Based on National Curriculum of Pakistan 2022-23

- Textbook of

Mathematlcs

Science Group

National Curriculum Council
Ministry of Federal Education and Professional Training

National Book Foundation
as '
Federal Textbook Board
~ Islamabad



Government Approval
Approved by the National Curriculum Council (NCC}, Ministry of Federal Education and Professional Training, llamabard
vide letter No. F.No.1-1/202 3/NCC/Maths-NBF-12, dated 11th April, 2025

© 2025 National Book Foundation (MBF) as Federal Textbook Board

All rights to this publication are strictly reserved, No part of this publication may be reproduced, stored in a retrieval system, or
transmitted in lwgm or by any means—electronic, mechanical, p ng, recording, or otherwise—without the prior express
written consent of the publisher, Unauthorized use, duplication, or distribution is strictly prohibited and may result in legal action.

A Textbook of Mathematics for Grade 12
based on National Curriculum of Pakistan (NCP) 2022-23

Authors
Dr. Khalid Mahmood (Managing Author]
Dr. Saleemn Ullah Satti, Muhammad Dabeer Mughal, Dr. Naveed Akmal, Muhammad Anwar ul Hag {En-_ﬂuth-nn]

. Contributors/Collaborators
Abdul Qadir (Designer)

Supervision of Curriculum and Review Process
Dr. Shafquat All Janjua
Joint Educational Advisor, National Curriculum Council (NCC)
Ministry of Federal Education and Professional Training, Government of Pakistan, Islamabad

. NCC Review Committes Members
Hafiza Summayya Kausar, Mr. Muhammad Anwar ul Hag, Ms. Fehmida Haroon
Desk Officer; Ms, Salma Abbas, (Assistant Educational Advisar), National Curriculum Council (NCC)

Supervision of the FRISE Review Committes
Mr. Mirza All, Director (Test Development)

FBISE Review Committee Members
Dr. Javed Igbal, Mr. Muhammad Anwar ul Hag, Ms. Zohra Yousal
Desk Officer: Syed Zulfigar Shah, Deputy Secratary, Research and Acadamics

MEF Textbooks Development Supervision
Dr. Kamran Jahangir
Managing Director, National Book Foundation (NBF)

in-Charge, NBF Textbaoks Development £0imioy
Mansoor Ahmad, Deputy Director

Printed in Pakistan
First Edition: First Impression: June, 2025 | Pages: 316 | Quantity: 100000

Price: PKR 815/-, Code: STE-T31, ISBN: 978-969-17-1832-4
Printer; Creative Printers, Lahore

For details on additional publications from the National Book Foundatian, please visit our website at www.nblorg.pk
You can aiso reach us by phone at 051 3261125 or via email at books@nbl.org.pk
For feedback or corrections, kindly send your comments to ‘nbftextbooks@gmail.com’ and "texthooks@snc.gov.pk’

Note
All llustrations, artwork, and images in this book are Intended solely for educational
and promotional purposes, benefiting the public interest.

R e ey 1



Preface

This Textbook for Mathematics Grade 12 has been developed by NBF according to
the National Curriculum of Pakistan2022-2023. The aim of this textbook is to
enhance learning abilities through inculcation of logical thinking in learners, and
to develop higher order thinking processes by systematically building the
foundation of learning from the previous grades. A key emphasis of the present
textbook is creating real life linkage of the concepts and methods introduced.

' This approach was devised with the intent of enabling students to solve daily life

problems as they grow up in the learning curve and also to fully grasp the
conceptual basis that will be built in subsequent grades.

After amalgamation of the efforts of experts and experienced authors, this book
was reviewed and finalized after extensive reviews by professional educationists.
Efforts were made to make the contents student friendly and to develop the
concepts in interesting ways.

The National Book Foundation is always striving for improvement in the quality of
its textbooks. The present textbook features an improved design, better
illustration and interesting activities relating to real life to make it attractive for
young learners. However, there is always room for improvement, the suggestions
and feedback of students, teachers and the community are most welcome for
further enriching the subsequent editions of this textbook.

. MayAllah guide and help us (Ameen).

Dr. Kamran Jahangir
Managing Director




Application of Mathematics

Functions and Graphs: Functions represent relationships between variables and
their graphs provide a visual representation of these relationships. They are used
to study trends like profit versus cost in businesses, population growth over time
or changes in speed in physics. Functions help in predicting outcomes and
analyzing real-world data effectively.

Limit, Continuity and Derivative: Limits describe how functions behave near
specific points, continuity ensures smooth graphs without breaks, and derivatives
measure rates of change like speed or growth. These concepts are essential in
physics to calculate instantaneous velocity, in economics for cost optimization
and in biology for population growth modeling.

integration: Integration helps calculate areas under curves, volumes, or
accumulated quantities. It is widely used to determine total distance from
velocity, analyze energy consumption and compute areas in construction
projects. Integration also has applications in physics, such as finding work done by
a variable force.

Differential Equations: Differential equations describe changes in dynamic
systems, modeling real-world processes like population growth, chemical
reactions and motion. They are used in engineering to design systems, in physics
to describe heat flow or wave motion and in biology to model disease spread.

Kinematics of Motion in a Straight Line: This studies the motion of objects along
a straight path using concepts like displacement, velocity and acceleration.
Applications include calculating stopping distances of vehicles, analyzing free-
fall under gravity and predicting the motion of objects in linear transport
systems.



Analytical Geometry: Analytical geometry combines algebra and geometry to
study the properties of shapes on the coordinate plane. It is used in designing
structures, solving distance and slope problems and planning urban layouts. It
plays a significant role.in architecture and engineering.

Conic Section: Conic sections include circles, ellipses, parabolas, and
hyperbolas, which have various applications. Ellipses describe satellite orbits,
parabolas are used in designing headlights and bridges and hyperbolas are applied
in communication systems and radar design.

Inverse Trigonometric Functions and Their Graphs: Inverse trigonometric
functions calculate angles from trigonometric values, essential in navigation,.
surveying, and architecture. Their graphs help solve problems involving slnpes
elevation angles and real-world measurements requiring precision.

Solution of Trigonometric Equations: Trigonometric equations model periodic
phenomena such as sound and light waves. Solving these equations is crucial in
designing musical instruments, analyzing alternating electrical currents and
studying wave patterns in physics and engineering.

Numerical Methods: Numerical methods approximate solutions for complex
problems using algorithms. They are widely used in weather forecasting,
structural analysis of buildings and financial risk modeling. These methods make
it possible to solve equations that are difficult to handle analytically.
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FUNCTIONS AND GRAPHS

After studying this unit, students will be able to:

e Recall definition of function, find its domain, codomain, range and its types

e Find inverse of a function and demonstrate its domain and range with examples.

e Know linear, quadratic and square root functions.

e Sketch graphs of linear and non-linear functions.

Plot gruph of function of the type y = x" when (i) » is a + ve or — ve integer and x # 0,

(ii) i is a rational number for x > 0.

e Plot gruph of quadralic function of the form y = ax? + bx + ¢, where a, b, ¢ are integers
anda # 0.

e Draw graph using factors und predict functions from their graphs.

e Find the intersceting points graphically when intersection occurs between (i) a linear
function and coordinate axes (ii) two linear functions (iii) a linear function and a quadratic
function.

e Diraw the graph of modulus functions.

Solve graphically appropriate problems from daily life.

Classify algebraic and transcendental functions and describe trigonometric, inverse

trigonometric, logarithmic and exponential functions.

Define logarithm, and derive and apply laws of logarithm.

Graph and analyse exponential and logarithmic functions.

Apply the concept of exponential functions to find compound interest.

Solve problems involving exponential and logarithmic equations.

Identify the domain and range of transcendental functions through graphs.

Interpret the relation between a one-one function and its inverse through a graph.

Demonstrate the transformation of a graph through horizontal shift, vertical shift and scaling.

Functions have many applications in real life. One is the use of
function in signal processing applications in engineering, including
noise reduction, modulation, and filtering. For example, functions in
audio processing are used to analyze and alter sound waves, which
makes it possible to design devices like equalizers and noise-
canceling headphones, Similar to this, functions are essential to the
encoding, transmitting, and decoding of signals for wireless
communication systems in the telecommunications industry.



1.1 Function

A function f from a set A to a set B assigns to each element of A exactly one element of B, The set Ais
called the domain of the function and the set B is called the co-domain of the function.

Mathematically, it is written as f : A — B and is read as f is a function from A to B.

For example, if we are given two sets A = {—1,1,2} and B = {1, 4, 9}, f

then f = {(—1, 1), (1, 1), (2, 4)} is a function because each element of the ,'—\

set A is assigned to exactly one element of the set B. i.e. there is no A

repetition in the first clement of ordered pairs in £, The first element of 2 ‘
each ordered pair in f is called pre-image while its corresponding second  ~ : 9

element is called image of the first element. For example, in (2,4), 2 is the
pre-image of 4 and 4 is the image of 2.

If x is independent variable and y is dependent vanahle then in general, a function f from A to B
is written as f (x) = y.

For example, in the above example,
f(-1)=1.f(1)=1 and f(2) =4
Explanation: As discussed above, a function relates an input to an output.
For example, if a tree grows 15 ¢m every year and the height A
of the tree is related to its age as follows:
h(age) =age x 15
then the height of the tree after 10 year is #(10) =10 % 15 = 150 cm
“*h(10) = 150' is like saying 10 is related to 150 or 10 — 150
Here, 10 is the input and 150 is the output of the function.
1.1.1 Domain of a Function
The set of all possible values of independent variable

: : . T Kry Facts
which qualify as inputs to a function is known as the l — )
: : : A function in whieh real numbers
domain of the function. In the above example, e ciend bvatied. % vead sulesd
Domain of function f =Dom f = {1, 1, 2} 4 function.

How to Find the Domain of a Function I —

To find the domain, we ensure that there is no zero in the denominator of a fraction and no negative

sign inside a square root. In general, the set of all real numbers is considered as the domain of a

function subject to some restrictions. For example:

(i) When the given function is of the form f(x) = 3x + 8 or f(x) = x* + 2x — 5, the domain
will be “the set of all real numbers”,

(ii) When the given function is of the form f(x) = —— the domain will be the set of all real numbers
except 2. \




(iii) In some cases, the interval be specified along with the function such as, f(x) = x + 1,
0 <x < 10. Here, x can take the values between 0 and 10 in the domain.
(iv) Domain restrictions refer to the values for which the given function cannot be defined.

1.1.2 Range of a Function

The set of all the outputs of a function is known as the range of the function or after substituting the

domain, the entire set of all possible values as outcomes of the dependent variable.

In a"funqtion y = f(x),the spread of all the values y from minimum to maximum is the range of the

function. In the above example,

Range of function f = Rang f = {1, 4}

How to Find the Range of a Function _

+ Substitute all the values of x in the function to check whether it is positive, negative or equal to
other values. Eliminate the values ofx for which the function is not defined.

+ Find the minimum and maximum values for y.

1.1.3 Codomain of a Function
The codomain is the set of all possible outcomes of the given function.

In general, the range is the subset of the codomain. But sometimes the codomain is also equal to the
range of the function. In above example,

Codomain of function f = {1,4,9}
Inshort:

» Whatcan go into a function is called the domain.
» What may possibly come out of a function is called the codomain.
» Whatactually comes out of a function is called the range.

In the adjoining figure,

* Theset {a,b,c} isthe domain.

« Theset{1,2,3,4,5}isthe codomain,

* Theset {1,2,3}istherange.

Example 1: Find the domain and range of a function f(x) =2x?—4,
Solution: f(x) = 2x* — 4

The given function has no undefined values of x.
Thus, the domain is the set of all real numbers.
Domain = (—e0,00) = R

If we put x = 0 in the given function, we get f(x) = —4.
For all real values of x, other than 0, we get an output
greater than —4.

Hence, the range of f(x) is [—4, o).

Key Facts

A function is like a machine that
takes an input and produces a
.corresponding output. For
example, the distance a car has
traveled (the output) is dependent
on how long that car has been
driving (the input).

GRADE 12 : c ' erm




m UNTT=01: FUNCTIONS AND GRAPHS

Example 2:
Find the domain and range of function g(x) = Vx = 3. |

Solution: g(x) =+vx -3

The given function is defined for all real numbers x greater than or equal to 3.
Thus, the domain of g(x) is [3, o).

If we put x = 3 in the given function, we get g(3) = 0.

For all real values of x, greater than 3, we get an output greater than 0.
Hence, the range of g(x) is [0, ).

1.2 Types of Functions
1.2.1 Into Function h/'f_\ B

A function f: A — B is said to be into function if there exists at least one

a
clement or more than one element in B, which does not have any pre- b
images in A, which simply means that every clement of the codomain is ¢ —
not mapped with elements of the domain. i.c., range(f) # B.

In the adjoining diagram, f = {(a, 1), (b, 3). (c. 3)} is an into function,

Some examples of into functions are;

* f(x) =sinx where f: R — R is into function because it doesn™t cover all values in
theinterval R. '

e g(x) =x?* where g: R — R is into function because it doesn’t map to any negative real
numbers.

-

o h(x) =e* where h: R = [0, 00) is into function because it doesn’t map 1o zero,

1.2.2 Onto (Surjective) Function

For any two non-empty sets A and B, a function f @ A — B will be onto 11 g
every element of set B is an image of some element of set A, i.e., Tor every A B
1+ € B there exists an element x in A such that f(x) v which implics

rang(f) = B. —]

In the adjoining diagram, f = {(a, 2). (b, 1), (c, 3)] is an onto function.
Some examples of onto functions are:
e f(x)=x  (ldentity function) .
e g(x)=e* when g: R —R" (Exponential function)
. » h(x) =x* (Square function)
« m(x)=x* (Cubic function)

« p(x)=c (Constant function)
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1.2.3 One to One (Injective) Function f
For any two non-empty sets A and B, a function f: A - B will be one-to-one A/,.__...\ B
if distinct elements of set A have distinct images in set B. In the adjoining
diagram, f = {(a, 2), (b, 1), (¢, 3)} is a one-to-one function. "i-l
A function f: A — B is one-to-one if f(x1) = f(x2) implies x; = x2. '
i.e., an image of a distinct element of A under f mapping (function) is distinct.
Some examples of one-one functions are:
S e f(X)=x (Identity function)
o g(x) =2x + 3 (Linear function)
e h(x) =e* (Exponential function)
« m(x) = vx (Square root function, defined for x > 0)
1.2.4 Injective Function
A function which is both into and one-one is called an injective function.
1.2.5 Bijective Function
A function which is both onto and one-one is called a bijective function,
Bijective function shows one-one correspondence between the clements of two sets.

ey Facty
Various types of functions are mentioned in the below table:
Based on ne-one function, Many-one function, Onto function, Bijective Function, Into
Lk:mcnu unction, constant Function

Based on the [Identity function, Linear function, Quadratic function, Cubic function,
B uation olynomial functions .
PeN [Bascd on the [Modulus function, Rational function, Even and odd functions, Periodic
tions, Greatest and smallest integer function, Inverse function, Composite
nctions
|Bam:d on the |Algebraic functions, Trigonometric functions, Logarithmic functions,
in

ponential functions

Example 3: Check whether the function f(x) = 2Zx + 3, is one-to-one or not if

domain = {0.5, 1, 2} and codomain = {4, §, 7}

Solution: Putting 1, 2 and 0.5 in f(x) = 2x + 3, we get f(0.5) = 4, f(1)=5and f(2) =7

As, for every value of x, we get a unique f(x) thus, the function f(x) is one to one. ’

Example 4: Check whether the function is one-to-one or not: f(x) = 2x2 + 1.

Solution: To check whether the function is one to one or not, let;
f(x) = f(xz) ‘
2(x)2 +1=2(x;)* + 1 1

| (x1)? = (x)*

Since (x,)? = (x2)? is not always true, therefore the function is not one to one function.

| Motk roman




RS = e, UNIT-01: FEUNCTIONS AND GRAPHS
. Example 5: Check the type of function f(x) = x* — 1'if Dom f(x) = {1,-1,2,~2} and
Codom f(x) = {0, 3, -3}
‘Solution: Given f(x) = x? — 1 with Dom f(x) = {1, 1,2, -2} and Codom f(x) = {0,3,—3)
Substituting the elements of the domain in the function, we get:
f(1)=12=1=0
f-D=(-1)*-1=0
f2)=22-1= 3
f(-2)= (-2)*- 4
Therefore, Rang f(x) = {0,3}. As, Rang f(x) = {ﬂ 3] # {0,3, 3} Codom f(x).
So, the given function is an into function.

Example 6: Find the type of the function f(x) = 3x + 2 definedon f: R — R.
Solution: Let, f(x) =y = y=3x+2 = y-2=3x = e

. 3
Substituting the value of x in the given function f(x), we get:
f@=1(5)=3(5)+2=y-2+2=y

Since, we ght back y after putting the value of x in the function. Hence the given function is an
onto function.

1.3 Inverse Function

The inverse of any function f(x) is a function denoted by f~*(x) which reverses the effect of
f(x) and it undoes what f(x) does. In mathematics, the inverse function is also denoted by f ™.
If f XY, then f~1: Y = X. i.e., If the application of a function f to x as input gives an output
of y, then the application of inverse function f~! to y should give back the value of x.

It can be illustrated in the following diagram as:

Jx)
Key Facts
X (Domain of /) Y (Range of /) | o Ify = f(x) is bijective function
thenx = f~1(y).
.- If fog(x) = gof(x) = x,
then g = f~" and f=g7" :
X (Range of f~1) Y (Domain of f~1) \ . (f-l)-i =7
o
From the above diagram:

dom f=rang f~! and rang f=dom f~!
i.e., The domain of the given function becomes the range of the inverse function, and the range of
the given function becomes the domain of the inverse function.




UNTT-01: FUNCTIONS AND GRAPHS _
Note that £~ is not the reciprocal of f and not every function has an inverse. If a function f(x)
has an inverse, then f(x) never takes the same value twice. In simple words, the inverse function
exists only when f is both one-one and onto function. Can we say that the inverse function is also
a bijective function?
Moreover, the composition of the function f and the inverse function f~! gives.the domain
value of x.
fof1(x) = flof(x) =x
1.3.1 Steps to Find an Inverse Function
Consider a function f(x) = ax + b.
& Replace f(x) with y, toobtainy = ax + b.
* Solve the expression for x to obtain x=22

- a
* Replace x with f~(y) to get f1(y) =2~
¢ Interchange y with x in the function f~*(y) =5'-:—b~andg=tin\rmeflmctim

fie =25
1.3.2 Graph ofan Inverse Function Y4 et
If the graphs of both functions are symmetric with respect to the : A7
line y = x then we say that the two functions are inverses of each e
other. This is because of the fact that if (x, y) lies on the function, f,' y= 1)
* then (y,x) lies on its inverse function. ; d
#
Example 7: | asill Py =
Find the inverse function of f(x) = =% definedon f:R = R. <[’ [ T
(1) Find domain and range of function and its inverse. ‘ ; '
(ii) Provethat fof~'(x)= flof(x) =x
Solution:
()  Given functionis f(x) =
Dom f(x) = R — {2}
To find inverse function, let:
Tﬂﬁ =2 y(x-2)=x = Xy—x=2y
= x(y-1=2y = x=2L
=1 i i
= flo)=% .. (x=f1()

y-1

|
= fx)=-= ... Replacingy withx.
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From the inverse function, we see that:
Dom f~'(x) = R — {1}

Hence,
Domf=R—{2)=Rangf' and Domf '=R-—{1}=Rangf
fof ') = fUF N = () = -ﬁ—‘;—m—’;‘=x (i)

=X (ii)

flof (1) = F(F(x) = f! (-;-)-EQEL)
From (i) and (ii), we get: .

fof '(x) = fTlof(x) =x

g ————— S ——————
: g o d;.‘m—qaﬁ--m
N 1™ e i e

Find the domain of following functions.

(i) fx)=x*-6 (ii) (x)=$

(i) i) =573 W @ =2 (vi) k(x)=vx+1
Find the domain and range of the functions.

(i) f(xX)=x+7 (i flx)=2x*+1 (i) f(x)=2Vx—-5
(iv) f(x)=|x-2]-3 (v) f(x)=1+sinx (vi) f(x)=3+vx—-2
(vii) fx) =3 (viii) f(x) = ’; +‘f (ix) fOG)= (x —1)%+1
® f() = (xd) f(x) =70 (i) fx) ="

Giventhat A=1{0,1,2,3}.B={p,q,r.s} and f = {(0.p). (1,9). (2, 7). f].s}E.Check whether
the function is one to one, onto and/or into.

=(2.3,4.5), B= {b, c. d. ¢). The function is defined as f = {(2, b), (3, c). (4. e). (5. )}
Check whether the function is one to one, into or onlo.

Check whether the functions arc one¢-to-on¢ or not.
xi-1

(i) fx)=4x-7 (i) f)=6x*+2 (i) flx)= =~

Check the type of function g(x) = 2x* + 3x + 1if Dom g(x) = (0. 1,2, 3} and
Rang g(x) = (1,6, 15, 28, 35}

Find the type of the function h(x) = 2x + 1 defined on h: R = R.
If f: A — B is defined by f(x) === forallx € A where A=R— {3} and B=R — {1},
Then show that the function f is bijective.




9. Find the domain and range of inverse functions when:

(i) flx)=4x-3 (i) f() == (i) f(x) =—=
(iv) f(x)=vVx+2 (v) flx)=x*+6 (vi) f(x)=
Also prove that f(f~1(x)) = f~(f(x)) = x.

. 1.4 Linear, Quadratic and Square Root Functions

1.4.1 Linear Function

The function of the form,
y=ax+biabeRna=0

is called linear. It is a polynomial function

r of degree one.

Forexample, f(x) =x+ 2, g(x) =2x-1

are linear functions.

The graph of a linear function is a straight

line and the slope of any two points on the

line is the same. The domain and range of

the linear functionis R.

1.4.2 Non-linear Function

r+2

x=1
x+4

_ffx}

A function that is not linear is called a non-linear function. A nonlincar function is a function whose
plotted graph form a curved line. For example, quadratic function. cubic function, square root
function and exponential function ete. The slope ofevery two points on the graph of non-linear is not
the same. Let us recall the shapes of the graphs of qumlmllc and square root functions here.

(a) Quadratic Function
The function is of the form,

| y=ax*+bx+c;a.b,ceRAna#0
is ealled quadratic.
It is a polynomial function of degree two.
For example, f(x) = x* +3x — 2 and

g(x) =5 — 2x? are quadratic functions.
The domain and range of the quadratic
function is R. The graph of a quadratic
equation is U-shaped and is parabolic in
nature.




(b) Square Root Function

The function of the form y = V/x , where
x 2 0 is called a square root function.
For example,

f(x)=vx+2and g(x) =VxZ -3
are square root functions. =T

The domain of square root function depends upon its formation.
1.5 Plotting Graph of Function of the Type y = x" :
"1.5.1 Graph of the Functiony=x";neZAx 0

For plotting the graph of the function
y=x";neZ Ax # 0, we take different integral values
of n. For example, the table for the function y = +x3 is:

x 0 0.5 1| 2

fx)=x | 0| 0125 | 1| 8
T g(x)=-—x>| 0 |-0.125 | 1| -8

We observe that graphs of y = x* and y = —x3 have

the same shape but opposite behavior.
The graph of y = x™ forn= -2, -1, 0, 1, 2 is shown below.

From the above graphs, we observe that;
» ﬂ]ngruphﬂfyﬂx"hﬂhoﬁzontallinepassingthmugh}'.= 1
> the graph of y = x! is a straight line bisecting first and third quadrant.

» the graph of y = x~* is a hyperbola passing through first and third quadrant.
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» the graph of y = x? is a parabola starting from origin and opening upwards.
» the graph of y = x~2 has exponential behavior with two branches.

» The graphs of y = x™ pass through (1, 1).

Example 8: Draw the graph of y = x*,

Table for some values of x and y for the function is:

x|-15

-1

0

1

1.5

. ¥y | 5.06

1

0

1

5.06

1.5.2 Graph of the Functiony=x";neQAx>0

From the figure, we can see that the graph of

y = x* is U-shaped which opens upward starting
from origin. The value of y increases slowly for
real numbers —0.5 < x < 0.5.

After that it increases abruptly.

For plotting the graph of the function
y=x"ne@Q Ax >0, we take different
integral values of n. For example, the table
for the function y = x3/% is:

x

0.5

1

4

6

@) ="

0.35

1

8

14.7

We observe that graphs of ¥ = x3/2 has exponential behavior.

2
"3‘-_.

The graphof y =

9
x" forn= L

2 1.

3
&
[=]
o™

10

0, 7318 shown below.

y = x?/3

y = x1/2

y = x~2/3
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From the above graphs, we observe that:

the graph of ¥ = x~%/3 is closer to y-axis.

the graph of y = x~%/? moves away from y-axis as compared with the graph of y = x~2/3,
the graph of y = x /2 is closer to x-axis.

the graph of y = x*/* moves away from x-axis as compared with the graph of y = x1/2,
The graphs of y = x" pass through (1, 1).

1.5.3 Graph of Quadratic Function

We know that the polynomial function of degree two is called a quadratic function. This function is
ofthe form:

f(x)=ax*+bx+c;abceRanda=0

The graph of the quadratic equation is a parabola.

For example, y = x* + 2x + 1 and y = 2 — 3x? are quadratic functions.

Understanding the Graph

e a: The coefficient a, affects the direction and width of the parabola. If @ > 0, the parabola opens
upwards. If @ < 0, the parabola opens downwards, The larger the absolute value of a, the
narrower the parabola.

« b: This coefficient affects the position of the vertex horizontally (left or right) and slope of the
parabola at the vertex.

e c: This is the y-intercept. So, the point (0, ¢) is on the parabola.

. x—-~—mequatmnofmsufsynunetryand:salsothex-murdmmufﬂmwnsx

YVvVVYYVY

Example 9: Draw the graphof y = 25 +3x -2,
Solution:
y=2x243x—2 (i)
Comparing (i) with y = ax® +bx +c, wehavea =2,b=3and c = -2
Step 1: Determine whether patabola opens upwards or downwards.
As a > 0, therefore parabola opens upwards.
Step 2: Find and draw the axis of symmetry.

Equation of axis of symmetry is:
e B Y S
X %a 22) 4 .

Step 3: Find and plot the vertex.

The x-coordinate of vertex is x = — 7

To find the y-coordinate, substitute value of x in equation (i).
32 3 _ __2
y2(-Y +3(-D)-2-3-3-2=-3

3 25 (0,-2)
So, the vertex is =2 _?)'
(07,3438

Step 4: Find some more points if needed and plot the graph.
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Table for some values of x and y for the function is:

x|-2|=-1] 0] 1
y| 0 |-3|-2]| 3

Form the figure, it is clear that the graph of function y = 2x* + 3x —2 is parabola.

Example 10: Draw the graph of y = 4 — 2x?
Solution: y = —2x2 + Ox + 4 (i)
i Comparing (i) with y = ax? + bx +¢, wehavea==2,b=0andc = 4
: Step 1: Determine whether parabola opens upwards or downwards.
As a <0, therefore parabola opens downwards.
Step 2: Find and draw the axis of symmetry. Equation of axis of symmetry is:

Step 3: Find and plot the vertex.
The x-coordinate of vertex is x = 0. To find the y-coordinate, substitute value of x in
equation (i). Weget y = —=2(0)+0(0) +4 =4 .
So, the vertex is (0, 4).

Step 4: Find some more points if needed and plot

(0, 4)

the graph.
Table for some values of x and y for the x-axis
function is: ) Z
x[-2]-1Jo0oJ1]2 2
y|(—4| 2| 4| 2 |—-4
The sketch of the graph is shown in the figure, 4

1.6 Drawing Graph Using Factors
Letus draw the graph of quadratic function using factors.

We know thaty = ax” + bx + ¢ is a quadratic function where @ # 0 and the graph of such a function is
a parabola. These graphs can be tricky to sketch manually, but factoring the quadratic gives us all of
the information we need to do so successfully.

' Procedure:
The points where any parabola intersects the x-axis will be the solutions to the equation:
a+bx+c=0 ()
Now if we can factor equation (i) in the format:
(x=x1)(x—=x2) =0,
then by the zero product property, we get:
' x=x and x=x,
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‘This means that x, and x, are the x-intercepts. In other words, graph will intersect x-axis at (x,, 0) and
(x,, 0). The constant ¢ tells us what the y-intercept will be. More specifically, the constant term ¢
places the y-intercept at (0, ¢), giving us a third specific point on y-axis. Likewise, the value of a tells
us whether our parabola will open up or down. If a is positive, the parabola opens upward. If it is
negative, the parabola opens downward.
We can also figure out the vertex of the parabola by factoring the quadratic equation.
Xy+xz

Thex-coordinate of the vertex of a parabola is the arithmetic mean of two x-intercepts = =—=,

Once we have the x-coordinate, we can determine the y-coordinate by plugging the x value into the
given function and solving for y. With these four specific points including both x-intercepts,
y-intercept and the vertex of the parabola, we can create an accurate sketch of the graph quickly and
easily. '
Example 10: Draw the graph of y = x* — 8x + 12 using factors,
Solution:
Given function is: y = x? — 8x + 12 2ty 8 ‘
To get x-intercepts, put x> —8x +12 =10
After factorization, we get:
Xy =2 x3=6

= The graph intersects x-axis at (2, 0) and (6, 0).
To find y-intercept, put x = 0 in the given function
which gives y = 12.
Therefore y-intercept is (0, 12).

Titxa 246 _ 4

Vertex: x-coordinate of vertex = dfiu—=

Substituting, x = 4 in given function, we get:
y-coordinate of vertex = 4 — 8(4) + 12 = —4
- Vertex = (4.—4)
As a = 1 > 0, therefore parabola opens upward.

The graph is symmetric about x = 4. The sketch of the graph is shown in the figure.

Example 11: Draw the graph of y = —x? + 4x — 4 ysing factors.
Solution: L
Given function is: y = —x* + 4x — 4
To get x-intercepts, put:
X2 44x—4=0 =2 —-(x —4x+4)=0=2x"-4x+4=0
After factorization, we get repeated roots:
=2 =2
This shows that the graph intersects x-axis at (2, 0),
which is the vertex of the parabola.
To find y-intercept, put x = 0 in the given function
which gives y = —4.

(2,0)
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Therefore y-intercept is (0, —4). . , _

a = —1 < 0, shows thar the parabola opens

downwards. As the graph is symmetric about Draw thze graph of
x = 4, therefore parabola also passes through L thf t: 6x + 4
(4, —4). The sketch of the graph is shown in the figure. i Sl

1.7 Predicting Functions from Their Graphs

The method is explained with the help of following examples.

Example 12: Predict function from the graph. y-axis

Solution: 4

The graph shows a line passing through points
(2,0) and (0, -2).
Slope of the line is:

Equation of the line is:

y—0=1(x—2) (Point slope form of the line)
y=x—2 '
Which is the required function.

Example 13: Predict function from the graph.
Solution: _

The graph shows a parabola passing through points
(2,0) and (—1,0) and (0, —4). We know that the
equation of the parabola is quadratic.

Now, the equation of the parabola passing through
(p,0) and (g, 0) is of the form:

; y = a(x—p)(x — q) wherep = 2,q = —1 and = sianis
@ > 0 as the parabola opens upwards.
| Substituting the values of p and ¢ in the above
equation, we get:
' y=a(x—2)(x+1) (i)
Since the parabola passes through (0, —4), therefore
from (i), we have: [ Key Facts
—4=a(0-2)(0+1) = —4=a(-2) 2a=2 l Equation of parabolic function ‘
Therefore from (i): = 63 Fmﬁs through (p, r) and
y=2x-2)(x+1) = y=20:*-x-2) g4 *""
Which is the required function. ﬁ qrmdaf'ire‘?gitigg.wm




1.8 Graph of Modulus Functions

A modulus function (absolute valued function) determines a number's magnitude regardless of its
sign. Ifx isareal number, then the modulus function is denoted by:
=|x| or f(x)= |x| wherex€R.

The modulus function takes the actual value of x if it is more than or equal to 0 and the function takes
the minus of the actual value x if it is less than 0.

1.8.1 Domain and Range of Modulus Funetion

The domain of modulus function is R while its range is the set of ion-negative real numbers, denoted .
as [0, ). Any real number can be modulated using the modulus function.

Example: Consider the modulus function f(x) = |x|. Then:
» Ifx=-5,theny= f(x) = —(—5) = 5, since x is less than zero,
o Ifx=6,theny = f(x) =6, since x is greater than zero.

. o Ifx=0,theny = f(x) = 0, since x is equal to zero,

1.8.2 Graph of Modulus Function

Consider the modulus function f(x) = |x|

Table shows the values of f(x) below:

x |-3|-2|-1|10]1]1 2| 3
fG)| 3|2 |1]o|1]2]3

It can be inferred that for all possible values of x,
the function f(x) remains positive.
1.9 Finding the Intersecting Points Graphically

1.9.1 Intersection Point between a Linear Function and Coordinate Axes

As we know that the graph of a linear equation is a straight line and thn: points of intersection of the
line with axes are called intercepts.

¥
h
Example 14: 1 :
Find x-intercept and y-intercept of the function: f(x) = e 2.+ 3,=125](0.4)

3
Solution:

i
-z

" =t T3 @ m‘\;“ .

f(x)| O 4 | 2

The graph of line f(x) = =

—=~ is shown in the adjoining
figure. From the graph it is clear that:

¥
¥
¢ The line crosses the x-axis at (6, 0). . _

So, its x-intercept is 6. x and y-inlcrcepﬁ of n_line are =3
o The line crosses the y-axis at (0, 4). and -5 respectively. Find points of
So, its y-intercept is 4. intersections of line with axes.




1.9.2 :
While solving simultaneous linear functions graphically, keep in mind the following points.
1. Draw each linear function on the same set of axes.

2. Findthe coordinates where the lines intersect.

Example 15: Find the graphical solution of f(x) = E-g—’f- and g(x) = x — 3.

Intersection Point between two Linear Funetions

Solution: 4
Table of values of function f(x) = 6—:‘- is: by )
2
x 6 0| 4 O(4,1)
f (x) u ' 3 l 5 1] F] 4 \
Table of values of function g(x) = x — 3 is: A
x [3]a]s 2 S
glx)| 0 |=3| 2 /_‘

The graph of functions £(x) = =% and g(x) = x — 3 is shown in the adjoining figurc.

From the graph it is clear that the both linear functions intersect each otherat point O(4, 1).
Therefore, point O(4, 1) is the graphical solution of the given linear functions.

1.9.3 [Intersection Point between a Linear Function and a Quadratic Function

As we know that the graph of a quadratic equation is a curve. The point of intersection of a linear
function and a quadratic function is a point where both the graphs intersect each other.

Example 16: Solve f(x) =3x + 4 and g(x) =5 + 3x — 2x? graphically.

Solution: '
Table of values for f(x)=3x+4 is:

x 0 |—-1]1 '
f ¢« [ 117
Comparing the graph of
g(x) =5+ 3x — 2x?, with
y= ax? + bx + ¢, we have:

==2,b=3andc=5
Here, a = —2 < 0, so the curve will open
downward.

Table of values for g(x) =5 + 3x — 2x?

x [=2[-1]o[1] 273
gx)|-9| 0 |56 3 |—-4
Both the graphs intersect each other at:
A(-0.7, 1.9) and B(0.7, 6.1).

Hence, solution set is: {(—0.7, 1.9), (0.7, 6.1)}




1.9.4 Solving Problems Graphically from Daily Life

See the following example to understand the method.
Example 17: Two airplanes are moving along the paths representing f(x) = x + 2 and

g(x) = 2x — 4 respectively. Draw the graph of

paths of both planes and find the point, where
both planes pass.

~ Solution:
In the figure, red line represents the path of

first plane while blue line represents the path
of second plane.

the point (6, 8).

1. Plot the graph of the functions:

2. Plot the graph of following functions.

- (iv) f(x) = 3xz

i) f)=x*+2x+1
(iii) f(x)=2x*+2x

N fx)=x*-2x+1
(i) f(x) =x%—2x
(v) f(x) = 4x?—ax

@ ) (i)

Y

The graph shows that both planes pass through

(i) f(x)=3x-2 (i) f(x)=3x
(iv) g(XJ =x%+4 (v) g(x)= x2—x—6

() f==-x*+1 (i) f(x)=2x°

W fE)=2-x":
3. Find possible x-intercept, y-intercept and vertex of the following functions and then plot.
(i) f(x)=x*—4x+4

TR iere )z e e

Gi)) f(x)=1-2x

(iv) f(x)=9-x?

(i)

(L1

4. Draw the graph of following function using factors.

f(x)=x*—-7x+12
(iv) f(x)==2x*+x+3
(iv) f(x)=6—x*—x
5. Predict algebraic functions from the following graphs.

(iii)

() y=x+3 (i) y=6—3x

3 A ] V. 5 - : 5 {-1 -1} 12- 11
7 a
0,-1)

6. Plot the graph of following and find point ﬂfintcrsr:ctmn of Funcunn with axes.

(i) y = x? — 8x

(iv)

AL\

i) glx)=+v2x+1

i) f)=1+x"2
(i) fQ)=xz

=B tiﬂ]"

5
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7. Find graphical solution of:
(i) f(x)=4-3x, g(x)=—x+1 (i) f(x)=22+x), gx)=x*+1 )
r (iii) f(xX)=5+3x, glx)=—x*+5 (iv) f(x)=1, g(x)=—-2x*+2x+5
(v) f(x)=2+3x+x% g(x)=5+3x—2x
8. Draw the graph of following modulus functions.
(i) f(x) =-=15]x] (i) f(x) =1+2|x| (iii) f(x) =3|x| +x
9. The equations for supply and demand are given by two linear equations:
Supply equation: §(x) = 2x + 10; where x is quantity and S(x) is the price.
Demand equation: D(x) = —3x + 40; where x is quantity and D(x) is the price.
Find the equilibrium point where the price of supply equals the price of demand by drawing
l the graphs of both equations.
10. Suppose a ball is thrown into the air and its height h(t) afier t seconds is given by the parabolic
trajectory: h(t) =—6t? + 10t + 5. If this ball hits a wall 10 m high representing the
! equation: h(t) = 9t. By drawing the graphs, find out when and where the ball reaches the wall.
11. Two asteroids are following the parabolic paths represented by f(x) = x? — 7x + 12 and
g(x) = x(x — 3). By drawing the graphs of both trajectories, find out the place from
where, both asteroids will pass. :

T —

1.10 Algebraic and Transcendental Functions
1.10.1 Algebraic Function
An algebraic function is a function that involves only algebraic operations. These operations include
addition, subtraction, multiplication, division, and exponentiation.
Types of Algebraic Functions '
Main types of algebraic functions are:
(i) Polynomial Functions
A function of the from p(x) = a,x™ + a,_;x" ! + -+ a,x+a, where ag,ay,..,a,are
' constants and n is integer, is called a polynomial function. Some examples are:
* f(x) = 3x + 7 (linear function)
» f(x) = x* — 2x + 5 (quadratic function)
*  f(x) = x* = 7x + 7 (cubic function)
* f(x) = x* —5x? + 2x — 8 (biquadratic function)
* f(x) = x® — 7x + 3 (quintic function)
(ii) Rational Functions
A function that is composed of two functions and expressed in the form of a fraction is a rational
function. If f(x) is a rational function, then f(x) = p(x)/q(x), where p(x) and g(x) are
polynomials and g(x) # 0, is called a rational function. Some examples are:

0
= e ——
- 2x + 3’ 9(x) x24+5x+1




(iii) Power Functions

The power functions are of the form f(x) = k x® where'k' and 'a'are any real numbers. Since 'a’is a

real number, the exponent can be either an integer or a rational number.

Some examples are: )

f(x) = x*, f(x) = x~*(reciprocal function) and f(x) = Vx — 2 = (x — 2)2

Properties R

* Algebraic functions are closed under addition, subtraction, multiplication, division and
composition.

.» Algebraic functions are easy to solve, differentiate and integrate.

Aﬁpllcnﬁﬂn

* Physics and Engineering: Simple mechanical system, the motion of objects under constant
acceleration.

* Geometry: Many curves suchas circles and ellipses.

1.10.2 Transcendental Functions

The functions which are not algebraic are called transcendental. These functions can only be

expressed in terms of infinite series. Some examples are:

» Exponential functions: f(x) = e*, g(x) = a3*

+ Logarithmic functions: f(x) = log,x, g(x) = Inx: where base g is a positive constant.

 Trigonometric functions: f(x) = sinx, g(x) = cosx, h(x) = tanx

+ Inverse trigonometric functions: f(x) = sin~'x, g(x) = cos™'x

« Hyperbolic functions: f(x) = sinhx, g(x) = coshx, h(x) = tanhx

« Inverse hyperbolic functions: f(x) = sinh™'x, g(x) = cosh™1x

* Special functions: Bessel functions, Gamma functions, error functions etc.

Properties :

* These functions are not expressible in terms of a finite combination of algebraic operation of
addition, subtraction, division, multiplication, raising to a power and extracting a root.

* These functions often exhibit more complex behavior like periodicity (in the case of
trigonometric functions) and rapid growth (in the case of exponential function).

Application

* Science and Engineering: Exponential and logarithmic functions are critical in modelling
growth, decay and oscillation in natural systems.

* Signal processing: Trigonometric functions are fundamental in analysing waves, sounds and
signals.

* Mathematical analysis: Many problems in calculus, differential equations and complex analysis
involve transcendental functions.

1.10.3 Logarithmic Functions

Logarithmic functions form a fundamental class of transcendental functions. These functions are

inverse of exponential functions. They play a crucial role in mathematics, science,
many applied fields,

i i
engineering and
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Definition: If you have an exponential function of the form y = a* where a > 0 and a # 1, then
the logarithmic function is defined as:
x = loga(y)

y = logq(x)
Here, log, (x) is read as logarithmic of x to the base a.
Base of the Logarithms
The base of logarithm determines its specific type. Some types are:
, « Natural logarithm: It is written as log.(x) = Inx where e =2.71828... is called
Euler’s number.
« Common logarithm: It is written as log,o(x) where a = 10.
« Binary logarithm: It is written as log,(x) where a = 2.
Properties . .
«  The logarithm is the inverse of exponential. If y = a*, then x = log,(y).
This means log,(a*) = x and a'%8a0) =y, L
»  The domain of log,(x) is x > 0 because we cannot take the logarithm of zero or a
negative real number.

Laws of Logarithms

« Product Rule: log,(xy) = log,(x) + log,(¥)

e Quotient Rule: log, G) = log,(x) — log,(y)

e Power Rule: log,(x™) = nlog,(x)

« Change of Base Rule: For any positive basesa # 1 and b # 1:
log, (x)
log,(a)

Replacing y with x, we have:

R R T R —

loga(x) =
Note: As a* = 1, therefore log,(1) = 0.

Graph of Exponential Function
= If the base, a is greater than 1, then the function increases
. exponentially at a. growth rate of a. This is known as
exponential growth.
» Ifthe base, a is less than 1 (but greater than 0) the function
‘ decreases exponentially at a rate of a. This is known as
exponential decay.
» If the base, a is equal to 1, then the function trivially
becomes y = 1. This means exponential function always
passes through (0, 1). i
+ The points (0, 1) and (1, @) are always on the graph of the functiony =a* 3
« Exponential function takes only positive values and its graph never touches x-axis.

* The domain of the exponential function is the set of all real numbers, whereas the range of this
function is the set of positive real numbers.

Lk




Graph of Logarithmic Function

» When graphed, the logarithmic function is similar in shape y=af 1
to the square root function.
» The logarithmic function always passes through the point s
(1,0) because loga(1) = 0. y =loggx
» The curve approaches to y-axis but never touches it.
* The domain of the logarithmic function is the set of all _ __.=-f; ; =
positive real numbers, whereas the range of this function is
the set of all real numbers. {
= For a = 1, the value of function increases as x increases.
- For 0 < a < 1, the value of function decreases as x increases.
Example 18: Draw the graph of f(x) = ™05,
Solution:
Table of values for f(x) = e~05* "
Xx |-5|-2|-1]0] 1] 2 3
g 1212716 1]06]04]0.2 5
Graph is shown in the adjoining figure.
Example 19: Draw the graph of: e
(@) f@) =Inx (i) g(x) = In(x +3)
Infx+3)

Solution:

Table of values for f(x) and g(x) is: ! W

x [0 o1 o051 1]4a]10 Il [

0 2 4 L] 8 10
FO| - [—23[-07] 0 [14]| 23|
g(x) | 109 1.13 | 1.3 [ 14 [19] 26 2
Graph of both functions is shown in the
adjoining figure. +
Applications '

Growth and Decay Model: Logarithm functions are used to model phenomenon that grow rapidly
at first and then slow down such as population growth or the spread of deceases.

pH Measurement in Chemistry: The pH of a solution is the logarithmic measure of the hydrogen

in cm concentration.
pH = —logyo[H"*]

Sound Intensity (Decibels): The decibel scale which measures intensity, is a logarithmic scale:
Decibels = 10 = lﬂglu (':—n)

here 1is the intensity of the sound and I, is the reference intensity.

Information Theory: Logarithms are used in information theory to measure information content
and entropy.
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+ Financial Models: Logarithmic functions are used in finance particularly in modelling the time
value of money and compound interest.

» Computer Science: Logarithmic functions appear in algorithms and data structures.

Conclusions

Logarithmic functions are powerful tools for dealing with exponential growth and decay as well as

for measuring and comparing quantities on vastly different scales. Their unique properties and

applications make them essential in both theoretical and applied fields. Most of the applications, we

find, are in the fields of engineering and computer technology.

Example 20: Suppose that Rs. 30,000 is invested at 8% interest compounded annually. In t years,

it will grow to the amount A(t) given by the function: A(t) = 30,000 (1.08)*

(i) How long will it take until then is Rs. 150,000 in the account?

(ii) Let T be the amount of tine it takes for the Rs.30,000 to double itself. Find T.

Solution:

(i) We set A(t) = 150,000 and solve for t.

150,000 = 30,000 (1.08)"* = (1.08)'=

Taking natural log on both sides, we get:
In(1.08)t =In5 = tIn(1.08) =In5

InS 1.6094
In(1.08) 007696 = 20.9

Therefore, it will take almost 20.9 years for Rs. 30,000 to grow to Rs. 150,000,

(ii) To find the doubling time T, we set A(t) = Rs. 60,000, t =T and solve for T.

60,000 = 30,000 (1.08)7 = (1.08)"= 2220 _ 3

Taking natural log on both sides, we get: soae
In(1.08)" =In2 = T In(1.08) = In2
In2 e 0.5'9%1 ==:-9
In(1.08) 0.07696
Therefore, doubling time is about 9 years.
Example 21: In 2020, the population of the country was 249 million and the exponential growth
rate was 0.9% per year. If P(t) = F,e" is exponential growth function, then:
(i)  Find the exponential growth function for the given data.
(i) What would you expect the population to be in the year 20287

150,000 _ -
30,000

= t =

-

Solution: Key Facts

(i) Here B, = 249, r = 9% = 0.009 The function P(t) = Re™
The population growth function, gives: models the growth in the
P(t) = 249 x %009 (a) quantity while the function

(ii) In 2028, we have t = 8, P(t) = Pe™" models the
To find the population in 2028, we substitute 8 for ¢ in (a). decay or decline in the
P(8) = 249 x £0009%8 — 949 x £0.072 quantity where r > 0.

=~ 249 % 1.0747 = 267.6
Therefore, population of the city in 2028, will be about 267.6 million.




1.

s s

Draw the graphs of functions.
(i) f(x)=e* (i) g(x) =e®5* (iii) h(x) =2 —e*
(iv) h(x) =1+ ¥ (v) f(x) =In(2x) (vi) g(x) = log(x + 1)

(vii) h(x) = 3 + log(x) (viii) f(x) = e%%* and g(x) = In(0.6x)
The number of compact discs N (in million) purchased each year increasing exponentially is
given h'}": N(t) = 7.5(6 0.5¢ .

Where t = 0 corresponds to 2024, t = 1 corresponds to 2025 and so on, t being the number
of years after 2024.
a. After what amount of time will one billion compact discs be sold in a year?
b. What is the doubling time on the sale of compact discs?
Suppose that Rs. 50,000 is invested at 6% interest compounded annually. After ¢ years, it
grows to the amount A given by the function:
A(t) = 50,000(1.06)"

a. After what amount of time will Rs. 50,000 grows to Rs. 450,0007?
b. Find the doubling time.
The exponential growth rate of the population of the city is 1% per year. After how many
years, the population will be doubled?
The population of the world was 5.2 billion in 1990. The exponential growth rate was 1.6%
per year at that time.
a. Find the exponential growth function.  b. Find the population of the world in 2000,
c. In which year the world population was 8 billion?
Students in a mathematics class took a final exam in monthly intervals thereafter. The
average score S(t), after t months was given by:

S(t)=68—201log(t+1); t=0
What was the average score when they initially took the test (t = 0)?
What was the average score (i) after 4 months (:1) after 24 months?
Graph the function.
After what time was the average score 507
If P(t) = B,e** denotes the growth function of oil and the exponential growth rate of the
demand for oil is 10% per year, when will the demand be doubled?
Approximately two third of all Aluminum cans distributed are recycled each year. A
beverage company distributes 250,000 cans. The number still in use after t years is given by
the function:

ens oww

7 t
N(t) = 250,000 (5)

a. After how many years will 60,000 cans be in use?
b. After what amount of time will only 1,000 cans be in use?
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1.11 Domain and Range of Transcendental Functions through Graphs

If a weight is attached to a spring and the 1 2 3 4 5
weight is pushed up or pulled down and (] . [
released, it tends to rise and fall alternately.
The weight is said to be oscillating in
harmonic motion. If the position of the
weight y is graphed over time the result is the
graph of a sine or cosine curve,

1.11.1 Graph of y =sin® and y = cos@

To graph the sine or cosine function, we use the horizontal axis for the values of @ expressed in
either degrees or radians and vertical axis for the values of sinf or cosfl. Ordered pairs for these
points are of the form (8, sinf) or (8, cos8).

sinf | 0 | 03 | 05 | 07 |0.87)]097 097 [0.87 | 0.7 | 0.5 0.3 0
cosf |1 |097[087] 07 | 05 |03 03 |-05 |-0.7 |-0.87 |-097 | -1

8 | 195° | 210° | 225° | 240° | 255° | 270° | 285" | 300° | 315° | 330° | 345° | 360°
sing |-03 |05 |-0.7 |-0.87 |-0.97 | -l -097 |-0.87 (07 | 05 | <03 | O

2] 0° | 15°] 30° | 45° | 60° | 75° | 90° | 105° | 120° | 135°| 150 | 165° | 180°
1
0

cosd | -0.97 | -0.87 | -0.7 | 0.5 | -0.3 0 03 | 0.5 0.7 | 0.87 | 097 | 1

%
\

k2 -1

From the behavior of graphs of sine and cosine functions, we can easily predict the domain and
range of both functions which are:

Function Domain Range

y=sinf | R=0e(-0,w)=-n<f<® ye[-1,1]=-1<y<1
y=cos# | R=0¢e(—0,0)=-0<f<w® ye[-1,1]==-1<y<1
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1.11.2 Graph of y = tanf and y = cot@
Similarly, by drawing the graph of y = tanf
and y = cotf , we can easily predict the domain
and range of both functions as follows.

Function y = tanf

. w
Domain | 8 # (2n+ 1)-5;“2

Range R

: i
F
Function y = coté i
Domain @+nmnel .
Rangﬂ H 2 1 1] m am
L] ! \ \

1.11.3 Graph of y = secf and y = cosecf
Domain and range of y = secf and y = cosec8 is obvious form the graphs of both functions shown

below. .
3 . 3
VAR RV VIS
y 1
-2 " 0 o am -2:. -’ o T Fi g &
4 1
k: -
3
Function y = sec Function y = cscl
Domain H#—'(Zn+1)%;nez Domain f=xnmrneZ
Range ys-1y=z21 Range y<-1y=21
l or y€(—o,—1] U [1,) or ye(—oo,—~1] U [1,00) ‘




.-.....—."_-.Ak'\-—

1.11.4 Inverse Trigonometric Functions

Inverse trigonometric functions, also known as arc functions or anti-trigonometric functions,
are the inverse functions of the standard trigonometric functions (sine, cosine, tangent, cotangent,
secant, and cosecant). They are used to find the angle when the trigonometric ratio is known. For
example, arcsin(x) finds the angle whose sine is x. ‘

Table below shows notation, domain and range of inverse trigonometric functions.

Usual Domain Range of usual | Range of usual
Name ::;‘ Definition | of x for real | principal value | principal value
notation result (radians) (degrees)
arcsine y=sin"'(x) | x=sin(y) | -1<x<1 ~r2<y<af2 -90° < y < 90°
arccosine |y=cos ' (x)| x=cos(y) | ~1=x<1 O<y<n 0°<y<180°
arctangent | y=tan™' (x) | x=tan(y) R —n2<y<n/2 =90° <y <90°
arccotangent | y = cot™! (x) | x=cot(y) R O<y<m 0°<y<180°
= 0<y<mn?2 0°<y<90°
= 1 =
arcsecant |y=sec” ()| x=sech) | - M=l | o opcy<x | or90c<y<180°
. ~-t2<y<0 -90°<y<0
= 1 =
arccosecant | y=csc (x) | x=csc(y) k|=1 or0<y< 2 or 0° <y < 90°

1.12 Relation Between a 1-1 Function and its Inverse through Graphs

1.12.1 One-One Function and its Graph

One to one function is a special function that maps every element of the range to exactly one element
of its domain i.e., the outputs never repeat.

Examples: (i) The function f(x) = x — 3 is a one-to-one function since it produces a different

answer for every input.
(ii) The function g(x) = x® — 1 is not a one-to-one function since it produces one output 0

for the two inputs | and —1.

=

T
L)

2
au/z




1.122 Horizontal Line Test |

The horizontal line test is used to determine whether a function is one-one when its graph is given. To

test whether the function is one-one from its graph just take a horizontal line (consider a horizontal

stick) and make it pass through the graph.

« Ifthe horizontal line does not pass through more than one point of the graph, then the function is
one-one.

« Ifthe horizontal line passes through more than one point of the graph, then the function is not one-one.

Examples: If we draw horizontal lines on the above graphs, we observe that:
(i) The graph of f(x) = x — 3 passes horizontal line test, so it is ono-one function.
(i) The graph of g(x) = x* — 1 fails horizontal line test, so it is not ono-one function.

Hornzontal line

/e ;
f(x) is onc-one function. g(x) is not a onc-one function.

By using horizontal line test, check whether the function y = x* is 1-1 function or not.

1.123 Inverse of One-One Function
Suppose f: X — Y is a one-one function. Since every element y of Y corresponds with precisely
one element x of X, the function f must determines a “reverse function” g: Y — X
whose domain is Y and range is X. Then f and g imply that:
f)=y  and gy ==x !
f@M) =y and g(f(x)) =x
. he function g is given the formal name as “inverse of f.
From the above discussion it is clear that: .
Dom f =Rang g and "Rang f =Dom g a
Definition: SV
Let f be a one-to-one function with domain X and range Y. The inverse of f is a function g with
domain Y and range X for which:
f(g(y)) = y foreveryyinY and g(f(x))=x foreveryxinX
Symbolically the inverse of a function f is denoted by f~*. Thus, g(x) = f~*(x). It is to be noted

that ; *(x) is not the same as [f(x)] . In terms of this new notation, we have:
) =) =«
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1.12.4 Properties of the Inverse of One to One Function

Here are the properties of the inverse of one to one function:

» The function f has an inverse function if and only if f is a one to one function.

= [fthe functions f and g are inverses of each other then, both these functions are one to one.

» f and g are inverses of each other if and only if f(g(x)) = x, x in the domain of g and
g (f(x)) = x, x in the domain of f.

» If f and g are inverses of each other then the domain of f is equal to the range of g and the
range of g is equal to the domain of f.

» If f and g are inverses of each other then their graphs will make reflections of each other on
‘the line y = x.

« [Ifthe point (a, b) is on the graph of f then point (b, @) is on the graph of f~1.

Example 22: Find the inverse of f(x) = le-a:x #* -}, then represent f and f~* graphically.
Seolution: Given that f(x) = - o aﬁ;

2x=-3

Since f is a one to one function, therefore:

o _ 1 . .
@) = e [REPI@E x with f~1(x)]
Solving for f~1(x), we get:

= 2flx)-3=1

x

. b §
= = e—
X = w3

= 2f(x)=1+3 = flx)=23=

Graph of function f(x) and f~*(x) are shown in the adjoining figure. From the graph it is clear
that if any point (@, b) is on the graph of f(x) then point (b, a) is on the graph of f~1(x).
Challenge: Can you find inverse of f(x) given in example 23, by any other method?

Example 23: Given that f(x) = 3 — 4x is one to one. Find its inverse and represent f and f~1
graphically.

Solution: Given that f(x) =3 —4x or y =3 — 4x

Solving for x, we get:

= 4x=3-y = x=34;"

= fip) =22 '

= f“(x):'a"Tx [Replacing y with x.]

Graph of function f(x) and f~*(x) are shown T 2 %
in the adjoining figure. From the graph it is “' \ W
clear that the point (3, 0) is on the graph of f(x) ' ;-

and the point (0, 3) is on the graph of f~1(x). :
Therefore, both the graphs are reflections of each other.
\
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[

Find the domain and range of the functions graphically.
@ f(x)=sin (%) (ii) g(x) = 3cos (-;5) (iii) h(x) = 2tanx

(iv) y = cot G) (V) y = 2sec(2x) (vi) ¥ = sin(2x)
Determine whether the given function is one to one by examining its graph. If the function is
one to one, find its inverse. Also draw the graphs of inverse function.

!J

1) flx)= ix +3 (i) g(x)=x(x—-5) (iii) h(x) = (x + 1)?
() f()=x"-8 ™ g =% (vi) h(®) =55
(vii) f(X)=x*+2 (viii) g(x) =5 (ix) h(x) = |x|

1.13 Transformation of a Graph through Vertical Shift, Horizontal Shift

and Scaling
1.13.1 Vertical and Horizontal Shift
A sniftis arigid translation as it does not change the shape or size of the graph of the function. A shift
oniv changes the location of the graph.
Vertical Shift: A vertical shift adds/subtracts a positive constant to/from every y-coordinate while
leaving the x-coordinate unchanged.

Horizontal Shift: A horizontal shift adds/subtracts a positive constant to/from every x-coordinate
while leaving the y-coordinate unchanged.

Key Facts
Vertical and horizontal shifts can be combined into one expression.

Shifis are added/subtracted to the x or f(x) components. If the positive constant is grouped
with the x, then it is a horizontal shift, otherwise it is a vertical shift.

In this section, we will discuss the geometric effects on the graph of y = f(x) by adding or
subtracting a positive constant ¢ to f or to its independent variable x.
The summary of vertical and horizontal shift is elaborated in the table 1.1 below.

Original Add a positive Subtract a Add a positive Subtract a positive
function constant ¢ to positive constant ¢ to x. constant ¢
y = f(x) f(x). constant ¢ . from x.
from f (x).

T y=f) | y=f@+c | y=f@-c| y=flx+c) y=/G=9)
Geometric Shifts the Shifts the Shifts the graph ¢ | Shifts ?hc graph ¢
effects graph c units | graph ¢ units | units left. units right.

up. down. ' J




e B b B S
o i, e B e el

Table 1.1

Example 24: Sketch the graphof (a)y =vx (b) y=vx—2 (¢) y=vVx +2
Which kind of shift did you observe after sketching the graphs.

Solution:
(a) y = Vx (b) y=vx—-2 (¢) y=+vx+2
o ( 2 of 2 4 []

Above graphs show a horizontal shift. The graph of the function y = Vx — 2 cen be obtaired by
transforming the graph of given function 2 units right to the origin while the graph of y = Vx + =

can be obtained by transforming the graph of given function 2 units left to the origin.
Example 25: Draw the graph of y = |x| and then sketch the graphs of:

(@) y=Ix|-1 ®B) y=Ix|+1 (c) y=|x-1|

(&) y=|x-=1|-1

0 [+1[+2] 43

+4 [ 45 [ 46

x
)i ] .1 |2 3

4 5 6

The graph is shown in the adjoining figure,
Sketch of other graphs is shown in the table below.

