Partial Fractions

INTRODUCTION

We have learnt in the previous classes how to add two or more mational fractions intoa
single rational fraction. For example,
. 1 2 3x
- =
® ot oD
2 1 3 5x* +5x-3
+ —+ =
s+l ) x—-2 (x+DH{x-2)
In this unit we shall learn how to reverse the order ity (i} and (i) that is to express a
single rational fraction s a sum of two or more gingle rational fractions which are
called Partial Fractions. '

Expressing a rational fraction as a sum ot‘-p’m'tial"fmctions i8 called Partial Fraction
Resolatlon. It is an extremely valuable tool in the study of calculus to decompose a
complex rational fraction into a sum-of simpler fractions,

An open sentence formed by using the sign of equality ‘=" is called an equation. The
equations can be divided into the following two kinds:

Ceonditional equation: Itis an equation in which two algebraic expressions are equal
for particular values of the variable e.g,,

(a) 2Zx=3is acondluonal equation and it is trae only

and (i)

g %
|fx—2. Yor rinwliciy, & condifons
equetion is called an equation.

(b) x*+x—6=0is & conditional equation and it is
true forx=2, -3 only.

Identity: It is an equation which holds good for all vales of the variable e.g.,

(a) (@a+b)x= ax+bx is an identity and its two sides are equal for all values of x.

B)  (x+3Xx+4)=x*+Tx+12is also an identity which is true for all values of x.
For convenienge, the gymbol “=" ghall be used both for equation and identity,
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5.1 Rational Fractien

An expression of the form Z((xi,where}‘(x)andg(x) are polynomials in x with real
X

coefficients and {Xx) # 0, is called a rational fraction. A rationz] fraction is of two

types.

3.1.1 Preper Rational Fraction

A rationgl fraction }Q_:[(.Ex)j is called a Proper Ratlonal Fractlon if the degree of the
polynomial P(x) in the numerator is less than the degree of the polynmmnl (x) in the

denominator, For example, I 9:; are proper rational frections or
x+1 *+4  x*—1

proper fractions.
5.1.2 Improper Rational Fraction
A rational fraction % is called an [mprnp-er—.]fnﬂonll Fraction if the degree of the
polynomigl P() in the numerator is oqual to or greater than the degree of the
polynomial O{x) in the demominator.

x  (x—2x+D -3 = - +x+l
2x-3 (=D(+4) 3x+1 2+5
are improper rational fractions or improper fractions,
Any improper rational fraction can be reduced by division to a mixed form, consisting
of the sum of a pelyhomial and a proper rational fraction.

For exemple,

For example, 311“ is an improper rational fraction.
=2 3x+6
== —2132° +1

By long divigion we obtain 3x2_|l=3x+ﬁ+£,ﬂmtisau = =

x—2 x-2 :I:3.x2-—l’

, Fox
improper rational fraction 357 +1 has been reduced to the sum 6x+1
ufapulynominlh+ﬁandapmpermﬁmalﬁacﬁunﬁ. — R

When a rationsl fraction is separated into partial fractions, the result is an identity;
i.e., it i3 true for all values of the variable in the domain of the identity,
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The evaluation of the coefficients of the partial fractions is based on the following
theorem:

“If two polynomials are equal for all values of the variable, then the

polynomials have same degree and the coefficients of like powers of the
variable in both the polynomials must be equal®.

For example,

If px’ +q —mx+b=2x"—3x" —4x+5, Yxthenp=2,g=3,a=4and bh=5.

5.1.3 Resolution of 2 Rational Fraction £ i "; into Partial Fraetions

x
Following are the main points of resolving a rational l‘ractlmpix;mto partial
x

fractions:

(i) The degres of P(x) must be less than that of Ofx). If not, divide and work with
the remainder theorem. ..

(i) Factorize the denominator O(x) into its ireducible factors, write the rational
fraction into partial fractions.

(iii) Multiply the identity with the defipminator of left hand gide.
(iv) Equate the coefficients of like terms (powers of x).

(v)  Solve the resulting equations for the coefficients.

We now discuss the following cages of partial fractions resolution.

Case I: Resolution of %intu partisl fractions when (¥x) has only mon-
x

repentedlinearfactoru

The polynomial Q(x} may be written as:
g =@x-a)({x—a)...(x—a), where a za,#....#4,
PH_ 4, A B s enidenity.
x) x-a x-a x=a,

Where A, 43, ..., 4y are numbers to be found.

The method is explained by the following examples:

Tx+25 H—— :
BTN 1| Resolve ———— G+t D) into partial fractions.

%425 _ A4 B
e NS Y T R
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Niliptylie boch i by (p-+ 35 (e-t-4), e ot

Tx+25 = Alx+4)+B(x+3)
= Tx+25 = Ax+44+Bx+38
= Tx+25 = (A+Bx+44+3B

this is an identity in x.

So, equating the coefficienis of like powers of x we have
T=A+B and 25=44+38

Solving these equations, we get 4=4 and B=3.

