ANALYTICAL GEOMETRY

After studying this unit, students will be able to:

Find the condition of concurrency of three straight lines.

Find the equations of altitudes, right bisectors and medians of a triangle.

Show that altitudes, right bisectors and medians of a triangle are concurrent.

Find the area of triangular region whose vertices are given.

Recognize homogeneous linear and quadratic equations in two variables.

Investigate that second-degrec homogeneous equation in two variables represents a
pair of straight lines through the origin and find acute angle between them.

Apply concepts of analytical geometry to real life world problems such as aviation, to
track stars, distance between planets and satellites, space science and engineering.

Analytic geometry known as coordinate geometry is a branch of mathematics that combines algebra
and geometry, Itinvolves the study of the geometric shapes using the coordinates and equations.

Analytic geometry is used in physics and engineering, as well as in fields like aviation, rocketry,
space science, spaceflight, computer graphics, astronomy, cartography and robotics etc.

It serves as the comerstone for many contemporary geometric disciplines, including algebraic,

differential, discrete, and computational geometry.
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6.1 Point of Intersection of two Straight Lines
We know that two non-parallel lines intersect each other at one and only one point.

Let hiawx+biy+ci1=0 ..coveeneee... (1)
and Riax+by+c2=0 ...covnvvennnn (2)
be two non-parallel lines and P(x, y1) be the point of intersection of /; and /. Then:
axi+biy1+¢1=0 ..cocvviininnn (3)
azxi1 +bay1 +c2=0 ................ (4)
For the solution of (3) and (4), we proceed as follow:
' ai b1 o e b1 ¢
a:z bzanm\.bz
. PRESTE AR, ] P 1
bic; —bycy  aacy —agc; @by —azhy
byca—bac C3—a;C
i u:b;-:;l o f el

> _ ((P1ca—bzcy ﬂzi-'l-lI:ﬂ:) ; § " 5 5

& PG, ) Ay e is the required point of intersection where
a,b, — a,b, # 0 otherwise Iy || L.
l a; by

- ]fl’ln ’Lﬂ]mﬂ.lb!—'ﬂ;bl=ﬂ = n‘lb! =ﬂ3b1 = n\—I-E
n e Ifly L b, then mymz = —1-4(-:2) (-—%:):—-Iﬂulﬂz='b1bz
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6.2 Condition for Concurrency of Three Lines
6.2.1 Concurrent Lines

Three or more lines that intersect at one common point are said to be concurrent lines. When a third
line passes through the point of intersection of the first two lines, then these three lines are known as
the concurrent lines.

Key Facts

6.2.2 Pointof Concurrency

The point of intersection of three or more lines is known as the “point of concurrency.” It is the point
where three or more lines intersect.
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Three lines are concurrent if the point of intersection of two lines, lies on the third line (i.e., satisfies
the equation of the third line) I Key Facts

To check the concurrency of three lines, we use The diameters of a
the following methods. circle are concurrent
: at the center of the

l circle.
Consider three straight lines whose equations are: .
gixthy+eai=0 s (1)
e+ by +e2=0 .cccereeennn (2) .
B+ DY+ 0a=0 iciiiiserverens (3)
The system of homogenous equations (1)-(3) can be written in matrix form as:
ay b]_ Ci]rx 0
a; bz Ca l:y] = n] .............. (4}
iy b3 C3 1 0
If the lines (1) to (3) are concurrent then they must intersect at a point O(x, y) which can be found by

solving equations (1) to (3) simultaneously. The system (4) has a non-trivial solution if the
determinant of coefficients of the three lines is zero. i.e.,

a, b
a; by &
as by ¢
{Whict is the condition of concurrency for the three lines. Thus, if the determinant of the coefficients
of the given lines is 0, then the lines are concurrent.

=0

Example 1:
Find the value of k ifthe lines: - n
3x+y-3=0, Sx+ky-3=0, 3x-y-2=0 Check whether the lines:
are concurrent.- Ix+4y-7=0, —
Solution: : 2x—3y+5=0, .
The determinant of coefficients of the given lines is: 3x—5y+8=0

3 1 -3 are concurrent or not.
D=|5 k -—3! ’

3 -1 =2

By solving the determinant, we get:
ok SB[_q15 Be=nF  ¥|=32%-3)-1-10+9)-3(5-3k)
p-3| § J-1l3 Sl Bl =23

-9+ 1+15+9%=3k+T7
As. the three lines are concurrent, therefore:

EJF'P?Ldl}ﬁ?'k;: —1 ﬂk='-? ‘
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(hy Direct Miethod
In this method, we first find the point of intersection of two lines and then check if the point lies on

the third line. It ensures that all three lines are concurrent. - _

Consider equations of three lines as follows:

4x-2y—-4=0....(1) What are collinear points?
y=x+2 — ) Are concurrent lines coplanar?
x+3y=26 .....(3)
‘ Step 1: To find the point of intersection of line (1) and line (2), substituting the value of 'y from
equation (2) in equation (1) we get:

