Differentiation

INTRODUCTION
The ancient Greeks knew the concepts of ares, volume, centroids etc. which are related
to integral calculus. Later on, in the seventeenth cemtury, Sir [sase Newton, an English
mathematician (1642 — 1727) and Gottfried Whilhe G, W. Leibniz, a German
mathematician, (1646 — 1716) considered the problem of instantaneous rates of change.
They resched independently to the invention of differential calculus. After the
development of calculus, mathematics became a powerful tool for dealing with rates
of change and describing the physical iniverse. ¥ £ ¢
13.1 Tangent to & Curve at a Point
Let P(x, f(x)) and Ofx + &, f(x + &)) be two |
points on arc 48 of graph of f defined by the -
equation ¥ ={x) &z shown in Figure 13.1.
Where 8x is the increment in the value of x (read
a8 delta x) _ O/ M N
The line P(? is secant of the curve and slope of Flgwe 131
secant line passing through Px, fx)) and Ox + 8x, fix + &x)) is:
= RO =f-(i‘+:&f)_f(x) (1)

PR o
Where meecis slope of the sccant line, 4
Revolving the secant line PO towards 7
P, some of 1ta successive positions &%

ghown in the e

PG, PQ,, PQ,, ... e shownin Bl 4
Figure 13.2. Points Q.(i=1 2, 3, ...}
mf getting cloger and closer tu the ﬂ'—':;a L L .
point P and PR are approaching .
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In other words, as & — 0, the point O approaches P, and the secant line becomes
the tangent line. The revolving secant line becomes the tangent line P7 at P while &x
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approaches zero, that is,

mm=£nﬂf(x+a£_f(x) @

where m, denotes the alope of tangent line. We see that m is the limit of m, as @
approaches P along the curve y = f{x).
LETT NI 1| Find the gradient and an equation of tangent line to the graph of

fix) =x*-2 at the point P(—1, =1).
BRI, To find the gradient or slope of the tangent line at point (—l ~1), putx=—1

in equation (2)
—TLim f(_1+ax)_f(_l) S W S 77 ——
Pl = oy 5x e (20 | |5 .
MR s s i
(-1+8x) -2—-((-1)*-2) S s
= BeeE &x _ :“i;;_ll'ﬁ 2 | ff_J i
gy 1 28048 —2-(1-2) | b 'i-n B! ¥
it 0 Sx / —4-3-24 f" 123 4
S 1 i H"“ e b I i
L 2B =241 2P LM
= 8 &—lﬂ. &x I A ) |
SR
=LimM—L1m(-—2+EI) -2 -
30 &

Nowtnﬁndﬂ:eequa'nunuimngentlmgwausathﬂpomlslopeformufequauunoflme
with slope =—2 and point (—1, —1)
y—(D=2(x~ED) = y+1=-2x-2

or y=-2x=3, which is the required equation of tangent line.
The graph of f and tangent line are shown in the above figure.
13.2 Derivative as the Limit of a Difference Quotient
Let fbe a real valued function continuous in the interval (x, x,) D, (domain of 1),
then difference quotient Sx)-f(x) (1)
X —Xx
represents the average rate of change in the value of fwith respect to the change », —x
in the value of independent variable x.
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If x, approaches to x, then Limd %)=/

Rz x—x
provided this limit exists, is called the instantaneous rate of change of fwith respect to
x and is written a8 f'(x).
If x, =x+dx i.., x,—x=3r,then the expression (i) can be expressed as

f(x+8x)— fx) (ii)
fx
il umf(”a;z‘f(") (i)

provided the limit exist, is defined to be the derivative off (ot differential cosfficient
of f) with respect to x and is denoted by f'(x) (read as “f— prime of x*}. The domain of
J" consists of all x for which the limit exists. If xe.D_ and £'(x) exists, then fis said to
be differentiable at x. The process of finding {15 called differentiation.
13.2.1 Derivative as the Rate of Clianpe of Velocity
The rate of change iz a fundamental concept in describing the motion of an object
moving in g straight line, Inphysica.-_t’l'!is is typically analyzed using position, velocity,
and acceleration, which are all related through derivatives (rates of change).
The position versus time graph provides a simple interpretation of the average velocity
over a given time interval.
Suppose a particle moves in a straight lme and its position at fime ¢ is given by the
function s(f). The average velocity over the interval from f to £ denoted by v, is
defined as:
s(8)— st :

