Trigonometric Functions
and their Graphs

In this unit, students will explore key concepts essential for undsrstanding the role of
irigonomeiry in mathemstics and its real-life applications. We will begin by learning
how to determine the domain and range of trigonemetric functions to understand their
behavior. Next, we will discuss even and odd functions, along with their periodicity,
which explaing their repeafing patterns.
Smdentswﬂlthenlﬁmhawmgraphandanalyzeme,msmﬂ,mdtangmtﬁmmm
following this, we will focus on caleulating the maximum and minimum valies of
minusoidal functions and examining their unique properties such s amplitude,
frequency, and phase shifts,
Finally, students will apply these trigonometric coneepts to solve practical problems in
navigation, engineering, and physics, including caloulating distances, optimizing solar
panel angles, and analyzing forces in structures. Mastering these concepis will enable
students to golve both theoretical and real-world problems using trigonometry.
Lot us first find domgins and ranges of trigonometric functions before drawing their
graphs,
11.1 Domains and Ranges of Sine and Cosine Functions
We have already defined iriganometric functions sin £, 4
coe 8, tan &, csc 6, sec @ and cot 6. We know that if
P(x, ¥) 1s any point on unit circle with centre at the
origin O such that m/X0OF = @ in standard position,
then x
co@=x and sinf=y

= for any real number & there is ons and only one

value of each x and y i.e., of each cos & and sin 8.
Hence sin # and cos & are the functions of & and their v, Flgureill
domain is R, the set of real numbers.
Since F(x, y) is a point on the unit circle with cenire at the origin O, therefore

~15x<1 and -1<y<1
= -1<com@<1 and -l <smf@ <1

Thus, the range of sine and cosine functions is [-1, 1].
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11.1.1 Domsins and Ranges of Tangent and Cotangent Functions
From the Figure 11,1,

@

(&)

tan @ = z.x#ﬂ
. E—
= terminal side OP should not coincide with O¥ or OF” (the F-axiz)
i . Sm

= GpxZ % ¥
2’ 2% g

= #+ (2n+l)%, where ne Z

Domain of tangent function— R — {x | x= (21 -+ 1) %,-n,j&ﬂ}'

Ify=l,m3=lasx—,o,i—»imihﬂlfeﬂmbthﬂmgecftangmt
2 ix 2x
function = R = set of real numbers.

From Figure 11.1
=3
cot 8= ¥ =0

terminal side 51'; should not coincide with OX or OX’ (the X-axis)

=
= 0=#0,tx+t27...
= U # nmwherene Z
Dommnofcomlgmtﬂmcuon R={x|x=nmne Z}
Ifx= ;{ ﬂ—iyasy—rﬂ ly—r:l:mtheneforcrmgeofmtangent

function = R = set of real numbers.

11.1.2 Domain and Range of Secant Function

From the Figure 11,1
gsec @ = l,xa&ﬂ
X

=  terminal side OP should not coincide with OY or O¥” (the ¥Y-axis)
z =  Sm

T Lir
2% 2 2

= 0= (2n+l)%,wherenez

= f8#+—

Domain of secant function=R — {x|x=(22 + 1) ;,ne Z}
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As 0=x<1 s0, %El,secﬂzl and -1<x<0 so, %5—1,@065—1
As sec @ attains all real values except those between —1 and 1
Range of secant function=R —{x| -1 <x<1}

11.1.3 Domain and Range of Cosecant Funetion
From the Figure 11.1

1
@=—, y+#0
C2C 3 y

U

tenninalsideal;shnuldmtcuincidswiﬂlox or OX” (the X—axis)
6#0,tmtln,... O i
& # nx, wherene Z
Domagin of cosecant function =R — {x |x =nan, ne Z}
As cse Fattains all values except those between —1 and 1
Range of cosecant function =R—={x -1 <x<1}
The following table summurizes the domaing and ranges of the trigonometric functions:

§ 4

y=snx (o, =R [-1,1]

y=coax (o0, ) =& 1,11

PoIRAE R = (co0] ) , x (2n+1}%.nez G-y )=
y=cotx K= (=, o), x2un,ne Z (oo, W)= 1R
i\ (—w,m).x¢(2n+l)%mez o~ W1, )
y=cosecx | (—oo,00), x4, ne 2 (o0, 1] W1, x)

11.2 Even and Odd Functions

A fimction f is said to be even if f(—x)=f(x), for every
number x in the domain of .