4x-2(x+2)-4=0
- dx-2x—4-4=0
2x-8=0 = 2xr=8 = x=4
Substituting the value of x in equation (2), we get:
y=4+2=6
Therefore, line (1) and line (2) intersect at the point (4, 6).
Step 2: Substituting the point of intersection of the first two lines in the equation of the third lim:
we get:
2(4)+3(6)=26 = 8+18=26 = 26=26
This implies that the line (3) also passes through the point (4, 6). Hence the three lines are
concurrent.
6.3 Concurrent Lines in Triangles
In a triangle, the three angle bisectors, perpendicular bisectors, medians and altitudes are examples
of concurrent lines.
« Incenter: The point of intersection of three angle bisectors of a triangle is known as the incenter
ofa triangle.
+ Circumcenter: The point of intersection of three perpendmllar bisectors of a triangle is known
- as the circumcenter of a triangle.
» Centroid: The point of intersection of three medians of a triangle is hmwu as the centroid of a
triangle.
» Orthocenter: The point of intersection of three altitudes of a triangle is known as the orthocenter
ofatriangle.
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Theorem 6.1:
Altitudes of a triangle are concurrent. Alxi, )
F
Let A(x1, y1), B(xa, y2) and C(x3, y3) be the three E
vertices of a tnangle ABC., In the figure, AD, BE and CF 3
aie altitudes of BC, CA and AB respectively.
First, we find the equation of altitude AD. B(xz, y2) D Clas, »3)
R = _Ya=X¥2
Slope of BC = ———-——13_ e .
Slope of altitude of AD = —23=%2
Y3— Y2
Lquation of altitude AD is: )
y=¥»m= _?:;_;:' - g ) T (Point-slope form)
=2 -y — y2)=—(x3 — )E—x)
2 (X3 —x)x+ =Yy —x(xa—x) —n(ys—») =0 ....... (1)
By symmetry, equations of altitudes BE and CF are respectively as follows.
(53 —x)x + (= Y)Yy = x2(x1 —x3) — Y21 —¥3) =0 ... (2)
(2= x)x+ O =)y =% —x)—ys(y2-»n)=0 ....(03)
The determinam or coeflicients of the three lines is:
X3—%Xz  Y3i—Y2 =x1(x3 — x2) = V1(¥Ya—¥2)
X — X3 Yi—¥3 —x2(x%1 — x3) — ¥2( 1 — ¥3)
Xz — X Y= N —x3(xz — x1) = ya(y2 — 1)
Adding R2 ana R3 in Ry, we get:
0 0 0
X3 — X3 Yi=Y3 —x5(%; —x3) = ¥2(y1 —¥y3)[ =0 .
Xz — X Y2— —x3(xz — x1) — ya(¥2 = ¥1)
Thus, the aititudes of a triangle are concurrent.
| Theorem 6.2= Alx1, 01)
Right bisectors of a triangle are concurrent.
Proef: F E
Let Alx1, y1), B(xz, y2) and C(x3, 3) be the three
vertices of a triangle ABC. In the figure, 0D, OE and ﬁf
are right bisectors of BC, CA and AB respectively. , h
: =< : D Clxs,
First. we find the cquation of right bisector OD. B(xz, y2) (x5, 3)
Conrdinatasufmidgointﬂufﬁfare(%, ""—::"4’-) |




Ya—Ya

| Slope of BC = 2.=22
. i - X
‘ Slope of right bisector OD = — ey
| Equation of right bisector OD is:
y-2no ’;,33 ‘1( - 220 vereee (Point-slope farm)
| = =Z2(y3- ya)= -0 — x)(x - “”’)
" After simplification, we get:
(3 = 2)x + 03 = )y =3 (X — 1) =305~ %) =0 ...... (D)
. By symmetry, equations of right bisectors O and OF are respectively as follows.

| (1 =x)x+ 01 =Yy =3~ 1) =3P =) =0 .eeee 2)

@ = x)x+ 0z =)y — 32 1) =102 =) =0 .......()
The determinant of coefficients of the three lines is:

X3=%2 Ys—): —%(xsz —xzz)_'::(ysz = ¥2%)
Xy — X3 Y1=Ys -itxﬁ - x3%) _iﬁf':z -¥3?)
1.2 notr, 2 2
=% BN 3 =% =208 =)
Adding Rz and R; in Ry, we get:
0 0 ; 0
1
X1 = X3 =Ys =3 (x* —x3?%) _;(3’12 =¥ =
X=X Y2 -2 (x? - ;%) -3 022 =n?
Thus, the right bisectors of a triangle are concurrent.
i Theorem 6.3: -
Medians of a triangle are concurrent.
. Proof: , Alxi, y1)

Let A(x1, y1), B(xz, y2) and C(x3, y1) be the three
vertices of a triangle ABC. In the figure, AD, BE and CF
are medians of the triangle.

First, we find the equation of median AD.

Coordinates of mid point D of FC are (%-x—’, ""l:-—’fi) B(xz, yz}. D C(xs, y3)

Using two-point formula, equation of median AD is:




=, (r; + X3 x:l) {y 3’1) (

)(1' - %)

= % = x:)J"_(x:_::’ - "'1)1"1_ h”‘l - yl)x (h+h B y1)11

I S M

By symmetry, equations of medians BE and CF are respectively as follows.

