Theory of
Quadratic Functions

INTRODUCTION

This unit explores methods to find the maximum and minimum values of quadratic
functions using completing the square and graphical analysis. It also covers the inverse
of quadratic fimctions, determining their domain and range. Additionally; students will
learn to solve absolute value quadratic equations and inequalities, as well as equations
of rational, radical and exponential forms that can be reduced to quadratic equations.
Finally, the unit demonstrates the practical applications of quadfatic equations and
inequalities in solving real-world problems, providing & strong foundation for problem-
solving and analysis.
3.1 Quadratic Function
A quadratic function is a polynomial function of degree two. It is typically expressed
in the standard form:

S =ad+bx+e :
where a, b and ¢ are real numbers, and a# 0.
3.1.1 Analyzing Quadratic Fugction by Sketching

As we know shape of the graph of a quadratic
function flx) = ax* + bx + c is a parabols. The
parabola opens upward or downward, depending on
the gign of the leading coefficient g, as shown in the
given figure. _
The tip of the parabola, labeled as ¥ in the diagrams above, is known as the vertex
ha\dngccordiﬁates{h, k). The vertical ling passing through the vertex serves as the
axis of symmetry for the parabola. The vertex represents a turning point, where the
graph changes direction.

o Ifa>{), then the veriex is a minimum point.

o Ifa<(), then the vertex is a maxinmm point.
For sketching the quadratic function, we nged to find the x-intercept, y-intercept and
the vertex. For analyzing the sketch of quadratic function, we find whether the vertex
i85 2 minimum or a maximum point and indicate the intervals where the function is
increasing or decreasing.

a<i

S
I, (T
i <




mﬁmyﬂwrmﬂm <35> Wﬂu
LT 1| Sketch and analyze y =22 —2x + 3.
R y=—%2—2x+3
The yintercept is y = (0} — 2(0) +3 =3
The x-intercepts are found by solving the equation:
2 =2x+3=0 or xX*+2x-3=0
2+3ix—-x-3=0
X(x+3)—1(x+3) =0
(x+3)x—-1)=0
x+3=0,x—1=0
x=-3,x=1
Now, we find the vertex
D
2a 2(-1)
k=—{-1P-2(-)+3=-1+2+3=4 _
So, the vertex (1, 4) is a maximum point. The function y
is increasing on (—0, —1) and decreasing oni (-1, =),
3.12 Finding Meaximum and/ Minimum Values of Quadratic
Functions by Completing. Square
Completing the square is & technique used to rewrite a quadmtic function
fx)=ax® + bx + ¢ in the following vertex form:
Ay a—hp+k

where vertex=(h Bb =— % and k=c-%

e Ifa>p,theminimum value of f{x) atx = Ais k
o 1fg <0, the maximmum valuz of f{x) at x = his k.
[Frenun2| Find the maximum or minimum value of
f(x) =—2x*+ 4x+ 3 by completing square.
f0) =202~ 20)+3
) =—2—20x+1-1)+3
f1x) = 2Ax—1¢-1]+3
Ax)=-2(x-1y+2+3
f(x)=—"2{x—1Y+5
Hers a=-2<0
Therefore, the maximum value is 5, which ocours when x=1,
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Find the maximum or minimum value of
f)=22—2x-3.

XTI, Given that f(x) = x* —2x—3
Herea=1,b=-2,c=-3

__b__ 6D
2a 2(1)
Y SN ') W
and k=¢ A 3 aq) 4

Here a=1>0
Therefore, the minimum value of f{x) atx =118 -4.
3.2 Inverse of Quadratic Function

Quadratic functions are typically not one-to-one over their entire domain. To find an
inverse for a quadratic function, we nmist restrict its domain to a portion where it is
one-to-one. Commonly, we restrict the domait to either x > h (where & is the

x-coordinate of the vertex) or x < k.

Find the inverse of f(x) =4 4x+3,x2 -2, Also find its domain and

range.

BT An) =" +4x+3 , x2-2
Let  y=x+4x+3

x=)y"+4y+3 (Interchange x and y)

y" +4y+ 3__—.?.": 0
_—4J(aY - 43 —x)
N 2(0)
. —4+ J16—12+ dx

2

gi= —4 4+ 4x

2
-4+ 21+ %

(Using the quadratic formula)

[l =—2t41+x (Replace y with £~ (x))
The above inverse function has beth a positive and a negative component. To determine
which is the inverse, we find domain and range of the given function.

Domain £ = [-2, ©)




Toﬁndmnge,weprweedas
f&x) =x%+4x+3
= f) =x+2y-1
Therefore, minimum value of f{x) is —1and hence
Range f =[-1, o0}
Domain f~1=[-1, %) , Range /! =[2, @)
Now, we substitute sny value of x that falls within the domain of f~! (x). We choose
the value x = 0,

FLHO==2+1+0=—
FU0)=-2-1+0=—

We notice only —1 lies in the range of f. Therefore, we discardnegahve component.
Hence fl'(x)=-2++1+x

3.3 Absolute Value

The ahaolute value of x, in defined as
, x20

le:{x x<0

3.3.1 Absolute Value Qnaﬂmﬂc

Equsations

To solve the absolute value quadratic equations, all answers must be substituted back

into the original equation to-verify whether they are wvalid or not. Sometimes,
eous” solutions may appear which are not valid and must be eliminated from

the final answer.

