, egual; expraieritih, extend, [Mgornasse d"
[ibenaect, forwandsub, frobenis, gansselim, gaussford, geneqis, pennialrly, grod,
hadansard, hermite, hessian, hilbert, hiranspose, thermite, indesfine, fnnerprad, Intheasis,

typing: | > Tmatrices

inverse, bmith, fxslnilar, iszevo, Jocabiun, fordun, kernel, laplactan, leastsqrs, linsalve,
matidd, matriz, minor, minpoly, muleol, mulrow, multiply, RorH, normalize, nullspace,
orihag, permanent, pival, potential, randmafrix, randvector, vank ratform, row, rowdin,
POWMEES, WS, pref, sealarmil, singularvaly, sntith, stackmatrlx, submairke, suleeaior,
sumbasis, swapeol, swaprew, sylvester, toeplitz, trace, IrARSpOse,  WeCpal,
vecldim, vectar, wroskion |
By x=matric(d, 3, [1,4,2.2,3,4, 5,4, 61
142
Y=l2234 ‘ 2)
546
E pemarix(d, 3, 15,3,4,1,2,0,9.3. 7%
534
% Y={ 1 20 3
37
. zeatrie(3,3,11,0,1,2,3, L0.5,1]%
101
z=|21231 )
051
(5 com (1,2,3: :
ci=| 2 =
> (11213) .
Fi= H
r=|1 23] 6

[>
19 [Bﬁmw
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{b)  Using Palettes

Use cursor button 1o select matrix palette. Click- “matrix™ <cli

_ ] . - litk-choose(for the umber of d
ealumns of a required matrix) <click-data type (1o select integers entries of the rows and e:n:m: ::“
required matrix), then finally click-"insert matrix” and press ENTER key to obtain a required matrix.

1 4 2 E‘
=12 34 !
S48 B

Wﬁppl}'ing matrix operations '
(a)  Matrix addition
= withifinalg )

INTRODUCTION TO SYMBOLIC PACKAGE. MAPFLE

——
o
Is b e
[ ]
——

GramSehmide, JordanBiock, LUdecomp, ORdecomp, Wronskion, addeal, (1)
adddrow, adj, adjoint, angle, augment, backsub, band, basis, bezout, blockmatrix, charmat,

charpoly, eholesky, col, coldim, colspace, colspan, companion, concat cond, copyinto,
erossprod, curl, definite, deicols, delrows, det, diog, diverge, dotprod, eigenvals, .
eigenvalues, efgenveciors, elgenvects, entermairis, equal, exponentiol, extend, [frausselim,
fibonaeel, forwardsud, Sfrobenius, gousselim, goussjord, geneqns, genmaotric, grad
hadamard, hermite, hesslan, hitbers, kironspose, ihermite, indexfunc, innerprod, inthasis,

inverse, ismith, issimilar, iszero, jocobian, jordon, kernel laplocian, leastsgrs, linsolve, f
matadd, matriz, minor, minpely, mulcal, mulrow, multiply, norm, rormalise, mullspace,
arthog, permanent, pivot, potertial, randmatrix, randvectar, rank ratform, row, rowalim,
rovwspace, rowspan, rref, sealarmul, singulervals, smith, stackmatrix, submatris, subvestor,
sumbasis, swapeel, swaprow, sylvester, toeplits, trace, ranspose, vandermonde, vecpatent,
I vecldim, vector, wronskian )

> X= Matrix([[1,2,3], 1, 3,01, (1,4, 30)); "
1 23]
X=|130 2}

i ) 143 !
# Y= Mariz([[1,2,5], [6,3,0), [1.4.3]));
125 ; |
¥F=|6 30 3

1 43

"> matadd(X, Y);
248
760 |
_2!6] i

WOT FORSALE



I} T R " =L i
=g R
H 3 e A

i L

o R = =
UNIT-1

) Matrix multiplication

[NTRODUCTION TO SYMBOLIC PACKAGE, MAPLE

= withtlinalg);
[ BlackDiagonal,

GramSchmidy, JordanBlock, LUdecomp, QRdecomp, Wronskdan, addeel, (1)
addrone, adf, adfoint, angle, augment, Band, baxly, bezoit, Mﬂﬂr f"ﬁ":::.
charpoly, cholesky, col, coldim, colipace, colspan, corcdl, copy i
crossprod, curl, definite, delcols, delrows, det, diag, diverge, dotprod, cigenvals,
elgemvalies, slganvectors, clgenvecis, emfermalrix, equal, MMMNW sr'ﬂd.
Sfibonmec, forwardsub, frobemiis, panssedin, gaussiord, genequs, genRrarry,
kirdamard, fermite, hessian, hilbers, htvanspose, ihermite, indezfione, Innerprod, intbasis,
fmverse, imith, {ssimilar, issero, facobian, jordan, kernel, laplacian, leastsqrs, linsalve,
muatadd, matrix, minor, minpoly, mideol, sudrow, mudtiply, narm, normalize, aullspace,
orthog, permanent, pivas, potential, randmatris, randvector, rank, ratform, row, rowdim,
roweapace, rovspan, rref, scalarmud, singularvals, xmich, stackmatriz, submatriz, sibvector,
sumbasiz, swapcol, rwaprow, sylvesier, toeplitz, frace, transpose, vandermonde, vecpatent,
wecidin, vector, wrontkian |

> X Maoix{[[1,2, 35 (03,0000, 4,311);

123

x=l130 (2
143

(5 ¥ = Matriz([[1,2, 5], [6,3, 0% [1,4, 311
125

Ye=|630 3
143

> mltiplyl X, ¥);

16 20 14

19 11 'S )

28 26 M4

&

{e)  Using Palettes P
To obtain the result simply right click on the Jast “matrix" then click simplify or press ENTER.

123 Ixs
> (1 30|+]630
143 1 43
248
760 a
i 286
> smplify [ Mateis (i = |H446744074594159542) +Matelx (%id =
I BE4GTA40TA590 1 S9662) )
248
760 ()
e 286
>,
21 G FORSALE
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m“:rse and transpose of a matrix "

a)  Inverse of o mairix
- r-mummfg];
) GramSchmidy, JordanBlock, LUdecomp, QRde Wronskian, addcol,

addrow, adj, adioit, angle, augmernt, backeib, band, basis, Emfmmr;ﬂ.m
charpoly, cholesty, col, coldim, colspace, colspan, companion, concat, cond, copyino,
crossprod, curl, definite; deleols, defrows, det, diag, diverge, dotprod, elgenvals

elgenvalies, eigenvectors, efgenvects, entermatrix, equal, exponential, extend, ﬂ'gumuﬂm:
JSibonacei, forwardsub, frobenius, gausselim, gaussjord, gemogns, gemmatiz, grad,
badamard, hermite, hessian, hitbert, htranspose, ihermite, indexfune, Innerprod, intbasiz,
inverse, ismith, fssimilar, iszere, facobian, jordan, kernel, laplacian, leasusgrs, linsolve,
mietadd, matrix, minor, minpoly, mulcal, mulraw, multiply, morm, normalize, nullspoce,
orthog, permanent, pivos, potential, randmatrix, randvector, renk, ratform, row, rowdim,
rowspace, rowspan, rref, scalarmul, singularvals, smith, stackmarris, submarrtz, subvector,
sumbasis, swapcol, swaprow, sylvester, toeplits, irace, iranspose, vandermonde, vecpotent,

| vacidie, vector, wronskian ]
= x==_Mamr[[|.z,J]. [1,3,0],[1,4,31]);
123
X=[130 [F4]
L 143
> Yi= Maric(([1,2,50,16,3, 01 [1,4,3]]);
125
Y=|630 (k)]
143

-a» iy i= inverse(X');

(0]
e
, 3
> inv = inverse{ ¥);
o O e
2% 39 "3
iy = -—1» ...-l'_ i
13 3 13 (]
A
L 26 kI 'iau'
L
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()  Transport of a matrix
> witht linalg);

:m;pﬂ)d',, cuirl, ﬂtﬂ_fhﬁm dd:ﬂk" delraws,

Jfibanacel,

vectdin, vector, wranskion]

"y Marris([[1,2.3} (13,00 [1.4.311%

REST

1
il X i
I : I
1|
1 I? f:-;’.ﬁm’k“ll-zisl‘ ['5.3.‘1].{1.4,3]]1:
i 1
gl
:} Y= 6
4 11
el
', trany = franspose( X))
1
trang:=| 2
3
il
1 q:. truns = ranspase{ ¥
| 1
. rans=| 2
15
>
23

T T ——
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Redecomp, Wronskian, addeol, (1)

GramSchmidy, JordanBlock, LUdecanip, € e
mﬁMI, angle, augment, backsub, band, basis, bezoul, H:; g
charpely, d;nfad}t, col, coldim, colspace, colspan, companion, €on A

det, diag, diverge, ﬂﬂl'p!mf.- ﬂ‘g!ﬂl-'ﬂh,

dirm,
i 8 mMmtmnmﬂuﬂmmw

ﬂiﬂ“mhfe-l.ﬂtﬂ'm:r ﬁf::m i, Mi gemﬂd?”ﬁ
hadamard, hermite, hessian, hibert, htransposc, ihermite, indexfinc, r;mn:rpmdm Hmm:
e eith, cinilar, e, jacobian, jordon, kernl lplacien leasisrs, o2 o
miitadd, matrix, minor, minpoly, muleal, mutrow, mulliply, morm, s il
permanient, pivol, potential, randmtrix, randvector, ranh‘rn ) ;uhww
i rowzpan, rref, Muhmguﬁumb.-mﬂh,mhmmﬁmm. ]
mﬁwh,m-dpmr nu;:rmv, sylvester, foeplits, trace, transpose, vandermonde, vecpatent,

23
30 - @
43

25
i . : &)
43

1] ) 4
34 ' _ ¢
o3

61]
14 @
03
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IRTROBUCTION TO SYMBOLIC PACKAGE, MAPLE
(e} Using Fafetfes

Inverse of o mairix d
Ter obain the result through context menu, Right-click on the last end of the matrix by selecting
“Sumdard operations™ and then right-click on the “inverse™ to obtained the fnverse of & matris. |
12 ~

£
14 =

"> LinearAlgebra: —Matrixinverse { Matrix (wid = 184467340T4358087686) ) |
Similarly,

=2 1
31 m
2 2
Transpose of & matrix

To obtain the result through context meni, Right-click on the last end of the matrix by selecting
“Standard operations” end then right-click on the “transpose™ w obtained the inverse of a motrix,

123 H
>4 26 L
351 |
— "> LincarAlgchra: ~Transpose { Mattix (5id = 13446744073883260558) ) |
E 143
- B (2
361

hglemlmntqrn matrix

Ta abtain the result through context menu. Right-click on the last end of the matrix by sclecting
“Standard operations™ and then right-click on the “determinam™ to obtained the inverse of a matrix,

325
> 157
294

| = LinearAlgebra: —Determinant | Matrix (wid = 18496744073883262118) 1,

- 114 3)
Ed
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FUNCTIONS

FUNCTIONS AND LIMITS

The coneept of function and its Hmit is Fandamenial idea 1oy i |
o . i, i the study of mathematics th fogh
distinguishes caleulus from algebea and trigonometry. In this unit, we will revise the concept ni‘fm:cti:l g,t
i

from unit-§ of grade-X1 mathematics and then develop the eoncept of limit which is the fundsmenal

St busilding block on. which all the caloulus concepts sre based, 7
1.1 Funetion . e
- ; the domain and range of 1 function. £ [\ '
L era of modulas foncton (1. =1 ) and dentty s dormain snd range iy T A o
12 Compesition of Tunctions ) st v i Fumc!m_n are constantly encountered in mathematics v m
L Recagnize the compasition ef functions i, Faned the composstion lﬂd are cssentind for formulating physical relationships in f‘:. TR
1.3 Inverse ol ::;qu'nnlilnu al I'i.ln:.i!-m'll . . science and ludmlnm' In our toutine life function is very Tht three animals Zursin owne before
Dreanribe the “‘hml':::ml"m ahicit useful eg. Zurain bke all kind of snimals, He staried he started his collection.
. h:E:hd:I'l e p—— n ponential, logarithmic, nyperbolic (and their collecting them recently and already owns 3 animals, He
ey, expliclt and inplicit functions, and parametric represcntation of functions. plans on buying every manth accordingly, of each type of animals.
rmewlllhm . Let ‘2" be the number of months have past since Zurain stared
i ieally: oy , collecting anirnals, Let 'v"be ihe number of animals Zurai
Isplay praphy = where f{x) =& @', oga x, logex v animals Zurain owns. How can
the expliciily defined fnctions Iike i) whero /{5 3 7 - vie wrile a function in terms of x and 7 I“
the implicitly defined fnctions suh as 5 &3 = o and F+b_‘=1m‘un‘mmm e Towrite the fimetion, at very beginning, when s = 0, Zumin has not bought any :
| e b new anisnal, he owns 3 animals so, v = 3 animals i . :
e e matie cauations of fiancions such 183 =af, y =2a,x = a3 B, = ban . After the fisst mouth, when x = 1, Zurain owns 3 anirmals, plas the | animal Tinecrasn
i x  when05x51, he just bought. He now owns y=3 + | animals Boaer: DRl waa's
‘\\ »  the discontinaous fanctions of the Bpe ¥ |y pon 12552 S Similarly, aficr the second month, when x = 2, Zurain owns 3 T“ﬂﬂ“ﬁﬂrﬂ;i:bh
[ ) . animals, plus the 2 new animuls he f c o e valuable
{ ; ioqal plat of: . . bought after he started animals, ’ o
e cesasocommbtodominl St i | o v Ty e | o ety
- L]
by restrictng domain and rRge. " Thszrefore for x animats the funetion will be y= 3 4 P number theory, mechani
' Us-:m:pl_aru::;t:m phots for plotting different types of functions. variable end ' is dependent variable ¥ xwhere, =" is independen n!?: = "ﬁ’“ AR
A Hm&f:' l.m! I!I.I::'I‘ber by a pajnt on the numbet fine. In mathematics, the ward function is used in much the uium o . i
i. e restrictively. It is defs ; saume way, but more gave the modem |
" mrﬂmnwm o closedinterval, &  halfopen and half glosed intervals, on the mamber line ¥ B is defined as: fﬂnﬁ:dmr- of function in
" 3 ' A 4
i, Explain the meaning of phrese: : “if s variable ' depenids on a variable in such - '
. crndstonfeal, w % tends o infinity (=) y e such a way that eech vwbe of % \ |
i 'n:nﬂﬁ:uﬁmmmw“. e Find the limit of  sequence whose Ath term s given. ane vaiue of 'y then we call it 'y'is a function of ' eg y= f(x) " i a0 |b '
b+ .E:-:Eimmmtﬂ:uﬁm:mhs of sim, differenee, peoduct and quotient of finctions and dempmioiie disingh w‘]'?o?:in Illﬂ FRge ACh Tunction through E“Fh_"' : e
wil. sy ; 3 = domain and range can be jdemtified by the graph.
13 Impartnnt Hmit ) ecause domain refers to the set of all input values, so, “all the as
i Evzluale the finits of functions of the following fypes: | '-'I:ucs s;nhwn on the x-axis. The range refers to the ser of all output lﬂ... " |
e . i+—] when x—res, values. Which are shown on th i i AP -~ ~5 i
" Ta=a Jx=do e [ x Figure 2.1, ® y-axis. Consider the graph given in 1 £
! Srea- -1 1+5Y -1 sinx y HHHH =8
= {|*z},__‘.f;_"r.';..a‘T.+ b E.T}..fnmiT wihers x—+0 Thhulm.phnl'lhcfunﬂiunf{;jn;:j
a L
i Evabuace Hmits of different alpebeaic, expancatial and trigonometric functions. ; - .
| ::I LI':: hMPLE:::rumndlhnituﬂ:lum o S ILH limm—mpl]'u"{—z.ﬂ} and range is (~o,0)(0,m) Figure 2.1
I : nmple’s L.
18 d discontinuous luncthons Find the domain and £ B
} t Elt':?oﬂ;ul‘l:::ﬁ.'lnhmd arad right hand limits end demonsate through examples. m = L range of the function whose graph is shown in the Figure 2.2 !
‘ { i, Define continuity of a function ata point and inan interval. are the harizomal extent is -6 to 2. So, the domain of the funetion | L
= ii.  Testcontinuity and discantinuity of a fimetion af a point and i an interval, extent of the provh is 0 to 4. 5o the range of the function i + iction is re !—6, 2] vertical
i v, U MAPLE command iseant to test contingity of o function af a point and in a given interval, 4 L EIﬂ-‘Ii - Bhown in the Figure 2,3

i Teehip HE&T FOR SALE!
I. 25 WWW =
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1; wwﬁmwﬂ;hp@hhdmdurdmmkmmmﬂuw%
. I the graph contimuous o=
Wm nction (i.e. y = jx[) and its domain and range *
Graph nfmuﬁﬂll_“ fu ,&Eﬁm’tmﬂ with fn the absolue valie symbols i llady
" funetion thil conidng o

atslue “::;"pﬂ'::::: " lnsses we have studied thatthe sbsolule value of i
It

|_ T
number is i From § od the number lne. . B T
:1:;- pﬂ.:n;ul:-;ﬁh.lu::fhm :nnli.m can be written a8 () = x| which is ™
x §f xe0
e -5 if x<0
i i hoose some E
the above sbsolute value funclions simply che
I:EE‘{: u;; get the values of y then draw them accordingly. |
i s [STal-2a]-1Jo[1]2]3]4] Domainvalies | -16~ -2 g [
L |' 413 =21 '5'|'1 2[3|4| HRangevalues Figure 2.4
iil.  Mow, plot the points , = v,
16 In general, domain of f(x) = x]is (~e==)and range is [0,5=) but the graph is v-shaped gragh
B, Fipure 2.4 shows the praph of f{x)=ix].

[nw-hw]unmﬂlrﬂ.ﬂﬁmfwmﬁnﬂtmﬂnimufﬂx)#thcml.ueﬂlﬂﬁlﬂﬁiﬂ“ PR
(i) 'Whmﬁbmhcmhurf[.ﬂmshh'ﬁ'mirmu;ug{;}. F
(x1) Wuhnhmphj'{x}m:lm‘#'miudwnmlﬂg{x].

Thisis calie vertcal tramslation. Foe horisontal trnsation of SUx) =) x| you can use the function g(x)=

flat)

B O When k> 0the graph of £ix) wil transiase *1 wnits to the right 1o get g(x).
b | G When k<D the graph of fx) will imainte '6* oot :
Thistanos 5 flrmram be k" unis o the left o get pix)
&‘Fh“":f‘ﬂiﬂwiltlbhfmrwue ti identify §
m"nnm-mge: Fie)=ieoq functions and identify its
ii ] Erom the definition of ebsolute valyg function, the given
I fonctied is
25 ,-"I’-!J={3x+4 if Ir+dzg
H 344) F 3x44<p
': The inequality 3x 4 4 2 g s satiafi 4 ]
i ed whenever X2l
e Jand3r+4<p Figure 25
[-26" g

UNIT-2 FURCTIONS AND LipiTs

g 4
Is safisficd Whenever x<=-— x=—§.y = 0, 50 the graph will consist of two lines that meet ar

4
[—'i.ﬂ J Use the tabular form io obiain the graph of a funetion: =

Sy =344 3z54>0 Sy =—{3x+4), Ired g
4 4
x -i a x >3 -3
| » o | 4 ¥ 0 5
This funetion has o domain set {~==,00) and range set is[0, =),

[ZE7 Composition of Functions™

Composition of function can be described as 4 Pprogression of “gesting" and “dropping” “ofr". A
finction gets ‘5" dows semething for it and drops it off. Then anather function gocs along and geis the
d:u-pnd:r,dnum:hingﬁuil,anddmp i:nﬂmumu.m:mmmypmmadm than a few
finctions, Suppose o composition os o progression of car nides. x* boy is picked up by the firs car
function transported to & rquired location and drapped off. Then another car fisnction come and pick up
the x boy at this new location transparts x boy 1o znother location and drops x boy off,

kagnimn of compaosite functions

Consider the function A(x) whose rule is f(x) = V= To compute h(4), you first need to find
x'=4"=64and then take the square root to obtain oy’ = 5 =& S8 the rule of k(<) may be rephrused
& hx) = flgix)) {f)

Here glx)=x’ and f(x) = 7. We may think of the fimctions f(x) and gix) us being
"eamposed® to create the function &,

In brher words, when the output from one finction is used as the inpur 1o another function
form what is known asa composite function, L

W) and g v} are the o fiwetions, then, @ com

PRSIt it wr composfion o g and i the
mwkm vitligs are given B U A)Y e all e i phe damatn of fixi much thatt fiz) e i phe damein

m Let f{x)=2x~1 ang #lx)=~f3x+3, Find each of the following:
fal. gif{4n) Bl fig{4)) feh. flgl-2))

a mnmﬁmf{x}fbu-qisusadmuhin
2@ =gM=37)+5 =35

b Themnwmmlfou-ﬁammummg{d}-iﬁjr.
Sl = £(4i7) =27 -y

£ filgl-2)) docs mot exist, since -2 §x aobin the domain of g

f{4}=—,2{4}—1=r?.|.hcf{ﬁ} to obtain:

VI7. Use g (4} 1o obtain:

(08T FRRSALE



]

o

e A s
~Tespu SR
s FUNCTIONS AND Livirs
b
Wﬂnmpnaiﬁnn of two given functions

BEETERE 4 ) Lot f(x)=4x+londg(x) = 20" +5x. Find each of the following:
(). g ((x)) fb). f fzﬂrlli
a. Using the given functions 1o obiain:
() =gldx+1) = 2z 41y 4 5{4x 4 1) = 16 +Bx+1)+200+3
=320 + 162+ 2+ 205+ 5=32¢" 436247
b, Using the given functions to abtain:
Flgla)=f(2x +5) =42 +3x)+1= B’ o+ 20x 41,
This example shows that f(g(x)) is not usually equal to & {flah
RPETINR 5 | Air pollution is a problem for many metropolitan areas. Suppose that carbon monosde
i menstired as a fanetion of te number of peaple acconding fo the following information:

100,000 R
200,000 2.1
300,000 . 243
e 108
smmﬂ_ Tz

Further studies show that a refined formula for the average daily level of carbon monoxide in the
niris Lipl= 'D.'.I'Jp: +3

Furlher assume that the population of & given metrapalitan area is growing according to the
formula () =1+ 002 where ¢ is the time from now (in years) nnd p is the population {in hundred
thousands). Based on these assumptions, what Jevel of air pollution should be expected in 4 years?

The level of pollution at time t is given by the composite function:
Lip(r)= L(1+0.028%) = 0.7,/(1+0.027) +3, (i  pliy=1+0.02¢

The air pollution expected in 4 vears is obtained by puiting ¢ =4 in equationi <

L(p(t)= L0 +0.02°) = 0.74f[1 + 0.02(4)'] +3 = 2.0 ppm

m Inverse of composition of functions i
“Laty= (k) be a function of x. This function takes a dependent variable y in response of independont
variable x. The fimction that fakes x as dependent variable in response of y as the independent is thn called
the inverse function of [ ()"
The inverse function is denoted by x = I (i
The symbol () means the inverse of fand does not mean -}
For example, if = f{x) is one—to—one function, then the inverse
of y= f(x) isthe function £ = £y} formed by interchanging the independent and dependent variabte
s and y for = f (x). Thus,if a, ) isa point o the graph of/(x),then (5, ) will be a point on the graph &
the inverse of f(x). The domain and range of y = f(x) arc aiso valid for its invérse functionx = o

% ROTEOREALE

If f (x) #s not ooe-to-00¢
then f(x) does not have &
inverse function.

UNIT-2

Fﬁ.wme of the composition of two given functions

LEITTITA, 6 | Find the inverse function of £() = 3r— 8.

Emne fnction ({4) takes an ouspur 3 ;S‘ i i

- mmm&”mla,_s: t= 8 mresponse of input r. The inverse function must tke
ie-ner

Ifz=3r-% A = £+8 i
sy, then ¢ T - Use these values in equation (1) to obtain: f'{z]-il'ﬁ
3

FURCTIONS AND LIMITS

Put t as its argumment instead of 2 to obtain the inverse function of fi=3=8 Mo n'28
3

(TN, 7 ) Letfx) = 20+ 3 and gix) = 3x and hx) =
Wrile expressions for the following functions ke
fa). hix) M el g fdl. §™(x)
;:hmu of fx) and g{x), the function A{x) | &.In response of £(x), the inverse of f{x) is;
fx) = flg{x) i g
= f{3r} e glx)=3x = f"{Z}r z=2r4+l = A’:{:“i}
=23x)+3 z=3 :
s |7 =@
x-3
I—z--,r"(.:} insert xinstead of =
i . -
i:;‘n;j;:;&e of glx), the inverse of g{x)is: | dIn response of hx), the inverse of hix) is:
. x=h" 6+ 3) =
Fuglz), se=dr = y=i
i 3 =iz, r=6r43 = ;:iﬂl
st B -3 ‘
o " K=
3287()  insivt xinstead of = [ ==3

| T =R insertiinstead of =

Caleulus was discovened as 1 100l of 2
m‘““nmmiﬂﬂlﬂnﬂhd solving. 1|

I‘““‘“‘“! Before the development of calcubss, there
not kv hew 1o measure the speed ,rlﬂm“'“‘ m“'.’ww:mmﬂhmﬁu that was were a wide
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| Read the graphs and write the function, domain and mg: ml’_r':c
b :
I

5
s, i TeEREats :
-
-’lﬁ::ﬁﬂ HT a2 i
———-l-J by ' R R
SSEVARNS bassnas asnak : s
A ¥ = o 5
1']'!'1":' . I i ] :EH-'-H-. T -
Eas 4R R ZEERaa! i
#_L.. L : Il
|| i T i
w0 uil
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1
1
|
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11
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11
.
i
;
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SR
Dirawe the graphs of the following functions.

23 b dfx-3+3
e Sfar+ -2 d 2fdx+3+1

ite functions f{z (x)) and g (f (x}) of the following functioris:
¥ f_mdﬁ:}c::lﬁ ;{x}i!x b fix)=sinz, g{x)=]-x"

!J’

e J'mzx—:. g{:}ufﬂ 4 f()=sinx, g()=2c+3
X =& ) ) ,
i i function of and g {f(x)) for the following functions:
2 fh mﬁ?ﬁ;g}tx—4ﬂ e b flxi=2x47, gix)=2x

5 x+4 R
e fl)=20x—4), g{x}-% d fi)= =" gl =2 :f

§ AT B =
Observe the following graphs and identify their domain and range.
[ i

UNIT-2

W_Trnnstundmml Functions "

“Functins that are tol algehratc are calted tranveendengal functine:

The functions, wuch as all trigonometric functions, hyperbolic functions, exponential functions and
logarithmic functions are called transcendental fiunctions.

FUNCTI S N0 LIMITS

A palynomial P{x) is a function of the form Sy =lix)=a, y*¢u, 2 tount iy b e, (i)

with n is a monmegative integer and Oy 0 g urimin By o g TG GOnStands, I a, #0, then, the integer o ix ealled
the degree of the palynomial,
The constant a1, is called the leading coefMficient and the constant iy is called the constant term of the
pelynomial function, In particular, the polysomial (i) is moang to be

constant function by putting & = 0; Silx)=a,

limear funetion by putting m = |: flx)=ax+a,

aindratic flancizon by puttiog i = 2 J‘[,rj-u,,’+u,x+d,

eubic functicn by putting & = 3; Sixl=a o razsa,

mlhmgnmm of algebraic, trigonometric, inverse trigonometric, exponential, ™

Jugu:lthm[c,i:ypcrhnllt (m_u_l_ their lganrﬂtles}, explicit and implicit Tunctions, and
' parametric representation of functions
L Algebrale functions

A function f(x) is elled an algebraic fmction if it can be constructed using algebraic operations
(such as adding, subtracting, multiplying, dividing or taking roots) starting with pelynomials. Any
rational firction is an algebraic function TN

Fix)ax+s, pix)=3y +4r-7 and Jumm?—-l:'%l"_g.

B Trigenometric functions .

“Trigonametric

4400 ﬁf:m are the finctions thet deseribe the relationzhip betwern the sidey ond

Any irigonometric function include one or more of the following 6 trigonometric ratios,

(). sinfx) (i) cos(x) (i) ran{x)
& {iv). csefx) (vl secx) ik corfx)
ese function has completel discussed § Mathenunsics,
L Inverse mmw sz o

“Inverse Iriganomeiric
frignsanretric function, =
These functions are used 1o Eet the aagle with any of IMgmnometric mtios. trigon i
functions are also known as “Arc I‘Im::gmu" parﬁ::lurlyﬂ:es: are & functions mh::rs: T
) Arcsine(z) = sin-'(x) where xe[ol, 1) ;
(i} ﬁ»rccu!inu(.t}“s:m'*{x] where xe[-], 1]
(i), Arc tangent{x) = ton ') where veR
(iv). Are cosecant(y) = w50 '(x) where x> orr=E—|
(¥} Arc secam(x) = see Y where rlorxs-1
{vi). Arc cotangent{x) = cot 'z} where ve g
Inverse trigonometric functions ans whitely used in the figlq
navigations,

NET FeRESALE

Junction are ximply. defined as the inverse Suncrions of the besie

of physies, enginecring, Beometry and
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. Vovprome el 1o by
The exponentinl function has widesgpt
Areas which utitize the exponential fssction include
decay and the dischrrge of o capacitor.

idespread application in many areas of science and engineer
eapansion of materials, lvws of cooling, mdim%nx'

Fiv ; =1 dind i pennedil, S o et gt ihin|
TR st ol el A

Y ) i
We require the base 1o be positive and fo avoid imaginary nimbers such as{=2)i= J:f=.,fi

We conglude £ = 1 asa base, since f{x)=1"=1 isa constant function,

Exponent laws
I 5 amel b are positive real members, @51 and 521, then,

=t L g ) = g, by n‘&"[ﬂj %

L £ . a"=aifond only if x =
a'a’ =a o b b : r

iil. Feexe0, o=p" ifond only ifa =k

ﬂﬂl:'.t'_FT,'l.'pﬂH::Hll_'II Fumetions

Of all possible bases b, it can wse for the exponential function y = 5", which ones are the most usefid?
I you fook at the keys on a scientific caleulator, you will likely see 10" and ¢, Tt is clear why base 10 would
e impomant, because our murnber system s 0 hase 10 system. But what is e, and why is it included as o base?
It tuma et that base e is wsed more frequently than all other basés combined, The reason for this is that
cennin formulas and the results of centain processes found in caleubus and more advanced mthemnatics take
Jon their simplest form if this bose s used. This is why you will sce e used eviensively in expressions and
formuilas teat model read-world phenamenn. In fisct, its use is so prevalent that you will ofien hear people
reler o = ¢" asthe evponential fusetion. The base ¢ = an irationil aimber (like = ) it eannot be fepresented
evactly by any finite decimal fraction. However, ¢ can be approvimated as closely as we like by evaluating

the expression .
I
[H;] (i)
for sufficiently large . What happens 1o the value of expression {i) a5 & Increases without bound? The
results are summarized in the following table:
1:_-&.-.: o = :\ e
[
{100 [Z70481. :
o [z7ien,
10000 :.tmu.,f.
100000 | 271827, Use binomial theorem to find the
| 1000000 “| 271828, . value of e,

—

LINIF-2
- FUSCTIONS g,
clmcanl;f':lmag Inlﬁc valie of expression Hhis never closc 1o 1, bt seems 1o e
T pifd “- ok ;{:num: without bound. the valye of expression (11
mber ¢ The irrathonal numnber e 1o iwelve decimaj places is: Approaches an irational
85 e=2718 251 828 439 &
o =1, an intestinal disease, is caused
‘b cell division as given approsimately :;ﬂ Heausedby a cholera bicteriu tha multiplics ecponentially

£ i PN N

(2= 0), If we stirt with 25 bacteria, how
8 many bacteria (to the nearest i et
b Thour? @ 3hourst 1 Jhuu{ra" & -'..'wn::::':‘ﬂhrm "
w_”" the amount of initial bacteria No=255 the
glven equation to obtain: N =25, ) Ny=235 Iy g o
2 The bacteria at o time ¢ = | howr § i : if
Pyl G our is obtained by putting Fl ] k
N=256"%0 299 9 pepuriy = il . ]
& The bacteris at a time = 3 hours i i i e
#= 3 in equation (i); IRl by kg ¥ e IF T I =
o N=25™0 21599 pacteri T WS e -
. e bacterin at a lime 7 = 4 i . —!
£ = 4 in equation (i); e "_{mm“"?‘““ﬂ m._L I b
g N=W”?-ﬂﬂzm ~az l ‘ = . | ‘I |
Thus, we conclude that the population of bacieris | e hors d
mmnnwﬁnﬁm:fmmw 807 Suchele i FI':::lf-
V. Logurithmic Furictions
Lﬂmlhﬂl e an .Imm.fj-.\e W s
. ; ¥ of writ e
Sy f s T s, Ty o e cxtnsivly . -y T
sound, is based on o logarithmic seate. T E ¢ intensity of  —[ 103 =] |
T S 55 T S

_ Until the development of comp

——& T low
g . u-_.'_'f-_l

N s

R L

For illustration, il we start with the i :
e cxporential function ¢ =
defined by p ifhﬂnﬂltﬁﬂlﬁﬂm;cﬂﬂhnﬂriﬂhiuiﬁﬂ{fh{tg:

x=3r

:tmﬂ:wwu fanation, thie lagarithmie finction e
. wrile this as: y=logx ifand only if =2

- The tnverie O e cxpraiipusgy el T faa vy [y T : i

thee dageerri thonic funeston iy e R

V= g s =~ A TY coiivialong Y g

EOITWH‘IEWQMIW function. Ofvi bﬂ‘s, which i
numbers, which is also the rimulf:nr?lbh‘:mulh ﬂ":"f"-b‘-‘“—' of the logari also the range of the

ical ; i
Tpical graphs of an exponcaiial function and its inverse, o logarithmie are shown n the |
W ighne 2

4
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UNIT-2

Common Lagseithms )
Common Logarithms are logarithms Wit .
"Log =", which is read “the logarithm of £
i x7? o _
phvet s e 1he following logarithmic functions:,

F=X
hbase 10:  y = 1og, T means 0=
is the answer lo the question” 10 what caponent must 10 be

Example ' .\ﬂ_ 4
fa). log 10000 ) logtl fc). log 2
m ¢ This isequal to: kegi0000= log1g* =4loglli=4
i W:: The common logorithm 15 alsa
?=-2logl0=-2 called Briggsian logarithms and
S =1"3Tﬁ i i ihe momral dogorithm is: akio

called Mapierian logarithms.

J. -1 1
e, This isequal to! Ing\."i_ﬂ=lngm}z=i!ugm=§

I, wpmurnl Lognriths

mentural Loparithms are Iogarit . v
"I:; :". which is read "the el-en of 5", i the answerio the guestion® to

produce "7

base &1 v=lnxy means ¢ = X .
o ¢ what exponent must & be mised o

p=log, x means b’ =x . "
“yw log, %" whichiu:ad“yisthclugnrlllmofxm:h:bas:b".istb:umwwmuq-.mmn 10w
ad
power must b be raised to produce 7
Inx= logx

Common logarithmic: 105 % = 108,% Matural Jogarithmic:

itlmic-Exponential Relationships
Luwmljnlr:': = ypﬂ s equivalent 10 x=10"
Inx=p is eguivalent to =t
rfilm;}iﬁfﬁf :;:::;Zc real numbers bel, and g and x arc also any positive real numbers, then:
i log 1=0  §i. leg =1 i fog, b =x v pescz>l W log MW = log M +log, N

. tog M wtogM-ogN vi ln=plog vl g =g M=K

ing indi jal functions:
T e, 10 | Find x to four decimal p!nbE_s fior the following indicated exponenti
fa) 10°=2 m), &=3

b oe'=3
Ing"=Ind,
xine=In3,

a =2 )
loglo*=log2, logof both sides
xloglO=log2, = logl0=1
*=0.3010 x= 10986 . o
Tk 11 | Two people with the covid-19 positive visited the campus of Peshawar University.
number of days T that it took for the corona virus to infect # people is given by
10,000=n
T{n)==1430n ("T‘J'Es.n_]
How many days will it take for the virus to infect a. 500 peaple? b, 5000 people?

| NOTFORSAE

a5

In of both sides
wlne=1

LIT-2 .
Rt vauns AR LINITS

The number of days I"that will take for the M virus to infect n people is given by

T(m)=~143In (M:E o
4998

The number : ; .

et e of days that will take for the virus to infect S00 people, is obbined by pulting 5 = 500 in

10,000 - 500 D500
i r{mln-l.ﬂ]ﬂ [_" ._J=—1|431“[ ]=_ ;
499000 )~ -431n(0.00380)

4998(500) 2
=143 (-5.57275) = 7.96903 =By h
= 10,000-5000 |_ 5000 i
b, 75000 =—1.43 In [ 5000) ] !.43!.“{2—--—]:--1.-131:--(3-s ]- 12.07= 12 dy

vi Hyperbolic functions and thelr identliles
In physics, it is shown that o heavy, flexible cable (for example a power line) that is smapended
between two points at the same height assumes the shape of a eurve called a catenary, with an equation

of the farm J"‘%(&E‘!-"a_f) i1}

_This iz one of several important applications that invalve £
combinations of exponential functions. In certain ways, the functions we '
shall stady are analogons to be trigonometric functions, and they have :
essentially the same relationship to the hyperbola that the trigonometric i
Emﬁuh?klugmm_ the aircle. E::’lhk reason, these functions are called
hyperbo tions, Three basic functions are the ic sine T :
{denoted "sinhs" and pronounced "ginch™), mwmmm _'H'_"' '%'

pronounced "kesh") and the hyperbolic tungent (tanhs; H ing cable
“tansh™). They are list=d as under: pronounced i;:i::'?__ i
z [l 18 gt . . a4
sichre——>=_ —2te s -

F . coshx —— , tanh x - g ‘m!hxzr:.?
cosh® x—ginh® x e ]
cosh{x+) = cosh.x cosh v+ sinh sinlh y
sinh(x + y) = sinh x cosh y + cosh xsinh y

The name “"hyperbolic fimctions® comes from the fact / i
. ) that the functions sinht and cosh
mmkmlﬂwpammcmpmmimurmebypwﬁuﬁc x'vy%I.umﬁsmmmi:ﬂmn:ﬁg;;:
mdm?%n:lx:rhf:pul::umicmmhﬂmnﬂhncﬁm.r‘+f-!. : .
Eliminnting parumeter t from the parametric equat; = i
to ebtain the equation of the circle: 1"-!-_|.|’=|:m.’|\|-gi=:.gll'|-‘:rﬁ-t TR
lhBSfmillrly. the equations x = cosht, = sinht
ane pumiuquﬁmnﬂb:hypuﬁoh&m' i i second
: . ring these equations and
the first to obiain the equation of hyperbala: x = " = cosh® t—ginh? 1 =1 e i1y
vil.  Explicit and Impliclt Functlons
snfm::l?swmmfmnimnm: form y.= f{x: yax'+3 yogng LT L,
. ¥ 1s equnted to an expression involvi : by
i L v ey ﬂiﬂﬂlrﬂﬂm.lhmmmrﬂ:ntyumm“pliduy
Sometimes we have an equation connecting x and p but it iz §
i imipassible toowrite it i
pr =1 ssins—cosy =1, snfx+ ) te’ 4o =ty A
lnlhxmmmﬂmjilﬂq:mdlmpudﬂyinlmnfx.
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UNIT-2

mplicit functions:

b,
o The Bifolium curve [11‘4.‘-"’1:4;’?

3 % g
o Folium of Deseartes: ¥ =28

The following curves are maodeled thiough Lemeiscate

I -

FUNCTIONS AND LlMrrg

ane G =S5

4 Cissoid of Dioceles: y'(6=1)=x"

f 3 , BV
Cardioid curee: hu-fﬁn ,*i-}-“+x i Eﬂ_ipumrw. u'+ =
[ =
2 .l!-.- ﬁ =1
g Hyperbola curve: e
i it . ; .
e :lﬁ'msnmﬂn:ﬂ.m: mmefnlmt:;i:gl?rw;::mq:bm x and y in the ordered pait (x, ), 50 that they are
tis | : the

i varable, 2y £ .

each functions of some ::a? s .

i Mﬁm:ﬁﬂnif{!}lndg{ﬂinmhlmﬂD.mﬂmtiﬁﬂ“ﬂilw

UNIT-2
ii. [}
{E

saplially representiuiion ol fivi w
L, 14]S%etch e graph af y= 20
m‘ﬂz hand skeieh graphs of equations such o
o 2or p = T, simply make & tsbles by assigning
ml_mcm:u:, plot the resulting painzs, and then join these
pasnts A smodth curve us shown fn Bl 2,1

¥ S e S B |
x -5 -1 [1] 1 2 3
¥y 0031 05 1 2, 4 &
e LTS o
x -3 -2 -1 ] 1 5
B 8 4 2 ] 0.5 | 0.03

FURCTIONS AND LIMITS

It i wseful to wnmlhugnpm_rﬂl‘w‘yﬂ.!" by plotting both on the same set of coordinate

axes as shown in Figores 2012 The graph of f{x)=5", b =1 ghown in Ty

e o

17 looks very much

like the graph of ¥ = 2", and the graph of f{c)=6", D<b<] in Fiours2 3 looks very much like the

— g1} aze called the purametric equations. fitns
. xnﬁ}fﬂz g{ﬁ'[ﬂL continupus fimetions af parameter Lon o nterval B, then the equa grph of y=127". '
= 6 and =gl g dered mtirs in the plane: ¥ '
mmmi e{mim far the plang curve - by thie sct of o RO o I L1 e e L e e |
are ealed e 3 = (), M) = (/1) £ () - =(3~1,20) for all 1. EE) : S e T
71 72) Sketch the graph of the parametric functions (), ) : i i i o
T 1 ] "
= hm graph s the collection of all paints (x, y) with mEEs H WA e At it
31, y =21 for different real values of © Ch A R e
X L ) = BO) i SNBER: B i e
=0 ” J ] - | R =11 | i 1 5 It
f=] = {xf.ﬂ.w‘.-}"'if-‘l e o S v i ulg ——
(=1 = ) (ﬂﬁ.}ﬁn:{ ‘l;‘ﬂ} ; -G =(1,4) in i [T I .'_j......__: S
of the position vectors f, = : i 1 1 -+ :
":?Lﬁ. + 1 developed a straigh tmmﬂwﬂmw ; B 3 : - : =
u.{—j,l]mmwmwpﬂ' T |.'"F,E|'~l-"""'::.':lb - —I I :"1"11:": ; : i T I
e Y 7 —- i . ¥ N
* Graphical Representation X T e T+ Fijgura 2,12 Eigure 2 |3
[ jearnit that graphical o L : .
. Fra clisses we hove Soime A the given [ 111 T | Thegn_pluln Flgures 112 and Figures 2,13 suggest the following im riant generl properies
| ﬁ;ﬁﬁiﬂm ﬁmﬁiﬁ?ﬂ mﬁn ﬂ'-’“““,,,: ;:ﬁ - - ] coponeatial functions that are summarized in the box below: : i i #
| different symbols. Like, curves, i ]
. then pepresented by the i
o - raphical display of explicit defined functions like DR
(a) Graphical displa) R Basic properties of the graph of fixi=k' b=0 b2

=", a 1““,..’&'.. Iﬂgr.t
oo f(x), Where f(x)=¢
. JGr{ph'ﬁ:mprﬁﬂllﬂun af fix) =2
At ﬂ,'me"llw graphs of
E- [k e Y.

points and then join them 10
Km&mh {~om,09) while the range sl is (0,=).

b

o e the table of points. Plot
mmaﬂﬂhﬁﬂﬂmmt:;:' hs of smooth curves in the Figu

i

3
Figure 210

re 240

L All praphs will pass through the point (0,1}
L. All graphs are cominuous curves, with no boles or jumpe.

3, ITh=1, then B increnses as v increnses.

4. 100<h<l, then &' deorcises as ¢ incraties,

=
L

P
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FUNCTIONS AND LiMirg. ©

r
fl®s e iy,
5 : L T - e v i s 1 =
. ; [
UNIT-2 UNIT-2 et
. ol Vi o ondd T o 6 | £ AR AN LN

i Graphieally represenmation (b} Graphical ction iz
e hof y=log s - raphical display of implicit defined fun such a5 X34 7= gland Xu ¥ o
R, 15 | Sketch the w}:g; b:pl-uﬂ'rl!!. c=13", sincethey and distinguish between graph of a function and of an 'Bql-l-‘ﬂ.l;::l'l !
We can graph ¥ = 1y of the Esampie? -
. the graph of th B, 18] Sketch the graph of 5% + @ = 9,
1 ; ardered pair of mumbees on . : B ideyien)
are m‘ﬁm‘ Any will be on the graph of the ng-l'"m‘: (S This cquation x* + 5 = 9 is an equation of circle having Lid E J ;
‘tction if we nteschange the order of e SOTDIEELL g o) RS S il septni] a1 S0, O 4
For example, ordered pair (3.8) safisfies: ¥ Rewrite the equation.«* + * = 9 as x 1
arafies pqmlioanf= - - . (=0 +({p=-0) =3 L AP . 3
; = et — The standard form of equation of circle is  (x—A) +{y—&)" =+ B ”
l_“x' e e With centre (i, £) = (0, 0) and radius =3 =
s So, this s a circle of mdius 3 centred at origin (0, 0). i N
l — Figure 2.17 s showing the graph of 7+ 7 = 9, Figwe 2,17
NS x x YL, b,
! e W (ST 19| Sketch the graph ll"r'l‘:—t+"l'l:-’-=-l. plies ')
! 3 2 6§ i . | T
r y Temloes Ll 315 o 5k i
- m_:.f‘rmdPﬂDE;x are shown in the Figure 2.14. e RO &Tﬂmhﬂ“m‘m 1L— ;
e ) e
mw"‘iﬁ St gk of y=log{x—2) Compare it with the stundurd equation f;+§ =1 st =a'-¥ e it i
i mmmﬂ,y—m,{;-nwp\aﬁmxdﬂ‘; where, i=0,k=0 a=I6=4, b=0 =3 and c = Vi§-9 = V7 s maE g
-l ordered pair of numbers on S0 Centers  (h, &) = (0, 0) HRE
. mmequlm:: function will be on ihe graph of the Fock: (htch) = (£+7 0) P
IBI‘P" o s it we isterchange the order of the Vertices: (htak)=(+3,0) Figure 2.18

Co-vertices: (i, kb)) =(0,+ 4)

components. .j' . G the vertic : ;
The graph is shown in the Figure 2.15. _ Figure 2:15 raph the center, es, foci and wxes on the graph paper as shown in Figure 215,
17 Sketch the graph of Y= Inx . since they arc equivales. | The. rodeota vl Ioam tages ShON San TE oo E T
; B x=g, ROCE
' Any ondered pﬂrﬂfl‘lﬂlﬂbﬂ.fsM|MFFh i CamO i .‘:nmﬂ*_p-,ﬁh.a
logaitumi fuctionif e inlerhnge (e I, 20 Sketch the gruph of the parametric funstion (x{t), W) = (3. 4t + 3)
irection of the praph. # make a table to get the idea of the shape
- =B -5 = =3 -2 =] (1] 1 2 3 I

and
t

F

We can graph y=Inx by of the exponential function will be on the graph of i (¢) Graphical display of parametric equation functions such asx=ar, y=2ar;
The graph s shown in the Figure 2.16- m To sketch the graph of the parametric equation, Let’
ey | 108 | 75 48 27 12 3 1] 3 12 :

27 48 75 1
nlis|w| =z

1 we fol the paper aong the dashed line y =, % ool -2 (-7 |- s [ s [ | 3

two graphs match exactly- for the twd y=3

&
08

: 3 T ey = x is & line of symmetry oAb s = SEEHE i

———5e— _]_: geaphe. L 3 Sl SESA B : 5

, : - _ Fs[y; = 3

- ; 3 4 S ey =1

i __._..mJl = = - =1
o -JI,' | o ﬁf_}'"éf"'gj :a_t::%{_f' <yt ) i_l_: e

4 Figure 2,16 Thiis ig @ right opening pambota, its graph is showm in Fiare 2,14, Figure 2,19
| 39
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o uWIT2

TESTITITE 21| Sketch the graph of he parametric functh
o sketch the graph of the parametrc equat

sori (e(t), it = (s (0,
om, Let"s make 3 table to get the ides of the ghape

2sin () for 059y

andl direction of the graph-
[ )
d

B

| ¢ | o |G) )G -

213 3

A

o | 3 2% 141 0 ary Tl

—1.41 0

| 20 | _© 1.41 2
How, mﬁtdrsmuhrdfumhvdlmnmgm parumelier, 8.2

re=deosil) = xi=9eos () R 1
yn-zsinmza;.-’-hiu‘(l} (i}
. Frean (i) aned (ii). %’-+%’-anu’m+sm‘{t}ml
i So, the formula of ellipse is "T=1whma 3, b=12.

This is an ellipse, which will be discussed in detail in unit-9.

(d) Graphical display of discontinuous functions of the type

wihen 0=x<l

1

x
‘FF{:—-I when 1Sx=2 et

i 22| Graph the compound function:

Example
i xe=2

7 _,_4_.'.Ir_'__—'l-_r+_

ealaiine . LA

-k = s
f{:}n{:-l-l if =25x=2 T “-:-__-,

1 if =2

e

Ao

i o Use the function f{x)=3-x for & <=2 to obtain 2 5t
of points:

(&)
o+
ma”

A

]
[
=
il

X =3 -2
. = [ 3
b Use the function f{x)=x+2for -25x<2 to obtain o set of points:

|;,l -2 2
Jix) ] 4
¢ Use the funetion f{x) = 1 for x = 2 to obtain a sct of pomts:

& T7or D [

Figure 220

A function 1hat defined by
mose than one equation i
called compound function.

Lisz wmhrpninlsﬁouhumh: graph of . compound function in Figure 2.20.

41
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UNIT-2
- FUNCTIONS ANE LIMETS
MAPLE graphic commands far two-dimensional
ot of 2
© an expression (or a funetion) o p:nmﬂerlm;limrm of a funetion

o implicit function by restricting domain and range
Look at the following example, the procedure 1o use the maple
: v £ graphie commands is illustrated
Use maphe commands 1o draw the graphs of the given function, r
fal. Function f{x)=—{x+2)° with domain [0,-].

M Parametric function ((¢), 1)) =coa(e)sin(t) for = <3510 3.5, x from-1510 1.5 wity

from ~1.5 to 1.5.
feh Anamplicit function f—y’ql % from -5 10 5 and y from -5 to 5,

> Ppioty

: B Command Content Menn

[ plotl - (x4 2)%, #=0.-4); [> -lx+2) SR ol
- - n g :
B 4 Fﬂ\ L ':'_ > ploi - (x4 2, x=0,.-4)

o ! ! -4 -3 N o

' l A LI .Y i
- Al 2 Xt
7 : A=
: | 5|
0 5 N I Y
[> L E
Figure 221 [> Figurs 222

I Com
- Context Menn

= plot{ [cosii), sinie), r=-3.5 3.5} [} i
-F.E..!.S,-I.S..I.Sﬁ; 4 stk cosit) 1}
o s > plot{ [sin(¢), costr), 1 =-3.5.3.5])
HECMIEH S HHEsE=
HERR et FE ST
Aes HEHEHEE e T T
__.]J T = jages - :'.
= mm E5AY, 'FE o Samailoiiaif
iaal LTy
et S S : ]
e :%_E aaa tnany o
isisass iR TSR
> Figue 223 >

. Frguns 2.24

This graph is obtained through right-click on

the last .
Builder <20 Parametric Plot” on the ¢ end of the expression by selecting "Plots < Plog

(T FORERLE

The command below will show you full detail of plotting expressions’ functions on line by typing:

e ,:1“_. ,,.-

-
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Ly !
CATY et
g FUNCTIONS AND LIMITS
3 UNIT-2 FUNCTIONS b
i Context Menth b Commmnd Context M \ —y -
i antext Menu §
€. Command o e =yl 2=y =1 (1) H . : I
. plotsUimplicitpl ot} —5 = s 3. = plots| animate] = plos]animaie]['plot3d’, [ cosir*x)
=-5.5); “ b marplortsailé =7 =) (‘plos3dr, [cos{t*x)"sin(t*y), (Y 42 RE Y= :
#=-5.5,y7 5.0 : e =g, =) i=1.2); 'r‘m"[‘-l"n"ﬂf“:--”
——T7 i=1. =k
’ N :
e e v -0
i .3 1 g e
- Pt —= :
y 2 g

_ A S : ®  Figure 2,26 L . _fg' ' >

ure 2.2 ; # kg Figuie 2.2 Figure 2.30
| ig st onin 8 el of the expression by selecting . . j e . . Iulﬂ?.

This ic obtained threugh 08 3 This graph is obtained through right-click on the last end of ihe expression by selecting “Plots < Plot
Plots = D-Implicit Flot =< x, ¥ “ g the conlext menu. — Builder < Animntion (choose 3D-Implicit Plot + Parameter) ® on the context menw
different types of functions ) e —
package plots for plotting s using maple package is '
mmtbll ing example the procedare of plotting the functlons vaing Ape B3 B
ow ; ;
: I;rkﬂ'“‘ ) . I Becognize and write the type for each of the following functions:
illustrat Uise MAFL Emm‘m"imMWlhBHlnm&ﬁmm' t p=asin’x+x b. y=Tx'+3z"-4x4+5 ¢ y=wcilnx-7

m=5 03 " - P

S @ /= b rm‘mI:}:uﬂflmmmmm-mwrmm—m“- ©USMEIATIAN TR ERPAN E yRee B =

= i o = ) -
). {,{r}.;{r}}—mﬁ{ﬂ}f‘mwﬂ‘ i WL on line by typing Ammmmm_mmmnfmmmmw iven by Q1) = 10020
! The command below will show you full detail of p ackog :vlﬂ:rF-:Jil mudmg:ngg;imm:uofnma the bax a1 the following times:
il : a - . - e I“l'ﬁm I-I. f‘m
7 plots|aimate]

*

e How did you guess from the above resulis?
Context Menu E i i ~poi -
| 2 o o sl e bl s e
: £ —b, [ 2" — £=b _ ; : o, sl =2™:{0.5]
i) 3 Fm[;mmug{_p_-';né : h el i, [ =y x=-10.10, * ibm::ﬂlwlmmd point-by-point to plot the following logarithmic functions:
i1 5==10.10),b==3 '>p.fw:i:-dmi:lfulbt_s's A y=lnx b u=-inx ¢ y=2in(x+2)
—— labels =[x "M b 272 _ d y=4n(x-3) ¢ y=4inx-2
'}ﬂ:‘h b -—% oo i SR S Sh?izlhﬂ;m}hgpmmmg
- == = T & (x(e), pe)) =(3=1,2¢ ). ¢ i% real numbser, b. ? =4 e
: = ji?.‘ = e e == = b, Sketeh the graph oft PRy =z
B R ==y Es ¥ & i %eb o doa
i IR o i o e L — 1
i B StEs ﬁ, | €. logy(x+5) L log, s e loge(2e-5)
e 7. Sketch the graph of:
.' > Figure 227 S e S B £ 6 T & Eary
- e M T Bt 23 e G g
| This graph is obtained mmahﬁw-dhkmwhﬂmdnflhnmlb?mm Pots <Fiot 8 Use maple commands 1o plot the graphs of the functions given in Q1. h?
] F.I T

< Animation {choose 2D-Tmplicit Plot)" on the context men,

me@ NET FOR SALE i
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FUNCTIONS AND LiMiyg

UNIT-2

Limit of Function :
The algebraic problems considercd in carlier cections dealt with static situations:
Wt is the revenue when x ilems are sold?
Hlow much interest is camed in 2 years? :
Caleulus, on the other hund, deals with dynamic situations:
At what rate is the coonomy growing?

Fiow: fast is a rocket going at any inetant after ift-off?

* The technigues of calculus will allow us to answer mnty 4
of change.

The key idea underlying he development
studybng limits after explaining the location of intervals ont
Identification of a real pumber by a point on the number line
The various types of numbers used in {his book can be illustrated with a diagram called a namber
fine. Ench real number corresponds 10 wactly ome pomt on the line and vice-yersa. A number Jine with
gaveral snmple numbers located on it s shown in Figure 131k
1 &, =

T

uestions like these that deal with rates

of caleulus is the concept of limit. So we begin by
he real mumber ling,

[ TP

Ii } 1 fe
=1 0 1 2 3 4
Figure 231
Representation of open _I.ntennl,,ﬂmed interval, hal
closed intervals on the number line
w4 ser thet ponsisis af all the real mumbers hetween fwa paints is called an fnterval.”™ =
A special notation will be used to indicate an interval on the real number line.
For crample, the interval incleding all numbers x, whete.—2 < x < 3 is wrilten 35 (=2, 3). The

indicate that the pumber _2.und 3 are not inchuded. J
f-2and3 are (o be inchuded in the interval, sq:w':‘nmckmmuﬂd,as_:n -2.3} i
The chart below shows several typical infervals, where @ < It
e

IS
b

f open and half ™

Inequality Interval Motation
o asxsh [a,b]: Closed Both o snd & are incluged:
asxsh [ B} Half apen/Closed & is included, & iz not.
a<xsh (b Half Open/Closed b is included, a is not.
a<x<h {a, by Open Boih ¢ and b are not fnclhuded. /
Tnterval notation is also used to describe sets such as the sl of all numbers x, with x2=2. Thit
interval is written[=2,5%}
Represent the following inervals on munber line,
| raj. [-2=) ). [4=) . =21
o Starat -2 and draw a heavy line to {hie right, 35 in graph: Use a solid hole at
is itself a part of the graph

The symbol oo, read "inﬁn;it;r" does not represent a number. 1L simply indicates that all e
than 2 are in the interval. Similarly, the notation (-=4,2) indicates the set of 8l

numbers with x < 2,

=k I'"’*i.hﬂtx*-iﬂ

3 1o show it Il tends to Inny (e —eo) L.y
4 Theanswer to the phrase v tends 1o P '. A P :
o “infinity*"ix mywwmnﬂﬁm-ﬂﬂ-}ﬂ

: WW@;@  NeT FORSALE

15 s
CILNIT-2 P— r:.l.ﬁ:' ]
B v s R A
' - LR - R R | 3 * 1 I
b Tho paph ot et B e ) B

—} : i
8 ¥, 4
e The gruph of the interval (<2, 1] is a& under: -

5 ‘*ém—ri: =

|
R 1 ; ; ‘!‘ :5 -
MF . ,' e — e e "
| s :5' 5 ; f; -;r l!ﬂ"
@. | s s 20
H | } 1 | :
et i ‘-4 _.—3 =8 L] 6 } i *
.Emmmmd_imhlht following intervals:
e G5 i, S
T —T

-0=xte:dst|_:'-u'rn =y 7t S vy sl ey A - .
(x=0)  © xtendstoa(x—a) PR e Ay et
i xtends to zero {x =s 0) : ¥ o= mi.ﬂ:ﬂq_‘x‘_ﬂ_“]

The answer 1o the st :
phritse x tends b0 0 j35e: .
i il wid i * P HMWS&EMIMWMDIQWJI“},E:}_E_#
o o i e i i of <l
approaches 1o 0" right sides of 0", In this gination: w & o WhER XI5 8 number
L=y or 5 tends 10 0™ and is denoted by x — 0 whﬂ'ﬁ'jfl-'?mm““hﬂrlh:l;
e +when fx) tends to a single num

: : ber “say

=il e

“Thie answer to the phrase & tends 10 =
seo that the value of a function

.-n"{ﬂhmyrﬂlnmmhm'n

- J"f[x]:-_“:::’ Wy
Mlmdclommummmﬂ g B 4

number very close to “a" number “2a”en both lefi and right < 4

1o ™ or x tends 1o "u*:u: o gm“’rh"“'[’”hiis;;?ﬁlﬂn,' : of "2a", when x is a

A ds Jg.a" amdis denoted by x — o, when /() tends fo 4 sing we say that x approaches
: i .  tene single dumber “sa ;

Wity i y.Lo=3a" .

P

.
" 4]

e, A RO

S




UNIT-2 — _
o (e of a number say 3, |y
smaller, wum-.m’mwdﬂ v ~
m:::*ﬂﬁmnﬂ:fmpmumwmﬁmwl Vwhen £y
from either side. —
Limit of a sequence

e i
number L i hw«mwm
e T given £20, 5 =L Jor nzl il

in.wcnﬂs.'imvmnahuﬂm e
:iﬂ;t:mu |8t diverges or divergent, 'I‘hmnmumhnlum

ol
of a scquente: limis.3=4 % L as 8-

jons are abbreviatod as limSa=L of S« L

These notal
m Lmitnhmp-u-h-n'u-h“‘

’ w0 in vales
Let § =’—]ii M:W.Tnmmmmmofﬁsmﬂml plug

o

considering n a8 positin
nfninmlh:gmmlmﬂnh:muﬂnﬂﬂlﬂﬁnwm

intcger.

mln',u\w]m\zn[z:]f—f

UMNIT-2
FURCTIONS AND LIMITS
.”J:JE"I-K Represent the sequence on one dimensional space whose nth term is n=

? . n+3
EXII The sequence {s,} in terms of function notation h-!‘lfnh;%.m dormain is the set of
non-negative integers. The Tunctional values of x (n) develop

E=al=20 <
n=sn=22 =

oita Lm0
e i ’.i"_’g-=-mtﬁ"—!-,i'f.'-*"'- =z

sty
The one dimensional view on a real number line is shown in figure
' 5 H Oh LELE

Ir Eﬂ‘-l-lld E'ﬁ_-",mhﬂﬁ-iﬂh“ms" Sk
() limira, +5b,)=rl+sM  Lincarity rule

. m:—' =»_l_£;“ Mwe0

(8): lim(a,b)= LM  Product rale

ﬁpﬂuﬂmumwuwhhm

Gisnilarly, we can get more kerms by using
-
ml!tlfiﬂ_,:__-.;__h {H.z'_ —_—

.
= i 'R e

S =

. In the above sequencs we brcated
hanﬁ:m&muh[mmh]:
integers plugged inko
" is an important idea which allows
ue to do many things vr':
gequences  that  we can
mw-uﬁngmm [
Tuwhthtmquml-i,]“:
plot the points (. 5,) as o ranges L R
over all possible valucs o8 the

nuuill“’ Z
pwmmlingmzsmuﬂhmmmhﬂ“ﬂd 3

We Ihen
ummnrmmmpchﬂnﬂmum.uﬂnﬂyqﬂhm
umisﬁmhinswhtnfhmmﬂimhm:-

s, =" =0

| 47

" 17 Find the limit of cach of these convergent/divergent sequences.

I . | A o' +2 ;
?‘ﬂ' {:ﬁ} . {"?‘"'ﬂ_u e fel. {{-I}}
ol v {ﬂl}“‘—H
Hli{ml--ﬁm_
":;1 Seho of e gl pobis
TN e
_.F I.{..—I- H|+_I| " h{-l}
" e : 2
10
-.Lln-i;-:ﬂ remm) _I_ﬁ
[P s
| 10000 i
Hence, the sequence is converging to 8. 100000 _ 1
b Let WA 42 it
e Tr_l‘d-n’q-].
] 1 2
NP2 Wl ar )
Eﬂ_ “E'E':Tﬂq*ﬂl“‘!":ﬂ"j[? 1 J ]
Ya e
n o A
N TR RS LR "
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1,27 le—st—s
i s i T.i:}‘ !.,.,ar o
=T __!-,_+_! . +L+ "'_I 0
now e (wm) (e

In the above expression the numerator tends to | asn — o, bt 11'!; denominafor approache;
to 0. So, the quotient increases without bound. Hence, the sequence is divergent,
¢ Lol g = |:_|}"
:hl'l_;ﬂ* w!ilr_EI'{_-I:r
The sequence does not approdches to any specific number. So it is divergent sequence by oscillation,
The nith term is always either 1 or—1, 1t is | when nid even and -1 when n is odd.

W Limit of a function ' - b2

“Let f (x) be a function defimed on an open injervel X Containing x = ¢ (the value [ () do not
needs fo be defined) I
The specific number L is called the fimit of function ffaxx — ¢ ifand only if, for every 5 >0
: 45 .
there pxist = § stich that ]_rEIj_Ll‘:E s e D{h_d{-au.

This definition is also known as the couchy definstion for limit.
i Usunlly limit of a i:l.m.cﬁuni!'l.l.l'rilﬂ"nls 1}5;{:}=Lmd read as

Sl

FEde

“Lim of /() asx— e E"

This is neither desirable nor practicable to find the Timit of a function by niimericel approach. You must.

e able to evaluate # limit in some mechanical way. .

Theorems on limits of sum, difference, product and qmﬁmt of fun
demonstrate through examples: St i s s Vi vt o Bl WY

Let f(x) and g{x) be twe functions, for which Eﬁﬂx}p Land lim g(x)= M

L The Hmit of the sum of two fanctions is equal Lo the suim of thelr limits

ctions and’

“ ) lim{/(x)+ ()] = im £ (x) + lim g (x) = L+ M
'] FECETTTINS, 28] I f(x)=x"+2x+3 and g{x)=x—4 then calculate lim[f(x}+ g(x)]
i _‘j D since, flxy=x" +2x+3 (i)
4 glx)=x-4 (i)
Ui By adding (i) and (i) S(x)+ g(x)= " 43x-1 (iiiy
" »}I Applying lim on bath sides of (i)
¥ 3 Ijg;Lﬂr} +g{x}]-l's‘t_rt;[f+3x =0 ¥ « [1f f{x)=K, where K is any constsnt than
e L ot 4 3lim (x)~Him(1) =4+ 6 1=9 | /()= mK =K (constant rl)
[ 1 ] =l e ) e

i Hence, lim[/(x)# g(x)]=9 | timk = Klim fxp= K L (mltiple

! i The limit of the difference of two functions ks cqual to the difference of their limits

lim( f(x) - glx)]=lim f (x)-limg(x) =L-M i
RIS, 29] 1f f(x) =x—7 and gix)=x" +3x+2 then calculate lin}[f[x]—-g{.t'}]

flXy==-7 .
‘(_ﬂﬂ;’-]-h'l"z

i)
i)

D s

' 49
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UNIT-2 nCT
By subtracting (i) from (i) o
SOY-80)=(x=7)- (¢ $3e4 D) mx—T=g ogp-z 8L b
== = 2x-9 w Lx 425 49y "I e

By applying lim on both sides of cquation {1111,
i q !
ML= g =Tim— (" + 24+ 9) = —lim(x* + 20 +9)

==[tim )+ 2lign x + i (9) | = ~{1 4 249] =12
Hence, lim[ f(x) - g(x)]=-12

i, The Hmit of the product of the fnctions is cual to the product af theie Timle

im0 g001= [l 00 B = L
Examinle r : 4 ¥
LRSS 30] 1f f(x)=x+5 and g{x)=2x¥~4 then calculate lmf (et
. lim 2(5)]
m Since,  f(x)=x+5
29 =2c-4
By multiplying equation (i) and equation (i,
Six)gle) = (x+ 302 —4) =2 — A+ l0x =20 = 26" #6x-30 |
By applying i._.‘:; on both sides of equation (i), I

i)

[T
F1d

lim[ Fix - = 5 -
Ll *“Ef 1"?“’.f."n _iiff‘izr:@ mf"’!"ﬁ“‘l+5!‘£,ﬂ£‘}*'.‘5{m:-
=29)+6(3) = 2=18+18-20=16

Henee, ljﬂ[f{:}x(.t]]zu B

The limlt of the quotient of the fanctio
linit of the quulnﬂ::g-::h&-&r& .

[

[ iy limiixy
o L L v . =
..'.’.‘[ﬂﬂ] *’—I.mm}-ﬁ.whmm:ﬂwuﬂ.
SR 1] 1 f(2)= x4 and g(x)=x"+3 then ealculate. m[ﬂﬂ]
) a3
D Sicce, f(x)=x-4 e
’ gi=x"+3 b -
M ¥J (R
By using equation (i) and equation (iij, S x4
5k T a0 P43 e
By applying mm beoth sides of equation (i),
L0 g2t ] B0, 204, s
I—-\.g{"-} R R _Ihl'l;[.l‘l+3'p —y 4.{.5 ‘-F

Hence, lhn[ﬂ:ﬂ =
s o e

fa I equal to the quotient of thelr s provided the
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. ¢ FUNCTIONS AND LiMisy
= 1 : 5 UNIT-2
UNIT-2 i i ot FUNCTIONS AND LIMITS
Mﬂﬁm‘ﬁ‘m YPe N 3 : u:gm,
= .l"-l'l" 79 whenx—ra " pasies pmece. g
¥—=a x=va I - :""I
o lm'-[ ] il - ' [oad 1T
i amerator by denominator 10 obtain: ‘ =) FX[ T
Proof: hﬁhﬂumwmﬂmdwlﬂ:muﬂ by | Lol Uit
-a TR Tl T8 i
I mieaT e mhﬂmmfwuﬂﬁmﬂz s T

Imerestingly, the valoe of cxprossion  is mever close fo 1, bul seemas 0 be approaching 3 number

chme b 27183, I facl, o ¥ incrcases withost bownd, the vahoe of crproxsion  approaches an irstional

polynomial, the function the of the above above expression .
::m'mmm:eu xﬂ:umﬁhhmnx-n Mhhmﬂnl'lhewmhll I
'- E

when x tends 10 @ is: ) rurmber that we call ¢. The imational mumber ¢ to twelve decimal places i:
;"E% Wam-'u’f‘h--wﬂ'"f“ ) : h[uﬂ'ummrm--
o tad AT +m""~1fr-=ll’m:‘wt : From resub 1, the new resubl dodoced is:
ad™ +a P b AT h[lq-lj-i.ﬂmlmu
b h[ﬁ]—!ﬁ : Sac i ' TR J;T;-J“ L Gy - sinx
Proof: Whenz—a, the limit of a function is of the form [%]Mumhnnd. In this sinmtion, . . = x when x 0

: memumnmﬂﬂ Timnit: 6. Show that hﬁ_lh:} ne
we nood to :

e e

! .
x+ > s iy 0 Proof: ““ﬂ_}'*;,hj—!-‘. '*II'-—I‘_& Hh“*‘h“mwﬁ
_htﬁ+r-hmr+“ﬂﬁ-r+rtlr ! I right-hand side: ﬁ{hxﬁ:&[n..;.]'g,,

fimi

=

a' =1
= [|+l]‘ when x =+ = h..llhuﬁ&-—-—nhu. i
% : Proof: Ifweput a'~1=y, uzum-&;hﬂum

Prove that 'Iin{H-*I-]l-l‘ a-l=y =a'=l+y

miber i u;r-nyw
1“#}.““““’“’“‘“‘”” i logla')=logll+¥) =i1lga= + ¥}
Prool: mh“-.e"ilnlﬂlﬂnﬂlm (! ““ﬁkghymhullmmmﬂ
mmlmmw.nmuwuﬂmuumh . v log o = log(l

| [l-r']' 1l ' lga

: ™ Use a1 b

sufficiently large x. Whppmshi::wlmuﬁhegpuﬁmu:ﬁnmwﬂmmw Ehin. 1l e cxpression =—— to “‘:!"‘ =

for Yy . ‘

mmmwmmmﬂhﬂt: _ _ . log 2

T FER
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usIT-2 b
Taking limit y—{, whenx <
lhx“':"*ﬂlm! _r = lim— 1 | "E—E'JEE_! :
=t x L, ity Mlhmﬂl[m—] " log(1+ )’
oy, 100 -f;i"-u -
=log llugﬂ-—-ﬂ'lbg,lll“ﬂ'lﬂ ™
hﬂ"mﬂﬂl' ! - .-:'.,‘-_: S
= By replacing “a’ with *e’ the following rosult can be dediced. .-.:1;': . s
o e = ey \ -
fim =lne=1 b i ]
- . amid -]
} cvu=da - 1 Iy : (Fsalanaiifid
¢ Prove that EEI‘——'—-E;.}; el P, e s T e o e e,
! ‘d'-“_ \lrﬂ "f' J sl e v o e gl AR IT S alaady
| Proof: We have to show that: i 25— T e e | ST 5 e it vt
. J J5 —I
g k Take LHS  lim £ (x)=lim s «F e ﬂwmﬁ isundefined, .
| ‘Noww, rationalize the function £(x) vi oy fourss o ol . e weTR
&Y m-r J;T.m]_ AN
s fiz) = Jiva+da - 7
Tha=a T T s ix.

GO
= lim f(x)= H.,q;;:':;}; '

_ =
R —

i g - RS - v
g W‘T
d. Prove that lim 21 "‘]"" =n il Cripe >
Prooft Ifwepui{l-i-x]‘ ~l=z Ml,'l-l-x}'-l-* P q,“_
. <(1+x)" = {1 +2) Taking Ingul'h'thsidﬁﬂnnhmin.
£ hjfl-ix]‘ti&g{”z}-h e vd st 4 (T

; alogll+x) =log(l+z). . .
Unmmeﬂpfmmnshmluﬂ-hudquufﬂulmhwminm;igm-hmdm :
{1+ "_i .i,ixﬂl*‘} ﬂh!ﬂ“‘l i 5 |‘R‘h1nail+ﬂ'
x x x log(l+=) lgiﬂﬁl!} £ . lng[l+z‘ﬂ' -.
Tuking limit =0, when x=30: = v it o
o )Y

H £ 1

TR T

mlugt-u

xlrmnhu[li-z} - "'IF

n]lm

Iu-g{l +2)

ags!

St T

' T EE "

TR '-
i-'fl"l
=

1‘."‘5 o . _LE_:-F? i T i
(RIS e iy 257
P =3xe7  Nmi'=3e47) gl 5
@D -5 5 " mise 9xe 6 Se946 303

- FURCTIINS AND LIMITS

B
Ih!ﬂlﬂlll!hlb{.lﬂh Thiz is & theorem h“““““1ﬁm’“llmlﬂllmhh
I-Ih Iﬂﬂﬂ I-Dmhlit Tumits 1'\‘1‘“ ather m might be IHM}' wm Ta ﬂﬂlﬂ

'mrm;mummh functions sweh that {2} 20x) < Mx) for atl ¢ im secce

e, exoemt posaibly at ctself. 1 lim £ (x) = L N

e L md' Hm.ﬁ{,:}-]. hen firl‘lgh:j:

¢ Frove lnt'lli.‘u%-’iﬂl iTmngle x it measured in mdian,
Proaf: Take & positive acute ceniral angle of & elrele with radiis
r-lass}wwnhﬂ:ﬁgw

Gumnlumm im:lm—lﬂﬂ | = I[rldllﬂuﬂmutm:l:}

In ACRS, tan x= h-mr

In term of , ﬁnnmmnpnﬂedﬂpmduuﬂﬂnﬁﬁ that
mlﬂﬂjm;iﬂk :

(i) Amnrmm-—ra.qm- {E}[lhr]ls-aln.r
”“".“ .mmw mﬂ=jr"x’-3-{l][x]a e

(i) mqrm-'i}aq}mj‘- {I}{unx}--u.x

From the figure we cbserved {
Area of AQRC < Area of seetor (RO < Avea of A 5SRO

1.1

z.ticztuu‘

A;sn;.til.pmuﬂ ne,ﬁvndmgby —llu:mm

TeE i vy
Sinxr  comx
When x—0, cosx—+

=l={nx«:

W |

v ’[‘I{:{E}x "I:\rE}hﬁxwmxciﬁ-—{l i)

_— .
Snm—— hmﬂm:hﬂbenmnindlqmwityappmhu 1 ieselr.
Mm wmmmum-mmnm ﬁm—-r

W""“"“’ of different algebraic, exponential and m%m.#
o

The idea al‘]mih'h the above sitiitions is ilustrated in the fi
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FUNCTIONS AND LIMITS

E}f.ﬁﬁiﬁl:i\_;ﬁj Evaluste fim G —3x-2).

i
lim = 3x-2 = lim(e’ ~3x-2) u[!'ﬂ{;’-3:-1}1'5-[[-2;‘-3:4}*:&-{:}; -2
I a4 Evaluate the limits :
. (a). limsin® x
m:._ I.".ﬁ sin’ x-{lj_rg :in.rT =0
7 MIAPLE Command to evaluate limit of a function
“The procedure of using MAPLE command ‘imit’ i illustaed in the following cxample.

&), I;i_lnﬂ—msx}. wbﬂlﬂiﬂ.dlx:ﬂ lﬂ?ﬂw:-l.

) i —
b l:m{l—mx}—ﬂl fimm cos.x -1

o T, 28] (@) flx)=af +2x+2, when x tends to 2.

‘ @), [f(3)=(25")(x=4), when x tends 10 3.
fe). f{:}n[i::".MIMWI.

Tﬁsvdl‘sdwwmd!mmuﬂdsmnﬂhnh

a. Command

= limif(x® )+ (2x+ 21 =2% W - =
Paleties: ursar button to select limit paleite. -

g:'hn:pired li:nh'.ﬁ;‘bcuﬂr:plm:hr 2. Click (a + b) (for sum

ndeﬂnrumhn].ﬁmwm'hn‘kwhﬂmﬂ:mum h

. = fiwiit,

Linmit: it

e t;:%[{x’]+[2~x+2]‘j

- 1o
b Command
> fimiti(2s" x4 x=3% <4

Pabeties: mmhmmhuhﬂwﬂpumclm-:h!qui h, et
m:r‘bi{fw::.ﬁﬂ rule of a function), then "Enter” key 1o oblain the requined lim.

’ _Ig,lli-:’Hr-all

'_54 L
e Commund
l‘-ﬂ’] ] .
Hmﬂ[———,x#a H
-a)
(= ”

5 ' v " :
Using Palettes: Use cursor button to sclect limit palete, Click-the required limit and replace a by :

ct{:b[EJ e quotien e of & unction), then "Enter” key o obtai the equired lmit
b

i e "

red limit, ana rzotace 2 by 3.

e FaRents

:h;l
FUNCTIONS AND LIMITS
'Iirﬂ"’;'I
RO £ |
.__] =
d il F Hml :i:u- r hm:
R o | 4 ang’y i x
im 25! b sin’(Tx)
- w8 Tx
L Use algebra and the rules of limits o evaluate the following limits;
I 1
X x+3 3 Jz =%
B !—.:h-.-]‘f e !ﬂ x & H =5
S Find the limit of the convergeni of the following sequences:
e b {2} o L
at+7 S4n '
4 Weckly sales (in rapees) at big store ¢ weeks after the end of an sdvertising campaign are given
3600
h‘;.ﬂ#}=m+m
Find the sale for the indicated weeks limits:
o S(5) b, lim 5(x) e limS(x)

Use MAPLE command “limit™ to evaluate the limit of all parts of Q1.
L Use algebrix technigues 1o evaluate the following,

I'Ih—J; f"'ﬂ. l*m
e b. ;
a Ii|-E h !E_Er__‘. e E]“ﬂqﬂ
tan @ —sinB i ] '}
d- = "
e « mp-] - St
x
s

What type of finction are represented by the "““""",'_"-ﬂhuﬂ
- !
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UNIT-2

FURCTIONS AND LIMITS .

~
Continuous and Discontinnous Functions 1 -
Before discussion about continuous and discontinucus function we will revise the concept of
Vit of a function, which we have done in previous Section 2.6,
r s = 3 "\
mmgnmun of left and right hand llmitx ‘ A
1 st value the Riticlion approaches as s g-walues approach the limit from one :u:!; only ie. the
left side limit and the right side Iirrﬁ:;t, . ;
t The left hand fimit af 8 function ! _ 54
’ A given function f{x) has aleft hand Timit it £{) can be made as close to the mumber. *L" a5

we please for all values of x<cep. !L".l Fixy=k«

. Theright hand limit of a funetion N5 sl
I A rmwfim () has a right hand Timit if (%) can be miade os to'the number *L ws we please

lim f(x)=L

for abl values of x> ¢ iy, , _ N
“In general, the function has a limit as x approaches HlmlE. the left frand and n_ﬂlﬂ..hm:;l fimit ol

cexigtand aree . ol Jiny S{x)= .'I-:L_T flxy=lim _.r_‘{.t‘] al

[T 36) Determisie whether i f (x)and lim £(5) exist if

Ax+4d fosr=3 =
.Jr':;:j: 16—x lfS!'.:'-CI‘E. X V
X {FIEE:{M ¥

fal. !Elgf{x}ﬂli!ﬂf{‘rh I.i_r_'ln{3x+-¢]w3{3}+at=ls- B ,
]rhnﬂx‘}-Iin‘tf{x]=1=i!'[:l:15—-.-:}=1§-—3-II3 .
il el
Since lim f{x)= Iirgg fix)= Iir:'lf{:rj: 13
P = i 4] )
= lim f(x)esists and equal 1o 13, r
[ 1 . e | |
{b). !L'gffx}w‘ll_r‘l’lﬂr}:ﬂ.ﬂlélﬁ} :-]2 16-12 =
Umﬂ-f‘lmlimﬂx}n!jg; x)= 1
e .- i Therefore, lim fix) does not exist. .
Singe. Ty Jisye i!.'f}f{x'! i i:iu H;?’ pobsariscie B S tal
Here, we observed that sometimnes im -
fie) is not defined wheteas lim fx) = fixjexist
Continuity of a function at a point and in an

L Continuity af & Tunction af a paint
A function s said to be a contnuous

equal to the function’s value c.g. Congider funetion
(i) fie) is exise. .
(i) lim fixy= ﬂ:_ S {(x)existorlim [ 2 eistd nndi)

ify  lmf{)=Slek . | Frasd
If any one of the Mmelr.-.-;md?ﬁun does ot satisfied then the function is nol continious;

A ,.;rﬁ"lli

funetion at a point if two sided limit at that point cxish and
,.l"{x}.i!is:mt'mwusntmtpamt;-nf- i

AT

e 'j
oY

mmm

| o FUNCTIONS ANDLIMITS
37| Discuss the contingity of fle)=s' =20 3005 on 1

4 ety
F =020 -xn+5
- I-2-34+5=1
B lim ()= lim (- 25 - 34 5]

= (1) =20 =3+ 5= 1
- ol £ = i ¥
J fim f (x) = iLr:'!{x —2¢*—3r+5)
—=(=20¥-3(0 + 5
=|-3-3+5=]
e = limflx)=f(1)
& J{x) is contimeous st x = 1.
Mow, look a2 the following graph of function,
It can be seen that the side limits consider with the valus of the funiction with the point,
Ii. Continuity of a function in an interval
A fisnction ir vaid o be @ contimious finction i dn ineerval when

the fenction ! Sned gf eve fref ey tivant i frimps
Frevarka fnval; e S i

AL zome functions f(x) salisfics these criteria from r=ate
v and we say thae f(x) is continuous on the interval [a.5).