(et _ ) (22 Vatys

—':rz)J"' 2 _J’z)xz-l' %ﬂ—xz)yz=ﬂ @

(22— yy)x— (2222 - )y — (252 - 3s) Jys=0 @
The determinant of coefficients of the three lines is:
Y. + ¥ Xz + X Y2 + ¥ X + x
e T e i e e R e
Y1 + ¥ Xy + X3 Yy, + ¥ Xy + X
i) -(3on) -EIRon)ue(S2 o)
Y1+ Y2 X + x. 2= X + x
B32-n) -(BF2-x) -(BFE-w)ne (T - u)
Adding Rz and R; in Ry, we get:
0 0 0

+y x, +x yvL + ¥ X + X
22 ) (B3R n) PR - w)ur (-0

Nty I S ) _(3’1'1')’:_ ) X+ x
( 2 }'3) ( 2 X3 2 Y3 | X3 + ( 2 x:l) Ya

=0

Thus, the medians of a triangle are concurrent.

Example 2:

Find (i) circumcenter (ii) centroid and (iii) orthocenter of a triangle ABC with A(0, 0),

B(6, 0) and C(0, 6). Also prove that circumcenter, centroid and orthocenter are collinear.
Solution:

Given that A(0, 0), B(6, 0) and C(0, 6) are vertices of triangle ABC.
(i) Circumcenter is the point of intersection of three perpendicular bisectors of triangle.
First of all, we find the mid points of three sides. B(0, 6)

Mid-point of OA = C (%=, 5°) = C(3,0)

Mid-point of OB = E (=, =) = E(0, 3)

Mid-point of AB - G (57, =) = G(3, 3)




0-0 6=0
Slnpeofﬂﬁﬁ—ﬁ_n-ﬂ, Slupeofﬂﬂ=—-n_u=ml{mdcﬁned)
5|npequB=E= -1
Now, we find slopes of right bisectors.

4 1 —--L-—-—].:
Slope of right bisector CD = Slopeof 0A
. -1 -1
Slope of right bisector EF =_npeufnﬂ — 0
i i = = :::t_—1=
Slope of right bisector GH = Ty 1
Equation of right bisector CD is:
y—0=0 (x-3) = x-3=0 .....(1)
Equation of right bisector EF is:
y—3=0(x-0) = ¥=3=0 ...0.(2)
Equation of right bisector GH is:
y—3=1(x-3) = y—x=0 .....03)

Equations (1), (2) and (3) are equations of right bisectors of sides of triangle ABC.
Solving (1) and (2), we see that: x=3, y =3
=, Circumcenter = G(3, 3) ......... (A)

(ii) Centroid is the point of intersection of three medians of a triangle.

First of all, we find the mid points of three sides. B(0, 6)
Mid-point of OA = C(3, 0)

Mid-point of OB = D(0, 3)

Mid-point of AB = E(3, 3) D €
Equation of median OE is:

y-0  x-0 "

g et (two-point formula)
= y=x ceenes (4)

Equation of median AD is:

y-0 x-6 —

3-0 ~ o0-e (two-pointformula) Mediansufntriangl:;u:ct“
= —-6y=3x-18 = 3x+6y—18=0 each other (i.e., bisect each
= x+2y—=6=0 .......(5) . .
Equation of median BC is: i

y-6 _ x-0 £
o—6 _ 3-po (two-point formula)

0(0,0) C A(S, 0)

= 3y—1B=-6x = 6x+3y—18=0
= 2x+y—6=0 ....... (6)
Solving (4) and (5), we see that: x=2, y=2
+ Centroid =P(2, 2) ......... (B)
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(iii) Orthocenter is the point of intersection of three altitudes of a triangle.
As the triangle is right angled, therefore two of its sides OA and OB are also altitudes.

The third altitude is OC.
Slope of OA =0, Slope of OB = oo (undefined) B(0, )
6-=0
Slope of AB = e -1 c
Slope of altitude OC = —————=—= 1
Slopeof AB -1
Equation of altitude OA is: 0(0,0) A(6, 0) 2
y—0=0(x—-0) = y=0 vieraanns (1)
Equation of altitude OB is: Key Facts
y—0=0(x—0) = x=0  ........(8)  ompmn In a right triangle, the -
Equation of altitude OC is: i orthocentre is the vertex

y—0=1(x—0) = y—-x=0 ....(9
Equations (1), (2) and (3) are equations of right bisectors
of sides of triangle ABC.
Solving (7) and (8), we see that: x =0,y =0
= Orthocenter = 0(0, 0) ......... (C)
Now we prove that circumeenter G(3, 3), centroid P(2, 2)
and orthocenter O(0, 0) are collinear.

oP=JZ-00+ @207 = VE+a=VB= 22 i
PG=J(3-22+(3-202=VIi+1=V2 P(2,2)
0G=/B-07+@—-072=VI+9=VI8= 3V2 0(0, 0) Al6, 0)

Now, OP+ PG =2V2 + V2 = 3v2=0G

Which shows that circumcenter, centroid and orthocenter
are collinear in any triangle.

I containing right angle.