[T 8| Solve 4] =5

Wt
2o d =g
2—-4=5 of ¥*—4=-5
¥=9 o ¥*=-1
x=13 or x=:|:-J—_1=imagi1:|m'_v
Cheelk: For x=3 For x=-3
34| =5 [3*)-4|=5
|5] =5 5] =
5=5 5=5

Hence solution set = {+3}




33.2 Ahsoiute Value Quadratic Ill('.'i]llﬂlllli‘:ﬂ

Absolute velue quadratic inequalitics are inequalifics that involve 8 quadmatic
expression within absolute value bars, They are generally of the following forms:

la +bx+c<d,|@+hx+c>d, @+t <d, |af+bx+e|>d

IZTTE 6| Solve |xz—6x—4|<3

Solution {364 B RS

< -6Gx—4<3

3<x*—Ax—4 and

X —6x—4+3>0 and
X-&x—1>0 (n .,

Here wesolvex® —6x—1=0

—~(6)+ /(=6 —4(D)(1)
2D
_ 6+436+4
ES——fg -

6=-/40
3
6+210
BT

x = 3+4/10 C
x =340 \ 3+ 10
¥=-016, 6.6
Hence critical values divide the number ling into three regions.
x<-0.18 —0.16 <x <6.16 5 %> 6.16
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2 6x—-4<3
P-fx-4-3<0
P_6x—-7<0 (i)
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Testx =—1 in (i), we have

(1P-6(-1)-1>0= +6>0 (Trus)
Test x = 0 in (i), we have

(O -6-1>0 = -1>0 (False)
Test x = 7 in (i), we have

(P-6(N-1>0 = 6>0 (True)

Solution set is {— =0, 3 —10) v (3 + V10, )




Now, we conmdﬁ' (i) and solve

Z—tx—-7=0
B+x—Te—T7=0
Mx+1)-7(x+1)=0
E+1)x-7)=0
x+1=0 , x-7=0
x=-1 ., x=7
These critical values divide the number ling into three regions,
i [ -lr'tl_]I 1 IH [ 1 1 _1 {II{? [ 1 1 ”I { I;I.x:"'.ll?-l E
T 4 3 2 4 @ 1 2 3 4 5 6_ 8 9

Testx=-2 , x=0 andx=10 in (ii), we have

(2¢-6(-2)-7<0 = 9<0 (False)
(0 —6(0)-7<0 = —T7<0 (True)

(10F—6(10)-7<0 = 33<0 (False):

Solution set is (-1, 7)

Hence the solution set of the given ahmlutevﬂucqundmtlc inequality is
{0, 3-V10)u 3+ 10,00} 1 €1, =1, 3- Vi) u 3+ V10,7)

PV EXERCISE 3.1 _d

1. Find the maximum or minirmim ‘value of the following quadratic functions by

completing square: -

M Sf)=%+6x+13.0 i) f)=x+4x
(i) f()=-2"+8x+13 (iv) f(x)=—+*-32-5
(v) f(x)=3f’¥'6x—13 (vi) flx)=—2x"-x+21
2, Find the méximum or minimum point by sketching the following quadratic
functiong; Afso find their domain and range:
O fO)=x"-dr @ f(x)=x-5x+6
@) f(x)=—x"+2x-8 ) fO)=x"—4x+4
V) fx)=x"+2x-83 () f(x)=6—x—x"
3. Find the inverse of the following quadratic finctions. Also find their domain and
range:
M fE)=x"-3 x<0 (i) f(x)=2*+6x+4, x<-3

(i) fx)=2x"—8x+11, x22 (iv) f(x)=3x"—-2x+6, x25
& f)=2(x-3+], x23 (W) f)=-3E+4°-5 x<—4




renain (I

4. Solve the following absolute value quadratic equdhum and inequalities:

@ |¢*+1=5 @) |[#+5x+4=0 @) |5 —6wr+8=
(@) 3 -Tx+2=x"-x+1 (V) |[5*-4/<5 (vi) F-3x+2/>4
(vii) |x’—5x+6‘*_:x+2 (vﬁi)‘2f—3x—5|<4
3.4 Solutions of Equations Reducible to the Quadratic
Equation

There are certain types of equations, which do not look to be of degree 2, but they can
be reduced to the quadratic equation. We shall discuss the solyutions of the rational and
radical equations,

3A4.1 Rational Equations Reducible to the Qnaﬂratﬁ: Eq uation

A rational equation is an equation containing one or more rational expressions, where
rational expmsmns typma]l]r contain a variable in the dcnaminator

