Functions and Graphs

INTRODUCTION

Functions are of fundemental importance in mathematics, describing relationships
between inputs and owtputs through a rule of comrespondence. Understanding key
concepts such as domain, co-domain and range is essential for analyzing different
types of functions, including one-to-one, onto and bijective fimetions. Graphical
representation helps in identifying intersecting points, such as where o linear fimction
meets the coordinate axes, where two linear functions intersect or whete a linear and
& quadratic function cross. These intersections provide valuable insights into selving
equations visually. Additienally, explering aquare root and cibe root function graphs
allows for 8 deeper understanding of their unique properties and behaviour. This unit
will enhance problem-golving skills by combining algebraic and graphical approaches
to functions.
2.1 Concept of Function
The term fimction was recognized by & Geman Mathematicien Leibniz (1646-1716)
to describe the dependence of one quantity on another, The following examples
illustrate how this term is used:
(i) The area A of s square depends on one of its sides x by the formula 4= »?, so
we say that 4 is a function of x.
(i) The volume “¥™ of a sphere depends on its radius r by the formula

V=%xr‘", 50 we say that ¥ is a function of r.

A fimetlon is a rule of correspondence, relating two sefs in such a way that each
element in the first set corresponds to one and only one element in the second set.
Thus in, (1) above, a square of & given side has only one area and in, (ii) above, a
sphere of a given radius has only one volume.

Now we have a formal definition:

2.1.1 Definition (Function, Domain, Codomain, Range)

A function ffrom a get X to a set ¥ ie a tule of a correspondence that assigns to each
glement x in X a unigue element y in ¥, The set X is called the domain of ]

The set of corresponding elements y in ¥ ig called the range of f. While the
codomain of a function is the set ¥ in which function’s output values (range) lie.
Unless stated to the contrary, we shall assume herealter that the set X and ¥ consist of
real numbers.
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Co-domain is the et of all possible outputs but the range is the setuel set of ontputs
produced by the function imder the given domain that is rangs set is always 2 subset of co-domain.

2.1.2 Notation and Value of a Function

If 8 variable ¥ depends on 2 variable x in such a way that each value of x determines
exactly one value of y, then we say that *y is 2 function of x”.

Swiss mathematician Buler (1707 — 1783) invented a symbolic way to write the
statement “y is a function of x” as y= ﬂ’x),whichisreadas‘jvlsequalmfufx”

A function can be thought as a computing ®

miachine f that takes an inpnt x, operates Functipn ) B

on it in some way and produces exactly lnputx 1%) Output £(x)
-

one cutput f(x). This output fx) is called e
the value of fat x or image of x under £ PRy Masiine

The output f{x) is denoted by a single letter, say y and we write y = f{x).

The variable x iz called the independent variable of f and the variable y is called the
dependent varlable of £ For now onward we shall only consider the finction in
which the variables are real numbers and'we say that fis a real valued fanction of
real numbers.

Given f{x) =2 — 2%+ 4x — 1, find: @ N0 () AL
i) f-2) o ALY ) IEJ.#H
BRI f(x) = - 224 4 — 1
D 0)=0-04+0-1=-1
@ AL=UR-201P+41)-1=1-2+4-1=2
(i) fi=2) =2 -2(-2P +4(-2)-1=—8-8-8-1=-25
(iv) AT +x)=(l+xP -2l +2P + K1+ )1
=1+3x+32+x -2-dx—- 27 +4+4x— 1
=X +x2+3x+2

2
&) f[l)=(lj—2(1] +4{1J—1=$—%+5—1, 10
X X X X X X

Find the domain and range of f{x) =%
[T, For every reel mumber x, f{x) =" is a non-negative real number. So,
Domain /= set of all real numbers ; Range /= get of all non-negative real mumbers.




<> Matcnais

Findthednmajnandmngeuff(xkﬁ.