Farxm= |

A fenchion B mid b
discemtinaons fumctbon ar a paint
‘e il one of the thres condifions
of comtimuiry does pot satisfy. |

SUx) s contimuous aver the
closed iotesval o A] if it is
contisuols an the fa. b) interval,

. Test of continuity and discontinuity of a function at a pointand in aninterval

W Exaimple

i 35] .niseuuﬂwéﬁnﬂnuiwarﬁp].f_‘i‘!. P —
P

i b
@EXIRED 11 order to check the continuity of the function JUx) at x = =2. We will have 1o check the
function for all three conditions as-we have doge in Exnmple 37,
f(x)= ' '
R " x+hd
2'-4_ 4-4 0
gyebRcd i 0,
S2)= 5y = g =g = Undefined
Hence, £{=2) is not defined, We
the function will discontinuous.
Therefore, f(x] is discontiniious function at & = -2,

However, ift we iry 1o find the limit of f{x}, we conclude that f{x) i i w i “m
other than =2, GOt

know that if any ﬂfﬂleﬂwctmlditio_m of continuity does not satisfy,

. Lo -d
lim f{x}= }E}‘—IH =lim(x=2)=—
“This implies that (%} & continuous ot all the values of x other than -2, s e
[T, 39| Firsi—class postage in 1995 was 50,37 for the first ounee and $0.23 for each additional
oumee bp b L1 ounces. [£ple) is the amount of postage for a better weighing in x cunves, then we write:

BIBT FOR SALE il I
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UNIT-Z — FUNCTHONSG .mnuwn

“i-!!- #‘u‘{xsi - e T i - LU 5] :
50,55, if l<xs2 : ] J— FUNLCTIONS AND LIMITS
.F{!.‘]I "_ﬁ' ] r e — -
e i H T 24
and 50 on u - L e e o S e - o ¢
fa). Graph pix) for 0<x< 5 i ; H functions: i to-test the continuity snd discontinuity of the following ;
@), Find lim ple), Jim p(x) and p(1). Tl %r . % fD=2-3 b Mmoo . x=S by
(). Find HJ‘.‘,”"J and p(4.5) 5 U i 1 3 x-5 (x=3Qx+2) . ; .":lé-
i 1 y B L . X fxe0 ' -
" (ST ¥ i - P z Show that function f{x) KI x x» is continoous ot = ,
@ The graph of p(x) is shown in the { .- 5 v I ix=0 :
: From the hﬂﬁx‘:rn:mmﬂ'feﬂ, right limits K Figue 2 j 4. Uee the graph of the finction glx) to answer the following [TTT T EALTTTTT |
; ; ; - -2 +  Questions: 0
and the valuc of the function ol x = l'are: - ‘ _ 2. s plx} contimuous on the open interval (-1, 2)? - e ARENNE
fim p(x)=0.32, lim pix)=0.55 and p(1) = 0.32. ; b. ::ﬁwlz‘;'“m“-_” - LT e
sl L el x)m p{=1)7
¢ From the graph of the function, the limit and the valuc of the function are equal: 1 k;; 2 - '::"“r_-i'“ . 1 |
lim, pf.sz_l.u.' plas =124 : ' 1s fim ﬁ',]i,'“;l':}.l, x i
Thus the function is continuous at x = 4.5. : + 4. 15 glx) continuous on the elosed interval (-1, 2J7 i o
: A : ; 4 Use the graph of the function f(x) to answer the fol
- - . auestions lowing [T TR [T
o i A Is fi{x) continuous on the interval (0, 3)7 M ;
Sometimes fanctions need to be defined in picces, because they have a split domain. These flanctions roguer b : open
: furmula 1o define the fnction, and therefore these of fanctions are catled oI5 f(x} continuous from the right at ¥ = 07 | L .
maore than one 3 the Types e ";”F,;.ﬂ’]“ﬂﬂi? i {
Lr e b fix) continuous from the left st r= 37 i R
e ey and Ie fim f(x)= g(3)? s 1
_-'.. e Tberyal e g S 3 i H

S d. I p(x) contimuous on the closed interval [0, 3]7

= —— 5o Gemph and locate all points of discontinuity of th following piecewisc functi
m al the |-.i-|l- wl exngipls The P‘“’d‘“ r.!f “‘:{“'g' the II'I# & I+x, m{! iyn ) - y’cu'
command for continuity of a function is illustrated in this example. Bl S-x, if x21 b =il yx=0

.'-:'I-::h_._"-:.'.‘.'_' i =

el

: Eﬁjﬁ@ﬂ;{q}mmhm;mn"mm the continuity PR T T Ms::moﬁ"-ﬂﬂ
4 : . . ry per month and & commizsion of
. of function ey P i fﬂ%ﬁ&nﬁmﬂ%%m&lﬁhmﬁbnﬁm%wmh
| Gl Tl Hont 041, the monih a5 function of the monthly sales. ) P TS ID€ peron’s camings during
s | ). Mmﬂ?.:n[ni}-u a, Ciraph E(s) for 0 <5< 30,000 b. Find Lim Efs) and E(10,000),
fc). Open interval (0, ¢ Find lim_E(s) and E(20,000) d. s E continuous st 5=10,0007 Al 5 = 2,000
-~ m_{ﬁ-&-tﬂ::ﬂi ] frue. 1. mwmﬁm’umhmﬁwwm]-‘i;'?hmm{_g_5],
s frcoad i + 4,220, elored ); . :
« iscond & + 4,520 _Lapen’); .
et
Creste st least five functions randorly then use MAPLE command “iscont” (- check their conl! N
on interval {0,1) — :
_ ——r o |
@ MO | . ]
. 3 &




L UNTE2
UNIT-2
B Chnsse the correct aptlon. —
“.‘-' " : J1+‘X"3 § NPNE AND LIMITS
The independeat variable in the fanction 3 == 7™ " m
I ] i) ¥ 1 (I o k. -
S . : 3¢ -2 - ' ¥ " Rt 0 Ao g Ko dah vibiwof
il . ff{#}’ﬁ'lhﬂﬁ*ﬂhf volue of the dependent variable y: 3o f{x) the independent vaniable x & unkque
i 25 - 3 S e & A function that defined by more than one :
P (= = by Ty e} T - (). undefined - mﬂﬂphnl’lnm:ﬁuuﬁx]mhunfmmpmmmm‘wi;mu“:'“P‘Mﬁ.llnu“_
e e o L0, foe wll £ i the domiain of f (=), pie conedinates (x, y) satisfy o function
ji.  Thedomain of flx)= 3-:+9 — i & Lot y= f(x) be a function of x. This function takes an ,
() {mee, A =259 (b, (eea, B U (=3, ..}, _wm‘ﬂﬂlhkx.ncwm Wlmxuw‘mwm. e 3 in respanse of
| (). -3 (el e 3) ¢ " independent is then called the inverse function of f{x) and is d i i oo
| ) ﬂwﬂnmhnn!‘ﬂ.t]a =3 1:& 4 A function f(x} s called algebrale ifit can be constructed isdenated by: x = f(y)
| 3x' +9 - il ek W . - subtracting, multiplying, dividing, or taking using lgebtaic operations (suchas sdding,
1 (o). ¥2-3 (0). x5-3 (), wSxge . () —mSETe is an algebraic function. roots) starting with palynomials, Any raiorsl funet
! o it ;m;qrqsa:; _ ke ¢  Finctions (hat sce ot algebraic o
! {a) 13 by, —13 LT T = & Ifafanction is defiscd are called transcendental functinns,
vi. Iryrs:up:mdh:letmohhy=f{xllhmwsﬂlhd. | YEa explicitly or i -Fymmw“dﬂ"m"'ﬂ'} one sy that the i
; _ {a), implicit function (b} explicit function proemindle g explict. The terms "explicit function” and * Ronton & éiand
(c). Tinear function (). mmm -fux w’”m“r“‘mmﬂmmummnmﬁ:"m Fanctan dor oot
i, Mf =38 +2e-landg ()= b 1 thien fla ()}is: Fik ) e I ) may also be represented ms an implicit fanction y = Every explicit function y
@, el (b I HBeA ek A+ 8-l (d) -84 I{ﬂ-ﬂﬁ'}“mﬂﬂﬁmu{mtj it
! viii.  Thevalueof s i - r“fﬂmiy-,m ©n an interval D, then the equations
! (@l 3142 ), = @an” TS ars calied the parametric equations for
T o 4 in plane: (5, y) = (x (1), ¥ (0) U'[:L the plane curve © genemated by the set of ordered pairs
s 1F 5= 7 then the value of x is: . , | * "ftﬂiuﬁmhwr;,m,.;“mfﬂnm
{2k In{7} i, In(s) feh In(x) (@ (7). approsches ¢ : fim f{z)= L - Mm"kmmﬂflﬂWI&}u;
In{3) In(7} Ini3) In{x) % A function f(x)
i =5 Cothx= | l!'ﬁ.lﬁlg-d- I ﬁllllf'ntll:.m";_: ot all thires
e e e e e : . of the following conditions are
) —2— b e 3 e iy . == & The function is defined a1 ;
. 1 20 e =& 4 o The Runct x =g that is, () exsts
wi.  Infm)=IntA)= _ : g 1w ction approaches a definite limit as ¥ approaches :
(a) Infm) e R L S L4 . o The limit ofa function is equsl to the value  thatis lim f(x) exisis.
i, The function f{x) = ?2—?- is discontinuous it point : lim fle)= fic) of'a function when x = ¢; that is,
(@ =11 Y T e 3 ). 4.4
. sin
- ‘i“l'?i_’ ey Trere——
Wiy muathematicizn
(wl . 2 fc) 3 (). 90 et it to Manictioga atd ediscator. He carnod hs ph D
xiv. ll‘j‘{ﬂl = B.secf then £ (0) = ' rtipumnto .,.-M?E:;;:ﬂ‘““ iz i, F T s P
{s), 0 . 1 @ £ 5 @ mwmw.-:mmwh.;.m'm.wm**mhm:w

XV, The inverse function of .".'._'.L"?im
5 el"-H'z
. ’] M ..._“] Vil 12 £, f<i=x
b ﬂl[z+1 { 2‘“ e [ek Elui = {d). _ihs =
HOT FOR SALE
g2
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fifi-
v,

; i from first principles (ke derivation of pawer i), known ar differentiation. But the imverse process of differentiation {x | 19 1he sensc of o wepent liae the |
:-‘ [HifTerentiote v m ", where € Z(the st of inkegen; it kricwn ax tam® We will discuss in details sbout integration in | concept of derivative i very old b
by, wivein o= L and p  are integers such that q 0, from fies principics. tii of this book. in the swdy of mathematics, This He
G Differcmiate y = (aedBY X e T B familiar \o Gresk geomeisrs. ey
: ! . Derivative of a Function "

DIFFERENTIATION

T s WA e

o
1.1 Dertvative of 8 Function

ent vanabies.

Distimguish between independent and depend ot ~variable. when independent varinble is incremented (g

Estipate corme ing changs in the depend
decrenwerited)

i W of o raie of clinmge. o, 5 4
Ecxﬂ;nﬁt:;iu fungtion umiunnumﬂﬂmwummgml‘nmh respect o another varidh

Defime devativa or difTeremtial cocfficvent of a function.

3,2 Theorems on differentiation

L5

Prove i foliowing fheerems foc Jiffersatintion. |
LR b ki 1e of & finction is equal to the product of tht constand and e

: ™o change by ealculating ihe ratio of change of the function Ayto the | g f ;
= the derivative of my constant i - _ : f o .
derivali n. functions i equal 1o the sam o diference) of their derivaing change of the independent varinble Av.In the definition of derivative, | approaches 1o the deriv q 1
the 'Elil*:ﬁ-:'mzi‘“:}r:m”w“'m s e ¢ ) the ratio is considerad in the limit as Ax —+ 0, At

« e derivative of a prodoct uftwﬂﬁ;lﬁiﬂ:::ﬂmuﬁ_ 3 phs (decivative of the fis 8 s % (&

The devivative i5 one of the main 1ools of ealculus. 1t §
point in the domain. Bt is same like the gradient or stope of the tangent
line 1o the graph of the function at that peint. Before going 1o the
dl?fl-l?itiﬂﬂ we need to revise the concept of limit introduced in
previons unit of thie book,

In this unit, we will stant by defining dervative, which is the
central concept of differendial caloulus. Then we need fo develop a list
of riles and formailas for finding the dervative of a variety of |
expressions, including polvnomial functions, mtional functions,
exponential functions, logarithmic functbons, igenometric functions
amd hyperbolic functions. “The process of finding the derivative is

The derivative of a function at some point is known as the rate
of change of the function at the point. We can estimnte the rate of

DIFFERENTIATION

5 instantaneous mie of change of o function at a

Buiae Nrwion

-

But the modem development of &
caleulus credited to [sasc Newton
and G.W Leibniz. Who provided

Independent and dependent variable

{ihe st fanetion) * {derivative o
il fisnction). ) .
- :L:zcrimiv:uhqm-hnm of two l'ufu:lnms s cqual 10 e o B
: > ikl 5 : .
denominglor Hime 1_h= derivative of the numerilor mw. merafor mes
depnaninator, il divided Ty the square of the denoming

33 Application of Thearems an differentation

To understand the origin of the concept of variables, some real-life situations in which ene
nurmerical quustity depends on, cormespends to, or detormines another are considered. For example,
| The amount of income by (output’dependent variable) you pay on the amount of Your meeme
J'Ilinp‘ll:ht-"llnitpeﬁdm variable). The way in which the income determines the tax is given by the tax
aw (Tule).

ials LA in busi i i
: leation o T B e R - e Edﬂ:;:.::ng (?::;?:"i:ﬂmu o k::uf ]'ngfam {output'dependent varioble) chanpes with respect
‘ ::;Lm:;??u:l;r;m : " qmll:ﬂlnﬂwuﬁmﬂm - 3. A person in medicine wants 1o know how o patient’s reaction to a drug {outputidependent
= c“.h 0 warigble) changes with respect to dose (inpurindependent variahle).

In cach case, the change in dependent

o 1
dy _dy d ) and e glx) i, Show that 7 f= g

ari A variable requires the definite ok i
i, Provethat dr e dr py variable through a definite rule which is callcd » function, e chenge in independen
-.';l' -8 jof 4 n ; m — - -
i Usechain rule 1o show it ILHH}- =al ™ Six) Méﬁﬁﬁaﬁ?lﬁﬁmﬁ;mm:rh 0
Find derivative of Hﬂptlm fanction ﬁ_fil:ﬂifl.ar Sihiﬁmm T?JZ-IZC sk n il L . nted

v,
1.5 Differentiation of trignnomeiric and Inverse
i [ifTerentinte:

f:huli_ng': i, dependent with respect to change in independent is that a driver
: trip from Peshawar o Islamsbad, in 2 hours. The table shows bow far th
driver has traveled from Peshowar ot various times: i ’ j

trigonometric fancthons

and cot x) from first principles. e

muokes the mun of |20, mile

{ i {an x, cosed X, 00 X, :
o g o fan ¥, AFCCOGEC X, BICIEC ¥ 0 0.5 Lo iJ-LS. 2000 -
o imvorie irigonemetric furctions (arcsin x, ACCOR X, A ) 2 =0 It s T =

diferentaation formmilaes . :

If fis the function whose rule is f (1) = distance from Peshawar at time 1, then, the table shows

erentin inl and Logarithmic Functions
1.6 Diff tinn of Expancntial a o that F/{1.0)= 54, F[15) =88and £{2.0)=130miles, So the distance traveled from time =15 ot =20 i

Find the derivative of ¢ md a” from first peinciples.

i & first principles. d ]J;“ b : : I - .
- Fmdlh:dmlwofll_u:nhdlﬂgalﬁ_ﬂm_ A0S i i anif F(2)-F(15)=120-88=32, the change in dependent variable {change in distance) in response of
E}_ Us;hgm-itlmiudiﬁﬂmlmmmﬁmdmv::wnmg‘mrﬂ:]?wmhwmmqmmﬂl L) {15)=120-84m 30,1 changn in depsndent variable (change . ditancn) i g o

17 Differentiation of Hyperbolic and Inverse yperhalic S{L8)= £(1.0)=88-54=35, the change in dependent varishle (change in dis = o
i Dhifferentinte:

decremented independeil varable 5.

CIOT FORGALE

. perbolic functions (sinh x, cash x, tank x, cosech 1, sech x and nulhx]._
. ?:un.c hypestalic functions (sink ™ x, cosh”' 5, tani x, cosech x, seeh™ x and coth™ £)-

+  Lse MAPLE cothmand diff to differensiate 2 funetion, -

63




w._.-_g'_ o : ;
. DIF?EEEHMTIN A
U3 UMIT-3 o .
change MFVERENTIATION
| wm{m‘ orarate ME (s something We encounter gvery day. le:e;t;nr;h. ifag, m
. m“;,,: iden of g I; 0 5, then we say that it secelerates al Ti;:bﬂmlll m= "" i kmby, @  Theavemge growth rate through definition (v) js:
\ « acoclermies from 010 SOKMU Dy X 555, then we say i e SREC e oty Ah_Bo+an-bl) _Jirm-1-pli-n_JieR e m— -
: “"mmmw“m 28 inches in 2 weeks, tien it grOWS 2D AVCIAES perdey, AT & & =& O R
4000 mis, 1f com al;:mdm“vmge rate of change /1) g b, The averge growth rate (i) is used for 1 = 4 i TER R i ]
. : In these ““'“P‘ﬁ*m change in the dependent variable Ir" and Ar = 5 to obiain the average growth between days 4 and % B e et dEdid
| By g heodependent ariable ¢ tine 7y LM ATl O R RLBH Ny 05 Samam TT S B
e the process of finding the average raie O af at 3 5 &5 3 f—t 22 =
Mﬁﬁﬁm 'fw'[: If we select any "’l‘]::“;‘:- '““: By Thus, the average rute of change of the height of the com |11 8-t
increase i by an amount A, then “";:m“m AL | P with respect 1o time (between days 4 and 9) is (1 unit inE= ERARRRE N
independent vasiable is x4 A As x changes o 4 i R g : i it ARSEEREREAl
i correspanding amount of -+ Ay. The ordered i change in beight for cach 5 units change in time). The graph [0 TP DA
wib chaage 4+ + Ar p+ Ay) developed must sisfy the < = =41 is shown in Figure 3.2. The average rule of change is of T
| - pairs P {x. ¥} MHlTi“s'!:_’-' sMJan D aniaty L'___'___*xi*M cowrse helpful in understanding the instantaneous rate of Figure 32
1 funclion y = 1 H k1 2 ; change ;
| 1f the fuﬁzﬂn{i{fu!ue at o point £ (x, ) s ¥ = fix) i Figuee 3.1 ST
| then, ﬂggﬁmﬂjmﬂma‘tnpﬂhﬂﬂh _N-hyn_,r_{x-l-ul (i} of a function as an instantaneous mﬂcmﬂﬂn“ﬂ.m-\
The difference of equations (i) and (ii) gives the change in ¥; ' with respect to another variable
- Ar)- 5) = ﬂy- f[x-i-&r:l-- f{lj {imi} In the mﬁm sub-gection, we discussed l}mgm“ rate of
{.?'1'&?" J"f{-‘li’ } ¥t (i) ihm:"ndhw“m“‘cm:ﬂ‘nmﬁthﬂﬂs:fslh:ﬂmgf

vy e

the slope of the secant line PQ, obisix the secant line joining two points on the curve v=/f(x), More
ivision of equation (iii) by equation (iv): commonly, we are asked to determine the exact or instantaneous
by taking 'Ih‘ }T!f:t] _:'?I‘,;W}I{‘T*_ A f() rate of cht{lge a1 o particular time, For example, for an aeroplane,
o L2 ey o . y=Six what is the instanta. ous rate of change of the distance that ocours
: ax: =X it change n i given by: i specific time? * is can be dealt by the slope of a tangent line

The avernge rale of change ) per psuasutes. always "the _ RuIE 2o F{x)ata specific point?
‘ Ay (x+Ax) - fx) (v) | ratc of change in phenomena, :Tbillulh.'dl: his idea, ket us examine the graph of o funetion
s = it change in x for y=4 —6x+58 »=% atapaniculur point P (0.5, 0.25) with differcot secant lines

The change in-x is Ax=x+ AX-7 o
The average fate of change 3 per unit charge in £ 8

W Detérmine the average rate of chunge of ¥ per P, P, that developed from the secant line A0
; 1t 3. y : B ™ il
il mmm According to the definition of the average rate of change: -
by _ flx+an-flx) wym flx)=x —6x+6
] a = i P(0.5,025)
i e+ AxY = 6lx + Ax) +5) ~ (" —6x+3) B s "ﬁi; Sieadep el £(0.5,025) (L1} 05
. o P(05,025) 0.08060 | o3 .
:hm+m?-ﬁﬁx=£ik+ﬂrﬁ=h-5+.u . Mm"”““'“’“““““h‘"mmfmﬂwpoimﬂﬂ the change At inx, the change Ay in y
A i ' i
Bl i i slope of the secant lines PQ, PO, PO.,..... Notice that the slope of the secant line PQ is 2.5
. Ap 375
As x increases from 1 103 then x=1 and Av=2. [E"IT“ 15]" IFuelake v of @ close to P (i, 10 0; €, .0y ) then, Av gos svaler, knd

R %nzn}—ﬁip-l smaller, and tends 1o zero,

5 Y . ) e The tobular form elearly shows that, as () approaches P, pproac

1’[ .r-__'l..;lrﬂ“[ﬂ.l'm The height h of & certain brand of com with respect to t days {11} after - seeant Ig:;ﬂm“ :Egﬂupe u-!r'l':c tangent Ilinc IIFI wwmmpmsﬁﬁh‘ﬁ: e
PO O o v, the slape of the tangent line o particular p o
- germinates is fi(f) Ji-1 m : l#lﬁmmﬁ}mﬂnftmﬂhlwﬁwlwpﬂ&mm Sl urpol.ulﬂ:ﬂu_iru -
(a1, Findtht average grovthrate = )i Find the average growth ate between day< :
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UNIT-3
UHNIT-2

IITFERENTIA TION

From tiis problem, we conclude that %

*  the slape of the secant line (the average rate of change) bs culled the approsimate rte of change,

= the slope of the tangent line (ihe instantancaus rote of change) s calied the exaet rate of chunge.
First Principle Rule

I (=) is aay function, then the derivative by first principle rule is
m.;nn] siof % ol Vs m|‘=|;|nndﬂﬂ (s instantanenns e fix= ||MM-!__IE_ ¥=fix)
at a particular point F €0 Ay of the secant ; = s
of change ot that point. That is, 35° slope The process used for finding the derivative of a function in s called the differentintion
20 and the 1emull 2 fg the differentinl coefficient of a function
line - icular i © fix)= ¥ =6x+5 atu particular point P(4, 3).
¢ line a1 & parte L pa J T
i ﬂ,% « slope of the tangen Figuer Symbol £'(x)is used to indicate the derivative of £ (¢) |F /(¥ rad Y prime of o
pr&; Ay e Nimit as delta x appeoaches zero of delta y divided by delins® iy penect 1o 4 Smm"“f:hmmnﬁh ihe u::;; w'indi::; ﬂme\'Mmﬂmmm :
. fim i5 read e lim the denvative. Each of 1 o] 1 nwrns B == coal ©dee oy, dee 2 (M
The statemenl ST A of angeat ine o the instantaneous tale of chunge OF YW - dicates the derivative of the dependent varioble y with respect .
e limit exists, then the result 15 the slope DU 10 the independent vasiable x: Vol ol W iipart Wy,
1f the to x which we call the derivative of function. “The tangent line to the graph of 4 function ¥ = /(<) at the paint B, - read = Fprime” fike derivative
{x,(x)) &5 the line threugh ihis point having slope E::ﬂ‘lt MT’:{:;“:{‘L&:&MM:' 3
- At . f(xedn)= 1 (x) iy e j_!L ¥ O |
ans uscd different nofationd 10 wrile &mﬂi‘l. £ = lim e deriviitive of v with respeci o)
Hewion Leibniz provided this limit exists. I this limit docs not exist, then there is [ *'fﬂ; oy
no tangent {no derivative) at the poind. Ll il i
The slope of the tangent line 1% the instantanecus rate of change, gives “the exact rate of chanpe in the |
phenomena.” 3

: e or differential coefficient of a functioh decivative of o funci IS 4 ] The function is ()= +*.
neive! o ion fx) at o paint F is the fa). Find the derivative of a finct imMP3e
- stantancous rute of change of a function % ive of a function at 4 point P (3,9).
The i . flx+dn)=[l2) if this limit exists U (B, Find the tangent line on a given curve y = x* at & point P(3,9).
_f[x}l!lhl-l!l?“iﬂp' f[;}nl‘w'l'l' TTAx il ' ofa fanction f(x) with respect 10 . r feh View the slope of the tangent line oo curve y = x* ata point P (3,9) graphically,
. is called first principle rule ko 3 coefficient is denated by [ ory st a. By fisst principle rule, the derivative of a given function is:
.Lm £1(x) is o function, then s derivative or differential
y=

. ﬂ.mf,lil:ll:lfh iﬁdﬁh X S {x+ax)=
number in the domain of y = f{#} such Mf:'-ri"}ﬁ dﬂﬁl.::d' m:ﬁ;:ﬂhﬂlﬂﬂuﬂﬁ*ﬁ f{"-‘F:L“_‘.“ ‘____M}—f{-ﬂ_ SHy= fix)=*
2 J* from the fmctio

e function 2 . A a2
Mﬂm?m'mmﬁ:ﬁ:ﬁ:ﬂ;;mm ()= -6+ by first principle rule a3 F% = lim (x "”i {x) - Jim & +M;x{é-ﬂ P i
* 3 | Determine = lim (2 Ar)m 2% i 12
P (4,3 ot given fonction by fistprinciple rule ()85 B, Result (i) is used to obtain the slope of the tangent ‘0] (3.
The destyaiive a1 2 % : line a1a P{3,9) on & curve y=x": # .
']imi.&t.f"—ﬂ——-ﬂr—-'- {x]p }‘-‘-f'[a'}":l'ﬁ-""i f{ﬂ}-l{!}-ﬁ . i ‘IH 3
£ey=Hm, ax ) The tanpent line. on & curve y=x* at a5 ;
Tim Eﬂﬂ'ﬂﬂ'ﬂ:&jg F'fﬂ} ] point A3, %) develops a nonhomogencans line: d
i :
e 1 avhe+ ﬂ,!uh-&uﬂ—;%ﬁr—ﬁ_ﬁmw . y=3,= [(x)x—x) Point from of the line (]
=mgi,_£._?_—;--- = = Ax p=9=6x-3 PO

— fig A2 AT=6) _ iy (24 Ax - 6) = 266 yo! fx=-y=~9=0
S It .f'(r}-:::f;mpmcnu fi slope of the tangent line at any point P_;.:' Y4 e The graphical view of the slope of the tangent linc is represented in | 120«
curve J:i':l ri: G+ 5. Thus, the slope of the tangent line at a particular point, say P (3 -

- PG +5.

E =21x~6
R ';ﬂ'{{gnz{a}-f.:z. at F{4,-3).
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Ustta Te—— DIFFERENTIATION
UNIT-3
Differen IFVERENTIATION
. tiate of y = x* from l'ﬁ'l’tprlnripluru[e‘J Lt |
1€ f(x)=".n is any integer, then, by first principle mlc, the derivative of f{x) =" Wt XIS
£ ()= lim LB+ 85) - fi(x) . : = ]
i | danan Ax i sy=flx)=x |- | Fhﬁlh:m ﬂ?n!‘cwnrhﬂwq Ftions oves s .
i = expans Lo yaxitd . 1
=1:ﬂ{14'ﬂ:' .1‘-"I| by i o fon ’ ¥ 1+ﬂ+? :IHJ o xml h !:'F‘ix from 1==3 tpx=3
T Ll B N I 2 :‘.r;:ef':nh-!m for th '-ifk”-s 4 hedded  fom r=b wr=ss
=k g™ AT 4 —— - o ¥, ; 1 & rake of ¢ -
3352'51 1 i;.‘t (Ax) +..—x | bew E::[m..lm.pﬂ{liﬂ;- *{m}lq-,,_] intervad for the follawing r“m_::;&h o find out the averige rate of change aver the specified
el
i a ﬂ{n-“ r & s=2-3 fram 1=2t01=% I }"=3"El+ﬂ- from x=3iox=31
“ET."‘“["*"*‘M.:“’AH-H}ihnlnx“‘1+_‘§ﬂ,1[—-5—x"'m+---] ¢ d=met from r=2t0rm2] d h=i-9 from 1= 9101 = 16
| :ﬁ-t 2 e o 3 Aball is theown straight up. lts height after t secands is given by the formuks b - 160 + 80, Use
3 = 0 g™

definition for the rmie of change to determine the average velocity % fior the specified intervals:

Differentiation of y = (x + )" from first principle ' a0 Fromt=lmi=2, b. Fromi=2m =201,
Pk Gipetmrlr [ W  The ot of S of e i ol it e i p i g i ¢
T . s 3 i - Use definition rate of change to determine the avernge rate of ¢ af
Jdy = lalx+de) + b} (i6). By using the binominl theorem inflation from ¢ =3 to £ = § years, What the rate of charige means? Explain,

? Yoty = (ax by +[:J }ﬂ+b}‘"[u¢:}+[: ]‘u +8) (ay "[; ]‘“" el R iz it oot ol et

average rate of change of the profit, wien the planted area is in between x = 20 acres and x = 50
acres. What the rate of change means? Explain.

: e s i :
i Sublracting equation m" m equation (1) B o e B ' (3 Uise fiest principle nule to determine the derivative of the following Rnctions:
\ - = + b L
Yok dy— = (a4 Y 4{I }ax+b} {dix) +[2 }ﬂ'+ﬁ} ((EhE3] *[3 }-I# l 0 fi¥=ic b, flx)=(5x+6)7 e fixi=x+1
ﬂ;-r-[”]fﬂ +b}"‘{mx}+[: }wm}"’[am}* +[; ]’mw}*"{mﬂ’ +ot(wAsy () | ¢ fE=2-a & flx)=16x"=7x £l
¥ = .' o ey ) T Usefunction f{x)=5"~Tx+6 o do the following:
=2 Dividing equation {(iv) by Ax Fepagisd n, Find the derivative of a function st podct F{5, -4).
E Ax n(n }(.n* By +[ﬂ' ]““ +m“’{m}’+[" }{‘“*bi“’iﬂ-h*'*'“*“”}"r} . Find the tangen ine on the curve y = x° ~ 7.+ at point P(5, —4)
Ay 1 2 3 v} e, View the slope of the tangent line on the curve ot P{6, 0)?
8 Ar & Use definition of derivative 1o determine the slope of i i
Ax : = mn: the siope of the tangent line to the curve at a given
Apply lim on both sides of equation (v) Emcm find out the tangent line equation 0n tat curve at the same point, n,?m
1 11 -
n d T 5 Per iy 3
F Ay WLty +(" }mﬁ B Ha sl +[ ](.n 4B (ahe) + ...+ a” (A } b SO m=r+Tx, k=3 b M =6 =1 10,221
iﬂhx E‘{a[l ]‘m ! 2 3 e fix)=3" —fiz=10,x=0 d fid=2r 434, xm|
% ) o5 s+ i oo i
f 1
j By.ppiyimumiﬂllwmm“mm“mm“' 1 Tﬁ!milﬂwmmmwm:wdmmhmmnﬁk.ﬁmm
!. i = R | Mpswmkiummﬂmmc&hummmmwumm
iy ||m$._:a~ i ar+h) Mwhdwmhmw
i et A Electronic versions of these two gauges simply use derivatives to tmnsform
o Hemee, syt o the lectons motereard o he tyes o il pec b
Pt --f:;tmﬂ' =nfax+5)"™a ' (MPH) and distance (KM).
1 This is generalized power rule of differentiation. !
| NaT FoRsALE 70
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DIFFERENTIATION
URIT-3

m Theorems on Differentiation ' -
In erevicus section, the derivative of 8 l’nﬁ:un fie) 1s defined?
: it ;

f (=)= !."?l’.‘..ﬁﬁﬁ}'_'1t ¥ after dotng the

: ; Now, _
We tearned that the derivative is found by applying the first inciple BUE TECG o uging dhe

- 1 o 5
reise for the previous section, yaa may be wondering whethet tere % provides casier ways’
:::wntmr:.min this an:iuuum mr{nl. sectians, the discussion on the theorem that “

of finding derivatives. %
 Proof of differentiation theorem
—1: The derivative of a conatant is zero

Proof: 1f f{x) = ¢, where ¢ ks any constant, then, by first principle rule, the deriv
) e,
o o LSRR IS0 R
This ealculation develops the nale fhat the derivative nf:immﬂmm 1
Ingenerals  Iff(x) =, where ¢ i any constant, then: Sixy=0
i erentiate the following constant functions:
fa). firy=13 fbi Sl =3 fe) flxi=T=
hs of e funciions are r:n:inm_ mu'-::::: n::um ] :
gonsian ive b case is therefore going i
WLT::: :f:nnm‘:'w canstant multipte of a function is squal 1o the m_ductol‘ thit comst
; the A : g
ﬁd?:’v}’?:;:zgfﬂ. where ¢ is any constant, then by the l:;-tmwtpl&m‘l:. the derivative .. &
iple function i f (x) = y=c2(x) |
. por = cgln+ ) (i) .
ing equation ii) from equation (1)
4 Ay y =eglas Ax)-rgls)
Ay scgla+ax)- egr(x)
Dividling equation: |41 by &
Ay cglx +Ar)—eglx)

Ar Ax
Ay _ fgix+ix)- ggﬂ} {iv)
Ax A S
Applying Jim an bath sides of squationdivl
i  gixvax)-glx)
m%'c'kﬂ-__?l%ﬂﬁ
Hence, [x)=cg'l®)

This caleulation mmmmmmﬂnwmmphm:mhm
L] .

Mm.ﬂmdmm « af'a funetion f{x}. )
gl pe e If gix)= " 10d iz} = el ), ¢ s any comtand, then: L) =g (ry=em™

alive of a corstant function

@ (=18

x-axis, since all function are

(i)

' |'I- Mmﬁ]“uﬁmﬁnﬂ: ). fixy=-s i), =2df
- .f{:}-u' {lven, the derivative el a give lunclion is fR) =40y =1z, 5
[ e

s¢*, then, the derivative ofn pen fanction i3 7 (x) = 055560 = 3.0 .

HOT FOR SALE

b I fixy=055

e IMFFEREMTIATION ¢
Theorem-3: The desivative i s i ;
aftheb datiithn. of a sum (or difference) of twa Functions is equal to the sum {or difference)
Prook: To determine the derivative of a polynomial, such as the derivative of the sum or differcnce of
o or more functions, we need to develop a rule that could be wied in the determination of a derivative
like f{x)=3x" +20" + 3. In this situstion, if A(x)= f(x)+ glx) then, cur task is 1o determing I{x) by
firsd prineiple rule of differentiation:
hix)= p= f{x)+g(x) i
prdy=fleeAn)+ glo+Ar) LU
By subtractiom equation (i) from equation (11 y
Sy g = flx+de)+gla+ ho)- flx)-ghx) .
Apm e +dxn)= flx)+ gl Ax)=g(x) ui
Dividing exquation (1111 by Ar then we have

Ay Mot Ax)— Filx) + e +Ae)- glx)
Ar ax

JSlerae) - 1) | plxe AN -g(x)
Ax i Ax
Mow, apply ﬂaﬂn both gides of equation (iv)

fim ia: i rmai-ﬂﬂ +lim gmaﬁ-;m

Henze, H{x)= s+ g'(s) .

We cin zay that the derivative of a sum of two fanctions is the sum of the derivatives of two
functions, The difference of two  functions ((x)-g{sjcon be wmtten as the sum of
Sixd=gix) = F{x)+[=g(x)]. Thus, the derivative of the difference of two fumctions is the difference of
iheir derivatives, I '

Ingeneral: 1w =f{x} and v = g (x}, then, the sum rule can be restoted wsing the notations:
—(utv) *_-—‘:!-"‘—iﬂ
dx dr dx
This rile generalizes (o the sum and difference of ony given number of functions.
IE fixy=3a" +drand g{x) = 7s =2 the differentione f()+ giehand Fixd-pio)
G since, 7 (x)~ 3 + dxand plx)=Ta-1
S gz =00 4 4x) 4 (Te -2 =3¢ 4 | 1x-2
%T_ﬂx}l-g(:jl:%ﬂr‘ ¢-um-z:-£[1.r‘}4 i—{! u]-i—{:'ﬁ-ﬁnu
Now, S =B =30 b = (T =2 =B =3x 6 2
%Lﬂli -g‘[:]]-:%{.h-: -3.142}-5;{1::]-—£{3x}+ %:2}-&:—3 =
Theorem—4: The derivative of o product of twa functions iz equal 1o o) i
I econd function) plus {derivative of the frst frimetion)=( qulm%mm} [etivuire ok
Proaf: |f fix) = ) gla), and f(x) and gix) are differentiable functions of 1. then by first principle
rula, I{x)=y= flxig(x) G
J yady= Mzt Axdglx +Ax) (il
Subtracting exquation (1) from equation (1
Fray=ye flerddpgiesda)= fix)gly)
&= flx+Achgla+di= Fixign) iliid

e




N s DIFFERENTIATION
The addition and subltraction of S+ ax), { equation y
.21{x) tothe dght dide of eu AR >
Ay = (x4 &x).g(x-+Ax)- f{x+Ax) glx)+ f(x+ ax)gle) =)&) o o x{ﬂ[ﬂg_ *-ra"—"—-ﬁ ﬂﬂ}— _fm{ﬁﬂ @ﬂ .3@}
= S{x+ &) {gl+ )= g ()} + g(e) LS (x £ 400 = ()} b v
Now. dividing equation (iv) by Ac

Jim yix+ Ax)gix) i

Ay _ [(x+Ax) (gls+Ac) - g(a)) + gl (x # 40— S0 ) Hence, H(x)= 20000 - flngtn)
Ax Ax le(=
WNow, apply lim on both sides of equation {v) = . In peneral: If y-'—r-bl:_f_. with 1 = £ () anid v = g (x), then the quotient rule can be restated
o & = g flr+AxHg(e+ 80 - g(x)) + gL (x4 A0 =[x (=)
ks h Ar - using the notations:
=Hmf[x+.ﬁx}-ﬂmx{1]{nx+m_ [£31] a{x}‘"m"_'{.!+&t! Ev__i"“
fiih i A ] Ax Qn dx P
Hence, H(x) = f(x)g )+ pla) Mz} font is the first | o ¥
This calculation develops the idea that the derivative of a product of two functions p—— Lk
function |im:s the derivative of the second, plus the second fimction thmes the d";lm“b:fr:ii’:;m Differentiate the following functions: :
In geaveal: If_v-_.r‘{x]gfx}-uI-wl:hu-_r:‘x}m;:z{;tIMWFW““" = - fal, p=dr' =25 455 B, y= (=260 =3 )y -:1::::
the notations: %- REH':,; ool IR m -
3 = L I i 1 amnator
Deeh e e Bt = LU T2 S ——
of the denominator, = s 4 & d
. ; == a4 {2yl = m ot - -
Proaf:  If fix)= %~ gix)#0 and £ {x) and g {x) arc differeutiable functions of x, then, the a2 )+ (5 #_t-h ) = I{Zx’}-i-I{Sx} 12 —dr 45
s dv : : .
Mﬁﬂ:llwﬂm}mbtﬁunﬂhrﬁmpdhtbttﬁz b IF p=iw:v then %MHEH"% 20, the derivative of the given function is:
e ) {
H=r=3@ %-{x‘ﬂz}-%[ﬂ—s:ﬂ:’—s}-%tx’-1;}
yoaym L5208 (i % s ” g
oot BVED -if*h}'{xtz’}-—;ﬁ}}ﬂr‘ -»{ ;:ﬂ-zzm}
Subtracting equation (1 wguation
ey ) LI =0 ~28)-(0 ~0)+ (' - 32 ~2) = 3 (5" - 20} 4 £ (2r=2) = 3(25~1)
VAATEE e rar)  gn) = 35! -6’ 4 20* ~ 20" = x4 6 = 5x* =B — G 06
By ﬁx+M;f¢:z]ﬁ’J}“” x) fiif} w g A dv
& & % =X - : 4 2 2t
The addition and subimaction of f{x).g(x) to the numerator of equation {ii) ¢ M=y e G o, the derivative ofa given fucton i
Slx+Ax)gln)— fix)gle)- fx)giz+ A+ f{x)eglx) , & P
Lk glx+Ax)gix) & (= e O B 0) (4 13549) 2 (7 411543)
=[x} — flx) e+ Ar)—gix c dx
Ay < EEHSEx 80— 0 —[lulg 11, {im (¥ +lixs3p
. “3{-!-'1-&1']\25-"]' ] ﬁ-i":l1‘_”:.‘,3!2:4_13]"{:1+Ih+“h+ln
Now, divide equation (iv) by h‘:_ Ar T ) glx+Ar)-gix) d (" +1lx+3)
e
.ﬁ.n._ oo v %={2x1+22¢“+5.|.-+1.!x’+I43;+39}--:2r'+3|5.t’+lsx+lm+]43x+w]

Apply lim on both sides of equation (¥ (& #1435
e




UNIT-3 = IHFFERENTIATION

(5517 Application of Theorems on Differentiation

. e — . o

£l A

dy _Z4350 414944 39- 203957~ 161 B0
dx (matlrtd |

dy _ 4’ ~12x-60

de (27 +1x+37

dy _ —Mx’ +3x415)

de (414 3)

e, tlve biological and medicine,

; ; ied mvaties and pure mathemil
Calculus is used in both 2ppl e g intelligence and many

physical sciences, computer science, engincenng, saatics, economiics, artificial
more areas of other felds,

Fow simple exmnples of applisatiaisof A fiepeitiation ane Iven I this secthon.
n Differentiation of
» Constant multiple of x* o Sum {or difference) of fimetions o Polynomials

« Product of functions » Quotient of two fanctions
8| The cost in (million) doliars @ produce x units of wheat is given by
C{x)= 5000+ 20x+104x. Find the marginal cost, when
fa). x= 9 units &) £= 16 units
{eh x= 23 units {d), A5 more wheal is produced, what happens fo the margimal cost?

a Il’(.‘t,r‘p-:ﬁﬂﬂﬂ+!ﬂ.=+1ﬂ-f;. lhﬂlﬁﬂnwﬁmlcn&tﬁﬂtd:ﬁnﬁwnf{:{x]w{mmpm:bo::
Clx) a1n+1a{-}, }:'il - 1u+7};
The margisal coﬂltx=9uuiui:.oh.ahmdby{m¢tﬁngx-9h: Ci=):

~ 3 5_85 _sa67

c’m_zmﬁ zu+3 5 4

b The murginal mnur=lﬁ-.rnilsi&nblm'mdbfiu&:ﬂhg:-161:1(2’&}:

5_85

C"{Iﬁjem-i?%=2‘ﬂ+—4-7 = $21.25

"I.'Ib:nﬂ:glmluoﬂal.rﬂﬁ wits is obtnined by mserting x =25 1in Cix):
5 E] g 11

c‘m]_zmﬁrlurri 5

d. ]tdaﬂﬂiﬁmdmmuhﬁm

L=l

= econoimics Lhe mLes af chanpe of tuch varisbles as cost, revenue and prafii ose most imporant

Ip Bupreeh l.;:m:wﬂmrllu]m mfﬂhiﬂﬁul‘:‘hﬁﬂhFﬂ:unﬁplﬂ.thcmgiﬂlmﬁmkﬂwl‘““w“r
of cost, Gince the derivative of & funetion siwis the tate of change of the funciion, & maty A

of profit) fnnubunisrmuﬂ-'b‘r“ﬁﬂlm“hﬁ“u“ﬂmﬁmlwmofwﬁn funciion, The marsisd
i mﬂuﬁnl:uﬂﬂmﬁm produce the (e+1 s ftem (i.e., one more item).

st b some bevel

iJ

ot FORSALE

P

LUNIT-3

| Does o leather fll mome slewly than a rock? An Holian

tathematician astonamer and physicin mise this guostion bafors
400 years ago. He theerized that the rite of flling objects depends
i the gir resistance, not on s, B is believed that hie tested his
idea by dropping spheres of differens masses but fhee same diametsr
fmlh:lupﬂfﬂ:utrdngmvrafﬁumhl!r.ﬁc:mlhm
I pxacily as be predicied they fell an the same mate Gl Gaslal
i 1s 1971 during the Apalio 15 lunar landizg, Diavid Seakt [comemander) (s

performed a demandtration on live televition show, This is because af the surface of fhe moan is ciscotially o
wagaim, 8 hamme and a feather fell of the same e

MFFERENTIATION

M

. Differeniiate f(x) g {x) and f(x) - g () if 2
a fO)=3r+? mnd g =62 +2x=3 b, f{:‘j-l?f—limﬂg{x!:%x’h’i;-ﬁ

e f(.r!=:‘-§andx[‘:‘]=31’-4f+'1 4 flxy=ax' =5x udg{:}u%:‘—h
Us:mewom:tmhclnﬁndmndudeﬁwﬁwnfﬂmruilmvmwms:

a p=(x=2)3x+0) b ye(Te s2z)x -4)

e p=r-Nx-1 & y=(=Wr+8-2)

i Uncﬁmqwinﬂnﬂnmﬂudunllhcdeﬁvuiwnrmﬁuihwhgfm:ﬁm:

x5 _ =Xt _Sx+b (2p+Hidp-1)
& ATHIS rga SR & AP )
4, Fhﬂ:uqmﬁmuhmuﬂhmthtgmphufﬁnﬁmﬁnnat&mpﬂmlupﬁuhuh.:foﬂmim

b fis)=x' atx= -,-I

4 f{.r}rﬁ at (3.3}
5. Fﬂf:ﬂﬂnlﬁ‘ﬂﬂmﬂlfmﬂllmgihﬂlb:ﬂhlmldisﬂmu:mdth:imng:dismn;eymmhmd
by the formiila 1*%"}5

E

o fle)=3z=781(3,2)

e —“I:F_'{:ﬁ sMx=2

2, Solve the above equation for v in tems of v and P
b Determine the mte of change of y with respect to .

Al your beawe. Take o Indder measure its length and put if with the wall as shown
in the fgure, Pull it away from the wall at the constant rate of 6ft/min. Calculate

how st is the top of the ladder moving down the wall when the bottom of the
Indder is 6 feet from the wall.
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m Chain Rule

" . I * We have teamy
The chain rule is o rule which to diffeventiate the composite /L

about composition of fl:l.‘.:lﬂﬂ;in mi:—?lﬁ a function is. composite m z;lii;:::‘hllmli’hr
functions £ (x) and g(x) if it is writicn as f (g()], In other words WI82 S0 gl
example sin(") is a composite functions because of we consider f (x) = sintx) s

then f [gix)] = sin(c"). Generally, we write chain nile 35

MFFERENTIATION

A f(gOm=fTetale™  ° ()
i AF it o
| g )
Prool: For our convenience, we sel y=F(x)=fTgtx {ﬂ
Let u = gix) the cquation (i) will be y = Fx)= flgla]= ) i)
_}'+Q}'=F[1+M'I {iii)

Mow, subtracting equation (i) from eguation {iii)
b Ay =y = i+ Ax)- Fix)

Ay = Fix+ax)-F(x) (iv)
Ecuation (iv) can be writien as
& Ay = flglx+ax)]- Mgl )
Where, A= g+ Ax) - plx)
=5 plr+dr) = Au+glz) (vi)

Substitute the value of glx -+ Ax)from equation {vi) 1o equation {v)
Ay = flae+g(x)]— el
Fix+ hx)=F(x) = [+ du)— f0)
Divide equation (iv) by A then we

have
Ay Flx+ix)—Fix) __.I"{u+ﬁu}-_f§n_4}
Ax Ax Ax

cu=glx)

: _ {vii)
Multiply and divide the right side of equation by A s0, '
By _ flutdu)- () A4
Ax Au Ax
=L—-—{"+“:3' fl) glats)-gis) “;i“ 2 sili)

Apply L[;l:l!"nid ﬂl:.l'_l.I.Dll equation (viii)
| B0 L8100,y BB =408)
ﬂl_r At A el Ax

We have
dy

dy _dy a4 o cequired.
Hence.— = gl

It com also writen as -/ (g0 = £ (&) =/ Ta (N )

vample N0 mmuimﬁ::fu!lwhgﬂmﬁmw:.u:
fial. f{x}:(ﬁx—:“']} B fix)= 1557 +1

B e T

N MFFERENTIATION

a If p=fix)={dz—3)' =" with jr=dx~3, then, the fist desivative w.rt. x by chain rule i
dy dydu d
de  dudx  de

1
b If w=fixh=+ S 11 = ofu =0 with p=152" +1, then, the first derivative by chain rale i5:
dy_dydu
dy  du de

{-‘%m-n = (3t )(4) =12 =13 =3 u={42-3)

sa=(152 + )

e o g epalal’ L

m:;ﬂmmuudbynnullcmﬁmﬁcnﬂhﬂhﬂdﬁmﬁnmwﬁulﬁd&uh

?EnfﬂmxilﬂmmﬁerufwMMMhdnmeh:hmanl

given by Rix}=

" patral, At the outbresk of a flu epidemic, 30 work hours are used daily in parking patrol, but during the

epidemic that number is decreasing at the rate uiﬁwmk‘uumpuduy.ﬁuwfaﬂt‘ﬂmﬁnm

. parking'fines decreasing during the epidemic?

-.m‘mmﬂluﬁnd%i ﬁm:tugthmmu:wi:hmpmmlimhmchhrﬂ:i:umdm

dR_ dR dv D

obtoin ﬂ
r
First find % as follows,

16000

dR _ (x+2)(8000)-8000x(1) _ 16000 _ Loy :
H] 30 +2)

& (x+2) (x+2)
AR i

Kix)=

- =15.625% alx=30

o . dit dRdx
1%, i i T i e &2 = =03
- - 'sm‘mm — are used in equation (i) to obtan: = dx.ﬂ'ﬂj S)—6)=-93.75

“This tells us that the revenue is being lost at the rate of approximutely S84 per day.

i s
i g Sads UL T

If 3= f(x} is any differential fanction of x, then it admits an inverse function x = g{¥).

Suppose y i¢ changed by o small smounty. This will cause x to changs by an smount A, The
increment Ax in x corresponds to the increment &y in v is determined from

x=gly)  x=gly) isinverseof y=f(x)
That gives: IE%E

A

s o " ﬂ
By letting Ax — Oto oblain: 1-3&&”

NOT FOREALE




LINIT-3 - - -

_ dy dy I
B =
; d:! T e g
Ths % and .. ure reciprocal 1o sach other.

dy
12 Verify m-%= é—mmmm problems:
d

fa). fix=@@z=3 b, _,rm:Jtsf #1

i3 The derivative of y = {4x —3.].’ is %:11{4:—- 3§, This mﬂ!:mwmit

: =tl1[”“’:‘“’]ul={4;-sr‘

The derivative of % = % -

@ 120x-3)
" - 15x
b Thee derivative of = o152 +1 = .
S
This resali aprees (o result
g 1 1 -m[ 15x ]. 152
dx ﬂ I \.|rl-5=“+!. szt +
dy o154l

15z
Tse of chain rule to show that {7t =el /™ o

proof: Let y=|f(x)] and w= fixythen y=y"ond %:-uu'"[by power nule)

Or L {peolf =l 140 *:{E: £

Inwmb,ifj’{;]knmlwnnwmimhnnimimnmqfu,ﬁm F(x) is equal to the

wmmfnﬂmsmnapumimmﬂtq-l powﬂ:hnﬂlh:du‘lwﬂuqd‘qhee:pmmimmmﬂh
the urinhle,Thtm“uLtismulhmml power rale.

13 Diflerentiate the following functions;
fal. = -7 @) flxy=v22 411

o€ lryﬂf(ﬂ'ﬁuu'"ﬂ' thien, the first derivative of & given function is:

d
%—- %U 1 =7 =801 =T T 0 =Ty Bl 7 (22 176x(1 1 - 7)

79 NG EORIGALE

e

| iy chaie rule, the ifferentiation of y = §{AC] wrtxis

n My=fe=y2 +11, then, the first derivative of a given funetion is:

d 1 | 1 g e
%ﬂzﬂfﬂn’ -E{!‘ll“t*}: i;aﬂ*ll}ﬂiﬂf’i’ln :I.{ﬁl"l m

Emdmhﬂlhlrmdmr-ﬂrjndy-rmohﬂnﬂr-lf T ) 15 an mverse funetlon of £ = £{7
then y = gik()] ig n funchion of .

-
WM&M of implicit function N

Whethet y is expressed explicitly or impligitly in terms of x, we can <till differentiate to find

hhﬁwﬂw%.t[yhmmdemuﬂﬂ!mmuf:.m% will also be expressed

explicitly in terms of . If v is expressed implicitly in terms of x, then %wmb:w'md in terms
of 5 and ¥. &
Ww,mm:mmwhmammmhmhmmm;uwmﬁm

first solving the equation for p mﬁcﬂy,mwumu impli&tdlﬂmnmﬁn- It consists
differentiation of the both sides of the cquation with mﬂh:udﬁmﬂﬁulﬁumﬂuﬂmﬁm

dmmmugruﬁé.
14 Di,ﬁ:tmlilﬂmehlﬂkilnquﬂimfy+1y"=h+1}b

“The immplicit equation is Ay+2y =ik 2y
The implicit diffesentintion of is Mwmmﬁumm wrt @

-g:{:’}"" 2}"] i i{h*‘lﬂ
d d gl d
Ih"ﬂ*‘;ﬂfk;ﬁkﬂ;{!ﬂ

dy el 40
'Il}l-i-:’#-i-'ﬁydl 3+1#

NG{PG RIS 8




i3

U
(60 =3-20
l...
%’I’i-ﬁyl-i :
RS 15 ind the stope of a tangeat line to the iecle «*+y' =X #4y at & pasticular point P(3 4),
m Tlﬂllqmnrnu:muﬁn:mfb:givmwﬂ:il %Ihllmhfumuihyujﬁn:h.
derivative of 4 4 3 =514 4y with respect o x:
o
j:;l:z’+y’:|=a[sr+4y]
LSO
_2:+1;.rir 5+4d‘

{2y 4}%=§-1:
dy _S5-2x
de 2y—4
At a paint P(, 4}, the slope of the tangent line is:
dy _5-25) -5 ;
de -4 4
Huumilﬁmuwushhmdeﬁndﬂp-memanm&mhwuk

vertical there,

i Find the derivative of the following functions wort involved independent variuble:

i i
n w=dy'-dx+2) b‘. y..“'_xii

|
d 5=
Ty

2 Determine the derivative f'(x) in cach case:
& flx)=(2x=5)(5x=7)

e fixa-(”'s]'

Figure 3.6

e w=1-37

2

x=4
. Find %thﬂhﬂiﬂ;ﬂuﬁmhkmdmg
a x=l+r, y=r' 42041

a(-¢) | 2
. ¥= l.+.|'" ¥

b x=3a'+2y=6' 40

& pudel S0
e

4 fixy=xlad il -

UNIT-A DIFFERENTIATION

4. Al a certain factor, the tots] cost of manufscturing g units dusing the daily productian un
i8C{g) = 029" + 4+ 900 dollars, From experience, it has been determined thal approsimalely
a{f)=¢* +100¢ units are manufsctured during the first t hours of a production run. Compute the
rate at which the tatal mﬂmmh-mﬁmWMtMWminﬁ
production begins.

s Use imglicit differentistion to perform % fior the following functions:

a ;’-t-_'p!lzﬁ

b xp{2x+3y)=2 e (x+y)+3y=d 4 %,4%-1

6 Amnge the following functions Wrwwmmm%:

. 2y'eyal b mp+iy=xt e x+iﬂi d wp-x=psd
- Ln!-;+~:-;el,whu=auﬁbmmmmFmd:
a
ﬁ b .d."
s "

% Determine the slope of the tangent line to the carve 3y =7yt +14y =27 at the point P (=300

y, S‘wmmrmmrmmdrmpuhlulhme
time. 17 one boat travels north at 15 miles per hour and the other z
Doat travels east at 20 miles per hour, How fast will the distance
between them be changing after 2 hours? Y 5

Differentiation of Trigonos and inverse Trigonometric Functions

To understand this section we need to know about trigonomelrie funchion. For differentiating all
mnmmﬂm:ﬁmmmlh:bmmonﬁf&mnﬁuﬁwmummmlml e.g. We will
mmwmmm:uﬁﬁmmm&mm“mmnmwm
trigonometric function.

L i
Derfvative alsin e 1Ty = 5in & then the derivative of ¥ = sin x is % =cosx.

Proof; By the mle of first principle,
oLt y=sinix) 0
yot Ay = sinix + A} tiid
Subtracting equation (j) from equation (i}
y+dy-y=sin{x+Ax)—sin(x)
Ay =3in{x + &x) - sinix)

. =2m[“ +AX+x }lh[.\'+M-.‘:]
2 2

wy=fix)

ina-sip=2e{ 20 s 223)




UNIT-3

hhlm["’i‘i—x}ﬂﬂ[%]
Mow, divide cquation by the Az

2005 x+ 2 | sin[ 2

Q- L] [I’i- 5 }ﬁﬂ[ 2;]
Ax ax

Now, apply lim on both side of equation

e )
2
Ax

= Prosf By the rele of first principle. k [ SN,
= lim 8L ﬂij Let - und @
hi..nw‘_(r"". 3 ]!m i: y+&£lbﬁx+&t] . e
"= : Subtricting equation  from cquation
_'fjrm : _ © o ety—y= (s b9 —anl)
) 1 gy SN0 _sintz)
Hesce, L = cos(r) cos{x +Ax)  cos(x)
L Diivide equation (iii) by Ax ) :
i, Derivative of cosxd 17 =cos 5, thea umoﬁ.-m,gﬂ s _Al‘_l_{ﬂ' x+&=}_iﬁ1}] 2 i
Proof; By the rule of first principle. - Ar  Ax|cosfx+Ax) coslx) .
Lst sy e Nw,apphrﬁuhmsﬁunfm
4 s v y=fa) __J:'[Kiw = SO
ubtractisig equation m equation E +Ax) o, . sin(x+ Ax).cos{x) —sin{x}) cos{ s + Ax)
y+du-!-;r=mlir+ﬁ.ﬂ-w:i E-TI%FETA Ax xl.m Mm:::mx_tm
Ay =cos(z+ Ax)—eos(x) e sinfx 4+ Ax - x) 'lhn[ 1 1 sinAx
ﬂy-—iﬁn[’”’u;” }g.[”ﬁ;-#J &% ix.cos{x).cos(x + Ax) -4 cos(x+Ax) coslz) Ax
o, =2 1 1 osinAx_ 11 i
e A ] = lim lim = = =
e e &) '+'“‘"“F-4ﬁ[5§£}m[1§] ‘"*m{x;:'.e Lt e e
Henee, =sec*(x)
. Ax Ax dx
m'_--im[x-r—l-}:iln[TJ i

Mow, divide equation by the Ax.

b sufeo A
gonale )
i

UMNIT-2

Hw.mlrﬂrrn‘egboduadsuiqm'
& () g
== 1 _E'_ 2= 0103 E i
Bme Eﬂn[:arl}m o L0 raat
F

= =gin{x+ 01
==ginx
.. AP
Hence, = sinfz)
i,  Derbvutive of tan X lry—unz.ﬂnnlhednd\ﬂwnf
yitnrh%'#’l.

mwmmmmﬂuﬂ
wse of derivatives, When 8 raiar gun
is painted and fired #1 a car on the
molorway, The gan i able o

flee timvc &nd disance ol
which the radar was able to hit
certaln section of ke car with the uis
of derivative it is abbe to caloulats the
mdﬂmﬁ:hﬁuww-yﬂ-lw
ahio report the distance That the eat
was from the mdar gua.

Proof: By the rule of first principle.
Let y=seclx)
and p4 By =see(x+ Ax)
Subtracting equation  from equation
wt by = y = agcfx + Ax)—seslx)
iy =sec(x + Ax)—sec(x)
mlmm by the A

By _seclx+ Ax)~seclx)
Ax Ax
R e NCTZORSATE

Derivathe o} see 2 1y = secx, then the derivative of y = seeix} i‘_f}:
dx

= se(x)an{x)k




12mE i

Yo DIFFERENTIATION |
Proof By the rle of first principle, .
Let y=rcaix) (i
andl 4 dy=cotfx 4+ Ax) (i

Sulbracting equation (1) from cquation (i), -
)ty )f =cotlx + Ax) - cot(x)
A= cotlx+ Ax) - cotx)
Wow, divide equation (iii) by the Ar.

iy

.3"% 2
<i- = el Sl
- r — an J_i--l.__
S IIFFERENTIATION
HW- ‘Pﬂ? “H'l on both sides ﬂrmm (vl .
'I
lim-.; llm Bﬂi‘{r + Ax) mg{,rj_ coslx)—cos(x+Ax)
Ax u—-n.t caslx).cos(x +A%) "
v o] B x+ﬂx}sjn[1 x .ﬁz] _im[lxl-ﬂ.t }sh[-___l__]
i\ & 7)o 2
T Ax.cos(x ) cosla + Ax) st A, cos(x)ces(x+ A
: Ax
11 Ax Ax Ax
Zlm[x-r-ir]ﬂn[—z-] " ﬂn[,ﬂﬂ].llm 1 g i 1' sin
- e T A eonr + Ar) 4 cos{x) ae-sa %ﬁ
L e dnix) 1 = sty an(a)
= ginf x +0) el {1} = o) e }

Hence, 5= secta)tan(s)

v.  Derivativeof coseexs Iy = cosec x, then the derivative of y =cosecl x]is%'-wﬁx].mm{r' ).

Proof: lherlhn!’ﬂu‘lmn‘ s
L = goseclx)
IM _'|,.~+.ﬂ|r = coseel 5+ Ax)

Subtrac uitiom § ) from equation (i)
ting eq i e

Y4 Ay = = cosee(x +Ax) -

Ay = cosee(x +Ar) - cosee(x)
Mow, divide equation jjii) by the Ax
4y msui.t+-ﬂr] —tosec(x)

i)
i}

(it}

fiv)

Ay
Hn»w,appl}r 1|m on both sides of equation {jv).

.
mﬁm{xhﬁﬂ —cosec(x) ih"ﬁx‘"h} llll[_l’_}

ay

EH_H Az
stuthe ). (r-x=-Ax

g Si0C) sin + A1) m’[ 2 ]“"[ "3
7w Ay min(x)sin{r+ Ax) A A gin{x).sin{x + Ax)

2.ﬂos[:+%£]sh(-%1] Ax 3'“?":
= Hm - nl'tmam[x+-- lim _l—- limi
as Acsin(x)sin(xedr) s 2 Joen| sinfx) sin(x+ Ax) Jo- A

]
STy e p— 7 o B ,mm(,
mmiwmmnﬂa m{rl i sinix) :in{x] ==eolly !

Hence, 4= cottxhcosec(s)

vl  Derivativeof cot x: 173=cobx, then the derivative of y = cot y g %E = —cosec(z).

Ay _ eolfx + Ax)-colfx) i
Ar Ax
¢ Naw, apply lim on both sides of equation (v)-
cos(x +Ar) _ oosx o
] 3 i -
col x4 Ae)=golx siurx-rn.tl “sinx = figy SR COS(E+ Ar) - con e
% - iy Ax i v i, Arsin xsinfx+ )
sin(x—x—Ax) | i =sin & ’ siti{~Ax) = ~sin A
ﬂe‘.ﬁtuh rain{x+ Ax) ﬂﬂn{ﬂ- .M": sinx  Ax s
__1_..... Y ..1_- %--J———Iﬁ— ----—-1-—‘ ":x_
--Easi.n{;a-mﬁmsh:}ﬂh} Ar sinx sinx doE

The mgonemetric formulse are listed below. F

LT i . = g fral] =’
LEM K=o x i, #{m;} sinx i, ﬁM} =

-—-[m]-—ml X easeT -.itmx}::uzm;r ii{mxjn-mu’:
nndu-mr:mbemdh&dwﬂ:mwdm“nfﬁ:pmurnﬂtmhrdﬂhﬂﬂmmm; -
the trigonamerric functions, as summarized in the box: - . |

d d d, d |
i E{:{nul “WHI["] i, #{mu‘j ~pin ﬂ_[u}

d i d i
&0, =~ (o) = st W h-d;(mm]'"tﬂtu.mm i‘t"‘.l .
-4 ) o o d
WG] i) vt.;;[-‘-'ﬂl u]ﬂ-ma:”uE{u}
(ST 167 Differentiote the following trigonometric functions:
L . = l¥simx |
fa). pirh=(r +r)sing . fix= e

a lrlhegivmﬁmcmun p=q? +;}s|n ﬂn-nli:pmd.umrul:ul‘dummﬂrﬁn wn.:lsm:dw

nirlm & -‘{;‘-P:]E(simjﬂnn:]??{r’i- N=0 +Neost +

sin {2+ 1)

b ll'lhpvmﬁ.mlmuu fi)= H:::;t ﬂmth:qmnunm!cn-l‘dlﬂhﬁmmim wirl x is used to

obiain:

- -3
£=£.[]+ sinix) {Iv—cmx]E{Ha'u‘)-{Hﬁnﬂ 2-cosx) _ loos )2 —cos.2)~ @h:mmn;} F
de x|, 2~cos(x) (2-cosxy (2-coaxy 5
SOT EORSALE |




i -;chh;
.\.1[1:'"- i ".."|‘- = = fir?
?'é E {7 o] - 2 el
DIFFERENTIA
UNIT-3 Tl
2 e08 x— ol —sin = 5in’%
ﬂ:ﬂw&iﬂ‘:ﬂ Ei';‘.f:!';“—"—ﬂ wgin ¥+ ensx =]
{2—cosx) (2 7 —cosx)
fumnetioms
17 Differentiste the following trigonemeinc e . 1
fa).  fix)=secxianx (L L e T
differentintion W.r.t. x 15 used 1o obinm:

o, Ifthe given function is f{x) = secx tan g, et the product ale &
i'immnmi{unxmﬂu}ifmﬂ:mﬂm’ f)+tan
e

dx
o tan g mhn{ﬂﬂitﬂhﬂ“wrt:kmh
b M.mmmﬂms.rmu* g mﬂhﬁ""“‘

L =—{3x+2tan 5}

{1x+2tanx) {x" + tonx) = (= +tm:=} {

_df _df x4 tanlx) ] dx b
n: e de| 3x+ 20n(x) (re2un(x)

(2 4sec i3z 3 gan x) - (34 Tsed’ w)ix" +anx) 3t + (3 e (3= 2a)iee” &
(Bx+2tanx) {ix+2tun <y’
Differentintion of inverse trignnometric fanctions
i Perivitive of sin s li’;utln“r.lhmxnain_v.

ssecxtmnx)=sec’ x+secxta’ ¢

The differentiation of x = sin y w.rL y i&: %=.mq_ﬂ'

Tak:umﬂpmnlmnﬂunlhcdwiwﬁwﬂyw:.tx:

e e wgin'y+eos’y =l siny=x
= "t;i:-m‘ ]-x‘

Hmhﬂparlhzmdlulshmxlhunrmy By definition ofsin™ x:

_E LI Y. )
FSsin s o —gsySy

Hence, cosy s posiive: - sin”l) =
i =

ik, Derivative ubfcos et IF p=cos™ x, thenx = cos 3,
The differentiation of £ = cos ¥ W.rL yis: %"‘Nlir
T:le:tampmﬂlmubmh.ﬂnduﬁmwgryw”r

g e

Here, the sign of the radical is the same ulhnnfshy,nyda-ﬁnuimofm'"ﬂ
Oseos” rSmoor OSysw,

wsin'v4posly =1, 008y =%

m,l[yihsbemmﬂm“ﬂm,a”um“ i a -l gy=
Iy positive: Hence: .-.& (= ?]"F

ik Derivative of fnn e I p=tan™ ¥, then o= tan y.

A

The differentistion of x = 1an y W.r.1 ¥ is: %-m‘ ¥

Take its reciprotal o obialn the derivative of y wart, &
dy 1 1 i

B = —— waecly=lenan’y , Wmy=x
dr sec’ y "lrany 12

v Derivative afsoe v IF p=gee™ x, thenx =seey:
dr
The diffcrentiation of x = seg y worL y is: me_‘p
Tike its recipeocal 10 obtain the derivative afy wrt o
dy_ ! . 1 " 1: .
dr secytany  secyses’ y—I P
W:m+mb=&tnﬂ|tmdlmlﬂgnmuhlh -n:m"x]-

wwldtan’ y=gec’ p, wEy=X

1
ada’ -1
v, Derivative ofcosee 'y IF y = cosec s, thanx = cosac ).

e 3 §
mddfrn-wimimnl‘x- coseo y wirL, yis! E"Mﬂw

Take rrsmd;m:al to obiain the dervative of ¥ wort. .

o 2l =l ol cat’ y=cosee’ v cosec y =X

d - cosECyCOLY i cosesyyJeosee’ y—1
dy =3
= —twk
o e d -1
We take + sign before the radical sign to obtain; - cosec™ x) = —
vic  Derivative of corlxt 1 pecot™ x, thenx = coty,

The differentiation of ¥ =coty wird. yis: %--mb

Take its reciprocal to obtain the derivative of y woret, &

Lo IR -.-_I

de  cosee’y  l4ooffy

-_.-.-1 ~;m‘-’y.]+m:y‘m-y-x
#x

These inverse trpenometnie formulas sre listed in the box:
Li(ﬁ“- I_\.'!= ﬁ

. -I:mun"x]- . .-.—.-ﬁ“"'.rj-

i"llc r.lmn rule e be uul 1 derive
uilterentisting the inverse iri

i, i“""‘*‘]'ﬂf_l? it J."..{m-..ﬂ_ TI'
=1
.-:‘ o _lm = 1+

ul'lh:mrumhndhml:h
mnmwm

d I W .
i, E[ﬂn"ll-mm i '—.-{m"lf}-mlﬂl
i, i“"‘“‘:" LA . _..:m,,, w) i.--Tr—{l.l]

)

L+u® dr
. ihu‘hl-j——' ) N pov ) P S P
s unut —| dx o o I+Fd;-"

kofrortails ”

= ETPE




UNIT-3
ic functions:
WD i e it 5= PO

=X
fa). ¥= mnVx [ meos™| 5 ex
EED o =tV 6}
Jf'if'[»t}':'m-d“r; i i)
Let X 5%“':}" s

&N

1
Now, yatan™ u) ='_‘=|+r‘

%

n;«mﬁw:mmmﬂi-;g i X
(1 -
From equation (i) and equation (i) 2= '[iIFI'ﬂ:] Tk 2x0+x)

Q= B e
b Given y=goos (_‘_'_’-l]

b e

e
i)
(? ) (¢ -1)-(2 “”mfi*'_]
(# +l]
{x‘nlm} (¢ -1)(2x)
[x +1}

z,#‘m; :;f+zx Az
() ey

-.y-m(:'.z} % b y=cob(dx) € y'-*-nw[!:ji-mﬂx}
‘ d y=cat’(x) e p=tanyr : L y=sin'(x)
L Differentinie the following trigonometric furctions by using any suitable rule.
; a. x" cot(3x} b. ‘y=(sin 25 +cotIx) c. y=dcoseelx
p X Iﬂuh .

et B : s

UNITS === DIFFERENTIATION

dy _ .
® Jﬂf_"{:lx {I.if;]} [:r’ +:I}’
—idx . =z

S,

A

IJ{:;:*_I:!Y“{:’ -ﬁr : h':x’ * A

")

Hnufﬁupmﬂphnduludmmm the following functions. . . !

3 Use any suitable rule of differentintion to perform - for the following functions.

”;.jp-_ﬂlﬂd[f] . by m‘-l[_E] ' g r_m-lfi]
Ly apetfi+2) o recomred) | £ yn%.m"[i—*'ll]
4 Euppmhmﬂnmﬂumufm;sunmndnpnmnﬁ]mmpmwmmdyw
Pit)= .’r-icut%. D104
where P{Y) is profit (in bundreds of dollars) for o week of sales t weeks after January first.
c 1muu=m_ufwurmmmmmamdmw

b. What is the rate of change of profit 8 weeks after the first of the year? 26weeks after the first
of the year] 50 weeks after the first of the year?

5. Ammmmhmmmuﬁwq{mm4mmm«w

Pt in the angs tseconds aferextaling is given pproxkately by () = 045-035cos ™, 02/ <8,
a. What s the rate of flow of nir t seconds afterexhaling?

b, What is the rate of flow of air 3 mmudu.ﬂq'mhllmﬂ‘immdswcm 5 seconds

lnu'ethnﬂnu?

micnlnfﬂnsummhmduwhpuuﬁfﬁmnﬂuhﬂmafhpﬁﬁﬂcww
funetions. We shall begin by deriving differentistion formulas for In rand ¢, mmﬂmw;
hq:plibd la:mwnbu*nfdh‘fmnmnunpmhlm:mdlpplhum

e e




UNIT-3 .
Derivative of ¢* ang g+ from first principle * .
i Derivative of ¢'; 1If y= g Mwmmvnufyngrbrﬁfﬁﬁm‘mbmhm IMMIMWMmIMmhM 5 -
B i L4 A0~ 1 sy=fln=e J I-m“' % _{“""'W ”_u“ I "_“"""} i
dy st Ay mmmmuquummmmﬂmurmmmundmmm K
=!.{m'i.ml"' =tﬁm'.'!ﬁﬂ. ) . ffmnﬂnn;mw:ludlumﬂmﬂimummﬂuﬁ i ,]-a
drel Ay B A = f--{u"}- -—{lf} il -.:“-Bu-g,.w— L,n;(’
2= Elh‘“ . g=l_ . mpt e IH“E'—!EI £ HE{’} dr{“} -
= tim =0 ol = ae Ay d 1 d
fimd Ay pas wed AX Y 3 f:f*thﬂn——iu} !P.EMJ-—WE{*!
TR Derivative of o' Ey_nr_mﬂudﬂiwﬁwnr}'“n'b‘.'l"lilﬁ!m“'i’lcmhm Lt
; o 19 Differentiate the fumctions:
Q——Ihﬂ'——}—ﬂ—”“m =L A L e [1-!-;} i mmr = . &
dy  arb Ar : fa) Six)=7 o ,r{.:)'——log,,,\": =Te+x' o) Sl =In(e™ ™) ) _f[x]-,ﬁ
'umgt-mr_dr-h'-ﬂ._n: m )
s A wem A o et a  [fthegiven fnction is f(x)=7""", then thi derivative of ihe given function wrt x is
'f,a-‘"'-n i [ ,__.- ¥ o = ¥
et o R |
i
D [wtivnuﬂlxlldlﬂ& ’:mmprhdp]l N Letuw= 4-3x" then -E---ISI‘
i I'ltrl'l-'ulli'u' afines 1Ey=Inx, then the derivative of y= Inx by first principle rule is: Now, y =" ﬂ.!t...!;‘_{?].,?- log, ()
{x+Ar . e =
* ;.L)ll Ly=flx)=Inx 2 Brmwmmﬁ=a~f£
lﬂEh!u’tlh.l'
= lim o i*r bog (T).{=15c" }=£--15x‘ TN g (7) vu=4-31"
.E;h[-“'“} Lograithmie = rule s Il‘lhcmﬂmﬂiunnf{;]ulu.m+;.mmundqivmwdlmuﬁ.manw.r,t.:rk
‘E;Hlﬂ[t-r_J mvalipy and divide aut by x ' %"[‘“ﬂ" (=Txy+a ]“‘“[‘“ﬁ“" —iE = 1'-=’J"' hlnf—mﬂr- = f(=7x)
. ' -—-—h:ur—{x 1 L P kA P W
= lim kS ytn(1+2 ) i 4 ( E]:-:l % SR s He=am o=y
HI(M}h 1+ s me I+ T .th- ¥ 5 ;ﬂmd-.t]‘ @ ” Hﬂ:cmﬂmmn&f{x}'-lah“h“"}, hh*ﬂ“ﬁwﬂlﬁmﬂmmw.n.xu
ii. Derivative of tomx: If p= mmhmqunwwmwmwmﬂ %--—ﬂﬂ&*-r -]']——[lnu]_&—-{. Bl | CHE g
|".-‘I-'L
Ihl' (x4 )= fx] e (g™ — = —
Im-‘r——f—- ..ynf{x}l.jli!ﬁ-.\ lnu"'" me™) hh.“ ._]{m:-[a' l-m'f-_—?i
\
- log,fx+ A= ] 4 d  Mihe given fumction i .i‘, — ; .
EE i .,_.,thu[:lb“] Eﬂll—tfﬂg'(l'l-%] . given B fix) d:m!hndmmveof.wmwwﬂ_xm
nﬂmiilﬂl-["_} malply and divide out by x | o _dfe) Eien-e B L R S 4
Aoty Ay df dylinz - £
() (inx)’ |
2 e -.l
-EHE&&M,[H- ?hh{liﬂ—-)“ 2y ll-ﬂ!-ﬂ"'xj nlfk ih bpesit h!"'h..‘l:-!" t"{l‘xlﬂ.x-l}
() () (inx)
NG g
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hm:mnmnﬁﬁwnulmlupwaﬁuﬂnumnpﬂmnhmuﬂm "“'“hﬂh& i
differentiating products and gquotients for that of differentiating sums and differenees. It is especialty
valuable as a means for handling complicatsd pwdllc'rmqwhnl functions and power finctions wh

variables appear in both the base and the expanent.

[ESRE20]) Difterentiate the following functjons
(a). yum{ﬁ} (B y=x""
=t =30
u.y-h[UJ-{f_q]

If the given finction aiter simplificition is
["»x 3’;] Infats*=3)")-Inl(' -4}, logarittuns rules
=lnx+In(x qa].‘-in{;'--t)al“whﬁzlnb* -3}-% n{c* -4},
then the derivative of ¥ w.rt, xis
dv d

_.-u[hn-i]ni_'x‘-i}--h{x q]]--{m].]u-mx’ 3,1]—---&:; -4)

40 -20° 412 dix'-5x' +3)

’}**zf-smj'zf;ﬂh}' -3 =4) xx - x+2(x-2)

b, y= ™

In = In{x™"), taking In of both sides

In y=sinxlnx

then on differcntintion w.r.t. x. It becomes;

d .
E{h: ¥i= = {sin xln x}

ii*"— -sfnxim x‘.l-l—lnx{:{s&nx}

Iﬂ--——ﬂuxmu

A . 5Ly E e wiy
T e i - Y |y

UNIT-3

w Differentiation of the h}pcrhulln fuuﬂlm: t
Derivative af sl II—JI'I!iI:IhI‘

_EE___E‘E

it bee

]u-[ (- —:;--1] Lie* v &)= cosha

it b

PP PO T,

ik Derivative of tandie:  If yo fan be= sink
cos iy

Jthen on differsntiation w.rt x 1

& mﬁx%{:h h}-ﬁuﬁxitﬂm fix) .

it becomes =

rube, i mes d:' ey = COE e =5
" o5 hrcos foc —sin fiesin for _ cos i =zin x el

cosl'x cosk'x cos k'

v,  Derivative of sechus [T p= nu:hx:ﬁ}ﬂ:m on differentiation w.r . x throu
e .

=geel’s

- nh%{l}“ 0

itmuhl
it becomes i =

de mﬂhﬂlﬁlh-‘ﬂ::-—.ﬁ:ﬁl‘- simee 1
com'x cus i’ cosh®  cos' coshy

v, Dierivative of coscclon fry-cmdz-ﬁ;h.ﬂmnmdiﬁnnrﬁlﬁuuw.nhu

d d
nile, it becomes ﬁfhh?rm'"]'ﬁf’hm sin he(lf) —coshe _ —coshe
dx sin ' x sinfiix simhx
coshe |

- ———e =0t YOS
sinkx sinhx

¥l Derivative of cotfiv: Hyﬂmhzﬂ then oo differentintion w.r.. 1 throu,.

sinkx
sinh auﬂu]-mlhx-—-{mhx
o dx. N
it becomes "z o “tniﬁ"ﬂ"ilﬂntx-t
., sinh xsinh x = cosh veosh x -{m’x-ﬂnhx}l 1
sinhx sinh ™y sinh-r

g d it - ok
TII conce bf hrptﬂmliﬂ ﬁmm is St
hyperbolic funclions can be found as follows: '"”1‘“’" "‘mﬂ in Unit2. The diﬂ'muﬂ“

The hyperbolic formulas are listed below:;

. o x
L u['{l.llu‘nn x)= gosh x --.-E{m xy=sinhx i :-Ttumh ¥} = wec i x

d. . i
iv, -Ei,'t:u::h} =~cothccosechs w —n{“u.i.ﬂ == tanh yiec by Wi, "-ltﬂl;',i .

T

1anlk

ule,

123

Al




UNIT-3 BIFFERMA“D"

d
i -—{slnhu‘j mmu__{,} ,-,_i{mﬂ]-sfnhuztﬂ'?

: d
i -—!un'hu:i-ru:h ,__‘"} ¥ ,::tggsﬂu]--mhkﬂﬂl:ﬁll'&;{ﬂj

d
' E‘“: huy= "‘*“'““"“;;N i —i—tmhujz-m:c‘n;{ﬂ

Exampla

I._
B 21] Differentinte the following functions: fap. y=cosh(2z'=1) (. I}'rmﬁ[r:;_]
mﬂ lf“umnmﬂmuy-migh'wl}.mmdunmoﬂwmxm

%'=-tmb{1r*-1:-}-mﬂt2f -1 "*'!21 - |

=sinh(2s* —I}[i.z{:’]-r ;i-—l])—ﬁn R(2a® — 1)+ 0)= dur sin (2" =1}

b Ifthe given function is ¥ =sec ﬁ[-l:—’!].'lhmlhgdn'iuﬁwé of y wirl xist

1=
rglei]-demie  wni
= panhuy see hu— [1 ‘]--mhmn[‘ D+ x) -1 -2 “]
dxll+x

(L)
2 I=-x l-x
= [ Bl —=
(I+r}’mﬁ[l+x}m [lq-_:_.]
Differentiation of inverse hyperbolic functions
i ueriuuu wbind lar 16y = gink ', then & = sink 3 , the differentiation ofx=gin by wrtyis

:“.-Ir'-my Take its reciprocal 1o obtain the derivative of pwrt, i

ﬁ-
Here, ﬂwsrgn afthrldhdnlhcmu that of cos Ay which we know is always positive.