(d) y=|x+1]
D y=lx+1]-1

Which kind of shift did you observe after sketching the graphs.
Solution: Table of the values of the function y = |x| is given as:

(a)y = |x|] =1 (b) y= x| +1 (€ y=|x-1|
8 ]
- 2 -] ] [l
% —
Vertical shift | unit down Vertical shift 1 unit up Horizontal shift | unit right
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dy=I|x+1] ©y=Ix—-1/-1

Horizontal shift 1 unit left Horizontal shift 1 unit right | Horizontal shift 1 unit left .
Vertical shift 1 unit down Vertical shift 1 unit down

1.13.2 Scaling (Stretching/Compressing)

Scaling is a non-rigid translation in which the shape and size of the graph of the function is altered. A
scale will multiply/divide coordinates and this will change the appearance as well as the location.
Vertical Scaling: A vertical scaling multiplies/divides every y-coordinate by a constant while
leaving the x-coordinate unchanged.

Horizontal Scaling: A horizontal scaling multiplies/divides every x-coordinate by a constant while
leaving the y-coordinate unchanged.

Note: The vertical and horizontal scaling can be combined into one expression.

In this section, we will discuss the geometric effects on the graph of y = f(x) by multiplying or
dividing with a positive constant ¢ to f or to its independent variable x.

The summary of vertical-and horizontal scaling is elaborated in the tables 1.2 and 1.3 below.

Multiply Multiply f(x) by | Divide f(x) by a | Divide f(x) by a

Original

fmetion f (xj. by a a negative positive constant | negative constant
y = j"(x] positive constant C. c. C.
constant c. e e
y = cf (x); y=cf(x) _f&x) _f),
Y= c>0 c<0 - Y= el | IPT e <0
Figure is Figure is Figure is stretched | Figure is stretched
compressed by | compressed by by changing y- by changing y- .
Geometric changing y- changing y-values | values by 2 in the | values by 2 in the
effects values by 2 in by 2 in the same direction. opposite direction.
the same opposite
direction. direction. ¥
= ] L] []
=2 L
=1
J - 2 al ] a
y = -2t y=x/2 ]

Table 1.2




-,
at

S G R 1T

Ongmnal Multiply x by | Multiply x by Divide x by a Divide x by a
function a positive a negative - positive constant | negative constant
y=f(x) constant c. constant ¢. o £
y=f() y=flex); |y=f(cx) y=f(x/c) y = f(x/c);
c>0 c<0 c>0 c<0
Geometric Figure is Figure is Figure is stretched | Figure is stretched
| effects compressed by | compressed by | by changing x- by changing x-

changing x- changing x- values by 2 in the | values by 2 in the
valuesby 2 in | values by 2 in | same direction. opposite direction.

b o the same the opposite
: direction. direction.
i -‘I &
x b | I 2
|, E ] [] 2 -2 2 ] F] | -3 = L]
-4 5 -|| | e
y =x? y = (22)° y = (=2x)° ¥ = (x/2)°
Table 1.3
Example 26: Draw the graph of y = |x| and then sketch the graphs of:
(2) y = 15| and y = |-15x| (b) y = 15 ©y=15%
Which kind of scaling did you observe after sketching the graphs.
Solution:

Table of the values of the function y = |x| is given as:

x 0 111421 $3 41 45156 |
flol 1 2131456
The graph is shown in the adjoining figure.
Sketch of other graphs is shown in the table below.

o (a) y =|1.5x| = |-1.5x| (b) y=|x|+15 and (c) y = |x| + (—1.5)

x-values by 1.5 in both cases. cases but with opposite behavior.

i
Figure is compressed by changing | Figure is stretched by changing y-values by 1.5 in both
i
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Draw the graphs of the given functions and then sketch the graphs of other fumctions using
translation. Verify the results using graphical calculator.

L y=Ixl @y=Ix+2] (b) y=I|x-2] () y=Ix|+2 () y=|x|-2

2. y=x* @y=x*+4 () y=x*-4 () y=x-4)7° () y=(x+4)?

3. y=Vvx @y=vx+3 () y=vx—-3 () y=vx+3 (@ y=+x-3

4 y=x (@y=x+5 (b)y=x-5 (c)y=5x (d) y = —5x ‘
5. y=x @y=x+1 () y=x*-1 @©y=x-1)° @ y=(x+1)

6. y=x+4

(@ y=(x*+4)-3 (b) y=(x*+4)+3

@ y=x-3)7*+4 (d y=(@x+3)32+4

y=x* @y=32 () y=-3x* @©@y=%  (@y=-%
8. y=x* @y=0Bx)" ®) y=(-32)?" (0 r=(§)2 (d) J’=(‘§)z
9. y:ﬁ(a}y:@ (b) }!zZﬁ {u}'y=2ﬁ+3 {d]}":m

= . _ .
!,.?‘ Review Exercise

1. Tick the correct option in each of the following.
(i) Which of the following is an example of exponential growth function?

(@ fx)=3x+4 (b) f(x)=3*%x5 (c) f(x)=x (d) f(x)=x?
(ii) The exponential decay function is expressed by:

(a) f(x)=a.b*0<b<1 (b) f(x)=a.b*;b>1
(c) f(x)=a.b50<a<1 (d) f(x)=a.bX;a>1
(iii) The logarithmic function f(x) = log,x is defined for:
(a) all real numbers (b) x <0 (c) x>0 (d) x=0
(iv) What is the value of log51257 N
(a) 25 (b) 5 (c) 4 (d) 3

(v) A function f: A — B is said to be onto if:
(a) Every element of the set A has a unique image in the set B,
(b) Every element in the set B has a preimage in the set A.

. (¢) Some elements of the set B have no preimage in the set A.

(d) f is both one to one and onto.

(vi) The function f(x) = x + 1, where f:{1,2,3} — {2,3,4}, is:
(a) one to one but not onto (b) onto but not one to one
(¢) both one to one and onto (d) neither one to one nor onto




(vii) The function f: R — [0, o) defined by f(x) = x> + 1, is: -

(a) onto but not on to one (b) one to one but not onto
(¢) neither one to one nor onto (d) both one to one and onto
(viii) A function f:A — B has an inverse if and only if:
(a) f is one to one (b) f is onto
(¢) f is both one to one and onto (d) f is neither one to one and onto
(ix) The inverse function of f(x) = x3, is:
. @ @ =x7 @ fE=Vx—? © e =VE  @f 0 =VF
(x) The function f(x) = sinx, where f:|—=, =| — [=1,1), is:
(a) one to one but not onto {b} onto but not one to one
(¢) both one to one and onto (d) neither one to one nor onto

(xi) The inverse function of f(x) = TiX# 0, is:
@ FW=1 O W @ @=r @@=k

(xii) Scaling refers to:

(a) increasing the size of an object.

(b) decreasing the size of an object.

(c) maintaining the properties while resizing an object.

(d) changing the shape of an object.
(xiii) Which of the following statements is true for the uniform scaling?

(a) both width and height change proportionally.

(b) only the width changes.

(c) only the height changes.

(d) width and height remain unchanged.
(xiv) What is the effect on the graph of f(x) when it is replaced by f(x + 2)?

(a) It shifts 2 units to the right. (b) It shifts 2 units to the lefi.

’ (c) It shifts 2 units up (d) It shifis 2 unit down.
(xv) The domain of y = sin~(x), is:
{B} [ﬂ, m} {b} [—m, m) {f-'] [_lr 1] fd} Iu; 1]
4 2. Find the domain of the given functions.
(a) f(x}—4+\fx+2 (b) f(x)=xv2x -3
© fx) == (@ fx)=vVxT-5x+4
3. Find the domain and range of the given functions.
(@ f(x) =1+x? (®) f(x) =(2x+1)*
() f()=9—x @ f(x)=3+Va—x?
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4. Draw the graph of f(x) = VX, then sketch the graphs of the following functions,
(a) f(x) =vx—2 (b) f(x)=vx+4 (©) f(x)=—x ‘
@ fE)=14Vx=2 () f(x)=4/x ® f(x)=-3Vx , ‘
. 5. Graph the given functions, :

(@) y =2+ 2sinx . (b) y=—;tanx
(¢c) y =3 — cosecx (d) y = cos (x +m) ‘
6. Find the domain and range of the inverse function of f(x) = log (x2 + 1). ‘
7. Show that f(g(x)) = g(f(x)) = x, when: |
f(x) =e* and g(x) = Inx. .
8. The population of a town grows exponentially according to the formula P(t) = 1000 e%95¢ l
+
|

where t is the time in years, After how many years, will the population reach 50007
9. A company has the following cost and revenue functions:
C(x) = 5x +10; where x is the number of units produced.
D(x) = 15x; where x is the number of units sold.
Find the equilibrium point wlier: cost equals revenue.




' The word calculus is a diminutive form of the Latin

LIMIT, CONTINUITY AND DERIVATIVE

After studying this unit, students will be able to:
o Demonstrate and find the limit of a function.

¢ State and apply theorems on limit of sum, difference, product and quotient of functions to
algebraic, exponential and trigonometric functions.
o Demonstrate and test continuity, discontinuity of a function ata point and in an interval.

« Apply concepts of transcendental functions, limit of a function and its continuity to real world
problems.

¢ Calculate inflation over a period. Calculate depreciation with the help of straight-line method.
o Recognize the meaning of the tangent to a curve at a point.

e Calculate the gradient of a curve at a point. Identify the derivative as the limit of a difference
quotient. Calculate the derivative of function. Estimate the derivative as rate of change of
velocity, temperature and profit. Recognize the derivative function.

+ Siate the connection between derivative and continuity.

¢ Findthe derivative: function, square root, quadratic and logarithmic functions.

s Apply the differentiation rules to polynomials, rational and trigonometric functions.
e Apply the differentiation to state the increasing and decreasing function.

e Apply differentiation to real world problems. '

+ Find higher order derivatives of algebraic, implicil, parametric, trigonometric, inverse
trigonometric functions. Describe the ability to approximate functions.

¢ Explain differentials to approximate the change in quantity. Calculate errors.
o Findextreme values by applying second derivative test. Explain and find critical point.
Apply derivative and higher order derivative to real world problems.

word calx, which means stone. In ancient civilization,
small stones or pebbles were often used as a means for
reckoning consequently, the word calculus can refer to e
any systematic method of computation. However, over
the last. several hundred years, a definition of calculus
means that the branch of mathematics concerned with
the calculation and application of entities known as
derivatives and integrals.
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R ITY AND DERIVATIVE -—- —— —

2.1 Limits of Functions

Two of the most fundamental concepts in the study of calculus are the notions of function and the
limit of the function. In this first section, we shall be especially interested in determining whether the
values f(x) ofa function f approach a fixed number L as x approaches a number 'a’ using the symbol

'—>" forthe word 'approach' weask f(x) > L as x — a.

2.1.1 Limitof a Function as.x Approaches to a Number

Consider a function: lﬁ xx

Whose domain is set of all real numbers emept —4. Although f(—4) is not defined, nonetheless,

f(x) can be calculated for any value of x near —4. The table shows that, as x approaches to —4

from either the left or right, the functional values f(x) approaches to 8. That is, when x is

near —4, f(x) is near 8. We say 8 is the limit of f(x) as x approaches to —4. We can write as:
16—x’

f(x)—8 as x——4 or lim =8
=4 4+x
x f(x)
-4.1 8.1
-4.01 8.01
-4.001 8.001
-3.9 7.9
-3.99 7.99 .
-3.999 7.999 -

16 —x" _(44+x)4-x)
4+x 4+x
The graph of f is essentially the graph of y =4 — x with the exception that the graph of / hasa

hole at the point that corresponds to x = —4. As x get closer and closer to —4, represented by the

two arrowheads on the x-axis. The two arrowheads on the y-axis simultaneously get closer and .
clnser tu the numher 8.

Forx=—4, f can be simplified by cancellation f(x) = =4-x

samsmmsmE sew FEFEEEEEAAASASESESRsEEssREEE T smmsmmmm e

]nmlﬂvu Dlﬂnltlnn. If f (x] can he mm!e arbitrarily closer to a ﬁmtc numl:u:r by lniung x sui‘ﬁmumly
close to but different from a numbera, from both the left and right side of @, then J]:j-n-;l flx)=L : .

x —a~ denote that x approaches a from the left and x = a* denote that x approaches a from the right.
Thaus, if both sides have the common value L,

_ lim f(x) = lim f(x) = L

We say that: ' liE f(x) exist and write -!_i_lﬂ flx)=1L

Note: The existence of a limit of a function fata does not depend on whether [is actually defined for
a but anly on whether fis defined for neara.




Example 1: Using the graph, check whether the limit of the function exists or not.

lim f)=x+2=7

f(x):[—::izu

xE£5
x>5

lim f(x) =—x+10=-5+10=35
x—-5%

&
x—=5 f(x) ¥ = x = 5* f(x)
4.9 6.9 N 5.1 4.9
i 399 | 699 * D\ 5.01 499
4999 | 6999 Z . 5.001 4.999
! Fd
L Since ,:I_I.T- f(x) # Iir;n+ f(x), we concluded that }}E} f(x) does not exist.
F o . sinx 1—cosx
Example 2: Evaluate. a. ﬂ_r.nn - b. Li..“ﬂ_x :
Solution:
' a. b.
1 —
x—= 0 E x=0" i
x X
~0.1 0.998341 —0.1 -“-Eﬁm:’
—0.01 —0.0049999
—0.01 0.9999833 —0.001 —0.0005001
-0.001 0.999998 —0.0001 —0.000510
. sinx __ 1 — cosx _
v ms T | B T
- 1 - cosx
x = 0% stnx x = 0%
L] x X
0.1 0.0499583
0.1 ! 1
e | 0.01 0.0049999
d 0.01 0.9999833 0.001 0.0005001
0.001 0.999998 0.0001 0.000510
* i : —
Example 3: Evaluate: a. l_IE 15 ; ll_'né 10x c. Li_:g(x 5x + 6)
Ix—1 x-1 — 2\E
d. Jim o s Liﬂ-——x:_._x_z _ £ il_r_r;(ﬂx ; 2)

Solution:

. lim15 =15

x=3

. lim 10x = 10(5) = 50
x5 -




2 I - A
¢ lim(x?—5x+6)=25-254+6=6 )
d.° g 220Nt =31 o ' i. Ifc is constant, then lim ¢ = c. :
x—=+-16x4+2 &6(-1)4+2 -6+2 : ¥-a
5 : : @i If ¢is constant, then :
« Mnoire et 1 a2 i lim ¢f (x) = ¢ lim £(x)

By simplifying first we can apply theorem v, | . lim[£(x) + g()] = lim £(x)*1im g(x)

FrssssEseRsARSsEsEE s sEs R R R R TR RER R EE nE

Cpe. Bl (x-1) =Li+L,
x 1;: +x—=2 = 1(x 1(x + 2) B nigon o f[’} il .
1 : x=ag(x) lmg(x) Iq >

1
3

= lim :
x-+1(x+2) . . lim[f(x)}" |“m r(x]]“ ="
£ lim(3x— 2)% = (3(2) — 2)° = (4)% = 4096

P
i
1

.
TEgeen B sEse A AR RS S S

x=5x2—25 " 0 - x+52x +10  lim 2x+10  2(-8) +10

We can’t simplify to remove zero from the —8-((-2)")'2r -842

4x+5 _a
Example 4: Evaluate: a. Iirré < mer b. x[-iE‘s :x iﬁ
Solution:
a. ! b
4x+ 5 I 3
lim———=, limd4x+5=25 I x—Vx
—5x2 — : Mg e .
miar=2s"  ¥a | M ey Am2et10=—6=0
limx?-25=0 . i '
X5 ; :' = xl.l.Tn sy (apply theorem iv)
1 . _ 3 1
lim 4x+5 25 b V__,,J.‘.Tgx ﬁ_—-B«(-B) /s
|
1
1
I
:

denominator, so limit x = 5 doesn’t exist. —6 —6

1. Use a graph to find the given limit, if it exists.

: = xi-1 xt-3x |x]
a. limyx—1 b. iig} — c. lim™=— d. lim==
x x<i x? <0
e. limf(x), where f(x) = _ f. Hm (x),where f(x) = [ x=0
x—-af [1 +1 x=22 nf i = i
1-cosx
g Hm g




_ UNTT=02: LIMIT, CONTINUITY AND DERIVATIVE mﬂ_ﬂu__

2. Use the given graph to find each limit (x — 1), if it exists.

a4 b. . *
3 == ¢ —_—

/1 il

s ? b V i
- Evaluate the following.

x*+8 ; =2 £2-21 T
b | 3. xm2 X42 4. _!;i.q x—4 5. lim=—> : - lim e
l = Uy i 8. linn,{"‘"'a}'I 9. ,1,'“}(" -4 (x2 =310 0. lim (:r - ﬁ)

y—=1 y-1 y
2x+6 e 5 .
| i Jm S R 13- 0% s
2.2 Continuity

| In the case of limit, we have used the phrase “connect the pmnts with smooth curve”. The phrase
provides the concept of graph that is a nice continuous curve that is, a curve with no gaps or breaks.
Indeed, a continuous function is often described as one whose graph can be drawn without lifting
pencil from paper.
Before moving towards the precise definition of continuity, we demonstrate in figures some intuitive
examples of functions that are not continuous or continuous at a number.

Fig (i) " | Fig (i) N
\l‘ { Discon inuous) e..--'_'—'ﬂ {Discontinuous )
. N
* s - -
1 | , 1
Jim £ (x) does not exist and f(1) is not defined. Jim e () does not exist and £(1) is defined.
Fig (ii) 4 Fig (iv) 4 || Figw) 4
o /
= : - — ; . = : -
1 1 1

LT (x) exist but £(1) is not defined. | [ 73/ (x) existand f(1) is defined but || +53/(x) existand £(1) is defined |
Jime(x) = f(1) and () = £(1) |
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Dtﬂnitiun. Cnntinuity :
A funetion is said to be continuous at a number a if !

i.  f(a) is defined
il li_.néf (x) exits, and
i limf () = f(a)

ersssassssEsEEEERERE RS EREREREEERERERR AR SRR R RS EEEEE

2.2.1 Continuity at a Number
-Figuma (i) - (v), at page 47, suggest the
threefold conditions of continuity of a
function at a number a (instead of 1 we
consider a).

RS-

Example 5;: The rational function

f(x}"x _11 )
_fx— D +x+1)
- = I""l 4

=x*+x+1,x%1

B3

is discontinuous at 1 since f(1) is not define.

From graph, we observe that Lin%f(x} = 3. We can

also state that fis continuous at any other number x # 1. 3 5 3

Example 6: Given figure shows the graph of the piecewise function defined

x* x<2 4
f(x)=4 5 §=
-x+6 x>2

Now f(2) is defined and is equal to 5. Next, we have
T v =
Jpf@) = Jlimx =4

im0 = Jig, —x+6.= 4

This implies limit exists: li_rgf (x) = 4.

Since lim f (x) # f(2) = 5, therefore f is discontinuous at 2.
Example 7: Let f(x) = oo , for x # 2. Show how to define f(2) in order to make f
continuous function at 2. 4

Solution: Although f(2) is not defined, if x # 2, we have
5

2+.:ur 6 (x—2)(x+3) x+3 h"“";"—'—‘o‘_—

-4  (x=2)(x+2) )

flx) =

The function f(x) = i—:; is equal to f(x) for x # 2, but is also




= : ; e e e
h ol it J B ek gy - b ¥
=uh e o 3 - T

L # il s I e Y LS

continuous at X = 2 having the value of -E Thus fis the

continuous extension of f to x = 2 and

A
me2+x—ﬁ_ mx+3_§
x+2 x2—4  x2x+2 4
The graph of f is shown in figure (i).
The graph of its continuous extension is shown in figure (ii). ~_5 b
. x*+x—-6 e 4
x+3 et ? .
[f)=—5=1 *.* =
3 x=2 1 2 3
Fig (ii)
We can also observe that x = 2 is removable discontinuity for
the fx) = *355°.

2.2.2 Continuity ori an Interval

A function is said to be continuous on an open interval (g, b) if it is continuous at every number in the
interval. A function fis continuous on a closed interval [a, b] if it is continuous on (a, b] and in
addition, it is continuous on [a, b)

Jim, f(x) = f(a) and lim f(x) = f(b) 3
Example 8; £

a f(x)= -_?117 is continuous on the open interval (—1, 1)

but is not continuous on the closed interval [—1, 1], = 5 3
since neither f(—1) nor f(1) is defined.

b. f(x) =v1—x2 is continuous on [—1, 1] we can observe from oo
figure matx!!ﬂj(x) = f(-1)=0and Ih{i_f(x} =f(1)=0
. = : 05 1
] 3

e. f(x)=+x—1 iscontinuous on [1, =) since

JimfG) =) =0 1 /
1 .:

T R T L e
A Is . - _
- =il . ¥ ..- s
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——— e Ky Facts
Continuity of a Sum, Product and Quotient: If fand g are functions continuous at a numbera,

then ¢fic a constant), f + g, fg and 5 .(g(a) # 0) are also continues ata.
Removable Discontinuity: If ,];iﬂf (x) exists but [ is cither not defined ata or f(a) = Li-!ﬂf (x),

then f is said to have a removable discontinuity ata. For example the function 5511 is not defined
at | but iin'{f{x) = 2. By definition f(1) = 2, the new function
2
x°—1

f&h{??T-x*l
2, x=1

is continuous at every number,

In problems 1-8, determine the numbers (if any), at which the given function is discontinuous.

P o _ 2x
. f(x)=x*—-5x+6 2 f=—— 3 fO) =g
4 i X x<Q °*
== == . ={x?, 0<x<2
4 )= 5. fx) =25 6. f(x) {xx, xxz :
sinx z
Pe—y X+ ﬂ x*=36 x = ﬁ
7. f(x) =47 8. f(x):{x-s '
FE= . xwn 12, x=6
In problems 9-14, determine whether the given function is continuous in the indicated intervals.
9. f(x)=x*+1 a. [-1, 3] b. [3, «)
10, f(x) =1 a (-3, 3 b. (0, 10]
2 : 149
I f(x) == a. [1, 4 b. [1, 9]
12. f(x)=Vx? -9 a. [-3, 3] b. [3, ) .
i . [-4 -3 b. [~10, 10]
13.f(0) == a. [ ] ‘
3 -
14, f(x) = sin> a B 5 b [5.
In problems 15-18, find the values of m and nso that the given function is continuous.
mx, x<4 A xw2
15. f{-’f)—{xz' x> 4 16. f(x]—{;zl e

mx, r<3 mx—mn, x<1

17. ={ N, x=3 18. f(x}=l L x=1
4.5 [—2x+9. x>3 2mx+n, x>1




+ﬁ-.ﬂhausuluuﬂnmthcmlmal (=3, 4).

19. Prove that the equation =

x+3

20. Prove that f(x) "[ . 0, st

IVATIVE /T

is discontinuous at every real number. What does the graph of f look like?

2.3 Rate of Change of Functions
* 2.3.1 Tangent of a Graph

L at a point P, and then we would like to find its equation.
To do so we need: (i) the coordinates of P and '

' (ii) the slope mgq, of L.

The coordinates of P pose no difficulty since a point on

a graph is obtained by specifying a value of x, :
say x = a in domain of f. The coordinates of point of
tangency are (a, f(a)).

the fixed-point P and any other point Q on the graph,

Suppose y = f(x) is a continuous function. In the figure(i), the graph of f possesses a tangent line

Y1

L Tangent line L at P
7 —i
Fig (i)

As a means of approximating the slope mqn, we find the slope of secant lines that pass through

If P has coordinates (a, f(a)) and if we let Q have coordinates (a + Ax, f(a + Ax)), then from

fig (ii) the slope of the secant line through P and Q is

change in y-coordinate
change in x-coordinate

o E{a+ﬂ:}-[{u! - ﬂ_y
Ax

(a+dx)—a

Meee =

Then, mg,. = f:r;

When the value of Ax is close to zero either positive
or negative, we get points Q and Q' on the graph on
each side of P, but close to the point P, we expect that
the slopes Mpg and Mpg, are very close to the slope
of the tangent line L. See fig (iii)

Y¢

Ay = fladda)-fla)




lhﬂlitlu Tupnt Ilu i E
§ Let y = f(x) be a continuous function. At a point (a, f(a)) the tangent line to the graph is the line
| that passes through the point with slope. ;
3 f(a+Ax) —f(a) Ay =
Slope = an = L0 = lim 7 |
i whenever the limit exists. :
The slope of the tangent line at (a, f(a)) is also called the slope of the curve at the point. The .

tangent at (@, f(a)) is unique since a point and a slope determine a single line.

Example 9: Use definition to find the slope of the tangent line to the graph of f(x) = x* at

(1, f (D). e
We smnmnrize the del‘lnitlnn
Solution: into 4 steps:
i. f(1)=12=1foranyAx #0 e Evaluate fat a and a + Ax: f(a)
F(148x) = (1 + Ax)? = 1 + 2Ax + (Ax)? ad f{a +42)
e Find Ay

ii. &y =f(1+4x) - f(1)

= 1+ 20x + (Ax)? — 1 = 2Ax + (Ax)* = Ax(2 + Ax)
Ay _ Ax(2+8x) _
Ax Ax
Slope of the tangent is given by:

e Divide Ay by Ax, Ax#0
Ay  f(a+Ax)—f(a)
Ax Ax

. Computc‘ﬁlxhl'xu

= ay
Mean —limh

iii. =2+ Ax.

P———————— TP T LD DL it

S e g e s

iV. Mygn = Ilm ‘E= Iim2+ﬁx=2

g

........................ t-tiillli!l'l"'—'---iill

Example 10: Find the slope of the tangent line to the graph f(x) = —x?+6x at (4,f (4)).

Solution: )
i, f(4)=—(4)*+6(4) =8, forany Ax + 0
f(4+ Ax) = —(4 + Ax)? + 6(4 + Ax) = 8 — 28x — (Ax)*
ii. Ay =f(4+Ax)—f(4)
= § — 2Ax — (Ax)? — B = —2Ax — (Ax)? = Ax(=2 ~ Ax)
Ay Ax(—2-Ax)

10
(4. 8)

e BY e = ﬂx =10 1] 10
e s Ea 2
Blope of the tangent is given by:

V. Megn = lim%—ﬁr_{lu-—z —-Ax=-2

From graph we observe that the slope of line is —2 at (4, 8).

=




- Key Facts
A Tangent May Not Exist: The graph of a function f will not have a tangent line at a point
whenever.
i. f is discontinuous at x = a, or
ii.  The graph of f has comer at (a, f(a)). |
Moreover, the graph £ may not have a tangent line at a point where
iti.  The graph has a sharp peak.

4 'y I
i i 12
i .Hnm;mm' Mo tangent ot @ No tangent at @
SR =t By =ity |
@ ®) © )

2.5.2 Rate of Change

The slope E- of a secant through (a, f(a)) is also called the average rate of change of f at a. The

i

slope Mygn = ﬁl-’ir!‘_l:ln % is said to be the instantaneous rate of change of the functions at a, if mg, = %

at a point (n. f (u)), we would not expect the values of f to change drastically for x values near a.

FY

Remark: The line L is tangent at P but intersects the
graph of f at three points. but is not tangent to the graph.

v

2.4 Instantaneous Velocity

Almost everyone has an intuitive notion of speed or velocity as a rate at which a distance is covered

in a certain length of time. When, say, a bus travels 60 miles in one hour, the average velocity of the

bus must have been 60 mil/hr. Of course, it is difficult to maintain the rate of 60 mil/hr for the entire

trip because the bus slow down for towns and speeds up when it passes cars. In other words, the

“ﬁ velocity changes with time. If a bus company's schedule demands that the bus travel the 60 miles

. from one town to another in one hour, the driver knows instinctively that he must compensate for

*' . velocities or speeds below 60 mil‘hr by travelling at speeds greater than this at other points in

journey. Knowing that the average velocity is 60 mil/hr doesn't, however, answer the questions, what
is the veloceity of the bus at a particular instant?

v __ distance travelled
e time of travel

Average velocity:



N
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Consider a runner who finishes a 10 km race in an elapsed time of 1 hour and 15 min (1.25 hr). The
runner’s average velocity or average speed for the race was

Vave = == = 8km/hr

But suppose we now wish to determine velocity at the instant the runner is one half hour into the race.
Ifthe distance run in the time interval from 0 hrto 0.5 hris measured to be 5 km, then

5
Vave = == = 10 km/hr

nis
Suppose ifa runner's completes 5 km in 0.5 hr and 5.7 km in 0.6 hr, however, during the time interval \
from 0.5 hrt0 0.6 hr E7.&
Vo Sqa=o8 ! anihr

B e TR T

Definition: Instantaneous Velocity
Lets = f(t) be a function that gives the position of an object moving in a straight line.
The instantaneous velocity at time ¢, is
ty +At) — f(t
V(e = lim A= FC) _ o as
At—0

= lim —
At At—0 At
whenever the limit exists, :

T L e L T T

Example 11: The height s above ground of a ball dropped from the top of the tower is given by
5 = —4.9t? + 192 where s is measured in meters and t in seconds. Find the instantaneous velocity
of the falling ball at t; = 3 sec.
Solution: We use the same four step procedure;
Step 1: f(3) = —4.9(3)% + 192 = 147.9 forany At # D

f(3+At) =—49(3 + At)® + 192

= —49(At)* — 29.4At + 1479

Step2: As = f(3 + At) — f(3)

= [-4.9(At)? — 29.4At + 147.9] — 1479 Ballat¢=3
= At[—4.9At — 29.4]
Step 3: As _ At(—4.940t-29.4) 7 \ .
At At

= —4.9At — 29.4
Siep 4: v(3) = limpeug 3 =limpeo(—4.,5¢ — 29.4)
= -29.4m/sec
‘ The minus sign is. significant because the ball is moving opposite to the positive or upward
direction. The number f(3) = 147.9 m is the height of the ball above the ground at 3 seconds.

- |
e s i O
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In problem 1- 6, find the slope of the tangent line to the graph of the given function at the
indicated point.

f)=2x-1;(x, f(x))=47)
flx) = -%x +3; (a f(a))
f(x)=x*+4; (-1, 5)
f(x)=x*—5x+4; (2, -2)
fx)=x%; (1, ()
1 1 1
=% (. 1))
In problem 7-8, find the average rate of change of the given function in the indicated
interval.

7. f(x)=x%+2x*—4x; [-1, 2]
8. f(x) = cosx; [-m, m]

LI o

In problem 9- 10, find the instantaneous velocity of the particle at the indicated time.

9. f(t)=—4t*+10t+6;t=3
10.f() =t>+ = ;=0
11. The height above ground of a ball dropped from an initial altitude of 122.5 m is given by

s(t) = 122.5 — 4.9¢?, where s is measured in meters and ¢ in seconds.
i. What is the instantaneous velocity at = %?

il. At what time does the ball hit the ground?
iii. What is the impact velocity?
'12. The height of a projectile shot from ground level is given by s(t) = —16t* + 256t ,
where s is measured in feet and t in seconds.
. i. Determine the height of the projectileatt =2, t =6, t = 9and ¢t = 10.
ii. What is the average velocity of the projectile between t = Z and t = 5.
iii. Show that the average velocity between ¢t = 7 and t = 9 is zero, also interpret.
iv. At what time does the projectile hit the ground?
v. Determine the instantaneous velocity at time ¢ = 8.

vi. What is the maximum height that the projectile attains?
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2.5 TheDerivative Functions

In this section we will discuss the concept of a “derivative™

that is used to calculate and study rates of change.

) " [ (x+4x)~[f(x)
We have studied a slope of tangent line: th“n © Ax

For any x, if the limit exists, then it can be interpreted either

AN L IR

which is the primary mathematics tool

on the slope of a tangent line to the curve

w= fx)asx = x, oras the instantaneous rate of change of y with respect to x = x,. This limit is so

important that it has special notations.

Ax)-f(x)

' — Jxg+
f (o) = Jim L0t

You can think of ["(read *f prime™).

' Definition: The Derivative Functions

f(xo + Ax) — f(x)

SEsSFESSsRIEEEREES

®
®
——————

Thr: function f* defined by the formula: f (xu) = aI..L-n

fofl f for which the Ilmll exlsts

fassarssrsansmsansannnnny FEssEEsEEsEE sssssssssmEmEEE

f(x+8x)—f(x)

Solution: We have: f'(x) = ﬂ!_l.'lu

Ax
_ {'r—l—-;ix}z—[x)z x% + 2xAx + Ax?— x?
= lim lim
Ax=sl Ax T Ax—0 Ax
2xAx + Ax?
lim e lim 2x + Ax = 2x
AR r“;‘r Ax—0

Example 13: Find the derivative of
y=f(1=—x>+4x+1
Solution: Ay = f(x + Ax) — f(x)
= Ax[=2x — Ax + 4]
Ay

—_—

Ax
Ax[—-2x —

Theretore f'(x) = y' =

Ax + 4]

= lim
Ax=ald

Ax
= Jim [-2v—Ax+4] =-2x+4

: is cailed the derivative of f with respect to x. The domain of f” consists of all x in the domain

mEsssEEEES

Example 12: Find the derivative of f (x) = x? by definition.

Ax

[
L]
FEEE R AR R R wamus

Key Polni: Notation
Many ways (o denote the
derivative of a function

y=f(x)

. :-* o :m‘m'-'“
arix)

—_h—.—-—

=Dyf=Yy'

dy W
We also read = 48 “the derivative

of y with respect of 2™ and -Ei—
and (:—x) f(x) as “the derivative

of f with respect of x™.
y'and f” (used by Newton).
£ (used by Leibniz).

lnput
« Function y = f(x). npr:ratur—
Output
d.-’
e Derivative ¥' = —
e Process is alse t:.'ziiud
differentiation.
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Example 14;
. a. Find the derivative of b. Find the slope of the tangent at x = 9,
¥ = f(x) = Vx, by definition. '
Solutlon:
a fX)=vx,f(x+48x)=vVx+Ax | b. Theslope of the tangentat x = 9 is
I
vn Ay - X ¥Bx —Vx : d}'l 1| : . |
)”—f(x)—a—ﬂl_‘l}“ = : x=9 = E =T —v,— 3
1 1 |
= lim tionalise) = —
Ax=0x + Ax _‘E.(ra ) 2vx :

2.6 Rules of Differentiation

2.6.1 Power and Sum Rules

The definition of derivative has the obvious drawback of being ;'ather clumsy and tiresome to
apply. For example, to find the derivative of function like f(x) = 5x'%° + X% isatime taking job.
Here, we will develop some important theorems that will enable us to calculate derivatives more
efficiently.

Theorem 2.1: Power Rule

If n is a positive integer, then: %x“ = nx™"1
Proof:

Let f(x) = x™, n a positive integer. By binomial theorem we can write:
n(n—1)
2!

P nx=1ax+ 201 (a0)2 g ()] -x"

Thus: %[x"l =f'(x) = lim e

axfnant + B D no1 (a4 o b (ax)1]

= aaum B

nn-—1)
2!

flx +Ax) = (x + Ax)" = x" +nx"Ax + x"1(Ax)2 + -+ + (Ax)"

_u].igl (mn—l + x"-1 (M) 4 aes -l-(dx}""’-)

..
X =nx

n-1

A power rule simply states that differentiate x™: | —x" = nx™™3
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Example 15: Find: —[x‘] 4x3, —[x’]—?x < —[:5“] 50x*9, E-[:Jc““’]=2I'.Illlll:»:1'i"‘3'.

d
= %) =312

We can apply this formula for all real
numbers like:

El=
2
|

1=
. R
—
]
B -
-
H'!:-
Il
]
2=

d 1 't . S0

ol

_[mx]] 10 é 1057 )
3 3a3

Example 16:

i. ;—x[zx" + x77]
d d
=——[2x°] + - [x7"]

5.9 ey
= z'dx [x®] + (—9)x
=2(6)x* —9x~1°

9
= 12x° “ﬁ

i, [5x~! — 4]

i
o Rl 2 & ey
—de[x J EdrEx]
1 -5 1
N e S, T (. S
5x sx =7 %

dx

. Derivative of constant function:
I d :-
-d-[c]——[c:c"‘]-ci[x“]—c 0x1 =9

—[c'] = 0 like —[w]
; Theﬂrem: Thmrem. i
i Ifn is any real number ;'[fcwanyrﬁalnumher
pod i :
=™ = nx" i —[rf (r)] =cf'(x)
| dx iodx
: Sum and I-llfferen:e Rule:

If f and g are differentiable function, then
s Lf(x) + 4] = f'(x) +g'(x)

In wurcts, the derivative of a sum equals to the sum
i of the derivatives and the derivative of difference i vs
nqual o the difference of the dcnvnuws

i, 1[415- 1yt 40953 4 ?]
= 4-—-[15] —l-—[:r‘] + 9-—{1:3] +-d— [7]

= 4(5)x* — 5 (4)::3 +9(3)x*+0

= 20x*% — 2x3427x°

v'r;-_:_ —'



Example 17: Find the derivative of the following w.r.t. x.

.. 3 r
| a, y=(x+1)* b. y=x+1)(x—-2) =« y=13:_x
Solution:
a. y=(x+1)’=x’+2x+1
dy _d .. 2
E;=E{x +2x+1] = (x)+2 (x) +— (1)=2x+2+ﬂ=21’+2
. 402 2
boy=(+Da-D=x-x-2 & y=SHE=E4L
dy d , d d ¥+ %
dx - dx* dx’ dx’ y<3'ts
dy 1d , 1d 121
| =2x—-1-0=2x-1 s T e B e st i TR -
&~ 3dx” T3dx (2)+ it

Note: In the different contents of science, engineering and business functions are often expressed in
variable other than x and y. Correspondingly, we must adapt the derivative notation to new symbols,

forexample:
Function Derivative Function Derivative
av 1 dH 3
V(t) =4t ' =---= =—zb& ’ =— 5
(t) V'(t) H(z) ri H'(z) ==
dA dr
A —3 ! = e— = — 3 —_— ! = e— 2 —
() A'(r) 5 = 2mT r(6) = 48% — 30 r'(8) <5 = 120% -3

1. Find the derivative of the functions w. r. t. x.
a y=x° b. f(x) =455 ¢ f(x)=9

2. Determine f'(x). |
a. f(x)=+5

3. Determine f'(x).
a. f(x) = x*(x®+5)
d. f(x) = —-3x"% 4+ 2yx
£ f(x) = x™+ i+ 3x'+ o'

b. f(x) =5x

c. f(x)=5Vx d. filx) =

b f(x) = (x+9)(x—9)

€. f(x) = ax’+ bx’+ex+d, (a, b, c and d are constants)

d. f(x)=6x*+3x2-10
V5x

c.

fx) = (x* +x%)?
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4. FindX.
3
a y=22 b, y=(x*-5)(2x+3) ¢ y=(4x*—3)(7Tx% +x)
5. Find slopc of tangent at x = 1.
a. ¥y= x*+3x b. y=x*-x? ,
2.7 The Product and Quotient Rules .
We will develop techniques for differentiating products and qunﬁents.‘lf functions whose derivative
are known.

2.7.1 Derivative of a Product .

You might be considered conjecture that the derivative of a product of two functions is the product of
their derivatives. However, simple examples will show this not posaiblc.

CﬂnSidﬂl T A EsESESESASAEIERAEENESEIEIREEEERERERRRRR S

f(x) = x* and g(x) = x* Theorem: Product Rule '
The product of their derivative is:

f'(x)g' (x) = 2x)(3x*) = 6x° d |
Buttheir product is: I‘.\:-U(x)g(x)] = f()g' () +g()f'(x) |
y=f()gx) = x> and 2 =y =5x* #62® | Thefirst function times the derivative of the
Thus, the derivative of the product is not feeo “fh ﬁ:il;nmm:l plu:"ﬁt:-l:t ::::::mﬁmunm :
equal to the product of their derivative. 1 tmes the doriyauvs o :

G ENSEBEAEE R R EBEERE RS BERd AR spasamanains

If fand g are differentiable functions, then

Example 18t Find & 1f y = (4x% — 1)(7x? + x).

Solution: We can use two methods to find % . We can either use the product rule or we can
multiply out the factors in y and then differentiate. We provide both methods.

Method It The Product Rule E Method 11: Multiplying First
_ b
:—i = —[{4:r —1)(7x3 + x)] i y T (4x? — 1)(7x3 +x) = 28x° — 3x3 —x .
Derrvative of Dherivaiive ol

,—E—; — ool —, .E.—. e, I
d d o dy d B _ N
di (4:3—1}——[?::3-1- x)+(72°+ r)—-(ixz-l) E el [28x5 = 3x® — x] = 140x* 9x2 -1

]

:J; = (4x? — 1)(21x2 + 1) + (7x% + x)(8x) E
dy |

—— = 140x*—9x* -1
dx

Both derivatives are same.




. dy .
Example 19: Flt‘ud;"'r if y=[(1+x*)Vx]

d d
Solution: Apply the product rule Ey - [(1 + x’)m

d ' 1.4 :
=(1+x)—x+ ﬁi (1+x3) =1 +x3) =22 +/x(3x2)
dx dx 2
{1+x3) 5 1+x3+6.t3 Txd +1

e s =ik

2.7.2 Derivative of a Quotient

Just as the derivative of a product is not generally the product of derivatives, so the derivative of a
quotient is not generally the quotient of the derivatives. The correct relationship/method is given by
the following.

i If f and g are differentiable functions aml g(x) # 0, then,

d f(x)] _9f'() = f(x)g' ()
dxlg(x) PR
i

The denominator times the derivative of numerator minus the numerator times the derivative
of denominator all divided by the denominator square.

---------------------------------------------------------------------------------------------------------------------------

Example 20: Differentiate y = WLt X,

2x3+5x%47
Solution: Apply the quotient rule:
Derwensnator . Humenatar " Derivative of Denominator
dy (207 +5x7 +7) 35 [3x% — 1] - (3x* — 1) A [23 + 522 4 7]
dx (2x% 5x* + 7)*

_ (2x? +5x% + 7)(6x) — (3x* — 1)(6x? + 10x)
- (2x3 + 5x2 + 7)?

_ —6x* + 6x? + 52x

T (2x3 4+ 5x2 4+ 7)2

2.8 The Connection Between Derivatives and Continuity
* Ifafunction is differentiable at a point, it is automatically continuous at that point.

* But the reverse is not always true. A function can be continuous at a point and still not be
differentiable (like a sharp corner or cusp, for example | x | is continuous but not differentiable).




Summary of Differentiation Rules:

1
] y=;
2. y=(x"=-7)(x*+4x+2)
3. y=(Tx+ 1)(x*—x*-9x)

o Zl=0.Zlfl=cf Zftgl=f1g
o Zlf.gl=fg' +af

d af'-rg’ |
x-2 e E[ﬂzf_z LI

_ 3x+4

4+ = 5. e —
4 x241 i x%4x+1
Ix%+ (il - 2
6. y=215 7 y((4d) @y 8y=T7F g X2
3x-1 x X T-x x3-x
xt42x3-1 10 24 4\2 2
0.y=220 1 gy, ymotl o @ ye &) gy e S
x (x3-10) 3x—2 (x—1)2

Find the slope of the tangent line to the curve at the point whose abscissa is given.

4x-1 4
14 ¥ == X =1 15. y=;§_—£. x=
16. y=z::25, x=1 17. ¥y = (2Vx+1)(x*~6), x =0

2.9 Derivations of Trigonometric Functions

The main objective of this section is to obtain formulas for the derivatives of six basic
trigonometric functions. We will assume in this section that the variable x in the trigonometric
functions sinx, cosx, tanx, cotx, secx and cosecx is measured in radians. We also need the limits

in results and restated as follows:

sinAx 1 — cosAx

=1 and lim =0
Ax—D Ax

lim
Ax—0

We start the problem of differentiating f(x) = sinx. Using the definitions of derivative

d vy _ e SO+ 8x) — f(x)
—=f@) = F(x) = jim, =
d - 1 sin(x + Ax) — sin(x)
Esinx o Ax
= iin sinxcosAx + cosxsinAx — sinx




cosAx — 1 51
lim sinx |———— + l:usx
Ax—0 : ﬂ.

AMIT. CON FINUITY AND DERIVATIV

(cosx)cosx — sinx(—sinx)
cos?x

cos?x + sin?x

= sinx i cosAx—1 I si

il T cos?x

= 5inx(0) + cosx(1) .
cosix

sinx and cosx independent of Ax

Thus, we have i—sinx = cosx

In a similar manner it can be shown

d "
that 73 C0sx = —sinx

o s 2
—tanx = sec’x

Silﬁil&ﬂy. :—;mt:: = —cosec’x

For y = secx

dy d g 1
Example 21: Fmd-—:f_v xsinx H_E;m =

Solution; 2 E = E [xsinx]

" cusng—:(l) - {l)a;cusx

=xislnx +sinx£;x use product rule cos?x
) cosx(0) — (—sinx)
= xcosx + sinx(1) = xcosx + sinx = =
sinx
Example 22: Find 2 if y = S25 = —_ = secxtanx

d [ si
Solution: & = 4 [_sinx

dx  dx l1+cosx

I
|
I
I
I
|
|
I
1
1
I
I
I
I
I
I
|
|
1
1
I
1
1
I
I
I
1
1
1
I
I
1
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1
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I
I
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1
I
I
I
|
|
|
I
I
I
I
]
I
I
|
I
|
I
1
I
|
I
I
1
I
I
I
I
I
I
4

d
—secx = secxtanx

dx

Similarly, £ cosecx = cosecxcotx.

=1+cusx%sinx—sinx£[1 + cosx] dx
(3£ ceex) Example 23: Find 22 —ify="2=
o (1 + cosx)cosx — sinx(0 — sinx) AF v o
(1 + cosx)2 Solution: £ dr  dx z-tnt:r]
_ cosx + cos®x + sin®x (x —cut:)%cusx-msx;-x-(x—mtr)
(1 + cosx)? - (x — cotx)?
1+ cosx 1
- i _ (x— cotx)(—sinx) — cosx(1 - (—cosec’x))
The other Trigonometric Functions: _(.r -
St _ —xsinx + cotxsinx — cosx—cosxcosec?x
dy d d sinx g
o (. ) _— ] —xsinx + cosx — cosx—cosxcosec®x
dx ~ dx dx cosx - (x — cotx)?
E cosx ;Esinx — sinx ‘-f; CoSx e —xsinx—cosxcosec?x
cos2x : (x — cot x)?

E L o




]

Example 24; Find d—" if v = sinx(2 + secx)

Bolutlnn. d_x = [sm.t(z + secx)]

d
= sinxa (2 + secx) + (2 + secx) = (sinx) = sinx(0 + secxtanx)) + (2 + secx)(cosx)
R .
= sinxsecxtanx + 2cosx + secxcosx = sinx ——tanx + 2cosx + secxcosx

= tan®x + 2cosx + 1 = tan®x + 1 + 2cosx

= sec’x + 2cosx (1 + tan®x = sec?x)

2.10 Derivatives of Inverse Trigonometric Functions

The derivative of an inverse trigonometric function can be obtained. Research reveals that the
inverse tangent and inverse cotangent are differentiable for all x. However the remaining four
inverse trigonometric functions are not differentiable at eitherx = —lorx =1

Inverse sine function: = 2 =58 Differentiate w.r.t x
For -I{x‘atland—;::y-::-z-. : i
i o ; I - = —S—tany
y =sin"!x ifand only if x = siny ! dx dx
i dy
Differentiate w.r.t x @l 1= SECEJ"‘E
|
dx d : dy _ 1 _ 1
dx dxsmy : dx  1+tan?y 1+x2
d : [ =T
1={:n$}?£ E dxtan x-—Hx,,forIER
dJ" 1 Similarly, :—xcnt'ix = —"-—1 ol forx€R

~ cosy J_—_siﬁi—

for —1<x<1

Inverse secant function:
For |x| >1mdﬂ-=:y-::§ or rr-iy-::af

4 sin~1x = —=
dx yi—xZ '

= - y = sec”!x ifand only if x = secy .
- i L =1 Pt )
SHIMEY, pe oo Vi—xt Differentiate w.r.t x

for —1<x<1 dx _ d ..
ax " ax Y i « 1+ tan?y = secy
Inverse tangent l'nncﬂn:: - 1= secytanyd—i tan?y = sec?y — 1
For—a<x<aand—;<y<j3 F y
ey _
y = tan"! x if and only if x = tany o- ax secytany tany = ..;" secly -1

e



B secy fsecly—1 xVxZ—1

Example 26: Differentiate y = tan™'12x

i 'E‘!—:i =1
Sl:rhltljulll.ﬂ:Jt Ilm1:.531'1 12x

I
I
I
|
I
%sec"lx = x\rxif—_:l , for |x| > 1 | 3 1 d i
i 1+ (1202 ‘dx *
s d 1
Similarly, |—cosec™'x = — —, for |x| > 1 : i L - 12
dx . x/xi-1 : ,dxtan 12x 1514422
) Example 25: \ Example 27: Differentiate y = sec™! x?
I
Differentiate y = sin™'5x w.r.t. x. i Solution: g-i- = %SEC_ x%#
1
dy _d . 1 : 1 d
Solution: — = —sin~15x ! = —x2
x ox : x2[(x?)z —1 dx
1 d By : 1. '
R ey l = .(2x)
J1=(5x)? dx ! 2 JGH2 -1
-isin‘"15;r = 2 E 4 sectx? = £x
dx V1 —25x2 t dx x2[ x* =1

R Erercise 2.6 T ——

Find the derivative of the given functions w.r.t. x.

1. y=x?—cosx 2. y=4x34+x+sinx
3. y=3cosx — Scotx 4. y = sinxcosx
5. y = (x? + sinx)secx 6. y= S5—cosx
5 S+sinx
= sSecx L, sinx
' Todh 1+tanx Y- x2+sinx
y = cotx 10. y = (1 + cosx)(x — sinx)
x+1
. Find the derivative of the given functions w.r.t. x.
1.y = sin"}(5x — 1) 12. y=4cot 1%
2
{3 = sin~'x 4 . _ sec™lx
i At _ . I=
15. y = xsin~'x + xcos™! | . SR
y = xsin~lx 0s™'x 16. y R e g




2.11 Product Rule

-02: LIMLT, CONTINUITY AND DERIVATIVE

In this section, we will derive a formula that expresses the derivative of a composition fog in terms of
thederivative of fand g. This formula will enable us to differentiate complicated functions.
Suppose we wish to differentiate:

= A (i)
We can write y = (x° + 1)(x5 + 1)
dy d i
Ex"("5*1)3{"5*”"'("5"’1)dx(xs+1]

= (x® +1) (5x*) + (x® + 1) (5x*)

=2(x° +1)(5xY)...... (ii)
2.11.1 Power Rule for Functions Thenrem' hw&r Rule l‘ur Funcﬂun’
From (i), y = (x° +1)? '

: If n is an integer and g is a differentiable
ﬁmctiun then, :

dx[g(rn" =rlg@Ig')

I LY]

dy . .s 2-1 2 . g
= =205 + )P (25 + 1)

grmresssssann.
"

= 2(x% + 1)(5x%) ...... (iii)

From (ii) and (iii), both expressions are same.

LR

2 . Z_133
Example 28: Differentiate w.r.t. x. Example 29: Differentiate y = D rtx.

(5x+1)8
a. y= (2 +4x+1)*
- : dy _ d (x2-1)
b. ¥ = Grietrzyie Solution: £ = =S
Sﬂ:ﬂm: {Sx + 1)"3--{:::1 1)? - (x* - 1)3E(5x +1)8
a Z==(2x3+4x+1)* T ‘
= 4(2x3 + 4x + 1)* L (@x*+4x+1) 1 _ (Sx+ 1)%3(x? — 1)%(2x) — (x* — 1)*8(5x + 1)’ (5)
i (5x +1)16

= 4(2x3 + 4x + 1)3(6x% + 4) _ bx(5x+ 1A — 1) — 400 — 1)(Sx + 1)’

(5x + 1)e

b. y=(7x5—x*+2)""

dy d

— = Ix.(';xﬁ —x* +2)"10 (:r - 1)2(5x + 1)7[6x(5x + 1) —40(x* - 1)]

oy

(5x + 1)'®
d
=—10(7x° - f+2)'1“-1?x(?x5— x*+2) (3 — 1)2[~10x* + 6x + 40]
=—10(7x5 — x* + 2)"11(35x* — 4x7) 4 (5x +1)°
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1
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1
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1
I
1
1
1
1
I
1
1
1
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1
1
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2.11.2 Chain Rule: A power of a function can be written as a composite function. If f(x) = x™ and
u =g(x), then f(x) = f(g(x)) = [g(x)]" is a special case of the chain rule for differentiating

composite function.
i Theorem: Chain Rule :
i If y = f(x) is a differentiable formula of u and u = g(x) is a differentiable
: . dy _ dy du ;
. function, then H_;;Euf(g(ﬂ)g(x) i
Example 30: Differentiate w.r.t. x.
a. y=tan®x b. y = (9x* + 1)*sin5x
Solution: ' . 2
a y=tan®x ; b. dy = (9x° + 1)“sin5x
d d
d . = =(9x3 + 1)2 =sin5x + sin5x — (9x3 + 1)?
E}'_ 2tan®~lx—tanx | ax = = dx
' =(9x3 + 1)?cos5x(5) + sin5x. 2(9x> + 1)27x?
]
I

o 2
2tanxsecx = (9x? + 1)[45x>cos5x + 5cos5x + 54x?sin5x]

2.12 Implicit Differentiation

2.12.1 Explicit and Implicit Functions

A function in which the dependent variable is expressed solely in terms of the independent variable
x,namely y=f(x) is said to be an explicit function, for example, y = -}xﬂ — 1 isan explicit function,
whereas an equivalent equation 3y — x3 — 4 = 0 is said to define the function implicitly or y is an
implicitofx. . '

2.12.2 Explicit Differentiation

To illustrate this, let us consider the simple equation:

xy=1 iwam )
One way to find %is to rewrite this equation as:
_1
Y=z

From which it follows that: £ =—2% . (ij)

xz

Another way to obtain this derivative is to differentiate both sides of (i) before solving for y in
terms of x.

From()  =(xy)==1
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dy
10 22 =2
This method of obtaining derivatives (107-+cany) 7 = &x

is called implicit differentiation.

y d(y) 9 d(x) S : Example 31: Use implicit differentiation
dix dx E to find 2 if 5y? + siny = x?
* e tr=0 i Solution: i [5y? + siny] = ﬁ x?]
v__Y : d ,. d
% % 1 E 55}' +asin_v=2x
If we take, y =—, we get | dy dy
4 —
@y 1 '[ E(Zydx)+c05}'dx—2x
dx =~ x2 ' '
|
1
[
]

dy . dy _ 2x
Solving for 2 Ve obtain: g

2.13 Derivative of Exponential Functions
The derivative of exponential is: :—xe" = e*|like %e“’ =e%%.3

Example 32: Differentiate y = x?e°* w.rt. x.

By _ A s
Solution: —= = M_[Jnc e>*]

= xZ%EE" + Es”%x‘ = x2e5% 5§ 4 5% 2x = 5x%e5% + 2xe’* = xe**(5x+2)

2.14 Derivative of Logarithmic Functions

We find the derivative of common logarithmic which is continuous functions.
= =1 b3 3 = .—-" A (3 =
—nx = |like —In(x*+1) = ey 1)

3x*
2341

Example 33: Differentiate [n(4x® + 2x* +9) wrt. x.
Solution: y = In(4x® + 2x* 4+ 9)

dy 1 d - 2 - 1 2 _ 41(3:'!‘1)
4+ 2 49 = e (I ) S e ‘

dx  4x3 +2x2 +9dx
Derivative of y = a*: S-a* =a*. =
We will apply the chain rule to find the derivative of parametric equations. ’
Example 34: Differentiate y —437745 gt x.
Solution: Taking In both sides

Iny = In43<*+5

Iny = (3.‘.\:2 +5).In4

1dy

d dy a5 2
s Gt 2z , — =y In4 R +5 = 43x +5
=4 in4.—— (3% +5), ==yln (6x) = Ina(43*+5)6x = 6lnd( )x
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Example 35: Find 2 if x =tant,y = 4¢3 +1 _ _ —2t—2t° -2t +2¢°
Iy
Solution: &2 = 22 % _ . i G
“dx  dtdx £ r =4t
g I TaTo)e
dy d i (1+¢2)
E=E(“3+1)=12t2 E Q_d( 2t
dx d | dt dt 1+ti)
-E = E'E (tant) = sec’t : ' i d d
; (1+ %) gz (2t) — (2t) ; (1 + t2)
i dy 12¢? y = —
! —_——— 1 (1+¢2)
' dx sec®t ' 5
Example 36: Find 2 if x = =8 5 = 2 P (1 +e9(@) - 220
xample 36: Find 2= if x = —5,y =— ' (1 + t2)2
I
Snlnﬂnn:%=%§.§£ ! _ 242t -4t
dx d 1=_tz i ARy
i PR fm ] —¢2
dt dt(1+t=) _21-t%)
- d p | (1+¢t2)2
o A+t)m1-t3) -1 -t)(1+¢%) | 2(1 — ¢2
i d (1+ t2)? | dy TO+e)? _ (2 -1)
A R
(1 + t3)(-2t) — (1 — t3)(2¢0) ! A+ )2

2.15 Differentials
We have already discussed the derivative of finding slope ofa tangent line to the graph of a function

y = f(x).
fGHAD)—f@) sy Y1
. Maec = Ax = & et
* * For small values tﬁ"ﬂx 2 i
Ay
4 ¥
. Mgee = Mygp OF ‘3; = Megn = f'(x) ¥
We have: %:i- = f'(x) ' - THax i
Ay = f'(x)Ax Fig (a)

Fig (a): Geometric representation of
the derivative at a point on the curve.
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Definition: The increment A:: is c.a]led the d:ﬂ-‘erentml of the mdependem variable x and:s
denoted by dx. i.e. ‘

The function f'(x)Ax is called differential of the dependent variable y and is denoted by dy.
i.e. d}f f’(x)ﬁx f'(x)dx

W
| FEpR——

"
i
"

mammmE ey

B

Since the slope of a tangent to graph is
rise f’{x)ﬁx Tangent line dy .
Myan -__f‘()— Ax ,ﬂqu:ﬂ 1;'
It follows that the rise of the tangent line can be interrupted in dy
Ay =dy S
: x x4+0x g
Example 37;: a) Find Ay and dy fory = 5x% + 4x + 1 X

b) Compare the values of Ay and dy for x = 6, Ax = dx = 0.02
Solution:

a) Ay = f(x + Ax) — f(x) b) When x = 6, Ax = 0.02

= [S(x+Ax) +4(x +Ax) +1] — [Sx3+4x+1] | Ay = 10(6)(0.02) +4(0.02) + 5(0.02)

I
]
i
]
i
= 10xAx + 4Ax + 5(4x)* ! = 1.282
Ay _ 10xAx + 4Ax + 5(A%)? | Whereas dy = (10(6) +4)(0.02) = 1.28
- I
Ax Ax ! Ay = dy
Ay  (10x +4 + 5Ax)Ax i {587 158
Ax Ax : e ,
Ay : The difference in answers is, of course
I = 1) =10x+4 | 5(0.02)* = 0.002
dy
—=10x+4 .

dy = (10x + 4)dx
Since dx = Ax. We observe that

.Ay= (10x + 4)Ax + 5(Ax)* and

dy = (10x + 4)Ax differ by the amount 5(Ax)?,
2.16 Approximations

When Ax = 0, differentials give a means of “predicting™ the value of f(x + Ax) by knowing the
value of the function and its derivative at x. From fig if x is changes by an amount Ax, then the
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corresponding change in the function is YT
Ay = f(x + Ax) — f(x) and so ks &
f(x+ Ax) = f(x) + Ay P

Ay = f(x + Ax) = f(x)
For small change in x, take Ay = dy

f(x+4x) = f(x) +dy "

= f(x) + f'(x)dx * X
. Example 38: Find the approximated value of v25.4 .

