Vectors in Space

INTRODUCTION

In this unit, we will look into the rectangular coordinate system in three-(imensional
space and explore the fundamental mathematical operations involving vectors in space.
We will begin by undersianding the dot product (or scalar product) and the ¢ross product
(or vector product) of two vectors and learn about their geometric interpretation. Further,
we emphagize their practical applications, For example, we will see how these concepts
can be used to calculate the area of a triangle and the area of a parallelopram. Finally, we
will explore the extensive use of vectors in three-dimensional space, particularly in
physics, where they play an important role in determining forces, velocities, and other
egsential physical quantifies. For example, determining the work done by 2 constant force
when moving an object aleng a specified vector.

14.1 Vectors (Recall)

In previous classes, we leamed sbout two fundamental quantities: acelars and vectors.
A scalar is a quantity that has only magnitude or size, such as mass, time, density,
temperature, length, volume, gpeed, work ete. On the other hand, a vector iz a quantity
that hes both magnitude -emd direction, for example displacement, velecity,
acceleration, weight, force, momentum, electric and magnetic ficlds, etc.
Geometrically, avector is represented as a directed line segment Ewithd as its initial
pointandBagthﬁ-feﬂninalpoint

In two-dimension (R%) & vector has components that can be represented by an ordered pair
[x, y] of real mumbers. For the vector 4= [x, ¥], » and y represent the components of i,
Addition of Vectors: For any two vectors g = [x,, ¥;] and ¥ = [x,, »,], we have

e+ y=[x, 7]+ Pyl =[x txp, 0 ]
Sealar Multiplication of & Vector: For u =[x, y] and g€ R, we have
au=d[z, y] <, ]
Equal Veetors: Two vectors =[x, y,] and v=[x,, ,]of R*are said to be equal
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if and only if they have the same components, That 1z,

[%, »]=[%,, 3,] if and only if x,=x, and y,=y,and

we write u =y \ \
Inother words, two vectors i and v are said to be equal, if

they have same magnitude and same direction,

Parallel Vectors: Two vectors are parallel if and only if they ate non-zero scalar
muliiple of each other.

— 3 —
For example, vectors AR, — AB and 3 AB are parallel.

Magnitude of 8 Vector

The magnitude (or norm or length) of a vector in 2D
represents the length of the vector from the origin to the'
point represented by the vector. For any vector u =[x,.y] »¥
in R*, we define the magnitude, as the distance of the

1 v Py
point P{x, y)from the origin O, )
. : - y
Magnitude of OP =|OP| =|uf={2* + »* o
x x

Now, we will leam some mathematical operations
involving vectors in three- dimensional space.

14.1.1 Rectangular Coordinate System in Space
In space a rectangular coordinate system is constructed =
using three nmtually orthogonal (perpendicnlar) axes,
which have origin as their common point of -
intersection. When- sketching figures, we follow the  yfe-eeeeeees x
convention. that the positive x-exis points towards the
reader, the positive y-axis to the right and the positive
z-axis points upwards,

These axes are also labeled in accerdance with the right-
hand rule. The fingers of the right hand, pointing in the direction
of the positive x-axis, curled images toward the positive y-axis,
and the thumb will point in the direction of the positive z-axis.
A point P in space has three coordinates, one along x-axis
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directed distances along x-axis, y-axis and z-axis
respectively are g, b and ¢, then the point P is written with a
unique triple of real numbers as P (g, b, ¢) (sce figure).
14.1.2 Concept of a Vector in Space

The set B> = {(z, y, 2): %, ¥, z € R} is called 3-dimensional
space. An element (x, y, z) of B> represents a point P(x, y, z),
which is umiquely determmed by its coordinates x, y
and z. Giwnavecturginspace,theree_m;m a unique poimt
Pz, y, z) in space such that the vector OF is equal to u (see
figure). Now cach element (x, y, z) € R® is associated with a
umquaorderedmple (x, ¥, ), which represents the vector
u=0P = [x,7.2].

14.1.3 Fundamental Mathematical Operations for Vectors in Space

We define addition and scalar multiplication in R? by:

(i) Addition of Vectors: For any two vectors &= [x, , z] and ¥ =[x/, ', 2] we have
u+v=[xyz]H{x,y. 7| =[x+ . y+ Y iz+2]

(ii) Scalar Multiplication of a Vectors For u =[x, y, z] and a € R, we have
au=alx, y, 7] = [ex, ay, @z]

The set of all ordered triples [, y, 2] of real numbers, together with the rules of addition

and scalar multiplication is called the set of vectors im B°. For the vector

% =[x, », Z], x, ¥ and z arc called the components of . The definition of vectors in B°

states that vector addition and scalar multiplication are to be canried out also for vectors

in space just as for vectors in the plane. Similarly, we define in £

{a) The negative of the vector u =[x, v, z] as —¢ = (-1)u ={—x,— y,— 2]

(b) The difference of two vectors v=[x ¥, 2] and w = [x", y", 2"] as

v-w=v+(-W &',y -y, 2 2]

(v) The zero vector as 0= [0, 0, 0]

(d) Equality of twp vectors: Two vectors y=[x! ¥ 2"] and w=[x", ", z"] are ¢qual
that is v = w if and only if x’=x", y'=y" and 2"'=z".

(e) Positlon Vector
FbrmypﬂtP(x,y,z}iuR’,avactoru=[x,y,z]isrwrmmdbyadimcmdlim
sagment OF, whose initial point iz at origin. Such vectors are called position
vectors in &,




14.1.4 Magnitude of a Vector in Space
We define the magnitude, norm, or length of a veetor u = [x, 3, z] in space by the distance
of the point P(x, y, z) from the origin O. z HI.J?J)

O =l =%+ +2 "
EETETIE 1| Por the vestors, u=[1,-2, 3], 2 =[2, 1, 3] and
w=[-1, 4, 0], find the following:

@ vtw () 2w (iif)
(iv) |v-2w| () [2n-x+3w|
BTG p+w=[2-1,1+4,3+0]=[1,5,3]
(i) 2w=2[-1,4,01=[-2,8,0]
(i) [u=[[L-23] =JOF +(2"+ @) =+1+4+9 =414
(v) [v—2w|=[2+2,1-8,3-0]=|4,-7,3]
= J@+ (T +3P = fle+ 0 +9 =74
) [2u-v+3w|=[2[1,-2,3]-[2,1,3]+3[-1,4,0] = |[2-4,6]-[21,3]+[-3,12,0]
=[-3,7,3] = J(3P +(TP +BF =o+49+9 =67
14.1.5 Components of a Vector,
As in plane, we intraduce three special vectorsi=[1, 0, 0], z
J=[0,1,0]and & =[0,0, 1]in&*

As magnitude of { = JE+ 0 +00 =1

magnitede 0f j = f0° + 1* + (* =1 and

magnifde of k= 0 + C +  =1. 80, i , j
and % are ealled wnit vectors along x-axis, y-axis and z-axis respectively. Using the
definition of addition and scalar multiplication, the vector [x, y, z] can be written as:

u=[x, y,z]=[x,0,0]+[0, y, 0]+[0, 0, 2]
=1, 0, 0]+ (0,1, 0] + 20, 0, =i + yj + zk
Thus, each vector [x, y, Z] in R? can be uniquely represented by xf + yf + zk.
Undt Vector
A umit vector is defined as a vector whose magnitude is unity. In three-dimensional

space the unit vector of the vector u=xi+ yj + z&iswrittenas; (read as u hat) and




x y j+ z
.Jar’+y‘+z2 Jx’+y + 2 Jx’+y’+z‘_
Intarmsoflmitvector;,_;,anﬂgthasumg+zoftwuvectors
g=[xl,yl,zl] and y=[x,,y2,zz]iswﬁttcnas:

E+!=[I1+xzs.}’1+yza%+z:'.]

=(x +x)i+( +J"z)i-+(zl+zz)£

BT 132 | Find the unit vector of u=2i+ 5 —%.
(XTI, Given vector u =24+ 57—k, to find the unit vestor

= |[=@'+E+1) =30

The unit vector is:
@ UK Lo
PN At )

Thus, # = J%(Zi+5i—g)__iu-ﬂ;;ntmquimdunit vector.

[ETTTIE3| I w=2i+3j+k, v=4i+6j+2k and w=—6i—9 -3k, then show thai
u,v and ware parallel to each other.
v=d4{+6j+2k=2(2+3j+k)
Sor=2 _

=> wuand v are parallel vectors.

w=—6i-97-3k

| =<32+3j+k) - w=-3u
= u and warg parallel vectors,
Hence u,vand w are pacallel to each other.
14.1.6 Properties of Vectors
Let u, v and w be vectory in the plane or in space and let a, b € R, then they have the
following properties:

A
= H=

() utv=v+u (Commmutative property)

() (@E+r+tw=p+lt+w) (Associative property)

G uto—u (Additive Identity)

iv) ut+t(-lu=u-u=¢ (Inverse for vector addition)
©) olvtw)=avtaw (Distributive property)

() e(bu) = (abu (Scalar multiplication)




DO v <> D

Proef: (i) Since for any two real mmbers @, b €R, a + 5= b + g, it follows that for
any two vectors ¥ = [x, v, z] and v =[x/, ¥/, 2] in R®, where components of wand v
belong to X.

We have Uty =[xy zH[x, ), 2]

=[x+x,y+¥,2+Z]
=[x+x)y +yz+z] = a+bh=b+a
=[5, 21+Ix 2]
=y-+u
So, addition of vectors in B® iz commutative.

(i) Sincefnranythreereulmnnhma,b,c&R,(a+b)+c=a¢{&+c),itfuﬂuws
that for any three vectors, ¥ =[x, y, z], v = [x, ¥, 7] md.l"‘_."ﬂ[x":.}'"-z"]m‘ﬁa'
Where components of u, v and w belong to R

Wehave (ut+yv)+w=[x+x,y+),z+27]+[x" " 2]

=[x+ X} + 2, (4 Y) H e+ )+ 2]
=[x+ E"+x"),y+ (P +), 2+ (2 +27)]
w(a+h)+e=a+(b+c)
=[xlyl z]+[x’—_1+x",-y'+y",z'+z”]
=u+(p+w)
So, addition of vectors.in B iz sasociative,
(iii) Since for any real mmmber gand 0
a + 0 = g, 1t follows that
for any vectors, g = [x, y, z], and g = [0, 0, 0], where g is the zero vector in R,
We have g+g=[x» z]+[0,0,0]
=x+0,y+0,z+0]
=x»zl=u
uto=u
Thus, g is the'additive identity in R
(iv) Since for any real mumber ¢, there exist —a such that
a+{—g)=a—-a=0 , it follows that
for any vector, &= [x, y, z], there exists —« = [-x; —y, —z] in #*
Such that ut )= pzl+ -y =x+=),y+ 2+ (2]
=lx-xy-yz-z]
= [0, 0, 0] = g, where g is the additive identity
ut{u)=c
Thus —u is the additive inverse of u in R®
The proof of the other parts are left as an exercize for the studenis.