B(0, 6)

Example 3:
The points P(- 1, 2), Q(3, - 2) and R(6, 3) are vertices of a triangle PQR. Show that altitudes,
right bisectors and medians of the triangle are concurrent.
Solution:
Let (x1, 1) = (= 1,2), (x2,)2) =(3,-2) and (x3, y3) = (6, 3), then:
We know that the determinant of coefficients of the three altitudes is:
X3 — X2 Ys—)2 —x,(x3 — %) = ¥1( Y3 — ¥2)
Xy — X3 Yi—Ys —xz(xy — x3) — Y21 — ¥3)
X2 — X Yi=F —x3(%z — 1) — ¥a(¥2 — Y1)

Substituting the values x1=— 1, y1=2,x2=3,)p=-2, xs =6 and y3 =3 in above determinant,




U

[ 2= e UNTCUGRSSATRIICRDGEOMERRY /s

we get: |

6-3 3+2 1(6—-3)-2(3+2) 3 5 -7
-1-6 2=3 -3(-1-6)+2(2-3)|=|-7 -1 19
3+1 -2-2 -6(3+1)-3(-2-2) 4 -4 =12

' Adding Rj in R2, we get: ,
: 3 5 -7 |3 5 -7

-3 -5 7 3 5 =7
4 -4 =121 14 —4 -12

=0 (R and R; are identical.) '
Hence altitudes of triangle are concurrent.
Now, the determinant of coefficients of the three right bisectors is:

Ey=% < W% "é(x:: =x%)- i'{}’sz =%:")

1
H-x3 Nn-¥s —;@*-1)-10:-y?)

(Multiplying Rz by —1)

i X=X n=n  —3@P-x?) ~302% =7

Substituting the values xy=-1,1=2,x=3,)2=-2,x3=6 and y5 = 3 in above determinant,

we get: |
6— -136-9)-1(9-4
3 3+2 3( j=de-8 o PET— |
-1-6 2-3  -3(1-36)-3(4-9)|= [-7 -1 20
| 3¢41  ~2-2 -i@9-p-ie-¢| '+ " |
Adding Ry in Rz, we get: |
3 5 -16 0 0 0 |
-3 -5 16[ = [-3 -5 16| (AddingR:inR))
4 -4 -4 4 -4 -4

» :
Hence right bisectors of triangle are concurrent.
Again, the determinant of coefficients of the three medians is:

(N I %) ‘(@ = J’i)"i +(":” - x1)% |
(B52-%) -(42-n) -2 -n)ne (32 x) |
(B2 -r) -(B52-n) (B2 - y)n+ (252 - 1)y

Substituting the values x;=—1,y1=2,x2=3, y2=—2, x3 = 6 and 3 = 3 in above determinant,
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bk @

we get:

(2= -2) (’”+1) -(EFE -2) -0+ (3E+1) @
ii2)  -(BE-3) -(E+2)@+(FE-3) 2
(Bsi-3) -(Fl-¢). -(F-EEE9e

-1.5 -55 -15+11 -1.5 -5.5 9.5

4.5 0.5 -135+1| = 45 0.5 -12.5

-3 5 18—-15 -3 5 3 .

Adding R in Ra, we get:
-1.5 55 9.5 0 0 0 .
1.5 55 -95| = |-3 =5 16| (Adding R2inR,)
-3 5 3 4 -4 —4
= {) .

Hence medians of triangle are concurrent.

6.4 AreaofTriangular Region

The area of a plane figure is the space covered by it.

Consider AABC as given in the adjoining figure with y
vertices A(x,, »,), B(x,, y,), and C(x,, y,).

In the figure, we have drawn perpendiculars

BD, AE and CF from the vertices of the triangle to
the x- axis.

Notice that three trapeziums are formed:
ABDE,AEFC and BCFD.

We can express the area of triangle ABC in terms of
the areas of these three trapeziums as follows. v

Ly

Alxy, )

Area of AABC = Area of Trap.ABDE + Area of Trap. AEFC — Area of Trap.BCFD .... (1) '

Now, Area of Trap.ABDE =% x (BD + AE) x DE
#% “{}'Z"‘Pl]""{xl —

Areaumep.AEFC=%X(AE+CF}“EF | Area of trapezium is:

1
= —x (sum of lengths of parallel
=lx(yl+}g]x{x:-.r1) o2 (_ a
4 sides) x distance between parallel *
Area of Trap.BCFD = o (BD + CF) x DF I sides (altitude) |

Recall

1 3 e 4 ol
=3%02+yn)x(n-x)
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Substituting these values in equation (1), we can find area A of triangle ABC as follows.
=%x (2 + ) % (x1 -xz)+%x (1 + 1) X tn-n)-% x (2t y3) * (x3—x2)
=% x[0z+n)*(x1i—x2)+ 1+ x(x—x1))— 02+ ) * (x = x2)]

1
== x [xy2 —xay2 + x)p1 — X201 + 23 Y1 — X+ xays — xpys — xpn Fxay: —xas + o)

2
1
= X [x1(y2 — »3) + 2201 — ) + 5300 — )] ' Ci
. = 1 Find the area of a triangle whose vertices
=% ¥z 1 are givenas (1,-1), (-4, 6)and (-3, -5).
x3 y3 1

Key Facts
« Ifpoints A, B and C are collinear, then area is zero.
« [fthesignofvalue of area obtained is negative, ignore it as the area cannot be negative.

= Area of a triangle can also be found by finding the length of three sides of a triangle
using the distance formula and then applying Heron's formula.