Henee the partial fractions are: e
r+3 x+4
Alternative method
Suppode Tx+25 _ A 5 B_
(x+3Xx+4) x+3 =x+4
= Tx+25 =A(x+4H+Bx+3)

As two sides of the identity are equal for all values of x,
Letusputx=-3 and x=-4init
For 4, putting x + 3 =0 i.e., x =3, weget
—21+25 =A(—3+.41;
= A=4
For B, putting x +4 =0 i.e.,x'=—4, wa get
—28+25=H(-4+3)
=3 B=3
4 3

Henge the partial fractions are: ——+——
x+3 x+4

¥ -10x+13
[™12] Resol into partial fractions.
solve e g (M Parial factions

Thﬂpolynmniﬂlf—ﬂx+6inthedmominntormmbeﬁmtoﬁmdmdits
factors are x — 3and x— 2.
¥ —-10x+13 _ x*-10x+13
(x-}x*—5x+6) (x—1{x—2Xx—3)
¥ —105+13 4 B C
ose = + +
(x-D(x-2)x-3) x-1 x-2 x-3

Supp
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= -0+ 13=A(x—-2DE-3)+Blx— 1x- )+ Cx—1Xx—2)
which is an identity in x.
For A, pultingx —1=01¢,3=1, we get
(AP-101)+13 =41 -2)(1 -+ B(1—-1X1-3)+C(1-1}1-2)
= 1— 10+ 13 =A(=1) (<2) + B(0) (- 2) + C(0) (=1)
4=24
= 4=2
For B, putting x — 2 = 0 ie., x = 2, we get
(2 - 10(2) + 13 =A(0) (2-3)+ B2 —1) (2 - 3) + 2= 1) (0)
= 4—20+13 =B(1) (-1) |
= -3 =-5
B=3
For C, putting x — 3 =0ie.,x=3, wa get
Br-103)+13=4A@3-2)(Q+B3-1)(O)+CE-1)(3-2)

= 9—30+ 13= C2)(1)
= _§=2(
C=4

£-10x+13 -2 3 4

Hence, = “+
(x-D(x*-5x+6) x-1 x-2 x-3
) 242 —x—3 . ; ?
(3] Resolve 2+ 3Yx—]) into partial fractions.

2 4+x-x-3 , ., . v .
223D i3 an improper fraction go, first transform it into mixed
form.

Denominator = x(2x + 3)(x — 1)= 2% + % - 3x 1
. Dividing 2x* +x*—x—3 by 22 +x%- 3x, 20 +2* -3x)25° + - x-3
we have L2t A

Quotient=1 and Remainder = 2x—3 2x—3




- <> s (I
2048 -0-3 _ |, 2-3

x(2x+3)x-1) x(2x+3)(x—-1)
2x-3 A B &

Suppose D) x 2243 21
=5 %3 = AQx+ - 1) +BE) (k= 1)+ Cx) 2x+3)
which is an identity in .

For 4, putting x = 0 in the identity, we get 4=1

For B, putting 2x+3=0 =>x——% in the identify, we got B=—

‘w

i B o o = B 1
For €, putting x — 1 =0 = x =1 in the identity, we get 9(—{5,
2x’+x’—x—3=1+l_ B 1
2x+3)x-1) x 5(2x+3) 5(x~1)
Caye TI: When O(x) has repeated linear factors:
If the polynomial () has & repeated linear factors (x — a)*, n 2 2 and n is a positive

integer, then hg )maybewnthanasthafo]]ﬂwmgldmﬂt}'

(4]63]
Po_ A 4 4
Olx) (x—n} (x— a) (x—a)*
where 4, 4;, ..., 4, arenumbers to be found.

The method is explained by the following examples:

etice,

CECTIT 4 v % < ot pati fncions
+x=1 A B C
EITTET Suppose (+2F J:r+2+|[.wa+2)’-l-'iJi-‘-+23|jl
= x4x-1=A(x+2P+Bx+2)+C (i)
= F+x-1=A@ +ax+H+BE+2)+C (@)

For C, puiting x+ 2 =0, Le., x=-2 in (i), we get
(—2)? + (—2) — 1=A(0) + B(0) + C
=2 1=C
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Equating the coefficienis of x* and x in (ii), we get 4=1
and 1=44+R8
= 1=4+8B = B=-3

Px-1 1 3 1
Hence, == - Tt 5
(x+2) x+2 (x+2) (x+2)

1 1 . ;

Lbieny Here denominator = (x + 1P (- 1)

Solution\

=@+ 1P+1)x-1) = (x+ 1P x=1)
1 :

1
x+D' -1 (x+D'(x-1)
1 _4 B _C D
(x-Dlx+1° x-1 x+1 (x+1°(x+1)°
= 1=A(@+ 1P +B0H)y (x— 1) +Cr—1)x+ 1)+ Dx- 1)
= 1=A4A+32+3x+ 1)+ BE* +a2 —x— IHCEP - 1)+ D(x—1)
= 1=(4+B)°+(B4+B+C2¥(B4-B+Dx+(4-B-C-D)
For A, puttingx—1=0 = x=1 in (@), we get
1=42¢ = f=%