Solution: First, identify the function f(x) = Vx

We wish to calculate the approximated value of f(x + Ax) = vx + Ax when x = 25 and
Ax =0.4; (25.4 = 25 + 0.4)

e

-1
Now, dy =%:.\'de = %ﬁx

We have; f(x + Ax) = f(x) +dy

1 1 1
=f(x}+2—ﬁﬂx =\E+mnx _v’E+z—m(n.4} = 5.04

Find the derivative of functions w.r.t. variable involved.

5 e z
Ly=(x-3%) 2. f)=(52) 3. y=(@Bx—-1)%-2x+9)°
4. f(8) = (20 + 1)*tan?@ 5. y = sin2xcos3x 6. f(x) = (sec4x + tan2x)%

[+sindt e x
7. hit) = 100 ceat 8. f(x) = tan(cusg)
. Use implicit differentiation to find 5.
9. 4x*+y?=8 10 x+xy—y2—=20=0 1l.y*—y*=10x-3
. 12. x3y? = 2x2 4 2 13.xy =sinx +y 14. x + y = cosxy
15. xsiny — ycosx = 1 16. siny = ycos2x
Find 2 g
e

17.y = x3e5* 18. ¥y = e**(1 + Inx) 19,y = ==

20.y = In(e* + &™) 2Ly =In(x+Vx?+1) 22.y = e”*cosx
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Find :—i- of the parametric functions.
=t4ly= =24t y=t—=
B.x=t+3,y=t+1 Ux=t'+m,y=t=3
_#i-1 g1 _ =
B.x=g,Y =5 26. x = sin26 ,y = cos46
Find Ay and dy.
27.y=x%*+1 28. y = sinx

Use the concept of the differential to find the approximated value of the given expressions.
29. (1.8)° 30. V37 31. sin31° 32.tan (3 + 0.1)

2.17 Higher Order Derivatives

2.17.1 The Second Derivative

The derivative f'(x) is a function derived from a function y = f(x). By differentiating the first
derivative f'(x), we obtain another function called the second derivative, which is denoted by
f"(x). In terms of the operation symbol %wc define the second derivative with respect to xas the
function obtained by differentiating y = f(x) twice is successive.

i(d_?)
dx \dx
The second derivative is commonly denoted by
F
@, v, 2%, DYy

Normally, we shall use one of the first three symbols.
Example 39: Find the second derivative of y = x® — 2x% wirt. x.
Solution: The first derivative is: g = 3x% — 4x

The second derivative follows from differentiating the first derivative:

d?y

d
—_— i — 3x2u4x = fr —4
dx? dx( )



A

Example 40: Find the second derivative:
a. sin3x . b. (x*+1D* c. er

Solution:
a. The firstderivative is: ¥’ = 5% == (sin3x) = 3cos3x

The second derivative is: el :T': = —(3:1:531) = =9sin3x
b. The first derivative is:
' ,_dy d L AT S 384 3 _ 1o 203 3
yh= e (x +1)*=4(x*+1) e =12x*(x* + 1)
To find the second derivative, we will use product and power rule
v @y '

d d d
_-— Z(43 N = 2 (3 3 3 el
¥y e v [12x%(x* +1)*] =12 |x [ +1P+0x +1) [x]

=12[x%30* + 1)?3(x®)+ (2 + 1)°C2x) ] = 12x(x® + 1)? [11x? + 2]

c. The first derivative is: )’ = g- = %{e”} = 2¢**
The second derivative is: y" =d—1§=£—(25“) = 4e**

2.18 Higher Derivatives

Assuming all derivatives exist, we can differentiate a function y = f(x) as many times as we
want. The third derivative is the derivative of the second derivative. The fourth derivative is the
derivative of the third derivative and so on. We denote the third and fourth derivative, I:ry e und

£2 respectively and define them by:
d3y d (d*y
dx3  dx\dx?

dx*
. Yy _d ey
- dx*  dx\dx3
In general, if nis a positive integer, then the nth derivative is denoted by:

dy d (d“"y)

dx" "~ dx\dx"1
Other notations for the first n derivatives are:
F1Gx), £7C) () fOx), v s e ()
i T D et sty 99
Dyy, D%y, D3y, D% ¥ .eeeeen. Dy
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Example 41: Find the first five derivatives of
fx) = 2x* — 6x? + 7x% 4+ 5x = 10 wrt. x.
Solution: We have

Example 42: Find the third derivatives of-y = =

Solution: We have y = % = x~3

d}r_ 34
fi(x) =8x3—-18x% + 14x + 5 A %
f"(x) = 24x? — 36x + 14 d2y

frrr(x] = 48x — 36 ? = (—3](—4]1-5 =12x""

o

[H) = dy -60 .
— — =& _—— -6 — —
F9(x).= 0 3 (12)(-5)x 60x =

Exercise 2.8

Find the second derivative of the functions w.r.t. the variable involved.

I, y=—x3+6x+9 2. f(x) =30x2 —x3 3. f(x) = (=5x +9)?

4, y=2x5+5x3—-6x* 5 ¥V =20x-3 6. y=%

7. f(x)=x*(3x—4)* 8 f(x)=(x*+5x-1)* 9. f(x)=cos10x

10. f(x) =tan3 11. f(8) = sin®56 12. f(O) =555

B. fG) =€ (@2 +1) 14 f(x) = (x? +DIn(x? +1)

Find the indicated derivative.

15.y =4x7 + x5 — x*.:: Iﬁ-?=§1 g

17. f(x) = cosnx; f"'(x) 18. f(x) = sec[zx+1) ) ‘

19.L¢tf[x] = x3 4+ 2%
a. Find f'(x) and f"(x)
b, In el £66) = Jim L8185

provided limit exists. Use f"'(x) obtained in part (a) and use definition to find f"'(x).
2 (1
20. Show that :—ﬁ(fg) =f'g+2f'g' +fg

=) ="g+3("g +37g"+fg"
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2.19 Extrema of Functions

Suppose a function f is defined on an interval I. The maximum and minimum values of f on I (if
exist]ar:saidmheexufmn of the functions. We have two kinds of extrema.

e D L ama LR

; Deﬂnlﬂnn* Absolute Extrema
B A number f(c) is an Absolute Maximum of a function £ if f(x) < f(c) for

B bttt T TR i g

: every x in the domain of f.
i ii. A number f(c) is an Absolute Minimum of a function f if f(x) = f(c) for
every x in the domain uff

Abﬂuiutu extrema are cﬂlled glnba] extrema. F:gure shuws sn\reral passzblllues.

d ¥ b "l ¥ c ’ ¥

e ==
ya . N
simotoe \ \m../ fic) i E/ ‘\j
minimum .
Example 43: o4 - :
4
i. For f(x) =sinx, [ (;) = 1 is its absolute maximum /\
and £ (2£) = —1 is its absolute minimun. \/&
d A

4 _il.  The function f(x) = x? has the absolute minimum
,L 3 £(0) =0 but has no absolute maximum.

(

X
>

§

iii. f(x)=§hasnni1hnrmahaolm¢mnimummr

an absolute minimum.
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] e
Example 44: i solute
maximum
i." f(x) = x? defined only on the closed interval at b
[1, 2] has the absolute maximum 2
f(2) = 4 and the absolute minimum f(1) = 1 1 Absolute
minimum
ii.  On the other hand, if f(x) = x? is defined on J ! o

the interval (1, 2). f has no absolute extrema.

iii:  f(x) = x? is defined on the interval [—1, 2].
f has absolute maximum f(2) = 2 and

now the absolute minimum is f(0) = 0.

Result: A function f continuous on a closed interval [a, b] always has an absolute )
maximum and absolute minimum on the interval.

2.19.1 Relative Extrema i §
The function pictured in fig(a) has no absolute extrema. f(e2)
However, suppose we focus our attention on values
of x that are close to, or in a neighborhood of the

fel)
numbers ¢, and ¢,.

As shown in fig(b), f'(c,) is the maximum value of the
function in the interval (a,, b,) and f(c,) is a minimum

1 } —
value in the interval (a,, b,). These local or relative, .1 2 @ © b .
extrema are defined as follows: Fig (a)
4 4
Relative .
y = f(x) maxima

NS A

- ;
/ s C, r g b
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l}eﬂntl:lnn' Relative Extrema
i i Anumber f(c,) is a Relative Maximum of a function f if f(x) < f(c,) but every
X in some open interval that contains ¢, :

ii. A number f(c,) is a Relative Minimum of a function f if f(x) = f(c,) for every
x in some open interval that contains c;.

Result: From fig, we suggest if ¢ is a value : madm

at which a function f has a relative extremum,
4 : mnm\ i e
then either f'(c) = 0 or f'(c) does not exist. minimum +— A

| il .
| <

Critical values: A critical value of a function f is a number incin its domain for which
f'(c) = 0 or f'(c) does not exist.

Example 45: Find the critical values of

a f(x)=x*—15x+6 e fO)=2 b f() = (x+4)
Solution:
a. f(x)=x>—15x+6 c. f)=2

f'(x) =3x%*-15 i

fx) = E(x + m(x - -\{E)
The critical values are those number for
. which f'(x) = 0, namely —/5 and V5.

b. f(x) = (x+4)3

f'(x) = :g 1:3 ; by quotient rule

Now f'(x) =0whenx =0and x = 2,
whereas f'(x) doesn’t exist when x = 1,
However, inspection of f reveals x = 1

Ffi(x) = %(x + 4)-%5 15 not in its domain and so the any critical

) = —2

values are 0 and 2.
. ;
3(x+4)3

We observe that f*(x) doesnot exist,
when x =-—4 since —4 is in the domain
of f. We conclude it is a critical value,
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2.20 Second Derivative Test for Relative Extrema
Concavity: We know about the concavity:

concave up concave down

RV
\ s

The figures (a) and (b) illustrates geometric shapes

that are concave upward and concave downward, |
respectively. Often a shape that is concave upward
is said to “hold water” whereas a shape that is >

S ' % ) E c d
concave downward “spills water”. ! mr
Concave up
The graph in the fig(c) is concave upward on the interval (b, ¢) and concave downward on (3, b) and
(c,d).

Concavity and The Second Derivative Test

Definition: Test for concavity

Let f be a function for which f"exists on (a, b).

{ If f"(x) > 0 for all x in (a, b), then the graph of fis concave upward on (a, b).
If f"(x) < O for all x in (a, b),then the graph of f is concave downward on (a, b). '

T erakaviastaL i

BT T T T T e p———

T
"

Example 46: Determine the interval on which the graph of f(x) = —x3 + gxz is concave upward
and the intervals for which the graph is concave downward. )

9 2 15 .
Solution: f(x) = —x3 + o #

f'(x) = —3x% + 9x

3 0
flx)=—6x+9= ﬁ(-x +E)
We observe that f"(x) < 0 when 6 (—x + ;) >0or

|

3 < 0 hcnﬁ(—x+3)~::unrx:=-§. |
x{;andﬂmtf (x) < 0w > . ‘
1f follows that the graph of f is concave upward on ' f
1

10
(—o0, %) and concave downward on (—;, m), 5 ﬂ[ 5
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2.21 PointofInflection

In the example 47 function changes concavity at the point that corresponds to x = % As x increases
through %, the graph of f changes from concave upward to concave downward at the point G, =
a point on the graph of a function where the concavity changes from upward or downward or
reverse is called a point of inflection.

. | Definition: Point of Inflection
Let f be a continuous at c, a point (¢, f(c)) is point of inflection if there exists an open :
interval(a, b) that contains ¢ such that the graph of fis either: ;

i.  Concave upward on (@, c¢) and concave downward on (c, b) or
t ii.  Concave downward on (a, c)aud concave upwudan (c. b)

Example 47: Find points of inflection of f(x) = —x3 + x? \
Solution:
f'(x)= —3x*+ 2xand f"(x) = —6x + 2 \

Since f”'(x) = 0 at, the point (3, =) is the only possible point of inflection. We have
f'0) =6(—x+3)>0for x<3
fre) =6(-x+3) <0 for x>3
Implies that the graph of f is concave upward on (-n-u, -;-) and concave downward on G,‘ m).

Thus, (3, @) or (3, Z)is apoint of inflection.

Definition: Second Derivative Test for Relative Extrema

Let f be function for which f" exists on an interval (a, b) that contains the critical numberc,
i. If f(c) > 0, then f(c) is a relative minimum.
ii. Iff"(c) <0, thenf(c) is a relative maximum.

L T T T T Ll Ll Ll L T LTy

FrErsssms TR
rrrr e me s

T T —
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Example 48: Find the critical point and also relative extrema by second derivative test
for f(x) =x*—x2 ._
Solution: f'(x) = 4x* — 2x = 2x(2x% - 1) 05
f'(x) = 12x*—2
For critical values take f'(x) =0

2x(2x* —-1) =0 | 'vﬂ \/1

x=ﬂj__ﬁ? Ll

2 ¥

0.5

The second derivative test is summarized as:

x Signof f"(x) | f(x) | Conclusions fen) <0
i =
0 f(x) = —ve Dl Rel. max ) e \
E f(x) = +ve = | Rel.min
2
= -1
£ f'(x)=+ve| — |Rel.min >
2 ql . Cq Ca
1. Find the eritical values of the function.
i. f(x)=2x*—6x+8 ii. f)=x*+x-2
il f(x) = iv. f(x) = coséx
v. f(x)=4x—- 3)s vii fG)=x*(x+1)?

2. Find the absolute extrema of the function on the indicated interval.
i. f(x)=-x*+6x:[1, 4] ii. f@)=x-1)*:[2 5]

i, fG)=x:[-1, 8] iv. f)=x%-6x2+2:[-32]

v. f(x) =1+ 5sin3x: [ﬂ. ﬂ vi.i f (_x) = 2cos2x — 4cosx : [0, 2r]
3. Use the second derivative to determine the mtewals on which the function is concave

upward and concave downward.
i f)=—x*+7x i f(x)=-x+6x*+x-1




-
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iii. f(x) =(x+5)5 iv. f(x)=x(x—4)3
1 s 9
v. f(x)=xi+2x VL f(x)=x+;

4. Use the second derivative to locate all points of inflection.

i f(x) =xt—x'4 2% +x -1 ii. f(x) - I; 4+ 4x
iii. f(x) = sinx iv. f(x) = cosx
v. f(x)=x-sinx vi.  f(x)=tanx

5. Use second derivative test to find the relative extrema of the function.

i f(x)=-(-2x-5)2 i, f)=x>4+3x2+3x+1
il f(x) = 6x5 — 10x? iv. f@) =%+
v. f(x) =cos3x, [0, 2n] vi. f(x) = cosx + sinx, [0, 2n]

6. Determine whether the give function has a relative extremum at the indicated points.

i. f(x) = cosxsinx, x = E ii. f(x)=axsinx, x=0

iii. f(x)=tan’x, x=m iv. f(x)=(1+sinx)? =x =-:—

2.22 Applications of Derivatives

Many real world phenomenon involve changing quantities like the speed of the rocket, the inflation
of currency, the number in a bacteria in a culture, the stoke intensity of an earth quake, the voltage of
an electrical signal and so forth. In this section we will develop the concept of limits, continuity,
derivative and extrema of function for use in real world problems. Another important application of
the derivative is to find solution of the optimization problems. For example, if time is the main
consideration in a problem, we might be interested in finding the quickest way to perform a task and
if cost is the main consideration we might be interested in finding the least expensive way to perform
a task. Mathematically, uptimi;atiuu problem can be reduced to finding the largest or smallest value
of a function on some interval and determining where the largest and smallest values occurs. Using
derivatives, we will develop the mathematical tools necessary for solving such problems.

GRADE 12 _—
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Example 49: A side of a cube is measured to be 30cm with the possible error of +0.02cm . What
is the approximate maximum possible error in the volume of the cube?

Solution: The volume of a cube is V = x3, where x the length of one side. If Ax represents the
error in the length of one side, then the corresponding error in the volume is:
AV = (x + Ax)* — x3

We use differential: dv = 3x%dx = 3x%Ax

as an approximate to AV. Thus, for x = 30 and Ax = +0.02, the approximate maximum error is:
dv = 3(30)%(40.02) = +54cm?

Example 50: A square is expanding with time. What is the rate at which the area increases related
to the rate at which a side increases?

Solution: At any time the area A of a square is a function of length of one side of x:

A=2x?
Thus, the related rates are derived from the time derivative. -
dA dx oo g
7 = 2x 4 (diff wrt “t7)
. . da _ ,_dx x
is the same as: ol

Example 51: Air is being pumped into a spherical baloon at a rate of 20 cubic feet/min. At what
rate is the radius changing when the radius is 3fi?

Solution: As shown in fig, we denote the radius of the baloon by r and its volume by V. As per
statement, air is being pumped at the rate 20ft3/min , means we have: % = 20ft3 /min

In addition, we require % r=3

4
We know the relation between Vand ris V = 5”3

Diff w.r.t “t”
v 4
E = E.’I’I(ET ) 1
v, dr
T L

But %-: 20, therefore 20 = dt—nr"dr
ar_ 5
dr _ mr?

dr 5 It
Thl}s. o =3 = ;# = 0.18 ft/min
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Example 52: Find two non-negative numbers whose sum is 15 such that the product of one with the
square of other is a maximum.
Solution: Let x and y denote the two non-negative numbers (i.e. x = 0 and y = 0). It is given
that: r+y=15........41)
Let p denote the product: p = x.y* (Product = one number. square of the other)
Wecanuse y = 15— x to express pinterms ofx:  p(x) = x(15 — x)?
’ The function p(x) defined any for 0 < x < 15.
If x > 15, then ¥y = 15 — x would be negative.
p(x) =22(15-x)(-1)+ (15-x)* = (15— x)[IS 3x)
Thus, any critical value is x = 5.

Testing the end points of the interval reveal p(0) = p(15) = 0, is the minimum value of the
product. Hence, p(5) = 5(10)* = 500 must be the maximum value. The two non-negative -
numbers are 5 and 10.

Example 53: A rectangular plot of land that contain 1500 m? will be fenced and divided into equn]
portions by any additional fence parallel to two sides. Find the y iy y
dimensions of the land that require the least amount of fencing. e
Solution: Let us introduce variable x and y so that xy = 1500. Then the function we wish to

minimize is the sum of the lengths of the five portions of the fence.

9

e

L =2x+3y -  Hence x = 15v10m, is required minimum
Buty = 5:' , we have : amount of fencing.
i
So
4500 | '
L(x) =2x + — :
. ¢ x I L(15V10) = 2(15V10) + =0 1D
4500 } 1510
U(x)=2- p : xy = 1500
|
. For critical value, L'(x) = 0 & _ 1500 1500
x? = 2250 | X 15V10
]
x = 1510 E y = 10v/10m
For 2 derivative: L' (x) = ﬂ?_ i ot
. When x = 15vT0 x3 E Dimension of land:
o--  xy=15V10x 101D

L"(15V10) > 0




Price Growth Model: The price level at time P, considering inflation can be modeled as:
P(1) = Pe", where, P(t)= Price at time t, Po = Initial price, continuous annual inflation rate,
t= Time(in years)
To find the rate of change of price with respect to time, take the derivative of P(t) with respect to
d dP(1)
di

t. EP(!}= Byre”, . represent-é the instantaneous rate of change of the price level or

how fast prices are increasing at a time t.

Example 54: The price of a product is modeled as: P(r)= 200", where t is the time in years
and P (1) is the price at a time t. Find the rate at which the price is increasing after:

a. 0 years b. 5 years c. 10 ears

Solutions: The price inflation is P(f)=200e""", the derivative gives the rate of price increase:

L 200(0.039¢* =66

a Att=0, ffl — 200(0.03)e"*® = 6¢° = G units/year

b. Att=3, LC) - 200(0.03)e"™ = 66" = 6.92units/year

dP(10)

c. Att=10, = 200(0.03)e"™"" = 6¢"* = 8.10 units/year

Using Straight Lines: Derivatives help analyze a line rclationship in real life scenarios. Straight

lines appear in situations, where variables change at a constant rate and derivatives calculate the
rate or optimize related process.

Example 55: Economics, Marginal Cost and Revenue: A company's Revenue R(x) from selling
x units is given by: R(x)=350x The total cost C(x) for producing x units is: C(x)=30x+200 .

a. Find the marginall revenue and marginal cost.
b. Determine the break-even point (units sold where revenue equals cost).
c. Interpret the meaning of the straight-line equations and slopes.

Solutions: a. Marginal Revenue and Marginal Cost:

e Marginal Revenue (R'(x)): R(x)= %: (50x) =50, revenue increases by 50/units.

e Marginal Cost (C'(x)): C'(x)= % (30x + 200) = 30, cost increase by 30/units.
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b. Break-Even Point: At break even, revenue equal costs:
R(x)=C(x)

| 50x = 30x+ 200, which gives, x=10,
The company breaks even when 10 units are sold.
c. Interpretation of Slopes:
e The slopes of R(x) is 50, showing revenue grows faster than cost.
e The slopes of C(x) is 30, representing slower cost growth.

1. According to Einstein's theory of relativity, the mass m of a body moving with velocity v is
m = -2 where m, is the initial mass and c is the speed of light. What happens to m as

2. fix) = :x_-i-k;: i f g is continuous at 3. What is K?

3. The volume v of a sphere of radius ris v = (%E)ra. Find the surface area s of the sphere if s is
the instantaneous rate of change of the volume with respect to the radius.

4. The height S above ground of a projectile time t is given by
S(t) = %gtz + vyt + Sp.
Where g, vy and s, are constants. Find the instantaneous rate of change of S with respect to

tatr=4,

5. The side of a square is measured to be 10cm with a possible error of £0.3 cm. Use differentials
to find an approximation to the maximum error in the area. Find the approximate relative error
and the approximate error.

: 6. A woman jogging at a constant rate of 10km/hr crosses a point A heading north. Ten minutes
later a man jogging at a constant rate of 9km/hr crosses the same point heading east. How fast
is the difference between the joggers hanging 20 minutes after the man crosses A?
North
t4

¥
East

7. A plate in the shape of an equilateral triangle is expanding with time. A side increases at
a constant rate of 2cm/hr. At what rate is the area increasing when side in 8cm?
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8. A rectangle expands with time. The diagonal of the rectangle increases at a rate of lin/hr and
length increases at a rate of %mm!hr How fast is its width increasing when the width is 6 in
and length is 8 in? '

9. The side of a cube increases at a rate of Sem/hr. At what rate does the diagunai of the cube
increases?

10. Apmﬁcl:muvcsunagmphufy’=x+lmmat:-f=4x+4.-%atis:—:when:=ﬂ?

11. At 8:00 am ship S, is 20km due north of S,. Ship S sails south at a rate of 9km/hr and 5,
sails west at a rate of 12 km/hr at 9:20 am. At what rate is the distance between the two ships
changing?

12. Find two non-negative numbers whose sum is 60 and whose product is a maximum?

13. If the total fence to be used is 8000 m, find the dimensions of the enclosed land in figure that
has the greatest area. -

14, An open rectangular box is to be constructed with a square base and a volume of 32,000 cm?.
Find the dimensions of box that require the least amount of material.
15. A company determines that for the productionof x units of a commodity its remove and cost
functions are, respectively, R(x) = —3x?+4970x and G(x) = 2x% 4+ 500. Find the
maximum profit and minimum aver;nge cost.

16. If the inflation rate is cun'ﬁnunusiy compounded 4% per year and the price of a commodity is
850 today.

a. Derive the function for the price of the commodity over time.
b. Find the price after 8 years. '
¢. Find the instantancous rate of price at =8 years.
17. A company models its operational cost as: C(t) = 500e"™ —100r, where t is the time in years.
a. Find the rate of change of cost at any time L.
b. Determining the rate of increase in cost is minimal.
18. The price of commodity P(z) is given by: P(t)=150(1 +0,05¢)*, where t is measured in years
and P(7) is the price level.

a. Find the instantaneous rate of change of prices at t= 3years.
b. Calculate the inflation rate at t=3 years.
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19. A ship sails in a straight line. Its distance d(r) (in nautical miles) from port is modeled by:
d(t) =15t where t is time in hours.

a. Find the speed of the ship. b. Calculate the distance after 3 hours.
¢. Explain the meaning of the slope.

20: A cyclist is traveling along a straight path, and the distance traveled s(t) (in meters) is given by:
‘s(t) = 5¢* +3t, where, t is the time in seconds.

. a. Find the speed at any time t.
} b. Determine the speed at t=4 seconds.
‘. Interpret the significance of the slope in this context,

1. Tick the correct options.

i Iflimf(x) =3 and lim g(x) = 0, then um—}

a 3 b. 0 c. Exist d. Doesn’t exist
i, Iff(x) = [:;' +} = ‘;"_g, then lim £(x) = 0, is:
a 1 b -1 c. 0 d 2

iii.  If fand g are continuous at 2, then 5 is continuous at:

a 0 b. 1 c: 2 d 3

=, x# 'IJ :
iv.  The function f(x) = r : . 15 continuous at:

. a 0 A e =1 d. 0.1
v.  If fis differentiable for every value of x, then [ is:
a. Discontinuous _b. Continuous
’ ¢. Finite d. Infinite

. 5 £ v 5 d ]
vi.  Ifkis a constant and n is positive integer, then — k™ is:

a. nknl b, k™1 c. Inn k™ d 0

vii. If £(2) =2,g(x) = 2, then - [3‘,‘(‘2’;’]

a. 2x b. 3x e 2 d. %Iz




viii.

If y = f(x) is a polynomial function of degree 2, then :—; f(x) is:
a. 0 . 1 c. —1 d 2
Iff is differentiable for every value of x, then f'is continuous for:
a. Some value of x b. . [0, o] -
c. Every value of x d. [0, —o]
If f(t) = 2¢* is absolute minimum at: ' :
a 3 b. 0 c. =1 d. 1
3

Evaluate. lim
x—0 Sin?3x

. Find the derivative, y =150%

XCO5X

If f(0)=-1and g'(0)=6, whatis dd—;[xf(x) +xg(x)] atx = 07
Find %2 when x®+ =37

dx?’

Use differential to find an approximate of v/65.

7. An oil storage tank in the form of circular cylinder has a height of 5 m. The radius is

measured to be 8 m with a possible error of +0.25 m. Use differentials to estimate the

maximum error in the volume. Find the approximate relative error and the approximate

percentage error. |

A 15 ft ladder is leaning against a wall of a house. The bottom of the ladder is pulled away

from the base of the wall at a constant rate of 2 ft/min. At what rate is the top of the ladder

sliding down the wall when the bottom of the ladder is 5 ft from the wall?

Find the absolute extrema of f(x) = x® — 3x® — 24x + 2, .

a [-3, 1] b. [-3, 8]

Graph the function: f(x) = x +:_r
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INTEGRATION

After studying this unit, students will be able to:

» Find the general antiderivative of a given function.

s Recognize and use the terms and notations for antiderivatives.

« State the power rule of integrals.

« State and apply the properties of indefinite integrals.

» Integrate functions involving the exponential and logarithmic functions.

» Identify when to use integration by parts to solve integration problems,

» Apply the integration-by-part formula for definite integrals.

» Solve integration problems involving trigonometric substitution.

« Integrate a rational function using the method of partial fraction.

« State the definition of definite integral.

» Explain the terms integrand, limits of integration and value of integration. _
« State and apply the properties of definite integrals. E
o State and apply fundamental theorem of calculus to evaluate the definite integrals. :
» Describe the relation between the definite integral and net area.

+ Find the area of a region bounded by a curve and lines parallel to axes, or between a
curve and a line or between two curves.

» Find volume of the revolution about one of the axes.
« Demonstrate trapezium rule to estimate the value of a definite integral.

o Apply concept of integration to real world problems such as volume of a container,
consumer and producer surplus, growth rate of a population, investment return time
¥ period, drug dosage required by integrating the concentration.

There is a lot of applications of integration in various fields. For
example, we use definite integrals to calculate the force exerted on
the dam when the reservoir is full and we examine how changing
waler levels affect that force. Hydrostatic force is only one of the
many applications of definite integrals. From geometric
applications such as surface area and volume, to physical
applications such as mass and work, to growth and decay models,
definite integrals are a powerful tool to help us understand and
model the world around us. A view of Tarbela dam is shown below.

=

£



C. UNITD3 INTEGRATION T T

‘3.1 Integration

This unit examines the process by which we determine functions from their derivatives. We are
already familiar with inverse operations. For example, addition and subtraction are inverse of each
other. Similarly, multiplication and division are inverse of each other. In the same way, the inverse
operation of differentiation is anti-differentiation or integration.
This unit provides two processes and their relationship to one another. One step is to find function
from their derivatives. In the second step, we can determine things like area and volume through
successive approximations. This process is called integration. This is very important area in
mathematics and was discovered independently by Leibnitz and Newton.
The process of finding a function from one of its known values and its derivative f(x) has two steps:
The first is to find a formula that gives us all the functions that could possibly have f (x) as a
derivative. If f(x) is defined as derivative, then f(x) is called anti-derivative and the formula that
gives them all is called the indefinite integral of f(x). The reverse process of derivative or anti-
differentiation is the main topic of this unit.
Definition 3.1:
A function F'(x) is called an anti-derivative of another function f(x) if:

F'(x) = f(x)
Forexample:

1 1 1 1 .
X 3, ;xt-m ;x*+¢ (cisany constant.)

are anti-derivatives of x'since the derivative of cachisx’.
Above example shows that a function can have many anti-derivatives. In fact, if F(x) is any anti-
derivative of f(x)and cis any constant, then F(x) +¢ is also an anti-derivative of f(x)since:

L =1 £1él= =

L [F(x) +c] = 2[F)] + 5[] = f() + 0= f )
Therefore, if F(x) is any anti-derivative of f(x) on a given interval, then for any value of c, the
function F(x) + ¢ is also an anti-derivative of f(x)on thatinterval.
Symbolically we write:

[f(x)dx=F(x) +c¢

Where the symbol, “J” is called “integral sign”and ¥(x) is called integrand. The symbol dx indicates
that the integration is performed with respect to the variable x. The arbitrary constant ¢ is called

‘constant of integration’.
For Example,

1.2 = 43
As, (%) =4

Therefore, [4x3dx=x*+ ¢

7 RN R




UNIT-03: INTEGRATION

As mentioned above, the constant ¢ is arbitrary constant. Therefore,
x*x* +1,x* - V2, x* + m etc. all are anti-derivatives of 4x3,

Key Facts

- Thevnnahlenﬂlerthmx can also be used in
indefinite integrals.

e Anumber of indefinite integral formulae are
found by reversing derivative formulas.

Let us derive some basic and common
integral formulae with the help of
differentiation.

+. &
Formula 3.1: fx“dx = %+ c, ne-—1

Derivation: We have,

N+L
llx n4h1

Integrating both sides of (1) with respect to x, we have:
d xﬂ‘l‘l
[E + cldx = I x"dx

N1
n+1

] +£ [e] = B4 g = xn @

n+l

te=g

n+1
xNHL =
T+ c=[x"dx
j'x“dx—-—-+ ¢, n# -1
JIF IS (x)dx = ”‘:ﬂ +enE—1 |
Formula 3.2: j'idx =lnx+ ¢
Derivation: We have, 5 5
';[Inx+ c]z; ‘ (i)

Integrating both sides of (ii) with respect to-x, we have:
d = 1
Ia[lnx+ cldx = f;d::
Inx+ c=f1dx

j'-:b: Inx+ c
;-.--...................,.............J
In general,
'r!(xl —In[f(x)] +c




Formula33: [e*dx=e*+ ¢
Derivation: As,

ZleX + c] = e (iii)

Integrating both sides of (iii) with respect to x, we have:

Ii—[ﬂ‘ + cldx = I e*dx

e* + c= [e*dx .
_[e"d;; —e¥4e

In general,

[/ @ (x)dx = ef® + ¢

Formula 3.4: Ja*dx = ﬁn’ +c,a>0 a#1

Derivation: As,
K T S - i
L )

Integrating both sides of (iv) with respect to x, we have:
f%[}-ﬁ-n" + c]dx = [a*dx

s = [
=—gtt c Ja*dx
_[a‘dx—aﬁa"+ c
In general, e e e s ;
: T
Ja’®f'(x)dx = —a/ @ + ¢
Theorem 3.1:

(i) A constant factor can be moved through an integral sign. That is:
Jef(xydx=c[f(x)dx '
(i) An anti-derivative of a sum is the sum of anti-derivatives. That is:
JIfG) + g(x)] dx = [ f(x)dx + [ g(x)dx
(iii) An anti-derivative of a difference is the difference of anti-derivatives. That is:
[lf(x) — g(¥)] dx = [ f(x)dx = [ g(x)dx
(iv) In general, [[af (x) £ bg(x)]dx =a [ f(x)dx £ b [ g(x)dx




Example I: Evaluate () [(4x” - 2¢% +9x +3)dx (i) [222 ay

Solution: (i) [(4x7 — 2x® + 9x + 3)dx
=4[ x7dx -2 [x*dx +9 [xdx+3 [ dx

Integrating term by term, we get:
=4(§)—2(’:—‘)+9(§)+3x+c - §—§+9‘T1+3x+c
‘ Gi) [ dy=[(5-2%) dy = [(&-2) dy

=[O ?-2y)dy=[yrdy-2[ydy

y—ill-l

=Z2+1

—-2(*?;-)+c = —i—y1+c

) ax +=b
Example 2: Evaluate (i) [——=2— dx (i) [e**dx

axZ+bx+c
. ax+2b
BT z _1¢ 2ax+b
Selutien: (i) ax?+bx+c dx = z-r aZibaie 0%
=%In(axz +bx+c)+C
(ii) [e3*dx =3[ e¥*(3)dx = Fe¥* +¢
sin~1x
E . -
xample 3: Evaluate j' 7 dx
- — _'1 I — 1
Solution: Here, f(x)=sin"'x = f'(x) o 3
So, by using formula:
JefEf (x)dx = ef®) 4 ¢
We have:
v Estn'lr int
= an¥in x
2 poe dx=e +c
:
Evaluate the following integrals. ,
Lo JG*-3x+9dx 2. [(P+8y+V2)dy 3. [(V¥+5;)dy
4. [(4+x?)?dx 5. Ja+x(-xax 6 [(VE+E)dx
k]
7. fe*—et+dx 8. [(e¥+Ddx 9. [xe dx
10. [5%dx 1. [77dy 12, [ +5- - Hdx

 National Book Foundation




2x+1 e L 0
15 foo e . e 15. [ (xi+e% +x°)dx
16. [Bx?+20)(x*+x2+9)%x  17. [(5e%* —x~3 + 3%%)dx

18. [(z% +V3z+2-Lydz.

3.2 Integration of Trigonometric Functions .
While evaluating the integration of trigonometric functions, keep in mind the following formulae.

As, % (sinx + ¢) = cosx therefore, [ cosx dx = sinx + ¢ =
Similarly, % (cosx + ¢) = —sinx implies, [ sinx dx = —cosx +¢

In the same way, & (sinkx + ¢) = kcoskx implies, [ coskx dx = “Tx +c

And, £ (coskx +c) = —ksinkx  implies, [ sinkxdx == 4 c

Using above pattern, following formulae can be deduced easily.

[ sec’xdx =tanx + ¢ and [ cosec?x dx = —cotx + ¢
[ secx tanx dx = secx+c¢  and J cosecx cotx dx = —cosecx + ¢
Example 4: Evaluate: ' b |
() [sin2xdx (i) Jcos = dx (ili) [ sec?mx dx
(iv) [ 5 cosec? %" dx V) | J’? sec3x tan3x dx .
Solution: s
(i) [sinzxdx = [isin2x(2)dx = ;[sin2x(2)dx
= ~:— (—cos2x +¢) = # +3 = -mh _
i) feosZdx = [leosZ(}ax = ;J’cosi:-(-:- dx 3
5(siﬂ +¢) = EslnTx+Ec. = gsin%+£‘

(iii) . [ sec®mx dx

j’isec“mx (m)dx = &_rsec’mx (m) dx

1
-;(tan'mx+r:)

1 c R
—(tanmx) + — = =(tanmx)+C

= (-cal: + )

Fi\r) _I'Scnsecﬂ?’ dx = 5}(5]‘ cusec‘:—xe) dx
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25 7x 28 _ 25 Ix
= _?':“tT+TC = ?cnt5+ﬂ'

(v) [9sec3xtan3xdx = [3x3sec3xtandxdx = 3] sec3xtan3x (3)dx
= 3(sec3x+c¢) = 3sec3x+3c = 3sec3x+C

Example 5: Prove that:

(i) [ secx dx = In|secx + tanx| + ¢

(i) [ cosecx dx = In|cosecx — cotx| + ¢

(ili) [ tanx dx = — In(cosx) + ¢ = In(secx) + ¢

Solution:
() [secxdx = [IXCEXTRN g0 \vultiplying and dividing by (secx + tanx)]
secx + tanx
_ psecix+secxtanx , -~ secxtanx+seciy “}!{“"
=J secx + tanx dx = [ secx + tanx dx !E:'ildr
- i{mu:.v:*f-t.m:l.:] . =In[f(x]}+ c
= [E————dx = In|secx + tanx| + ¢ g A TS

(i) [cosecxdx = [Z== ':m"_“:u;mmdx

= [ cmc’x-msmcnudx_ I*—cmmcﬂrx-ﬁmu:’z o
cosecx — cotx cosecx — cotx

i[mm-mu:j
I cosecy — cobx I l I ¢

" = d
(i) [ranxdr = [REgy = - fIig, o _ oo,

T homre ST g ——

= m$ +c = In(secx) + ¢ Prove that :
J cotx dx = In(sinx) + ¢
3.2.1 Integration of Sinx and Cos’x
Sometimes it is difficult to evaluate integrals directly. Using trigonometric identities, we can easily
evaluate integrals. For example, the integrals of sin’x and cos’x cannot be solved directly and can be

handled using following relations.
Gintx =IO 4 oo v costx B -
2 2 - s ;
Evaluate [ cos?x dx
Example 6: Evaluate [ sin®x dx .f

Solution: [sin?xdx = [= zlz'dx =§j' dx —%jcos!xdx

_ g “p slnzx) i | 1
- 2(2 +c—zx :sin2x+c




Example 7: Integrate (i) B8sec9x —tan3x  (ii) cos®7x

Solution:

(i) f(Bsec9x —tan3x)dx = [ 8sec9x dx — [ tan3x dx
i D =1
= [ sec9x (9)dx — ; [ tan3x (3)dx _
= %In]sech + tan9x| — In(sec3x) + ¢

2

(i1) [cos?7x dx = [T gy =§j dx +%_fcusl¢x dx

- = s—lm“) +c= -:-x + %sinld-x +c

=_x
2 +‘2 14

Evaluate the integrals and recheck your answer by differentiating.

1. f(sinmx — 3sin3x)dx 2. [ —sec? (—:» y) dy

3.  [[1-8cosec?(2x)]dx 4. I% (cosec?x — cosecx cotx)dx

5. [=2a, 6. [(1+tan®8)d8 AT

8.  [sec*(5x—1)dx 9. [(tanSx +cos7x)dx 10. [(cot9y —3)dy
Evaluate the integral. :

1. [(tan?26 + cot?20)d6 12. [sin?(Xy)ady

13. [cosecllxtanllx dx 14. [ cosf(tan@ + secf)do

15. [ cosec® (5;—1) dx 16. [ {cusx)':' sinx dx

17. [e¥sine¥dy 18. [9tan(x+ 7)dx

3.3 Integration by Substitution

There are many functions that cannot be integrated by simple techniques and can be integrated easily
by using method of substitution. It is an integration technique which involves making a substitution
to simplify the integral. In this method any given integral is transformed into a simple form of
integral by substituting the independent variable by others. The exact substitution depends on the
form of the given integral, as some substitutions are more appropriate for certain problems than
others. The choice of substitution is not always immediately obvious, The ability to recognise an
appropriate substitution comes from practising many different examples.

Mostly, we substitute trigonometric functions in place of variables to integrate algebraic functions.

However, there is no hard and fast rule for selection of trigonometric functions to replace variables as
some other substitutions are also used.

GRADE 12
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— — Key Facta
Usually, the method of integration by substitution is extremely useful when we make a
substitution for a function whose derivative is also present in the integrand. Doing so, the

%Y function simplifies and then the basic formulas of integration can be used to integrate the
I function.
Example 8: Evaluate [ 3x? cos(x?) dx

Solution:
In the equation given above the independent variable can be transformed into another variable

say t by substituting:

r=t M I The method of substitu't".:\:EI
Differentiation of (i) gives: !

find an integral is used when

3 bsﬁmfd;= ;:: T .(iit}h . ke . itis set up in the special form.
u ng the values of (i) and (ii) in the given integral. ;|
J 3x* cos(x®) dx = [costdt =sint +¢ Lflgﬂ)r}f;i:r = Ifn.de
Again, substituting back the value of t, we get:
J 3x? cos(x?) dx =sin(x?) + ¢

_— e —

(

e
In te: '
Example 9: Integrate: [ e dx tikegrais:
Solution: Let u=tan™'x then du=1:ﬂ dx x sin(x? - 3) with respect to .
Therefnre.f% dr= [etdu =e“+¢c= e '* 4 ¢

Formula3.5: [7m—= dx=sin"?(3)+ ¢
Derivation: Substituting x = a sinf, we have dx = a cosf d@

1 _ 1 i 1
| o= dx = | Ty @ 0059 d6 = [ gy @ 056 dB

SefssssrsasaRR iRl sNR SR SsErRRTEEY
¥

x "
x=asinf = slnﬂ:; :

= 6 =sin" (%)
PR AR ST

PSS e e EEE T

=Imamsﬂdﬂ =I$ cosf do
= Jdo=0+c=sin*(3)+c

P L T T T T p—m—
.

"
LT —

Note: We can apply the forinula directly too.

Formula3.6: [Va? —=x? dx= .E‘zisin-r =) + xVar =<t

2

+ C

Derivation: Substituting x = a sinf, we have dx = a cosf df
ke JVaZ=x7 dx = [\[a? — (asinf)? a cosf dB = [Va? — a? sin?8 a cosh d@
= [aV1 = sin?6 acosé d8 = [a cosd acosd d8 = a? [ cos?6 d@
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= a? [122 g = £ [(1 + cos26) df = (0 +2222) 4

=__ﬂ+__(sln2§ o ——H+ z.mamn)_l_ .
=gy = o EY 4 E(X 1=K
=20+ (sing VI—sin’0 +c-zsin1(a)+z(¢ 1-5)+c

F F -
=-?z-sin“(§)+“7(§ ’“ ""+c=_sm-1(n)+m+r

1

Example 10: Evaluate: N s

S5—adx-—

1 1 1 .
Solution: J 7=y dx = fm“"”md’.

e ; BN 24% <
=f ,_}!_Eu == sin ( (Using direct formula)
Note: We can also solve by substituting x + 2 = 3sinf

Formula 3.7: J'?;é:gdx=ln(x+\ﬂxi—azll+c
Derivation: Substituting x = a secf, we have dx = a secf tanf df

5 j';?l_?dx =Im a sech tanf de

= 1 zey 1

I——aseﬁtﬂnﬂdﬂ = [sec® df = In[secf + tanb] + ¢
Tl
In[secd + Vsec?6 — 1| + ¢ =.'.n[‘-:-+ t—:—-l\+c=1n[£+ =1+

= In[£+ ’:' |+c=In[-’”—:—“.+c=In(r+d:’~u=|—!nn+c
u -
4
= In(x + Vx% — @2) + (c — Ina) = In(x +Vx? —a?) + C
Note; Expression ?ﬂl——uf can also be integrated by making the substitution x = acoshd.

Formula 3.8: _[3:!1—‘!1:=In(x+4a!+15}+£
Derivation: Substituting x = a tan8, we have dx = a sec’8 d@

Zz
5 gy dx = [y asec?0 d6 = | Jormrery asec’o do
= Im usm:zﬁdﬂ = Im ﬂSE‘CIEdE = J-SECE dé “




| PARERE \

= In[sech + tan@] + ¢ = I[n[tand + secl] + ¢ = Inftand + V1 + tan?6] + ¢

!n[ + ’1+ ]+c_1n[ i T In[ ) 4o
=£n[”—- ':'”|+c=ln(x+wfai+xi}—lna+c
= In(x + Va? + x2) + (¢ — Ina) = In(x +Va? + x2) +C
1

| Formula39: [——dx= itan" (—E) +c

a?4x?

This formula can easily be proved by substituting x = a tané.

Example 1: Evaluate: [ 3

W AT W . i
Solution: I:'+n+5d‘t_ Ix'++x+4+ldx I{x+z}*+m*
=%tan 1(’+2)+c—tan'1(x + 2D +c¢ (Using direct formula)

Note: We can also solve by substituting x + 2 = tanf

3
Example 12: Evaluate: [ x(x? — a?)7 dx
Solution: Putting x2 — a®? =u
du

= 2xdx=du = xdx—?

fx(x? - az]; dx = f{u); % = %f(u); du

3 5
g H 5

= ifa T iF = -

. Use suitable substitution, to evaluate the integrals.

L [ 2. [ty 3. f(2x+7)(x* + 7x + 3)i dx
x* dx

L E- L N - s 6 [y

T Iﬁﬁi 8. [x%3x5—-5dx 9. “,—z'n::—x"icﬂx

0. fz5 1. [oirdz 12 [ Ly

1+ x?




3.4 Integrationby Parts

Integration by parts is a special method of integration that is very helpful technique to evaluate a
wide variety of integrals that sometimes do not fit any of the basic integration formula. This method
is used to find the integrals by reducing them into standard forms.
[ f(x)g(x)dx = f(x) [ g(x)dx = [[f'(x) | g(x)dx] dx (1

Formula (1) is called the formula for integration by parts. Using this formula, we integrate the
product of two functions. The important thing to use this formula is the selection of given functions
given in the product as a first or second function. The function whose integration can easily be found
is considered as the second function while the first function is chosen whose derivative could be
easily found. In formula(1), f(x) is treated as first function while g(x) asa second function.

Key Facts

- Integration by parts is notapplicable for functions suchas [v/x sinx dx.
+ Wedo not add any constant while finding the integral of the second function.

» Usually, ifany function is a power of x or a polynomial in x, then we take it as the first
function. However, if the other function is an inverse trigonometric function or
logarithmic function, then we take them as first function.

« Ifthe product of functions contains exponential and trigonometric functions, then we
can select any one of the two as a first function.

Example 13: Evaluate the integral: [ xe* dx
Solution:  In the integral [ xe* dx, we take *x” as a first function as its derivative will reduce
it and ‘e*" as second function.

[xe*dx = xj'e"dx-f[d-"—_‘(x]_[e"dx]dx
=xe*— [l.e*dx =xe*—e*+¢
Example 14: Evaluate: (i) [x*Inxdx (i) [xtan™'xdx

Solution: |
(i) Inthe integral [ x? Inx dx, we take ‘Inx’ as first function and ‘x*’ as second function.

. [*? Inxdx = [(inx) (x®)dx = Inx [ x*dx — [ [ (inx) | x?dx] dx

e B[l PP 0o
= lnx .5 S gde == S x?dx
Pinx_1 x* _ =2inx_ x*
et —5.?+ﬂ = — S + ¢
(i) Inthe integral [ x tan~'xdx, we take ‘tan~'x’ as first function and ‘x’ as second

function.
. [xtan™lxdx = [ (tan™'x) (x) dx
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1 x* .,  x?tan"lx IJ- x

- -1 ﬁ_
tan x‘z -r.:l-u'z 2 27 xT41

_ X*tan~lx 1 __1 _ Xwn~'x 1 -1
T zI(l X241 dx = 2 —;(x—tan x)+e

Example 15: Apply integration by parts to evaluate:
() [Va*=x%Z dx (i) [vaZ+x?dx
Solution:
(i) [va?==x% dx = [Va?—x? (1) dx,
Here, we take ‘vaZ — x? * as first function and *1” as second function.
5 [VaT =27 dx = [Va? — x% (1)dx

= VaT = [ 1dx - [ [£ (VaZT—37) [ 1dx] dx
=VaZ = %% (x) - [ 577 (x)dx = xVa? = x2 —jﬁdx

= xVaT=x7 - [ S gy
= xaT =3 — [ fetmdx + [ ey dx

fVaT =37 dx = xVaT—x* — [VaT —xZdx + a?sin™* () +¢
fmdx+fmdx=m+n=sin"(f)+c
ijdx=xm+a’sin“e)+c

[Va?—x7 dx =”ﬁ?+%‘ﬁn“@+§—'ﬂﬁﬁr+§sinﬂ(§)+c

(i) [VaZ+x2Z dx = [Va +x7% (1) dx,
Here, we take ‘VaZ + x2 ' as first function and ‘1’ as second function.

o VAT dx = (VAT (1)dx
=VaT ¥ [ 1dx — [ [ (VaT ¥ 27) [ 1dx] dx

=VaT T 77 (x) - [ 7 (W)dx = xVaT ¥ 27 — [ iy dx
=xVa? 22 - [L2 T ax
= 2VaT ¥ 2% — [ foidy + [ ey dx

JVaTFT dx = xVaZ ¥ 2 - [VaT ¥ xldx +a® x2tan? (£) + ¢




[Va® + 2% dx + [Va? + x% dx = xva? + x? +atan™? (§)+c
2 [VaZ + x% dx = xVa? + x? +atan“‘(§)+c
xwaivrx? a, _qfx\ ,c_xlaf+x? a__ _,(x
IW dx = 7 t3tan 1(;)+E-*—'—+*2'-tﬂn 1(;)'1"[:'

Using integration by parts, prove that:
JVx¥—a? dx =25= —“—:-msh“ (‘-:—) +c
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Example 16: Apply integration by parts to evaluate:
[ e®*sinbx dx
Solution: Let, 1 = [e®™sinbx dx = [(sinbx)(e®™) dx

= sinbx [ e®*dx — [ [ (sinbx) [ e®dx] dx
= sinbx (=) — (b cosbx) ()] ax
= sinbx (=) — 2 [[( cosbx)(e*)] dx
= sinbx (T) -TE cosbx [ ™ dx — g {%(msbx) Je®* dx} dx] )

1= sinbx (-';) —E :msbx (—';) | {(—b sinbx) (5;)] d:r]

I = sinbx (% - -:—'cnsbx (%'-) - :—: [ e**sinbxdx + ¢

1= sinbx (?) -Ecnsbx('T —§l+ c

l+£l ==e® sinbx — —e%cosbx + ¢
(‘ﬂ* 2 )l e [ slnbx - —cnsbx] +c
|=e™ Lx = sinbx —

ax
I=e L,+ = smbx

:
=+ ai+ bt + b2
nusbx +C ' ’

msbx] +CX =g

b
t+ ki

TR Vo ) SERER N St

Evaluate the integrals using integration by parts.

1. [inxdx 2. [(inx)? dx 3. [sin(lnx)dx

4, [x®nxdx 5. [ysin2ydy 6. [e*cosxdx

7. [xseclxdx 8. [In(2x+3)dx 9. [x%e*dx

10. [ xcosxdx 1. [cos™'xdx 12. [tan"'xdx

13. [xsec?xdx 14, [x*sin"'xdx 15. [In[x+V1+ x2]dx
16. [x*e* dx 17. [ x?*sinxdx 18. [3% dx



3.5 Integration by Partial Fraction

When the terms in the sum:
3 4 4
porr i gere ®
are combined by means of a common denominator, we obtain a single rational expression:
Tx + 22 7
. (x+4)(x+2) (ii)
| Suppose thnt we are faced with the problem of evaluating the integral:
i f 7x +22
l (x+4)(x+2) ’
From (i) and (ii), we have:
7x + 22 _t 3 4 T
‘ f (xﬂ}[ﬂz}dx & -r [{:—u--q * (x+2]] dx = I (x+4) £+ 'r {HE)
1
= 3]'[:+4}dx+4f{x+zjdx =3In(x+4)+4In(x+2)+c

This example illustrates a procedure for integrating certain rational fractions ;E::;. where the

degree of P(x) is less than the degree of Q(x). This method, known as partial fractions consists
of decomposing such rational fractions into simplest component fractions and then evaluating the
integral term by term.

Example 17; Evalpate: [ x::;:: dx

Solution: We observe that degree of numerator is greater than that of denominator.

xI-2x S5x+6
[t =1 [r-3+ ] ax @ . ' Check Polnt

5x+6 _  Sx+6 _ A B

Now, x143242  (x+1)(x+2) x+1 T Bm I “.umg]dx

By equating numémt::r. we get:
Sx+6=A(x+2)+B(x+1) (ii)

Ifwesetx = —2and x = —1, we get B = 4 and A = 1, repectively.
- R s dx:f[ —3+——+—]dx=fxdx—3[dx+ [ dx+4 [

x243x42 x+1

I-I-I

_;:?-31+In(x+1)+4ln(x+2)+r:

x342x44
(x+1)

Solution: Given frdction can be written as:

xi+2x+4 _ A g c
(x41)?

Example 18: Evaluate: [ ———

+ +

(x+1)F  x+1  (x+1)?




A uninonTEGRATION /G

By equating numerator, we get:
2+2x+4=Alx+1)*+Bx+1+C
> +2x+4=Ax*+(2A+B)x+(A+B+C)
Comparing coefficients of like powers of x from both sides, we gat:
A=1,2A4+B=2andA+B+C=4
Solving the equations, we have:
A=1B=0andC=3

x*-l-:zxu
-r {xn]ﬂ -r L+1 + unr:+1:i2 [x+'I]"] dx = -r x+1dx +3 f {x+1}= g
—‘[;Idx+3f(x+1)'3d.r In(x+1)—;(x+1)‘z+c
3 ™
=In(x+1) ~ 2P +c
X . 3x7+5x+3
Example 19: Evaluate: f—-—-—-{x FESTREY
Solution: Given fraction can be written as:
Ix?45x43 A Bx+4C

+2)(x2+1)  x+2 | x41
32 +5x+3=AC*+ 1)+ (Bx+C)(x+2)
3x2+5x+3=(A+B)x*+(2B+C)x+ (A+2C)
Equating coefficients:
A+B, 2B+C=5 A+2C=3

| Solving the equations, we have:
| A=1B=2C=1
sx=+5x+3 zxﬂ
o -r {x+2}(x1+1} I (x x2+1 dx

=fﬁ -r =+1dx+-[z=+1
=In(x+1)+n(x*+1)+tan"'x+c

I  AmPe—————————mm———x

Evaluate the integrals using partial fractions.

O s 2 fammd 3. [ie

s [ ax s, SRS a6 [y
s 8 [IHErmax 9. [Fhdx

10. [ dx 11. Imdx 2. fesrerdy
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3.6 The Definite Integral

This section introduces the definite integral, a ﬁmdamental mathematical tool that establishes
rclationships between area and other essential quantities including length, volume, density,
probability, and work.

3.6.1 Partition of the Interval

A partition of the interval [a, b] is a collection ' g y=f(x)
of points:
a=x<t<5<x3<<x <x,=b
. that divides [a, b] into n subintervals of lengths:
Axy=x;—x5, Ax; =12 —1x, [(xy) f(xa)

Axz = X3 — X2, 0, BXp = Xy — X
The partition is said to be regular provided all

subintervals have the same length: %) ¥
Ax = Axy =22 ’“‘“T“ Tt =0 x
In the figure, each pnmnnn looks like a rectangle. Ay Avi Ak

For a regular partition, widths of the rectangles
approach to zero as n is,made large.
Area of first (left most) rectangle = length ¥ width= f(x;) * Ax;
Area under the curve = sum of areas of n rectangles
= f(x)Axy + f(x2)Ax; + f(x3)Ax5 + - + f(x,)Ax,
m

=Z FOA, o vns (D)

k=1
Expression (i) represents approximation of sum of areas of n rectangles.
Based on our inductive concept, the area under the curve and between the interval [a, b] is:
n

4= lim Z FOAX i oere (i)

=1
Expression (ii) provides the fundamental concept of integral calculus and form the basis of the
following definition.

Definition 3.2: A function f is said to be integrable on a finite closed interval [a, b] if the limit:
n

mkzlf(mm
exists and does not depend upon the choice of partitions or on the choice of the points x; in the
subintervals. In the such case, we denote the llml[ by the symbol:

[ f()dx = lim thx.,)m + o (i)

k=1
Expression (iii) is called the definite integral of f from a to b. The numbers a and b are called
lower limit and upper limit of integration respectively and f(x) is called the integrand.




Theorem 3.2: If a function f is continuous on an interval [a, b] then f is integrable on [a, b] and
the net signed area under the curve between the interval [a, b] is:

A= L ’ Fodx

In the simplest cases, definite integrals of continuous functions can be calculated using formulas
from plane geometry to compute the shaded area.

Example 20: |
Sketch the region where area is represented by the definite integral and evaluate the integral >
using an appropriate formula from geometry.
@) Jf3dx G) [2(x+3)dx Gii) J, VI—xZdx _
Solution:
(i) Graph of the integral is the horizontal line y = 3. y

So, the region is a rectangle of height 3 drawn over 3

the interval from! to 5. .

From figure (1), we have: 1

s _ . .
| J; 3dx = area of rectangle = 4 x 3 = 12 sq. units | T >

(i) Graph of the integral is the line y = x + 3. Fig. (1)

Whenx=—-2, y=—-2+3=1

When x=2, y=2+3=5

So, the region is trapezoid where base ranges
fromx=-2tox=2.

From figure (2), we have:

J2,(x + 3)dx = area of trapezoid .

: : . -2-1 0 1 2 3
== (1+5)(4) = 12 sq. units Fig. (2)

(iii) Graph of the function y = V1—2xZisthe upper y :
semi-circle of radius 1 centred at the origin.
So, the region is upper right quarter-circle of radius 1
centred at origin. 2
From figure (3), we have:
-1 1] 1 X

I:‘h — x2dx = area of quarter circle
=§ x m(1)? = %,;q_ units Fig. (3)

Example 21: Evaluate the following.
M) f&x-1dx (i)  fy(e—1Ddx
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Solution:
(i) The graph of the integral is the liney = x — 1.
When x =0, }"=ﬂ-—1=—1
When x=1, y=1-1=0
The region is a triangle fromx =0tox = 1.
From figure (4), we get: _
J(x — 1)dx = area of triangle = -_1-;-(1}(1) = 5q. units

‘ '+ (ii) The graph of the integral is the liney = x — 1.
| Whenx =0, y=0—-1=-1
| When x=1, y=1-1=0
When =2, y=2-1=1
The regions are two triangles fromx = —-1tox =0
andx = 1 to x = 2. From figure (5), we get:
[E(x = dx = [J(x = Ddx + [ (x = 1)dx
= area of triangle A; + Area of triangle Az
=2 (1)(1)+3 (1)(1) = 1 5q. units
Note: In the figure (5), the area of triangle A, is below the x-axis and the area of triangle A; is
above x-axis, therefore:
Ai=—3 and A = > which implies A + Az= =3+ =0
Butnmcmutbemgathmmfnmmmchmwemwﬂmm
A:+A2--+- 1
3.7 Properﬂunf'l‘baMuI’hllm
In the finite closed interval [a, b], when upper limit of integration in the definite integral is greater

than the lower limit of integration (a < b), the following facts are true.
(i) If lower and upper limits of integration are equal, then area is zero. i.e.,
. a

L fx)dx =0

Fig. (5)

For example,
- z-
J' xdx=0
z

(i) If the lower limit of integration is greater than the upper limit of integration, then:

a b

| reax =- [ s
a

Which states that interchanging the limits of integral reverses the sign of integral.

For example, i . !
flfx—l)dx=—fu(x—1)dx= 3
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(iii) If ¢ is the point between a and b then:

o FGydx = [} fx)dx + [} dx
For example, in figure (5), we have:

Jy G = Ddx = [ (x = 1)dx + [*(x - 1)dx
Theorem 3.3:

If f and g are integrable on [a, b] and ¢ is a constant, then cf, f + g and f — g are integrable on
[a, b] andtlu:fullnwmg statements are true.