<aed> Mt

14.1.7 Distance Between Two Polnts in Space
If Eémda?; are the position vectors of the

ints 7 s M and 7, ¥ Va2
Lo 1(xl_y}_zl ) and B (% y02, ) Pz
The vector R E is given by

—_— —

RE= OB - OR{x% - %, — 315~ 7]

—_—

Distance between B and F, = BB

. \[(12_11)2"'(}'1_1’1)2"'(32‘21): _ )
This is called distance formmula between two points £ and B, in &,
Suppose 8 butterfly's flight path pessed throwgh points (2, 4, 7) and
{6, 1 ,3), where each unit represents 8 metre. What is the magnitude of the displacement
the butterfly experienced in traveling between these two points?

XTI, Distance between two points in throe-dimensionsl space is given by the
formula

d=\(5-5) +(3,~») +(z==)
Substitute the coordinates of the given points info the formmla:
d=qf(6-2) +(1-4) +(3-7)
d=16+9+16=J41=6.40
The magnitude of the displacement the butterfly experienced in traveling between
these two points is-approximately 6.40 metres.
14.1.B Dirgtfion Angles and Direction Cosines of a Vector
Let 5=alg=xj+yi+z§ be a non-zero vector, let @, fand y

denote the angles formed between r and the uait coordinate
vectors i, jand k respectively,

where O0<a<m, 0Ssf<mand 0<ys<wmw
@) The angles a, § and y are called the direction
angles of the vector 7.

(ii) The mymbers cos a, cos # and cos y are called direction cosines of the
vector r.
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Important Resuit:
Prove that cos’ @ +cos f+cos’ y =1
Proof: Let

r{xy.z]=xi+yj+zk

|d=1fx’+y‘+z‘ =7

then z [x Y z]lsthﬂumtvectormﬂmdmchnnufﬂmvmtorr oP

‘r| e’y

It can be visualized that the triangle 4P is a right P

triangle with m 24 =5(F.
Thercfore, in right idangle OAP,

co8 a.=£=£, similarky
OoP r

mﬁ:ll GOy =E
F F

A

The numbers cosa=— ,nuaﬂ-' yandma;r_-i are called the direction cpsines
ofOP

ms’a+ms“ﬂ+m2y=';—+—+_=—'=_=1
P oor -

rEXERClSE 14.1 4

1. Letu=3i+2j- 5# L'—J 5j-kandw=—4i— j+7k, Find the following:
() u+dviw (i) v-3w (i) Pr+w.
2. Find ﬂ:_rﬁpﬁgl_:imdeoflheve:nnrgund write the direction cosines of v.
() w=3-2j+6k (i) v=—4i+4j+2k (i) v=—6i+8j
3. Find f, so that |2i+{r—|}£+r{c|=
4. Find a unit vector in the direction of v=—/+4j -8k
If =2+ -3k, v=—i+4j+2k and w=3i{-2j+k, Find 8 unit vector pareliel
to du—3v-+2w.
6. TFind a vector whose
(i) magnitude is 5 and is parallel to 3i+4j-k
{ii) magnitude is 7 and is parallel to —i+ j+£.
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7. I u=xi+2j+3k, v=it+yj—3kand w=-2i—3j represent the sides of &
triangle. Find the values of x and y.

8. The position vectors cfthe points 4, 8, Cand Dare u =i+ 2j+k, v=T7i+Bj+4k,
w=—i+kand z=i+2j+2k respectively. Show L'hﬂiﬁis parallel toai

9. We say that two vectors v and w in space arc parallel if there is a scalar ¢ such
that v = cw.The vectors point in the same direction if ¢ > Oand LI]B vectors point

in the opposile direction if ¢ <0
(a) Find two vectors of length 2 parallel] to the vector v = 2i *J’+4k

(b) Find the constant a so that the vectors v=i— 3;+4§m&w ai+9j-12k
are parallel.

(c) Fmdawctaroflengths:‘inthedimcnonoppﬂsttethutofv—1—2;+3k

(d) Find @ and & so that the vectors 3i— ,i_f{kandaﬁbi 2k are parallel.

10. A spacecraft moves from point (120, 240, 350) to point (130, 210, 80) in
kilometres, What is the magnitude of the/displacement vector in kilometres?
11. Find the direction cosines for thchg'i'iren vector:
0 wu=-6i+3j+2 (i) v=4i+2j-5k
(i) PQ, where P(9,3,13) and (X116, 19).
12, Which of the fuﬂowiﬁé‘ii‘iple: can be the direction angles of a single vector?
@ 45°45°,600 © () 30° 45°,60° (iif) 45°, 60°, 60°

upmnun yecto alp‘m. This algﬂ:rmc npmﬁon plm a ﬁmdmunlal role ﬁ:h"
st vieiniis phivkical. sl snfhinatisall foalife dituation, Vitlke e
nmultiplication. of numbers, product of veetor can be performed in two distinet ways.
The two primery types of vector multiplication are the det product and the cross
produet. The dot product is 2 scalar number while cross product is a vector quantity.

14.2 Dot or Scalar Product

14.2.1 Dot or Scalar Product of Two Vectors and Iis Geametrical Interpretation
We shall now consider products of two vectors that originated in the study of physics
and engineering. The concept of angle between two vectors is expressed in terms of &
scalar product of two vectors.,




Definition 1: Let two non-zero vectors g and v, in the plane or in space, have same
initial point, The dot product of » and v, written as - v, is defined by
u-v=|ul|v cosl

¥
B 1y 5 g o
I ¥ & 7 = ] ¥ -

Where 0 in the angle between w and vand 0 <0 <x
Definition 2: .
(8) I u=gqi+hjand y=a,i+bzimtwonon-mvectori_in'tﬁeplanc. The dot

product u- vis defined by:

u-y=a,3,+bb,
®) Ifu=aqi+hj+ek and v=ai+b, j+c,kare two non-zero vectors in space.
The dot product u- v is defined by
u-v=aye, v hib, + oo
(275 e dot product is also reforred s the seslar produst or the inner proguct.
Prove the equivalende of sbove twa definitions of dot product of twa
vectors:

(i) Ify =[x,y ] mmdw={x), y,] are two vectors in the plang, then v w=x.x, +, ¥,
(i) Ify and w are two non-zero vectors in the plane, then v- w=|¥ | lw| cos &, where
f is the angle between v and wand 0 < A <«
Proof: Lctz{aﬁdﬂbethe sides of a triangle then the
third side opposite to the angle 8, has length |y —w|

Byl&wofodsjines,

»

|¥—wf =¥+ wP—2|v| bl cos & (1) ¥
if ¥ =[x, y]andw=[x, ], then The Lawr of cosine:
y—w =y -, 3~ ¥l S na sl

So, equation (1) becomes:

(m—nY+( -yl =x+y+x5+y;—2|v||w|cos 8
—2x%, — 2y y,=—2|¥||w|cos @
=  xxtyyv=|v||w|cosb=v-w
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14.2.2 Deduction of the Important Resulty
By applying the definition of dot product to unit vectors #, j and k, we have
(@ ii=|ililcos0°=1
J-J=|1||J|sos0°=1
k.k= |k||k|costP=1
®)  ij=i] J]cos90°=0
J k= ]| [k|c0s96°=0
k.= [k|i|cos90° =0

14.2.3 Projection of a Vector along Another ¥eéclor

In many phrysical applications, it is required to know “how much™ of & vector is applied
along s given direction. For this purpose, we find the projection of one vector along
Let OAd=yu and OB =v _

Let 6 be the angle between them, such that 0 <8 <=.
Draw BM L OA. Then OM is called the projection of
v along u. ;

From the figure : g = cos'0 that is,

OB
OM = |OB|cos 0 =|v|cos @ 4))
Now, #(v=|u||v|cosd 5ul(|v|cosd) =|x|(0OM)

= {magnituds of u). (projection of v along u)
Thus, geometrically, the dot product of two vectors represents the product of the
magnitude of one vector and the projection of the other vector onto it. In other words,
the dot product of two vectors shows how much one vector exiends in the direction of
another.

LA - o [EEE et ko
4

u.v

Now, by definition,  cos = (2)

V|
wy u.

I~

From (1) and (2), OM = |y

|a][v] |u
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Projection of v along u = =t

| ]

. i _ u.v
Similarly, projection of g alongy = ﬁ
¥

14.2.4 Properties of Dot Product
Let u, v and w be vectors and let ¢ be any real number, then
@ uwv=0=2>u=0orv=0oruly

@  wy=v.u (Commustative property)
(i) w.(+w)=w.v+u.w  (Distrbutive property)
() (cu)v=c(u.y) (c iy scalar)

®  wau=

14.2.5 Dot Product of Vectors in terms of thefr components
Letu=a;i+bj+ ckandv=a,i+b,j + ¢y k be twonon-zero vectors.
From distributive law we can write:
u-v= (@i+hj+ek)(ai+h j+c,k)
=aay(i- D+ebli- H+ac(- B ba, (- D+, - N+he, (- B
+oo, (k- D+abyk- D+eck- B
= wv=a@+hb +c - voiri=je =k k=1

Hence the dot product of two vectors is the mmufthapru&untot‘thmrmmpondmg
components. _

(BT 6 Showthat the components of 4 vector are the projections of that vector
along i, j and krespectively.

