Sequences and Series

INTRODUCTION

In this unit, gludents will leam to analyze and solve problems involving arithmetic,
geometric, and harmonic sequences and sericg, including their real-world applications,
Students will idemtify various saquence types, compute finite and infinite sums, and
utilize sigma notation. Additionally, they will explore practical scenariof such as motor
vehicle leasing, investment planning, and finencial calculations. This unit slso
emphasizes applying these concepts to diverse fields, including healthcare, finance,
and traffic modeling. Finally, students will be able to solye both theoretical and real-
life problems using sequences and series effectively.

Let us observe the following pattern of numbers:

(@ 5,11,17,23, ... (ii) 6,12, 24, 48, ...
N2 4 16

iii) 4,2,0,-2,—4,... W) s —1——s s e

U T

In example (i), every tumber (except 5) ig formed by adding 6 to the prévious numbers,

Hence a specific pattern is followed in the arrangemeni of these numbers. Similardy, in

example (ii), every mumber is obtained by multiplying the previous mumber by 2,

Similar cases are followed in example (iii) and (iv). When a set of numbers follows a

pattern and there is a clear rule for finding next number in the pattern, then we have

sequence as in above exaniples.

6.1 Seguence

A sequence is a function whose domain is the set N of sll natursl numbers, whereas the

range may be any subset of real numbers or complex numbers. The numbers in &

sequence ane called its terma, We denote the first term of g sequence as a,, second term

asazandmon.'Ihen“‘tam]nfnnaquemeiﬂ denoted by g, , which may also be referred

to as the general term of the sequence, and the terms immediately preceding it are called

the (» — 1)™ term, the (7 —2)™ term and 80 on.

6.1.1 Finite and Infinite Sequences

1. A sequence which consists of a finite mumber of terms is called = finite sequence.
For example, 2, 5, 8, 11, 14, 17, 20, 23 is a finite sequence of 3 terms.

2. A sequence which congists of sn infinite nimber of terms is called an infinite
sequence. For example, 3, 10, 17, 24, ... [s an infinite sequence, or more gencrally
as3,10,17,24, ..., Tn— 4, ... to show how each term was penerated.
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If & sequence is given, then we can find its #® tenm and if the #™ term of a sequence is given |
Find the first four terms ufthsfoﬂowﬁngsequmoeswhsen“‘ﬂnsm
given;
() a=3n+1 () an=3n"-3
EITTG) au=3n+1
Substituting n = 1, 2, 3 and 4 we have
a=31)+1=3+1=4
Similarty, a,=3(2)+1=6+1=7
a,=3(3)+1=9+1=10
a=34)+1=12+1=13
The first four terms of the sequence are 4, 7, 10, 13,
(i) a.=3#"-3
Substituting # = 1, 2, 3 and 4 we have
a =3(1¥-3=0 _
Similarly, a, =3(2P-3=3(4)-3=12-3=9
a, =3(3P -3=-3%9)-3=27-3=-24
a, =3(4y¥-3 =3(16)—3F'_4§'—'3 =45
The first four terms of the sequence are 0; 9, 24, 45.
Sequences of numbers are also cafled progressions. Depending on the pattern, the
progressions are classified as follows:

(1) Arithmetic pmg;mnﬂmn (ii) Geometric progression
(i) Harmunmprogmsston
I EXERCISE 6.1 _d
1. Find the nesbdéur terms of each sequence,
@ 12,16,20, ... () 3,1,-1, ...
2. Write down the first three terms of each of the following sequences:
() a=3n+5 (i) a ,=4a —7 and g,=3
T dg _ 3
(i) a»=(n-3)n+1) (iv) a=-1 a,,, 242
() 5,=8-— oD @ =1, 4=+
3+n
(vii) @, =(-24° (vili) a, = (1) 7n*
. n(n-+1)

3. An expression for the »™ triangular number is 2 * Write down the 15%
triangular mumber. Make a triangle of dots by teking n = 3.
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4, Wriie down the #™ term of each of the following sequences:

@ 1,4,9,... @) 1,1+2,1+2+3,...
Gii) @, by, @, by, ay by, ... (iv) x, 2%, 35, ...
) a ,a,+da+24d, .. i) a,,ar,ar ...

g | 2a day 1 11
()51+c, bte, B+e, (m)al a+d atd

6.2 Arithmetic Progression or Arithmetic Sequence (A.P.)

A sequence {as} is called an arithmetic sequence or arithmetic progression (AP.), if
n — ttx1 i8 the same number for all # € N and # > 1. The difference d —dn1 (1> 1)
ie., the difference of two consecutive terms of an A.P., is called the common
difference and is usually denoted by 4.

Thusz, maﬂthmehcpmgmssmn:sasequmeinwhibhmhtmn after the first is
obtained by adding fixed constant to the previous term. This fixed constant is called
comman difference of the arithmetic progression.

For example: Following sequences are in AP

(i) 1,3,5,7,... (common difference iz 2) _
(i) 54,51, 48, ... (common difference is -3)

An arithmetic progression with # terms can be written
as:

If %I at! “sl ane G.,rn miﬂA.P,,

then d=0. -a=4a—a = ..
whmen_isn“'tmaﬂﬁeﬂ.l’.

ey a1+ d! ay+ M: sy a]"'("_l)d
The #® term of an arithmetic progression can be written as:
a,=a+({n-1)d

gy 1o 3"!;15 of an AP, are denoted by a,, @,, 6, and ¢, respectively,
(i) »® ﬂlemdnflnA.P is (e — s+ 1) term wheee *m’ denotes the total mamber of terms

of an A.]

{iif) ﬂnummhmqb.rminﬂ.ifmdunlyif!b=.a+n.

{iv) Any term (except first end last) in sn ALP. is equal to half of the sum of twe terms equidistent
from it.

(v) Ifthe tem @, is unknown or not given, the ™ teom can be written a6 @, =4, +{n —m)d, # 2 m.

L Note that the aubseript of the given ferm and cosfRcient of o som o #.

The middle term of an A.P. depends upon the number of lerms, for example

i 1,3,57.9 1lisan AP.withn=6

(i) 1.3,5,7,9,11,13 is an A.P. with n="7
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1., Ifthe total number of terms of an A.P. 18 even, then there are two middle terms 1.e.,

th
[g) and [g+1)‘1 where » represent the mumber of terms. In example (i) §, 7 are
two middle terms.

If the total number of terms of an AP, is odd, then there is only one middle texm ie.,

2
6.2.1 Seleciion of terms in A.P.
(i) Three consecutive ferms of an A.P. can be chosen ss a—d, a,a+d ora,a +d,
ora+2d :
(ii) Four consecutive texm of an A.P. may be written like a -3, a —d, a+d, a+3d
ora,at+d,at+2d,a+34d

(ii1) Last four consecutive terms if £ is the last term can be written as below:

£-3d f-2d F—d ¢
If cach term of an A.P. i3 increased or decreased, multiplied or divided by same non-zero
number, then the resulting sequence is algd an A P. that is, if e, a,, g,y ... @, - ArE AT
with common difference d then
(i) atkatk . ,a tk, . arealsoin AP, with common difference ‘d’.
(i) ka, ka,, ... ka, ... are dlgo in AP, with common difference ‘kd” .