For example: j(x)=x"is even function of x. Here
fH=x"=x"=f(x)
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A function £ is said to be odd if f(—x) =—f(x), for every number » in the domain of f .
For example: f{x) =’ ia an odd fusetion of =.

Here f(—x)=(—x)'=-2*=—f(z) mm wﬁt

The function f(F)=cogf for all He £ iz an even | origin
function (see figure 11.2),

Here f(—8) =con(-0) = cos & = (). %5 15

Thus, f(&)=cos# is an even function. (xq}.ﬁ'é{w_sﬂ,ainﬂ)
Similarly, the fimgtion f(F)=sind for all 1,0 ]_i (,0)
N

&€ R is an odd function. _' X
Hers f(-6)=sin(-6)=—sing=—19). K |

Thus, f{#)==sin# is an odd function.

(5, ~¥) = (c08 8, ~sin §)

8,-1) Figore 11.2

Inhnthﬁnmﬁsrfﬁ‘ﬂhﬁhxin the
domain of f, —x st alse be i the domain of /.
11.3 Period of Trigenometric Functions
All the six trigonometric functions repeat their values for each increase or decrease of
2r in & therefore, the values nftﬂgénoman'ic fimctions for & and & + 2nn, where
e R and » € Z, are the same: This behaviour of trigonometric fimetions is called
periodicity.
Period of a trigonomgtrie function is the smallest positive mymber which, when added
to the original cireular measure of the angle, gives the same value of the function. A
function is periodic, if f(8+ p)=f(8), for all &in domain of function and the least
positive value of p is called the peried of the function.
Now, let us discover the periods of the trigonemetric functions.
Theorsm 11.1: Sine is a periodic function and its period is 2.
Proof: Suppose p is the period of sine function such that
ginn (§+p)=gin fforall e R (A)
Now put =10, we have
gin (0 +p)=sin0
sinp=0
p=0,+m 2nx +3m,...

=
-
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If p—u,thenﬁ'um(A)

sin (§ +7) = sin & (not true) v sinfg+@)=—sin @
Thus = is not the period of sin &
If p=2n, then from (A)

sin (@ +2r)=sin §, whichistrue - sin{d+2x)=sind
As 2z is the smallest positive real number for which

sin (§+ 2x) =sin §

2 is the period of sin 4.

Theorem 11.%: Tangent is a perodic function and ite period is w.
Proof: Suppose p is the period of tangent function such that

@ty =mf Gl ek O SR
p=0,x,2x%, 3m, - W

() If p=r, then from (B) tan{@ + x) = tan &; mﬁnﬂnsﬁemﬂfﬁ'f:
tangent, we can prove:
which 18 true () 2n i the period of coa @
As 7 is the smallest positive numbﬂrﬁnwhlch (i) 2 ia the period of csc &
tan (§+ ) = tan 8 (i) 2 i the period of sec &
Thsret‘orc,:usthepmodoftan& () win the L
I TTTTT 1] Find the periods of: () sin2x (i) 3+tan§

L0k (1) We know that the period of sine is 2x

(i)

gin (2x + 21) = sin 2x =5 sin 2(x + n) = sin 2x
It means that the value of gin 2x repeats when x is increased by =.
Hence 5 is the period of sin 2x.
To find the period of 3 +tan§,mns:dar' only tan g
We know that the period of tangent is «

tamn (£+?I ]= tan X = tan l(J:+3.11|r) —tan
3 3 3 3
It means that the value of tan g repeats when x is increased by 3.

Hence the period of 3 +tnn§ is 3n. The addition of constant number 3 to the
tangent fimetion does not affect the period.
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PV EXERCISE 11.1 _d

. Determines whether the following functions are even, odd or neither ndd nor even.