EXTTTT, Atx=2 andx=-2, f(x)=x,‘4ianotdaﬁned. So,
Domain /= set of all real numbers except —2 and 2 or R—{-2,2}

Let y= =y - =x= rly-4y=x

X
¥ -4
Py—x—4y=0
_ (D) - 4(p)—4p)

2y

_Lif1+16y ol

2y (W slosed interval [a, B],
Cleatly x is defined for all y+ 0 o oty e iciaded. )

For y=0, wehave 0=

xz_
This is f{0)=0
Sa, rangef—sptufa]lraalnumhemur (—w,m)

Find the domain and range of f(x)=vx*—9

Assquammotofanegatiwnumberlsnutarmlnumber,themfore

¥-920 (i)

Let ¥*—9=0= x=+3 _(

Cnuealpomts divide the mumber line into three regions:
Putx=-4in (i), 16 - 920 (True)

Putx=0in {f), 0—9 >0 (Falze) , _

Putx=4in (i), 16—9 > 0 (True) g 4

So, domain £= (-, 3] U [3, )

The smallest value of x°—9is 0 (when x=13),

= p=A¥-9=40=0

Aa \:c| increases beyond 3, x® — 9 grows to +oo, 30 ¥ grows to +wo,

So, range [ = [0, =)

2.1.3 Vertieal Line Test

The wvertical ling test is a method ugsed to determine whether & graph represents g
function, A graph represents a function if and only if no vertical line intersects the
graph more than once. If any vertical line passes through the graph more than once, it
is not a fimetion.

.
v




{a) a fanction (b) & fanction {c) mtnﬂn:lmtim (@) not a function

2.14 Types of Function

{i) One-fo-One {(Injective) Function _

A finction f': x — y is one-to-one if different inputs produce different outputs, that is
if £ (x,) = f(x,) implies x,= x,. This means that no two diffetent elements of the
domain map to the same clement of the co-domain.

For example, f(x) = 5x + 7 i3 cne-to-one becaunse if Sx,+7 = 5x,+ 7 implies x = x,,.
(i) Omnto (Surjective) Function '

A function f: XY mca]lednntﬂ(ursuqechve)funchnnlfemrye]gmmtmthe
co~domain ¥ has at least one pre-image in.the domain X, In other words, for every y
in ¥, there exists an x in X such that f(x}=y.

For example, f(x)=2x+3, where'the domain and co-domain are both real sumbers.,

Here y=2x+3= x= 23,Herefnreauhymﬂ there exists y23 in R such that

f[yTJ J: 3. H:nnglfis.an onto fimetion.

(i) Bijective Function
A function f3.X — ¥ is called bijective if it is both one-to-one and onto.
Piecewise Fomction

A piecewise fimction is a function that iz defined 5y

by different expressions (or "pieces”) over 3 [

different intervals of its domain., Each picce 2

applies to a specific part of the domain. 2 }" / s

For example, f(x)={2:+1 sl uE kPR R
x*—1 if x20 /_2

For x < 0, the function behaves as 2x+1 and for 3

x20, it behaves as x*—1 1
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BT 8| Show that the function f(x) = x+1, where the domain and co-domain
are all real numbers, is bijective.
Afuncﬁonishijecﬁveifitisbuﬂmne—tn—nneanﬂanto.
A function is one-to-one if f{x)=7(x) = %= for f(x}=x+1
Suppose f (%)= f(x,)

= x+l=x+1

= =%
S0, the given function is one-to-one,
It is also onto because for every resl number y, there is a real number x (specifically
x=y— 1) such that f(y ~1) =y —1 + 1 =y, Hence, f(¥) is bijective.
[Z20 0 6| Show that the function F(x)=x* -2, where the’domain and co-domain
are all real numbers, is neither one-to-one ner onto.
EITTR As (%)= f(x) = #-2=%-2 3.8 =
Taking square root, we get X, =x; of x; =—x,
This does not imply that x, = x, , for example.
n=2x=-2=x+x, and f(2)=2= f-2).
Thus, fig not one-to-one, ;
Also, the element —2 in the ¢o-domain R is the smallest
value that f(x)=x*-2 “can sttain, end it is only
achieved when x = [}_.._'Hnwevﬂr, any number less than —2
(in co-domain R) is not the image of any real number x in
domain R, For gxample, x) =3 =x"-2=-3hasno
real root. Hence, f{x) is nether one-to-one nor onto.

P EXERCISE 2.1 g
I. Given that (@) fl=x-1 ®) fix)=2x+3

Find: () f(-3) @ AQ @) Ax-2)  (¥) fA+3)
2. bing JOR-1@
!

and simplify where,

L A=4+7 (i) fx)=sinx
(i) =2 +x2—1 (iv) f(x)=tanx
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Express the following:

(a) The ares 4 of a square as a function of its perimeter P,
(b) The circumference C of a circle as a function of its area A.
(c) The surface area § of a cube ag a fimetion of its volume V.
Find the domain and the range of the function g defined below:

bx+7,x2-2

® e@=5-x (@) g@=vx+2 (i) 3‘1’"{4_31 r>-2

x+2

) g =lx-3| M) gb)=3

Given fix) =2 —-a + bx+ 1, [ff(2)= 3 and f{-1)=0, l'mdthe values of @
and &,
A stone falls from s height of 60m on the ground, lhehelghlﬁ after x secomds is
approximately given by h(x) =40 — 10x°,
(i) What is the height of stone when: _
(a) x=1sec? (b) x=15se0? fe) x=178ec?
(i) When does the stone sirike the groynd?"
Congider the function f(x})=3x 5. ¢~
(i) Determine the domain and range of ().
(i) Isthe function fone-to-one? Justify your answer.
(iif) Istheﬁmcﬁonfuﬂoiftﬁ;bo—domainisaﬂrealmmbm?ﬂxplajn.
Letf: & » R'be definedBy) () = - =4
D Findthedomahmdmgeoff(x) (i) Determine whether f(x) is onto.
(iii} Prove that#(x) is one-to-one
Consider the Tunction /2 R™ — R' defined by f (x) = ¢™. Show that f(x) is &
bijectivg, O
Let g*R — R be given by g(x) = 2 — 3x. Determine if g(x) is injective and/or
murjectve,

2.2 Finding the Intersecting Point(s) Graphically

The point of intersection is a point where two or more graphs meet on the coordinate
plane. This point represents the solution to the equation of the given function.

2.2.1 Intersection of a Linear Function and Cosrdinate Axes

As we know that linear function is a function in which the highest power of the
variable ig one. While the coordinate axes refers to x-axis and y-axis in the Cartesian
coorndinate system.
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Find the points of intersection of a linear function y=2x+6and
coordinaie axes graphically.

Tablaofvaluesufy=2x+ﬁmgiven

below:
X y=2x+6
= E
0 6
8

Hence, from the sbove graph, the points (-3, 0) and (0, 6)dre’ the points of
intersection of y = 2x+ Gand coordinate axes.

2.2.2 Imtersection of Two Linear Functions

The point of imtersection of two linear functions is the peint where their graphs cross
each other. This means the two functions have the satne x and y values at thai point.

| FTT 0] 8| Find the point of intersection of (y =3x+2 and y=—x+6 graphically.
T, Table of different values of x and(y [ *
iz given below:

[y

x y=3x+2 y;——,;_;:FE
T I [S);
0 2 6
1 SN 5

B}'plntﬁngtheﬁﬁuvapuinm.weaeethat - i EEEELE,
(1, 5) is the point of intersection of both the |  / he—h—h

straight lines as shown in fgure,

2.2,3 Intersection of a Linear Fumnction and 2 Quadratic Function

A line and a parabola can either intersect at two points, one point or not as intersect at
all. If there are two solutions, the system has two points of intersection. A single
solution indicates that there is only one intersection poini, suggesting that the lime
may be tangent to the parsbola If no solution exists, it mesns the line and the
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Tero Solwtions One Solution No Sﬂ-ﬂm

9| Solve the linear function y=—x+3 and quadm‘l:lc ﬂmctlon
y= .7;'2 6x+3 grephically.
[T, Clearly (3, 0) and (0, S)M&cx-mmrwptandy-mmmeptrmpemvelyof
y=-x13,
y=x*-6x+3 1))

Putx= 0 in (i), so (0, 3) is the y-intercept. |
Put y = 0 in (i), we have :

0=x"—6x+3

L6 —40y3)

2(1)
_6+436-12 _ 6424
3 \\ 2

6125_31\,—

=3- J' 3+/6=06,5.4

Bo (0.6, 0) and (5.4, 0) are the x-intercepts.
Now we find vertex (k, &) of the parabola

i e " g

2a 1)

E=(3Y -6(3)+3=—6
So, the vertex is (3,—6).
Hence (0, 3) and (5.—2)are the sohitions (points of imtersection) of the given
funetions.

i
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2.3 Grapll of the Square Root Function

0| Graph the square root function y = 2x +1
[T, Clearly the domain of y = 2v/x +1is x> 0, as the square oot of a nogative
numberisnotamalnumber.'l‘hemgeufy=2~£+lisy=_='l.