[RITTTT] Solve _+__1 ,x£0,x#-1

Soluton 1+i =]
x x+1

Multiplying both sides by x(x+1), wr.hmra
(x+1)+2x=x(x+1)

x+1+2x=x"+x
Ix+l=x"+x |
P +x—3x-1=0 '
P —2x—1=0'
L EDEJED -4
2
2+-fa+4

2
248
2

2422

2
=1%2
Hence, Solution Set = {1:&}




3.4.2 Radical Equations Reducible to the Quadratic Equation

Equations involving radical expressions of the variable are called radical equations. To
solve a radical equation, we first obtain an equation free from radicals. Every solution
of radical equation is also a solution of the radical-free equation but the new equation

has solutions that are not solutions of the original radical equation. Such extra solutions
{roota) are called extrancous roots.

Solve vx+8+vx+3=+12x+13
Jx+8+Jx+3=lex+13
Squaring both sides, we get
x+8+x+3+2(r+8)x+3)=12x+13
2 +8)Wx+3)=10r+2

= JE+8(E+3) =5x+1

Squaring again, we have
2+ 11x+24 =258+ 105+ 1
= 242 - x-23=(

=  (@4x+23)x—1)=0

x=—§urx=]
24

On checking we find that —g is an extraneons root. Hence solution set = {1}

3.5 Real World Problems of Quadratic Equations and
Inequalities
We shall now proceed to solve the problems which, when expressed symbolically, lead
to quadratic equations in one variables.
In order to solve such problems, we must:
(i)  Suppose the unknown quantities to be x or y etc.
(ii) Translate the problem into symbels and form the equation or inequality
satisfying the given conditions.
The method of solving the problems will be illustrated through the following examples:




Mameaates (I 0

LETTITU 9| The length of a room is 3 metres greater than its breadth. If the area of the
room is 180 square metres, find length and the breadth of the room.
Let the breadth of room = x metres
and  the length of room = (x + 3) metres
2 Area of the room = x{x + 3) square metres
By the given condition, we have
*(x+3) = 180
= 2XP+Ix-180=0
= x+15Mx-12}=0
x==15 or x=12
Ag breadth cannot be negative 30 x =—15 is not admisgible.

Whenx=12, wegetx+3=12+3=15
Hencebrﬁdthofthermm—lZmeuesmdleng&mfthemam 15 metres.
EETLTNT10] A company manufactures laptops and its weekly profit function {in
thousands of dollars) is P{x)=—x"+2x+3, where ¥ is the number of laptops
produced (in hundreds). Fmdﬁemngeufpm&ucﬁmlewhwhmthemmpany
makanatleaut $4,000 profit.

Hfﬂ'e P(x)z4

—x+2x+324
—x*+2x+3-4>0
—5+22-120
P -2x+1<0
(x-1)°<0
This only holds true when (x—1)* =0 = x=1

The mmpw;y-mékcs exactly $4,000 profit when 100 laptops are produced (since x =1
meang 100 laptops). There is no production level whers profit is more than $4,000.

P EXERCISE 3.2
1. Solve the following equations:
; 1 4x & EF1 5
B i S+ T = x=—-10
(i) 3.x+6 L,x#0 (ii) x+1+ = 21:
) ——+——=—" ixe-1-2,5

x+1 x+2 x+§




a b _ 11 1 x+l  x-1 B
(iv) ax—1+m a+b'x=tﬂ > (v} x—1+x+l_z'1# Lx#-1
(i) 3 +15x—24x 4 5x+1=2 (vil) ¥2x+8+x+5=7
(viii) v3x+4 =2++2x—4 (ix) Vx+T+Jx+2=+/6x+13

(x) Vx+5-+/x-3=2

A farmer bought seme sheep for Rs. 9000, If he had paid Rs. 100 less for each,
hewvuldh.awgut3aheﬁpmureforthusamsmunejr.Howmanx\EQeepdidhe
buy, when the rate in each case is uniform? Oy

A man sold his stock of cggs for Rs. 2400, Ifhnhadzmmqm@hawoumhm

got the same money by selling the whole for Rs. 0.50 p.%\ cheaper. How
many dozen eggn did he sell?

A cyclist travelled 48 km st a uniform speed. I[Thehad ve]lnd 2 km/hour slower,
he would have taken 2 hours mnratoperfann@gﬂam:ns}r How long did he tuke
to cover 48 km?

To do a picee of work, Abduligh ﬁidays more than Abdul Hadi. Together
they finish the work in 12 days. ng would Abdul Hadi take to finigh it
alone?

The braking distance (mmm’j)nfacammodﬂadby
d(s)=10.025" +0.1s, ‘r}isthespaadofcarmkmfh
lfthemaxlmmnsaf@ ‘braking distance is S0 metres, find the range of speed where
bmkmgmaafeQ

falfogs the height function h(t)=—5¢" + 20t + 30, where hft) is the

helg r@ﬁ'esandtlsthcumﬂmsecands Find the time inferval during which
18 at Jeast 40 metres above the ground.