I
Hence, i ix)=
it‘“m 5

ik Derivathve of coify "er If p=cosh™x, ‘hﬂl-‘lnmh.y.
then the differentistion of x = cush WL pis;

coinfy=x, cosh®y—sin iy =1

de
E‘thy
Take its reciprocal 1o obain the derivative of y .04, -

ﬁ_— LI =4 ! =+ ! §a I

d sy Jeoshiy—1 s “eoshy=x, coshy—sinaiy =1
Hm_ugﬁgnnrm:mwhhmuﬁunrmb“uwi is always positive

A
Hmd:m"hx} :F;,?

L, 2% NET FoREALE

il Derlvative of tani-! x; Iy = tan h7's, then x = tanh 3,
ﬂmhd&fmﬁiﬁmurxumﬁyw;,;_yh; %-mk’y
W!hﬁmhmmmn&w&r
ﬂ___ " L

dr gech'y 1- hnh’

iv.  Derivatlve of sech'x: 1y =sech™x, then s = seefiy.

Tihe differentiation of x= sechy wrl.yi.r%--mhj.rlnh-
Tm:umdrmdmnmlh::dmmhcu{ywiltr
ﬂl drsechytnky m.ﬁyqﬁ—mk‘y :JI-:’
Here, the sign of the radical is fhe same as that of tanfy but we know that scch™'x is always

Ppositive, so that tanky is always positive. Heriee, —{mk"ﬂ=—‘h—]?

v. Derivative of cosecl 'z lry-mm“;.mxwmy,
The differentistion of = cosecAy Wi !1‘.%4 ~chiec by cathy

Take a;mmm 1o obiain Illlhﬂﬂhvnut'}’w.r.l..t:
dy
Py “eot i’y = cosech’y +1
x Mﬁﬂﬂfl! mc.!u-q'm.ﬁ’y-fl . £
=1
=%
PO 5 e coscchy =x

f vsechlym =0 ky,fxjel, tan fiy=x

vi=sechiy=tan k', ysechy=x

Here, mmurﬂwnﬁcnlxﬂwmuwuﬁuﬂywﬂm Here colliy is positive or negative
nceoeding as x is positive or negative,
l =k o -1

—-—(m %)= iTx > 0 and— (eogech™ i
= il x_\r__:’i-l #E: ‘]B;_\Ir_x x’-l-llrx{n‘

o =1
Thus — )= For all values of x.

oy | =] ;.l:’"-FI

Vi Derivatice of cothher 1fvecoths, then .= cath y.
The differentistion vl x=cothy wert yis: %-m’y
Take its reciprocal to obain the derivative ofy wirt. i
dy =1 1 =1

dr  cosech’y mh’y-l';’-l

" cosech’y = oty — Lzl cothy=r




—{sinhg)=_ 1
dx . JH:’

=1

“"’T’ﬂwhmmulic fisnctions, s summarized in the
b (in by = 1 4

dx ;1 ' d'-l'{'}

1

i _d._ - d
Sttt d )

e L |
#i.'mf: u}_mzw}

i

0 —feash )=

o ‘&E x) ;r—:,_I

T —=(cosech ) = o gt =1
dx lxeal | meeh A=

ﬂ“b:meﬁhdeduﬂnmmlhmﬂmoﬂhmmhmdmm&rw
O L S
dx :;',!-| i

d -1 d
P ﬂ'i = —

#{m 1) o u!-i-l‘h{"j
® %(mru}m__m

1

o - =1
o e

box:

=1 d
u =1y

L0 22 Differentiate the following functions: fa). yrsinh(x) (B). ye A2

cosh™'x

'8 IF the given function iz v =i (5"}, then the derivative of yert, xis:

[ P—
‘£=Elﬂnk "]
P
I+[;J]=-EE¥H}
-
1+x*

L |
] &F"" h"{x‘ﬂ'm

: 5o sin iz .
b ifthe given fumction is y= 220 C) g i geivative ofywet ig .

cosi™'(x)°

~sin .E"{xj.%_[m B

o [ #in 7 (x) ]_ ‘“‘-"*i#}-ihln il

&
dx  dvl cosh™ [x)

[eosh ()]

cos {x}?-_:-;:-—liuﬁ“ (. ) sink (1)

=

2ol Joof

[eos k™" (x)f
_ I _ sin k' (x)
Vit Leoshy) 2 =L[eosh )

[eos k™ ()

MAPLE Command ‘difPto differentiate a fanction®

T procedure 10 use the MAPLE command
following cxample,

diff" to differentiate o function is illustrated in the

L 23] Use MAPLE command ‘T 1o differcaiaze

fak fix)=x'+ Tx4 2 wort vardabler.

B}, ol + 2241
(. 6y =2 i+ seone) wat, v, | ) R 3g s e v
fl. fx)=x coshy + arcsinbe werd variable 5, -

% FOR SALE]

R 5 O &
Fh A =E | = ek FRL

B

_ MFFERENTIATION

a. Command: Context Menu:

» A + 7w b 2,00 » O+ Te+2 I
st > (S + T+ 2,x)
st 47

‘This result is obtained through right-click on the last end of the expression by selecting  Differentinte < 1 *
on the context menk.

b, Command; Context Menu:
s agf Lt 2asi6) ] , ff+20+16)
(o +31-2) (& +32—12)

[ N ko TR [ T w ([0 4 2% 4 1603 & 3% = 2).x)

A +3z—1 [2+3x—2) ad 41 [feaa8) (38 +3)
Fe3e-2 (@ +3:-2)
¢ Command: Context Monu:
s diff{c + ainfx)? + arccoslx), £); » 23+ sinlx)*2 + arccos(x)
34+ Lsinlx) cosls) = ——1 > Al 3t k) 3% ".mwm'ﬂ
Ji=2 34 4 2uinix) cosix) ‘T3
d. Command: Context Meno:

s ¥ coshix) -+ arcrinb(x)
» diff{x"2*coshiz) + nrcsinh(x), 5]

2 xcosbx) + % sich{s) + —1

N

s diff{a? costeix) <+ ancsinh{x), x};

2rcoabla) + ishin) + ——eee
a Jias

Exercise

-
s, 5
Ao

I. Use the rabe of first principle to find the derivative of the following functions:

a flx)ee™ b f{:}-%e" é. _ﬂx}=%x" 1 4 fia=2
e flx)=4 o flx=loptx+l) g flx)=log,(«’) h f{x)=sinh2s
2. Find ) i/ isc
i
P |t b g e et
£tl' e
& o

3. mféwumwmmunﬂmmﬂmﬁim
aoy=Lids b op=x W00 AU Lo |

=1
d. y=lnfa-' +1)e. y=0™ cos(2x) L yegsm
4. Drifferentiate the following functions.

T

1]
L 1
TR
PO o S L 5 4 T e ey

nop=loplz+2y b ywcosh(dx) ¢ y=sinh(coss)
=] X
d. r-nnﬁ‘[vz-] e y=Infcoth(x) L ymyeond Oa<iB]
NOT FORSALE




UNIT.3

Vi

ik

viil.

——=

ﬂlﬂ'ﬂ:mﬂr\m;q

“mwtmwum@ i thematical

systoli developed the approximate ma madel retated g
lic blood pressure and age is: plxy=di+ 250+, 0Sx565

where p (x) is the pressure measured in millimeters of mercury and x is age in years, Whot is tha
Tite of change of pressure at the end of 10 years? at the end of 30 years? at the end of 60 years?

A single cholera bacterium divides

ewvery 0.5 hour to produce two complete chalera baciera, iy

Wa start with 4 colony of 5,000 bacteria, then after ¢ howrs there will be &
Alr) = 50002 bacterin. Find A'(¢), A1) arid A(5). Interpret the results,
Use MAPLE command “diff" 16 difforentiate all the functions given in Q.3 and 0.4,

Chuoose the correet optlon,
If fu) =20+ 24 2 then fi-3) is:

e s W f
(et i '1-..'-;1.*.|.-:'|:r5|.'l°

(g 9 k). 11 {ek 21 {d). 2%
The average rute of change for f{x)=r"=fic+ 5 is . ifx increase m xe [1,3)].
. 1 b, =1 {c) 2 {d). -2

If y= fix) then fx)=
(o). Lim {12 S182)
Bl Ax

el me
e Ax

If firy=2" =3¢ 4 then £3) is
{a) 54 ib). 43

|fm}.%mm fixi=

Wiy -g'{x)
{a). —[;{':%—“
e, I (rlifﬂ*'gfﬂ{ II]

[etal

IF ki =+ then i) is:
() 3 b 34
If fix)=xtanx then f{x)=
(o). wnzdzsee’s  (b) xtanz-xsec’y
5 i

e

I » x
(n, = {b). =
- 1 -it—-]
fxlde +1 o
(a). sec”(x) b). cos”(x)
If fixy=In(xithen fYx} .

1 r
=) T ) %

) plerdd=/)

L S

{el. 36 ). 27

(A (h =M e [x)
iy, ECEMU-Maiytc)
[ixif

). St = risgi

[etal

1'1'
@

{d).  tanix)+ {1+ tanfx)’)

3
© 7

() see’x

=1
(el 2
- S
Tt et el Bt il v 90 e

() coseallinl: (it maie) -
@, % (1 {é{]: 5}] oot -

.F.?

(o FaRSALE

UNIT-3

*  Find the general formula for (astantimeoas rate of change of the volume 17

*  Find its ratn of change of ¥, w.r.t, ral ihe instant when.r= 3.

TIFYERENTIATION

wert, redius v, given that Ir"-i ne'

OIS

& The average rate of change y = f{x) per unit change in x is given by
Ay _fiz+an-fix)
E- A + = fix)

& The slope of the secant is the average mitc of change which measures “the approximate rate of
change in phenomenn," |

4 The instantancaus rate of change of a functien p f(x) ot a pasticuls point Pl ) 18 the
derivative of & function y = () at that point, f*(x}= lim JIIlﬁﬂ-‘:‘;“-L'-"—", o At
tlsis lrmikt excfsts, This f= named by first principle rule of derivative of a function ({v).

# The tangent line to the graph of o function y = £z} ot the paint & (v, £ is the line through
this point having slope _r‘mpjmlﬁ%‘:_'ﬁﬂi y = F{x)if this limst exists. 1€ this limit
does not exist, then there s no tangent at the point

=  The slope of the tangent is the instantaneous mte of change which meamsres “the exact rate of
change in phenomena,”

= In'busizess terminalogy,

o the instsntancous mte of change of cost is the marginal cost which counts “ns the
approximate mte of change in business phenomena”.

o the average mie of change is the exact mte of change which counts "as the actual rote of
change in business phenomena®

*  Forany real number n, iff{z) = <" then: " (x) m ™

o Thech-hruh;snrulehhichwemhﬂi&nﬁm the composite function, It is generally
witenss /(g0 £ 1g(g (x)

BEr FeeME

ATl



HIGHER ORDER DERIVATIVES
- ANII APPLICATION S

44 '“!'-Mr'ﬂrd:rr Dnl‘i»qlhm
 higher order derivarives of algiebraic, triponometric, expencntial and logasithmic finctions.
it ' the second d srivative of imglicit, Inverse rigonomectric and parametic fusctions.
uil. MAPLE command «IT repeatedly 10 lied higher onder derivative of flmction.
4.1 Maclaurin's and Taylor's Expamions
| v Wnekurin's and Taylor's ihoorems (without remeinder ferms). Lise these theonams to expand sin x,
h v b, a", o, log, (14 ) and In {1+ x);
ik MAPLE commuard tagler to Aind Taybor's expamsion for a given function.
4.3 Applicatian of Derivatives
i geometnical mismpretation of derivative,
ii: ! ihe equation of tanget and nomms] to the carve at s given point,

il 0ol the angheof nigrsection of the two cairves.

i, I'the paint on 1 curve where the tingent i paraBel 1o the given line.
44 Maxivae amd Minima

L s ascreasing and decreasing fanctions.

i, P dhat i 0y 8 o differemiable Minctian on ie open inserval (o,4) then
= i) isbnereastng on (o b 30 7 (0) = 0% ve {a,b),
* /i) iwdecresdng on (n ) il 7 (1)< 0% xe (nb),
k. Fupnsine o given Ametion for extieme valoes,
e, St the second derivative rule to find the exireme values of & funclion at o peind,
. second derivitive rule to examine a given function for extreme values.
s, odve real life prebloms related to exirems values.

vi Ui WLE ﬂn‘mlrﬂ maimize {minimize) 1o coemputs AR T :mh:hum:] vabuz aff fmnnu.
e o

-
Introduction; |

i1 higher order derivatives has useful physical inerprefation. If y = () is the position of an
1

obic: et then e r7) Is ity velocity i vime ¢ snd i it acceleration at tim 'f
Ay ., fu the Newlon's law of motion “Tihe aceeleration of an ebjecr is praportional to the wotal
S a0t Soy the second order derivatives has importance in mochnnics. The second order

dervs s s also important to groph the functions, Now, in this vnit we will leam in details abouat
Rrigehicr udiber differentiat on and its appiscations.

Fi,ﬁ; Iigher order derivatives

U Tumetion p = f o) s a first derivative 1 then the derivative of v, iF it exists, is the secand
ehirbsio e ol y = ), written as 1, The derivative of ¢, if it exist, is called the third derivative of ¥ =/
(¥}, writien as y" . By continuing this process, we cn find fourth derivative and other higher derlvatives.
For e vophe, i f(5)=x"+ 26" + 30" —Sx 47, then the higher derivatives are the following:

e _f'.[;-}:-'t—"--4r'+h" 4 hir -5,

first derivaiive of
e ﬁ:]:ﬂ —E[-ﬁ =125 412546, second derivative of

= .:'-=fh[ ] =Mz +132, ﬂil‘ddﬂ!‘i'@li'ﬂ!b‘f}r

[T, 1 |Find the second derivative of the following functions:

NI TEHER GHOER BERIVATIVES AND APPLICATIONS

Ax+ 2
=1

faf, [(x)=8 -0 pheed (B _J"(r}-

The second derivative of y = f f2)
can be written with any of ihe
& Ifthe given finchon iz f{x)=8x" —9x"+ 6x+ 4, then, the |following natations:
first and second derivatives of the given function theough | &%+ =00 52 [ £(2)]
'I.inurity ;m:punym:ﬂn following: e’

‘The third derivative can be written
fix =-— —r_sf Or 4 s d)= x" ~ 1824 6 va, sty way. For derivative
24, the dervative boldy the
ro=4% & ’iml ~ 185+ 6)= 48x~18 tigkiticn: fEE), nmA,S, .
dx+2

B Ifthe given function is f(x)=y= ! =S Ahen the first and second derivatives of the given
function through qunmt nitle l-ﬂ-‘ﬂu-‘ IFBHWWIH.E

d  dv
.‘fl.i[dnz] il ” (e 8- {4»23—(3: n _._i[!]-ﬂfr-,ﬂ:
dc dr\3x-1,) : Gx=1y del ¥ v
o 3x=1)= (3)45+2) =10
(A= -1y
rm_g’__ a (a,-] ()= 1) = (~10M2)3x~1U3) _ ﬁuﬁx h__ 60
ac 3= G- @l

In the previous unit, we saw that the first derivative of o fonction represents the rte of change of
the function, The second derivative, then, represents the rate of change of the first derivative. If a
function describes the position of » moving objeet of time t, then the first derivative gives the velocity of
the objeet. That is, if 3 = s{r) describes the position of the object at time 1, then wf) = £'{r) gives the
velooity ot o time 1.

The eate of change of velocity is culled aceeleration, Since the second derivative gives the mte
of change of the first derivative, the scceleration s the derivative of the velocity. Thus, if alt) represents
the acoelemtion ot time t, then

)= --I- -
aifh d:r a

An object is moving along » miﬂu. line with its position =t} (in feet) at time t (in
cevondsh: )=t =2 =T+ 9

far). Find the veloeity ot any time £, (&), Find the accelération at any time &,
fel. The ohject stops when velocily is 2ero. For ¢ 20, when does that oecur?

it The velocity ot any time ¢ ia the fisst derivative of 5(f) w.rt & rn%nk‘-@-?

[Riz zec cleration at any time 1 s the frst dervative of ) wrt & o= dv = hr-d

€ Use iy, < 0toobtain the time: 3 —4r-7=0 ¥
@-THe+ =0, 1=-1, 1
Thcnhjmwilimpm}s«.mu!s,:ihnmmnhn.laﬂ.
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UNITy \ s TIVES AND e R o F 5 IR p—
HIGHER ORDER DERIVA APPLICATIONS PR IGHER ORDER DERIVATIVES AND APTLICATIONS
. — .
WMF derivatives of algebraic, trigonometric, exponential and logarithmic™ P
The successive derivatives of some functions re gathered 1o obtain the general form of ny, i
'1“"“"‘“ in the following cases: ()= e (loga)*
The nth derivative of f(x) = (ar + 1) 15 = &, then the nih derivative of f(x)= ™ i obtained by insentinga = ¢ :
IS {x)=(ax+5)", m is positive integer, then the successive derivatives of the given functing fi)
developed a general term for the nth derivative of  fination: .
fix)= fax+b)* S(x)= ™ =
I (x)= mafac+by™! _f'tl'.l-:m(ll]p -t
() (o = g aax £ 5™ P —— ¥
E . Thenth derlvative of £(x) =sin{ex+b):
F) = it~ Ie= 20 = o D" e+ ) i) If [ix)=sinfax+b), then the successive derivatives developed a genersl torm for the nth
e " i derivative of a fanction:
{M_th"ﬁn‘q- BY", i mi i positive intéger 1) ok )
8 o (I . =
UFim = -1, then the nth deivative of /()= " s obained by insertng )= gmﬂg;iﬁj:ﬂiﬁl[ﬂ-ﬁﬁﬁ'f—;)
m = ~1 in equation (i) L EL
- - i ] i ha ==
708 I Hem by = L (i) iy ""[‘?““‘”z}"’ "“{"“ % ]
il.  Thenth derivative of flc) = Infax + 5) i ' )= a“:h[ﬂ:+h+ 3-:-]: g'sln[a.n b+T)
If f{x}=In{ax+b), then the successive desivatives developed a general term for the nth derivative 1
of a fanction: :
)= Infax +b) ,rm..,«m[mn%] ti)
fr'ﬂnni:-b L The nth derivative of § (x)= cos{ax +b}:
-ngt I fix)=costax+b), then the successive derivatives developed a geoeral term for the a-th
ey derivative:
{ax+8) :
B 4 PP -2 Six)=cos(ax+b)
{ar+b) Fix)=—asinfax+ &) Bﬂﬂ“[ﬂl‘-f b+-;—]

f'-::}-fwu¢~z{~sx4h-.t~tn—nm:u+ar'=5’—‘}{:[{"—;]‘33 i
ac+

lil.  Theorh derbvatlve of fi{x)= g™
If f{x)=a™ m“mmﬂmw.mmﬁhmm
flx)=a™ .

£ aloga S (n) =ma™loga
o
I (x)=mloga-(a™) ‘“ﬂﬂiﬂ‘fd"}hﬂf{m} {iv)

N -:—.,‘nin[mr+b+ %]u ¢*u:[ﬂ:+ b+ -2;-]

_f'mniuu‘ﬂn(nx+ﬁ+2—:-]= uitm[#+b+%]

j‘{z]ng'm[u+b+?] (it}

(GRS 3] Find the Stb derivatives of the following functions:

1

fa).  fix)= (hr+4)° . fix)= reve fc). Jix)=In{dx+7)
. flx)=6" fel. fix)=e* (. fL0=sin{sx+7)
HOT FORSALE 104
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i HIGHER ORDER DERIY Ji'ﬂ"n'ﬂ AND APTLICATIONG

a W fix)=(6x+4)" wiha=6b=a9andm =9, then fhe 5© derivative of the given function js
obtained by inserting n =5 in equation: ("(x) -_—-]—n’{a-r +B
=2 s = S 6 4] = GONBKTNOONE #'=6'(15120(6c+4)')

(9=5)!
b lff{xﬁ-{ma}wﬂla-dmdbn3.m|ugs'm-a¢1wnl'ﬂug\lmE.nclhnndnmmw
insert : _ et
inserting #=5 in oquation ¢ f7(x) W
Pla= -—1&14’ _ =41

(ax+3)' axey)’
e Hf(:)uhrﬁxﬂ}ﬂhn-umih?mmﬂmﬁﬂ:pWMmunbmb,

- . . (=1 n ~Tpta”
inserting m = 5 in equation:  f7(x) "__m_h(m-rb}'

planciise o

(x4 TY [4x+1'}
d. ll'_l"(.t}-a"wrﬂla-ﬁmdm-dtmlhi*dmmnfdnpmﬁmﬂmhuww
tnserting 1 = 5 in equation: I{x}m'n"(hsr}
fole)= 47" (log )’
& H_f{:}-."uriﬂ:n-4,.1]:n1Ms‘muwuﬂh:giumﬂmcﬁmhuhﬂndhymﬁun-ih
equastion: Six)=m'e™
Flixy=4%"
o lt'f(x]aib{'.’wa-?}Mu-ﬁuﬂi-?ﬁ#ﬁhdﬁmﬂuﬂrmeﬁvmﬁuﬁmhm

by inserting = 5 in equation: f{x}-n‘ﬂn[ﬂ+b+"—;-]

[Hix)=5"4in [Sr+1'+ .?]

Find the second derivative of x5+ 2y =3x+2v.
m The equationis x'y+2y'=3x+2y

“The first implicit derivative of (i) wrt xis: (i)
E[x’jl"l' 2}"]-;{1‘!4‘ 2"}

d g sl

S+ )= G B )

2L 2
+x:%+5, d:-Hi-ﬂ'r

105 WW _
Y —

U4 MIGHER OROER DERIVATIVES AND ATTLICATIONS
{,14.5;‘-':;.1‘2-3-19, il
“The second implicit derpvative of first implicit derivative (i} walxis o [&‘+ip’ !:-Jl] -i- -2y}
iﬂx'*‘ﬁy"Zliﬂﬂfﬁy’-n;..[ﬂ]-Etn_ﬁw}
-:mnymoj—m 6y~ z:iﬁnn-zy-m%
{:x+12y%}%-h‘+ﬁy -9y e-2y-2e

{;" #hy = 2]&_’}" = =2y—{2x+ 1x) %—12}{%]

» _,_.[Hug“y[ﬂ]’]ci\»u[ﬁ'ﬁ}?’_z}u ,:11?’_1].]

dy
= Putting values of =
' (+65'-2) seby-2 T
oy &.-.- -i:"}-] 6 [9+4x‘y’ 12y
116 =2 (x +6 —2)
e afiy -1
v fx-4x'y +51y+24fy‘ Tz
= P (=65 =27
(= 46y =2)
2yt +6)* =2 + 6~ A W +6)° - 2}+54r+2r¢-r*y —T2xy°
= (¥ +6)° =21
(' +6y"-2)
_ =2y +3|5_1,- +441206%F — 24y —axf )4 6 4 36 = T 2e -’ -zu’y’qusryasﬂ-ﬁwy' Tiny
(= +6y’ =21
Uy 36y + Ay 126 - 24— det 6+ 360 0 — 12— dx'y =240y £ 8y 4 Sy 242y T2yt
(* »6y' -2
g_‘%__ I #1207 57 =247 =363 x=Tpa* + 4y’ + 5By B’ =12%)
dx By +x -2
EEEEEI 5] Fiod the second derivarive of cos™ly+ y =2
m The given equation i cos 'y + ¥ =25y i
The first implzcit derivative of () wort, x s ¥
B o i
Zeleospry)= (20 |
Mo d i
o (cos r}+—{:-*}-2j-m~(-w1 i
1 oy v d o
- o dt [EMJHIU'}]
BOTFORSALE) o0l
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UNIT-4 HIGHER ORDER DERIVATIVES AND .lTFLI':-'\'"DHs S PEREG T AP R AE 8 o LY B kA LI A R -
=1 e d| g ldi
+1 Fow2paa i) =Sl

[l-f E” x B () G b iten T | & fa ¥

The sccond inphicis derivative of firet fmplicit derivativedif) ,mh"u&::u i e >
f , = The quolient rule of differentiation s used to simplify the hand side of equation (i}
WL Sk L | =£[2ﬂk$] &y 2ty g o is simplify the right o i
de|| fi-y? x| de il =5 + 2~ [ ﬁﬂ[""’ ﬂ“‘( ] didly dvd's
= | ﬁ-:— =1 %1 I"’.'1"-1£+I£+2-ln‘—: dt| de ":' = & I
Lo T BT L I P dt dt
& o t B i i ivati i i
2y ) 1 e i%.;ﬁ.;.z;ﬂ 1 Usz (i1} in {iii) 1 obiain the general 1erm for second derivative of parametric functions x (1) and
PTG O e P O

ded’y dvdn L T (o

; F iy . =1 lg’r ¥ dp 3= :
Equiting coeMicients of = and == io ohasin; +1=1x = T+ ’3" it _HT_W ek B 1" . replace a
i art . [;i]—y‘ [{l ¥ :|-r dl de’ ﬁ' : B EEE

- S 2yl )
av _lo-yyi  Jo la- ,.ﬁ. 1= 1=y 20 fi- )7 In light of result (iv), the first and second derivatives of the parsmetric functions
+l-2x +l-2x w =l ="+ 205 41 with & o di g ﬁﬂhm 5’==5.-+a|
b=yt l“j' o o
; v dy o 3r‘+4.r E-I-d! 3t+-|
LB 1.9[1'+4(~y‘+u'] IR #'%ir
&t 21— 1= Jl=y? I+1||I - -4 d’ﬂ iﬁ
| Jte - -2li= )7 Ay _digl d g’ Q6 -G 4n@)_ 120 48-60 -8 673
ﬁndﬂ:mnddﬂiﬂlimﬁ.mmemh‘hﬁmm:u: @ (%]) W W T
()=l )=+ 20541
m The first derivative of the pammetric functions x= (s} and y = 1) w.rt, x i m ‘!'Lﬁ“nmmnlmmnd tiff repeatedly to “:tld higher order ﬂ“ivﬂhg llf ™
& i }_ﬁ".; mmwﬂdmwmnt‘mwmmﬂﬁfmIﬂmuhmrmlmmh
dr drds dx (i m Differcatiate  f{x) =a" + 2 yine +x + 2 wrt x’
v

The second derivative of the parametric functions is obtained by taking the derivative of Command

> Al + A osinle) + 42 0)e
oy d| | d| g _ )
nquuun(l}:g&':'ﬂ--ﬁ dx " @ | Multiply and divide it by ot

126% 4 Zsinlx) + dcos{x) - wsin(x)

g ar Far second derivitive, afler comman :
3 given function above result. ﬂ-mm'ﬁﬂ#mmmmmmmdmmor

e | o7 NeTFORSALE NeTFemsaLs




ks Rk = =3
. rg . 29 e
7 o LR Sy
; 'l-l'a..'. el "-!,.-."_‘, e A

= LT j_ 1Fd
baia HIGHEIR ORDER DERIVATIVES AND AVPLICATIONg

UNIT

WIGHER ORDER DERIVATIVES AND APPLICATIONS

! ERCEE m Maclaurin’s and Taylor's Expansions -
1. . sl e i ; . Often the value of o function and e values I its derivatives are known at a panticalar point and
Find the indicated higher decivatives of te fellowing Raes: from this information i is desiecd o obiain values of the function around that particatar i, The
8 fle) =3t wdres, () b. m-;-n;. mi=) Taylor polynomials and Taylor series allow us to make such cstimates. :
" Maclaurin’s and Taylor's theorems, Using these theorems to expand she, cos
& symdstaT, A0 4 =3 Y ) mx. tan v, ", ¢, loga(1+x) and In(1+x) : it
R Use implicit rule to find out the second derivative of the fllowing fiunctions: A Tuylors Thenvem i
o pate gty =ol b Peaiapt : 167 {x) and its o derivatives atx=1x, are " (esd S (radoos S xad then the nth onder Taylor .
e W-Zg=0 Yol grr=eey polymominl g o may be'writien as: .
3 Use parametric differentistion to find out ££ far the fellowing parametric functions x (1) PAE= i)+ (-2 ) M)+ !x_';ll. T+ e ...f"_“”’!ﬂ. ) i
ek y (1) ‘This polynominl provides an approximation o f (x). The polynomial and {12 n derivatives are
w y=det ], p=trt4l b xedat+ 2, y=6"9 very much matched with the valoes of £(x) and its first x derivatives evaluated atx = x,
hr‘ g = - A = e " =
& regeosdt, ywhin e d. -1'=:;:|1 }'"]':_? -{r.:l f‘f":i*- g _ftxﬂ:'P'u‘} 0 ek Jr]-::::d ] known by F{0}=1
4 Find the indicated higher osder derivative of the following function, ""' Ul 8 | 'The function ¥=f{x) =" ond i1z derivatives ova atx, - are [ =
. fid=(x+4-5", b fixy=ma’(z), /(0 L =1, =1, S0 =1, £710)=1. Use fourth arder Taylor polynomial about x, =0 o estimate
- JOar x=02.
oo flay=oe", d fig=xiin|t), . ; ; i -
2 : mﬁn fourth arder Taylor polynomial p, | x) i obiined by terminating the Taylor polynomisl
i i g ol
5 Use MAPLE conmand “diff” o find the indicated higher order derivative of the following (1) after Bouwth orer devivative torm: )
lllﬂn.ﬂll‘- ¥ 1
n flxi=Jeeclin) , fx) b, Iff.r}-nirtsin.ﬂ T Palhm S0+ {x—x) Jr'hu}ﬂ_‘Iz.?l_ i)+ ‘i.‘ilini'_ Pt JEmm) L) i
i Find the indicated derivative of the following by using rule, St e 0 Bt ! k1) 41
a. y=0x+7" , 7 derivative Bs

e fx) = n(Zx-4) , 10® derivative

PR~ O£ Ot £ O+ O E s 0
. gl doosie +8) 6" derivative i ;

=l1-l-.'|.1‘ra—=+f.-:-l+5: - iy
4. hxy=T | 12% derivative nn _-1..1 j
o The Taylor polynomial (i} ix used to obtain npproxismation of function y= (<) ¢ gtx=0.2:
I '-'ij £ Iﬂ!'u.? Faulxi= e x4 5:1-—1-:_‘
By using the chain rule and other differential rules, some of ibe dervative compuiations can be radsis W 21 3%

perfurm, F.,: complicated defivatives mathemsticians, sciemisis and Engineers e :Jmphber softwarss. Such & P02 h-“u_z‘!.“*_zl,’,_', !u"z.]'j +ﬂ-2}-
rathensatica, maple and Matlsh, use compuier softwans to conmpute ¥ 21 3 41

4l +4]."|iu’;:,f=}] _ =1+ 0.2+ 0,02+ 0,001 334 0.00007 = 12214
dr 1+cos(x)

Matice that the Taylor polynomial approximation equals the scmual function value

¥=f02)=e" = 12214015 = 0.2,
5 i ..ﬂ+:m:x} ]
dx| (2 + 47 sin' ([ =) v o ;
hlmywh"'”mmﬂm:rwmwﬂmaymmwmwﬂw n‘-f.fmm.m polynamials have been used 1o estimate the vahies of y =7 (7) 1 variows & raloes
I pister software may be more efficiens, e B S
thuvhsm I i kng hﬁ?hrpqlrnwnihkwmhw--;m-tr,mm_‘..‘fm“wﬁxm i
< |08 - AT EBRSALS HOP FaREALE
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LN (G HER ORDEL DERIVATIVES AND ARPLIG gy 0 e

16 =IF mare and mere tenms are med i NTMWM““I"'MMWHMH‘%

apprsimation ta y = fir)
Vo answer these guestions, we introdace the Taylor series. Asmore and moes terms are incladed iy 4,

f"l’fﬂ."" polynomial, we obinin an infinii seris. known 54 Tularserier:
: l"‘ili;l P it E—:‘Jlia}"’f'{kl iy

M= S (- iiglt——

(Bor shime Taylar serie, fhe valug of 1he series equals the vitlue of the function for every value o 3, That iy, g,
Taylor serics spproximalions of ¢, sinxand cosxequal the wlwc:nl‘ e unxmﬂmrhmmﬂl
However, sume fonctioes have a Taylos series which equals the function onfy for a linied FANGE OF 3 vabies poy

whkhmhhﬁy}ﬂmiﬁwh'm"l{xc]_

»

| example, the value of 2 function f (8} =
+x)

—

1. Maclaurin®s Series _
A spesial cuse of o Taylor series occurs, when the funciion y = f{x) is known only ol the orign

¥, =00, Tlis special condition imposed on Taylor seris, develops the Maclaurin's series:
7 £l
sy = 1oy s+ 2 e+ 2 ) I
The Taybor and Maclurin's series af w= f(x) sbout a particular point x, are of course:
i e AE R, A
o1 s ta= )+ B2 i s B0 o B2 ey gy

H e}
;‘I-ﬂ-.-'tﬂiﬂsr‘{ﬂ}ﬂi]inu}q-%mn}. ..... +%f{m (i)

2t
©If we uses—, =h, then equations (ji) and (iii) take the ¥
pugrular notnsbon for e Taylor and Maclurin's series of order o Sxth)]

+ &
fx b () Py L e B ) o

= £l
e

3 H
striy= on 0= ront roe Ko @
The graphical view of o function y= f{x) atx=x,is shown
im the Figure 4.1

T
xh % mth

Figure .1

The pogruslar notatlan for the Taylor & Maclaorin’s series of arder n are:
i % : K K i
i Flxg+0= flaa)t M"h.l*igf'm}'- ﬁj'{x.} &..;—lfﬁﬂ

. i i ;

If a Functinn ¥= {{x} i5 known ot & particular . ja?
. point x, 0, then the Taylor series (¥
Jiapwnrd or backward point s = x, 2 b of a fanction = FEx) are: o e

o E P

Sl k= SO Y2 Sl 370 v x=p, 4h
- Las A P ﬁ’

Fila, =k FEEAREIMEN 'ﬁf{l’l}- -ifll',}'r.... x=x,—h

A1t

e e e ]
et o

i "
Pl ey, L e T e

' 2 -
LINTT-4 THOLAIIEH ERREITEAL BN ED Y & DY R AR A0 I A L

Mow, look af the following examples the procedure W the wse of Taylor and Maclaunn’s
Theorem is ilhstrated in these examples, .
ATy, @ |Use Taylor's series W approxinate the vidluic of o funiction f [xhe o at a pointx, =2,

The funeiion amd fis derivatives oty =2
f=e, fD=e =73890 =", F(N=e =730 [N x)=e (2= = 7389
ure wsed in Taylor series (i) to abtain the Toylor series approximation of ¢'at a point o= 2:
{x=2F (x=2)" s
gt fﬂ}*{xvllfﬂ}""——fﬂ!h——!l—f"{-lrnn—

21
. — =l = ]
-‘J'.Jﬂ?l+T,3‘Bﬂ'|{.r—:j+‘r.3ﬂlﬂl'—3%-?3ﬂ'§l%}-+ g
B, Maelaurin's thearem for the funetions of the type J ix) = a®
10 Lise Maclurin's serics 10 apprasimase e valoe of a finction ({x)= o' at o pointx, =0,

'._!r'l-:','_'l.l'll"

Tise Fanction nrd its derivatives ot 2, =1
Fivy=at, Fl0)=1 fix)= a'logm JOy=loga

frixh=a' (log ), [ 10) =(log’ .
arg used in Mackurin series (i) to vbtain the Maclanirin series approximation ofe' 02 a peintx, = 0:

T 3
ut= 0y x (D)4 ':_';.-.1;_ e i‘ij'i_llr'(ﬂ'u-.,..

m |4 xlug,.-.rd-"?'!{lnﬂ\nf + %[W}H .....
£ Maclaurin®s theorem far the functions of the type fio =«
(O I A | Uae Miclaurin's series 1o approximmue e value of a function f{x)= ¢ nla pointy, =0,

The function and 1s derivatives atx, =0
rin=ets Al =L fix=e fi0=1 = =1
are used in Muchnrin series (il) 1o obtgin the Moclaurin's series approximation of ' ala point ¥, =0
- L3
b e o P i e
= e !11- 3!»—...

F.  Muclarins theorem for the function of the type fixi= siniz)
12]  Wse siaclourins serics (o approximate the value of a function £ (x) = sin {x) at a

perint x, =10
‘:W The functivn and its derivatives nx, =
Fixy=siny, fid)=sn(0=0, J(x)=corx, "{M=costfi=1
S (xy=—sing, fFi0)==gini0) =0, [T {¥l=—coss S0 = —cosly = -1
nre used in Weelaurin series (i) 10 obtain the Maclourm series approximuation of sinx ol o point g,= 0 2

sinx= £(0) 4 (x) /740 "-;{'-nu:d";‘?-r O+ ..
=l]+,x—~l]—r{Lr+_,=,‘x—.1_l+£_-_".:+__
3 s m
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e cimm e TR (T




- g Sl b
S i

- - -;-m- > _-_-?@M'j_rtq:‘._:\.:-_ :
UNETA ' JIGHER ORDER DERIVATIVES AND AFPLICA T HETdMIIL e mae
E5 et e b TS oF the BPR Jivi=eaniy) - UNIT- HIGHER ORDER DERIVATIVES AN AFPLICATIONS i
13) Use Maclaurin'ssrics o sppvoximse e valuo of unction /()= c03.% St peiat 5, ok, (14 3)= slog - o2+ Zlog = . "
D The functionand s deriaives st | L B Muchuiin®s thearem B the Ganetinn of the type fivi= bed o
fix)=cosx, fO)=cos0=1, f()=-sinx [’ T Ulse Maclaurin®s series. iy approximate the value of o function f{x)=Infl+x)at 2 pmnt i
[ (R=—cosx, [ (O)n-cus0=-1, = O=0 =0 L w =
are wsed in Malaurin series (1) to oblain. the Maclaurin series approximation of & funclion coszraty (STIIT The function ond ifs derivatives atx, =0 #
; x \ |
pointe, =0: cosx= [ {ﬂ:uﬂﬂh-z—!-f{ﬁ}f' LIRS f(x)=n{l+ %), £(0) = Infl) =0, rupﬁ-ﬁ_ I{o=1
i SR
s ““**‘ﬁ‘;“*;'z“::: ';N}L o @ S e R AT
W, Vuelwaln o dieong g S ez o1 the e i te a0 the Maclaurin's series approsimation of In{l+xiat o
5 14l Use Macleurin's sesies {0 approximate the value of a function f (x) = tan ¥ ata point x, = 0, ore used in Maclaurin's series (ifi) to ":‘:"" 2 E g
The fanction and its derivatives atx, = 0 phintx, =01 Inl+x)= £ O)+ xS 0)+ 37./7 O 55/ 01+

Fix)=tanx, f{0)=1an0=0, F {x)=sec’ 5, f'(0) msec’ =1
™ ()= 2sec xtanw, f7(0) = 2(100)=0, f7(x)=2sec’ x+ dtan’ xsec’ x

= (0} = see’ 0+45an’ Osee’0=2 L :
are wsed in Maclaurin's L5} 19 obtain the Maclourin®s series approximation of  function tanxatapein |

3 ! AN X o x
=0+ x(1) -f-";—’-‘- =1+ %{1}4—... -y -'2—1 + 2-}7 - = A= —3-* - -}—-- T+ st

mw.mu:mmmﬂmmmm:ﬁmu =3,
i flxl=sinz i, fix)=ecosx ni. fix)=tnx v, fizs)=na"

x ]
%, =0 m.v:-nuu.f_r.[u}»f%nn}a,-;—lrmh_..

2 v. fix)=o vi. fix)=logdl +x) vii. f{g)=1n{1 +x)
a8 — — —_—
=0+ x()+ 550 55 @) w250 | [ MAPLE command “Taylor” to find Taylor’s expansion for a given function
- +§+ ,,,,,,, . ’ The use of MAPLE command *Taylor" is illustrated in the following example. |
L Siaclseian Eherem i the Trecian of dhe e Sl = dogaf1 e . mhu‘“:‘wl;“::“d“’h ﬁ”'#m;ﬁ "
RERERIERENS) Use Maclawin' seies o spproxima th value of a fnction (1) = g, (1 +%) ¢ 8.y B i S e piciot o s 5 s
¥y =10 v
m The fimction and its derivatives atx, =0 a Cummand
ﬂ*""“f-i'*ﬂ-!lﬂh-h;m:n > ulorl &, 2 =04, I+1.I'[r]:+“}5ﬂ'l!':‘+'&'Nel'r"#lih"'ﬁ
ff’]-miﬂﬁ.h il =log e=log,e Eb:lr'lut Menu: I"n_
r=-—lsioge [ ©O)=-log > seried e*5,0.4) [{'
"1”1 *  L4hterd Lt & Ly 1o (1)
= Terp log,e, f™(0)=2log e 'E:umﬁ is mﬁqnh[s.gt_ right click on the last end of the expression by selecting “Series <" on
are used in Maclaurin’s series (60 10 obtain the Maclwrin's series approximation of & functied b, Command: e
S(x)= log (1 +) atapoint x, =0: I P > wylorisinie) e=0,5%  :
log,14+3)= 1 O+ ()L O+ 0+ EL 0y, _ =~ e L aoty)
!EZ - Context Menu:
=04 xlogp—log e+ 2 —jop e > ainfx)
& T e > serier sinfx).x.5) .
-xhu-wz—!hy+~irhgf-h 1--‘.-.!’*4}[!’]
HET FERSALE
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mpl!ﬂtltinn of Derivatives

In this section. we will see how 19 yig abeel
angles in betiveen twe curves, the maxinmim and i
where the function 2 incresing ordocreasiig.

™
W Geometrical interpretation of derivafive

Consider a function 1= f () as-shown in the Figure d.?:

Lot Py, x,) bea peint on acarve = f 1) 3 \mel line
¥ 4
htay i

GRS

i 1ay t-mrine (e amge, ivinel ol fnes, b,
w8 Mumciion oz woell w the ey

droaen salags o ot
; N

The change Ax in x develops a change Ay %,
The coondinates of & pont { are thesefore
K 1 A o+ Av), Motice that the slope of the secunt >
Lisic Py,

%v__x_ {1_1.+d.;‘:-,|"'1.=ﬂ i =

IF we tuke valnes of {7 eloser i P, then @ 15 JR- X

approaches P, and Aranp.oches 0 anl the slope of

the secamt ling PO automutically appeoaches tie shope F i3

of the tangent line at o particular poind P ard is dhenated by:

dy o Av o [l A= £Ux) e :
b L G PR F 1]

Nl Ay ’

3 Foe
Equations of tangent and novinal to the curve 1t 4 given point

If the slope of the tangent Tine an o ciirve 3= (x) at a pnﬂnnlnr p&hﬂ P, ) is i), then
the samgent Tine on This curve = panicular point P00 B the nechomogeneons line {developed from

the definition of the point fonm of the sinight fme): :
y= = F =X, .
Py L= ) = I (xa) i

The noemal Tine is the line pespendicular to the tungent line on s curve al o particular poist

. =
P e vy 0 with slope T

=]
1:-'—:-‘.1=mi= Ke)

U_i-—I'I.'JF—“:;{I'J'"L me= ) (i) .
PR 18] Find the equations of the tangewi and normal lines on a curve 3=+ at o paint A2A-
I the given curve it = . ther the slope of the togent line is the Girst derivative of e £V
curve a1 particulas paint AZAk
fin=2x
F2y=202) = A= m, vy, wlie it F(2,9)
The tangent line (1) on the given curve 3t a panicular poiny By
peyymolx=x)
(r-d=ts

_4,-r+.'|.'—4+3=“3“-““!""“"3:‘“-}-4.1;

TIRG IR MR DRI AT FS A5 APPLIE AT

The narmal line (3] on the givew cuirve o a parthcular puaind P2, 43 ia:
-1
Gr—pd=—lr-m)
(=)=l x-2)
Hy-4)=~(£-2)
re+dy—-if-I=0=2x+4y-~18=d
Find the equations of the tangent and normal lines on the curve y = 9= &t a point, whon
y crosses the o axis. )
@R e coordiniates of a particular point P st which the given eurve v = 0 - F crosisen the © uis
are y= il o
Puty=0in y=9-¥to cbisin aset of points 0= p=9=1" == = r=23= (3.0 (3.0
If the given curve is y= 9= , then, the slupe of the fangent line i the first dervative ol the
given curve af a pecticular point F{E3,0):
fix)=~2x )
S (B==-23)=—6=m, ata polnr Pi+L0)
F-Si=-2=-N=b=m, ala peint F=3,0)
The tangent lines {1} on the given curve st the particular points aee
(y=0)=—6(x~3), m=-6, F(3.0)
Brsy=18=0
"ox 3k - i
(r=0imb{x+3), m=6 P-30) i
G- p+18=0 ;
‘The normal lines (i) on the given curve at the panicular poinis are:
(y=0)= ZH(x=3), m=-6, P(3,0)
fy=x=3
x=oy-3=0
(r=0)= (x43), m=s, P(-2.0)
ﬁy--x-3=;¢ﬁy+ll-tl
Angle of intersection of the two curves
IT my is the slope of the first curve and my is the slope of the second curve, then the angle of
in between these two curves 41 a point of intersettion i the angle in heracen thickr tangens at
that poirt. This angle takes the notation: ma-ﬁ_;—‘:} i
¢ )
Find the angle of intersection in between the curves par ¢'=2x+ | and v= 61 ot the
point of intersection (2, S).
mmrquHWIﬂimmmiumﬁcﬁmmgwwm‘w T L e i)

3 L+ i,
For point of interseetion, solve the systent of nonlinear equations for the unknowns x md;:

HET FEmenLE

1 The mrgent equation i & point
Fas i (1 =)= anx —x )
li. The nurmal equation at a point

Plyey Vo (y-1)= -—!l.r %,k
i

Y
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 UNITS,  GHER ORDER DERIVATIVES AND App( 1CATIgNg
. = s i)
ity U!i!.g ﬂfﬂ e‘;“g:;i::ﬂgliﬂm mm““ in second W.I“Dﬂ 1o obiain:
] ’ =2 im i+l
o T ||

Mt =x-2)=0 = r=0-12 .
The set of x values is used in first exquation of the nanlinear system (ii) to oblain a set of y vajye,.
Putx= 0 to obtain = '~ 254 1=1 o
Putx=—] 10 obtain y= "~ 2o+ = =1+ 2+]1=2
Patx =2 toobtain y= '~ 2+ =8-4+1=5
~'This process developed a sctof points of intersection: (0,13, (=1,2), (2,5),
* The slope of the first curve o a peint (2, 5) i %=3;’-2 :a[%]mexzjhz.lhm,,m

Thie slope of the second curve at  paint (2, 5)is %nu =[%L'-zm=4-m;. i
]

The stopes m, and m, are used in () to obtain the angle of intersection in between the given two curves:

ang=om  10-4 6
l4mem,  T+(1064) 41
&
"'—:
B’?‘“ P 0.1453

al Point on & curve where the tangent is parallel to the given line

‘Lock at the following cxampie the procedure to find the point on a eurve where tangent is pasaliel o
*the given line iz llustrated in this example, pe o

ETIER 3] Find all the points on the curve 3= 25" +4x" where tangent line is parailel 1o the fins.

‘p=lx—d
m Since the given lincis y =8r—d
Shope ol the given lino=§
Givencurve = yw 23" o 45 {1

P o oxt 8 F=2'44x’ when x=-2

::Exhh Then y=2-2)" +4(~2) = ~16+16=0
F 2

it vdr—dai .‘-"I[i]l-r{%]l Mm.r:%

3+ 6r-2r-4=0 g 4

ez +2)-2x+ 2 =0 =-1[-EJH[§)

(x+2)3x=2)=0 16 18

==_x+2-ll. :Iluilan 'E;?'E%‘E:%

=2 and - =0 —
X= lﬂ‘+3 ¥ ﬂ'n

Ak

NI TIEINER CRIER DERIVATIVES AKD AFFLICATIONS k

1 In cach cas, find the equation of the tangent line 10 the curve 3t the indicared value of x;

2. y=yfrl, z=3 b oy=sin(Zees), x=0,
i ..'r"';"‘u".x-l il = "+|' £ |
x
r In cach cage, find the equation of wormal to the curve at the indicated value of 1
g =, 5wl b ye{Zx+l), x=0

y=inxg g=l

o

¢. y= coslie=-r), xH% il
. Find an equation of the tangent line 1o the curve ” + »* =13a1 (-2, 33,

2 &£
. b, Fird nn equation of the tangent line (o the curve san{x— ¢) =@ at (0, 5]

¢, Find an equation of the noomal line to the curve ¢*+ 2y = 3* at (1, =1),

o, I-‘mdmnqmﬂmnﬁhcmullhﬂnlhemntx’m-y’-h*l ot {l,2).
A a. Show that the first four terms B the Taylor seties expansion of £ = tan x

¥
" n R 8 "
about x= Inm. I+2[:—:}c{ -:]]q-i[;-:]
B Shosw that e first four terms in the Taylor series axpansion of f{x)=x
T PP S S T e
obout =4 are: 14—‘(1 4] 64{: 4 +su{x 43
¢ Show that the first four terms in the Taylor serics expansion of

t 1 A
Jigl= x+ " about £ = | are: u+‘}ﬂ_+‘{{.“—'ﬂ ‘_[-l"'l} +{-’-’-u +....]

2 3! 4
£ Find the Maclaurin serics expansion for the following functions;

i ﬂ:}-&; b fi)=sin®s ¢ fiDs=cshx & fl=inl-40

&« u“mummmmrummnmmnrmmﬁmm|+%+.i‘rl+%+...h..
b. Use part (a) & find out the value of ¢ that mist be sccursie 1o 4 decimal places.

™ Fine the angle of intersection berween the following curves:
i _-;-’-_r'nn’, x’--_y*uu-’-‘lri h 1y:r-ul_r._ ,:r"+l1.-’u Jaxy
K. Find the points on the curve y = Sa' - 4 where tangent line is parallel to the ling y=355-3,

ﬂ.TwhmnHrhhhmﬂmuﬂﬂwaMhhnmb}'}ﬁﬁmnﬁmnmm‘immd
&lemm!Mhnﬁwdﬁmdmmﬂhmﬂ
mﬂhm‘ﬂpﬂhﬂml?ll.%ﬂmnfﬁﬂuﬂ%ﬂhhbﬂuﬁd‘ﬁw
mathemics in 1715 mih the name “Motflodhs Incrementonam Dinecta et lnversa™ This woed
contais) the well knovwn byrange niioed its importance and terrmed it ag the main ;

- ! 2 as foundation
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EEN Maxima and Minima "

Always the masimum aml m“““ﬁiﬁﬁﬂmﬁﬁuﬁﬁmﬁfg&l‘gm““ v.h"
For n quadeatic function ( is : .
withest grashim by ﬁmmﬂ algsbeaically. For functions whase graphs are ot kiiown, gl

techniques are noeded, T this wit, we shall see how 10 UsE M}wﬂ;:-:i mﬁ L'l“m';"-'"“ -
it values of 3 fupetion a8 well a0 the ingetvals where the fune ) "

Increasing and decreasing functions

F )

Suppose nu ecolagist has deiermined the sz of & 2
population of n certain species 2s @ function f'(1) of time ¢
{montlis), 1T i turns out that the populalion is meressing Jmil!l
the end of the First yeor and decreasing thereafter, 1t is

reasomable o expest the population te be mivimized at time n
¢ =12 and for the populntion curve ta lave 2 Wigh paist at T4 12w i
1= 12 oz shiown in the Figure 4.3. Figue 4.3

I vive grapehy of 3 fusction f{n, such as this population _ IS .
curve, is ﬁshﬁmﬁmnﬂu interval 0 < 1< 12, Mt we say that [ (f) 18 strictly increasing on tht
fnberval, Sinvilarly, the graph of the function in Figure 4.3 15 strictly decreasing on the intepeal 12 <1<,
These terms are defined mone formally in 1l Figare 2.4

i
)
P
- ’-M
*= = JL"' e

Figure 4.4
¢ The function %) s strictly increasing onan interval (o, &) if
Sl = flag), whenever 5, < 5y for 5, and x,on (o, b)

= The function f fx) is strictly decreasing on an interval (o, &), il
Sl = Jixg), whiensver < v, for xand x,on (o, B).

(BRI 22) Find the imtervals at which fhe function. f(x) = s increasing or decreasing.

Tite hinction fixy= 3" isa paribols passing thraugh the origin, Take any two puhliﬁ""
in the fiverval {a, b) for which: SR = i) =2~ xf m (=t )(x, 4 x)

1%, (000} with conditian 5, >, then the fussion f{x) is increasing in the interval (02
Sixm)=flx)=0

S0 > S5, boll (z, —x)and (340, Yare + ve, whens x, > x,
T

* %, (20,0 with condition £, > 1, then the fyr: . e
: Riscion o) i "
fix)y=rf(x)<0 &) decreasing in the

SO SN Gomnhin vve whitg gy £
T T

M= v, whien x, > x;

BiE

LT TTHENE BCOEERE M WY A IR0 ASED APPL I LRSS

Prove that if fix) is a differentiable function on the open interval (g, 5) then )
®  flxhis incrensing on (a, )il T =1, ¥xs (o b)
& Fi s decreasing on (o, W) AF 0xd< 0, Vee {ah)
Prool:  Let x.x,&(a.f) snch Devt & >3 then there exisd o point © berween x, and x. wuch tha

fle)= fixm = flx)

Xy =Xy
fry =2 )M e = il )= )
For f{¢]=0 and 5o, x. -5,

10 & fumciion £ in urmiinesis on jo. b)
et FThentiabhe va b, ] then e

Therefare, Sl = lx) =000 > 5 o I‘-"";’_:'h'l"' rT wisach 1
Cr Ji) s Jin) W= _h:.:‘ L
i, fis eat increasing fimction

Similacty, the prool of part (i con be done which is left 25 an exercise e (e rc:dn
8. 23] Detesmine the values of x ot which the funcfien fix}=x" +2x=3i inefeasing o
decreasing, Also find the point t which the given funetion is peither increasing nor decreasing.
For graphieal view, the given function through comgleting square
flx)=x 4 23wy 74 2p 4 1= 1= 3= (0+1) =4

is compared with the genera| equation of parabaln fisy=afx=h) +k E_

1o obiain 1 parsbola with vertex (1 ~4) that opens upward fa =lis | 1

positive), The graph af o parabola frough the peines (-4.5) end e
(2,51 is shown in the Frguee 4.5, S

The derivative of a given fanction with respect to x is the L,
slope of the parsbola:  f{x) =25 +2 e
IF the slope of pamabain i f"(x) > O (pasitive), then it gives Etn. =T
Sxi=0

Thix shows that tha given Rsnction f'{x) i inereasing in the nterval

~1,m),
;;I' the r\:;iqmol'pnrﬂmll 5 ix)< 0 (negative), then it gives
Mxi<0
x40 = Ay<-2 = r=-|
This shoows thas the given funetion fx) is decreasing tn the interval [—=.-1),
1Fthe slope of pambala is f*1.x) = 0{zem), then it gives
FiX=0= i+ inl=2y==3 = y==1
This shows that the given fumction ((x) i neither incaensing nor decreasing ot o verex [—1,—43,
Examination of a given function for extreme values

Typieally the extreinn of a continuous fenction ocear either m endpoines of the interval or ot

Tx4230 = 2x>=2 = gx=l L_

" points where the praph has o *peak” or a "valley™ (points whene the graph is hagher or lower thas all

nearby points), For example, the function £} In Figure 4.6 has "peaks™ a1 B and D and "villeys” m C
onal E. Peals and valleys are what we eall the velative extrenm.

The exict Iocation of a relative maxivium or mininum mtler than o hic"s approximation
fammnily be found by aaing derivatives. The coneept developed i as under: P =3

Lef fix} be a function as & reller coaster track with 3 roller coaster car moving from left 1o ri
along e seaph b the Figure 4.6, Az the cor mives L b 2 s

ands i pak, its Magr tils upward. At the
BET FOREALE]
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w4, . . - MEGHER ORRER DERIVATIVES AND Abviicyy,

¥ reaches i ilt downwan as the
instant the car the < floor s Jovel, but then it begins to U _. ca
down toward a valley, mﬁmﬁmgmem.lmwfhﬂ:ﬂﬁiﬂg&;ﬁhﬂhh
fighure) represents the tangent line to the graph 3t that p -%mhﬁ@mmmh“%
Wﬂlﬁlthaptdulndwﬂup:tﬁ.ﬂ.ﬂ.mmlmui i s WW
E.hﬂm.lmimu.ﬂ:wwmﬂim:mdﬂmhmﬂ!hn u'.E'bﬂ r hmhh
mnhuthem'ﬁ,.qﬂﬁdmmumwﬁmkmmlmuDur h'mu “Wﬂﬂp%

Thﬁ.“ﬁﬁﬂhvdmapﬂkmnvﬂkymmimﬂﬂﬂspﬂ;t:Iupgmhn:h .
lndhullup:l:IumwnqumljmEsdeﬂnn&ﬂm.ﬁts_lnp:ufllmm;cul '“‘“‘”““’mm
function f(x) ata paint Plx, f(x)) is the value of the derivative f'(x).

-
S ﬂ'N-nn fan
No tangent ;
A E Mo tangent
Mo tangent & | -
0O 4 9 W I 7 G o b

[+
Figure 4.6
S Belarive Yhadoiidie sl Helarbve Viinfmum: The fanction Six) is said to bave & refalive
maximum at a number ¢ if fichz £0x) for all © in an open inferval containing c. Ales, (s &
said 18 have o relative minfmum at 2 nunber & 1F ()5 7(x) For all x in an open inkerd
containing d. hm.m:themimnudmmMninhm are called refative exirema.
B il * dhoes upd € ritfenl Poini: Suppose fix) is defined at a number ¢ and efther f(c)=0
or fic) does not exist. Then the nomber ¢ is called o critical value of /() and the poi
Fie, fe)) on the graph ol f{x) ks called 2 eritical peint. )
Note thal if f{r] is not defined, then & canned be o eritical value, If there is 3 relative masimse
at ¢, then ihe functional value f{c) at that point is the maximum value. Similarly, if there is @ relatme
minimum ot ¢, then the finctional value f(c) at that paint is 1he minimum value,
[REIREZA]) Find the criticat values for the fallowing fanctions: il
Cfa) f(x)e4x’ -5 - 8x 4 20 b, fix)= _'fi fil foxpwiaet -2
i

e fix)= E:u.‘E -4z

i d
filh. f{x)=3a? =122

[ The first derivative of the given fimction is: SOr=12e* ~ 1058
(3} =124° ~10x 8 defined forull vaes of . St '(x) = 10 obtai the eitcal valoes
Fx=12 =10r-8=0 = 23x=4)2x41)=0 = *""% ~1
gk
i The first derivative of the given function js; Fix=Hz=4)

(x-2)
Thcdeﬁvﬂh‘ehmldcl'mduunz'ahm . - :
Tt ot
ft:}-ﬂx_'“-n: Widimg ol exiti
{x E? L = E=i) 4

S b FORSAE

LNIT LLITHTTHE uém{x DERIVATIVES AXD APPLICATIONS
=1 L]
e Thefirst derivative of the given funclion i (k)= Gxd — 3!
mduimhuhmd:ﬁwalxnﬁ.htmmﬁmtﬁm Slx) sty = 0 is
,.F{H}wiitnﬁ—zmﬂ-n defined, 5o x = 0 is & critical value For other critical values, sci

J{x) =0 1o obtain: _f'{x}-ﬁr‘_?l-!xt=u=».'l.r}|{1-x}-b== Togml o xud
Thus, the critical values anex= ), 2, . §
o The derivative of n given function is f({x)=3x® — |25
& 1 4 =T i o
.l"lfx}’J'[E)Ji-.-Il[l}x’_'=hi-1xT PO P T Lo
] Y .i ‘j
The derivative fails to exist when x = (), but the original function f{x) is defined when £ = 0, S0
x=0 s a critical value of f{x).
Ifx=0, then (x) is goig 10 be O only, when the mmertor 4z -4 = 0 {s 2ero forx = 1. Soxc= 1 is
also the eritieal voloe of f(x). This, the eritical valuesof #{x) nre Gand 1.

]
e The derivative of a given function is: )= 62" ~dx

; H
fﬁ}nﬁ[-}]ﬁal—a:iri--i-:‘-jﬂi
The derivative fails 1o exist when ¥ = 0, but the original function f{x) is defined when 5= 0. Sa
&= 0 is o critical vatue of f(1), Ifx ={, then f(x}is going 1o be O only when the mumertord — 4.5 =0 is
wero for v = | So.x= | bs the eritical value of f{x) , Thus, the critical vahses of F(x) are () and 1,
Thewrean 4.0:  If o continuous function f{x) has & relative extremum at ¢, then ¢ must be & crinical
wvalue of f{x),
The function f{x) is defined by f(¥) =5 =3 =By e, Dietermine the intervals at which
the function f{x) is stricily increasing or decrensing,
First, we need 1o find out the derivative of the given function, which is: {x) =3¢ -~y -9
For critical values, set ' {x) = 0 1o obain: 3.:‘-6.1—-9-n:!{.rﬂ}{x—h-n::--l,a
These eritical values divide the x- iz into three parts, as shown in the Figure 4.7, Next, we
select 2 typical mumber fram each of those intervals, For example, we select -2, 0 wnd 4, evaluate the
dﬂfwbllvc at these values and mark each interval as increasing o decreasing, according o whether the
B positive or negative respectively. This is shown in Figure 4.7,

-'7”' , \':*ﬂ ry e 109
AN 1 . (-1, uf O.1)
el P i X% A

R]

=

x - 4 -+ x
B AR
! xma) =3 =
}2 (3, <26}
; Fignn: 4.7
hm’l;lr:,;:_ﬁmﬁm Fix) mereases in the intervals focx < -1 and ¢ 3. but decreases in the
HET FER.CALE
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m Draw the function fix)=" =2 =9x*1 ad s
derivative "(x) = 35" —gy-9. Use these graphs 10 tell obout tle

Following questions:
fah When ["{x)ix positive, what docs that mean i ternss of the

graph of rix)7
). When the graph of /(x) is decreasing, what docs that miean 1
terma of the praph of f*(x)?

EIIEER e gophs  of  fo=y-30-0xel ond
T {x) = 3" =Gy =% greshown in Figure 4.8
These graphs develop the jdea that the n-ﬁi:_al virlugs ol
U are always indercepts for the graph of *{x}=30" = 6w =92
o I () is positive, then f{x) is increasing. i e
o 0T f"00) is mepative, then f(1) &5 decreasing. = F.E;ll'l'-‘_"i:ﬂ

m State the secand derivatives rule to find the extreme values of a function ata poig’

The firss derivative of a function can be used to determine whether the fanction i increasing o
decrensing on a given interval, We shall use this infomintion 16 develop o procedure called the fin
derivative test for classifying agiven point as a relative maximum, o relative minimwm, of neither,

The steps involvid in first-derivative fest for relative extrema ane the following:

1, Find all eritical valuses of f{x). Thet b5, find all mumbers ¢ such thar () s defined and sile
fiek=0or (e} does not exist,
3 The pamt fe. (e} s a relative maximom if (x>0 (nang) for all x 0 on open interval (o, e
the left of e, and ©{ )< 0 (falling) for a1l © in an open interval (o b) to the dght of e
A The paint (e, F(e)) is a relative minimom i () <0 (falling) forall v inoonen  imeral g ae

the leftaf o, and °(x}> 0 {msing) for all x i 00 open interval (¢, &) to the right of c.

4 The point [, f {e}) is oot on extremum if the derivative (x) has the same sign in open e

(e, e and fe, b on bath sides of & y !

In light of first-desivative test, the function f{xh =" 3" =9r4 ) fexampic 24} has tbe st
vahiies ~1 and 3. The function f{x) & increasing when £ < —1 and x > 3 and decreasing wira -141<)
111; first d;rhww.* test tells us that thert i3 o relative maximam of 6 3t = —| and a relative minina®
Murx=13,

m&mfnc the fimetion ({31=22"4 3" ~12v-5 forthe relative extremn using first-den™
fest. -
Thie first derivative of f{x)=20" 4+ 32— 12v—% i57.
Srlxym bt w =12 =6{x+ 2Hx=1)

/ {“ /
r=0
Set "(x) =0 o obiain the erifical vahes: ity
-3
=

Jtl_.':lzﬁr’+ﬁ:—l1-l}-6{n2}[n-u=.q=,._1| =10 I
To test the critical valoes -3, |, we : -2
values =3, 0 and 2, Many otier choices of the ot s k. <o Pgiedd
also possible, but we try 10 select mumbers that will make the computations casy. This is show

Figure 4.9.
wowrars”

The test values -3 amd D are used For the crities] valige x = -2 10 abmain:

FU=3= 63+ 2=3-1) = 24 >0 {positive)
SOy =60+ THO = 1) e =120 fpe ]

. C - T E = Al T
- shat -

LUNTT-4 TN CORCh Rl B DR A% L5 ASNEE A1 s

The value of the derivative is positive {rising) o the left of i ; b
rafigolagrpromy lﬂhﬂwmfh'nfpﬁﬁ: the: left of -2 and negative {lling) to the right of <2,
Sy -2 4 H-2)' 1K 2) - Fm =160 12+ -5 15,
The test values 0 and 2 are used for the critical value x= | 10 o¥ain:
F 0y =6(0+ 240=1) = =12 (nepgative)

S2y= 62+ 221} = 24 {positive)

The valuz of the derivative i segutive {Rilling) w the Jeft of | and positive {risang) 1o the fght af
&, Thus, x = 1 leads @ relative minimum point. (= 200+ 31 -1 -3=-12
Thus, the arrow pattem in the fiypme suggests that the graph of 1) o
has-a relative maximum at (-2, §5) and a relative minimem ot (1,-12)%
The Svenmit Derfvatlie folp: Bt is offen possible to clasefy a critical
point Pic, f(e]) on ihe graph of f{x) by examining the sign of /7(c)
Specifically, it M{e)=0 and i) =0, then there is o horizontal foia
tangent line ot P and the graph of fix) i concave up in the
neighbarhood of P. This means that the graph of ({x) iz cupped |
upward from the borizontal tangemt o1 2 and 1o expect 1o be 3 relative ¥ 4 'I é t 1

miniraum, a5 shown in Figure 4,11

Shmilarly, we expect o be a relative msimum, if (e} = O
end lch<0; becouse the praph 13 cupped down beneath the eritical
poknt P, as shown in Funue 4,12

Sici=0
F v
Sl 08 e 0 0 Si= Flep<i S0
T F
Lt ¢ i

o [ F]
Siey=0 and Fey=0
m':plus-ﬂ':j'll.i a relative minimum
P Frpune 4.1
» The point P, f{c)) is said 1o be a relntive maximum, if the siope 'ic)of the ongent ling from

feft to right slong o curve through P, is decreasing from positive to wero to negati
secondd derivative /™) is negntive. " . i

= The point Ple, [ (2]} is said 10 be relative ninimam. if the slope ;" ichof the tmgent Tine from lell 1o

Iiﬂ]ldmulmm:uhthiﬂnmhuﬁnmuﬂndﬂlnmh tive asid the secomd
derivative ™ (2} i positive, These abservations lend to the second—derivative mninhiuwm

Fizure 3,00

Fie)=0  and Fley=0
imglies i 0 relative maximizm
Frgure 4,12

The Second Derivative Rule for Relative Extremas Lot f(1) e fanetion mah that J7) 1]

derivatlive exints on o ppen interval (o, i) contsining i

I Il'fw]:;:}.ﬂlh}: here s 2 eelabive minkiuse at & = ¢ and the graph of fix) is concave up in the
e e

o <f, then there i =

o e ity is o relative mavimam st & = ¢ and (e graph of fi{4) i concave down in ihe

3 107 (ch= o, then thie socond derivative wes fisil il giness s inflamiation,

HOT FeRESALE
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UNIT-4 nmuuumﬂﬂm“"‘"”“*m”ﬂtm% .

Use the dmmmmmdﬂm:heﬂ?ﬂiﬂﬂfﬂhdum}‘h:nrhm
L e wm_mummmim@“m‘”mm'
mwwmm derivatives of f{x) are the following: .

.f't-ﬂ-!Sx'-isx'.uf{:-m_m;,ru}:sn:‘-mr-ﬂﬂ}ﬂir'*ﬂ

Put f"(x)=15x* = 150" = 1587 (2 = D{x+1) = 00 1o obtain the critical values 0, 1 and

The sccond derivative /~(x) ot a crilical pointx = Ois: (0} = 30(0K0-1 =0

The eritical value 1 = 0 declares the failure of second derivative test,

The second derivative /*{x) ata critical point o= | & /(1 =30 >0

"The critical value v = 1 leads to 0 relative mininium of £{1) = 1) - 5(1)+ 2 = 0,

The second derivative f*{x)at a critical poindg= <1 izt *{=1}==30<0

Thnr.riﬁﬂlwlu:r-—lﬁwﬂamﬁumhmmafﬂwli--}-ﬂ—ihz:#

The second derivative test warks only for those eritical values ¢ that make f'c)e=i) Thit e
does ot work for these eritical vahics ¢ for which fe) Ihmlﬂtﬂl!lﬂ'llﬂtmlhtf(t}uﬂ,hbmw
lhﬂ:mmmﬁmdﬁmmmmnmwmnrmhﬁwum

Solve real-life problems related to extreme values

]
EEEE5] A ek bums fue ot the rate of s;:}-ﬁ[m:‘ J x50 gallons per tile whes

traveling v miles per hour on a straight level raad. IF fusl costs 32 per gallon, find the speed that sl
produce the minimum rotal cost fora 1000 mile trip. Find the maximum toral cosy.

mmuﬂmdhwhhﬂmﬁﬁemﬂﬂw{mbmufpﬂﬂm per mile) (ihe pursber
H
of miles) (ihe cast per gallon] that develaps the sule: £(x)= ﬁ[m*f][lﬂm}ﬂ}g“;mi_ml_

I

The independent variable ¢ represents speed, only positive values of © make sense here, Ths, the
domiin of Cix) ks the open interval {0, =) and there are no endpoings to cheek.

The first and second derivatives of £ o the following: 'f{;;:"’““'———;.i_..m. € ()= 16900

X
Put €(x) =0 to obiain the eritical valuss: =w;,m-ﬂ =10 500020 = & =B000 =3 x=228Jnph
liyuiﬂulmﬁuiqwednmhhx-isJ.m:umm derivative test at a critical value 1 = 283
i c'm.aj-%??-u,n:u .

mmﬂmﬂm&uhﬂiﬁﬂﬂmxnﬁjmm*“ﬂmﬁ“.mw

" total cost is found by inserting ¢ = 28.3 i the cost function: ms.3}=sm“532“f 565, 60daliors

: o Ty
The supparting cable of 2 pipeline suspensiog Rt o b
mw:ﬂ; deseribed by the cquation = 0.03125° ) 3, mdmmpm:em“’hm:
The arigin of the axis system is at the wher :
m&mmmﬁwﬁr!:ilhmmmﬁ?&‘m to the left support tower. Where
For the mmarmm,_“wmr
second derivatives of the given functipn: ind the first and
=0.031255 ~1.25x, 5= 0.06252~1.25, g i
Sbiain the citcal valac 006255125 )= h%:‘sﬂsﬂ Y=o
ﬁmmmﬁﬁmi.pﬁ.mﬁ:m
critical value x = mwitlpndumhmirﬁmw“

125
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The how pednt on the vahle oecurs 2000 m 10 the right of e Jen 1
ariginil function to sliuin the distance fram thet bow parinat aof 1!
proinl: ¥ = 0031252007 - 1, 25020 = —12.8 w

Therelive, the luw palnt of the cabile i 20000 e b the 04
1o the suppore,

mm command. maximize (minimize] o compute miximam e
value of a function ‘

writien] value fg x o0 b
Wi i helow the AMERCHwEl

v Pl s point of astachanem

The procedise o the we of MAPLE command maximisg {1 o) comipl ke M (Bemioam)
valie of a fimetion is illeraed it the following example
FEEENE31] vse MAPLE command ts compute
fal vl = poxx, &l fix)=st— v thys fntzral [-1.2)
2. Commangd:
* wwirnizriconix) |

* inbedzefuants] j;

Lot exi Menms
Ey e ) ;
= Chpdiariznsios] Masinaise I woafnb )
: 1. L= Ssmammaannanio ')
This result i obtained sthrough right click on the bastend of she expression by telecting "Optimigation < ;
maximie boealon the context men fl
= ey
* Optiouismionf Mzl oostx) |
[ =Lade = L1dsvaesaseam7])

b, Command:
* mnimeld — 20t 4 1 ey 9),

1
> LT e, e 43 g __jj;

2

S E.’_".:}"':JE_' 43
-

Find the critical valuss of the given functivis in the followimg probhoms and. show where the ﬁ
furiction is inceasing and where it is decreasing.

L [ £ B o T b
L Finel the eritieat vahies of the Tollowing finclions:

B flv)s 2yt - 3.1:-—.?2.\--»[5

- M=+ 3567 - 1285 -0, 375

b. f!-‘lit.-;\"—r'—lh+ﬁ

E fly= ﬁ-.:.' =4y

BerFoRsaus

@ i
d fl=3 o360




UNITS

el e e s

HIGHER ORDER DERIVATIVES AND APPLICATg

Dﬂmniuewhﬁhﬂmﬁmmmh.smmmdmlm“mwﬁﬁw.
Wiven critical values for the followiog problems: ;

VSO 3xa 1y = 0at x=biamnl b f(R)= (e - dx 42t xe]
s SO = g o x=la=2 6 fix)=Y —4Batx=4 -
rmmmﬁmpamnmmmmmumlhmmmhmﬂdm%mm,
hmumﬁﬁm;mmmwm\emwwmk

= Sl =20 30 - Blx+ 20047 boflx)= 1'-11-9”1
Find all relative extrema of the following functions:
b fiex' =341 b S = 2 46 10542

+ Suppose f(x) is a differential function with derivative f{x}m(x-n’:x-z}p_umr ;
Find all critical values of f{x} mmmmmm:mm.
relative minimum, or neither.

g : . -1
I+ Suppase.f(x) is  differential function with derivative /(x) = &:’?—%‘ﬂ

Find all criical values of f(x) and determine whether cach corresponds o a relative maxims,

a relative minimam, or neither,

N Findduupmﬁmmmuﬂﬁuﬁﬂmwm‘mmwt

i, Find the maximum profit,
Th:lnnlpmmﬂx}{hlbmmﬁwrﬁﬂm}ﬁuudznkufﬂummm&nfm
tires is apgroximated by Plr)=—g'+ 0+ 1200400, 3<rels
nmmmwmmhmahmmhﬂammm&m*
maximum profit -

The percent of concentration of a drug in lhablnudm&.;h.mmﬁudm km"

Baenby: Ko~

1 memeummma Mg imum,
i thlh:muimummmﬁu i
Adhdmmwrhuum“mmd G{x}-%[_":_n_,‘_h)' ww-lh'
» i . )
PHFE X o 'uh““r“'“i“'lsmumhﬂmnﬂﬂl"’;

find the value of x that leads to minimumy : :
the mininium cost, el costif the generaor ‘“i’"""-“‘"”m".

LNIT-4

L

i W f{6)= 3"+ dr =5 then f'ir) s
(m) A -dres by Ge+d
i IC ) =30 4 40 - 5 then (1) s
fa). B -dr4s ihy 6r-d
i, I ym ™ then {7’-
f3) me™logle’)  fbL me™
v, The 5™ derjvative of Sixi=e" is

fﬂ- . m &
Yo Thed" dervative of sin x is
{a]. ET! =giny iy i—?— - s

W Review Exercise

MIGHER ORIER DERIVATIVES AND AFFLICATIONS }

fex 12 i Gi=3

fer. 6 iy G5

fey me™ i) meme™

5 idy "

ek %u—ﬂu (1] i:f;-*m:

i I f(2) and its derivatives at re s, ane Sl g 70 30 then the n® order polynominl

SUx) will be equal 1o

L

o S04 Sl s B iy g T =) (e} B8 gy

@ Sereirienr e L gy g Slo=Bys (s iy, s BB o

nl

Vil Tocaleulste the first five rermas of ylor's serics for f{x)=e", the MAPLE command iz used as

far taylorin e =)
fel waylorie™, rup,5)
Vil The equation of narmal ag point (xavg) is:

e s-x= “li.v- ¥yl

ek r=ay)=mix-u,)

m & =i .-I.:‘-'—Bﬂl
b=y

el Qi PN
I+ myar,

5% taylor ()
i) tylor(e”, r=5)

]
g L'rr-.m-;l:.—-r}
i U-Jf.}=-':—rf.:r-#-}

I Theangle of intersection of the two curves can be calculated h}'.l.ﬁng the formulas,

W A= m"-l-"—’flfi
I-'-h,m_.'

i ﬂ‘bﬁ.q,'l'm

i pit

X IF fix)is differentiable on the apen interval {a, B the Fix)is strictly increasing if:

fal fixy=0 . Sageo

HET FORSALE

i Fiaso M i




L1 (P}

SUMIMAryY

The secand der, mive of k= f{x) can be wiimen with any of the following notatiogs;
'y . .
aett VS o

The third derivative can be writien in o sinilar woy, Foru >, the yih derivitive i wige, a

_rhlf-fj.. )
The secoml dervagive of paremetric finections.orband 1) cin be fousd o (ollows:
v dedly _dy d'v
AVl b o gt P
A | ¥ [ - {r.f-!
ol [..ﬁ. ey
® The popular notaticn for fse Tagdor thearem :rfu.rd:rllii:
: .
St M= f{l+ £ (b o ;"u—.:-g-f +oF f"ﬂ.r-]l;":’] Fomry, .
= T popular nomiion for e Macknrin's thenreny of order gl &
H Ny Bl
St )= f10)= £(0) + 170) . v ol 3
L o Tinies are parallai, then thear shopes ire el 3
Bt ines are perpendicular, then the prodiset of theie slopes oquals |
HL The tangem qualion of g Pﬂi:lﬂmn.j",,'llll.lr"h}’"‘l-'f =Xah
iv. ﬂumnfmimnr:pu&uﬁ:,._rﬂjk;_.-—_..-,}:-'m—[.r-rn}.
T I fin i% diflerentiable on e open interval {a, &), then the function fix) ix
mimyinrrmil;mfn. B =0 forg <y e b,
atrletly decreasing on (g, W< 0 org < e < b,
I 2 comtinuous function Fx) bas 3 relngive Extremian at ¢, then ¢ mamt be acrifical valoe af f(x).
F The graph of a finction iv) is concave upward on &n apen intervg] {a, B where f*(5) >0, and i
s concave downwyrd where M{x)= 0, .
Iy = fix) is contimons on (e, & wnd s an inflection point at x = ¢, then either f7(c)=0
o) does nat exist, .
E oA paint Ple, I'{ed) on the graph of g differenzial fumiction Y= flx) where the concarey
changes is called & poing of inflection,

. If a function has g PRIt of inflection Ple.fle) an partition ¢ #nd it is possibh: 10
differemiane the fimetion twice, then /(o) =1,

E

. Plilozopher. He was born in
Mishapar in norh cistern Tran, Ifu WIE Mot ot il 3
o St o e L
tnejehsomattic wlution by the imersection of eqps: He sl contringred 1o the
understamiing of e paraliet A%Ie, As an g e e lal; Ao
Salor calander. He was the first person, who contiderny | e I calen “;nd“
nlstuse angle for st angles of o K hayyam saccher fusdrilatgra sy itz right
extaustive and pairwise manally sxcbusive, ) T kares which are
T )

TR CHEDER DERIVATIVES AND ""”'H‘C‘.a.“%

i

Explain demakn and rnge of 5 vetior fencifon,

Diflnc:fimit ara veerar fisetics 2l employ the mial tochnique for aligebia of limies aF sealar funciin 15
demansaraic the Tollowing properiies of Nmits of veekor fanction
- Tkll-ulol‘lhcwn:{dj[rumm}nfmumwHuuﬁmuﬂwm:ﬁfﬁunmnrlhﬁrllm
= The Fiarst o the loa produci o fwio veetor finctioens b the (e peeduct of their finits,
- Thlir-ﬁml’lbccmasm-du:t of twa veator finctions i the st prodett of their lmis
" 'I".Iu:lI'mliHs.rtlmpn.‘.unl‘n:ullrEmhmuwwhtﬁnnhﬂwpmhnnfdmirlimih
<l Dedine caniinuity af & vectar Rinction ang demensiesi throegh exumnples,

g3 Du'luﬁwnl“i’ml"m
L Mmdnivm'wnr:wrmm' o single variable and elsborars the resil;
AR = fif i L TR TS whmﬁ:ﬂ._ﬁ{:}._ﬂ[ﬂm differentiable funstiyss of & scalar vanabic 1, tlicn
i.ﬂufi;-ﬂﬁ&
&t i
54 Vestor Differentintion.
i i’ﬂntlh:mmﬂt;hﬁqdu:ﬂfdlirﬂ:ﬂlm
LEPICRNL . L o
il " gUESssEl, o e
YRR L L
" ;-1’! El= u’r*rﬁ' E. . *U*E} I*m**“b
A A A )
* nfr[i] 4*[‘& m‘r]‘
ehers a5 conmtang vechor Functian, fand g are veeyos fnctions, and & is 3 gealar flanction of'y,
i Apply vectar differemtintion 1 ealeulate velocity and aecelemtion of Position vesior FUl=dihl = = 2k

In the same way gt jve Stidicd numerical caleulug afier We leamed mamericy) arithmetic, We
€AR Row sdy veetae caloulus, Since we already studiedl vesior arithmatic in wnit3 of grode-xi
Maihematics. Quige skmply, we might have o Vector quantity that varies wigh FESPect o another vastabie,
m_llm A scalar ar 0 vecior, [n this unit we sha)| =y the vector functinms and the applications of 1he
Hifferentin| caleulus, We sha)l cxtend the bhasic concepts of ealeubus in o simple and nturmnl way, Tl
study of vectar caleulus mpkes e wmore wxefal in ghe Beometrical, physical npg Engineering

applications.
m Sealar and Vector Functions

The relationship of enleulus and vetor miethods ferms whar 5 called veern m?. .
852 vector calenlis is fhe EONCEPL 0T veetar fanction, tetor caleulive The kuy o

L{a) Sealap Funetion

A ﬁu.cum;r,;} i3 0 rule wiigl PPETILES o any inpug v (v is scal i
My fust o singgle iﬂhrl:l'l.rrpmy. Thiig giviess 4 Propeee natation of 5 a?:::r mfu:i-m"ﬂ - rNe
r=rfiv P :




UNIT-Z ﬂmmﬂmﬁm mnm

For example,

f_“‘rﬂ-1._-..2i.ﬁ;nuﬂﬁm:ﬁupm:d{pcﬂdsﬁﬂ.l’ﬂﬁlﬂhruruﬂllsﬂfﬂﬂﬂ.}iﬂEIu Input, y is i,

oo 20 i 2 el o apects et o P S0 TS
T response of = 2 fiems (2 s scalkd), e ost (cost alie sc8) 0 Bl S e T

This function ;'ls then :,-.-ullnia sealar (single variable) function; because | input x
produce just one ourput C.

e Alx.y) = sy s the arca of rectangle hat depens on length x and WAh. Herex, and  are the tws inguy,

operat TR o ) ity 4
4 =1y which 25 0 W) INpLIES & md}l::pmdm::nmglcwrpmqm !
Tnﬂr:::ﬁ].:::ﬂ:':}-, a:.d: = | (2 and 1 ane scalarsh, the area is (is nleo n scatar) A(Z, 1) = (2) (1) =3

This Fanction is then called a scalar (double variables) function, because it transforms two inpus ¢

and ¥ to produce justone oufput A. . :
is 1 i multivariate function.
This idea can easily be extended to define @ scalar |
The m?a:u:nn:ss of sedlar function is 1o imnsform sealar quantities !m & single scalar Fu,.nﬁh,_ Is
there any rule that will wmsform scalar guantitics in a vector quantity? Yes, the mule is the veoior
functions. Vector functions are used to study curves in the plane and space.

by Vectar Function

o wd vector function T = (g0 A} i a funcifon af ane mﬂwae that hus only one “inpu
sl The “output” values are in two and three ﬁmms:’.ou_ul :nmn' spaces instead of simple numbers. In
other wonrds we can say F is called # vector function of *t' = F ().
If 7,7 and # are the unit veclors associated with a rectangular coondinale system {discussed in detailsin
unit-3 of grade-xi) then a veetor function Firy is written o5

R E AU ACY) 2 spaces

i Fo) = 400 fl07+ fiek 3 spaces
We can say that a function F(t) is defined if all its components fi, /i and /i are defined.