() sin’x (i) sinx+cosx (i) sin*x+cos*x

. 1 . Ssinx4sinix

), T = L p P e

. 1 1

) secx+sec’ x D secx+cot’ x

2. Find the periods of the following functions:

) sinSx (i) cosTx (iii) tan 3x i) oot%
(x : 2x o1 (B

@ wsm[ﬁx) (w)m[?) (vi) Em[f . 2)

. r ¢ i~ (x
(viii) —5—33&(:_[7xx+z] (1:;} 12+10tan [EIJ

fx 4 \ x 2=
(x) 6—4mt[T+Z] (xi) 9+3[}sec[E+—J

11.4 Values of Trigonometri¢c Functions
We know the values of trigenometric fimctions for angles of measure 0°, 30°, 45°, 60°,
and 90°. We have also established the following identities:

sin (—8) =—sin @ cos (—8) =cos § tan (~8) =— tan £
gdn(r—8) =sin@®. | cos(w—B)=—cos tan (n — &) =—tan @
gin{z+ ) =—sin & cos(R+80) =—<cos @ tan (% + 7)) =tan §

sin(z— 8) =—sin @ cos(2x — @) =cos 8 tan (2x — ) =—tan &

By using the abhove identities, we can easily find the values of trigonometric functions
of the angles of the following measures:
—30P, — 45°, — 6P, - 90° + 120°, £ 135°, + 150°, = 180°
+ 210°, + 2257, + 240°, + 270P + 300°, + 3157, + 330°, + 360°
11.4.1 Graphs of Trigonometric Functions
To plot the graph we shall follow these steps:
(i) Table of crdered pairs {x, ¥) iz constructed, when x is the measure of the angle
and y is the value of the trigonometric function for the angle of measure x.
(ii)) The measures of the angles are taken along the X-axis.
(iii) The values of the trigonometric functions are taken along the ¥-axis.
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(iv) The points corresponding to the ordefedpairsmplatbedunthe graph paper.
{v) These points are joined with the help of smooth curves.

11.42 Graph of y =sin x frem — 2x to 2=

We know that the period of sine function is 21 so, we will first draw the graph for the

interval from 0° to 360° (from 0 to 2x).
To graph the sine fimction, first, recall that —1<sinx<1 forall xe A.
We know the range of the sine function is [-1, 1], so the graph will be between
the horizontal lines y=-+1 and y=-1

The table of the ordered pairs satisfying y = gin x is as follows:

o | 5| s |2 2o Tom[ 45wl [1n]
6| 3| 2]3]|c6s 6 | 3 |-%| 3 |6
* or | or | o | or | or | Or | O | or | Of | OF | O | ©UY | of
0 | 3 | 60° | 90° | 120° | 150° | 180° | 2107 | 240° | 270° | 300° | 330° | 360°
Smx| O |05 0G87| 1 |087| 05| 0 /05087 -1 |-087|-05| ©
To draw the graph:
. 1sideof small square on the x-axis=10°
(1] Takeamnvemmtscale{lsideufb{g.. iy PN

(ii) Draw the coordinate axes.
(iii) Plot the points corresponding to-the ordered pairs in the table above
Le., (0, 0), (30°, 0.5), (60°; 0.87) and so on.
(iv) Join the points with the help of a smooth curve as shown. So, we get the graph of
y =sinx from 0 to 360° i.c., from 0 to 27,
As we gee that the graphs of trigonometric functions are amboth curves and none of them is
: muha&ﬁpmmmorhﬁhﬁﬂﬁnthﬁdbmh.msbchuﬁbuqfﬂumhmhﬂ
continuity. Tt mesns fhat the trigonometric fiunctions are comtimous, wherever they are defined

Graph of p=ginx brom 0® t 360
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Inﬂ:lesmﬂatwajr we can draw the graph for the interval from 0° to —360°. This will
commplete the graph of y = sin x from —360° to 360° (from —2x to 2n), which is given

below:

Graph of y=gin x from — 350° to 360°

The graph in the interval [0, 2x] is called a eyele and the maximum height of the wave

from its mid line is called amplitude. Since the pmiodofsheeﬁinctiunish, go the

ginie graph can be extended on both sides of x-axis through every interval of 2z,

Propertied of graph of gine function ( y = ¢in x)

(i) The domain is the set of real numbers {—o < x < ).

(ii) The range includes all real rumbers from —1'1o 1, inclusive, [-1, 1].

(iii) The graph of sine function is continueus for all real numbers.

(iv) The period of sine fimction is 2z, Mathematically, we can cxpress it as
sin(9+2;r)=sinﬂ.

(v} The sine function is an odd [imction. As the graph of sine functien is symmetric
about the origin, Mathematically, it can be written as gin(—)=—sinf ,

(vi) The maximum value of y=sinxis 1 when x=%+2¢m,wh=re nel.

(vii) The minimum value of y=gin xis —1 when x=%+2ﬂn,whsra ne Z,

{viii) The x~mtercepis of the sine function occurs at x=an, where ne Z.