[ﬂ_ﬂTmmmle(ﬁ)ﬂsthemlymidmem.

(i) %, %, .%_, s re also in A.P. with common difference %.

(iv) Term by term additon or subtraction of two APs. is also an AP, ie, If
8, Uy, sy nlly, ... 80d B, b, by, .. b,. are in AP, then at b, q b,
a, + by, ... are algo in AP,
[ETYITIM 2| Find the general term and the eleventh term of the A.P. whose first term
and the cemmon difference are 2 and —3 respectively. Algo write its first four terma,
Solation Here, @, =2,d=-3
We know that o, =a, +(n— 1)d
So, g =2+@-1}-3)=2-3n+3
a, =5-3n (i)
Thus, the general term of the A.P. is 5-3n
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" 11 in (i), we have

ay, =5-3(11)
=5-33=-28
We can find a,, a,, @, by putting n=2, 3, 4 in (i), that is,
a4, =5—-32)=-1
e =5-33)=--4
g =5-34)=-7

Hence, the first four terma of the sequence are:; 2, -1, -4, 7.
[T 3] I the 5™ term of an AP, is 13 and 17 term is 49, find @, and a,, .
EXITTTT Given that a, =13 and @, =49 _
Puttingn=5in a, = ¢, +{(n—1)d, we have a, =2, + (5~Dd.
Gy =a +4d
13=0,+44 (ca. =131 V)
Also @, =0 +{(17-1)d
49 =g, +16d (" dry =49)
49 =(a, +4d)+ 124
49 =13+12d by (i)
= 12d =36 =. 4=3
From (i), @ =13—-4d=13-4(3)=13-12=1
Thus a,=1¥(r~-1)3)=3r-2 and
G, =3(13)-2=139-2=37
[ETTTI 4] Find the number of terms in the AP, ; if 2 =3,d=7and a,=59

[ITTIT, Using' @, = 4, +(n—1)d, we have
89=3+(m-1)x7 (v a=5,aq=3 add=7)
S6=(p-1DxT=>n-1=8=>n=9
Thus, the terms in the A.P. are 9.
BTN S| If @, , =3r—11 find the ™ term of the sequence.
EITTTON, Replacing » by n -+ 2, we have
@, 2=3m+2)-11
g,=3dn+6-11
a=3n—35
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11.

12.
13.

14.

15.

16.

17.

18.
19.

P EXERCISE 6.2 P
Fmdihecummoﬂdlﬁ'ﬁrmmandmtethnnmmmtermsofmchmmmsm
sequence.

@ 9 16,23, ... () 5, 5+v2,5+242,...

Write the first three terms of each arithmetic sequence, with given information,
L a=24=13 ) o =12,d=-13

Finda  ,mde, ifa =4+3n

Find the indicated term of each of the following arithmetic sequentes:

) a=3d=Ta, (i) 8,3,-2,..,a,
ThelﬂmmdSOﬂ‘tennsofnnmmmﬂucscqumcam%‘?x@ 9 respectively.
How many terms of this sequence are less then 10007

I530] atermofthe AP. 5,11, 17,...7

1f2x, x + 8, 3xr + 1 are m A.P., then find the valug of x
Which term of the AP, 3, 8, 13, .. i 1237 .\~

Which term of the A.P., 30, 29.5, 29 ud:e negative term?
'Ihe'?"'andzl"tmmsnfanﬂl’ ma'@i 07 respectively. Find the A P. and
its 100® term.

If 1 . 1 mm&i@cshowﬂ]ma = ]
a-—c¢ b—c a—c b-a

How many numl:m of are divisible by 77

Find the 8 term from ofthe AP, 8, 11, 14, ..., 185.

Findthﬂn"’tﬂnn&l?@i?ngrmim [ET [ET, (1_7 jn, g —_—

7 7
an AP.7

If the arithm progregsions 3, 10, 17, ... and 63, 65, 67, ... are such that their
n® equal, then find the valve of .

If the g™ term of an AP. is g and the ¢ term is p, prove thet its #® term is

(p+q—n)

i) Lond! anis AP dowttint b= 22,
a b c a+e

I.fl land— arein AP, shuwthmmemmmmd]ﬂumcemu
a b ¢ 2ac

If a, end & denotes two different ferms of an A.P., show that its #™ term is

- k)[ - J
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20. If a,,a,,4,,...,a, are positive and in AP, prove that
1 N 1 n-1
r 0~ e~ it %
21. 1fthe roots of the equation (b—c)x” +{c— a}x+{a—b) =0 are equal. Show that
a, b,carein AP
. Ifthe sides of a right-angled triangle are in A P., find the ratio of iis sides,

22
23, If the n* term of a progression is a linear expression in a, u:;enpmve that this
progression 18 an ALP, 0

6.3 Arithmetic Mean (A.M.)

Ammberdlssaldtnbetheﬁ,]\lbetweenﬂ:etwunmnbeﬁaanﬂbﬁa.d b are in
AP.If dis the common difference of this A.P., thunA asdandb-A=d.

A '&-'* | Ay Ay ..y A, are said to be a
o U=etd . betwegn two numbsers 2 and b, then
a+dh ad A A, . A, baein AP,

= A= 4

[T Find three AMs. betweén V2 end 373
PRI Let A, 4, 4, be throe A.Ms, between V2 and 372 . Then,

B, A, 4, 4,;3V3 arein AP,
Here a,=J§ n=5)G¢=W2 using a,=a +(5-1)d, wehave WZ=2+4d
W2 _2_ 1
N T

Noué" A=a+d= J_+T % o

BTN T
A,Al+dﬁ+ﬁ4_2~ﬁ
44

1 5
4 =4 ra=2lar ==
Therefore, % M2, % are the three A.Ms. between v2 and 3+/2.
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P EXERCISE 63 _{
1. Find A M. between the given numbers:
@ 2+3,2-45i @iy (a+b),(a-b)"
2. If6, 11, 16 are three A.Ms. between a and b, find o and b.
3. Inseri five A.Ms. between 2 and %
4. The A.M. of two mumbers is 7 and their product is 45. Find the numbers.

5. If n arithmetic means are inserted between a and b, prove that dﬁ.;”.:ﬁ;a , where

n+l
d 18 the commen difference.