(i) j' cf(x)dx=c j'u f(x)dx (The constant has no effects of limits on it.)
() [T £ g()ldx = [} f(x)dx + [° g(x)dx
Showing that the limit of a sum or difference is the sum or difference of the limits.
i) [7lc fG) £d g()ldx=c [} fx)dx £ d [ g(x)dx
Example 22: Find:
@) JLI2f() +5g()dx if [* f(x)dx =2 and [* g(x)dx =4
() J2,4f()dx if [° f(x)dx=3 and [Jf(x)dx=1
Solution:
Q) JLI2 () +5g(0)]dx = [*, 2f ()dx + [2, 5g()dx =2 [* fGdx +5 [*, g(x)dx
=2(2) +5(4) = 24 |
G) 2 4f(0dx = 42, f(x)dx = 4[[2 fF)dx + [ fx)dx|
=4(3+1)=4%x4=16

i TR e e ——

. Sketch the region where area is represented by the definite integral and evaluate the
integral using an appropriate formula from geometry.

G) [ xdx i) JO,xdx i) f7(x - 1)dx
(v) JICx+1)dx v [ 2dx

x, x=1

2. Evaluate the integrals in each part when f(x) = B

i) Jifodx ) [ f(x)dx (i) J:f(x)dx Gv) J2,fx)dx




RS Te e

UNTT=03: INTEGRATION

3. Using the area shown below in the figure, evaluate the integrals. : |
y=fx)

¥ :
| SRULNRIN O,
4,=2\ m o
v e Py d B | |

@ Jfx)dx (i) [y fx)dx Gi) [ Flx)dx

@v) Jff(x)dx ™ [y feodx i) [ fx)dx
4. Find: '
3G —2g())dx if [0 f(x)dx =4 and [ g(x)dx =5
5. Find: _
[ feydx if fPfx)dx=1 and [} f(x)dx =2
6. Find:

P f@dx if [, f()dx=1 and [} f(x)dx = -5
7. Use appropriate formula from geometry to evaluate integrals.
0 [L@-xde (i) [[2+VI-*)dx (i) [V =4 dx

3.8 Fundamental Theorem of Calculus

In this section, we will establish two basic relationships between definite and indefinite integrals that
together constitute a result called the 'Fundamental Theorem of Calculus'. We will provide a
powerful method for evaluating definite integrals using anti-derivatives.

We consider a non-negative and continuous function / on y

an interval [a, b]. The arca A under the graph f over the
interval [a, b] is represented by the definite integral:

b
A= I f)dx .......... ()
From (i), we have:

A(a) =0 rrhcammderihcmveﬁ'nmatuaisthemnbweﬂmsinglepuhuamd
hence is zero.] :
Similarly, A(b) = A [The area under the curve from a to b is A.]
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The formula A’(x) = f(x) provides that A(x) is an anti-derivative of f(x) which implies that
every other anti-derivative of f(x) on [a, b] can be obtained by adding a constant to A(x).

By definition of anti-derivative, suppose:

F(x) = A(x) + c.......... (i)

We check what happens when we subtract F(a) from F(b). From (ii):
Fl@)=A(a)+c......(ii{) and F({B)=AbB)+c......(iv)

Subtracting (iii) from (iv):

F(b) — F(a) = _[Jl(b) +c]—[A(a) +c]=AB)—-A(a) =A-0=A
Therefore, from (i), we have:

b
A= [ fGdx = F6) = F@) w0

Statement: The Fundamental Theorem of Calculus states that if f is continuous on [a, ] ad F is

antiderivative of f on [a, b], then %

b :-r“
I F(x)dx = F(b) — F(a)

This can be written as:
b
[ rerax = 1F@IZE = P - F@)

We can emphasise that @ and b are values for the variable x.

-----------------------------------------------------------------------------------------------------------------------------

Thus, the definite integral mnhe evaluated by finding any anti-derivative of the integral and then
subtracting the value of this anti-derivative at the lower limit of integration from its value at the
upper limit of i mteg:raum

BB ssEEEsEEEREEBEEREdBEERE BEEEEE e e T TP P PP P PR T '

Example 23;: Evaluate: _|'1 x dx

sessmEmmEre s

First, we apply upper limit

O >
Solution: I xdx = I—I 2 and then lower limit.

Example 24: Evaluate: [°,(3x% —x + 1)dx

2
Solution: J7,(3x —x+1)dx=|:=-—+x| =L

=(2-Z+2)-((2°-5F+(-2)
=(8-242)—-(-8-2-2)=8+12=20




Example 25: Evaluate: [2v2xZ 1 xdx pl cwsreims

Solution: We can apply two methods. ' Evaluate: me dx
Method-1: By substitution but without changing the limits. | .

| Let u = 2x2 + 1 which implies du = 4x dx

| Thus, f:a.-‘215+1xdz—1_[2¢ 2x%7 + 1 X 4xdx

i =1[2VE xdu=3x |-u:| (Substituting for u)

“' =[x+ niln (Resubstituting for x)
Applying limits, we get: .

| 1 1 4 2 3 g1 2 a

. =21[2(2)? + 1]F - 2 [2(0)% + 1J-= 2 [07 - 13]

—lmr_1y=2¢_121
"5(2? D 6 3

Method-2: By substitution with changing the limits.
Letu = 2x? 4+ 1 which implies du = 4x dx
Whenx = 0,u=2(0)>+1=1 and whenx=2u=2(2)*+1=9

Thus, [7V2x? + 1xdx =3 [ZVZxT+1 x 4xdx
3,9 :
=lf"ﬁ xdu=lx|5ui| (Substituting for u)

=oi-1t]=l@7-n=2=2

'*I

1
a l-cosx

Example 26: Evaluate: dx when a =§,b=5

1
Solution: W 5, dx = f
a 1-cosx a 1-cosx  1+cosx

b 14cosx b 1 cosx
= Iﬂ sin®x dx= Iﬂ [sln’x * sln'-‘:] dx

, = f:[cuseczx + cotx cosecx]dx

b 1 1+cosx b 1+4cosx
X =
a 1-cos?x

= |—cotx|4 + |-cosecx|’ . =
Applying limits and substituting values of a and b, we get: :E"I" W .
-I" ; g
5 . = - .4 il : w . i 4 h‘ e

“-(-1)-G-VD) =g+ 1-F+vE
=1+V2-V3



Example 27; Evaluate: [ x Inx dx
Solution: Taking [nx as first function and mtegmtmg by parts, we get

[{x nx dx = [ (Inx)(x) dx = |inx x—| - —:ix
= imx ] ~307 xax = |‘"“?L x5,
= (Iﬂe x«'—z—lnl xl—:) —1(35—§) = (1 x—?——-ﬂx%)—55+%
=T—ﬂ——+-=%+§
1 A=
Evaluate the definite integrals.
1 JRx+3)dx 2. [M[fy¥ady 3. [Hex+1)3dx
4. [6x*-4x+5)dx 5 [L(12x°-36)dx 6. f_"; cosB do

4 x*+8

"
7. J§ sec®260d6 8 [ s—dx 9. f_l x — cosmx dx
2
4 cosVx 3 s _l+cosf
10. [ '::'.; x 11, ‘[E’ sinx cosx dx 12. J'%‘ s 40
. . - 3
13. [*% (secx+tanx)?dx 14. [% cos’xdx 15. [ Inxdx
4 2
*(e3 - et) dx s 2 18. [+ tanlyd
16. f (e2—e7) 17, [§ —dx . J5 anlydy
m
2 sinx
19. 'ﬂ: (2 + cosx)(5 + cosx) dx 20. J.E 1:(:+1} :

3.9 Areaand Volume

The definite integrals have applications that extend far beyond the area problems. In this section, we
will also apply definite integrals for finding the volume. We have an inductive idea of what is meant
by the area of certain geometrical figures. It is a number that in same way measures the size of the
region enclosed by the figure. The area of a rectangle is the product of its length and width likewise
the area of a triangle is half the product of lengths of the base and the altitude.

The area of a polygon may be defined as the sum of the areas of triangles into which it is decomposed
and it can be proved that the area thus obtained is independent of how the polygon is decomposed
into triangles.




However, how do we define the arca of a region in a plane if the region is bounded by a curve? We
even certain that such a region has an area? In the same way volume of solids can be found by using
definite integration.

3.10 Area of Bounded Region

3.10.1 Area Between a Curve and the X-axis
If f is a non-negative continuous function on [a, b),
thenthearﬂmderﬂwgm;phafffmmutobis:

A= th{x)dx

Example 28: Find the area of the region bounded by the line 2y + x = 8, the x-axis and, the
linesx =2and x = 4. s
Solution: In the graph, CD is the given line. e
Zy+x=8 = y='=i=r y=4—§-

Required area = area of trapezium ABCD

= area between line CD and x-axis fromx=2tox=4

[1]
=I;J,dx=f;(4—§)dz= |4.I—~T-I:
= [4®) -] - [4@ - Z] = (16 - 9) - (8- 1) = 5 5q. units

3.10.2 Area Between Curves

If the function f(x) is greater than the function g (x) for all x between a and b, then the area
under the graph of f(x) minus the area under the graph of g(x) is the area between the curves.
Thus, the area between the curves f(x) and g(x) is:

b
A= j [FG) — g(®)ldx 5 f(x) > g(x)

Example 29: Find the area of the region bounded by graphs of
fix)=(x—~1)*and g(x) =3 —x =y

Solution: To find the limits of integration, we find

common points of both functions by solving

f)=g(x) 2 (x-1)?=3-x

= x?—-x=-2=0

After solving, we get:

x==-—landx =2

T

-:ﬂ'

For-1<x<2, g(x)> f(x) 4 <
(Also clear from the graph of both curves.) glx)=3-x
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Thus, the area of region bounded is:
2 2 2
*“=I [9(1)";'(*)]!11=J’ [(3"-‘!)-(1—1)1]1:] (2 + x — x?)dx
-1 = =4
- 2 PP o 2t 2? 12 (=13
o5, = a0+ 5-2]- -+ 22
=[4+z-§]-[-—2+-;+§]=ﬁ-§+z——2‘i'—§=a—3—n.5=4.55q.-mits

3.11 Volume of Solids of Revolution
L1 Dise Method

Consider a region bounded by the graph of y = f(x) and the x-axis between x = aand x = b
that is rotated about x-axis. If a = xy < x; < x3 ... < x, = b is partition of the interval [a, b],
the volume V of the resulting 3-D region can approximated by the sum of volumes of discs
obtained after rotation,
The radius and height of discs D; are f(x); and Ax;
Respectively. Thus:

n

=Yy

V= Z, rlf ()2,

Letting Ax; = 0, we have:

Volume of disc = area of base * height = (rr?)(h)

Vi I oz

a
Example 30:
Find the volume of the solid
obtained by rotating the graph y = x?
between x = 1 and x = 2 about x-axis.
Solution:

2
V= ”L [F)Pdx

2 2
V= rrJ- (x?)%dx =m | x*dx
1 1

e
I _®os g5y 317 :
5 1-—5(2 17} z cu. units
Note: If a solid is obtained by rotating the regions bounded by the graph x = g(¥) about y-axis,
we can also use the disc method to find the volume as follows.

V =n [ [g()] dx

x.."i

V=m
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Example 31:

Find the volume of the solid generated when the
region enclosedby y = Vx,y =0and y = 2

is revolved about the y-axis.

Solution:

First sketch the region and the solid. The cross
section taken perpendicular to the y-axis and

disk suggests that we can rewrite y = X as x = y2,
Thus, g(¥) = y* and the volume is:

Ven j Oy == J; "oty L ytdy

ys|?

S

V=mn =E(25—D’]=£§E cu. units

o

3.12 Applications
3.12.1 Consumer and Producer Surpluses
Economists use the definite integral to define the concept of consumer and producer surpluses.
The demand for a commodity by consumers as well as the amount supplied to the market by the
manufacturers can often be expressed as a function of the per unit price. Let D(x) and 5(x) be the
number of units demanded and the number of units supplied, respectively, when the commodity sells
ata price x per unit.
If the demand equals the supply:

D(x) = S(x) .
The market is said to be in equilibrium and the corresponding price of the commodity is called the
equilibrium price. If p is the equilibrium price and b is the price at which the demand of the
commodity is zero (b (s) = 0), the integral:

b
Cs = f D(x)dx
P
is called the consumer surplus. Similarly, the integral:

P
Ps = | S(x)dx
J

where S(c) =0, is called the producer surplus.




Example 32:

Suppose the demand and supply of a commaodity selling for x dollars a unit and

D(x) = 1000 — 20x and 5(x) = x? + 10zx, respectively. Find the consumer and producer surplus.
Selution: From the graph it is clear that D(x) = 0 when b = 50, S(x) =0whenc=0and
D(s) = S(x) forp = 20. Cs represents the area under the graph of D(x) on the interval

[20, 50] and Ps is the area under the graph of S(x) on [0, 20]. We have:

_ .
Cs = I D(x)dx = j(innn — 20x)dx

600+
€s = |1000x — 22« | = $9000 c\ 500¢
And 4004
P 3004
Pr.= | S{x}dx- j (x? + 10x)dx 00+
€ = : [
Ps = |tx® +5xl|n = $4666.67 .

3.12.2 Rectilinear Motion
If f(t) is the position function of an object moving in the straight line, then we have:

velocity = v(t) =§ and acceleration = a(t =:—§

By using the definition of anti-derivative, the quam:tues § and v can be written as indefinite integrals.
S(t) =fv(t)dt and v(t)=[a(t)dt
By knowing the initial position $(0) and the initial velocity v(0), we can find specific values of
the constants of integration.
Key Facts

| (i) For upward motion:

}'{' S =0o, v(0) > 0, a=g=-98m/s* = —32ft/s*
(ii) For downward motion:
1 S5(0)=h, v(0) =0, a=g=98m/s* = 32ft/s*

Example 33:
The position function of an object that moves on a coordinate line is S(t) = t — 6t. Where § is
measured in centimetres and ¢ in seconds. Find the distance travelled in the time interval [3, 9].

Solution: The velocity function:

ds
v(t) =d—=2t—6
nnphesthatu&ﬂforBE t < 9. Hence the distance travelled is:

S = I v(t}dt-](zt 6)dt

3
= |t? — a:|3=(31 54)—(9—18) =4cm
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3.12.3 Work

In physics when a constant force Fmoves an object a distance d in the same direction, the work done
isdefinedas W = Fd.

Definition: Let F(x) be a continuous force acting at a point in the interval [a, b], then the work
done W by the force on moving an object from ;: to b is:

W = j F(x)dx
3.12.4 Motion of Spring a
Hook's law states that “when a spring is stretched (or compressed)
beyond its natural length, the restoring force exerted by the spring is
directly proportional to the amount of elongation (or
compression)”. Thus, in order to stretch a spring, x units beyond its x
natural length, we need to apply the force:

F(x) = kx; k is spring constant.

g
=] Ieuuoyn
PaYIONG
:-: pafIeng

Example 34:
A force of 130 N is required to stretch a spring 50 cm. Find the work done in stretching the
spring 20 cm beyond its natural (unstretched) length.

Solution:

x = 50cm = 0.5m and F = 130N

Substituting values of x and F in F = kx, we have:

130=kx05 = k=260N/m

Thus, F=kx = F=260x

Now, x = 20em = 0.2m, so that the work done in stretching the spring by this amount is;

g 1
o 26
W =fzﬁuxdx=113nx I§ =% =527
0

1. Find the area of region bounded by the curve y = x2, the x-axis, lines x = 1 and x = 3.
2. Find the area under the curve y = vV6x + 4 (above x-axis) from x = 0 to x = 2.
3. Find the area of region bounded by the curve y2 = 4x and line x = 3,
4. In the figure, a sketch of the function
y'=*:;(«!]|.2:ar2 +x) is shown. Find:

(i) the area of region A.
(if) the area of region B.
(iii) area of the region fromx = 1to x = 4.

(iv) area of the region fromx = —1tox = —4. 35 S0 1 1 1 «
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18.
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Find the area bunded by the graph:
3m 3m

() y=1+cosx;[0,3n] (i) y=—1+sinx;[-ZTZ

Find the area of the region bounded by the graphs of y = x,y = —2x and x = 3,

Find the area of the region bounded above by y = x + 6, bounded below by y = x* and

bounded on the sides by the linesx = 0 and x = 2.

Find the area bounded by the curve y = x® + 1, the x-axis and the line x = 1.

Find the area of the region enclosed by x = y? and y = x — 2 integrating with respect

toy.

Find the volume of the solid that is obtained when the region under the curve y = /x over

the interval [1, 4] is revolved about the x-axis.

Find the volume of the sloid that results when the shaded region is revolved about the

indicated axis.

(i) y=v3-x ! (i) y=3-2x \l
about x-axis about y-axis

2

' II i 1 1 3 ° u‘\z

An object moves in a straight line according to the position function given below. If f is
measured in centimetres, find the distance travelled by the object in the indicated time
interval:

(i) S(t)=t*-2t; [0,5] (i) S@)=t>-3t2—-9¢; [0,4]

(iii) S(¢) = 6sinmt ; [1,3]

It takes a force of 50 N to stretch a spring of 0.5m. Find the work done in stretching the
spring 0.6m beyond its natural length.

A force F = > Ib is needed to stretch a 10 inch spring an additional x inch. Find the work

done in stretching the spring 16 inch.

Find the consumer and producer surpluses, when:

(i) S(x)=24, D(x)=100—2x

(ii) S(x)=x*—4, D(x)=—x+8

(iii) S(x) =2» +3x, D(x) =36 —x2 .

Find the total revenue obtained in 4 years if the rate of increase in dollars per year is:
£(t) = 200(t — 5)*

Find the total revenue obtained in 8 years if the rate of increase in dollars per year is:
F(t) = 600V1 + 3t

Find the area bounded b}r the curve f{x) = x? — 2x? 4 1 and the x-axis in the first

quadrant bonded by the line x = 1.5.

Nl RN




. Select the correct option in the following.

(i) If f is integrable, then it is:
(a) discontinuous (b) unbounded (c) continuous (d) linear
(i) If f'(x) = 3x? + 2x, then f(x) is: ;
(a) 6x+2+c¢C b) x*+x*+c  (c) 3x¥+2x*+c (d) 1.52° +x%+¢

(ii) [ (x?)dx is equal to:

@ xi+c ®) 2x+c © Z+c @) 2x+c
(iv) [sin2xdx is:
@ =X4c ) 2os2xtc () ~E4e () =i
v) [ dx is:
(a) 3 (b) 4 (c) 5 (d) 6
(vi) J& cosxdx is:
@ -3 ) 3 OF @ -3
(vii) % JZ, t3dt is equal to:
(a) t* (b) t3 (c) x* (d) x®—16
(viii) What is relation between [ xdx and [ tdt ?
@ J]xdx<[’tdr M) [ xdx> [} tde
(c) J, xdx+ [ tdt @ [} xdx=[]tat
(ix) Area under the graph of f(x) = 4 ; [2, 5] is:
(a) 2 (b) 4 ) 5 (d) 12
(x) JVxdx is:
(a) x;+c (b) Ex":'-r-c (c) §x§+c (d) x;+c
Evaluate:
() [odx (i) [x(x?+1)%dx (iii) [ cos?3x dx
(iv) fﬁ%"%h v) [sin~xdx (vi) [ 2xsin3xdx
(vii) [ x%e*dx (viii) jj(smz.r — Scos4x)dx (ix) L":’—f dx

Use the substitution u = 2x + 1 to evaluate .‘:4‘% dx.

4. A model rocket is launched upward from ground level with an initial speed of 60m/s.

(a) How long does it take for the rocket to reach its highest point?

(b) How high does the rocket go?

Suppose that a parachute moves with a velocity V(t) = cosmt m/s along a coordinate line.
Assuming that the parachute has the coordinate § = 4m at time t = 0 sec, find its position.




DIFFERENTIAL EQUATIONS

After studying this unit, students will be able to:
= ldentify and construct first order differential equations from practical situations.
» Give the concept of solution of differential equation.
* Solve differential equations of first order and first degree of the form:
= separable variables equations,
= homogeneous equations,

= Solve real life problems related to differential equations such as population growth
and decay, cooling/warming law, flow of electricity, series circuit, economics and
finance, radioactive decay etc.

Differential equations are mathematical equations that describe relationships between a function
and its derivatives. They are essential for modeling real-world phenomena in various fields. These
equations are used to describe how quantities change over time and how they relate to each other.
Differential equations are essential tools for modeling dynamic systems in real life.

These equations have wide-ranging applications across various fields of science and engineering, as
they are fundamental in modeling dynamic systems and natural phenomena. In physics, they
describe the motion of objects under forces, such as in Newton's laws and wave propagation. In
biology, they are used to model population dynamics, the spread of diseases, and the interaction
between species in ecosystems. In engineering, differential equations are crucial for analyzing
electrical circuits, control systems, and mechanical vibrations. In chemistry, they help in
understanding reaction rates and diffusion processes. In economics, they are used to model
investment growth, market behavior, and optimization problems. Overall, differential equations
serve as powerful tools for understanding and predicting the behavior of systems that change over
time or space.
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Introduction

Many problems in engineering and science can be formulated in terms of differential equations. The
formulation of mathematical models is basically to address real-world problems which have been
one of the most important aspects of applied mathematics. Differential equations arise in many areas
of science and technology, specifically whenever a relation involving some continuously varying
quantities and their rates of change in space and/or time (expressed as derivatives). This is illustrated
in classical mechanics, where the motion of a body is described by its position and velocity as the
time varies. Newton's laws allow relating the position, velocity, acceleration and various forces
acting on a body and state this relation as a differential equation for the unknown position of the body
asa function of time. Such equations are called differential equations.

A mathematical model is a mathematical construction such as a differential equation, that simulates
a natural engineering phenomenon. Most applications of differential equations take the form of
mathematical models. For example, consider the problem of determining the velocity v of a falling
object.

Newton's second law of motion tells us that the net force on the

object is equal to the product of the mass, m and its acceleration, dv
dv dt
m—=
dt

This law is a differential equation as it contains derivative.
Ignoring air resistance, for an object falling close to the Earth's
surface the force is F = mg, directed downward, where g is
approximately 9.80 meters per second per second. Thus, the
differential equation:

md#_km
P g

is amathematical model corresponding to the free-falling object.

—_— K!y Facts
A good mathematical model has two important properties:

* Itis sufficiently simple that the mathematical problem can be solved.

» It represents the actual situation sufficiently well so that the solution to the
l mathematical problem predicts the behavior of the real problem.

4.1 Differential Equation

A differential equation is an equation containing one or more derivatives of an unknown function. A
differential equation is an ordinary differential equation if it involves an unknown function of only
one variable. For now, we will consider in this unit only ordinary differential equation just call them
differential equation (DE). The word differential equation means involvement of derivative and
equation are must.




Suppose we have function;
f(x) =y =x*+ c,wherecisarbitrary constant. (i
Differentiating (i) with respect to x, we get:
d__:,r - 4‘13 s
e _ (ii)

This is called a differential equatmn.

The sn‘nplest dlﬂ':rmual :quatiuns are ufthn fornn ;
: L=f() or y=f(x) i '
Where f is known function of x. :

A mathematical equation containing the derivatives of one dependent variable, with respect to -
: one mdependmt vannblc. is, smd tu he a dlﬁ‘crcnual nquntlnn [DE} P

sremsaas s

Some more examples of differential equations are:

dy _ , d*y _dy dy _
dx—Zx - d—xz~+za+y--r’, ~d—x—x+y. x}'(—

Where, y is a dependent and x is an independent variable.

4.2 Order and Degree of Differential Equation

The order of the differential equation is the order of the highest order derivative present’in the
equation. Here some examples for different orders of the differential equation are given.

» %4:: 1, the order of the DE is 1.

+ 2
» Jt:mz G m 0, the order of DE is 2.

4.2.1 Typesof DE w.r.t. Order .

(i) First Order Differential Equation

Adifferential equation containing first order derivatives is called first order differential equation.
= f(x.y)

For example, :—’: = 3y isafirstorder differential equation.

(ii) Second Order Differential Equation

The equation which includes the second-order derivative is called the second-order differential

equation. Itisrepresentedas:
d fdy _1 s
| 2(Z)=2= fxy

Forexample, ¥ 4+ x)' + y = 0 isasecond order differential equation. 1

SETEaRi -
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4.2.2 Degree of Differential Equation
The degree of the differential equation is the POWer ------xc--ssmsmsroremsmrsnmmsnsnisssesssnnes ey

of the highest order derivative in the equation. P d
Examples: 5 L g :
» 2 _3-0, degreeisl. d?y\* dy

oo ' ; =2) +x()+y=x+1

» (¥ +6y'=9, degreeis2. : dx? dx ;

» ()P —xy'+y=0, degreeis3.

Key Facts
~* Order and degree (if defined) of a differential equation are always positive integers.

« y'—log(¥') +3 =0, is not a polynomial equation in ¥"and the degree of such
differential equation cannot be defined.

Example 1:
Determine the order and degree of the following differential equations.

dy _  x dly dy , _ _ d*\° , dly dy , . _
» F=-3 @ Z-3Z+x=0 @) () +xZ-L+y=1
Solution:

(i) order: 1, degree: 1 (ii) order: 2, degree: 1 (iii) order: 3, degree: 2

Some more types of differential equations are as follows.
+ Ordinary differential equations (ODE)
« Partial differential equations (PDE)
 Linear differential equations
« Nonlinear differential equations
* Homogeneous differential equations
. * Non-homogeneous differential equations
‘We will here discuss only ordinary differential equations.

' 4.2.3 Ordinary Differential Equation (ODE)

If in a differential equation, only one independent variable is involved, the equation is called an
ordinary differential equation. It contains one or more of its derivatives with respect to the
independent variable.

The general form of rth order ODE is a function F ofx, y and derivatives of y.
FOX Yy o es D) = 9

Which is called an explicit ODE of order n.




Examples of ODE are:
(i) y—-4y+2=0

Key Facts
(i) (2x+3y)dy =(x—2y)dx=0 If a differential equation is not ODE,
(iii) xy"-=5y"+11=y itis then PDE.
vy O")+4'+2y=1
4.2.4 Linearand Non-Linear Differential Equations
Differential equations are classified into linear DEs or nonlinear DEs.
Ann" order differential equation is said to be linear if it can be writtm in the form:

H- n-=1

() o+ ey () Gy + ot 01O 2+ B ()Y = ()
that is, it satisfies the ful]owmg two conditions:

(a) the dependent variable (y) and all its derivatives in the equation are linear (i.e. of power one).

(b) all the coefficients a,(x), ag_y (%), ... ,a,(x), ag(x) and the function f(x) are either constants
or depend only on the independent variable (x).

Note: If any one of these two conditions is not satisfied, then the DE is said to be nonlinear DE.
Example 2:

Identify linear and non-linear differential equations in the following.
@ T=a (i E 3Z4y=1 (i) %+ydx=—2 0

. dy _ x d*y _ X ﬂ dy dy -
(iv) =5 (v) IIm:+:|.:‘::rq#—'l] (i) (d,, +x X dt+2x 5
Solution: .

(1) linear (ii) linear (iii) non-linear
(iv) non-linear (v) linear (vi) non-linear
Note:

The differential equation y?(x — 3)2X = 2xy? is not lincar, but it can be reduced to linear
differential equation if we divide both sides of it by y* as follows: ' .

dy _ 2xy?
L x - 31—'=',—=

or (x— 3) -&-; = 2x which is linear diﬂ_'erential equation.

4.3 Concept of Solution of Differential Equation

Differential equations are mathematically studied from several different perspectives, mostly
concerned with their solutions as the set of functions that satisfy the equation.

A solution of a differential equation is any function / defined on some interval I that reduces the
equation to an identity.




To solve a differential equation such as % — x = 0, we mean to find an unknown function

y=fx)ory=f(xy).
Consider a simple first order differential equation:

dy 5
. 2s =1 (%) =~ ()
Equation (i) can be solved by integration. If f(x) is continuous function, then integrating both
sides of (i) gives:

y= [ e =FG) +c
z Where F(x) is an anti-derivative of f(x).
For example, the solution of differential equation :—f =1+ e? implies:

1
y=f(1+e“)dx=x+iez‘+c

— Key Facts
Only the simplest differential equations admit solutions given by explicit formulas.
However, some properties of solutions of a given differential equation may be
determined without finding their exact form. If a self-contained formula for the solution
is not available, the solution may be numerically approximated using computers.

Example 3:

Show that x? + y* = ¢ is a solution of the differential nquatinny:—:-+x = 0. Also plot the
graph of solution.

Solution: We have x?+y? =¢

Differentiating w.r.t. x, we get:

Zx+2y£—'=ﬂ or y%+x=ﬂ

Hence, x? + y? = c is the solution of differential equation y%+x=ﬂ. e
We note that the solution, x? + y? = ¢ depends upon an arbitrary constant c.
. By choosing different values of ¢, we get different solutions.
o x

Let us take ¢ = 1,4, 9, 16,... then we get different solutions as:

P +y? =1=12
. x4yt =4=22 ‘

x> +y%2 =9=32 s
x2+y? =16 = 4* and so on. ok

These solutions represent a family of circles with radii 1, 2, 3, 4, ...with centre (0, 0) in Fig. (i).

Thus, the solution, ¥* + y? = ¢ represents a family of infinite number of circles.

From this example, it has been observed that there are two types of solutions of a

differential equation. '

(i) general solution (ii)  particular solution
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4.3.1 General Solution of DE

The solution that contains as many arbitrary constants as the order of the differential equation is
called a general solution. It is the relation between the independent variables x and dependent
variable y which is obtained after removing the derivatives (by integration) where the relation
contains arbitrary constant to denote the order of an equation. In the above example, x* + y* =c is
the general solution.

4.3.2 Particular Solution of DE
The solution free from arbitrary constants is called a particular solution.

If particular values are given to the arbitrary constant, the particular solution of the differential
equations is obtained. In the above example, x* + y* = 4, x* + y? = 9 etc. are the particular
solutions. ;

Key Facts
« The solution of a first-order differential equation contains one arbitrary constant
whereas the second-order differential equation contains two arbitrary constants.

* The general solution of a differential equation represents a family of curves.

» The particular solution of a differential equation represents a particular curve for a
particular value of constant from the family of curves.

Example 4:

4 1
Verify that y = ;—E- is a solution of the differential equation % —-xyz=0.
¢ Solution: Given solution is:

- [I—
y==X @) 2 . Check Point IS
Differentiating (i) with respect to x, we get: Find the DE corresponding to the equation

y = 3x? + c. Of which type the family of

o . ﬁ = ﬂ i t?
I e curves does the solution represen
Substituting for y and -:—: in the left side of given differential equation:

1
dy L x*\2 _ x? x* _i_i_n
ar MEETTEG T3 A\ T

Which is true Vx= R.

4 1
Thus, y = :—g is a solution of the differential equation % —xyz = 0.

Example 5:
Is the function y = xe* is a solution of the differential equation
y" —2y' + y = 0 on the interval (—eo, +0)?

Solution: Given solution 1s!




Differentiating (i) with respect to x, we get:

y' = xe* + e* (ii)
Differentiating (ii) with respect to x, we get:
y" = xe* + 2e* (iii)

Substituting the values in the left side of given differential equation:
y' =2y +y=xe*+ 2e* — 2(xe* + e*) + xe*

= xe* + 2e* — 2xe* — 2e* + xe* =0
Which is true Vx€ R. Thus, y = xe* is a solution of the differential equation
y" =2y’ +y = 0 on the interval (—oo, +),
Note: In examples (4) and (5), we notice that the constant function y = 0 for (—c0 < x < +o0)
also satisfies the given differential equation.

Key Facts

* Asolution of differential equation that is identically zero on any interval is often called
atrivial solution.

« Every differential equation that we write necessarily has a solution either real or
imaginary. For example, the differential equation (¥")? 4+ 1 = 0 hasnoreal solution.

4.4 Formation of Differential Equation
We can form a differential equation by eliminating the constants appearing in an algebraic equation;
the solution of differential equation.
Let us find the differential equation corresponding to the equation y = e*,
Now, ¥ = e* gives y' = e* and solving both equations, we get:
¥y=y=9
which is a differential equation.
Example 6:
Find the DE corresponding to the equation y = acosx + bsinx

Solution: Given that
¥ = acosx + bsinx

y' = —asinx + bcosx

y" = —acosx — bsinx = —(acosx + bsinx)

y" = =y or y" + y = 0 is required differential equation.
Note: y = acosx + bsinx is a solution of differential equation y" +y = 0.
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Example 6: '
Eliminate the arbitrary constants from the following equation and form a differential equation of
the lowest order: y = Asin(2x — B)

Solution: Given that:

y = Asin(2x — B) (i)
Taking derivative of equation (i) with respect to x.

& -
'E—MCBS(ZI B)

Again, differentiating w.r.t x, we get:
d*y

-5 = —4Asin(2x — B) = —4[Asin(2x — B)]

i £y i
Ty W Gty = “- -
Which is a second order differential

whether equation of parabola
equation (ODE). Its physical interpretation Checke 3w AR S B)
is that the acceleration varies as the distance d e . :
varies. This essentially illustrates the Where @ and bare m'b:trary constants, is & SOINGR
differential equation governing the simple ~ ©F differential q“;t:'m' i
harmonic motion. . Y=+ (d_x) =0
4.4.1 Explicit and Implicit Solution
A solution of a differential equation that can be written in the form y = f(x) is said to be an

explicit solution while a solution of the form f(x,y) = 0 is said to be an implicit solution.
Example 7:

Prove that, for —2 < x < 2, the relation x? 4+ y2 — 4 = 0 is an implicit solution of differential
equation:

L. A
dx ¥
Solution: Given equation is: 5
x*+y?—4=0 ®
By implicit differentiation, we have:
dy _ L2 A
2x + Z}'E =0 =. == y

Note: The relation x2 4+ y2 — 4 = 0 in this example defines two explicit differentiable
functions y=v4—x? and y=-V4—x2 in the interval (-2, 2).
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44.2 Number of Solutions

A given differential equation usually possesses an infinite number of solutions. e.g.,

(i) For any value of ¢, the function y = f+ 1 is a solution of the first order differential
equation:

:%-Py: 1 on the interval (0, o)
The solution y = =+ 1 represents infinite number of solutions for various values of ¢.
In particular, for c = 0, we obtain a constant solution y = 1.
.{ii) The functions y = ¢, cos4x and y = ¢, sin4x where ¢; and ¢; are arbitrary constants,
are solutions of the differential equation:
y'+16y =0
Itis to be noted that the sum of solutions y = ¢, cos4x and Y = €3 sindx:

¥ = €3 cos4x + ¢, sindx
is also a solution of differential equation y"' + 16y = 0.

| i S —

1. Find the order and degree of each of differential equations.
(i) (1—=2x)y" —4xy'+5y = cosx (i) y'+2y=1+x?

(iii) (}'")3"3P’+2?=1 (iv) O'P-y"+2=0
® y2+(2) =0 o) 2= f1+(2)
(vii) 3 2 — 3“’++ ) +4xy—3y=0

2. Eliminate the arbitrary constants from the equations.

(i) y=ae*+be *+c¢ (i) y=cos(x+b)
' (i) y=mx+c (iv) y=bx?+2ax
3. Verify that the indicated function is a solution of Ilm given differential equation.
(i 2Zy'+y=0 ; y*—ez
(ii) *:;—2}'=23" ; y = 3% 4 10e**
(iii) y" =254+ y? : y = Stan5x
(iv) y'+y=sinx ; ]r=§slnx——;-cusx+ 10e~*
(v) x%dy—2dx=0 y y=—$+6



(vi) }"—%}'=1 g y=xlnx,x>0
4. Find the order and degree, if defined, for the differential equation dy — sinx dx = 0.
5. Verify that the function y = a cos x + b sin x, where, a, b € R, is a solution of the

differential equation g +y=0.
6. Show that y; = x* and y, = x* are both solutions of:
x2y" —4xy' + 6y =0 .
() Are cyy; and ¢y, alsoasolution?  (if) Checkiif y;+ ¥, is also a solution. |

4.5 Solution of Differential Equation

We know that the solution of an algebraic equation say, x> — 5x + 6 = 0 , is the value of x that
satisfies the given equation.

But the solution of a differential equation say, y dy = x dx , means to remove derivative from the
given differential equation by using some technique/procedure. All these techniques involve
integration. After removing derivative, the dependent variable y in terms of independent variable
x (explicit: y = f(x) or implicit: g(x, y) = 0) willbethe solution of differential equation.

4.5.1 Solution of Differential Equations of First Order and First Degree

To solve the first-order differential equation of first degree, some standard forms are available to get
the general solution. Some of them are:

+ Variableseparable differential equations

« Reducible into the variable separable differential equations
» Homogeneous differential equations

« Equations reducible to homogeneous differential equations
(i) Variable Separable Differential Equations

A first order differential equation of the form:

2 = F@)

whmfhﬁcﬁmcﬁmut‘xonlycmdgismeﬁmcﬁunufymly.iuaidmbcscpamhlnnrmhave
separable variables.

For example, the equation % = y3xe?**7 is separable. We can write it as:
d
2 = @) %) = f()90)

The equation lfr’1:=:.r+slm: is not separable. We canmot write y + sinx in the form of
f(xX)g().
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Example 8: Solve 2% = =

Solution: We first separate the variables of given equation as follows:
ydy = x%dx

Integrating both sides, we have:

= 3y?=2xl4¢ (c = 6¢y)
Note: To avoid lengthy process, we write constant at one side only.
Example 9: Solve (1 + x)dy —ydx =0
Solution: The given equation can be written as:

(1+x)dy = ydx
dy _ dx
¥ 1+x

Integrating both sides, we have:
[ (L o Iny = In(x+ 1)+ Inc
= Iny= In[c(x+1)]
Taking antilog on both sides, we have:

y=c(x+1)
dy 1 '
Example 10: Solve e
Selution: The given equation is:
dy 1 1
. dx  xtany ” tan}'dy—;dx
Jtanydy = fi-dx = " —=In(cosy) = Inx + Inc
= O0=n(cosy)+Ilnx+Inc = In(cxcosy) =0
= glnl(cxcosy) - o0 =5 cxcosy =1
=  xcosy = xcosy=C ; {;:-=C)

(ii) Initial Condition and Initial Value Problem (IVP)

We have observed that general solution of differential equation contains the same number of
arbitrary constants as is the order of differential equation. Sometimes we need to find the solution of
DE subject to the supplementary conditions. : |
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Suppose we want to find the solution of differential equation %’ = f(x,y) subject to conditions
y = Yo at x = x,. If we substitute x = x, and y = y,, in the solution of §=f(x.y} then we get
a particular value of constant obtained in the general solution. Thus, a particular solution is
obtained with the choice of some values of variables given in the differential equation. We call
y(xo) = yo as initial condition and the differential equation of £ = f(x,y) becomes an initial
value problem as follows:

:—:' = f(x,y), ¥(x0) = o

Example 11: Solve the initial value problem: % = —f, y(1)=3
Solution: The given equation can be written as:

ydy = —x dx
Integrating both sides, we get:
[ydy=[-xdx = L=-F+c = x+yi=2c i)
Using the initial condition i.e. x = 1,y = 3 in equation (i), we get:
1243%2= 2¢ = 2c=10 % ¢=5

Substituting the value of ¢ in equation (i), we get:
x*+y?=2x5 = x*+y*=10
Which is a solution of initial value problem representing a circle with centre (0, 0) and
radius v10.
Example 12; Solve === 2x suchthat y(2) = 4.
Solutlon: Given equation can be written as:
dy = 2x dx
Integrating both sides, we get:
fdy=f2xdx = y=2(Z)+c = y-x*=c @)
Using x = 2,y = 4 in equation (i), we get:
4-22=¢ = c=0
Substituting the value of ¢ in equation (i), we get:
y—x2=0 (ii)
Which is a solution of initial value problem.
Note: The general solution (i) represents a family of parabolas for different values of ¢ whereas
the particular solution (ii) represents a member of family that passes through (2, 4).

" Show that the solution of differential cquation &2 = 2 represnts a family of parallel lines.
Draw some of parallel lines. Also solve differential equation for initial condition y (0) = 1.




Slove the differential equations by separating the variables.

1. f—1:=—'+, 2. z:—i=4y 3. %=:—:

4. 2= gxtdy 5. ZoXX 6. 2y(x+1)dy = xdx
T :x_r + y*sinx =0 8. (sinx + cosx)dx = coty cosx dy

Solve the initial value problems.

9. % =cosx ; y(0)=1 10. 2:—: =4xe* ; y(0)=2

11. :_:+(%)}r=ﬂ ¢ y(1)=1 12. §+ytan2x=ﬂ i y(0)=2
13 Z=yzia ; yO0)=-2 14. (1-x)dy+ytdx=0 ; y(0)=2
15, 2(y = 1)dy = (3x* + 4x + 2)dx ; y(0) = -1

4.6 Homogeneous First order Differential Equations

Before considering a homogeneous differential equation of first order, we need to recall a
homogeneous function.

4.6.1 Homogeneous Funetion
Ifa function f has the property that:
f(tx,ty) = t"f(x,y)
where te K, neR. Then f is said to be a homogenous function of degree n.

Example 13; Check whether the function

O feN=Vx¥+y?  G) fy)=x*+y*+2 (i) (xy)=5+4
are homogeneous or not. If homogeneous then find degree.

Solution:

W fley) =Ty pl e mm———
Replacing x with tx and y with ty, we have: Check whether the functions are
flex,ty) = J&x)® + (ty)® = J3%° + t3y3 Mmm

= 8/FFP = () @ fry)=x?=3xy+y?
®) fy)=x—[xy+5y

* f(x,y) is homogeneous function of degree % ER
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(@) fy)=x*+y*+2
flx,ty) = (tx)? +(ty)* +2= 2x2 +t2y? + 2= 2f(x,y)
=~ f(x,¥) is not homogeneous function.
i) f(xy)=2+4
. o -
faxty) = ;=44 = —+4=1"f(xy)
= f(x,y) is homogeneous function of degree 0.
4,62 Homogeneous Differential Equations
A differential equation of the form:
M(x,y)dx + N(x,y)dy = 0 )]
is said to be homogeneous if both M and N are homogeneous functions of the same degree.
In other words, differential equation (1) is homogeneous if
M(tx,ty) =t"M(x,y) and N(tx,ty)=t"N(x,y)
have the same degree n. The differential equation can be reduced to separable variables by either

substituting ¥ = ux or x = vy, where u and v are new dependent variables. In particular, if we
choose y = ux, then:

ay du =
Ut or dy=udx+xdu
Hence the differential equation becomes:

P(x,ux)dx + Q(x, ux)[udx + xdu] = 0
= x"P(1,w)dx + x"Q(1, u)[udx + xdu] = 0

= [P(1,u)dx + uQ (1, u)]dx + xQ(1,u)du = 0

dx Q(1u)du _
? ¥ P(1u)dx+u@(1,u) =9 @

=

Key Facts
I « To solve homogeneous differential equations, we have to write out whole procedure
for each problem. Therefore, it is not recommended to follow the equation (2) as a
formula.

| « Thesubstitution x = vy also leads to aseparable differential equation.
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3 dy _x*+y?
Example 14: Solve e

Solution: Putting y = wx in the given differential equation, we have 2% = u + x 3=
Therefore, given differential equation leads to:

u+rﬂ_x‘+u’r’ - i du _ 14u?
dx  2xux dx  2u
du _ 1+u? du  1-u? 2u dx
= ™ T,y w RN » e
Integrating, we get

~in(1-u¥)=Ilhx+Ilnc = In(l1—-ud)+Inx+Ilnc=0
= Infex(1-u?)]=0
Taking antilog, we have:
cx(1—u?)=1 = c::(l —::—: =1 .... (r:plnc'mguhyf)

= cx ;:':)=1 = x’-y==§- = x2-yl=(Cx (==¢C)

Example 15: Solve the initial value problem:
r%=}r+xe§ sy =1
Selution: Given equation is homogeneous of degree zero and can be rewritten as:

£
Z=lier; y)=1

Substituting y = ux in the given differential equation, we have <% = u + x5
Therefore, given differential equation becomes:

o=

du _ux 2 du _ u
Utx—a=+tex = u+x“—ufe

= e'“du=-?— = j'e"“du=f%
= =—e"=hx+c = —ef=Inx+c (i)
Substituting, x = 1, y = 1 in equation (i), we have:
- —e'=Inl+c = c=-—e!
Therefore, (i) leads to:

o = X
—e r=Inx—e"1 = e l_p¢"x=|nx
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Check whether the functions are homogeneous or not. If homogeneous then find degree.
L fen=6xy*-x** 2. fy)=x*-y 3. fxy)=2L-7

xty
Solve the homogeneous differential equations.
4, (x—y)dx+xdy=0 5. ydx—(y—-x)dy=0 "
. S .. dy _ y*+yx dy _ _ ¥ i
6. dxr x+y 7. de ~ x2 8. dx  x4y3y
ﬂ_:lr’i*}*’ dy _ x+3y
Y EE e 10. dx  3x+y .

11. [y+xcnte)]dx—xdy=u

Solve the initial value problems.

iy 4. _ .5, W
2. xy*Z=y>-x%; y(1) =2
13.  (x*+2y®)dx = xydy; y(1)=1
14. 2x? '-E- =3xy+y?; y(1) =-2

15. (x+}re§) dx —-xeidy= 0; y@@)=0

4.7 Applications of Differential Equations

Differential equations can be applied in solving problems arising in engineering and physical
sciences such as physics, chemistry, biology and economics etc.

First order ordinary differential equations are used to calculate the movement or flow of electricity,
motion of a pendulum and a falling object, to explain thermodynamics concepts and population
growth etc. Also, in medical terms, they are used to check the growth of diseases in graphical
representation.

Example 16:

A ball is thrown downward from a tower having height 20m. Develop a differential equation
representing the flow phenomenon and find the velocity of the ball after | second. Also find the
velocity with which the ball hits the ground. Neglect the air resistance.

Solution: For downward motion, acceleration a = 4 can be written as:

dt
dv
=4 o dv = gdt

That is required differential equation.
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Now, integrating both sides, we get - —

wmgta A thermometer showing the
Att =0,v = 0, the constant ¢; = 0. temperature of 20°C indoors is placed
Thus, v =gt ...... (i) outdoors. After 8 minutes it reads 25°C
Suhstimting the values, and EﬂEl: another 8§ minutes it l'ﬁlﬂd-i
= B 30°C. Using Newton's law of cooling,
v=98x1=9.8m/s find the outdoors temperature,
Which is velocity of the ball after 1 second.

Now from (i)
£ = gt where §is the distance covered by the ball.
dS = gtdt
Integrating both sides, se have:
s= %+Q ....... (i)
Att = 0,5 = 0, therefore from (ii), c; = 0.
and, S= 3:2—: implies
20 = 98x5 or t= 202sec

Now from (i)
v =9.8x202=198m/s

Thus, the velocity with which the ball hits the ground is 19.8m/s.

Example17;
According to Newton, cooling of a hot body is proportional to the temperature difference between its

temperature T and the temperature T, of its surrounding medium. Ifa body at 90°C is allowed to cool
in air with temperature 30°C and if it is observed after 5 min the body has cooled to 70°C, find the
temperature of the body as a function of time.

Solution: The mathematical formulation of Newton’s law of cooling in this problem is:

dr
d_t o (T — Tu) ............ (l)

Introducing & proportionality constant k > 0, the above equation can be written as:
% = k(T — Tn) TR HH-{Z}

Here, T is the temperature of the body and ¢ is the time, Ty is the temperature of the surrounding

and % is the rate of cooling of the body. Substituting, T, = 30° in equation (2), we get:

4 k(- i
T=k(T-30) = =kt
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Integrating both sides, we get:
In(T — 30) = kt + Inc  where c is the constant of integration.
In(T —30) =Ine** +Inc = In(T —30) = In(ce**)
Taking antilog, we get:
T—30=ce®* ... (3)
Imposing the initial condition T'(0) = 90°, we find:
90-30=c = ¢=60

Therefore (3) implies:
T—-30=60e* = T=60e"+30........... (4) =
To find the value of constant k, we use the second condition T(5) = 70° in (4).
70 = 60e%% +30 = 60e5 =40 = =2 i

sk=tn(3) = k=3mn(3)=-0081
Substituting the value of k in relation (4), we have:

T = 60e~%981¢ 4 30
Which shows the temperature of the body as a function of time.

TR B 44 Sl e

1. Thomas Malthus in 1798 proved that increase in population of a country or a city at a certain
time is proportional to the total population of the country at that time (% ot P). If at present
the population of city A is 20 million and after 4 years, it is expected to be 25 million, what
would be the population of that city after 12 years?

2. Ayesha was preparing a pizza in a baking oven. She observed that temperature of the cooked
pizza was 150°C. Four minutes after removing from the oven, the temperature of pizza was
90°C. How long will it take to cool off to a temperature 0of 40°C if room temperature is 20°C?

3. In a culture, the rate of growth of bacteria is proportional to the population present. If the
population of bacteria becomes four times in two days, how much the population would be
after ten days at the same rate if the initial population was 207

4. Most of the radioactive substances disintegrate at the rate proportional to the amount present.
If the amount of a radioactive substances is 50 grams and its half life is 1000 years, find the
amount of substance present after 800 years.

5. A thermometer showing room temperature of 80°F is placed on a block of ice with a
temperature of 30°F. After one minute the temperature of thermometer is 40°F. How long will
it take for the thermometer to have a temperature of 70°F?

6. A ball is thrown upward with a velocity of 40m/s. Develop a differential equation

| representing the flow phenomenon and find the velocity of the ball after 1 second. Also find
the maximum height attained by the ball. Neglect the air resistance. '
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B Review Exercise

1. Select the correct option in the following.
4
(i) The order of differential equation x53—2 (%) +y =0, is:

(a) 1 (b) 2 (c) 3 (d 4
(ii) The degree of differential equation E-:-E— + 9y? = sinx, is:

(@ 0 ®) 1 © 2 d 3
(iif) y =8 is a solution of the differential equation:

(a) -—+Ey 32 ® Z+6y=32

© =+ 5}' 32 &) Z+4y=32
(iv) f(x, y) = "3 is a homogeneous function of degree:

(a) 1 (b) 2 (c) 3 (d) 4

(v) The solution of the differential equation dy = dx is:
(@) y=x+c¢ b) y=x%+c¢ (©) y¥’=x*+¢c (d) y’=x+c
(vi) The number of arbitrary constants present in the general solution of a differential
equation of first order is:

(a) 1 (b) 2 (c) 3 (d 0
(vii) The differential equation :—: = e**Y has solution:
(@ e =c (b) e*+e¥ =c (c) e*+e” =c¢ (d) e*+e™¥ =c

(viii) The general solution of y?dy — x%dx = 0 is:

(@ x*=y*=c () ¥*+y*=c (¢) ¥*—-y*=c¢ d x*+y*=c
(ix) The solution of cosx siny dx + sinx cosy dy = 0 is:

(a) sinxcosy =c¢ (b) cosxcosy =c (c) cosxsiny=c¢ (d) sinxsiny=c¢
(x) Which of the following cannot be the order of differential equation?

(a) -1 (b) 1 ; (c) 10 (d) 100
' 2. Find the order and degree of the differential equations.
@) x(g)z +2/xy2L+y=0 (i) Z=J1+ "":]4

3. Verify that the indicated function is a solution of the given differential equation.
M) 22Z+y=0;y=e": (ii) ‘—-"'+zny=z4;y=f—-§e"=“*’
(i) Z£=25+y%; y=5tanSx (iv) x2dy+2xydx=0;y=

I

4. Solve the differential equations.

M P=xix  G0) (D Z4asine (i) L= 0y =2




KINEMATICS OF MOTION IN
A STRAIGHT LINE

After studying this unit, students will be able to:

« Recognize distance and speed as scalar quantities, displacement, velocity and
acceleration as vector quantities,

» Sketchand interpret displacement-time graph and velocity time graph.

» Use differentiation and integration with respect to time to solve simple problems
concerning displacement, velocity and acceleration.

« Use appropriate formula for motion with constant acceleration in a straight line.

* Apply the concept of mechanics to real life problems such as motion of vehicle on roads,
projectile motion, free fall motion, relative motion animation.

» Explain the need for a vector valued function.

« Construct vector valued function.

* Identify domain and range of vector valued functions.

*. Identify difference between scalar and vector valued functions.

+ Explain derivative of a vector function of a single variable and elaborate the result.
Apply vector differentiation to calculate velocity and acceleration of a position vector.

* Apply concepts of vector valued functions to real life word problems (such as
engineering and transportation).

We see leaves falling from trees, movement of rockets and
water flowing from the river. We walk, we run, we drive a car
these are the activities that we carry out in our day-to-day life.
These activities can be defined as motion. Motion is the change
in position or orientation of a body. For example, a body on the
surface of the Earth may appear to be at rest, but that is only
because the observer is also on the surface of the Earth. The
Earth itself, together with both the body and the observer, is

mﬂ‘:"ing if" its orbit around the Sun and rotating on its own axis at
all times in the same way.
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5.1 Scalar and Vector Quantities

Physical quantities are divided into two categories, scalars and vectors. If only a magnitude is
required to express a quantity, then the quantity is known as scalar and if both magnitude and
direction are required to express a quantity then the quantity is known as vector quantity, e.g. time,
distance, mass are scalars and velocity, acceleration, weight are vectors.

5.1.1 Distance

Distance is a scalar quantity since it only describes how much path is covered by a moving object
regardless of direction. For example, you travel 3Km due north and then Zkm due west then the total
path covered is Skm.

5.1.2 Speed

Speed is also a scalar quantity since it represents how fast an object is moving regardless of its
direction. For example, if you drive a car at the speed of 50km/hr it represents how fast you are
moving no matter you are moving in which direction.

5.1.3 Displacement B
Change in position of an object is known as displacement. Itisa
vector quantity because it includes both the magnitude i.e.
distance between the initial position and final position and the
direction i.e. straight path from the initial position to the final
position. For example if you move along a curved path going
from A to B then the straight path AB is the displacement. iT— ,
5.1.4 Velocity

Velocity is also a vector quantity, since it describes both how fast and in which direction an object is
moving. In other words, rate of change of displacement with respect to time is called velocity. For
example, a car moving S0km/h due west then its velocity is 50km/h westward.

5.2 Displacement-Time Graph
A moving object has different positions with respect to time. At any time ¢’ what is the position
of object is represented on a graph known as displacement-time graph. While drawing the graph:
« Displacement values are drawn along y-axis (vertical axis)(time dependent quantity).
= « Time is taken along x-axis (horizontal axis)(independant quantity).

Note that independent values are taken along x-axis and the dependent values along y-axis.
5.2.1 Displacement-Time Graph for Uniform Motion

. This is the graph between the displacement and the time when the motion of object is uniform.
This graph is always a straight line and slope of this line is non-zero.

-axis F-axis _
time —> *
M 3 x-axis
5 d,ﬂ* ‘\- Here are some key points
5 % about the displacement-time
o time —3 *:ﬂu gﬂph.
FaREIm Slope Negative slope
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5.2.2 Slope of Displacement-time Graph

Let after time ‘t’ the object moving with uniform
speed is at point ‘P’ where its displacement is ‘d’.
From figure slope of the gmph=%.

By definition, ratio of displacement d with time ‘¢’
is velocity of the object. Therefore:

Slope of graph = velocity of the object

¢ >A X-axis :
Since time is always non-negative and the displacement may be positive or negative.

Therefore, slope may be positive or negative. Greater the value of slope means higher the velocity -
(+ve or-ve ) of the object and smaller the value of slope means lower the velocity of object. If slope

of the graph is zero (line is horizontal), then velocity of the object is zero.
5.2.3 Direction of Slope

If slope is positive, it indicates that particle is moving in the positive (anti-clockwise) direction and

the negative slope indicates that particle is moving in the negative (clockwise) direction.

+ "

? y-axis 4 y-axis
B 0 time
[ =4
E G
£ :
& €

- =
(0] time — X-axis "
Positive slope Negative slope

5.24 Velocity-Time Graph
The velocity time graph is the graph plotted between the
velocity of the particle with the passage of time. From the
graph we can extract various kinds of information e.g.
velocity and speed of particle at any time ¢, distance
travelled by the particle, acceleration, average speed and
average velocity etc. Velocity is plotted along y-axis and i
time along x-axis. v P X-axis
When the particle is moving with constant velocity then the
graph is a horizontal line. Constant velocity means for
different values of time the velocity is same. ,

‘ Abody is said to have a uniform acceleration if its velocity is changing by an equal amount in equal
intervals of time.

Velocity

Qo



__ UNIT-05: KINEMATICS OFMOTIONINASTRAIGHT LINE *
In the case when body is moving with uniform acceleration the velocity-time graph is along a

non-horizontal and non-vertical line.

A y-axis y-axis

g

2 g

> ®

=
' > >
@ time —> X-axis 0 time —> X-axis
o Positive acceleration Negative acceleration

5.2.5 Slopeof Velocity-Time Graph y-axis 4
Case I: When velocity is constant.
As we know that when velocity is constant then the %"
graphis along a horizontal line so its slope is zero. ‘g
Case I1: When acceleration is uniform. "
For the particle which is moving with the uniform ' Time (t) X-axis

acceleration the graph is non-horizontal and non-
vertical line. Consider any of the case with y-axi A

- - # -ms
positive or negative acceleration. A : $ -
Let at time t, the velocity is v, and at time ¢, S : RaemesnassssC T
velocityisv, g et
From figure slope of lin =% E II"‘-l.:'. =t ' V2
_Y2=¥1 _ Changein velocity _ Bl e al
e~ Ganglitae acceleration o f;z 9 R-8X16

Thus, slope of the graph of velocity-time graph is the acceleration of the particle.

Area between the Graph and the X-axis

Thearea between the graph and the x-axis gives the displacement of the particle in that interval of the
Example 1:

Draw the velocity-time graph of a moving particle with given data. Find its acceleration and
retardation. Also find its displacement in the time interval 2 sec to 5 sec.

Time=tsec |0 |1 |2 |3 (45
Velocity=vms| 2 [ 5 |8 (8| 8|4 ] 0

o
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Solution:

From the graph it is clear that particle is
accelerating from point A to C as its velocity is
increasing G with the passage of time.

LCHT LINE /SSsrsne Sranunec

%
:

Velocity m/sec

= b L fa s On =] 8

o
L= ]
("]
=
A

f -
§+
£

For the slope of line |AC| take any two points
on the line say B and C and draw horizontal
line through B and vertical line through C
intersecting at point L.

Velocity mfsec

e LT R T -

acceleration = slope of [AC|

_letl _8-5 _ 2
= 3m/sec

3 4 5 6 x-axis
time (sec)
From the graph it is clear that particle motion is retarding from E to G as the velocity of the particle is
decreasing with the passage of time. Draw a horizontal line through F and a vertical line through E

=]
a

meeting at M.
0-8 -8
Slope of EG = e T -4

Thus, retardation = —4m/sec?
Displacement of the particle from
t=2 sec to t =5 sec is the area between
the graph and the x-axis. 0 I

Velocity m/sec
— e L e LA O =l B

This is area of the region PCEFQ.
Displacement = area of the region PCEFQ
= Area of rectangle PQFT + Area of rectangle TSEC

+ Area of triangle FSE
1
= (1PQI % [PT) + (ITS| X [TCI) + (1SF| X ISED
|

Velocity m/sec
-— ki e A S~ EE

=(3x4)+(zx4)+§{1x+) =1248+2=22

o

Displacement Function

A function which gives the displacement of moving particle at any time ‘¢’ is known as displacement
| functione.g. S(¢) = 3t* + 6t + 1. Att = 0;5(0) =0+0+1=1 is the position of the particle
] andatt=3:5(3)=3(3)" +6(3)+ 1= 46 so the displaccment of the particleatt=3 is_‘!ﬁ- 1=45.