Find ?[%] and Fx) if Fir) = sin(t)i+cosir) ]

We have given F‘E}=amuﬁ+mq;; j
As, sin (1} and cos (1) are defined for all values of 1, so, F{r) is defined for all ¢

n Yy L fmi - -

Fn”’? F[E] M[E]1+m[i]}nf
Fori=m, F‘fﬂﬂshr[lﬁq-mf_xﬂ:_}

§i. Domain and range of a vector function

[N Phmuin

“The set of all t values used as input in F(1) is called the domain of véctor-valued functhon F™
e ungve

= = ol
The set of Fr) vatues that the vector function F(r) takes as ¢ varies, is eafled the range of ® e
valued function Fle).

UNIT-S IHFFERENTIATION OF VECTOR FUNCTIONS
2EUEIE, 2 | Find the domain for the following vecior funciions:
fup  Flty=2i-3F+r F

il Fiy=gindie -0 T+lnek

@ The vector function is:
Fey=( £, 00, £,0) = 211-36] ++F
The fanction f(6)=2¢ is defined for alle; f,(c)= 3 is defined for all values of t; it} =r" ia
defined for al! values of texcept £ = 0. Thus, the domain of 2 function Fit)is B {00,
L FO=(£0.L0. L0) =sinei+ (1= j+ ek
The function fi(c)=sin¢ is definied for all &, f,{f)=(1—t)" is defined for all values of t except

r=1; f{t)=Int is defined for £ > 0, Thus, the domain of a function Fie) is 1= 0, 1 = | The range
in each case is of course a vector quantity,

Dperadons with vector

It follows frem the definition of vecior operstions that vectar funetions can be adled, subbracted,
muitiphied by a scalar function, snd multiplicd together e.g

If F and G are vector functions of the real variable t, and hif) is any scalar finction. then F+G, F -G and
Fx G are vector fanctions, and - (7 5 a scaler finction

For the most part, veetor limits behave like sealar limits. The proper definition of the limit of a
vector function is given below.

Limit of a vector function and properties of limits of a vectors function |

“Let 8 vector fanction F(r) be defined for all values of ¢ in some neighbourhood sbout a point
= fy except possibly at itself and let L be a constant vector called limit vector. The function Fir)is
said to approach the limit vector L as *r epproaches ¢, " if for any given real number ¢ > 0 such that
[Ft)-T|2e whenever 0.jt-1, 28 symbolically, it is written as lim F(r) =
Now loak at the following usefil properties of vector vahicd functions,
i ‘Ihlil:ﬁl ﬂ'ﬂ:&m[ﬂmﬂMMmﬁuﬁmhMmfﬂm}ofwm

If lim Fr)= L and Hﬁ::&{r}-ﬁ,wbﬂt Land M are constant vector functions then:
i pq::[‘f{rﬁﬁm]-pﬁﬁmqgﬁn-hﬁ b im Fm—Em] =lim F(1)-lim G(r)=L - M
i, mwa%mmurmwmaummmﬂmmﬂ

W&Fm-:, and Eﬁm-ﬁ,m Land M are constant vector functions then:

lim[ F(1)Gto) | =tim F(e). im0y = L3

The limit of the cross product of two vector functions is the cross product of their limits,
HELDF{:] =L and Heﬁ[ﬂnﬁ.wm Land M are constant vector functions then:

lim[F (0 (0] =limF(e) limGry= Ex 7

i,




[SETRE -

e Thelimit of the PROdUCt 1 g watar fintion and a veclor firetion 1§ the product of their limigy
W lim Fin = ¢

L ang T figoy o vt [ Gonstant veetor and € i5 1 5enlar constan then:
J it [ .--mj =lim e ET.'.‘F (=l
3 Find Fim 2'(), when the vector finction is Fio)= =30+ ¢'j + sin ek,
(B o 5
m limn .F_{f.i-l_i-_}n: Fp== m}+f,uﬁ]
= {‘.IP:'“ - 3}J} + [Ili-'n:'!tel :.]:f +[]r|pg &in .ﬂ']l’
- {ﬂl—ljj+n":|' 3in 2k == z"';', sinZx=0

Monﬁnur:ynf a vector function )

A veetor fiction Fiiy -l o he continuous ag 1= I if
#y 15 in the domuin of 4 v furction Fr)
!lEF[fj = Fi)

A continious veclor vilue finctie
it nlso continmous 5 EVERY paing

Sl 4 Forwhar valugs n:F: i el function F(r= [.w'm.n =) ;| cOitinuous?

m The comporeits of a veclar finction sme: SHiti=sinr, fin=0-n". tepr
The function £(1is cominuows far all 1, Lins contiouous whens: L # 0t 1), Thiss, 51§
e, when ©is a real number other than I

5 Forwhan valies of tis Fir)= [.-u'm.{:—f}“.lnf}mvﬁnuuug?

[ ] s W

IR The components of 4 veetor fimction are; £ {r)=sin, LAY ==Y, fi=tnt, re R
The finction £ {0)is contimsss for 2l b l0) 18 contfinnous whise I=t= 0 (that is, where 72 L Al

= is continuous fort > 0, Thus, F (1) is cantimisus function whenever 1 i iy positive number other thea 1.
Tt e=0r=1,

1. Willsrd Giblbs was in American scientiss, 1o made his prest contriburions in the

ficld of meathematics, phy-dces agd chiemisiry, He was the fise American who obtained
mmmhhﬁmmaﬂﬂsmhwmmin
Yale university as peofessor of matheimatical Plivsics fiom 187] g his death, He

L,

T
o R, 1 (L
LAY s e v ;Ehfr‘f]-\t Thrss

fﬁﬁ@ﬁﬁj .\5.1 :

o

& ﬁnummmmhmm@mwmm
2 Fly2i-3far'i b Fuyetl-nfe i j-r-2yk
& Fltwsintiseosi fotamif de Ftr)=conri-pous o coscer i
1 Perform the operations of the Folln'l-_vtng EXPUTEAMNIS willy
Fit)w2i-57+ 1, E’fljwf!-r}i-r;.i. Hinssinti+e j:

w IF(-3G0) WFN+4G o T d. Fue i

X Evahuste the limits of the following axpressions:

1 'I— - - " -

b M| Lljalioireds iy ';]
() 0 IR T i

n, [b_n:llm[sri+ e Fsin zri]

e ﬁg_j%’“'-?+]'m:}+e"'5;’ d, !im{in;—zu;ﬂhﬂd-u}]

'
4 Test the continuity of the following expressions for all values of ¢
Pl =tie3j—(i=nF. b, Giyen-'f

ti+7]
b o

c. F{{}:a'[rifr"}dfc] 4 Tins=

I=%

== .;" Devivative ol Vector Funciion

" A ‘veotor funclion. F defee, , aes & eurve in space a5 the collection of terminal points of the veclons
Fin I8 the curve is smooth, this i natural o sk whether Firy has o derivative, Our experience with single ;
varible ealeulus in previous units prammpt us o wonder what the diferentiation of the veeior vahud function i
mighi be aml what il might tell us, For now, let's recall sonve imporant ideas from unit 3 of thiz book. WF
defined the desivative of the scalar fumction f (k). Which s the limit 25 Av - DoF the differsnce quoticnt l{’;
.4 Glven a function (1) that measures the pasition of an object. moving alony an axis its. derivative /1)

is defincd as. f{:}:ﬁﬂ——-__.__f{"*‘ﬂ‘ﬁ’-’ i

and mensure the instantinoms rate of change of /1) with rspect 1o ¢ in partieular for a fixed value 1 = g,
S} measure the velocity of the moving object as well as the shope of the tangent ling 1o the curve y= [
ot the point (2, (@), As we are working with vecior valued finctions, we will s the above ideas and
Perspectives into the context of curves in spaze and owtput that are veetors,

%e of a veetor function of nﬂng]tw

W s6oamime fonje fink, where £, fn. 0 are differentiable funtions of 4 scalar variabler

then oy s
ali J ] 4 -u-..li.:-.l . _
Thee derivative of o veetor-vilied tinetion P is defined 1o be.  Fii)= Hmfmslﬂ it
LT i
|
CUOY FERSALE) 134
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UNIT-5 DIFFE‘.II!'.H'I'IJITIDN OF mmh%

= dF
for these values of tal which m“ﬂm“mmmhwwm i furdmwm.,_.ﬂ

e), and i{ﬁr}] The following theorem establishes a convenieat method for computing the derivag,,
of a vector function.

Thenrem=1: The vector funciion Fi={ f(ehf5(th fin)= f:f"‘-"'*'f*a{‘}!*f;[l'}hi diffierentiably 5
i point ¢=r whenever the component funciions _|I"_|{:},_|I"_1(I}.f|{l‘]l0f Fityare all differentiab)e ity

peint t=1,: e F{)=(f 0,40.50)= S0+ 007 + 0k
Prool:  1fa vector function Fif) is differentiable, then their component functions £ (), £,() and i
exist, then the scalar derivatives f7(7), /3 (1) and f{t) by first-principle rule

F{!}“E?ﬂ{-gﬂ:-?ﬂitm
"[Eﬂ Mr-m;f—- g[{ri];_'_[

T+ At i f (AL T4

b S 20= 0 [y S50

= [0+ £ 0]+ fk

It the Leibniz notation, the derivative of Fir)is denoted by:

& Loy By, %‘3 i)

CRVTO, 6 | For what values of U is G{:H:ifﬂmr}fﬂr-ﬂhﬁﬁammmﬂ

(EIED e component functions f; (1) = coss and f(t) =1 -5 are differentiable for all values oft,
but f{r)=|t|is not differentiable at ¢= 0. Thus, the veetor function G(r) i differentinble for all ¢+ 0.

(BT, 7 | Find the derivative of the vector function F{f)= & [+sint Jo(0'+ 50k,
m Since, the given function i F(f) = &7 +sine f+ (¢’ +5;|']k
Duﬁmmnwbmhirduwn, [
dF()_df - =
— :E[n-ulnrﬁ-{f #51}.&]

%:i[s}f-:-—{sml}j-t—--(l’ &S00k = ¢ T4 cost T+ (3¢ 4 )i

M\factnr Differentiation

Several rules for computing desivatives of vector functions are F.
listed below, which can be.proved by applying rules for limits of eetor | A Vector F also written ¥ 7
functions io appropriate theorems for scalar derivatives,

W-u&f differentiation
da

] 0 I | g
o= 0 il E{Iiﬂ:%gi

Remember

£{f¢].f_ﬂ+£c . "‘-[!“Ir]-.i"ﬂ!"i ixs Wi, —I-] i"" ]
m.ispm‘mmﬁmmn.fﬂgmwwﬁmmnd :Bllﬂlllﬁ':hmdr
L %-“ 3
135
s HET FOR

LRIT-5 IMFFERENTIATION OF VECTOR FUNCTIONS

Prook: L Leta be a constant vectar function then -:'—{:} = %{d& a,f+ k)= %.u.i»r %«,] + %n.i
o Sreg)=Let

Prasf: __,{”n LG 8002 gle+ AN1-1f 02 gl0] | tin I{hﬂ-rl fiiy, Lim fies Mv it
A

-i ﬁ or #I"I*%t%
il -[1! gm0l = :‘:
Praof; -[w’]=un{‘“' saife+io-ein 1]

ot + A7) fli+ B)= l.p{:+m]|f(-:] [uh-r&r’.l-ﬁll-ﬂ('ﬁi_fl]
g [ A At

.me+ﬂ1[ﬂ‘:§”_fﬂ] " ﬂ[ﬂ%‘ﬂ] £in “%J,%;m
d df  do
- -&-{ﬂ']lv -+

Hence, —[1-{]-#-"-+ Sooor

v Strel fﬂ"i %,
Prooh —U'wl] um[ﬂ_“mmhﬂﬂ'ﬂ!]tﬁl
lf{r+-ﬁr}.g{n a.r}— ft,u an)gir] | Lim LﬂHMam- i)

=J.:m1ru+a.r]~[5-—-—-ﬁ-—u*m} ] [ﬂ—-I-—H‘:l_ U ],,ﬂn 'II+.&|
Honce, = = 5{£.g)= 4%+ &g

v -{fﬂl]-fﬁﬂf-*s
|ﬁ:+m:;umrﬂ [ fi= 2]

Proof: —{f#g] = Lim

m{ﬂwmuuwﬂ r':—:w:um]

&) dg
- i+ 0= EON 1 SC BT O, o s St

[ £t sty g0~ fl0)x )]
"' A

Hence, %[IHPH%*%W

derivative: —i:?n E}{r]- AF T+ Fx d:'

m For verification, the L.H.S is:

Let 'ﬁw=?+r}+l’i and Gify=ti+d J+3k are the vector functions. Verify the




PR ) .
s SRS 3 AR i T e
(BT STV S OF YECTOR Fipc. o
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=;—:—[ﬁ—:‘e'r-[l-f*}fa-{n‘-r*}ﬁi-;‘;fi-ff':'"ﬂ-rﬁ PMt e~k
=(3=20 - P i+ 3¢ J+ (¢ - 2k

Now, RH.S .‘-'_"mﬁx ﬁ+ﬁx£§

The exjirossions -"g-- Jek, %}Em!-i o

i ijok * an o s :
:"ATF"E' 0 1 3 [=@3-2N- (-2 + (=) ;
r & 3
i iqF
=FEEL ) = (-1~ =F) o =0 are used in the RHS 1o obisin
ida -
RHS5= %f-xﬁ%Fua‘-’-"ala—‘={3-3:¢'—|’J}3+[2r’+r‘ﬂ+|:-.r+o"-r}i

=(3=2ue' 1% 4 (36 4 (¢ ~20)F which is identical to the LHLS,
Thus the LHS =RH.5.

UF(t)=i+ej+ 'k and Gly=3Te e T2 are the twi veetor functions andify i
: . . [ i fm =
any sealar function, then evaluste the following derivatives: @. 3’?{ Wr'G) @ H[F'G:l

g %{EFH‘E}-ﬂ—r[j.|:4=-+n'fﬂ*ﬂ-rﬂ[]r’f:e"j"-l‘;inﬂ-*%_[{2*—31"37*(34"“.’" Wy J‘;':T
w151 [ 2¢ 4 3% SC VRO T 1o 2+ e (3-1)) e Al =20 Yk

b ;H}?_}-_-ﬁ-[ﬁ'ﬂ'ﬁr’f}{!r’i‘n“f-ﬂi]]

- %ﬂ.a 1200 G4 0 6 = (i )

o b = k=)

I8, the Egalur of single

For vector caloulus we use the sme definition.
Veloeity

i

it =517

+4p = conlfI

RoT FORSALY

. the particle i e magnitude ofthe velociy vector, Speed = Sin={Fin =y

Find the particie's velocity, speed. direition and scceleration

- -

b
T

bl L LT L

N5

m Since,
Velocity ﬂ%lr.:- %m‘w it j—conrihy = ':{-- She 2« uningi

Acceleratiog

In the ealenlus of single varinble, we dofined te aceslemtion ol a partiche g the seeoml derivative
ol the pasitien vector, There %m0 change for e veotor saleulis,
“Let F=rir= i+ 5 2k be o twice differeniiable veelar vilbieed fimetion, representing the pasition vesior
of s paticle at tine ‘", Then the scceloration vector is the second derivative of the posiion vetar #i)
Wiz s

Ll REr
P b

BEFERE ) VTION G VR TOR Py

P =30 440 ] - conirie

i

e
latii.

it it
VeCtor is

a= Pt = 2004 00+ i T
et 11 ] g the aceclermtion of the panicle whase position
Py (364 W= (4r" 420 ~ 1)} + a1
Simee, A = (37 5l (4 =1 i

do W o ; L R [ TN S
_—r;trj=3[m +5ﬁ'-—{4|"‘+'-'.r--l:;|,.‘+l|'ﬂtr}i]-mﬂr =S =211 Ssin

ar

%m‘r-mnn}mﬂrf
d[dr] ap. - - -
= E[Tu]' E{&r-m * )i+ contrid |

[

w!
lil.  Speed
In the calcules of single variable the speed was ihe
shadliie value of the velocity, In the vector calculiis it is the | The disecibon of imtkm  can e
magnitade of velocity vector, : ; b s i
Let ) be 8 diffrontisble vector valued funion | SSRte b wsing —
representution of the position of & partcle i time r the speed 5" of o

- i}—l}-:ﬁﬂi

Fin the speed of particle whose position veetor i Firk=3 2 47 < sinedd ofior 30 sovonds,
TR sivce,  7it)e e 4o sinni =-Fmr%:rr-%m?d}+uurm
i?u]..jf-a-mr}il :;‘F"lihl-ﬂ+ml{3‘-ﬂiﬂ = F=3- %Ji-'
Speed "H= 3}'4[%]'-1J;+-:-}- h—;"-l@'i.l:m-l 1

)

A particle's position ot time' #* i datermined by the vecwr #ir) = cos(r)i » sintr)j+ 1%k . i
A3 time 7= 2, lnerpret the particle's

JE‘____

Mot

mm
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UNIT.5 DIFFERENTIATION OF VECTOR pyy,

UMD 11 e pariles position ot a time 1 s , then 7lr)= costi +sine f 4% L

Velocity and acceleration are: - F (1) =§:(;].= %[ms{f]?-r—sinm} H’E}ﬂ -iiﬁ!i+mrj+ylz

dt deldr | ar
The velocity ata time 1 =2 i F(2) = ~sin(2)i + cos(2)] + 3(4)E =~ 0.90— 04274 12k, use radigns
The acceleration at a time t= 2 is  a(2) = ~eos(2)i~sin(2) ] + 6(2)k = 0.421 - 091 + 12k
The speed is [I_’I-J{- sine Y (cost)'s (3% = 149" Atatimer=2,

The speed is [F|=1+0(2)" = Jid5.

The direction of metion is: i%- 71!4-5'[. sinti+cost j+ 3-"3]

L -‘i{ﬂ]- 2 [-ﬁw}h cos(r) f +3r'i?]--m(t}?-uinm}+ 8i

At a time t=2, the direction of motion is: %-?I’E{-ﬁnzhm:ﬁuij = —0.91-042]+12§

e

1. Find_!hﬂn':lwdniwﬁwnrm:fulhﬂngmmfnmm
a. FO=ti+f f+{t+00% b Fls)=(sivs’j+aR)n@eti-sj+30)
. B ﬁ[ﬁ]-mﬂ:[hmﬂ}ﬁ}] .
3 F@h@@d%ﬁﬂhmwmﬁmﬁm.
a f{ri-l‘i+3r’j:&‘£ b Fls)= (3480 = (s 41 jo 25’k
¢ F{x)=tnxi-ok d F)=sin*0i-cos’ ]
3. Differentiate the following sealir fanctions:
8. fl) =L+ (x4 Dj)2x0-3# ] b. Em=|m_u}-z;j~_+mxi’|
4. Find (lse particle's velocity, aceeleration, speed and direction of motion for the indicated valuo of 4
when the position vector of a particle’s i space at time tis. #{s)
i r=t+cfedikari=1

b. . F{e)=costi +sint j+ 3k at r-%

e ﬂr[:}:r‘;+r“}+¢”zﬂz-h2 "
5 jfﬁqisnmmﬂmnﬁmuﬂmhmuﬂfunmmmm
o Iﬂ"[. Fry IFH).FﬂEFm
i P

de[Fuy [Pl

.

wi

viik

L=

)

.

L
) e

DIFFERENTIATHIN OF VECTOR FUNCTIONS

r il e e st

A quantity having magnitude and direction is called:

[al wector (b} mcalar fek veloeity (di derivative

A quantity having magnitude only and no direction is called:

ial, veetor _ M, scalar {e)  velosity fel).  derivative

I F=rivtj-sinfk and G=1i+'] 5k then Fati=

) [ﬂ’+%ﬂ]i~[ﬂ' +Enda) ] =i+ "%k (b, [ﬂiq’-a:l{—ﬂ}d-w-l-l:llﬂljﬁ-htr‘-lﬁ
el [5t+i-—:{ﬂJf-{i:’#mﬂ:}' 1+ le=k 1), [shg;ﬂ}-{su‘uwn]ﬂ-&r‘}l
Let Forfissj-sin{rik and G=ti+0'J+skthen F-T=

anl 4leSsinl) (b f-ledaingn  (e) 3" —l+dsn(n (d) 1 +l=Funin
W Py (r4.3)+ 26 - (1= )k then limF(-2) = is:

(6, G+S07+4k | (b). Sel0j-4F (o) Ses0f-4F  (d) sies0]edk

If F o r'i-(3 e 38 then Fi-2) is:

{a) 4i-12E (b}, V2i-4F tel 12i+dk i) 12i-8k
If F=2i+3j+ 4k and F—|- :

{n). 29 by +30 ich. 5 iy 6

If 7= 5% + 3¢ + k then velocity vector vis: :

it 10 +35F by, SH+M (o), +3] (d). 10r-3F

If velocity vector ¥ = sin(f)i — 2cos(¢) j + 4k then acceleration &=

. —sinfe)i + 2eoslr)] - 4F (8. costil - Zsin(r)f+ Ak
) ~cos(EN + 2sin(e) (). cos(tli— 2sinld)]
HpccF=

. €-F) -

{5l €-Fiy) [:18 m

el C+F(L)
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IMFFERENTIATION OF 3 ECTog Fluy

T

The aramerric equation for (he plane curve C generuted by the st ol ordered podes in Z-dpnce o
PR, v i) = (i 2 4 Sk

The paraiegric oqueation for the plane carve C penensed by the set of ordered wriplas i ]._".Im:tj:
Mo zhe i v, = i) {0k 2 ek & (e

A veutr Guerion Fyr) i eomtinaony at § = 4 1 & fs b dhe domain of Fiy Jhw Flty=Fy, ]

The devivative of o vector Timction M1y is the veeior function & (1) determined by the lima
Fir)m fim € ti £ 10+ )= Fi”, .
- TR T At

[

whenever this find eips, ht' the Leibnke metation, i derivative . of s g .
I i AF B A= F erate
=== lim = Jim = o
iy hk ' T Nr—afi Ar
I am obiect moves fn such a seay thai bas position 3t any time 1 i the position vectar or disy a4
thei e Lscen
o 'ﬁ'ufuiyl:.f:;'—h:_—:-’“}
ar

a Acceleratiun ix 5 = 27 "‘r_’= i

il ar
o ALY tEne 1, the spew fFf.: |,|-}+ P "j!: W S ESTRRI,.

F

e irectlon of motiog i

ﬁ

of mathematical physics, He fonnubsted e
ratlition. Maswell'y exjiations for eleetronagnetism fys bewnt callod the secomd
tenification in physics. Bit the firg unification in phyzics was fiised by Sir s
Mewton, In his pablication s Dvruniical tieory of electmmagiotic field"™ ke
demonstrated eleciric and misgmchic ficlds fravel through space ax waves Beving ot the
Heed of Hght On the buges of his. jea electromagnetiseny Gtz and Ofiver
developed 'n'rtlw__ anlysis,

fvent

dumay Clark Maverlt
THERE 18
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BEoive) :‘-_‘_u_f?

Create om ant on 3 char ey I:)'

OF use any
rechnolopical menn, Your creation shglg demnonurae.

a bopie Trom this un = Wi
Creste something USng your imagiiation or e the [t
nathematical ewicepts diseussad i this it 1 ercal;
wour real world ohject

L

=
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UNIT-4 INTEGRATION

mdlhmhtrwmuihcmisudlhm

Fi
f[x}-x*—-hhnxn-t tox=1,
First find out the x-Entereepts of 3 urve fix) =~ 2 thay
can be found by solving the equation of a curve:
F-2xm0 = y=g2
i are therefore [-1,0), [0,2]and
required interval [-1,3] i the
sum of the arcas of the sub regiong in the subintervals [-1,0], [0,2jand

Figure 6.3

¥
4= } [ () +I["ftﬂimi[+fmw. Ftx)z0in-1,0},(2,3)
4 ! !
2 2
- ;{f’-h}drhj&'qm#j{f—hm:’%_z_;:[ _E_%’_; ?___E_I.
=l o ] 1

= m-m-[—}’- l}—[-g—-t]-:u—n} +(333-9:]-[§-4}. §+ §+§-1[§J- 4
The sketch of the region is shown in the Figure 6.5,
MAPLE command “inf" to evaluate definite and wu_-inug_uk__‘-\

mnrmplcnmumn'hrkilhwu:dinﬁnronmﬁgnmﬁh "
Uuhmmcmmm‘w'mmlw. .

fa),  Indefitite intepral of s function S =+ x5 x40 wrtvariable s,

f&).  Definite integral of & fanction Six)=x* wortvasiable x.

fch  Deflaite integral of o fmwtion fix)=xo" in the interval [@,1].
& Command: b
:»A-r{;"+x'+.‘+':+1,;,].- _;.;.,...L,a.,..ii.,:,,,%,l.,.,
Using Palettes: Use cursir button to select integral palene, Click-integral palette, ingert the function

mhd.&mm'ﬂﬂ?ﬁﬂ'h;h%ﬁ:iﬂegﬂnhﬁm funetion:
> f:‘+.r" Py e

1 1 1 .
?.'l‘-i-' T.I"-I- ?x’ 'I-th‘ +x
& Command: F & Commund;
> i zmg ) > infeenpla],xm0.1);
' I
H 1
Using Paleties: Using Plalettes:
]
- lezlr > LJ'WW*
1
1

rﬂﬁ-mm




The relationship between der
was noticed first time by Isaac barrow (1630-1677) in the 17 century. He
was & teacher of Sir lsaac Mewton. Mewton and Leibaiz are known a3 key
inventor of caleulus. They made the e of calculus as canjuctos, that is 3=
a mathematical statemcnt which is suspected 1o be mes. But has not
proven yet, The fundamenial theorem of inlegml caloulus was not
-ﬂrﬂlh“j' proven inoall its ory uptil Bemhard Hicmann “mlm:'
demonstrated it in the |
mathematic 1fhe real analysis had invented befare Rismann could prove

that derivatives and iviegrals are inverse, ]

ative and inlegrals ns an inverse Gperion

century, Duting tvis 200-years 8 Rt af

Exercise

Evalunte the following definite iul:g_plt;
i =

H 'l

s [sxds b [dc e fext-ad d. |3

] [} ] [}
: ili{f—#’xﬂr [ '_E_L‘-"_;& 5 i‘em{£+n}k h. ]‘:suc‘ﬁ.ﬂ
e : } L ..{!.-1*&.-’: 4 2 .
Evaluats the following deGiniite integrals: 5

5 =34 18 i
" JI- 8=} * : ® -!r"+#.rdr

Use definite integral to find out the area between the curve fx) and the x-anis over the indicated
interval [a, b]:

b fix)=4-, [0.3)

e, fix)= s —62+8, [0.4]

b flx)=x"—55+6, [0,3)
4. flx)i=5x=<", (1,3

Sewp definite integrals in problems a to d that represent the indicated shaded wreas:
. b. £ d.

An ail anker is leaking ol at a rate piven in barrels per hour by %-@-{l;%;—u
tmmlkmp_-:imchhnuuimmmuhﬁlﬁulhﬂ&mmnk{whmtﬂﬂ}.

a. Find the total number of barrels that the ship will leak on the first day.

b. Find the total number of barrels that the ship will leak on the second day.

¢ What is happening over the long run to the amount of oil leaked per day?

Use MAPLE command “imt o evaluate

i f{ﬂ"rft“ 3+ 1 werr &' b S()= e sing wirt %

Choase the eorrect option.

{a}. I:ixfd.t‘m‘lﬂ‘.’ (k). Ii.l'l"lE'r.f.'

I :’—35&-

el ——":—+h-|c
[roog e
(). fixiglo+ [ gl
(©) SV gln)= [ &0/ (e
[t {xyete =

@. 2tan’(x}+ x—tan(x)s.C

(el -Em‘(x}-x+um+c

x+5
If_“:k-
Ak Inle-g+C

Ll — = LiafE e Linl®
{eh, zlnlx' &4 zlnl-i+|+zhk~1|‘-c
I#"&a

=1 -1
{:I]-. 3 (b, _i-
Jr".pk-
(a1 {b}, 2

- HOT FORSALE

Review Fxvrcise

The process of finding antiderivative is callad.

(). differentiation {b). integration

[mnbde -

il Injsing|+C ). Injcostls+C
dx

1T

e} probability

{eh.

ter

(d}.

=18

().

().
- SRgtx - [ g0 fixds

(b,

{di

)

.

()

<),

e SRR

INTEGRATION

fd}. Nimesr equations

~Injeostl] +C
wlihe @ i)

1, |i=6
T
%[hlé#li#ﬁ]’f

(dy. =ln|xinff +C

Six)gtx)= [ gx) flx)ae

Lun'(x)+ x-nange)+ €

Itan’ {r)=r+mnlx)+C

i s 1 1
ilnix -M!-v; -Elnh:—ﬂ o

1, Ix L E
1hl;**+-i'ln|-§ul|+f

x
iy

e-1 e+l
= ()
3 (d). 4




. ir Fix)= S ) — e

% Fix)is an antiderivatict 0F}£ii e pg pumber €. 1t is ealled indefinite mpegyy By the end of this wnit, the student

& IF F'(x)y= f{z), then j_f{: IR m‘nmw|gﬂh:pmdﬂ=lﬂrj{:j “E{ﬂ Tl Divislen of s e sciment ; - .
a.gg}mimgmlﬂﬂ‘m AR i Recall dstance formula to calculale distapce between two paints given in Cariesian plne.

¢ Hfm ik Find coordinstes of 3 polst that divides the liee segment in given mtio (internally and externally),

4ox i g 2 ik Show that the medmans and bizoctors of a triangle Rre conclament.
?:ﬁtw.jm.vﬂS{-"‘]‘-dﬂ:f["—ﬁmm g (X 7.2 ﬂupoLtnllrllﬁ.hlllm ci " .

ie divi | subintervals ;
- F 1) sisd [an; B] i divided info n equa Whise | Thelino ihe ks a0 vk ,
o 1F () is continuous on fhe fnterval [aémld“m integralof f(x) fromx=atox=his i Derive the farremwls 10 find the slope of a line passing through two painia.
right-tand points a7e e et a " F&u:hmm#:]imlt::hh:‘ﬂh:mﬂl mwr}m*ﬁmwh&mmﬁﬂh
e R 1o 4 +  papendicn
M_ﬁxw=l'rm&:EJ'U‘.#J*f{xs:'*"""ﬂx'n' Ax= n E 73 Eqnﬁumauﬂuhtmﬂmu 1o Ceordinale aves
j - i Findthe equation of a smmaight line parallel 1o
= . *  yeawis nnd o o distance d from it = xeqis and ata disance b from it
= __2 fix)ae, I=lB3.0 74 Standard form of cquation of a stralht e )
™ i i i Duﬁm#:nmd’u;-ﬁﬂubd;;quﬂﬁﬂﬂﬁ]hm —
wwrl B - ope-itercept - -glepe *  fwe-point
i mdmm%n{ﬂmpﬂd&ﬂ:fmﬁmm" . . i, *  gymmetric form, N rerrma] e
-I-..-du il Show tht g Hnear equation in two variables represents 8 straight line.
Juae =) il Redkice the general form of the equation of & straight line to the other standard forms.,

0om the elosed interval [a, 4], then the anea under & cunve y =/ 75 Distance of b point from a lioe

. If fix)is continaous and f{x)= L Tognizes paint wih respeet to position of a line.

on [, b] is'given by the ﬂzﬂ-lllle integral of () onls, 8} Tj; iu:hlhfmfg:rm frama point to the given struight lines. |
Areg = jﬂ;}dxw F(b)-Fla) L] : :J ﬁ:gﬁmnﬁmﬁkmﬂﬁrEMurmnwﬂ fines, .
. Ifafunction f(x) !.-l.tnnlinunl;s on the closed interval [a, 5], then '1;L mr;.ﬁrﬁemmmm«mm ¢
T riode=lFef = Fo)-F(@ :L ﬁ;ﬁﬁﬂw& Sl e e s wlingl
Where F (¢} is any function such that 7 (=)= f() forall.x in [a, b]. * threerighthisectors, ¢ iwvemedians,  »  threealimdes, of a riangle are concurrent.

T Area ofa irkangular reghon
L Findares of s trizsngular region whese vertices are given,
0 Homegenmes cjuation
b Recognize hamogeneous linear and quadratic equations in two variables,
B Investigate that the 2" degros homogenoous equation in two variables + and y nepresents a pair of sraight lives
; through the oeigin and fnd scute angle between them,

e —— SIS

We are familine sbout Canesian coondinate system. we have leamt
about it in our previous classes. This Cartesian coordinate system may be
helpful to know the slope formula, Pythagoras theorem and distance formula.
In this lesson we will leam in details and write the equations involving arbitrary
roints, Mogt of the geometric idsas can be expressed using algebraic equationi.
Analytic peometry is defined as:

“The sudy of relavionship betwven geomery and alpcbra s called
analyiie geameiny ™
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PLANE ANALYTIC GEOMETRY STRA g,
UNIT-T H

3 ween [wo given pﬂiﬂ'_ﬂ\ the “.Imu“hr

Mo

For example to calculate the ”
difference in the y-coordinutes soms Hmes ﬁ:’:&
between x-coordinates, some time called it 90

- Rize
.
Slop between two POINS = 5,5 ™ Run

f Pierre De Fermat and Rene Deésgan
" o simulianeous invention & ti gebraic equationg wy. ™
ot o e ey o ot S 7 TR vy
bwo varisbles say, vand y was given in :

N
mﬂhihhn_qrnﬂnemgmnt = e
We gre familiar with the set of real numbers 35 well as *Tﬂ ﬁh&mwﬁ:&n "
[ ln:nﬁﬂ:mmdualmm.mmlmmm“5f using 3 g,
naturm 7
dimensional coordinate system call real number line.

Calculation of distance between two given points
Tlumdyui‘phmwhﬂ:gamwuwﬂy ¥
ﬁcilﬂ:rdhylhemuhmmmmwmmrm -
giv:npuiﬁnnheukmhmﬁhjfuihglll:dﬂluﬂtrum‘u%& » y
If Plx.y) and Qlx;,)y) ore twe gﬂhﬂ el of

sy-plane and @ i the angle in between lhe ?ﬂiitl\-l't directions 1
of the ¥ and y ares, then, PO is the directed [m: sepment
associsted to initial point P(x,y) and terminal point
Qs 34).
The components of the directed line segment PO are:
Op+PQ=0Q

PQ=00Q-0P, positien vectors

— {xp.]"j}_ {x r,."ﬂ
P ="("ril' =X Ny _.ﬁ}
- l:.t'-: e 'H:J'I '?11;

Squaring both side of the directed line segment PO to oblain
(POY =[tx,~x )i+ (p=3)f]  la+b) =a” +5" +2ab

= (= i+ (= W Jd+ U= M =3 )ij

= (o =0)'4d 4 = 0 1 420 =)0 =, feos®

== ) 40y = 1) 4 2x —x )y = ) cosB

= (=X ,'l’ + {J"z " 3"|J= + 2’[‘! =5y "}'.}m%

= fakl

xi ] i
Figure 7.2

Wmmﬂ H-ﬁd'l: usd
Qlxy,p) are the two painks i &
xy-plane, then the distance o between &
piven two  poinis F{an.'l"rj_ o
Qlxy.y3)in obesined by eyl &
thearem of Pythagoras to triasgle PO%
(PQY = (PRY +(QR)*
z{x:‘ﬁ)"'"f.l'rh?

m.mrﬁﬂ

!
iz =g = 1= cost

(PQY= (=5 ) + 0y =) mg b
}P{f =[x -y -

178 R WWW .

wipeithie
LNET-7

JPQi= s =27 £ =30 =, sy

This s the distance from point Py,

FLANE ANALYTIC GEOMETRY STRAIGHT LINE

1]
W) 1o point ©Q,(x,. 3,) i the Canesian coordinate plane.

*  The distance from the arigin CHELA) to paint P(x,, 3} ia obtained by insenting ¥, = y, =D in reault |
U @ =[0B|= J 437

*  The distance from the origin O(0,0) 1o pein Qxy, ) is obisined by imerting 1, = 3, =0 in resuly
(0 of w[OQ]= [ 457

* M ibe line scgment Q) ks borizontal, ten the distince from the paint P(x,. ¥} to poiet Qlxy, v,)ia
ohtained by inserting ¥, = yy inrembi (15 of =[P = Jix, -0

*  Ifthe line segmant PO ie vertieal, then the distance from point P{x;. 1) 1o point Qfx;, ¥,k chiakned
by inserting o, = v, invesult (1); d =|PQl=Jip, =3 F

m Find the distance between the two poings P(3=2) and Qf-1, -5).

Pl )= (3,-2), Qix, p, ) =(~1,~5) B used 1o obtain the distance & in between the two
poinds P and Q: ]

d == ) + (1= p ) == 1=-F +[(~5— (2 = =4 (=3 = BB =5

Co-ordinates of a point that divides the line segment in given ratio ®
(Internally and externally) 2

Take Pls, 3} and Q{x,, v,) are the initial and terminal points of o fine segment POy and Rix, ¥)
iz a point that divides PO in the ratio m, tm,, 1T £, 1, and rare the position vectors of P, ( and B, then

=)= xit . n=(o000= 2ib e, e ) axivy
PR _ m,
If —= =L, then, PRow—"1—PQ = =2 (0 - OF) = — (. —
RQ m, oyt g ke e ml+m:{‘: .

m
If OP+PR =~ & +m{n =ri)s OP+PR=0R

SOP+FQ =00

¥
then the position veclor of DR &
OR =OP+PR =7+ —1—(r. — ) = A0 H 1 =
o+ i, + i,

Plom, )
T

o
ey
it iy s il lx, v
¥ ey o comprentents form
Equating x and y components to obiain the coordinates of Riry)
(o, )= [ et s M]
LIS ey
that divides the line segment PO in the mtio m, iRl

OR=r

(i

180




PLANE ANALYTIC GEOMETRY STRAIGHT {pp,,
UNITT =

andl the coordinates of the nﬂdpnm
HRialhewidpoimnrlh:Ihu,@ﬁm.ﬂ'ﬂlﬂsﬁ ‘
. g5 0t ¥
i g NE T ints P(x, ) and Q(x,,
i divides tha ling segment PQ joining two points PLx, ) Q3
= The coordinates of the point that i M] ‘
s 60" " mm, == ||
vides the ling segment PO joining the twe
4) and Q(—6, 2} in the ratio 3: -2, »

externally in the mtio o, : iy {m0F M

Find the coordinates of the point wm:hdim
{a). (1, 2) and Q(3, 4)in the ratio 5:7. (b, PG,

I Ris, ) s a poiat tha divides the line segment PQ in the ratio 5:7, then the coordinates.of
Rz, y) is abtained through result (B):
i ﬂ=[m M]

e
[5(314 7l smmz;]a [11 E)
"\ s¥7 " 547 6'6 .
b IR, y) is u point that divides the segment PQ in the ratio 3:-2, then the coordinates of Rz, y)
is obtained thraugh result (B):
21 y}s[mxﬂ'mm : mu’:*m?-]
ity E iy my*my

3 [xusm—zm} 3{1:+£—=H41]=(,141 Y e

S = 5 iy = E Pﬂtz:'r Q{au 4}

3-2 R
The medians and angle bisectors of a triangle are concurrent
I The medians of a friangle are concurrent

Proofl: IfA(x, ), Bix,, », )and Clxy, ) are the vertices of 5

triangle ABC and P, Q and K are the midpaints of the sides AR,
BC and CA, then the coordinates of the midpoint § through

N L 4+
midpoin e, Q3B 2EK)
If Gix, ¥) is the centroid (in centre) of the triangle ABC,

then, the coordinates of the pointﬁlhutﬂ\'ﬂulhutnﬂdimﬁq
irt the ratio s, s, = 2:1 are;

2 5%'1 +x, Ehll;h!l'.h
S SR e t[ by ] (i
3

Similarly, the coordinates
ratio 2; 1 are respectively:

ofthe "“q‘ﬂ'hﬁ'ﬁvidmr»mmm BR and CP each in ¢

oT FORSALS
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Cifaai
2[4—11 +x, [z’it%l -, &
Gix, )= ‘ - [ﬁ“..a._l“; i RS RS ";*’ ] i

2+1 2+1

LY

(% + +
2 _L.zj +x, E[ELI,_-P} 3 |

Glx )= 5 o [ FEG Y AR ity
241 251 i 3= 3

\

Therefore, the point Gix, ¥) lies on each median and consequently the medians of the idangle ABC are
comcurrent.

[T, 3 ] Find the centroid of the triangle ABC, whose vertices are A(3,S), B(-T7, 4) and C(10, —2).
EIIIER Lot A, -5), B-7. 4) and C(10, -2} are the vertices of the triangle ABC, If G(x, ¥} is
the centroid of the irimngle ABC then, the coordinutes of the point Gix, ¥) are:

G(x.y]=["“;‘”‘ r?;*l;f“'}':]:[3~73+ID‘—5+:-2]_[1_H

il The hisectors of a triangle are concurrent
Proof: If ABC is a triangle with vertices Alx, 1), Blx,, ») and C(x,,y,). whose lengths are
|48]= & BC|= aand |Cd]= b, then, the position vectors of 4, 8 and C are respectively:
n=lod=xi+n g n=lg, 0 =xi+tpnh n=(.0n) =gt pi
Consider AD), BE and CF are the intemal bisectors of the angles 4, B 4
and  that meet at eentroid G, This is shown in Figure 7.5.
IfAD is the internal biseetor of ungle A, then:
BD_BA . BD ¢ oy :
be &CWI bz:-BD,DC c:h (i)
This means that D divides BC intermally in the ratio e:b and

the position vector of D s therefore: ghvon

c+bh
. BD DC BD+DC o ae
A s B e, S e — 1
gain, e b e+ h c‘.-b:.BD c+bh (i)

[

I BG s the | ; , DG_BD pic_ a —
15 the internal bisector of the angle B, then, A AR 3 = DGiGA=a:(b+e)

ar, +[b+c].(55ﬂ

b ] _ntbn e ‘n{Jr.,J.-,}-n-b(x,.y:]-i-r[;,.y,}

mwilimwof s F=
Glxg)is: a+h+c a+bie athse

(1inp
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The coordinates of the controid Gz, y) is abtained Fom equation (i) by equating the and,

; v+ b, +on, an By ”3"*] .
components: G(L,J-:l:[—'a:fﬁ“l"_;ﬁ:_ tw)

Similarly, the intomal biscctor of the angle C also passes through mul*:glﬁla ¥ T, g,
angle bisectors of a triangle ABC are concurrent and G(x, y) & the po . o |
Mubammad Ayaan has a triangular piece of backyard :’h’"" e wanis 10 build 5 ity
pool. How can he find the largest circular pool that can be buik there? .

The largest possible circular pool would have the same size as the largest circle tha gy g,
inseribed in the triangular backyard. The hrgest circle that can be inscribed in a triangle is incirels. This
can be determined by finding the point of concurrency of the angle bisectors of each comer of
backyard and then making a circle with this point as center and the shortest distance from qhis poiat 1y
the boundary s radiss,

EEET 5 ] Find the tength JO,

Here, O Is the point of concumency of the three angle biscctors of ALMN and therefoire i the
Bncenter. The incenter iz equidistant from the sides of the
trinngle. That i, O = HO = 10, L
We have the meazures of two sides of the right triengle
AHOL, s it i possible to find the leagth of the third side.
Use the Pyihagorean Theorem to find the lengih HO.
= (LOY ~(HLY = 1T 17" - /igo 18 =+25=3
Since JO = HO, the lepgth 10 abso equals 5 units,

] Excreise @

The three points are A (~1,3), B (2,1) and C 5 ~1). Show 1
=1, hat | AB|+| BC|=|AC]| .
L In :
each case, find the midpoin of the fine segment PQ) joining the two points P, ) and Qlx, )’
3. PI020) Q(-12,-5) b Plab), L-1)q[2 ‘J
. Pla, b -y (b | B
Qf-a, ) € P[z- 4]'Q(57

3 In cach ease, find iy eoarding ; P
the two poinis tes ofthe point Rexy) which divides the line sepment PQ joining

B PLZY 034 in the ratig 51,
© P-6.7), O5,4) in the gy 2

Sl

UNIY

Figure 7.6 . .N

b P34, Q-6.2) in the ratio. 3.2,

4, Inmhm:,inwhlmh,'“kl.
; M Sepmen S
QU vy} divided by the poiy R, ). tPQ Ooining the e paints P(x, 00 ot

A P(810), G126, & -iﬁ].

b b 43
5. Find the centroid of the trisng), ABC b P-2.4).Q(3,6), R[E'E]'
a. Al-2), B-24), O5.35) b ,,ﬁ;,“‘;?i re the following: 43)
=) B4, }1 q L c{‘

£
0~y T aq, B2

"

1.!.' LA gy
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IEEW Slope of a Straight Line

The slope of a line is 2 measwre of the when ae |
et e e
mvmhnb&mrﬂl.mhﬁﬂndmhiumw}ﬂk 4 D |
the line from C to D gocs dawn are depicted in the Figure 7.6: Flyurs 7.6

Slope of a line

The graph of a line can be drawn
knowing only one point on the fine il the
“steepness” of the line is known, too.

“d mimber that measre the “steepness ™ of @
linie b5 called slape of @ lne. "

If mave off the line horizentally 1o :
the rght first or move up or down Figiy I
{vertically) to return to the line, then the slepe of the Hne is the “stespniess™ defined as the mtio of (ke

Fird

wvertical rise o the horizantal run:  sfopes Ty + 1he run 8 always o movement o the right

Formula to find the slope of a line passing through two points >
Mathematically, il any two points on & line are
available, then their join makes o constant angle with a fixed gt
direction and the angle so formed is independent of the choice
of the two points on the line, This is a precise way of saying 4 L
thit any line bas o constant slope. [t is customary to measure
the angle d which a line mukes with the positive direction of Koo T +x
the c-axis. The quantity tanOis defined to be the slope of the
line and s denoted by m. The stope of a line is also referred o 4 Figire 74
gradient of the line.
ror illustration, if A(x,,y,) and B(x, ), whetex; v x,, arc any two points, then their join develops a
lime L that makes ' constane angle B with the x-axir, Drow AM, and BN parallel to yeaxis and AL
parallel to r-axis.
The slope ar of a line L through ihe two points Afx;, %) and B{x,,1.), is therefbre:
e T
Find the slope m of the line L through the points
fa). E(2,4) and F(4,6) fl). M3, 1) and N(-1,3)

) i The standard equation of 4 line is
a The given twa points E{2.4) and F(4,6) form a line L, whose y=mr ot ¢ whese o is g slope.
li'hpcis: ra:—-i—:l'lr b u—-—-ﬁ-‘-E-]
=y 4-2 2 E
b The given two points M(3,1) and N(-1,3) is forma line L. whose slope is-
wadiha 3l 2 1

Xi=x —-1-3 —4 2
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m‘lﬂiﬁw for two straight lines with given slopes are
ful.  Parallel to each other il qu.-penﬁ:uhr to each other

LS Parallel to coch ather ;
If L, and L, are the iwo lincs having slopes a, andm, then the fines L, and Lare paraitg ¢
they make the same angle with the x-axis, that means they have the same slope. Conversely, if two Jing
+ L, and L, have the same slope, then they will make the same angle ¥
with the x-axis and the lines L, and L, are therefore paraflel for L,
whiche  m=m, ii)
1t is important to note that the lines parallel to s-axis have
-axis have the slope =
If L, and L, are the two perpendiculor lines make the L
anglesaand with the x-axis, then the slopes of the lines L, Figure 7.9
and L, are respectivelym =tana andi, =tanf. From the Figure 79, it is clear tha

K o
‘iﬂﬂ"'ﬂ- =r;1—,2+u.

tanfi= 'I'III(E-FL‘I]. fake tan of boh sides
|

T g fi
The given lines L, and L, are found perpendicular, since the product of their slopes equals —I:
& -1
o, = 'mumﬂ=tﬂlﬂfr[—m] = =] {iii:'

Equation of a Straight Line Parallel to Co-ordinate Axes
mutln_n of a straight line paralicl to
@ y-nxis and at distance ‘a” from it
o x-axis and at a distance *b" from j,
I ¥-auls and at o distance ‘o from it
: Let PQ be a straight ﬁntpanlhllum&a:;dhm'g' umnits
from it see Figure 7.10. This is very clear, it all the points on the line et
have the same ordinate say ‘b, Therefore, PD can be considered o5 ;f

108 = 0, then the sraight lne <oincides it ypr =
i, 1 PQ is paraliel and 10 the 16 of yoasig g o " STA0N becomes x = 0,
a

+1Ben s equation ix ¢ b,

| - HOT FORSALE
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F"'-"ﬂ Find the equation of straight line paralicl to y-axis at  distaniee § uniits on the right side of
oo TR rea
s, the distance is 3 units to right =i i i
P fir nght side of y-axis, 5o, equation (1) ¥
e weaxdy mod af g distinee b from i P+ =0
Let PQ be a straight line paralle] to x-exis ot 3 distance *5* units from i ?&

see Figure 7.11. This i every clear that all the palnts on the same ordinate say, "h
Therefore, PO an be considered 25 the locus of u point at a distance *b* Fom +- ’*5_4'_""‘
avis and all points on the PQ satisfy the condition y = b. Therefore, the equation »
ofa stimight line is paeallel o x-ooris at a distance b from it ifeg,  y=h Figure 7.11

L ITb =0, then the straight line coincides with the r-axis and iz equation becomes y= (1,
i If PO is parmllel and below the x-axis af a distance *b', then its squation iz y = -4 -

Standard Form of Equation of a Straight Line

Becouse of ther simplicity, lincar equation {(lined is used in many spplications to describe
refntionships between two variables, We shall see some of these applications in this unit. First, we need
to develop some standard forms that are related to linear equations.

(i) Intercepts of a straight line ¥
“IT o straight line AB intersects x-aviy at C and p-oxls ot D, A
then OC is called the x-intercept of AB on the x-axiy and OD ig o

called the p-intercept of Al on the y-arxis,
ffuulp#l_':ﬂ nd the x and ¥ mtercepts of a lime Zerdy+§=(,

x'e > X
The x-intercept of a Ting is obtained by putting y=0ina G_L Cug
line: Zx+dy+6=0 ¥
L+ ) =—6= Jx=—6= xr==-1 Figtire 7.12

Thc}uimumu['alin:isubta&nmb}rpuu'u!gxﬂﬂhalint:
Zx+dp+6=0
A0)+4y=—6=dy=—b= y=—13
m;mﬂuum;mmlunuinmdimmimlmmmb:duenﬁmdhyspmiryhghs
ﬂmmdﬁmmpn'hﬂ,
(ily Slope-Intercept Form
LFlLbeﬁelhcmFim?.lldrwhm:hnj«m:m ¥
the y-axis. The line L also makes an angle® with the positive
direction of the x-eaxis that develops a slope mr = tan
L“”’(I.P}bem}'poim o the fine L. D PM paallel to y-axis and
CN paralic to x-axis that give
CN=OM=yx,
NP = MP~MN = MP—0C= y—¢ %
_In APCN, the angle is ZPNC = 90° and the slope of the line L ’
is Biving the slope-intercept form of the line L: Figure 7.13
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E_ =ton =’£__'_- s taiB . ['.x:l.ml:-h'E Fid I.E'Hlfq_l.lﬂiﬂ-n of @ line tha passcs ﬂ'l'l.'ll.lgh the tweo points Pi-1,~2) and =500
= S | Seldlion) Result (1) is used for the assumptions P(s,, ;) = P(-1,-2), QU 32) = Q(—5,0) ko obtain the |
= y—c=xiand required two—point form of a line: ]
(i ; 0-{-2) 3 J
= y=ztanl+c=me4+e i = 0 autl the tion of y={-2)= [x={-1)] = ya2=2 I 4]
! ¥ {0, O), then ¢ cqua of ling | o » {x+1) [
AT the straight line L passes 'muil; f:: m:ﬁlfc denotes the y-intercept of the line L on the gy u 2471 e £
becomes y = mx, Iny = mx + ¢, m denotes P =gy a‘-=21+2=1r+4y+ll]-u=;x42p+5;n -
of v, - = i, Bouble-Intereepts Form
BT 5 ) Determine the stopes of the following lines: (@), %= =5 @ 2x+=6 Ifa line L intersects the x-aris and y-meis ot points A and B, then OA = & and OB = b are the x and
y-interceps of the line L ¥
F : L &
o T fo obtain: x—y=5 =>=y=—k+3 = y=x-5 Let Mx,y) be any point on the line L. Drow PM paralle] to p-avis
" g;h;iﬁmm:;:hﬁﬁﬁglﬂéim of x=term which ism = 1. and PN parallel to x-axis. From the Figuee 7.16, the comparison of \?-B p
b. For the slope of the line, sulveﬂmgiwnzﬁm for y to oblair: similar triangles ABNPand .&P:;.s Ig:mg the equation of donble- 5]
Ir+dy=b = Jy=-2146 = y--ixﬂ intercept form of a line L: P TR - o W
i 5 T P - b =3 1
.. This,the shope of the lie s the cocffcient of x-term which is.m = - % . e . SEp— 5 E
IS 10] Find an equation of the line with slape 4, when the y-intercept s 6. on ) {::"m s y“' &R Figure 7,16 E
mgm”n&“mﬁrmmmm=4_:=ﬁmmmm required slope-intercept form p_,,*,,_ﬁﬂ '_";*f" (i) 1
of a line: p=dx+ 6 ¥ m Find the equation of a line whose x and 1 intercepts are (3,00 and (0,4) respectively. ]
= :;Inlf‘sls:p! F(i"lr: see Figare 7.14 passing through the (EITI) Resuit (vi) is used for the assumptions @ = 3, b =4 to obiain the required line: !
& igare 7. ]

point Alx,, }and Plx, 3) is any point on a line L, then the slope of the %J,%ni
i et S
1mLusﬂjE;‘:=Pm pe form of a line " po iri,él-|34;+]y=|2 = dx+3p-12m0

il e & oK ¥.  Symmetric Form

: ) . Y : 714 Let a ling L through point A{x, v, ) makes an angle 8 with the positive direction of the r-axis,

=R (o . () S I£P{x, ¥) is any point on the fine L, thea AP = 7. [fwe allow
mFuﬂmequuwnuhiin:w'nhshpﬂnudpmmwl_hepuh{ld]. 710 vary with any pesitive or negative values, then P will take any i
mkmll{ii]insndﬁ:rllmm ions =4, Ll btain the required point position on the line L. Conversely, if P & given to be any point on
slope form of a ling: y-#:ﬂ{Tfa} ARAYEHAR i the line L, then the unigue valie of » can be fisund which in act is

A5+ y=4+Bml = ~dxt yid the distance of P from A Thus, it follows that  serves os a
EAtaRl= —dr b y 4 =0 = dx- y—d =0 3
iil,  Two-Point Form + Parameter of point P,

: i To find the coordisates of a point P in terms of the
[flulmﬂﬁw?,limmihhm a
Al ) and Blx, ), then the slope of the line | js: pomnis parsmeter #, let us daw AL and PM paraliel to y-axis and AN

=) Parzllel to x-axiz, that with the following sssumptions :
i ey (i) OM =0L+LM =OL+AN Figure 7.17
: iz MP =MN 4 NP = LA + NP {vii)
Ifthe n‘fﬂml’.!hn.\u .
equation an x]ll'l! -I'l:-‘]-}'qj with skope i &g dﬁhwthmmh“ “EBMmeWwMﬁdﬂ at an angle B
s % L (Iw} = -
tm 08 oo oF 8. Vo L toongh i i e, ¥) and m=$:ﬁ MP:EN:;: (i)
Blx,, #y) s the equation ofthe two-point form o4 i 1. i, 5 i
i =.1-’;'-3“I I=x +rcosh, cosl=222 jl=_|.-,+a-|.-£|15.,a;i.-..l}l-:-ﬂ
Ve () : s
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v % line L after sinplification-
The parametric squations sutomatically give the symmetric form of 3 alter simplification:
x..ﬁ
mahi‘ ='!.4£=r-j'=r (i)
»—y - cosfl sinB J
sinf

14 Find the equation uflﬂmi;ht]imﬂilhhﬂhﬂiﬂnﬁ'mﬂmwmm

(2:). |
@I Here e have inclination. @ =45°and point (5,1)=(2,42). The equation of e i 4
symmetric form is; L i NP e

cose  sing ]
Substiture the above vilues in the formuls to get the equation of & straight line,
x=2 _y-\2
cosd5*  gin45*

= sind5°(x~2) =cos 45y~ 2

| 1
W m —2
=-?2-Ex 3) ‘_:E[}' 1!"_}
= r=yp-2+41=0
vi.  Normal Form
mmlhmufalimi:!h:mimuﬂﬁmhmurﬂt

length of the perpendicular on it from the origin and that ieitdar
makes an angle with the x-xis, el P

|ru|nLhmmmwym::mawa.

MﬂhmﬂﬂnlhxmrhurmufmcﬁuLMww
pﬂrpendkmhtﬁinellhlmﬁkslhmhhd'ﬂlmpﬁnm

intercepts of the line L are respectively: Figure 7.18(t)
Dﬁ@ﬂzb%:qnﬁap,#a P
man?‘%nmhpw (x'

--—..+-E—='I
x ¥ o
I;;‘a"mtl = :msh}lhﬂ-p (xi)

50 eiared 10 perpendicutar form
15 Find the comesponding ot of ; af i line, .
the origin on 8 line is 3 units that makes m%,,rl,:g' *Fthe length of the perpendicular distance from

mﬂmt &5 used
hmwhp'lH"l?ﬂ%nhhthmhdeqwmnﬂ"w
xC08120%+ psin|20%=3 q;’,,__}ﬂ .
TR n-x+ﬁ,-...g=,_1§r+ﬁ,n
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INTEGRATION
MNaw, use trigonometric substitutions in exquation {if)
Il'=ma¢+:;=mlﬁndu = see g8

u - tan b, see’ § tan@ sec’o sin0
J P / W-ﬂ‘ﬁ-_f = 'ﬂ-rmﬂdﬂnjm-aﬂu—-h|mﬂl+(‘: (i)
Betum substitutions in (i}
£—2 =
I-l." +4x+5&=_himn I{H}H*C
S T PP
144
=~In ;"”’”Ht +C
T+{x+2
N S
VI+(x+2)°
= -hl:+{;+z:|*}": +C= %lnll+{x+ 2¥|+c
=2 1
Henee, Jm&'ihll+u+2ﬂ+c

- %lnfz*+4r+ﬁ+ﬂ‘

L xomp ﬁ:i Eval th T4+32 e
i
m x42 J .
di
'[Jx*+4.t+i (i)
By completing square in denominator
x4 xXe2 o
drm e &
J-."x’+l:+5 IJ:’+4¢+#+I ‘F-ﬁz-t-z}*q-l

# L]
Lulunx+2.z—1:>da_dr I
42 r_w v
dre i
IJ[x+2m el @
Now, use trigonometric substitutions in equation {ji)
H-hni.%nm"ﬂ:du-u’nuﬂ
" tan f.sec’ tanfsec’ B tanf.sec’ @
d"= = -
I]:’_;l' J lén"i+ldn I Vaecl o J secll
Retum substinutions in (iij)

dii= [tnﬂ-mm =secl+ O i)
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X+2

e dem s oc
=Vl+i? 4 =1+ (x+ 2P +C

N2
Hence, j ==dr=ax" 4+ dx+5+C
¥ +4r 5

m_lntegratiun by Parts >

In previous sections, we have leamt some of the basic techniques of integration to solve
problems like [x*dvand [sinxdy But, how.do we evaluate an integral whose integrand is the prodyg
of two functions such as Iraitlxm'. jm‘dll fﬁlﬂm

To solve integral of the type like that, we have a technigue called integration by parts,
Recognition of integration by parts

For this technique, recall the differentiation of the product of two functions 1 (x) and g(x) w.r.t x
{{;Iﬂx}mﬂL =S 0+ 800 L 1 (= F' )+ 801
SN =L (80N ~g() ')
The integral of (i) with respect to x is giving
Jrg @dr=[Liseogme [ e r (e F0glx) =~ [gaf (dx

The: equation that can be transformed into more convenient form by substituting w=ffz) and
v=g(x), di = ['(x)de and dv= g/ (e [udv = v [

0}

This is the standard form of the integration by parts formula. i
ST, 10 Evaluate the integral I.rr'dt
@D The integral rule (ii) with w = x and .= &* is used to obtain:
[verd = xe" - [e* (e, %-I dv=e'dr, v me®
= et = O
Applying method of integration

: n by parts to evaluate integrals of the
B types [Joi-idr, [V eR  [VFa .
i. Ewvaluate Imdr

m The given integral is
! 'Iv‘a’ - rdx o)

dv
In this problem, we choose 1= o* — < and | o integrate the integrand of(f):

I e T

d
B bt 20, v v
3
R b e SRR RN 2
= a =X

+  ndd and subtract o°

HOT FOREALE

P = =
|4 o L T " e - -

LINIT-6 L ke s
= INTEGRATION
=i oty [l s
X n" .;I+Im-j H"Izw-l\;;__.?"'ﬂil‘ ;‘t ’_]
i T_“ e
2= *'*Jd".\'”a‘s'if’ﬁ'*c ; Ij—"ir =sin' L
a'—x
: II I 3
== A—Hzlq-i;-.;in"-— -
ii. Evaluate I'Jﬂt“‘ e
[ Solution ) :=j’ a +'dde i)
In this problem, we choose wre=45° +x" and % = to integrate the integrand of (1)
U= [l + e
: (x)(x) A Ay e
=‘||d‘+x’(_1.']— el o= =gt ) [2X), 4
.l fn: +11 dr 2

= x4y’ —Iﬁdﬂ:& _nlla:I oyt f%:ﬁi., arefed el suibireet o
f AT
= x4z +J:{§I§‘?—!Qg’+fd{= :‘Jn’+,-;"+ "-IW-I

z s 3
2|=I\ln:+xl+ nrll'l-ll"i"dﬂt-}':" +C _'.I?'ﬁ—l-::hll*ﬂlﬂ'l-rl
I-.x__-...—”';'*:‘;+i;1|11;+da’+x‘1+§

Thus, jq'g.’»_-g*.sbr-%J;’+f+%h‘-1r+da’+fl+f
fii. Evnluuj F—a'de
mm 1=|4s —a'ilx iy
I . = . PR
In this problem, we choose = +fx* - o* and E_I to integrate the in (1]
I= [y ~a'de
d |

V- ) e TR Crp—
X -

e dr=-i

5 'S g R
-xmujﬁdx-:qlx -g Imdf

LY
“Iflx*—ﬂ:-_[ﬂ — ]

add and subtract o

NOT FORGALE
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H INTEGRATION
|=£@_ﬂ‘! h(v{r*—n’-ﬁx}c' 1
Ty m————— = Hete'
2 2 e 2 ’ :mmmmhhmmnmmrhmhrmmmﬂmmmumﬁm p
1 ;
gl Invene, trigonama
Thus, Iﬂx’—n’drli\}:'-—a*--ir]n m P ad L Loparithms = Lot
2 .2 rg] A Alpebraic - —— |
T Trigencmetric ae
Evaluation of integrals using infegration by parts | E Exponeaiial

Ex LUHES 11 | Evalunie the fnlcgﬂll.t In xefy, J ! ; -
m Tha: integral rule Imfpuw-lwﬂr; with subatitution & =Inxand %“I is used to obtain: :
thxﬁrhr[i]_l?—![l]dr a1 dv £ . Mm'hnmmmhdﬂmmmmdm:
FE( e e b e (b,
CosT

Exercise

e X il
X 1 X 1 .'r* X ;\.‘=
==Ini-—|zhs CaEjpe_t _|.,. P Y
> 2'[ =2ln.1' 2(2 c 2].I'u.' 4 C

. etz sinx=cosx
E— : % d, [ sine'ax e IT: d i ]'m—_—..._“"mnh
Evaluate the integral [o*sin . 2. Use suitable substitutions and tables 10 evaluate the following indefinite integrals: g
mln The in'bcgt:lli: a f dy K j-ﬂ-'-f—dr £ j e 1_,,-,_
|= fe'ﬂﬂ xele ()] #+16 eon” xeal ITE"T'* l
The integral rule Iudv=m-—1mh with substitution u = 2* ( let u be cither &" or sin x) and d. 2x48 . 2y dr
vl d = ginx is used to obtain: I?q.q_,.;_;# Im
I=Ie‘=inxd.r = - cosx)— ﬁ—cmx},’nﬁr & %u,'_ %-Ihx % Evllmﬂle following by using integration by parts.
==g'cosxt | oosxdr i1 f, Iz‘x"'da: b Ixmrd}: e _Fn"'.rbq[.ﬂd-:
It appears that we have not made any progress since we canpot evaluate the new integral, d [ corxas e [ain (x)ete £ [ sin{e™ )i
However, the form of the new integral promipt us #o apply the technique o second time and see what
happens.
Apgain, the integral of the integral part of equation (ji) with substitution u=g" and %-m: is %FMMM He was kpown as e
used in (i) to obtain: ; lmmhmuﬁqﬁmmmmanmuw
b0k 175 i ' that it is barely distinguishable from that of 17 century mathematicians. It was all dooe
I-I' smm:_fmx{ﬁm] i Mh“nfﬂma-mmmmmwm
£ i ‘ i v ﬂﬁﬂhwhmwwm&mﬂthGmﬁﬂmww
l-r'm&:t"{! sm.r-I[:inx‘,n{a ,'Idt]-l-C ,-‘E-f‘;‘:,um: 12 and sgirals and 10 fnd volume of cylind eklotde sl of
'I--e'ooax+r’sh1=~]'r‘shm+c fﬂNnﬁumﬂmnmmemmmuurrmMmm u:im
Is=g"cosx+e'sing=1+C i [3-:-?,3%].H-ﬂmimﬂnmdﬂuﬁdﬁcwmwpmmmwwmh W
= A (4 4~ ok} +C myviad for representing numbers. as large us ane followed by $0 million billion zros. ¢ |
o L GE—C05x) C Archimedes was most proud of his discovery of & method for finding the vokume of a sphere. He shawed that %
. & J.‘i.r-m.:] Mﬂﬂ'iqﬁnh% hmammm.mwﬂmmmmmﬁm“mmn |
Th"“’»relmm= 2 . Mwhuw_hIM.hummmmmummﬂ i
, Mmmmhhmﬂnﬂmw%
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m_'lntegraﬁnn using partial fractions e Gion. Thi
; S Bl riation. 15 Process
Partial fraction decomposition has great value as & ool Te MFGE- 0% .m'?! be
thought of as the "reverse” uﬁdding fractional algebraic cxpressions, an iy ?um = mm
rational expressions fnto simpler ferms. fraciion' decomposition 15 an MEEbELE pr e for

Partial
expressing a reduced rational function a8 @ SUM of fractional parts. For example, the rational expression
P(x)

PO 1 (i)
=5

can be decomposed into partial fractions only if PCx) and Dfx) have no comman factors and if the degree
N ore) s less than the degree of D). If the degrec of PLs) is greater B0 70 o’ th 1 Sogee . DI,
then use division to obtain a polynomial plus a proper fraction. For example, the rational function afie
P20 b= 2y, B (i)
©-x=1 HEES
£ +3x+1 s our polynomial term
B¥—1 i ourpeoper fraction ( this is the part which requires decomposition into partial fractions).

¥ox-2 -

in algebra, the theory of cquations ells us that any polynomial £ix} wifh real coefficients canbe
expressed a5 4 product of linear and irreducible quadratic powers, some of w‘l_:.wln may be repeated. This
fuct con be used to justify the following peneral procedure for opbtaining the partinl fraction
decomposition af a rational funetion.

Let fix)= %&%,whﬁe Pix) e Dix) have no common faetors and O{x)= 00

The steps involved in decomposing the stional function are the following: -
1. 1f the degree of Plx) is greater than ot equal to the degree of Dix), use lang division 1o/ cxpeess

ﬂﬂ s 'u:u!. sum of a polynomial and a fraction it-(ﬂiu which the degree of the mmdnﬁ

division is:

Dix) D(x)
polynomial R{x) is less fhan the degree of the denominator polynomial D(x). R
1. Factorize the denominater D{x) into the product of linear and irreducible quadratic power
‘P _ B
A w—iﬂ as 4 cascading sum of panial fractions of the l‘nrrnui"— mﬂ—-;!‘t"l-"
D(x) G-y sl
e i

Vesify that the mumber of constants used is identical to the degree of the denomindor:

#&,jﬁ“ f{:l:} and g(x) oy

uch thatg (3 :
(ST Evaluste the following integrals: )
rﬂj‘ I%I—_Zm Ih)' !!:"_61:2& ( Exl +.1.': 1-?_1.'1""1#
(K—zj! EJ' 5 f.':'=+i'.|:
fx=1
Vi IJ’ —.\'-1'#

The integrand is & proper fraction, 56 we stan by factori ' 1
The denominator factors are the two dmﬁwhmmmmr Lox—d=lF i:'l}l{i ﬁ,ud""
qu.lmﬂwmnofwtwumm“mm near factors, so we can set the it
$x—1 1
11—1_2
163
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To éemrmmﬁcmnmms Aand A, we multiply both sides of the couation (i) by (x ~2) {x + ,;,;,',
;2*‘"; . Bx—1= A(x+ 1)+ Ax-2) fii
x-2=0 =x=2in cquation (i in:

Setxtl=(=>y=-] ::qmmﬂrwmﬁﬂ"'“"'{h"”’“"h sl Ll
B=D=1= A1+ D+ A4(=1-2) = =9=-34, = 4,=3

Bx=1 i

) o Pk-1 z-1 &+l X2 X+

Use this decomposition instead of rational expression in the given integrl to obiain:

Bx—1 - & 5 3
Bl NI | e = =
A =gmd I[I_i-‘-:ﬁ'ltj‘# lx-sz.f-l-‘[:_'_ldl' Slnte BeIR(ririae

=lnx-2 +Infz+ '+ 0 Cm lnCle- 2z + 1)

Use these constants values in equation (1) to oblain:

j.l"-ﬁx-i;‘idx
(x-2)
The huynndiaapmw&nﬂimmwmbyﬂnlnﬁn;thcmum
_ (x-2) = (x—2x—-Dx=~2)
The denominntor fiictors arc the three repeated linear factors, so we can set the rational function
equal to the sum of the three partial fractions o ) (i

E | |
(=2 =x-2 (x-2y

T determine the constants 4, A end 4,, we multiply both sides of the equation by (x=24"10
obtain: =Gt dm Al -2+ Ax=2)+ 4 = Al - S+ A+ A x=2+ 4 [}
Setx 3 =0 =sx=2 in equation (if) to obin:

(2~ 6(2)+3= 422 VA2 A = -5=4 = A4=-5

For coistants 4, 4;, equate the coefficients of 5 and x on each side of equation {if) 1o obiain:

=4, o terms —fi==dd 44 X lomms

Splvimm‘uu,mnfcqmﬁmfmﬂnmm A ond 4. oobuain A4 =1 and A =-2
Usé these constants velues in equation (i) to obtain:

H=bxt3_ A A A _ 1 2 5

G- -1 - -2 22 (- (-2

Use this decompasition instead of rational expression in the given integrai 1o obiain.

==l Z3el
Ix’—ﬁ:-:'.!*= 1 2 5 ]mnmr-n-z‘-“n e E e
(x=1) x=1

G- == 2+1 | -3+l
2 5 L
= Mx= L ST, SN
1}+l#-1'.*+2i:-21’+

& jﬂx" +x"+1:+4'_&

(1)
The intergand is a proper fraction and the desominator factors are the twa repeated quadratic
ﬁ:lommmmmtlmnﬁundﬁummmﬂmlh::muflh:mpu&l fractions:

2t e xi42xad i.y-ﬁ Ay +5,; :
PP TR e TR @
To determine the consiants vatues, the similur procedure s used to obiain A =04 =28 =38 =1,
164
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UNIT-8 .

With these substitutions, the equation (i) becomes:
24 x 42044 3 L (ii)
(el ()
Integrate this decomposition to obtain:

) I!x‘+x‘+2:+¢*=l 3
(2" +1)° (8 +1f I
+x 2+ 4 k) 2x

IE (x‘+1§: n‘[{f +1]’d:+l‘(f+|}#+!':f”]dr

Now the readers are in position, how to find the complete solution of the question.

2z+1 -

e

c : 1 =l i = =J.‘1 1
Hint: Imﬁh-w l:q!'(xz_‘_l}'ﬁ bne,n +

3 1

—_—dr = = 9.'#Fl &'

]..;fn)‘d‘ i frm -

Exercise

1. Evalute the indefinite integrals after d.emtnpminglh:fu!]wiu; rational functions into panial
fractions: ; )
J 1 b 1-3.:‘+:!x-l X Idx’+4;’+x—] 3 j- 1
" e xx+1) = P+ L |
=re2 i -x=3 | de
= Iﬂx-u B e IJ:'-x-ﬁ* b o
£ o + 111'1
i I{.Hn-:xh,nl J e
5 The rate ut which the body eliminates n drug (in milliliters per hour) is given by
Ry ___ 60

o [r-f-lf[H-Ij . dng
Where ¢ is the number of hours since the drug was adminisered. 1f F(0) = 6 is the ciirrent
climination, how much of the drug is elj diring the first Mur{._g?mitwuadnﬁnl.
Th:fmmhhuu:.nﬂ:rltm:dnﬂnimmd? ed
3. mmufchngnrm:wngpnpummmdqmmwmmn:inyunlhﬂ‘"“

av 1o
to be —_———
@ Ilrl' “1_'*:'1

where N{t) is in thousands. 1 N(g) ; A . - il this
population increase during the nu:}um“:qcm voling population, then how much Wi

4. An oil tanker aground on a reef js losing ail angd
atarate spproximated by 97 100

dr m;. rzg

where ris the radius (in feet) of e elrcular

4 minutes if the mdius is r'ﬂmnr-u‘

#

mmﬁlwﬁnm?indmemdimﬂm‘uﬂ#

Rroducing an oil slick that s radiating ‘;“"“wd '

i : =¥ A
UNIT-6 :

EEW Detinite Tntegrai
A definite integral is
fa, b] are limits op T
mm]ﬂ;ﬁm’mﬂ;ﬁ "8 fgures, Figure 6.1 is showing he indefinit integral while the Figurs 6.2 is
»

INTEGRATION

Mmﬁ!ﬁwmmmwm,mthwmmf

fid)

x'
¥ um" % b
Figure 6.2

we have leamt in previous section far
there is stight difference, 1o

Figure 6,1

Definite integrals can be caleulated in o sime way as
calculation of indefinite integl, bt findd definite integral simply caleulate
indefinite integral ot point a and at paint b, then subiract the result.

4

Ex -u-n;ll-.-:m E\IIIHID: ;X:i#

e

¥
Herea= 1 bedondn=2.
For u-].,%+c {

i}
For b= 4.%'-— +C (i)
Sulbtract equation (7) from equation (i)

t It 64 |
I f ‘ -
.rhl-l-'li.lll-'."ﬂ'.i’— 3 = +f 3 _Er 2

' Definite integral as the limit of a sum
Thhllmim;wmhmvmmnuhnmnym:m
.f(-‘r}=x*ﬁ1:|m.:-ﬂtﬂx-E.Risuﬁmsj'mhﬂ]icnliyug.

il

s J':*d.r=§ i)

e ]
We read symbial & "ihe arca A equals the integral from x = 0 to.c = 2 of the finction Jix="
number O is called the lower limit ﬂmmmn.mmzummc upper Umit of
integration, the function f(x)= " is called the Integrand and the dx tells us that we are integrating the
funetion £ix)= x* with respect 1o the varfable x.
IF £ {x) is continuous on the interval {a, 5] and [, 8] is divided into n equal subintervals whose
“hand points.are x,x,,..., %, then the definite integral of f(x) from x =g to.x = b is:
fﬂ*lﬁr-jﬁﬁﬁﬂfﬂﬁhfi-r;1'+---+f{-f.]'] SoArs ﬂ'—J;—"'

is the definite integral of

..... (i)

e T
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- 8L
RIS v v st e oo by e /=230 e x|
interval [0, 2). ' i

; _bh-a_2-0_2
 Solutios ] For n subintervals, the width of each rectangle i AX="5 =55y
245 o
The right cnd points of the subitervals aTe T, T Fomes = 1

Substititea=0,b=2 H=2 57 gy =5 = 2L jn cquation (i to obtain the actual ares;
a=0,b=24, 5, =%, " Sl 5

3 =
A=[xde=tim} f(x) 8¢

/] (]

=mm{f{;‘}+ﬂx,}+ ..... + )]

2 2 4 E & :l ftx}:t’
-2 [A2p (P ()r]
o PR, s
-Ei[ﬁ?+%+§$+ ..... *-:I,—] S 4 "

gl 1){2n+1)
.Ll'ﬂfi[Hfﬂ‘*' ----- +"=1=tﬂ}[-ﬁ-_]

3 E. Mﬂ = fimy E E.{.i]:iq.ﬂq.ﬂ:g
“.L‘.“.,,=[ 6 a6 6n 6] 3 3

Wmﬁ theorem of integral calculus ,
In previous section, we learncd that we can delcrmine the area of a region with » defin
integral. However, with the teols available to us at this time, evalusting a definite uﬂngrll me;,
summation s ruther tedions and time consuming. To provide us with a more cﬂ'i:l:mwmﬂd""“ de
evaluating the definite integml, we now comsider & very important theorem in ca B
*fundamental theorem of integral caloulus”. This explanation will show that the definite intege
be applied in 2 general manner and not only 10 the concept of aren. 2
To help provide o better understanding of the meaning of the fundamental 1hmmu°f"wi
L ealewlus, Tet us begin with area of & region using definite integral

(M. f (M)

)
(m. £ (m))

»=fw ¥ =fix)
a x=
Figure 6.3 5 i

e e Figure 6.4 Figue 63 o %
o develop the theorem, we need 10 introduce i rea funeti®”
function indicates the arca urmwmumqrﬁ:m cﬂlid-u;un;:sﬂngpﬁp“

UNIT-h .
INTEGRATION
The aren function A(x) is the area f :
.8 TOm i to x that must be continuois and nen-negative on the interval
T g!l::r;:ta:: by Ax, then the u?ad{x] under the curve will increase by - smvount thit we call
Higl::hr et r:t ;:::rs: “:‘ﬂ “: A is slightly bigger than the area of the inscribed rectangle and
3 e o circumscribed i
inseribed (within the cunc‘.r_and the large uman:le i ::::E::.h:;ﬂm A i
, For the area of the inscribed rectangle, we take the minimum value of f{x) within the closcd
interval [, x+ Ar]. We call this minimum value f{m).

: For the area af the circumseribed rectangle, we take the maximum value within the closed
intervitl [ x4+Ax]. We refer to this valye a5 f (M), Hence the minimum area f5 f(miAv and the

mnximum aréa is A )Ar,
Algebraically, we can write  f{m)Ar< A4 < f{M)Ax
S(m) s%s SM), Ax=0 (i)
If wie take the limit as de —0, then f (m) and £{M) approach the same point on the curve and
both approach f(x) ffx}sﬁﬂ",%f < fix)
) dd .
whichstaes that S /() i 84 4 (i)
Integrating {iii) to obtain Axy=Flx)+C (iv}

Here F{x) is the antiderivative of f(x). To détermine a real value of Afx), we must solve equation (iv) |

for C.

Putxc = ain (iv) to obtain:  Ala)= Fla)+C =0=Fla)+C, Ha)=0 =C=-Fla)
Put x = b in (iv) to ebtain: Abl=F+C = Afb)=Fh)-Fla), C==Fa) (v)
The tast equation (¥) tefls us that if it is possible to find an antiderivative of f{x), then we can

L
evaluate the definite integral | f(x)dv. This is nicely condensed in the fundamental thearem,

[Statement: 172 function /(x) is continuous on the closed imterval [a.5], then the defimne integral of
* function f(x) in the interval [a,] i

[ fixrde=|Fi|t « Fib)-Fia)

Proof: Here F ix) is any function such that F'(x) = f(x) for all x in |a, 4],

It is important 1o recognize that the fundamental theorem of integral caleulus describes o
means for evaluating a definite integral. Tt does not provide s with o technique for finding the
antiderivative, To find the antiderivative of u definite integral, we use the same techniques we used 1o

find the antiderivative of the indcfnite integral. But what happens to the constant ©7 This constant ©
drops out as illstrated below:

T reode=ireos o2 =[(Foree)-(F@ecy)

= F(8)= F{a)+ €~ € w F(b)~ F(a)

{vil}

HOT FoR sALE
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UNIT-0

Basle properties of the definite Integrals

In computations involving integrals, it is often helpful to use the seven basic properties pe
al theorem of calculus that arc listed below: bateq

| riade=o
Proof: By the definition of the definite integral
[ fexde = tim im.mx =lim3. /(x)(0)

s Ar= u—ﬂ
H

= lim(0) =0

i (]
| Fteite = [ 1yt
Proaf:
Let Fiixj= fix), [a, b] be an interval then by the fundamental theorem of integral calculus.

j Sixdedr=Fihy=Fia) iy

henee, I.i"‘[ﬂdx:ﬂ

also, I Sy)dy= Fb)=F(a) (i)

Show that | /(ve=] Sy

using the definition of defieie
integral.