6. If A is the AM. between a and b, prove that (a— A )+ (A b] —(a 8)".

B
7. For what value of », % mthcAM hﬂtweenaandb where a=b.
6.4 Series
Thﬂsumofthttcnmufasequmoemcall&dthsnenesnfﬂmcmponﬂmgsequmoe
For example, | +2+3+ .. +nmaﬁni&nsofﬁrstnnatm'almmhem
Thsesumofﬁrstntennsnfsenesls_dqnotedby&
Wewrte, Si=a1+@z+ -+t
Hers, §,=a, N
§;=a, +a, £
S,=a1+¢_:2z_!-34_1-;. .
S,=a, +a, ¥ ay + - + asis known as n™ partial sum,
The sum of the terms of an arithmetic sequence is called an arithmetic series.
To dewlopafmﬁula for the sum of any arithmetic series, consider
S, =a +(a +d)+(a, +2d)+ .. + (a,— 2d)+(a,—d) +a,
8, =a,+(a,—d)+(a,—2d}+ .« + (g, +2d)+ (e + d)+ g
Thus, 25, =(&+a)+(a+a,)+{a+a)+ ~+{g+a)+(a+a)+(a+a,)
=n{a, +a,) [ We have nterms of (e, + a,)]

S.=%(ﬂ1+a.}
But, a =a+(n-1)d

Ths,  8,=7[a+a+(n-Dd]=124+(n-1)d]
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Find the sum of the first 100
positive integers. The sum §_ ofthe firet » teema of an arithmetic
XTI, The series is 1 +2+3+ -+ 100, | Seriee it given by

Since we can see thet a =1,4 =100and Sl=§[2‘1+.{_n—1]a]m'-_3' =—:fa +a.)
d=1.

Method-1 Method-2
g =%(.a1 +a,) s =g[2r.-1 +(m—1d]

Sia="5 (1+100) | Sy =" 212(D+(00-DI]

Si0 = 50(101) Sio0 =50(101)
8,00 = 5050 8,0 = 5050

Find the 19 term and the partial sum of 19 terins of the arithmetic seriss:

7 13
24—+ 5+—+w
2 2

ENTTTT Here, a,=2, a,= % and d= a,.:.—'q;%—2=%

Using a, = a+(n—1)d.
Substitte 2 =19

ay = 2+09-D>
o 2
' =.'2+13(%]=2+27=29
Using () §,=(4+a,)

19
8y = E(aj +ag)

19 19 .. 589
Sy =" (2+29)="—"(30)=22
9=, Q+H)=70BD="7

Findthn arithmetic series if its fifth term is 19 and §, = a,+1.
Given that a, =19, that is,

a,+4d =19 (i)
Using the other given condition, we have

5= %[201 +(4 - Ddl=a,+1
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4a +6d = g +8d+1
3a,—-1=24
Substituting 24 = 3@, — lin (i), we have
a+2(3a,-1)=19
Tg =21 = a=3
From (i), we have,
4d =19~ =19-3=16
= d=4
Thus, the seriesis 3+ 7+ 11+ .., _ .
Hﬂwmmytamsnfﬂlenes—9—6—3+[}+...ammj;toﬁﬁ?
NI Here, a,=-9 mdd=-6—(-9)=3.
Let §, =66

Using §, =%[2¢;.-1 +(n—Dd]. we have

66=" [2(-9)+(n=1)3]

132=n[3n-21]« = 132=3n(n-7) = 44=n(n-7)
n*—Tn—44=0 '
7+49+176

— n='2

S 744225 7415

G R

But s cannot be fiegative in this case, so n = 11, that is, the sum of eleven terms is 66.
[T a11] Find the first three terms of an avithmetic series in which a, =9, g, =105

n=11,-4

and §, =741.
Step - I: Since we know 4, g, and §,, Step - II: Find 4.
We use S_=E(al+a_)tuﬁndn. a, =i Hn=1d
2 105=9+({13-1)d
n 96=12d4
74l=—(9+10
5 P13 8ot
741=57n
13=n
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10.
11,

12.

13,

14.
15.

16.

Step - I11: Use d to determine a, and a,.
@=9+8=17, a=17+8=25
The first three terms are 9, 17 and 25.
P EXERCISE 6.4

Surmn the series:

@) 3+6+9+tay

(i) J_+'J_+~J'_+ —+4a,

Find S, for each srithmetic series: Q\L_‘
D a=4.n=125 a=100 (ii) a,=40,n=20,d=

(i) @,=52,n=21,d=—4 "\‘"
Find @, for the arithmetic series: d =8, »=19, S, —,W\S'G'

How meny terms of the series: 96 +93 +90 + -4~ amount to 1071.
If the three sides of a right-angled t‘mng]i:éﬂvnﬁ perimeter 36 cm are in AP,
find them. AN
Sum the series U
@ 3+5-T+9+11—13+15+17=19+ - to 3n terms,
() 1+4-7+10+13-16+19+22-25+ - fo In ferms,
Find the sum of 20 terms of thi geries whose 2 term is 37 + 1.
”heﬁ“‘andQﬂ’termof%@P.amll and 17 respectively. Find the sum of 20
terms.
Obtain themmufegﬁ;gminthﬂﬁrst1ﬂ'ﬂﬂ positive integers which are neither
divisible by 5 nafby 2.
Theuumuﬂ&iqrmxnfmz&.?.inlTlandilne:ighfhtermis?ol.Fiudﬂlemrieu.
The 5% :&fanaﬂihmeﬁcpmgmssionia 21 and the sum of first six terms is
90. Fiod the 18® term.
The sum of three numbers in an A P. is 24 and their product is 440. Find the
numbers,
The first four terms of en AP, are 2, 6, 10 and 14. Find the least numnber of terms
needed so that the sum of the terms is greater than 2000.
Find four mrmbers in AP, whose sum is 32 and the sum of whose squares is 276.
Find the five numbers in A.P. whose sum 18 25 and the sum of whose squares is
135.

i 1 1

If 3 3 are in AP, then show that &*, &°, ¢* are in AP,
a+d c+a b+e
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17. Thae:cfmn of the first four terms of an A.P. i8 56. The sum of the last four terms is
11Z. If its first tesm 15 11, then find number of terms.

IB. The first, secand and last terms of an A.P. are g, b and ¢ respectively. Show that

(b+ec—2a)(c+a)
2(b-a)
19. Show that the sum of n A Ma, between g and b iz » tirnes the single A M. between
them.
6.5 Geometric Progression (G.P.) _
A geometric progression or geometric sequence is a sequence fixed in which each term
a:&ertheﬁrsnsfuundbymuluplymgﬂmpreﬂouslermhyam-mm constant r called
common Tatio.
Like arithmetic progression, we can label the terms ofq._g‘pmneh‘ic sequence as
@, 4;, &, and 8o on, a;#0. The o™ term is a, and the previous term is a, ;. So,

the sum of AP. is

a, = r(a, ;). Thus, r=—=

H=1
term by its previous term. X
6.5.1 Rule for nth term of 4 G.P.
Eachmmaﬂmme&stwmhmrmﬂﬁpléofﬂsmwedhgmm“haw,

"2 a7 =
=ayr= (alr)r ar’ = alr" i
= azr—(alr’}ﬁﬂlf’ =ar"

a_ alr-’"1 whlchlsthcgencraltermofaGP

652 Fmperﬁf.'u of G.P.
(i) Ifeach term ofa G.P. is multiplied or divided by the same non-zero number, then
the resulting sequence is also a G.P. that is if g, £, &, . 8., .~ A6 In G.P, and kis

a non-zero mumber, then
(a) @1. kg-,, h,, ey B _5eae BTC glso in G.P.

