W Trigonometric Identities

INTROD UCTION

In ﬂus unit, we shall firat establish the fundamental law of trigonometry before
discussing the Trigonometric [dentitles. For this we should know the formmula to find
the distance between two points in a plane.

10.1 Distance Formula: (Recall)
Lei P{x,.y,) and Q(x,,,)be two points. If*d™ demwsﬂmdlmﬂhcebetweenthmn,
then d=|PQ|=\f(x—xF+01—»)*

or = Jou—-xl+0n-n)?®
Find distance between the following points:
® 438 . BGH) &
(i) P{cosx,cosy), Qi x, sk )
Solution '

(i) Dm=|E|=‘|"(3__5=)1+{8_6)2 =m=2‘5

(i) Distance = [Pg| = \f{oosx —sin )’ + (c0sy—siny)’

< Jnm’x+ sin’ x—2cos X sin x +cos’ p+ sin’ y—2cas y siny

= 2—2cosxsinx—2cosy siny

= J/2—2(cosx sinx+ cosy siny)
10.1,1 Fundamental Law of Trigonometry
Let a end /4 be any two angles (real mumbers), then
cos{z — ) =cosa cos f +sina sin

which is called the Fundamental Law of Trigonometry.




Proof:  For our convenience, let us assume that o> §> 0.
Consider a umit circle with centre at
origin O.
Let terminal sides of angles a and f# cut
the unit circle at 4 and B respectively.
Evidently mZ40B=a— £
Take a point C on the unit circle such that
m/XOC=m/AQB = a—§.
Join 4,8 and C.D.
Now angles @ # and @ — # are 1n standard position.
. The coordinates of A are (cos o, sin a),

The coordinstes of B are (cos £, sin §)

The coordinates of C are (cos &~ 4 , sina—fF )
and the coordinates of D are (1, 0).

Now AAOB and ACOD sre congruent.  (~ * [(SAS) theorem]
e, | =
Using the distance formmla, we have:

(cos & — cos A + (sin a— sin B = [(cos{a—F)-1F + [sin (a—5) - 0
= cos® @a+cos® f — 2 cos weos f+sin® o+ sin’ § 2sin asin B
_ = cos’la —f) + 1 — 2 cos(a — ) + sin’(z — )
=>  2-2(cos @ cog fi+ sin & sin f) =2 -2 cos(a —§)
Hence cos (@ —f5)= cosaxcos f+sinasin g
(I3 Although we have proved this iaw for @> 5> 0, it is tra for all valuss of @ snd 5. )
Suppose we-know the values of sin and cos of two angles o and £, we can find
cos(e — ) using this law as explained in the following example:
Find the value of sin 2%,

12
As % =75°=45°+30° = %+£
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10.1.2 Deductions from Fundamental Law
1. Weknow that:

cos{a — f) = cos & cos §+ sin ez sin §
Putting a=%init,w=-g=t
T _ . &
m[i—ﬁ]—mzmﬁ+mzmﬂ

|

= cns(%—ﬂ)=0.cmﬁ+l.sinﬁ [ m%:;—;;q,ﬁin%ﬂ ’

ms[%—ﬁ}sﬁlﬂ @
2, We know that: |
cos (- f) =cos a cos f+sin‘eesin §

Putﬂngﬂ=—%init,weget

o] e n(@men()

" / ?r) . TE
: 5111|—E =—gin—=—1
= WS(H+—§J=;,W5 a_ﬂ+s-j_nd_l) X

SQ@%J* a) =—ging (id)

3. Weknow that:
008 (g -,s] —sin 8 [G) sbove]

Putu'ngﬁ=%+a in it, we get

=[5l =5+




4. We know that:
cos{a— f) = cos arcos f+sin sin f
Replacing £ by —f we get
cos[a—(—F)] = cos a cos (—f) + gin q sin (— 5)

[ cos(—B)="coaf, sin(—p) =—sing]

=  cos{e+pf)=cosa cosf-sing sinf @(iv)