] ]
Hence, by () and (i) [ f(xde= [ /(3}y (proved)

L] ]
i, [nxun-—jmm

Proaft B:r mglh definition of definite integrate
_[..r‘bc}uh: mi fix)

Use fundamental theors®
integral caleulus to

shnwi'f(# “‘Iﬂ’}#

and !rm-ﬁ:-[-;'ﬁfum where Ar= 28

=t s 2 hm[wzj{;};;_" ]
"““"'Eﬂ'ﬂ-— 5 Jﬂr‘m Hence, _[

Iv. Iﬂ*ﬂ"‘l”xh*'iﬂxha-Cc{b
Prool: Lot F'(x)=f{x), agzecp

S(x)de=~ I Slx)de

Nl'zcum -

T - : s ;
s R TR VA
[ fakte = £e) - iy ( e
k'] 1]
[
II(I.H'-‘ = F(b)=Fic) fii)

B;r adding {:} and (ii)
J‘;cxm Jf{x}dr-ﬂ‘ﬂl' Fla)s B(b)~ Boef

= F{b)~F(a)= 1’ flxae

i:-*dehm:muf the definite integeal 1o

Honce, [ 7(xyti= s . ' ' |
_!' j’ (e + !’ S (x)de that [ fedde= [ fioute + [t

. j . 2_!' S when f(-x) = f(x)

Proofs If £(x) is h?cp‘al iorval e .
o [~ a] wri hllll!nl'urnnumbnﬂ
definite integral of (1) from ~s10 s 2 tmes the definie ; integralof £ x) ool

] reoae ==J Seraes] forden f f{-xkf{"ﬂ-}rﬂx‘.ldr == e o] e
- L]

w!_{(—;}gﬁ:# Flxhde = Hf{_,__;}_‘_ I{I}Jiﬁ' :{ 2!;(%. when H—I]df{-f}
L] L]
o, when f{—x) =~ fix)

Ot integration Hﬂsmmﬂmhulhh;g

m Evaluate the ﬂnﬂowmg;dcl'lﬂllc integrals:

f{zﬁa:n]m 8. _F[Zx‘+lx+l}r£;-ﬂ2y’+-l-y+l}¢ fel. !{frlﬂr=—j{:‘+l}dx
H

fil). j{r‘nm-ﬂfnmﬁﬁnm fel, f.:‘dz j’ rdrs f *m:zjf@
L]

QI - I{lx‘+4.x+l}d;=’~+-—-+;{
[Iﬁ "’q-z]—[—+- 'J E_!_'_%E,.Eji

b fﬂz‘ +x4ldr= fl:zy’+d_].r+lj¢l

= FE_'_____ 2yt -I_j.r’
+-4 y! = —-—n.:ln:c_,l"{r]-g{y]

& ﬁ"‘:*lﬁr=- {57 + Ly,

I-:‘-




— = ._‘. ,-£ s %gﬁ:- -

UNIT.4

5 3 o B .li::h-l—‘—
e g 55
z

d, ju; +'.}¢=i(f +1m+i{r’ + I,

e o 14_4.8 _[1 .] o
\T{:E”H?”[:? oyl Rl I TS

. T;’d;ﬁi:’dﬁ?fdr-riifd‘-
o 1

e
NSL-!SL+3L= ‘!L 33 ﬂ+3+3 1[3] 3 3 3

r2et -3 1

m Evaluate the following definite integrals: fa), JT‘* &), _tlﬂln:‘dr
X -
X

e O

L] E
2ot o el o 2o} oo Lom

b, We need to substitute a new variahle w(x):
ey Loyt oL B
.t:tu.d‘[x’] ﬁ=‘1" dtz“"k 3

The lower and upper imit of x=-and = % are used i x* = uto obtain the fowsr and upper lmitf ¥

x-%:;-ﬂq[.;.]xl '=“?"="

=z-%1;‘-u=[§]‘-k=&§;~nk

Substitate all these in the given integral to obtain:
’ L ¢
' 1 T 1
meﬁﬂiiﬂﬂkm u‘%ﬂ_--i(ml%‘._m%]
3 Y ¥ -
¢

-1 =1
=g eoM2.4647)~cos(1.0966)] = ZL(-0.7812- n.qsﬁs).:;[—l.z:u}u 0.6189

“ Evﬂunnlh:ﬁﬂ!wlngdeﬂnihlumg {al. j'n'# (.78 ."'i“ﬁr
&

- s
| .-.nx.du:abr.%”l"

| a7 - mﬁw .

O] - yar gy
b Theintegralis 1= fosinady
n
The integration by parts tle with substin &
: lhilbht:lumnu'g“lndztrh:hmdtnbbuiu:
lnf.e"ﬁnxdr
[ ]

nk‘[-mx}ﬂ-l{-—mx}u‘&.une' .'.drﬂd'd:,%ﬂih#.l'--m

=—(¢' eogl- " mﬂhj}'mm
a

d
= -2 T18(0.560)+ 1+ [u‘mxd:--ﬂ.dsaq- jg“mmi: Use radians
a . [}

= ={), 468
+£x‘mxa& Again integration by parts

= 0468+ ¢’ tln:E-!{dana*}dt a.?.gqm;. vepinx
=-G..4cEE-i (e'sinl- o sin ﬂ}-_ll'n‘ sin vl

&
1= -0468+(2.718(0.84 1)~ (1(0)) - 1
2= 04GR+ 2287 =1.519

11810
2

WH integral as the area under the curve
& F(x) b comtimions and Sixhz 00w tie closed interval

¥ =[ix) on the ':#Mﬂ[ﬂ- b] i ghven ﬁr’*ﬂ"ﬁﬂﬂfﬂﬂrﬁﬂ@'ﬂﬂ[::%;;; bt
Area= [ f(x)dv = F(b) - F(a) 0]

-‘ﬁ‘ﬂﬁmun;ammf&em

The steps involved in finding the aren between a curve
the x-axis are the following: R - "

3
L The definite integral [ f(x)dr presents the sum of the signed

'ﬂlb::mnum of p = f{x) and the r-axis from r= a0 r=4,
! Urea ibove the x-axis (peak) are counted positively and the Fi

¢ the ' 1gure 6.6

mhh‘“"fhﬂ#ﬂ“ﬂ{“‘lﬂt} arc counted negatively, This is shown in the Figure 6.6.
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XI5

I W f(%) is a continuous function over the interval [, 8], then the area between y = f(x) and g,
T-axis from x = @ to x = b can be found using definite integrals as follows: PRMIIE20] Find the arcs between fhe xoaxis
Flxd=x"=2rfromz=—] tox=3

Firat ﬁudm&::-imomuf;mrm“ 2.2 that
i i mhﬁmhmmmwﬂhm: i
s For f(x)0 over [a.b], the area is: drea= |[-f(x)]dx —2x=0 = x=0,2
Jix) L : 1 ‘ The subintervals of the interval [~1,3] are therefore [~1,0], [0,2]and
If f (x) is positive for some values of x and negative for others on an interval (as in Figure 6.6), [2,3]. The total area of the region in the required interval [~1,3] is the
then, the area between the graph of and the x-axis can be found by (dividing the interval jnyq sum of the areas of the sub regions in the subintervals {-1,0], [0,2Jand
subintervals over which f (x) is always positive or always negative) taking the sum of the areay of [23]:

* and the curve
o« For f(x) 20 over [ab), theareais: Area= [[+/(x))de

& L] 3 .
subregions over each subinterval: a A= [[+fede+ [[-fiehde+ i[fﬁx}lﬁu Sfix)z0in[-1,00,[2,3) Figure 6.4
i K =} L ¥
o = |[=f(x)ds]+ [+ f(x)de] =~ A+ B (ii) g 3 1
T S s e
In Fipure 6.6, A represents the area between y = f{x} and the r-axis from x = a to x = ¢, and § = i L . 3 5 : i -4 T :
represents the area between y = f{x) and the x-axis from £ = ¢ o x = b Both 4 and B are positive u{ﬂ-ﬂj-[-s—-l]‘[i—..ﬁ]-{ﬂ-ﬂ} +[T-g}[§_4]-5+5+5-](3]. 4
quantities. Since f{x) = Oon the interval [<, b, the area is

) The sketch of the region is shown in the Figure 6.8,
I[-i-f{.r'}}n‘.t-.ﬂnm:l J{x) = Don the interval [ﬂ.c].!hl:misl[nf{x}dr]n-d. MAPLE command “inf” to evaluate definite and indefinite integrals
- m—— - P —— ; ~ use of maple common “im* is illustrated in the following example,
RIS tepral S G HIB ublor 4 cunye EETTZT] Use MAPLE command ‘int’ to solve,
fa).  Indefinite integral of a function f{x)=x"4 2"+ x4 241 wrtvarisble x,
fb).  Definite integral of a function f(x) =" w.r.1 variable x.
fg).  Definite integral of a function  f{x)= z¢" in the interval [0,1].

[RETTI19] Find the area between the r-axis and the curve
fixy=x" -4 fromx=Diox=4.

First find out the x-intercepts of o curve M) =2" -4 that

¢an be found by solving the equation of o curve: . m
F—d=0= x=3-2 @ Command:

G > i+ ek Laota  basd g
The subintervals of the interval [0,4] are thesefore [-2,0], [0,2]and 3 ] ; S

[2.4]. The total arca of the region in the required interval [0,4] is the
sum of the wreas of the sub regions in the subintervals [0,2] and [2,4]:

*
Area= [[- N+ Jpe £ OO, 1)< OO, 2 £5)2 0in(2,4]
L] Ll

Using Ralettes; Use cursor button to select integral palette. Click-integral palette, imsert the function
required, then press "ENTER" key to obtain the integral of a given function;
> ]r‘+.€+}+:+mz

%:’-I-%s“d- jlf-l- -;-.t‘ +3

] 4 & o - 4 & Py
B 1_g i Lo mimand: e Command:
- !.[‘ 4Mr+!tx i l-" h\: 3 m[ E T P > il xexplad, x=0.0);
£ 3 1
--E—S-Eﬂ-ﬁ).*[a"iﬁ}'[;‘t}%"};*%ﬂIE Tquare tinjfs 3 ! e
The sketch of the region is shown in the Figure 6,7, liml_; Palettes: um}; Plalettes:
> ;
The arca over the entire interval [0,4] A-if":"ﬁ“l:‘“‘-xi-ah—s J., dr > l;x explz)de
o 2 L | 1
i not the correct area. This definite integral does noy — 1 {0, 43, BVt - 1
s st o e somber Tepresent the area gver the entire interval [0 ] 3
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Do vou know a 200 year old problem -
The relationship between derivative and integrals as an inverse eperation
was noticed first time by Isanc bamow (1630-1677) in the 17° centary. He
was a teacker of Sis lsiae Mewion, Newton dnd Leibniz are known =5 key
inventor of calculus. They made the use of calulis as conjuctor, that is as
4 mathematical stalement which s suspected to be true. Bul hos pot
proven yel. The fundemental theorem of integral calculus was nol
officially. proven in all iis glory until Bembard Ricsmann (1826-1866)
demonstrated it in the 19% cenfury. During this 200-years 8 ot of
mathematic like real analysis had invented befere Riemann could prove
that derfvatives and integrals are inverse, _

.r'.

Exercise

1 Evalunte the following definite integrals:

& i i
a. [Swde b Tx’dr ¢ [t -3 i jaJ;& -
1 [H ] []
i i ag " E E
LA dede f [f—f-d g m[i-m}ﬁ h [scc*Gdo
[ ‘[ (x ]. 4{{_\.“_‘,}: B £ 2 !I-
2 Evaluate the following definite integrals: ;
Fst—3t+18 4
Mzl 2
B % E.-’m '

3. Uge definite integral to find out the area between the curve f{x) and the x-axiz over the indicated

interval (o, b]:
o fla)=4-o, [0.3] b flx)e o' <5xa6, [0,3]
c. flx)=x"-6z+8, [0,4] d fix)=5c-2, [L3]
4, Setup definite integrals in problems a to d that represent the indicated shaded areas:

i b, e d,
¥

4
i 5

dL 80l +1)

; @ (+1y
Where § is the time in hours after the tankes hi s

w. Find the total number of barrels “““I‘-ﬂ;li::.-,,::ld*" r::j:’E:wimn #=0)

b ﬁnﬂﬂwlmimbﬂnfbmd:mallhuﬁ;wmi *I B:hfmﬂ:y&“

5. Anuilttﬂkﬁthiﬂﬁﬂ;ﬂihlnnhegiﬂhinhrehwhuulb:-r

vi.

wii,

ik,

Chaase the correet npiion,
The process of finding antiderivative is called,

1k differentiation ). integra
[anodo= .
(). Injsindl+C (b} Injeost|+c

IT—& -
o =
[al. lu]:r+1'x’+n’r+c' [, ﬁn"—:-ﬂ‘.‘

J‘.;-"I—is =

1 f =
(a) E‘“‘ﬁ'“’"

(ch —%[m’éu-h‘é-nc]
J( = 4)atx =

{a). -*E-—-mr:

(© - sdxec
[rioginde=

fa) S+ gl (e)de
ek [ (xf et~ [l ()ae
Im‘{x}ﬁk—

{n}, :}-u*{x}u-mmm

(). i‘ﬂﬂ‘{xj —x+n(x)+ &

4§
I
2. Injx—gc
fey, L R 1. lx
(3] :lu]:' H'l 21|1|E+4+51n|-3--14{.‘
L

e -1 e -1

(a), ——
o B 5=
Jrde=
o), 1 by 2

Hevipw | ACFCIE

(e,

{e)

(<)

(bl

{al).

(b}

{by
(d

(b).
(.

(b),

d

=

{el.

INTEGRATION

probability  (d) linear equstions

~InjeosBl+C ) ~lIn|sind] +C
sh"(i}c ) cos [E ]n:
a a

1, |t=
Elﬂ|ﬂ+c

1 i :
E(Inl;«-liﬂs]‘c

;-H‘FC
L. -
3%

] dx+C

Sirgin- 200 (x)ds
S()glx)- [ gla)fix)de

%“ﬂj{ﬁ'i'-‘-'-llﬂ(x]-l- o

3tan’ {x)+ ¥+ tanfx)+ C

1 Llx ]
=In|x* — 64 _P. LA P B

1 |x 1, |x
z‘“k***i“’i"

-1
A (ufh.

+ 0

(€. 3 () 4

SR

:1 =

"




UH;T.-s
(&) Sommary_J YTIC GEOMETRY
@ F(x)is an antiderivative of £(x) if F(x)= /() s e ————ELW.I.,GHT LIN :
P s ]'_r{x}d.mF{xHC-fﬂI“Ym““’“b“ﬂ ] mr.:xalln:sd:mﬂmi‘u:ul:imewL By the enid of this unit, the studenss i will be. Hk’
U Fix)=fix) : i 1., then the integral of the product of f{x) "“d!{l} Tl Iivision o a line sepmen
S U fix) and gix) are integrul functions w.r.l 1, L Rﬂ"mmmhIDMMbﬂmmmﬁmhmmm 4
worl xis = F"“dm“f'i"‘ﬂ”““m“‘“hﬁwwhﬁmmh{imnrnumhl L
e = i, = g0, c = (s} and v e el PHENaa I nisite wel
Wy - - 3 W - - i z 5 ala L
If f(x) is continuous on the interval [, b] and [a, b] is divided into n cqual subintervals whos, i Define the skope of & ine. 0
' i then the definite integral of (2} fomc=ator=his i Dierive the formila to find the slope of a line passing through two points. A
right-hand poinis ane 1. Oy B i, Fin the mmt?lﬁmlm two straight lenes with given slopes may be o
b A& T e 4 i Ly to each other, *  pependicubir bt
[ fde= fim L f( ) fl)+ ok )], A = TH:* Eganlton ol wefrieh o it Cossiinss 21 s
sk ™ % i Find the equation of o Srsight line parallel to y
. - is and at a dhsta Bomi . i= and ata distasce b from it
=Iim£f{x.}&x. [=423, .n 74 mnmizn:nlq:uim“::':nu&:&m“ o iz
= . : - i Define interoepes of a straight line. Derive equation of s straight line in
«  ‘The definite integral of the product of two functions 1 and v w.rt xis: 2 * shope-lnlercept from,  +  point-siope form, *  rwoepeint form,
PR = * imercepform, ¢ sywmedric form, *  mormal foem
iMNtwl—jm . ﬁwﬂp]mﬂuﬁmmmmﬂhmwlmﬁwﬂnz
4 * = i Redues the general form of the equation of a straight line 1o the ofher stndard form,
It fisyis sand fix)=0on the closed interval [, b}, then the area under 3 curve y = /() TS Dittance of a polnt from  lne
b 2 1 1 Rocogni il with rtson of & line.
on {a, b] is given by the definite integral of f(x) ou [, b); L Figdths pueotiuta Gl Eoors polot 1 the s e i
T Angle betwoen lnes
Area= [ {(x)ds = F{b) - F(a) i Fﬁﬂﬂnu@nbﬁmﬁvﬂﬁumﬂﬂnﬁu e
* H. Find the ion of fumily of Hoes passing throu paint of intersection of fwo given b
If & function f(x) is continwows on the closed interval [a, b], then ik, mmuﬂ'mmhmmmﬂihﬁdﬂmﬁvm
u i . T Concarrency of stroight lines
=P = Fi=F ' Find the condition of concarrency of three straight lines.
'[:I"{x}dr | {‘H“' W= ::— Fiﬂﬂ;mﬂ:ﬁnlmﬂh:tmdmrhﬂghmﬂnmm
i = = L Show that
Where F () is any function such that F(x)= f{x) forallx in [a, &) *  three right bisectoe, ®  Uweciooians,  «  threealisudes, of n triangle are coneurrent.
T8 Aresalo triangelar reglon ;
L Firdarunl‘nuimgﬁmgmﬂmw":m
9 Homsgesous equation
! Hecognize homogencous linear and quadratic equations in wo variables.
b hmﬁpuﬁ:ﬂrz‘mmwmmhmmm:-ﬂywlp&ﬂnﬂﬂﬂh f
: Aisrougly the origin and fiad acute angle between therm. ¥

We are familiar about Cartesian coordinute system, we have learnt
1bout # in our previous classes. This Cartesian ccordinate system may be
106l 10 know the slope formuls, Pythagoras theorem and distance formula,
In this lessan we will learn in details and write the equations involving arbitrary
Peints. Most of the geometric ideas can be expressed using algebraic equations.
Analytic geamotry is defined os: )

"The sy of refationship between peomerry and alpehin i called
anirlyeie Bosimeny,

177 sopporct®  NOTRORSALE | 178 1




UNIT.y FLANE ANALYTIC GEOMETRY STRAIGHT Ling

For example to- cajculate the slope/gradicat between two Biven points, the l_i‘umcm?, s the
difference in the y-coordinatcs some times called it “Rise” and the denominator 15 the differyy,
between x-coordinates, some time called it “run” c.g.

Y=Y _ Rise

Slop between leﬂf'rf"*"':':-_qL Run

i i i i Fermat and Rene Descare,
Anal ic Lieometry was independent and simultancous invention of Picrre De ; :  The
ﬁ.md:;m:t idea of Analytic Geometry and the representation of curved Hines by algebraic equatiang Telating
twvis variables say, x and y was given in seventeenth cemtury by them,

Di\risinn of a line segment

W familiar with the set of real numbers as well as with several of its subsets, including
ml.umln:nﬁcnm mémimmbm.Th:rﬁlmmbmcmusﬂyhemlimdhyuw,“
dimensional coordinate system call real number line.

Calculation of distance between two given points
The study of plane anslytic peometry & greatly ¥
ﬁcilimbyﬂulunf\wmmﬁhmnhﬂwmmm
given points can be ealeulated by using the distance formuin
If Paow) and Qfx, ) are two points in the
ap-plane and § is the angle in between the positive directions
uflhxmﬂyms.lhm,?ﬂhﬂ:dﬁmd]h:mm
associated 1o initinl poimt Pix,p) and terminal  point
Qlx ;).
The components of the directed line segment PO - are:

xi

Figure 7.2

: and
O+ PQ= 00 Fythagoras Theorem: IT Pix, 1)
PQ=0Q-0P, position vectors Qx, py) are the two points in the
' ay-plane, then the distance o betwees tbe
=z -5, ) gwn two poiois  P(x,y)
PQ=(x —x.3-3) Qx;, 3,)is obtained by -.nw:'b’g;‘
=la =N+l =n)f hﬂ'n;-mol‘?yfnpn :nhimh -
Squaring both side of the directed line segmeat PQ 19 obtaiy | (FQ' =(PR) +EQR] :
(PQY= [tx ~x)i+ Oy =0l fasby =a® 444 20 = (=2 +0n - ¥,

r'("'_' = =,y
= O =X YU+ 0 =0 15420~ )y, =pi PQ=yls —x)+ 0 i —

=, —x i a0 L+ 2 -5 ), =¥ llifeos —u= Hi=l, I-j-[l'MJJW"H“M’I
- {J‘, =X ]’ 4 b’l 'flj ’+ 1’{13 = -"rHJ': -}‘;]ﬁﬂla

=[x, = F3 +Hwn— ?'1?',* 2x, ‘xtH."z =K jm‘.g'

(PQF= {n—x P 4+ (3, = )
[POf = (-5 + 3 5

= K
- 2

.'.m..‘;_.g '

- 00y rep
L i | woy Fan s

HoT ForsaLE

UNIT.T

PLANE ANALYTIC GEOMETRY STRAIGHT Linp
JPQi=jix, "-'rl-"!‘*b’r".*'n}r':iﬂi' i
This i3 the distance from Point Plx, 1) to point Qy(x,, Fud i the Cartexfan coardinate plane,

The distance fram the ongin N0} b0 pains

O d=ioR= 737

*  The distance from 1he origin

(1 d =fogf= a7

IF the line segment £ s horizantal, then (e distance fram the poing

obiained by inserting M=y mresuli (1) o =|pQ|= -4|'--‘:',_-.1'_,fl_r

* I the linc segment PO in vertical, then the distances from paint Px,, 3} to paint Qx,, v, }is obtained
by iaserting 1, = x, in result (1) d =[PQ= /(3 — 3

IR T ) Find the distance botween the two paints P{3,-2) and Q(-1, -5),

m Plxun)= (3-2), Otx,.3,) =(=1~5) I used to obtain the distance 4 i betwezn the twa

paints P and (;

o=+ 0y =) = -3 4[5~ = VA + - = B s

mc_u-qrdlnm of a point that divides the line segment in given ratio
(Internally and exteroally)

Take P{x,, 3} and Q. 3, ) are the nitial and terminal points of a line segment PO and Rix, 3
%8 poimt that divides PO in the ratio mam A0, v oand rara the position vectors of P, Q and R, then
T L L A P R T X T BN

Ir.lln;:."}._. 1hcn,FR=-1'—PQ-—M-L—

RQ m, mywy mym,

WOPLPRwr+- () OP+PR=OR
™ +m,

P %) is obmmined by imerting x; =y =0 in resgh |

{00} to paine Qlx,. ) it ohtaingd by inserting = % =0 in rewn

Plg.») 1w point Q. p,Yis

m
[W—QF)=&—+;:‘.G"'.1 SO+ PO =00

w
then the position vector of OR js: -
Pix.an ) 3
ﬂR=ﬂP+m=q+—L{5hq)=w{ﬂ:ﬂﬂ Rxy
my - m,

¥ o+
+hr

m, +m,
)= By ) P2 componens form 9
Equating x and y components to sbiain the coardinates of Rix,)
(5 ( MGyt my @
oty i
that divides the fine segment PO in the miio m, fm,.

e H OR=r

Figure 7.3

3
%

wy
il




UNIT. mamwﬂcammmrmm;.ruﬁ
o
WR s the midpoint of the line segment PQ, then, m, = m; and the coordinates of the midpoint R of g,
+x Wth i
line segment PO are: fm}'}“[ﬁ'z"xln 5 ) A;

*  The coordinatcs. of the point that divides the lin scgment PQ joining two paints P(x,, »,) and Q(x,, y )

: M ML My~
externally in the ratio m, @ m, (mor m, is negative) are: {z'y-}- mem i, =, ] e

—
(CEEIEIMEEE 2] Find the coordinates of the point which divides the line segment PQ joining the two poinys
fa). P(1,2}and Q(3, 4) inthe ratic 5:7. ). P(3,4) and Q(~6, 2) in the ratio 3: -2

a IF Rex, y) is o point that divides the line segment PQ) in the ratio 5.7, then the coordinates of
Rix, ¥) is obtained through result (B):
e m.[ﬁaﬂ:ﬂ,w ]
e Rl i iy
_ [ 533+ T 5{41+?lii]_[u 1_'{]
LT T 66 .
b IfRix, ) &5 a point that divides the segment PQ in the ratio 3:-2, then the coordinates of R(x, 5}
is ah{ﬂiﬂl‘ﬂx%ﬁgh result (B):
mn:(m[xﬁﬂ.s_:, ; m;.?ﬂm?.]
LR ] nrytan
_[ 380+ (=203 32+ (=204
3-2 ! 3-2

smy=5,my=T,F(L2),(X3.4)

]={—14‘-11 sm =3 mn=-2.

‘The medians and angle bisectors of a triangle are concurrent
I The medinns of a triangle are concurreni
Proof: 1LA(x,, ), Blx;, ;) and Clx,, y,) are the vertices of 2
riangle ABC and P, Q and R are the midpoints of the sides AR,
:3-(:11:1(:.1., then the coordinates of the nidpni_n:qw
mid point formula. Q(ﬂi’ii'%h] For—

1f G, ¥} 15 the centroid (in centre) of the triangle ABC,
then, uummdhluuf!hcpuinlﬂuutmm:mﬁm;&q
in the ratio am, S, = 221 are;

+ +
251-—5’-1-11 .".5_2?.1 n

]
Gix.y)= T R [52515. Hryt *‘h] (0

Similarly, the coordinates of the

jn the
ratio 2: 1 Bre respectively: Point Gix. ) that divides the medians BR and CP £4¢

_%_ s
UNIT-7
PLANE ANALYTIC CEOMETRY STRAIGHT LINE
p
2 55}.% i+ ]
G,y = 2 2 J* BELHE gyt
e '[ E EL'%L!'] ®
f
2 '_tLE:!‘t 4_;, 2 Zt':.b +J,~I
- 2 - * i
Glx.3) —L—Lm .l—Lm =[5L—!—4”; %, 20200) (i)
L

#

Therefore, the point Gix, ¥) Hies on exch median and consequently the medians of the triangle ABC are
conCument.

BRI 5 ) ¥t the centroid of the trinngle ABC, whose vertices are A(3,-5), B(-7, 4) and C[10, -2,
EIID Lot A3, -5), B-7, 4) a1 C(10, ~2) are the vertices of the triangle ABC, 11 Gtx, 39 is -
the centroid of the trisngle ABC then, the coordinates of the pairt Gix, ¥} are:

G(x,y]:[f +;+5.yl+}-;+£ ].{3"’; m1 “5+;__2]=(2,-'-}

Il The bsectors of o trlangle are concurrent
Proof: If ABC i a tdangle with vertices Al ) Blx.v) and Cfx, 1), whose lenpths are
[J-‘J'I-:.|Bq=um |Cf= b, then, the posttion vectors of 4, B and € are respectively:
h'f‘ﬁr,l-ﬂ'xr“"lﬁ.ﬁ P!={I:._Ft}=.1',f+}5jq ﬁ-{xr!}'j] ‘J:',f‘i?_.f
Congider AD, BE:MLTm!h:mbm:nnuﬂhmmd.ﬂ
wcﬂmmmumi!ﬁnhtmwhﬁgmli

IFAD ks the internal bisector of angle A, then:

c ¥ =g r
Do M:WE I:B’B.DC cth ]

This means 1hat D divides BC internally in the ratio eb and
the position vector of £ is therefore: L 5o

b
Apain B0, DC_BD+DC  a — i
T T cth 'ﬁ=m c+b (i I"
' i T
186 : DG_BD jhug_ @ _ oo [
:slhehunnlbmctdruﬂhsmteﬂ.lhmﬂﬁ il o DGiGA=a:(b+c) &

nﬁl-(l'll-t..!- E-L*ﬁ]
The pasition vector of G, ) is: r=-—[_‘“” ufik'z:ﬂ="“=-ﬂﬂ*“%*!a}+ﬂﬁ-h}ﬂm it

a+h4e a+bsc ash+p




kT FLANE ANALYTIC GEOMETRY STRAIG) Ling
- : equal
The coordinates of the eentroid G(r, y) i obtained from equation (i) by equating the 4 and 5
ax, + by, +ox, ay +f":v'g+’-3"'1] ;
COmpOnents: Gilx, v n[—'a;—b’i:'l- a+hae (iv)

Similarly, the internal bisector of the angle C also passes through the point G, y). Ty, y,
angle bisectors of a triangle ABC arc concurrent and G{x, v 5 the point of co i AN
Muhammad Aysan hasa triangalar picce ﬂrha,lck}'ﬂl'ﬂ whcrel‘ he wants to build 5 ““““l'ﬂ‘in;
pool. How can he find the largest circalar pool that can be built thzm'_ .
m-ﬂ, largest possible circular pool would have the same size as the largest circle thay gy be
inscribed in the triangular backyard. The largest circle that can be inscribed in a triangle is incircle, This
can be determined by finding the point of concurrency of the angle btsncti::rs of each comer of the
backyard and then making a circle with this point as center and the shortest distance from this poin b,
the boundary a5 radius.

[EEE 5 ) Find the length 1O,

Here, O is the point of concurrency of the throe ansle bisectors of ALMN and therefore is [he
incenter. The incenter i equidistant from the sidies of the
trangle. That is, 10= HO =10. )

We have the measores of two sides of the right triangle
AHOL, =0 # is possible to find the length of the third side.
Use the Pythagorean Theorem to find the length HO,

= JILOP —(HLY =17 12 = 0144 = T5 =%
Singe JO = HO, the length JO also equals § anits,

1. Thethree points are A (1,3}, B{2,1) and C (5,-1). Show that | ABJ+|BC|=| AC|
2. Ineachcase, find the midpoint of the line segment PQ joming the two points: P(x,, ;) and Q(x. 5)°

12,8 b Rt Q{E i]
b P(1020), Q(-12,-8) Febgtad o p(f-i)e3

B e eh casr, find the coordinates. of the point R(sy) which divides the line segment PQ joiind
his twa points

a P12}, g3 4) inthe mtio 57, P(3.4), 06,2} in the mtie 3:-2.

. P67}, 005~4) in the ratia 7:-:1. 5
4. In cach case, in whet ratio is the Jine segment PO (joining the two points Px. ) !
Q. p,) divided by the point &(r, 3.
12 45k 43
s P(8,10), Q{-126), R[ = ?], b MG, R[I'i]'

&N

Find the centroid of the tangle Ane,
A Af4-2) BE-2A). O5.5)

WhOSE vertices are the fllowing:
31 e AL, B-2-

b AL, Blas), o 2,047

W RN L
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mdnpeurnlinch:nmurlbcwim
“steepness™ of the line, and wheher

PLANE ANALYTIC GEOMETRY STRAIGHT LINE

Bc
. it rises, or falls when \\
mwmmhﬂmmmﬁmﬁmxmﬁrﬁumwﬁk A
the line from Cto D goes down are ’

Figure 7.6

depicied in the Figure 7.6
Slope of a line

The graph of 2 ling can be drawn
knowing only ane point on the line if the
“steepness™ of the line is known, ipa,
" A nnnher that mecsnre the “seenines “ofa
linee s ealfed slope of a fne,

If move off the line horzomtally 1o Fi 79
the right first or move up or down s
(verticelly) to retum 1o the line, then the shope of the ling is the “steepness” defined as the ratio of the
vertical rise to the horizontal slopi= % o the run iz always a movement to the right

Formula to find the slope of a line passing through two points ™
Mathemutically, if any two points on a line are
wvailable, then their join makes a constant angle with & fixed
direction and the angle so formed is independent of the choice
of the twe points on the line. This is a precise way of saying
that any line has a constant slope. It is custonury to mensire
the angle @ which a line makes with the pasitive direction of
the x-axis. The quantity tan@is defined to be the slope of the
line and is denated by me. The slope of a line is also referred to
gradient of the lins,

Figuire 7.8

For ilkustration, if Al ) and Bz, 3,), wherex, # x,, are any two points, then their join develops &
line L thot makes & constant angle B with the x-axis. Draw AM, and BN parallel to y-arir and AL

poraliel o v-axie,
The slope m o line L through the two points A, ) and. B, 5,), is therefore:
= LB _NB-NL_ NB-AM _» - ¥
m-mlﬂ1=A—l- MN  ON-OM r-x o
Find the slope m of the line L through the points
(@), E2A)and F(4,6) (). M(3,1)and N(-1,3)

L >olition |

The standard equation of a fine is

@ Thngh'tulwupuimgmj}mdﬁd,ﬂhm=ﬁml-.whunc = mix + ¢ where in & a slope,
slope is: _I_,...["I"J =¥ E:.iugu
pe is “H.t:—.:n“i-! 3 1
k,

The given twa points M{3,1} and N(-1,3) is form a line L. whose slope fs:

madisfig S0l 2 )
o e 1] -1=-3 =4 2
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™
mmmm for two straight lines with given slopes are
fak Paraliel o cach other ). Perpendicular to cach other
o, Parallel to each other

IT L, and L, nre the two lines having slopes s andor,. then the lines L, and L,&re parajyy i

they make the same angle with the x-axis, that means they have the same slope. Conversely, if two line;

L, and L, have the same slope, then they will make the same angle ¥

with the x-axis and the lines L, and L, are therefore parmllel for

which: m, = my {1}

It 15 impontant 1o note that the Tines parallel 1o x-axis have

zero slopes whereas the lines parallel to y-axis have the slopem, “5

“

. Perpendicular to each other
If L, and L, are the two perpendicular lines makie the

4 L,
anglesaand P with the c-uxis, then the slopes of the fines L, Figure 7.9
and L, are respectivelym, =tanag andm, =tanB. From the Figuwre 7.9, it is clear that

g =f-a =fim -:~ 4
i i ﬂtlll[%*'n]. taktanof bork sides
1 i
= =Coto = -—EE (1)
The given lines L, and L, are found perpendioular, since the product of their slopes equals -1

mq] s (i)
BEN Equation of a Straight Line Paraiiei io Co-ordinate Axes
m Equation of a straight line parallel tg

mym; = tnnetan i = muz[

. © y-axis and at distance ‘a’ from it ' v P
© x-axis and at a distance ‘b’ from if. 1
ko yemlsand wwdivtonce ‘s’ fomy 00 | a_y
LulPGbcnstHig]an:pumlhlmJWaldmtfum .
from it see Figure 7.10. niskwu-uhu.ﬂmalllhgm,mmﬂhm 1l Gl I
have the same erdinate say ‘5", Therefore, PG <an be considered as the ¥ 0
lﬂtﬂﬂf“w‘ﬂ““ﬁ”ﬂﬂ'ﬂ'hmwhmdnltpninanlitPQ Figure 7.10

satisfy the condition x = o therefore, (he equation of stralghe Ting i
fromit.eg £=a.

1. I a =0, then the straight fine coincides w

llh‘-ht]l-“j;m' +
i PQ !lpﬂ!"ﬂiﬂﬁlol&lﬂ]ﬂ"_lﬁ".ﬁ 15 equation becomes ¢ = 0,

T e oo s <=,

RS X S :

¥ Lt
e Ll FLANE ANALYTIC GEOMETRY STRAIGHT LINE
F"“ the: cquation of straight fine paraiie Yo 3-3x5 at 3 distance § units an the right side of
i T N
m“&l‘;suﬂ ) N Tight side of yuaxis, sq, equation () y
- :e:“l‘ﬁub: :L&HHT‘.II:IITI;: ptﬂr:;?ltrtmw at a distance X 2

; *b* units from it [
see ng;m.-‘?,ll.Mhm:hnmrﬂ.hmmh“mwmh.ﬁ._ .I
Therefore, PO cun be congidered &% the locus of 2 polt 2 o distance o ;-‘E__u_..‘x
axis anil all points on the PO satisfy the condition y = b, Therefire, the equatian
ofa steaight line is parallel to t~evis at  distance b fhom i ifeg,.  ye=b, Figure .11

i IFd—0, then the straight line comecides with hxﬂhmlum:hhumur =,
H I PO s parllel and bediw the z-avis af distance *4°, then itz equation is p = b,

Standard Form of Equation of a Straight Line

Because of their simplicity, linear equation {line) is uwsed in many applications 1o describe
relatioaeships berween two variables, We shall see sorne of thess applications in this unit. Firsgl, we need
to develop some standard forms that are refated to linear edpuations.

() Intereepts of a straight line ¥
“If = straight line AB interseots t-saviy al C and yaris at D, A
then OC is ealled the A-Intercept of AB on the r-avir and OD is o

calied the y-Intercept of AB on the y-aris,
BERUITR B |Finnd the x and v intercepis of'a line 2e+dyfeg,

2 _ .T"=—D ok T
mm;-hlnrﬁcptofnlmkuhﬂindhypunmy-ﬂ ina L B
line: 2+ qp+ha0 ¥

2x 4 4{0) = =6 Ix = 6= 3 =3 Figure 7.12
The y-intercept of a line is obtained by putting x =0 in a line:
Iridy+hal

20} +4y=—6=>dy=-6= y=-3

The general eriteria are that 5 lae in Iwndhtm{ouu!mccmhdmhmhedhyamiﬁrim‘ its
slope and just one point,

() Slope-Intercept Form

Let L. be the line see Figure 7.13 develops the y-intercept ¢ an W =
e yavir. The line L also makes an anglel with the positive
direction of the x-zxis that develops a slope an = tanfl, r’
ul%ﬁhwmhmmeh L. Draw I'M paralle] to vy and
EN pasaliel 1o x-ais that give

CH=0OM =1, : N
NP =MP-MN=MP-0C= y=c * = ¥ e
. In APCN, the angle is ZPNC = 90" and the shope of the line L o
' Biving the slope-intercept forn of the line L: Figure 7.13

HoT FeRsaLE
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NP =g
CcH mﬂ:—x—nma ¥

= y-e=xtanf
= yaxanb+e=mrbe (i)

If the straight line L passes through the origin (0, 0), then ¢ = 0 and the l.‘qltuiunnf|'h=L

becomes y = mex, Iy = mex + ¢, m denotesthe shgumdrdcmmﬂwrﬂﬁﬂuptnfmﬂiuLunmw
of y.

Determine the slopes of the following lines: fa), x—p=5 (M), 2x+3p=¢

@ For the slope, solve the given line for y to obtuin; .r-_{*:j =S —y=—s+5 = jmx-5
Thus, the slope of the tine is the coeMicient of x-term which is m = 1.

L3 For the slope of the line, solve the given line for y to obtain:
Ix4Iy=6 = Jp=-2r+6 = r=—§x+2

Thus, the stope of the line is the coefficient of x-term which ism = _%.

Find an equation of the line with slope 4, when he p-intercept is 6,

EIIIETD Result (i) is used for the assumptions m = 4, ¢ = & to abtain the required slope—intercept form
of 8 line; y=dr+h
¥ Point-Slope Form

If L is a lie sce Figure 7.04 passing through the
point Alx, 1) and P(x, ¥) s any point on a line L, then the slope of the
line L is giving the point-slope form of a line L:

T el
x-x

y=y=m{x-x) {ii) Figure 7.14

Fmdmuqumbnnflﬁncwihahpuduﬂplmlhwghihepnhtﬂ.dl
Result (ii) is used for the assumptions m=4, A(x,1)=A(2,4) to obtain the required point-

slope fiorm of a line: y=4=4{x-2)

—4x+}'-d+3=ﬂ=bﬂ-4x+,1.-+4=u-_-_.4;_y_,¢_ﬂ

i, Two-Point Form

IfL is a line see ltj_:-ﬂ:?,li?lﬁitth‘mnghﬂmhmmw;
Alx, ) ond B(x,, v,), then the tlope of the line L is:

m=22TH
P () .
[Fthe equation of a line L throuph the Alx, 3 with slope m is
¥=ypmmie—x) (iv)
then the equarion of a line L through the e points M"‘HJ":} and
B{;,_y,jiﬂh:mﬂhnuﬂhh\bﬂhlﬁmﬂ'llhnk
T, l | T
o "‘I_:J{x x)

v

PLANE ANALYTIC GEOMETRY STRAIGH Ling

7 e
uNTT PLANE AMALYVTIC GEOMETRY
- | STRAIGHT LINE
equation ofa ling that passes through the two poias By ~2) and (35
— aliitin Rtmh{v]umﬁurthlss . g

required two-paint form of's line: IR

~(-2)= 222
y==2) __.5"_':_“[1"'(‘“] = }'*2:%{14-“

= P2}, Qfay, v} @ Q5.0 to cbiain the

=y B=Dred = 2redy s 10= () = 42y Sa)
iv. f;“[?,::t“mn“ Form
ali L intessects the reris and iy ot pos

o Gt ¥ mhhﬂ&lhnﬂh-dlﬂﬂﬁ-bﬂﬂnxm

Let P(x,y) be uny point on the line L. Draw PM arfy L
P i parallel o
:?d PN pllnllet b r-axiy. From the Figure 7.16, the comparizon of
similar trinngles ABNPand APMA is Eiving the equation of double-

. : NB NP b
wtercept form of a line £: _—
MP MA red -
IJB--I'JNq oM b-v i:]..
< ON T OA<OM g gz rey=oh ¥
H_'_E!_ Figmre 7.16

g
PR L

BRI 15] Find the equation of s line whose x and ¥ intercepts are (3,0) and (0.4) respectively.
@D Result (vi) is used for the assumptions a =3, b= 4 tn obtain the required line:

£.1.£.|
34
4 0
m‘%ﬁaz dr+3ym 2 = drsdp-12=0
V. Symmetric Form

Let & lino L through point Alx, v} makes an angle § with the positive direction of the roaris.

lfP{a',y}ilmypoimwlhﬂlheL.lhmAP=r.Irwnlhw
”“j“?“*hllfpmiﬁmn:n:glﬁvcuLumManﬂluk:m
me&ulﬂuLC&nmﬂy.ikagMumbemypnhtm
lhiﬁtllﬂl.lhuutheuniquulunu[rmb:ﬁuﬂwhi&hﬁ;tk
the distanee of p from A. Thus, it follows that r serves as
Parameter of poing P,

To fnd the coordinates of o point P o terms of the
Pammeter p, fot us draw AL und PM paralle} to s-avis and AN
Mhimx«m;,nhmwim the following assumptions

DM"(H.-I-LL'I =0L+AN

¥

Figure 7,07
MP = MM+ NP= LA+ NP {vify
dvekops the parametric cquations ofa line L through the point A(x,. 3,) at an angle -
OM =0L+LM MP=MN+NP
=0L+AN =LA+ NP vl
I=I.+ruulﬂ.nuiﬂ-‘q'—jq- _|*=-J,',,+m’ﬂﬂ,sinﬂ:—r"'rE

HOT ForsaLE
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The paramettic squations [viii sutomatically give the Symmeine form of a line L after simplificatiy,

Ll B :

cos | _ ¥ YA, (ix)

Y= cosfl  sind

P d -

#ing

IR i | Find the cquation of a straight line with inclination 45° and passing through be ;.

(2.42). .

I Here we have incliation a=45%and point {:,,y.}:{z.\lrf}, The equation of fine j §,

: ; x-x _¥=H
fomai cosn  singa : —
Substitute the above values in the formula to get the equation efa straight line.
x-2 -}'"E
cosd45®  snd5t

:sind!'{x—!}ﬂuﬂﬁ"l}r— Ji}

1 I

= -2=7(r-V2)

= x—p-2442=0
vi. Mormal Form

The normal form of a ling is the equation of & line in terms of the
length of the perpendicular on i from the cnigin and that perpendicular
makes an anghe with the t-ais,

If a hne L intersécts the xaxis and yaxis at points A and B,
then OA and OB are the x and y-intercepts of the line L. Daw ON
perpendicular to line L that provides the perpendicular distance p from
the origin on the line L which is denoted by ON = p. If OM makes an
angle Bwith the positive direction of the y-axs, then the x and j-
intercepts of the line L are respectively:

uusﬂ-ap::;m:psuﬂ

(x)

sin = £ = OB = poosech
11O and OB are the x and y-intercents of a fine L, then through result (mhqumof“"""

line L in terms of perpendicular distance p and angle 0 is: X o
x
pmf?c:%ﬁ:" *cos+ psinf= p (xi)

The normal form o a line s also refirred 1o perpendicutar form of s fine o
mitl?hﬁmnmwm“h. i L —
wmmslbcEZummm“muﬂ;:-l the length of the perpendicular
mRm”“'kwﬁﬂh‘WMpns.Hnl!ﬂ”mm'.“hercquﬂdwmbﬂ“ﬁﬁ

xcos120°+ ysin120=3 = 20 N3
2 2 I:!-:-x-:--.ﬁ;,ﬁ:;_ﬁ!_rﬁno

hen axtfy e = ARz
is then called the general efquation
z AR~ s of the straight line. Here o, b and ¢ are
Consuler, If H-‘ﬁ,l}']qu F;}MR.{ points
1 18 Handet the three

represcuted by the siraight line i

-H'.l‘+,fyr+¢'-ﬂ 1)
then,  Plx, ¥ )on the line (i) gives: o+l te=0 i}

Qix,. vy hon the line (i) gives: axp by be=0 iy Pilx) =112

Rz, vy don the line (i) gives:

The three lines from mei ALy o
equatom (i) 1o fon i g
sttt gl i) 10 equation (iv) develops a homogencous system of three linear

5 » 1lYa 0
X j',lb: = dx=0 v}
5 ¥ e a
The bamogensous system of linear equations (v) defines 2 nontrivial soktion caly i the

determinant of a coefficient matrix A althe system (v i zero:
detfA) =0

=
¥ U=0
»o
50 =350 =0(% =2, )+ (3, =2, ) =0 Equation {vi) is rearmnged to obeain:

0L = 1) a 05 =K) +5,0,—y,) =0 (i}
oty e .
Multiply ﬂdanfqum{vmbfimuhhlhmurmwﬁmﬂhrht}uﬂnﬂi

{¥i)

1
abszern:  Shal =m0+ w00 =)+ 5003 =0

mum . qufﬂﬂmgkm-ﬂ {viii
ek mmr.qwnlmmlh:huummwm}mmmmw.

m General form of a straight line is reducible to other standard forms

1 Awwimdahmmwmwmmsmlﬁmuhhm

To reduce the general form (5) to the i - . .
i 1] Mmmﬂ:hum»mhmﬂ

ax+ hy+e=0
by=—ar—e

BoT FaRcoRLE
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a
‘r.-EJ"b

=t €, -‘FWE""“'%' L B
To reduce the general form (i) to the double-intercept form, we need to involve the following sy,
axtby+e=0
ax+by=—c

ax B _ 1 dividing by=c =
- =
T JPY O |

W

a b
"+{.--I. x-mﬂtﬂpf'ﬂ.='—%.}’dlﬂm=b|=—%

ﬂ‘I
i,  Toreduee the general fam (j) to the normal form, we need to involve the fllowing steps;
From the Figure 7.18(k), the angles along the positive directions of the x and jy-axis e fhe
following:
cosB= £ sing= £
m n .
) _Thgﬂhmafmﬁ and sin B are wsed in the ripooometric identity cos” 8 + sin’0 =1 to obtain
i cos’@+sin=1 '
g _p

_+'_t=]

m
(e .

5 M‘H‘ )4 L
o -m*+n*=F_t,-',,.lﬂ=

This p is the perpendicular distonce from the oripin o the line i+1=1 {ie. u-r-my—-'ﬂ‘m‘ of
m n
courze, the perpendicular distance from the arigin to the line axr+by+e=0 must be:

o a b )

1
MWMWM{i}hwﬁmmmm ar+by+e=0 by wlﬁ
nl:n‘mhrmﬁnnuﬁhwdhm{hhlhemnujm

- +7L+ i 0
Bl v ey (x

-

L

e
=l

== (E :thu‘%._ =
'Wmmmncmmmrm.umrrm:

In each case, find the slape, if it e fimed:
a. {5, 4) and (3,6) s
c. Pamllelto 2y 4 =7

b dx+Ty=]
J . Perpendi -
3 mmu:-mmupuﬁrmmummmm e

o yp=Ir+f h pe=dy+n c y=r+3
& Tnmhﬁﬂl;.w;rmhmﬂﬁm:mmklwpﬁmmwm

8 x-2y=-b= +y=5=0 b 3r+dy—Bm0, r+3y-

o 2x—y-T=l, de—Tp-5=0 d 2% sJr 7 s e

—Sy-T=l, bxr-15y+5=0
5 huﬁm&dﬂ:mhﬂﬁﬂmdﬂm dty mm =
f] -
s 000)adARE) b ELOdFS o Kttt Ko9)

‘ﬁ. hmnmuwhunmmmmmhpum.mwmm

i A2, me=d b A -zl
i ! A{.Irﬁ.m 3 ¢ MASm=3 4 ATE)m=5
m.rﬂﬂmmnr-mwnmum;mmm
a =2, m=2 e -L'--hu-l
Thit

L Transform the equation Tx— 10y + 13 =0 o
3 slopiniereeptfiom b, symmetric form

b, c=4 m=§

¢, movrml form

Mmmmmhmmmm-ﬂwmmﬁm-ﬂm
School/College
Your Home
Distanee —— -
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EEE Distance of a point to a line

: ine i the
5 » hm,p@-ﬂhﬂllﬂlﬁl
In Euclidean peometry, the distance scular distance

pearcst point on the ling.

mmwhmmhﬁﬂwsﬂlﬁh‘m“hw
the line segment which joins the point 10

. < respect to a line
mﬂmﬂtvﬂﬂﬂ“‘ side or on the other side of the straight ling

To show that the point P(x,,),)is on one

u+hy+:=ﬂmrﬁﬂﬂﬂihm5‘m”'+
developed is as under:

ul'ﬂnpnh‘ttulh:]hﬂ,ﬂ'l:hwhﬂr

by, +c<0 of ax,+by +e= 0, the procedure

e L, il

UNTT-T

‘ PLANE ANALYTIC GEOMETRY STRAIGHT LINE
Thus, the poi P10, -5) lies above the'given line 9x + Iv=3=0

i, The given paint F{10, —6) and the orig [ abtain
; rigin (0,0} are subw given li in:
PTG ituted inihe lime to

9(0) +10(0) ~ 3= —3 < g “PPOSE in signs
Henee, the point P{10, ~6) and the origin 0(0,0) lie on the apposite side of the given line 95+ 10y—3 = 0,
Perpendicular distance from a point to the given straight line ™

"q-ﬂth hwwwﬂﬂlh
ax+by+e=0 [ﬂ

shortest distance from & given pojgy

Let AB be the straight line a4 by + e=0 and Pix,»)isa and = (a,5) is 8 nonzero vestar perpendicular 10 the line
point sbove the line AB Figure 7.18 and P(x,.) isalso a poink below (i) at 8 point Q(x, ), then the distance D is the sealar projection
the line AB Figire 7.19. From P dmw perpendicular P on the a-axis ol a vector QP (associated to any point ( P(x,. y,)) onto n;
ﬂnm&mmn;pnt}mwmﬁmummﬁd'ﬂ- D =| praj, OF]
1F Qx,.y;) Vies o the line AB, then it give: _lorai
i+ by+ =1 nl .
ax + by, +e=0, Qlx;, y;) lies an AB ) £ =%y Yo = i )a, B n= (B =T
by = ~{ax+) a4
-3 )4 -
we{E) 0 R SELSY
IfP!.i:sm»:A’ﬂainF’:ng.lﬂ.ihm: by, —ax~bw)| _ el -
MP-MQ=0 e e
er>0 the perpendicular distance from a line ax-+&y+c= 0 toa point Px, »).

m&&gi,.;,_.,fﬂ_:’.ﬁim

ax, +hy, +e>0, b=l
16 P Ties below AB as in Figure 7,19, then:
MP-MQ =<0
= ye<t
m‘:e i ax.-l-:_p'-i-: <0

(TS
ax, by +e<0, b>0

Hence P lics on ooe side or on the other side of the line ax + by + €7

asa, +hy,+o> Dorag +hy, 4ol

Determing whether the point F(10, 6 fies above: or below the line 9 + 10¥ Ead
that the “mmHMan_rmﬂnwuﬁhn[uwm #ﬁdﬁ |
The given bine 9z +10y— 3 =0 & compared 1o the line ax + by-t-c-ﬂm“mw

ofyis b= 10>

i The given point P(10,6) s substituted in the given line 10 obiain: ‘

S10)+10(~6)-3=90-63=270

| D) ¥ the perpendiculir distance from  line 7 + 39 =010 8 poins P(2.3)
@SR Resul (i) is used for the assumptions P(x,, )= P(23), ¢= —9,a=7,b=13 to obtain the
Perpendicular distance d from the ling 7x + 3y -9 = 0 to the point P23k

|5 +hy +e _?{1]+3(3}-5Iﬂ 14
[ e
X Angic between Lines ®

Ifthe two lines are available, then the anghe betvween these twn lines can found as follows:
mmmchmm:mwmuﬂqmtm"\

The unit vectors ane the vectors bie in the same directions of the given lines. The unit vectors along
the line AB and CD are respectively 1= (cos0,,5in0,) and v=(cos8, sin@,).
The unit veetor u of a line AB is:

u = (cost),sin,)

0 acconi®

. Shert

mﬁl ::.L

s,
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UNIT-T
sech, " secl, |'
=| = 721- soct, =L tan’ 8, =14 |
;ihm,‘ +mt! |
The unkt vector v of a line CD i
e (cosB,,sin@, ) =1
of L 3-;.!1]
secl, "secl,
! ]lﬂ_ sec* 0, = 14 lan’ O, =14 i Figure 7.21
#[Jl-rm;* -l-m;]' ;
mnﬂenftﬂﬂwﬁhnbﬂwmﬂnhﬂﬂmmktbel'lslunflnbtuwiiw!nhm
Mwhmwwmﬂvlhlmhfmﬂhgﬂhﬂhﬂdﬂpmiudh between the unit vectars
and v
uy
= 1
cosl iﬂﬂ'l. |uj=vi= !
=y
1 . 1. m
'{.]um: 0 w:] L;hm«; ;||I+m:]
1 i,

S hem e " g

3 14,
;ﬁ-i-m,"iil-fm:
The standard form of the angle i obiained if
u‘i.lﬂiﬂ‘I

, ..;‘TE-I. use value of cos B

1+ +
{1 mymy §

S emi)emd)— (e mm,)’ Gy —my)*
(1+om,’ (14 oapm,

tnf=x% %ﬁ%{

. s
emm, @

~1

k= ; .
wﬂ.'%',_i T

. PLANE ANALYTIC GEOMETRY STRAIGHT LINE

BT e posit .
T TRl mamnmmlhm'MMIhﬁﬂ AB and CD.

PR | e o "
IrH iy, RIS e otk ml““ﬁm-mmm the lines AH and CD,

*  Ifone ol the given hﬂ-‘mwﬁ:mm&
anglefis noa be '
posstble 1o obtxin by fommula:

Bmwﬂ}'kﬂ::lnﬂzn.ﬁshjmlhlwﬂh iti

Posalive w-ais and
.ngi:_hﬂwmwuﬁmwﬂlhﬂhlhudbydrwng' the figure, SREER M
. mlmmmﬂwﬂumundm!anmﬁﬂimunﬂvim

wxv=0
[Jl :.g ’.,,1'1:.: }'{ JHIM; -ﬁ:}-u
Ttk =0

= —n = 0= =y

Mtil nosmal fo the plans of the lines.

. Th:lmuu;mmdhﬂz, i the dot product in between ke uait vector 4 and v s zore:
Uy

[Jv;mr o J‘[«ﬂjm: T J'“

;F{H K+ ) -

=}|+u||m!—ﬂ=mrm: ==]

EEER i th angie from the line 7x + 3y 9= 01to the line Sx— 2y 2w 0,
CUTTD 1he siope ofa tine 72+ 3y -9 =01 my --1

The slope ofa line Sx -2y + 2 = 0is nr,-%

"“kihunalnﬁumamltnmlmmud,m
7 5

ng= Sy M

29 29

= e = "

Lo mym, ;ng ‘_’._'s 35 bt e T
3z 3

The angle g 45 iy acute.
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UNIT-7

m The equation of family of lines passing through the point of intersection or™

two given lines
Suppose, the two lines are z
Lizax+hy+c, =0 '.'l]
Lyiax+byse, =0 @

and P(x,, y,) is their point of interssction. The given lines Lyand L,
arc used to obtain a first degree equation of a straight Iinemi-lnml
v lax+by+e)+ hiax+by+c,) =031 constant ‘ [llt‘.l
The coordinates of 3 point P will reduce each line in (i) to
m:hw.hrhypnlluk.rkﬂ:puimo&‘wmtn,u.iﬁﬁ A
on cach Tine. Therefore P satisfics (i) and represents the family of ¥
lines through the point of interscetion of L, =0 and L, =0.
EESTTIEE) Develop the fanily of lines through the point of intersection of the lines 2x -3y + 4 =0 and
Zx 4 y— 1 =0, Find the Ihaﬁnmduﬂlﬁh'nflhuw;&h'ﬂ
(). paralet to the line whose slope s, = ==

). perpendicular to the line 4x 4 3y -1 =0,
@TIIEDD Result (i is used for the fines 26~ 3y +4=0, 2x + y~ | =010 obtain the family of lines:

(2x=3y+a)+ M2r4p-1)=0 ] v
2+24)x+ (34 )y +(4-4)=0

The slope of the family of lines is:
(2420 +(~3+ Dp+{d-)=0= (A+ A)y==2+2x~(4-4)
paBt2l) _4-2 ~(2424)

T B T v
o mmufﬁmmkmmqulmwnmm.=—§ifnnd°ﬂh'i““’“‘“’“"

equal: _312:}=—31 =6+6imn—6421 =4l=—12= A=-3
The value of & = ~3is used in (iv) to obtain the particulir line from the family of lines (iV):
(2x -3y +4)-32x+ y-1)=0 =2 -dp+d=tir—-3y+3=0

=Ax-by+T=0 =4x+b6y-T=0
- yiE jeuler
b m.supenruumm&ﬂy—!-nm,n-%,mr.nmynnm{w:hsnm"""”

|i1c1i,mu4:+3;—1=D.1fandmﬂyinhpm¢ntnrllwshpcsquls—i;
—{2+20)7]f 4 B+84
[ml][-—!)-—l =~_&H--I=>E+u-p._u=1u-lm AF%I'

The value of A = {y s used in %) o obtain the particular line fom the family of lines:

1
(2x=3y+ q""ﬁ‘-h'*.\"'“"ﬂ - 21"3‘3}""4‘1-!—2.‘;1-}!-]-1}& 2‘1_3‘2’1—-‘3"5

UNIT-T o A_ o e vt
mwr:mn-nnnumrntsﬁ.\ o
The an IGHT LINE
IWA(x, },ﬁii::;ﬂ' hen the slopes of the sides are given
Sy v3y) are ihe verds i
AB.HCNﬂC.ﬂuﬂhuinshﬂmlu _‘::w“'mﬁJBCMth'ihpuufﬂn sides
m:l'l:.ﬁ_ [
o slape of side AR , A
- g,
"&'H- slope of side Be
r
“I-@| ‘mqrmm p ﬂl ﬂl
4% Figwe 723 ©

1, ﬂ,lndﬂ,mﬂwuulﬁhbdmlh&:ﬁuﬂlnm BC 1o
BA and CB to CA respectively, then the angles can umwmumnu]ﬁ:&;
+mym,

The angles &mﬂuﬁdwhnmac.ncmm,mmwmurwmm-ummm
= g o M e mom,
V+ = |+M|I'l, :""':"'J

Find the angles of the trimngle ABC, whose vertiess arc
TR 1 ABC is o triangle and the slopes of their sides AB, BC
and CA are respectively:

mE—L—t'r —¥ --_|+3_2

1
- _u's r‘
o A1 83 UepcofsideAR

==k 3 4 g
Rt sty an 2=—2. stope of side BC
Ho¥y -3-3 -6 3
.:-.";':_—2—2.-‘ 3 slope of side CA

Result (v) 1o obtain the angle B, from the sides AD to AC nse:

Al-2,~3), Bld,~1) and C{2,3).

mMi=

tang = T

1. 3
= 3 3 2-9 7 7 =1
= = = me— = = —
I+ mym, [1][3) l 3 |E] 9 “‘“[9]
1+ 33 6 I+2 6 3
le{vlmmhmemn,ﬁummmnc:nmm:
.

=M- = _'? - = fia
tan e, méj @ 7= 0,=an"(-7)
3

Result (v) 1o abiain the angle 0, from the sides CA to CB use: mu.u‘!r;‘l"..
. .

+2
PEoE Rl )

i

S et
L

S—
e

=%
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TLANE ANALYTIC GEOMETRY STRATGH

Excrcise

Show that the poin Pix,, 31} lies above or below the line ax + by + ¢ = 0, Also show that
P(x, ) and the origin lic on the same side or on the opposite side of the tine ax+ &y
A P(4-5), dx-Jy-17=0 b P(-38), SreTps0=g

In each case. show that the points P{x,, v,) and Qix;, y;) are on the same side or on the oppoiL
side of the line ax + by + e =0:

o P2, QU3 Sx+ lay-11=0 b P35, QU2 2%-3y- 109

In each case, find the perpendicular distance from the line ax + by + 2= 010 a point P, 1)

4 P34, dx-3y+6=0 b P58, Ix-+T7=0 o PO~1), 53+ 12y—16=0

In each cose, find the angle 0 from the line L, 1o line Ly, if the slopes of the lings W i
the fallowing:

the poing

|.|.1::u:

A L,:m,-%‘ Lyimy=3 b Liim=32 L im=3
In each case, find the angle 0 from the line Ly to the line L, :

8, Ly : joins (1,2} and (7,-13, L, : joins (3,2} and (5,6).

b L, 2 joins (2.7) and (7,100, ., joins (1,1) and (=5,3).

Try to obtain scute angles.

In each case, find the angle 8 from the line L, to the line L,:

8 Ly tx=2y+3=0, L, :3x—yp+7=0 boL 2redp—10=0, L,:Sx-3p+i=0
In each cace, find fhe angles of the triangle ABC whose vertices are the following:

i ALLZ), B(4.2) and C(-2.3) b, AL3,), B{I,5) and C(2-4). _
Find the equation of the straipht line from the family of stright lines through the point of
intersection of the lines

& 1:—3}*-1-4=ﬂ,3:+4yw5'=l}mdispm'pm:ﬁ:uhnoﬂnlinﬁx—?}-—]&‘-ﬂ.

b, 3.1'-41'1'|-|:F.Sx*}'—l"ﬂlndfulsﬂﬂ'bq11ul{lﬂﬁq:lsﬁ'mnthum&
¢ r=ly=a ¥ +3;=2.utﬂhplmlhlluﬂ:lim3.r+4y=ﬂ.
d h—y-ﬂ.3:+2y-ﬂmhphpmdm;rlu1hglim3x+y—5-n,

TLme.

UNIT-T

FLANE ANALYTIC GEOMETRY SToale
CEI ﬂrﬂfshlxh.tunm ANGHT LINE

Before to touch the y.

Sy
Mmmﬁxmmhwhmum
b CHO

‘The sugmented matrix of the systam Ar=phis

L
Alb=
‘5[:—10]

Ilkminm.um:lhllh!qmuf
'
mdnrndhmmhchnﬁmlhnlshmwmiuu . l"‘j“llrﬂ.t-r-ﬂil-ﬁvinl!
4 : B (| j I unlque solution set, since the lines are
A b—I 4 0} o = 4 by B+ R(=1) A mmm‘uiun:inqrm“
B 1 ;+yl]tﬂdr+_y-ﬁ=|ml3ﬂ1r'_a
that gives the system of equations: solelion set, since the lines are nat
T+y=] rni:ul mmmhm
~2y=—t*V =3T3 paraliel re e
b . - * rtr=land2c+ 2y =2 giving an
The second equation s Eiving “—;r which = used i firg nfinite set of sahatioes, since the fines
qulhntnubumx-‘l!—,mnhmnm {.ty]‘[%—:'] of the ﬁ:m the Fm':';x: :mm of
mmormﬁwthuhmm{oumﬁmgﬁ.mi .
m@um%kwmumhﬂmumhmmmﬁuhm
WCm:dlﬁun u{mnaurrmnyuftnmmﬂghtllm }
_ mnondithnurmmmqnflhumﬁmﬁxshlhupn&nmﬁnmhnuwhir.hﬂmltne
stright lines intersecr, For Hlustration, if the given three lines are
Ax+Byse, =0
ax+b Y, =0 (i}
a,x+bj_y+r,uu
then, the three fines

e Mpnhmpmsmmnth linear equations

L TR T
@ b gy|lyi=f0 (i}
oo sl Lo

In homogeneq

ME System of three linear equations lines (i), the homogencous coordinates are used:
X o 2
O]

& ; i uapunﬁfx.ﬂ.my,thﬂunb:ﬁumhy
“hurlhu System of finear equntions (i) The system (i) has nontrivial solution if the determinant of the
CoeTicieny fmatric A of the system (i) s zero;

NOT rensmE
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UNIT-7 PLANE ANALYTIC GEOMETERY “"'“«‘Iﬂut% . = [ L = i
i UNIT? — SER ) TN
an L
: by ol=0 (iv) Find the cquation of the meding of l"‘*““mLm;;“wmmmmm
2 3 a i .
@ b | - e | AR ving venees e 4(8, -3, 816:5) sad
This is the condition of concurrency of three lines: D 17 i micd poin of sige 75 of AC
Then its co-ordinates are given gy (?_tg ms} - |
. F I L |
e Since, the median Ce* H
For required point of concusrency follow the steps given belaw: : S  PRs5es theugh po g, :
o Ehnm::.rm lines from the given thres system of linear equations (i), straight line, the equation of meding m'm:ec;;“,:,ﬁ “eing the two-paint form of the cquation of 5
*  Develop the system of these two linear equations. LoD X7 A7 s Ci-6.9) |
A FA 9= =6-7" 9 ;3 =1r+9x-63=q
ix = of two linear and reduce it in an cchelon -3 |
* Develop the augmented matrix 3= of e system o i echelan fom If A" is the midpoint of side BC of Aqger e . 3
olbinin the paint of intersection. sire f:‘:’“"ﬁmrdmnmmmuu |
Substinite the developed hdmhihmﬁmuﬁdlhtf#pdmnfimm%h [‘-— ———]:(-q__]. "
i miﬁu;ﬂ;'dlirmhmpl:-twﬁinﬁmmmuhm&muﬂﬂmdmyunmmm&m | 1 : FIAE B Eiry LT e
oty S:uce.::m median 44" pusses m"lh“‘!mldludj'mpemmy By Figure 7.25
— using the two paint f i i b e
Shwfhutbeﬂmuunu:+4;r+1*llix-4y—5-ﬂnnd'lt+2}f+I*ﬂmemmm.u v g m“ﬁ?"ﬂ:ﬂm?ﬂ hﬂﬂ-lhcwqunmnnfmmﬁ*mhnm“
dulimmwnnmﬂunﬁﬂnmﬂupﬂhnﬁrummm: o 1__:_5"ﬁ3%-in—ly~lh+¢u-u
mmmeﬂfrmrwﬁ“}m"ﬁlnf'hWﬂ'm'ﬁﬁ“sﬂ“&m“m= | 165" the midpoint of side AC of ABC then its coordinas ed are given as
B=6 ~549
§ 4 8= KA+ 10)~4(“ 4+ 10)+ 310+ 8) =660+ 54 =0 S ]-G.;}.nm
i 3 ) Slncc.lhumedjuaﬂ"pmmhm;mh:mimgmymum .
: bt ly. By using the two
o g s B o i o e e A “quation ofa straight le, the equation of median 85" can be found g 7 1 10 POint form of the
rhdy==3, E-ﬂ:ﬂn"_l
. 2=8 1-6 o3 D3 = B-SyeT=0
Sx—4y=5 ) ) B.. " Equation of alfitude of 5 trinnple
that develops the system of two linear equations, whose sugmented matrix A/b is reduced in an echeln % ﬁhﬁtduafulﬁlukhapnpuﬂimhrdmmﬁomthmu,nhhw: the
d F a3 1 4 -3 Thul’ll‘ﬂﬂ “m"-flﬂl.lluﬂh: angle. M L] oppostie side,
e “”"[ ]‘( ] By Ry (=5) = R, + R(-S) the followi e sttt i s o find the ares of the triangle. Look a1
5 4 5 0 =24 20 :mwmﬂupmmmmruu:mmmarmm;uimmmmkn
obizin li
o ;ﬁﬂfmﬂ inear equations Ty Find the cquation of altiude of triangle ABC having vertices are A(-7, 4), B9, 6) and .
~2y= 20 Y Fi .
oo _ 1 irst we find Faide
Thumrdnqwhms:ivmg:.r- -%whhhkmdhrmapubnmumm ;-j.mﬂ“" | mp:::“ﬂﬂ.i 21
; . ) ¥ : . 9+7 16 8
line with substitution of the point of intersection (x,5) = [%-g] is going to be zero: The ahitude CCis perpendicular'to side 48, 3o, the slape of
I 1
It inG =2 n[-‘i]q[-%]qu[?.),[ijﬂ=ﬂ Cor= et a-10) -
EP AL Since the 4113 Figure 7.26
_ _ itude CC passes through the point CY7, =100, by using poi
thmm“mﬂﬂlmhﬁ{%,n%} ﬁhmuf!henqn:linnnrn ling, the cquation of €C s A
: | J"{“lﬂ‘]=—~!{.l'-ﬂ X
" mm:ﬂmhfm‘ﬁwhwﬂ:uhm“ = y+10= 87456 =84 y-4620
. a H : .
A median is o line gagmen: frem an interioe = : nmﬂ"ﬂ; wﬁhh““‘tﬁﬁﬂhﬂnﬂflhumm\:ﬁnmﬂhﬂ. ¥
side. Look ot the following example, the ngle of a triangle to the mid point g The slope of side BE -10-6_ 16
iltustrated in this example. procedure to find the equation of median @ S G

-9 -2
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[ ].. I
The altitude 44" is perpendicular to side BC, so, the slope of A4"= -

Since, the altitude passes through the point A(=7, 4), by using the point slope form of the equation of,
line, the equation of 44" is y—4 ;-%{;n;::.;sy-z?nn
Which is the equation of the altitude from A4 to BT

- —10-(-7) _=3 _
The slope of side AC=m; =———=

— 1. The aliitude BB" is perpendicalar to side 4¢ S,
The slope of BE'= "I"'TlT}:" since, the ahituded passes through the point B(9.6). By using iy,
my = g

pint slope form of the equation of 4 line, the equation of BB' i y—0=1r=9%" » x=y=3=0. Whigy B
the equlliﬂnu-flhedl:imdeﬁnmﬂ 1o AC,
C. f.qnﬂunul"hheﬂwnfltril.lﬂe : i o

The bisector of a triangle is a line perpendicular to the side and passing through its midpoint, The
thiree perpendicular bisectors of the sides of a triangle meet in a single point. The procedure to find the
equation of a bisector is iflustrate in the following example.

Find the cquation of the right bisector of s riangle having pints aze A(-7, 4), B(10, 8 md
6, -12).

m Since, the equation of a perpendicular bisector is given as,
,_a:a:__xz:ﬁ[,_ﬁ::ﬁ]

in
2 Hai=h 2 i
Fore bisector of A{=7T, 4) and £(10, 8) pat the values in equation (i)
844

1047 10-7 17 3
s [ ] A s o — e —Byp=3=0
= E-T[: 3 )::-y & 4[1 1]::34: By-3
For biseelor of 510, 8) and O6, ~12), put the values in equation (i)

§-12_ (6-10) 1046 A
= -8 p Ci6-12)
= y+ls= %{x-ﬁ] =x4+5y+2=0

For bisector of A{~7, 4} and C[6, -12) put the values in equation (i)

_A=12_ (847 Y =T+6 o
”3 [-1z+4](‘ p ] Al-84) »
13 i F';mﬂ'c 7.27

=r+4=; e = 2hr=16y=51=0

. e
i : ’ﬁ"phrﬂlﬂ = = Eee edk and : ]l“lﬁ"”l
l triangle are concurrent : : 1 i
Tharee right biscctors of 2 trizagle are concarrent
To show the g . G
Ribscnde fis na ey 7 e right bisectors of a triangle, the
Let ABC be a I.I'm‘h, where Vertices are
Cilx. ). D, E, F are the midpoinis of the giges mﬂ;.nh?—ﬂ) s
ABC whose coordinates are respectively: i & gl

MLy

Th‘ﬂlhnnfug & T
determinant & zero, Hence, the right bisectors DG, £G mnd FG ol a triangle ABC are

DG',R?N

ABC pee,

T roRsE

. O
‘ ST NS
PLANE anp
%A% yoay LYTIC GROME T RY
.D( 5 -.15_4] E[ﬁ.;_i.h o STRAIGHT LINF

=1
=% mo oy
then, the equation of the right bispey i

[_;-‘i’f_-?’;}. _i:ﬁ[ _M:BTM
2
{:’:-r:l[ th’;‘ﬂ“ (e _,J}[, . ;&%-_Tl]

J'{l'l ‘A‘:r]“' J"{J’: _}’,] h 2‘; [_r:

P

A 1
Similard : “H)-3le-x)e0
ly, the equations of the right hhm:om £ (ol side C4). FG (of side AB) is tespectively:
OR300 )3 (- )- ) =0
i !
*E—x) )5 23l 5)=0
The right bisectors DG, EG and FG is concurrent, if the determisant cocfficient matrix
: if the ;
thnhmmnfmhmuﬂhf@lhmﬂﬁﬂgwmm;fh i<

s non ~Sod-lea

- 7 1 2
el A o “‘E{J":'J‘H'%{H-xf} 0

(i}
s 1 ;
I e e
The operation of addition of rows &, + &, + R, 1o row &, is used 1o obtain:

0 o 0
=X ¥y, —%tﬁ-rﬁwéfxf-ﬂﬂ

S=%  ¥- ~._l,b'.’ ~J=.’J-§tn;'-x,’}

(if)

FG of the triangle A8C are concurrent.

The vertices d(x,, )= A(0,0% Blx;,y,)=
used in the determinant (i) to obtain:

LﬂABCbuu'nmhwihmﬁmd{ﬁ.ﬂ}. £(5.6) and €712,0). Show that the right bisectors

B(8.6) and C(x,.y,)= C(12,0) of the triangle
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UNIT=T . ey : _ -
PITERT L . : : i i S U
I o (L { m Let ABC be 2 triangls with verti '
=23 11 1; : =-i; : : e ars] Wﬂfwmkmmmm:hﬁmm RE% ) red CTV2E. Stiwo i ke aftitudies 45,
- B e 0 G
nen om0 8 6. (SRR The vertices A(x, 3,)= AIG.0) Bz, y,b= 188} wad D, pjpm CHILD) of h wmngs
PO : ABC ure used in the detenninant i to stz
S p— === T £ -
=% n=r: 3 ¥ e I LTI i "-‘.[L"‘-'I—;}"}l_[jl',-.j,ﬂ E & |
jq{mjaﬁéﬂﬂ-i?ﬁ]+m'12}=ﬂ . LRt R it 1] ~n(G=y)=ydr-yi=0={12 © r.ﬂm
= 1728-1728=0 A B L SV R LV & .
st bi : Lo A —5T6)— B 152 = T 0= T R(30E = s : [é
Henos, the right bisectors DG, £ and FG 7352 wangle Abe gy T o> T304 1304t =
rmwm B epas R he determinant (il equels zem. Hence, e abitudes AD, BE i OF of S wangle JEC st
& Three median of a trinngle are coneurrent z ; - =
oo topic 7.1.3 st page no 181 A W“ﬁ*ﬂw’“m _ B2
. Three altitudes of idangle are comcurrent - Let ABC be o trisnglo whose ventices s Fe, 5500 o N
Let ABC be = triangle, whoss vertices are Alx,, 30 Blx 35 E i and Pxssy), Projet BARE i RECwmen the s fat 1 - ]
CUsy.y,) The shtitudes of the triangle ABC ar® AD, BE and CF. 2 gevelaps the trapezia FACE, FCBE, s FABF, \ - =
limmﬂ#ﬁﬁﬁﬂwﬂhwﬂfﬁmﬁ*m“ 5 y The srea A of the rismreles myion 267 B the e of e 1? |
respectively Nk m‘n-_i-.:_ff_fl., areas of the u:pm’uF,JﬂP;.P,mﬁ.ﬂP,mﬁmhmﬂm { o i
" x-x" Py=¥s Figure 7.29
%=1 mo By trapeziom BABE. T T
mmmurmmmam by point-slape form of a line: ; I i . 2
{_y-yﬂ=-£f—11{:-x.] | "Ei‘-"ﬁ‘hﬁr‘! "'I}]*‘Ei'a"r*l':x':*zﬂ‘ikﬁ?a“’!il-‘:'ﬂi Eegee 01
»n-¥ 1 .
Lv—r,lr,-r,’:={x.’~z.;[=*1.1ﬂ:=-x{.i+ﬂy;- yo)—x (2 —x,) = yir—p) =l - E{xjh SV L P A o TR e e F:'*:.'F;'&.'F:E 1

Similarly, the equations of the altitudes BE sod CF are respectively: -.%[,,{ PR A T
-5 )+ 3= 25 (5 =x)=v:(n-2)=0

X K
x5 3(n=3) -5 (5 -5)-nln =) =0 i i % : wn
mmma&-ﬂﬁnminmmmmﬁnmm‘“ . 2:. »
related system of equations of the altitudes AD, BE and CF equals zero: hh'wmmﬁmmw:mhuﬂhtw' e g Eﬁ;gmﬂmmm
=% ¥k =xlx,~x5 )=y ¥ trEanguiar region are colifacas points.
-5 Hn —EHE-p=-n-n =0 (i) P - Jasses oamrlin are B s =T Bt} it
n=5 3y —uin-wl-yln -y m i fhis s 0f the TGS e 1 W 5
The operation of addition of rows & + &, + R, to row R is used to obtain: ). ' i : . 3
o » 8 Wmm s et s poiezs BfA,~Th FA~00, S Bymoteatarlie sy offitbartingeileTepi
i T T el TR A P T o s =0 das i 5
5% WY =nln-n)-win-y ¢ ! F & 3 ferst Fow CRpRLEON
Thie value of the determinant § Bt : A% g
concurrenk at a point G. m’m-mumxﬂ.ﬁmﬂﬁd"ﬂ:’ o

! L B F L 3 e 150 e
.El.“;_ﬁ.-'[; $(5-3) ¢5+m]}¢1£-1&v—m lﬁﬁw

‘The canclusion deaven from the sbove results hummuﬁmm.ﬂfﬂ"ﬂm

WM _ i =

4BC willaio ke concunency ut  post s, Gz,
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PLANE ANALYTIC GEOMETRY

ST

ungi"ilﬂlh&
3

- Heomgemeses Bncar
An eguarian af the f;
5 called o

= Quadratic equation in two variables
oquation in o sariabie 1

o i Paer varia i x o
Henhamay exteous s

-8 Eommpes
“dn equali .‘mwn““‘mhh
iy callod & -"’;:mmu::. ::::ﬁm xm-- + ey a b’ =0, ge 0, where s, b care Consignts
PO i i equation of second dagreg i variables iy (1)
h ’mmm““‘mmhr"zﬂ,pm i X amef 0 Smuhﬂm‘ﬂ,m
o i 3‘-“{:‘“}'1-5;-10 and h‘...,,,_.}.,,,ﬂ_,.:,;a
the form 3’9"**&*-5;- =; q:mmm. :“ﬂ second degree in ani . On the other hand, the tia
not the same n AGENeOus equation, since the sum of cquatian of
each and every temm, of the indices of x and y are
&Ehnd m mEI
i h‘mﬂ!turlgh tquations mﬂum_{rﬂmmlm
mm‘#-#h]-'-l-ﬁ -ﬂ'ilatn_.:;.;u_,_t: B n‘:ﬂ-ﬂh
wmmm'jih equation of g line: (es, then the sumple product of the
{ﬁrd-!\.yﬂl[c,n@ﬂ:}_u
The join. squation of the . (il
U5 Staight lines s obiag
e ey o e e .
hnnm“.ux BEmCOus - liney (ji) 4 Eiving the bnf ; (i}
and of the second degres
{ﬂar+q_p][“__r 5 ‘L‘ﬂ}tﬂ
AT bbby s 2o
Waa, =g | b,mg!ﬂ“”n'b']*y*%fuﬂ
=a. (ab, + 13 o
Any point ﬂﬁﬂ::i} m%“h‘hﬂﬁ”}dmnhr {iii)
Rl o second line ax-+4,y =0 will sl
or

NIT FORSALE

ﬁﬂ}.";ﬁ.lr%

y i _._-J-{b\. ! P
PLANE ANALYTIC GEOMETRY STRAIGHT LINE
i Representation as pair of straighi lines

mm&f‘*!lnmm %& giving the
joint equation of the two first degree bomogeneous equations in

The lirses are
. -
xand el and disant, if ' =ab> 0.