®) %. %. %.... ! %, e are also in G.P.
(if) The reciprocals of the term of 8 G.P. also form a G.P. thatisif z, b, c are n G.P.,

then — k1 1 arealsumG.P

a' b’
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(iii) lfear.htennof a G.P. is raised to the same power, the resulting numbers alse form
aG.P.thatis, if g, b, c are in GP,, then &°, 5", £ are alzo in G.P.

(iv) Three numbers @, b, ¢ are in G.P. if and only if ¥ = ac.

(v) Ifthe set of pogitive mmnbers a,, a,, a,,..., G@,,... arein G.P., then log g, log a,,

log By wey log @, ... are in AP, and vice-versa.
(vi) Term by term multiplication or division of two G.Ps. are again in G.P. ie,,
if @, a,, 4,..., a,, and b, b, B, ... ,b,, are in G.P. then ah, ab, ah,..,
&,
ab and— —=, e, arc dlso in GP.
A’ bz .!:, "B, -
(51101112 Find the eighth term of a geometric sequence ﬁxr which o, =-3 and
r=-2.
EITTT, Here, @ =-3, r=-2, n=8
a4, =""'1“"‘1“_l
a=(3) (2
={3)- (-128)
a; =384
Find the #® term of the G.P., 3, 12, 48, ...

ENTTON, Here 4, =3, r=4

a=ar

a,=34%
Find the tenth term of the G-P., for which a, = 108 and r=3.
_ Step- 1: Find . Step - 2: Find &,

Here, n=4, r=3, q,=108 Here, n=10, ¢, =4,r=3
al=al'rn-l ﬂ'-:ﬂl'r"-l
ﬂ4=ﬂ1‘34_1 a“}=4_31l]—1

108 =274, @, =T78,732
4=q
@ =4

[T RIM15| Find the 5% term of the G.P., 3, 6, 12, ....

[T, Here 4, =3, a, =6, therefore, r=2 = 5 — 2.

a 3
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Using a,=a2™" for n =5, we have
a=ar'=3.2""=3.2'=48

" % 8 64 .
11116| Find a_ if ¢, = — and a,=—— of a G.P.
XAmp ind a, if ¢, = - a, =g of8
Seolution: To find g, we have to find ¢ and r.
Using a =ar (i)
a,=ar ‘=ar , so ar =% (i)
and a=ar '=ar , so qr‘=ﬁ (iii)
. M
ar’ _79 -8 ,;_(—_2]’
. A ¥ 3
27 .o
= r=_§ ~ % (taking only real value of /)

Put ﬁz_% in (i), to obtain ¢, that i,

[_'1)_1 o e
o)y N

Now putting ¢, =—1 and r=~_?21n (i), we get

| a#_.n[_%}._, <o (2] = (2]

‘" " EXERCISE 6.5 4

1. Find the 6 term of the G.P.: -6, -3, _—23

2. Find the 8% term of the sequence, 3, 3, 3°, -+,

3. The»™ terms of the sequences 1, 2, 4, 8, --- and 256, 128, 64, --- are equal. Find
the value of n.
4. Find the first five terms of cach sequence described:

(D) a =243, r-'=% (i) a =579, r=—%




5. Fmdthelzﬂ‘termofl+f?4' -2+2, -
6. Ifthe 4™ and 9" texms of aG.P.m‘eSdﬂndBlZE respectively. Find the G.P. Also
find its general term.
7. Wa,b,c,darein GP., prove that:
() a—bb—c,c—dareinGP.
(i) a*—b*, 8 -2, ~d* mein G.P,
(i) &®+&, P+, +d*arein GP. \
B. If(p+ q)"term of a G.P. is mand (p - g)'htennmn.ﬂlmhndﬂmg{"}tenn
9. Find three consecutive sumbers in G.P. whosesmmlﬁandthydpmducusﬂﬁ
10, Theaﬂ'tcmofaep1smasqmof1ﬂm1fthczﬂmh s 9 then find the 6%

{7

tﬂm. /::‘ lI‘-'_,.-I
N
[ | 1 , T T a
11. f— —gnd — are in G.P. Showfhmfhecomg: ‘raums:I:J:
"B c £ ) =X c

12. 1fthe numbers 1, 4and3amsuhh'a¢ted_ﬁmﬁtﬂ1rﬁeconmutwetmmsofm!¥$
the resulting numbers are in G.P. Fm{]ﬁeﬁﬂg;{nal mumbers if their sum is 21,

13. 1f three consecutive numbers in A..? gre increased by 1, 4, 15 reapectively, the
resulting numbers are in G.P, E‘JJ;'Ldthﬂongmalnumhmﬁﬂ}mraummﬁ

14. 1If p®, g™ terms of a G.P. #me 4 and p respectively, show that (p + ¢)™ term is

1 ("‘\

(qp-!-p )ﬁ .:\f__.._-]_.

15. 1fa,2a+32, 3a+\q‘¥"';n ‘are in G.P., then find the fifth term.

6.6 Geomefrlc Mean (G.M.)

Ammhmﬁaéﬁdmheagemm::mnm(G.lu[.]'betwuentwnm:mbmaandblfa,
G, bmmt?:’P Therefore

G_b& Gy Gy, ..., G, are said o be A
a G 'G3.Ms. between two numbers a and b if 4,
= P =agb G, G, Gy, .., G b mGP.
= G =ab

BTTTIE17| Insert three (.Ms. between 2 and %

XTI Let G, Gy, G be three G.Ms. between 2 and . Therefore




lq,Gz,Gs,;mmGPHemq 2,4,— andn =5.

Using a, =a7""" we have

a,=ar'"" thatis, a, =ar* )]
Now substituting the values of «, and @, in (i) we have
by v 3 i}
E=2? or r —4 (11]
Taking square root of (i), we get
Pyl
2
We have, r!_l or rzz—lzE £ —1=4%)
2 3
1 1
reto= or r—iﬁi
1 i3 ~ 1 (1Y 1
When =——, then G =32| = |=v2,G,=2| = | =1, md|e—as | || =
o Ll (Ji,. (,*G’ Z[J:." L -zj 2
When r=_L me=2("—1\=—;}i G =2('—1J2—1, G—z('—lj=-i
J2' : 2 *Te Jz ! \‘\E 2
. £ N . 82 £ s 4
L =z(l —ofZ =2[L] =1 =3 Lj:-i
When rﬁ,ihmfr'l.t‘_ﬁ) V24, G, o e i -
When r=—=, then G.=2| = |=—/2i, G, =2 ij——l, G_z['—‘]]=L
"~ G‘(JU_J_"[JE =1 E) "V
mwnﬁﬁhﬁmmmmmmmmmﬂmdwmﬂmw ]
of the siudems.
| P EXERCISE 6.6 4
Find G.M. between:
() —2and8 (i) -2iand 8 (iii) Gand 9

Insert four real geometric means between 3 and 96.
If both x and y are positive distinet real numbers, show that the geometric mean
between x and y is less than their arithmetic mean.

For what value of , f:i is the positive geometric mean between g and 57
a

==




> |

5 T hn: A.M. of two positive integral numbers exceeds their (positive) G.M. by 2 and
their sum is 20, find the numbers.

6. The AM. between twe numbers is 5 and their (positive) GM. is 4. Find the

mumbers.