5. Welknow that: _
cos(a + ) = cos ¢ cos f = sin & sin §

Replacing a by §+a.w=get

e} ool

= cos[%+(tz+ﬂ.)] =—gin o cos f—cos ar sin B

= —qinxa+,ﬁ} = —[sin & cos § + cos a sin §]
sin{a + #)=sine cos B +cose sin g )
6. We know that:
gin{ex + f) = sin & cos B+ cos @ sin f [from (v) above]

Replacing £ by — §, we get

wio-pimesmcp-emennn (SR

sinfg — F)=sma cos f —cose sinf (v}




7. Welmow that:
cos(e— ) =cosacos f§+sina- sin §
Leta=2xand f=8

cos(2x— @) =cos 2xr. cos &+ gin 2w gin £

1008 §+0-sin @ {ﬁg:}}
= cos 0 (vii)
8. We know that:
sin{fx— f) =sin@- cos f—cog - sin f
sin{2z— @) =gin 24 cos ¢ —cos Zwsin §
=0.cos 0~ 1.5in @ {ﬁ‘“j’;g:f
——sin@ (wiid)
_ sin{f@+f) _ sing cos f+cosa sinf
. e+ 7D cos{x+f) cose cosf —sine sinf
sina cosfl | ‘eosa sin g Dividing
_ cosa cogf ' cosa cosf munmierator and
cos coff  mina minf denominator by
cos eosfl  cose cos cosax cos
tanex + tan 8 .
LAY ol
e - taner w
e _ sin(@-f£) _ sina cosf—cose sind
10.  tmieeH) cos{e—B) cosex cosf +sina sinf
sing cosf_ cosa sinf Dividing
_ cosa cosfl cosa cosf mimerator and
cosex cos ff i sing sing denominator by
cosz cosfi cosa cosf cose cosf
lm(a-—ﬂ):M (x)

1+tma tanf




. _ amensts (i
10.2 Tngunnmetrlc Ratios of Allied Angles

Two angles a and § are said to be allied, if a + §=n(90°),ne z
For example, + a, 90° +a, 180° + ¢, 270° + a and 360° + a are some allied angles of a.

Using fundaments] law of trigonometry, cos{e— ) =cos @cos §+sin @ sin f and its
deductions, we derive the following identities:

ﬁn(i-a]:ma, ms[f-e)“in 8, m[i-a]=mta

2 2 2

sin(£+ﬂ)=m59 ms(£+ﬂ) —g§in @, tan[ +9]=—cot9"
2 - 2 2 o

sin(z—@)=sin & , cos(zr—F)=—cos , tan(x —6)=—ia'd
gin (7 +&) =—sin &, cos(x +8)=—cos @, tan(z +8) =tan &

sin(ﬂ- ):-mse,m(ﬁ- ]:-ma,fm[ﬁ- J:me
2 2 o2
sin(%r+3)= s @, m(%w];sjn g, un[%w] ——

sin (2% —F)=—sgin &, cos(2r —H)=cos &, tan(2x —F)=—tan
sin(27+8)=sin§ , cos(2x+@)=cos &, tan(2Zx+&)=tan 7
'Ihul:mrmltulm 1o the reciprocals of sine, cm{nnandtnngmt.l'hnaamﬂu]

are to be applied mﬂulmdyuftrignnmnetrymdtheymbemmmbﬂed
bynmgﬂwﬁallnrwmgduum

1. If ¥ is added to or subtracted from odd multiple of right sngle, the
tngonﬁmatncmnos change into eo-ratios and vice versa.
ie., ‘g0 Zz—2 cos, tan z—2 col, sec z—* cosec

c.g sm[E— J=cu59 and ms[%+9]=sinﬂ

2. Eﬂis,addedtoorsubtactedﬁ'omanwenmulﬁpieof%,ﬂ:letigunometric

ratios shall remain the same,

3. 8o far as the sign of the resulis is concemned, it is determined by the quadrant
in which the terminal arm of the angle lies.
eg sin(r— H=sin @, tan(x+@G)=tmo, cos(2x— )=