(ix) The y-intercept of the sine function is 0.

(x) The amplitude of sine function is 1.

(xi) Inumnitcircle sin@ is equal to the y-coordinate of the given point.

11.4.3 Graph of y = cos x from — 2z to 2x

We know that the period of cosine function is 2x so, we will first draw the graph for
the interval from 0° to 360° (from 0 to 2m)

We know the range of the cosine function is [-1, 1], so the graph will be between the
horizontal lines y=+1 and y=—1.
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oar | or or or or or or of or | of or of or

0° | age | 60° | 90° | 120° | 150° | 180° | 2107 | 2407 | 2707 | 300° | 330° | 360°
copx| 1 |DB7|( 05| O |(-05|-0R7| -1 |-087 05| 0 D5 087 | 1

The graph of y = c0s x from §° to 36(° is given below:

Graph of y= cos x from O° fo 360°

In the similar way, we can draw the graph for the interval from 0° to —360°. This will

complete the graph of y = cos x from ~360° to 360° i.e. from ~2n to 2n, which is given
below: )

e ]

Graph of y=coa x from — 360° to 360°
As in the case of sine graph, the cosine graph is also extended on both gides of x-axis
through an interval of 2x.
Properties of graph of cosine function (y=cosx)
(i) The domain is the set of real mumbers (—o <x < o).
(ii)  The range includes all real mumbers from —1 to 1, inclusive, [-1, 1].
(iiiy The graph of cosine function is continzous for all real mumbers.
(iv)  The period of cosine function i3 2w, Muthematically, we can express it as
cos(8+2x) =cosd.
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(v) Themameﬁmnhoninanevanﬁmcﬁnn,aathegmphufmmﬂmuﬁﬁnin

symmetric about the y-axis. Mathematically, it can be written as cos(—8) =cos8.
(vi) The maximum value of y=cog xis 1 when x=mn, where n is an even integer.
(vii) The minimurn value of y=cos x is -1 when x=an, where # is an odd integer.

(viii) The x-intercepts of the cosine finction oceurs at x=%+ﬂn,where ne Z.

(ix) The y-intercept of the cosine function is 1.
(x) The amplitude of cosine function is 1.
{xi) Inunitcircle coad is equal to the x-coordinate of the gwenpomt.

11.4.4 Graph of y=tan x from -ato x

We know that tan (—x) = — tan x and tan (x — x) = —ten x, so the values of
tan x for x= 0°, 30°, 60°, 90° can help us in making the table.

Also, we know that tan x is undefined at x =+ 90°, when

(i) xapproaches —fromleft x—b[zj_ tan x decreases indefinitely in Quard 1.
(ii) x@mmh&u%ﬁ’umﬁgbti.&..x—)[%) , tam x decreases indefinitely in Quard IV,

(iii) xapproachm—% from-1eft ie, x—)(—?—;]_,mnxinmmi:ﬂaﬁnimlyin
Quard IL '
" NE
{iv) .rappmachas—%ﬁnmr@hti.e.,x—}[—%} , tan x decreases indefinitely in
Quard TIE.

We know that the period of tangent is &, 30 we ghall first draw the graph for the interval
from 0 to & (from G* to 180°).

The table of ordered pairs satisfying v = tan x is given below:

K x T x 2r S
0 — — | ==0|=+0| — | — T
” 6 3 2 2 3 6
o ar or o ar or o
o 3 | 60° | 90°-0 | 90°H0 | 1200 | 150° | 1BO®
tanx| 0 | 058 | L73 | 40 | w0 |-173 |-0SE| ©
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Since the period of tan x is &, s0 we have the following graph of y = tan x from —360°

o 360°,
4 A t 4 &

i /ol H

Graph of y=tan x from — 360° to 360°

Properties of graph of tangent fufction ( y = tan x)

(i) The domain is the set of real numbers except the values where function is
undefined domain of tanx = (oo, ®), x (2u+1]%, wherene Z

(ii) The range inclodes all real numbers (—co, )

(ifi) The graph pf tan x is not contimmons for all real numbers. It breaks at x=(2n+1)%,

wherene Z

(iv) The period of tan function is 7. Mathematically, we can express it as
tan(8+x) =tand

(v) The tan function iz an odd function, as the graph of tan fimetion is symmetric
about the origin, Mathematically, it can be written as Ian(—ﬂ) =—tanf

(vi) The x-intercepts of the tangent function occurs at x=m#, where ne Z.