The arithmetic mean between two positive numbers g and b is double their

geometric mean, Prove that a: b= 2++43:2-43.

8. Ifone geometric mean G and two arithmetic means p and ¢ are inserted between
two positive numbers, show that G* =(2p—g)( -

6.7 Geometric Series

Suppose you e-mail an Islamic quote to three friends on Monday. Each of those friends
send it to three of their friends en Tuesday. Each person whe receives the quote on
Tuesday sends it to three more people on Wednesday and,&noﬂ.

=~

E-Mal L [ X
'%-- Mondgy ==m==sen=mne= . _ Y 4 Wl !. 1
2 <= Theaduy <mcunn | 2 & ¢

(- Wednosday -S040 G858 S48 HAK G488 408 A48 48R A0

Notice that every day, the muniber of people who read your Islamic quote is three times
the number thet read it the day before. By Sunday, the tumber of people, including
yourself, who have read the quote is 1 +3 + 9+ 27 + 81 + 243 + 729 + 2187 or 3280.
The numbers 1, 3,9, 27, 81, 243, 729 and 2187 form a geometric sequence in which
@, =1 and r=3.The indicated sum of the numbers in the sequence, 1 + 3+ 9+ 27 +
81+ 243 + 729 + 2187 is called a geometric series.

The sum of a geometric progression cam be written as: §, = E‘CII_:,)
To develop & formula for the sum of a geometnic series, consider

S =g +.r_11r+.alr'2 +otapr” gt it ()
rS,= ar+ar+.+ar"+art tvar® +ar” (i)
Subtracting (if) from (i), we get

8 -rS, =ag—ar® Ifr=1, then 5. = na,




Mameaates (I 0

| 57T 118| Find the sum of » terms of the geometric series if o = (—3)[%)-.

cam v o
SGLET LG e S
comparing ( IE) with 4", wehave g =— nqd -.-__f
s, s,-20-7) _%[1_£§].] &
S O EOISCEE)
V_ EXERCISE 6.7 J

1. Fmdlhesm&fﬁmrlﬁlermsoﬂheﬁr 1, 1 1

3 Th.d“’tamguu G.P. ig 16 and the 6 term is —128. Find the first term and the
surn of the-first seven terms.
3. Sum tomyerins the series:
Q) 02+022+0222+ . (i) 3+33+333+.
4, Sum to n terms the series:
Q) 1+(@th)+(@+ap+b)+(@+lb+abt +5%)+ -
() r++B2+ (L +k+EBR +-

S.  Sum the series 2+ (1 — 1) + (’—) 4 wor to B torms.
i
6. Show that the ratio of the sum of fitsl # terms of a G.P. 1o the sum of terms from
(n+ 1) to (2n)" term in %Ywhﬁerisﬂmmmnmnmﬁn of the G.P,
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6.8 Anthmet:co—Genmemc Progression (A.G.P.)
Suppose a,, a4y, 23, ... , Gy, ... AN AP, und b, by, By, ... , b, ... i8 2 G.P. then the
sequence formed by multiplying the corresponding terms of A P. and G.P., that is, a,,,
@b, Bybg, oo y @ D, ... 18 said to be an arithmetico-geometric sequence.
Consider an AP, a,a+d, a+2d, ..., fa+(n—1)d} and a G.P, b, br, b2, ..., br" 1
where r21.
Multiplying the corresponding terms of AP. and G.P., we get an arithmetico-
ab, (a + Dbr, (a -+ 2, ..., {a+{n—-Dd}br*-!

Note that the #® term of arithmetico-geometric sequence is pmdmt of n™ term of AP,
and n® term of G.P.
6.8.1 Arithmetico~Geometric Series
Sum of the terms of arithmetico-geometric sequence is called arithmetico-geometric
series. Thus, arithmetico-geometric series has ﬂl&ﬁum

ab+ (a+dbr+(a+ 2"+ +{a+(n - 1)d} b}
Sum of first # Terms of Arlthmetico-Geomeéttic Series
Let Sy=ab+(a+dbr+(at2dbr*s - +[at - 1dbr! (i)
Then 7§, = agbr+ (a + b + ok a+{n—2Ddbrtt Ha+ (n— 1B (i)
Subtracting (ii) from (i), we get
(1 -7 S, = ab+[dbr+dbr2+ -+ dbr"~Y] — [a + (n — 1 )d|br"

= gh+ _‘—m__,rl) —[a+ (n—1)d]b

L L W
I-r 1-r
s -G, dr B latE-DdEr
* 1-r (-1 (-1 1-r

which is the sum of the » terms of arithmetico-geometric series.
6.8.2 Sum to Infinity of Arithmetico-{eometric Serles
fAi<l,thenr* = 0andn/" — Oasa— »
Therefore, (iii) reduces to 5, = %2 + " _

1-r (-1
which is the sum to infinity of arithmetico-geometric series.
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Sum the series upto n terms: 2-1+3-2-+4-4 + 58+ -
LetS =2-1+3-2+4-27+5-2°+ - to n terms
n“’termoftheA.P.,Z, 3,4,5, - i8a,+(@—1d =2+ @—1)1)
=2+n—l1=n+1
A" term of the GP., 1,2,2%, 2%, - igap™! =127 1 =201

So, §,=21432+4+422452%+..+(@m+1)2""! (D)
Multiplying both sides by common ratio of G.P., we get

28, = 22432+ 4P 4+58 4+ (@2 L+ (a+ D20 (i)
Subtracting (ii) from (i), we get

8 25 =21+(3-2)2+{-3 2+ -HP+ -+ m+1-m2* -+ 12
—8,=21+1-2+ 122+ 1- 22 +.- 4 1'2'"__1 =(n+1)2°
-8 =2+ {2+ 224282+ + 2 N} —(u+ D2"

s,,=2+2(2 ) _ (4128
—S,,=2+2“—2—n-2"—2"
—8 =-n2
S, =n2"
20| Sum the series upto 7 terms: 2+:+:+;7+
4 6 8§
Solutio: LT,
Let.S' 2+3 o g T » o 71 terms
" term bf the AP, 2, 4, 6,8, ... i8 2+ (n— 1}2)
=2+2m-2=1In
a®tecmn of the GP,, 1, 2» 1, {s()(]_
3927 !
4 6 8 2n
Bo, S, =2+_4—+_—+wmt+_—
39 27 3 ®
13},= E+i+£+_"+2ﬂ_—12+ﬁ (ii)
3 3 9 27 i 3"
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S (ii) from (i), we get
( '}g 4-2 6-4 B-6 in—-2n+21 In
1-—— |8, =2+ + S R R =

3 3 9 27 rd 3
ES‘=2+ E+E+i+ +il:|_2_"
3 (3 9 27 ) 3¢

ii -1

(3]
2 2n
=8 =24 ———2 |-

jo ¥
3

5" =3‘[%T‘_?"[§]' ;
)

[Brorali21| Find the'sum to » terms of the series: 1 + 2x + 32 + 4¢* + ... where
x# 1. If x| < 1, sum the series to infinity.