Vo= (ﬁtl}_f[ ) @)
Equation (i) also represents the slope of sceant line passing through the points
(£,5(5)) and (¢, 5(z,)) . If the interval ¢ — ¢ is not small, this average velocity does not
accurately represent the rate of change at time .
To illystrate this, consider a particle whose position at timg ¢ (in seconds) is given by a
function s(f) =¢2+ ¢ in metres. The average rate of change over various time intervals
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starting at ¢ = 3 seconds is shown in the table below:

<>

Imizrval t=3 mecato =35 pocs #=13 secs to #= 4 BeCE =3 socs to 1=23.5 sece
63

Aversge| s(9-s3) _30-12 __ | s(4)-o3) 20-12 . ,(3_5}_,{3}_7-12 -
veloelty | 5_3 2 4-3 1 35-3 05

& & |

¥y

so|” 50" |

40 40

30 30

_20' a0 2013l |

10 10 | - =i I .x

9| D 12345 6

We observe that these values are not closely approximate the particle's velocity at
exactly 3 seconds. To obtain a better approximation of velocity at x = 3, we use smaller

intervals:

[nterval Average velocity
1 TT
f=3pecetof=3.1 G +_.3'l} - = 07 =71
3153 0.1
f ve =
Y nan e (ROYWAIL 12 0001
. NA01-3 0.0l
PP {(3.001)° +3.001} -12 _ 0.007001 _ B
3,001-3 0,001

We iee ag the length of fhe time interval decreases, the average velocity becomes
instantaneous velocity af = 3. Based on the trend, we estimate the instantanecus
velocity to be approximately 7 m/sec.

Thus, over a sufficiently small interval, the velocity changes negligibly, If ¢, is very
close to , the average velocity over ¢ —; approximates the instantaneous velocity at £,
Ags ¥, approaches ¢, the average velocity i3 called the instantaneous velocity.

This is similar to approximating the slope of a tangent line by calculating the slope of
A gecant line. Mathematically, the inatantaneous velocity denoted by vag 18 given by
the following limit:

y =Lim* =5  (provide the limit exist)
Rl {4

For convenient, if ; = ¢+5¢, then a8 4, —¢ =5¢— 0, thus above equation becomes:

o };’.ﬂ 8t + Sg —s(2) (i)




<ui> maenacs (1
In other words, the instantenecus velocity is the derivative of the position function 5(3)
with respect to time.
A particle moves along a line such that its position after ¢ hours is given
by: s({t)=4F£ + 21+ 1{in miles)

(a) Find the average velocity over the interval [2, 5]

(b) Find the instantaneous velocity at £=3
ETUTTTA, (=) given position function s(f)=4f +2¢+ 1, where 2<¢<5

The average velocity over the interval 2<7< 5 is:

-5 4(5)’+2(5)+1—[4(3)’ +2(2)+1]
- 5-2 3
_111-21_ 90

D aomi P
5 3 nriles/hotres

(b) Instantaneous velocity can be found using the formula

Average velocity—v i

Instantanecus velocity = me

Bl at
3+8F +203+80+1-| 4(3)*+ 2 1
_ iy M3+ 80 26+80+1-[ 43)"+ 20)+1]
&0 : St
=Lim‘4{9+66t+6t‘)+6+25!+1—43
¥y L
. 36245+ 454* + 6+ 254143
=Lim
%30 Fi¥4
; 2
=Lim43+26&‘+4ﬁt 43=um265!+4ﬁf
=0 &i E—+ O &
im0 (26 45)= 26
&0 B &0

Thus, instantaneous velocity at = 3 is 26 miles/hour
13.3 Process of Finding Derivative f(x) by Definition
12.3.1 Notation of Derivative
Several notations are used for derivatives. We have used the functions] symbaol f'(x),
for the derivative of fat x. For the function y = f{x).
y+8y={f(x+ &) (iv)