* yeal e cofnciden, iTR° —ab =0,
. h-gq-,iu‘-n-ca

E[m" +2key+by* | =0
a*x’ + 2alicy 4 aby* =0, Add and subtract Ky?
{ax + 7Y = h'y* +aby’ = 0= fax + hy¥ - YA ~ab) =0
(ax+ k¥ -{M}T =0= [ﬂr+.’|}- +y.f.h’—:ﬁ]|:n +hy=y K -ab |=0
m'+.ny+y\ﬁ.’—_ub=u+{.h+qrm}y-n L]
n+hy-—ym-ax+{h-mr-ﬁ (vl

The lines (¥1and (vi)are therefore first degree equations i x and y.
Find two first degree straight lines @ ¥ and v when the second degree homogeneous

equation is 55° + 3-8y =0,

TR e Standard form of second degres bomogenous equations. (V) is compared 10 the given
sscond degree lismopencous oquation 5%+ 3xy~8y° =0 to obain: a=$, W=I=h=3, b=—8
These values are used in the standard form of two first degree homogeneous lines (V) and (¥1) 10 obtain the

required twio homogeneous lines:
ax [h-Jﬁ‘—ﬂ 'j’ =0

nx+[.ﬁ+1.|'a’—aa]y-ﬂ

3 .
sx+[§+,||%-(sx—aj I_‘r-l& 5’*[5"1‘1“"514’ y=0
Sx +[§—!'; +40 ly-ﬂ

5x+[§+ I+4€I y=0

3.0 ses| 2-2],m0
5.=+[E+—3~];-n *'[2 5 [
Sx+8y=0 Sz—3y=0
a=y=0

il  Angle between pair of straight lines - .
lrmwdmﬁfmmmwmmmwh: and y

ax’+ 2y by’ =10 (i)
is decomposed info the product of two bomogensous siraight lines y= mrand y= m,x:
r—maxiy—mx)=0
= 5 ~myey— s s a0 _
¥ = 4 my)xy + mymyx =0 (viii)
ROFP FORGCALE 208
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PLANE ANALYTIC GEOMETRY STRAIGHT 13,

The comparison of equations . i, anid 7

i gives:

b= L= (m; +m,)=2h = (m, +m,)= '-1&';&2&' mmy=a= G
mmhuhhmquugimmmammm:
_my—m o —m ) e .
tan® T el oy =ty = {my + i ) — ey o,

457 _4a
Ny m)—amm, b _2ii-ab

1 4 mym, H_E' a+h
b

olm

Result (ix) developed the idea that:

. I:eghmtwwﬂgh liness nre pespendicular, if the anple betvesen them i 90" that makes o+ p =g,
*  the given two stmight lines are colnciding il the angle between e is zeqo that makes = aghb,

mm#mmm
mmwhmﬁfmﬂdwhnm " ; 3
BERCONLS equation || is compared to the gi
mmm Il_n__ 1o given second

65" =00 oblain: a.=1,2h=~1= h==L po
These values are used in result |

by gy -6y?=0: r-.mmhhshhhanmmm“mm

!I
zrl — ZJ==
h.n&-——__h’“nﬁg 4 {ﬂ{-—ﬁ}bzm J_zs 3
- L+(-6) = N

B g

-

B=tan"(-1)

U% equations (1) s compared to the given
oy =0 10 ObAi 03,242 4 = 2,3
fines: 1) nd fy) fﬁ:mfmhwmw

m-‘-{h-l-\‘ﬁ'uaﬂ]!-ﬂ ll‘iﬂ(ﬁwﬁ) 0
1:+[_:+ JHT‘i]']:f =0 3:+[-1 -fid<5) :
3x4+[-24413]y=0 Irafa- G

13y=0
The two lines are perpeadicular, since LR B N PR
@=3ad h=-3.

NGO RIS e

i
I 1n each case, find the point of intersection P(x, ) af the pair of lines:

H 2!-"4_}"".0‘”‘. 5.!“3_1-’+]'ﬂ h h.‘_},_'-u. 33"'2,'1'-“
Slmwthllﬂtﬁlh‘wiﬂgIhlsmmﬂﬂ.ﬂlh:lhmmmmm“immd
which the given lines can make concurrency:

n g-y—2=0,2-y-5=0, lx-5y-28=0

b x+2y-3=0, h-y”ﬂ&:ﬂy-?;n“

e Ix+2y-1m=0, Ly -Jp+d=0rty-2= i
lf&BCisIWhﬂ;hu’ﬂhmﬁmMﬂ.ﬂLBﬂ,&}uﬂﬂl!.ﬂ}.mmﬂu

a. Ih:riglﬂbiﬁutulsoflh:rh“h.dﬂfmm

b. the alitudes ofthe triangle ABC are concurent.

. mmmurmw@cmmw —

Find the area of the uimgulﬂmnudmmt:;m;:rl‘ N i

a. R(0,0), B(2.4) 22 - ¥

R R{&—-‘-}.ﬂﬁ-ﬁ}-ﬂﬂll "
rmdmmmwmwmmhmm-ﬂaﬁwﬂmm

. A(-3,6), 83,2 C60 il kg Al

: yertices in parts 8 of the triangle llinear? -
:hﬂnt:;hmmﬂmmmﬁhxmnntmhm&www
the following:

5. 18 —2g-5i=0

i S
Fmdujnhthnnfﬂmm@tluﬂmmw:ﬂ:::w

8. perpendicular to mlwmﬂmdwax‘—wq-z; -!

b w&mwmmmw;’-zmm-y =0,

e pu-pmdhnhrmmmuwmdwghﬂuwanu
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FLANE ANALYTIC GEOMETRY STRAIGYT
Ling

T i s g g .

%h;? the correct tption,

Point A(7,5) and B(-5,-7) &; '
5;; ;-:;ﬁ ib) 1232 te) 242
lhenﬁdpuhmflﬁmwemlhufmmh: a
fa} 5:—& 2 S
7oA (b) BT My =y,

ey AtX + ¥ :

e 02555 i

rl?z:épﬂnus{a. b]lhd{ﬁ.?}ﬂhshpenﬂimﬁ: *

Y5 b 3 ©3 :
ymuﬂepiufﬂltlfmh“{r--ﬁis: : i “5

I‘-ug' . {b) -1 2

2 3 fc} 3 (d} 2

—L A7y i5a ’

H=x ¥e=n

(1) shope iy

1 5 (bt i

T%F:urn:?gumfun equation iy m;d:“ubﬁmrurm i | r

{a) xmsﬂl-ysinﬂtp I b |
;:—] ::!nﬂ-r—ynmﬂnu {d: -rms:—y!lnﬂ‘—-p

. 2 i =
I:':fl::ifll: Are perpendeiyfy if there slopes q:gsm n-:mm ? |
Sc4Ty=0isa TR e o |
fa) Domogeneous lingar k
QT e i |
& triangular region g 4.5.B(-7 i

i g S AT, gy K -

(c}47

B

L

UNIT-T :
PLANE ARALYTIC GEOMETRY STRAIGIT LINE

4 The distance hmpo&mm,.mmmnﬁ;“mh NG s e

d = POI=\Gs=x) +(yy— )
s II‘L,:ndmehnlmlhuhuﬂug:hp:s m, anem,, then, these two lines are
o p:nﬂﬂifludﬁrdyiflheyhuwﬂ:m!hpﬁ:q:m,.
b, “perpendicular if and only if ihe product of their shapes equals 1 mym, = =1
** The equation of a straight line paralie] to the s-aris and it a distance a from it, is y = &, The
=qualiunnfﬂnx-m‘:i:y=ﬂudﬂuww=quﬁnunrn¢ﬁ:imj-u.
< The equation of o straight linc parallel to the s and il a distance b from it, & x = b. The
equintion of the y—aris is x = 0 and the vector equation of p-arir is v, i = 0,
% T standard forms of the line are the fallowing:
¥oypy=miz-x), Point-Slope form

& y=mxte, Skope-Intercept fonm b
€. y-_:.-;%r{:—;i(x—:,;i-l'whimh‘nm d :—+§='rl Double-Infercept form

o RSN, Symmetric Form f reosd+ ysinB=p Normal Form
cosl - sind

i 'mtmndrdﬂ:rmnfllirisnx+#}'+c=ﬂmﬂh v
* Fore= 10, the line & homogeneous that passes ; ange. .
@ Fore 2 8, the line i ponhomegeneous that does'not pass through the origin

. i L, an by e
“ The porpendicular distanes froma line ax+ by + £= 0 1o a pomt Py, p,)is: d-ﬁ_
“ The angle between the two lines = mx+c; and y= mox+c, s ma-ﬁln—;:-

genera i i i i i ion of the lines
< The | equathon of & straight line that passes though the point of interseetion o
e+ by+g =0 and gx+by+e =0is (gr+by+gl+dlas+by+e)=0, i constant
4 g
b ef=0
b g
< An equatio +2hey+ by’ =0, a#0,b,care conshanis .
;nc,nltud .ﬂ;&ﬂmurmmhxmrwmhmnnhmm
and y in every fenm is the same, the sum being 2.
% ‘The angle between two homogencous straight linesy= mxand = mxis
e 202
i The given two stmaight lines are perpendicular, if the angle between them is 80° that
i, The gi:::bn-\':hmw lines are coinciding if the angle between them ks zero thal
makesh' = ab,

a
% The condition of concusmenay of the ﬂmfaﬁﬂ-h
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?Wﬂ#ﬁmﬁm-rmhm”; e N

bmivigl ey gl

Emlcﬂnddﬁmmummbmnfi:ﬁnib-ie,cimh
Wm;bﬂnmdwhvhmhmdwlf_fx—w+mj’=ﬂ_ !

pasabal, ellipse and hyperbey,

LS Lirch

:: Mmm]mm’mﬂ frele a4 2 . s
in Fj"";::q tion vfamhp;xmf j e 0and fnd s conre and i
i Mﬂmmm ot o points and faving &5 canre an 1 given [
- e mﬂmmmﬂmemsmm "
. amm;lrrlm'ﬁngnm‘mr'n_ :
;‘}ﬁ“m amd Narmal
eondition i 8 ling inferncoss the o5 ;
F{udl!-.eﬂmdﬂ_'.hu when a line mm’ﬁ:::k

Vi Frmlh:mungmd-:wmn:&c[cﬁw
N ;’I'-I‘-;Nmriy:i wirtle
i Ve nnalytecally di filbowwing propentios of s el
3 i a,
. :@mmhﬁmhm:ﬂlﬂ?ﬂemlmﬂis&mhm
$ mﬁhﬁm af Ay chord of a m!:m.sm'ﬂmm :
o B the centre of 5 :El:hlulb!.-miﬂuh: ofa chard j5

*  Anangle in a semi-cire be s right angle,
2 The tngent 10 g '“I:hwqﬂ:dﬂn“dﬂwmmuwm'hmh
L) S 10 B eRele nt any point of the cirgle i :
N e i s iy _ﬂP"'Pﬁfﬂflrmmcmummmmmt

R R

s
—fa— p—

onthe
from the fact that the principle ype n?ﬂ:f::;:;:ﬁﬁ ﬂ-'l‘tll.llarcm. The ‘conic ection® comes
Beneraled by cutting n cone wity s Plane, Most modem ;u ellipses, hyperbolas and parabols i
geoimeirienl npprosch, instead conie seetion nre defined s extbooks of calculus depart from this
wnalytic geometry. In this unit we will study b m"”’l 'M_nﬂu:i and studied through
Intersection of two cones. Then the vertiess Of 1w copas 0 conig section which are defined s the
and directrix exisis nssacinted with each of the inhereny fuwi. mﬁ the inhcrent fiaci of the conic sectio?
the propertics through resl e examples. tthe end of this unit we will Jearn sbovt

Cnnlu and members of its family
A conie seetion for simply conic) i o curve by ed i i
plane. The three types of conic sections are 1he : 8 the interseotion of the surfice ofa cone Wil *

type ol ellipse, and is sometimes considercd 1 bg o Tourl m::'[::i:ii. and the effipse. The circle
section, J

WP ReROALE

o el

UNIT-8 CONTCS-T

Conic sections can be generated by intersect ng a plane with a cane. A cone has two dentically shaped
parts called nappes. One nappe i what mast people mean by "cone, and has the shape of a party hat.

Conic sections are gencrated by the intcrseetion of & plane with a cone. [f the plane is paraile] 16 the axis
of revolution (Ihe y-axis), then the conic section is a byperbola. If the plane is paraliel 1o the geneTaling
line, the conic section is o parabala. If the plane & perpendicular to the axis of revahuion, the conic
section is a circle, [T the plane interseets one nappe at an angle to the axis fother than 50%), then the canic

I

I this unit, we look at ene of these conic sections that are the circles.

ﬁ?i:':;l:luhnpelhl has 1 cantintous and constant curve. Though it s always curving; i has
an algebraic expression that deseribes s nature, .
Cirele and ifs equation in standard form
. ¢ i Mg plcme fa such o w2 J'.':!
ruwmﬁfwr}amfﬁ?::f r.l!mriirw fealled the :rq_m} i P
egiral io a fixed distance (eailed the radiig) tal"f-fl‘# circle. )
Derivation of Circle Equation: This definition belps us in

i trele.

developing a standard form of the equation ofa ¢

wmf::: {:-1 £) be a fixed point af the center ul’mc;_hml:
wrbu:mmammumm.ﬂhxgkmm |
Wu!ﬁhuofpuhtsmhti‘:uw:ﬁhﬁ_ " o
the distance from the fixed point Ch, &) ﬁ:ﬂgﬂlﬂ he
radius of a circle. The position ve?ﬂ::i-";: i{,u} mhlmm |

: mF‘:umlh:.::ym s::i’;:ult:: fiom the center © to paint P & the fixed distance equals the

s of the circle: OO +CP=0F
| = CcPr=0r-0C 1
cps[r.;-j-{h.t}-=ix-#-.r-lr!

distance formula

o

Fipure K.2

lcr|= x—ﬁ]'+{y—~.i‘]’. .
PCFI‘=[ :—h}’+[.-'"1]')'- squaring, both sides

¢ ==+ (r=2) crf’ =(CP)' =r* )
2
NP FOREALE 2




ofa cirgle with vadius r and center (4, k) is: (x=a)" “(h ) e &

" IhE mﬂlﬂ Drlhﬂ ﬂ"ﬁk - = I“‘ hﬂ 1Icle 1 h
IS al th I I i
W'{E.ll'l {ﬁ'. k} ,{n. lhﬂ the ¢ I :'q REhon {“} hmm: :
X ¥ =) ‘ i]

ST Determnie the equation of a eircle with center g (~2,1) and radis 7 = 3 :
w ion of'a eircle 5 (=B () = 2 |
re and r i the rugdis
substitute thege values jnio the standarg equation,
= {x-{=—2]’ +|:,1.--I:l'=- (37
= I:Jr+.t_:l’+|i'_|.--—I:I"l =9 isthe equation
Wﬂfm::? of an equation of 4 eircle

f ;
circle 'Ih,'nush the ﬁlh'ﬁff:g ;};“:’;ﬁ?l Quation of the second d,
Eeneral i

sides of equation (i) by » 1o obitin:

x4 |+.£.,
& i n' 0

24 h
.t‘f':*l]-l+;y!+23rx+2_n}.+q =0,

:E- a [

The rearean ks & == =L

T, Mtﬂiuuhn (ii} of the gencry) equation of the #a a T

Bene aqmmnufncwlcifmwﬁr_é_]m__‘u‘ stcond FEree (i) in ¢ and ¥ gives the
J:':.p:'.l_‘_. zlurf+2_.‘,'y+.¢-,, h'ﬂ a F: ] -
= 7 *Igx+2 it -
f"'zfz"*li"!’+)"+ﬂfy+fl_,_ra ! 5"3*-5=‘fp¢.-c

(48 tlrasVagropi, Y ""'“““"”‘m"u‘wf’mqumm}.

[~C8)T +[y=(-r)) (e of
The locus of a point {x, ») which moves iy ch 3 way tha jiy
constant and equals\/g* 4 7o of course repregapyg

For genieral equsibon of elrele 5

distance fupy 4 fixed point {F_gr,—_,r'j is
clrele,

+ 1!" L) e
ire

¢ Cenfer and Radit The coordingy

f'\iE'x}'tﬂ"-f}’—--:.
= Independent Constant: The
can be determined from the three
= Natwre of the Clrebe:

UNIT-4 CONTCS-

.;gu_r'-cnumm—;]. It called polnt cirete
:lg’+f’—a<ﬂ,m;lhduﬂhh¢muwm
& mmrﬁmuur:'hmuuumﬂ-ﬁmmﬂ.mmnmmm:ymm
square of the mdius ¢ 20,
r vample gl Findﬂnumum-dradimbhdﬁk454:’+45y’-ﬁl}y+36;+|9-0r
@IS The given circle equation is rearmnged to obiain:

f+f-§;+§;~+i—§=ﬁ, @ Dividing by 45
The circle equation (i) is compared 1o the general form of 8 an cquation of sirele 1o obinin the valies of
Higa? gralo et o
g Tand e 13"-—;55"?- Jmg=l=5 o=

The center and radius of the given circle are therefors:
i=2 4.4 1B 41
(2. "”'('3"?]_' il AT Err
\
The equation of a circle passing through
A. three non-collinear points e
B. two poimts and having its cendre on a given !
L = m::imquuthn of tengent at one of these poiets is known
. two points wd touching & given lins
puimis
A on passing through three non-colliacar |
Uﬂﬂlﬁ:l,.lihe general equation o circle is given by
J':+y1+23-r+2_ﬁ'+cnl'.' )
IT the given circle s passing wmmi:ﬂfm-c:lhw
points, say, A(x, ), Bl%,p,) ad O, points

i i circle, Now put the
must satisfy the general cquatim of 8 1
above three points in the ghven cquation of 4 chele, L asi)

mlayialer f2f 4cm0 o o
%4057 4283, 4 25, +0=0 @ S
X0 4 07+ 2, + 2 4, He =l i B

Find the equation of & circle which passes through the thrce poiats A(L,0), B(0,~6) an

Ci34) o g+ o= il
I e s bl e i st o
equations in three -..tm:';m-f and & PP -
T
25+6g+8fre=0 Bpipent

RET RoRGALE = &

=3
=
=




- y2 b b _H,-d:-—*—um:'_.hhw:-:-f
| CoNic,
Thcﬁll'ﬂ.ﬂnoﬁ i it I
htrﬂnnruquumqli]hm.nﬁfum 0 -1z j‘ _'.‘:
=] =36 v Ax
e 2 6 8 1), 25 =
whosg ix i ¥ e
Sugmenied matriy i Ab={0 -2 I |-36
- & B 25
uuelhhm;menludmhmlnnchﬂnuﬁtrmluohun
2 0 =1
Ro -2 -3
5 & ks 3: r‘%l"ﬂ;"'{"a}-ﬂ
- T | [ '
Rlo -2 =3 =Ry =g, +—?"ﬂt
0 0 2} | =
3
pse=cy ]
=12f v e=3p (nis

-
[T}ct—ﬂﬁj
Third equation ofthe system iif) giving o
Mnlhwhﬂutf- '"lndg- ]
e

]

el . 5

ar 3 whkhlluudmmndand!ﬁ'ﬁnquuhmh'
H]

Tb:uhum‘g-;?_' f= ﬂlﬂd 69
4 L] T [ =il mmh e
2 quation
equation: Pyt =T aY g 1411) o obtain the required circle
& )™ ;—]H-E--o :

dxl vyt

B Equation of circl Y =l42e a7y 41382
Consider the !ﬂ‘ﬂﬂm:::::i;::"zh o elnis ang having its cony

Py b g adfpicag | O T A glven line

I the given cirele is passing thro
ugh two pog

ﬁ_;{"l'-"*}' then these points muss satisfy u:'m i *bal.n;w
circle. Mow put these two points in the given x:_“:jr“!ﬂm of o

-‘i*+h’+2ﬁ+2_ﬁ'r+cnﬂ fiy B chrly, jp-

ey v 2en 42 4o =0 fii)

Also, the given straight line v pys =0 pos

senter (~g,—f) of the circle, A through the e
it .

17

e RorFeRsas

=~ -

I e ._:
UNIT-8

ETE5 4 | Find the equation of s circle why
center on the line x4 y=3w g, Which passes through the poiats AL 1) and Bi2.2) baving its
The required equation of & circle i eyt
i +Igx+ 2 fiecni :
whi:hpumthrmsghﬂmwmm“w | I
10+6g+2f +e=0 = M+2f+¢a_{f:;hﬁm.mﬁmnmm :
B+dp+4f 4c=0 = 43..4;-.},.._3} bty
Ifﬂtmr(-g.—ﬁﬂfﬂnchhiumlh
line x4 p=3=0, then the line £+ y=3 =0 becomes:
~g=f=3=0 = g4fu) il
The combination of equations (i) and (5| is giving the
system of three lincar cquations in three unknown g, fand ¢

T R

621 -0 rtp-d=
whose augmented marix is: Alb=|4 4 1 |-8 Figue 85
11 6j32
Reduce this augmented matrix in an echelon form to obtain the unknowns g, fand e
i
6 2 1 -0
g 1 | _2 ih |
Rﬂii zby&gﬂ.ﬂ.iﬂr
B
D= = ==
L3 6 |3
f
& 2 1 (-0
L i)
kio HE & 4-‘:
|
=
Ln_ 1] =
G +2f+e==10
E _I- -_i Livh
[3]’”[3]" 3
()
Thisd ’ ﬂh,w“,,}hﬁuc-amamaumnamwmﬁm:

=1 TV -] and =) "
m?h“:::t:fghz.ff-—l and ¢ = 4 are wied in equation (7} to obiain the required circ
equation; ¥ 4 pi-dy=dy+d=0 .

2
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s Oy B i,

SRR Y

= ol B —

t
L —

- ] A

B F; : =

EERLE ! = B . cn
C T ion fion :
- € cual of a el
ints |g . rele Passing thl'm.lgh two points and cijual of tangent af one af LT

Cn:midcr the genera) equation o circle is given_ by

cirele ix Passing through o points, say
Al w) and B(x,,3). then these points must satisfy the
ufncnuoqmnbnufam, Nuwpm!i:mhmpuimhthc
BWen equation of cirele, ie.:

x,’+.l',"+25q+2,.rj:,+c=ﬂ {if)
xll“.?:!"'zﬂzi‘Iﬁr"‘C:ﬂ (iid)
Also the given straight line v s fhys o = (iv)

tauches the circle g OIE Point, as shown jn the given dingram,
undhiscimﬁ*nmlh:d that the distance i

i ; fagram of'a given poim from the center

Find the equating of'a cirele which Passes through

the two points A(0,-1) ang B33 and 3 _ gy -3y the

line on the cirlp 3 paint Af0,-1),

Let © (h, &) be the center of e required cirle, 1

k:nl’=-Jtnf.m=fﬁ—m+l}.cn-|:h—a.¢+al
(h-0f (k1) =k =3)" +(k +3)
h*+i'+2¢+l=ﬁ’-ﬁk+9+k’+9+ﬁk
Blhi—dk-17 =g {1)
The slape of CA is
azlzk kel
g =
uﬂme:hpeaflhuml{nnh—u-:-uh
Ie-2y-2=p .
-2yn-3x+2=hy-§k—l.m,-=5
'rcakpwmmﬁummh:k-m—z
Le. mmy = =)

= 0. then the progey of their slopes equals to (~1):

k=113
[kIEJ"' @
M+3--2b=-2i+3t+3=.n i

3
The required cirele with center (4, k)= (—;.—2] and rag;

i

UNIT-#

L

r -=Jl:a1' n‘l:ﬂ = -|||4* +fk+t}’ = ;]ﬁl = g I
{x-i]‘ﬂ'y-k}':r’
( —:)t+{1*+21’*-"$ =4y - desdyedag

i The equation of & circle Passing through two points and touching a glven lne
(SRR ] Find the cquation of a circl which passes through the two points 4(0,0) and B(4,0) and is
touching & ling 3x+dp+4=10, :
m ired e the twe poing lis on
Let bie the center of the required eirele. 1 4(0,0) ud.af-l.u!m

the carcle, then lﬂ:}m of the circle from center € to point 4 equals the radias of the cirele from the
center C i point 8:

lcAf =(csf, CA=(0-4,0-1),CB=(4-40- &)

( Jﬁ*u’}’ -[J{ha}’ +i=J
Bk w6+ —Bh4 b =2 Bh =16 = h=2

required JEFE and the center is €12, £,
m“ﬂ""rﬂf”"” mmmhmhmﬂ.ﬂnh&ahqy¢4-a
For the values of k,
equals the radnis of the eirele:

W4k} oo

G416
dk+10 s
- I
AEEImS TP, squaring both sides

16&" +100+80k = 25(4+4°) .
9k 480k =0 = — k(94 -50) =0 k=0 k===

B s IR
The coordinaies of the center are (2.0} ¥

20° fﬁ?M,E
S et H 9

iil are tbe following:
The equations of the circles with the sbuve centers and rad
{:-2}’4-_1" =d,
G724

{.x—z}*a-[y- ?)I'Ta"
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Exercise 0

center and radiss are the rulluwing

s p e bew w= Can

In cach case, find an equation of a circle, when the

b (32hr=1

e (4-3),r=4

i o-b), r=a+h

In each case, determine the equatinn of a circle using the given information:

. 0,0, tangent 1o the linex = -5

b CL0B), tangent to the Tine y= &

c. C(ﬁ.—ﬁ).c':mhmpusns_lhnu!hthcun‘ah

d, C-9- Gl,ci:umhrmpm:sthnuﬁ:ﬂ: point (- 20,8).

2. Cf-54), tangent w rhe vaxis,

I C(5,3), tangent to the y-axis,
lhmhﬂ!..'.!.ﬁﬂmmq—m-ﬂﬂfﬁhﬁﬂifi\;‘g!+fl-cﬂf‘h following:
e x*+y]-!.x—6y+'ﬂ—ﬂ g
b 4%+ 4y e16x-12y-7=0

¢ Oeptsdg—Gy+lieq

4 Fepter Bpsigan

I each case, find an equation of a circle which passes through the three poirids:
i (~3,0).(5.4).(6,-3)

b (T.-I].{S,J}.{-—i,ﬁ}

c. {l.z}.{l-d}.[i—ﬁ}

[umhmﬁndmmmhunran&thwhiﬁi

2 mhhmﬂ{&ﬁ].{ﬁ,#}u&hsﬁxmmﬂuh3;+2)IHI-0.
b. contains the point (4,1),(6.5) aod bas its center on (he fine x4 y-16=0,
Finﬂmethnnru:hhwmuhpumlhmughﬁnpu&nls

3. (0,0),(0,3) and the line 4x—5y=0 i tangent 10 it at (0,0),

b {0.~1).(3.0) and the line 3x+ yuy is tangent to it ot (3,0),
Fmdnmhndaﬁﬂnmhwmﬁﬂe

8 429 4 16x=Tp=0 and i5 {20pent 1 the yhais,

b, 2+ y' -Br4d=D und i3 tangent 1o the lige 24+2psfi=(,

e ¥+ Hbr=10p433=0 mdism.rclﬁugdgm,

Fi:lnqumhuuf:hhwhhhmhughm.mwh"mmﬁumgnmew
axis are:

a. Jand4

b, 2and4

CONICS

of its points of intersection P, then
intersection Q is moving Eridially algng
tends to comeide with 2 The limitmg positipg PTofPg is
then called the tangent 1o the circle ot gha paint P.
mWhaﬂhn{mkﬂutml meets the
cirele is called point of contaet {3ay P) of the tangent,
: mnmalamm:tpoht?lu&eh[wwliﬂ
ulbc:lm;h{lh:l‘ﬂ to the tangent PT to the
gircle (or conic) at that point P,

The condition when a lige intersect the circle )

Tbe:'miuandlhehcm .f!#}l,l" (o
y-mi-g l‘i]
which develops & sysiem of twa nandinear eqantions:
iyt =gt

yY=m+e LC]
The solstion set [z, 3} of the nonlinear system of equations {Eidyexists enly, if the carves of the
#¥stem (jfi)Ere intersecting, That set of points of interzeciion iz, 3} i the solhuon set, can be Foand by
stving the nonlinear system (jif) simabtaneously.
The line (ji) is used in a circle (i)t obtain the quadratiz equation in x;
o i {me+ u}"' wgt
r’{”m']i—hn-r[c’ =a’}=0 {iv)
The equation (jy)being o quadmiic equation in v, gives o st of two valies 1, and =, of ¥ whick
Will be used in a line (ji)to obtain a set of two ¥ values ¥ and g,
The solution set (1,3 ),( ¥, )] of the systemn (iif)ix of course & set of points of intersection
of the line wnef eirele, B _ -
The paints of intersection of the system (i) are real, colne of imaginary, according as
fo0is of the I;Hm;t nulhn {ivjare real, coincident or imagimary or sctording as the deseriminage of
the quadeatis Exuation (v ,
dise = 4’ —dl[l:l +or [ wall]?ﬂ. eeal ard distant
disc = '’ ~4[ (1+m’ ) =a*)] =0, coincident
e e gyt _4[[|+m'}[c*-:‘J}tﬂ. imaginary
Find the points of interscction of the line 3x—4y+20=0 and the circle x*+ % = 25

o ]
The equations of the line snd circleare: 3r—dy+20=0 = y=2r45 i
A+yiais . ) @
The line ipis used in & circle () to obtain the s-coordinates of the points of imcrsection:
tl
E x d-[%nﬁ] =25

4 2 20,
x’-rﬁ_-r + Mo a3
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UNIT-%

9 , 10 I -24
x’+mx‘+-‘:x-u—,->m #120¢=0 = x=0,—

The y-coordinates x = 0, % are wsed in the linedih to ebtain 1l y-coordinates:
x=lgivesy=3

zﬂi‘-giws yni ‘—li}-rﬁ
5 al §

Thus, the points of intersection (0, 5) and [? %] are real and distan,

anﬂdlﬂnn when a line touches the circle 4y =a"

To determine the position of a line with respect to the
cirele, we need to find itz distance From centre of a clrele and
compare W with mdius then:

i. 1 distance s less than the radius, the line will bitersect
at o points,

it. I the distance ks equal to the radiug, then the line will-
touch the circle,

fiil. If the distance is grenter than the radius, the line will
completely outside the circie.
Let AB be the straight line y= s +cthot intersects the
cirele x* + 3¥ = a’ at points P und () respectively. - ¥
Join OP and put it by OF = a, which is the radius of a Hijgnre B3

given circle. Draw Eﬁ]ﬂl‘]ﬂ'ﬂﬁitﬂ‘w on PQ, If DMis perpendicular to PO, then, the pﬂlﬂdh”

distance DM from O(0,0) on a secant line my -y + ¢ =0 (line PO) is: OM = {':':{“]+dnﬁ-_7
From the right-angled triangle OMP, it i known that: s

jor = [OM[ +[MP[
IMpf =GP ~fon] 5
, & aflem’)=d
e T 1+ mt'
A (1+mt)=c
SR
The secant line PO is 2 times of OM , and the: length, of the intercept PQ) is therofore:

ﬁa-zﬁﬁ!ﬂlﬁ. ‘iu:f# in

Condition of Tangency: The line y=mx + ¢ touches the circle x* + ¥ wo®, if the length of the & (

¥ Mgt
PO is zero: 2 llew)e o

1%+ m"

CONICS :
(P ..;j

Ju![l-{-ﬂl:]-er =0, squaring both gides r:lf
f{li-m‘]—c’-ﬂ:t’ .l’|: :

R g ST P e 3

T ‘ , s = - E:
wum{?;mummwmnmwhy-mummmfﬂ’ a* :

Fazmph H i =

EOmLT) Hemgih ofthe chord joiing th poiats P and o tie i 242 0| which cuts g

m.;chhxﬁy’-r‘.ﬂhwﬂmiﬂhthmmhmh e |

then o™ 4 4% p?

G The shope ofa given line 242e
fge
¥ ‘-gi*hnn-g

ITFGis the chord of a circle +° + 3
PO through result () is:

r@ 'ZJBEI' Ja* [14mi)-c*

-H.mpq&zmarm,mm the fength of the chard

Tem*

at= #’, l’l-—.é c=b
&




':I

W

coprdivates of the middle poimt of the chord which the cirle
it

(IS P e o

4 +4x-2y=3=0 cuts offon the line =yt
m'ﬁr center of e given circle i3 C{=g
intersects the circle at points P and { and M{,,3) s the middic
ine M i chond PO.
that develops a line CM perperdicular 10 d B )
¥ ]!'M!b!;mﬁnc.ﬁ.ﬁ,ﬂmmlbclimmmwn:—J.'-iI—DHmm:S.
H=p+2=0
The slopes of the lines {i) and CM are respectivelys
my =1, goefficient of x
M|=I'.—1. a!ﬂqu'ai'l_
a4+l
If CM is perpendicular to AB, then the product of their stopes equals -1:
ST T TS
x+2 .
Tive equations (i) and (ii) are solved to obtain the coordinates of the middle point M:
x=¥+2=10
gt u+l=l

‘ﬂ"':[_z'l}ml the line x=y+2=10 (line AR
proint of the chord PO. Join C und iy
¢ p

(il & A

Figure 8.10

=B rm
Angny

Thus, the coordinates of the middle point is M[ —-3i. %]

1
“The equation of a tangent to 3 circle in slope form
i 1£m s the slope of the tangent line to the cirle 27 47 =a® (i)
then the equation of that tangent line is of the form  psma+e {it) )
Hmeamuummmmmmmmheum{ummmmm:umm.mwﬂlﬁ”
) used i circle (i) to obtein the quadratic equation in 5
o4 Fafmzac) ma’, pemzse
! 1?{|+#I'}+2|I'II:I+|:I:J -d'}nﬁ (i) g
: If the Tine (i) touches the circle (i), then the quadrtic equation (iji) hus coincident 0%
r witich tive discriminant of the quadratic equation (i) squals zero:
I Dise =0

daie’ =d{1+m} ][c"' -n‘]:l}
4m’c' = 4EI + m’}[r' -.t’}
mie' mm'e +0 =g’ —a'mt

~c* ma* (lem') = cmtafiom (i)

—_— rl -I ’
4 i
UNIT-S
Equation (iv} 15 the condition of ta el
= i ; mhﬁﬂtﬂm N I i
s i i e ::1' be value of ¢ from equation (iv) is used in the line
r=mvte=mrtaylen’

s The cquation of any langest io the circls =g i the abope form i = mrrtad]4me {vi)

" [r Theline p=mx-+cabould wuch o i 457 =4 uader condition: c=senfTemd (V)
o The imterpretation of result (v} is that the line A%+ my +-n =0 should touch the cirele ©* 4 1 =47 under

condition: & [ +m® |-1* =l = nwtayFrar fudii)
» The interpretation of result (v} that the line xomy+n=0 shoukd touch the tirele
24yt #2p x4+ 2 y+e =0 under candition:

(e= P20k me(c-g*)m'=2n(g+ f m)+w'nd {ix)
» Let yamxiawll'l-r_mi— be.= tangent 1o a circle (i) 2t o poind (4. 3,), if the cirele equation (i) is|
identical to xx +yy =, then the cocfficients of like tenms of y=mztadlen® and
ExFpW =a’ = py =-xx+a are compared to obain the paint of contact:

KT TR
=m 1 d;l-{-n?

—-"‘—:: a = o=
=W it ;H-n‘

Al = ﬂ'j—-a
| ;I‘fﬂfj Lo’
Thaas, the polnt of contact is {%1}5}“[:?-;:' i h:mj] o

Sl 10 | For what value of ¢, the ling x+3+c=0 will touch the cirche a°+ y* =649 Use that
vakie of ¢ 1o find the tangent that should touch the given circle. Find also the contact paint.
e slope of the ling x4 y+c=0 ism=-1, The value of ¢ a1 which the line x+ y+c=0 will

1atch the given circle +° + ' =64 is: c=sal+m® , rult (vii

.ﬂ.ju[-j]’ =83, a=8% m=-|
The required vangent fine that should touch the given circle &
yumxtaflent =—xdEd2, result (vi)

The point of cantact through result (x) i fﬁ-ﬂ}“\ﬁ‘]ﬁ?]s[%'%]
15 g cquations of tangent and normal fo 4 circle at & paint

The equation of a circle is: & + 37+ 2gr+2fr+e=0 i)
Ir Ay, w } is o point Iving o the gircle (i), then the circle (i) becomes:
"'i! I-_P'H-Iml -a-z_.&-4 b=l (i

NoT Fom save \ 226
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Comiesy
UNIT-8 & o
If r, and r mhpﬂdﬁmmmﬂalmmmq’ﬁﬂd&:ﬁ“ relative to origiy
[ 1 ) ﬁ-ﬂm[hufimﬂ A
n=(x, ) =xi+nt: n=(-z-1)=¢ B '
OC+CA=0A
Ch:ﬂh-m-ﬁ":'{ﬁ*slJ"l+f}='["l+g}‘+br'+'r}j
ung.unllmh'l‘.whﬂc 5

Let P, ¥} be uny point on the
position vector is OP=(x, ) which gives:
OA+AP=0F
AP=OP=0A
={x J’}'[::I-J"'ll
=(x=xuy-p)=(x-n)i+(y=n)i
The equation of tangent to the circle (i u'buimd‘il'
AP is perpendicular to CA for which the dot product in
between the vectors AP and AC equals zero:

; APCA=D
l (5 +gm+ ) x=x,0=3)=0
(x+g}=-x)+(n+)y-n)=0
( x4y r g fi-(x 4 bt ) =0
et fr=x a4 et
T === fiy-c  reslt )]
x5+ 39 +g(x+x )+ (4 )+e=0 (i)
an The tangent equation to the circle »* + 1 =a” st e point A(x;, y,) through result (iii) is:
o4y =at (iv)
‘I‘hspmm:hnhr.lhummloqmim“,wh {-’E-J’r} unihcﬂd‘
fi P4y 424 2f y4o=0 isas under:

Lot

i 'fcﬁ'&'““'““ﬂ“f'hﬁmﬂﬂh{a.n]hamm.mmdﬂwﬁu

[ the required normal line develops the normal line CA at A(x, ,):
! +f
y=» ﬂi:;{r—x.]

T {y-*l*‘]{zﬂdﬂf-m}{x—:.]
’ - EHr)-rmre)Hmi-m)=0 W)
qlll-_'}mll-G [“]

"
|

1

m'

CONICS
ol to the circke x* 4 y* = 25 a1 point (3, 4).

FT | || Find the equations of the tangent and no

m Result ifiv)is used to obiain the langent equation 10 the given cirgle:

Xy 4 v =g
Jredy=125, o'=25 (5031} =(3.4)
Result i{vi)is used 1o obtaln the normal equation to the given circle:
= =0
d-3p=0, 4 =0, (5,3)=(34)
I -.-::II:I-"'.'HLI the equations of the tangent and normal to the circle f-&-y’—l‘ﬁ-ﬂp-i-!t}i ata
point (2.- 3).
Reesull (i) is used to obtain the tangent finc to the given circle:
o+ g (xam )+ f (e ) re=0 »
2e-Fp+{-1)(x+2)+(2)y-3)+3=0 Jg=-22f=4,¢c=1
Ax-dy-x-242y-6+3=0, (5, 0)=(2-3)
x—p-5=0
Result (v} is used to abtain the normal Tine to the given circle;
w(y 45 =y(n+g)+{m - f)=0
*(—342)=-p(2-1)4(3-4)=0,2g=-2, 2/ =4, c=3
~x=y=1=0

x4 yp+l=0
Length of 2 tangents to a cirele from a given external point ™

. The procedure for finding the length of the tangent drawn from
the extemal point P(x,, ) to the circle &%+ +2ge+ 2f p+e=0is
a5 unler; )

Let P{x,p) be the given external puint e PT be one of the
w0 tangerits dravn from point P to the circle
Fay'+2pxadfyre=0 W
= 1oinCP and CT. Cl— g =) is the conter of the circle (f) and o
CTeyg™+ 7 ¢ is the radius of the circle {7}
— ﬁf;m the right-angled triangle PTC, the length ofthe tangent PT
point P 1o the given circle is:

P =[]+
P} = [Fef [}

=5 +g) +(n+s) -(&8 4/ =)

=a 4+ 2 +2 H+e ]
Fief@otimeiinie @

NoT For saLE
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CoNIcy, ;
LIS )
IR =30 uet g difforens " OIS
- S e Tk I 2 |
it Px,3) 1o the circle X 4yd =g g Sty —a’ =0, real
. drawn from the posst £4% i e colnetden
The lcngth of the tangent » AW =0 <0, maginar,
T'_ = ;-+ ] -ﬂ" 1k 1 f i
Fil=yRg=—~ the poirt P(x,, ) an the given circle are equal or according as the point P(x, ) lies ouiside, on, or inside the circle 4 2
« The lengths of the wo tangests drawn from In general, two tangent can also be dry s
ols Wi from - [
—— ) on the cire Hapt a2 I f pre=n, i Pls) 1o the circte

int P(3
Find the length of the tangent drawm from the point P34
@), *+p'=9 1

L wl'-*ll]:-"’.ﬂ] Find ihe couions of th *
\ 1] i
JJII t l}-’ tangents drawn from the point (6,43 to the circle x* J,-’ b,

m y=mete=mctaylem® is an wimber
: ¥ tingent to the eircle x4 "=
tangents through result (i) e =

' f:f—a‘}la—l“-l‘&r.r,y, +{)-,I-a:}-ﬂ
m’[sﬁ—lﬁj-zm{s}{4}+{rﬁ-|=:-}=a.{.r,,_r,}={a.4]|. at=16
20~ 48m =0

g W 1ﬁ'1 is the tangent drawn from the point P(3.4) on the

| given circle, then, the fength of the tangent PT on the given
cirele through result (id) g

iﬁl:ﬂlj:+l1-': -9 _
=JRsl6=0=4l6=4d ,I=3.4|n:=9
J9+16-9 =116 (xm)=(34) Sl

B ICPT is the tangent drawn from the point P(3,4) on the
given circle, then, the length of the tangent PT on the

given cirele through result (i) is:
5

= o +16-2(3)-(4)-3 =412
v ' >
mm tangents drawn to a circle from an external point are equal in length
If y=mitavl+m isany tangent 1o the cirche «° +3° =a?, then the 1angent line that presst

m{zh-aa}=u=m=o_’5_1

can be found by putting m = { and mu? iyt alen -

L=

o . y=mrEalent ’=|:“J-Tt“f*ﬁ'fﬂ]=i4=4. BS54, EmCD

212 o132 2 12
== iqf_ 2ok o1zow
5" ‘51 § ¥ ES =g« choase neyarive sign

an
through the point (x5, 1) #8 5 =me +adl+m’ fiend was 3 Greek mathematician He was teacher of Alexander the Great and o
¥, =g, = L+t (i} , n::::'h"'::’!& e first person who introduced the conic section and investigate
: .o and hyperboln. He also gave ihe sohation fo the problem of denbling the
fc Taking square on both sides of equation (i) [, —nuL]‘ =g {1+m‘] | ::_:;;:‘-lemm pambaoln a5 ¥ = Lr where *L" Is 2 constant cullod the latus ,:fm
= . ; = e wak not acute of the fact that kel in two nnknowas defermines !
' that gives the quadratic equation in e me* (xf ~a* )~ 2may, +(3f —a*) =0 (i) d | purve: He deiberstely derived these Crankion il el o Rt W PG e I
This quadratic equation (ii) gives two vakes of m that two values of m represent in% d:pr:f Mese information it has pot possible to find a solution 1o the peoblem of the ]
‘] the required two tangents on the given sircle, Vi Mﬂfmﬁhwﬂmmmmnmmwﬁmm 1
The tangents are real and different, real and coincident ar imaginary o aceording | MEs's work an conic section is known as primary work for conic sectian, 1

¢ discriminant of the quadratic equation {if):
: dise =45ty ~8(x} -2’ Y5 =6")20,  peat and different |
disc=4x)yf =4(x ~a" )i -a")=0,  real and coincident
dise =4xy] —4(xf —a* ) - a*) <, imaginary
'8 or prearding as |
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UNIT-8

L5

10,

%

porral :mlimll. . i y

In each chse, ﬁndlhclunﬂ-'?"![:“f”f_,__? B ﬂ][!pﬂ‘"“-{"gr" 2) o the nm-.lcfﬂ,:_ul

g atapoint (1,2) to the e alh

e m::'m: 14,1} to the il i+ y:_iﬂcq:li Elfm: =

In each case, find the tangent and ROTTE x’u-‘}:!!

a. atapoint (cost0® sin 60 to the circle 36(x+

I ; R I

b, ot paint [Imsd.sf',lsin-i?} 1o the circle X J-u 4

c.l. ak a paoint [mw,mmﬂ 1o the chrele x°+ 3¢ =)
walue of n, [ .

?':::Illiu: Ix+my+a=0 muu:heuhemci:‘x’:y ::;- T

b, theling x4+ p+n=0 touﬂlcslhul:iﬂ:t.e ¥ +_y EF' ’

o theline 2r+2y+n=10 tauclies the circle «° 4 3 =81

For what vale of € _ . 4

a. the line y=mr+c tauches the cirele Ly =a’l

b, theline y=—x+¢ touches the circle Faat=97
. bR o1
c. the line _1.-=-:-[%] totichies the circle x° + y° =§1

Find the condition ot which the tine fx +my+ =0 wouches the cirele 7 + 7+ 2ge+ 2 +e=0,

' -
]:,wt::mlﬁ;ﬂ :::i:lv e ) fotichss the circle & 43" —dx—6y—12=07
b. the line x—2y+n=0 touches the circle ¥+ +3x+6y=-5=07
¢ the line 2y+ y+n= 0 touches the circle & --y’mzx—ll.'p_-,-+%1=ﬂ? -
If the tangent length From the point P to the circle x* <37 =g® 15 equal 10 the perpead
distance fom P 1o the fine G+ my+a =0, then find out the locw of P

i of the point P e L

?mﬁumh?:sgm uf?ﬁ: vangent line fiom the point P to the circle x* + =9 is equal to ¢
perpendicular distance form P 1o the ling 3x+4y+3=0 ) d ]-l.'ﬁd".
b, Ifthe length of the tangent line from the point P to the circle x*+ 7 =25 is equ
perpendicular distance form P to the line 4043y +3=0. : b ol
a. The length of the tangent from (f,g) to the circle »* + y* =6 is twice the leng!
tangent to the circle £ +5° +3x+3y=0. Provethat f+g7+4 f+4g+2=0. -
b, the length of the tangent from (f.g) to the cirele x* + )7 =4 is 4 times the tength 55

tangent to the circle ' +y*+2x+2y =0, Prove that 157 +15g* + 320 + 328 +4=0-
Find the equations of the tangents to the

s. cirele ¥ + " =4 whichare porallel to the straight line x4 2y4 3=0.

b, circle & + ¥ =25 which are parallel to the straight fine 3x 4 dy+3=0.
Prove that the lines

a. v=8and y=7 touch the circle r‘+y’-ﬁx-4y—u=u_ Find also thecontact

qnls
P
b x+y-l=0ondx—y+1=0towhthe circle ' + ¥ - dx—2y43=0. Find also the

Find the equations of the ngens

a to the circle X' + " =2, which make'an angle of 45° with the x-axis.
b, to the circle 35" +3y" =1, which make an angle of 30° with the x-axis-
c. tothecircle '+ =4, which make an angle of 60° with the v-axis.

i

UNTT-S

EEW Properties of circle
There are some Propenies of a cirgle that are listed as under

Perpendicular from the center of 5
Let the ¢irple be 27

and PO be any chord of a ¢
Q(x,, ¥, ) respectively,

CONICS.[

cirele on a chord bisees the chora
: H]]
Fele whose end points are P, 5,) and

+1 4242402

If PQ iz 8 chord of the cirele, then P and
lying an the circle: x,’+__|.a,’+2g:|+z1ﬁ.-l+¢.n
:q,’q-y,’-l-!gx,-rzﬂjﬂ-:u

Tl subtraction of these two circles
of the chord F{_E "

Q are: the points CCen

Q)
o

cquations gives the slape Az

{":;_-'ll_}"'{-*'::'?|:}*2£{31*qj+2f{‘yi -_vl}- § Figure 8.14
'[Ixf_"'i!.l+23{1:“:J+{J;—Jk=}+2ffy, =¥ =0
(o= )5+, +28) 4 (3= 2,) (34 4344 27) =0

;:]._H]-j:ﬂ— 1
B=X WAy A2f R (i
If the center of the circls is Cl=g.~ D) and the midpoint of the chord FQ is
p| At e+
( > ,JTiJ.lhnnmushwnflhepﬂpmdkuh’IhaEEh:
zl_-':_"ll.f.f
DII::——Z—.__.—-MH

5i%, . winelg

From the Figure 8.14 the PO P
i g B, chord PG and the line

{dif)

Cﬂ-mpcrpnulinuhrffmdnnlylfﬂupmdm
mm, =5t E +2g !'I+_1:|+2f=__l
Yt +df m4x+2p
» €D is bisector of the chord PQ.

* the perpendicular bisset Pg passes center
P or of any chord PQ of a circle thro
. This is our secand property. S HmEse
::q:hﬂninhg the two points of the circle that touches
BIer of the circle, This dismeter acts 5 the perpendi

the center of the circle is called the

cular bisector to the chord PO, if the
This is our third property, The
view iz shovrin the Figure 8.14.

Sameier of s cirots bisscli the cioid Pa,

“--____%n the graphical
o romsans

proof i similar pg




P = e | i S e e I
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f*:mlm T
COMICs,y
UNET-H — Exanilet e
the end pﬂil‘lli of the chord AB of the 'E'“’!E i ';:Th:m“r tl:l.ﬂl. ||'|'|'_r1:']'|';i.|d5 AB angd D"‘—-E | . CONICS-]
EEEEs] 1 A(-34) and B(13) < E&&; e Coordinates of the ond point of e pes ™ 9m the center ¢y0,0)
= - 2 L CLEE Mo chnrds A of the eirele
F 4y +x ~5p-2=0, then show “{ﬂl " seular to AR, also b_lEﬁlS the chita AR, m T Sirsh etibiion are A(0.2), Bi- 2.0, 140~ 2} and
{a). the line from the center of the :lfli 3 Fﬂmlxm’ﬂidpﬂiﬂl of the chord AB i perpendicular to the chorg 10 7F wd 55 with cenier CO0) fs: ¢ -
(b). the line from the center of the circleint H and DE are the two chords af the gjre} v
AB. ot wd AB "'?I';uuuh ihe center of the given circle. {-& 2) B(-2.0), D(0,-2), E(2,0) * 0 whose coondimics are respectively;
(c).  the perpendiculur bisestor €D of the el PG From the Figure 8,16 it is ¢loar that (e chords AB and DE
. - =1 5§}, AB=(-2-0,0-2 = are with y
@R 1ive equation of the citcle with eer C[_'s_‘_ﬁ] i sy, o m}_‘ﬂvﬁ R
il - BE~(2-0042). [BF{=\(B (o7 -2
= -1 5 i hord AB s D =1,= |, then the Thas, the two cho AR =
; —= the midpoint of the ¢ [ ' ]. ] ol chords AR and
I the center-G the circke i E[ 3 1) ired ey 2 ;;mdm-m, the procedure is as undﬂ?E #re equal. For
Lt . peicular Tine CD wre respectively: e equations of 1 iR —
| OpEs Ly the ehord AR and the perpe 9 s sk Esratibod m';fr;'f;;;fu;;“& DE (through two-
2 DO .. ) B O S Eh kon :
{ slope of AB=m, = T72="0 E —I+:'5 e U
1 = = ieular i ifihe product of their slopes equals -1 e s S B120)
5 The chord AB and the line CD are perpendicular if and only if the p i -0 -2-p' f‘l-%]‘ﬁl{ﬂﬂ.B[:,,y,}=3[_zu]
d Sp v yea,
man = (~4)=-1 | TS xmpe2e0
0 Therefore, CD is perpendicular bisecior of the chord AB. This result is autormatically valid for PN yy-p
parts b and c. — =& G-
mc_uuﬂum Thords of a circle are equidistant from its center and its conyersé 242 042
Tt If the perpendicular distances form the center of a " 10" 2—p" Pl0.2)=D(0,-2), E(x.y,)=E(2,0)
circle 1o ite two chords are egual, then the chords are + i }I‘fial = x-p-3lp g
I " Lt the il cqution withceter g~ i \\ The perpendicular distance d, from C(0,0) oi the o |0-0+2] 2
) f*}""‘iglfiﬂ‘l‘ﬁlﬂ tih 1 5 ” ' i :hﬂl‘d-"l-ﬂﬁ:dl—; |.,-.;|-- 2
= If AB and DE are the two chords of the c.i_rcl!ﬂ, A Perpendicular distanee dy from C{0,0) on the chord DE i o n'ﬂ-u*;} -2
< then the cooedinates of the end points of the chord AB The perpend; i d +1 | 42
| R o s ’ | g : cular distance 4, from C(0,0) on the chord AB is equal to the perpendicular
"’*I.II'H}'DE‘F!:]*B{‘:-J": JEfzi ). Fi] 4 'I'hl 71 C10,0) on the chord DE: d =d, =.‘.E!,
From the Figure 8,15, it is clear that the perpendicular 5, the chords AR and DE are equidistant fro
f distance d, =CP from the center C on the chord AB equals ¥ Figure 8.13 | Meastre ot tie o i ‘:' m the center C(0,0) of the circle ()
the perpendicular distance d, =CQ fom C on the chord angle subtended by the u.:.ﬂ' i lmlﬂl :“m‘ﬁf:_ﬂhhm measure of the ™
; DE, if and only if the chords AB and DE are with equal lengths: F‘Hﬁ @ Tl::nmuhhk PorsAmat
7 Tmﬂmcbﬂrdsﬁﬂlndﬂﬁmml]{f:mthonﬂwch:}g{i} if and only if d,=d: MI e “ugcl;g the minor arc of the circle (i), whase coordinates are B, -_v}::d =
; I similar manner, the ﬂEds AB (join A 10 D) and BE (join B to E) ate mmﬁ iﬁ’; iy wm":*{ﬂ. alizg ;Taﬁéhtuﬁk fiom the center of the circle is /BOC ¥ (x=3),
: ; = = : a4, I On the major arc, then join AB :
19 the perpendicular distance 8, =CR from C on the chord AD equals the porpendicular (i " 1o times the sngle subtcnded by the major m?ndmhﬂ' e d"..ﬂ;Iﬁ.«.ch'mii e mf’; of the minor
i

entpechontBE: -0 01~ L —
_ - w SN _ |
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Dﬂmc&l
JBOC= 20, then, result {ii) can be verified as follows:
. 'E'Illld = il
17, if ZBACE

UNITS

From the Figure 5. ? 5
I£ the slopes of BA and AC are

a,
='__¥__':5_-3%&l,mm A0, a)
1

he angle ZBAC= O fromBA © ACE:
ath . =
=
FE.I-_:ELF :
toad L+ myny

4 a+d X
1"_151 xl.'l'] —t

2x 4w} ,lﬁ%ﬁi’%ﬂ’l
e =
F-al -y -2an y.=
2nlary) B geyi=d
“2plarn) H

u} ( nﬂ'ﬂ I =xL m :—L.uﬁh Iiiﬂaﬂﬂlﬂ.ﬁﬂﬂcsmﬂ'ﬂmﬂﬂmﬂﬂﬁ;
4
Irlhﬂ 5w fB‘D “d ] " I

'-El*& 15 2x. ¥ "
21 W L (i) !
H‘I:-‘H'I,. x5 Xy =____’,'-L.—-—= S
m‘mshmlﬂh_‘_l‘i noowE-N) e
R 2tanf) *_:':?-51_’ = 2u_ . o,
identi - = =S_g Aw-y) AN
Thctﬁgﬂmu‘ﬂl'hldtmw tan 26 m ',_E;l. yi-xn —E=h

=2/ BAC
is proving result (iv) with result (i) Thus SBOC E
Show that the angle subtended by ﬂ:mnuf
i 1_qgi two times the and
the circle o'ty =98 WO ‘
?uci::r major e, The coordinates of the mnor
lctzu"Jg}l I
a The cirele 37+ 3= 9, whose cenler 5 O0,0). The are
BC is the minor arc of the given :irclu;.iirnmcmrama.:i
mﬂilﬁlﬂl—ﬁ)mﬂ the mfmr are BC subtendad
lcﬁ’umth:mﬂurnfth:cmhu,{,ﬁpﬂ =
= lfﬂal,ﬂ]isnpaimmﬁ:mjmuc.maluj?m AB an
E{-:thnﬁwalﬂpﬂ'rﬁmahumeminmmwhmhulmumu

Figure §1°

U]
' ws:
the major arc;  ZBOC = 2£BAC i
tmm‘s!l;:‘ll-} uai:yﬁzﬂhg‘ﬁandﬁmﬁﬂﬂ.thmmhm:mhevmﬁﬂd
Ghh il M-k
o yﬁslm_{s_-_htl
fthe slopes of BA and AC € M =700 =T Ma® 5 5 T8
_1__31' _25 5 @
s -7 3 _i3
m-.rn,lhstngluﬁﬁﬂ-*ﬂfmmm o AC s ““h%‘%:—ﬁrﬁ" ‘ 1 2
my o -
o =

UNIT-8

If the slopes of BO and OC ye

then, the angle LBOC =20 from OC to 5O tan 20 = e = A

a0
Ll 5
4 mym, IJ:E_%E"—_“"E

The trigonometric identity tan 20 228 _ ]
I=fan'0 | 5 =43

i praving result Giiy with result {55y, Thus <BOC umnﬁ'

An angle in a semi-circle is a right angle
Let the circle equotion be x4+ ¥ = 5

{i)
If B(x,, ) &5 any point on the semicircle and BA s fixed
&5 the dismeter of the cireleiy on the s-axis, whose coordinates are
A (a, 0) and B (-a, 0), then the point P(x,, 3,) lies on the circlei)
that changes the circle equation to:  x' + 3 =g*

flx, 1)

Join P& and PB that develops @ right angle ZAPB. The o
wngle ZAPB is a right angle, if APand PB are perpendicular to

each othier, far which the slopes of AP and FH are respectively:
D :
ﬂfl = =

X -

H=0 »

.
x-a

I_.'lj ta xed *
The product of the slopes of AP and BP is

HEML, = JII -FI -."IIIt hr t|1 A s ﬂ!
y
[xt -a] [.r, -HJ'] x-a -y . 0

Thus, PA and PB are perpendicular and the angle ZAPB=90° is of course a right-angle.
I_f_éfuPhw.zunp‘unpmumummmh,hwhuhhﬂmmmh
PR e =

(It
mﬂhﬂitulhnuf ﬁt[a—.ﬁ, 0-¥), —‘-ﬁﬁf‘[m 3{'”'_-'1]""}'3
PBi=(-a-n,~0-) =[F8 =[lorn) 03 | =(ass)'spi
: AB=(-a-0,0-0) =[AB[ =||[-2a) +0 r=4n‘
Bhesthe locus of P(x,, y,) ' [
[PAT +[Fof =[R6f. 7B (-0, 0)~(a 0

(a -,:t}!+_y:' +{a+x,}=+:,rf =d4a°

&t v a] =2ax 4 ) 0’ 47 =2 = 4’

Which g o . 2at 425 4+ 23 =do’ = W+ 2 =W = v yi=a’
#eircle, P may lie on the upper or the lower semicircle.

235

or con e
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(i)




. wat =
LT =, -..ﬁ

CONICS.)
UNITR

ircle of the eircle (x ~h) +y =a’ saright-angle,

Fxampic Show that the angle in the semic ;
xamp TEI ang l'_:l:-"]l:*fl eg

@S The circle cquation with cenier C(A 01 5°
I P(x,, ) is any point on the semicicle and AB 13
fixed ns the diameter of the given circle on the x-axis,
then {x.—lr']’ -i-_j,-1I =gt

The coordinates of A and B are respectively:

OA=0C-AC=h-a = A(fi-a, 0}

OB-0A+AB=(h-a)+2a=h+a =B(h+a,0) < 5
Join PA and PB that develops a right

angle ZAPB . This angle ZAPB is a right nagllm if AP

and BP are perpendicular. They ere perpendicular, if

g

the product of their stopes cquals —1: ; ' T
T Ny - ¥
s ~hea x,-h-a (5, =h+a)(s—h-a)
._J'L—z.ﬁ:=-1, yf=r.|=—[x,---'lf‘—--l:[xl—ﬁ}:-u!]

=l w0 __
5-(h=-0) x~=h+a x—(h+a) x—h-a
Thiss, the angle ZAPH =%)"is right angle.

el
The Perpendicular at the outer end of radial segment is tangent to the cirele

when m, nd iy =

The circle equation with center C{—g.— f) is: & 4 p* 4 2px+2fr+e=10 {)
1 P(x, ) is a point on the circle and C(-g,~ S s the ¥
ccmﬂ'ufm:::imhqi}.ﬂ!mﬁ is the mdial sepmem of the 1
circle. : e
The equation of the tangent line on the circle (j)at point P is .
-‘:"1"}5%"‘3{'""'*1]‘*{[1’"'}1"""“ =g, 1) Fix, 5
(g +g)ryln+f)re+frte=0
5 om=——"5 and the f CP
o= of CP ks
whose  slope S slope " 4
i n+f ﬂr =
ComtE Y Figare 821

Th:wmdmhﬂhuﬁﬁﬁd?uf!hnﬂiﬂ
segment CP s tangent to the circle (i) if the product of the slopes of the radial segment CP and the
the outer end of the radial segment CP is-1: mym, .-ﬁi%.l-_"l.,_l
: . N+ n+g
mtmmmhﬂutﬂmﬂﬂ?ﬁﬂnuﬂi&lw is tangent to the circle (i}

jine of

7R S Ve

-

1
|
|
|
|
|

CONTCS-1

¢ the tangent line is papedicular 1o the radial 1, if the.rads - T
MﬂHFMMIMummnN“m* radial segment is the sepment through the point of

' -g;:q“;' A to the tangent of the circle as the point of contact, then it passes through the center of
cinele:

Show that the perpendicular at the owter end point P(1,1) of the radial segment is tangent 1o
the circle ¥+ ' - 13x- Sp+16=0,
S e circle equation with ceoter c['—:%]u: £ 4y 13- 5y416=0
The equation of the tangent linc on the given circle at 2 point P(L,1) is
xx 4oy +{x+x )+ M (y+ 0 )re=0

x[l]+}'|{l}—%|{x+l}+-§{yﬁ #1620, P(x, 3)=P(1,1)

Ile+3y~16=0 5

= ! = 3

whose slope is uu,-:—_;E and the slope of the radinl segment CP is n.,n——-l";_—.ﬁ
=
2

The product of the slopes of the tangent to the circle and the radial segment CP is qm,=_T“-%=

Thus, the perpendicular at the outer end P of the radisl segment is tangent to the given circle at point P.

F.avroist @

. If A(2,2) and B{3,1) are the cnd points of the chord AR of the circle =¥ + 37 — dx— 2y + 4 = (),
then show that — —
a. the fine fmhmaﬂmmhhpmmﬁﬁ,mub?ﬁum chord AD.
b, the line from the center of the circle to the midpoint of the chord AB is perpendicular to the
chord AR,
2. If A(0,0) and B(0,3) are the end points of the chord AB of the circle x* + ¥ + dir — Sy = 0, then
show that
a. the line from the center of the circle is perpendicular to AB, alkso bisects the chord AR,
b. the line from the center of the circle to the midpoint of the chord AB is perpendicular to the
chord A, K
3. Show that the chords AB and DE are equidistant from the center €(0,0) of the circle
8. & +)* =4, The coordinates of the end points of the two chords AB and DEare A(-2,0
B(0,2), D(0,2) and E(2,0). S
b, &+ = 16, The coordinates of the end points of the two chords AB DE
B(0,4), D(0,4) and E(4,0). " DEuse AG-4,0),
4. ﬁiﬂwlﬂnjlalh:mglemhhndndbrlbenﬂmrm AB of the circle
8. & +pf=9 i two times the nngle subtended in the major arc. The coordinates of :
arc AB are A (2, V3), B (2, -5). i




T T e T AR LT N
LR IR - 3 - =y
e

Cﬂﬂlcs,;
b !3__+y1=4islwu times the angle sublended in the Wi“rmmmm“rmmh

arc AB are A1, 43, B(1,-v3).
S Show that the angle in the semicirele of the circle

3. (x=h) +)* =a, h=1, an2 i right-angle.

b, {:-b}t-ﬁ}lz =g’ h=3a=4 is a right-angke.

Note that the diameter of the circle (in each case) is considered to be AB,
6. Show that the perpendicular at the outer end pofnt

2. P{1,5) of the radial segment is tangent to the circle

b, P{5,6) of the radial segment is tangent 1o the circle

UNIT-HR

Fryter=5y-1=0,
f+y1-ﬂr—4y+25=u d

Heview BExercise
1. Choose the correet option. .
i Ifmadius ofa circle is 2ent then its equation will be:
(a) f+yt=2 b f+yedi (0 Fayi=g (d) 43 wd
' iL  In the general equation of circle the coordinates of cenire arc:
@) (x¥) (b} =r=) (e} (fg) W (-r-g)

fi.  For the general equation of the ciscle the radius can be caleulaied by =
® dhee 2+ -
| ©) Ji=z¥+=nt-c . Wy JgF+i-rr+c

iv. A point of the circle at which a tangent meets the cirele is called .
{d}) none of these

{a} point of comtact (b)) normal (=) center paint
T ¥, Ifthe diseriminant of the quadratic equations wr'(x] —a,)—Imxy, +(7 —a,} =0 |5 greates than
zero than tangent nre
(a) real and different (b} unaginary
ur {c) real an coincident {d} equal
vi  The length of the tangent draown from the point p{3,4) on the circle »? + 3 - 9 =0 is
fa) 1 ) 2 () 3 {d) 4
T vit. The angle subtended can be calculated by using the trigonometric identity.
{) mo2e=THT (b) tan2pm 2100
14 iy I=tan" @
(e b A S (d) tan2pe_t200
{+tan’0 T=21an' 0
viii. What is the contact point for the lines o7 touches the o 4 p* —dr—gp-12=0
(a) (2.8) () (82) ey (3.7 @ (7.3

ix  For the condition of tangent the line ¥ = mox + ¢ should touch the fe 2etar? if
(a) cardlam (b} pmerfisnd

() boopions b ) notaption (b) nor option (¢)
gmwuwmthmm”nm.nm““-ud

x (a) Tangent b Mormal (e} Chord

(d) Diamete!

Ly noT FORSALE

CONICEL

o Sllnd.m:i an{nf&ch:mmmﬂ:mnf.
(5B 4 (k"=
 General Form of a Circle: The general form of  cirele
center Cl-gy )i '+ 4 2gx4 2fae=0
: . |
E&Tﬂilﬁ"f 19 the coefliient of ', and there is o term containig 1y and the
& Matwre of the circle:
Ifg’+ £~ >0, then the circle is real and differeat from zero,
jt‘;'+j'—c-ﬁ.lhn!hnml:lh'fnhtupmiml—g.-ﬂ.llhnlhdapnumh.
Ifg*+ f=e <0, then the circle & imaginary or virmal.
 Condition of Tangeney:
Thecondition at which the fine y = sy + ¢ shauld touch the circle ¢4 37 = i e=2aiom’
The equation of any tangent to the citcle £+ ¥ = o%in the slope-form i ylm:nm
The condition a4 which the ling i+ my + 1 = 0 should touch the cirele 1%+ 3 = 575
T = N i
The condition ar which the lme I + mp + 5 = 0 should towech the circle |
Sy e 2gr e 2 te=08 (e— 0P+ 2 km +{c-g Im = 2nlgl + f)+ 5t =0
% The tangent equation to the circle ™4 "+ Zgx 2 fp+ £ =Dat s point A, 5 )is:
x4t gl o)+ e p)re=0
The tangent equation to the circle ¥+ = o at u point A(x, ) & = 17 =a’
% ‘The normal equation o the circle ™+ ¥+ 2gx+ 25+ o= Dat a point Afx,. 1, ) st
M+ =300 v g) 4 gy~ fr)=0 '
The normal equation to the circle ¥+ »" = o° 2t a poimt A(x, 3] & ¥, —17,=0
% The length of the tangent drawn from the point P(x, 3} o the circle ¢*+ 3 = 2gn+ 2 frsc =l
i |PTlyxi+y+2gr+2f,4¢
The lengih of the 1angent drawn Fom the point Plz, ) toibe cirle »*= 3" = otis:
IPTi=d+)i-a*

The kengths of the two tangents drawn from the point P(x, 31} onthe given circle are equal.

-

cirche with radius rand center ik, k) s

with adius r=J{-g)+ (1 -c and
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Parabola
Define a parsbola and its clements (i.e focws, directrix, eccentricity, verlex, axis, focal chord and st Fectum),
General form of an equation of @ parabola.

Standard equations of pambola, sketch their graphs and find their clements

Find the equation of n parabola with the following given clements:
®  focus and veriex, +  focus and directi, s verlex and directriv

HRecognize tangent and normal toa parabola.

Find the condition when a line is tangent to o parabals at & point and hence wiite the cquation of o twnpem
lirse im slope form.

Find the equation of o tangent and o pormal to a parabols ot a point.

Solve susprension and reflection problems relsted to parabola,

Eltipe

Dicfine cllips and its clements {ie. centre, foci, vertices, covertices, dircctorics. major and minor axes,
eccentricity, focal chord and latus rectim),

Explain that ¢ircle is a special case of an ¢llipse.

Deerive the standard form of equation of an ellipse and idemtify its clements.

Firad the equation of an ellipse with the following given elements,

*  major ond minos axcs, = two poinis, +  foel, vertices or lengths of a lanes sectum,

= foci, minor axes or length of a latus rectum.

Cowvert 8 given equation 1o the standard form of equation of an ellipse, find it elements and draw the graph

Recognize tangent and normal woan ellipse.

Find poinis of intersection of an ellipse with a line including the condition of mngency.

Find the cquation of a tangent i slope form.

Fine the equation of a tangent and o nosmal, 10 an cilipse ol @ poiat.

Hyperbala .

Define hypearbola and fis clements (ie. cenire, fock, vertices, directrices, trunsverse and conjugale axet,

eccentricity, ool chord and tanzs rectuml.

Derive the stamdard form of equation of 2 hyperbola and jdentify fts elements,

Find the equation of i hyperbola with the following given elements:

s trarsverse and conjugate axes with contre sl origin, = two podnts,

»  peoentricity, Latera recta and transverse axes, = focus, eccentricity and centre,

®  focus, centre and directrix,

Comvert & given equation to the standsrd form of egustion of n hyperbols, fired s clemments and skeich the graph

Recognize angent and normal to a byperbols,

Fimal,

»  points of intersection of a hyperbela with a line inchuding e condition of angency,

s« the equation of tangent in slope furm

Find the equation of a tangent and a narmal to a hyperbola a1 a paint.

Teanshation and rotation af axes

Deefine translation and rotation of axes and demonsirate through examples.

Find the cquations of trarsformation for

«  translation of axes, = rototion ol s,

Finad the pransforred equation by using manslation or netation of axes.
Findmwud;hmﬂmwuumrmdwmm.ﬂmum ol
Find the anghe through which the axcs be fotated about the oriin so that the product term &y i 1%

pransformed equation.
form the -y -_...,_..-.-:-—n;""""’#
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e with  plane. In this unit we will in detai
: : stady in detail
ellipse and same time c::::;:? Txﬁ:zm :mhl h:PE!tf"h and the ellipsc. The circle is a type :'
n :
details aboni tangent and normal i previous ¥ oficoms secton. We have aeady discussed in

gection,
n' Parabola *

When you kick & soccer ball (or shoot an amow, fire a midssile or throw
a stone) i arcs up into the air snd comes down again .. ';
A parabola is o curve whore any point is ot an equal distance from:

« . fixed point (the focus ), and ;

+ o fixed strnight line {the directrix) /
et i piece of paper, draw o straight ling on i, then make 3 big dot for
the focus (not on the lnel),
Now play around with some measurements until you have anather direcrix
dot that is exactly the same distonce from the focus and the straight
lineg, i

Keep going until you have kds of litthe dots, then join the little dots
and you will have a parabola! f

In our study of quadratie functions, the graph of the gencmi
form of the quadratic equation = ax’+hx+c (1)

{“'Hgdﬂﬂ} isa parabois that opens upward if o > 0 and downward if
a={),

cqual
dastances!

Figure 9.1(b)

The graph of & quadeatic equation & shways parsbola. But all perabolss can not be red by quadratic
| represented by
Equation, because all parabolas ane not graphs of the functions,

() Parabola and its elements (Le focus, directrix, eccentricity, vertex, axis, focal
chord and latus rectum

The parabaola is the set of all points P in the plane
such that the distance from a fixed point F (focus) and the
distance from a fixed siraight line (directrix) to a point are
equidistant.

; The line through the focus perpendiculas 1o the directrix

= ealled the principal axis of the parabola, and the point where

the i Btnscmﬂpepuai:uln is called the verter. The line

“epment AB that preses through the focus perpendicular to the

% and with endpoints on ithe parsbola & called the focal

chard or iis lntis rectum, These tenminalagics ame shown in the
9.3,

(o= =¥) xupang
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(i) thﬂ:ifmm“gngmmﬂmuf:mhoh ; y raph the parsbols 3"~z = g and indicate the
To obtain the general form of the parabols, let us assume & focus with coordinates F(p.0) ang 5 veriex, focus, directrix and the focal chord, e
directrinx = —p, (p is any positive number) parallel to the y-axis. If Plx, ) is any point on the cypye mﬂmhc Ihcli\'mphbﬂhinlhemm
and p,(~p, v)is & point on the directrix x = - g, then by the definition of parabole Figure 9.3. ¥ =8x © . i
¥ gdhﬂmﬂhmmﬂdﬂdhmnflhmhm}h -
diﬁlﬂﬂﬂflmpfﬂF=e=L fﬂrpﬂﬂhﬂh e=1 il ohtain: '
distance fromPra P, m B=dp = p=2 —
distanee from P2, v) to F, = distance from P(x, 3} o F x+p | Plos Since o> 1), the pambola opens to the right, The vertex &
d(PB)=d(P,F) ACr) | ae,r) N“’- e V(D.0), the focus is F(2,0), the directrix is the line x = -2 and the
T A R e T 5 orlp ) | length of the focal chord is 4p = 4(2) = & The linc of symmetry is
’J{x"'-f’) +D_JE.1.' py +0-0y. ) = ; ‘III————-_; llnpﬂsﬁivez—mfs.ThisisshuwnhtMﬁptﬂj.
(x+pY=(x-pf+y’,  bysquaring 8l (x=pY +(v-of
i 3 E || =|.:||J|||J-.\_-"ﬂ Graph the pﬂTbﬂtl-l"'{'lelﬂﬂ irdicate the
Felpeap'=p-2pmep ey =’t¢’“='}' 3} 3 g vertex, focus, directrix and the focal chord,
The result (3} is the standord form ﬂm from the mﬂmtclhghmpmbohhﬂmmﬁdm
peneral form of the equation of a parabola with vertex '“ =y m
VI00), focus Ful) and ditecyrne 2 = <p. Thfr’"":b;hm: Figure 9.3 and is compared with the standard form of the 1
symmetric with respect to the postive x-axis if p e v parabola (5 to obtain -
symmetric with respect to the negative s-axix if p < 0. The vertex V(0,0) of the parabola &5 on the prmcipal i
axis of symmetry midway between the focus and the directri ) ~l=dp = pn—-:
(iii) Standard equations of parabola, sketch their graphs and find their element Since p < 0, the parabola opens downward, The vertex ,
Standa of parabola ~ il
= mﬁﬁqﬁa equation of a parabola that is symmetric with respect to the x-axis, with Is Vi), the focus is F[D.TI]. the directrix is the
i focus Fip, 0) and directrix the line x = —p is:
- ::IP ? y'=dpx 4 line v -ai— and the length of the focal chord is
‘ i - thie y-saxis, with " '
"The standard form of an equation of a parabala that is symmetric with respect io i l[._']q_ . .
verics MO0, FI0, ) and directrix the line y=-p is p=4 r I. The line of symmetry & the
S=dp (3} & it e negative yeatis. This is shown in the Figure 5.5,
- e i card the le
mwlu_uullfﬂfumnﬂ:mmww % m (iv) The equation of a parabola with the given elements
righi are summarized in the following o focus and vertex o focus and directrix
Faraliela Fagux Direetris . D ﬁtﬁxlﬂdﬂlmtl‘ll
R Find an equation of parabols with ; .
=4y ¥ dwnif peo (@), Focus (0, ~2) and directrix y = 2, ). Fm[s-.u} and vestex (0,0).
ight, if p>0 | - 1
¥ =dpx o i g0 V(0.0) (@), Vertex V(0,0) and directrx x= .
Graphing standard form of a parabola o b m 3 =7 e L i .
Ir. -Hm_-:._wgWI'“ﬁl'l-l]Imﬂhl‘hmhwmlﬂmmmmmlhwcxmﬂ a B}?wpn‘[hﬂvﬁ].uﬂﬂfpljp zmmﬁf‘ﬂﬂdlﬂﬁmy E.Th:sgm:sﬂi:uqumnuf

jate direction a5 detennined by the form of the equation. Finally, it is shown in the probie™
o the length of the foca chord (latus rectum) s (45| This mumber could be used in determin®®
the width of the parabeln. This approach is emplayed in the following examples.

parabola o = 4 pp = 4(-2)p = -8y, thal opens downward {p < 0) and the line of symmetry is the
negative y-oxis, This is shown in the Figure 9.6.
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parabola r‘=4m=4[§]x=%x- that opens gight (p > 0)

and the line of symmetry is the positive x-axds. This is shown
in the Figure 9.7,

'3 Brmmhm'&:wlwufpiap"-%llﬂtﬂﬁsﬁesih
dircetrix x = ]E This gives the equation of parabols

_}rl=4p:-4[-%}:=—2x. that opens left (p < 0) and the

line of symmetry is the negative x-axis. This is shown i the
Figure 9.8,
(v) Recognition of tangent and normal to a parabola
A Iim'.whiﬂlis;m‘a]]:lmthea:isofapuihuhimmnt:plnhuhinmlymmnim}paim!u
other lines will cut the parabola in two real and distinet points, real and coincident points, of coMPIEs
conjugate points. “d fine which meets @ parabola in twa cofncident points is called a tangent." A tangent
to any curve al o point P i the limiting position of a secant line, cufting the curve in mpqwﬂ'ﬂﬂq
as { = P. The normal can casily be shown in the subsection of this section.

(vi) The condition at which a line is tangent to parabola at a point
The line is tangent to parabola, when the line intersects the parabola in twao real and caincident

Figure 9.8

points. The given parabols and line W=dpr (8)
F¥=mx+4e {g}
k]
. C A Y =4pr
develops a system of nonlinear equations: o m-;-;] a0

The solution set {x.y} of nonlinear system of equations (10) exists anly, if the curves of e 5 the
(10) are intersecting. That sct of points of intersecton {x,y) (a soution sety can bo found by 50MVI%8
ponlinear sysiem (10) simukancously,

245
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The line (%) is used in parabala 18] to obtain (he quaddratic equation in x:

(mr4ic) =4 py

tx’ 4 2mcr+ :':ntp_[

w4 Ze(me—2p)+ =0 (i

The equation (11} being » quadratic equation in x, gives a set of two vahits.x, and ; of x, which will
be uscd in a line (%) to obtain o set of two yvalues y,and y, .

Thas, & solution set {2, 3,0 (x, ¥,)} of the system (10) is of course 2 sct of points of intersection of
the system (10).

The points of uumm of the system (10} ane real, coincident or imaginary, according as the roots
of the quadratic equation (1) are real, coincident or imaginary or according as the discriminant of the
guadratic equation (11);

Dise= 4(mc-2p) —Ame* =0, real and different

Dise=#(me~2p) —dm’c’ =0, realand colncident

Disc=4(me=2p) —4m’c" <0, imaginary

For what eondition the tangent line 4z — y— 4 = 0 intersects the parsbolax* = 7
G 1he equations of the line and parabola are:

dy—y—4=0 {12
yp=4x-4
fuy (13)
The ling (12) is used in parabola (13) to obtain the y~coordinates of the points of miersection: -
A=y

=4x—4  Pul the value of y from equution (12)

Pe=dx+del=(r=2Yal=xr=22

The x—coordinetes are used in the line {12) to abtain the y~coordinates y= 4,4

Thus; the set of two points of infersection (2,4) and (2.4) are rexl and coincidemt and the tangent line
4x—y—4 =10 i5 of course intersecting the parabola (13} at two coincident points (2,4) and (2.4).
. The Equatlon of a tangent line in slope-form

If m is the slope of the tangent 1o parabols. 3" =dpw (14
then the equation of that tangent line is of the form  y=mx+ec (13

Here & is ta be caleulated Fom the fact that the line {15) is tangent to parabola (14). The line {15) is
used in parabola (14) to abtain the quadratic equation inx

y'=dpx
{mx + )" =4 px
mixt s+ 2mer=4px
m'x? 4 2me =2 pixt Fm ) (16)

IF the line (15) touches the pasabola (14), then the quadmtic equation {16) has coincident roots for
which the discriminant of the quadratic equation {16} equals zero:

Ame—-2p) - Hm N} =0
Antct +16p" = | Gmep —dm'e' =0
16p° = l6mep=0
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The equation (17) represents the conditon?
in the line (15) to oblain the required equation @ tangent: e

i is:
the equation of any tangent to paraboln ' =4p% in the slope-form

reme]

' o the line y=moe should touch the parabola = 4px under condition:

;g B
J.--m.t+c=m.-:+[£] {19 & m"‘ &
n
* = 4 py and ling p = g+ o 50

o ihe condition of tangeacy in case of parabok 5
(209

‘}r=nu+c-m.t-::'rﬂl"‘.£‘=-;ﬂm it =dpy

For what valee of ¢, the line x-y+'_—=Dwmtmuhihnparabaln,r‘:sy?l!uﬂwmm
to find the tangent Jine that should tauch the given parsbola. _ ,
mThnmheufcuwhidqlhclhex—y+c=0willluu:hd:¢grmpmuhohnrnughrmum}n
=gt 5-1[“:-—2.
o =dpy= M2}y
p=2m=l , )
Here m is the slope of the fine x — y + &= 0, which is m = 1. The required tangent fine that shosid
totch the parabola through (20) =1 p=mete
my—2= x=y=1=0
(vii) The equation of a tangent and a normal to a parabola at a point
. Equation of tangent to o parahola at a point
Let the equation of the tangent line at 4 point plx,, 1) 1o parabola 3 = 4px be:
¥—H=mix-x) (21} E sl
Herem, is the shope of the tangent line to parabola y* = 4pr at o point pl[x.,}'ﬂlllﬂlmb’
differentiating 3" = dpx with respect to x:
y'=dpx
4 & 2 _ (&) _%
Hrh.#p= g =[d"1..,..u__)'_.=m" say (22) .
The substitution of (22) in (21) is giving the equation of the e g ot F{;,.}'J

parabola y* =4px:
y=n= m],:.X—x,}

Fy=¥= %.?{S -x)

. L L E ¥ e
L= 3, ) el = i i = v

SE R

] CONICS-T
¥ =-wm =2.F|t"2p.l.'|
W= Apx =2pe-2px, 3 =apy
W =2pe+dpr = gy =2plxsx) (23)
. thuqmlioﬂoﬂhelm,g:ntﬁnc:lnpu&nlp{.:,,y,}lumbu]af:@yis:
g =2piy ey (24
: > . S
o if the tanpent ht}'=m+[;:| to parabola »* =4px &5 identical to w,=2p{x+x)then the
coefficients of like lerms of y= m+[£]md 1, = 2plx +a; pare compared to oblain the contact
paint:
T O T
¥y m g
Ipx, p ¥ ip "
T:; ﬂ:ﬂf;fﬁm:Eﬂxl';T
Thus, the contact poiatis (%, 3,)= [%,%){nmnfpmhoh ¥ =4 (25

s if the tangent line y= nte— prr’ 1o parabolax’ = dpy is identical to v, =2p{y+ » ), then the
coefTicients of like terms of y= stx— prr” and x5 =2p(y+ ) are compared 1o obtain the point of
contnct:

m‘:ﬁ = x =2pm
2p

—pin’ ==y, = yy=pm’

Thiss, the contact pﬂi‘i i Plx. )= I{zpm.pm'}inﬂstufpm:huh © =4py. (26)

BRG] Find the cquetion of tangent line at  poit p{2,—4) to parsbola y* = 8x. Show that p(2:-4) is
the point of contact in between the required tangent line and the given pambola.
@I Result (23) s used to obtain the tangent line o the given parabola:
n=2ple+x)
H—y=22)(x+2)
Ay=dr+8 = dr+dy+i=l= x4 y+2=0
The paint of comnct through result {25} s

£ plE, 1) = (2,4, 4p =8

Plx, 0= (%12_’:"]' {21—"]'. =2 m = =115 the slope Drmm]MI"‘)“Fz'ﬂ

b.  The Equotion of a normal line to parabola at & point
The squation of the pormal Tine ot a point p(x,. %) 1o parsbola y* = 4 prcis:
Y=p=nlr=x) ' (2N

——
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U™NIT-9 =
int p(x, ) that ean be fayng
Here nt, is the slope of the normal fine to parabkd pesgt e o b
differentisting y* = 4 px with respect to =
y'i=dp
ﬁr%"*‘ﬂ
=1_-N 28)
422 (8] 2om=mel o ‘
= el ¥ ; i
":1: :s'l tion n:‘ﬁlt;ﬂ‘.l lrl- (27) is giving the nonual equItaT at i point plx, 11 )10 parsbaly
Eatl il ] P
a yl=dm: }
[T X—=2 -
y :’I "‘1( 1 {29’} -_-‘.n::_‘}rl.