Proof: Letw=ai+b J + ck, then

Projection of y along { =

I*E:

4

—(ai+bj+c§) i=u

= ==
H-...—

Projection of v along j = =(ai+bj+ck) j=b

I'EI —
|=n- e ‘|

Projection of valong k==—=(ai+bj+ck)- k=¢

| &
Hence components a, & and ¢ of vector g—a;+bi'+c§ are projections of vector v
along i, j and k respectively.
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Prove that in any triangle ABC

(i) a=b+c* - 2becos A {Cosine Law)

(i1) a=bcos C+ccos B (Projection Law)
Proaf: Let the vectom a, b and ¢ be along the sides BC, C4 and AB of the triangle
ABC as shown in the figure.
(@ atbte=0

= g=—(b+g
Now gra={(b+c)-(&+o)
= =b-bt+bh-gteg bte-¢

= @=P+2-¢+Z (b c=c'b
= &=+ +2bccos(r—A)
ad=F+c—2bhccas d
(i) a+tb+te=0
= =
Taksdotpmductmfhg
g-a=-a-b-g-¢
=—gab cosfr — C) —ac cos(r —5)
=—ab{—cos C)— ac{—ocos B)
a2 =abcos C+accos B
= a—bmﬂ'+cms3
vaeﬂmt c08 (o —f) = 008 & 008 + sin o sin 4
Proof: LatGAnndOBbeﬂlemtvmtmamthe >
xy —plane making angles @ and § with the positive x-axis. 4 A
So that mZAOB =a—f
_Nowa=msai+aimi B
and OB =cos fi + in f ams

— —P

OA - OB = (cos ai+sing j)- (cos Si+sin §)
= |QA||OB|cos(e—f) =cos a cos § + sing s § I
cos{a — B) = cos @ cos f+sing sin 8 (- |Od|=|0B|=1)

v
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14.2.6 Orthogonality of Two Vectors

Definition: Two non-zero vectors u and v are orthogonal (perpendicular) if and only if
u-v=0.

The dot product of two vectors u and v becomes LI
The zero vector ¢ is orthogonal to
zero when uy,ﬂ=9u=ar§mdim.- i

g b=0V3

= |u|L| ¥ cos 90°=0
Thus, g-y=0 < u lv
BT o If u=3i— j—2k and v=i+2j—£, then find u-v.
u v =(@)1) + D) +(2)-1) =3 '
If u=2i—4;+5k and v=4i-37-4k, thmprmthm wand v #re
:mm@ma
=(2)4) + HE) N =0

= uandva:repm‘pmdmu]ar
1711 Find a scalar g so that the\-ﬁaptnrs 2i+aj+ 5k and 3i+j+ akare

orthogonal.
Let u=2i+aj+5k md v=3i+ j+ek
It is given that u and v are orthogonal
uY

= [21+dj+5§] 3+ j+ak)=0
= _ G+o+5x=0
._ =-—1

14.2.7 Anglg Between Two Vectors

The angle between two vectors u and v is determined from the definition of dot product,
that is

(a) u.v=|u||v|cos 6, where 0<0<n
= cosf=—2%
||| v

B FHu=aithjtgk and yv=aithj+ck, then
uv=aa,+hb + o
lul=yja +8 +¢ and |v|=yjai+E+c




aa, + b, +oc
NGB +e [+ +c
LPTTI 12| Find the angle between the vectors.
u=2—j+k and v=—i+j
SOV wov = (20— J+k)-(H+ j+ 0F)
=@)(-1) + (=1X1) + (1}0)=-3
and  |u|=|2—j+E| = J@P+ 1P +0F =6
| v|=| =i+ j+0k| = J1F + 1) +(0F =2

cosB=

Now cosf= g
AR

= cosB=——>
V62

__B

2

B=E

6

—

[ETYTI13| Show that the vectors AR = 24 — / + k, BC=i — 3j — 5k
AC=3i — 4] - 4k are the'sides of a right triangle.
EPTE, Given 4B'= 24 - j + k, BC= -3 - Sk and
AC— 3 4 — 4k
— — -
Now  AB+BC= (2i-j+k)+(-3j-58
= 3i—4j—4k=AC (third side)

—_— — —r

AB, BC and AC form a triangle ARC.
Further we prove that A4BC is 4 right triangle

—s —

AB-BC= (Zi-j+B)-(i-3j-5%

=X+ (-1}-3) +H{(1)(5)=2+3-5=0
.. ABLBC
Hence, AABC is a right triangle.
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14.2.8 Work Done By a Constant

Forece

If a constant force F, applied to a body, acts
at an angle 9 to the direction of motion,
then the work done by Fis defined to be the

product of the component of F in the

distance that the body moves,
In fipure, a constant force F acting on a
body, displaces it from 4 to 3.
Work done = (componentoanlongAB}(dmpAlnnemﬂm)
=(Fcos 8)(4B)=F-AB=F d

o014 The constant forces 2§ + 5+ 6k a.nd = — 2_; kact on a body
displaced from position P(4, —3, ~2) to O(6, 1, ~3).Eind the total work done.
Total force = (2 + 55 + 6k)+ (5§ = 2f — k)
= F=i+3j+5k '\
The displacement of the body = PO = (6= )i + (1+3)) + (3+2)k
= d=2i+4j -k
Work done =F- d
= (@ +3] +5K) (2 + 4] — B)=2+ 12— 5 = S units
\ | EXERCISE 14.2

1. Find the cosfugh of the angle # between uand ¥ :
() w=2+3j+k v=—i+2j+2k (i) u=[-32 5], v=[1,6-2]

2. If a+b+c—0 and [a|=3 [b|=5 and |c|="7. Pind the angle between a and b.

3. If |g|=3, |5/ =4 and |a+5|=5. Find the angle between a and b.
Calculate the projection of g along b and projection of b along g when:
() @=2i+3j-k b=i-2j+4k (i) a=4H-2j+3Kk, b=i+j+k
5. Find a real number a so that the vectors # and v are perpendicular:
() w=aitdj+k v=i-2jtak (i) u=ait2aj-k v=itajt+3k
6. Find the number z so thal the triangle with vertices A(3, 0, —2),8(0,3,1) and
C(L, 1, z)in & right triangle with right angle at C.
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7. If & and bare unit vectors end 24 is the angle between them, show that

me:la-S\.
2

If |@+8|=|a—&]|, then show that @ and bare perpendicular.
9. () Show thatthe vectors 3i—2j+k, i-3j4+5k and 2i+ j—4& form a right

triangle.
(i) Show that the set of points P(4,-1, 2),0(1.3,—1)and R(-2, 4, 6)forma
right triangle. .Q'IC‘
10. Prove that the cos{ar + §) = cosa cosf —sima sin § ~ }J
11. Prove that in any triangle ABC.
(i) b=ccosd +acosC (i) c=acosh +}bmﬂ\1

(i) B = +d—2eaomB () & =d B LaboosC

12. Show that for any vectors g and b, |a|—|_{§@+b\£|a\+|b\

13. Find the work done, if the pamtalwhmh&cmntfurueﬁ' 2i+5)+3kis
epplied to an object, moves it from B 2‘;\_3,1)1:: E(7,5, 3).

14. A particle, acted by constant ﬁo&"F =3i+4j-3kend F=1+4/-k, is
displaced from  A(2,1, 3)maé$,44) Find the work dore.

15, Apartmlcmdmplacedfrunrﬂ:epmnt A(5,—5,—7) to the point B(6,2,—2) under
the action of consmt-Mes defined by 10i—j+11k, 4i+5/+9% and
~2i+ j-Sk. Shqvgtﬁa.t the totel work done by the force is 102 units.

16. A force af&f]}ude 6 unils acting parallel to 4{+3j—kdisplace the point of
application’fom 4(2,—1,3) to B(7,3,2). Find the work done.
™
14.3 Cross Product or Vector Product
143.1 The Cross Product or Yector Product of Two Vectors and its

Geomeirical Interpretation
One of the key multiplication operations involving vectors in space is the cross product.
Unlike the dot product, which results is a scalar, the cross product of two vectors yiclds
a vector quantity. The vector product of two vectors is widely used in Physics,
particularly in fields of mechanice and electricity. It is only defined for vectors in space.
Let 4 and v be two non-zero vectors, The cross or vector product of g and y gives a
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vector that is perpendicular to both the vectors i and v, written as @ ¥ v, is defined by
uxv=_(u||v|sind)n
where 0 iz the angle between the vectors, such that 0 < 8 <« and mis a unit vector

perpendicular to the plane of 1 and v with direction given by the right-hand rule.

Figure {3) Figure (b)
Right hand rule

4] If'the fingers of the right hand point slong the vector u and then curl towards
the vector v, then the thumb will give the direction of n whichisx % v. It is
shown in the figure (a). '

(i) In figure (b), the right hand rule shows the direction of v ¥ u.

14.3.2 Parallel Vectors .
If u and v are parallel vectors, then (8:=0 =>sin 0 =0).

x v =0 & O ux =0
And ifux v=10, thengither sin8=0 or |u|=0 or |¥|=0

(i) Ifsiné=0 = 0=(P or 180°. Which shows that the vectors » and v are parallel.
(i) Ify =0 or =0, then since the zero vector has no spesific direction, we adopt the
canvention that the zero vector is parallel to every vector,

Zexo, vewior is both parallel and papendiculsr o every vecior, This spparemt
contradiction will csuse no troubls, since the angls between two vectors is never applisd
when ons of them is zero vector.

14.3.3 Derivation of Useful Results of Cross Products

By spplying the definition of cross product to unit vectors
i, j and k, we have:

(@) ixi =|i||i|sn0Pn=0
Fxj =1jllilsin0° n =
kxk = |k||E|sin0®z =

0
0




4 S . |
B ixj =|i||j|sn90Ck=k QLY The ocross pooduct of )
ixk=|J||k|singei=y |bJmdEacwmitm

kxi =|k||i|sin90° j= j |in the cyolic pateem. K\W
4 4 The g;ﬁ'en ﬁgme_m IJOJ
() uxu=|u||lu|sin0n=0 helpfol in remembering N/

14.3.4 Properties of Cross Product '
The cross product possesses the following propetties:

0 uxy=0ifu=0or y=0 (i) uxv=—vxu
{@ii) wx +rw)=ux v+uxw (@) ux (W)= (k) xv=Kuxv)
(v) uxu=0 ' '

The proofs of these properties are left as an exercise for the students,
14.3.5 Analytical Expressions of g % y (Determifinnt formula for & x v)
Let u=ai+h j+ok and v=a,i+b, j+ck, then
ux y={(ai+hj+ck)x{ai+hj+c,k)
=aa(ixd+ady(@x j)+ac(ixk) | , (bydistibutiveproperty)
+ b UxD+bB,G % D+heGxB) | - ix j=k=—jxi,
+ ey {kx)+eb(kx j)toclkxk) | jxk=i=-kxj,

= abk—wc, - Bk + boitaa ) —obi

= uxv=_(he, —gh)i-(ac, — oa)j + @b — ba)k )
The expression of 3 % 3 determinant
AN
=g & q|=0Ba-—ob)—(ae —aa)j+ @b —bae)k
a b g

The terms on R.ES of equation (i) are the same as the terms in the expansion of the
above determinant.