Example 4:
Find the area of triangle if points (4, — 2), (- 2, 4) and (5, 5) are vertices of a triangle.
Solution:

Here,xi=4, =2, xa=-2, ;2 =4, xs=5and y3 =5 [ Claliense

% ¥ 1 4 -2 1 Find the area of parallelogram
hn‘:aoftriangle=§x X2 ¥, 1l ==x|-2 4 1| shown.
X3 }'3 1 5 5 1 P
1 (5 2 B0
==x%[4(4=5)+ 2(—2 - 5) + 1(—10 - 20)]
Z RS 4 B NS
1 ’ 1 b f_l‘ﬂ‘-'“:
=i d=14—a0]=x{=-48]= -24 Vi L,

.. Area of triangle = 24 square units i e

1. Which sets of lines are concurrent in the given figure? Also, tell the point of concurrency.

() (ii)

P g a b m P q
m & /
¥
C
' A j =
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IJ

. Check whether the lines are concurrent or not.
(i) 3x—4y-13=0, 8x—11y-33=0, 2x-3y-7=0
(i) x+2y-4=0, x—y-1=0, 4x+5y-13=0

3. Determinethe valueofaiftheline2x—y+3=0, x—y=0, 3x+ay+1=0
are concurrent.

4. Showthatthelines x+y+1=0,x~y+1=0 and x-axisare concurrent. Also prove that
x-axis bisects the angle between x+y+1=0 and x—y+1=0.

5. " Find the equations of altitudes and their point of concurrency in the triangle ABC when

- A(4,-2), B(5, 5) and C(-1, 3). What is the name of point of concurrency?

6. Find the equations of right bisectors and their point of concurrency in the triangle XYZ when
X(0,0),Y(7,0)and Z(7,4). What is the name of point of concurrency?

7. Find the equations of medians and their point of concurrency in the triangle DEF when
D(-6,-4), E(6,—4) and F(—2, 4). What is the name of point of concurrency?

8. Prove that (a) altitudes, (b) right bisectors and (c) medians of the following triangles are
concurrent.
(i) A(4,6),B(7,2).C(2,3) (i) P(-4,0),Q(2,0),R(0,3)

9. Find theareaoftriangles.
(i) A(1,1),B(4,5),C(12,-1) (i) D(3,1),E(2,3),F(2,2)

10. By finding area of triangle, show that points A(6, 0), B(— 3, 6) and C(3, 2) are collinear.

11. Using the formula of area, find x if the points P(3, 2), Q(-1,x), R(7, 3) are collinear.

12. Vertices of a triangle are (3, —4), (4, 4) and (2, 6). Find & if area of the triangle is 10 square

units.
13. Find the area of following figures.
. ii)
(i) _ ; G r]: EEES
(2, 3 ) ENEEERECINEE
3 ) . :I?\ [
Ll " - |
i : 1
A i e e B
Z o HE A T TN
T _V = T3 3 4 H_rf J 1] ne
3.1 —;‘ _4(7. -1) | El e T
> i . | 1 i L
1 = i il 4 W E_E

14. Find the area of triangle bounded by the lines:
(i) 4x—5y+7=0, x-2=0 and y+1=0
(i) x=2y-6=0, 3x-y+3=0 and 2xty-4=0

Y -
. - i TR
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6.5 Homogeneous Equations in two Variables
Let f(x, ¥) = 0 be any equation in two variables x and y. The equation f(x, ») = 0 is called a
homogeneous equation of degree n if
flhx, ) =k™x,¥) ecnvnenn. (N
where k is any real number and  is a positive integer.
6.5.1 Homogeneous Linear Equations in two Variables

An equation of the form ax + by=0is calleda Key Facts
. homogeneous linear equation in two variables and In the homogeneous system of
always passes through origin, equations, no equation has a

[fwe take n=1 in equation (1), then we get: constant term. A homogencous
linear system may have one or

infinitely many solutions. But it
has at least onc trivial solution

always. l

_—

Sk, ) =kf(x, ) coiiiiiinnn (2) £
Equation (2) is called homogeneous linear equation
in two variables. Consider: i
Jx,y)=ax+by=0 .......... (3)
Replacing x by kx and y by ky, we have:
Slkx, ky) = akx + bky =k (ax + by) = kf(x,¥) .oovies (4)
From (4), itis clear that equation (3) is homogencous linear equation in two variables.
For example, x—4y =0 is a homogeneous linear equation in two variables x and y.
6.5.2 Non-Homogeneous Linear Equation
An equation of the form ax + by + ¢ = 0 is called a non-homogeneous linear equation in two
variables.
Forexample, 2x—5y+7=0 is a non-homogeneous linear equation in two variables xand y.

6.5.3 Joint Equation .
Consider two straight lines represented by: . _

ax+tby+ea=0 .....(5) Show that 2x + 3y = 0 is homogencous
ax+by+e=0 ... (6) linear equation in two variables.
. Multiplying equations (5) and (6), we have:
(aix+by+eallax +by+e)=0 ... (7)
: Equation (7) is called joint equation and can be re-written as:
ax* + 2hxy + by +2gx + 2 e =0 ... (8)

Equation (8) represents a pair of lines and can be resolved back into two linear equations.
Ifwe put ¢, = ¢,=0inequations (5) and (6), then:

mx+by=0 ....(9)

ax+by=0 ....(10)
Equations (9) and (10) represent a system of homogeneous linear equations in two variables.
Multiplying (9) and (10), we get:

(aix + by axx+by)=0 ........(11)

_——




Equation (11) is special joint equation and can be re-written as:
aiap + ambaxy + ambixy + biby? = aaw® + (ab: + azby) xy + biby?
If we put @@z = a, ajbs + a:by =2h and bib2= b, then we get:
a + 2y + b2 =0 SOOI L.
where a, /1and b are not simultaneously zero.
Equation (12) represents a special pair of lines passing through origin and can be resolved back into

two homogeneous linear equations. This equation is called general second-degree homogeneous
equation.