+
Eim +va Al +yw
x X
_ iz
x+ 0 01'?—5 m tan +vic OB Ve
--y'
%+E.or2'n:—6' v ¢

() Insin[%—ﬂ], sin[%+9],sin(%— ] and sm[%”+9) odd

multiplies of %am involved.
Therefore, sin will change into cos.
Moreover, the angle of measure

@) [g—a]mlhmﬁmﬁalsidcinmr,
So, sin [%—9J=cusﬂ;

(i) (%+‘HJ'wi]1havatemﬁnalsidehQuad.]L
So, sin [%+6']=c058;

(iif) (3?”—9] will have terminal side in Quad. III,
So, sin [%—ajz—ms 9;

(iv) (%w) will have terminal side in Quad. IV,

So, sin [%r+9)=— cos 6.
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() In cos(zw — 8), cos{m + B), cos(2x — 8) and cos(2w + §), even
multipies of %m involved.

Therefore, cos will remain as cos.
Moareover, the angle of measure
@ (x— &) will have terminal side in Quad. IL, therefore
cot(x—0) =—cos 8,
(i) (x+ @) will have fermingl side in Quad. TIT, so
cos(x+&H=—cos & :
(iii) (2w— &) will have terminal side in Quad. TV, so
cos(2x— §) —tos'4;
(iv) (2x+ @) will have terminal side inQuad. L, so
cos(2r+ ) =cos A
Without using the tables, writs down the vahies of:
(i) sin225° (i) tan 600° (i) cot(225°) (iv) cosec(—420°)
1

ENITIE () sin 225° = sin (180 +35) = —sin 45° = — 7

(i) tanﬁOﬂ“=tan(54ﬂ+60.§°=mn(6x90+60)°=m60°=1.5
(iii) cot (—225°)=—cot 225° =—cot(180 +45) = —col(2x 90 + 45 = —{cot 45°) =1
(iv) cosec(—4207)=—cosec 420° = —cosec(360 + 60)° =—cosec(4x 90+ 60)°

=—cosec 60° = —2

B

.. gin(180°—8) cos(360° —@) tan(O0°+H)

LT 4] Simplify: S0P —8) cos(130° + ) a(270°—6)
sin(180° @) =gind , cos(360°—@) =cosf
R0 Becanse < tan(90° +8) =-cot@, sin(S0°-&) =cosé
cos(180P+0) =—cosd , tan(270°-&)=cotd
sing- cosf- (—cotd) _ —sing _
cos O-(—cosd) cotl  —cosf

Therefore, ten &




33
H

¥ EXERCISE 10.1 _d

Without using the tables, find the values of:

() cos(—1230°) (i) tan (- 1035°) (iil) sec(1140%)

(iv) cosec(— 690°) (v) cot{1320°) (vi) cos (- 240°)
Express each of the following as a trigonometric fimection of an angle of positive
degree measure of legs than 45°.

() cos168° (@) sin192° (iif) coa333°
(iv) tan213° (v) cos(—435°%) (vi) smﬂ?’
(vii) tan (— 597°) (viii) cos (—111%) (m) 8inl (—390°)
Prove the following: | N

() sin(180° + @) sin(90° - @) =-sina cosax < -

(i) sin810° sin630°+ cos 135° am225‘?—.—§-

(D) ten 150° cot330° — 2sec 135° cuser.zzs&——a

(1¥) sin210° +cos 240° + tm 225° +r.=ot225“— 1

Prove that: -

o tan(180° +a) cot{90° -a. )
SIn(360° - ) cos(27P4ar )

gin (:r+gjrtﬂn(7+5J
1(%—?9] cos”(r — ) cosec(2x —6)

i) L £08(90°+ 8) sec(—6) tan(18°—8)
5ee(360° — @) sin(180°+8) cot(90°—8)

e {3 ) )]

=cos §

(1)