(vil) The y-intercept of the tangent function is 0

(viii) The amplitude of tangent function is undefined because it hag no maximum or
minimum values.




P~ EXERCISE 11.2 _d

1. Draw the graph of cach of the following function for the intervals mentioned
against cach:

(1) _}’=—SinZI,IE[—ZTC,2ﬂ] (11) J-'=ZBDEZI,IE[—2‘E,2E]
(iii) y=tan 2% , xe [-%, 7] () y=tan 3 . < [-2n, 2x]
(v) y=si11%x , x= [0, 2x] (vi) y=cos %x v xe [—m, ]

2. Onthe same axes and to the same scale, draw the graphs of the- t‘ullumng functions
for their complete period:

(i) y=sinxandy=¢gin2x (ii) y=cosxaﬁd'y-=mﬂ2:

3.  Solve graphically:

(i) sinx=cosx xe[0,n] (i) sinx=ux, xe [0, x]

11.5 Maximum and Minimum Values of Given Funections of

the Type
o a+bhsing " e g+beosl
s a+bsin{cd+d) s a+bcos(cd+d)

s The reciprocals of the above, where g, 3, ¢ and 4 are real numbers,
Theu:lgonomnu'mﬁmsums like gine and cosine are periodic function because the
values nftheseﬂmchunrepealuverreglﬂarmmds These functions are fundamental
in mathematics because of the repetition of their values at definite cycles and are used
to mode] various real-life situations, such as radio waves, light wave, and alternating
current in electricity and are glso known as 8 specific case of sinusoidal functions.
The functions of the form f(€)=a + b sin 8, g(@)=a + b coa 8, (8} =a + b sin(cf +d)
and g,(9)=a+bcos(cd +d) are the types of sinusoidal finctions,

Now consider the general form of sinusoidal function £,{)=a+bsin{cf +d)...0)

here *a’ represent the vertical shift refers to the vertical translation of the graph of the
function, achieved by shifting the entire graph upward or downward. This shift, slso
known as the vertical displscement, moves the function's position along the j-axis
without altering its shape or period, Amplitude |b| 15 the maximum height of 2 wave
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measured from its midline, The period of (i) is equal to % Phase shift "d" indicates

the horizontal translation of the graph of the function, determining how far the wave is
shifted lefl or right along the x-axis. A positive  shifis the praph to the left, while a

negative o shifls it to the right, altering A8)=1+3sin (20)

the starting point of the wave without S'J’ |

changing its shape or period. i _z“"d:

For Example, consider the function  Ampliude|  , AL NI
£(0) =1+ 3 gin(29). Here 2 = 1 is = L
vertical shift, amplitude =6 = [3|=3 ",m""’“'l\::- ~ T T
andpeﬂnd—%ﬂras shown in the = %%"\%/E%?\%f.
adjscent figure. . e RN

Now, finding the maximom and minimum values of the functions
f(®)=a+bsin(cd +d)and g(8)=a+bcos(ch +d) is not a difficult task. We kmow
ﬂlatthemaximlmabso]utﬁvaluusnfsine_anﬂ_gmheam equal to 1, so the maxinmum
value of the product bsind is |b|.

Thus, the maxinmum value of £(8) ‘or g(f) is : M =a+|b|, whenever sind=1 ot
cosf =1 where M denotes the maxifium value of the fimetion,

The minimum velue of f{8) or g(¢) function is m:a—|b‘, whenever sinf=-1 or
cosf =—1 and m denotgy the minimum value of the function.

The sboolute valie of & is called the Amplitude of () =a+5sin . The value of the
()" _ i — Minimym
‘ﬁ\:&d oy Maxioym valup valne

2
Find the maximum and minimum values of the following fimetions:
(i) 2+3sinx (i) 5—-2cos3x (i) reciprocal of (ii)
BT ()  Let f(x)=2+3sinx
The maximum value of f{x) will ocour when sinx=1.Herez=2and b= 3,
Maxinmm value of the function: M=a+ || =2+3 =5
The minimum vatue of the function will ocour whensinx=-—1.
Mininmym value of the fimetion: m=a— |bj=2-3=-1
Thus, maxinmmm vahse of the function is 5 and the mininmm value is —1
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(i) Letf(x)=5-2cos3x
The maximum value of f{x) will occur when cos3x=1.Herea=5and 6=-2 ,
Maximpm valye of the function: M=g + |b|=5+ -2/ =5+2=7.
The minimym vales of the function will pecurs when cos 3x=-1,
Minimpm value of the fimgtion: m=a- b|=3-2|=5-2=4.
Thos, maximpm value of the fimgiion is 7 and the mimomm value is 3,
(iti}  reciprocal of part (i)