(ii}

T

which iz known ag determinant formula for u x v.
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The expression on B_H 8. of equetion (if) is not an actual determinant, since its eniries ars

not afl scalars. Tt i simply & way of remembering the complicated expression on BHS of
g uation (i),

Find a vector perpendicular to each of the vectors. Also verify that g
andbare L toaxb
a=2—-j+k and b=4i+2j-k

&vectnrperpendiculﬂrtoboﬂlthevectnmgandéiﬂgxé.

i j ok
axh = 2 -1 1|=—i+6j+8k
4 2 =]

Yerification:
aaxb=(A—-j+ k) H+6j+88)=QD+HNE)+(OXE) =0
and & ax b=(4+2j —k) (H+6] +8k) = (H{-1)+(2}6)+(-1)(8) =0
Hence g * b is perpendicular to both the vectors @ and b.

14.3.6 Angle Between Two Vectors(Cross Product)

The sine of the angle between two vectors g and b is determingd from the definition of
cross product. :

If  is the sine of the angle between@and b, then |ax b| =|a|| | sinf

ainy 0= [ 2%21
|al | B}
(ST0I016| If @ =di+3) +& and b= 2i— j +2k. Find a unit vector perpendicular
mboﬂlgmdg.A_lsnﬁﬁdthesineofthemglehetwmthevmtorsgandg.
! j ok
Solution axb=14 3 1|=7i-6j-10k
2 -1 2

ad  |ax B = (D +(-6)" +(-10) =185
A unit vector perpendicular to a and b=

=

axb _7!—!’2—10&
axp| i85

Now |a|=+J(47 +(3F +(1) =26
B = @ + (1 +(2)* =3
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If 8 is the angle between g and b, then |a x b =| a[|b| sin®

& singoloxtl_ 8
lall8] 326

Prove that sin (& + ) = sin & cos § + cos a &in §
Proof: Lctaandaﬁbetwomitvectominthawplammakinganglmamdjﬁ
with the positive x-axis respectively.

Sothatmz.AOB a+g

Now GA cos @i+ sine j
and GB cos (—@)i+sin(-£)j
—eusﬂ;— sin #j

O.BxOA {cos i —sin B8 /)x (cosaxi+sing §)
i J ok
— == o
— |O8| |04 | sin{fe+ f)k = |cos 8 —sinB. O
cosg sing O
= gin{er + B)k =(sine cos B+ cos & sin Ak
% sm{a + F) =sina ¢cos §+cos o 5in §
In any triengle ABC, prove that

@ B _ S (1awof Since)
sind" sinB sinC
Proof:  Suppose vectors g, b and ¢ are along the sides BC, CA and AB respectively
of the triangle ABC.
a+btc=0
= bte=-a (i)
Take cross product with ¢
bxe+exe=—axe
brxe=cna (. cxc=0)
= |bxe|=|cxa]|
|5 || sin{z — 4)=| ¢||a| sin{z — B)
= besind=casinB = bsmAd=gsinh
b __ 2 @)

sinB sin 4
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Similarly, by taking cross product of (i) with b, we have
a ¢

= (i)
gind snC
From (i) and (iii), we get 2 - b =-£
gind ginB snC

Ifu=2—j+k and v=4i+2 j—k, find by determinant formmula

D uxwu (i) axy (i) vxu
=2~ j+k and y=4i+2j-k
By determinant formula
i j k .
) wxu=2 -1 1/=0 (~ Two rows are same)
2 -1 1
i J k )
() wxy=2 -1 1/=(1-2}i~(-2-4)j+@+49k=-i+6j+8k
4 2 -1
i J &
() wxu=|4 2 —1S(2-1)i—(4+2)j+(4—4)k=i—6)-8k
2 -1 Jf

143.7 Real World Applications on Cross or Vector Product

(a) Area of Parallelogram

Suppose y and.y are two non-zero vectors

and # is the angle between them, and

suppose that | and || represent the length

of the adjacent sides of a parallelogram, (see

figure). We know that:

Ares of parallelogram = Base * Height

 (Base) (k)= |uysin

. Area of parallelogram = |gi.<£‘
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(b) Awea of Triangile
From figure it is clear that

Area of triangle = % (Ares of parallelogram) .

,.
Ll
¥

Area of triangle = %\gxﬂ ]

where u and v are vectors along two adjacent sides of the friangle.

Find erea of the parallelogram whose vertices are
F(0,0,0), g-1,2,4), R(Z -1, 4) and (1, 1, 8).

EXTITPT, | Area of parallelogram = PO PR

Where LPQl and |PR| are two adjacent sides of the parallelogram

PQ DQ OP = (1-0)%+(2-0)] +{4-0Mk=—i 2]+ 4k
PR=m—op=(2-u};+(-1—n)i+(4-n)¢=2g-i+4,1;

i j ok

Now POxPR=|-1 2 4{=(8+4)i<(4-8)j+(1-4k
2 -1 4
—120+12j-3k

—_— =
+Area of parallclogram = |PQ x PR)= [12i+12, —3k|

_ = V144 +144 +9 = /297 square units
50110921 Find the area of the tnangle with vertices A(1,—1,1), B(2, 1, —Dand
C(—1,1,2) . Also find a unit vector perpendicular to the plane of triangle ABC.
AB =0B—0A =2~ )i+ +1)] + (- Dk=i +2j-2k
AC=0C-0A=(-1-1i+(1+ 1)j +@-Dk=-2i+2j+k

F j ok

—_— — ; i

ABx AC=|1 ~2|= 2+ Di—(1—4)j+ 2+ 4k =6i+3]+6k
5 2 1

The area of the parallelogram with sdjacent sides [4B| and [4C| and is given by
— —
| ABx AC|= [6i+3)+6k|=+/36+9+36 =JR1=9
Amaoftrimglﬂ=%|I§x.4_é|—1|ﬁi+3j+ﬁk|=%uquamunim
A.BKAC 1

A unit vector | to the plane ABC= =" =~ (61 + 37+ 6k ) =—( 2+ j + 2k)
|A.B><AC| 9 -
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(c) Moment of Force
— i

Let a force F(F() act at a point P, a3 shown in the figure. The
moment of F about O

PmductoffomeFandﬂmperpdeculardmtmceGNmths
duect[onofn

= (PQ)[ON}(;) (PO)OP) 5in 8 ()
~OPxPO=pxF

_ Find the moment about the point M (-2, 4, -6) of the forcs represented
byAB‘ whﬂeuoordlmtesofpomtsdandﬂm(l 2, —3) and (3, —4, 2) respectively.

EAETE 4B =0B-04=(3-1)i+(-4-2)j+2+)k=20-6j+5k
WA= (14 2)i+ (2~ )] +(-3+ 6)k =3i-2j 43k
Moment of AB shout M{_2, 4, —6) = 7 X F = MAX AB

Pk
=3 +2 3
26 5
= (-10+18)-(15- 6)/+ (—18+4)k
=8i—9,j-14k
Magnitude of the moment ;u,',[(f_ﬁ)’+{—9)"+(—1nr!f)2 =341
\|F EXERCISE 14.3 4

1. Computy sl;fé'm product axb end dxa. Check your snswer by showing that
each @ Afid b are perpendicular to axb and bxa.
@) a=2+j-k,b=i-j+k () @=i+3j+2k b=2i-j+k
(i) g=24-2j+k,b=—i+j+3k  (v) a=—4+j-2k b=2+j+k
2. Find a unit vector perpendicular to the plane containing @ and 5. A
of the angle between them:
® a=i+6j-3k ,b=2i+jBk G a=-i-j—k b=2%-3j+4k

(i) g=i+j+k, b=i-j1% (v) a=5i+j-3k b=—2i+4j+k




10.

11
12

13.

14.

a8

16.

<> -0
Find the area of the triangle, formed by the points P, Q and R.

@ P23,5;00,2,0;R4,1,2 @ F00,1);02,-1,2);R-L32)
Find the area of 3 parallclogram, whose vertices are:

D 4{1,1,1);B(4,2.3); C5,6,7),D2,5,5)

(i) 4(4,5,6);B(1,3,2); C-2,0,1);D(1,2,5)

If the cross product of the vectors u=7i—4j+5kand v=ai-bj+3k is zero,
then find the values of ¢ and b. L

Which vectors, if any, are perpendicular or parallel 5}\

@ w=S5i-j+kv=j-Skiw=—15i+3j-3% o

(@) w=i+2j—kiv=—i+j+ k;g=—§_::—x;+§-\g§‘f
Useﬂmdcﬁmmufmspmdm;fmnnvao%gzwundﬂmhrk.mthﬂt
) wxw)=0 (ii) zﬁ —yXu

(i) wx(Fv)=(h)xv=Fuxy) (;VL!?*(E+_}“L“)+L*E)

Prove that: ax@+g}+bx(g+a)-(‘€x@r+lg) 0.

If g+ b+ ¢=0 , then prove b=bxc=cxa
}

Prove that: sin(a—5) =(m'ﬁ*a"c}m B+ cos & gin

Show that |a:<b| jaﬁ V' —( a- b]

Uge the doﬁmm\i’)mss product, prove that for any vectors x and v
(o voe s D= —2ux) .

Find \ﬁﬁ;:entabuutthepomtﬂd(l =& 3)ofthefoercerepmsentedbyA.B

where the coordinates of poinis A(4, 3, —1) and B(—1, 3, 7) are given.

A forcs F—6i+4j—4k is applied at the point 4(1,—1,2). Find the moment of
the foree about the point B(3,—2,3).

Give & fore F=2i+ j—3kacting at a point 4(1,—2,1). Find the moment of
about the point B(2, 0,—2).