Dividing both the sides of (iv) by &x, we get

By _ fx+dx)}—f(x) )
dx i
Taking limit of both the sides of (v) a8 éx — 0, we have
Lim? = Ljp/ /() (vi)

W08y &0 &x
Lim ¥ i denoted by ¥, 50 (i) i writien 38 & — 1)

=0 Ay
T~
The symbol %ia used for the derivative of y with respect to x.and here it is
2O~
not a guotient of dy and dx. %is also denoted by ', - ’
Z )

Now we write, in a table the notations for derivative o-fy = f(x) nsed by different
mathernaticians:
Name of mathematiclan | Lelbmiz | Newton | Lagrange Eunler

Notation used for desivative % & ‘:"—i rery | S D)

If we replamx+5:hyxnndxby¢,_ﬂ1'ﬂnthc expression f (x + é&x) — f (x) becomes
JS(x)—f(a) and the change & in the independent variable, in this case, isx—a.

&% x—=a

Taking the limit of fhie expression (vii) when x — a, gives Lim? @&~/ @ _ ~cpy

X=h d X—
Here f"(4)is called the derivative or gradient of fatx =a.
13.3.2 Firiling /'(x) by Definition of Derivative
(Given a function f, then f (x) if it exists, can be found by the following four steps:
StepX:  Find f(x + &x)
Step Iz Simplify /(x + &) —f(x)
Step TT: Divide /(e + &x) — f(3) by 8x to get f("”ag‘f(") and simplify it,

Step1V: Find L FC+80-1()
5240 B

The method of finding derivatives by this process is called differentiation by definition
or by ab-initio or from first principle.
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Find the derivative of the following functions by definition
@ fl)=¢ by fe)=x

@ 709=c

@) fe+ar)=c

(i) flx+d)-fx)=c-c=0

apy SEHE)-F(x) 0 _

(i) = ==

: oS-G L e

(iv) Lim = = Lim(0) =0

B =0

Thus, £(x) = 0, that is, %@:u

(b) fEy=x
D flx+8x) =+ &y
() flx+8x)—fx) = (x+ &) — 2 =2 + Lol +(Bx)? — o7 <2+ 8x) &ix
iy SO JE _ @88, G (5x20)
x 8x :

@ Lim/ETESE) i gy =20

e, fx)=2x
Find the derivative of v/x atx = a from first principle.

EITT K f(x)=+x , then
M f(x+5‘x)=4;+ai and (i) flx+80)— ()= Jx+dr—+x
_ (ot —fa)x+ -+ ) {mﬁmauﬂnng
: Jrt8x+/x numerator
x+dx—x
Jx+8x +x
. . &
ie, flx+dx)— f(x)_—,_ﬁﬁﬂ 5 6))
(iii) Dividing both sides of (1) by &x, we have
Slx+8)—f(x) _ i
&x fr(v/x+dx +/x)

1
N T P

(Bx = 0)
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(iv) Taking limit of both the sides as &x — 0, we have
. flx+&)—-fx) _ .. 1
& bx _ﬂ[m+\f;)
1

fie. fr(x)=J;:.J;=2\]f; s (x>0} end f"(ﬂ)=m

Alternate method:  Puttingx =ain f(x)=/x, gives f(a) =Ja
So, f@-f@=vz-a

Using alternative form for the definition of the derivative, we have

f@)-f@) _Vx—a '

xXx—a xX—a

_Wr-a)Eeda)
= ittt (rationalizing the mmmerator)

_ x—a _ 1 A
T x-a)x+va) Jx+fa a) =
Teking limit of both the sides of (2) as ¥ —a, gives

. S-Sl _.. g » 1
E‘-IE i—-a I;E':'LJ;+JE va +Ja
1 m— l
ie, fla) = i

which is the gradient of fat x = a.
(BT Iy then find % at x=— 1 by ab-initio method,
X

IR Here, y = ., 50 @

1 .
y+8y= R ii)
Subtracting (i) from (ii), we get
1 1 P—(x+30)’
= (x+8xF ¥ 2P(o+8x)
_ x4 (x+ &)} {x—(x+5x)}
- 2 (x+8x)