If ax, §, y are the angles of a triangle AFC, then prove that
(i) sin(a+f)=siny (i) m(a;ﬂ] ""‘%
(iii) ma=m (iv) ten(a+ ) +tan y=0,




10.3 Further Applications of Basu: Identities
[ET0S  Provethat: sinfa+f) sinfa—f§) =sin’ a—sin’ @
=cos® f —cos® a (ii)
LHS. = sin (a + §) sinz - §)
= (sin @ cos 1 cos a sin B) (8in @ cos - cos a rin )
= sin? @ cog® B— cos® o sin?
= sin? a{1 — 8in? f) — (1 — sin? @) sin £
= gin? a — sin® o sin® §— gin? B+ sin? ¢ 5in® §
— sin? @ — sin? B )
= (1 - cos? @) — (1 — cos? ) O
=1—cus-2a—1+tm=ﬁ
¢ B—-cos’ @ (ii)
Wlﬂluutumng tables, find the values of all rigonometric fimctions of 105°
ERITUIT, As 105° = 60° +45°
sin 105° = sin (60° + 45°) = smﬁo"ms45“+msﬁﬂ°m45°

s

cos 105° =cos (60° +45°) = cos 60° cos 45° — sin 60° sin 45°

GE -5

tan 105°-= tan (60° + 45°) = tan 60° + tan 45°
- 1- tan 60° tan45°
- 3+1 _1+J§
1-3-1 1-43
corlgge = 1 1-48
w0105 143
COEeC 1050 = — 1 = 2&
sinl05® /341
ard  soo 105% =— | _ 22

cos 105° fnlS




P that: cos 11 +sfn11 — tan 56°

cos 11°—sin 11°

ENTTTT, Consider
RH 8= tan 56° = tan(45° 4 11¢) = 204> +1anll
1—tand5° tan11°
sinl1°

rtanl1® ' ooa1re  cosiI®+sinll®

“l-tamll® _sinll®  cogll®—sinll®
cosll®

=LH.S

cos 11°4+gin 11°
Henge = tan 56°
cog 11° —sin 11°

]flm'.nn:.r=—l t.tmﬁ—— the terminal side of the angle of measure

25’
hhﬁeﬂqmﬂ:antandthatofﬂisinﬂmﬂlqmdmnt,ﬁndthevﬂuesof.
() sin(ztp) (i) vos (= +5)

Iuwhichquadrantdmthstﬂminallside of the angle of measure
(a+B) lie?
EIITTTN, We know that sin” @ + cos®  a=1

z
Therefore, sina i-Jl a:=:|:1’l —— 5?

As the terminal gide ufth:mglcnfmeasmofalsmﬂ:eﬂquadrant,whﬂemals
positive.

<\ 24
S‘D. sula- —— BTy
. 25

\ 2
Now . gecfl == -\/i+tﬂnzﬂ =+ 1+(%J =:I:15—3
As the termingl side of the angle of measure of F1n the quadrant ITT, 5o sec 13 negative

sec A ——E and msﬂ——i

1
= s I

Asﬁeterminalmnuft’heangleofmaasumﬁmmﬂlemquadmm,aunmﬂ'-iun‘egaﬁve

gin A __E




sin(a+ﬂ) =sgina cos f+cosa sin §

=(§J[_3)+(_1‘[ 12]= -120+84 __ 36
25)0 13 25)0 13 325 325
and cos(a+f) =cos acosf— sin o sin f
" iy 5\ (24\( 12Y_35+288 323
_( E)[_EJ_[E,[ 13J_ 325 325
As, sin(a+#)is—ve and cos(a+ f)is+ve