A foree F=—2i+ j—3k is applied at P(-1,-3, 2). Find its moment about the
point (X4, 2, 2).
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14,4 Scalar Triple Product
The scalar triple product is a key concept in vector calenlys with wide-ranging
applications covering various fields, In three-dimensicnal gpace, it provides a
significant role in calenlating the volume of geometric shapes such as parallelepipeds
and tetrahedrons, defined by three vectors, which we will learn later in thir chapter.
Additionally, it plays a8 a vital tool for determining the coplanarity of vectors,
providing a condition to verify whether three vectors lie within the same plane.
There are two types of triple product of vectors:

(8) Scalar Triple Product: u- (v w)

(b) Vector Triple Product: ux{¥x w)
In this section we shall study the scalar triple product only.
Let u, v and w be three non-zero vectors
The scaler triple product of vector u, v and w is defined by

u-(vxw) or wv-(wxu) or w-(uxy)
The scalar triple product - (vxw) is writtenas
u (vx W)= [ v W]

14.4.1 The Volume of the Parallelepiped
The triple scalar product (g % ¥) - w

represents the volume of the patallelepiped By
having u, v and w a8 its conterminous adges.
As it ig seen from the formula that: s
vy w=luxyl|wicos® o s
Hemce, () [Xv|areaofthe e L

paraliclogram with two adjacent sides g and .
(ii) |w| cos 6=height of the parallelepiped
(ux v} w=|uxy|| w| cos § = (Arca of Parallelogram) (height)

= Volume of the parallelepiped

Similarly, be taking the base plane formed by v and w, we have

The volume of the parallelepiped = (v X w)- &
And by taking the base plane formed by w and g, we have
The volume of the parallelepiped = (w X ) ¥
So, wehave: (uxv) - w=(@E*xw) - u=(wxu)-»




14.4.2 The Volume of the Tetrahedron
Volume of the tetrahedron ABCD =% (arca of AdBC)(height
of D above the place ABC)

fad | mmt Oy |

14.4,3 Scalar Triple Product of Vectors in Ferms of Components
Letu=ait+h j+ck, v=a,i+h j+c,kand w=ai+h j+ck

Now, vxw=la, b, ¢

= vx w=(be;~hcYi=(a,6, - a,0,)j H{ah, b, )k
u.(vx ¥) = a(BG-ba)-b(a6-a0)+a(@h—ah)

AR T

= wlxw=a b q

| a b ¢
Which is called the determinant formula for scalar triple product of u, ¥ and w in

i-llllll
Prove that dot and cross product are interchangeable in scalar triple
product.
EFTIET), Consider ¥=ai+hjtokv=ai+hj+ok ad w=ai+hj+ck
are the arbitrary vectors.
The determinant formula for scalar triple product of vectors g, v and w is given by:
4 B g
u-wxw=a, b ¢
a b g
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@ b g

=-|& b ¢| Interchanging R, andR,
a b g

Interchanging R, andR,

o
5

[
£ B R
WP

=w @xy=uxy w (@ b=b-a
Henge, u- (v w)={u»xv) w
Thus, the position of dot and cross can be interchanged in scalar triple product.
[ETETa24] Assuming §, j and & are unit vectors in a cartesiah ¢oordinate system,

Prove that i+ j% k= j. kX i=k- ix.]
Giveni,iandﬂ:mlmitmtor,

So, we can write i= i+ 0j+ Ok, j=0i + j%+ 0k, k=0i+ 0j+kthen determinant
form for scalar triple product of unit vectors s, j and k can be written as:

100
i.jxk=0 1 0=1("0)—00—1)+0{0-0)=1
00 1
010 | 0 0 1
j.kxi=[0 0 L=0(0-0)-10-1)+0(0-0)=land k.ix j=|l 0 0|=1
1 040 01 0

Therefore 4% E= J. kx i=k .ix j

Find the volume of the parallelepiped detarmined by
u=i+2j-k v=i-2j+3k w=i-7j-4k

1 2 -1
Solution Volume of the parallelepiped = #.¥yx w=|1 -2 3
1 -7 4
=  Volume =1(8+21)—2(-4-3)-1(-7 +2) =29+ 14 +5

= 48 cubic units
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AT T96  Find the volume of the tetrahedron whose vertices are A(2, 1, 8),
B(3,2,9), 2, 1,4) and D(3,3,0).
[IIITTT 48 = OB — 04 = (3-Di+Q2-1)j+(O-8)k =i+ j+k

+j+
A_C';o—c’_a;(z_z)-g+(1-1)i+(4—s).g =0i-0j-4dk
AD=0D—0d= (H3-2)i+(3-1)j+(0-8)k =i+2/-8k
1 —h—h—h_ B
Volume of the tetrahedron = E[}L!i‘ AC AD]

Sy | -
—_ D -

11
0 —4= '15—[1(0+8)—1(0+4)+.1(0'—ﬂ)]
2 -8

4 2

——[8 4]— == cubic wnits
14,44 Coplanar Vectors and Cimailllnn for Cpplanarity of Three Vectors
Vectars are coplanar if they lie in the same plane or can be
combined in the same plane.
Consider the three coplanar vectors u umdwmaplaneas
shown in & figure,
The cross product vx w gives a vector that is perpendicular
to both the vectors vand w, As wvand ware coplaner, so
vx wis also perpendicularto. u
Thus, the dot product of u'and vxw is zero. Le.,
w (vxu)=0" - If vectars g and b are perprdicular then g-5=0
Thus, we conchude that if the three veetors u, v end w #re coplanar then their scalar
triple product is Zeto.
Properties of Scalar Triple Prodoet
1. Ifu, v and w are coplanar, then the volume of the parallelepiped so formed is zero
that is (z % ¥) - w =0 and hence the vectors z, v, w are coplanar & (g % v)- w=10
2. If any two vectors of scalar triple product are equal, then its value is zero ie.,
egw]=[uyy]=[uww]=

Prove that four pointa
A(-3, 5,—4), B(-1,1, 1), C(-1, 2, 2) and IX=3, 4, —5) are coplanar,

—_— — —
Proof: AB=OB-04 = (-1+3)i+(1-5)j +(1+4)k =2-4j+5k

_—. — —P )

AC=0C 04 = (—1+i+(2-5)j+ 2+ 4k =2-3j + 6k

—_— — —
AD=0D—-0A= (-3+3)i+(4-5)j+ 5+ 4k =0i— j-k=—j—k
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Volume of the parallelepiped formed 4B, AC and AD is
2 4 5
— — —p
[AB AC AD] =2 -3 6|=20(3+6)+4-2-0)+5(-2-0)
g -1 -1
=18—-8-10
=0
As the volume is zero, so the points 4, B, C and D are coplaner.
BrPTE28| Find the value of @, go that i+ j, i+ j+3% and 28+ j-2k are
ST\ Let » = @i+ j+ 0k , v=i+j+3k and w=28+j—2k be three given
vectors, Scalar triple product of given vectors is
e 1 0
[vw]=/1 1 3
21 -2
= a{—2-3)-1{-2—6)+0(1-2).
=—5a+8

The vectors will be coplanar if Sg+8=0 = a=§

14.4.5 Applications @f Vectors in Real World

A plumber exerts a force of 30

pounds along the negative y-axis on a lever Torque quentifies the
: . : - rotationl affect of & fixres applisd

mnmcted toammhinc Thc.mvm point pt‘ tl'.l'a m_-m_mzhm;m

levm: is atthaeor{gm (0, 0, 0), and the -farce.m Hig i cofiet e Dol Vel

applied at thepoint (1.2 f, 0.5 f, 0 ). Delermine ¢y sxents om o pivet et w0 the

the torque produced by this force about the pivot — politshes the firce ls applisd) and the furce

EITITTT, The position vector » from the origin
to the point (1.2, 0.5, 0) is given by
r=12i+0.5j+0k

The force / is exerted downward along negative
y-axis with a magnitnde of 30 pounds is
F =0i-30j + 0k




Torgue T produced by the force = rx F
Using determinant formula of cross product

i j k

=12 05 o0

0 30 0

= 0i—0j—36k
£ = —36k pound-feet

Thus, the torque is 36 feet-pounds in the negative z-direction

During & building construction, & crane exerts a force to pull a concrete
block, represented by the vector F = [4500, 3300, 2140] Newton. Each component
corresponds to the force exerted along the x, y, and z axes, mpacﬁvely. ‘What is the
magnitude of this force?

Using the formula for the magnitnde of a vector in three-dimensional space

El=\#+ P+ 2
=~4500% + 33007 +2140°
=/20250000-+10890000 + 4579600
=+/35719600,

=5976.59!

The magnitude of the fors exerted by the crane is approximatsly 5976.59 Newton.
The components of u=300i + 250/ +180k represent the respective
number of J&L:kl:‘lx, shoes, and handbagsgold st a store. The components of
v=3500; + 4200 + 6840k ropresent the respective prices (in rupees) per unit for
each product. Find u. v and explain what the result tells us in real life.
XTI, The dot product of 1 and y =u-v

=(3001 + 250/ +180k): (3500i + 4200 + 6840k)

= 1,050,000 + 1,050,000 + 1,231,200

=3,331,200
The result x- v= 3,331,200 tellz us that total revenue generated from selling all the
thres product is Rs. 3,331,200,




10.

11.

P EXERCISE 14.4 4
Find the velume of pamllelepiped for which the given vectors are three edges
0 w=3+2%k; v=i+2j+k; w=—j+dk
() w=i-4j-k v=i-j-2%; w=2-3j+k
(i) u=i-2j+3k; v=2d—j-k; w=j+k
Verify that a-bxc=bcxa=c-axbh
Ifa=3i-j+5k; b=4i+3j H
Prove that the vectors i—2j+3k, —24+3j—4k and i—3/+$kirc coplanar.
Find the constant a such that the vectors are coplanar. 1"‘3"
@ i-j+k, i-2j-3kand 3i-aj+5k /\@“‘“
(i) {-2aj-k, i-2j+2kesnd ai-2]+k |
Prove that the points whose pos/'{@‘*« ectors  are A(—6i+3j + 2&),
B(Bi—-2j+4k), C(5i+7j+3K), D(—H@U-E) are coplanar.
(a) Find the value of : a4

® 22k @) 3pkxi @) [kij]  Gv [i1E]
() Prove that u (v w)-+y: (k) + 1 (wxv) =3u- (v w)
Eindmtumuoftqhahnd@"wi_ﬂlﬂmyﬁﬁm. ..
@ (0 1,2), C&;\ff} (1,2,1) and (5,5,6)
i) (2,1,8), .9, (2,1,4) and (3,3,10)
Prove that tl}_._c‘f)‘oints whose position vectors are A(3i+2j—k), B(i—-2j+k),
C(6i+4 %ﬁ D(9i+6j—3k) are coplanar,
vabt?iﬁﬂbrnnyfhracnnn-mvmtnrg,gmdg
@+ v+ wx (wiu)]=2[u v w]
Censider a parallelepiped determined by the vestor # = 2i+ 4 — 3%,
v=>5i—37+06k and w=4i-7j—2k. If the base of the paralielepiped is

define by the vectors u and y then find the height of the parallelepiped.