The reciprocal of S—2cos3x iz :

5—2c0s83x

1
Let g(x)=———
A p—

To find the maximum and minimum values of g{x), first we will find the maximum and
minimum values of 3—2c083x, which are 7 and 3 respectively.
Afier finding the maximum and minimum valnes take their feciprocal. The reciprocal of the
maximym value ig the minimum of g{x) and the reciprocal of the

minimum value is the maximum of g{x).

11.5.1 Real World Appliecations

Ferris Wheel Problems

The first Ferris wheel was invented by George W. Farris. He
trailt the firat one for 1893 World'a Fair. A Ferris wheel is an
important example of periodic motion that can be deseribed
uging trigonometric functions, specifically sinuscidal
functions. When we model the height of a rider on a Ferris
wheel over time, we can use these functions to capture the
periodic nature of the motion. The motion of Ferris wheel can
be modeled by f{f)=a+bsin(ct+d) or f{f}=a+bcos{ct+d).

A Ferris wheel with » adius of 45 foet hus its lowest point located 5 feet above
the grownd. Ii completes ene full revolution every 60 seconds in counter clock wise direction.
Model an equation that describes the heigit of a rider on the Ferris wheel as a function of
time £, How high ia the rider from the ground after 40 seconds?. Also praph the model equation.
EXINTTTY, Since it takes 60 seconds for the Ferris wheel to complete one full revelution
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(one cycle}, which is the petiod of the Fetris whesl, that is period = 60
2 2 ”

——60 = =— =
“= 0 ““30

Theamphmdebwhlchlsequaltnﬂmmdmsofafwheel(mthmcaaeb 45).
The vertical shift a is the height of the center of the Ferria wheel above the groumd.
Since the lowest point is 3 feet above the ground, soa=5+b=5+45=150,

we can model the height of a rider using (sine or cogine), because it reflects the petiodic
nature of the motion. We nsually choose a cosine fimction if the rider starts at the
maximm or minimum height, or a sine function if the rider starts at the midpoint.
Since the rider starts at the lowest point and goes up, we can easily model the required
equation ag a negative cogine fimetion so, _

Kt) =—bcos(ct)+a, where ¢ is time and / is height,

Now substituting the above values we pet the function A{f)=—45cos [%t }»—50 A
which is the required equation of Ferris wheel. _
Next, we find the height of the rider at 1 =40 seconds.
7
H=—45 —1 |+50
ey =—4500s{ 31
For t=40, we have
h(40)=—45 cos(:—u.dﬂ] +50 = 72.5 feet

Thus, height of rider after 40 second is 72.5 feet.
The graph of the model equation is shown below.

Height of a rider after 40.g5¢00s Ty
100 e e R —45m[3—01)+sn

....... 7

BE A2 8

i l10

X
5 10 15 20 25 30 35 40 45 S0 S5 60
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| AT TN 4| The water level L (in feet) of & tidal river varies throughout the day.
Suppose the level of the tidal mver can be modeled by the equation:
L{#)=B+4sin [%t_], where ¢ denotes the time (in honrs). The water level oscillales
4 feet above end below an average level of & feet.

(a) Find the watet level at £ = 3 hours?

(b) What is the minimum water level?

Solution (a) Given equetion of water level: L(f)=8+4gin [%:J

To find the water level, substitute £= 3 into the equation
L(3)=s+4sin[%-3]=s+4sin(g]
L(3)=8+4(1)=12

Thas, water level at +=3 hours is 12 feet.

(b) Now, to find the minimum water level, we need to determine when the zine
function aftaing its minimum wvalue. We know that the minimum value of

gin ¢ =— 1, substitute the sin(%t)=—lintqﬂ1=equation

L(t)=8+4sin[%l]=-8;+4”(—l)=8—4=4

Thus, minimum water level of the tidal river iz 4 feet.

From a point 100'm above the surface of a lake, the angle of elevation of

a peak of a cliff is found to'be 15° and the angle of depression of the image of the pesk

i 30°, Find the height of the peak.