}-_}-.E:Z-ILE,.-.I.} p
P

5

i 0 noeoal equation i a poat p(2r-4) to paraboln y” =8x:

Result (29) is used to obtan the norma Jing to the given parabola:
y-n= 2l

4 vl 4p=4
()= (=2}, Pixa) =24
w={—4 ZEI}{x h i
Jli.d:,r—'Zﬁ'.t“l-}"'"‘:ﬂ::"-‘-J'r_6=ﬂ

(vii) Suspension and reflection problems related to parabola

The parabola is more than just a geomefric cancept. It has many uses in the physical world that a2
listed under: L
1. Projectiles in the air, such as a ball, or a missile, or water speayed from

ETR
:hnudmcnhupmbuliu.nt11whm1ctdmnn1}"hym‘ﬂit¥-_ ) i et
2. Many arches of bridges or buildings are parabolic in shape. With this ol
shape, the arch can suppont the structure above it. _.'-._mei .
3. Rotating a parsbala about #ts ling of symmetry, creates a bowl type .._Jﬁ':--u

surfice called a parabolowd of revolution. A parsboloid has an

smporiant reflection property, Any ray of wave that originates &t the P PPRLL

focus and srikes the surfice of the paraboloid is reflecied parallel to

the line of symmetry. See Figure 9.9

This forms the basic design of the reflectors for automobile headlights,
flashlights, searchlights, telescopes, ete. This &5 also an excellent collecting
device and is the basic design of TV, radar, and radio antennas,

[
- . bave
T‘ﬂmhlﬂﬂhhidrt!‘nrmwmmm.mmwpuinofuhuahﬂwm‘ "

roadway midway between two towers. The distance between the towers is 400 fi. The cable B :“Hh of 0¥

the towers S0ff above the roadway. Determine the equation of the parabola that deseribes the
cahle. This is shown in the Fipire 9,10,

249 Ko FOR
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(200,50)

L 3
Figure 9.10
: The parabola is formed by the cable between the two towers. The low point on the cable is
midwary between the towers, and 10/t above the madway. In order to write an cquation, locate the s-axis
and the p-axis in the op-plare. Select the roadway a3 the r-avis and the line perpendicular to the roadway
through the kowest poist of the tower as the y-axis, The parabola opens up with the vertex at the point
{0,107, Twwo nl_h_lz points on the parabols are (200,50) ard (-200,500. The standard form for this equation is:
(x—h) =4p(y-k) {30)
The vertex Vi0,10) and o point on the curve (x, v) = (200,50) are used in (30) to abtain p:
{x-.ﬁf =dplv=k), transiate b units onthe x— axis, & enits onthe ¥= s
(200-0)F =4p(50-10) ), V(h,K)= V0,10), (x, ) = (200,50)
A0000 = 160p == p= 1250
The substitution of V4, k) = (0,10) and g = 250 in equation (30) is giving the parabolic equation
{x=0)"= 2500 v~ 10)
= 10000 P —10) = » - 1000w+ 10000 =0
that describes the path of the cable.

A radar anlenna is constructed so that a cross section slong its axis is a parabola with the
receiver at the focus. Find the focus if the antenna i5 12 m across and s depth is 4 m. Find the equation of
paraboln that described the radas antenna, This is shown in the Figure 9.11.

EXIIER The parabola is formed by the radar antenna. In order to write an
equation, bocate the x-avis and the y-axis in the geplane. The axis of I
symunetry i the positive x—axs, The parabola opens 10 the rght with the 6§
vertex at the erigin FIO,0). The other point on the parabola is (4, 6). The
standard form for this equation is:

yi=dpe : TF
36=4p(d), (ny)=(4.6) (31)
36 9 Gay

nTE—=I
Thus, the parabolic equation that deseribes the radnr antenna i J.
obtained by puttng p =  in (31):

f:dp.r‘-—4(%}r=9x

Tlti:mi:."[-:-.ﬂ] which is % m from the vertex K000,

|1-4 n.--—-rl

Figure 9,11
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In each case, sketeh the parabols represented by the equation, indicate the vertex, the focus, the gy
points of the focal chord (kitus rectum) and the axis of symmetry:

L ©=2y by ==3(x+1) =3 =x
In each case, determine the equation of graphed parabola:
a. b
JI
Vet g
11" _JLren
“2lle + [}
'I. — ! ¢ E{fl :};: il=4=3
4 | 6 10
=T \“vﬂ:n

In each case, write the equation of parabola through the given information:

a.  Focus at F(0,3), directrix y= -3, b. Focus at (4,00, directeix x = —3.

o Verex st F00), x—axis i the line of symmetry, passes through (3,6).

d. Vertex ot MO0), y-axis is the line of symmeiry, passes through (-12,-3).

. Line of symmeiry is vertical, passes through (-3,4), veriex at #(5,1),

I Linc of symmetry is horinontal, passes throuph (7.9), vertex at F[3,-T).

Find the equation of the set of all points with distunces fiom (4,3) that equal their distances o0
2,1

Find an cquation for a pambola whase focal chord has length 6, if it is known that the parsbols B
focus (4,-2) and its directrix is paralie] to the s,
I each case, find the points of infersection in between the line and the parabola:
1, j.‘*...gxu.-s, x—y+2ml
For what value of ¢,
4 the line x—yh:-ﬂwmmudm:wnbnhy‘n&ﬂ

b =2y x-y-2=0

b theline x—y+c=0 wi!ltuuchlbcmbuh,"-zﬂ

hmhm_ﬁndmwmm’ﬂuwwlmhn
at a point (3,6) 1o parabola v = 12, 4, g (1 =1 =2 ‘

& stapo 3 paint 3+ | to parabolax’ == '

soTFoRS

10

Findmemnmtquﬂim:
o toparaboly Jr’-x.whi:hnlhe;aun'lghuﬂli“tvihlh:.t-m

b, to parabol =}rw1ﬁchnu.tnsanmghul‘m"wih the t-ris,

Find the equution of the parabolic portion of
shovn in the figure below: =

CONICS

the archway, if parsbolic archway has the dimenniang

Equation
Focus (a0 ~a, 0) (0, ) {0, =a)
; n.hm XSy x=g y=—a ¥=a
Vertex (0, 0) ({8 0] 0.0 (0,
Axis y=0 y=0 =0 F=i
m P ] X gy T | Y=
L I
¥ .l; . 1
G E FT i o
) : - 4 E o S
o el B
e | | ‘
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i different from the parabola. Althotgh the parabols is gpey
w&mmwm““mwmthﬂﬂlwhm

foci (plural of focus) and two vertices. y
(i) Ellipse and its clements

Empﬂ ;l-'iinuru;i

The second type of conic is called an ellipse, 5

and is defined as follows. e Fgﬂ' } Pora N

L PR Nl

An cllipse is the set of all points in o plane, H“'jf ic“'“ o

ihe sum of whose distances from two distinct

fixed points (foei) is constont.

. Center— It is the point where major
and minor axis intersects each other.
The midpoint of the connecting two
fivoh line segment i3 the ceter. .
Focus - There are two focal points on the major axis which defines the ellipse. These e &t the
same distance to the both sides from the center,

Major Axis — It is the lengthicst diameter of the ellipse. 1t has the end points on the widest put

of the ellipse and passes through the center.

« Miner Axly = It is the shortest diameter of the ellipse. It i the perpendicular bisestor of the
mnjor axis. it s the end points on the narrow part of the cllipse and passes throagh the cenber.

. Vertices — The four points where the major and minor axis touches the ellipse are the yertke.
The end points of major axis are generally called Vertex and the end points of minor axis ¥t
penerally called Co-vertex.

. Chord — It is i Tiné segment that has both the end points on the elipse, Major axis
chord which is the longest one in an ellipse. ,

Eccentricity of on Ellipse
Eccentricity is the factor related 1o conic sections which shows how, circular the conic section B st

cocentricity means less spherical and less eccentricity means more spherical. It is denoted by
The eccentricity of an ellipse is showed by the ratio of the distance between the two foei, 1o
the majer axis,

Figure .12

& also e

lﬂi.
a
where e= Eccemiricity, ¢= The distance from the center 1o any one of the foci ond @= T
major axis
The eccentricity of an ellipse is between 0 and | (0 <c < S H.:W
_ ! 1), If the eccentricity is 260 ! i
with the center point and become a crele. If the ecoentrici i gets
b niricity moves toward 1, the elips

253 mﬁﬁw

UNIT-%
i *ﬁﬂﬂmlﬂhﬂtnﬁmmuflhtlﬁmﬂum to both the foci of the

Latus rectum of an Ellipse

It & the line purallel to direetriz
" and pazscs
In an ellipse, ltus rectum is 2b3/, :ﬁ:mwprmmﬂm Mipse. Tt is 5

n;r.lrurmimmﬁ e 1aIf of the msjor diameter and b i the half of the
denoted by "/ . ® fmiencstion point with the major sxis i the semi latus rectum It s

Note: Gencral Torm of the ellipse . 5

I£ Pz, ) is any point on the ellipse, then the distinces
two fciF{-c.00and  Ffc,0)to the pr:h Pz, 3 g 1
fliowing: e st) W
d(E P)={xte,p=0)
WE Y= Jies vy
d(ER) = (x e,y ~0) wh
[, Py = fix— ey ()
Brdurﬁﬁimnrudﬁpu,lk':mmlhm:::rwi: —
R, P + | F,, P 2 (2
Jixs e +(2F +flc—cys P =24
- ey =2a- e
Squaring both sides 10 obtain J{’: i
(bl sy a b —dafls—ci + 5 #x-e)'s y*
Aafls—e) 5 =g~ dex,
- ,n
P :Eu;f'*y & —ex (33}
alx=er'+ 3= o' - 2fex+ 457
:'{_f’-—!a +;*+_y’]— a'=2e A
a’f*%*slc'.*ﬂtf*n"zdrﬂ"frxi
P
(o’ = +a's" = ala =)
Ve+a’y =a'l.  ai=cieb ax0b>0
2,
o

Fi-a) | Fi<.o

y
I ?-L divideout by '5°  (34)
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()  Cirele is a special ease of an ellipse

The relative shape of an ellipse can be determined by its £3
eccentricity e, The distance from the center of the ellipse to 8 foci 5 ¢ :

e=,
and the distance from the center to a vertex is o, The eccentricityris ,qﬁm
Eiven by the equation: o2
o= distance from center to focus _ ¢ —_— ; Ji{l 5
distance from center to veriex o 3 e

The eccentricity of alt ellipses are in a range between 0 ond |
(0< &< 1). This is shown in the Figure 9.14, o 008

An ellipse with an eccentricity clost to 1 i long and thin, and ¢ =097
the foci are relatively far apari. If the eccentricity is small, elose ta 0, b
then the ellipse resembles a circle. It can be shown that the circle is a Figure 9.14
special case of the ellipse whene = 0.

(ifly Standard form of equation of an ellipse

The standard form of the equation of an ellipse with center ot the origin, length of the semimajor

axis a, length of the semiminor axis b and major axis slong the x—axi . s shown in the Figure 0.15.
3 3
X
Fau--::—j =1 (36}
17 we replace the foci on the y-axis, conter at the origi, and pi:kanypgf’flu F(x, ¥) on the plane, then
we can develop the equation of the vertical ellipse given in the following definition.
“The standard fornt e the equation of an ellipse with center af the grigin, length of the seimaior anis a,
lengah af the somimiss r iz b and wafor axiy along the y—axis is siown in the Figure 9.16.
1

LYo o
boa

¥y
Semimajor axis L0, &)

€} o nirinor axis

0] b | s 400

&
=)

0, —a)

Figure 9,15 Figure 9.16
Gmmgmpnq:nnrdermm‘ndl‘qm.ihmqnidwphtm;m,mwtnﬂﬂ“
major axis and £b on the minor axis, _—

Fi-mumﬂwmﬂiﬂnnﬂhdlwhhmmm:n:m:mm-runwmﬂH‘
the numerstor coefficients of the square terms ane also 1. The center & at (0,0) and plot the intercept o7
x—pis and y-axis, Fwﬂtrwmrhlilhammmrum,’;mwrﬁm
square root of the number b', finally, and draw the cllipse using these intercepts. The W0
I::b':mcmjﬂlﬂllfﬁmﬂhkwﬂmﬂxc;;f:huﬂndhri:ﬂﬂl.ﬂd{r#
mu.:i;ismtimuhnnbwi‘xlhmuh?dw "
mmm“m‘mmmmﬂﬂ,ﬂ}.vﬁwmhuofmwfﬂk

{he end points of the semiminor axis ars Summanized in the box:
T FaRsALE

- I:i' 'g#.{{
- n-‘ i :3:‘ : 2
LiWIE-2
Orieatation = CONICS-1
Vet N L R— 7= T
] (0-4), (0,0) (h0), )
- ﬂ"‘ﬂ'-ﬁ, axhsqg
Dietermine the vertices, end

95" +4y" =36, Sketch the ellipse, 01 i s and theeccedioates o o of the elipae

9;;‘ "3} e va 9 24y w36
L =
82 4y e Flo5| Yi0.3)
ﬁ*}i—-h divide grut by 36
=%
';f"“]'g"" {38-a)

The equation {15-4) is reloizd i the vertical standard
farn cllipse (37). The cemer of the eflipss i st the srigin, bt
e vertices of the major axis ane on the y-axin, since the larger
awmesical value i uader 3 Thus, o* =9 ora = 3, and j e d
orb=2and Fu - e G-gusdgr oo2.f5,

“The cosndinstes of the peater, ventices'end polnts of the
major axis, end poiats of the mindr sxis and the foci are the
folbwing:

. Ci6,9) /' comer

V03, V0.=3)  end poits of the major avls
BA20), BA-20)  eod pojaisofthe auinor axis
E{0.5). £, {0,-) s

For some points an the elligpss,
-ﬁmy-!*mi-h’—nl:i;lﬂ{l

49
P

ey w2, dhass ;—+;—-i = I-ﬂ%
The eflipse is yrametrical wich sespest 1o the msjor s, minor axis. The ccner, vestices, fae,

(SR ) () () (2 o) (2 1) (265

3 R 5 % TT:]
2 labeled g0 obinin the pugh ofthe given llipse mFipurs §.17.
Dieiermine the vemices, sad poiets of the eninor axis and fhe cooediasies of fos

27 45y% =10, Shuteh the sllipee.
EIIETD £ due ellipse eguation i the standard forr:

2745y =10

H.u. dlbvide out ty'10

o i
% +Ai'"“ﬁ§?*x72%'. I {35-b)
HOV EomcRLE

0d the points

of ths slipse

TR T
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© UNIT-® *
The cllipse L 5-b) 5 rebued mmhurimmul-!_dllndmh
form ellipse (36), The center of the ellipse is ot the origin, bt~ 3
h\*ﬂhﬁﬂfﬁﬂ-ﬂhrﬂhmunlhﬁ&ﬂmulﬂg& =

nurmerical value is under %, Thus, °=5 or a=+5 and
B =2or b=+ and & =a’—F =5-2=3 ar c= /3.

The coordinates of the center, vertices'end points of the
major axis, end points of the minor axis and the G are the
Forllowing:

Ci(0.0) cemter
Vi(—/5,0),V{/5.0)  end points of the major axis
B,(0,4/2),B {0,~/2) cnd points of the minor axis

Ri—/3,0.FL3,0) o
{iv) Equation of an ellipse through its clements

' EEEIDEN?) Find an equation for the ellipse with foci F(-1,0) od F(L0)and vertices V,(-2,0) mnd
I e i 1) aml the dist from the center to the verte:
| EEINID by inspection, the center of the ellipse is at C(0; ance f ' .
is g2 and the distance to a focus is ¢ =1. The value of'b i obtaingd by inserting & and £ in ke equation:
{ Bmgi-pfed=l=3=abui i _
The values of a and b are used in the horizonzat standard form ellipse 136) 1o obtain

2t v

e 39
T 4 3 _
{v) Standard form of equation of an ellipse \
i The standard form of the equation of an The standard form of the equation af an

cllipse with center —— [ the
i uﬂ{ﬁ.ﬂ.h;ﬁnf&ne&poﬂ:ﬂwﬂﬂ@%ﬂ““t
:mhu:“ﬂhumdmimhwu‘uhwmhr' semimajor axis @ und sermiminor axis b, and mAS

T axis parallel w the x-axis & uispulllei:;ulhey-mffk:

3 — —
; NS S NS S

a B h o
4
E+ B
HH.;-)X,.-E"‘.
a3

[
Hh—a.i}t\'qk.t—bjﬂt?ﬁ"ﬂ

. (k= B) i

Figure 9.19

UNIT-2 o

BN G —" o
PH the ollipse whose cquation i 4 4 267 :
vertices, foci and the end poing. iy +25)" B+ 100y +4 =0, Indicate the center,

ETID v e v e squi
sandard farm i
-‘x'*ﬂﬂ-ZS_ll’-llmy:..q, by eompleting squane:

A =204 1)+ 2507 5 43) w
Add and subtract 100 10 obeain
A -2e41)+ 25(3 +ay s 4)=100
=11+ 2500 4 25 =100
F;
o) R Ve N ) Y (1

00 10 % 3 =] 141y
The given cllipse (42) with dubstitation X =t — k=5 and ¥ =y—k=yp+2 k= |, k=s2 gives
the translited ellipse in the X0¥-plase; %rirl:::I 141

The center of the ellipse & al the: wrigin. The major axis & horizontal and the vertices are on the
x—mﬁ.Thu.a-S,&-Imdr=i\Einﬂ.$&

The coordinates of the center, verticeslend paints of the mapor axis, end points of the minor axis and
the faci of the translated gllipse {43) ane the following:

Cio.m cener
Vi{-5.00, V(5,00 end paints af the major axis
B,{0,2), B.{0,~2) end points of the minor axis
F{—4.58,0), F,(4.58,0), £+/21 =+4.58 foci
The  coordinates  of the center, ¥
verticeslend points of the major axis, Pt~ 25 B + 100y +d = 0
the end points of the minor axis and foci (1. 03
of the given ellipse (42) are the - xs
blovag - (Fons) | romdy 462
* The coordinates of the center '4'}, 2 + 5
CA00)of the tunsaied elpse (7). J
are 3= 0, ¥ =0, Put X =0 and
Y = 0 in (43) to obtain the L
coordinates of the center of the Figure 3.2
given ellipse (47

A=re] = uga]l = p=] wdY=p+2 = O=p+2 = y=3
Thumxnrﬂ:ﬁvmdﬁm:-ﬂ] i (=20

The coordinates of the vertices V,{-5,0), Vul5,0) of the translated ellipse are X = -5, ¥ = 0 (in
casc of V) and X = =5, ¥ = 0 {in caze of Vi) Put X = -5 and Y = 0 in (43) o obtain the
coordinates of the vericx W, of the given ellipse 47} :

Xexal =5 Smp] = gmad ad Y uy+d = Owmps? = p==3

BGT FOR SALE
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The vertex V, of the given ellipse (42) i V,(—4,~2)nd the vertex V, of the given ellipse (42) 5 o
course V,(6,-2),

The coordinates of the foc) Fi{~4.58,0), F;(4.58,0) of the irmnslated cllipss are X = -4.58, ¥ = g gy
cuse of F) ond X = 4 58, v = 0} {in case of F,). Put X = ~4.58 and ¥ = 0 in (43) 0 obtain 1pe
coardinites of the focus 1 of the given ellipse (42):

Kmxm| =5 d88=x] mpxw-358and Yoy 42 = Qmy+2 =5 ym-d

The focus ¥,0f the given ellipse (421 s F(-3.58,~2yand the foces F, of the given ellipse (42) jy of
_eoumse (5,48, -2y,

The graph of the clfipse is shown in the Figure 9.21.

The orlemiation of the ellipse equation with center CiA, ) ere summarized in the boxes:

: Vertlcew/End Folnts of - =
Horlzontal | Fth=c k), Filhee k) | Vilh=a, ),V (hea k) | Bhk+mBhe~5 |
Varileal | Bl k+c), Fihk-r) Vithk+u) Vibk=a) | B(hebk),B (h=58

Note that & =o' — ' ore® =a? =5 witha=h>0, ¥

BRI 4 | Fid the equation of the ellipe with
vertlees ol (-1, 2) and (7, 2) and with 2 us the length of the bt 1}€
Ph=1s

samiminor axis,
With the wvertkes of the ellipse Bre o
Vil=12)und Vy(T,2)1he center ba ad the midpoint of the 1
line wegment V, ¥, Joinlng these vertiess. The midpaint Figure 9.22
(3, 2) of the line segment ¥, V, Iy the cemter Cih, k) = C13, 2). This is shown in the Flgure 9.22

The distance from the cener C(3, 2) to ¢ither veriex s o = 4 unks. The semiminer axda ks o kagh
of b= 2, From the Figure 9.22, we wec that the major axis is paraflel 1o the r-axls. The horfzontal standsrd
form of tha ellipse (40) s used to obtain the required ellipss equetion:

x=h l+_._-“‘-* ,-I
i'_r)" B

d

1
LI“:LL‘-'-:?J--L Cthk)=(3,2),a=4,bn2

{vl) Recognition of tangent and normal to an ellipse 3
A, Tangent to an ellipse o "/y
“A line that Smemcts the ellipse a1 4 pomt s krown sy tungent at
the eltips<" In the Fiigure 9.2, the line LM Is tangent to the ellipse which
In Internecting the ellipse ot point 'P' s shows In Figure 9,23, x
B, Normalto an ellipse
Normal to an cllipse Is o line perpendicular 1o the tangent to cyrye
through the polnt of contact, Line QR b normal 1o the eliipse which bs

perpendicular to the tangeat LM 8t point ', ax shown n Figure 9,23,

_ RoFFORSAE

(44 '

Y.

Blgure .23

UINIT-4

(vil) Point of Interseet,
The given e and lipse. " C1IPSC AR e

Y=me4e

5 (d5)
£l
?+a’ = 14y

develops a system of nonlimear exuation:

7 T

53-+-’L’ G
b 147)

Y=mr+pe

Thmkﬂbnsu{x.ﬂcfmﬂﬁn-aﬁmaf ioms (47) exists only, if the curves of the system
Pty of infersect
i o 9 Ersection {x.v] {a sobution set) can be found by solving the
Thﬁuef"ﬂismdhuﬂh:ﬂﬁnunhahduquﬂnﬁcmhnhr
o fmraey .
]

]

o
e+ 57)+ Zameid(-pt)= 0  am
Tl'lc'nquuimﬂﬂ’}bnbm-nqm:&nﬂ: equation in
in & line (45) 1o ohtain & =2t of two vahies ¥, and

Thus, a solutian se {{Ji,y.
the system (47),

Jr.si\'ﬂsmﬂ\fmnln:gnd.:._urz. which will be used
yyofy.

it 3:0) ofthe system (47) is of course a set of points of infersection of
Tlmpnhunfmnuflh:mﬂf‘mmmLmhcﬂunw

of the quadratic equation (48) are real, coinciden i e e
& o I or bmapinary, acconding s the discriminant of the

Disc e ﬁ'm’g*n-li{q’n‘hblﬂa‘][f-ﬁ*]}U,, el and different
Dise = Aa' e~ 4(a'm® +57) (a*){e = 5°) =0 reat and concidens
Dire =g’ ~ a a?ms? +5' (&) (¢ ~p%) <0, imaginary

Mhmﬁmmﬂmh—yuz—ﬂnﬁlhrlﬁpwdr‘d-!ly’-,!ﬁ-.
mmthuﬂb:Eumdﬁnc!!:

Zr—y~2=0 49}

¥y=2xr=2

4+ A" + 4= Br) = 36=0)
40.1"—71{&0

9
= x=0 r :’5-

HOT FoR saue '
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The r—coordinates arc used in the fine 149) to obtain the y-coondinstes: x =0, % gy gD, %
Thus, the se of two points of intersection {0,-2) and [%%] ane real and disgtant and the fine 2y - o2 =)
intersects the ellipse (50} at points (0,~2) and [%g]

(vill) The equation of a tangent line in slope-form

1 m is the slope of the tangent line to ellipse .’_:+:—':==I (51}
a
then the equation of that tangent linc is of the form = mx + ¢ (32}

Here ¢ is to be caleulated from the fact that the line (57} is tangent to ellipse (51),

The line (52) is used in an clfipse (51} to oblain the quadeatic equation in x:
& (mr+a)’

P
#(a'm’ + 1)+ 2a'mex+a*(cF ~H)= 0 (53)

If the line 152) touches the cllipse (51), then the quadrstic equation (53) has coincident roots for
which the discriminant of the quadratic equation (353} equals zero:

da'm’c —4(a'm’ 45 )& )(e =1 )= 0
a’n'et ~(a'mt +47 )(c* = b* )= 0, divide aur by sa®
a'm'e —a'mi e at Y = =0
Sy B4 =0
== ~[u‘m'b‘+b‘]
e =a'm'+b'
CEEN e i54)
‘The equation (54} is the condition of tangency. The value of ¢ from equation (354 is used in the line (2010
obtain the required equation of the tangent fine; y-m-l-c-mtm (33}

[ o~ - —

S 1
+  the equation of any I-leuﬂﬂbw%-h%- 1 in the slope-form is:
ymmedJaim+b (36)

]
« Conditlon of Tungeney: The line y = mr + ¢ should touch the ellipse "“:“:F"I g
[

condition:  e=2a’n+5° 157 _/’J

=1

261 i ET FORGALE
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CONTCS-N
EEIRR 1] For what vatue ar g i
& the fine 2e - y 4 ¢ w 0 ity e

. : hr.hmcllpnuj—+§=l. Use thise valnes I
@ETIEIE) The values of c a wihich the tig 2. g s
arel cmtyfplinfepioa 2 v g =44 -}’ﬂ'_n‘mmwm'lhwmnﬂl
llmm-thhcshpeufﬂ:Hmzr"_}-q.f.g_
mm&dmﬂrﬂﬂnmwﬁhmﬁmwwhmh

Y=mr+eadedd mad

(ix) The equation of a hngmrunetotﬂmnupulnt ’-

The equation ofa tangent line a1 3 o ¥ P s

Pﬂl"ﬁq-;.}hm;;+§;=lk: Y=y=mix—x) _ (58
Herery, is the skape of th line e
) g tanpent Hdw;-t%ﬂﬂapuh Plx.y) that can be found by
differentiating -+ L= o} with respect 10 - £+n."_’.1

2 it

—2—31*:—-‘:&-“

S b dr

& _bx

a'y
ﬂ] _ =¥
[g, s @ i {59

The substitution of (59) in (55} is giving the equation of the tangent linc at a point Pix,, v,) to ellipse:
Foyymayz-x)

&

&

e ——

3
¥ =F= _b__ﬂtx_%‘j l
&y .

R U 17 | Find the equation of the h:mmapohr[l.%]wu{ﬁ:ln %wﬁut.
: a
mﬂmﬂr’munﬂhum lhrhmﬁlhelblhtgi\-mcllimm
ﬂi-“%'—-]
b

aJ

E:r.-.tun(a.'s—z].f-zif-u

Ir 12
-E+Ts-=‘:=rl=111+My—215-n=9;+3u_1.._75hu k

BT Forcave
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UNIT.® cony 1 8 LAF. = =
e 1 UNIT-2 K5 TN
(x) The t a point
equation of a normal line to ellipse a 'l"; ‘ e coNICSN
The cquation of a normal s a poist P(3,3,) o cllipse ™ + 55 =1 5 R b
(61 I In cach case, sketch the ellipge renees - .
y=y=mr-x) T :I ﬁuwmm“mmmwmhmmmmm Ntk o
Herem, is the slope of the normal to ellipse 5+ =1t & point. P(x ;) that can be foung p, T £, 7 (o)
& ¥ 91'4:1 b, E‘“%'l i .'I'+:|t+ }!—-—-2: :
d‘ﬂhu:ming‘_i+%=1mmmw: _ M“{“‘"MWL ¥ :"mmm”wﬂh;ufm;r T
rl J"_! - f- '—I'I.:.— JI €.
e Equation o AR af B hash ! l|ji'.l,,3;| L 3 25
a B Pr T =gt iy =142) (62)
e Do : Focus (c,0) 036 ] f\ x i
o & dr e e ] {0,0) 2 1) i
dy  bx Directrices -"=iF . _P=i;-1- Jﬁ—m (6-2) | o)
& oy Major axis ¥=0 x=0 L
& =bln _ Vertices (£a,0) (0,a) @ &9 19 '
['ﬁ]lq -nr @y A Cavertices (0,:25) £5,0) o In each case, wrile the equation nf'rwmlhlﬁmm a2
an Centre (0,0) (0,0} b yomerisat(-3,2) a=2, b1, majoraxis i bortzatal,
my=——= 3 (62) i = iocs re at (4, 2) and (12,2), h=2.
m b5 Eccentricity el A focus i at (-2, 3), a veriex is at (6,3), length of minor axis i 6.
L Vertices are at (0,8) and (0,2), ¢ =5,

The substitution of (62 in (61) i5 giving | !
4 Mﬂﬂﬂnfmﬂtﬂwmt&em&rﬁ[mﬂw'_ € r )
a

the normal equation at a point P(x,, »,) to ellipse:
J‘*J‘.=ﬂ:{1"~"|] , Grgh 1 the eccentricity of the ellipse -;’?-}Iz;:q_
a' ¥y o ‘:E.l"l B b, . F i
_,,r,_,n,:?;.{x %) my e ﬂ:egmhnnfﬂuu“mmnu({mutsmﬂdu‘mh_%d
e o tn i : i 1A
e O . (63) secniminor axis i 4 og - -1 P i the length of the semimajor axis s a = 4 and the lengih of the
TR 5. For what value of c,
3 B ]
b a . - n ﬂieme-f+=hﬂwﬂImuchthseﬂW%l+lluI?
normul equatio int P| 3,— = :
EREIIIINGS) i e oot cpstion s o (3.5 ot 55 o e 25—y e il s .42 11
EIEID Result (63) is used to obtain the normal line 1o the given ellipse: 34
RO sy 12 © the fine x+y+ o= 0 will touch the ellipse L4 2 w2
;E E'; case, dmmw::mﬁ:nmm}wn
12 s polst (L2 to ellpws -4 71y . ata point (3.6) o ellipse £ +.2" - 19
e W ) s i v
Li._,= = € ata point (1,1) to ellipse 2402 =17
L p.E | E ) 4 1
25 5) | * Find the tangent equation
@) % totheellipse £ 42" o 1 which :
25(x-3) _ H5y-12) 4 g‘l “P"mmlulhﬂn:h+sy_.“=o_
TR . b 2. .
lutb:!ll:‘llipw—?_~+%=Iwﬂnhillﬂ'lli:llﬂﬂtlilt&r+2b-_'[4-o_

100(x ~3)=9(5y ~12) = 100x- 30045y 4 108 = 0 = 1001~ 45y 192=0
mm
RoT FORSALE 264
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™IT.2 coMicsy

Tia s fbi
‘ﬁmuﬁthwmﬁmﬁjﬂmﬂwwhﬂhﬂhﬁﬂgﬂrﬂmo is determingg
by %0 .uﬂrmﬁﬁnnnfhypuhhﬁt,}:

T
L 1
a  k

—L==-—-x—,+l A

-} ¥ By _,-ﬁ]
y= b’[-—}!"]=';_:[x’ —d:iﬂ-ﬂ—,[1 3
be by o S (68)

- i 1 I and larger values for x, then he
; lﬂﬁmheﬂuﬁmmng—;r {a = constand), If we subsinne lrger
fraction "—I hecomes simaller and smaller, In fact, the Fraction eventually gets very close to zero. Thus, for
i
. the
=4 1. Theretore, for large values of x, the 3 values approsches
larpe valoes of x the term | ?wﬂu

lines:
vale #g-x. and the value of the yperbola gets closer and cloger to the

b
y“iil.

These lines are exlled the ssvinptotes of the Ivpoboly As x takes on mmﬂ::w:
digtances fiom the center of the hyperbola, the values of y (of the Syperbola) become closer and eloger

: Since
arympioies reach fhe comesponding y-valses of the agymptolss.
the even though they never actually com ;
these Fines ane casy to graph, the asymplotss are vehishle aids in skeichmp the yperbola.

: -
= For horizontal sizodend form npatols g—-—iicl. the asyvmptoics ane the liner:

s (69)
+2x
y= i

T J‘: )
= For vertical tandard form yperbola hshhmnﬂ:m

y= :I:%.t (70

Asymptoes o aselfd
Ha;ﬂlhm a Inperbula &t pofts 2 #n infine distance fom the origim aod &

finite distanne from the origin is theo called the asvmptotes. —
The onetation of the hypesbola sith center Ci00), vertices and fines are sronmarized :

e | et e
1 Hoxizonts) Fj(-c.0).F et { V2.8, Via®
P;%mhi EQFL0—~) Vi(0.0), V40.~)

UNIT-2

R oquation of o byperbols — with
=ho=13 and & =16, he1q, The vertices of the
hyperbola are Vi{-3,0) ang V(3.0). The value of ¢ for foet can be 7 formmla:
":ln_n;'q.b’:ﬂ-p-lﬁizs_f:ﬂ . ww‘qm
The foci are therefore E(~5,0) and (5,0, The asymytates 4
are the lincs
by oo b 4
¥ af ]% ¥ :1———:
For sketching the hyperhola, the end points of the
mﬁl&ﬂ!ub(&d}ﬂd(ﬁd}ﬂbﬂﬂ.ﬂﬂmm
lines through the points {0-4) and (04) paralle] 1o the
x-anis, Similarly, draw the lines thrugh the end poimts of
the tmnsverse axis V,(~3,0} and Vo(3.0) paraliel g
u&!ommplmmmh.mmwm
mmmﬂeddhwnﬂsuflb:mdmﬁenlh:lﬁﬁm
Mlhhypﬁbnhm:kﬂchurhithkmnh
the Figure 925,

Sketch the hyperbola 1y’ - 9,7 = 144, with
center ai Ihcurhhuﬂlh:mlﬂi!ﬁﬂﬂtm
Determine the vertices and foci of the hyperbola

Rewrite the given Byporbols in ihe stapdrd

form of the hyperbola (47):
by —9rt =144
B "E= E--E-!'_-I (T

Y T

lrlhlmn&knhqlhc}‘—uiklhmﬂh
@' =9 a=43 gnd H=16b=44 The vetices of the
hyperbola are V (0,3) and V,(0,~3). ‘The end points of the
Wﬂjtm-xismH,mm(d.m.Thcwhnf:m&:i
Fn be found by using the formuls-

e S B =94 16225 0= 45

The fici sre therefore F(0,5) and F,(0,~5). The asymptotes are the lines

F=Er—E; .-f;,_!r
N N

Sketch the rectangle formed by the points (0,43)and (4,0) and then sketeh the asympiotes using
the: diagonals of the rectangle. With the asymptotes, vertices and foci, # &5 casy to sketch the hyperbol,
Wi int the Figure .29,

HoT Fomsane) e
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UNIT2

CONICS.y

(v) Equation of hyperbola through its elements

Find the vestices, foci, eccentricity and the asymptotes of the hyperbola 165 ~9% = g4,
Rewrite the given hyperbola in the standaed form:
1657 =9y = 144 <

16g® grl e L“
et n = Rt |
44 144 = ? 16

If the transverse axis is the x-axis, then select a® =9, a=3 and &° =16, b=4. The value of ¢ &

abtained by formuls o= a® b =T 16 =45,

The vertices, foci, cocentricity and asymptodes of the given hyperbols = = Jie followmg:
Vil 0) = V(3,00 Vyl—a, 00 = Vo(-3,0)  vertices
F(e,0)=F(5,0), (- 0) = F,(-5,0) fioci

::E-E:I ety
a 3
f yntéx-igr eEymptotes
; BRI 2] Find the equation of hyperbola, when one focus is at (0,6), center is at C(0,0) and the
E ecoentricity is 3. . ‘
mme.ﬂaivu_:-hmhﬂimmﬁcmukismmnﬁmﬁuys
( s giving the value of a:
EHEE)3FE=>III2
(4] i
. These values of a and ¢ is used in the foomula (o obtain the value of &
=g+
B =gl —g® =36-4=32
' The reqquired hyperbola equation is;
P2,
a b
H
Yo E e KF=312
4 32 » "
(v) Standard form of equation of Hyperbola u
I any point (4, ) on the plane is sclocted as the center ofthe hyperbota and & major axis paralle
hn-ﬁﬁmkmhﬂuﬁmm:wﬁﬂWﬁw
can be derived through transkation of axes.
Transkation of hyperbola horizoatally: P
mmﬂrmﬁhwnﬂlmmwnqgﬂ,m- atV(h+ak}
v, (.ﬁ-l.i}.ﬁ at B(h=e. k) and F,(h + ¢, byi:
—hy’ —ky
o e (72)
29 HovEoRoE
e

-

Transkation of hypertrols virtically:

The standand form of the equation of hyperbol
ViAo — o), foci al H{ﬁ.-l'+cjﬂndﬁ,{hk—c}i£

[ R T
S _Goby )

a b

Figure 930

Lo, 8

ot

ki)

¢
'?[-{-rha}l\—- V-I,Hr/_j]

Yith 7--:\

173}
(x=fp*
o=t

F{hk+e)

B with center at 5, &), vertices at Vith & +a) and

. £ k)
T
! Figure 93|
The orienanticn of the hyperbola cquation with center C(h, &) are summarized in the box:
Orientating Foci Vertices
Horizanga) Efh=c, k) Fih+e ) Vilh=a. k). V {h+ 5.5} ‘!
Vertica) | Fithk+) F ik —c) Vilk+a) V ik —g) —r
Note hay A o LAY
Sketch the hyperbola
be-1° (p+2)
il I4d 25
“enter an Cir, &) and the EFRnEVETSe axis 5 the y-axie Bieterming 1he vertices and fioci of the hyperbaly,

he given hyperbola is:

it arme mo e e St ey T A -

T ——

¥ T r———
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LNITS

M_Mtl i)
144 25
“‘lﬂgh‘tﬂhﬂ:ﬁﬁﬂlﬂl?q} with substitution
x*l'—h“.'l'—l HMY.r-k=y+2, h=1, k=
: Yj:i )

144 25 3 z
The yperbolar 75y has a transverse axis on the x-axis that give a=14o=12 and p'=2355_¢

The value of ¢ is obtained by formmula:

c= .,|!,,1+.g,==d 144425 =13

The coordinates of the vertices and foci of the new hyperbola in the XY -system are the following,
Vi (=a,00 = V,(=12,0), Vy{a,0} = V,(12,0) vertices

Fi-e,0) = F(-13,0), E(c.0) = K(13.0) fioci

The asymptotes in the A1-system arc the lines:

valxoZx, ve-fx--2x

The coardinates of the vertices and foci of the given hyperbola 74y in e p—system are the

fallowing:
Vit +ak)=V,(13,-2) Vylh—ak) = V(-1 1,-2) vestices
F(h—e,6) =F(-12,-2). E(h+c,k) =V,(14,-2)  foci

The asymwpiotes in the XY-sysiem can be converted in the xy-syitem 1o obtain:

‘!':E-X
a ¥

3 gives the new hyperbaln in the XY-sygen,

5
m—, i=l2h=5

ux =12,
t:r'—kh%w-hl.va-ﬂ.‘f-_r-hb=l.k=-2

5
y+1=ﬁ{:—l}.
12p+24=5y—5= 12y-5x4+29=0
Y=-2X
a

5
= lzx

5
U—*H"‘ﬁh‘h]

5
y 2= = 124 250455 1psrgig-g
Having WWMM“WHMMMMWMMMMM a5 shown in thepjgure 93

CONICE.I

Figure 9.32
« For translating the hyperboly =8 _ (v=k)F
; & B =|hﬂfmﬂlﬁ?+ihﬂw“mm|m
{(r=klst—(r—
] nf't ) it

P &) (e-hy*
nﬂumguthhuh*?—-——#z—-zlmiuuy.ﬂuwmmlhﬂhﬁ:

T Ly Lo
{y-k) dlx-) "".'}

{vi) fmwm &nq mngent and normal to hyperbola

in a i two coitcident poims i tangent. hyperto
will he h:;u tangents [real and distanct, coincident {with an ltynl:nuu}.ﬂn: mnphﬂn-.:rithm i i
form nfnrumamhrpwbuhwﬂlhdm‘ ed in the suceeeding sections. ETRITIN e

(vil) Point of inte
Py rsection of hyperbola with a line including the condition of
The given tine and hyperbola
Y=yt
e (7

a5t 79

x t yl

=4

a5 8
F¥=mir+e b
The solution set {x ¥} of nonlinear i
3 system of equitions i i the s
o ; . (B FXSEs only, if the curves of e
(80 hmucrhg. 1:h|¢ set of points of intersection fx, v} (a solution set) can be fynd : R
“""H“Wmlnlwm (ko inultancously, R
line |50 is used in hyperbola {790 obiain the quadritic equation iy v
¥ _(mr+e)
PR -
w‘[&'-u’m::]-zq’km* e 'H}:]" 0

Ne?Rgrgue




gt
s X s
- ? o Fal bt 2
h ARyt sl . o
varEs ’ lhi-b-:ni::_ A, ity
R el
The equation bicing a quadstic eqization in ‘,.m-.,,}ﬂ a st of two vakues.x, and x, of x, which will I Ifthe Jine - bt . —
be ugeq i a line Inﬁhmhaﬂul‘twnv;lungylmdyluﬁk WHﬂlhTﬂfﬂmnfﬂtqwm:m% .r!h::lhqm;d:;mm“ Pas colncident roots oy
The solution st {6, 3 M 00) jofthe system s of course a set of points of intersection of the sy, da'miet+ 4y ﬂ’m*]r:a'_lfgiq.bi]_n Slo
i ¥
» W’m "l*“ﬁ"‘d’m’]{r‘w’ k!
R 3 . il 1
The poins of intersection of the system are real, coincident or imaginary, according as the rooty a’mt:-:-u‘m*c"-a!n'b’+h-' !-1-54:" 0 e
of the quadralic cquation are real, coincident or imeginary, or according as the discriminagy of the RN
quadratic equation TR 5 v ta g
: it
Dise=aa'ni'e’ +4(1" —a'm®) ()& + b) > 0. real and different _ e ﬂi?tﬂ-
4 0 o g
Dise h=4.:;*;"‘.«;*+#[,~.’-—"’m’}{ﬂ’}{¢’+ﬂ =0, real and coinciden ‘: E:_.:: f )
! : ’ e =a'n’ =k
Dise = 4y +4{¢.‘:-a’m1]{,,f:|{¢=+b‘} <, imaginary I e
bl 24 ] Find the points of intersection ofthe line x —y -1 0 and the hyperbola 4 y* — 4. e a1 L he condition of tngrncy, The value of < om e - WS
EIITER The equations of the line and hyperbola are - i) required equation of ihe tangent ine.
I-y=l=0 3 ‘ .I'Emr-v-c-mt.farm:_‘;:
y=x-|
41.'1'}':::4 %5

lbcqquﬁnnﬂl’l_uyhrwlmfl}whln -‘;-—f;-lhﬂtlhpe-—fﬂﬂniﬂ:
]

FEmrs 'iﬂ:ﬂl'"*‘bt

Theline . is used in hyperbola '|nnm&1th=x~mmhnuufth=pu¢uorimmthn:
dy*={r=-1)'=q

5 2
L N —t = 2 = =] —— = )
Al (et 1-20) =4 =02 32 21-5=0 =0 k=1, 3 e line y “*"M’mmw#—,-f,=lmdarmndi'm
The x-coordinates are used in the line 1o obtain the y-coordinates:

5 §
xwl.—g vy ﬂ.—i

; ’ s g i m For what mﬂft.lhslﬁxynhx+rwillnuﬂllhhrﬂ‘hnh—-£i-l Uss thoss
Thus, the set of twa pohls_\unnmmmﬂ.ﬂjm{-s.—--i] are real and distinct and Values of ¢ g findl the tangent lings that shoul touchthe gives
; . 5 y W“m"t

x -y =1 = O interseats the hyperbola - lmhuﬂ.ﬂ]md[_gi“%]- ?mm“mm““‘”““hrhn will touch the given hyperbol through resul
(viii) Equation of a tangent line in slope-form ; :-tmq‘/@’];-u R -5

Ifmithshp:ufﬂtummlmww | 2 = Sat=44 -9_,,:,5

¥ o 3 5 ;

:;—l:—:- 1 . r'lhtm-liklh:uhpcnt‘lbnht ng'nﬁmmmmhﬁlhtﬂmulmm
then the equatian of that tangent line is of the firm; ' "Perbola through resul .

¥ omE Yemrse=l -

Here ¢ is to be caleulated from the fact thas the fine s tangent 1o hyperbola |- 1 ol o T

Thetine * is used in hyperbola 1 1o obtai phe ﬁ;}

b ccumloists: Equation of n tangent line 1o byperbola ot a poine
2 i }i e
% i i

% - mwuuhnnﬂlummunpuhl Pix. 5] lnhwhi"ii'l.iﬂ
e g
(b =a’m’)=2a'mex+ ﬁ’{g"i-hll,- 0 Fmmmr—n)

- —— RO

e

T T

:



UNiTay

T .
Herem, is the slope of the tangzent line 1o lyperbola ::Td:?ﬂ Pk H"sd’.l“ﬂtmh

CONNSa
]
ﬁmhydiifnmhting i:-f?ﬂ with respect 1o
a
e P |
%-—:Tr-l differentiate w.r:, & ,
a
2x vy
= Eﬂ_aﬂ
& _bx
dr gy
[%} -%an,.my (92}
TSI CQUAION &l & poing Py, g, 3
The substitution of (%2} in (V1) s giving the equation of the tangent line at 2 point Plx, 1)t Py m ) o 4y bt hyperbaln
hyperbola: . i i e
¥=3 “'m!'u'-":ti I H -b!.!p t‘r 'rl-: m:a—.-tJ_:;l
fii= --b:ﬂ- =& HL:“’I_IJ
=% o (x—a) W ‘—'——J'ﬁ i
LS e e o N N i &
—lew N == - "%‘n ‘
'f&" F & & g ¥ & b-i ; { Wﬂﬁmh:mmthmmn P(&.g mhypq-hh:"‘_’-ﬁ-i
o & 9 16
ﬂ%-%ul 193] £ ﬂ!-—;i—lﬂf{ﬁr}'l} mﬂmi”?hikmlnau.mth 0 |Ihﬂ¢wm¢'_ﬂi|’¢ﬂh}p¢m
-} j"—'"] =J""’£¢
Example1d Find the equation of the tangent a1 o poing P[ﬁ.%ﬁ-]mwh§+%=l- 5} N =94 w16
EITD Resuli?3) Is used to obtain the tangent line to the given hyperbola: a bll&
B @ =9 =16 (-5 ¥~g 16
P T . ARt -'-fx.-.v.}:(i.—J
16 ¥ 5
s [91_ : =516 16
_751‘ T U [5'9'] -9 Or-16)
;.i—m—'fl:I % !

80w —16y =144 = 80x~16y~144=0= Sx—y_0. ¢

(x) Equation of a normal line to hyperbola at a point
The equation of the normal at a point P(x,. 54 )10 hyperbols :i:__a’;_h s
¥=n nM,fx"#J (M)

Here m, is the slope of the normal to hyperboly :;'—:-‘;I—’-l, o1 a point Hﬁ.ﬁ}mﬂnuhﬁ

l &
by differentisting f:—;"g*’“"‘w'“:

275 mwﬂw

= =Wx - 5)1)= 50y ~14)
~Or+ 45 45y =80
S+ dSy=125

s

e —
o=y
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UNIT
] Exercise - . b 3
= ¥ a, Iynd' Yax-3 x*
1 In‘each case, skeich the hyperbols represented by the equation, Indicate the center, vertices, focd ang : " Lty ““h#-n'w
the equations of the asymptotes: 8 For wiat value of .
Lo J"u.t:' s
b T_%‘=I i ¥ :-:-:wﬂlluuuhuuhmw_ﬁ_ﬁ
: : :
h‘;l}?_ﬂ';':}’ﬁi d L‘%-%nl It Ihclhey-_x-Fgwmmlhl Ih—-r!".—
p & In each case, determine the equation of graphed ellipse: a, I each case, find the ¢ ——— mm
fin a ﬂlpuﬂ['—.,lr_ Jmhmhh—*—-l_ i
16
b uapuﬁu[-.. J.,.,,m:, £
3 CRiT 1%
S““"“"’J’Hm“nrdﬂyp.mh, my
¥ — —_—
¢ i Equation ’ g | i
‘ ¥ ] f’=‘l‘.'r+b‘
- N LS . e
| R S el
Fi1.3) K73 Ki=53)  (0m ; Directrices s
i V=5,-5) Mujor axis e
T 1= & Vertices tu._m}
Fy=5,~
{0,0) H=5-T) -____E__ o
n 3 In cach case, write the cquation of hyperbola through the given information: “'-—--—-—cmm = _]
Foci are at (0,3) and (0,-3), one vertex is at (0,-2), I\ x
Vertices are at (5.0) and {~5,0), one focus is at (-7,0). Eceentricity g3
« Tromsverss axis is the x-axis, dsympiotes are the lines y = 3z and y=-1x, Sl .
o+ . Foiareat (5,0) and (5,0, eccentricity s §/3, :
+ Vertices are at (3.-1) and (~1.-1), asymptates ase the lines y = (9/4) x ~{13/4) and :
o= {-974) x4+ (514), —
Du:nmthupﬂhnflwnmumsmﬂmlh:drﬁmmuﬁtdmmmﬁwn Graph ;: i
’ i 5 T
o the points (=3.0) and (5.0) is | A
f % the points {0,-13) and (0,13) is 10. | . J <
i 5, Wrile the equation of the hyperbola ; ¢ -
- a. with vertices at (2,-2), (~4,-Z} and that passes through the point with coordinates (5,1
i - i+ with vertices at (-3,1, (~3,3) and that passes through the point with coordinates (0.4}
| 6. Lrnmmw'“'““mﬂ'“ww-ﬁmrmmummw
i e (r-3) 1
9 i Geeli=ly=2r=1 o GG,
277 ' BT
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UNIT-

.
m Translation and Rotation of AXeS given with reference 10 3 system of

If the coordinates of o point or the cquntion of a CUrve " the equotion of the same curve o,
rectangular or oblique, then the coordmales of the same point utum_ wie. The process of so cha ot
obtained with neference to another sysiem of axcs, rectangular nrmr:.ﬁun of coordinates, et e
coordinates of  point or the equation of & curve 1 oalied the trast

{(iy  Translation and rotation of axes

In general, we come across to define thee types of¢
. Franshation of Aves: This will be used in changing

e old ones, ; o the d
I Ratation of Asess This will be used in changwg

arigin of the system.

hange of axes that are e follywing:
the origin only and the new axes are parlly| i,

irections of the axes without chawging the |

s, when the change af the direction and the arigin of the

¢ General Transforoigiion: This weill be

axes both come together, ]
Tive relationship beroeen the tw sets of coondinat

The rotational relationship biesween the two scts of

{iiy Equations of transformation for transtation of axes
I O(0.0) & the old orign of the set of old r!:mngulnr ¥ Yy
coardinate axcs ax and oy, hen e coordinates of & point P with

1 10 the ol axes e POx, ¥)

1F Ok, &) is e new acigin of the set of new rectmgular P
coordinate axes 0X and OY parallel to the _nH rectmgular
eoordinate axes, then the coordinates of a point P with respeet to the

o gxex s called the translation of axes.
coordinute axes is walled thee rotation of axes.

18] Ly
new axes are PO YD . - ~
Bm!l.l'l’l'».-i nndﬂﬁmperp:nd'mhmmdcmrdm axis ox, ‘L M,
mmmswmwmm&aﬁsﬂxn M,. then, the H-&_'L . )
[a—t—¥
fallowing assumpisons 2 N v
ol m i, WO =k, oM =x. MP =y alsa OM, =X, MP=Y Figure 9.33
through old reciungulas eoordinae axes

=M= oh+ NM=0oN+O0M,= kX
,--:MP:J\M,*M.I'-NW-M,F: k+Y .
develops a set of rectangular coordinate axes i terms of new coordinates X, ¥ by means of the rell g

r=X+h }'NY*‘k 7y w
The set of equations |97} are the equations of transformation for translation of axes: By e 74

s substitution in & given equation, a new cquatian of the same graph is obtained, refered now 10

transiated axos
(i) Equations of transformation for rotation of axes

[fox and vy bs the set of old rectangular coordinate axes, then the set of new rectangiial
axes OX and OY is obtamed by rotating the old rectangular coordinates through an anghe 0,04
anti-clockwise direction.

i
coort
gd‘f”

noweoss®

E T » T
o ‘?E?'.'. "FI_E.?“- W o "HII-:‘ .
e b A= -31 '.'-E..f-' s _.,‘;;-g
e FE WS e 4 T if f#fe;‘ .
P ey <y LA A
. 0 T

COXICSN

following sssumptions
m‘ﬁ X5 M= B ,DN g}:. NF-I

throngh old rectanmilar conrdi
=0M b

Y. £M,PN =8 ¥

=ON, -MN,=0N,
= MP
= MM, £ M,P= N\N &M, = ONyin 0+ NPoosti= Xsin s Yeost

develops i 22t of rectanpuler coordinag z
¥ ; € AXES I Terms of now inntes by
F=Xeos0-Yzinl), y=Xsinb+Yeuen ﬂmﬂm:%ix.\" i

An equivatent form of the relations (9%) 5,
X=xcosB+ ysinG, ¥=-rsin0+yoos0 199

(v} Transformed equations through transtation and rofation of axes

Translate to i
. mmmm@hmmu.-z;ummf-uy’-s.nlwyn-ﬂ
mrsuhumxwx+&~x+1{k=l}mdy-‘f+k'-'f—"l'k- I
A" + 25y ~ B+ 100y 44 =0 )

4{x+i}’+25{v-2}:-3{x+|}+:uo{~_r—zj+4-u

—M,NlUNmsﬂ—NP:EuB:xmB-\'shE Q M
My

Fapure 4,34

=2} in the given equation

'1.

i T B T

T RIS T

which ]':th lhl:!lllﬂll'd fowmm ﬂfﬂllipﬁc m XY.plane by wtmmm L
i et iy & ) s
25t g = b XY~ Sintem () E
The standard form of the i (ell - !

substitution of Xe x + | mv:,v-‘ffm e (el stmtion . phe. e shisined b ok i

;l'—T!’ ¥+ J

T 'f'L-T.Ln I, x.';a-]‘n.lu]-!__ X —swstem !
1
k \:.'|r|1||j.-'m .
= Transform 1o axes inclined ot il
x"-l}-'-&'r-l-d.q--lzu, S 5 Sl a0k Gt e
The substitation of equation 19%) I
r=Xcosl-Ysind, A=45"
O -
= Xoosd5-Ysindi= 5 X - X0y m 22 (X
. 3 X 3 Yu 2 (K=Y} .'.sh45=|:a=-:j=—-"'§
¥=Xsinf+¥cosh 2
. =xm¢s+vﬁuas=£x+£?-£{xw1
N the given conie equation : : 3
2 3. & 22 2
2y e 2pxay) -ET{}:-v]+4[:]{x—ﬂ:x+?}—1-n
HOT FOR SALE] ‘ ;
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UNIT9

Vo obtain the transformed equation of hyperbala
W Y -4 -Y)-1=0
that yields the given conic by substimting:

2
A+Y
¥
x—v.:%’i
: rigin and old axes
' Id o o
(v) > . nand new axes with respect 10 0 _ : _ ‘
This is-actually the general transformation (third type) which requires both translation and rotatiey
; n
of axes. The procedure developed is as under:
1 O(0,0) i the old origin of the set of old rectangular ,
coordinate uxes ox and ay, then the origin ﬂm‘:;;; J{
i id OY 1o : -
recinngular mordm:nusﬂl and pmlhemnfmw ” e
rectangular coordinate axcs is O(h, k). Fu.lﬂ‘lﬂ',_ ; .
rectangulsr coordinate axes OX'and O i oblained by S
rotating the rectangular coordinates axes OX and OY through L )
mangl:ﬁ,ﬂ{ﬂq'?ﬂ'h&anﬁacmdim:ﬁm. : 5 T
If the rectangular coordinates nfapnirul’umhwmhn _e—h
i then 1
Id rects lar coordinate axes are Plzad _
:Zﬂ:nmﬂumnrdhﬂmnl‘u poing P with mpemmmmmﬂ:‘ i Figure 9.35
omrdiﬁumﬂx,u‘flndnewmuugﬂfrmmﬁmm
axes OX', 0¥ are respectively POXY) and PEXY'L
The following assumptions =
oM =x, MP = 3, OM, =X, M,P=Y.'DN,=H‘.H,P-‘|'"
through old rectangular coordinate axes
r=oM
=g~ MN
=ol+LM—-MN
=ol+ 0N, —M;N; '
=oL+{JH,mE-H,FsinH=&+X'mﬂ—‘|' sind
y=MF
= MM, + MM, + M,F
sﬂI.+H=N,+M,P=k+ﬂﬂlsinﬂ+ﬂ,rmﬂ
= k4 X'sin B+ Y cos

i
= x=:1th+y}- Yagmle-9

g
=
=

' fibe
Mﬁlmufmwmmhmnfmmu K'and Y'by mesns O

muh}x:h)ﬁ’mﬂ-\"smﬂ. y=k+X'sin0+Y cost o

= of the
Trasform to new axes inclined st am angle 45° to the original 8%
conic ¢+ ' — Bx-+ dxy—1 =0 through (2,3).

"'c, : +l,'f&%&%’liﬁ‘
R R R e LY

s L o

ERET R T}gn::bs:il.ﬁ‘nm]'mm‘ gy
r=h+X nmﬂ-—‘l":inﬂ. B=45*
=h+ X cosd5= Y'sinds

2., 8
=2+Tx —Twﬂl‘i%m'—\"‘]

S8mAS = opsds - ?

F=h=X'5n0+ Y cosh)
=k+ X cosd5+ Y'sin 45

2.,
-3+-2-J{ *%"":34-1:%{)1'1-?']
in the given conic eoquntion

;3P I
[21 :_,E{X -'t"}]l+[3+3i.’x +¥ }] -B[za- %x'-ﬂ]u[h%{x-r; 3+§{x'a~r]]-l.n
to obtain the transformed equation of hyperbala

N =Y 2 (XY )2 E (0 ¥ 42020
that yields the given conic by substingting:

Lo
x=l4 2 [x' Y'] , {x=2 [},_3 o le=3) (=2
JE =X'= . + o ‘r:.-(j.l..IT_l
y=3+T{.x’+‘f’:l 2 4

(vi) Angle through which the axes be rotated about the n so that th duct
term xy is removed from the transformed equation e 4

The substitution of the equations of transformation | o .
a=Xeosl-Ysn, y=Xgin0+Yoosh
nthe conic of the form wc’ + 2hg o+ by’ s

ax’ 4 oy + by’ = a(XcosB-Ysinf)’ +2h(XcosB - ¥sinBYXsinB+ Y cosB)+ b( X sinB+ ¥ cost)’
= ons” 8.+ DhsinBeosB-+ b’ ) + {-2la~b) sinBcos 4 2hfens B-sia® 01} XV + fasia® 0~ Disin Boos s beos® ofy
© The expression ax’ 4+ 2y + by ™ will be of the formaX’ + 5Y7, if the coefficient of XY term on
the right side of the abave equation equuls zera:
{-il',u ~W)sinBcosf+ 2hicos’ ﬁ—siulﬂ,'p} =0
={n—¥)sin 20+ 2hcos 20 =0
~{a=b)sin 20 = 2hcos 20

300 Ik
cos2B a=-b
m:ﬂ-i
a=b )
B-%m":"_j; TS

m At what angle the axes are rotated nbout the origin so that the tmnsformed equation of the
conie 9744y 125~ — p = O docs not contain the teem mvolving X7
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LT
UNIT-Y . mﬁ“whﬁlmwlﬂhﬂmhm
If the axes of the given con® M€
thraigh resull g
p=dgn -2, =t b=d =6
2 a-b 1 g
21 =BTy 3
Lo ‘|I_,=E -i24) 1{&1
2 g-4

1. Tm\ﬂmlupmﬂelwslwq;whﬂtz-o-
o eint {0,2), e cquation 21=¥ il
1 pﬂhﬂ-—I,ﬁ},Ihcnmﬂﬂ.r‘i-_p'-t-z:-—hu-l- .
: pnii{:l-alj ﬂucmitr’+2;*‘-ﬁr+1ﬁy+39=n.
=)
{-thlh:wﬂicf+_1.'1—11}'+ll.'lx-1.ﬂ_'r+11=ﬁ. |
inyed at an angle i
he conic =) =@

L
4, point
7. Tmﬁmww!nd
45" iz criginal aves of 5
L X !Iﬂ'm!l:m'glmlmnl'lhwni: ¥o=Apy
! 45° (o the original axes of the conic x* + ) +4g-1=0.
t : 45 1o the original axes of the canic ;’-_}l’-!fo 102 p+2=0

1 mn:mwm-mmwumm;ﬁ
i m"ll-‘z}mheu:ig‘mlmnmemnm

T
; Mf+1\f-3!§:+dﬂy-4xy+4\=ﬂ through {1 ~2)-
ar B yan™" (41 3) 1o the eriginal axes of the conbe
1xt 4y’ = 20x — 4Dy + 2y —5=0 through (2-1)
& yan” (3/4) to the original axes of the conic
i 3 G+ 52y — 2y = 0 through (3,1) . .
bt ' e origin so that the transformed equation of the co1%

o Atwhatangle the axes are rotuted ;
11+ 4" =20x—40y+ 24zy— 5 = 0 does not coniai the
.

" 5,=+7y‘+zﬁ¢-m-u.dmmrmmmmummhjnng:-*

verm invalving XY?

CONICE-1

o The eccentricity of the cone & e
cllipse . ifeey oo onTheconk iy
parabala, ifew|

ife=)

with ' rarabala that & symmeric with respect
mxvmmmmmdannmmh,,,_',t y:.q_m_w s

W mm&hmnflhmufl i
paraboln that & symmetric wi respeet i
with vertex V(0,0), focus F{0,) and directrix the line = i o3 --;ju:om“i ik
T The:h:damﬁ:nnnilh:miunornwibuh'ﬂuhsum' respect
Mwihmv{hk}.ﬁmmmk}mmm i r:.?hx‘ s
4 Amb—phs (v —kY =4 x— i
:m'l‘lumadudﬁ:m of the equation of a parsbola fhat B symmetric with m;:nﬁmﬂwllhm
will vertex V(h, &), foeus Fib, & + 1) and direstria line =k~ p st (x= 0y =dply—-k)
«  The equition of the tangent line a1 a poing i, 34 )0 parbola iy, =2p(r4x)
E mqmiunurwlﬂpummhhf-4p{mbuhpc-hm'm y=mrsd
m
& Thihey-m+cltmﬂmhlhpm;-’=4prmdwﬂndim y-m+£. ,.r‘-d.py
3 am
= Thenormal equation to parabola »* = 4pr at 1 point Plx. y s ,r-_v,:—?ij:-'-l:x-:.]
¥

Eliipses
s o Thesmndaed form of the equation of an ellipse with center at the origin, lenath of the semimajor

axis a, length of the sexniminor axis b and major axis along the x-axis is: ‘—:+£-:
=

b Th:mmmﬁrmnflbuqmﬁmurmnﬂﬁmwihmuhw’qhmhafﬂn
semimajor axis o lengfh ofhe semiminor axis b s major axis along the y-axis is; %4 <

. 5 'Th:standldi:mnrﬂnmimufmei‘p:wﬂhmdﬂmﬂ.Inwhufl:csr:iinj:r
uham;mﬁuﬁmmh,mmjwnkmmmm»mmi‘iﬁd‘;;{iﬂ
bl S S e e o L

o Thecquation of the tangent line o ellipse %-;i;-l:'u pait P, v is
"

W, 1.9
;,""'?l:l. ?*;}-IN{MJ’J
H 2
‘s The equation of any tangent ling 1o llipse 5-;-1-':-_ =1 in the slope-form is: p=mruinr +
]

The ling y = mx + ¢ should touch the ellipse 'I—:i-%;hlmﬁﬂﬂﬂlht e=tJr + 5
AT




CONICE.

UNIT9
w¥he -t-ﬁ
. Thcmmlaql.mtml.n:limﬂ—--i'—“"!“"l:'““ﬂ"’y" Wi W Al
Hayperbokic wﬂhﬂﬂﬂfﬂ-lh‘:ur@“ aied 1l -7 @5 the

s The standard form -ul't'h: cquation o hyperbola

3
X' J"
PrMEVETSE BXiE 150 --——-,—l

funn mt o of a Iyperbola with cener ot the origin and the y-axis 2 the
b The standard i) cxjual)

fransverss axis i —-—-f;-==l

b
=
Fi :._-_._L:'hgusymmnw_im'tﬂwhnﬁ' ¥ --;
» a Far hnr'rmm.l standard form hﬁ!ﬂ'bﬂﬁl

e Tines: u==:t—
" Furvmhnlsmﬂuﬂfnnﬂhwﬁhﬂh“‘=“umpmmm

kj, wvert
m:d#ﬂhmnrlhccqmthnufulupﬁbuhwhhmﬂumﬁh] VeHices

i —Fr‘.r = k}‘
at b e K hand 145 = ﬂk},mﬂfumllﬁ{h-c,k}mdr,{h+c by s
: hw:hmﬂﬂ(‘hk},unm;u
I Tlv:nmﬂﬂlﬂﬁ:ﬂnnfﬂwnqunuﬂnnfnmwbu i r-w:.

vt and bk = a),and fociat Filhy b+ &Yand Fafh k= c)is: -—-—c s

ﬁl U’_n = Ly, thie asymptobes are the lines:
s 2 Formﬁhm;thuh}pnhﬂh = % , borizomtally,

,[_V_J;}=_t—{.‘r—h]

1 ur— ﬂ ~hy’
a’

tlye asympioies are the hings:
v Eot translating the lypetbol ===

a ly- HFt—[I‘H

yperbola whomg-_.nmmmmungh
: ::mﬂmn ofthe farm 3= O x isan fverse

angles to cach ather is called n rectanguiar hyperbela
function called the rectanguiar hyperbota.

£ s ==
. Thc:quaiunul:twungmﬁncmhypu’buh -—%-I at & pont Pl ¥

“_L.I in the shope-form 15:

i
1--1- | umder condition: & =X/a m L)
1

) -'.Ix L}__,IJ"_.I'.
. mmm!mmmwmui-,-ifmnpm F{x.,_‘.r,'imz-—x‘TF" ﬁ”,,

o The equation of any tangent line 10 ‘n)pubuh

yn:mrtqlq’m’-— 5

: . m!mmumwmhurhmhuh

R T e e T

(| By the end of this it the students VB GHE Gz ...............,

([iN] EI':.:‘III.’IL'II-HI
k m;:“m“;m;’ equtien (BYE), order of @ DE, degree of a DE, solulion of i DE - general
Bk Formobion of differengis) i ks
i Demonatmte the concept of (F of s difTerentia] equation.
iy Sedution ef diﬂ'ﬂ:nlhrwunﬁm
i Solve differential equations of first order and first degres of the form:
+ scparable varinbles, homogeneoas equtions.
= eqiations redacible 1o hmwhm
i Solvereal fife problens related o differential equations.
14 lh-llmmnusl Trajectories
v Find osthaganal s (rectangider coordinates ) of the given family of carves.
i, WseMAPLE graphic MW'-Hmegnphurgm fimnily of carves and i cribagonal fajecionis.

The tows of the universe are written in the language of mathematics. Algebra s sufficient to
solve many static problems, bul the most interesting natural phenomena involve change and are deseribe
anly by equations thnt relates rites at which quantities chanpe.

Suppose the salution of problems concerning the motion of ohiects, the Novw of charged particles.
heat transport, eic oflen invelves discussion of relations of the form
dy dy
E‘“"” or = =glg.0)
In the first equation, x might represent disance. For this case, % s the rme of change of

distance with respeet o time t that is speed. In the second equation, g might be a charge 1o % isthe

rate of fiow of clharge that is current. Thess are examples of different equations, o ealled because these
are equethons_invalving the derivatives of various quantitles. Such equations arise out of situdions in
which change is occurming,

In enpincering, differential equations are mast comymonly vsed to model dynamie systeme. These
are the systems which chanpe with time, Examples inelude an electrome cuouit with time-dependent
¢I-llr;‘h1la. and volteges, a chemical production line in which pressure, tank levels, flow mates, ote, vary
with time,

Thore & 3 wide varety of differential equations which occur i engineering applications, and
copsequently there is n wide variety of sohation technigues svailable.

[T Ordinary Differential Equations
A differemtial equation is an equation that imvolves the dervatives of an unknown function
(dependent varinble) of one or more variahles {independent variables),

I e unknown finetion dlgweede o only e el e the dernanwe o an enefinnry
derivertive, anel the equratien ix e colfed an ordivary differentiol equation, ™

I the unknown fisnetion depends on mone than ene variable, then the derivative & partial derivative,
amvl the eguation i then called partial differential equation,

(o7 FoRSALE ”




UNIT- 10 FFERENTIAL ROUATIONS
’ - ith o
The following differentinl dquations sre the examples of ordinary differential equations wit theit
vomrespending unknown functions:
o - (i
ds X, p{xy="
g =xdy yay=T (it
B XY g G
EI.E 1-:;&4- p=3, ylx)=7 ()
o oy

dx L '

Order 1t sl = . - -
¢ The n:;:-fanfa differential cquation i the order of 1hie highest-order derivative cooumety in the
cqumion &g
= ﬂ-Jr'r' is first arder differentinl cquatson.
dv

%!-f-ﬂ:‘ #25)p=7 issecond order diffierential equofion.
=

L, = & " + 'Ih
The dlg::t‘d-fu differential cquation is the power of the highest-order derivative accurmng m
ation. . o .
Sy (@Y g oo an equation having degree i .
L @NE) A | -
Dietenmine the order o degree of the following ordimary differential equotions:

= vl‘f'.}' 5 iy =1
dy d v ["f_’."'.} B st Lok
+ ¥ a)y +pm3 ; r—r
fal. “_I!’%:P fB). p,-i*'hd; ¥ @ &) & i

i i i 1, sinte
m Diffirential equation (g} is an ordinry differentinl cqm:nn_afmdurd{uﬂﬂ ::E:‘:;M T
west. ordinary derivative is of order | and the expanent of the highest of IIWE']:I'III! e el
ﬂ‘'’Eii'l'elui.'ilﬂ‘liill uatian (&) is an osdinary differential eguation of order 2 and depres |, eronta
qu.miun{ﬂ ilm andinary differential equation of arder 3 and degree 2.
Suhg. Mrein x'" s ; imilar
b A whﬂic:;?m cquation in o single variable is 8 number w:f' :;lsﬁ:s the ‘ﬁ;s:ﬂ :Ey
Fashin i flenenti jons are functions, nither than mumbers,
dm&mﬁm f:l'hﬂcsmnppcuih equations are called sanknowns” Exacthy, the only
dependent variable in differential equations is referred to Rs "unl;nwn."
Far illustration, & solution of the differeniinl equation —==
i nrdent variable x. .
dependent variable p in terms al e indepe | il
~ v g soturion af an ardimary differential &5 any function y = fix} or ftx, y) nihich “T:E?ﬁf‘ g
in the differential equation . veduces the diffevential equation to an fdentity; that B _
eguation. "

Gt
Lis an expression of e urkrd

Wﬁﬁﬁﬂlﬁ

BUFFERENTIAL BOUATIONS
Show that y=14 A 13 solution of the first arder differential equation 2 = |

) s
@D The given fanction y = & + 4 and its derivative %-mmmmaimmmmm

&

pre
V=1, identity left side = right sidde

This shows that =%+ 4 isa solution of the ordinary differential ik dy

& _ 11 obtain:
oy

(1) General and particular selution

The sofwtion of o differential eguation when depends on o
single arkitrary cowstant quandity, is called the geaeral solutlon of sikin
the first ovder differential equation. if we give particular steps for Em‘w:.:;‘-iﬁ; mi,:mm;

walwe fo @ single arbitrary constant quantity, then the zolution to scluti
wbtain is culled the particular solution. el foiwtom o schml ok on.

Graphically,

# the geneml solution of a first order deferentiol equation represents a family of curves for any
choice of arbitrary constant quantity.

# The particular solution of a first erder differential equation is 8 particular curve chosen from a
family of curves {general solution) for a panticular value of 4 constant quantity.

R 3 | Gmphically, show that yex+A isa 1.

pencral solution of the Mest order differential equation -

%-I, Find it patticulur solution, when r=0 andy=1,

@EIIERD) The goncral solution y = x + A of a first order. -
differentizl equation %-1, fopresents & family of
parallel siruiglt lines for different values of arbitruny
conmiam quintities A =0, 1, 2,..

The parmicular value for the paniculor line that
passes through & point A0, 1) can be found from the
general solution y = v + A by putting x = 0, y= 1:

yErxrA=l=0+rAA=]
(e Use this particular value of A = | In gencral solutlon ¥ = ¢ + A 10 oblain a particalar dolution
Ir=xel,

I we are b determine e solutions of a differestial equation subject to conditions on the unkewws funetion and
¥ derivatives specificd for one value of the variable, the conditions ore then calisd
condithons and the related differcrtial equation is called an initisl value problem “[Vi©

Thus, the problem of example 3 i the initial valee problem that leads the netation:

%.L wo)=1 e

:
|
|
Eé
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T
o o2
==

PIFFERENTIAL EQUATIONG
LXET-10

el
iTerentinl equation — =—32f/
Determing i particular sobution for the first nn'.lrur diffesent Py £
thnt zatisfies the initial conditson s = 0, when r= 0.

m This information develups the initial value prob

far which the salution is the unknown finetion () that can
order differcntisl oquation with respret 10 L
& _ 3 5|""_‘n[—udh-|.- =s[t)==3+c
g " {5 plving ¢ =0, Usethis =0 in
The gener] solution i =3 +c ol o poin PO, 0) !-:-glﬂl‘lg =10, Eenesa)
7 ( |
salution 1o pbiain the particular sofinons(r) = =32¢«

3 = —
tion of Dilferential Equatio .
In mslrpT:u physical sinmtions, we tan ahserve the process but ean not worked out directhy 1

1 pereral solution ak our disposal before we know the
s di'ﬂﬂtgml:'e]?'?:::‘:;e:h:l:;m&t}?hu:;m:hh the siep for forming with di['flémmhl equetion,
muftmnn?s;u:l!:c diffesentinl equation that describes n_qwcrfm_i physicel ﬂlu;ﬂ
i Find caher exactly of approximately, the appropriste solution of 1hal &4 i
1;.5_ Interpret the sulution that is found.
Lok at the follawing examples for Ul concep

mm cate ot which itie distance 1ravels
Aliaf o time § hours,

wi distance trave] by you wrt or* pumber of s, then, the rate ot

mm If S(1) is the nnino ! o
i = bl
which the distance traveis is e first derivative of S(f) with respect to £ 00 = 30, the per bour speed

j“—f-— -I3M+s=>.i'u]=3m+c :
; hours and the constant quantity & is 1he

as =
@ _ 3z.5(0)=0
= (9)

be found by imegrating diroctly the firy

1 of formation of a differential equation.
by Ali & 30 mph. Find thee total distance travels by

Integrating with respect Lo 1 o obtain. S{1}
the distance travels hﬁﬂ:r:h respect 1o number ai
distance in this & . .
Fixedd The rate at which the animal pajulation s growing at 8 mwg;f:;mmﬁ:ﬁuﬁ
mgﬂn‘ \lian 10,000 ynimals, There ure 3000 animals preseil now.
1k anivsal popubition ¥ w.rt x trmber of yeurs. _—
If Pix) is the unknown animal population w.rl, x nemhcmfyen:s. then, the rotg at
amimal population grows is the first denvative of Ple) w.rl e
% =k{N-T)
= 0,04(10,000 - F)

= -—i—- =10
(0o00-F)
Here & = 0,04 is the constant growth, i = 10,000, is the total size of animal
habitat. Integrating with respect to xfo oliain Pix),
I_,_._‘.:E—— = I ﬂ.m[ g - .
llﬂ‘.ﬂﬂﬁ—r’} J T‘hil F‘I'dlw

thi total population and ¢, the fixed populikion that depenids on P = 3000 when & = 0.

(i TV problem with the initial condition (0} = 30440,

mﬁllliﬂm i 'H

g

Unrr-1

IMFFERESTIAL EQUATHINS

Exercise

8
. [}
Find the order and degres of each the following ondinary difTerential equations: '[ et 1

ly

—_ d d y 3 I‘."' L
n de X +y b, ‘%}*3%*”}"1! ﬁ':
it N e[ﬂt‘}’ —y=0 dy o dy £
i ) d. yoat 5-\’; =4 L]
]
In each case, .-"lhi:'::' that the indicated fimction is a solation of the differestial equation: ¥ '-.I-.=
vz W gl b ]
n y=e +31;E-“3;+3.yﬂﬂ b p=rx-xinx IE‘T-J"—“
) T y 4
e p=(sdele™, ?:-rj'::r’. d p=e"we’, ?.—3?4-3}--“
L P x x
In each case; use the initisl condition and the general solution of the differestial equation 1o
datermine n particular solition;
B =i, _1.-{1}=| b yax=xinx+e, p(1)=2 |
: =) ¢og "
c. sinfay)ep=e, _1.-[4] i . —mte, ry=1
Solve the follvwing in&inl valee problems;
dy _ -1 = I
n. $ cosz, ¥{0)=1 b %— a. 0=t =
1 1
¢ —===5 y(2)=0. 4 %=1‘?"- ¥(3)=-1 i

Suppose & studenl carying Corona Virus retuns to an isolated college campus of 1000 studenss.
If it is considerad that the mie at which the vins spreads is propamioeal not only to the mumber
::‘ of infected students bt also to the oumber of students not infected. Find the sumber of
infected studemts after & days. IT i i forther observed after 4 days = 50,

Leibniz was the German Mathematician and philotopher, He
irtrodduced and published the concept of differential equation in
{16247, In mest of the documents indicated that he knew how to
sobve the differential equations in 1 664,

Sir lsanc Newton was an English Mathenanician, Phvsicst and
Astronomer. He never published his ~Method of fhadons™

bt it is claimed that he discovered it in 1663 to 1667, Which is
kmown us exact by the modern classification,
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FFERENTIAL EQUATION, Gk |
UNIT-10 o
. Find 1 7 THNE
| e otal equation s 20t possible by direct iiegration, the, the B8 ] Find the gencra soution o the tei-linear differential equation %z{u}'}l.
e smtioa L 0 muiﬁ?“mnmm e solution of 3 differential equation indicates (kg ﬁﬂE mﬁ“;: non-linear differential equation s not separable differential cquation, but can be
ratopsans En :;:r:::ﬂm:luﬂllhl . reduced into form by subatiution: x4+ y = u(x) ;
mn“‘ mpl b ________._.—-——'_____._‘\

uations that on differentiation w.el. ¥ is giving:
Solution of first order and first degree differential &q

W 5 . i For 5
ine techmiques far solving fist order differential equatiobs. his unit,
€ gxXEm

T —

%f;ry}:ﬂi’.:hl'}' du __ dy du

=]
A tron of variables, reducille de dr e
. £ ifferential cquations are the scpard i )
t:mmﬁmnrdndmudr:::u for s::::;iu d“i“, reducibile to homaentaus form. Use %+ = i and %‘ [EJ—l in the given differential equation 1o cheain separoble di i 4
1o sepuration farm, omepened . ; differsatia T
eit i hien the
hle varialiles ) . e by direct integration, U inlegral ey i
L ?[Frr::l;ﬂl;thn of a W::mbt ﬂmym differential a?:ml:m Sﬁmu“f exuation [n varkable i and its derivative 2 i
v H A
technique called separation “"h. Seed 1 solve first order differential equations, : r:“ 25 s & . o
"““"’Hl"mh"wﬂmwwn 1o be solved in such @ way that '? luui::wdepmmg variabile (x R DA T . od
earrange the 0 3 7 involving 1 Y e (x, ) :

:Eiﬁl;:}- =ary) opyiear an one side of the m 'ﬂ,.“,‘}l“:'.f'rw order differential nquuwn;; tiiiy Integrating cquation {8) 1o obtain the general solution of ordinary differential equation (i), [e=
{ £ay) W""‘m:“ “‘hﬂ.udt hﬁmwmm Further, # i nol always possible ta pet “‘ I du"'_rn dr = fanT e g4 == tan(x+e) - o
' m,ﬂmtmmﬂmﬁﬂﬂ‘ always 'th 1+
‘I integration even if the varisbles are “}’“ﬂ:“ﬂ form =L g(5)20 (i that by back substitution of u=ax-+ 3 i giving |

i general, a differential equation @ de 2ly) = x4 y=tm(ztc) = y=-r+mn{r+e) I
; fixhd, SDE G . the geaeral soluthon of the given ordinory differentio] equation that depends on a dingle arhirary "
o side and y on the ather side gly)dy = : L st |
' il ;::;n:ammm equation. The soliion 1o separsble diffsentisl e3S3ER e i
is giving o sepu

fourd by integrating 1eft hand side worl. ¥ and right hand side Ww.rLX.