Any point P(x, y) that satisfies aix+byy=0 or axx + by =0 will also satisfy equation (12).
For example, 6x* — 4xy + 8y* =0 is a homogeneous quadratic equation in two variables x and y.
Equations (9) and (10) can also be written as:
y=nmnx and y=max where m and m; are slopes of lines passing through origin.
Their joint equation is:
V-mx)@-mx)=0 = P —(m+m)xy+mmx* ... (13)
Equation (13) is another special type of second-degree homogeneous equation.
Comparing equations (12) and (13), we have:

mumz _ —(mytmg) 1

a 2h b
6.5.4 Homogeneous Quadratic Equations in two Variables
If we take n = 2 in equation (1), then we get:
flkx, ky) = k*f (x,) ceaiesive L
Equation (14) is called homogeneous quadratic equation in two variables. Consider:

flx, y) =ax® +2hxy + by* =0..........(15)
Replacing x by kx and y by ky, we have:

a -2h
= mmp=3 and my+m; =—

Fllx, ky) = aCke)? + 2h(k)(ky) + blky)* = k*(ax® + 2hxy + by”) = k*f(x, ) ... (16)
From (16), it is clear that equation (15) is homogeneous quadratic equation in two variables.

Key Facts

l The most general equation of second degree: ax® + 2hxy + by? + 2gx + 2fy + ¢ =0

Represents a pair of lines if:
a h g
- lh b fl=0
| g [ ¢ |

Theorem 6.4:
Every homogeneous second-degree equation:
ad +2hxy +by? =0 ..o (1)
represents a pair of lines passing through the origin. The lines are:
(i) Real and distinct if h* > ab
(i)  Realand coincident if i* = ab
(iii)  Imaginary if i* < ab
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Proof: Multiplying equation (1) by a, we have:
a’ x* + 2ahxy +aby =0
a® 2+ 2ahxy + ki y? —I? y? + aby? =0
(@x+hyy -y (R -ab)=0

(ax+hyy? —=(yVh? - ab)?=0
(@ax+hy+yvh:-ab)(ax+hy-yvh?-ab) =0 ...(2)

Which shows that equation (1) represents a pair of lines through origin. From equation (2):

ax+hy+yVh®-ab=0 and ax+hy-yvh*-ab=0

or ax+y(h+vhi-ab)=0 ... (3)
ax+y(h-vhT-ab)=0 ... (4)

From Equations (3) and (4), it is clear that the lines are:

(i) Real and distinct if #*>ab (i) Real and coincident if #* = ab

(iii) Imaginary if h* <ab

Note: It is interesting to note that even the lines are imaginary, they pass through the real point
(0, 0) as this point lies on the joint equation.

Example 5:
Find the straight lines represented by x* - 7xy+ 12 =0
Solution:
2-Txy+122=0 = X-3xy-dxy+127=0

= =3y -4x-3y)=0 = (-3)x-4)=0
= x-3y=0 or x—4y=0
Which are required straight lines.
6.5.5 Angle between Lines Represented by ax® + 2hxy + by? =0
We have already proved that ax® + 2hxy + by? = 0 represents two straight lines:

ax+yh+vhT=ab)=0 ...... (1)
ax+y(h-VRE=ab)=0 ... @)
Slopes of (1) and (2) respectively are:
-~ —ch+v;i=ﬁ} - _=(n- sfqr
= :111+ my; = % and mym, =-:— and

If 8 is the measure of acute angle between (1) and (2), then:

4h?  4a

tan @ = Ta=Mz _ JOna+ me)2—4mym, BT~ _2VvhZ-ab
1+mqym;, 1+myms 1+ EE a+h canauas {3] ‘




k ¥ i (] X =
==t =k y

Special cases:

(i) When @ =0, then tan = 0 and equation (3) implies h? - ab=0 or h®* = ab
which is the condition for the lines to be coincident.

(ii) When @ =90° then tan 8 = undefined and equation (3) implies @ + 5=0 which is
condition for the lines to be orthogonal. i.e., sum of coefficients of x* and y? is 0.

Example 6:

Find measure of acute angle between lines represented by 6x% —xy—)* =0.