Solution TR U SRS B S8 S PR (@)
nooxS= x+2EE30+ e+ (1) (i)
Subtracting (ii) from (i), we get
(1-x8, =l+x+2+22+ -+
_-y .
1-x
_1-x"—n{l-x)x"

1—x
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P
1-x
a-»s, = 1+ 15" +nx™
l1-x
5 1—(n+Dx" + ™
8 (1-x)*
fil<1,thenx® > 0,nx"—0 a8 — r
1 Av
Sm - 2 r ':,,-'
(1-x) (-\\
P’ EXERCISE 6.8 J .

1. Find the 8% term of the arithmetico-geometric sequenéa. whme the arithmetic part
is1,4,7, ... and the geometric part is 5, 10, 20 \;‘“

2. Find the ™ term of the mthmshco—geumelﬂq s&q‘uenca, where the arithmetic part
i8 3, 7, 11, ... and the geometric part | il_gjls

3. Consider the m‘thmchcn—gmmetrﬁt&[nmm defined by anithmetic part:

a,,=2n+5 and geometric pqm —(—3) Find the n™ term and the sum of

first three terms of the miﬁmﬁucc-genmm sequence.
4. Sumto a terms the ﬂ'.!l]tﬂ'mg series:

) 12+34+k‘s#ﬂﬁ+ (i) 2:3+432+63°+83%~...
(iii) 2+5,=+1:§"-;+u+ () 1+3+51+?3+
5 5% 5§

‘w, 7 10

I+ —+—F+—+
@ Hitety

5. Sum the following infinite series:

: 3.5 7 o S S I |
il++++ i) 24—+_—+—+-
® 4 8 ) 3 9 27

6. Show that 22- 4% - 8%5.16% ... w0 =4

7. Showthat ¥4 - 316 ¥64 - §256... =
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2.  Sum to n tarms the series 2+ 4x+6x* +82" +--- whare x#1

. s . 2+l (241N _{2n+1Y
9. Find the sum to » terms of the series: +3 )+5 &
2n—1 2n-1 2n—1

v
l)4-3(I+—IJ ++er 10 1 terms = p?
n

10. Prove that 1+2[l+
n

11. Sum the serieg to n terms 2+ 5x+8x" +11x°+... and deduce the sum to infinity
if |x<1. '

69 Harmonic Progression (H.P.) :
A gequence of numbers i called a Harmonic Sequence or Hwﬁﬂl’mgmssim if the

reciprocals of its terms are in arithmetic progression. The séquence 1, %,%.% is a
harmonic sequence since their reciprocala 1, 3, 5, ?ﬂﬁinA.P |
Remanbﬂ'matﬂmreelpmcalnfmomnotdﬂﬁnbd, o zero cannot be the term of a
harmonic sequence,

1 1 1
The general form of the harmaonic —s Ne .
. . sequeni is a a+d a+2d " a+(m-1)d

Fmdthenﬂ‘andsﬂ‘termsofH,P 5. % %

Thf:remprocals of*thctemsnfthssequenne

1 L1
E.:IE:!E: . am2,5,8,

The numbers 2,5, 8, - arein A.P,, s0
g =2andd=5-2=3
Puiting these values in a, = a, +(n—1)d, we have
a, =2+(@m-1)3
=3n -1

Thus,then‘htennofﬂmgi\rensequence=l= : s
' a, 3n-1 3n-1
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we get the % torm of the given TLP, whichis — =~
Ix8—1 23

Alternatively, a, of the AP. =a,+(8-1)d
=2+7(3)
=23

Thus, the 8% term of the given H.P, = %

If the 4® and 7 terms of the FLP. are % and % respectively, find the

sequence.
TR, Since the 4% torm of the HLP. = % anil s 7ﬂ=tmn-=|-%, therefore the 4%

and 7% terms of the corresponding A P. are ? and 22—5 reapectively.

Now taking a,, the first term and 4, the commeon difference of the corresponding AP.,
we have,

13

3d=— i
@+ 5 (D
and al+6d=% | (ii)
Subtracting (i) from (ii), gives
3d=§—E=6 = 4d=2
2 2
From (i), we get ™
' 13
=—=3d
4T
13
-
2

Thus a4, ofthe AP. =g +d =

and @ ofthe AP. = g, +2d =— +2(2)




Hence the required HLP. is E E E 3
15913
6.9.1 Harmonic Mean (H.M.)

A mumber H is said to be the harmonic mean (FH.M.) between two numbers z and b if
a, i, b are in H.P.

Let a, b be the two mumbers and H be their ELM. Then % %,_%{m in AP,
1 1-'% b%,; a+b e
Therefore, =2 "% T om
wd =29
a+b

For example, H.M. between 3 and 7 is
2x3x7 _2x21 _21
3+7 10 5

6.9.2 p Harmonic Meaus between two Numbers
H,, H,, H,, -, H, aretalled » harmonic means (FL.Ms.) between ¢ and b if
a, H, H,, H,, ., JH,,, #r are in HLP. 1f we want to insert # H.Ms., between a and b, we

. >.) 1 1 ' :
first find n AMz 4, 4,. ..., 4, between Ean‘.l;-.- then take their reciprocals to get »

HLME, Betwiean a i b, thit is, iii will be the required » ELMs, between
« and b,

I, Let 4, 4,, 4, be three A M. between 5 and 17, that ia,
5, A, 4, 4,17 arein AP.




Using a, = a,+(n—1)d, we get

17=5+(5-1d (v a.=17 and @,=5)
44 =12
= d=3
Thus, A=5+3=8 A, =5+2(3)=11 and 4,=5+33)=14
1 1 1
es T 14arelhtrequiredharmnmcmeans. \\L.,,
P EXERCISE69 4
1. Find the 9 term of the following harmonic sequences: -ﬁf‘}ri
111 qa LD
(i-) E‘ EI?] e (-l-i-} _I ?1 _l#:\x\\
2. Insert ﬁvehamomﬁmmsbemﬁmmﬁfu}hsq:lgmmmbm
(D ? am:lﬁ (i) %@_

3. The first term of an H.P. is 1 @mﬁﬂhmis % Find its 9% term,

N

4, lfﬂisthcharmonicmmnWE@Zandb,ﬁndb.

O
% lfth:numbemla ]'(4 4k1minhannnnicsequenw,ﬁndk.

—————— may be H.M. between ¢ and 5.
7. lfaz,,_ﬁwhmfc are in AP, show that a + b, ¢ +a and b + £ are in H.P.