1. A cyclist rides in a straight line for 20 minutes. He waits for half an hour, then returns ina
straight line to his starting point in 15 minutes. This is a displacement-time graph for his

journey. —— A

(i) Work out the average velocity for each _E[ X
stage of the journey in km/h. *E‘E—| . \

(ii) Write down the average velocity for the §3 ; e S S e
whole journey. ' f_ == i

(iii) Work out the average speed for the whole 05’ 1|D ;-fu o s w\cm-%
journey. Time (minutes)

2. Thisis a displacement-time graph for a car travelling along a straight road. The journey is

divided into 5 stages labelled Ato E. [ —— .

(i) Workout the average velocity for each E:ﬁ. % ik 0w L % 0 _f__
stage of the journey. oo 1 S IS |

(ii) State the average velocity for the whole § eo|—S—¢ N\
journey o I

(iii) Workout the average speed for the whole o F i e I O O D
jﬁumcy. ?Jﬂ 10 1030 %&ﬂﬂ;‘;:&d?m 13 1330

3. Fatima left home at 10:00 and cycled north-cast in a straight line. The diagram shows a
displacement time graph for her journey.

(i) Find the Fatima's velocity between 10:00
and 11:00.
On her return journey, Fatima continued
passed her home before retuming.

(ii) Estimate the time that Fatima passed her
home.

(iii) Find Fatima's velocity for each of the last

- two stages for her journey.

(iv) Calculate Fatima's average speed for h-nr
entire journey.

4. An electric train starts from the rest at a station 4 and moves along a straight level track.
The train accelerates uniformly at 0.4 m/s’ to a speed of 16 m/s. The speed is then
maintained for a displacement of 2000 m. Finally the train retards uniformly for 20 s
before coming to rest at a station B. For this journey from A to B,

(i) Find the total time taken

(ii) Find the displacement from4 to B

(iii) Sketch the displacement-time graph, showing clearly the shape of the graph for
each stage of the journey.

i ) S . S
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5. Using the following data, draw time-displacement graph for a moving object.

Time(s) 0 2 4 6 8 10 12 14 16
Displacement(m) | 0 2 4 4 4 6 4 2 0

Use the graph to find average velocity for first 4 5, for next 4 s and for last 6 s and the total
displacement. :

6. Ahmed leaves home at 11 am. He cycles at a speed of 16 km/h for 90 minutes. He stops for
halfan hour. Ahmed then cycles home and arrives at 3 pm.

(i) Draw adisplacement-time graph to show Ahmed's journey.

(ii) What is Ahmed's average speed on the return part of his cycle.,

7. Dabeerleaves at 14:00. He drives at an average speed of 14 kan/h for 3 % hours.

Dabeer stops the journey for 30 minutes. He then drives home at 70 km/h.
Draw a displacement-time graph to show Dabeer’s journey.

8. A helicopter leaves Islamabad at 09:00. It flies for 45 minutes at 80 km/h. It lands for 20
minutes. The helicopter then returns to its base in Islamabad, flying at 100 km/h. Draw a
displacement-time graph to show the journey.

9. The diagram shows the velocity-time graph of the motion of an athlete running along a
straight track.

4v(m/s)
For the first 4 5, he accelerates uniformly from rest to
avelocity of 9 m/s. T
This velocity is then maintained for a further &s.
Find: (i) therateatwhich the athlete accelerates.
(ii) the displacement from the starting point >
of the athlete after 12s. 0 4 12 ()

10. The diagram shows the velocity-time of the motion of a cyclist riding along a straight
road. He accelerates uniformly from rest to 8 m/s in 20 5. He then travels at a constant
velocity of 8 m/s for 40 5. Then he decelerates uniformly torestin 15 s. Find:

(i) The acceleration of the cyclist in the first 20 5 of

motion. E\
(ii) The deceleration of the cyclist in the last 155 of : .
motion. o| 20 60 75 t(s)

(iii)The displacement from the starting point of the cyclist after 75 5.

11. A particle moves 100 m in a straight line. The
diagram is a sketch of velocity-time graph of |
the motion of particle. The particle starts with
velocity u# m/s and accelerates to a velocity of 10 m/s. o
The velocity of 10 m/s is maintained for 7s and then

'!
é (4 [{I

0 R
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the particle decelerates to rest in a further 2 5. Find: ,
(i) The valueofa. _ 3
(ii) The acceleration of the particle in the first part of the motion.

12. A car is moving along a straight road. When ¢ = 0 s, the car passes a point A with velocity
10 m/s and this velocity is maintained until £= 30 5. The driver then applies the brakes and
the car decelerates uniformly, coming to rest at point B when t=42 .
(i) Sketchavelocity-time graph to illustrate the motion of the car.
(i1) Find the distance from 4 to B.

13. A particle moves along a straight line. The particle accelerates from rest to a velocity of
20 m/s in 155. The particle then moves at a constant velocity of 20 m/s for a period of time.

The particle then decelerates uniformly to rest. The period of time for which the particle is
travelling at a constant velocity is 4 times the period of time for which itdecelerating.

(i) Sketcha velocity-time graph to illustrate the motion of the particle.

Given that the displacement from the starting point of the particle afier it comes to rest
is480m.

(ii) Find the total time for which the particle is moving.
14. Amotorcyclist M leaves a road junction attime ¢t =0 5. He accelerates from rest at a rate
of 3 m/s’ for 8 s and then maintains the velocity he has reached. A car C leaves the same

road junction as M at time ¢ =0 5. The car accelerates from rest to 30 /s in 20 s and then
maintains a velocity of 30 m/s. C passes M as they both passa pedestrian.

(i) Onthesame diagram, sketch velocity-time graphs to illustrate the motion of Mand C.
(ii) Find the distance of the pedestrian from the road junction.

5.3 Velocity as Derivative of Displacement Function
Let a particle be moving and its position can be determined by the displacement function S,
By definition velocity is the time rate of change of displacement. So we may write:

v = velocity = -ﬂ

dt
This gives us the instantaneous velocity of the particle at time t’. For a particular value of ‘¢’
we will get the velocity of the particle at that particular time.
Example 2: A particle is moving such that its position can be determined by the function
§= t* + 2sint. Find its velocity at any time ‘¢’ Also find its initial velocity and velocity at

time ¢ = = (S is in meters and ¢ is in seconds).

Solution:
The position function (Displacement function) is
5 = t? + 2sint
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Differentiate it w.r.t ‘t’

dS 26+ 2cost
dt e
v(t) = 2t + 2cost D)

(1) shows the velocity of the particle at any time ‘t’. To find the initial velocity put t = 0 in (1).

v(0) = 2(0) + 2cos 0 = 2m/sec
Now put t = E in(l).

n 1y 2m 2n+3
(") 2(")+2cus—=-3— 2(3) =5 +1="5—m/sec ;
Which is the velocity of the particle at t = ;.
5.3.1 Acceleration as Derivative of Velocity and Displacement *

Let the position of the moving particle at any time ‘t” be determined by the function S(t).
By definition the acceleration of a particle is the rate of change of velocity w.r.t time; so

dv
a = acceleration = —

dt
Which is acceleration is a derivative of its velocity.

ds

As we know that v = v Hence a = _(dt) F is the acceleration as
derivative of its displacement.
Example 3: The position function of a moving particle is given by 5 = VE+In(t+1).
Find the velocity and acceleration of the particle at any instant of time *t". Also find its velocity
and acceleration at t = 1 and t = 4. Here S is measured in meters and time in seconds.
Solution:
Given that § =T+ In(t+1)
Differentiate w.r.t ‘t"

ds 1 1 1

— I _i

dt 2 t+1

1 1
v(0) ==+ )

Equation (1) shows the velocity of the particle at any time ‘t’. Differentiate (1) w.r.t °t".
L T R )
dt 4 (t+1)2

Which is the acceleration of the particle at any time ‘¢’

Velocity at t = 1

Putt = 1in Eq. (1).

Velocity at t = 4
Putt = 4 in Eq. (1).




Accelerationatt =1
Put t = 1in Eq. (2).

1 1 1
e Lu)% Taw 1)‘] SE i

Accelerationatt = 4
Putt = 4 in Eq. (2).

sy == L(ﬂi (4+1)] (32 25 '_ﬁﬁ"‘m‘z

53.2 Displacement as an Integral of Velocity

As we know that for a moving particle
dS —
e
Integrating both sides w.r.t ‘t"

f-—-dt = I vdt
S=jv#

5.4 Velocity as Integral of Acceleration

For a moving particle we have:
dll'
dt =
Integrating both sides w.r.t ‘t’, we have:
dv
"E dt = j

P=Indt

Example 4: The acceleration of a moving particle at any time ‘t’ is given by
a = 24t + cost
Find its velocity and position at any time ‘t". Given thatat t = 0; v = 0 and gu=§;5 -

Solution:
=Ia dt

Given that a = 24t + cost
= v = [(24t + cost)dt + A = 12¢* +sint + A
Where A is constant of integration.

. 14
=
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Itis given thatat £ = 0; v = 0, s0
0 = 12(0)? +sin(0) + A

= A=0

Hence v = 12t? + sint
Which is the velocity of the particle at any time ‘t”.
Also 5= [v(t)dt

- S= [(12¢? + sint)de

S=4t—cost +B
Where B is constant of integration. 5

< n &
Given thatat t = E;S - therefore

n3 1y 3
?= 4(—2-) —_cns(;)+ﬂ
= B=0
Hence S = 4¢3 — cost
Which is the position of particle at any time “t’".
5.5 Application of Mechanics in Real Life Situation
Example §:
A stone is projected vertically upwards with a velocity of 10m/sec. Find the height attained
by the stone at any time ‘t’. When will it attain its maximum height? Also find the maximum
height attained by the stone and the total distance travelled when it hits the ground.

Solution:
Since the stone is thrown vertically upwards. So a = —g m/sec?.
Since, v=[adt

v=[—gdt =—gt+A
Given that at t = 0;V = 10m/sec therefore

10=—-g(0) + 4
= A =10
Thus, p =—gt+10
Which is the velocity of the stone at any time “¢t’. a
Also S =[vdt
= S = [(—gt + 10)dt
= S =—§gc2+1u:+ﬂ

At £t =0;5 = 0, therefore:
0=0+0+B= B=0

Hence, S =—3gt?+10t
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Which is the height attained by the stone at any time ‘t’. Now when stone attains its
maximum height its velocity becomes zero. i.c.

—gt+10=10
10
= t = —sec
9

Which is the time after that stone attains its maximum height. Put the value of t in

§ =—2gt? +10¢.

1 f10y2 10
T s=-20(3) +10(Z
50 100 50
= —— —_— =
g g g

. : n . 50
Thus, stone will attain a maximum height of 3 meters.

Total distance travelled by the stone = distance travelled in upward direction
+ distance travelled in downwards direction
_ 50, 50 _ 100

— i —

a g g

IR hnorcise 5.2 e ———

1. A projectile is launched vertically upward from an initial height of 129 ft with an initial
velocity of 87 ft/s.
(1) What are the position, velocity, and acceleration functions?
(i) When will the projectile hit the ground?
(iii) What is its impact velocity?
(iv) When will the projectile reach its maximum height?
(v) What is the maximum height of projectile?

2. An object has its position defined by S = t* — 9t? + 24t + 20 in feet.
(i) What are the velocity and acceleration functions?
(ii) What are the position and velocity of the object when its acceleration is
—6.5ft/s*?
(iii) Find the displacement and the total distance travelled by the particle from
t= 15stot = 7s.

3. A person is standing on top of the Meinar-e-Pakistan and throws a ball directly upward
with an initial velocity of 96 ft/s. The Meinar-e-Pakistan is 176 ft high.
(i) What are the functions for position, velocity, and acceleration of the ball?
(ii) When does the ball hit the ground and with what velocity?
(iii) How far does the ball travel during its flight?
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4, A particle moves along a line such that its position is:
S= 2t -9t* + 12t — 4, fort =2 0.
(i) Find t for which the distance S is increasing
(ii) Find t for which the velocity is increasing.
(iii) Find t for which the speed of the particle is increasing,
(iv) Find the speed when ¢ = 2.
(v) Find the total distance travelled in the time interval [0, 4].

5. The position of an object moving on a line is given by §= 6t*> — t3,t = 0, where S '
is in metres and ¢ is in seconds. '
(i) Determine the velocity and acceleration of the object at t = 2.
(ii) At what time is the object at rest?
(iii) In which direction is the object moving at t = 557
(iv) When is the object moving in a positive direction?
(v) When does the object return to its initial position?

6. A particle P moves along the x"-axis. The acceleration of P in time ¢ seconds, when t 2 0,
isa =(3t + 5)m/s? in the positive x-direction. When t = 0, the velocity of P
is 2 m/s in the positive x-direction. When ¢ = T, the velocity of P is 6 m/s.
Find the value of T.

7. A particle P moves along the x"-axis. At time t scconds the velocity of P is
v=(3t*—4t +3)m/s.Whent = 0, P is at the origin 0. Find the distance of P from 0
when P is moving with minimum velocity.

8. A particle P moves along the x-axis in a straight line so that, at time t seconds, the

. i Iut‘-’ztz, ﬂ"_:ﬂﬂﬁ‘;
velocity of P isvm/s, wherev = { 432 t>6

i
At t = 0, P is at the origin 0. Find the displacement of P from 0 when:
(i) t = 6s, ' ;
(i1) t = 10s.
9. A particle P moves along the x"-axis, At time t seconds the velocity v of P is increasing
3
in the direction of x-axis given by v = {Bt =3t% 0sts4,
16 — 2¢, t>4
When t = 0, P is at the origin 0. Find:
(i) the greatest speed of P in the interval 0 < ¢ < 4,
(ii) the distance of P from O whent = 4,
(iii) the time at which P is instantaneously at rest for t > 4,
(iv) the total distance travelled by P in the first 10 5 of its motion,
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10. A particle P moves along the x*-axis. The acceleration of P at time t seconds is
a = (4t — 8) m/s*, measured in the increasing direction of x. The velocity of P at time
t seconds is v m/s. Given that v = 6 when t = 0, find:

(i) v in terms oft.
(ii) the distance between the two points where P is instantaneously at rest.

11. A particle P moves along the x*-axis and its acceleration after a given instant ¢ is
given by a = (4t — 9)m/s% t = 0. When ¢t = 1, P is moving with velocity of
—3m/s.

(i) Find the minimum velocity of P.
(ii) Determine the times when P is instantaneously at rest.
(iii) Find the distance travelled by P in the first 43 seconds of its motion.

12. A car moving on a straight road is modelled as a particle moving along the x"-axis,
and its acceleration @ m/s?, after a given instant t, is given by

1
p ={4—;: 0st<8
0 t>0

The car starts from rest.

(i) Find a similar expression for the velocity of the car, as that of its acceleration.
(ii) Find the time it takes for the car to reach its maximum speed.
(iii) Show that the displacement of P form O is given by:

1
% 2t -t 0<t<8
16t — == t>8
(iv) Calculate the time it takes the car to cover the first 1000 m.

13. A particle is moving with constant acceleration a with an initial velocity v; and after

time ¢ it covers a distance S. Prove that:
(i) v=v+at
(i) §=wvt+3ar?
(iii) 2aS= v} — v}

5.6 Vector Valued Function

Vector valued functions provide a useful method for studying various curves both in plane and in
three-dimensional space. We can apply this concept to calculate the velocity, acceleration, arc length
and curvature of an object’s trajectory.

Definition: A vector valued function is a function where the domain is the subset of real numbers

and the range is a vector. In three dimensions r(t) = x(¢)I + y(t)] + z(t)k, where x, y, and = are
the functions of r or may be constants.



The example of the vector valued functions is
r(t) = 3t + t] + (sint)k

5.6.1 Domain and Range of Vector valued Function

The domain of a vector-valued function 7(t) = x(t)i + y(t)j + z(t)k is the set of all t’s for which
all the component functions x(t),y(t) and z(t)are defined. If r(t) is defined in terms of
component functions and the domain is not specified explicitly, then the domain is the intersection
of the domains of the component functions. The range of a vector-valued function is the set of all
possible output values that the function can produce, which are the vectors.

Example 6: Find the domain of r(t) = In|t — 1]i + e'j + Vtk
Solution: Here x(t) = In|t = 1|, y(t)=e* and z(t)= vt
Domain of x(t) is (=0, 1) U (1, o)
Domain of y(t) is (—o0, 00)
Domain of z(t) is [0, =)
Thus, the domain of the function is
((=00,1) U (1,0)} N {(—20, %)} N {[0, %)} = [0,1) U (1, 0)

5.6.2 Construction of Vector Valued Function

Consider a particle is moving in space then its vector function can be constructed by considering it
motion along x-, y- and z-axes. Suppose that the motion of particle along x- and y-axes is in circular
shape and z-axis is changing linearly 3 times with time, then its vector function is given by

r = (cost)i + (sint)j + 3tk
5.6.3 Scalar Valued Function

A function from a vector to some constant is known as scalar valued function.

For example, when we take the magnitude of the vector or the dot product of two same vectors then
the vector valued function becomes a scalar valued function. Let us consider the vector:

r =31+ tf + (sint)k
Its magnitude is |r| = |3t + tf + (sint)k]|
= /3% + t2+ sin?t = /9 + t2+sin? ¢
The value the function V9 + t2+ sin? t also depends on the scalar variable r.
In this case the domain of the function ranges 0 to | Kay Facts

infinity (as we considering ¢ as time) and the . A"::E;;h;i“ﬁmf;::: I:ia;sﬁ':lrz:
range of the function is from 9 to infinity.  Beaig &

axes whereas scalar valued function
5.6,4 Derivative of a Vector Valued Function sives cuo scalar valié:
Aninstantancous rate of change is known as the —
derivative of vector valued function.
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For example, the function represents the positien of an object at a point in time , the derivative
of that function represents its velocity at that time on the same point. Consider a function f(t)
which has three components that is f;(t), fz(t) and f3(t). The function f(t) is said to be
differentiable if all of its three components are differentiable.
F® = AT+ (0] + f(Dk
Then f(t) is differentiable at t = t,, and its derivative is given as
f'(to) = f'1(to)t + f'2(te)] + f'a(ta)k

Or we may write it as

df

E; =ty
Example 7: Find the derivative of the vector function f(t) = 3t*1 + 8tj — tl,E att=3.
Solutlon:* f(t) = 3t%1 + 8tj — =
= £ (3t%)i + - (80)] ‘E(F) k=32 +85 (0] — 5 (tk
4 = 3% 26271148 x 1j — (=3t3")k = 6t1 + 8] + -3t~k

d d
= % Fulto)t + 2 fo(t)] + 2 fo oDk

—-Er:!+3f+ "‘.E

df af —
L dt—a(5)r+aj+(5}‘ﬁ 300+ 8] +——k

5.6.5 Velocity and Acceleration of a Vector Valued Function

The derivative of the vector valued function gives the velocity of the function at the particular point
and if we take again the derivative of the velocity function then it will be acceleration of the function
at the particular point.
Consider the function in space
| f(O = A1+ L)) + f(Ok
Then f(¢) is differentiable at t = t; and its derivative is given as
f'(to) = v(to) = f'1(ta)1 + f'2(£c)] + f'3(to)k  where f'(to) = v(t,)
Which gives the velocity of the function at ¢t = t; and for the acceleration of the function again
we differentiate the velocity function to get the acceleration
d
a(ty) = *d-t‘l’(tu) = f"1(ta)i + f"2 (ta)] + "3 (to)k
Example 8: Find the velocity and acceleration of function f(t) = 2¢*1 + 3t*j — t3katt=1.
Solution:  v(® L f(1) =5t +23e] - £ (e?)
v(t) = 2 x 2ti + 3 x 4t3] — 3t%k = 4ti + 12¢3] — 3¢%k
v(t) = 4ti + 12¢%] — 3e2k
v w(1) = 4(1)i + 12(1)%] — 3(1)%k = 4i + 12 — 3k
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For acceleration we differentiate the velocity:
d d d d
a(t) = = v(t) = - (40)i + -y (12t3)j' == (3t2)§
a(t) =4 X 10+ 12 x 3t?j — 3 x 2tk = 4 + 36t2) — 6tk
a(1) = 41+ 36(1)%] - 6(1)k = 4i + 36] — 6k
1. If 7(t) is the position of the particle. Find its domain and the range at given point.
Also find its first and second derivative.

Lor(@®)=(0+1)i+(*—-1)j+5tk, t=2
i, P() =i+ pj 4k t=-1 .
iii. 7(¢) = e*i+Z2e?j +5e~k, t=1In2
iv. r(t) = (cos2t)i + (3sin2t)j + 5tk, t=0
2. Find the velocity and acceleration of the functionat t =0
i () = (3t +1)i+V3tj +t3k
ii. 7(t) = () 1 + (5 — 16t2)  — 2tk
iii. () = (In(e? + 1))i + (tan~1t)j + V2 + 1k
iv. 7(6) =3 (¢ + D¥2i+ 3 (1 - )¥/% + 5tk
3. Find the scalar valued function in term of the magnitude
i, r(®)=@Bt=7Ni+tj—-t*k
i r(t) = (%) i+ (5 +16t?) ] — 2tk
iii. 7(t) = (In(t? + 1))i + (tant)j + sect k
iv. 7(8) = $(e+ 1321+ 31 - Y2 + 312k

B

1. Choose the right option.
(i)  Which of the following quantities is a vector? ‘
‘(a) Charge (b) Mass (c) Momentum  (d) Time

— :




KINEMATICS OE MOTION IN ASTRAIGHT LINE

JESiER s s o\ LNITIS:

{ii). Which of following is scalar quantity?
| (a) Displacement  (b) Weight (c) Force (d) Work

(iii)  Which of following can be used to determine the magnitude of v:lucit}:r'?
(a) Area under acceleration-time graph
(b) Area under velocity-time graph
(¢) Gradient of an acceleration-time graph
. (d) Gradient of a velocity-time graph
| (iv) The winner of 400 metre race must have the greatest:
. (a) acceleration (b) average speed
(c) instantaneous speed (d) maximum speed
| (v) A car travels 100km. The journey takes two hours. The highest speed of the car
is 80km/h, and the lowest speed 40km/h. What is the average speed for the
journey?
(a) 40km/h (b) 50km/h (c) 60km/h (d) 120km/h
(vi) A car travels 6.0km along a main road in 6.0 minutes. It then travels 2km
along minor road in 6.0 minutes. Which calculation of average speed for the

whole journey is correct?
) Minor road
6.0km 2km
————————— e e ST =
b 6.0 minute 60 miute
Main road
(@) == 0.67 -1 (b}ﬁ—~15—
km

(c) B.04+ 12.0 = zum (d) 8.0 x12.0 = QEE

(vii) Which person is experiencing an acceleration?
(a) A driver of a car that is braking to stop at traffic light.
(b) A passenger in a train that is stationary in a railway station.
(c) A shopper in a large store ascending an escalator (moving stairs) at a
uniform speed.
(d) A skydiver that is falling at a constant speed towards the Earth.
(viii) A child is standing on the platform of station. A train travelling at 30m/s
takes 3.0s to pass the child. What is length of train?
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(ix) A heavy object is released near the surface of earth and falls freely. Air
resistance can be ignored. Which statement about the acceleration of the object
due to gravity is correct?

(a) The acceleration depends on mass of the object.

(b) The acceleration depends on volume of the object.

(c) The acceleration is constant.

(d) The acceleration is initially zero and increases as the object falls.

. The graph shows the movement of a car from point A to point D, D is 500m from A,

note that there are two slant lines AB and CD. The slant lines indicate that car is

moving. The flat line BC indicates that car is stopped or is at rest.

f i

0 10 20 30 40 50 60 7O
Time(s)

(1) Calculate the speed of car during the first 10 seconds

(i)  For how long did the car stop?

(iii)  What is speed of car on its journey from C to D?

(iv)  On which part of the journey did the car travel faster?

(v)  What is average speed of the car for whole journey?

(vi)  What is the average speed of the car for the time it was moving?

. The graph below shows how the speed of an athlete varies during a race.

- A

s

5. \
=,

% 2 4 6 8 10 12 14 16

Time(s)
(i) Calculate the acceleration of athlete during the first 4 second.
(i)  What was the athlete doing between the 4*" and 14*" second?
(iii)  Calculate the deceleration of the athlete in final stage of the race. .
(iv)  How far has the athlete moved in the first 4 seconds?
(v)  What is the total distance travelled by the athlete?



_ UNIT-05; KINEMATICS OF MOTION INASTRAIGHT LINE

4. Letv(t) =’—t+sin3t mp:mtlhevelocityafmabjectmvingnnnlim.ﬁtt=%
the position is 4.
(i) Write the acceleration function.
(i)  Write th= position function.
‘(i) Ate --, is the object speeding up or slowing down? Explain your answer.

(i\r)' On the interval [-z-,:],whnmthe velocity of object when acceleration is 37

5. A particle moves along y-axis so that its velocity v at time t = 0 is given by
v(t) = 1 — tan"'(e®). Attime t = 0 the particle isat y = —1.
E -3 (a) Find acceleration of the particle at time ¢ = 2.
(b) Is the speed of particle increasing or decreasing at time t = 2? Give a reason for
your answer.
(c) Find the time t = 0 at which the particle reaches its highest point. Justify your
answer. '




ANALYTICAL GEOMETRY

After studying this unit, students will be able to:

Find the condition of concurrency of three straight lines.

Find the equations of altitudes, right bisectors and medians of a triangle.

Show that altitudes, right bisectors and medians of a triangle are concurrent.

Find the area of triangular region whose vertices are given.

Recognize homogeneous linear and quadratic equations in two variables.

Investigate that second-degrec homogeneous equation in two variables represents a
pair of straight lines through the origin and find acute angle between them.

Apply concepts of analytical geometry to real life world problems such as aviation, to
track stars, distance between planets and satellites, space science and engineering.

Analytic geometry known as coordinate geometry is a branch of mathematics that combines algebra
and geometry, Itinvolves the study of the geometric shapes using the coordinates and equations.

Analytic geometry is used in physics and engineering, as well as in fields like aviation, rocketry,
space science, spaceflight, computer graphics, astronomy, cartography and robotics etc.

It serves as the comerstone for many contemporary geometric disciplines, including algebraic,

differential, discrete, and computational geometry.

L1




6.1 Point of Intersection of two Straight Lines
We know that two non-parallel lines intersect each other at one and only one point.

Let hiawx+biy+ci1=0 ..coveeneee... (1)
and Riax+by+c2=0 ...covnvvennnn (2)
be two non-parallel lines and P(x, y1) be the point of intersection of /; and /. Then:
axi+biy1+¢1=0 ..cocvviininnn (3)
azxi1 +bay1 +c2=0 ................ (4)
For the solution of (3) and (4), we proceed as follow:
' ai b1 o e b1 ¢
a:z bzanm\.bz
. PRESTE AR, ] P 1
bic; —bycy  aacy —agc; @by —azhy
byca—bac C3—a;C
i u:b;-:;l o f el

> _ ((P1ca—bzcy ﬂzi-'l-lI:ﬂ:) ; § " 5 5

& PG, ) Ay e is the required point of intersection where
a,b, — a,b, # 0 otherwise Iy || L.
l a; by

- ]fl’ln ’Lﬂ]mﬂ.lb!—'ﬂ;bl=ﬂ = n‘lb! =ﬂ3b1 = n\—I-E
n e Ifly L b, then mymz = —1-4(-:2) (-—%:):—-Iﬂulﬂz='b1bz

l —
6.2 Condition for Concurrency of Three Lines
6.2.1 Concurrent Lines

Three or more lines that intersect at one common point are said to be concurrent lines. When a third
line passes through the point of intersection of the first two lines, then these three lines are known as
the concurrent lines.

Key Facts

6.2.2 Pointof Concurrency

The point of intersection of three or more lines is known as the “point of concurrency.” It is the point
where three or more lines intersect.




- o |-| -.."]'."J_ N a i ril ':u_'.:;. - -u.-.:,_ ..,-T el i

Three lines are concurrent if the point of intersection of two lines, lies on the third line (i.e., satisfies
the equation of the third line) I Key Facts

To check the concurrency of three lines, we use The diameters of a
the following methods. circle are concurrent
: at the center of the

l circle.
Consider three straight lines whose equations are: .
gixthy+eai=0 s (1)
e+ by +e2=0 .cccereeennn (2) .
B+ DY+ 0a=0 iciiiiserverens (3)
The system of homogenous equations (1)-(3) can be written in matrix form as:
ay b]_ Ci]rx 0
a; bz Ca l:y] = n] .............. (4}
iy b3 C3 1 0
If the lines (1) to (3) are concurrent then they must intersect at a point O(x, y) which can be found by

solving equations (1) to (3) simultaneously. The system (4) has a non-trivial solution if the
determinant of coefficients of the three lines is zero. i.e.,

a, b
a; by &
as by ¢
{Whict is the condition of concurrency for the three lines. Thus, if the determinant of the coefficients
of the given lines is 0, then the lines are concurrent.

=0

Example 1:
Find the value of k ifthe lines: - n
3x+y-3=0, Sx+ky-3=0, 3x-y-2=0 Check whether the lines:
are concurrent.- Ix+4y-7=0, —
Solution: : 2x—3y+5=0, .
The determinant of coefficients of the given lines is: 3x—5y+8=0

3 1 -3 are concurrent or not.
D=|5 k -—3! ’

3 -1 =2

By solving the determinant, we get:
ok SB[_q15 Be=nF  ¥|=32%-3)-1-10+9)-3(5-3k)
p-3| § J-1l3 Sl Bl =23

-9+ 1+15+9%=3k+T7
As. the three lines are concurrent, therefore:

EJF'P?Ldl}ﬁ?'k;: —1 ﬂk='-? ‘




.—1...;.-"._1. _._..._.._J_..!::,.u-: el L2 \,.j
(hy Direct Miethod
In this method, we first find the point of intersection of two lines and then check if the point lies on

the third line. It ensures that all three lines are concurrent. - _

Consider equations of three lines as follows:

4x-2y—-4=0....(1) What are collinear points?
y=x+2 — ) Are concurrent lines coplanar?
x+3y=26 .....(3)
‘ Step 1: To find the point of intersection of line (1) and line (2), substituting the value of 'y from
equation (2) in equation (1) we get:

4x-2(x+2)-4=0
- dx-2x—4-4=0
2x-8=0 = 2xr=8 = x=4
Substituting the value of x in equation (2), we get:
y=4+2=6
Therefore, line (1) and line (2) intersect at the point (4, 6).
Step 2: Substituting the point of intersection of the first two lines in the equation of the third lim:
we get:
2(4)+3(6)=26 = 8+18=26 = 26=26
This implies that the line (3) also passes through the point (4, 6). Hence the three lines are
concurrent.
6.3 Concurrent Lines in Triangles
In a triangle, the three angle bisectors, perpendicular bisectors, medians and altitudes are examples
of concurrent lines.
« Incenter: The point of intersection of three angle bisectors of a triangle is known as the incenter
ofa triangle.
+ Circumcenter: The point of intersection of three perpendmllar bisectors of a triangle is known
- as the circumcenter of a triangle.
» Centroid: The point of intersection of three medians of a triangle is hmwu as the centroid of a
triangle.
» Orthocenter: The point of intersection of three altitudes of a triangle is known as the orthocenter
ofatriangle.
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Theorem 6.1:
Altitudes of a triangle are concurrent. Alxi, )
F
Let A(x1, y1), B(xa, y2) and C(x3, y3) be the three E
vertices of a tnangle ABC., In the figure, AD, BE and CF 3
aie altitudes of BC, CA and AB respectively.
First, we find the equation of altitude AD. B(xz, y2) D Clas, »3)
R = _Ya=X¥2
Slope of BC = ———-——13_ e .
Slope of altitude of AD = —23=%2
Y3— Y2
Lquation of altitude AD is: )
y=¥»m= _?:;_;:' - g ) T (Point-slope form)
=2 -y — y2)=—(x3 — )E—x)
2 (X3 —x)x+ =Yy —x(xa—x) —n(ys—») =0 ....... (1)
By symmetry, equations of altitudes BE and CF are respectively as follows.
(53 —x)x + (= Y)Yy = x2(x1 —x3) — Y21 —¥3) =0 ... (2)
(2= x)x+ O =)y =% —x)—ys(y2-»n)=0 ....(03)
The determinam or coeflicients of the three lines is:
X3—%Xz  Y3i—Y2 =x1(x3 — x2) = V1(¥Ya—¥2)
X — X3 Yi—¥3 —x2(x%1 — x3) — ¥2( 1 — ¥3)
Xz — X Y= N —x3(xz — x1) = ya(y2 — 1)
Adding R2 ana R3 in Ry, we get:
0 0 0
X3 — X3 Yi=Y3 —x5(%; —x3) = ¥2(y1 —¥y3)[ =0 .
Xz — X Y2— —x3(xz — x1) — ya(¥2 = ¥1)
Thus, the aititudes of a triangle are concurrent.
| Theorem 6.2= Alx1, 01)
Right bisectors of a triangle are concurrent.
Proef: F E
Let Alx1, y1), B(xz, y2) and C(x3, 3) be the three
vertices of a triangle ABC. In the figure, 0D, OE and ﬁf
are right bisectors of BC, CA and AB respectively. , h
: =< : D Clxs,
First. we find the cquation of right bisector OD. B(xz, y2) (x5, 3)
Conrdinatasufmidgointﬂufﬁfare(%, ""—::"4’-) |




Ya—Ya

| Slope of BC = 2.=22
. i - X
‘ Slope of right bisector OD = — ey
| Equation of right bisector OD is:
y-2no ’;,33 ‘1( - 220 vereee (Point-slope farm)
| = =Z2(y3- ya)= -0 — x)(x - “”’)
" After simplification, we get:
(3 = 2)x + 03 = )y =3 (X — 1) =305~ %) =0 ...... (D)
. By symmetry, equations of right bisectors O and OF are respectively as follows.

| (1 =x)x+ 01 =Yy =3~ 1) =3P =) =0 .eeee 2)

@ = x)x+ 0z =)y — 32 1) =102 =) =0 .......()
The determinant of coefficients of the three lines is:

X3=%2 Ys—): —%(xsz —xzz)_'::(ysz = ¥2%)
Xy — X3 Y1=Ys -itxﬁ - x3%) _iﬁf':z -¥3?)
1.2 notr, 2 2
=% BN 3 =% =208 =)
Adding Rz and R; in Ry, we get:
0 0 ; 0
1
X1 = X3 =Ys =3 (x* —x3?%) _;(3’12 =¥ =
X=X Y2 -2 (x? - ;%) -3 022 =n?
Thus, the right bisectors of a triangle are concurrent.
i Theorem 6.3: -
Medians of a triangle are concurrent.
. Proof: , Alxi, y1)

Let A(x1, y1), B(xz, y2) and C(x3, y1) be the three
vertices of a triangle ABC. In the figure, AD, BE and CF
are medians of the triangle.

First, we find the equation of median AD.

Coordinates of mid point D of FC are (%-x—’, ""l:-—’fi) B(xz, yz}. D C(xs, y3)

Using two-point formula, equation of median AD is:




=, (r; + X3 x:l) {y 3’1) (

)(1' - %)

= % = x:)J"_(x:_::’ - "'1)1"1_ h”‘l - yl)x (h+h B y1)11

I S M

By symmetry, equations of medians BE and CF are respectively as follows.

(et _ ) (22 Vatys

—':rz)J"' 2 _J’z)xz-l' %ﬂ—xz)yz=ﬂ @

(22— yy)x— (2222 - )y — (252 - 3s) Jys=0 @
The determinant of coefficients of the three lines is:
Y. + ¥ Xz + X Y2 + ¥ X + x
e T e i e e R e
Y1 + ¥ Xy + X3 Yy, + ¥ Xy + X
i) -(3on) -EIRon)ue(S2 o)
Y1+ Y2 X + x. 2= X + x
B32-n) -(BF2-x) -(BFE-w)ne (T - u)
Adding Rz and R; in Ry, we get:
0 0 0

+y x, +x yvL + ¥ X + X
22 ) (B3R n) PR - w)ur (-0

Nty I S ) _(3’1'1')’:_ ) X+ x
( 2 }'3) ( 2 X3 2 Y3 | X3 + ( 2 x:l) Ya

=0

Thus, the medians of a triangle are concurrent.

Example 2:

Find (i) circumcenter (ii) centroid and (iii) orthocenter of a triangle ABC with A(0, 0),

B(6, 0) and C(0, 6). Also prove that circumcenter, centroid and orthocenter are collinear.
Solution:

Given that A(0, 0), B(6, 0) and C(0, 6) are vertices of triangle ABC.
(i) Circumcenter is the point of intersection of three perpendicular bisectors of triangle.
First of all, we find the mid points of three sides. B(0, 6)

Mid-point of OA = C (%=, 5°) = C(3,0)

Mid-point of OB = E (=, =) = E(0, 3)

Mid-point of AB - G (57, =) = G(3, 3)




0-0 6=0
Slnpeofﬂﬁﬁ—ﬁ_n-ﬂ, Slupeofﬂﬂ=—-n_u=ml{mdcﬁned)
5|npequB=E= -1
Now, we find slopes of right bisectors.

4 1 —--L-—-—].:
Slope of right bisector CD = Slopeof 0A
. -1 -1
Slope of right bisector EF =_npeufnﬂ — 0
i i = = :::t_—1=
Slope of right bisector GH = Ty 1
Equation of right bisector CD is:
y—0=0 (x-3) = x-3=0 .....(1)
Equation of right bisector EF is:
y—3=0(x-0) = ¥=3=0 ...0.(2)
Equation of right bisector GH is:
y—3=1(x-3) = y—x=0 .....03)

Equations (1), (2) and (3) are equations of right bisectors of sides of triangle ABC.
Solving (1) and (2), we see that: x=3, y =3
=, Circumcenter = G(3, 3) ......... (A)

(ii) Centroid is the point of intersection of three medians of a triangle.

First of all, we find the mid points of three sides. B(0, 6)
Mid-point of OA = C(3, 0)

Mid-point of OB = D(0, 3)

Mid-point of AB = E(3, 3) D €
Equation of median OE is:

y-0  x-0 "

g et (two-point formula)
= y=x ceenes (4)

Equation of median AD is:

y-0 x-6 —

3-0 ~ o0-e (two-pointformula) Mediansufntriangl:;u:ct“
= —-6y=3x-18 = 3x+6y—18=0 each other (i.e., bisect each
= x+2y—=6=0 .......(5) . .
Equation of median BC is: i

y-6 _ x-0 £
o—6 _ 3-po (two-point formula)

0(0,0) C A(S, 0)

= 3y—1B=-6x = 6x+3y—18=0
= 2x+y—6=0 ....... (6)
Solving (4) and (5), we see that: x=2, y=2
+ Centroid =P(2, 2) ......... (B)
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(iii) Orthocenter is the point of intersection of three altitudes of a triangle.
As the triangle is right angled, therefore two of its sides OA and OB are also altitudes.

The third altitude is OC.
Slope of OA =0, Slope of OB = oo (undefined) B(0, )
6-=0
Slope of AB = e -1 c
Slope of altitude OC = —————=—= 1
Slopeof AB -1
Equation of altitude OA is: 0(0,0) A(6, 0) 2
y—0=0(x—-0) = y=0 vieraanns (1)
Equation of altitude OB is: Key Facts
y—0=0(x—0) = x=0  ........(8)  ompmn In a right triangle, the -
Equation of altitude OC is: i orthocentre is the vertex

y—0=1(x—0) = y—-x=0 ....(9
Equations (1), (2) and (3) are equations of right bisectors
of sides of triangle ABC.
Solving (7) and (8), we see that: x =0,y =0
= Orthocenter = 0(0, 0) ......... (C)
Now we prove that circumeenter G(3, 3), centroid P(2, 2)
and orthocenter O(0, 0) are collinear.

oP=JZ-00+ @207 = VE+a=VB= 22 i
PG=J(3-22+(3-202=VIi+1=V2 P(2,2)
0G=/B-07+@—-072=VI+9=VI8= 3V2 0(0, 0) Al6, 0)

Now, OP+ PG =2V2 + V2 = 3v2=0G

Which shows that circumcenter, centroid and orthocenter
are collinear in any triangle.

I containing right angle.

B(0, 6)

Example 3:
The points P(- 1, 2), Q(3, - 2) and R(6, 3) are vertices of a triangle PQR. Show that altitudes,
right bisectors and medians of the triangle are concurrent.
Solution:
Let (x1, 1) = (= 1,2), (x2,)2) =(3,-2) and (x3, y3) = (6, 3), then:
We know that the determinant of coefficients of the three altitudes is:
X3 — X2 Ys—)2 —x,(x3 — %) = ¥1( Y3 — ¥2)
Xy — X3 Yi—Ys —xz(xy — x3) — Y21 — ¥3)
X2 — X Yi=F —x3(%z — 1) — ¥a(¥2 — Y1)

Substituting the values x1=— 1, y1=2,x2=3,)p=-2, xs =6 and y3 =3 in above determinant,




U

[ 2= e UNTCUGRSSATRIICRDGEOMERRY /s

we get: |

6-3 3+2 1(6—-3)-2(3+2) 3 5 -7
-1-6 2=3 -3(-1-6)+2(2-3)|=|-7 -1 19
3+1 -2-2 -6(3+1)-3(-2-2) 4 -4 =12

' Adding Rj in R2, we get: ,
: 3 5 -7 |3 5 -7

-3 -5 7 3 5 =7
4 -4 =121 14 —4 -12

=0 (R and R; are identical.) '
Hence altitudes of triangle are concurrent.
Now, the determinant of coefficients of the three right bisectors is:

Ey=% < W% "é(x:: =x%)- i'{}’sz =%:")

1
H-x3 Nn-¥s —;@*-1)-10:-y?)

(Multiplying Rz by —1)

i X=X n=n  —3@P-x?) ~302% =7

Substituting the values xy=-1,1=2,x=3,)2=-2,x3=6 and y5 = 3 in above determinant,

we get: |
6— -136-9)-1(9-4
3 3+2 3( j=de-8 o PET— |
-1-6 2-3  -3(1-36)-3(4-9)|= [-7 -1 20
| 3¢41  ~2-2 -i@9-p-ie-¢| '+ " |
Adding Ry in Rz, we get: |
3 5 -16 0 0 0 |
-3 -5 16[ = [-3 -5 16| (AddingR:inR))
4 -4 -4 4 -4 -4

» :
Hence right bisectors of triangle are concurrent.
Again, the determinant of coefficients of the three medians is:

(N I %) ‘(@ = J’i)"i +(":” - x1)% |
(B52-%) -(42-n) -2 -n)ne (32 x) |
(B2 -r) -(B52-n) (B2 - y)n+ (252 - 1)y

Substituting the values x;=—1,y1=2,x2=3, y2=—2, x3 = 6 and 3 = 3 in above determinant,
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bk @

we get:

(2= -2) (’”+1) -(EFE -2) -0+ (3E+1) @
ii2)  -(BE-3) -(E+2)@+(FE-3) 2
(Bsi-3) -(Fl-¢). -(F-EEE9e

-1.5 -55 -15+11 -1.5 -5.5 9.5

4.5 0.5 -135+1| = 45 0.5 -12.5

-3 5 18—-15 -3 5 3 .

Adding R in Ra, we get:
-1.5 55 9.5 0 0 0 .
1.5 55 -95| = |-3 =5 16| (Adding R2inR,)
-3 5 3 4 -4 —4
= {) .

Hence medians of triangle are concurrent.

6.4 AreaofTriangular Region

The area of a plane figure is the space covered by it.

Consider AABC as given in the adjoining figure with y
vertices A(x,, »,), B(x,, y,), and C(x,, y,).

In the figure, we have drawn perpendiculars

BD, AE and CF from the vertices of the triangle to
the x- axis.

Notice that three trapeziums are formed:
ABDE,AEFC and BCFD.

We can express the area of triangle ABC in terms of
the areas of these three trapeziums as follows. v

Ly

Alxy, )

Area of AABC = Area of Trap.ABDE + Area of Trap. AEFC — Area of Trap.BCFD .... (1) '

Now, Area of Trap.ABDE =% x (BD + AE) x DE
#% “{}'Z"‘Pl]""{xl —

Areaumep.AEFC=%X(AE+CF}“EF | Area of trapezium is:

1
= —x (sum of lengths of parallel
=lx(yl+}g]x{x:-.r1) o2 (_ a
4 sides) x distance between parallel *
Area of Trap.BCFD = o (BD + CF) x DF I sides (altitude) |

Recall

1 3 e 4 ol
=3%02+yn)x(n-x)
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Substituting these values in equation (1), we can find area A of triangle ABC as follows.
=%x (2 + ) % (x1 -xz)+%x (1 + 1) X tn-n)-% x (2t y3) * (x3—x2)
=% x[0z+n)*(x1i—x2)+ 1+ x(x—x1))— 02+ ) * (x = x2)]

1
== x [xy2 —xay2 + x)p1 — X201 + 23 Y1 — X+ xays — xpys — xpn Fxay: —xas + o)

2
1
= X [x1(y2 — »3) + 2201 — ) + 5300 — )] ' Ci
. = 1 Find the area of a triangle whose vertices
=% ¥z 1 are givenas (1,-1), (-4, 6)and (-3, -5).
x3 y3 1

Key Facts
« Ifpoints A, B and C are collinear, then area is zero.
« [fthesignofvalue of area obtained is negative, ignore it as the area cannot be negative.

= Area of a triangle can also be found by finding the length of three sides of a triangle
using the distance formula and then applying Heron's formula.

Example 4:
Find the area of triangle if points (4, — 2), (- 2, 4) and (5, 5) are vertices of a triangle.
Solution:

Here,xi=4, =2, xa=-2, ;2 =4, xs=5and y3 =5 [ Claliense

% ¥ 1 4 -2 1 Find the area of parallelogram
hn‘:aoftriangle=§x X2 ¥, 1l ==x|-2 4 1| shown.
X3 }'3 1 5 5 1 P
1 (5 2 B0
==x%[4(4=5)+ 2(—2 - 5) + 1(—10 - 20)]
Z RS 4 B NS
1 ’ 1 b f_l‘ﬂ‘-'“:
=i d=14—a0]=x{=-48]= -24 Vi L,

.. Area of triangle = 24 square units i e

1. Which sets of lines are concurrent in the given figure? Also, tell the point of concurrency.

() (ii)

P g a b m P q
m & /
¥
C
' A j =
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IJ

. Check whether the lines are concurrent or not.
(i) 3x—4y-13=0, 8x—11y-33=0, 2x-3y-7=0
(i) x+2y-4=0, x—y-1=0, 4x+5y-13=0

3. Determinethe valueofaiftheline2x—y+3=0, x—y=0, 3x+ay+1=0
are concurrent.

4. Showthatthelines x+y+1=0,x~y+1=0 and x-axisare concurrent. Also prove that
x-axis bisects the angle between x+y+1=0 and x—y+1=0.

5. " Find the equations of altitudes and their point of concurrency in the triangle ABC when

- A(4,-2), B(5, 5) and C(-1, 3). What is the name of point of concurrency?

6. Find the equations of right bisectors and their point of concurrency in the triangle XYZ when
X(0,0),Y(7,0)and Z(7,4). What is the name of point of concurrency?

7. Find the equations of medians and their point of concurrency in the triangle DEF when
D(-6,-4), E(6,—4) and F(—2, 4). What is the name of point of concurrency?

8. Prove that (a) altitudes, (b) right bisectors and (c) medians of the following triangles are
concurrent.
(i) A(4,6),B(7,2).C(2,3) (i) P(-4,0),Q(2,0),R(0,3)

9. Find theareaoftriangles.
(i) A(1,1),B(4,5),C(12,-1) (i) D(3,1),E(2,3),F(2,2)

10. By finding area of triangle, show that points A(6, 0), B(— 3, 6) and C(3, 2) are collinear.

11. Using the formula of area, find x if the points P(3, 2), Q(-1,x), R(7, 3) are collinear.

12. Vertices of a triangle are (3, —4), (4, 4) and (2, 6). Find & if area of the triangle is 10 square

units.
13. Find the area of following figures.
. ii)
(i) _ ; G r]: EEES
(2, 3 ) ENEEERECINEE
3 ) . :I?\ [
Ll " - |
i : 1
A i e e B
Z o HE A T TN
T _V = T3 3 4 H_rf J 1] ne
3.1 —;‘ _4(7. -1) | El e T
> i . | 1 i L
1 = i il 4 W E_E

14. Find the area of triangle bounded by the lines:
(i) 4x—5y+7=0, x-2=0 and y+1=0
(i) x=2y-6=0, 3x-y+3=0 and 2xty-4=0

Y -
. - i TR
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6.5 Homogeneous Equations in two Variables
Let f(x, ¥) = 0 be any equation in two variables x and y. The equation f(x, ») = 0 is called a
homogeneous equation of degree n if
flhx, ) =k™x,¥) ecnvnenn. (N
where k is any real number and  is a positive integer.
6.5.1 Homogeneous Linear Equations in two Variables

An equation of the form ax + by=0is calleda Key Facts
. homogeneous linear equation in two variables and In the homogeneous system of
always passes through origin, equations, no equation has a

[fwe take n=1 in equation (1), then we get: constant term. A homogencous
linear system may have one or

infinitely many solutions. But it
has at least onc trivial solution

always. l

_—

Sk, ) =kf(x, ) coiiiiiinnn (2) £
Equation (2) is called homogeneous linear equation
in two variables. Consider: i
Jx,y)=ax+by=0 .......... (3)
Replacing x by kx and y by ky, we have:
Slkx, ky) = akx + bky =k (ax + by) = kf(x,¥) .oovies (4)
From (4), itis clear that equation (3) is homogencous linear equation in two variables.
For example, x—4y =0 is a homogeneous linear equation in two variables x and y.
6.5.2 Non-Homogeneous Linear Equation
An equation of the form ax + by + ¢ = 0 is called a non-homogeneous linear equation in two
variables.
Forexample, 2x—5y+7=0 is a non-homogeneous linear equation in two variables xand y.

6.5.3 Joint Equation .
Consider two straight lines represented by: . _

ax+tby+ea=0 .....(5) Show that 2x + 3y = 0 is homogencous
ax+by+e=0 ... (6) linear equation in two variables.
. Multiplying equations (5) and (6), we have:
(aix+by+eallax +by+e)=0 ... (7)
: Equation (7) is called joint equation and can be re-written as:
ax* + 2hxy + by +2gx + 2 e =0 ... (8)

Equation (8) represents a pair of lines and can be resolved back into two linear equations.
Ifwe put ¢, = ¢,=0inequations (5) and (6), then:

mx+by=0 ....(9)

ax+by=0 ....(10)
Equations (9) and (10) represent a system of homogeneous linear equations in two variables.
Multiplying (9) and (10), we get:

(aix + by axx+by)=0 ........(11)

_——




Equation (11) is special joint equation and can be re-written as:
aiap + ambaxy + ambixy + biby? = aaw® + (ab: + azby) xy + biby?
If we put @@z = a, ajbs + a:by =2h and bib2= b, then we get:
a + 2y + b2 =0 SOOI L.
where a, /1and b are not simultaneously zero.
Equation (12) represents a special pair of lines passing through origin and can be resolved back into

two homogeneous linear equations. This equation is called general second-degree homogeneous
equation.

Any point P(x, y) that satisfies aix+byy=0 or axx + by =0 will also satisfy equation (12).
For example, 6x* — 4xy + 8y* =0 is a homogeneous quadratic equation in two variables x and y.
Equations (9) and (10) can also be written as:
y=nmnx and y=max where m and m; are slopes of lines passing through origin.
Their joint equation is:
V-mx)@-mx)=0 = P —(m+m)xy+mmx* ... (13)
Equation (13) is another special type of second-degree homogeneous equation.
Comparing equations (12) and (13), we have:

mumz _ —(mytmg) 1

a 2h b
6.5.4 Homogeneous Quadratic Equations in two Variables
If we take n = 2 in equation (1), then we get:
flkx, ky) = k*f (x,) ceaiesive L
Equation (14) is called homogeneous quadratic equation in two variables. Consider:

flx, y) =ax® +2hxy + by* =0..........(15)
Replacing x by kx and y by ky, we have:

a -2h
= mmp=3 and my+m; =—

Fllx, ky) = aCke)? + 2h(k)(ky) + blky)* = k*(ax® + 2hxy + by”) = k*f(x, ) ... (16)
From (16), it is clear that equation (15) is homogeneous quadratic equation in two variables.

Key Facts

l The most general equation of second degree: ax® + 2hxy + by? + 2gx + 2fy + ¢ =0

Represents a pair of lines if:
a h g
- lh b fl=0
| g [ ¢ |

Theorem 6.4:
Every homogeneous second-degree equation:
ad +2hxy +by? =0 ..o (1)
represents a pair of lines passing through the origin. The lines are:
(i) Real and distinct if h* > ab
(i)  Realand coincident if i* = ab
(iii)  Imaginary if i* < ab
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Proof: Multiplying equation (1) by a, we have:
a’ x* + 2ahxy +aby =0
a® 2+ 2ahxy + ki y? —I? y? + aby? =0
(@x+hyy -y (R -ab)=0

(ax+hyy? —=(yVh? - ab)?=0
(@ax+hy+yvh:-ab)(ax+hy-yvh?-ab) =0 ...(2)

Which shows that equation (1) represents a pair of lines through origin. From equation (2):

ax+hy+yVh®-ab=0 and ax+hy-yvh*-ab=0

or ax+y(h+vhi-ab)=0 ... (3)
ax+y(h-vhT-ab)=0 ... (4)

From Equations (3) and (4), it is clear that the lines are:

(i) Real and distinct if #*>ab (i) Real and coincident if #* = ab

(iii) Imaginary if h* <ab

Note: It is interesting to note that even the lines are imaginary, they pass through the real point
(0, 0) as this point lies on the joint equation.

Example 5:
Find the straight lines represented by x* - 7xy+ 12 =0
Solution:
2-Txy+122=0 = X-3xy-dxy+127=0

= =3y -4x-3y)=0 = (-3)x-4)=0
= x-3y=0 or x—4y=0
Which are required straight lines.
6.5.5 Angle between Lines Represented by ax® + 2hxy + by? =0
We have already proved that ax® + 2hxy + by? = 0 represents two straight lines:

ax+yh+vhT=ab)=0 ...... (1)
ax+y(h-VRE=ab)=0 ... @)
Slopes of (1) and (2) respectively are:
-~ —ch+v;i=ﬁ} - _=(n- sfqr
= :111+ my; = % and mym, =-:— and

If 8 is the measure of acute angle between (1) and (2), then:

4h?  4a

tan @ = Ta=Mz _ JOna+ me)2—4mym, BT~ _2VvhZ-ab
1+mqym;, 1+myms 1+ EE a+h canauas {3] ‘
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Special cases:

(i) When @ =0, then tan = 0 and equation (3) implies h? - ab=0 or h®* = ab
which is the condition for the lines to be coincident.

(ii) When @ =90° then tan 8 = undefined and equation (3) implies @ + 5=0 which is
condition for the lines to be orthogonal. i.e., sum of coefficients of x* and y? is 0.

Example 6:

Find measure of acute angle between lines represented by 6x% —xy—)* =0.

Solution: .
Given cquation is 6x° —xy —y* =0
Here. a=6, ."1=:2*1-, h=-1 )
If 6 is the measure of acute angle between lines, then:

2vhZ-ab ZJE'"—E 5
tanf=—"— = 54-1 ===1 = 6=tan'(l) = 45°
Example 7:

Find a joint equation of straight lines through the origin and perpendicular to the lines
represented by 3% + Sxy + 27 =0
Solution:
3+ 5xy+27 =0 = 3+ 3xy+ 2+ 257 =0
¢ xx+¥)+ 22x+3)=0 = (x+y)3x+2y)=0
Thus, the lines represented by the given equation are:

Key Facts
= + =
x+y =20 and 3x Eg*x 0 If y=mx.......(0)
= y=-x ..() ad y= 2 @ is equation of line passing
The line through (0, 0) and perpendicular to (1) is: through origin, then the line
y=x or y-x=0 ... {3}. perpendicular to (i) through
The line through (0, 0) and perpendicular to (2) is: s Lo
2% originis y=— .
y=- or Jy—-2x=0 ...... (4) - '

Joint equation of lines (3) and (4) is:
(-0CBy-2x=0 = 3P -2y-3gpy+2’'=0 _
= 3P-So+2d=0 or 22-5xp+3y?=0

B AT ]

1. Find the lines represented by each of the following joint equations.
(i) X+5xp+67=0 (i) TE-2p-97=0
(iii) #+o6xy=0 (iv) »—8xy+12y2=0
(v) S52+3xy-27=0 (vi) 2-3xy-)*=0
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2. Find measure of acute angle between lines represented by the following equations.
i »-»=0 (i) x*+5xp+4y°=0
(iii) 15¢° - 19+ 6> =0 (iv) 107 -xy-97=0
(v) 52-30-22=0 (vi) 72+ 2xp- 972 =0

3. Show that the lines represented by following equations are real coincident or real distinet

Or imaginary.
(i) P+dgp-21y=0 (i) 4 -1+ 97 =0
i (iii) .a.'z_+_1y+y2=ﬂ (iv) ¥-9%%=0
4, Show that the angle between lines represented by the following equations is right angle.'
: (i) 2+5xy-y'=0 (i) x*—2(tan @) xy—y*=0

Explain the reason of right angle between lines.

5. Find a joint equation of the lines through the origin and perpendicular to the lines:
(i) 22-Txy+6y°=0 (i) 2+ 17xy +607=0
(iii) 32— 13xy— 1092 =0 (iv) X +3xy-282=0

6.6 Application of Analytic Geometry

Analytic geometry is used in physics and engineering, and also in aviation, rocketry, space science,
and spaceflight. It is the foundation of most modern fields of geometry, including algebraic,
differential, discrete and computational geometry. See the following examples for understanding.
Example 8:

An engineer needs to design a traffic intersection where three straight roads meet. The roads are
represented by the equations of lines. The roads are given by the following equations:
2x—4y+5=0,7x -8y +5=0and 4x + 5y = 45

Determine if the roads are concurrent and if so, find the point of intersection of roads.

Solution:
2x—4y+5 =0 (1)
’ 7x—8By+7=0 (2)
4x+4y—11=0 (3)
Multiplying equation (1) by —2 and adding with (2), we get:
—4x 4+8y-10 =0 (4)
7x=8y+7 =0 (2)

3x-3=0 = 3x=3 =2 x=1
Substituting in equation (1), we have:
21) -4y +5=0 = —-4y=-7 = y=§

Showing that two roads meet at (1, %)
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Putt'mg(l,l)inequaliun{.‘i),wcget: :

a+4(f)-11=0 = 4+7-11=0 = 0=0

Therefore, third road also pass through (1, ;’)‘Hmﬂmtlnwmadsmcunmu-mnt.
Example9:

A triangular park is bounded by three straight roads that meet at points A(2, 3), B(8, 5) and C(5, 10).
A city planner needs to determine the area of the park for landscaping purpose. How can he
determine the area of the park?

Solution:
Here,xi=2, =3, =8, m=5,x3=5and y3=10
3 P393 1 + B 8 1
Ar:nufh'iangulurpurk=zx X2 ¥y 1=EKE 5 1
x3 y; 1 5 10 1

=.;. % [2(5 — 10) — 3(8 — 5) + 1(80 — 25)]

=~:—* [~ 10-—9+55]=-;'X[36]= 18

». Area of the plot = 18 square units
Example 10:
A railway engineer is designing an intersection where two rail tracks meet at a junction. The joint
equation representing the tracks is given by x* — 4xy — 12)" = 0. Determine the angle between the
individual lines representing the tracks.
Solution:
Given joint equation of the tracks is:

x* —4xy—12y* =0 = x?4+2xy—6xy—12y*=0
= x(x+2y)—6y(x+2y)=0 = (x+2y)(x—6y)=0
The lines representing the tracks are:

x+2y=0 ()

x—6y=0 (if)
From (i) and (ii), we have:

y= —%x (iii)

y = lﬁx (iv)
Slopes of lines (iii) and (iv) are:

1 1

my; = _E and My = E

oRADELZ 7ol
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If 8 is angle between both tracks, then:

1.1
ms; —my . E+'f

Tanf = = s —
1 1
1+mym, g ) 13

8 =Tan"1(0.727) = 36.03°

Therefore, angle between the tracks is 36,03°

_

1.