Table of values anid the graph of the function are given below:

x y=2-J;+1
0 1 5
1 3 B | .1r_
2 38 N
3 45 A
5
4 5 ]
5 5.5 %
3 59 2
T 6.3 19—
3 6.7 ﬂﬁ.ii'_é:!ats1!i'i’85_a1'l:|1'1Jr
9 7 7 :
10 73

24 Grapll of the Cube'Root Flmctmn
Graph the cube oot fimction y =¥x—
T Table of values and the graph of the function are given below:

Jhy
x y ﬂixh ! ! 25
5 | 18 1 2
—4 17 f— 15
-3 1.6 t— ek
e e
i — ‘4—54—3—2—1u/p2345 6§
=1 05
0 B

0

1

2 i —1.5
3 1.3 -2
4

5

14 35
1.6 ¥
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2.5 Rea] Life Applications

Growth and Decay in Finance (Predicting Long-Term Stock Prices)
When something increases in quantity or size over ftime, it is called growth. For
example, money in a8 bank account earning interest (it grows larger), & population of
rabbits is increasing over months.
When something decreases in quantity or gize over time, it ig called decay. For
example, a madioactive substance 1 losing its stremgth over years, a cup of hot
coffee is cooling down over time,
The valus of a stock follows the exponential growth model P() = P,
where P, is the initial stock price, r is the growth rate per yearand ¢ is the time in
years. Suppose a stock is currently valued at Rs. 5,000, anditmaxpectedtogmwata
rate of 5% per year.
{i) Find the value of the stock after 10 years,
(ii) After how matry years will the stock double in value?
2T ()  The formula for the expunenﬂ&l growth is:
P() =Py :
Given P, = 5000, r =0.05 (5% growth mate), and ¢ = 10 years.
P(10) = 500051 = 5000 >
Using ™ = 1.6487
P(10) = 5000 %.1.6487 = 8244

So, the value of the stock after 10 years is approximately Rs. 8244
(i) We want to find ¢ when the stock doubles, i.¢., when P{f) = 2P, Using the

equation;

2P, =F,e"
Dividing both sides by P,, we have 2 = ¢"
Taking the natural logarithm en both sides: In2 =rt
n2
r
0.6931

0.05
=13.86

8o, the stock will double in value i.c., Approximately 14 years,

and t =




<u> maemncs (1
The concentration of a pollutant in & lake, in parts per million (ppm),
decays over time according to the function
100
o= Tt

where { is the time in days sinece the pollutant was infroduced.

(i) Whatis the concentration of the pollutant after 4 days?

(ii) After how many days will the concentration drop below 10 ppm?
100

LN (i) The pollutant concentration function is C(f)=— , where ris the
'JH'—]. R
time in days.
Congentration after 4 days:
100
Cl4)=———
W=
_100
V5 )
w 44,72 ppm SN
The concentration after 4 days is about 44,72 ppm.
(i) When will the concentration drop below 10 ppm? Set C{f) = 10:
1= Ly, \
t+1
= J+i=10-
=  t+1l=100
= \(#=99
Afier 99 days, the concentration will drop below 10 ppm.
P EXERCISE 2.2 _J
|. Find the point of intersection of the coordinate sxes end the following linesr
functions graphicaily:
i) y=-35x+10 () y=2x-1
(i) y= -3 @) y=3x+2

2. Find the point(s) of intersection of the following functions graphically:
i) f{x)=2x+5, g{x)=—x+5

(i) f&)=3x-2, g(x)=10-x




() F)=2v-4 , g()=3x—1
(iv) f(x)=—3¢—4.,g‘(x]=%x+3
W Sx=x-1, g(x)=x"—4x+3
(vi) f(®)=3x+4, g(x)=x"+2x-8

(i) f(x)=-2x-1, gl)=a2-4dx
(viii) f(x) =2 - 3x+ 2, gl) =x+6

Graph the following functions: _ _'i_"}'
M y=+3x (i) p=+x+5 ,\‘l“ }
(i) y= —%«h—r @) y=—x+ ilfg

@ y=¥2x+1 ) y=24x-3

(vii) y=¥x"+x-2 ‘f{\ 'S

A building’s height over time is modclﬂdby H{1) = 100 + 20t which is in meires
and ¢ is the time in months, Tha’ﬁnikht of a growing tree nearby is given by
@) = 50 + 106+ &2, %

@ Alwhathmnem]lﬂlehuﬂdlngandtee have the same height?

(ii) What will that hmgm‘be?

Sketch the graphs nl’bﬁlﬁ functions and determine the time when the tree will
avertake the hmglhi-ﬁf the building,

A r&dmacmrcﬁubm-ce has & half-lifs (/) of 2 years. If the initial quantiiy O,

wZD&gi‘mgandlheexponmualdacayﬁmcﬁme(r) Q,( T then find the

remaining quantity after 6 years graphically.