8. Ifthe HM. and AM. between two numbers are 4 and % respectively, find the
numbers,

9. If the (positive) GM. and H.M. between two numbers are 4 and %, find the
numbers,
i, pRrescie b eib g oo i lowibsieh cuvihill

a b &
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1l. Ifa, b, e, d are in H.P., show that 3(a—b)c— &) =(b—cXa—d).
12, 1fbetween any two numbers there are inserted two A Ms, 4y, Az, two G.Ms. G,

Ga and two H.Ms. Hi, Ha; show that 2" 42 _ Fh+ My

GG,  HH,

13. The H.M. of two numbers is 4. The A M., A and the G.M., ¢ satisfy the relation
24 + G*=27. Find the numbers.

14. First three of the four numbers g, b, ¢, d are in AP., and the next three are in HLP.,
show that ad = be. ol

15. Ifa, b, c are in G.P., show that log, x,log, ¥, log, xarein HLP. ("

16. Ifa, b, ¢ are in H.P,, show that e
 a—b a - 3
e i ~-e) =(a+ =2b+c).
(i) Mo b (i) (a—¢) =(a c:)[a c)
17. 1f2+x,5+xand 9+xare in H.P,, find the value of 2
18. 1fthe roots of the equation a(b — e} + Me —a)e Fela — 5) = 0 are equal, prove
that a, b, ¢ are in H.P. X

6.10 Miscellaneous Series
The Greek letter E{sigma) is used to dggli;i’ﬁ.,lﬁms of different types. For example, the

notetion ¥ a4, is used fo expresqthe sumea, +a,.,+a, ,,+~+a, end the sum
I=m .- ™

expression 1+3 +5 + tuaterms i wﬂtben‘asi‘(Zk—l),where 2k~ 1 is the k*
k=1

termofthemmdbikﬁlledﬂmindnofmﬂnmaﬁm, 1 and n are ¢alled the lower

limit and upper limit of summation respectively.

The sum of the first »# natural mumbsers, the sum of squares of the first # natural numbers and

the sum of the cubies of the first # natural mmbers are expressed in sigma notation as:

14243 ++n=) k; P+22+ 3+ =D B P+2° 43+’ =) F

A=l k=l k=l

We evaluate Y [k” —(k—1)"] for any positive integer  and we shall use this result

Eml

to find out formulae for three expressions stated above.
3L — (=)= (1" ~ 07)+ (2" — 1)+ (3%~ 2"}

il

+Hip-1)"—(p-2" 4 [n"—(n—-1)"]=n"




i, 36" —(k-D"]=n"

Ekwm]

O L +b)=a+2h

If m=1, then 3 [ —k—1)1=4" ie, Y1=n
k=1 k=1 = =
| ) Zaa‘ =a) e,

If m=2, then 3 [#~ (k-1 ]=n®
=1
To Find the Formulae for the Sums

G ;i-:k (ii) ;F (iii) gk’
( Weknow that (E—1)* =k*—2k+1 and this identity can be wrilten as:
P —(k-D7=2k-1 (A) >,

Taking summation on both sides of (A) from k= 1 to n, we have
P -E-17 = ¥ @2k

ie., n = Zik—n ' il il—ﬂ)
=1 : =1
or 22k= n+n
2 awr)
Thus :L:lk g
Similarly, we can prove casily
(@) Eﬂ: B .u(n,,ﬂ.-li(zn +1) (i) Z e [.,.(u; 1)]
Eml . Eml

[ETI328] Find the sum of the series 1*+3'+5° +... to n terms,
T, = (2k-1y (14 20k =D =2&-1)

=88 — 12k + 6k -1
Let §, denote the sum of » terms of the given series, then

5=37

Eml

or  §,=3 (@ -12k"+6k—1)
k-1
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=8> K123 K +63 k-3

1
_ s[u(n;n]’_ 12[4(n+1);(2n+1)]+ 6[»(#;1)]_"

=20 (n+1) = 2n(n+1)2n+1)+ 3n(n+1)—n
=2n*(n* + 20+ 1)— 202 + 3n+ 1)+ n(3n+3)—n
= 2n[(#* + 20* + m)—(2n* + 3n+1)]+ n(3n+3-1)
= 2a(n* —2n— 1)+ n(3n+2)
= 2n(n® —2n— 1)+ n(3n+2)
=n2n’ —4n—2+3n+2]
=n{2n" —n]=n[n(2n" —1)]
=n?[2n% —1]
Find the sum of n terms of serigs-wiiose n terms is n’+%n2+—;u+1.

Giv:nlhat
I;=n3+§nz+ln+l
2 2

¢ n 3 1
Y. < of (EIREE T
S: ;;1[ +oH o +)

=2":E+§2':t’+iz';k+z':1
Eml 2].'-1 2l-‘l

Eml

B n!(n+]]1+§x “("+1)(2"-+1)+lx|:"("+1):|+,,
T4 2 & 2 2

=%[n(n’+2n+l)+(2nz+3n+l)+(n+l}+4]
=E(_n3+2n2+n+2nz+3n+l+n+l+4)

=%(ﬂ’+4ﬂ2+5?t+5}
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P’ EXERCISE 6.10 4
. Sum the following series upto n terms.
(@ 1x3+2x5+3xT+- (i) 1x5+2x8+3%x11+--
(i) 1%2+2%x5+3%8+-+  (iv) 1%3x5+2%x4%x6+3%x5%x7+ -
(V) 1%x2%x4+2x3xT+3x4x10+-
(vi) 22+42+ 62+ (vii) 32+ G+ 9+
(viii)4 x12+ 7 x 24+ 10 % 32+ - (ix) I+BHIHGHTHI) + -
(X)) PF+{12+2H+(12+22+3+ .- )
2. Sum the series.
W P-22+3—424 +Q2a-1-2n°
P 1P+2 P+2°+3

(i) —+ 4 +... 10 n terms
1 2 3
3. Find the sum to » terms of the serics whaﬂp-nﬁ_termu are given.
) S +2r+3 (i) »*+2n=3
4. Given #™ terms of the series, find theurirfo 2n terms:
@ 3+5n+2 (i) w*+n —2

6.11 Real Life Problems invelving Sequences and Series

Vehiele Arrival Sequence

Vehicles arrive at a toll booth at a rate of 4 cars every 5 minutes. Represent the number

of cara arriving over tlmeaﬂa sequence and predict the tots] number of cars after an

hour, \

EXTTTATY, The sequence of car arrivals is:
\ € 4,8,12,16, ...

This is an 4.P., with

g, =4,d=4,n= % =12,a,,=7?

Using the fornmla for arithmetic sequence
a, =a,+(1—1)d
a;, =4 +(12 - 1){4)
=4 + 119
=4 +44=48§
Thus, after one hour there will be 48 cars.
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Simple Intercst om Loan (Arithmetic Sequence with Particular Term)
To buy fumiture for a new apartment Tayyab borrowed Rs, 50,000 at 8%
simple interest for 11 years. How much interest will he pay?
Since 8% is the yearly interest rate, we have

Interest after one year = Rs. 50,000 X %XI —Rs. 4000

Insterest after two years = Rs, 50,000 %xzﬂm 8000
Therefore, we have the AP,
4000, 8000, 12000, ...
Here, a, = 4000, a, = 8000, d =@, — a2, =4000, n =11

kg Hies Fatmiiolic
a,=a+(n—14d
a;; =4000 + (11 — 1)(400Q)
= 4000 + 10(4000)
= 4000 + 40000
= Rs. 44000
Thus, Tayyab will pay a total interest of Rs. 44000 on borrowed amount of Rs 50,000
after 11 years.