Thus, the terminal arm of the angle of measure (@ + #) is in the quadrant TV,

If a, 8, yare the angles of A ABC, prove that:
(i) tanettanf+tEny=tana tanf tan y -

n [ 4 B A ¥ ¥ a..
tan — tan~—+tan" tan~+tans tan—=1
o 2 2 2 2 2 m?.
As e, B, v arc the angles of A ABC, therefore
a+f+y =180
atfl =180°P—y
(i) ten(z+4)=tan (180° - )
1-tane tang
ten &+ tan § =— tan y+tan o tan f tan
tan o +tan f+tan y =tan& tan § tan y
() As a+f+y=180- = Z4B.7 _op
2 2 2
a f r
_.|__=_.-_.=90°__
B0 z i) 2
i o]
p 2
& B
ten -+ tan o1
1-tnZ tan 2 2 @nf
2 2 2
@ wliws @ =1-tn?
2 2 2 2 2 2
n? wn? +1en? tm? +tn? a0 =1
2 2 2 2 Z 2
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| BTN ()| Express 3 sin 6+ 4 cos @ in the form # sin{#+ ¢), where the terminal side
of the angle of measure ¢ is in quadrant 1.

Let 3 =rcos¢ )
and 4=rsingé (i)
Squaring then adding (1) and (i)
32 4 42 =72 cos? g+ P sind
Dividing (i) by (i)
=  9+16=7r(cos’d+sin) ;=%
= 25 =2 4 '
=% S=p s §='ﬂ"1ﬁ
= r==5 4 .
™ "%

3sin@+4cosf = rcosgsin H+rsm._§m§9
= r(sin Bmaﬁl-msﬂmnﬂ)

= rsin(f+4¢).
where r=3 und tan~! ¢ -—
vV EXERCISE 102 J
1. Without using table find'the vahues of the following: Eflut
) sinl15® () cosl5® (iii) tan 15° 15° = (45° - 30°) and
(iv) sin 105° (v) cos 105° (vi) tan 1050  WO5I=(60° +45)

2. Provethat(’,” () sin(d5® + @)= J_(sma+ms &)

(ii) cos{a+45°)= E {coz @ —sin a)
3. Prove that: (i) tan(45°+A)tan (45°—-A)=1

o w{elsre @ oo

- sinf - cos é ““’5 il o lmmotmg cosd+g)

cos 8 1 sind tan% 2 1+tnd tang  cos(@ —)




10.

12.

Show that: cos{a+ f) cos(@— f) = cos’ @— sin® f=cos” f—sin’ @
_ sin{g+fF)+sinfa—-F)
ShoWRL costa + B)+ oos(@—F)

Show that: (1) sin*(a+ ‘g) —sin*(a —%] =sin2q.sin 4

lan &

(if) sin® & +sin® B + cos’ ( + #)+ 2sina.sin f.cosfa + f) =1

Show that: o
; 0 gy Ittana tanf w3 _ l+cote tanf
0 wlad)— ey © -mn_(-smr':i)___I—_ie_é.mmwEf
_ cote cotf +1 .. tna+tmf sin(@+ f)
L Sy s ) tna_tmf  sn(a-f)
o wtern - Lo
If Eti11:2‘=g and cos f= E,whuﬁ_-o‘;aﬂi and 0<fB< =

25 29' </ 2 2
Show that sin[a—,ﬂ}=$i2§,
If sina=—> gnd m&,ﬂ=—i where 2% < g <2x and < fi< 3 Pind

Y a5 2 2

O sin(@tp) G cos(at+p) (i) tan (a+5)
(v) sin(z-g)\ O () cos(a-g) (v) tan(a-B).

luwhichqqa@lrmﬂﬁdod]emrmjnal gides of the angles of measures (@ + f) and
(a-B) lis?D

Find sin{¢™ £) and cos (& + B), given that

(i) tan &= %.msﬂ‘= % and neither the terminal side of the angle of measure

c nor that of 2 is in the quadrant I,
G) tan @—-— %-and gin = — % and nieither the termiinal side of the angle
of measure o nor that of 5 is in the quadrant IV,
¢08 19° +gin 19° = tan 64°
ocos 19°—sin 19° ’
Prove that: cos(60° + &) cos{60° — &) + ein(60° + ) sin(60° — &) = cos 26