A mechanic applies a force of 50 pounds along the positive x-axis on a wrench
conneoted 1o a bolt. The pivot point of the wrench is at the origin (0, 0, 0), and
the foree is applied ut the peint (0 fi, 2 ft, 3 ft). Determine the torque produced
by this force sbout the pivot point

2
i

il*_!J

:

i
%




12,

13.

14.

15.

? . <oo> nmensts (O
Adrone flies from point (1, 2, 5) to point (4, 6, 9), with each unit representing a
meter, What 18 the magnitude of the displacement the drone experienced during
this flight?

The vector u=350i+75/+65k shows how meny belis, pants, and shirts were
sold al & store. The vector w=1500i +3500 f + 3000k shows the price (in rupees)
of each item, Find u- w and explain what the result tells us in real life,

A force F= (20,10, 30) N is applied at a point P(2, —1, 4) in 3D space. The
pivot point is at M(1, 2, —3). Caleulate the torque produced by force about
the pivot point M. \O)

An eleciric shop sells three types of appliances: Fans, Heaatefs, and Ovens. The
monthly sales quantities are 500 units of Fans, 300955;@ Heaters and 200 units

of Ovens. The profit per unit for each appliance is Kb 500 for Fans, Rs 400 for
Heaters, and Rs 2,000 for Ovens. %’*

(a) Represent the monthly sales qum&ﬁga the profit per unit as vectors.
(b) Calculate the total monthly prof wcturnpuauons
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V EXERCISE 11 J
77)

—27 38 -17 7

Gi) (1,0} 2. () o4 W e

ﬁ)[s, o] @
(i) +— (1)ﬁ My g f;': 6 () 2185 (i) V9 (i) 354

25 13
(iv) ION‘I_ 8. 2

V EXERCISE12 J
() x=—19,p=22 (i) x=0,y=6 (i)x=—11,y=28 2 ‘x=1d,y=9
@ x=35 y=25 wx=-3V5, p=-25 @ x=62, p=Z ox +=-6:\2, y=-22

(i) = 0.46,y=095 or x=—046,y=-095 . 4 a=—§ 5 z=8y=3 a=2,b=1

(@ I—4ior-3+48 (i) I—for-3+1 (i) 243 =3310r-243 +3./31 (iv) 12+ S5ior—12 51

(5-28) 9 xe el A0Ge =D 1 u=By=ld 12 a=]

V EXERCISE13 J

@) (a+i2b}a—i2h) (i) (3a+ib)(3a —45) (Gil) 3(x+i)(x —i) (VI9(4x+iSy)(4x —iSy)
%) E-da-) ) (24:3-2)(=z+3+20) (i) (z+2)(z+ 2+i)

(vili) 2( ll;ﬂ[’ iilzsiJ
@ (z+2)e=iriB)z-1-13) @ [z+3)[ o 3‘!—’1 -2~ @J
(i) (z-2)(z—4){z+4) () (z-2)(z+2)(z- ﬂ}(zhif}

W (z—2)(z+2)(z—2)(z+28) ()  (z+1z-1)(z+2){z—2i)
("ﬁ}(z—\"ii)(z+@)(z—\f3_i‘)(z+v€‘i) i) (= 9Nz + 9)=— TiNz+ Ti)

Roots: 3,-3,4i, 4 Linear factor: (z+3)(z—3)(z+#)(z—4) 4. () z=3:I:i-\!'2_3

(ii) =3+ #21 (i) x-st@ () z=—2+3} (¥) z=—%:t%f (vi) = _5:|:J5_9:

) 2,-2,24,-21 () 0,3,-3,3,-3 @) 0,1,-Li44 (v 50

{‘r) 'Jis - ﬁs ? 5 _@ (\'1) —1. i

2




- o> S—

6, x=-22+62-Bz4+24 7. x=10z'+3022—40 B x= —3:*+6z' +42:* 062496

¥V EXERCISE 1.4 J

1. 9 {2,2020° i) {-2,-2o,-2a7} iii) {3,-3a -3} iv) {4 40,40}
V) {5, -5e,—5a8) 2 O 2,-2,2,-2i (i) 3,-3,3 -3
@ 35,-35, -5 4 @ -1 (i) -32 7. 0
¥V EXERCISE 15 J

1. () o &

i \ ) i _.-':"\’-’ b _,-"I ! /
NKCLDOAL
7 ./\_ a \('\' ., o
" S g
Ine
®
_E X
: = - = n - e
V)N 2T ™) .
[s,’*-] W
o 2T W r = ,
,I\“{_./f ,-' ).Qw___ '4_“"--.{ -1 =) \\(—ﬂ-
,f Hgmh{zi;\ \\._.—'1'—-\._:{._; ", }.f/ \.II ":’RH r \ )
I.' i I,I / ‘M?\ bl N '.,I i1 |. £ % g
o T T A .
| |
|




4 - 3 3

o fomoms) o e i3]
{ofe ) o {eft o)

. @ 2-28 @ —%—%f () 676184 (v) —10.62 285
() 086432l (vi) 1.68-1.09 4. () —3.86-2.0% (ii) —8.86-10.:69

(i) 4s(m%+um%'] @) %[m%ﬂm%]

5 @) -3.86+1.03i () 17.38~4.651 (i) -66.68+3851 (i) —%+m

2 D) 5{cos36.87 +isin3687) i) Ji[mfmin’%] iif) 1-[m£+fmi]

7. 2cosl20 ¥7ain120°), —1+43 8. 10(cos150 +isinl150),, —53 +5i

9, |z|=2-ﬁ.ﬁtg(z}=%+2m 0, y=3x23+1 13, y=—=x 14, y=—;x—%

1 x "
pE—x+— 1721 18 1 — —jigin —
15, y=—x 3 7 8 Zﬂ[mmlz lmnu]

19.  Rectangular form: 2+ 14i, Polar From: 10v2{c0s81.87 +1sin81.87 )
FV EXERCISE2.1 4
. @ @ 8 (@)-1 i) x*—4x+3 (iv) x*+6x*+8

moHV-3 a3 i) v2r—1 @) V2549




== pig D |

. @ 4 @) %ms[“g}me] ik +3ah+ h+32 *+ 20

sinh P
r— 1 (@ 1!l=E ® C=Wrd © S=6v¥

4. (@ Domaing = (—0,®), Range g= (—,00)

(i) Domain g =[-2,20),Range g=[0,)

(iily Domain g = (—0,00), Range g = (—,10)

(iv) Domain g = {—e0,00), Range g=[0,)

(v) Domaing=R—{3},Rangeg =R—{-1}
8. a=2,b=-2
6 @ (M 30m @ 75m ©1l1m @) x=2sec
7. @ Domain f=(—=,cc),Range f=(—0,20)

(i) Yes,ﬂmﬁmcﬁmismm-b—om,hmmseequnlfmyuﬁimpﬁesequﬂinpmx.

(if) Yes, the Banction is anto when the codoain sl real mucnbers,
8. (@) Domain f'=R-{-1},Range f = R~{2}

(i) f(x)ismot onto.
10, pix) is sjective.

FEXERCISE2.2 J

. - i
L@ O [ I 4 (it
| | | 15 | | | | | | 21_.2 | ! i 1 1 i
108 1
i 8 i}
& 04
-4 0.4
¥ i ¥ 2 Jesg s
-6 420 —2-15-1-050] €5 1 152
L




'—0‘.4—ugnl 51152

(i)

(iif)

2. ®

(iv)

2 4 6 8




(i)

.M

E
24 6 3810127

(@)

ia

L - ]

2468 1012

(i)




(vi)

15
05 -
E
10 3™, 3 6 7 & 9 10
-1 “v;;;}.. |
-15 - =S
e} | ! I} | | | |
Y
&y
fz-3
4 6 8 10
1 {
yV

() l4months (i) 3732metres S 25 grams
V EXERCISE3.1 J

() Minimymvalucatx=-3i4 (i) Minimum valoe st x=—2 is—4

(i) Maximum valne atx = 41829  (iv) Maximum value gt x = '?3 o 'T“

(v) Minimnm value at x= — | is— 16 (vi) Maxinum1va1unat.t=i is %

(i) Minirmm velue gt x =2 is — 4 Domain f= (=, w); Range f= [ 4, =)

(i) Minimom value &t x = % is _Tl;Dumninf=(—W.uD):ngaf= [_Tl.m]

(iii) Mexinmm value atx= 1 is — 7; Domain f= (o, oo); Rangs f= (—o— 7]
(iv) Minimum yalue &t x =2 is 0; Domain f= (20, oo); Range /= [(},00)

(¥) Minimum vahe at x= - 1 is—9.3; Domain f={-, cc); Range f= [- 9.3,x)
{vi) Maximum valus &t x = _Tl is %;Dmﬁnf-(—m,m};hngef-(—m,%]

@ £ )= vx+3 ; Domainf=[-3, «); Range f - = (~w,0]



== <> ) |

(i) /(@)= —3—«5+x ; Domain f~'= (— 5, o); Range /~'= (- 3, x)
4+42 -3+
@ o= —g : Domain f~1= [~ 3, c0); Range f~1=[2, )

1+ J3x—17 ;

S 'em= : 3 ; Domain f*= [71, «0); Range f*'= 5, x)

W @)= 3+,"T_' : Domain f-4=[1, co); Rango f=[3, =)

(x+3)

@ = 4=

s Domgin /= (-a,-5); Range = (-o0,-4]

M 22} @) {~1,-4} (i) {3 /5,3 +45 )
3 713 3+47 X3 ﬁ“L
] 2 | d

2w a | @i ..(ﬁ;_..[l—-

{W}{(—J§+3,J§+3” (vii) [ %, -JT:.-IFS

¥ _EXERCISE32 ]