Solution: .
Given cquation is 6x° —xy —y* =0
Here. a=6, ."1=:2*1-, h=-1 )
If 6 is the measure of acute angle between lines, then:

2vhZ-ab ZJE'"—E 5
tanf=—"— = 54-1 ===1 = 6=tan'(l) = 45°
Example 7:

Find a joint equation of straight lines through the origin and perpendicular to the lines
represented by 3% + Sxy + 27 =0
Solution:
3+ 5xy+27 =0 = 3+ 3xy+ 2+ 257 =0
¢ xx+¥)+ 22x+3)=0 = (x+y)3x+2y)=0
Thus, the lines represented by the given equation are:

Key Facts
= + =
x+y =20 and 3x Eg*x 0 If y=mx.......(0)
= y=-x ..() ad y= 2 @ is equation of line passing
The line through (0, 0) and perpendicular to (1) is: through origin, then the line
y=x or y-x=0 ... {3}. perpendicular to (i) through
The line through (0, 0) and perpendicular to (2) is: s Lo
2% originis y=— .
y=- or Jy—-2x=0 ...... (4) - '

Joint equation of lines (3) and (4) is:
(-0CBy-2x=0 = 3P -2y-3gpy+2’'=0 _
= 3P-So+2d=0 or 22-5xp+3y?=0

B AT ]

1. Find the lines represented by each of the following joint equations.
(i) X+5xp+67=0 (i) TE-2p-97=0
(iii) #+o6xy=0 (iv) »—8xy+12y2=0
(v) S52+3xy-27=0 (vi) 2-3xy-)*=0
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2. Find measure of acute angle between lines represented by the following equations.
i »-»=0 (i) x*+5xp+4y°=0
(iii) 15¢° - 19+ 6> =0 (iv) 107 -xy-97=0
(v) 52-30-22=0 (vi) 72+ 2xp- 972 =0

3. Show that the lines represented by following equations are real coincident or real distinet

Or imaginary.
(i) P+dgp-21y=0 (i) 4 -1+ 97 =0
i (iii) .a.'z_+_1y+y2=ﬂ (iv) ¥-9%%=0
4, Show that the angle between lines represented by the following equations is right angle.'
: (i) 2+5xy-y'=0 (i) x*—2(tan @) xy—y*=0

Explain the reason of right angle between lines.

5. Find a joint equation of the lines through the origin and perpendicular to the lines:
(i) 22-Txy+6y°=0 (i) 2+ 17xy +607=0
(iii) 32— 13xy— 1092 =0 (iv) X +3xy-282=0

6.6 Application of Analytic Geometry

Analytic geometry is used in physics and engineering, and also in aviation, rocketry, space science,
and spaceflight. It is the foundation of most modern fields of geometry, including algebraic,
differential, discrete and computational geometry. See the following examples for understanding.
Example 8:

An engineer needs to design a traffic intersection where three straight roads meet. The roads are
represented by the equations of lines. The roads are given by the following equations:
2x—4y+5=0,7x -8y +5=0and 4x + 5y = 45

Determine if the roads are concurrent and if so, find the point of intersection of roads.

Solution:
2x—4y+5 =0 (1)
’ 7x—8By+7=0 (2)
4x+4y—11=0 (3)
Multiplying equation (1) by —2 and adding with (2), we get:
—4x 4+8y-10 =0 (4)
7x=8y+7 =0 (2)

3x-3=0 = 3x=3 =2 x=1
Substituting in equation (1), we have:
21) -4y +5=0 = —-4y=-7 = y=§

Showing that two roads meet at (1, %)
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Putt'mg(l,l)inequaliun{.‘i),wcget: :

a+4(f)-11=0 = 4+7-11=0 = 0=0

Therefore, third road also pass through (1, ;’)‘Hmﬂmtlnwmadsmcunmu-mnt.
Example9:

A triangular park is bounded by three straight roads that meet at points A(2, 3), B(8, 5) and C(5, 10).
A city planner needs to determine the area of the park for landscaping purpose. How can he
determine the area of the park?

Solution:
Here,xi=2, =3, =8, m=5,x3=5and y3=10
3 P393 1 + B 8 1
Ar:nufh'iangulurpurk=zx X2 ¥y 1=EKE 5 1
x3 y; 1 5 10 1

=.;. % [2(5 — 10) — 3(8 — 5) + 1(80 — 25)]

=~:—* [~ 10-—9+55]=-;'X[36]= 18

». Area of the plot = 18 square units
Example 10:
A railway engineer is designing an intersection where two rail tracks meet at a junction. The joint
equation representing the tracks is given by x* — 4xy — 12)" = 0. Determine the angle between the
individual lines representing the tracks.
Solution:
Given joint equation of the tracks is:

x* —4xy—12y* =0 = x?4+2xy—6xy—12y*=0
= x(x+2y)—6y(x+2y)=0 = (x+2y)(x—6y)=0
The lines representing the tracks are:

x+2y=0 ()

x—6y=0 (if)
From (i) and (ii), we have:

y= —%x (iii)

y = lﬁx (iv)
Slopes of lines (iii) and (iv) are:

1 1

my; = _E and My = E

oRADELZ 7ol
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If 8 is angle between both tracks, then:

1.1
ms; —my . E+'f

Tanf = = s —
1 1
1+mym, g ) 13

8 =Tan"1(0.727) = 36.03°

Therefore, angle between the tracks is 36,03°

_

1.

Three jet fighters are flying straight in different directions along the lines
2x—y—14=0, x+y—1=0and3x+2y-7=0
Check whether the jet fighters will pass through a single point or not. If yes, find that point.

A farmer owns a triangular shaped piece of land with comers at points X(3, 7), Y(6, 2) and
Z(10, 8). Calculate the cost of planting maize crop (@ Rs. 300 per square unit.