_ (2t Ex)-dx) _ ~8x(2x+8)
T Pa+d)f Pl &)
Dividing both sides of (ii1) by éx, we have
@= —8oc(2x + &ix) =—(2—x+ﬁx)
& Plx+@x)-8r Plx+dx) ]
Taking limit as &x — 0, gives
Lim &y - Lim —(2x+8x)
08y &0 (1+8&0)°
_ 2
*(x%)

oy Dol gpd W 22
e R A

{(Using quoticnt theorem of  limits)

The gradient of faix =—1 ism = 2.
13.4 Derivation of x* where n€ Z
(2) We find the derivative of X" when » is positive integer.
(®) Let y=x". Then
y+8&y =(x+8x)"
and B =(xtEE)—x"
Using the binomial theorem, we have

ay=[x" ol B+ “L‘,;Dx'-zqax)u +(ax)*]-x"

e, ay=ax[rm’" +"("—;!1)x'-’- &+ o +(ax)"1] G
Dividing both sides of (i) by &, gives
Z o D 22 g () (i)

Note that each term on the right hand side of (ii) involves 3x except the first term, so
taking the limit as Ex—rD,weg%:mH

Asy=x" 8o %(f):n- x¥




(b) Lety=x" where n is negative integer.
Let # =—m(m is a pogitive integer). Then

pmrm= @
_ 1 s
and y+8y = 8 (ii)
Subtracting (i) from (ii), gives
g L1 & —(x+80"
T EHED)” 2 A ()"
2L e O (0]
B £ (et 55)" v
(expanding (x + &x)™ by binomial theorem)
[mx" LD ea e+ @) J
L 21
x* (60"
mg -l .(m- D) aa +(ﬁx}.-,)
B A (x+E)” 21

Taking ]jmitwhenﬁx—rﬂ we get
v _ ™! (aﬂtermcunmmngﬁrvamsh)

dx x"x
=" g

(=)t

—Hix
Lh:?{;:’-"'l ['w—m=n]
"Efx}_". = nxn—l

ax

5o, we have proved that %(f)=nx'"1, ifneZ

The above rule also holds if » € 0—-Z, i.e. for rational powers.
2 2, ,
For example, _(x!)—g il
3;5
The proof of %(f):m'—l when ge  — Z 18 left as an exercise.
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13.5 Connection Between Derivatives and Continuity
Calculus is a powerful branch of mathematies that allows us to study change and
motion. Two of its foundational concepts of continuity and derivatives are deeply
connected. While each concept has its own definition and application, understanding
how they relate to each other in essential for solving resl-world problems in
mathematics,
As discussed in previous unils, a8 fimction is contimuous at & point if its graph has no
breaks, jumps, or holes gt that point, On the other hand, the derivative of & fimction at
a point measures the instantaneous rate of change or squivalently, the slope of the
tangesit line at that point. However, this definition depends on the function being well-
behaved around the point. This leads to 8 well-known result:
If a function is differentiable at a point, it must also be continuous there. This means
that differentizbility implies continuity, but the reverss i net necessarily true. For
example, consider the fumction fx)—1x| , clearly this function is continucus at x = O(see
Figure 13.3). Now we check the differentiability of fix)=lxl atx=0.
Sx) =|x|
J0)=0]=

f{0+ &) =[0+ aWI || ™

g0 f(0+&)—f(0)=|8|-0

and 4 Q+8)—f(0) |8x|

&x B . $
k3 2
Thus  f'(x)=Lim_s
Because |dx| = 8x when &x >0
and |ix] =—8r~ when8z<0, e
80, we consider one-gided limits
le@ leg—l and le|5x| Lml_a'x —1
=0 Jx B0 fx -0 B =0 ax
Thﬁnghthandandleﬂ;handhmltﬁmnutequ.ﬂl,themfme,me]_mlzldnesnotcxmt
-1

Thig implies that derivative of f at x = 0t does not exist, and thus, there is no tangent
line to the graph of fat this point (see Figure 13.3). However, the derivative exists at
all other points of fi.e,, it is 1 on the right side and —1 on the left side. A function can
be continyous at a point but not necessarily differentiable thers.
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¥ EXERCISE 13.1 {