Three jet fighters are flying straight in different directions along the lines
2x—y—14=0, x+y—1=0and3x+2y-7=0
Check whether the jet fighters will pass through a single point or not. If yes, find that point.

A farmer owns a triangular shaped piece of land with comers at points X(3, 7), Y(6, 2) and
Z(10, 8). Calculate the cost of planting maize crop (@ Rs. 300 per square unit.

Hira is designing a triangular section of a roof with vertices at points P(4, 1), Q(9, 5) and R(7,10).
She needs to calculate the area of the section to determine how much roofing material is
required. Find the area calculated by her.

A landscaper is designing a triangular garden bed with vertices A(1, 4), B(5, 1) and C(8, 6).
Calculate the cost of planting mango trees in the garden @ Rs.70 per square unit.

A civil engineer is tasked with designing a roundabout where three main roads converge. The
equations of roads are 2x +y —11.5=0, x —4y+ 1=0and 3x -2y - 12 = D
Find the coordinates of the point to design the roundabout.

Asad is arranging a flashlight in a marriage ceremony. The posil:i'un of the flashlight is at the
intersection of lines 2x +y —23 =0, 0.5x — y + 3 = 0 and x — y = 1. Find the position of
the flashlight.

A surveyor is mapping out a triangular park where three straight walkways meet. The
walkways are represented by the equations of linesx + y—4 =10, 2x—y — 2= 0and
x — 2y + 2 = 0. Find the coordinates of point of intersection of the walkways.

An astronomer is studying the behavior of light rays passing through a converging lens. The
lens focuses the rays at the origin. The equation of rays is given by 3x* — 4xy + y? = 0. Find
the path of individual light rays and angel between rays.

A welder is designing a support structure for a building, The structure is made up of
beams intersecting at origin. The equations ef the lines representing the beams are shown
by the joint equation 2x® —8xy* = 0. Find the equations of iron beams.




I-n-

Select the correct option. ¢ i

(1)

(if)
(i)

(iv)

v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)

(xvi)

The lines p, q and s are:

(a) parallel (b) concurrent .

(c) perpendicular (d) collinear

If the determinant of coefficients the three lines is 0, then the lines are:
(a) concurrent (b) intersecting (c) parallel (d) perpendicular
Which of the following equations is homogeneous?
(@) ¥ +5x=0 (b) 2x+3y+1=0

(c) X*+5xy=0 (d) 4p+8=0 ;

Which of the following equations is not homogeneous?
(a) 2 +3xy=0 (b) 2x—3y =0

(c) xy*+3y°’=0 (d) 5x-5=0

Equation ax + by + ¢ =0 passes through origin if:

(a) a=0 ' (b) c¢=0 (c) b=0 (d) a=b=¢c=0
The lines represented by ax* + 2hxy + by* = 0 are real and distinct if:

(a) W*>ab (b) W =ab (c) ¥<ab ~ (d) ¥ <ab
The lines represented byax” + 2hxy + by* = 0 are coincident if: |

(a) h*>ab (b) h*=ab (c) W <ab (d) h* <ab
The lines represented by ax* + 2hxy + by* = 0 are imaginary if:

(a) h*>ab (b) W =ab (c) P <ab (d) i* = ab
The lines represented byax® + 2hxy + by = 0 are perpendicular if:

(a) a-b=10 (b) b—a=0 (c) a+b=1 (d) a+b=0
Half the determinant of vertices of triangle gives its:

(a) perimeter (b) area (c) volume  (d) both (a) and (b)
If the determinant of three points is zero then the points are:

(a) collinear (b) non-collinear (c) imaginary  (d) concurrent
The point of intersection of three angle bisectors of a triangle is called:

(a) incenter (b) circumcenter (c) centroid (d) orthocenter
The point of intersection of right bisectors of a triangle is called:

(a) incenter (b) circumcenter  (c) centroid (d) orthocenter
The point of intersection of three medians of a triangle is called:

(a) incenter (b) circumcenter (c) centroid (d) orthocenter
The point of intersection of three altitudes of a triangle is called:

(a) incenter (b) circumcenter () centroid (d) orthocenter

Which of the following is perpendicular to y = = -:- x?
(a) y=2x (b) y=-2x . (6) 2y=¥% (d) 2p=-%
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Prove that altitudes, right bisector and medians of triangle ABC are concurrent when:

A(0, 0), B(a, 0), C(b, c) where a, b and ¢ are not equal.

Find the value of m if the points (6, 1), (-2, —3) and (8, 2m ) are collinear.

Find a relation between x and y if the points A(x, y), B(— 4, 6) and.C(~ 2, 3) are collinear.
The points A (0, 3), B (a, 0) and C (0, =3) are the vertices of a triangle ABC right angled at B.
Find the values of a and hence the area of AABC. ,

A circle has a centre at point P(5, 3) and radius r = 5. This circle intersects the y-axis at

one intercept and the x-axis at two intercepts. What is the area of the triangle formed by
these three intercepts?

Find the area of the triangle formed by joining the mid-points of the sides of the triangle
whose vertices are (0, —1), (2, 1) and (0, 3). Find the ratio of this area to the area of the given
triangle ABC. "
Find the value of m, such that [}, /1, s intersect each other at one point.

hix—y=1; lui2x+y=5; L:(2m—5Sx-my=3
Find the area of triangle bounded by the line 2x — y + 10 = 0 and the coordinate axes.

10. Find the area of triangle bounded by the lines:

1.

X —xy-6/=0, x-y+3=0

Find the area of the figure shown below.
: . .

B=(-1,4) |




CONIC SECTION

After studying this unit, students will be able to:

Demonstrate conics and members of its family i.c. circle, parabola, ellipse and hyperbola. .
Derive and apply equation of a circle in standard form i.e. (x —h)? +(y — k)2 =1r?

Find the equation of circle passing through: three non collinear points, two points having its
centre on a given line, two points and equation of tangent at one of these points is known,
two points and touching a given line.

Find the condition when a line intersects the circle and when it touches the circle.

Find the equation of tangent to a circle in slope form and a normal to a circle at a point.

Find the length of tangent to a circle from a given external point.

Derive and apply the standard equation of a parabola.

Sketch graphs of parabolas and find their elements.

Find the equation of a parabola with the following elements: focus and vertex, focus and
directrix, vertex and directrix.

Find the condition when a line is tangent to a parabola at a point and hence write the equation
of a tangent line in slope form.

Find the equation of tangent and normal to a parabola at a point.

e Derive and apply the standard form of equation of an ellipse and identify its elements.
e Convert a given equation to the standard form of equation of an ellipse, find its elements and

. @& @

draw the graph.

Find points of intersection of an ellipse with a line including the condition of tangency.

Find the equation of a tangent to an ellipse in slope form.

Find the equation of a tangent and normal to an cllipse at a point.

Derive and apply the standard form of equation of a hyperbola and identify its elements. .
Find the equation of a hyperbola with the following given elements: transverse and conjugate
axes with centre at origin, two points, eccentricity, latera recta and transverse axes, focus
eccentricity and centre, focus, centre and directrix.

Find points of intersection of hyperbola with a line including the condition of tangency.

Find the equation of tangent to a hyperbola in slope form.

Find the equation of tangent and a normal to a hyperbola at a point.

Apply concepts of conics to real life problems (such as suspension and reflection problems
related to parabola, satellite system, elliptic movement of electrons in the atom around the
nucleus, radio system uses as hyperbolic functions, flashlights, conics in architecture).
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7.1 Conics and Its Family Members

i The plane shapes like circle, ellipse, parabola and hyperbola, which

are formed with the intersection of a right circular cone and a plane alC A

are known as conic section. First of all, we will discuss that what isa

right circular cone and a plane. When the line segment OP rotates

about the circumference of a circle of any radius greater than zero

with O as fixed point the shape formed is called a right circular cone.

The fixed point O is called the vertex of the cone. The ray OA iscalled
’ the axis of the cone, as OA is perpendicular to the radius AP of the

circle that's why this cone is called right circular cone. The line
| segment OP (or any line segment) which join the point O with the
| circumference of the circle is called génerator (ruling). Note that a
flat or two-dimensional surface that extends indefinitely is called a 0
plane. '
Circle: When we cut a cone with a plane so that plane is perpendicular to the axis of cone and not
passing through vertex then the intersection is a circle.
Parabola: When we cut a cone with the plane such that plane is parallel to any generator or ruling
not passing through the vertex then the intersection is a parabola.
Ellipse: When we cut a cone with the plane such that plane is slightly tilted not passing through the
vertex then the intersection isan ellipse.
Hyperbola: When a cone is inverted and is joined with an erected cone such that the vertices of the
two cones lie at the same point and their axes of are also same then a shape is formed shown in the
figure. When plane intersects the cone parallel to the axis of the cone such that the plane does not pass
through the vertex O, then the shape formed on the plane is called hyperbola.

Circle Parabola Ellipse Hyperbola

Note: In case when the plane passes through the vertex then the intersection of plane and the coneis a
point or a pair of intersecting lines. These conic sections are known as degenerate conics.

7.2 Circle

Itis set of all points in the plane which are equidistant from a fixed point in the plane.

The fixed point is called the centre of the circle and distance of any point on the circle from the centre
is called the radius of the circle.




7.2.1 Equation of Circle in Standard Form
Consider a circle with centre at C(h, k) and radius r. Take any point

P(x, y) on the circle. Then by definition of the circle. _ P(x.y)
ICP| =7 .
= Ja-h2+@F-k?Z=r
Squaring both sides
= (x=h)?2+(y—-ki=r? .
This is the standard form of equation of circle with centre at C(h, k) and radius r.
In particular if the centre of the circle is at origin, i.e. (h, k) = (0, 0) then equation of circle is .
(x-0P+(y-02=r2 = x*4+y*=r?
Example 1: Find the equation of circle with centre at (2, — 5) and radius 3 units. =

Solution: Given that the centre (h, k) = (2, —5) and radius r = 3.
Equation of circle is (x — h)? + (y — k)* = r*?
Putting values of h, k and r, we get required equation of circle as follows:
(x—22+(y—(-5)*=3 = ((x-2)2+@p+52?=9
7.2.2 ‘General Form of Equation of Circle
As we know that the standard form of the equation of circle is:
(x—h¥+Q@—-kP=r?
2>x2—2hx+h?3+y*—2ky+k*=1r?
=x?+y? —2hx —2ky+h*+k?*=r*=0 (i)
Letting h® + k? — r? = ¢, —2h = 2g and —2k = 2f, the equation (i) becomes:
x?4+y? +2gx +2fy+c=0
Which is the general form of the equation of circle.
Theorem 7.1: Prove that x* + ¥ + 2gx + 2fy + ¢ = 0, represents a circle in general,
Proof: Given equation is:
2 +y*+29x+2fy+c=0
=(x2+2gx)+ (2 +2fy)+c=0
= (2 +29x+ g - g+ (VP +2fy+fP-fDN+c=0
P+ 20+ )+ P+ 2fy+ O+ (g - f*+c)=0
2>x+9)>2+0+f)=g*+f-c¢ )

= k= (9 + - (NIt = (VFT+ /7<) | :
Comparing it with (x — h)2 + (y — k)2 =r®, wehave h=—g; k== fir=/g* +f? —c.
Thus, the given equation represents a circle with centre = (b, k) = (— g.— f)
radius=r=1fgl+f5-c .
Note: As r=.[g? + f% — ¢, s0
i. risarealif g +f2—c>0ie. g +f2>¢
ii. risimaginaryifg®+f2—c<0ie. g?+f?<¢
Thus, condition for a real circle is g2 + f2 > ¢ and for an imaginary circle is g* + f2 < ¢
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Example 2: Find the centre and radius of the circle x* + y? — 6x — 10y + 18 = 0.
Solution:
To find the centre and radius we convert the given equation of circle into its standard form
(x2 —6x) + (y*—10y) + 18 =0
(x2—6x+9—-9)+(y*—10y+25-25)+18=0
(x*-6x+9)+(?—-10y+25)-9-25+18=0
(x-3)2+(—-5P-16=0= (x—3)+(y—-5)P=16
(x-3)P+(y—-5V =42

. Comparing it with (x — h)? + (y — k)? = r2, we have:

- Centre = (h,k) = (3,5) and radius=r =4

7.2.3 Equation of a Circle with Different Conditions
Example 3: Find the equation of the circle passing through the points (1, 2), (2, 3) and (3, 5).
Solution:

Consider a circle which passes through the points P(1, 2), R(3,5)

Q(2, 3) and R(3, 5). Let C(h, k) be the centre of the circle

Then, |PC| = |QC]

=Jth=-1)2+(k-2)2=,/(h—2)% + (k—3)? S

Squaring both sides: ¢
(h—1)?*+(k—2)*=(h—2)*+ (k-3)?

Sh*—2h+1+k*—4k+4=h*—4h+4+Kk*—6k+9 P(1.2)

=2h+2k=8

=2>h+k=4 (i)

Also |PC| = |RC|

2J(h—1)2+ (k—2)2=/(h—3)2 + (k —5)?

Squaring both sides:

(h—12+(k—2)*=(h—3)*+ (k—5)*
= h2—2h+1+k®—dk+4=h>—-6h+9+k%—-10k+25

= 4h+ 6k =29 Gi)
3 Multiplying (i) with 4 and subtracting (ii) from it, we get:
= 4h + 4k = 16
. _4h+6k=_29
-2k = —-13 = k=?z_'=‘
Putting in (i), we get:
=>h+2—3—'4-=h—4-1—23~_-§

Thus, the centre of circle =C [ —
The radius of circle is:

r%ICPI=J(1+§)2+(Z*) J(’) (_z) Jﬂ F

o G




Equation of the circle with centre C (-—;.1;-) and radius r = r—:ﬁ is:

I e (e
#IZ+EI+¥+J,Z_13?+3:_9___EE : i

4

=>x’+y3+5x—13y+i-5+1f-ﬁ=u

4
=x24+y2+5x—13y+16=0

Example 4: Find the equation of the

centre on the linex — 2y +3 = 0.

Solution: Consider a circle which is passing through the two given points P(1, 0) and Q(0, 1). ' 1
Let C(h, k) be the centre of the circle.

Given that C(h, k) lies on the line x — 2y + 3 = 0. Thus:

circle passing through the points (1, 0), (0, 1) and having its

h=2k+3=0 (i)

Also |PC| = |QC]

=Y =12+ (k=0 = J(h—0)% + (k- 1)? 203
Squaring both sides

= (h=1)2+ (k — 0)% = (h—0)? + (k — 1)?
=?h="'2h+1+kz=hz+k=—2k+1 P(1, 0)
=-2h+2k=0=—-h+k=0

=h=k (ii)

Using equation (ii) in equation (i), we get:

k-2k+3=0=22-k=-3=2k=3 x—2y+3=0

Putting the value of k in (ii), we get h = 3,

Therefore, the centre of the circle is C(h, k) = C(3, 3).

The radius of the circle is:

r=|CPl=J(B-12+(3-002=V4+9=+13 )
The equation of the circle with centre at (3, 3) and radius V13 is:

(x-37+ @y -3)% = (V3)’

= x> —6x+9+y*—6y+9=13 = x24+y?—6x—6y+5=0

Example 5: Find the equation of the circle passing through the point (2, 3) and the line

x + y — 4 = 0 is the tangent to the circle at (3, 1).

Solution: Consider a circle passing through the point Q(2, 3) and having tangent line

x + ¥ + 3 = 0 touching the circle at point P(3, 1). Let C(h, k) be the centre of the circle. Now
|CP| = [CQl

= J(h=32+(k-1)2=(h-2)*+ (k=3)*




Squaring both sides;
(h=32+(k—-1P=(h-2)*+(k-13)?

= h*—6h+9+k*—2k+1=h*—4h+4+k*—6k+9

= —-2h+4k=3

= 2h—4k=-3 @)

Since CP is perpendicular to the tangent line x + y — 4 = 0.

Thus, (slope of CP) x (slope of tangent line) = —1

; = (k_ )(-1) ~1=k—-1=h-3
= h—k=2 (i)
‘ Solving equation (i) and (ii)), we have: h=‘—:- and k=2

Thus, the centre of the circle is c(%,- . The radius of the circle is:

sr=lerl=[(2-3) + (G-1) =[O + @) = [E+ 2= 2 =22

Thmfm, the equation of the mrclc with centre at (— - ) and radius ﬂ-'iisi

— (x-% ( —-) (-— = -lx+ T4y -7y + L=
=x=+y ~11lx - ?Jr-l- +———=ﬂ = x2+y?—-11x—-7y+30=0
Example 6: Fmdtheequatmn of l!H.-. circle passing through the point (—1, 2), (3, 2) and touching
the line x — 2y +1=0.
Solution: wa;ll
Consider a circle passing through the given points P(—1, 2)
and Q(3, 2). Also, the circle touches the line ]
x — 2y + 1 = 0 at point A. Let C(h, k) be the centre
of the circle, From figure:

ICP| = |CQl
. S>Jth+1)2+(k-2)2=,/(h—3)2+ (k—-2)?
Squaring both sides; P(-1, 2) 2 ”
(h+1)2+ (k—2)? = (h—3)* + (k — 2)? Awey Lm0
. Sh*+2h+14+k*—4k+4=h*—6h+9+k*—4k+4
=8h=8 = h=1 (i)
Also, |CP| = |CA|, where |CA| is the distance of point C from the line x — 2y + 1 = 0,
Therefore,
¥] = ==|h-1t+ll v
Vh+1)2+ (k-2) ey - @

Putting h = 1 in above equation (ii).
= A+ DT+ k-27 =2 o Aoy =




Squaring both sides: Key Facts

% e 2 e The distance 'd' of a point
ﬂ4+(k_2)2=¥=4+k2_4k+4=uﬁ P(xs y,) from a line
4k — Bk + 4 B ax+ by+c=0, is the
= k?—4k +8=———"—— = 5k? — 20k + 40 = 4k? — Bk + 4 | !cngth of the perpendicular
5 drawn from the point to
=>k:P—-12k+36=0=2(k—6)’ =0=2k—-6=0=> k=6 the given line as shown

Thus, centre of the circle is C(h, k) = (1, 6) and radius of the circle is: | below:
laxe + by, + ¢l
r=|CPl=yJ(1+1)2+(6-2)?=va+16 =v20 Chaie -
Equation of the circle with centre at (1, 6) and radius v/20 is:
(x—1)? + (y — 6)* = (V20)
S x?—2x+1+y* =12y +36 =20
x4y —-2x—-12y+17=0

Which is required equation of circle.
7.3 Line and a Circle
Consider a circle x? + y* = r? (i)
and a line y = mx + ¢ which implies:
mx—y+c=0 (ii)

The centre of the circle is at (0, 0) and its radius isr.
i. When line intersects the circle at two distinct points.
When the line intersects the circle then the distance between the

centre and the line, is less than the radius of the circle. i.e.,
[m(0)—0+c|
mi+(~1)%

= T’%‘—{r or |c| <rvm?+

= 2 <rim*+1)

Which is the condition that the line will intersect the circle at two distinct points.

ii. When the line is tangent fo circle. ‘
When the line is tangent to the mrcte then distance between the centre and the line is equal to the

radius of the circle. i.e.,

m@-0tel _, o -7 = |c|=rvmZ+1
mi+1 =¥ ymiil lcl

= c=+rym?+1

Putting the value of ¢ in y = mx + ¢, we get:

y=mx+rym?+1

2

Which are the equations of the tangent lines to the circle x* + y* = r?,
iii. When the line neither touches nor intersects the circle

When the line neither touches nor intersects the circle then distance of the centre from the line is
greater than the radius of the circle i.c.;




1'3._{:’“}#1%“}1' ﬁ%:::r > c| >rvmZ 1

=c?>ri(m?+1)

Example 7: Check whether the line x + 2y — 3 = 0 is tangent to circle x? + y? = rZ or not.
Solution: Equation of circle isx* + y* =16 or x®>+y® =42

= radius of the circle =r = 4

Equation the lineisx + 2y —3 = 0.

=2y==x+3 = y=—§-x+§ =:-m=~—%nndc=§

The line is tangent to the circle if ¢ = rvm? + 1

=:|§’=4’(-*%)2+1=4\E=4x§=2v‘§=|§|=2\(§I

Which is not true. Thus, the given line is not a tangent to the circle.

‘ A P

Find the equation of circle when its centre and radius is gwcn
(i) Centreat(3,—1)andradius2  (ii) Centre at (—-z-, —3) and radius - £
(iii) Centre at (*,a) and radius is a; a # 0

2. Convert the following equations of circle into standard form and hence find their centre and radius:
(i) x*+y?—4x+6y—36=0 (i) 5x*+5y?—2x+4y—27=0
(iii) 4x*+4y* +2ax+by—a® =0

3. Find the equation of circle passing through given three non-collinear points.
@® 002),(20),13 (@) (1,3),36).(57)
(iii)  (0,0),(a,0),(0,b);a=0,b=0

4. Find the equation of circle with centre lying on the line x + y = 2 and passing through the

- = points (2,—2) and (3, 4).

5. Find the equation of circle passing through the points (1, —2) and (4, —3) and whose centre
lies on the line 3x + 4y = 7.

6. Find the equation of the circle passing through the points (2, 1) and touching the line
x + 2y — 1 = 0 at the point (3, —1).

7. A circle touches the line 2x — 3y + 1 = 0 at point (1, 1) and passes through the point of
intersection of the lines x + ¥ + 1 = 0 and x — 3y + 5 = 0. Find the equation of circle.

8. Equations of two diameters of a circle are x — ¥ = 3 and 3x + y = 5 and its radius is 5.
Find the equation of circle.

9. A circle touches both the axes in the first quadrant and area of the circle is 13w square units.
Find the equation of the circle.

10. The two points A(4, 3) and B(2,5) lie on the circle and the centre of the circle lies on ﬂE
perpendicular bisector of the chord AB, The distance between the centre and the chord ABis

V7. . Find the equation of the circle.

GRADE 12
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11. Find the equation of the circle passing through the intersection of the circles |
Cy:x® + y* —8x — 2y + 7 = 0 and C;: x* + y? — 4x + 10y + 8 = 0 and passes through
(—1,-2). (Hint: equation of the required circle is C; + AC; = 0; 1 #+ —1)
12. The diagram shows a rectangle PQRS and the circles C, and C,.
Both the circles touch each other and three sides of the rectangle.
The coordinates of the points P, Q, R and S are (0,4),(1,1),(7,3) "
and (6, 6). Find the equation of the circles C, and C,.
13. A circle has its centre at the point C(0,1) and a line touches the
circle. The point P(3,5) lies on the line touching the circle.
The distance between P and C is five times the radius
of the circle. Find the equation of the circle and the point where the line touches the circle.
14. The three lines 2x —y+1=0;2x + y—3 = 0 and x — 2y + 4 = 0 touch the circle.
Find the centre of the circle. Also find the equation of circle.

R

7.4 Equation of Tangent and Normal to a Circle at a Point on the Circle
7.4.1 Equation of Tangent at P(x4,y;) on a Circle

Consider a circle x* + y? + 2gx + 2fy +¢c =0 (i)

Let P(x;,y;) be a given point on the circle.

Differentiating equation (i) w.r.t x, we get:

dy d
21+Z}rdx+ig +zf-1+n=u

d 2 + ;

dx dx  2y+2f y+f
s P ' = = - ﬂ
d, atP(xy, 7)) =m oy
Which is the slope of the tangent line at the point P(xy, ¥1)-
By Pﬂiﬂt'ﬂlﬂﬂ formula, equation of the tangent line at point P is:
y—-wn-= "") (x—x;)

2+ A=) =—(x +g)(x—x,)

20 +y—0n+ Hys=—(x + @)x + (x1 + 9)x .
Sn+y-0n+fy+x+g)x—(x +g)x;, =0

> +gx+n+fly—yi—fyi—xi—gx =0
2E+gx+n+Ny—-Gi+yi+gx,+fn)=0 $
Since the point P(x;, y,) lies on the circle x* + y® + 2gx + 2fy +¢ =0

So,x3 +y§ +2gx, + 2fy, +c =0

or ¥ +yf+gx;+fn+@x+fyi+c)=0 - =y Povty
or X}+yi+gxi+fyn=—@a+frn+a=0 l Derivative at point of the
Putting in equation (ii), we get: curve is .thc slope of the

G @x+On+Hy—[—(gx +f + A)]=0 tangent line to the curveat
=t +0)x+ G+ )y +@x+ fy+c) =0 [ that point. |
Which is the required equation of tangent line at P(x4, ¥1).

A AT Y 2 7] S Y
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7.4.2 Equation of Normal at P(x;, y;) on a Circle
Since normal line is perpendicular to the tangent line, so its slope is:

S l _ p g + f Key Facts
3 m -xl +g A line which is perpendicular
By point-slope formula the equation of normal line is: to the tangent line at the point
: n+f .l of tangency is called the
PR W R I normal line at that point.

2@+9)-y)=0n+f)x-x)

v 2+0y—-G+dn=0n+Nx-01+x
2x+g)y—(E+gn—-0n+flx+0n+flxy=0
=-h+x+x+@Qy-xn—gntxan+fx=0
= -0+ flx+(x+gy—gn+fx=0 .
= (31 + f)x — (x, + @)y+gy: — fx, =0 (Multiplying both sides of equation by —1)
= (1 +x— (x + gy — (fxy—gy) =0 -

Which is the equation of the normal line at point P(xy, ¥1).
Example 8: Find the equation of tangent and normal to the circle x? + y* —4x+2y—5=0at
point P(1,2).
Solution:
Given equation of circle is x? + y* —4x+ 2y —5=0
Differentiating w.r.t x, we have:
d
2 +2yE—4422-0=0

o _ dy _ —2x+4 _ -x42
=(2y+2);— z:+4==# o

=1+2
2+1

By the point-slope formula equation of the tangent line is:
y=n=mx-x) = y-2=3(x-1)
= 3y—6=x-1 = x-3y+5=0
Since normal is perpendicular to the tangent line. Thus, slope of the normal line is —3 and
by the point-slope formula, equation of the normal line is:
. . . y=-2==3(x—-1) 2 y—2=-3x+3 =2 3x+y—-5=0
" Alternatively :
Equation of circle is x? + y* —4x + 2y —5=0
Comparing it with x? + ¥ + 2gx + 2fy + ¢ = 0, we have:
29=—4 = g=-2
2f=2 = f=1 and c=-=5
Given point is P(1,2).ie,x; =1,y;, =2
Equation of tangent line is:
(i +@x+n+Ny+@x+fr+e)=0 ()

ay =—m= =
#ﬂtP(LE)—m— =3
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Substituting the values of x,, y,, g, f and ¢ in equation (i), we have:
A-2)x+Q@+Dy+((-2)1+1(2)-5)=0 = —x+3y+5=0
Equation of normal is:

Oht+lx-(u+@y—Uxi-gy)=0 (i)

Substituting the values of x,, ¥;, g and f in equation (ii), we have:
(2+1)x— {1 y—-(1x1-(-2x2)=0 =3x+y-5

Find the points of intersection of the given line and the circle.
(i) x=y+1=0; x2+y?—3x—-8=0
(i) 2x+y+4V5=0; x2+y?*-2x+4y—-11=0
(iii) 3x+2y+1=0; 2¥*+y*-x+y+2=0
2. The equation of a circle is x* + y* — 4x + y — 7 = 0 and the equation of line is
2x — y + ¢ = 0. Find the value(s) of “c™ such that the line:
(i) intersects the circle at two distinct points.
(ii) is tangent to circle.
(iii) has no common point with the circle.
3. The tangents to a circle (x — 1)? + (y — 2)? = 32 are perpendicular to the line
x 4+ 3y — 6 = 0. Find the equations of the tangent lines.
4. Find the equations of tangent and normal to the circle x* + y* 4+ 3x 4+ 2y + 3 = 0 at the
point (2,—1).
5. Find the equation of the tangent to the circle 36x? + 36y — 72y + 11 = 0 at the point on
the circle with abscissa % ,

6. Find the equation of the normal to the circle x* + y? — 2x 4+ 2y — 11 = 0 at the point on the
circle with ordinate —4. '

7. Circles with equations x* + y? — 2y — 3 = D and x? + y* — 8x + 4y + 11 = 0 touch each
other externally. Find the equation of the common tangent to the given circles.

8. Show that the tangent line at any point P on the circle is always perpendicular to the radial
line through point P.

9. A(=5,—1) and B(1,5) arc two points on the circle x? + y% = 26. Find the point of
intersection of the tangents to the circle at A and B. Show that the point of intersection of the
tangent lines, the midpoint of chord AB and the centre of the circle are collinear.

10. A normal line cuts the circle with centre at (1,2) at the point (3, 5). Find the other point of
intersection of the normal and the circle. Also find the equation of the circle.

7.5 Position of a Point with respect to a Circle

Let x? + y2 + 2gx + 2fy + ¢ = 0 be the equation of a circle and P(x, ,y,) be any point in the
plan¢. We want to check that the given point lies outside, on or inside the circle.

The centre of the circle is C(—g, —f) and the radius of the circle is r = /g% + f# — c. Observe
that P lies outside the circle if |CP| > r, P lies on the cirele if [CP| = r and P lies inside the circle

if |CP| < r. Combining all these; we may write |CP| < r
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Pxy.3)

N () L PRy S L Py i
Squaring both sides

(1 +gP+n+f)? S g2 +f ¢
2xf+2g9x,+ g +yi+2fn+f2S g2+ f2-c
2 x24+200 + g  +VEH2fn+fi-gi—f2+c S 0
s x2+2gn +g*+yi+2fm+c S0

Which is the condition that a point lies inside, on or outside the circle.

Example 9: Check whether the point P(2,4) lies outside, on or inside the circle:
2x* + 2y —6x+8x+1=0

Solution: Given equation of circle is 2x? + 2y? —6x+8x+1 = 0.

First make the coefficients of x? and y?one. Dividing both sides by 2, we have:

Plx, )

1
x*+y?—3x+4x+5=0
Given point is (2, 4). So:
1 1
X +yi—3n Han 5=+ @7 -3 +4@) +3

1 61
=4+15—5+1ﬁ+§=-i—}ﬂ

Thus, the point lies outside the circle.
7.6 Length of a Tangent Drawn from a Point Lying outside the Circle
Let x2 + y2 + 2gx + 2fy + ¢ = 0 be the equation of a P(x1,y1)
circle and P(x, , y,)lies out<ide the circle.

The centre of the circle is C(—g, —f) and the radius of the
circleisr = /g2 + f? —c.

Two tangents can be drawn from the point P to circle. Thus,

a both tangents have the same length. i.e., |AP| = |BP|.
Since PCA is a right-angled triangle, so by Pythagoras
theorem:

: ICAI® + |AP|? = |CP|?

=72+ AP = (V0o + )7 + 01+ 1?)

n 2
= mz+IAPI*=(J5r?+29x1+y=+yf+zm+f=)
='-9‘~'rf’—tr=+l4-*'d="lz =x{ +2gx, +g> +yi +2fy, + f?
= |AP)® = x} +y# + 2gx, + 2fy; + ¢

Which is the length of tangent line.
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Example 10:

Find the length of the tangent line to the circle x? + y? + 3x — 4y + 15 = 0 from the point

(1,2).

Solution:

Equation of circle is x* 4+ y? + 3x — 4y + 15 = 0 and the point (1, 2) lies outside the circle.

Length of tangent line = /xZ + yZ + 3x; — 4y, + 15 = /12 + 22 +3(1) — 4(2) + 15
=V1+4+3-8+15 = /15 units

1. Check whether the given point lics inside, outside or on the given circle
(i) (3,5); x*+y*—6x+2y—18=0 .
(i) (1,6); 2x®*+2y*—4x—16y+5=0
(iii) (=1,-2); x2+y*+6x+4y+9=0
2. Find the length of the tangent to the circle x? + y? — 18x + 16y + 10 = 0 from the point
(—1, —1) lying outside the circle.
3. Find the length of tangent to the circle 3x* + 3y? + 18x — 24y + 50 = 0 drawn from a
point (=3, 1) lying outside the circle.
4. The point P(—11,—10) lies outside the circle x? + yZ + 6x + 8y + 5 = 0. Find the
equations of the tangents to the circle drawn from point P. Also find the points of contact.

5. A quadrilateral ABCD is circumscribing a i
circle. Prove that AB + CD = AD + BC A

6. Two tangents are drawn from a point P(6, 1) lying
outside the circle x2 + y? —8x — 2y + 14 = 0.
Find the area of the shaded region.

7. From a point P lying outside the circle ¥
a tangent and secant lines are drawn.
Prove that |AP|? = |PB| - |PD|

7.7 Paraboela

Itis the set of all the points in the plane which are equidistant from a fixed pointand a fixed line in the
plane (fixed point not lying on the fixed line).
The fixed point is called focus of the parabola and the fixed line is called its dircctrix. The ratio of

distance at any point on the parabola from its focus to its directrix is called cccentricity of the
parabola and is denoted by “e”. Since by the definition, points on the parabola are equidistant from
the focus and the directrix thus eccentricity of the parabolais 1.

T
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7.7.1 Standard Equation of Parabola

Consider a parabola with focus F(a, 0) where a > 0
and dircctrix x = —aorx +a = 0.

Take a point P(x, ¥) on the parabola then by definition

of the parabola:
|PF| = |PM| x=-a
Where |PM| is the distance of the point P from the directrix. M‘
|x + al :
=Jx—a)l+(y—-0)>2=——
v 00 =rre o

= Jx2—2ax+a?+y?=|x+a
Squaring both sides, we have:

3 2 I 2
=x Z:u:;s-a +y? xz+2ax+a s
= -2Zax+y“ =2ax =22y =
Which is the equation of the parabola.

Similarly,
e If we take focus at F(—a, 0) the equation of parabola is y? = —4ax. (b)
e If we take focus at F(0,a) the equation of parabola is x? = 4ay (c)
e If we take focus at F(0, —a) the equation of parabola is x? = —4ay (d)
N" [
l“i y‘} F i, @) %
y=-a
b ig :r'--ur =y s
(b) (c) (d)

7.7.2 Elements of Parabola

Directrix: The fixed line is called the directrix of parabola.

Focus: The fixed point (not lying on the directrix) is called the focus of the parabola.

Axis of Parabola (Axis of symmetry) _

The line which passes through the focus and is perpendicular to the directrix is called axis of
parabola and its equation is y = 0. Axis of parabola is also known as axis of symmetry.
Vertex of Parabola:

The point where the parabola cuts its axis is called vertex of the parabola. In this case 0(0, 0)
is the vertex of the parabola which is closest to the focus.

Chord of a Parabola:

A line segment with its end points on the parabola is called chord of parabola.

Focal Chord:
A chord of the parabola which passes through the focus of parabola is called focal chord.



Focal Distance:

The distance of any point of the parabola from the focus is called focal distance.
Latus rectum of Parabola:

A focal chord of the parabola which is parallel to the directrix of a parabola is called latus rectum
of the parabola and its length is 4a.

7.7.3 Standard Equation of Parabola \ ' ) - i
When the vertex is at any arbitrary point V(h{k)

V(h, k) and the axis of symmetry is parallel _// @

to x-axis then equation of parabola then:
(y — k)? = 4a(x — h) b = o
or (y—k)?=—4a(x—h) v v
Similarly, equation of the parabola with
vertex at any arbitrary point V(h, k) and \‘
the axis of symmetry parallel to y-axis is V(h k)
(x — h)? = 4a(y— k) VhK)
or (x—h)? = —4a(y —k) > e
7.7.4 Length of Latus Rectum of Parabola |
Consider the parabola y* = 4ax. Its focus is at : v
F(a, 0) and vertex is at V(0, 0).
Let / be the length of the latus rectum AB then x=-a (a.1/2)

|FA| = L. Therefore, the coordinates of A arc (a, 3)-
Since the point A( ,-52-) lies on the parabola y? = 4ax
Thus, it must satisfy its equation. i.e;

G)z = 4a(a) =f;=4az = |2 =16a? = | = t4a
Since length is always positive, so the length of latus rectum of the parabola is:

>
F(a,0)

B(a.-1/2)

l=4a
Example 11: -
Find the equation of parabola with focus at (2, 5) and the equation of directrix is x + 8 = 0.
Solution: et
Consider any point P(x,y) on the parabola with 4 y-axis
Focus at F(2, 5) and equation of directrix x + 8 = 0. i o
By the definition of the parabola /’\ )
|PF| = [PM]
JG=D T G- |x + 8| \ F(2,5)
=Jx- - - —_—
JitT 0
B \‘t’
Ollﬂ,ﬂl x-axis
v v
x+8=0
e
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Squaring both sides: :
2 x—22+@-5=x+8)? = (y—-52=(x+8)*—(x—2)?
= (y—5P=x+16x+64—x*+4x—4
= (y—5)? = 18x + 60 =(@y-52=18(x+2
Which is the required equation of parabola.
7.7.5 Elements of Parabola and its Graph
To find the elements of parabola when its equation is given; first we convert the given equation
into the standard form and then compare it with one of the four standard equations and then find
' the elements of parabola.
Example 12: Find elements of parabola with equation y = x? — 3x + 7 and draw its graph.
Solution: Given equation of parabola is: '
y=x2-3x+7 =>x2-3x=y-7
19

==x*—3x+-—y ?+- -—4( ——) =y-=
Letx—3=X and y—22=Y then X* =Y or X2 =4(3})y
Whi:h__isufthefunnx’=+ﬂwhﬂeu=-}.
Now we write the elements of the parabola.
Vertex: We know that vertex is at (0,0) i.e. (X.Y) = (0,0)
=X=0 and Y=0
==-x-§-—-ﬂ and J.r—j'—:-=ﬂ =x=~:; and y=

Thus, the vertex of the given parabola is at (':"T A
Focus: The focus of the parabola is at (0, a). i.e., (X,Y) = (0,a)

=X=0 and Y=a =x-§=u ami}w—};_"?-=E =n:=-3— andy =5

L
Thus, the focus of the parabola is at (%.5).
Axis of Parabola: Equation of axis of parabola is X = 0.
: =x—§=ﬂ or x=-i-
Which is the equation of axis of parabola.
Directrix: Equatmnofdlmctmnfpmbolais‘(=—a or Y+a=0
* =:y——+——ﬂ =&y--—=ﬂ
Whnhmtheeqnahonofdmﬁuofpnnboln.
Length of Latus Rectum:
Length of latus rectum is 4 = 4(>) = 1 unit
Graph: To draw the graph of parabola, we find its | VG/2.19/4) dhractrix

x-intercept and y-intercept. For x-intercept put y =0
in the equation y = x? — 3x + 7. We have:
x2=2x+7=0 i |

19 . -

&
L
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= ¥ = —(=3)3V(=3)*-4(1)(7) _ 3+V5=28 _ 34iv19
2(1) T, T E g

Which are complex numbers thus parabola has no x-intercept, For y-intercept put x = 0

in equation y = x* — 3x + 7. We have: -
y=0-0+4+7=2y=7

Thus (0, 7) is the y-intercept of parabola.

7.7.6 General equation of Parabola

Prove that the equation y = ax? + bx + ¢ where a, b, ¢ are real numbers with a = 0 represents a

parabola.

Proof: Given equation is '
y=ax*+bx+c =ax*+bx=y—c

Since a # 0; dividing both sides by a.

248 =30,
x-i-ﬂx—-n(y c)

z
Adding :? to both sides, we have:
hI
4a?

=(x+2_£:t_2=1[y_c+£{l=i[y+p_4ac _— :_n)[y+b:_4ﬂc]

a 4a 4a

(-2 -a@b-2 o

4a

b h?
IZ+EI+;;_'=%(J’-E}+

Which is of the form (x — h)? = 4p(y — k) where h = — 2k = — 2% gpg p = L

2a'

(i) is the equation of parabola with vertex (— 2, — 2-=44¢

downwards accordingasp > Oorp < 0. “ "
Example 13: Find elements of parabola with vertex at (2, 3) and focus at (7, 3).
Solution: Given that vertex is V(2, 3) and focus is F(7, 3). Therefore, h = 2 and k = 3. Observe
that y-coordinate of both V and F is same, thus y = 3 is the axis of parabola. Since x-coordinate
of V is less than x-coordinate of F. Thus branches of parabola open on the right side.
The distance between F and V is “a”. i.e.,
a=|FV|=(7-22+(B3-3)2=vV25+0=5
So, the equation of parabola is:
(¥ = k)? = 4a(x — h) ' .
=2(y—3)=405)(x—-2) > (y—3)*=20(x-2)
Which is the required equation of parabola.
Example 14: Find elements of parabola with focus at (3, —1) and its dircctrix is 3x — 4y + 1 = 0.
Solution: Given that focus of the parabola is at F(3,—1) and directrix is 3x —4y +1=0.1f
P(x, y) is any point on the parabola then by definition of parabola.
|PF| = |PM|; where |PM] is the distance of P from directrix. Therefore:

ey 7 _ _3x-4yH1
V=32 +(y+1) N oETEn

and its branches open upwards or
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Squaring both sides, we have: b
3x—d4y+
(x=3)2+(y+ 1)==—-—z-5—-—'

7 = 25[x2 —6x + 9+ y% + 2y + 1] = 9x? + 16y? + 1 — 24xy + 6x — 8y
| = 25x2 — 150x + 25y% + 50y + 250 = 9x? + 16y? + 1 — 24xy + 6x — 8y
| = 16x2 + 9y? + 24xy — 156x + 58y + 249 = 0
Which is the equation of parabola.
Example 15: Find elements of parabola with vertex at (2, 3) and equation of directrix is y = —4.
Solution: As we know that the focus of the parabola is on the opposite side of vertex as that of
directrix, so in this case it opens upwards. Therefore its equation is:
(x—h)?=4aly—k) (i)
Given that the vertex is (2,3), so h=2and k = 3. Also, the distance between vertex and

3+l _
voi+iz

directrixisy = —4 or y + 4 = 0. Therefore, a =
Putting this value in equation (i), we get:
(x—2)2=4(NN(y—=3) or (x—2)2=28(y-3)
Which is the required equation of parabola.
1. Find focus, vertex, axis of symmetry, directrix, length of latus rectum, end ﬁnints of the
latus rectum of parabola with the given equations. Also draw the graph of the parabola.
() y2=6x (i) y*=-3x (i) x?=24y (iv) x* = -5y
(v) y*—-2y—12x-71=0 (vi) 3x +42x+y+149=0
(vii) 4y? +4y=15-32x (vii) 9x* —6x = 108y + 26
2. Find the equation of the parabola in each of the following.
(i) Vertex at origin and focus (0, — 2 (ii) Vertex (~8,~9) and focus (—3*,~9)
(iii) Vertex (—6,~9) and directrix: x = =3 (iv) Vertex (5,—1) and y-intercept: — -
(v) Focus (—%,—l)mdd.irecu-ixy =§ -
(vi) Opens left or right with vertex (7, 6) and passes through (—11,9).
(vii) Opens up or down and passes through the points (11, 15), (7, 7) and (4,22).
(viii) Vertex (10, 0); axis of symmetry: ¥ = 0; length of latus rectum= 1; a < 0
(ix) Vertex (4, 2); axis of symmetry: x = 4; length of latus rectum = *;*; a>0
(x)  Vertex at origin; opens left; distance between focus and vertex is -:- units.
3. Find the equation of the parabola with the focus at (psing, pcos8) whose directrix is
xcosf + ysin@ = p.
4. Find the coordinates of the vertex of cach parabola by differentiating its equation both
sides and then solving for horizontal (or vertical) tangent.
(i) y=x*-4x+10 (i) 4x*+4+24x+39-3y=0
(i) y*—10y+4x+28=0 (iv) y? =14y =—3x—45y




7.8 Equation of Tangent and Normal of Parabola
7.8.1 Condition for a Line to be Tangent to a Parabola
Consider a parabola (v — k)? = 4a(x — h) (1
and a line . y=mx+c - (2)
On solving these equations, we will get the points of intersections of the line and the parabola.
Using equation (2) in equation (1), we have:
' [(mx + ¢) — k]* = 4a(x — h)
= [mx + (¢ = k))? = 4a(x — h)
= m?x? + 2m(c — k)x + (c — k)? = 4ax — 4ah
> m?*x* +{2m(c—k)x — 4ax}+ (c — k)* + 4ah =0
=>m?x?+2m(c—k) —4a}x+ (c—k)* +4ah =0
On solving this equation, we will get at most two values of x. But for the line to be tangent to the
parabola it must intersect only at a point. i.e., Both values of x should be same, thus discriminant
of the above quadratic equation must be zero.
[2m(c — k) — 4a)? — am?*{(c — k)* + 4ah} =0
= 4m?(c — k)? — 16am(c — k) + 16a* — 4m*(c — k)* = 16ahm* = 0
= —16am(c — k) + 16a® —16ahm? = 0
= —16afm(c—k)—a+hm?*]=0 = mc—k)—a+hm*=0

= m(c—k) =a—m?h = t:--.|||:="_:l‘1'I
a—m?h a — m*h + mk

- e + k= o

Putting this value of ¢ in equation (2), we get:
i Ry SRS
y=mx = = mx

Which is the equation of tangent to the parabola. Here m is the slope of the tangent line.
Particular Case:
When the vertex of the parabola is at (0, 0) i.e.; h = 0 and k = 0 then equation of the tangent line is:

y=m_—mz(ﬂ]—:fﬂl—ﬂ = y=m_;_n = y=m+i
Example 16; Find the equation of the tangent to the parabola y* — 6y — 16x + 25 = 0 with the
slope 1/2.

Solution: Equation of parabola is:
y2 — 6y —16x +25 =0
=>y?—6y=16x-25=y* -6y +9=16x—25+9
=>(y-3P=16x—-16=16(x—1)
=>(y—-3)P=44)(x—-1)
Which is of the form (y — k)* = 4a(x — h)
Here h = 4; k = 3 and a = 4 and given that slope is m =%, therefore equation of tangent to the
parabola is: Bk R

=mx —
}‘ m

—— \\Netona Bock Foundeon .|




e i T I
Putting values, we get:

L PR | g 3

1 =) 4—=(3)-4 1 154

y=cx- = y=;x--—-§—
z ]

= I=;I-(2—3—B)=%I+9 = 2y=x+18
= x—2y+18=0
7.8.2 Equation of Tangent Line to the Parabola at a Given Point

Consider a parabola (y — k)? = 4a(x — h) (1)
and let P(x,, 1) be a given point on the parabola. Differentiating equation (1) w.r. t. x
i d 2a
2y-k)p=4a = Z=%

Slope of tangent at P(xy,¥;) =m = %at P(xy.y1) = ;%
Thus, equation of the tangent line at P(x,,y;): is
2a

y=y=mx-—x) = y-h=—5E—x)
> Oi-BO-y)=2ax-x) = 01=ky=01-ky, =2ax—2ax
3 — 2 Zax“(yl—k}y—Ztlx1+(yl—k)}*1=ﬂ
Which is the equation of the tangent line at P(x,, ;).
In particular if vertex is at (0, 0) then h = 0, k = 0. Then, the equation of tangent line is:

2ax — (3 —0)y —2ax; + (1, = 0)y; =0 = 2ax—y,y—2ax;+y{ =0
Since (x;,¥; ) lies on the parabola, so y7 = 4ax, and we have:

2ax — y;y — 2ax; + 4ax, =0 = 2ax-—-yy+2ax;, =0
7.8.3 Equation of Normal Line to the Parabola at a Given Point
As, we know that normal line is perpendicular to the tangent line.

Thus; slope of the normal line is
) -1 _ k)
slope of tangent line 2a

Equation of the normal line at point P(xy, y;) is:

R € i e [ 1 P
Fy=ns= 5 (x—x)

= 2a-y)=-0n—Kx—-x) = Ohn—kKx—x)+2aly-y)=0

Which is the equation of normal line at point P.

In particular if vertex of the parabola is at (0, 0), the equation of normal becomes:
0h—0(x—x)+2aly—y) =0 or y(x—x;)+2a(y—y;)=0

Example 17: Find the equations of the tangent and normal to the parabola y* — 6y +8x =9 =0

at point P(%, =1).

Solution: Equation of parabola is y2 — 6y + 8x—9 =0

Diff. w. r. t. x, we have:
Zy:—:-—6%+ﬂ=u = (Zy—ﬁ)%=—ﬂ = L= =

m

Slopeufmgentﬂne=m=§atF= -::-f—;= 1
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Thus, equation of tangent line at P is: .
y-(-D=1(x-3) = y+1=x-1
= 4y+4=4x-1 = 4x—4y-5=0

Since normal line is perpendicular to the tangent line, so slope of the normal line is :11- = -1,
Equation of normal line is:
y=(-D=-1(x-3) = y+1=-x+3
= 4y+4=—4x+1 = 4x+4y+3=0
Which is the equation of normal line.

Exercise 7.8

1. Find the points of intersections of the line x — 2y + 3 = 0 and the parabola y* = 8x + 1.
Also find the chord intercepted. Is the chord a focal chord?

2. For what value(s) of ¢ the'line 2x + 2y — ¢ = 0 never touches or intersects at different
points of the parabola x* —x + 2y +3 =0,

3. Find the value of a so that the line ax — 2y + 3 = 0 is tangent to the parabola:
y2=2y+3x+7=0;a#0
4. Prove that the line 3x + ¥ — 5 = 0 is tangent to the parabola y? — 2y + 6x — 6 = 0. Also

find the point of contact.

5. Find the equation of tangent and normal to the parabola 2y? —3y+11x — 16 = O at the
point (1,—1).

6.  Find the equation of tangent and normal to the parabola x? — 5x 4 2y + 6 = 0 at the point
where abscissa is 1. 2

7. Find the equation of tangent and normal to the parabola y* = 18x at the end points of its
latus rectum.

8. Let P(at?,2at,) and Q(at3, 2at,) be any two points on the parabola y* = 4ax. Prove that
the chord joining P and Q is a focal chord if ¢,¢; = —1.
9. A tangent line is drawn to the parabola at any point P. Prove that the line segment of the
tangent cut off between P and directrix subtends a right angle at the focus.
10. Prove that tangents at the end points of any focal chord intersect at right angles on the )
directrix.
11. Prove that tangents to the parabola at any point P on the parabola make equal angle with line
joining P and its focus and the line through P parallel to the axis of parabola. (Reflecting
property of parabola).
12. Prove that the semi latus rectum is a harmonic mean between the segments of any focal chord.




SRR\ UNIT7:CONICSECTION e st

7.9 Ellipse . . 5

Itis the set of all the points in the plane such that the sum of the distances F ‘ ¥
of each point from two fixed points in the plane remains same. The two "A’
fixed points are known as foci (plural of focus) of the ellipse.

The midpoint of the foci is called the centre of ellipse.

7.9.1 Standard Equation of an Ellipse
Consider an ellipse with centre at origin and the foci on x -axis. Let the foci be Fy(—c, 0) and

Fa2(c, 0). Also suppose that sum of the distance of each pint of ellipse from foci is 2a which is
constant.

Take any point P(x, ¥) on ellipse then by definition of ellipse: ; y4
: |PF;| + |PF;| = 2a P(x.y)

=2Jx+c)2+(=02+J(x=c)?+(—0)2=2a //—7“
= G+ 57+ GF = 20~ =27 + O T.Q’Q_y Z
Squaring both sides, we get:

(x+c)+y*=4a+ ((x— )2 +y?) —da/(x — c)? + (y)?
22+ F+2cx+ Y =42 + P+ 0P - 2cx +yF —4a[(x— )2 + y2
=4a./(x—c)+y*=4a’—4cx = afJ(x—-c)2+y*=a®-cx
‘Again, squaring both sides, we have:

a?[(x — c)? + y?) = a* + ¢*x? — 2a%cx
= a?[x? + ¢? — 2cx + y?] = a* + ¢®x% — 2a%cx
= a?x? + a®c? — 2a’cx + a®y? = a* + c%x? - 2a%cx
= (@®x® —c*x?) +a’y* =a*—a?’c? = (2-cx?+a’y?=a*(@*—-c?) (i)
Sincea>c¢ = a*>c¢? = a?—-¢2>0
Let a® — ¢2 = b (say), thus, equation (i) becomes:;

2.2 Tard e Al p2
:;ifid;: I:zﬂ:u si:esbby b7, e haves Ok 4 OV @D \
o= "a2b? " a?b?  a?b?
- oo _ . Pax.y) —1 9

= 5+ 37 = Lis the equation of ellipse in standard form. - \a >

Note: If we take foci on y-axis i.e. F;(0,—c) and
F,(0, ¢) then equation of ellipse will be: :_:'+ i:_: -
Elements of Ellipse

Consider the ellipse 5 +2% =1

Following are its clements.

Foci
The two fixed points F;(—c, 0) and F;(c, 0)
are known as foci of ellipse.




' Major Axis

The line which passes through both the foci of ellipse is called major axis of the ellipse and its
length is 2a. In this case major axis is x-axis.
Vertices

The points where the ellipse cuts its major axis are known as the vertices of :Ihpse In ﬂns case
vertices are A, (—a, 0) and A, (a, 0).
Centre

The mid-point of both the foci (or both the vertices) is called the centre of the ellipse. In this case
(0, 0) is the centre of ellipse. '

Minor Axis .

The line passing through the centre of the ellipse and perpendicular to the major axis is known
as minor axis of the ellipse. Its length is 2b. In this case y-axis is the minor axis.

Co-Vertices

The points where the ellipse cuts its minor axis are known as co-vertices of the ellipse. In this case

B, (0, —b) and B, (0, b) are co-vertices of the ellipse. Note that the mid point of the co-vertices is
also the centre of ellipse.

" Chord

A line segment with its end points on the ellipse is called chord of the ellipse.
Focal Chord

A chord which passes through any of the foci is called focal chord. e.g., B;B; is focal chord.
Latus Rectum

A focal chord which is perpendicular to the major axis is called latus rectum of the ellipse. There
are two latus rectums (latera recta) of an ellipse through each of the foci. The length of both the

2
latus rectums is same and is %.

Eccentricity
The eccentricity e of ellipse is -:— i.e_.e=§ since ¢ < a thus eccentricity of the ellipse is always
less than 1.
As we know that:
S TR L 2y _ 4 _ (<)
pad-a = Befof o (F-1-()
bz_ 2 ;ST _Ei_ﬂl—bl
- g3 wi=el . ® =1 (4) T a? :
vai-b?
or e=
a
‘Directrices

There are two fixed lines corresponding to each foci lying outside of the ellipse and are
perpendicular to the major axis at a specific distance =. These lines are known as directrices of the
ellipse. In this case these are the vertical lines and their equations are:

2
a a —_ g
x=:|:;orx—:l:'—,-nrr—:kt
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The table shows summary of the elements of ellipse.

/-’— _—“\ z m ¥ gt
S W =l
Centre 0(0,0) 0(0,0)
Foci (—¢,0) &(c,0) (0,—c) & (0,c)
Major Axis x-axis with equation y = 0 y-axis with equation x = 0
Minor Axis y-axis with equation x = 0 x-axis with equationy = 0
Vertices (—a,0) & (a,0) (0,—a) & (0,a)
Co-Vertices (0,—b) & (0, b) (—b,0) & (b,0)
Directrices . y s i%

Note: Equation of the ellipse with centre at arbitrary point (h, k) is:
(x::]‘ + b';::i‘ =14 e tx;::’ + {va:l =4

Example 18: Find the equation of an ellipse with foci (—3,0) and (3,0) and the sum of the
distance of any point from the foci is 10.
Solution: Given that foci of the ellipse are F; (—3, 0) and F,(3, 0). Take any point P(x, y) on the
ellipse, then by definition of ellipse:

|PFy| + |PF;]| = 10
2JE+32+(-02+(x=3)2+(y—-0)2=10
=JEx+3)2+y2=10-/(x-3)*+y2
Squaring both sides:

(x+3)%2+y% =100 + ((x = 3)® + ¥*) — 20/ (x — 3)% + y*

= ¥+ 6x +94 ) =100+ — 6x +9+ ¥ — 20/(x = 3)? + 2

=220/(x=3)2+y2=100—12x or 5,/(x-3)2+y?= 25 3x
Again, squaring both sides:
25((x — 3)% + y*) = 625 + 9x% — 150x
= 25(x% — 6x + 9 + ¥?) = 625 + 9x? — 150x
= 25x? — 150x + 225 + 25y2) = 625 + 9x? — 150x
= 16x° + 25y% = 400

Divide both sides by 400, we get the required equation of ellipse as:
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Example 19: Convert the equation of ellipse 4x? + 9y? + 8x — 36y + 4 = 0 in standard form.
Also find its elements and draw the graph.
Solution: Given equation of ellipse is:
4x2 +9y* +8x—36y+4=0 = (4x% +8x) + (9y* —36y) = —4
= 4(x*+2x) +9(y* —4y) = —4
S4x2+2x+1—-1]+9y? -4y +4— 4] = —4
24(x+1)%-4+9(y—-2)"-36=—4 or 4(x+1)*+9(y-2)2=136

Dividing both sides by 36, we get: .
(x+1)? (=20 _ (x+1)? , (y=2)% _
R T or = Pl

Which is the standard form of the equation of ellipse.
Letting x + 1 = X and y — 2 = Y, the equation becomes:

X* y?
"3"5+'2—2=1

Its major axis is along x-axis. Hencea =3 and b = 2.
Now we find its elements.

Centre: As the centre of ellipse is (0, 0), therefore (X, Y) = (0,0)

=X=0 Y=0
=x+1=0 y=2=0
=xy=-1 y=2

Thus, the centre of ellipse is at (=1, 2).

Foci: As we know that ¢ = +Via? — b? hence for the given equation ¢ = +V/9—4 = +V5
therefore foci are Fy(—c,0) = (=V5,0) and F,(~c¢,0) = (—=V5,0).

Major Axis: As major axis of ellipse is along x-axis hence its equation is ¥ =0
=y—-2=0 = y = 2 is equation of major axis.

Minor Axis: Equation of minoraxisis X=0 =x+1=0 =x=-1

Vertices: The vertices of given ellipse are (—a,0) = (—3,0) and (a,0) = (3,0).

Co-Vertices: Co-vertices of given ellipse are (0,—b) = (0,=2) and (0, b) = (0, 2).

F— z 9
Directrices: The equation of directrices is X = :I:a—c~ iex+1= ;l:ﬁ

'—:{:i-l“g_ﬁ—-g-ﬁ
RAX=XRZ~'=F® ~ "
ol _—9-\8 4 Minor axis 8
5 "‘ﬁ ‘ﬁ

5:(0.2)

The graph is shown in the
adjoining figure. -

0
o £
A, (—3,08_F, (=V5.0) % Fy(V5.0) /A3(3,0) |Major axis




Foavrcise 7

1. Find the centre, vertices, co-vertices, foci, eccentricity, length and equation of major axis,
length and equation of minor axis, directrices, and length of latus rectums for the following
equations of cllipse. Also draw the ellipse in each case

M ET+L=1 (i) 2x?+3y2=30
i) Z+&Fog (iv) x*+9y*+6x —90y + 225 = 0

(v) 16x* +9y? —32x + 36y —92 =0 :
2. From the given information, find the equation of ellipse in each of the following,
(i) Vertices (—4,6), (—16,6) and co-vertices (—10, 2), (—10, 10)

(ii) Centre at (=8, 5); vertex (-8, 15); Focus (=8,5 + v5)

(i) Eccentricity is 4@ centre (~5,5); co-vertex (8, 5)

(iv) Eccentricity is > and passes through the point {3 1) with centre at (0, 0);
major axis a]cmg y-axis.