Prove that:
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13. If a,ﬁ y are the angles of a triangle ABC, show that

et E et vl =t el ol
2 a2 g Tz g g

14, If @+f+y=180°, show that: cota cotf+cot S coty+coty cota=1

15. Express the following in the form rsin(@+ ¢)jor rsin(2—¢) where torminal
gides of the angles of measures 6 and ¢ are in the first quadrant:
(i) 24ginf+7cosd (i) 12ginf—-5cosd (iii) sin &#—cos &
(iv) 8sin @ —6cos @ (v} %sin9+§em6 (vi) 13sin 68— B4cos 6

10.4 Double Angle Identities
We have discuszed the following resulis:
sin (z + f)=#in & cos f + cog 2 sin #

_ e +tenf
cos(a@+ ) =cosa cos f—ring 3ind and tqn(rx -B)= I—tang tand
We can use them o obtain the double angle 1dmt1hﬁs as follows:
@ Pit S=qinsin(atf) =sinacosficosasng
gin (& + @) = sin @z cos @+cos a SN
Hence sin2g=2sina cosa :
(i) Put J=eincos({a+f)=cosa cos f—sina sinf
cos{a+a) = cosax coOB -GN sine
Hence cos 2 @ =cos® a—sin*a
cos 2 o =cos’ ¢ —sin
cog2 @ = cos?a—1(1— cos® a) (- sina=1-cos? @)

= eot?a—1+cos &
cos2 ¢ =2¢cos’ a—1
cog2 o= cos’ a—sgin’ o
cos 2 @ = (1—sit® @) —sin® & (v cos® @=1-gsin® @)
cot2a=1-2sin’a

(i) Put ﬂ=amm(a+m=1—‘f1;;ﬁ
tana + tang
., _ tma+tma
tan(g+a) 1-tane tang
2 - 2H0E

1-tan*ex
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The formulas proved above can also be written in the form of half angle identities, in
the following wey:

(i) cos@=2cof T 1 =>cm‘£=m cox g Doy JrELOAE
2 2 2 2 2
@) cope—1-2e0E o g2 %1=0N0 , 4 & | jl-ovia
2 2 2 2 2
sing 1-cosa
) m %= 2 4N 2 = TP fl-cﬂ
2 % 1+ cosa 2 1+cosi
2 2 '
10.6 Triple Angle Identities
(i) sin3g=3sing-4sin’a (ii) cosd3g=4cos’ @—3cos e
Jtanz — tan’ @ A
tan 3o =
Gy 3= e

Proof: (i) sin3a =sin(2ata)
=sin 2a cos @ +cos 2a sin @
=2sgmacos acos a+ (1 —2sin’ @) sina
=2 sin @008’ @ +sin @ — 2 3in’ @
=2 gina(l —sin’ @) +sin g -2 sin’ a
=24ma—2sn ¢+sina— 28 a
gin 3. =3 gin @—4 sin’ @
(i) cosdgr  =cos(2a+a)
= ¢08 2 coB @ — sin 2 sin o
=(2cos’ @—1)cosw—2sin@cos rsin e
=2 cos’ a—cos @— 2 sin® @ cos @
=2¢c0o8’ a—cosr—2(1 —cos Bl con @
—2c08° @ —cosr—2cos@+2cof @
cos3a =4cos’ a—3cos e
{ii) tan3a =tan 2z +a)
_ tan 2o+ fana
" 1-tan 2 tana




1an
_ I—tana Jtmae+iene—tan’a
- 2 2
l_lii:::a tang 1—12R a-2tan’‘e
tama — tan’er
tm’ @ =
T T 1 3una
tnel 11|  Prove that: yngyan =tanf
1+cosé +cos2?
sin@+2sinfcosd  sinf(l+2cosd)
Solnto LHS. = -
. 1+-cosd+2cos* @ -1 cosd(l+2c08d)
= M0 0 -RAHS.
cosé
Hence B30 A =tan A.
1+cos & +cos 26 _
. 2iend . 1—tan’@
le Show that: 2= —— cos 28 =
[Example[V] @) sin Ghdg 0 o= oo
. . .. 28 cosd  2sinf cosf
() sin28 =2sin @ r.us§= ; =ms’6+s_in’6'
25in & cosd sin @
_ cos’d cosd
cos® 6 +sin’g cos’d - sin’d
cos’ O cor’d cos’d
2tan &
in2f=———
e v anp