Find by definition, the derivatives w.r.t. ‘x" of the following fynctions defined as:

O 2+l @ 2-¥F @) (v} xG-3)
Jx
Find g frem first principle and find gradient of the curve at the given point:
y - 1
@ Jx+2atx=6 (id) Jmux aﬁ_\;
O

2
(i) Find the derivative of x* atx= 8 from the first princi
(ii) Find the derivative of x* + 2x+ 3 by definition. =~ 1~
Find from first principle, the derivatives of the ﬁ}]]ﬁ%;m expressions w.r.L their
respective independent variables: Ly
M (3:-2)° @ @+ @) fawb)
Fmdlhegaﬂentandequauanﬂﬂhcwﬁmt oy=3"—4r+lalx=2
For the fimetion f{x) = 2x*+x, calc theequauunofthetangmthnealx——l
Find the coordinstes of the poln]: ciffkfangmcy and the equation of the tangent line
for fx) =x*-2x+l stx = 1. \
Fmdﬂ:egmdmntot‘!hscme}'{:t) I+ 2xetx=1.

Find the gradient and mﬁuanou of tangent line o the graph of f{x)= Jx at
x=9 ("3

The position of & ’,_n&er t hours is given by: 5(s) = 2P—3¢* + 1 (in kilometres)

() Findthea velocity over the interval [1, 4]

(ii) Find ;i‘;a:hslmtanm velocity at ¢ =2

A st:mq.i‘l ‘tfown upwards and its height afier ¢ seconds is given by:

s(7) =6 + 320+ 10 (in feet), Find the instantaneous velocity st t = |

The eutdoor temperature (in °C) over time is modeled by: T{f) =— £ + 12+ 10,
where { is the time in hours, Find the instantancous rate of change at ¢ = 2.

13.6 Theorems on Differentiation
We have, so far, proved the following two formulas:

1.

% ()= 0 that is, the derivative of & constant function is zero.

%(x‘): nx*', power formula (or rule) when n is any real number.
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Now we will prove other important formulas (or rules) which are used to determine
derivatives of different functions efficiently, Henceforth, in all subsequent discussion,
1, 2, A etc, gll denote functions differentiable at x, unless stated otherwise.
3. Derivative of y = ¢f (x)
Proof: Lety =cf(x), Then
() ytdy=cflxtbr)and
(i) y+8—y=cflxt &) —cflx)
or By =c[ flxt &x)—f(x)] (Factoring out c)
(iiD) By _ cl:f(x‘|' ﬁx}—f(x)j|
& e
Taking limit when éx — 0

SO~ (x)
dx

=C

L JO+ 8 =S
&0 ax
A constant factor can be taken out from a limit gign;

Thus, % = ¢f'(x), thatis[f (¥)] = of"(x) oF %[af(x)] = ci[f(x)]

(iv) Lim?=Lim

Ealfy k-0

: 3
[T Calenlate & (3)=3 % () (Using Formula 3)
d 1
Solution =3x %xg_l =4x3 (Using power rule)

4. Derivative of n yum ora difference of functions
If f and g are differentiable at x, then f+ g, /'~ g are also differentiable at x and

[+ 2@ = //(x)+2'(x), that is,%[f(xhg{x}] =£Lf(x)]+%[g(x}]

Also [ F()=g()] = (-2, that is, 2 [ () - g (@] =2 F @] 2]

dx dx dx

Proof: Letgd(x) =Ax)+ glx). Then

(@) ¢x+dx) =fla+ &) +glx+ &x) and

(i) @le+8x) —¢lx) =S + &) + glx + &) — [fx) + 2(x)]

=[f(x + &) —f(x) +[glx + &x)—g(x)] (rearranging the terms)
i) PEHE PG _ S8 /() g(x+E)—g(x)
dx i &x
Taking the limit when dx — 0




(iv) hm#(x+ﬁr) ﬁ(x) |:f(1+ax)—f(1] |, glx+dx)—g(x) ]
=

tx 0 A Rx ' x
o S8 f(x) . g(x+8x)—glx)
-a fx Ha S

(The limit of & sum is the sum of the limits)

#'(x) =f'(x) + g'tx), that is [f(x} +g(x)]'=f"(x) + g' &x)
or  LIf(+g0]= 2 Lf I+ [g0)
The proof for the second part is similar,

Smm&ﬁumwfmmﬂamhemmﬂedmﬁnddﬂﬂwofmmthm
two functions,

7| Find the derivative of y= %x‘ +§x’+%x’+ 2x+5 wrt x

:'—a.'!