(v) Focus at (3, 4); directrix x = 5 and manu'm:ty =

(vi) Centreat (1, ~1); horizontal tangents arc y = 7 am:l ¥ = —9 and vertical tangents arc
x=6andx = —4,

(vii) Length of latus rectum is 4; ccnu'c at (0, 0) and eccentricity 15 ; major axis along y-axis.
(viii) Centre at (1,1); eccentricity isc 2 and one of the directrices is x = L

3. Find the coordinates of the vertices and co-vertices of the following ellipse by differentiating

both sides of equations and solving for horizontal and vertical tangent lines
- 2 2 = - (x=1)2 , 422 _ , .

() 2x*+3y*+2x-3y—-5=0 (1i) Wt +—15 =1

(i) 3x2+3¥ +x-y=5=0  (v) x*+2y*—6x—4=0

7.10 Equation of Tangent and Normal to Ellipse
7.10.1 Condition of Tangency

Consider the ellipse &2 + Oy (1)
and the line y mx+c (2)

on solving (1) and (2) simultaneously we will get the common points, from (2) put the value of y
in equation (1)

(x—h)® (mx+ ::-Jc]lz

P + B . =

b*(x — h)? + a®(mx + ¢ — k)? = a?h?

b*(x? — 2hx + h?) + a*(m?x? + 2m(c — k) + (c — k)?} = a?b?

(&% + a®>m®)x? + (=2b*h + 2a*m(c - k))x + b%h? + a?(c — k) — a?b? = 0
which is quadratic equation in x.

i
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If Disc > 0 then equation will have two distinct real roots so, line will cut the elllpae attwo different
points.
If Disc < 0 then equation will have no real roots, i.e. there is no common point.

If Disc = 0 then equation will have one real root i.e. there is only one common point. Thus line
will be tangent to the ellipse if Disc = 0.

= {—2b*h + 2a’m(c — k)}* — 4(b* + a*m?)[*h% + a%(c — k)? — a?b?] = 0
= 4{—=b*h + a’*m(c — k)}* — 4(b* + a®*m?)[b?h? + a?(c — k)* — a?b?] =0
= P2 + a*};a.{ k)? — 2a2b?hm(c — k) — p3¢ — a?b?(c — k)? + a?b* — a?b?m?h?
— a*b?*m?h? - a*m?(e< k)® —a*b’m? =0
Taking common —a?h?
—a?b?[2hm(c — k) + (c — k)* — b®> + m*h* + a*m?] =0
=2hmc—k)+(c =k’ —=b +m?(@*+h*) =0
=5 b? = 2hm(c — k) + (¢ — k)* + m?(a® + h?)
is the condition for the line to be tangent to the ellipse. In particular when centre of the ellipse is
at (0,0) then h = 0 and k = 0. In this case the condition reduces to
b? = 2(0)m(c — 0) + (c — 0)? + m?*(a® + 0)
= b% =¢? + m?a?
= ¢? = b* — m*a®
= ¢ = Vb% — m?a? provided that b* — m?a® = 0
Put value in equation (2)
Are the equations of the tangents to the ellipsc & +55 ,,z =1in the slope form.
Example 20: Find the equations of the tnngv:nt to th-: elhprsc - + — = 1 with s1npe =

Solution: Equation of the ellipse is = + L = 1.

Herea? =2; b*= lﬁandgwenthatm—%

Equations of the tangent to ellipse are y = mx + VbZ — mZa?
Putting the values; we have:

y=1xt ’16—-}(2) = y=1x+2 = 2y=x1V62 .

are the required equations of the tangent lincs.

Enmplell.pmvethatthelmexf‘x 2y +8= [hstang:nttutheclhpse-—+—=1

Solution:
Equation of line is \P'_x 2y+a=u (1)
| and equation of ellipse 1 i = + —=1

x2 +4y =16 (2)




From equation (1) 2y=+vV3x+8=y=

Put in equation (2)

2
3x + 8\ -
:=+4("rx ) =16

3x% + 16y/3x + 64
=:x"+4( Gf- )=16
= x2+3x2 +16V3x+ 64 =16
= 4x2+16V3x+48=0
Dividing both sides by 4
=x2+4V3x+12=0
Taking its discriminant
= Disc.= (4V3)" — 4(1)(12) = 48 — 48
= Disc.= 0 this shows that line is tangent to the ellipse.

7.11 Equations of Tangent and Normal to an Ellipse at a Given Point
Consider the equation of ellipse
(x—h)* (y—k)?
a? ki bz -
= b%*(x — h)? + a®(y — k)? = a®b? (1)
Let P(x4, y1) be any point on this ellipse. Differentiating equation (1) w.r. t. x

= 2b%*(x — h) + ZHI(Y—J{)% =0
dy  b*(x—h)
S&xT @2k
At point P(xy, y,)
dy  b*(x;—h)
Tax @m-k
is the slope of the tangent line at point P(xy, y;). Thus, equation of tangent line at this point P is

b?(x;—h
y—-n= -?%}—_—k%-(x—:,) :

= a’(n — k) = y1) = ~b?(xy — B)(x ~ x1)

=b*(x;—h)(x—h+h—-x)+ @y, —k)y—k+k—y,) =0

= b*(x; —h)[(x = h) = (x; = W)] + 2O =Ky = k) = (1 = K] =0
= b?(xy — K)(x — h) = b?*(x; — h)* + a®(y; = k) (y = k) = a?(y; = k)2 =0

= b?(x; — h)(x = h) + a*(y; = K)(¥ = k) = b*(x; — h)* + a?(y; — k)?

|
l_——



T vy

Since, the point P lies on the ellipse, thus from equation (1) we have

b?(x; — h)? + a?(y, — k)? = a®b?

= b*(xy — h)(x — h) + a*(y; — k)(y — k) = a?b?
Dividing both sides by a?b?

NCEL SO NCED AT
is the required equation of the tangent line.
In particular case if the centre of the ellipse lies at origin, then h = 0, k = 0. In this case equation

1

of tangent is -
(x, = 0)(x—0) (y,—0)(y=-0)
2 + 2 =1
a b
Hnx iy
kil

7.11.1 Equation of Normal

As the normal line is perpendicular to the tangent line thus,
-1
slope of tangent line
-1 _ a*(y, — k)

ST —h)  bi(x,-h)
Ez g
Thus, equation of normal line at point P is
a*(ys — k)

Y= =m0¢-xﬂ

= b%(x; — h)(y — 1) = a® (1 — k)(x — %)

= a?(y; — k)(x—x,) = b*(x, —h)(y — 1) =0
is the equation of the normal line.
In particular if the centre of the ellipse is at origin, then h = 0 and k = 0. So, equation of normal
becomes

slope of the normal line =

a?(yy = 0)(x — x;) — b*(x; —0)(y—y) =0
= a?y,(x = x;) = b*x;(y—y1) =0
Example 22: Find the equations of tangent and normal to the ellipse x24+2y2—2x+4y=0at
point P(0,0).
Solution:
Equation of ellipse is x? + 2y? —2x + 4y =0
Differentiating w. r. t. x
dy

d
2x+4yay-2+4zx'=u

d
= (4y+4)3%=*—(2#—2}
dy 2x-2 x=1

dx 4y + 4 2y+2

=
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| At point (0,0)

| dy ~ 0-1 1

| de ™ 2000+2 2 ‘

is the slope of the tangent line at P(0,0). Thus, equation of tangent line is
Y=y =m(x—x)

1
==~y—{]=-(x—ﬂ}=&2y=x =x-2y=[}

Now slope of the normal line is ——— Thus, equation of normal line at point P(ﬂ 0) is

| y- u—-z(: 0)=y=-2x T =
| 2x+y=0

Equation of ellipse is x® + 2y% — 2x + 4y = 0, convert it into standard form, i.e.;

(x?—2x)+2(*+2y)=0
=@ -2x+1-1D+20%+2y+1-1)=0
=[(x=1)2=-1]+2[y+1)*-1]=0
= (x-1)P2-14+2(y+1)2-2=0
=(x-1)2+2(y+1)?*=3
Dividing both sides by 3 "
" 2
=4}(.1:31}! 2(y+1)
(x—-1)* (y {-1))2
e 3/2
Compare it with standard equation S0~ + 987 — 1;p = 1,k = —1;02 = 3; b2 = 3/2
Equation of tangent line is
' a-h)(&x-h) TSl

. Alternatively
|
|

=1

a? b? -
Putting the values
: ©-DE-1 O-C)o-1) _,
3 3/2
- +1
. =% x3+1+2(ys )=1=ﬂ—x+1+2y+2=3=—x+2y=ﬂ
: =x—-2y=0
And the equation of normal line is .
a*(yy = k)(x = x;) = b?(x; —h)(y — y,) = 0
Putting the values

=3(0-(-1))(x-0)-3/2(0-1)(y-0)=0
=3x+3y=0
= 2x +y = 0, is the equation of normal line.



1. Find the points of intersection of the line and ellipse and also find the length of chord
intercepted x —y+1=0; x>+ 2y*+3x—-7y—11=0.

2. Find the value of m so that the line 5x +y — 20 =0,m # 0 touches the ellipse

x; + ’?l = 1. Also find the point where it touches the ellipse.

3. Find the equation of tangent to the ellipse x? + 2y* — 3x + 5y — 3 = 0 with slope 1.

4. Find the equations of tangent to the ellips¢ 3x* + 4y* = 12 which are perpendicular to the
liney+ 2x = 4.

5. Find the equations of the tangent and normal to the ellipse 2x? + 3y? —5x— 10y +5=10
at the point (3,2).

6. Find the equations of the tangents and normal to the ellipse 15x? + 6y —8x =5y +2=0
at the point with ordinate %.

7. Prove that tangent at any point to the ellipse make equal angles with the line joining the
point with the foci (reflecting property of ellipse).

7.12 Hyperbola

It is the set of all points in a plane such that the difference of the distances of each point from
two fixed points in the plane is same. The two fixed points are known as foci of the hyperbola.
The midpoint of foci is known centre of the hyperbola.

7.12.1 Standard Form of the Equation of Hyperbola
Consider a hyperbola with centre at &y
origin and foci on x — axis. Let the P(x.y)
foci be Fy(—¢,0) and F,(c, 0) and the
difference of the distances of each

point from the foci is 2a. x-axs
< y[—a.0] Ayl 0) >

Take any points P(x, ¥) on hyperbola then Fi(~<.0) 0(0.0) ief)

by the definition of the hyperbola

I'F'Fli — I'P'FZI = 2a

=2Jx+c)2+(y-02-J(x=-c)P+(y—0)=2a

= Jx+c)2+y?=2a+J(x—-c) +y?
squaring both sides

(x +c)? + y? = 4a? + 4a/(x — ¢)? + (¥)? +((x-0c)+y%)
= 2%+ F 4+ 2ex + Y% = 4a? + 40 [(x — O)F + Y2 +A2 +.2 — 2cx + yF




= 4a./(x — ¢)? + y? = 4cx — 4a?

s a(x—c)2+y?=cx—a®

Again, squaring both sides

a?[(x — ¢)? + ¥%] = c®x? + a* — 2a’cx

= a*[x? + ¢ — 2cx + ¥?] = c*x* + a* — 2a%cx

= a?x? + a’c? —,Zﬁzr:x +a?y? = cx? + a* - pdlcx
= (c2x? — a?x?) — ay? = a?c? — g* Sl
= (c? - a?)x? — ay? = a2(c? — a?)

sincec>a= c¢*>a’ \Eglﬁ/

= ct—-a*>0

< >
Letc® —at'=m B2 0(0,0) o
Therefore b*x? — a?y? = a®b? /”—m\
Dividing both sides by ab?, we have: ¥
ki 2

- £-%=1
is the standard form of the equation of hyperbola. Similarly, if we take the foci on y — axis the
equation of hyperbola will be

y2 X2

@ Bl
Elements of Hyperbola

2

Consider the hyperbola E; —%; =1
Foci

The two fixed points F;(—¢, 0) and F,(c, 0) are the foci of the hyperbola.

Centre

The midpoint of both the foci is called the centre of the hyperbola.

Focal Axis or Transverse Axis or Real Axis

The line which passes through both the foci of hyperbola is called the focal axis. In this case
x-axis is the focal axis with equation y = 0 and its length is 2a.

Conjugate Axis or Imaginary Axis

The line passing through the centre of the hyperbola and perpendicular to its focal axis is known
as conjugate axis or imaginary axis. In this case y-axis is conjugate axis and its equation is x = 0.
The length of conjugate axis is 2b.




Vertices

The points where the hyperbola cuts its focal axis are known as the vertices of the hyperbola. In
this case A;(—a,0) and A, (a, 0) are vertices of the hyperbola. Note that the mid point of the
vertices is the centre of the hyperbola.

Co-Vertices _

The points (0, —b) and (0, b) lying on the conjugate axis and equidistant from the centre are
known as co-vertices of the hyperbola.

Focal Length

The distance between the two foci is called focal length and its value is 2c.

Chord

A line segment with both end points on the same branch of hyperbola is called chord of the ’
hyperbola.

Focal Chord

A chord of hyperbola which passes through the focus of the hyperbola is called focal chord.
Latus Rectum

The focal chord which is perpendicular to the focal axis is called latus rectum. There are two latus
rectums one through each of the foci. The length of each latus rectum is ZTE.

Eccentricity

The eccentricity of hyperbola is e = i since ¢ > a thus eccentricity of the hyperbola is always
greater than 1.

The equation of hyperbola with centre at (h, k) when the axis of symmetry remains parallel to the
coordinate axis is:
(x=h)? _ r-k)? =1

y-k)? _ (x=h)? _
a? b2 or a? bz 1
The table shows the summary of elements of hyperbola.
Sketch and y —axis
Equation B,(0,5) '
A X — axis
= 5 Lo - -
By (0.-R)
—_ =1

Centre 0(0,0) 0(0,0)
Foci (—c,0) &(c,0) (0,—¢) & (0,¢)
Vertices A,(—a,0) & A;(a,0) A,(0,—a) & A;(0,a)
Co-Vertices B, (0, —b) & B,(0,b) B, (—b,0) & By(b,0)




Focal Axis x-axis with equation y = 0 y-axis with equation x = 0
i::?: & y-axis with equation x = 0 x-axis with equation y = 0
Eccentrici c
_— r=Si e=So1
a a

Directrices - _.a ] e

x ;[-,aurx :i:E y :l:ﬂﬂl'.? :te
I..ﬂhls B B
Bictian length of latus rectum 2— length of latus rectum 2 —

Example 23: Convert the equation of hyperbola 4x? — 9y? — 16x — 18y — 29 = 0 into
standard form and find its elements.
Solution: Given equation is:

4x? = 9y? — 16x — 18y — 29 = 0 = (4x% — 16x) — (9y% + 18y) = 29
= 4(x* —4x) —9(y* +2y) = 29 :
S4x*—4x+4-9 -9 +2y+1—-1)=29
24(x—-2)2—-4]-9[(y+1)*-1]=29 =4(x—-2)2—-16—-9(y+1)2+9=29
=24(x-22-9(y+1)* =36
Dividing both sides by 36:

(x=2)?  (y+1)? (x=2)2  (y+1)% _

=1 or =1

9 4 32 22
is the standard form of the equation of the hyperbola.
Letx—21=Xandy+1=Y
the equation reduces to :—:-§;= 1.
Centre: Centre of hyperbola is at (0, 0). i.e., (X,Y) = (0,0)
=2X=0 Y=0
=2x—2=0 y+1=0 '
=x=2 y=-1

Therefore, (2,—1) is the centre of hyperbola.
Vertices: The vertices of given hyperbola are (+a,0) i.e. (X,Y) = (+a,0)

=X=4a Y=0
=>x—2=43 y+1=0
=x=+4342 y=-1

=2x=5x=-1
Hence vertices are (=1, —1) and (5, —1).
Covertices: Covertices hyperbola are (0, +b) i.e. (X,Y) = (0, 4b)

=2X=0 =2Y=4b
=2x—-2=0 =>y+1=42
=x=2 =2y=-1+2

=2y=-3,x=1
Thus, covertices are (2,—3) and (2,1).

T R
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Foci: Foci of the hyperbola are (+¢,0) i.e. (X, Y) = (%¢,0)

= X=+c =2Y=0
=x—-2=x%c =y+1=0 B
Sx=2+c¢ =y=-1

As we know that b? = ¢? — @
=222=¢c2-32 =¢2=13 =c=+13
Thus, x=2+V13 andy =1
= (2 4 V13, —1) are foci of the hyperbola.
Eccentricity: Eccentricity of the hyperbola is e = £ = Y2
Focal Axis: Equation of focal axisis Y = 0 = y + 1 = 0 and the length of focal axis is
2a = 2(3) = 6 units .
Conjugate Axis: Equation of conjugate axis is X = 0 = x — 2 = 0 and the length of conjugate
axis is 2b = 2(2) = 4 units.
Directrices: Theequaﬁonufdimcﬂ‘imnfhypcrbulamx=:|:§

sx-—2=48 =24¥8
anRactnm:Thelcngthnfmhlamsmofhypcrbolais25:—= 2-2-;-=§units
Example 24: Find the equation of hyperbola with centre at (2,4) and the length of semi transverse
and conjugate axis are 3 and 5 units respectively. Also, the transverse axis is parallel to x — axis

Solution: Given that centre of the hyperbola is at (2,4) and length of semi transverse and
conjugate axis are 3 and 5 respectively. Soa =3 andb=5 -

Since transverse axis is parallel A
to x-axis, so equation of 4
hyperbola is:
(x—-h)? (y-k)?

a? 7 e

@4

Putting the values we have

_2y2 2 X

.(xna) e {}":z ) 'y - / s \ B
= !:i—!)z _— _{?—4}2 = L4

9 25 :
Example 25: Find the equation of hyperbola with centre at (0, 2) and it passes through the points
(1,1) and (4,7).
Solution: Let the equation of hyperbola be

Given that centre is at (0, 2) thus equation is

(x-n)? _ G-k _ 4

a? b2

—0)? -2)? x*  (y=2)% _
(Ia ) -'{'J;T=1 or o S =1 (1)
Given that it passes through the point (1,1); so from Eq (1)
12 (1-2)? 11 _ 2
g =1 eg-gel )




Also, it passes through the point (4,7), so from Eq (1)

42 (?_2)2
@ !
16 25
===l cereeen(3)
Multiply Eq (2) by 16 and then subtract Eq (3) from it
1 _15_15 . »»  putting the values in Eq (1)
p al b : = z* y* 4
625 _ ! 79N 79y
HatE=T L (@ @
Y 1
i=15 - or
b? i
! 2 2
b? = & putin Eq (2) - AP
1 1 i
===t : ‘
i ; is the required Equation of hyperbola.
= 3 15 I
2 9 = ;i'—l']' 9 E
i_2 . & o
a2~ 9 24

| Example 26: Find the equation of hyperbola with centre at origin with eccentricity éand length
of its latus rectum is 3.
Solution:
Let the equation of hyperbola be

E-X=g szl D)

at pE

put the values of a® and b? in Eq (1)
& o

"®e
5 5

- :

25x* S5y?

¢

z
. Giventhate =2and2-=3  ....(2)
: - =al3) =22
Since ¢ = ae nc—a(z)_z

3a\2

also b =c?’-qa’= T - a? 36 9
bt = ?- a? = 5—:‘: R is the equation of hyperbola
put in Eq (2)
ﬂ%!_].—g —y - 2__ 36
i .’ T
put in eq (3) |

b =— —)=~§ o-

bh———---h——----._"---
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Example 27: Find the equation of hyperbola in the standard form with centre at origin and
emann'icity-:—; also, length of its semi conjugate axis is 3, which is along y — axis.
Solution:

Let the equation of hyperbola be [*>  putthe value of b
2 y? 1 92 = _'J_’uz . - 81
i i 2 e p— (1) : 9 7
" 1 put the values of a® and b? in Eq (1)
Gwenﬂ1ale—-andb=3 } 2 2
I = o — I.i =1 = 11...- - i =1 E
4 b? =c% —a® = (ae)® — a* = a®(e* - 1) " (&) 3 81 9
I
= a? ( 1) = —a o1 is the required equation of hyperbola

Example 28: Find the equation of hyperbola with centre at origin and eccentricity V3. Its one
focus is (3,0) and the directrix is x = 1.

Solution: As the ¥ coordinate of focus is zero; so its transverse axis is along x- axis. Equation
of directrixisx=1orx—=1=0.
Take any point P(x, ¥) on the hyperbola then by definition

distance of point from focus

= s : svasivall)
distance of point from line

distance of point P from focus = /(x = 3)* + (y — 0)*

=JxZ—6x+9+yi=Jx*+y*—6x+9

distance of point from directrix= -.F'txflﬁ? lx — 1]

putting values in Eq (1)
Jxi+y:—6x+9

3=

I — 1]
>V3lx—1]=yx*+y*—6x+9 Alternate Method
squaring both sides Given that e = V3 and focus is (3,0) = ¢ =3 '

I(x—1)2=x*+y*—6x+9
3x2—6x+3=x*+y*—6x+9
=2xt—y2=6

sae=3 =2avVi=32a=V3=>a*’=3
also b?® = ¢ — a?

- =b*= Bz*v'] =9-3=6
Dividing both sides by 6 ( 5
: il s putting values i m e e 1
—3— _— ._5-.- b 21

oy -'y:z = 1 is the required eguation of hyperbola.
3

is the required equation of hyperbola



1. Find the centre, vertices, co-vertices, foci, eccentricity, length and equation of transverse
axis, length and equation of conjugate axis, directrices and length of latus rectums for the
given equations of hyperbola. Also sketch the hyperbola in each case.

@5 _ =4 _ 4

{]} 36 81
S " =10  (x-1)% _
(ii) 10 A5 1

(i) —16x*+9y*+32x+144y—16=0
(iv) x*—4y*+2x—40y—135=0
2. From the given information find the equation of hyperbola in each of the following.
(i) Vertices: (8,14), (8, —10); conjugate axis of length 6 unils.
(i) Vertices (-2.3),(-165) and end poins of conjugate axis are
15 5 ;

(-9.3):(-9.-3)

(iii)  Vertices are (—5,1), (=5, ~7) and foci are (=5, -3 + ¥97), (-5,—3 — v/97).

(iv)  Foci are (8,5 + V53),(8,—5—v53) and end points of conjugate axis are
(15,5); (1,-5).

(v)  Vertices are (0, 9), (0, =9) and passes through the point (8,15).

(vi)  Eccentricity is %; centre at (1, 1) and passes through (=7, 2), focal axis is horizontal.

(vii) Focus (5,3); directrix y = =2 and eccentricity 55»

(viii) Centre at (0,0); length of latus rectum is 5, eccentricity %; conjugale axis along

X -axis.

-

3. Find the vertices of the following hyperbolas by differentiating the given equation and
solving for horizontal/vertical tangent lines.

" (x=3)?  (y+3)?
- S =

o (=1 (x+1)2
() -Gty

(i) S5x*—5y?+25x—5y+20=0
(iv) =x®+4+y?—-10x—-4y—28=0




ISR . UNIT-07: CONIC SECTION. . . /e e aasan i

7.13 Equation of Tangent and Normal to a Hyperbola

. (x—h)? -k)?
Funsmcrthchypcrbola nzj —&hz) =4 ks (1)
and the line y=mx+¢

on solving Eqs (1) and (2) simultaneously we wil get the points of intersections of the line and
hyperbola; for this use Eq (2) in (1)
(x=h)3* (mx+c—k)? il
al b2 =
= b%(x — h)? — a?(mx + (¢ — k))? = a®b?
= b2x% — 2b%hx + b2h? — a®m?x? = 2a*m(c — k)x —a*(c — k)* —a’b?* =0
= (b? — a?m?)x? — 2(b%h + a®m(c — k))x + (b*h? — a*(c —k)* — a®b*) =0
which is quadratic equation in ‘x’,

If discriminant of this equation is greater than zero or positive the equation will have two distinct
values of x so line will cut the hyperbola at two distinct points. If discriminant of this equation is
negative then the roots of the equation will be imaginary i.e. there is no point of intersection and if
value of discriminant is zero then equation has repeated roots i.e. there is only one point of

‘ntersection. In this case the line will be tangent to the hyperbola, so condition for the line to be
tangent to hyperbolais

Disc =0
2
= (2(b%h + a®m(c — K))) — 4(b? — a*m?)(b*h? — a?b? — a*(c —k)") = 0

= 4(b%h + @?m(c — k)" — 4(b? — a?*m?)(b*h* — a?b* — a*(c — k)*) = 0

Dividing both sides by ‘4’

(b2h + a?m(c — k)" = (b* — a?m?)(b*h? — a?b? — a*(c —k)*) = O

= B2 + ati*(c — k)? + 2a?b*mh(c — k)* - pFh? + a?b* + a?b?(c — k)? + a*b*m?h? —
a*b?m? — at?(c — k)2 = 0

= a2b?[2mh(c — k)* + b* + (c — k)* + m2h? —a*m?] =0

Dividing both sides by a®b?

= (2mh + 1)(c — k)? + b* + m*h? — a*m?=0

is condition for tangency.

In particular when centre of the hyperbola is at (0,0); then h = 0, k=0;

In this case condition of tangency is

(2m(0) + 1)(c — 0)? + b? + m?(0)? — a*m* = 0

24+ bt=—a*mi=0

& = atmd = B2

from here we have ¢ = +vVa?m? — b? provided that a?m?—-b* = 0.

Putiny=mx +¢
y = mx + ya?m? — b?

_are the equations of the tangents to the hyperbola with slope m.




2 2
Example 29: Find the equations of tangents to the hyperbola % - Zz.. = 1 with slope ;
Solution:
; il
Equation of hyperbola is T—a=il
here a? = 3; b? = 2 and the slope is given to be Zi.e.m =1
Equation of tangents to the hyperbola are

y = mx t++a’m? — b2
: put the values
7 7\2
. 1’='§"* 3(3) -2

y= -—x :I: 1.-‘12 or 3y = 7x + V129 are the required equations of the tangent lines.

Example 30: Check whether the line x — y — 1 = 0 is the tangent to the hyperbnla---— ==1
Solution:
The equation of hyperbolais = —~2% =1 or  3x? —dy? = 12 ()
Equation of lineisx—y—-1=0
=>y=x-—1putinEq(l)
=3x2—4(x—-1)2 =12 =>3x2—4x? +8x—4=12
or =x2—8x+16=0
compute its discriminant
Disc = (—8)2 — 4(1)(16) = 64— 64 =0
this shows that the line is tangent to the hyperbola.
7.14 Equation of Tangent and Normal to the Hyperbola at a Given Point
Consider the hyperbola ‘*;;'1" » ‘J‘;f}' = 1 and point P(x, ¥;) be any point on the hyperbola.
Equation of hyperbola may be written as
b2(x—h)?—-a?(y—k)’=a*p* (N
: Differentiate w.r.t. ‘x’
2b%(x — h) — 2a*(y — k)—._ 0

at point F(xl.n}

dy birx—h
Sax a’(}r %

=&'§ h oy k)mthe slope of the tangent line. So, equation of the tangent line is
b’ s —h

Yy=n==s\"—3) =%
a yl-—k

= a?(yy — k) (¥ — y1y = b?(x; — h)(x — x;)
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= b*(x; — h)x — a®(yy — K)y = b*(x; = h)x, + @y — Ky =0 e (2)

Since the point P(x;, ;) lies on the hyperbola so from Eq (1) '

b%(x, — h)? — a*(y, — k)? = a®b*

= b2(x, = h)(x, = h) = a*(y; — k)(On — k) = a?b?

= b2x,(x; — h) = b*h(x; — h) — a®y1(y; — k) + a®k(y; — k) = a*b?

= —b2x,(x; — h) — a®y,(y; — k) = a*k(y, — k) — b®h(x, — h) — a*b?

put in Eq (2)

b2(xy — h)x — a®(yy — k)y +a?k(yy — k) — b*h(x, —h) —a?b? =0

is equation of tangent line at point P(x,, y,).

In particular if centre of the hyperbola is at (0,0) then h = 0, k = 0 so equation of tangent line
reduces to ‘
b%(x; — 0)x — a?(y, — 0)y + a?(0)(y; — 0) — b2(0)(x, — 0) — a®h* =0

= b%x;x — a’y,;y—a’bh* =0

or

b2x,x — a%y,y = a*b? dividing both sides by a®b?
nx_yn

a® b?

Now we find the equation of the normal line.
Since normal line is perpendicular to tangent line, thus

1
slopeof normal iine = = slope of tangent line
_ @ —k)
_,(_a.:ﬁ) "~ b*(xy; —h)
yi=k
the equation of the normal line at point P is
a*(y, — k)

Y=y == m(x xy)
= b (%, — h)(y — yy) = —a®(y, — k)(x — x,)

or

@’ = k)(x—x3) + b2 (x; — R)(y —y1) =0

is equation of normal line.

In particular if centre of the hyperbola is at (0,0) then h = 0,k = 0 so equation of normal line in
this case is

a*(y; = 0)(x—x) + b*(x; —0)(y—y1) =0

= aly(x—x) + b2, (y=y) =0

= a?y,x — a’x,yy + b%xyy — b*x,y, =0

= a?y,x + blx,y — (@ + b%)x,y, = 0




LUNEIEOT7: CONIC SECTION

Example 31: Find the equation of tangent and normal to the hyperbola 4x? — 9y? — 16x —
18y — 29 = 0 at the point (5,—1).
Solution:, Equation of the hyperbola is 4x* — 9y? — 16x — 18y - 29 =10

Differentiating w.r.t. ‘x’

d d
Hx—lﬂyay—m—lﬂay=ﬂ

; dy _ 8(x=2) _4(x=2)
>80y + DT 48~ =0 == =g

' at point (5,—1)
= 4 = 4(5-2) = oo undefined
= dx 9(-1+1)

it means tangent line is vertical; so its equation is x = constant
=2x=50rx—=5=0

1
~ Slope of tangent line

1
Slope of normal line = W S 0
it means normal line is horizontal; so its equation is y = constant
=y==lory+1=0

T Excroise 7.0 imeemmm———

1. Find the length of chord intercepted by the line 2x + y — 1 = 0 and the hyperbola
2x2 -3y? +7x—4y +13 = 0.
2. Find the value of m so that the line 3x + 4y 4+ m = 0 is tangent to the hyperbola
x* —y2—T7x—-2y+13=0.
3. Find the equation of tangent to the hyperbola x? —2y® +4x — 6y + 11 = 0 which is
parallel to the line 4x — 8y + 7 = 0.
4. Find the equations of tangent to the hyperbola 2x? — 4y2 + 6x — 8y — 7 = 0 which is
perpendicular to the line x + 2y + 5 = 0. Also find the point of tangency.
5. Find the equations of the tangent and normal to the hyperbola
6x? — 6y% — 14x + 21y — 5 = 0 at the point (2, 3).

a2 2
. 6. Find the equations of the tangents and normal to the hyperbnla-(—y—;g‘)— — (;:,-,?]— =1lat

72
the point whose ordinate is 3 and abscissa is an integer.

7. Prove that the tangent at any point on the hyperbola makes equal angles with the lines
joining the point with the foci of the hyperbola.

8. The line 12x — 5VIT ~ 50 = 0 is tangent to the hyperbola 2 =2 = 1, Find the point
where the tangent line intersects the focal axis of hyperbola. Also find the ratio in which
this point of intersection divides the distance between the foci.

-



7.15 Application of Conic Sections

Conic sections are counted as one of the prominent topics in Geometry and possess numerous
applications in science and technology, including astronomy, optics, and even architecture. Here we
are discussing some of them. .
Example 32: A train track is 8ft wide and goes through a semi-circular tunnel of radius 13ft.
How high is the tunnel at edge of the track?
Solution:

Let the centre of the tunnel be at origin.

Given that radius of tunnel is 13f¢. So equation of
the circle is (x — 0)® + (y — 0)? = 13?
=x2+y2 =169
The track is 8ft wide. Let h ft be the height

of the tunnel at the edges of the track so
coordinates of the A are (—4, h) and B are

(4, h).

Since the point B(4,0) (also the point A(—4,0))
lies on the circle, so from Eq (1)
4% + h?* = 169

=h?=169-16 =h*=153 or h=+153

Example 33: The cable of a suspension bridge hangs in a shape of parabola. The tower supporting
the cable are 200t apart and 100t in height. If the lowest point of the cable is 20t above the
bridge at its mid point. How high is the cable from either tower at a distance of 40ft horizontally?
Solution: A(—100,100) A(100,100)

The vertex of the parabola is (0, 30) and it npcns—/
upwards, so equation of parabola is:

(x—h)? = 4a(y — k) 1004t
o .
(x — 0)% = 4a(y —30)
= x2 = 4a(y — 30) (D) T 2o00r¢

The coordinates of the point A are (—100,100) and B are (100,100). As the point B(100,100)
(also, the point A(—100,100)) lies on parabola
So, from Eq (1)
(100)? = 4a(100 — 30)
= 10000 = 280a = a =122 =222
Put in Eq (1).
1000

=:x1=+(T)@_3u) = x? =120, _ 30) (2

“
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The point which is at a distance of 4l]ft from tower is at a distance of 100 — 40 = 60ft fmm
origin. Let h be the height of the cable at this point C.
The coordinates of E are (60, h) and the point lies on the parabola, so from Eq (2):

1000

(60)* = —— (h - 30)
1000 -
= (h—30) = EEﬂuxT—ZSZ = h =130+ 252 = 552ft

7.16 Use of Conic Section

Example 34: The head light of an automobile is in the shape of parabola. The bulb is placed at
the focus which is 2 inch from its vertex. The depth of the head light is 3£nches What is the

width of the head light at its opening?

Solution: I= axis i %

Consider the vertex of the

parabola is at origin and it opens on w
2

the right side. Given that focus is at
2Zinches from the vertex; so

(a,0) = (2,0) >a=2

As we know equation of this parabola 2 0(0,0)
is ¥* = 4ax so in this case

y?=8x - (1)

Let *w’ be the width of the parabola, so
coordinates of the points A and B are
A(3,—3) and B(3,3).

Since the point B(3,) (also point A(3,~3))
lies on the parabola, so from Eq (1)
Z=8(3) =w =48inches

Example 35: According to Kepler's law planets have elliptical orbits with Sun at one of the foci.
If the longest distance of the planet from the sun is 4.4 billion km then write the equation of the

orbit of the planet taking its centre at origin. K
Solution: .
Consider the ellipse with centre at origin
anditsmnjuraxis is along x — axis. Thus, its
._CLLQ-T&. <+« Planes
oquatmnm-—-+—=1 (1) > —r

Let the Sun be at its focus F;. The planet will
be at maximum distance from Sun when it is
at A,and its distance from Sun is minimum J
when itis at 4;.

- GRADER




Given that |F,4;] =74 =2a+c=74..(2)

and |[F1A;| =44 =a-c=44 Lk a)

Adding Eq (2) and Eq (3)

2a=118 =a=59

Subtract Eq (3) from Eq (2)

2e=3 =e=18

sinceb? = a® —¢? =(59)2—(1.5)* =b*=3256 =b=57

put the value in Eq (1) .
x* o v =1
(5.9)* * (5.7)?

Which s the required equation of the orbit.
Example 36: Cross section of a nuclear cooling tower is in the shape of hyperbola with equation

xl F

-~ :’;——,— = 1. The tower is 150m tall and the distance from the top of the tower to the centre of

hyperbola is half the distance from the base of the tower to the centre of hyperbola. Find the
diameter of the top and the base of the tower.

Solution: ' & y—axis
Equation of the hyperbola is

307 447 () i 4 P(r,50)

Let ry and r; be the radii of the top and the

base of the tower.

Given that . el
u.

|0A| =2|0B| = 2|04| = |0B|
also = |04| + |0B| = |AB|

= |0A| + 2|04| = 150 = |oA| = 50 150
|0B| = 2|0A| = 2(50) = 100
= |0B| = 100 -
Thus, coordinates of the points P and Q are
(,50) and (r,, —100). Since the point l - .
P(ry,50) lies on the hyperbola so from -k Q(r,.—100)
Eq (1)
n?  (50)° 4
302 447
r? . (S0P _ n? _ 25\ *
"gﬁ'—-—"“z-—,i ﬂwu—1+ 22 {
s T'i: - 221 + 252 1
900 = 222 }



Taking square root
V222 2 s 33.30
no_ 222 4+ 25 3330 r1~3n( 3. ) 45.41

“30 22 22
The diameter of top of tower = 2r; = 2(45.41)
= 90.82m
Also, the point Q(r3, —100) lies on the hyperbola,
so, from Eq (1)
_r_?i I (-100)* % n? _ (=100)?
302 442 900 442 900

l"gz

r,z 112 + 257
=500 31<
Taking square root

=rz_\-"113+255_2?.31 e 39(
30 11 - 1 2= 11

The diameter of base of tower = 2r, = 2(74.49) = 148.98m

) 74.49

=1 = — =

11

h

1.

A cell phone company has installed three signal towers A, B and C at different locations to
provide service to their customers. Tower A is located at the position (—2, 10) and covers an
area up to 8km, tower B is located at (—3,5) and covers an area up to 6km and tower C is
located at (10,—1) and covers an area up to 5km. A man is standing at a position of (12, 3),
which tower will provide service to the man?

The tyre of a car is of radius 15 inches and it revolves 1000 times in a minute. What is the

speednftheaarm—?

. A batsman hits the ball. The ball attains the maximum height of 25m and drops on the

ground at a distance of BOm from the batsman. Assuming the origin at the position of batsman

write the equation of path of the ball. Is it possible for a man of height 1.6m to catch the ball, .

standing 70m away from the batsman?

Playing team coaches use parabolic shaped antennas to listen the conversation between the
players in the ground. If the antenna has the cross section of 18 inches and depth of 4 inches
then where the microphone should be placed to hear the gonversation?,

Man A is standing at one focus of the whispering gallery which is 16 feet from the nearest
wall. The man B is standing at the other focus 100ft away. What is the length of the
whispering gallery? How high is the elliptical ceiling at the centre?

The orbit of a planet is in elliptical shape with Sun setting at one of its two foci. The .
eccentricity of the ellipse is 0.085 and the minimum distance of the planet from the Sun is
105 million miles. What is the maximum distance of the planet from Sun?




7. The control towers are located at points Q(—500, 0) and R(500, 0) on a straight shore where
the x-axis runs through. At same moment both towers send a radio signal to a ship out at sea,
each travelling at 300m/us. The ship received the signal from Q, 3us earlier the message
from R. Find the equation of hyperbola containing the possible location of the ship.

8. An architect’s design for a building includes some large pillars with cross sections in the shape

of hyperbolas. The curve can be modelled by the equauun-—-——i— 1 where the units are in

meters, If the pillars are 4.2m tall. Find the width of the top of each pillar. Also find the width
* at the middle of the pillar.

——
' e, Is. ‘Im_
g ey

1. Choose the correct option. -
(i) The eccentricity is the ratio of distance of a point on the conic section from:

(a) Focus to (b) Directrix to (c) Vertex to (d) Directrix to
directrix focus directrix vertex

(ii)  Eccentricity of circle is:

(@) e>1 b)) e<1 ©e=1 (d) e=0
(iii)  The focus of the parabola x? = —16y is:

(@) (4,0) (b) (—4,0) {¢) (ﬂ 4) (d) (0,—4)
(iv) Lengdl of the latus rectum of the ellipse -+ S =1is

(@) ? (b) ;; ft‘-) 'z' @ %
(v)  Equation of the directrices of :llipsv:ﬁ +L=1is:

(E]y::bﬁ (b}y—il_‘r: {c)x -‘:—.. {d}x=-:'-§-
(vi) Enc&nmmty of the hjrperholn—-wé = 1is:

@ 2= ) % () Y% OF
(vii) Equation of conjugate axis of the hyperbola [x-»ul ”::} =1is:

(o) x=1. b) x=-1 (c)}' 3 (d) y=-3

(viii) Length of the tangent drawn from the point (1, 2) to the circle
2x2 +2y? +3x+2y—-6=0is -
@ 11 (b) V1T @3 = @ \E

(ix) The chord joining the two points (at,?, 2at;) and (at;?, 2at;) on the parabola
y? = 4ax is focal chord if:
(@ ty+t;=1 ) ty+t,=—1 (c) thtz =1 (d) it =—1
(x)  Exactly one tangent can be drawn to a circle if point Lics;
(a) outside the circle (b) on thecircle (c) inside circle  (d) centre of circle
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2. A point P(a, b) lies outside a circle with centre at origin.
From P a tangent is drawn to the circle at point A(2, 2v3).
If the area of the triangle POA is 10 sq units then find
equation of the circle and the coordinates of the point P.

3. On the Siri Nagar highway overhead steel bridges are

constructed to cross the road. They are supported by the

parabolic arc over them. The highway is 300t wide and

walkway is 15ft above the highway. The centre of the

parabolic arc is 10t high from the walkway. Find the equation of the parabolic arc take
x origin at the mid of the road.

4, Ifr, and r; are the minimum and maximum distance from a focus of an ellipse then prove
that semi-major axis is the arithmetic mean between r; and , and semi-minor axis is the
geometric mean between ry and 7.

5. A hyperbolic mirror has the property. that the light directed at the focus will be reflected
to the other focus. If one of the foci has coordinates (24, 0) and the top mount point of mirror
has coordinates (24, 24). Find the vertex of the mirror.




INVERSE TRIGONOMETRIC FUNCTIONS
AND THEIR GRAPHS

After studying this unit, students will be able to:

j * Find domain and range of the principal trigonometric functions and inverse
trigonometric functions.

« Draw graphs of the inverse trigonometric functions of cosine, sine, tangent, secant,
cosecant and cotangent within the domain from—2n to 2.

State, prove and apply the addition and subtraction formulae of inverse trigonometric
functions. -

Apply concepts of inverse trigonometric functions to real life word problems, such as
mechanical engineering, architecture to find height of the building, angle of elevation
and depression, identifying the angle of bridges to build scale models.

Inverse Trigonometric Functions play a crucial role in mathematics, particularly in calculus,
geometry, and engineering, by enabling the determination of angles from known trigonometric
function values. These functions are also essential in fields such as physics, engineering, and
computer graphics. They are widely used to solve equations involving trigonometric functions,
analyze periodic phenomena, and develop algorithms for 3D rendering and modeling. A solid
understanding of these functions and their properties allows us to address complex problems in both
theoretical and applied mathematics, making them a powerful tool in any mathematician’s toolkit.




8.1 The Inverse Trigonometric Functions

Inverse trigonometric functions are the inverse operations of basic trigonometric functions

cosine, sine, tangent, secant, cosecant, and cotangent.

The primary inverse trigonometric functions include:

e ArccosorCos™  the inverse of cosine function.

e ArcsinorSin™* the inverse of sine function.

« ArctanorTan™ the inverse of tangent function.

« ArcsecorSec™®  the inverse of secant function.

» ArccscorCsc™'  the inverse of cosecant function,
» ArccotorCot™® the inverse of cotangent function.

These functions are used to find the angle whose trigonometric function value is given. For
example, if we know that the cosine of an angle is 0.5, we can use the arccosine function to find

the angle which is 60° or g radians.
8.1.1 The Principal Cosine Function

You will observe that an infinite number of x
values are found for which y = cosx = 0.5 for
each x € (—oo, +0),

; ¥y = Cosx with xé |—=,=
By this, one can record infinitely many solutions Cngmc inverse ﬁmctmn
to the equation cosx = k where k € [-1,1]. i J" Cos™ x with xe[-1, 1], ye[~=
¥ = cosx ¥ — axis
L il sl e e o S-S P R — J—

Overlay of all six trigonometri¢
function on one graph

R T T T

Famaw

$ Nnte Llnt Pnnmpa] aud lnvers-e Tngonum:mc

Consider the followin h of cosine function, | functions are written in capital letters; e.g.,
i i cosine function:

! y = cos x with xe(—oo, +00), ye(—co,+00)
i Principal Cosine ﬁ.mchtm

ERESRASEAEREREERERERRERE L R R Y

others. It is a mathematical convention to choose x € [0, ].

In the interval [0, 7], we can find a unique solution

to the equation Cos x = k, where k € [—1, 1].

We write this solution as x = Cos™! k.

In other words, “x is a real number in the interval

[0, 7] whose cosine is k™.

The cosine function defined on x € [0, 7r] for which

there is only one solution of the equation Cos x = k
where k € [—1,1] is called the Principal Cosine Function.

¥ —arxis
1

\/\/\/\/\/\/

If we need an.interval for x where there is only one solution to cosx = k for k € [=1,1], we
choose the interval from 0 to . We have an option to consider an interval x € [, 2rr] or many

y=Cosx

. Ye[—1, 1]

e e e L L]
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Example 1: Find the principal value of Cos™ (— 3)

Solution: Lety = Cos™? (-— -;—) thenCosy = —%,whemye [0,m]

Consider Cosy = --;- [We need to find y whose cosine value is — -;]

= Cosy = Cos (1'5) Since Cos y < 0 = y lies in Quad IL

==ry=—"I = Cns'i(--)==—"

8.1.2 The Inverse Cosine Function

For the cosine function y = Cos x where x € [0, 7] and =%
y € [—1, 1], we define an inverse cosine function

y = Cos™*(x) where x € [-1,1] and y € [0, m]. y=Cos'x

For x € [—1,1], ¥y = Cos™" x is a real number in the "\

interval [0, ] whose cosine is x. —

In view of above, we observe that: , =
Cos~i(1) = l.'l since Cos(0)=1

Cos~1(0) = since  Cos (;) =0

8.1.3 The Domain and Range of Inverse Cosine Function
To find the domain and range of inverse trigonometric function,
switch the domain and range of the original function.

: then

i xe[0,n];ye[-11]

iy = Cos™}(x) with
For the cosine function y = Cos x : XE€ [-1,1Lye[0,n]

---------------------------------

F
Cos~1(—1 )—-n since Cosm= —1 : Ify = Cos x with

hasssssdFeFsdsassss CEL L L L Ll Ll s

Domain = [ﬂ.n’] and Range = [-1,1]
For the inverse cosine function y = Cos™
Dnma[n = [-—1 1] and Rnnge = [0, ]

--------------------------------------------------------------------------------------------------------------

Since grnph of the inverse trigonometric function is a reflection of the graph of the nrnguml

function about the line y = x.

Therefore, to graph the inverse trigonometric function, we use the graph of the trigonometric
function restricted to the domain specified earlier and reflect the graph about the line y = x as

shown below. : ¥

(-1, m)
1+

y=Cos"'x
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8.1.4 The Principal Sine Function
To define pringipal sine function, we need an interval for x where there is only one solution to

sinx = k for k € [—1, 1]. Such a solution is possible in the interval [—E,-:— .

In the interval —%.%], we can find a unique solution to the equation Sin x = k, where

k € [—1,1]. We write this solution as x = Sin™* k.

In other words, “x is a real number in the interval [— E,E] whose sine value is k.

The sine function defined on x € [—-},% for which there is only one solution of the equation
Sin x = k where k € [-1, 1] is called the Principal Sine Function.

L e T ]

z]” : "
: y = Sinx : Slnx=sin.t:xe[—-—-,£]
: 2°2

' e Sin~! and sin are not inverses
: of each other (They do not

: cancel each other)

i o sin does not have an inverse
1l : @ The functions that are inverses
(=7, -1 :  areSin™! and Sin.
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Example 2: Find the principal value of Sin™! (— é)
Solution: Lety = Sin™! (— H,—%) then Siny = — -.:_i’ where y € [—-’E-}]

Consider Siny = — % [We need to find y whose sine value is — ‘I,ii. ]
= Siny = Sin (— E) Since Siny < 0 = ylies in Quad-IV. _ I f Check Point &
=y = ._.:E Find the principal value of

= Sin~1 (_u"_li) = —.':. @ sin~* G)

. (ii) Cos™? ("Tf)

8.1.5 The Inverse Sine Function

For the sine function y =Sinxwh:rexs[—-;-,§] - Y y=S5int'x

and y € [-1, 1] we define an inverse sine function - L5
y =Sin"!(x) where x e [-1,1] and y € —E.E].
In view of above, we observe that:
Sini(-1)=-F  since
sin™! (%) =2 since  sin(T) =+
Sin~1(1) =% since  sin(3) = (-1,-§)¢ _x{

]
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8.1.6 The Domain and Range of Inverse Sine Function

To find the domain and range of inverse trigonometric function. switch the domain and ranga of
the original function. PP TP

For the sine function y = Sin x *Ify Sinxwumxe[-—— ] yE[ 11]
Domain = [--E.-}] and Range = [-1,1] Then y = Sin~* (x) with

R
For the inverse sine function y = Sin™* x xe[-1,1)ye [";r'{]

e T

Frsmammameass
EEsmE R

Domain = [-1,1] and Range = [-— -]
Since graph of the inverse trigonometric function is a reflection of the graph nf the original
function about the line y = x.

Therefore, to graph the inverse trigonometric function, we use the graph of the trigonometric

function restricted to the domain specified earlier and reflect the graph about the line y = x as 2
shown below.

¥ axlx et Y ¥y =S5in7lx

— Key Facts

® The expression Sin~1 x is not 1he same as r In other words, —1 is not an exponent.
It simply means the inverse function.

Remember that there will be no solution if k lies outside the interval [—1, 1]

Cosx = cosx; x€[0,m]

Cos~! and cos are not inverses of each other. (They do not cancel each other) |
cos does not have an inverse The functions that are inverses arc: Cos™! and Cos

" & 8 @

8.1.7 The Principal Tangent Function

We know that an infinite number of x values can be found from y = tanx = 1
foreach xe R — (Zn + 1)% where n € Z. By this, one can record infinitely many solutions to
the equation tanx = k where k € (—o0, +0). If we need an interval for x where there is only one

. mw
solution to tanx = k for k € (—o0, +), we choose the interval between — % and + T

In the interval (—%E) we can find a unique solution to the equation Tanx = k,

where k € (—o0, o).




We write this solution as x = Tan™! k. In other words, 1
“ is a real number in the interval (—»E 5) whose tangent
value is k™. The tangent function defined on x € (—— = -
for which there is only one solution of the equation

tan x = k where k € (—o, ®) is called the Principal

Tangent Function.

4
L] 4o
4 ' 4 paasssnsssisasnisas
¥ = Tanx E Tln.tnhnx xe(*—-:) :
s ; Tan™" and tan are not inverses :
+ of each other :
i (They do not cancel each other) :
Wis i ' tan does not have an inverse §
¥ H H
4 ! The functions that are inverses are :
H -1 i
T v E Tﬂ.ll and I“ -2 E
- —\'.l:l besasnans SesssaREssRRRARREREREE rrrrri e

Example 3: Find the principal value of Tan"(V/3).

Solution: Lety = Tan™?(V3) ifand only if Tany = v/3, where y € (-—-E,E)

Consider Tany = /3 [ We need to find y whose tangent value is v3)
= Tany = Tan (;—') Since tany > 0 = y liesin Quad 1.

=y=§ = Tan™'(V3 =E 5
8.1.8 The Inverse Tangent Function C 2t y=Tanlx
For the tangent function y = Tan x where x € (—;,— and -TI 1 *[T,,
: ® :
¥ € (—o0, +0), we define an inverse tangent funttion ===t ———
-1 g =t 4

y = Tan™"(x) where x € (—0, +0) and y(x) € (- ; ;) _____ __,__;J_ ___________
In view of above, we observe that: (-.-%) . 7 _

“If—oo)=—-F 4 ) = 4 |
Tan™!(—e0) = ; since Tan( Z)=® 3

- =5 ; . - i
Tan™1(1) = - since Tan (*) =1 . _ 1
Tan™1(0) =0 since Tan(0) =0

Find the principal value of Tan™! (- %).

Tan™!(w) = E since Tan G) =
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8.1.9 The Domain and Range of Inverse Tangent Function

To find the domain and range of inverse trigonometric function, switch the domain and rangc uf
the UnElﬂEl ﬂlnﬂtl.ﬂll E"i.f;,r wes :I-la-ntlz mih pap——
For the tangent function y = Tan x :

: xe(—— =);y€(—co,m)
Domain = (—— ) and Range = (—oo, ) -

For the inverse tangent function y = Tan™* x B Ji Taﬂ“iix) with

H
e - -r-l-!-l---r-l-l-r-!-l-!-l""-

Domain = (—oo, ®) and Range = —% g) xe(—m m) J’ E(__ 2
Since graph of the inverse trigonometric i i i y - Tans
function is a reflection of the graph of the ) / =5

original function about the line y =x.
Therefore, to graph the inverse trigonometric y=Ten'x
function, we use the graph of the trigonometric
function restricted to the domain specified
earlier and reflect the graph about the line y = x -"" """""""""""
as shown in figure. /

uuuuu

8.1.10 The Principal Cotangent Function

To define principal cotangent function, we need an I
interval for x where there is only one solution to
cotx = k for k € (—o0, +o0). Such a solution is i
possible in the interval between 0 and 7. In the
interval (0, ), we can find a unigue solution to

the equation Cot x = k, where k € (—o, ). 0
We write this solution as x = Cot™ k.

The cotangent function defined on x € (0, ) for
which there is only one solution of the equation 2
Cot x = k where k € (—oo, o) is called the .
Principal Cotangent Function. v 4

Example 4: Find the principal value of Cot™*(—/3) "
Solution: Lety = Cot™! (—\fi) if and only if Coty = —+/3, where y € (0, 7).
Consider Coty =—v3 [We need to find y whose cotangent value is — v3.]

Tany=—-}§~ Since, Tany < 0 = Coty < 0 = y lies in Quad IL.

= Tany = Tan (—E) ﬂ E.-'n & Polnt )
2y=-% =0 (~F)=-3 Find the principal value of Cot (1),
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8.1.11 The Inverse Cotangent Function

For the cotangent function ¥ = Cotx

where x € (0, ) and f(x) € (—o0,+00),

we define an inverse cotangent function

y = Cot™!(x) where x € (—o0, +0)

and y € (0, ).

In view of above, we observe that:

Cot™'(e) =0 since Cot(0) =00 _

Cot™1(0) =3 since Cut(g) =0

Cot™l(—)=m since Cot(n)=—c

8.1.12 The Domain and Range of Inverse Cotangent Function

= 5, 1

Yr=0

To find the domain and range of inverse trigonometric ﬁmcnun. switch the domain and rnnge of

FEssEEEEE e

the original function. ; :
For the cotangent function y = Cot x f: (o, St: ::EIW ) then |
Domain = (0,n) and Range = (—o0, ®) : i y = Cot™ i(,] with :
For the inverse tangent function y = Cot™ x . i xe(—o,00);y € (0,m)

Domain = (—oo,®) and Range = (0,m)

Since graph of the inverse trigonometric function is a
reflection of the graph of the original function about
the line y=ux.

Therefore, to graph the inverse trigonometric
function, we use the graph of the trigonometric
function restricted to the domain specified earlier and
reflect the graph about the line y = x as shown in figure.

8.1.13 The Principal Secant Function

r—“
e,

Consider the following graph of secant function and observe that an infinite numhnr of x values

found for which y = secx = 1 for each
xER-—{En+1)E where n e Z.

By this, one can record infinitely many solutions to
the equation secx = k where k e R — (=1, 1).

1f we need an interval for x where there is only one
=

=" l.l‘f-l

[ Fo i L]
— 7=~1

solution to secx = k fork € R — (—1,1), we choose <=
the interval from 0 to m except 325 We have an option

to consider an interval x € (m, 2m), x # 3?’

or many others. It is a mathematical convention

to choose x € [0, 7], x a#'-;.

b & Lo b bo

Yy = secx
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In the interval x € [0, 7], x # -E, we can find a

unique solution to the equation Secx = k,

where k € R — (—1,1). We write this solution

as x = Sec™! k. In other words, “x is a real

number in the interval [0, %) U (’—;, m] whose

secant value is k", The secant function defined R " : ,
onxe[0,m],x = % for which there is only one - N
solution of the equation sec x = k where,

ke R —(—1,1) is called the Principal Secant 2l
Function. :
Example 5; Find the principal value of Sec™!(—2).

Solution: Lety = Sec~(—2) if and only if Secy = (—2), where y € [0,7],y € 3.

[»]

a
=
=¥

Consider Secy = (-2) [We need to find y whose secant value is (—2).]

=Cusy=—-:- Since Cosy < 0 = Secy < 0 = y lies in Quad IL
= Cosy = Cos (z—") '

3 _ .
an
= = —
Y 3

: . ~1(2 .
o Seci(ezy o B Find the principal value of Sec™ (7).
3

8.1.14 The Inverse Secant Function v ot ‘E
For the secant function y = Sec x i |

where x € [0,7]x # Zand y € R — (~1,1), ——/‘
we define an inverse secant function y = Sec™(%) = o e
where x€ R — (=1,1) and y € [0, 7], x #% i

In view of above, we observe that: [/‘

T
Sec”}(1) =0 since Sec(0) =1 T T3 7 T 1
Sec’'(-1) == since  Sec(m) = —1 -1

s

8.1.15 The Domain and Range of Inverse Secant Function
To find the domain and range of inverse trigonometric function, switch the domain and range
of the original function. For the secant function y = Sec x
Domain = x € [0,m], x # > and Range = R — (=1, 1)
For the inverse secant function y = Sec™ly
Domain = R — (—1,1) and Range = x € [0,7].x # -E




[ ——

Since graph of the inverse trigonometric function is a
reflection of the graph of the original function about
the liney =x.
Therefore, to graph the inverse trigonometric
function, we use the graph of the trigonometric
function restricted to the domain specified earlier
and reflect the graph about the line y = x as shown in
the adjoining figure. ;
8.1.16 The Principal Cosecant Function
The graph of cosecant function from —2m to +2m
. is shown in the adjoining figure.
From the graph itis clear that cscx = k for
k € R — (=1, 1), has many solutions. .
To define principal cosecant function, we need an
interval for x where there is only one solution to
csex =k forkeR—(—1,1).
Such a solution is possible in the interval from

—;irtu::+;—It except 0. In the interval IE('—E.E). .

x # 0, we can find a unique solution to the ‘

equation Cscx = k, where ke R — (-1, 1).

We write this solution as x = Csc™' k. In other words, y

“x is a real number in the interval [——g 0) v (0, 5;-] :

whose cosecant value is k™. The cosecant function. ;- ¥ = Cscx
i

defined onxe(—%,%),x: 0 for which there is only :
< >

one solution of the equation Csc x = k where i ©
k € R — (—1,1) s called the Principal Cosecant

Function. :
Example 6: Find the principal value of Csc™*(2). .
. Solution: Lety = Csc~1(2) if and only if i
Csey = (2), wherey € [-5,5],y € 0.
Consider Cscy = (2) [We need to find y whose cosecant value is (2).]
= Siny =§ Since, Siny > 0 = Cscy > _ﬂ = y lies in Quad I.

= Siny = Sin E) -
i —

= Csc™1(2) =2 Find the principal value of Csc™*(—v2).

—

rrmmE e

— y=1
aris
y=-1

e
[




8.1.17 - The Inverse Cosecant Function £=-1
For the cosecant function y = Csc x where = t 4 1

xs(—f;f).x # 0and f(x)eR - (—1,1),

we define an inverse cosecant function .¥
y = Csc™(x) wherexe R — (—1,1),x # 0

mo 3 C I [ T 3 "-':t-
and y €(~.5) “‘*’\

'[n “ew ﬂfﬂbﬂ?ﬂ, we nbme -umL e A B R I et e 00 e DL 4w - .| .............................. e )
17 - -n —— e

Csc™1(-1) = since ( ) 1 J 1

Csc™? (W} =0 since Cs,;.[ﬂ) o v L ]

- _n . my _ '
Csc™(V2) =< since  Csc (‘) =2
8.1.18 The Domain and Range of Inverse Cosecant Function

To find the domain and range of inverse trigonometric function, switch the domain and range
of the original function.

For the cosecant function y = Cscx
Domain = (—E,E).x #0 and
Range = R —(-1,1)

For the inverse cosecant function

y= Csc™ix
Domain = R -(=-1,1) anl:l
Range = (—— =), x+0

Since graph of the inverse trigonometric function is

areflection of the graph of the original function about
theliney =x.