(iv) { 3+:'ﬁ «.)]

s

T . ath 2 |
Loty @ean @ e R
@ {) (vi) [%_—;6 (i) (4} (i) {4, 20}

{ix)} {2} {‘.5‘) {4} 2. 15sheep 3. 97 doren eggs 4. 6 hours
5. 20days . ‘6. '0<s<4756km 7. [D.586 s8¢, 3.414 ssc]
¥ _EXERCISE4.1 J
[ = 3 1 1 1 -3 -2 5
2 @ |2 0 -3| @2 -3 4| ¢fr -5 -2
0 -2 3 4 -2 2 3 -6 4
=1 -2 1
@ 1 5 -3
3 2 2




e <> matscnntes (TR0

2 3 0 01 6 14 5 22
5. A+A£=|3 0 7|, 4-4=|-1 0 3|, 4£=|5 5 3|,
0 7 6 % 3 0 22 3 43
11 =17 -10 -1 2 3
A’A=[—l? 29 21 ] (A’)"=ll 0 2]
10 21 2 3 5 3
2 [,
6 |-1 -3 -10
5 4 2

¥ _EXERCISE42 4

1L @ -21 () 92 () 4oz
4 @ A;=-10,4,=-2,4,=-5/4=-5@) B,=-3,B,=5B,=-1|B|=-1

5 0 x=% (i) x=—ler2 (b)) x=20r3

6 () 147,0 (i) 0,96 9, ﬂ_:%,;{ —

V _EXERCISE43 J

1
4

= b=

L@ [0 —

1
{iit)

L |k ol

2
i
6

f | ek

1
E
2. (i) Rank=3 @) Rank=

@ {(Lo1)}
« o {(LL0)}  a {[}:.?.

. Jf1s 98 12 22
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6 @ {(0.0.0)} @) x=21%=—t,%=1 (i)xn=-34% =205 =

16|36 || 21
7. AANLBER5CO D 0 L-6-41) o 3‘; Y (-2 . [22 £ [25
. 15|/ 49| 16
11l. HOLD FIRE
V EXERCISES.1 J
1 L_L 2 L_i 3 1+.L._L
T e | " x—a x—b ; x—-1 x+1
1 1 3 1 1 1 A 1
4 + - 5. -+ 6 Ax+I+——————
2+ x+2 2x+3) - xtl xi2 x43 T
7. 1+1+1 8.1+3—z4+3“
x-1 x-2 x-3 x—4 x-3 x—6
. a + b A c
T (a-Be—aXx*+a) (a—bYE-c) P+ (c—a)b—o)(x’ +¢)
1. —1 + 2 3 11. — . + L + 1 )
-1 (==L 4x+1) 4x-1) 2x-1)
w 3. 10 2 _1OY 1 1
x-1 (=1 -1 x x+1 (x+1? (x+1)°
8 2 i 2 ko o " 3 3

+ s —
x4+l x-1 (x=1¥ x—2 x+2

F EXERCISES.2 J
1 +--x*45'2 1 x—1

L — 3 8 -
x+1 x*+1 Hx—2) 3 +3x+5)
" 1 x+2 2(3x+5) " 2 = x+1
=2 X*+2 (@F+2®  x+l F-x+1
2 1 1 1 2 8
1~ + 6. + = = -
241 (P +1)F 2-x 24x r+4 (F+4)

¥ _EXERCISE6.1 J

1. (i)24,28,32,36 Gi)-3,-5.-7,-9 2. (811,14 @i)3,5, 13 (ii)—d,-3,0 (iv}—l,S,%




== o> e (N

(\r}3.4,% (vi) 1,25,5928  (vil) 4,16,36 (vit) —7,28,-63 3 120

“ M (i) 1+2+3+.+n (i) ab, . {iv) mx" ) a+(n-1)d

—1 v THE
(v @r" (vl e (i) g "

¥ _EXERCISE62 J
1. Gd=T;3037 @d=NZ;5+W2.5+42 2. @ 21528 @ 12,-1,-14
3. 3n+7.4+6m 4 () M@ 47 575 &No 7.5 8.25 4 62 10.7,1217,..:502

; i — 40
12, 128 13. 164 14.T :No 15.13 12, 3:4:5

F EXERCISE63 J

1. ©2 @A+FE 2 1,21 3 %%%%% & 59695 7.0

¥ _EXERCISE64 J
1L (630 @i}ﬁ;%l 2. (1300 (230G 1932 (4. 22 4. 14,8

5 Som,12em,15om 6 (Da(p-2)(D3Ga-13) 7. 650 4. 385

9. 200000 10 3+7+11+... 1. 731Z 58 11orll 85 13. 32

14. 5,7,9, 11 0r11,9,7,5 15, 3,4,5,6,7ar 7, 6,5,4,3 17, 11
EXERCISE 6.5

-579 579 —579 579
24 8 °16

1L I—: 3. 6561 3. 5 A ()243,8,27,9,3 (@)579,

5. 54 . 2,6,15,.....:;:'2:53*""1 B.ofmn 9. 2,6,180r186,2 10. 81-<9

3 =81
12, 2,712 10,7,4 13, 1,2, 30r17,2,-13 15 %

V EXERCISE6.6 4

1. (MHor—ad(H)dor— (i) eor—3J6 2 6,12 24,48 4.% 5. 4,160 16,4
6 280r8,2

¥ _EXERCISE6.7 4

1 :},:ﬁ: 2 4172 3. {i)%{"-_%[l-L)] (ﬁ)%[t—u(lﬂ"—l)-ﬂ]

1"

o a{l—B)1—a") - B(1—a) (1 - F*) i {1—;-'_1:{1—!:":-')}
" (@ BY1—a)1-b) U )

15110
5. %




-— I,
F _EXERCISEG6S 4
1 14080 2 -1 % (Ze+d3FN—195 4 ()6 +(@n—6)2
@ 21— (r+ 13 +n3"] (i.ii)4—§&]n-l—§{3n— o(3)
w3-je-03)-56) w¥-Je-aG]-36)
. @6 @Y & 2“”33‘?”‘ 9. n2n+1)

2 3(l-2") (Ba—1n" 2+x
1-x  (1-=xP 1-x (1-xP

EXERCISE 69 J

. R 121 . 3.5 1 33K 1
L g @y 2 O-L2355 O »'p'UW'n'a > o

4. -10 3. 67 6. -1 & 3,6or63 9 2, 80rd2 17. 19

F EXERCISE 6,104

11,

L. w () w .fﬂi]' 2+l (iv) nin+1¥n :4)(n+5)
© n(u+1){u]-|-2 2X9n+7) ) 2u(u+1§23*1) wid 3u(u+1;(211+1}
(viid) n(n+ 19" +13a + 2) (@) }{n'-ﬁl)(dn+5) ) nin+1Y (n+2)
12 \ 6 12
% (D)= +) gy 2 +;:”+m 3, () o +4n+5)
@) n{2n +:n—11) & @) Zn(dn’+8n45) @ dn(2n -3|-3u—2}

¥ _EXERCISE 6.1 J

1. Re.65 2.Rs, 23007750  3.5% 4.Rs 173596 5. (a) 900 Litres, (b) 200 weeks,
(c) 400 weeks 6. (a) 23.Bmillion (b) 7+ 14n  (c)21 7, {2) 100, 8O, 64,512, ...
(b)482.4(c)500 5. Yes,Ra. BOO0 9. Rs. 946822 10. 17hours  11. 25days  12. 1088
13. 7.2 seconds 14, 410.4md

V EXERCISE7.1 J

1. 9 () 220 (@) 20 (v) =+2 2. () G @@ _= 3 5
(n-2)| (n—r)l

4, 81 6 (HDifr+r+d) 7 9
{r+ 2!
¥ _EXERCISE7.2 4

1. (D 30240 (i) 20 (i) 5040 (iv) 720 2. () 9 (i) 5 ()10 4 () 720
(i) 5040 (i) 40320 5.30 6 325 7. 120 & 100,36 9 408
10. () 48 (i) 72 1L 600, 120 12, 24 13, 30240 14. 1440 15, 2880




== <> Matiretn

V EXERCISE73 J

1. () 20160 (i) 151200 (i) 9979200 2 10 3. 90700 4. 1260
5 (@) sS040 (b) 720 (<) 120 6 2880 7. 90 B 12612600
9. 725760 10, 13! 11, 967680 12, 2880 13, 60 14, 60

F EXERCISE 74 J
Lo@1 ()l (i) 120 (v 140 2 (@2 (D3I 3 (D 83 (i) 6 2
6. 56 7. 120 S.560 9. 171028000 19, (D 1176 (i) 280 (i) 490 (iv) 56
11, 90, 455 12. 16 13, 435 14, 11760 15 56  16. 12376, 8008
17. (I) 840 () 1016 (ifi) 1016 1& 108 19. (a) 94058496 (h) 4838400
28. (i) S1R4D0 (ii) 14400 '

P EXERCISES.2 J
1 ({Ji EfEE|ﬂ ﬁ|ﬁ4

5 Nt T

(i ma’ wkdx | 61285 Se0ar | 280%- | 14N X

x
a e a a
“? g|% zu|% %|§ L DOS136T () 1664966416
(iii) 992023068016 (iv)40.84101 3, () 2442422 +8d (i) 724
4. (D) 16+ 32— Rx? — 40c% + 2+ 2005 + 26— 474 22
@ 1-4r+ 102~ 168 + 190 - 165+ 105 47+ 2 5 @ IS120¢ (@) —41184r

@aszs Wy 6 @ _153“9 @ CYes 190,
2 8 (D B

2

8 (D -8064 (ﬁ)E ()35 o O T 2* @ Soxmd

o (:m-u)l Em+t 1
(i) 2(-1) migma)l % mndh = { S mitmt 1)l " x

¥ EXERCISES3 J
L (i)l—l 3' “x‘+--mn1mf\s4 1
()2 3x Séf i'f;’ i VAl o< (D1 -+ 2026+ Tavalidif g <1

(i) 1 - x+zr= 227+ - ig valid if x| <1
{iv}l+h+%f+2f+---iswlid'ifIl.:;;% 2, O-1rx2a (H4n 6 ,,%