Compound Interest on Loan (Ggometric Sequence with Particular Term)
Ammna invests Rs, 200000 at 5% interest compounded emmually, What
total amount will she pet after 10 years?
EZTTIT, Let the principal amount be P, Then,
The interest for the first year =P x % = P(0.05)
The total amount after first year = P + P(0.05) = K1 + 0.05)
The interest for the second year = P(1 + 0.05) % 0.05
The total amount after second year = P(1 + 0.05) + F(1 + 0,05) x 0.05
=P(1 +0.05)(1 + 0.05)
= p(1 +0.05)
Similarly, the total amount after third year = P(1 + 0.05)°
Thus, we have sequence of amounts
F(1.05), 1.057, P(1.057, ...
which is clearly a G.P., with
@, = P(1.08), r=1.05,n =10, a,,= 7
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Using the geometric sequence formula
a,=ar!
a1y =ayr'®™!

= F(1.05) x (1.05%

= (200000)(1.05)! “+ P= 200000

= (200000)(1.62889)

=325778.92
Thus, the total amount Amna will get after 10 years will be Rs. 32577892
Grid Colomn Distribution (Arithmetic Series Sum of Terms)
A web designer is using a 12-column grid system where each column
increases in width by 10px from the previous one. The first column width is 50px wide.
Find the total width occupied by all 12 columns.
s 0y This follows an arithmetic series with:

First term = &, = 50, Common difference == 10

Number of terms =n= 12 '
Using the formula for the sum of an arithmgtic series:

2= 5 20y + (0 1]

5, = %_[2(5[}}‘+ (12 = 1)(10)]

=6[100 + 110] = 6 [210]
= 1260px
Thus, the total width-of all 12 columns is 1260px.
Motor Vehicle Leasing Using Arithmetic Sequence
A company léases 8 motor vehicle with the following terms:
s The first menthly payment is Rs. 15,000
s  Each subsequent payment increases by Rs. 500 due to inflation adjustments.
s  The lease term is 24 months.
Find:
(i) What is the payment in the 24® month?
(if) What iz the total emount paid over 24 months?
(iii) If the compeny can only afford to pay & total of Rs. 400,000, can they
complete the 24-months lease?
(iv) Find maximum months # such that total, payment S < 400,000.
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Solution §i,\- %
First term = a, = 15000
Common difference = d= 500
MNumber of terms =n=24
() Paymentin 24™ month:
Using the formula
a,=a, +(a—1)d
@y, = 15000 -+ {24 — 1)(500)
= 15000 + 23 x 500
= 15000 + 11500 = Ras. 26500
(ii) Total payment over 24 months using the formula

n
SI = E(al+n)

= % (15000 + 26500) = 12(41500) = Rs, 498000

(iii) Can the company afford the lease? No, total payments (Rs. 498000) exceed the
budget of Rs. 400,000 by Rs. 98,000.

() Using: §, =7 [26,+(n—1)d1< 400,000
Substityting the values:
2 [2(15000) + (a = 1)500)] < 400,000

n [1snﬂnf-+ 2500 — 250] < 400,000
#(250n + 14750) < 400,000
250/ + 14750m — 400000 < 0
w2+ 59— 1600 <0
Asgociated equation is n* +359a—1600=0

- J(59)" —4(1)(~1600)

2(1)
-59199.4
n= "0
2
—-59-90.4 -59+994
n= yB=
Z 2

n==7192,n=202

Clearly m = 20 satiefy the inequality.
Bo, 2 =20 is the maximum months such that payment §, < 400,000.
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P EXERCISE 6.11

1. A sum of Rs, 10400 is paid off in 40 mstalment such that each instalment is Rs.10
more than the preceding instalment. Calculate the value of the first ingtalment.

2. Aninvestor invests Rs. 150000 st an anmual compound intersat rate of 6% for 8
years. Find the total amount will he get after 8 years.

3. The populetion of a town is 4084101 at present and five years ago it was 3200000.
Find ity rete of inerease if it increased geomeirically.,

4. Determine the total worth of a yearly Rs. 5000 investment after 2\3311'5 if the
interest rate is 5% compounded annually. O

5. A water tank hss a leakage. Bach week, the tank loses 5 gallnﬂlofwater due to
the lcaleage, Tnitially, the tani is full and contains 2000 gallows.

(i) How many gsll&nsaremﬂ:etxnkEﬂweeksMJ

(if) How many woeks until the tank is half-fullg,,_ .

(iii) How many weeks until the tank is empty?>.'

§. A drug company has manufactured 7 t‘mﬁm:n doses of a vaccine to date. They
promise additional production at a rﬁ aE 1.4 million doses/month over the next
year,

(i) How many doses of the ing, in total, will have been produced after a
year? k ”‘:

(ii) The general term a, aeucﬁbﬂﬂ the total mumber of doses of the vaccine
produced. Dm%ihj&ﬂmmmng of the variable n in the context of this
problem, F&qdhegmemlmma

(iii) Fmﬂﬂl;ﬁaluaofaunndmtarpretnsmﬂmngmwords

7. Ata tollb@iﬁ, the number of vehicles passing through during the frst minute
is lﬂﬂs.bue to read congestion, each minute only 80% of the vehicles from the
previous minute manage to pass,

(i) Represent the mumber of vehicles passing each minute as a sequence.

(ii) Find the total number of vehicles that pass through in 15 minutes.

(iii}y What is the maximum number of vehicles that can pass in the long rn (as

time f =)

8. A sum of Rs, 5000 is mverted at 8% simple interest per year, Calculate the interest
at the end of each year. Do thege interests form an AP.7 If so find the interest at
the end of 20 years making use of this fact.
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9. A machine is purchased for Rs.20,000. Depreciates at 6% per enmum for the first
four years and after that 8% per anoum for the next six years. Depreciation being
calculated on diminishing value. Find the value of the machine after a peried of
10 years.

10. Two cars starl together in the same diveciion from the same place. The first goes
with unifarm speed of 20km/h. The second goes at a speed of 12km/h in the first
hour and increases the speed by 1 km/h each succeeding hour. After how many
hours will the second car overtake the first car if both cars go non ?

11, 150 workers were engaged to finish a piece of work in a certain of days.
Five workexs dropped the second day, five more workers the third day
and so on. [t takes 10 more days to finigh the work now. Fi e number of days
in which the work was completed.

12. A radioactive product has & half lifs of 5 if the radicactivity level ia 68
microcuries after 20 years. Determine the u%b?wl of radicactivity.

13. An object moving in & line is given an initfal Velocity of 4.5 m/s and 2 conatant
scceleration of 2.5 m/e. How long will it the object to reach a veloeity of
20m/s?

14. [In an integrated circuit with an i lemtnflﬂ&ﬂmd,thcm;meinm
componenis decreases from 17% 1o 14%. Assuming that each temperature
dmeiscnu&adbyad@eueintheiniﬁalcmm&whatiﬁfhﬂvalmnft]:le
current at fourth meas

15. Show that the amo 'iacertainaumufmnnuynt-mmpuundinﬂml of % per
year for n years. aGP.

&