[EZAITETIM, Lek.Abe the top of the peak AM and 4

MB be its image. Let P be the point of

observation and L be the point just below P (on

the surface of the lake).

From P, draw PO 1 AM.

Let mPQ =y metres and m AM = 4 metres.
mAQ =h—mQM =hk—-mPL =k—100

From the figure,

_ AQ_h-100 e BO_100+h
Pg y




Unit (§) b groursiinkvioiiy <ue> Msfhemsatics

By division, we get
tanl15° _ h—100
tan30° ~ k+100
By Componendo and Dividendo, we have
tan 15° 4+ tan 30°  A—1004+-54+100 _ 2h ]
tan 15° —tan 30°  h—100— %100 —200 —100

j 3Pt 1S o [0.5774+0.2679
tan 3°—tan 15° | 0.5774-0.2679
= k=273.1179. O

Hence height of the peak = 273 m. (approximately) \ r‘-{'—*'

P” EXERCISE 113 §"

1. Find the maximum and minimum values of the fulluwihg functions:

'n p

]xlﬂﬂ

@ 3-sindx @ Sesinds () —+am(5x+n‘)
(iv) %+ms[x—£4] ) 1-30@2: (vi) 1+23in(x+g)
T I " S -

Y 10-2sin3x ml}#zms(-u) ) 5 3ces(ax-1)

2, The temperature T in de?ne: Celgius of a certain city varies throughout the day
acconding to the equqhon T(r)——m [Gt—E)HS where ¢ is the time in

hours, with ¢ —qﬂ m:rempundmgtu midnight.
(a) Fmﬂ;ﬂlémaxmmandmmmmtempmummmc day.
®) Eindthct&mpmtumatr=9hnm(9{lﬂm]

3 Ama:nunthetopafnlﬂ{lmhlghhght-hnuse:smhnewﬂtwu&hipsonthemme
pide of it, whose angles of depression from the man are 17° and 19° reapectively.
Find the distance between the ships.

4. P and Q are two points in line with a tree, If the distance between P and ( be
30 m and the angles of elevation of the top of the tree at P and 0 are 12° and 15°
reapectively, find the height of the fres.

S. A gianl Ferris wheel has 8 dismeter of 60 feet. The lowest point of the wheel is located
6 feet shove the ground. The wheel completes ane full revolution every 80 seconds.




(a) Model an equation that represent the height (%) of a rider on the Ferris wheel
‘at any given time £,

(b) Find the maximum height of the rider.

{c) Find the height of the rider from the ground sfber 35 seconds.

A child is playing on a swing in a playground. The height A(f) of the swing seat above the

ground (in metres) at time / (in seconds) is modeled by the function:

A7) = 1.5 + 1.2 sin(3m)

() What ig the maximum height reached by the swing seat? N

(b) What ix the minimym height reached by the swing seai? - _': h}k'

{©) Huwlﬂﬂgdﬂesﬂtnknﬁ:rtha&wingtnmplatemﬁlﬂhmb&ndfmthmum
(period)?

(d) At whattime(s) doss the swing seat first reach a h:gghﬂ@fﬁ.lz metres?

A carnival ride congists of a vertical wheel with ad diamieter of 40 feet. The centre
of the wheel is 28 feet above the ground. The Whﬁtﬂ‘otataﬂ at a constant speed and
takes 120 seconds to make one complete,. {E‘vﬂluunn. Model an equation that
describes the height h{t) of & rider on th{ w‘t}ﬂel as & function of time t. How high
is the rider from the ground sfter %\ndmds? At what times will the rider be
36 feet above the ground? %

Suppmeﬂletempemhnci‘"m & Fahrenheit of Lahore city in 8 month of
December throughout mg can be modeled by the eguation:

= 64+Bsm[ (f—E}} where ¢ iu the fime in hours. The temperature oscillstes

8 degrees above ﬂ&‘ﬁelow an average temperature of 64 degrees,

(a) Find the temperature at £ =9 hours?

(b) At what time the temperature will be maximum?

(c) Calculate the maximum temperature.

Suppose the population of a coastal city follows a sinuscidal patiern due to
seasonal migration. The population of the city over the course of a year can be
modeled by the equation: P(z)= -rmmnmuums[ﬁz-’—; J Plt) is the

population at time ¢ (¢ is the time in months, with { = { corresponding to
Jamuary 1%). where t denoted the months in & year,
(a) Find the population of the city at ¢ =7 months,