F EXERCISES4 J
L (09950 (i)1.010 (E)033L (W)0935 2. Remainder=1 3. Remainder=1
4. (D21%>190420"°  (§31%>209+30' 6 Remainder=3 7. 6
12, Rs. 12,616,000 13, Rs.2,928200 14, 28 matches

V EXERCISES.1 J

1. () Quotiert=73x+2,Remainder=4 (i) Quotisnt=3*+ 14x+ 25 , Remainder = 54




== o> i (N

(iif) Quotient = * + 27— 2x + 1, Remainder = 18 (iv) CQuotient=5x2—3x—18,
Remainder = 12x+ 71 {v) Quotient = 3x%+ 4x—3, Remeinder=-25x+9 2. (i) 20
(i) 10 i) 5 {iv) 91 (v) 10 3. () x+1isafactorofs®—1

(i) x—2isafactorof ”-Sx+6 (i) x+lisnctafectwofls®+x*+x-3

{ivy x-—2isafactorofx’+22—Tr+2 (v} x-3isnotafactorofa®—3LC+2x2—x+1
() (x—2)x—1}x+3) {) +4ax—6)x+2) (i) (x—ZWx+3Nx+ 1)}{2x+3)
Quotient =% - 3x2—x+ |, Remainder =1 6, p=2,¢=-1 7, k=1 & k=8

o

5 p _—s.q — 10. a=-8,b=-16

2 2
V' EXERCISEY.2 J

1. 2625% 2 20wits,2unitk 3. z=2,—1 4 z=-2,—1 5 z=—05,1
& z=—0.5,0.8, the syrtem is stable. 7. x=—0.5,—0.7, the system ia gtable.

¥V EXERCISE 10.1 J

. ® —% @1 @2 w2 W % (vi) '?'2 (1) —cos 12° (i) —sin 12°

(iii) cos27" (iv)tan33 (v) sin 15" (vi) —sin 39° (vii) —cot33° (vii) —ain21” (i) — in 30°

F _EXERCISE10.2 J

Lo ‘f\}; i) "i,}l G 2—3 (9 ‘% W) ‘;‘}f (i) —2-3
13 84 13 7 36 7
% O _E {ii) _E {iif) 7Y (iv) 85 ) _E {vi) _E

The terminal seeng of wngles of megeure snd e+ F and e — F are in 11T and 11 guadranis
respectively,

@ ;
18. (i) %,-g—g {ﬁ)—'%,ig 15 () 2Ssin(@ +¢) g = @) 13sin(0-p),

5 : 3
ng =5, (i) J2sin(f—¢),tang =1 ) 0sin(6—p), tng = -

@ lan(@+p)tmp =3 () 'Ssm(ﬂ—¢),mn¢=%
¥ _EXERCISE 103 {4

2 7 24 24 7 24
L @)sin2a=— ,c08 2 =— ,tan2g= — (ii) sin 2= —, co8 2= —, tan 2@ = —
25 25 7 25 25
3—4cos 20+ cos 48 -1 Jio+245
4, gntg= -2 8"“” 5. () uin18°=J§4 . conle® = : V5
J10-245 . . J10-25
(i) =m36° = J_,SIS“:J;H (i) nin54“=J§+l,mus4°=—J_

4 4 4 4




H— <ws> s (1
V04245 -1

(V) gin 720 = oon T2 = =

¥ EXERCISE 104 J

1 () sindg+sin2¢ (ii)ainBH-min2d (i) é (sin 78+ 6in36) (iv) cos 50— 05

(v) 3 (vin2x—sin25) () 3 (cos dx+co8 60°) (vii) & foom 34° —con S8°) (viiD } (o0s 90°—cos 24)

2. () 2sindfcosf (i) Zoos60sin28 (iif) 2005%“3?& (v) ~2sin40sin 39

(v) 2co8 3 con 18 (vi) 2sinxcos3l®

V_EXERCISE i1.1 4

I, ) even (ii) neitherevennorodd (i) even {iv)n:ithrﬁénnwpdd (v) odd
¥ od (v even (vi) even 2. @ 2 ) Z @)L G20 (v) 40 (D) 5w

o) i) 2 () 30 (0 oD 30w

r EX_ERCISE 1.2 4




(iv)

e o s e o e e .

Tl In--u)-

I —

oD

=

)

= - S - -
L L ¥ L

=ﬂi11£I
¥ 2



1. (i) Max=4,Min=2 (i) Max=4, Min=2 {ii1')Mlx=%,Miﬂ=— (i%) Miax ==, Min=—

2 53 2
) 1
(v) Max=4, Min=—2 (vi) Max=3, Min=—1 (vii) m;-%,Min-% {fiﬂ).'uu-%, Min=
(x) Mu-%.hﬁn- % 2. (a) Max. temperatare =21.5 °C, Min. temperature = 8.5 °C

{b) Temperature at 9 a.m.=8.89°C 3. distance=36.78m 4. height=130.92m
5 (@ ﬁ{t)=—30m(%t]+36 (b) 66 feet (c) 6372feet 6. (1) 27m () 03m

(c) %mond (@) 0.05secomd 7. (a) -Mr)’*-i&—.’!.ﬂml_(%r) {(b) 28 feet

(c) 3787sand82.13s K (3) 6607F (b) l4bkr or2pm  (2) MF
9. (@) 65000 (b) 8000

F EXERCISE 12.1 J

1 () 2 (i) 0 (i) divesgent (i\r}% L@ 10 G)S5 Giy4 WO @0

{vi) % i@ 2 (ii}% (i) —12(v) 0 (M O (vi) 4 (vi)) 2

b -4

(vild) ;i—; @ Zata @) s @ s GO @) VEZW

vi) 2 ()2 (vil]) :’—d’ (ix) %(ﬂ) 6-logd  (xi)  2log2

] —_—
5 0 ¢ @ Jéﬁiﬂ% i) & () & (vi) & (i) (i)
1
(ix) - -1 () 1 @) &
V_EXERCISE 122 4

1. (@) -2 (i) € (i) o 2. (i) fis contimuous et x = 2 (ii) f'is discontiouous at x = 1




.- o> -

3. (i) fiscontinuons at x=2 (i) fis discontinuous atx=-2 4. c=-1
5 O m=1,n=1 (i) m=4 & k=% 7. f{x)is discontinuous atx=1.

V' EXERCISE 123 J

1. 0 2 100000 3 500 4 (DI0 (DO 5 @ o (i) 8244
6 yes 7. () 1618% () 1M99 B yes

¥V EXERCISE 13.1

1. {D4r (ﬁ)% {iii)—%fm(iv)h—B 2 (i)qﬂj.ifﬁ}—hr;ﬂ 3. (_i‘}-%' (i) 26+ 2

4. (ﬂg,_fiz)p Gy 10(2t+3) (i) Talaw+ b 5 g,y=3,+13,.' 6. y=Tx+4

7. (LO),y=x-1 & 8 9.%,15;,;=:+9 10. () 28km/k (i) 13 kmih
11 0 12. Sclhr 13. (i) not differentiabls (i) notdifferentizble

P EXERCISE13.2 J

1. (D4 + 62+ % (iij-3(%+x+a) (m)-@TfT), (iv}%x () 1 =23+ 22
2 3 2
os-2 oGS gty wgEihm

&) —a (D) —2x 3 32 -2 -3x+2 3 £2-324+3x-1
‘\ia—x(a+x)m '\__p'_i"f-"l(z’—l}m N e ) : 21\,;:(:t"“n—:l:l""']n2

¥ EXERCISE 13.3 J
v=15f—6t+1 - 2. Maximum Stress= 100, Rate of change= 0
D PE) =—10P+700x—2000  (i)Rs.400 4. (2940 (i) 27440
) 152mls" (i) 96m/® 6. (D T2hkm/h () —12km/i* 7. 292Pa/m N 191686.6 unite/m

F EXERCISE 14.1 J
-2 1
3’

C@1-9 ®UU-BREGVIE 2 @ B3 @6 3
&

T 1+\T7 1.4 8, \74-12j-16
(i) 10; 5=5-D 3 1= 2 4. 9-i+9'£_9-k 5 @

W g e

b
l.nll—

—
Lhy
5
¥ |
|
'--I

oK s 8 oo W Rl 2.,
& @it (st O FitHEIGEE TS50 @ 5
5i 107 1sk 3,1

o= 2




== o> m-

?
1Z. Only the triple (iif) 45°, 60°, 60° satiafies the condition for direction angles of & single vector.
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2 8=60 3. =%

-qlm

10, 10179 kilometers  11. (i) —g:%-% (i) %E —3[ {iii)

~a|a«

!
OE® Gn
4. (@) Projeclion of aaleng b: —;E ;Hnjmﬁmnfﬁn‘lmgg:—%f_y

(i) Projection of a slong b: %g; Brojection of b akong gg 5 M3 @ Lo

6 20r-3 13, SGunils 14, Runis 15 102umis 16, %}wu

F_EXERCISE 143 ]

L. @ gxb=-3/-3k;bxg=3/+3k () gxh=5i+3)-Tk;bxa=-5i-3]+7k
(i) axb=-71-7j ;5%xa=74+47j (iv) @xb=31-Gk ;bxa=-31+6}k

Wi-9j-Nk  fem | AMASE B ik 2[5
2 @ @ ,mﬂ-@ (i ,d.?—s -me'm (i) _\&.mﬂ' 3
13i+/+22k @ T ﬂ

. R . .. 52 )
{iv) “’a rainf= T 7 sguare units (i) 3 Aquare mnits

4 () /237 squure units (ﬁ)'\\'ﬁﬂaqmmtu 5, a-%,b-%

. {i}Pum]lulwcm:.gmdﬁ_v;Pupcndicularvwm:Nu
(i) Parallel vectors: u and w ; Perpendicular vectors: ¢ and v ; v and w
13, 487-4/+30K id —14j-14k

15, 3i+37+3k 16. 154—15/—15%

PV EXERCISE 144 J

1. (i) 25 cubicunits (i) 14 cubic unite (i) 10 cubicunits 4. (D)

k2l

(i) +1
@ @4 @3 G WO T @ 3cubicunits ()3 cubicunits

301
14. Ji6% 11. 150j— 100k (inpound feet) 12. <41 meters

13. Rs. 532500, which is the total revenue from the sales of all itema.
14, -20i+110j+50kNm 15 (a) [500,300, 2007, [500,400,2000] (b) Ra. 770000