Therefore, to graph the inverse trigonometric function, we use the graph of the trigonometric

function restricted to the domain specified earlier and reflect the graph ahnut the line y = x as shown
in the figure.

Properties of Inverse Triguﬁnmetric Functions

Property I o
e Cos™(Cosx) =xforx € [0,m] and Sin™*(Sin x) = x forx € [—3.3]
e Tan)(Tanx)=xforx € (-— Z) and Cot™*(Cotx) = x forx € (0, )

e Sec*(Secx)==xforx € [D.;) v (z ,;r]
e Csc}(Cscx) =xforx € [—5 0) U (n:-’z£
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Property 11

e Cos(Cos™*x) =xforx € [-1,1] and Sin(Sin~'x) = x forx € [-1,1]
e Tan(Tan™'x) =xforx € (—oo,+) and Cot(Cot™*x) = x for x € (—oo0,+00)
e Sec(Sec'x) = x forx € (—o0,—1] U [1,00)

e Csc(Csc™*x) = x for x € (—co0,—1] U [1, 00)

Property 1

Cos(—x)=m—Cos™'x forx € [-1,1]

Sin"'(—x) = —Sin"'x forx € [-1,1]

Tan™!(= x) = —=Tan"!(x) for x € (—oc0,+0)

Cot (= x) = mw — Cot™*(x) for x € (—oo, +c0)

Sec™'(— x) = m — Sec™(x) for x € (—o0,—1] U [1, o0)

Csc™(— x) = —Csc~(x) for x € (—o0,—1] U [1, )

Property IV

e Sin7! G) = Csc™*(x) forx € (—oo,—1] U [1,0)

e Cos™! e) = Sec™(x) for x € (—o0,—1] U [1, )

-1 (1) _ [Cot™(x) ifx>0
> T (r) _[—u+Cut"(x) ifx<o0 -
Property V

e Sin7'(x) + Cos™'(x) == fur.'c € [-1,1]

e Tan™(x) + Cot™*(x) = ; forx € (—oo,+0)

e Sec'(—x)+Csci(-x) = E for x € (—e0,—=1] U [1,)

Property VI

* Sin"'(x)=Cos™!(V1-x Tan‘i(h) Cot™ (Jﬁ’) Sec™? (;—:,e)— Csc™ )
» Cos™(x) =Sin" (VI =7) =Tan*(Y25) = Cot~* (7255) = See~ (£) = Csc™* (i)

e Tan™(x)=Sin™? (?1%5 = Cos™1! (m) =Cat™? (;) =Sec (V1 + x2)=Csc™? (J"::'_",)

1. Find the principal values of each of the following without using a calculator.

«a & = = = @

i Cos™ (%) ii.  Sin"i(1) ii.  Tan"!(v3)
iv.  Cot™ ("?i) v.  Sec™? (%—i) vi.  Csc™i(—v2)
vii.  Cos™(-3) viii. Tan™*(%) ix.  Csc™(~2)




2. Find sum of principal values of the following inverse trigonometric expressions

without using calculator.
i Tan'(1) +Cos™* (—2) 4+ sin2 (=3) i Cos™(3)+25m7"(3)
iii. Tan"'(v/3) —Sec™!(-2) iv. Cot™'(—v3) +Csc™(-2) - Cos™! (!z—i)

3. Find the exact real number value of each without using a calculator.
i. Cos™! [sin (E)] ii. Sin™! [ms (- 2-?")] iii. Cos~1 (sin 2

&
v. Cos(cos¥)  v. sin(Tan2) vi. Cos(2sin*%)
vii. Sin[2sin™*(2)]  viii. Cos(Sin™ ix. sin [Cos™ (~5)]
x. Sin [Sin"‘§+ Cus"i—] xi. Cos (5[“"1%"' Cos™ 35

13
xii. Cos[Sec™*(3) + Tan"(2)]

4. Find the unknown angles and use a calculator to evaluate the following as real numbers

to three decimal places:

i, Cos™(2) =sin*( ) ii. Sin™! (B)=cos*( ) iii. sin~* (-%)=—cos7()
iv. Tan™* (%) =cos™( ) v. Tan 1(-12)=—Cos™*( )

vii Cot™t(-2)=—sin"t( ) vii. Sec™1(2.041)=Tan*( )

viii. Sec™*(~v5)=cot™ () ix. Csc™(1172)=Sin"*( )

x. Csc™? (-53 = Tan-i( ]

8.2 Graphs ofInverse Trigonometric Functions

Drawing graphs of trigonometric functions is a fundamental skill. It allows the problem solver to
interpret and understand the relationship visually between two variable quantities. Graphs provide
an intuitive way to analyze the behavior, identify the trend and solve problems.

Graphing becomes valuable in case of inverse trigonometric functions, where the restricted domain
and range were not enough to understand the problem.

Plotting these graphs, we gain insights the characteristics, such as symmetry, continuity, and
asymptotic behavior. Whether it is engineering or navigation, the ability to draw accurately and
interpret graphs of inverse trigonometric functions is essential for solving real-world problems
involving angles and distances.

I n g . I bl Coias ki r
e




Following table helps in drawing graphs of the inverse trigonometric functions.

Inverse Inverse sine | Inverse Inverse Inverse Inverse
cosine function tangent secant cosecant cotangent
function function function function function
Domain Domain Domain Domain Domain Domain
[-1,1] [-1,1] R (-,—-1] | (-e,-1] R
| U [1,0) U[1,0)
Range Range Range Range Range Range
nn n w o
-"Z*,E] [0,7] (_i';) [0,m] - [%r} -';.;] —{0} .m )
non periodic | non periodic | non periodic | non periodic | non periodic | non periodic
function function function function function function
odd function | neither even | odd function | odd function | neither even | neither even
nor odd nor odd nor odd
function function function
strictly strictly strictly strictly strictly strictly
increasing decreasing increasing decreasing decreasing decreasing
function function function function with | function with | function
respect to its | respect to its
domain domain
one to one one to one one to one one to one one to one one to one
function function function function function function
graphically | graphically | graphically | graphically | graphically | graphically
Cos™(x)is |Sin'(x)isa|Tan"'(x)is |Sec™’(x)isa |Csc™'(x)is |Cot™(x)is
areflection | reflection of | areflection | reflection of |areflection | areflection
of Cos(x) Sin(x) across | of Tan(x) Sec(x) of Csc(x) of Cot(x)
across the the line across the across the across the across the
liney = x y=x liney =x liney=x liney =x liney=x
S-shaped Smooth Smooth S-shaped
curve curve curve curve
approaches | approaches | approaches | approaches
but never but never but never but never
reaches the reaches the | reaches the | reaches the
horizontal vertical vertical horizontal
asymptotes | dsymptote asymptote asymptotes
y = j;; y= g y=0 ¥y =0and
: y=m




key points key points key points
include include include

I (S ()
(009 | 00,13 | @0.()

Adding or subtracting constants affects the graphs horizontally or vertically (horizontal and
vertical shifts).
Multiplying by constants to stretch or compress the graph (stretching and compressing).

Multiplying by negative values shows reflection of the graphs across axes (Reflections),

8.2.1 Graphofy=Cos 'x i
The graph of the function y = Cos™" x represents the angle y whose cosine is x. The domain of

this function is x € [—1,1], and the range is y € [0,7]. This means the output values y will

always be within this interval, corresponding to angles in radians from 0 to .

Construction Steps:
¢ Draw the coordinate axes. Mark x-axis with values from —1 to 1 and y-axis with values
from 0 to m.

e Choose an appropriate scale.
e Mark the points (1,0), (09,5) , (05,5), (0.5).(-05.%),(-09.5). (-1,m)

on the graph.
e Connect these points with a smooth curve.
Properties:

* Domain and Range: The domain is [—1,1] and the range is [0, rr].

e Key Points: (1,0), (U. E), (-1,m)

e Appearance: The graph appears as a smooth curve starting from (1,0), decreasing through
the key points, passes through the point (1, 0) and ending at (—1, 7).

¢ Monotonicity: The graph is monotonically decreasing smoothly (it always decreases as x

increases).
e« Neither even nor odd function
¢ Reflection: The graph of y = Cos™'x, is a reflection of y = Cos x across the line y = x. .

e This means that the x and y coordinates of the points on the graph of y = Cos x are
switched to obtain the points on the graph of y = Cos™'x
Cos™(—x)=mn—Cos'x forx € [-1,1]

o Meflectonfymmetry: (Symmetric about the line y = %)

Symmetry along the range [0, 7r] reflects across the vertical axis at x = 0.
¢ Inverse Function: Cos(Cos™'x) = x for x € [—-1,1] and
Cos™*(Cos x) = x for x € [0, 7]




Identities: Cos™'x = Sin™* (V1 — x2) for x € [0,1] and
Cos™'x = m — Sin™* (V1 =x?) for x € [—1,0)
y - asts x y=Cos 'x

1 0 or 0°
0.9 n/6 or 30°
0.5 n/3 or 60°

0 n/2 or 90°
—-0.5 | 2n/3 or120°

. ) -uﬂ 03 §=-ans | —09 |57w/6 or 150°
| m or 180°

8.2.2 Graphofy=Sin~'x
The graph of the function ¥ = Sin~! x represents the angle y whose sine is x. The domain of this

function is x € [—1, 1], and the range is y € [— E, E] This means the output values y will always

be within this interval, corresponding to angles in radians from —Z to 2.
Construction Steps:

Draw the coordinate axes. Mark x-axis with values from —1 to 1 and y-axis with values
from —E to E and choose an appropriate scale.

»  Mark the points (1,5), (09.5) , (05.5), 0,0), (-05,-5) , (-09,-5), (-1.-%) on

the graph and connect these points with a smooth curve.

Properties:

Domain and Range: The domain is [—1,1] and the range is [—%,; .

Key Points: (1, E), (0,0), (_1, _B

Appearance: The graph appears as a smooth curve starting from (—1,-5), increasing
through the key points, passes through the point (0, 0) and ending at (1,5).

Monotonicity: The graph is monotonically increasing smoothly.
Sin"'(—x) = =Sin"'x forx € [-1,1]
rse tion: d
g Enrchen L unpiies [ (Symmetric about origin)

The symmetry along range [—g% shows that graph is reflected across origin.
Reflection: The graph of y = Sin™'x, is a reflection of y = Sin x across the line y = x.

Inverse Function: Sin(Sin™*x) = x for x € [-1,1] and
Sin"}(Sinx) =x forx € [—E,E]

m Fy, :ﬂ'{




o Identities: Sin"*x = Cos™ (V1 — x?) forx € [0,1] and _
Sin"'x = — Cos™! (V1 —x2) forx € [-1,0)

S x y=S8in"1x
1 n/2 or90°® .
09 n/3 or60°
0.5 n/6 or 30°
s 0 0 orQ°
-05 | —m/6 or —30°
-09 | —m/3 or —60°

-1 | =n/2 or —90°

8.2.3 Graphofy=Tan !x

The graph of the function ¥ = Tan™? x represents the angle y whose tangent is x. The domain

of this function is x € (—oo, +), and the range is y € (—;,g ) This means the output values

y will always be within this interval, corresponding to angles in radians between -—3:- and E
Construction Steps:

¢ Draw the coordinate axes. Mark x-axis with values from —oo to +oo and y-axis with
values from — = to  and choose an appropriate scale.

s Mark the points (~,-2) , (-17,-%), (-1.-5) , (~06.-3). 0.0, (1.5). (17, 5,
(ﬂ.ﬁ,%) 3 (m, g) on the graph and connect these points with a smooth curve.

Properties:

e Domain and Range: The domain is (—co, +0) and the range is (— = E).

2'2
¢ Key Points: (—m. - E:;'). (—1-?.- - E), (0,0), (1*?* "::') (m' %)

« Asymptotes: Draw two horizontal asymptotes y = — %and y= E- approaching the tangent
curve at x = t oo,

e Appearance: The graph appears as a smooth curve starting from (—-m,—’—;), increasing ’
" X n
through the key points, passes through the point (0, 0) and ending at (+m, ":')‘

e Monotonicity: The graph is monotonically increasing smoothly between two horizontal
asymptotes.

. __[Tan™*(—x) = —Tan™*(x) for x € (—oo, +00)
e Odd Inverse Function: [l' (Symmetric about origin)

The symmetry along range (-;.-E) shows that graph is reflected across origin.
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e Reflection: The graph of y = Tan"'x, is a reflection of y = Tan x across the line y = x.
e Inverse Function: Tan(Tan *x) = x for x € (—oo, +0) and
Tan™*(Tanx) = xforx € (—%,%)

e Identities: Tan *(x) + Tan™ G) = E forx > 0 and

Tan"'(x) + Tan™* G) = —-% forx <0 x y=Tan 1x

- | —m/2 or —90°
-1.7 | =n/3 or —60°
-1 | —n/4 or —45°
—0.6 | —=m/6 or —30°

0 0 or0®°
0.6 m/6 or 30°

1 n/4 or45°
1.7 n/3 or 60°
o m/2 or90°

8.2.4 Graphofy=Cot lx

The graph of the function y = Cot™* x represents the angle y whose cotangent is x, The domain

of this function is x € (—oo, +00), and the range is y € (0,7 ). This means the output values y

will always be within this interval, corresponding to angles in radians between 0 and .

Construction Steps:

* Draw the coordinate axes. Mark x-axis with values from —co to +oo0 and y-axis with values
from O to m and choose an appropriate scale.

*  Mark the points (~e0,7) , (-1.7, %), (-1,%) , (~0.6,Z), (0.%),

2
o w m

(06.5) (1, 2):(1.2.Z), (+0,0) on the graph.

* Connect these points with a smooth curve,

Properties:

e Domain and Range: The domain is (—o9, +0) and the range is (0,7 ).

*  Key Points: (~w0,m), (-1.7,%), (0,0), (1.7,%) (+e0,0)

* Asymptotes: Draw two horizontal asymptotes y = 0 and y = m approaching the cotangent
curve at x = oo,

* Appearance: The graph appears as a sn:lmnth curve starting from (—oo,m), increasing
through the key points, passes through the point (ﬂ,g-) and ending at (+o0,0).

e Monotonicity: The graph is monotonically decreasing smoothly between two horizontal

asymplotes.
« Neither even nor odd function

* Reflection: The graph of y = Cot™'x, is a reflection of y = Cot x across the line y=x.




This means that the x and y coordinates of the points on the graph of y = Cot x are switched
to obtain points on the graph of y = Cot™x.
Cot™*(— x) = m — Cot™*(x) for x € (—co0, 4+m)
(abuut the liney = -E)

The symmetry along range (0, m)reflects across the vertical axis at x = 0.
Inverse Function: Cot(Cot™x) = x for x € (—oo, +) and

Cot™*(Cot x) = x for x € (0,m)
Identities: Cot™*(x) = Tan™ G—) forx#0

Reflection Symmetry:

x y=Cot 1x
+oo 0or0°
1.7 n/6 or 30°

1 m/4 or 45°
0.6 n/3 or 60°

0 n/Z or90°

—0.6 | 2 /3 or 120°

-1 |3m/4 or135°
~1.7 | 5n/6 or 150°
— mor 180°

825 Graphofy =Sec 'x

The graph of the function y = Sec™ x represents the angle y whose secant is x. The domain of
this function is x € (—oo,—1] U [1, ), and the range is y € [ﬂ.%) U (%n] This means the

output values y will always be within this interval, corresponding to angles in radians between O and 7.
Construction Steps:

Draw the coordinate axes. Mark x-axis with values from —oo to +0 and y-axis with values
from O to m.

Choose an appropriate scale.
Mark the points (+e0,%) , (2,%), (14,%), (12.5), (1, 0), (-1,m) , (-1.2.%),

(~1425), (-2.2), (~.2) n e rph
Connect these points with a smooth curve.

Properties:

Domain and Range: The domain is (~c0,~1] U [1, ) and the range is [0,5) U (5. ]

T In T T
Key Points: (—o=,2), (-2.5), (-1.m, .0), (2.5). (+=.)
Asymptotes: Draw a horizontal asymptote y = %approaching the secant curve at x = +oo,
Appearance: The secant graph appears increasing from (1, 0), moves along the horizontal
asymptote y = ; and ends at (+no, 4;) The secant graph appears decreasing from (—1,m),

moves along the horizontal asymptote y = g and ends at (—ou. ;)

i e -—-—-w-- —_———— ——
|. | *2 A
. a4




e Monotonicity: The graph is monotonically increasing and decreasing smoothly (it always
increases/decreases as x increases/increases) along the horizontal asymptote y = %

* Neither even nor odd function
Reflection: The graph of y = Sec™"x, is a reflection of y = Sec x across the line y = x.
This means that the x and y coordinates of the points on the graph of y = Sec x are
switched to obtain the points on the graph of y = Sec™*x.
Sec™!(— x) =m — Sec™!(x) for x € (—oo,—1] U [1,00)

S Refisction Sysuertiv. (symmetric about the line y = %)
The symmetry along range [0, ]/ {-;5] reflects across the vertical axis at x = 0,
. o Inverse Function: Sec(Sec™*x) = x for x € (—0,—~1] U [1, ) and
Sec™!(Secx) = xforx € [ﬂ,'—:) v G,n’]

e Identities: Sec™(x) = Cos™(2) for x € (—00,~1] U [1,0)

x=0 ! x y=Seclx
T ,:lﬂ oo /2 or90°

y=Sectx i) n/3 or60°

/ T 14 | n/4 or45°

- = » 1.2 /6 or30°

IR, T T R ——. 1 0 or 0°

‘ ; 3 -1 w or 180°

; ;_r' —1.2 | 5x/60r 150°

=14 | 3n/4 or135°

U RS B i O ) -2 | 2m/3 or120°
e, 50 IO 8 - | m/2 or90°

8.2.6 Graphofy=Csc'x

The graph of the function ¥ = Csc™! x represents the angle y whose cosecant is x. The domain
of this function is x € (—o0,—1] U [1, ), and the range is y € [-—1—;,0} U (ﬂ.ﬂ. This means
the output values y will always be within this interval, corresponding to angles in radians between
0 and m.

Construction Steps:

* Draw the coordinate axes. Mark x-axis with values from —co to +co and y-axis with values
from 0 to  and choose an appropriate scale.

* Mark the points (1.5), (12.3). (14.5), (2.3), (oo, +0), (-1.-5), (-12.-3),
(*-1-4. —E), (-2, —E), (—o0, —0) on the graph and connect them smoothly.

GRADE 12 — A *:.i:fﬁ_:—"-‘r"-—-- T

—‘
- I.‘




Properties:

Domain and itmge: The domain is (—eo, —1] U [1, e0) and the range is [U, g) U (g»-, rr].
Key Points: (~o0,%), (=2, %), (-1,m), (1,0), (2.5), (+e.5)

Asymptotes: Draw a horizontal asymptote y = 0 approaching the cosecant curve at
x = too,

Appearance: The cosecant graph appears decreasing from (1,5), moves along the
horizontal asymptote y = 0 and ends at (40, 0). The cosecant graph appears increasing
frum.(—l, —E , moves along the horizontal asymptote y = 0 and ends at (—co, —0).
Monotonicity: The graph is monotonically increasing and decreasing smoothly (it always
increases/decreases as x increases/increases) along the horizontal asymptote y = 0.

_[Csc™(—=x) = —Csc™(x) for x € (—,—1] U [1,0)
i [ (Symmetric about origin) ]

The symmetry along range —%,E /{0} shows that graph is reflected across origin.

Reflection: The graph of y = Csc™x, is a reflection of y = Csc x across the line y = x.
This means that the x and y coordinates of the points on the graph of y = Csc x are
switched to obtain the points on the graph of y = Csc™'x.

Inverse Function: Csc(Csc™'x) = x for x € (—o0,—1] U [1, =) and
Csc™*(Cscx) =xforx € [— %, 0u (ﬂ, 2]
Identities: Csc™(x) = Sin™* (i-) for x € (—oo,—1] U [1, )

x=-14 z=1

H x y=Csclx
y=ia% +co +0or +0°
2 t/6 or 30°
1.4 m/4 or 45°
1.2 m/3 or 60°
e T gy e Y =0 1 /2 or90° :
e -1 | —=m/2 or —90°
-1.2 | =n/3 or —60°
—1.4 | —m/4 or —45°
+ -2 —m/6 or — 30°
—o0 —0or —0°
¥=0




4. i1-1d i, =28 ¢ i -2 iv.—2v3 + 21 v.V3+i

Vi, 5% + %f vii. 6.43 + 7.66i viii. =1 4
5 iL.x+y=1iix2+y%= ﬁirﬁsﬁﬂﬁ

iv. (=v3-1)x +(v3-1)y+4(V3+1)<0 < —x+y+4

wxl+yi=1 viv3(x2—=y* +1) - 2xy =0

vz T PO : A

6 Lo+ il (1+V381) il o= (V3+1) 7. 14231 i 04756
B i 2-T  i-32(77438) 9. 03cost 10. 0.8 cost
11.7.936 cos(t +39.39°) 12. V61 cos(t + 86.33°)

REVIEW EXERCISE

. ic b iiia ivd vb vid viic viid ixb xb

280 ivZ V221 iv.———221 3. i.3(x—6D)(x+60) ii 4(x — VIO0I)(x + VI0I)
4

s 3
: _ =14 , 64, _ 1471
4 z=2x 5 z—-?+§| 6.2+ 11 7. £ AL 8. 2

! Exercise 2.1
. L2x3 ii. 3x2 iii. 3x1 iv. Ix4 v. Ix1 vi. 2x2
2 i.rectangular ii. Square - iii. column iv. square V. row vi. square
3. L lower triangular ii. scalar iii. diagonal iv. identity
v. diagonal _ vii. upper triangular viii. diagonal ix.scaler
2 V5 k
¥ 5 1] neither symmetric .. |6 neither symmetri P 6 symmetri
4 L 0 6 9] nor skew symmetric 1L |2 Mfmil'm':k o [ﬁ 2] e
i)
; [0 =1 =9] '3 -6 9 9 0 o
iv[l1 0 5 v. |-6 2 ul vi.[u 6 Dl
L9 §5 0. L9 0 0O 1 3 12
skew symmetric symmetric neither symmetric
" nor skew symmetric
Exercise 2.2
[ 2 ?,fz] 2 N [ WA . [F1/3 =4/3
- |.-. - - -
1 [5;2 4 u [11 2] im [; 1 ] 1v, 1/3 _2!3
' 0 -1/3 -=2/3 0 -3/2 -4 2/3 12 2/5
2. |1 2/3 173 ii. [3,’4 0 —5}'4] i [2;‘5 1/3 Zf?]
8/3 7/3 2 | 8/9 5/9 0 2/7 1/4 2/9
1 5/3 5/2; -5 0 -
iv.]5/3 2 13/5] 3. C='[ﬂ -8 ﬂ]
2 2305 3 | 4 =4 1

-—_. o



4 LA= [5 ?’;2] [”2 1 l} iii.[l’]whererﬁﬂl

8 —-11/2
iv.z=4,t=0, x? +yz—2ﬂv.n'——1ﬂ;ﬂ=9 vi. —4,3
6. a==9;, f=-1 10. sl:nwsymmuic 3 4 a 1 13 sl
1 3 _1 5 5 5 5- 5 5
o I, e =3+121 > 7 _as=i 14
12.X [1 0 ] Ym [u O 1] B.X=|—=— 2-i < |, Y=|5F —1+31 =
1 1 —646l 7 7 18-3i
5 5 5 5 5 5
Exercise 2.3
. .15 il i, -6 iv. 16+ 8i
2. L=17 .27 iii.1-16i iv. — 17 + 11i
3. singular ii. Non-singular iii. Non-singular iv. singular
4. i.16/23 e I
r 1 1 1 -4 16 -4! 1 3 2420 =24
;1 E c; i Tx 191 ast ° ;!I 4 1_11 th i '-3_1 .::
= £ g1 = 8 L o = 1H
i 3 sl 5 5 s 1 —| V|0 = roll B _,[_"'1 1 E' 3
& =% A 1 4 =17 L g = —af A Bl e A e
ls 9 3 3. 5 9. s 5 11 22 44 * e
Exercise 2.5
1 3 511 0 O 1 =18111 0 0 o0
l.iijo 1 1|0 1 0 ii. |0 1 ‘ 0 1 ﬂ 1 2'? \ 1 ﬂ]
0 0 11W 0 1 0 0 0 0 0 1
1 —2 3/2 1 0 0
; 1 -8 1 0 2/5 0 1 2
iv. [ﬂ ! -ﬂﬁ‘] [“ 10 " [u 1 4;5] [u 1 4/5) vi. [0 0 0
0 0 1 0 0 1l 00 0

)

ik ii.2 i3 iv.2

[-12 -5 -3 -2 0 2 '10-»615 -8 5 2
3.3l -4 -1 —1] h;[m -15 —16|iii. |3 -9 6 iv.|—18 18 —]

2 1 1 -6 6 6 Z -4 6 15 -6 3
5 Exercise 2.6
x5 T X3 X3
1. i.|2x3 il |2, iii, |2x3 iv. does not exist.
X3
—-10
i o 17x
2 l...|1=l_1; 11: ii.A=2; —.1.'3 ord=-T: 513]
Iaxa X3 13 o
3L ;E;—-:—: ii. No solution iii. %*%: % iv. =7;=7:;5
H K p A § r S
4. 1. 3;1; i, —=:=:0 i. solution no - AP
i. 3,152 - ii t possible as A is singular iv. =; — ==
5. q—l-.-'_-q.a—ilg- E-:r& 111 E.' —z_xi- _E H " .
R T T I LT -3 T2 4 v.2; 3; 5

o

13/31 -8/31 -1/31
19/62 5/62 —11/62

7. A = %4, no solution; 1 # +4 unique solution

-3/62 9/62  5/62
-




0. [1 0 0 1. [ 0 -
0 1 —sl;x"+_v**+1uy'+1&=u 01 nZ];x*‘+sx'—3y*+4=n
0 0 1 0 0 1
21 0 1 ;3.1 0 3
0 1 ﬂ]:!x'z—53'2—4x'—ﬂ=ﬂ 0 1 2}:21’—?}r'+11=ﬂ
0 0 1 0 0 1

REVIEW EXERCISE
I. i.b i.d iiid ivwb wv.c vib viid viic ixec x.d

2. -11,3,10;87 4. 113
Enrdu.!l
‘ I i.=71—5] ii.—221—16] iii. —7f+ 28] iv.=21-2)  v.-181+ 155
Ligt+3f iil. fl = =51+ 8f; ¥ = 71— 11 iii. 81— —

4.im=4/3 ii. 142f+3k, —2i +2j+6k, At-2Ak
Sigel—mf+mk i.V5 i3 7Tid=+2ViT iildl=[B =5

5 15 T H v 1 P
E.i.ﬁj—ﬁﬁ i, — E!+7ﬂ-} E ;r+;§ ii. 1—12f+5k
10.i.D(=2,1) lLFﬁm:lr-l i PS=F— 7
16. AC =d+b, ﬁ:‘:i:'-g. EF=-b, DA=-23, EB=2@—-b),FA=a-bFC =24

: Exercise 3.2

l. i.15 ii.90 iii-lﬁi\r 147 v. 4
-30

2. i.8=cos™! ﬁ ii. 8 = m‘iﬁ) iii. 8 = cos™! Wi

iv.@ = ms“‘( ) v.8 = cos™! ‘,‘:ﬁ)

i. cns"‘ (—) ii. 90°

& L=
1 'H-

i.cosa = f—.cosﬁ m,msr =
6. i, 45°45° . ji, iﬁriﬁjiﬁﬁ
—-45/2

2.2t
"V11s' VB2

I

. b

' 8. F=t+2J+k
14. 350 /V11joules 15. 28 units 16. 150v3
: Exercise 3.3
l. i(4, =15, = Mii. (30, 11,-27) iii. (4, — 6, 2)
2. i(-18,-8,3) ii (3 15 5}
vl R (i )
" ¥25/26 V1533’ mz—ﬁ g | a4
i, paratlel-—-i'+—j—ﬁf: perpcndicular tep-=k 5. & a=-§s—3;+;ﬁ
6. i.a=t+2f+3k o i 18 ii. 6

4



10. i.34/59 ii. 5/VZ  a=7421°p = 60.50°y = 45.29°

11. V75 12.Eitherd=0 or b=0 or Botharezero
140 VIBT G116 15,0 3 (7-300+ 3 (1—t)j+ek i (~3(at+20),-3(2¢ +3),¢)
16. 11i + j — 5k 17. 151 — 20f + 7k; — 91 — 26§ + 19k; 61 —46] + 26k
Exercise 3.4
I i.—14 ii.-20
2. 2 ii-8
3, ii.A=-1/2 _
4. i.A=2 6. i. zero i.68 7.i.27/6 i3

REVIEW EXERCISE
i.d #.¢ dii.b iv.b wv.c viid wii.b wiii.b ix.c x.a
i.2/3 ii.-3/20 '
. V2 4 V19 5. —11/2
8. Ground speed = 235.492 km/h true course= 64.872°
9. Speed = 237.816 km/h direction = 107.980°

m"

W

Exerciue4l
1. (i) 1-4“;—?ﬂ3—1n'ﬂ4-13ﬂ1g—'—31 ﬂ15-—-4ﬁ
ﬁi] ﬂ],—zﬂzﬁ5ﬂ-3‘—3ﬂ-;—11ﬂ1n—29ﬂ15'—-44

1 2 3 4 10 15
':1“]' ﬂ1=i,ﬂ2=-3‘,l13=:,.&4— Julu=ﬁlal5_ﬁ
(W'} ﬂ1—2ﬂz—5ﬂ-3—lu ﬂq.'_l? ﬂm—lﬂl ﬂ.u,—ZZﬁ
(v) a;=-1, az—aﬂ ag—ﬂaﬁ—ﬂ ﬂ.m—-ﬂﬂaﬁ—l?f
(vi) a3 =0,a=5a3=5a4=175 00 = 350 Qs = 13

m 1 1
(vii) ﬂ1—1 ﬂzz—ilﬂa—iﬂ‘—“fﬂ-ln _m'a-lj:_lgiﬂ_!

(viii) @, = 1,8, = 4,3 = 9, a4 = 16, a,o = 100, a;5 = 225

{iX} iy = —4, a; = 5. a3 = -6, a4 = 7i g = 13, iy = —18

(x) a;=-2,a3=-1,a3 =4,ay =-7,a;9=—25ay5 =40
2. (i) ag =29 (ii) aq =56 (iii) a; =225, (iv) @ay; =—235

(v) ag; = 528,528, (vi) azo =% (vil) Q43 =43 (viii) agy = 67
3. (an=2n-1 (i) an=3" (i) a, =v2n (iv) a, =n(n+l)

Exercise 4.2
].. {Ijﬂll—q'ﬂ-z'—? ﬂa—lﬂﬂ.;-—l?t {“}ﬂl—?ﬂz—‘lz ﬂg—l? ﬂ*zzz
(iii) a; = 16,a, = 14,a; = 12, a4—10 (iv) a; = 38, a; = 34, ﬂ.g—3ﬂﬂ4 26 N

13

3 5 3 13 ]
Ma =5a=1, ﬂs-“h" Mlay =5 ap=1,a3 =7 aﬂ4—

4 2 '

2. (i) The uex[ three terms of the sequence are 17, 21,25

(ii) The next three terms of the sequence are 2!]_}2%* Zliif- .

(iii) The next three terms of the sequence are S+ 2+ =

(iv) The next three terms of the sequence are 022,027,032 3. an = 0.57

23 _ _ _

4, ﬂ1=19.ﬂ;}—_ﬂ3—14ﬂ4 5. ﬂ1=a,ﬂz-—5ﬂ3—z ay = 1
6. ag; =347  T.ay =70 E. gg = -%5 ) i s
10. ag = 240 feet 11, S50 = Rs 39000 12. B=?

. e — —
b
b
\



13. ()12 @5 (i) 45 (iVZ+4.  14.b=0 15. x=-9,y=24
16. ﬂ, =g| .142 =13 I.T Al - _B;Aa = —B' Aﬂ =-=13 V'
Exercise 4.3 ‘

l. S, =116 2.5, = 10100 3.S,, = 10500 4.5, = 375 5.5, = 240,6.~210 7.5, = 240
B. S, =2550 9.5, = 2500 10.5, = 34036 11.5, = —140 12.5, = 1155 13.162
14.104 15.5,= 1060 16.5, = 387 17.5, = 8§16 1B.5, = 162 19.5, = —220

20.a, = 7,0 =19,a3 =31 21.a;=1,a,=5,a,=9 22.a4,=6, a,=36, a,=66
23.a,,=62,950 24.45  25.12,280,000  26.38,750

; ; Exercise 4.4
1. The sequence is not geometric
2. The sequence is not geometric 3. The sequence is geometric (r--}
“ 4. The sequence is not geometric 5. a, =3,a, = —6,a; =12, n4—-24
6. ay=27, a=—9, a3=3,0a;=—1 ?a1_12n2_5,a3=3,a,,=§
135 405
8. a,=%,a,=2 9. ag=54,a5 =162 10.a, = =2,a =22
11, ay=27,a;=9 12. ay=1,a5=3 3. ay=2,a5=4
14. a; =100 15. as =32 16.a,=56 17.a5=3
18. agg=-1 19. ag =3 20. 6,12, 24 2124 22.4,2,1,
23, 15 24. 10, 20, 40 25.14,28,56 26.Lf 27.151258, 9[apprn}
28. 3100 . (approximately) 29. 127 30. 81
Exercise 4,5
1.176, 2. 93.15 3.13,28,600 4.947.11 5.114681 6. 732
7.10.66 B. 165, 9. 300 10. 189 1.4 12.0.51 13. 4
4 5 2 5 4
14.0); (i) 1 I[lil}; {Iﬂ; (1'}*3-3- [vﬂ'a—a 15. 70 - 16. 80O
Exercise 4.6
1 1 1 1 1 1
' L 2-3 -5 4 S5 G'TILT
‘ 1 1 1 99 8 E & & 5
r Exercise 4.7
137 43024 15551
1. i 2 S 3. 63 4. 451 5. =222 T 6. —52,432 7. 43, 3. 9. I:k-l ey 10. E 3k
— 11k ok n'+3 2 2
1.35_,(—1)k 2k 12. E““ku:-u} 14. “"“z—“ 15. (Zn +9n+?) 16. = (Zn +5n+5)
| 17.2(2n +3n—1) 18, 2@ +13)(2ﬂ +1 19, n (2n*+ 204110 +1)
g 20. 1 (2n°+3n 47) 2. n(n+1)2
6
| 22. n(2n*+8n*+7 n-2) 23.2"(n—1)+1 P et “:;::;‘f ot s a2
3.77'-42n-21 _6n+7 ; 25 2r+1 100
| 25. i 26. 14 — 27. 9 23 = 2P mene e 30. — =
| Exercise 4.8
1. 780ft 2. 1065, no because the auditorium has only 1065 seats 3. 491,70044
4. axn=524288 5. a=03280r32.8% . 30361.4082 7. 964615




8. 32000 9. r=2595 10. Rs. 1420418.205 11. Rs. 100625
12. Rs. 726000 13. Rs. 69000 14. Rs. 356015.99

Miscellaneous Exercise
L.a (i)c ()b (ivia (v)c (vi)d (vipb(vii)a ()b (x)a (xi)c (xii)b (xiii)a
(xivic (xv)b (xvi)b (xvii)d 2.3,5,7,9 3.0,1,2,3 4. 6,10,14,---
5.2-[10"*1 —9n —10] 6.4,6,9 7.6,18,54,162 8.n=—1 9. ay= 5,03 =1,a3= 5,05 =;

P

10. (i) 5 (ii) —4920 11. n(n+ 1)? 11.%(21:’-— 3n*+13n—-6)
Lo e SU POl wo A i i R R ey ci el |
Exercise 5.1

1. () 5 (i) 35 3. No 4.y+1 5 -12 6. m=6 7 Only]l isazeroof P(x)
8. 1'_3'_?1 9. S =(x—-4)(¢+3x-2)+0 10. 2+ 10x+24
Exercise 5.2
L+Dp-3)p+2) 2.(x-DE+1)2r-1) 3. (x-2)x+3)2x+3) 4.(x-3)37 +4x+12)
5 (t=1)t+2t+5) 6. Other two factors are (x—6) and (2Zx+ 1) 7.(2x = I){x - 5)(x-2)

8. (2x + 12 + x + 36)

Exercise 5.3
|. Semby 12cm by 2em 2. 650 3. 6 units by 8 units by 3 units 4. 9 units by 11 units by 25 units
5. Length of one side of square ABFG is x+4. Area= (x-+4)*. The length of rectangle ACED = 3x+7.
6. y+1,y-1

REVIEW EXERCISE
(i) (d (i) (a) (i) ®) (v) (a) (v) (b) (vi) (c) (vii) (b) (viii) (¢)
167 +4y+4 3 257 +10y+4 4. Yes 5. 50 -130°-34r+24
.48 7. xt4 8 y+5

LELEN o &
L T L ATt T LA o1}

Exercise 6.1

1. i.3628800 ii. 7920 ifi. 11/63 iv.n—1 v. 7790
5 14! 9l .. (ne1)l @ (n=1)!
2 B i —— iii, ——— R
10! 41x16 (n-2)! n(n-4)(n-4)!
5. L6 ii, 6 7.i. 31 ii. 8 fii.3 iv.10 v.6 wi.l2l w0l wiii.2 ix. 4

X 5
Exercise 6.2
.17 i 13 1S5 w8 v.29 wvi.6 wvii.9 wvii.8 ix. 10
314 ii, 5 iii.2 iv.8 wv.2 vi.d  wvii. 41

4. 60 5. 60480 6.1296 7.18 8. 576 9, 1260 10. 7205 120

11.45360 12,108 13.4320 14. 210 15. 8640 16. 360

17.72 18. 94 19.30,240 20. 86400 21. 6,6,6,24 22. HOELRA 22. MULTAN
Exercise 6.3

2,813 .22 .5l iv.6 v. 1l w5 303 i3 .6 w5

4.i.9;3 ii. 62; 27 ii. 10; 5 iv. 14; 4

5.1. 4368 ii. 3003 6.55 7.i.120 ii. 186 iii. 186 8.i.45 ii. 120

9. "Ca-n 10. 120 11,10 12. 300500200 13.63 14. 175616




REVIEW EXERCISE

I. ib il ¢ il & iv.a v.d vi.d vii. b vili,d  ix.c X. C

2. 24 3,90 4. 600 5. 360 6. 32,659,200

. Unit 7: Mathematical Induction and Binomial Theorem s
Exercise 7.2

.. & 32:2+BD;:+B:]J‘+T+_!+_I
xiI x2

729 729y , 1215y% . 135y%

" 135y | 9y® | »®

B bpo o A o +1’ﬁ== SR = o

3

iii. 128 — 448x7 + 672x% — Sﬁl‘.}x'i + 280x® —B4x7T + 14x° = x7
- n :s

iv. :—“"'-5—;[4' 1n--10—;+52;

¥y ¥z
2. i ﬂ_“_".pﬁ__s.}ﬁ 253

243 27 3 :ﬂ F_zi'z';ﬁ
. 6ot 150 3 186 gk 1
i =x 5,"'_.,: P +Jr' ,-.rl+:.r=
iii. 2187u” — 5103u® + 5103u° — 2835u* + 9454 — 1892 + 21u — 1

3 5
V. Iv. 223 + 20aby3 + 30ab2VZ + 20ab™V3 + 45ab*V3 + bS3E

| V- V.14 Bx—dy + 245~ 24xy + 6y + 326 ~ 12x%y + 62y’ - y° + 16x* — 325y +
24x?y? — 8xy3 4 y*

a o 3. 8 24 | 32 12 , 72 . 144 , 96 216 , 108 , 216 , 81
i vl'x*+ﬁ+xzy=+:?’+y‘+xx’+z?yz+xyiz+y':+:’:’+m’+y*z’+ﬁ+;u_’+;
| 3.1.241200x% + 20000x* il. Bx? —12x 4 2 —;
' i, 1= 3x 4+ 2x? + 1023 + 5x* — 11x5 + 8x5 — 257
| iv. 201090301 =
' 32 x* ; " 3
Vot vi.  8a®Va? -1+ 8a*(VaZ—1) 4. Ex‘y’
% 5.0 =150, ii. 0.946176x* iii. 70a* ivﬁ"i%,‘“
' . 15 40095 ;
| 6. i -a'*p® ii. =< —p'%q® iii. —12x%y3 iv. —270y°%x3
I
: . n e
} . 7. 11980 ii. 5 8. Tisa =(r+1)ﬂn r=1pT+1
\ lﬂ. . sm l ]r 14 ]3‘. 121 1 18. I'l 61 151 201 Is; ﬁ. I
o 19. 21 times 20. 56 times
L : ; Exercise 7.3
. L i.143x3+6x + 10x: b<x<1 ii.—1;--3-+—ff——-;§"— T |
| 33 3%x 3Tat 330 3 3 I
r t 3
i (2 = 25 8 o e
t I(} _:'@'_ 2;55144-2;5;:5 le}s W1+ i +3' +34' 3<x<3

:-m,__;’r ———




,,_%_ .i,+%),+(ﬁ3,1+_1_,),=ﬁ( - +_‘,)x* -6<x<6 vi. 1

37 3237 128.3% 12837 1637
2. i.2.0052 ii. 1.2963 iii. 1.0099 v, 0.9859 3. %

7. # (n? + 7n + 8)a™

1
- &
8. i.% ii. (3)° iii, (=3)¢ iv2v2
Exercise 7.4
1.1,8,4,7 2.a5 b2 3.1
42525 b3,33 cl,0 8.8 9.8

REVIEW EXERCISE
1. i.d ii.c iii.d  iv.d v.b viic wvii.b wiiiha ix.b x.b
3.232 f. 78

EXERCISE 8.1
I. (i) cos(180° + 60°) = —cos 60°, cos(180° — 60°) = — cos 60°, sin(180° + 60°) = — sin 60°,
Sin(180° - 60°) = sin 60°, tan(180° + 60°) = tan 60°, tan(180° — 60°) = — tan 60°

(i1) cos(90° + 60°) = — sin 60°, cos(90° — 60°) = sin 60°, sin(90° + 60°) = cos 60°,
sin(90" — 60°) = cos 60°, tan(90° + 60°) = — cot 60°, 1an(90° — 60°) = cot 60°

(iii) cos(180°+ 30") = - cos30", cos(180°~ 307) = — cos30°, sin(180" + 30°) =— sin30’,
sin(180" — 30°) = sin30", tan(180" + 30") = 1an30", tan(180"-30") = — tan30°

T
—

(iv) ccs[rr+§}=—ms 3

n n n + ” .

b e ) a4 e e

3 cos( 1T 3) €os 3 sin{ 1T 3] sin
n m

- tun{:t+%}=mni+ tan(m— 3) =— tan

E

.
3

0 cn(5 +2) =), (5 2) = ). o5 +3) - o).
(5 2)=eo(2), (3 +2)=cad). w3~ 2)-em(3)
o o+ )= ) . cosCg - 2) =~ n(5) s +3) = -cosl).

in(2- ) e on () - 3) (- )= ()

sin[n‘—%} = sin

o_ 1413 i 950 - 1413
2 (@) cos157=10 (o) cos 165°=-T (0) cos MY =1 (9) sin75" =T

S T —— \( L




3. (a) cos l?.ﬂ"v—l (b) sin 12ﬂ°= . ,tan 120°=-+/3  (c) cos 75° = "';.-1
0o _1-V3 o= - ¥3-
(d) cos105° =222 (e) cos 285 rﬁ‘ (@ sinls°=222

4. (i) cos90 (u} cos 58  (iii) sm; (iv) sin92° (v) tan30® (vi) tan2m

5. cos(a+B) =12, cos(@—f) =3¢

6. () sin(a~pB) =32 (i) cos(@—p)=1= (i) tan(a—p)=12

7.0) sin(a+8) =5 (Gi) cosla+p)=—32 (iii) tan(a+p)=—2

8. () csel@+ )= (i) sec(a+B) =2 (iii) cm{a+ﬁ)=§

9. () sin(@ +p) =—g7 sinf@~p) =g (i) cost@+p)=—;7 . cos (@ —f) =%
‘ (i) tan(a + B) = 7 , tan(a — ) = 3

13.)) 125in6~5 cos 0 =rsin(9 + ¢) where r=13 and ¢ = tan”'(~ =

12

(ii) 3sinﬂ+4cm3=rsin(ﬂ+w}whemr=jnnd¢:=mn“e) (iii) Do yourself.

58
EXFRCISE 8.2

1 cos20=—2, sin sin20=—-2, I quadrant

4. @a=45" () sinB==,cos6== () 09285  (d) 22°

2. sin2a=-2y/T=y7,cos 20 =1-2y ,tan2a = -2 3 goq y50= L1005 g6

=2y2 2

| 4.G) sin26= 32,020 =~ tan20=~2 sin?= %, cos?= L, anl=1

(ii) sin20= 122, cos20=-112 an26 =12 sin2= 2 coss= 75, tng=-3
R0 et Lt e
. (iv) m!ﬂ——;,mslﬂ=~%.tm2&= ;,singm J—‘f%, mg%: - .‘if_‘r.;_‘, tan§=- f:
i (v) sin20=~1, cos 26 = 0, tan 20 = undefined, sin & = f—ﬁ-,¢m§= %,M% %
E (vi) sin28=*—"r?§.ms23=—-§.mnzﬂ- ﬁ,sin;:r ? - cos;=% . tﬂﬂ%‘wﬁ
" - 5.(3) sinﬂﬂa,msﬂ=i tanﬂ=-3- (ii) ginﬂ‘nivcngﬂ:_a mg=_§.

(iii) ﬂmE=—.cmE=—l—i,man-—§ (w} sinf =—— r,cmﬂm——"z,mﬂn—tl?
| 6.G) T (i) % {iii) % v 2w +

7.(i) Anganie (i) 1—;[1 — 7cos2a — cos4a + cos2a cosda] (iii) m[S — 4 cos4a + cosBa)



EXERCISE 8.3

I. (i) 2[sin26x+sin6x] (i) S[cos 16y+cos4dy] (iii) sin8s—sin2¢
(iv) 3[sin15x+sin5x] (v) 3[cos6u—cosdu] (vi) cos120° - cos 80°
(vii) > [sin 40° —sin 6°] (viii) sin 104° sin 8°
(x) 2[sinu + sin v]

2. (i) 2sin50° cos 20°

(iv) 2cosEcos?

{ix) cos 60° —cos 90°
(xi) sin 2u— sin 2v

(ii) 2 cos 45° sin 31°
(v) —2sin15°cos 5°

(iii) 2 cos35°cos 23°

2 2 -
REVIEW EXERCISE
1.() a (i) b (iii) ¢ (iv) d (v) b (vi) a
(vii) ¢ (viii) d (ix) b (x) ¢ (xi) d (xii) a
20 % @ -3 @@ -5

3. (i) sin(f +45°) or cos(f —45%)

(if) sinl20° or cos30’

4. (i) tan 60° = 1.732 (ii) c0s90°=0 5. tanf=2 9.
EXERCISE 9.1

. 1 Maximumvalue(M) = 4 ;  Minimum value (m) = 0
ii. Maximum value (M) = %‘“ ;  Minimum value (m) = %

i, Maximum value (M) = 1—51 :  Minimum value (m) = — %

iv. Maximum value M) = %, Minimum value (m) = %

2. i, Maximumvalue(M) = 1 ;  Minimum value (m) = %
ii. Maximum value (M) = TZT . Minimum value (m) = — %

ii. Maximum value (M) = =5 ;  Minimum value (m) = - iy

5 H

iv. Maximum value (M) = x
Domain =Dy=] —00,00 [=R;
ii. Domain=Dy=] —00,00 [=R;

iii. Domain=Dy=] —00,00 [=R;

Minimum value (m)

Range=Ry =[-7,7]

Range=Ry =[-1,1]

Range=Ry =[-1,1]

iv. Domain'=Dy=] —-00,00 [=R; Range=Ry =0
v. Domain=Dy=] -00,00 [=R; Range=Ry =0
vi. Domain=Dy=] —00,00 [=R; Range=Ry =[-6,6]
4 im i B iii, 47 iv. 2 v. m 2




ili. even

i. odd viii. odd

EXERCISES.2

iv. even

R ———

ok

Dy ——

:
s A F s
: sracng.

-

Characteristics
i (-00,00)=R
[-2,2]

odd function

(-00,00)=R
-2, 2]

even function

Range = ]-00,00[

Period = .-'-E. .
Amplitude = Nil
Nature = odd function




vi.

i e g [ e e

Characteristics

Domain = (-00,00)=R
Range = =11}
Period = 4Am
Amplitude = 1

Nature = gven function

‘Characteristics

Domain = (-00,00)=R
Range = [=2,2]
Period = ggr_r
Amplitude = 2

Mature = odd function

Characteristics

Domain = (-00,00)=R
Range = [-3,3]
Period = 27
Amplitude = 3

Nature = even function
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Characteristics
Domain

Range

Period
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Nature
Characteristics
Domain

Range

Period
Amplitude = 1
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Characteristics

Iy

-
-

Ry T T

= (-00,00)=R
= [L1)

1

Amplitude =

Nature

i}

2
5
A~

even function

R ——, -

y==1
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: : Tal-
y i "
: + E|em M
e >
|3
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y=S8inx
( -t

.1'."—..1.;..

= Sin 2x
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y==1

x-axis

1y

y==1

8§

y =Cos 2x
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y=Tanx

-« t t +—+ +—t t t } ‘J‘r
xaxis O n mom 2n x-axis

o B 3 il

'

:

'

L)

]

L]

:

TR T

y-axis |

Y

o
a. each cycle is second

b. k=20,160
c. 180

d. v(t) = 180 Sin 20, 160t

h(t) = —8.5 Cos (5) + 10.5
y = 2 Cos [2mx] + 18

ii. a
vii. a

xil. b

xvii. d

REVIEW EXERCISE

. ¢ iv. a V. C
viii. b ix. © X. a
Xiil. ¢ xiv. b XV. a
xviil. a




5. a. Period = -E' ; Amplitude = - 20 ; Vertical shift = 24
' b.  h(t) =-2uc.:s(“?‘)+z4
¢.  The height is 32 m after Sminutes.

6. a. Maximum height =22 m, Minimum height =2 m.
b. The height is 12 m after 30 seconds.
c. One complete revolution takes place in 120 seconds.

7. a.y=10Sin1440¢,y = 10 Sin 1440 (¢ — -
b. Domain = {t /t 2 0,t € R}, Range = {y/ =10 <y <10,y € R}

i, Domain =]-c0,00[=R Range=[-2,2] _ 6

ii. Domain =]-00,00[=R Range=[-5,5] 2..;.‘

ii. Domain =]-00,00 [=R Range-[—i.;] In

iv. Domain =]-00,00[=R Rangc=[—%;%] 3_%

v. Domain =]-00,00[=R Range=[-3,3] 2

. vi. Domain =]-00,00[=R Range=[-7,7] 2_;'

vii. Domain R—E‘z—',nEZ Range =] - 00 0o [ %

viii. Domain =]-00,00 [=R Range=[-9,9] 2_2

ix. Domain =]-00,00 [=R Range =([7, 9] .g.

1 X. Domain =]-e0,00[=R Range =[2, 12] w
|

xi. Domain =]-00,0[=R Range =[2, 10] T




GL OSSARY

Adjoint of a matrix: A matrix of order 2, obtained by interchanging diagonal elements and changing
the signs of non-diagonal elements.

Algebraic expression: A statement in which variables or constants or both are connected by

arithmetic operations (i.e. +, -, x, +).

Allied angles: The angles connected with basic angles of measure @ by a right angle or its multiple, are
cilled allied angles.

Arithmetic mean: A number M is said to be arithmetic mean between two numbers a and b if a, M, b are
in AP,

Arithmetic sequence: An arithmetic sequence is a sequence in which each term, after the first, is found
by adding a constant.

Arithmetic series: The sum of the terms of an arithmetic sequence is called an arithmetic series.
Arithmetico-geometrico sequence: This sequence is the result of term-by-term multiplication of a
geometric progression with the corresponding terms of arithmetic progression.

Column: The vertical arrangement of objects.

Column matrix: A matrix having only one column.

Combination: If in the arrangements of objects their order is not important then this arrangement of
objects is called combination.

Complex number: The number of the form a + ib, where a and 5 are real number and i = «f——_l .
Complex polynomial: If z is a complex variable, then the expression @ + @,z + a2 + -+ a,z" is
called complex polynomial of degree n if @, # 0 and n is a non-negative integer.

Conformable for matrix addition: Matrices of same order so that they may be added.

Conformable for matrix multiplication: If number of columns of first matrix is equal to the

number of rows of second matrix so that they may be multiplied in that order.

Conformable for matrix subtraction: Matrices of same order, so that they may be subtracted.
Conjugate: Two complex numbers differing only in the sign of their imaginary parts.

Constant polynomial: A polynomial having degree zero is called a constant polynomial.
Consistency criteria: A system of homogencous linear equations is consistent if Rank A = Rank Ay,
Consistent system: A system of equations is consistent if it has at least one solution.

Cross product of vectors: The product of vectors resulting in a vector quantity.

Cubic polynomial: A polynomial having degree three is called a cubic

Deductive reasoning: Deductive reasoning is a logical approach where someone moves from general
ideas to specific conclusions.

Determinant of a matrix: A number obtained by subtracting the product of non-diagonal elements
from the product of diagonal elements, in a square matrix of order two.

Diagonal: A line joining any two vertices of a polygon that are not joined by any of its edges;
clements running from the upper left corner to the lower right comer of a square matrix.

Diagonal matrix: A matrix in which all the non-diagonal elements are zero but at least one

element of the diagonal is non-zero.

Direction angles: The angles that a non-zero vector # makes with the coordinate axcs in the positive
direction are known as direction angles of .

Direction cosines: Coines of direction angles are called direction cosines.

T T T T T e T




Domain of trigonometric functions: The domain of a function f{x) is the set of all possible values of
‘x' such that function f{x) is defined. '

Dot product of vectors: The product of vectors resulting in a scalar quantity.

Equal vectors: Two vectors @ and bare equal if both have the same magnitude and direction.

Equality of complex numbers: Two complex numbers are said to be equal if both have the same real
and imaginary parts.

Equality of matrices: Two matrices are equal if both have the same order and the same corresponding
elements.

Even function: A function is even if and only if f{—x) = f{x).

Factor theorem: A polynomial p(x) has a factor x — ¢, if and only if p(c) = 0.

Factorial: Factorial of an integer n is denoted by n! = 1 x2x 3 ..(n — 1)n,

Fundamental law of trigonometry: This law is stated as: cos(a — ) = cosa cos f + sinasinf
Geometric mean: If a, G, b is in a geometric sequence, then G is called the geometric mean of a and b.
Geometric sequence: A geometric sequence is one in which each term after the first is found by
multiplying the previous term by a constant called the common ratio.

Geometric series: The sum of the terms of a geometric sequence is called a geometric series.

Graphic solution: Method of solving two simultaneous equations by plotting the graph of each

equation.
Harmonic mean: A number H is said to be the harmonic mean between two numbers ¢ and b ifa, H, b

are in H.P.

Harmonic sequence: A sequence is called a harmonic sequence if the reciprocals of its terms are in an
arithmetic sequence,

Imaginary part: The coefficient / in any complex number.

Inconsistent system: A system of equations that has no solution is called inconsistent.

Inductive reasoning: It is a method of reasoning in which general principle is derived from
observations.

Inequality: The relation between two comparable quantities, which are not equal.

Irrational expression: An algebraic expression that is not rational is called an irrational expression.
Linear polynomial: A polynomial having degree one is called a linear polynomial.

Lower triangular matrix: A square matrix in which all the elements lie above the main diagonal are
zero.

Matrix: A rectangular arrangement of numbers enclosed within square brackets.

Modulus of a complex number: It is the distance of a complex number from its origin.

Negative of a vector: A vector having the same magnitude but the opposite direction is called the negative
of the given vector.

Non-singular matrix: A matrix with non-zero determinant.

Null matrix: A matrix with all entries to be zero,

0Odd function: A function is odd if and only if f{—x) = —f{x).

Order of a matrix: If a matrix has m number of rows and n number of columns then the order of the
matrix is m-by- n.

Ordered pair: A pair set in which x is designated the first element and y the second, denoted by (x, y).
Parallel vectors: Two non-zero vectors d and b are said to be parallel if & = Ab.

Periodic function: A periodic function is a function where values repeat after a specific time interval.

Periodicity: The periodic behavior of trigonometric functions is called periodicity.
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Permutation: The arrangement of numbers or things in a definite order is called permutation.
Polynomial: Algebraic expressions consisting of one or more terms in which exponents of the variables
involved are whole numbers.

Position vector: The vector used to specify the position of a point P with respect to the origin O is called
the position vector of P,

Quadratic polynomial: A polynomial having degree two is called a quadratic polynomial.

Range of trigonometric functions: The range of a function f{x) is the set of all possible values of the
function f(x) can take, when ‘x” is any number from the domain of the function.

Rational expression: An algebraic expression of the form P(x)/Q(x), where P(x) and Q(x) are polynomials
and Q(x) # 0. i

Rectangular matrix: A matrix having an unequal number of rows and columns.

Remainder theorem: If a polynomial p(x) is divided by x — ¢, then the remainder is p(c).

Row: Horizontal arrangement of elements.

Row matrix: A matrix having only one row of clements.

Rule of product: If event A can happen in m ways and event B can happen in n ways then pair

(A, B) can happen in m X n or mn ways.

Sequence: A sequence is an arrangement of objects or numbers in a particular order followed by some
rule.

Scalar matrix: A diagonal matrix with equal diagonal elements.

Scalar quantity: A physical quantity that can be completely specified by its magnitude only.
Simultaneous equations: Sect of equations satisfied by the same solution.

Singular matrix: A matrix with zero determinant.

Skew symmetric matrix: A matrix whose transpose is not equal to the matrix itself.

Solution of equations: The solution of an equation is the process of finding the values of the unknown
involved in the equation.

Square matrix: A matrix having an equal number of rows and columns.

Symmetric matrix: A matrix whose transpose is equal to the matrix itself.

Terminating decimal fraction: A decimal fraction whose decimal part is finite.

Transpose of a matrix: A matrix obtained by interchanging rows and columns of a given

matrix.

Triangular matrix: A square matrix that is either upper triangular or lower triangular is called a triangular
matrix.

Triangular numbers: A triangular number counts objects arranged in an equilateral triangle.

Unit matrix: A diagonal matrix having all diagonal elements equal to one.

Unit vector: A vector that has magnitude 1 is called a unit vector.

Upper triangular matrix: A square matrix in which all the elements lying below the main diagonal are
Zero.

Vector quantity: A physical quantity that is completely specified by its magnitude and direction.
Zero matrix: A matrix having all elements equal to zero.

Zeros of a polynomial: A value of the variable for which the value of the polynomial is zero.

Zero polynomial: A polynomial having “0” as the only term.

Zero vector: A vector in which the initial and terminal points coincide.



SYMBOLS AND ABBREVIATIONS USED IN MATH

is equal to

is not equal 1o

is member of

is not member of

empty set

union of sets

intersection of scts

if and only if

line Segment AB

measurement of side AB

measurement of angle A

is congruent 10

is perpendicular to

triangle
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Complex numbers

Operations on complex numbers
Conjugate of complex number
Modulus of complex number
Complex equations

Complex polynomials

Polar coordinate system

Polar form of complex number
Application of complex number
Introduction of matrices

Types of matrices

Algebra of matrices
Determinants

Multiplicative inverse of matrix
Properties of determinants

Row and column operations
Rank of matrix

System of linear equations
Augmented matrix

Application of matrices
Introduction of vectors
Addition of vectors

Subtraction of vectors

Application of vectors in geometry

Algebra of vectors in space
Dot product of vectors
Direction angles and cosines
Work done

Cross product of vectors
Scalar triple product
Introduction of sequence
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