Linear
Programming (LP)

9.1 Introduction

Linear programming was developed as a discipline in 1940s motivated
initially by the need to solve complex planning problems in war times
operations. Its development accelerated rapidly in the postwar period as many
industries found valuable uses for linear programming. During World War-II,
linear programming was used extensively to deal with transportation,
scheduling, and allocation of resources subject to certain restrictions such as
costs and operations.

9.1.1 Define linear programming (LP) as planning of allocation
of limited resources to obtain an optimal result

Linear Programming (LP) is a mathematical technique for
allocating limited resources in optimum manner.

If we have limited resources at our disposal then we intend to seek
optimal utilization of those resources. The resources may be time, money,
space etc. For example, we have 50 square feet of office space to use for
storage and we have a budget of Rs 20,000 and there are variety of cabinet
types and sizes from which to choose. So how best the available space, we
should utilize and stay within the allocated budget. In another example a
company manufactures three products using the basic raw material, some
are more expensive to produce than others and few of them are perishable,
and need to be used quickly. How much of each product should the company
manufacture to minimize the cost and which combination produces the least
waste,

In above examples the situations are complex, as so many variables
and constraints are involved for consideration. In order to handle such type
of problems, we take the help of linear programming. Linear Programming is
a mathematical technique that determines the best way to use available
resources. Managers use the process to help make decisions about the most
efficient use of limited resources.

























{ii) Objective function
An objective function expresses the main aim of the LP problem which
is either to be minimized or maximized. The objective function evaluates some
quantitative criterion of immediate importance such as cost, profit, utility, or
vield. In an LP problem, an objective function £ = ax + by, where a, b are
constants, has to be maximized or minimized subject to the given linear
inequalities. To find the Maximum Z or Minimum Z, we convert the
inequalities into equations.
{iii]) Problem Constraints

The linear inequalities or equations or restrictions on the variables of
a linear programming problem are called problem constraints. The conditions
x =0, y = 0 are called non-negative restrictions.

In LP problem, the constraints are equal or unegual mathematical
sentences defining limitations on decisions. Constraints arise from a variety of
sources such as limited resources, contractual obligations, or physical laws etc.

|iv) Decision variables

Decision variables describe the quantities that the decision makers
would like to determine. They are the unknowns of a mathematical
programming problem. In general, decision variables are represented by x,y,z
etc.,. These variables are required to be non-negative.

9.3.2 Define and show graphically the feasible region (or
solution space) of an LP problem

The common region determined by all the constraints including non-
negative constraints (x = 0,y = 0) of a linear programming problem is called
the feasible region (or solution space) for the problem. Points within and on
the boundary of the feasible region represent feasible solutions of the
constraints. The feasible sclution region on the graph is the one which is
satisfied by all the constraints,

The method of showing the feasible region of an LP problem is
illustrated by the following example.

Example:
Find the feasible region or solution space of the following inequalities
5x+y=<100; x+y=60; x=0 y=0
Solution:
First, we convert the inequalities into equations as follows:
S5x + y=100 <eli)
x + yv=60 ... (1)
xz0y=20




























When x = 0, we get y =8

The intersection point of line with y-axis is (0, 8)

We draw line through these points.

Step 3. Identify the feasible region

The intersection of two linear inequalities is the required feasible region
ABCD which is the shaded area in the graph as shown in Fig. 9.11.

Step 4. Locate the solution points

The solution points or corner points of the region ABCD are, A (3,0), B (8,0),
C (0,8} and D (0,2} in the graph.

Step 5. Evaluate the objective function

Solution points or Objective function
Corner points Z=f(xy) =3x+4y
A(3,0) FG0) =33 +40)=9+0 =9
B0 f(8,0) =3(B) +4(0) =24+0 =24
C (0, 8) £(0,8) =3(0) +4(8) =0+32 =32
D (0, 2) f(0,2) =3(0)+4(2)=0+8 =8

Step 6. Select the Optimal Solution

From the above table, as the minimum value of the objective function
is 8 at the point (0, 2). Therefore the optimal solution to the given LP problem
is: Smintmum =8 ; x=0, y=2

Step 7. Verify the optimal solution

For the optimal solution (0, 2),

1=t constraint 2x 4+ 3y = 6 becomes, 6 = 6 which is true.

2nd constraint x + y < 8 becomes, 2 < 8 which is true.

v All the constraints are satisfied with the optimal solution.

~ it is verified.

9.4.3 Solve real life simple LP problems

Following are some examples of real-life sitnple LP problems which are solved
through graphical method.

Example 1. A company has two flour mills, A and B, which have different
capacities for high, medium and low-grade flour. This company has to supply
flour to a firm every week 12, 8 and 24 quintals. (1 quintal = 100 kg) of high,
medium and low grade respectively. It costs the company Rs.1000 and Rs.
800 per day to run mill A and mill B respectively.

On a day, mill A produces 6, 2 and 4 quintals and mill B produces 2,
2 and 12 quintals of high, medium and low-grade flour respectively.

How many days per week each mill is operated in order to supply the
flour to the firm most economically?
















ii.

(iii) Maximize Zix,y) = 41x 4 38y

Subject to: 4x+ 5y <2Z6; Bx+5y=<22;, OSx+2y=<10
(iv) Maximize L=4x+y

Subjectto: x4y =50; 3x4+y=90;, x—y=40
v) Minimize Z = 200x + 500y

Subject to the constraints: x+2y = 10; 3x+4y <24
{vi) Minimize £ = 3x + 2y

Subject to the constraints: Zx+y=6; x+y=4
(vii) Minimize £ = 0.12x + 0.15y

Subject to the constraints: x+y>5; Zx+y=26;x+3y=>9
A landlord has 50 hectares of land to grow two crops X and Y with
profits per hectare are estimated as Rs 10,500 and Rs 9,000
respectively. To control weeds, a liquid herbicide no more than 800
litres, is to be used for crops X and Y at rates of 20 liters and 10 liters
per hectare. How much land should be allocated to each crop so as to
maximize the total profit.
A toy factory manufactures two types of toys A and B and sells for Es.25
and Rs.20 respectively. The toys A and B respectively, require 20 units and
12 units daily out of 2000 available resource units., Both require a
production time of 5 minutes and total working hours are 9 per day. What
should be the quantity for each of the toys to maximize the selling amount?
At a university, Professor Abdul Sattar wishes to employ two people,
Farhan and Sarfaraz, to grade papers for his classes. Farhan is a graduate
student and can grade 20 papers per hour; Farhan earns $15 per hour
for grading papers. Sarfaraz is a post-doctoral associate and can grade 30
papers per hour; Sarfaraz earns $25 per hour for grading papers. Each
must be employed at least one hour a week to justify their employment.
If Prof. Abdul Sattar has at least 110 papers to be graded each week, how
many hours per week should he employ each person to minimize the cost?

Review Exercise 9 )

Select correct answer.

If 2x—5 =3 then its solution set is , where x € E.

(a) {2,3,4,..} (b) {4,5, ..} (c){2,1,0,..} (d) {1,0,-1,..}
If 4x — 3y = 8 is the corresponding equation of an inequality 4x -3y =<8
then its x-intercept is

3 2 1
@ (b) 5 (©) 2 @3
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