Solution y=3x‘+gx3+lxz+h—'+5
4 3" 2
Differentiating with respect to x, we have
& _ d’[3 e x’+1x+5:| "[Ex'*j+i(3f)+i(lx=]+i(2x)+im
a4 %

de dx a\3" )" a\2
(Umgfnnnula4)
=%i(f)+§i(x’)+;i( )+2 (x)+0 (Using formmula 3 and 1)
=@y 2@rhalox ey By powe formula)
=3x’+2___x-’-if§r+2

[T 0 8} Find the derivative of y= (¢ + S) + 7) with respect 1o x.
e y=02+ 5+ N = +52+ P2 +35
Differentiating with respect to x, we get

dy_d )
= dr[xs+5x’4 Tx* +35]

_d s 4 d a2 d :
= )45 (P)+T_ )+ (35  (Using formmlas3 and 4)

=5 453 Tx2x* 40
=5x" +157 +14x
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Find the deivative of y=(2v/x + 2)(x—x)

=22 +2)(x—Jx)
=202 +1)- Jr(Vx - = 2> x + Dx 1)

=243 (x-1)=2(x? —17)
Differentiating with respect to x we have

5. Derivative of a Product (The Product Rule)
If fand g are differentiabls st x, then fz is also differentiable at x and
[Ax)e()] =/ "G)elx) + £ (x) g'(x), that is

d _[4; - L3
EU(x)g(x)] = [ &U(x)]] g(x) +f (x)[ dx[g(x)]]

Proof: Let ¢(x)=£(x)g(x). Then
(i) ¢x+&)=Fx+8x)glx + 6x) and
(i) Plx+ B8Ry~ $x) =/ (e + Bx) gx + 80) £ (x) 8(H)
Subtracting and adding £(x) g(x + &x) in step (i1), gives
$lx + dx) — ¢x) =f (x + bx) glx + &x) — f (x) gl + &x) + () gls + &) — fx)gilx)
=[x +&x) —f{x)] glx + &x) + (x) [ gl + 8x) — glx}]

o PB4 [ flx+E8)—F(2) g(x+8x)—g(x)
(i) i —[ P Jg(x+ﬁx)+f(x)[ B ]

Taking limit when &x — 0
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@ 1 $EH S
fx =0 o

o [SE)f) gl 80)— g(x)
~ | EHT), - 1oy, S+

=:E_I£f(x+ E;Z_f{x) .gjﬂg(1+&}+£jﬂf(x}.%iﬂ g(x+ ﬁ;-’x}—g(x)

(Uging limit theorem)
Thus ¢/ (x) = 7'(%) g(x) + £(z) £(2) [Eﬂg(x+&’¢) =g<x)]

or %Lf(x)-s{x)]=%Lf(x)]-s{x)+f(x)[%£(1)]

(P us10| Find derivative of y= (2 +2)(x —Jx) with respect to x.
y=(2J;+2){x—J;)

= 2(Vx + D(x—x)
Difterentiating with respect to x, we get’

@=z%[(£ +D)r=x)

dx
ol Ve L
_z_[#(-j;n)](x JE)+(JE+1)&(:: J?:)}

e~ [l";ﬁ1+ﬂJ(x—JI)+(JE+1)x [1—%;1“‘]]

\2

=z:ﬁ:(r-ﬁ>+<ﬁ+1>“[l‘ﬁ)]
2 _ﬂﬂ«f; +1)[£ﬂ

| 2dx Jx
=T[x—-\.r+2x ~Jr+2:x ]
3x-1

Jx
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6. Derivative of a Quotient (The Quotient Rule)