Hira is designing a triangular section of a roof with vertices at points P(4, 1), Q(9, 5) and R(7,10).
She needs to calculate the area of the section to determine how much roofing material is
required. Find the area calculated by her.

A landscaper is designing a triangular garden bed with vertices A(1, 4), B(5, 1) and C(8, 6).
Calculate the cost of planting mango trees in the garden @ Rs.70 per square unit.

A civil engineer is tasked with designing a roundabout where three main roads converge. The
equations of roads are 2x +y —11.5=0, x —4y+ 1=0and 3x -2y - 12 = D
Find the coordinates of the point to design the roundabout.

Asad is arranging a flashlight in a marriage ceremony. The posil:i'un of the flashlight is at the
intersection of lines 2x +y —23 =0, 0.5x — y + 3 = 0 and x — y = 1. Find the position of
the flashlight.

A surveyor is mapping out a triangular park where three straight walkways meet. The
walkways are represented by the equations of linesx + y—4 =10, 2x—y — 2= 0and
x — 2y + 2 = 0. Find the coordinates of point of intersection of the walkways.

An astronomer is studying the behavior of light rays passing through a converging lens. The
lens focuses the rays at the origin. The equation of rays is given by 3x* — 4xy + y? = 0. Find
the path of individual light rays and angel between rays.

A welder is designing a support structure for a building, The structure is made up of
beams intersecting at origin. The equations ef the lines representing the beams are shown
by the joint equation 2x® —8xy* = 0. Find the equations of iron beams.
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Select the correct option. ¢ i

(1)

(if)
(i)

(iv)

v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)

(xvi)

The lines p, q and s are:

(a) parallel (b) concurrent .

(c) perpendicular (d) collinear

If the determinant of coefficients the three lines is 0, then the lines are:
(a) concurrent (b) intersecting (c) parallel (d) perpendicular
Which of the following equations is homogeneous?
(@) ¥ +5x=0 (b) 2x+3y+1=0

(c) X*+5xy=0 (d) 4p+8=0 ;

Which of the following equations is not homogeneous?
(a) 2 +3xy=0 (b) 2x—3y =0

(c) xy*+3y°’=0 (d) 5x-5=0

Equation ax + by + ¢ =0 passes through origin if:

(a) a=0 ' (b) c¢=0 (c) b=0 (d) a=b=¢c=0
The lines represented by ax* + 2hxy + by* = 0 are real and distinct if:

(a) W*>ab (b) W =ab (c) ¥<ab ~ (d) ¥ <ab
The lines represented byax” + 2hxy + by* = 0 are coincident if: |

(a) h*>ab (b) h*=ab (c) W <ab (d) h* <ab
The lines represented by ax* + 2hxy + by* = 0 are imaginary if:

(a) h*>ab (b) W =ab (c) P <ab (d) i* = ab
The lines represented byax® + 2hxy + by = 0 are perpendicular if:

(a) a-b=10 (b) b—a=0 (c) a+b=1 (d) a+b=0
Half the determinant of vertices of triangle gives its:

(a) perimeter (b) area (c) volume  (d) both (a) and (b)
If the determinant of three points is zero then the points are:

(a) collinear (b) non-collinear (c) imaginary  (d) concurrent
The point of intersection of three angle bisectors of a triangle is called:

(a) incenter (b) circumcenter (c) centroid (d) orthocenter
The point of intersection of right bisectors of a triangle is called:

(a) incenter (b) circumcenter  (c) centroid (d) orthocenter
The point of intersection of three medians of a triangle is called:

(a) incenter (b) circumcenter (c) centroid (d) orthocenter
The point of intersection of three altitudes of a triangle is called:

(a) incenter (b) circumcenter () centroid (d) orthocenter

Which of the following is perpendicular to y = = -:- x?
(a) y=2x (b) y=-2x . (6) 2y=¥% (d) 2p=-%




8.

9‘

Prove that altitudes, right bisector and medians of triangle ABC are concurrent when:

A(0, 0), B(a, 0), C(b, c) where a, b and ¢ are not equal.

Find the value of m if the points (6, 1), (-2, —3) and (8, 2m ) are collinear.

Find a relation between x and y if the points A(x, y), B(— 4, 6) and.C(~ 2, 3) are collinear.
The points A (0, 3), B (a, 0) and C (0, =3) are the vertices of a triangle ABC right angled at B.
Find the values of a and hence the area of AABC. ,

A circle has a centre at point P(5, 3) and radius r = 5. This circle intersects the y-axis at

one intercept and the x-axis at two intercepts. What is the area of the triangle formed by
these three intercepts?

Find the area of the triangle formed by joining the mid-points of the sides of the triangle
whose vertices are (0, —1), (2, 1) and (0, 3). Find the ratio of this area to the area of the given
triangle ABC. "
Find the value of m, such that [}, /1, s intersect each other at one point.

hix—y=1; lui2x+y=5; L:(2m—5Sx-my=3
Find the area of triangle bounded by the line 2x — y + 10 = 0 and the coordinate axes.

10. Find the area of triangle bounded by the lines:

1.

X —xy-6/=0, x-y+3=0

Find the area of the figure shown below.
: . .

B=(-1,4) |