Suppose

For D, putting x + 1 =0 = x¥=—1 in (i), we get
1=D(-1=-1) = D:—%

Equating the coefficients of x* and x* in (ii), we get

3 L - 1
and 0=34+8B+C = 0=_——1+C = O=—7F
g8 8 4
Hence the partial fractions are:
i 1 1 1
8 , B, 4 . 2 [ 1 : 1

21 xtl GHP Gt 8(x-1) 8xtD) A+l 21y

@

(i)
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Resolve the following into partial fractions:
g -2 i a-b . x*+1
= “ Gmaye-b @ G-
1 2x+3 i X +4x+5 p 45’ +55*-3x-2
5 = Y.
(% +1)(x+2)(x+3) (x+1)x* +5x+6) -1
3% -12x+11 . (x—1)(x—2Xx-3) 9 P
(x—Dx—2Xx—3)  (x—4Nx—5)(x—-6) @ ra)E B o)
o, X+ " FAx 2 3% +4x—-5
C(x-1) G- (Ox-1
. 1 14 4 =3x+1 s 122748
T x(x+1)? T (x4 D(x-1 | T (x=2Y(x+2)?

Case ITT; When ({x) containg non-repeated -[i'l_'ieduclble quadratic factors
Defimition: A quadratic factorishreduci]glgifﬁcanmtbewrittenastheproductof
two linear factors with real coefficients. For exammple, x> + x + 1 and x* + 3 are
irreducible quadratic factors.
If the polynomial O(x) contains fion-repeated irreducible quadratic factors then —SE’E
may be written as the identity having partizl fractions of the form:
Ax+ B

ax’ +ix+c

The method is explained by the following examples:

\ 3x-11 . :
_nmp Resolve ————— into partial fractions.
8! = (o +1)(x+3)

where A and B are the numbers to be found.

—11  Ax+B C
Solution B, Lo E+D+3) 2+ x+3

= 3x—11=(dx+8) (x+3)-+Clx*+1) (i)
= Ix-ll=4+C2+(B4+Bx+(3B+C) (ii)
ForC,puttingx+3=0 = x=-3 in(i), we get
-8-11=0(9+1) = (C=-2
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Equating the coefficients of x* and x in (ii), we get
0=4+C = A=-C = 4=2
and 3=34+8= B=3-34 = B=3-6=> B=-3
. Jx-11 _2x-3 2
E+D(x+3) 1F+1 x+3

4x* +8x
| ei 7 Resolve ——————
s — 2 +2x2 49

ETIRTT Here, denominator = x* + 22 +9 = (¢ +2x + 3) (* — 2 +3)
4° +Bx 4%% +8x
IR +9 (P +2x+3NP —2x+3)

4x* + 8x _ Ax+B Cx D'
(424 3)>x*-2x+3) F+2x+3 x*-2x43
= 4+ Rr=(Ax+B) (P - 20+ 3)+ (Cxd-D) (4 20 +3)
= 4+ =U+0O)P+(-24+B+2C+D)x*

+(3A-28+3C+2D)x+3B+3D ()

Heng

Suppose

which 18 an identity in x. .

Equating the coefficients of x°, %, x, 2% n (i), we have
0=4+C (i)
4=-24+B+2C+D (i)
8=34-2B+3C+2D (iv)
0=3B+3D W)

Solving (ii), (i), (iv) and (v), we get
A=1, B=2, C=-1 and D=-2
A’ +80 _  x+2 . -x—2
22 +9 P +2x43  27-2x+3
Case IV: When ()(x) has repeated irreducible quadratic factory
If the polynomial ({x) contains a repeated irreducible quadratic factors (ax® + bx + &)",
n 22 and m is 2 pogitive integer, then % may be written as the following identity:
x
Px) _ Ax+B Ax+B, Ax+B,
O(x) ad+bx+c (al+bx+cf = (ax +bx+c)
where A1, B, A2, By, ..., Ay, By are numbers to be found. The method is explained
through the following example:

Hence,
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lew%inm-pﬂﬁalﬁmﬁm
ax* _Ax+B Cx+D @ E
(C+1P(x-1) F+1 P+ x-1
= 4 = (dx+ B2+ D{x - 1) +(Cx + DYx— 1)+ E(? + 1) (i)
= 4= A+Ex+(-A+B R+ (A-B+C+2E)
+(~4+B-C+D)yx+(-B—-D+E) (ii).
ForE,putingx—1=0 =x=1 in{i), we get
A4=F(1+1f} = E=1
Equating the coefficients of x*, x°, 22, x, in (ii), we get
G=A+E = A=—F = A=-1
0=—A+B = B=A = B=-1
4=A-B+C12E 200
=Y C=4-A+B-2E=4+1-1=2"> (C=2
and O0=-A+B-C+D
= D=A-B+C=-1+1%2=2 = D=3

Solntlon'| K=

Henge % ool 2x+2 1
- (x‘+1)“(x—gr-, N B - ) T |
P EXERCISE5S.2 _d
Resclve imto'partial fractions:
I 22" +3x+3 5 2x+1 . 2x+32
D+  (x—2Xx* +3x+5) T (=2 +2)
4 I +3 =* 6xt +40x*

£ > T2l b G-DK2+AF