Iffand g are differentiable at x and g(x) # 0, for any xe D(g)then L is differentiable
g

atx and (f(")j - S (®)glx)- (0 g'tx)
[e(x)f

&)
] [% Lf(x)] g0 —f(x) [Zf[g(x)]]

that is i[f (")] _
dx| g(x) [g(x)]*

Proof:  Let dg(x)= I 1hen
g(x)

. _ Sf{x+dx)
(i) #(x+&x)——g o) and

- _ Settx)  f() St Bx) g(x)— f(x) glx+8x)
W KA e o) £(s 1 )
Subtracting and adding f{x) g[.t) in the numerstor of step (ii), gives
St ) ) = T+ ) B~ (I8()~ 1) gx+ )+ £2) 8(3)
g(x) g(x+ax)

[CF e+ &) — f(x)glx)— fx) (g(x+ tix)— g(x))]

1.
 2(x) glx+89)
iy PE+ED—$G) 1 [f(x+ &x)— f(x)
o © g(x) glx+8x) fix
Taking litnit when Six — 0

(iv) Lim #x+8x) $#(x)
& 30 &

. I (fEEE-f) . gEE)—g(x)
'n“ﬂ[g(x) g(x+8x>[ & 2 TETy )]
Using limit theorems, we have
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Thus [ £(x) j 10 -G £

g(x) [g(x)"
d d
4 ( fm [E(f {x))] g(x) — f(x) [E(H(I))]
as\ 2(x) e
2 -3 45

(BT na11| Differentiate %withrespectmx.
+

Let ﬁ(x)=% Then

f()=2x"-3*+5 amnd g(x)=x'+1
Now f"(x)=%[—2.t“—3x’ +5]= 202" - 32x)+0= 6" — 6%

and g'(x}:%[.r’+1]=2x+ﬂ=2.t
Using the quotient formula ¢/(r) =" ("7’3?(;‘),.(’ ?‘) £0) we obtain
E\X)
i[zﬁ-axz+s]'=(ﬁf—5x)(x1+1)—(zx’—3x’+5}(zx)
de| x+1 ="+ 1)
_ 62" —6x +6x" —6x—(4x" - 62" +10x)
(x* +1)*
_ 6x* —6x" + 62" —6x—4x" +6x° ~10x)
(x*+1)
=2.1|:"+I!5;:cz ~16x
(" +1)?

P EXERCISE 13.2 4

1. Differentiate w.r.t ‘x’.

@O x+27+5 (ii) x"+2£%+3 (i) 2%—3
2x+1
(iv) (1+J;)(I—I ) ) [J—_lj ) (x=5)3-1)
Vx Jx
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. (1) o X+ . 2x—1
(vii) a1 (viii) 73 (ix) Tl
a—x i Nl
I o)

a3

) +1)(x? -
2. Finﬂ%jf;:':'“"; i]{r I},(x;a[],

!:1—1

3. Differentinte (= "31}{“; =1 with respect o x.

Xt — 3

4. Ify= 'J—.——._,ihtiﬁﬂi.ﬁl' T ry=2Jx
vx afx”

5. Ify=x"4+2x%+2, prove that g:t]_.x‘j'p £,

13.7 Application of Differentiation

We will apply concept of d.lﬂ'ermtlauon to real-world problems such as (profits on
diminishing refums, environmental factors, financial investments, population growth,
spread of diseases, movement of particles, time-speed in tramsportation, structural
stress, material required that ix-changes in construction).

Profits on Diminishing Returfia

A company's profit fimction is given by P(x) = 100x — 5x* ,where x is the
number of units produced. Determine the marginal profit when x = 8 umits.
EXITTTR, The marginal profit is the derivative of the profit function with respect to x.

P(x)= %a_ﬂox-' 52%)=100-10x

Now, substitute x = 8: P'(8)=100— 1(8) =20

So, the marginal profit is 20 when 8 units are produced (in the given currency).
Movement of Particles

A particle moves along a line according to the position function
5(f) =4 -3¢ + 21, where s(f) is the position in metres and ¢ is the time in seconds. Find
the velocity and acceleration at 1 =2 seconds.