H. Haosigrineans eiuistlobs

) _ il The hemogencous differential equations are rebyted to homogencous functions. I|
1 Find the W‘f‘uﬂ coluion of the linesr dif “A fimesion f(x, ¥) ix homogeneons funciton of degree i in varfables ¥ ard v i ard only of for off vafier \
| : of the varinhier x. and y ard for every povitive value of L. the identine i re " Vi
i equation—= = ¥+ g i - gt Sk =47l 0 n=123,.. n f
B mm miutm :“ “The separable form of the given first  For illustration, the finction f{z,y)="+ y"is homogencous function of degree 2, since the '
! possible by d'f:‘ tion is obtaimed by shifling y onthe left and x on identity {1} is true: ‘ r ;
| . order different eyun 1 J'{?-*.?t}':!:(h}' ""ILJ"}T‘:}':{;: +J'1}F:L’_ﬁ-"-1'] wmhE Ay I
f the right! ?-d}'-d.r The identity (i) is oot mee for o function flryi=x"+3'+L since the function is ot E
Integrating both sides i komogencous. _
, j;@'!ﬁ e “The differeniiel equation % -i—::-:;:' (1)
2 yue =e'd = of's =€ : is called o homegemouws differential equation, iFil defines o homogens fiunetion of degres zern, ™ '
| is giving the general solution &fﬁ;:;ﬂ mmﬂ NW-“):-’ The homogeneous differential equation {if) cagsbe reduced to separable form by introducing a
; . functions new variable:
: This general golution roprosents i g i
i chown in the Figure 10,2

o ae o o i
uixy== or y=us ond - = *[u.r'l weale (i
The substitution of (i} in equation (i) antonatically converts the homogensous differential
efuation in deparmble differential equation

; Tarm, then e et
. the differential equation is not passible by separable The gi ¥
L';:h:-: hmun:dﬂf‘m separshle form by substitution. This substitution chanes the dependent ariable
e varinhbe sy, o noed kooeps  as the intependent variahle,

REF FoRGALE




DIFFERENTIAL EQUATIONS
0
m pencr mﬁmwﬂ““wﬁiwtm' PR
e o genemts function of degree 2oro, when the
EED The given differential equation “‘r'“f' g + homogeneous function of degres zerg:
flumsction on the rizh'- of the given differential equatint debey

dy _y=x Ap—hr
de wbx RyEM

= y=i
7 wy=x]_aa| 22 j=2 _‘;_E-ln[ hi]' HDE
_My x‘.l__,[f__ =h vox yex] LY

LS8

) ALy 2 =
The wiven huiy;:mnm alifferentisl pquation is uscd fiar the assumpt

" f the form:
: differentinl cquation
% ==l.r+-"%|ﬂ ol a separable di

.'I.'= .

o nE—X ‘.’.:i

H"J_-’:-_-c

dx ez u+l

S T T4l)
da =1 a4 :+1 &
= x# Sl w+l
| ‘L“_.";Ildu-ﬂ, SDE "

w o+l x : SDE (i)
. general solution of the
|Hl=ﬂ=‘i“5;Dﬁ;i:::rm ;‘::hﬂu Iz{uﬂl.ﬂu ‘Iﬂ‘ Multiply and divide oaet by 2
— e —
_I—:——“"— 1{ +1! X
i u+1 £ b In
Ilmh_j i _nxve = —%h{"'”]-m MR
! =Ty wal Tl
’ = ~lnu’ +1-tfan”w wlnce —
! = —tantw= i+l +iner winaxin +1 i
o m'ﬂ;:—*ﬁ‘lﬂJﬁi &

i i ion (il in the salution of he give3
ﬂ!bﬂkmhﬂiﬂlhlﬂ-gﬁ smqumlmtm}lnnm general

i 4 lomegencous differential equation:
P § i
! = —lnen =T+

an L e -lney +5 = -E: un[—mt,fy‘_u_‘]
x

4 flale 10 bamogenous form
il Eagueartiony prducible ‘ i u, _ii _— "
A;Lwnﬂiﬂmialuqumuunfim form —— = ————, whene el

dr ax+bytre’ a b and
the Hoogencous form by taking new varisble x and y such that x =X+ A and yu ¥ 4k W
[

_——

! i are constiits 10 be choosen as 10 make the given .,q.. it humusm‘ 5. b _ar
(" o i the shove substitutions, we get de =d¥ and dy=dY fmplics that === 2
=

i aY _ s+ R eb¥ +k)ve
Tl fane. the given equalion beeomes, B AR (Y 1K) ve

i ” MM -

Wi

e
MFFERENTIAL BQUATIONS
w XY o (bt B 4c)
AXABY +(ah+bire )

Mow, by choosing & onel & sucl; tha i+ k2wl
%o, the differential equation becomes.

dy _aXaby

P aX+hY + which isa homageneous equation.

b

il Hlf:-r M +¢, =l

v '1_
0| Find the generm] sohrtion of the dilferential ejuation x% =X, 1|L
G The given differential quation is not in the standdard form of homagencous differential 5
cquation, bt it con be reduced in the standard form o

following procedure: I homagenous differential equation by the

Divide out by x to obtain the standard forim of hamogeneous differential equation: ¥

dv_x+y ' i
& 222 poe (i)

Homogeneous differential equation (1) is used for the aeswmplions '

p=tir, %eﬂ +.'r$— ta obtain a separable differentinl equation of the form

v +
|.|-+x-.-.—=: w
dx

=l+y
;%-lmd‘u-ﬂ,sne fii)

Xz
Integrating the SDE (i) 1o obtain the general sohition of the SDE (i)
jm:l‘i:. =nwhx+nec=lne

that by back substintion u-% is glving -}:Irmc =y=xlncr

the snur:l selution of the given homogeneous differentinl equation 1hat depends on o single arbitrary

IOEER Solve real life problems related fo diferential equafion®

T
PR

m A cenam bactenia grows at a rate that & proportional 1o the number present af a particular
1:";- H the niunber of bacterial ot & time 1= 0 js N, and 3t time £ = | hour. the mumber of bocteria i

3 _Dﬂmﬂmﬂnthmnmryhhmmhunrhﬂﬂhluhw_

m!mm is the unknown number of bacteria w.r.t time ¢ hours, then, the rate at which bacterial
Brows, 1 represented hy:
i i

L LR T LS
u:ww

dr
Redice the differential squatian to separable form 1‘3’. wkdt 0
that ou integration is giving the general sofution of (i

In=k+c ()

NOF FoR SALE
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PIFFERENTIAL EQUATIONS

UNIT-10

The intial candition N{0) =N, is used in equation (i) 1o obiain £ e
InN, =0+e=c=lnN,
Use ¢ in equation (1) 1o obtain o particukar solution:

(i)
InN = dr+In N, :h;?—:kr:; r?—-.—-g":-ﬁ:-ﬂ,c"

' -
The condition M(1)= % b5 used in cquation (iv) 1 abtam the value of
()
mavmber of bacterial:
(v}
& uaed [ v1) 1o oltain the time

%P{. -N,l* = =%:ﬁktin[§]uﬂ.ﬂlﬁ] 1 L
Use the valus of § in equation (iv) to obiain a particulir solution {speci

N M omer
e condition N =4N, (when the bacterial have quadrupled)

4N, =N i
A= = 0916 =Tnd =1 'Eﬁ'é's"l““ v

at which tlse baceeria is four times ef the ariginal mumber of bagteriol.

P,
nal Trajectories
CIur?:Mwhh first ovder differentinl equations has gl us llw“::u‘mh uqut::p::nhr:
i arbitmry constant, Each such spluu:_m ines @ correspons
::erll ﬁm‘mp::f:rphm ciirves defined by n differentinl edquation mwlmgf_m e
umlu‘ {;Inl.lerrhimry constant) i commonly called a ona-parameter family u[?:;u-m. special
Tmpm‘lm in certain epplications are those onc-parametes Eamilies of curves which are onhogosl

trajcetorics of one another. rivs of curves of a family
~The curves of a family Fix,y.c,) are said 1o be s fﬂ:ﬂ'ﬂ::u:ﬂ“ curye af the ofker

G, iy ) i o arly i voch oo af either family i€ l‘mm;‘{.'led Byt pmstde
fnmif} g ar overy point of infersection of & curve wf Fowith a curve af

perpeinficnior.”
Orihogonal trajectories of the given family of eurves _ —
The two Fmiliss of curves Fiz,y,o Jand Glx,y,e) e perpendicular at a pont ?l‘ i P
ared only if their tangents are perpendicular ot the point of intersection, 1f their 1angé
say, L, and L, , arc perpendicular, then fhe product of flicis stopes equals -1
iy =1 1, and m, are the slopes of the two tangent fines L, and L

S

This is called the differential equation of orthogonal trajectorics. If

ong family “fw! ,;::

given, then the other family of curves G can be found by solving the differential equation of
trnjectaries (i)

T FORGALE

m: | MFFERENTIAL EQUATIONS
Datermine rhe :
ﬂﬂhﬂm‘n‘ Irjettories af the [I-ﬂ'l.il]l’ of curves (eirghes) +..'|'l .

fderivative) of the funily of circles.
2+ =c with respest o g o, e AT
dr

(%]-; (i

The differential equation of the orthoganal rajectories

(i) with the slape of the given orthoponnl trajecinries (31 3
used fo obtain the other family of :un-uh;j of unh-:;m

trajectories: (%]ﬂa ﬂ_fl]
e )y
¥ =1 E_E 'ﬂ" i3
et TR
lap=lnz+hhC = y=x (i)

Thuss, the family of curves G represents a family of ho 5t Imes that
the origin. This is the resubl, we would expeet, since the m:&ﬁaﬁmmmmmﬁﬁ
y=Lx, Csany real number) perpendiculor to the lines tangent 1o a circle,

mw MAPLE graphic commands to view the ara hs of given family of I
and its orthogonal trajectories o -

The general solution y(x)=agri{~i 46, ] of the above problem in example 12 s the first

family of curves. This ean also be written 85 2 + +* = & The orthoponal ¢
curves ht@:umﬂﬁmilynfwmmndh']; ;-E:. e e
WMnmhﬂwﬁm@-mmmdmhhthLEmmMsg

(> Teonmurplur
L withi pies ).
> = contourpleela’ + 37, x=-5.3, y=-5 5]
o F=BLoTi.) o
G o] (aegfe, e=e8 51 ) 0 m-5 8yt 4y
> displmd [F, 610
- o ¥
. ]
Vi
! NN
. } )1
| i} 'y
h iy
% -
“
ke
L>
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UNIT-18

T

8.

L3

A A e
|NFYERENTIAL EQUATICHS
it jions:
Find general solution of the following differential equati
el - b f. ﬁ:‘_); =0
= tg} My C ,
Y d msnc’:dy-i-ncpduﬂ ”
iR then seive:
cnadu:ﬂi hlk:wl'ln::'ll'ﬁnmi.l.! cquatons in ;,;.-pu‘-l‘n‘w}f:mmd
i by =tan(red
g dy x5
[ %#’E+ i #-_\- v-? -
Solve the ﬁmmgwﬂﬂﬁd%ﬂ #-mf
b, ===
“' %'i’% ds ?ﬂt
¥ s & dr oI
T P
. %=f;‘; - f"'-'?'*.l-” fmnﬂgurmlﬂﬂnmmﬂ.lhnw!w;

mmmmwmﬁtwh‘ﬁww;:; b
o sy [ 023 b O sy

r=l e the cquation of the curve
[ curves al & point Hx.y]hr*-m““““
The shaps of o Bamily o

-3

IS through 1he
o ; o ion oy =3y +x° which passs3
F"”_"'l!*se;nhnmwanrﬂudm‘mﬂimw S
o | jon from the solation mnﬂurlhﬁﬂdtﬂthlw’“““ b
Find the real port ! | o
wm'"mmm#w“m'mmwh&mmwkmqtﬂmﬁm ;
A@Eﬁﬁﬁmfn% SRy e the mation of  particle alon the x4t
hres times

....‘f‘ =0
i =124, Where
The mate of cOnSWIHT of oil (hillions of barrels) s gaven by i

coTTEspa is rate, how
nd to 1990 Fmﬂﬁcwﬂmmnfﬂ@hmlﬂw}wwgimmu

] ;

nwhuﬂwiﬂb:uudiﬂ(t=ﬂ!yﬂ1ﬂ B ﬂnmm
mmufmmof:dwm#nphwmh}ﬁwmmﬂ Y Fﬁ

i f infested
mfum:mmmmmwmumsmmwmwa
p:ophwﬂuﬁmlbu:uwhufﬂudm.

Determine the equations of the orthogonal trajectories of the ﬁnumﬁmﬁhsnfmlr.m-
ny=

:
boxy=c e puo’ d, P =i+l

soTEoRSAE

vil. The Crthogonal trajectories for the family of ¥ = dax:

LNIT- A

DIFFERENTIAL EQUATIONS

Review Exeréjse
1. Chowse thi correet opthon,

i Theonder of equation 3“%'{-2;:5":

o). 1 (). 2 fch, 3 i) 4
L )
i Thd&pﬂnfﬂntqunﬁnn[iz] —-ﬂ-i-_].ll:utn
de® | dr
fa). 1 {b). 2 (ey, 3 id) 4
ii  The solution that depends on an arbitrary constant quantity is called:
{n). exact solution by, paricular
{e}. general solution {d). none of these
. Thesolition of & =sin(e) aty(0) = 1 4
{a), p=sin(x)+2 (b, p=-sin{x}+2
(). p=cos{x)+2 ), y=—cos(R)+2

& mmhﬁhmofy%-ms(x}:t;{ﬂ}ﬂ—lh:
{u). v=—y2sin(x)+] (b, w=oTsinlx)=]
€} p=—yJ2oos(x)+] (). rF=+Zeosx+l
The difTerentinl equation for the orthogonal trajectory of the family of curve x° + ¥ = ¢ is:

.4 _ % i
ia), e (b}, p=ex (e}, —=er o =

vio

SR al R e (&) #=ke2y® (4 y=2-k




P FERENTIAL EOUATIONS

USIT-10 —_ SRS S W e ~
@@ yns PARTIAL DIFFERENTIATION !"
: e of G URKRAY fumction ' Yo -
| ] - i mwmm mﬁ-.-gs ﬂ-ﬂm Bjrﬂlfﬂfdﬂfﬂlﬂuuﬂummmhmm e e L e I!-
G N ik -'ﬁ”r“mm mane varkbles (indep? W ..mdi.:r Jerivalive which appeats in TR piffercuiation nt faneilan of fnn yvariakilies o 1
i 5 w“d'ﬂlr u-:rﬂhl cquation is 1he wrder of the highest { Definea function of tko variables. l 5
@  Thecudet af &R 2 Lordet dervative wlitch appeeats y  efine pertial derivative. ¥
E?:c (:zutl;ﬂ'l‘l:a'  differential cquation s the poswer of the highes! . . i il ;mr!;inlddhm of n fumctson of v varlabics, | i
® in lheil:'u:ll.nn. pdent variabl on u i“tw:l o f““:lm g %’;Fm:;mmhﬁn‘# | f
& A sohuion of an ﬂfﬂi‘:" ﬂﬂmﬁmﬂﬂfw ¥ and it d.:m‘:_!-ﬂ::; ;jl o TECREE :i Sl wd prive Euler's mmmmhmﬂ {usctives i
i substit o f i et ik ) y ify Euler's theorem i : : =753
ﬁLE::Q::LIhnm o identity inile uﬂwﬂ‘d‘“‘:r";:m i ot variables if and only if .“ :::: 3&?’$mﬁf§mﬁﬂ1ﬁ-@ of diffirera degress (simple coses). fid
e b d.i.i'(tmrﬂ"lll'l cuation Is “M'l;s m :j:;t:: m:’:ﬁw et or any of their derivatives i of e | r:;_:
A e e cquion Wheh ST v i P taiction ) .
iables ol their derivat : ; mly-.{md-ml‘.r if for 2l gt d 3
m““w}ﬂmﬁmww;ﬂﬁ function of 4¢% o *:-. \ﬂbﬁ::d:mhr e The goal of this unit is 19 eatend the smethods of singls variable differential catcuhis to functions
& A function ¥ e y and ©F wpery positive V& i of & af twa variables. !n pany proctbenl situations, e velue of ong quartity sy depend on the valaes of tw
{ walues of the va ' R T30 AL = d or mare others, For examphe, the amaunt of watet in & ceservioir may depend on (e amout of minfall
ﬂu.i-.ﬂ Pl andl on the weunt of wotge consumed by local residents, Tl current in an electrical eirouil may vary
. - dy _Jix with the cleamromiitive force, the capacitance, the cesistance, and the impedance i the cireuit. The flow
& mdl{fmcniral guatyn dx gl of bload from an orcry m::i s;uﬂ cqpilh:miy depend on the dmmetet of the capillary and e i
i moge function of degree 2610 pressure in both the anety the capillary. The eutput of 3 actory may depend on the amount of
is called homogenois ﬂiﬁmmi#‘-ﬂ“‘m~ il it defines & b i capital invested in the plant and on the size of the \ahar force. We will analyze sueh sitantinns using J

fanctions of severil varsibles.

In nsany problems fvolving functions of several variables. the goal is to firdd the derivative of
the function with respect to one of iis variohles when all fhe others are hekd constant. In this unit, we

Y z need 1o develop the concept and shall see how it can e used to fimd skopes and ranes of change in exse of
. | b . i wee wo St pathemeiint two variables function.
a yersion of differentint . _ =
A : Differentiation of the function of two variables
equallens 3 o' theory of fuxions wis PIAE [ In the real workd, physieal quantitics often depend on twe or Mo varinbles, For sxanmple, we
- ’_‘;"i‘;’f:ﬁ;ﬂ‘ ok, Both bothers wﬂﬁ‘;”‘;&‘ﬂ gt bé concerned with the temperature on & mela] PIE & s poits ot time ¢, The locations of
& 'I;‘E”m& ealiulus 10 GISPREVE Hewion's !'““"F""md ikt planis temperature on the plite are given as ordered pairs (x ¥ 30 that the temperature T can be considered a8
e Jﬁ; e i st ,_,l.u:n,'m earth & fferestish ¥ n_ﬁml.nnlnf o loention variables x and v, 48 well as 4 time voriable 1 The h{:ﬂulim of a function of
g : R aate around the sun in elliptical "h“"rﬂr‘;':m paihers ideas Y single variable, we puight extend this a5 Tix, yuth We begin our study of fanction of e variables by
r B caliulus was Willien nﬂr;;ht ;l“w pablisafions were il o8 exnmining this mu;_ﬁqnmj a few other basio conCEpls. .
i Giabsicle Manfrcd 19 el 1mﬂﬂ,ﬂmmwh 18th century: For Mustration, i company produces ¥ irems 5t & costof 10 nipets pet isem, then the total cost
diffesential w..-u.mﬁudpl"h Cix) of producing x flems 15 given y: Clxd = 10%
The eost is a function of one independent variabic, the number of iens produced. 1f the
; ; W\Hﬂsmmdu:iwmududs.wilhxnfnmpmduﬂtmamﬂufmp:ﬂ-!ﬂ-ﬂ:h.m'dyn[
another product at a cost trfnlpﬂ:!-ﬁm:h.l}tﬂlhtﬁlnlmltlﬁlmfnﬂ is o function of two
indzpendent varichics x and
' Cix, ) = 10x + 15y
. When x= § and y =12, the total codl is written with €512 = 1003 FUS(1Z) = 230 rupes.

[ETHIENY Function of two variables *

& "A function 2= ({5 05 a funcifin of twin variables x and ¥. if far each given pare {5, ¥L we
ermiiee o shigle vl of 2, IRt % v = ave real viripbles.
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bttt PARTIAL DIFFERENTIATION

The real numbers ¥ and ‘= dependent varinble. The &2

dered pai : are independent variables: 2 is the depe taf nll
u:i pairs of real numbers {.3, }';Hmh';’l:?ﬂr. y) i a veal is the domain of fand the sst of
all values of £ (x, ) is the range. ;

WH@W 1o show that == f{-ﬂ]"‘i mofl=xy Y fnmliﬂﬂﬂflw iﬂd‘mﬂ“ variabbes ¥ angd

ind also the domain and range of u given function.

For this function, we need to show the (ransfgrmation of two independent variables (inputs) »
and ¥ is just @ single dependent voriable = In respest of any bwe real values of independent variables 5
and y, say, x = 2and y = 1, the fnction = = fian=vi-2+1 = gives vesponse of Just one real value of
zwhichisz=0.

The function 2= f{xp)=Jl-x+yis sherefore declared a function of e
two i enl v.llrhhlss x nndq'. independent vonable: wre n]m
The domain of f (¥, ¥ is the set of all ordered (x, ¥) for which lnuitivariate functians,
-,i'l-—x+_1.r is diefined. We must have j—xtpzlor ¥ x=1, inorder for the squnre rooL o be defied.
Tn o fanctien == f(x¥)= Jiox+y, weses that = = f (. 1) st be nennegative and th finge

off{x,y)isall 220

m Partial derivative '

To give clear concepl 19 partinl derivative, e problem related 1o our real-life situations i
considered as! :

Suppase, 8 small firm makes only two products, radios and mdmcfsa:llc recorders. The profit of
the firm from these two products is given by: P, ) =40 —10xy +5y°—80, (i
Where x is the mumber of units of radios sold and y is the number of unkts of recorders sokl, How
changes in v will {rndios) or v {recorders) affects P (profity? .

Suppase (Bt cales of radios have beetl stendy ai 10 units; only the sales nl’n:m:dm vary: The
managernent would like to fiind 1he rate (marginal profit! derivative of the profit funclion) at which the ¥

number of recorders sold, . .
1§ xis fixed 4t 10 units, then i infarmation teduces the profit twe variables function 10 & new

single variable function iliat can be fpund from equation (i by putting ¥ = 115

P10, )= 40(10F —10{10)y +5y" — 80 = 3920 =100y + 5%
The function P10, ¥) shows the profit from the cales of y recorders, assuming that x is I‘ubd;;
{0 units. The rate, at which thie 3 number of recorders sold, is fhe ordinary derivative of P10, W W

i g
—P(l0, y==100-+10y (it
T

réspect to s
This nepresents the per wnit profit from y aumber of sudiocassetie recorders.
The notution of %Pﬂﬂ.y} i usually stands for erdinary derivative, when 1he function =1

single variable function. In our case, the profit function (i) ié u function of two yariables; is f‘“"‘m
respect to y should be o partial derivative. For partial derivative with respett to 3 1

derivative in equation (i} is replaced by g__— P{10, ) to ohiain

%: %I‘{lﬂ.y}?ﬂ — 100+ 10y, prime nstation ™" i not allowid,

|nﬁ:l'f|'|'|-““}'a T
. the partial derivative %f {, y) with respect 10 ¢ i5 the derivative aff(xy) obtained bY keepi™é

sorFeRsi®

a5 a variable and y as & constant quantity.

-

——

{

T .
UNIT-11 ?ﬁiﬁ!@*

3y Tk 139t 103 i the devates i ey

¥ a8 a variabl
Pﬁl :nﬂxun“mﬂtq“w‘ nffkm_uwh .
“if == S y) 5 a funeti of 2 function of two variabjes
to x and y are the 1o of two variables, then the
yare the funetions [ and Peportivily Jirst partial devivatives of 2 165 7 wilh
o ' - defined by, ” respect
Z o fn)m g i 28530 M x
. i

%nm,,w,:um&m;m
Provided that limits exist. - o w
i_-,u|1lr|II.'l'ﬂ lfﬁm:tinniuf{: Pi=5' A
_ = xlvd gl ial derivatives
e S A
- : off iz, ¥) wors. x and p are the follows ;
araf_ﬂarku{:‘yﬂ-w’]zlﬁ'-ff, ¥ is constant e
& a
a_ﬁuﬁ{:’yh&y’}-a“fhy. x is constant
mm function is = =x"sin (32-+)"). Find =, and = at 2 point
m?mmdninlh:uhuﬂw;L.rh: ’
:_-a[fsinﬁx+f}1, 3 i constant

[En]

=2rgin{ic+ p' e 5" 3,
cos{3x +.lr":l&{1!+}"} =2zsin{3x+ )4 5 cos(Be 4+ ¥ NI +0)

=1r:in{3x+3?}+3‘g’m+f}
2 Ve =2 %gin( 383X
e [Iki'“] zlm[?']+3?ﬁﬁ[3§]=_?mx:‘£m‘.i
mﬂldmﬂfﬂ’pﬂﬂ':&yh: o 3

A =a;—[x'ﬂim’1:+y’]]. # is constant

-fi[m!:_', %1 i
e ¥ }]=fws{31+f]—{3=+y‘ = coaf3x4 ¥ H0+3
=3x"v cos(3x + ) /4 :I L

[ o) =3{ 5 J o) o

e Sl;p:umlhwufdwmumcphunuﬁmm:mkﬂw
ﬁd"!ﬁx MTmHTHnW;TrW Tix.p)=2x+Sp+xy-40 (i)
Where x represe ermperature river water in degree before it reaches
m?:f-g::d#mmufwwmanhmmdmﬂf&gmh;hpﬂh
. interpret T, (%, 5) fh). Find and mterpret T, (%, 5).

8, The part; ;
partial derivative of (i) w.r.t. x i the rate of change i T with respect to.x: T, =2+ ¥, y i constat

HOT FRRGALE
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the npproximme clange i lemperature

mmwiﬁx-g‘lﬂyijh [T-lw""l"‘?"::ﬁﬂ o AR

mlhha From a one degroe incroase i npul wAICE if the input electricty ¥
T . T, =5+x. X B consins
il R s Ww.:m:ch:m in lemperalure
Thhmcwh;ﬂgmj;q;,[-rl e5ex=i+9nld the BpPUK
iy the input waley lemperatanm «

a i r
resulting from a one megawatl increase m produgtion o clecttisity 1
g

remaing constant al

inber, then find ot the follawing:

If fix )= xyex” ondtissny real nu ’
. )}:ufg} i b ;}-1.11;1 ::_- ﬁ';'_rlfi
d. i, & e : )
Tlufﬁiiziunh Fixwsd= ;’J'.-_"'H.\'d-y-:]’. Find the fir <tion vatue af (e hl:uwmgpmm
o f{0,00) b f;l.—i.'l.! v: J ﬂtd_:r( II1I ;}]

2 R R L =S
d E_ﬂ#‘.&ﬂ c &r.!' E:

¥ Find the partial derivatives [and f, ofeach of the following fmctions:

v flx) =sinfx’ joos ¥ b filxp) =1|Ex’ -y L

o firp=ptmy ¢ [l yp)s + Xy e RT+)

3 _y)=sinT ay [ flny)ese ooy _

Thcj::dﬂ'lhn furiction = for the Unitted S1212% was opce espmated s

== fixyym ety

\Wiyere 3 stande for the ansunt i
&2

productivity of labor [3;] andof espital L@]

g, hiiﬂﬁlup‘nﬂuﬂiﬂnﬁuﬁmﬁ!ml!:

.o xy)=y

Where. ands Fonh:mmﬂofh‘:mmdr
: P

productivity of labor [%] sl oF capital t-&;] -

I fix,y)=s'y+n’, then find 7, and f, by using definition of partial derivatives.

of labor ond y stands for the amount of capital. Find the marginal

stands for the amount of capital Find the marginal

N

UNIT-11

Euler's Theorem PARTIAL DIFFERENTIATION

The specinlty of Euvler's theoram § ;
orooReneots SUNCtcn it & Snctio 2 ~ 1 (s, ) net g 4 ) WIOBEBCIAS finction, The

=10 ) 0% sseched o€ sqused by any rel n’.;mmfﬂ" real niambers x and y of & function

Homogeneous function of degres 5>

= funetion 06 v i zaid to be g ka

g fun
wtenins vinkees o w, wer fave Sdxap) --:'J::in:'ﬁ sl ”‘{TM s
con ; i)

For example,
o fixy)=3esdy is  homogeneous function of degres |
Since, f(AxAy)=31e) +4(A¥) = A00)+ 2045 = 2In,4y) = Az, dy)=Af(xy)
b flz ) =3x" +4p" s 2 homopeneous function of degree 2. .
Since, f{dx,Ap)=34s) +4(1n)°
= A0, 4)
= flix )= flxy)
In general A function fix.r,x...x) @ sid w be
homogeneous of degree n if, for all values of A and some constan
vahes of m, we have (A, Adx A, dn ) e A%y, 2, 0,08,

of X and some

m Show that the function f(x, )1 =20+ 52 bomogencous function of degree 2.
@D The function f(x,3) = 2av+ " is a homogeneous function of degree 2, if the Meotity (i)is

SR Ay)=22)AN)+ ()} =207+ 413 = v+ )= f (53, m=2
Thes, the given function is a homogeneous function of degree 2.

mmi“ﬁmﬂnn of Euler's theorem for homopencous functions of different™

Statement:

If == f(x, ») & continously differentiable and defines a bomogeneous function of

degree n, the " I .oy
i ) T (0

Safgherl) o

W H’IFIR' 2R
i
=
+
M
'-}
Y
Falli



UNIT-11
Euler's
» and y (jif) by y 1o obain 14

e

-u’_{(ﬁ]:m {i¥)
5 i =[x

Usc Euler's theorem to verify that the function

e B
homogeneous function of degree
Tty functian and iss derivatives — ‘
mm l:.j:;d-q" __M.,:ug,- —1&;-1-1:_? are used in Buler's result (i) o
z= fix,yi=ar + f
umﬁwmmarmmpmummm
=2y’ + 2y + My +
2 4y s )+ 2+ 20)

function.
ﬁm&wmn&mmﬂudmmw

EEIT) e o 5 e v

gy B indu
=

yy=ad +2byro’ isa

z¢’=2.{u=*+'z.w+c?':r=2r- nml

mwhlwﬂnf:-m:lw:Lxudy <
._-gﬂna: E m-‘!"a’_
are substituting in (i) to obtain the required result
,9:.4.}-5-:.2: s
ar
#'.-[;% +_f%]1'2#, Twmy

L S Ztm:ltl;‘h—.m’ﬂizn'nuﬂn-ﬁh
xaﬁrﬁ;- cosw

ol A

UNIT-11 1 R

MAPLE commang "‘““‘-Wmmum
: “diff " to find partial geri;
urh-:fnﬂnwmgmwh “he use of A ﬂ!rlﬂ,ﬁru

command “dif™ is dhustrated ; \kis examples,
Uuum.ﬁumm-amuwﬁp-mmﬂmw )

fak fix, )= x‘+r‘+3.g.-’+-lr"y Wird, variables x and y,

ik Slwy)= ysinx+rconpy ot WLl varibles x and y,

g, Commzind:

> diffat "+ 3 P ety g
P43 by

> i’ + 37+ 2kt el a?y ) =

B 3P sy +ad

> diff(ysintx) +x-cos(3) %, 2); i

yeoalx) + cealy) + 22

> diff(ysingx) + x-cos(y)e o, 4 m e

sinfz) —xsinfy)

m::hm=mwmmwmmmmmmumhmhmh
expression i partial derivative paberte. Ch&wﬁtdmmpdmmmmﬂnmﬁm
press "ENTER" key 1o obtain the partial derivatives afa given function:

< il"’*f‘i‘-‘ll""‘l-:”dyl

2 Wy
T e el b aady)

I + by b4 2

11.2

L Are the following functions homogensous?
% - P o e, 3 T4
o .ﬁr"l'ﬂ sin [y ? bz fl'.-l’-y] T‘ﬁ- 7

7 E' I“_f(r,_‘r}hxkl -3?]‘! d, :-_ﬂ'_x._ﬂn[x’ +3y’r
erify Euler's theorem for mmmmmm functions:
T 2= fin ¥) = o’ + by + by b oz= flrn =l o’y
o du

1“'4'(2] MMH;;A-,;E:-.;
. &
Iz i — — 2
w{y].mmm;h”w.

5 a !I'u-u,.-.--t‘:__:.“"_;' ﬂﬂl#ﬂm‘“ :%q.‘,.%-w

“oreomsms 0

P



UNIT-11

&,

1.

= S

= e

J;-ﬁ &, 2o
I meein , then show that x ¥
B gin ety B O

Use MAPLE command 4" to “ﬂ"“‘?"‘mmmnf
i f(x-_-ﬂ- %%Iw-r-ry.

l!""'jﬂ:l 'y’
& .!'y,mj-.:mj{_v]mf'f'."' ik [_-———'-'-l ]H" r

Chanse the carreel nplinn.md
i flumction = = , & nnd y are:
: 3:1m.umm!mu (k). dependent variables
-.:. independent varmbles (di, dependent constants
i I g = o= v =l then (1,5} is: .
(n), 25 ihi, § feh 125 idh
' o
i -ll'_.’[r.;r}-:’-'ty’-thmﬁw_a st :
ik na. T | i) 242y (d).
. 1 i
i, dﬂ[——:‘r}_.,}'} is |
! = rdi,
ah ?l-. hh. -;— {€) I{x+y}‘

v.  The Euler's Theorem stated that:

? & Lo g nz (di
fal ‘—+%dn (bl :—+E~I=m (&) ;&4"?6_?.

v: -:Il:elmdmnsnl'mn:hm reigpetuion s
{1 rultivariste fanction id). mone of these
Vil 1 flrpa=Jr +¥ -2 then f{1,0, 1is: ;
i ) , b fel 0 \ ()
il IF f{x,p)=gosye thedfos: ©

(8l Jcosy-¢ —siny g ?’w‘"’k

[N LY

[l.l' h|| Bﬂ‘lr"( {1 Em}f’
B IF fir ) mdne 4x’y" then fi ) I
e it
P P e afyenet
. bl s e e gl L

- 1 ol

PARTIAL DIFFERENTIATION

b -’_"‘l’_’f +xcoa(yiwe 'y’
¥

2

My

= -

UNIT-11

PATTIAL TFFERENTIATION

@ A function 2= {x v ica funetion of tw
] variables x and ¥, il a uni
Fndl ordered pair of real numbers 1%, ¥). The real mumibers kund;nt E:m“m o
isthe depnd_mt variable. The set of all erdered pairs of real numbers (x H-!hhlu!.: 4
real number, & the ﬂnmi- of fand the set of gl values of [, ¥) s the rnn1 R
< A polynomial fimction inx and v is the sum of functions ql‘lh:lﬁnm I
Fiz ) =Cp*

If == f{x. ¥} isa funchion of iwo variables, then the first partial derivatives of = = Fix, ¥) with
respect to x s v are the functions £, and [, vespeetively, defived by,

m s '
Siy= i LELBD=TED o ) i Lsx+tn=fisn

A fiinction flx, ¥) i & homogeneous function of degree & i variabies x and

. ¥, if for all valoes of
the varinbles and for every positive value of 4, for which the identity is e
JlAn Ayl =271 (x7)

The specialty of Euler's theorem is to verify the degree of a homogencous furction. The
homogencous function is 4 Rinction = = f (x, 3) not altered if the real aumbers x and v of &
function == f{x, y}mmcl:_;udh: squcezed by any real scalar quantiy i

Carl Neumann wae German mathematician. He studsad physics fom his father and
later becami & mathematician. His father was profissor 0t Konigberg universiy, In
1875 be inmoduce the new standsrd motation {d-hat) tharig & lechare oo ihe
@uhl:@ﬁmmwmmmw&mum
motation or & (Creck debin), He waorked en the drichlet principle and ean be

corsidered coe of the imitintors of the theory of imieoral equations. The Neumann
series. That is analogous 1o the geometric series

1
-I—I-u+x+.c’+.f‘ Faue
& named after him

e 20n for diffrent types of oreinary diffeantia suations nd partal diffrerial squasion i o ramed afle
| 12380 developed an interest in thermodynamics ¥i the overbap of beat and eletricity. ,




Byﬂtn&q{ﬂhmmhMmmﬂﬂbgaﬂﬁﬁ
(F 5] seypmpricd smBishan o i Hmgar rq-:t:.thm
Dicscribe importance of numerical nethods.
+  Explain the basic principlis of solving  nea-linar cquation in gne yariable.

1

t

i

i

i mﬂhWIﬂmm‘nm-Immmmmwiwkw i
1

i

E

-

Biseet] | . an-Raphsoa
method, " th‘lmmdhdn. i
meLnEmm wmmmmmlmmdn w.m‘mmddmnmulhmh exarmples.
1221 Sl quabratire
i Dtﬂrtmiﬂl]w:-ﬂn: ) o
+  Trapeeoidal ma = Signgson ,
mpusc the approx value of definite incgrbs withoul emor e :
ﬁ:mﬁmﬁmpﬁh@lmmmhﬁw!mh ard demanstate
Wﬂ -y — — = — I = - — - ——
T el 1% — vy

andl ather rescarchers study relationships between quintities,

it i hunimhnﬂamullmwmnnmubjmh

how the il .
m:éfmﬁﬂﬂﬁum the source; a biologist ey wish 1o investigate bow the
population of a bacterial colony varies with time in Ihe pressiee of a fonin; :: c;:mnﬁ:t may whg
determine the relationship between demand for @ cerfamn wmmqny a . nwt:if :atmim}:
n'lllheminﬂmkiynfmdl relationships involves Eht_'-;umpl ul:mn-!m equations. u.l:w"m »
whnoilhemﬂsn{nmmhmnmyniumrycmumdﬂedhyamn-_ wwmhm
fl)= 100,000 75,000e ¥ where ¢ is measured in ycars. The standing nile m: salving 5
WWB ic forrmuln In this case, :uﬂvﬂdtqm_lmuu::wmnﬁﬂh e o iﬂuﬂmc
nwmm:mumbm S is going to be zerd. Mow 'ﬁ'cmmpnﬁkﬂnlnr : t :;wmmm
mnbﬂfar]u'llﬂ:ﬂm‘n: mwu:qummﬁmw. T this unit, we will
mmﬁpwdwmmﬂﬂﬂwﬂnwmmmmmﬂmmm

Numerical Solution of Non-linear Equatio ns _ _

‘Wumerical analysis is the theary of consiructive methods mathematical nnalysis. Cuminﬂ::
methods in (beir furm mean i procedurs hat permits us 1o obitain the wlﬂhn_ufnuﬂlh:mlml pre
weith an arbitrary precision in 8 finite rumber of steps that can be prepared mationally.

JEEEY Tmportance of numerical methods

Numerical analysis i both 8 Science and an Art. As a Science, it is concerned with the rus"f 1.:

by which & mrathematical problem can be solved arithmetically, As an A, m:umml ann!¥

eoncerned with m;hgmmnwmhmmmw salution of @ puﬂl:ﬂhrw‘ﬂhh:nw“
Siudests leaming mumerical solution of non-linesr equations should have the follow!

ahjectives in view. First, he should obtain a0 intuitive and werking understanding of some © e

methods for the basic probloms of numerical analysis. Second, he should goin some appreciation in
of crror and of the need to analyze and predict iL. Third, he should develop some &%

the implementation af numerical methed by using enmputer software,

Basic principles of salving non-linear equations in one variable

" [
“Jf f (x) iv any contininus function of o sl varrial e 3, thew iy anenber ©f0F i f

b5 calied o oo af fxk= o At we say thot i a soro of the Janction ()
500 o FORSAEE

Slx)=x"+5g46=0
=x" +2x+3xs6=0

-{x+2){:+3}=u=n+1-u“3._-5:,1:.1” r=-3
On the other hond, the actual roos af A
Ll hmw“?;hm-mhmhu r’+5:+n-unnmpwbhh
same numerical procedures, The m&htmﬂmn'ﬂ:ﬂmmzh hﬂﬂmbﬁw'la
- nerative
/" Real roots of non-linear equation in one variable ™

For approximate roots of 2 non-linear equations,
the 3

and regula-falsi method are the bracketing methods that mmn::m Bisection methed
mbuﬂh:h:shnpenfnmwmlﬂ'&r depend oo two initial approximations that

note-linear eurve f(x) bas the function va
i h g ¢ fees f(a) and i "

numbnh:fpumr.: in signs mwiﬁmﬂiuuhy, lhe{ i ﬁ];ud:: mterval [e, &) that
large, t ;;rndoqwﬂlb:prmdmmuummmkh‘".ﬂ The bund, re matter how
f;i.m ence i the iteration. As the name suppests, i Bh““ttmd. fundamental principle in
i method i repeated until an answer is achieved. s that a process of biscotion or reguls-

(1) Biscction Method

Ify = f(x)is continuous function in the
13 L ’I
interval [a, b), then, it will cross the r-axis at &
peint (r,0) whose y-coordinate x = r will keep a3
ac:ud_mn: that lies somewhere in the interval [a,
], This is shown in the Figure 12,1
”ru;d'-u the endpoints of the interval [ab) clo:.-ur“fr
E:h:f:r together 6l it reaches an interval of
NI ;?Lﬁﬂ'l_lhll brackets the root r. The decision
Step for this process of interval halving i to
choose the mid {ath)
point ¢= 3 and then analyze
Iﬂrﬁwmaummm:
: nction values f{a) and f{e) o v = and x = ¢ have oppasile signs, approximate
2 :mﬁmﬁi[mﬂmﬂdbﬂdh T,
fun ues f(e) and f{b) o x=cand x = b have opposite signs, pprosimale
3. :muml‘mmi{qﬂmdwh )
lrﬁt::ﬂﬂ:ﬂﬂlueﬂx=cis fie)=10, then ¢ is our approximate root to actual oot r.
. 1hm:.nndMI wgumf.whwmhmﬂthﬂuwﬂeummmmw
e s we ore "squeczing down on ii” scc Figare 12,1, To continge the process, relabel

stmnller interval and e ! continge
mmmiﬂmlh“m@ﬂ’l' sequence of nested intervals and thefr midpoints.

fas S

NoT FoRcaLE




UNIT-12 TRODUCTION TO NUMERL L METHODS

The given interval{d,,,] i the initial inerval at which the function f(x) -{mi M]nwmﬂe in
signs. At this stage, the initil hmmlumm-ﬂulmtrﬁmmﬁpﬁﬂﬂ =u=-ﬂ-"-—= :
1t develops the first iterate c.m:muhpmpeﬂiuIw!}mmulfcﬂ“h“‘“m"'”"wm- _
The next imtervalla,,by]is the first interval which brackets the actual oot r and ¢ s its
midpoint e, -5'1‘%"11. Tt develops the second lierate n,wmﬁﬁl o1 2) 10 oetual o0t T in the
interval[a,, By ]. s
Similarly, the interval [a,.b,]is the ath iterval which brackets the actual oot ¢ o, ishs
midpeint &, “M,_I_ 1t develops the (n=1}th iterate & 10 netual root rin the seth inderval [a, .4 ).
This mn':hmllﬁ o times iteration of the isection sivcthoe and the midpoint €, {s token as the
destred approximation (o the petunl ool F = e, 0fr=1{x}
Puﬁnmmllumsorlh:him:m method o
approzimate the actual root ¢ of the non-lincat equation f{x)=sinx -
(x is in radians) in the inerval (0.5, 0.7 . \nteryal s, Bl Proceod wih
Resct  the  given fmerval 1o obtain  the fvitial the method anly it F{x)
intervalla;, ) =[0.5,0.7] and compute (s fnction ) =sinx—¢™ values | continuous and £(a) avd
ot x =g, = 0.5 and x = b, =0.71p oblain: - fib) have epposie i
fla)=f(0.5)=sin05—¢"" = 0127 cn}
flb)=7(07)=sin01 —e ¥ =+ 01480 L
The function values f(a,) and fib) muppmo.h-mmmumnlmﬁ pof (%) hies i tbe
e % a D.5+0.7 .
i The midpeint of the initinl imerval (o, B lis € =—l-2—’—-_—2—'—=-ﬂ.ﬁ , and the function

To find appraximate ract af
an equation Jix)= 0 i the

appasite in Signs

values atx=a, =05, x= b= 07, 6= O-bare the follvwing:
“fla)= f{05)=sin05-¢" =-0.127<0
fla)=r(07) ssin07—e"" =+0.148>0
fle)= flos)= sinlG-e" =+0.016>0

The function valucs (e, yand S )ase oppesite in signs, so the approximation 10 the actual oot £ of
%) lies i the interval (0.5, 0.6] and discard b, =0.7.The initial nwnmmmhmm=hﬂ

[ﬂ;qh]-[mslu-ﬂ* <
i The midpoint of the fist interval is :.-El.;_bt-ﬁ‘;_“_-ﬁ...u,ﬂ,uﬂ the mm*ﬁﬁ“

atx=a =05 x=5=06and xmg =0.55are the following: iy

311 mmﬁg

ey

2 - : : : I .
i = S e T
INTRODUCTION Toy 5

ERICAL
fla) = f(0.5) = 2in 0.5 20 ==0127 =0 "
S(&)=7(0.55) = kin0.55 - 2o =={054 <)

f{ﬁ}:j{ni}_muﬁ e
funcin =& mal 0160
::hu: ‘;;r:':‘ﬂbl} and fie,) ure opposise in signs, 5o the ppresiati
[0.55,006] and dis "l=°-11'h=ﬁmhmuamw£mmmrﬂm}
o [2.. 8] =[0.55, 0¢]. o the second iterval
After second iteration of the bisection
method, the midpoins
€=0.55 s declared pproa

yoot to actual root F= ¢ The approximati
ion value of a function
r=0.55is ((0.055)= -0.054, b fix)=sinz-e" a1 approximate oot

‘()  Regula-Falsi method

The next brackering method & the method of

bisection methed converges regula-falsi metbod. It was developed

opposite signs. The bisecti % Xy show specd Ax butors, we seswme (i £(s) M?b:“h;:
s “m““ m!lhhdnlhmmﬂmmiﬁmm“m. R o

reguln hn{lgmﬂ]n[.“m mext jerate is anywhere in the interval [, B) h_ruum:m-m in

intescct v straight line mm”’“’m“-ﬂﬂhﬂdmﬂ&nmi iy point of

y-f{a) _f(b)-f(a)

X b-a
0-f(a) f(b)-
c-a a::-:t“] v at (% ¥)={e.0) i

g 28 (a)

and then mjm the
Poshiles bt mght s

LM the function values

Sla) and fic) st x = o
‘m"fhﬂﬂw
signs, then the root Ties in
the interval [, ] and
dizcard b

i1 the function :
values
and f{ﬁ}u:-;wf.ﬁ::
have opposite signs, thea
e mﬁ in the interval
fii. ’ . Figure 12.2

I the function value i
Bt g atx=cia f{c)="0, then ¢ Is our spproximate root. This i shown in the

NG FoRoALE,

2

—
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TROPY
UNIT-12 4
5 Iﬂd'u dremiber b
Puﬁmmuhnmiumdmrﬂ::?'m“nﬂ n T:iﬂ'lalﬁrpud-

hullhmﬂmulru!"lh" B fied RPOHIA T oo o
mm:-eﬂ (xis in rdians) in the E30T el wﬁﬁi Smis
D Resa e pivn ol B Dpasiax e oty f 10 i comimon g
interval [ay, b,]=[0.5,0.7) and computo b2 Flayand f(b) have opposie iy

walues 3l x = @ = 0.5 and x=h, =070t . .
fla)= £(05)=sin0.5-¢*" = -ﬂ-'ﬂ‘ﬂ] appasite in i
48>
I{E'-}'I[M]“‘ﬂ“-"‘“”m e yo ihe sctual root £ OFf () lies in the
The function values f{a,) 309 _::31 are opposic I ST
interval [0.5,0.7]. Equation (i} s used 10

0.5-0.7) -n.127) 6

o, B

- =% (w)- (2 ' ,
‘Tt provides the function yalue & ¢, =0596%
i T‘Irﬁmciiom“hmlnx-u.=ﬂ_5. =
f{u_}nli‘lﬂ.i-!'“ s-0.12740 \

fib) asin07—g" =+0.148> ]
g 400081 > l[lr

sigrs.

fle) =$lh{ﬂ.5'}13'54] — e = 40 08

f{c_}:ﬁnﬂmr .
The function values £, )20 (<, ) are opposite i el :
Fx) lies o (e interval (05, 0.592364) and discard By _ 0.7, The initial interval is resct to obis
he it interval (2, b} =[0.5,0,592364)

Equation () i used o obtain

(0, ~b)/a1) =&5_E:y_mw=ﬂ.‘lij

G=A" F(a)-(B) Z0.127+0.081

that provides the fanction value 21 & =0,755: j[ﬂ.‘lﬁi]-—:m‘n[ﬂ.‘?ﬁ}-
i The function values atx =g, =0.5, r=h = 0592364, 5= 0755 are the following:

f{a)=sin 05— =-0127<0

f[ﬁ}'ﬁﬂﬂjmﬂ-r‘m =40.081 >0

f{e)=sin0355-¢*™ =+0215>0

The function values () and /g, ) we opposite in signs, 5o the

of f(x) lies i the imierval [0, 0.755] and discard b, =0.592364. The frs

Aa0218

R
ierwl 814"

obtain the second interval [, by] =[0.5, 0.755]. wi

, -
After second fieration of the regula-fali, the point ¢, =0.755 ic declared as approXi™

root r=e, The approximate vahue of 2 function f(x)=sinc-e™" ot approximate wout e
Ji0.755) = 0215,

e

UNIT-12

imstion i contrast of one - previous
Vil e o n conptg e s
approximation, el
The Newton-Raphson method
dulhnmhumthmﬂlﬁﬂz}?
approximate roots of the cquation f(x) ~ 0, "
If f{I] and Jr'[-t} mmmm
rools, then this extra information mﬁ“mmml
of f{x) can be used fo develop & sequence of iterales
{x, ) vhat will converge faster to actual rost than cither
the bisection and regula-falsi methods. Figure 121
It r iz any sctual root of an i
equation of the form f(x) =0, and x. & an inki
the actual r, then i 800 %5t Tl gl
The poi 7, then the tangent line on 8 curve f(x) af @ point (1,,/;) crosses the x.ais s
Fmwl“::::t [Jqﬂ}l:!lhepnu?fummjnunﬂkumﬁumﬂ,,ﬂmmc . ?wmh"m'
finterszction (x,0) & our first approximation to the sctul root ~ of an equats 5. mh
shown in the Figure 12.3. equation. f{x)= 0.This
The slo T the 1
po of the tangent line on & curve y = f{x) at a point (x,,,) & used 1o obeain the firs

M'B-'rx']
approximation (itcrate) x, © x_,-—:”: = =IE’\'- i L
f‘{:‘.}=£§iﬁf TR ey, @

Smmilarly, the
¥, the slope of the tangent line on a curve y = f{x)at a point (x, ;) is used to obtain the second

et mﬂl-&l
X Ly R --"Hﬁl:u,_ _fi=)
rm;;ﬁ.ﬁl AT )

b e P

This procedure of slope finding method s continued 1l # resches the (i + 11t iterate:

ST i L) I
R s (i)
which i called the Newton-Raphson method.

To find ;
Approxismals root of an cquatioa of the form (%) =0 with initial itorate x. the iteration method
‘mtx‘-_J,SEJ i=0,
oy L23... =123,

m“ﬁmﬂMMim{x_}mﬂwwh-ﬂ rool ¢ than either the beaction and




UNIT-12 I}dmummﬂu?ﬁiﬂlfﬁl.mm

et B15 m!.mm-nu.ﬂsm of the

Use Newton-Raphson iterative method to
hat tust be aecurale 1o six decimal

non-linear equation f(x)=x* =5x+2 with inial start %, =041
ploces.

EIEDD The given non-lincar cquation f(x)=x—5x+2and its der
the Mewion-Raphson ferative method 1o abialn the sucoessive ertes

cative (%)= 2x+5 arc used in

ez —L8) 012

W R

. _.f(r.l_:‘-zz{o.q'-zﬂ .
HERTIR) B HAR 043805, 120
=X -—ﬂﬂlg,’j}__z _:!:0‘-438595!: -2 _ 0438847, i=1
=R -5 2(0438095)-3

At converge the sciual Toot r= 0438447,
The second iterate X3 = (438447 agrees 1o sis decimal acouracy o actial roat p= 0438447,

We achieved in just two iterates of the Mewton-Rapheot method the six decimnl accuracy.
MAPLE command “fiolve” to find aumerical solution of an equation
and demonstrate through examples
The use of MAPLE command “fseive” to find the spproximate sotution of given function is

sllustraed in the following example.
Use nupbmmﬂﬂ“ﬁulvc“ 1o solve.
fal, Linear equation + —Sx4+6=0 with initial start £ = 15,
B Monlinear equation 2 — Sz +6=0 with initial starl o= 05,

The command below will show you full detail of the approx
linear nthmunﬁmwwhnﬂmu initinl sturi:
i

imnte Todt of linear and non-

> Haahe

> froived =52 +6)

The quadratic fnction S
ynomial is:

. Polyromial = 37 —3x+6

2 DO0KKE0, 3 000NN :
slso a second degree polynomial. The pumerical solution through

Polymomish =1 — 51 +§
= ot Palmoniall
2 NN 3OO0
b
> finlvelsin(x) — expl -5}
QSEEENTIAN

Context Meni
» sinlx} —espl %)
> funvel siniz)=expl -3} }

) - . REEEIRITAN “
- pis result is obtained through right-cick on the last end of the expression by selesting "SO°

Numerically Solve” an the conlex! menl
mmﬂﬁ

315

UsiT-12 5

INTROB YTy
L T RUME
REAL METHONY

=

8 Find on intérval asxsh u
functions:

8 flx)=e" =24

& f{-ﬂ=1m{:]-_5_|_x
3,  Compute four

interval[a,, 4, ]:

A fx)=e"-2-x 1
. L 1.8
(- f{r}:h{x}‘ﬁ.r._r I l h. f{l}nm'ﬂ—;. [0& L6l #ied
3. Compute fo wad) b f{x)=r ~10x ) wiiandies
ur iterstes of the regula-falsi method Bor i H;ja I,ll 4]
ing functions with ind
cated

which () ned
T8 hase :
Oppasite signs for (he
follew

i

ing

——_

b S{X)=conrelag, & & i radians

b flx)=r .

’ 3 - =llr+23

erates of the bisection method for the following furctions W
wih infiesied

interval[a,, b,]:
L f(x)=ey, o4
e e [ A, 15] b f{x}:m&x+|-]1 ) g
- Sx)=x—10v+23, [-24, ~1.6] [08, 1.6], x s in radians r
[}
4 What will happen if the b |
hs '
I ection methed is wsed with the function [ 1 |
following inter ais: e Foihe 1
n [3,7 ) B N |
5. Find terat » W7 |
Y }"ﬁ:’mmﬁaﬂmn iterative method h.i,ﬁmh,af i wi !
; Ve 2wl with initial start x :
A b, . i
5. L S =2 4221, x, =0 d j*:::ﬂsinm"f"nl
2 Newton- hson i i ) sl
; Rap terative mei
Ay ik G dobid it hod 10 approximate the actual r of the following non-linear
A fixy=x"+3r—1=0 on I
: .1 b =
£, iﬁux-&luhf—l—n L
Contimg ;
2 £ the process until two consecutive ilerates will agree 1o three decimal places,
P

Use MAPLE '
eotnmand ‘feolve’ to sobve 3x° + 4r—3=0 with initial start st xy = 0.5

MRHL‘@ .-

in was & Syrian muthematician, astroso

ﬂﬂmﬁﬁm midicine, astronomy. i Ry
Was inchuded in g 1 the =oul was cne of the fow works ot steribated to Arstotls ibat
the double false 15t of books to be rend o loctured on. He was the first person to write
Bt et it Mo Juilled e S B8
b position yus oun proof , within the tradition of Mustis nathematics, Double
Feactica) 25 Hisab-al-Khot'myn I ves wsed for centurics to schve

Peobdems such e commercial and recreational peoblamse,

m 3I‘Iﬁ
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UNIT-12 TR

Nuw Ql:dﬂ AT g seofists | m approximate
et o is & pricuary 1601 used by enginects ;

ik md:!;nuc integrals that ﬁ,m be solved analytically: Fov exnmple

[

1= feds @

Mwuﬂbﬂﬂddimﬁtym
'h-'lSMlttlllmhliun.Thi:mmmrb:mhmwiml'ﬂi;?mhmhm“wmhﬁundw
obtain the actual solution. The only way is to find out the appro imate

merical procedures, mmmmlwtm . . i
m%haﬁuurmﬁi;glhmmﬂhmwmﬂWﬂmﬂﬂmﬂo fiz)
!-:if[r}dl‘ L)

% accd grid poiats:
over the interval [, b] by evaluating fi=) ot 2 fiite pumiber of equally 5p grid
X1 A=K, Koawe Xay 1_=lb}
_ﬂﬂ" L .lr;—".’:q ,‘rp

R Famerica quadratore

i ex, ax,=h, then an expn ezsion
“if a set of points i the verval o, B] B @ =X, <3 & Ey S SNy T

aftheforn  QLIA)= 2w s} w ) ) L)

]' fnpde =LA+ ELS (=] (i)
ix called a sumerical F:;mgrﬂrrm: o qu.ufmmr:ﬁ:fmufn' s s 1;
ThinmE[f{x}lhnllad!h:unn:ﬂimunwhrMeFMnn 7

qnid:m!tnndﬂ-ud[w,L are called the weights.

i i chasen in various Ways. For

Depend given mumerical procedure, the grid points {x,}m ol

. mm_mﬂmuﬂwhum@&mluhﬂnmim.ﬁm uam:d
ﬂmﬂﬁhﬁ":iu Simpm'lruhitnmbct'umlmmwm rectangles
5 i area h:.‘mcl.'l;i.’lu.

rectan " a

”""'f:'“,r::ffn is a function over the interval [a, b], then lhcf
definite integral {ii) m::mdmnn{inlhmphu
Jix)onthe interval g, b]. This is shown in the Figure 12.4.

Fuuppm:mﬂeuﬂ,llﬁﬁmiw f{x) st be koown ol

with the propery

5 are called the
o

¥

ria=x, % Xpee-fu j;nb}_ x, =, +kix, k=012, .0
H A j e 5 - . -
Sl iﬂ-fﬂﬂfﬂf:bﬂ"ﬂ:tﬂn! spaced grid polnts, the actual area (i) under a curve f{x) ovEr
interval [a, b] is rearranged as under:

I =i Sixyde= ].r{:)du F,a" {xhde b ] Fix)de (v}
F LY

“ i T EoRsAi®

UNIT=E2

prﬂmln Area by Heetangles
Consider the inhinlsubinteral{z, x). Lt 5, devone e right

m&ﬂufﬁcmhuﬂmh. : Endpaint of the i) gyl
i initin] Subinterval ang : subinterval,
pectangle i the initial subinterval it therchore f{x, JAx and its height i TU5)The aren o b

"Iﬂ-"}i‘i‘hlhm|mh“n... g

~ nitial subinterval, then the spproa - R of
course the area of the rectangle les in the il

sectanples is giving approximate anss wider he

subivterval (x,,x,), Thus, the wum of the arcas of sl 5
I -Jj{xltfrl*ﬂ. -f{.l‘,}ﬂ.!hf{-";

e /()10 actial wea represented by deinise integral (iv),
Mt Slm)aesara)ae

i The Trapezoidal rule

mamorm approximation can be improved if
trapezoids are used mstead of rectmnghes. Figure 12,5 shows the 1
area approximated by o tmpezoids instead of n reetugles.

IF | f(x)dvis the actual ares in the iniial subisterval
then the approcimate ares [;! Eﬁ);ﬂx!]]hk of i

wree of the trapesnid lies f the initial subinterval [x,.x ). Thus,

an[lhmu{aﬂlmhﬁmm Fi
igure 1.5
dres under the curve f{(x) 1o scheal srea represented by definite intepral (v

i-.ﬂ'#‘}ir:u T

- .
=3l )+ s )]s 3L () ()] ars o 2 ()4 £l Jar
1
=slh+2f4254 g+ £]ax vl
In generat, 16/ (x) is continuous air [, b, then the tropezoidal nke is
"'!.r"[x]h I -%[j; 2042 4ot 2.+ L)

mn‘mh‘.mliﬂ .\;-:_1-.&3.:5,“_““% Muﬁ;d]_ « the Mgt
mwﬂ'“‘muﬂlpp 2

Ro¥ rorems
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UNIT-12 o

s ¥ I= 3‘#

DRSS | Approximate the definite 1nicEf 1 with he actunl value of the definite
lw'ﬂﬂlﬂ

for n = 4 subintervals and then compare Your

D e i ok [Fmtmiuwmm--&nﬁmmtsh
mm ﬁmwhlﬂ.bl- = I
ol I—L—l‘ = =B =(75
E 5 olsai
i) =0.75and n = 4 1o oviaim
mm”“mh{w:nmdrurm
. : 24+ £L]1073) 8]
!fﬂtnf‘-im.pzﬁ*zﬁ 25
id poi (X, aTe
'i:hcimuhnmm ,fn.j.,f,,f,.‘;;ugrﬂwmu PR

w f(=1)= -ﬂ:-l
£, ma=-1, | fo .I'[I El ll s
.ﬁ-d-‘-mﬂ-“i'f%I—-:.r _ﬂn[—i] --I-E !

i
1
31 l} Ll
‘:"”’m_-H‘lE.E' .ﬁ"[z 4

a E 1=E*ﬂ=l.5m
=l3) "16

3 8"
I,:-n+3ﬁx=--l+31-n-i.

3 = =4
:.=n+4ﬁ$--l+l;=l fi=@
; 1 .
ased in (i) 10 obiain: Ix‘dr-: nl-il’f.+11;+2f=+1ﬂ+ﬂl

b= )

wl[uz{u.ms‘_hi{uns]ﬂ[':jﬁ'zsjn'_'[[u.ﬁ} 328125

2 -

i ].I’dr-:: ‘-E"‘i:till
mm“mﬂmmwm I-ﬂ 3|, ¥3 3
. witich we denote by E,:
- “dal Smation T‘Wmm.
s Approzimation =1-T,=3-328125 =-028123 true value of %
E‘-w-‘ memmnmmfhﬂ
The negative sign indicates _aBi

g {z]]ﬂ.:aitusm; E[(]=

h terms of ml qﬂiﬂﬁt |m“lQ[f
- Loyl you
with nodes x."“-ﬁ"'i?‘""'i""ﬁ'x‘ .

UNIT-12 TS .

Simpson's rule approximates the ;
astun] interval '
r:pllﬂﬂ: by second degree polynomial py) e e 81 by parabotic are fare |
If(:}lﬁ -!pf-tH! Ii{ﬂﬁ"ﬂ-&t#c:ﬂxn[b—;—n Hﬂ]+4r(£‘—b-]1- | b|. -
that requires three  comsecut il poims & : ] : o
interval (g, £]. The definite invmﬁrﬁr:m.;ﬂmd:gmu 4 pres
wmnm} mhcq_lu_:lli’m {3 is simplifigd by & rule called pﬁl' \
prizme rule, fule is velid for a polynomin
degree less than or equal to 3, il ot lr
lj'lqll it ;'! ] F.l‘ T =k &

For Simpsen's rule, the function ()5 known m edqualiy
even spaced grid poinis in the interval [a, b):

na=x, 4 nik . %, no=h
Jix): f:. -l'; -Ir.l'"'.rn-: f:.q F

Figure 12.6
X =X +2nAy, n=012,... ~
b= 3 ¥
b=g+2nhx, 3 =hr=a = M-HITE i)
In light of even spaced grid points, the definite integral (i) is rearranged os under,

B Wy =
f= ]' Six)de =] S{x)d +I Fixhdres T Six)de iy

L £ s ey

it | f(x)dxis the actual arca in the initial even subintervalx,,s.], then the parabolic arc in the
Ll
subinterval [x,, x,] represents the approximate aren:
]J"'lfx}ﬂnjpfxm. u=x, bax,
5 %

-[i?l)[ p{:‘}-r-ﬂp[fﬂ%l]q- p.[xg] ]
{1 vk o e sbintervat is: A 222 then the: withh of two coueutiie: subinter i

%=X =24, The subintervals are of equal width that gives 5-—;-'5'—=:,. Using these in equation (iv) 1o

obtain

J rtaac = ey =’%[ptx.}e4p[ﬁ—ﬁ; ]+pix=:]-"?'[m3+*m-l+ﬂ*ﬂl "
& g

Since the polynominl passes through the three conseoutive grid points on the curve, the beat
pproximations would be the function itself: that is plx,) = f{x,), and plx) = f(x) , and plx} = fix,).
These are substituted in equation (V)10 obtain: ’

If (x)ds = me %[.utx.h apin)+ plx,)]= i; [flm)+ 47 t5)+f(z)] (i)
L

NOT FORSALE e
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Thus, the sum S, of the aress of all m parabolic strips is giviag the approximte area UNer the curve
J(x) to actual area represented by definite integral (if):
Sum 5L x )47 ()2 ()] 55 () 47 () ()]
4ot B )4 () f (2]
=-%[J; POYY RS TSy A IS 1 A T e 5l
In peneral: IF f(x) is continuous on [a, 8], then the Simpson's nile is
f=—i.i"{t]-£.. ﬂd‘—:[}.’.+4m+{, st fi UL bt S ) )

{viih

(b-a

The even 0* sublnterval is %, =5, +2nAc = b=a+2nAr that gives nx=—1;-?-_

Mm.lh&hrﬂrlhnnh:fﬂfn.ﬂmbﬂlﬂutlppnﬂmaﬁw.
ESEIIE) Approsimate the definite intcgral = | <'dx £ n = 2 subintervals and then compare

1

ww-ppmﬂmmwﬁhmemuﬂnhnnfmdzﬁnim integral that must be accurate i 5
decimal places.
@D The given intorval is [a, b] = (1, 2] and the widih for 1 = 2 subintervals is

-nx-ll;-'fuﬂ"_—l}%-ms.
The Simpson’s rule (vii) is used for Ax=0.75and n =2 to obtain:
[odens, =200 a(f+ )22 A)+£] @
Tho foncsion vahies fu o/t B PO 5,5, 555,
So=£(-1)=(-1) =1

;.-q-—[.

3.1 o[-LY =-Looses
z,-¢+mu-1+:=-;_ h 2 =

4

3 1 v 1
T fi‘['z'] o i

3 5 5V 25
aul-}!ﬂtw—li—!:-i, ia [E] =T|i=ﬂ=‘|-.-ﬁ15
mardr=—l4ad=2  fi=(F=4

Thess function valees are used in equation () 1o cbiain:
]f#!ﬁ,-¥m+“+ﬁ}+1}"+_ﬁ]
b=}

i — Yt il

a s b

o adel
Sy

UNIT-12

a3
: 3 [11'*“‘%”‘5525]1-1[&,15]4_‘]

. ‘-;;-,..-.'.-.;-,Zv e
E2 .

EN
T NUMER) AL m

=0201465, 0.50+4)=1

m“‘“"‘“‘ﬂrlhwk

I=[rde 2 g |
_}‘ kHI-riq.ius

m&mwm“w“

EEEEN MAPLE comm :
Simpson'srule s demmmppn P 7908 R S50 g T

1 use of MAPLE commnd “tapeenid ang
I |

fal. Trapezoidal rule, . b 4
;lﬁ?tt:ﬂmﬂdhhwwmmwnnﬁ:u K mmﬂmﬂmmw
whout Trapezoidal rulo on line by yping: 951l sbout Smpsan rle on lne by typng;
r 3 - : ?#W
[ Hﬁ{"’wﬂ“"’“ﬂm”: | Withi Student] Calebuz!)) :
[“P[ -x), =g |1 ﬂﬂﬂ?l "Ij..‘l-u ..].
b Apezold, output = plor); I'"'”'“““"-“W'ﬂﬂ}:
aal: Pl ik ""-:_E u.x.q:.._._._ (=
as| T -] s i P e
[P o o ol T
e -_ = o FEEHEE R
lJn I I o ol Ll
MM:M Tam ° 0204 36 08 1
An : ! ; \
“PpToxinstion of [ /1) de using .lmmmmﬂurjmj drusing
L]
""‘"‘Hi:w:mm} . Simpson's rule, where f(x) = ¢ and the
%"m‘nrh“ﬂhwhm The approximate partition is uniform. The approximate value
is 6326472982 of the integral is 0.632)205808 Mumber of
armbhmu.md.ln.

[ subintervals used: 10.

e A~ o e

b

P ek )
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INTRODUCTION TO SUMERICAL METHODS

Use the trapezoidal rule to approximate the value of each definite integral. Round the snswer to the
nearest hundredth and compare your results with the exact vakie of the definite niegral:

L x*
Pafl Z+1 e, ne=d
" n5[2+] .

i J'-jJH s, p=b

Exercist

B Izjx*d.r. n=4
d

. 'l"'l.g. neg
| X

Use Simpson's rule to approximate the value of cach definite integral. Round the onswer to the
nearest hundredih and compare your resills with the exact value of the definie integral:

a f=j'x’dt. n=3 b J'=j[%—l]fh. n=4

a I
- A 1
'S Izlg'-t. nel d l""jn"'!'l'.‘.!." n=4
i ]
A quarter circle of rdius 1 has the cquotion y=+/l—3" for O<x< 1, which means fhot:

i
!\‘l-x'd'.l - %, =4
Approximate the definite integral on the left by tmpezoidal mle thal equals the right side when

r=dl.
A quarter cirche of radins 1 hes the equation y=+fl= 2 for 05 x5 1, which means that

]I\II—::‘JI=E. =4
]

Approximte the definite integral on the left by Simpson’s rule that equals the right side when
rg=11.

5. Use MAPLE commands to find the approximate srea in the interval [0, 2] by

4 Trapezoidal nule b, Simpson's rule

Thomas Simpson was o Britih mathematician and creator of Simpsoa's rule for
appeoximats definite integrala, This rule was known and wed carfier by Boneventura
Cavalier in 1639 and Iwter by James Cregory. The long populanty of Simpson’s
textbook invites ihis sssocition with his same therefore many readers would have leamd
i fromm them A challenge proposed by *Pierre de Fermat' to find a poing ‘D" such that
the sum of the distances to three given points A, B and C is least. This challenge was
popularized in Taly Sarmpson treats this challenge in this first part of Docirine and
application of Fluxions (1750) by the description of cirvular are st which the edges of the "l

trangle ABC subtend and angle of 5. In secord partof the book he extends this geometrical meshod. SamP#
 seversl texthooks contains mast of the opimization peoblems treaied by sl techniqss. J

B e o S,

T

% - . y
- k

| Y R
= T

T T
i ":-:‘-f Ty
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2 3
o {':I" i} fe, [-3-,- EJ
it When I{I:.:u"“mhmhnﬁfrh 27 3
(n). re=—37187...
‘it The Newton Raphson
{a). tangent method

the
b). no.ms'.'._,ﬂmm SR =57 g iy

mﬂm‘ubkmmi:f'- Fm- 037187, 0 i

)
O e ® ’=*ﬁ3’% (e - LL5) £t
v.  Ifthe function values f (a) nd £ s S5 A
in the interval: m"*"““"‘““'humﬁmh!.mmh;:um
{a). [a, & ih).
Vi The Newioo Raphson rcthod s at: (' (%) . (e
fa). - stationary point (%), Doesing o
i {'I?epot?:n iy (d) "”“ﬂ}sﬁ:’
P 1 B3~ by g e oo et s i
(). 0507
Vit The M.u-r.smm,él:j' om0 (e). 0.570 i€). 0.607

o salve - =0 is;
(1), SEIIJ'I-'E (x* =Sx+3)=0 T [h?:hhua - ;:’ 5
(€). Simplon (' —5x+3=0) {d}.l Psalve {x’“- ;:-33:?}

X, The roots of the squats |
SRUALON £~ 5inx—— =) : c—
(). 1.88 2 3 =0 byusing the bisection method between | <x <2:

: : 1.48
' E"’hmn method & ko kmowmag: T . 1.897
; 0 method 4
le). Quatemary meghoq :i;; “quu urﬁnmm ing method

e

i Create 5 o
Quasideat i e
miumpr.wm;wm'”ﬁ“‘“mﬁ by issing Newton-Raphson method. Also plot its graph by

i

2 fenction and find its integral Bt -1 102, Use trapezeidal rule for approximate vakie.
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ISIT-12 INTRODUCTION TO NUMERICAL METHONS

*IF fix) i contimous and () and (b} have opposite in signs, then the biseetion method will

be vsed to. appeoximate the actual mot rof e non-livear equation
JUx) =0 in the mterval [o, b. In bisection method, the approximate oot of ¢ will alimys be the

midpoint of the interval [a, B,

I f{x) & continuous and f{a) and f(b)have opposite in signs, then (e regula-filts method i)
be used o approximate the nctus] root rof the non-linenr cquation. f{x) =0 in the interval [a, 4],
In Regula-Falsi method. the approximate root of r will ot be the midpoint of the interval [a, 5]
that should be anywhere in the interval [a. 5]

2 If fix) and its derivalives are continuows functions and x, @& the mitial flerste, then the Mewton-

Raphoon mathod %, -;—%, PO L2 8 i 1 2
produces 3 soquence of successive iterates fx, ) that will converge Faster to r than cither 1he
bistiction e regite- Gl nxcthods:
L IF fix) i contimaous on [, 6], then the triangle rule
R, = = phock flz kot £ x, Jar
is wsed 10 approsinisie the definie integral | F{x)2x.
2 I {x) continuous on [a. 4], then the traperoidal mle is
T 242 b er 24 £, Be= 822

s used 1o approximate the definite integpml iﬂ;yﬁ_
$  If()is conthmanson fa, b, thed the Simprcr's rul
S ={,‘|1[r. HAL 4t Lot F U+ it it frns )4 o]

with k-%—ﬂkwwwm& definite mmljmm

Carl Rumge was 2 German mathematician snd physiclt, He was co-developer of the mnge -
Jouttn method in the feld of numerical analysie. He received his P degres in mathematics at
Berfin in 1320, In 1886 be became the profssor in Henover, Gemnang, He akio studied
spectzal lines of various elements and was very nterested in the application of this work 1o
autroenmiical spectrosphy, Runge resched 1o i retirement {n 1923 but e contimed to run his
irtiturte until his succesor Gustave Herglobr, arrived in 1928,
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T Tta Lo s = ..
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1. . Trigonometric. b, Algebraic . Inverse trigonometne i ] T e T = e
3y Logaithmic ¢, lmplici { Hyperbolic o Explicit ls-29) g
-3 a lingram 100 b 07089 in gram 70.9g e B t-_c
¢ 0.502% in gram 50.3g d 011648 ingram 11.6¢ ! i 5!
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r.1 [ ; u:l.
1
" dossmotext © 3%
W 5 b <7 L)
n Q00 b 551429 . 5200
n | h Nave € E d. does not exist
y m m a
4 c"‘pr-l— l' Q,E L Ir‘

r

" pin (24)
e

a. Continnous on l.hw.’ukmﬂqf_ndnmbm

b. Confinnous af every real value of x, except x=35 ;

. Caftinuous at every real mq:.mrmmnam:--z

f{x}ﬁmﬂmmxmn

I-g{r}h‘mﬁmwmﬁnpmhw -1, %

b. glx)is continuous from the right af x=~1

c. glx)is continuons fram the leff at x=2

4. g(x)is continuous on the closed intervall=1. 2!

#, fi{x)is continuous on the apen inferval(0, 3)

b, f{xhis comtimsus from the right at x=0

e f ¥)ix continueis from the leff at x=3

d. f(x)ix continuous on the closed intervall0, 3]

&, fix)is dizcontinuous at x =1 b, f(x}t:.dr’;pamdf:-ﬁ

2. The graph is as under: b lim_E(s)= 51,000 E(10,000)= $1.000

& lim Ffs) doesnot eqst ERO.000)-52000. & Yesat 10,000, nost 520,000

true
5
. (i) d (i) a (iv) d ¥ ¢ (i) by
g:i'l- ; vtk & (ix) a (%) ¢ (xikd (xiil. e

(xiii).a (xiv).a {avl.g

NOTEORGALE

I. 6§ bd
3 o2 d. .25
2. 2 b Ar=) € 4 in al
1, a. & =015 14,4 unitsfsecond :
# . b ﬁl-ﬂ,ﬂl:li“hﬂiﬂm
4, Ar=2; 25 mwnmriﬂmmuwpw
5 mulﬂ;IITﬂ;themﬂthilmhigltlhen ‘
te of Rs.|
Faiesnetay l'!ﬂwmwiulhmurm
i 53 IR
PN ey “ 2% dx ey ¢ 7
w3 b y=3z-i9 €. slope = § ¥
8 a |, ymxeg b.l, yex=16 = i, p==fzr-10 47, p=71-6
:  FETr=
¥ o

i Exercise (3.2
d T"“————u
boon Gl @est]=izees, 1 D-gla)]=-12041

4, 104 1
Bt - (RO RPN
o
E[f{x] +g(x)]=122" - &x, a{[ﬂﬂ—!’{v‘]]-'-ﬁu&r

o
E[ﬁﬂi!h‘}]ﬂﬂf+i—{~1‘ i‘fﬁﬂ—l‘m]tllt’--::—&
2 a P

= bx
e 9:‘+2x-rt‘|-l,2.:‘+-5—-—_‘.-' b %-—:uﬂ:’-l::r'drﬁ.ﬁ-!
= QBE i 3 2 15
5= 2 ¢ g-?;-u
3, o g_.‘nx_‘n'l b Q-M
. & {ax*4)®
& Wk 24p°
= d. o3P F32p 423
dx i{[ e B3p+2)
4,
8 y=3p-g b 3r—dy+1e0 © £425y-7=0 4 y=-2x+9
5 Ll y-..ﬂ_ ﬂh -F
I-p dr (z-p)
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e =2li=3r) ¥ d. el
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U W ,-*-%H-z ho¥ =:l" O 1
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2 .‘i b = +dx r 1 d, =3
6. i --i-;{x" +1) _'{}Tg_]f G5 (x=
a %--c*ﬂh‘u b. %--&"u-‘ﬂ"
5 slope=%/7 9. 25 miles perhaun

=)

| = 1. 4. 2Casx{2x)
f . ~Zcot(x).cosec’ (x)
I i 3. a -3cosed’(lx) +xeot{ix)

¢, —Beogeclrootly
ﬁmﬁn‘-’xﬂn:ﬂn-ﬁ
E ¥ cos' Az
| e
i S
\ S
4 B 1er di

ge(3)

b (7 =l

.
il i U+W+ﬂ+:

PY{E)= 50 dollars week,
P5U) = =14 dellars | wesk

o 3[sec’@r)-sin3a)]

b, —3enses” (3x)
£ 3sin’(x).cos(x)
e mm’q‘;
B ﬁthhﬂnﬂrﬂmﬁlh—hm:’h]
d #x+Ysec’(xe3)
2sect x4 Jcot3x(l +tan 2 5)
[ cosetdx

P(26)=0 dollars | week

=1 1 -I[E_Il
b %'ﬁf?ﬂ"?“ x-1
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a3 2400 AP £BEAGS +Ax S0 4) x4 120605 4 du— S 4288 +4x=5 X +4)
| b 16{0+tan’ x)-tan x + 24tan’ x(l +tan’ x) S ?:"-hkl' d 24xin(e)+52x

5. o Joeo2n) wn(2x)’ +7.J5ec(2x) tan(2e02 + 2tan(2x) ¥
b —caus(sin(x))cos(x) + 3sin(sin{x))cos{<)sin(x)—cos(sin(x)) cos(x)
6 o 1663200=3'(x+27 b -2'(S144002 -4

o (4 cos(Bx+843) 4 (5T -
I .‘--' i - — I"'--I" l
| L r-@ b y=-2x 3 r'f L
| 142 -"'_..l iy +£ d. p=—xtl
: L L P-;H[_IE_] b, » lz;ﬂ-l I 3
13 $0iEaR

b p=Q+rjx+n & x=i
Va2 e
b o LT

64
d Ax-B-Tal e

il el 4=
6. b 27183 . & = b M’*ﬂ S x--.—lns—.pdT

[ meen (9)

1. & | critical poink (0-2) fi. Increasing on (—so,—ZYUC0,+=); decreasing on (-2, U)
‘ i muumm(—&nnmm
b uﬂllpnii[;.-ﬂ] i increasing on (~=,~25)

5
i, relative minimum (-25,0) mm[;.-wu]
- o ox=0,1 d x=0,1

: ;;t:ﬁuﬂm:;l 5 |3 nMw:nui-hnml:-l
. peither maxirum nof minimum d. mwam - —_—
A Eﬂinﬂph:{-l&vl‘jknhﬂnm increasing on (~18,4a0); decreasing on
[ concave up on (a0, 4a). . _ L
| Criteal points: (-3, 20) & relative. muaximun (3,-16) s relative minimm, incrcasnd

y h{-n,w-.‘i]uﬁ.m‘j: mﬂ- (=33 Hmnitm.zhmwm{p,w}; CORCIVE

doon on (—=.0)

Im A . . e
-

) ()

ey

‘o

|
|
1

B i o e o o A SR
ST EEEE
a Relative maximum of 1 at x= 0, rebative ming o =
b R:Iuh-e mﬂrimn of2atx= -3, mhmmiﬁmmm n;f::: =1

n R:hmmmﬂx-z,mwumﬁnmnx-ﬂml;-h_g
[+ mmhmmﬂr-a;nhiunﬁﬁmmﬂn% ineither ag x|
a. The expendite on adventising that leads to maximum i

b, The muximum profit af x=6 is $12 hundred dollars, N

The mumber of bundred thousands of tires is 1= 1,000,000 1
tires v that developed the maximum profi hﬂlnﬁmﬁﬂmﬂwm“

ol 6,53 % mereising in the interval (0, 3) and is decressing in the

b. The maximum drug concentration time i x = 3, o |
€. The maximum drug concentration at a fime x = 3 5 K (3) = 0.22% = (L0072 | =
d.mmmhmnhunusuﬂﬁiwhmwhﬂm‘ function to decreasing
function. Maximum concentration &{x) =0.22%

thc'{r]=rﬂ{lel{31ﬁﬁ]=;'§[¥*h]ﬂmﬂ}- u[-f",ﬂa:zr_)

Cix=1 %u}:u = xwi50
Minimuem cost at v = 150 = 12.2is C (12 2) = $73.48,
'(""_" H’"Iﬁﬁ s -7..—"'-'Irf.
ﬁl_ b (i e (i) b () = v a
(vi] b {vii) e {vidiy d (i) & ix} b
e — g r— - o
7 Exerse  (51)
A f=0, f>0 bor=2 120
Ct#(2n “H%.. a=03132.. | fenr, neld]22,.
a Fr-syi-mﬁ[:': ‘3]5 b 2+ dl-15]+ 03¢ + i

U 4T+ singj+(2e'+ Seint )
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