Ve]ocit}' is the derivative of the position function:

v(t}=%(4¢"—3:’+2t)=12r’—61+2
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Substitute £ =2:
W2)=1202) - §(2)+2=48—-12+2=38
So, the velocity at =2 iz 38 m/s.
Acceleration is the derivative of the velocity fimction:

a(:):%azf-m-n:m-s

Substitute t =2
a(2)=24(2) - 6 =48 —6=42
8o, the acceleration at # = 2 is 42 m/s?.
Flnanri:l Invertments
A bank offers a compound interest rate on an investment, and the value
of the mwsunﬂntaftartyaarsls given by F(#) = 5000(1+0.04t". Find the rate of change
of the investment value after 10 years.
EITTTTN, The mate ufchx-mge of the mveshnmtlsﬂmdmvahw an{t) with respect to £

V()= E(suon(l +0.045Y )= 5000(2)(1_ +0,04¢)(0.04)

V' (£)=400(1 + 0.04¢)
Substitute t = 10; g

¥'(10) =400 {1+ 0.04 x 10)=400(1+ 0.40) = 400 x 1.4=560
So, the investment is growing at a rate of Re.560 per vear after 10 years.
Strnf.tlu*aISMEiu
Thss&assmahmundﬁavmymglmdmmodeledbyﬂx) S00x — 2x°,
whmﬁ'(x)lsﬂlestressmpaﬁmls(Pa)mdxlsmedlstmce(mmmres)ﬁ'omthﬂbeams
fixed end. Find the rate of change of siregs at x = 5 metres.
Th:ratccifahﬂngenfsh'_e_asisﬂmdm'iwﬁve_ofS(x)withr_c_npocltox.

6'(,-7:)#_%(500.:—29)=500—6f
Substitute x.= 5:

&(5)=500—6(5) = 500—6x 25=500—150=350
So, the stress is increaging at a rate of 350 Pa per meire at x = 5 meires.

P~ EXERCISE 133 _d

1. A car’s position at time t is given by s(f) = 57 — 3# + (. Find the velocity by
differentiating the position function with respect to time.

2. Structural stress on a bridge is modeled by the function S{x) = 100 — 5x%, where x
is the distance from the center of the bridge. Calenlate the rate of change of stress
at that point.




A company's revenne function is given by R (x) = 1000x —10x%, where is the
number of units produced. The cost function is C{x) = 300k + 2000.

(i) Find the profit fimction P(x)

(ii) Determine the marginal profit when x =15

An investment grows according to the function A(Z) = 10000(1 + 0.057), where
A7) is the value of the investment and 7 is the time in years.

(i) Find the rate of change of the investment after 8 years.

(ii) What is the investment value after 8 years?

The position of a particle moving along a line ig given by &{f) = 51’\1 124 + 8¢,
where 5(7} is the position in meters and / is the tme in seconds,

(i) Determine the velocity of the particle at t=4 seconds (‘ﬂt
(i) Find the acceleration at /=4 seconds f\'
(iii) When is the particle at rest?

The position of a car traveling along a straight h;ghv% is given by

(1) =301 2—4¢°, where x (1) is the distance m;léﬂin kilometres and ¢ is the time
in houra. /f\ ‘1

(i) Find the car's velocityatr=3 hmn'\ﬂ -

(i) Determine the car's acceleration at { {=3 hours

The atress on & beam under s Vnryl:ﬁé Ioiad is given by S(x) = 40x — x°, where S(x)
is the stress in pascals {Pa)a.n&\ms the distance from the fixed end in metres.
Caleulate the rate of chmg;oﬁsrrﬁs st 6 meters,

The cost C{r) to ccmsh'u&a cy]mr]rlca] tank depends on the radius of the base,

and is given by C(r;)ﬁ:ﬁoﬂm‘ 1504}00

of the base a.nd‘énmcmd lc:mrepresenl.s the cost of the walls. Determine the
rateofchag:ﬁ}fthe cost at r =4 metres,
"I ',..f‘
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