(i) cos28 =cos’ #—sin* G =

cos’ @ —sin" @ _ cos” §—sin’g

1

cos’f—sin’f cos’8 sin’d

cos*f _ cos*8 cod’l

T co?O+sin’@ cos'f sin’é

cos’ @ cus"ﬂ-'-cuszﬂ
_1-tan’2

26 = 2 &
S 1+tan?@

" cos’ @ +gin’d
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(ATTAT0913| Reduce cos® @ to an expression involving only function of multiples of
8, raised to the first power.

We know that:

2co5 8 =1+cp328 = msz9=1+m52&

2

cos® @ = (cos® B)* = [MT

2

_ 1+ 200828+ cos*28
4

[142 cos 28+ cos® 28]

B | = -h-I'—

|:1+m29 1+ms4ﬁ]

=4 5 [2+4cos28+1+cos4 ]

%[3+4ms29+m4ﬂ]

P~ EXERCISE 103 4

1. Find the values of sin Zé, ¢os 2 and laa:z Z2a, when:

(i) sina=%' - (i) cnsa— whmﬂ{a{iz
2. Prove the following identities:
% sin 2a
i fa—tana=2 cot2 i) ————=tan
(i) cot a=2 cot2e (ii) T 4
Gi) X @ (i) oo % _ ee02n — tan2a
SN 2 cos& +8ing
sin 2+ cos =
) l+s1lna= 2 2 (vi) msecﬂ+2msec23=mtg
l-sing % .G secd 2
2 2
(vil) 1+ a0 tan 2 = see 24 (vity) 2HBB SN2 o 50 tand

cosd +cos3d




3,
4,

S.

gin36 cos3p . cos38 sin3@

' = =2 i —4c0s26
B Gnld o088 W e g T
6. .8
tan —-+ oot — .
(xi) H:s&:ﬂ iy DG GRDY._ 5 o2
i . cosd ging
2 g
3+cosdd 1 % 2 14-8in 26 2( ¥
3400880 _ 1 (sun? 9 +c0t’g —tan®(% 4.9
s L ) (f)

(xv) cos’£+ms’3x+ms 2 5% % | cos? I (L
8 2 2 &

Show that: 2008 @ =2+ 2+ 2cos 48

Reduce sin® @ to en expression involving only ﬁmcﬁun of multiples of 8, raised
to the first power.
Find the values of sin #and cos 6 without using taﬁ're or calculator, when @ is:

=2

(1) 18 (11) ag° (11]) ﬁa:" (1‘,} 790
- \ 1
Hence prove that: cos 36° cos 72° o0§,108%cos 144° = E
56 =00° 58 = 13¢0°
(38+26) =90 O 30+ 26 = 180°
8in 36 = sin(¥0F = 26) et sin 30 =sin(180° — 28) et

10.7 Express the Product (of sines and cosines) as Sums or

Differences (of sines and cosines)

We know tha:
m(a*-l—ﬂ) =sin@cos # +cos asinf ()
gin (z— #) =sinazcos f —cos asin f (i)
cos{a+f) =cosacozf —sinasinf (iii)
cos(a—ff) =cosacorf +sinasinf (iv)
Adding (i) and (i) we get
sin{er + f) + sinfer — f)—2sm e cos § {v)
Subtracting (ii) from (i) we get
sin{a + ) — sin{x— F)=2cos ¢ sin § {vi)
Adding (iii) and (iv) we get

cos(+f)+eos (@—f)=2cos g cos f (vii)




Subtracting (iv) from (iii}, we gei
cos{a+f)—cos{a— ) =— 2 gin crgin A (viii)

So, we get four identities as:

2sin agcos § = sinfg+ ) +sin{ag- M)

2cos asinf = sinfo + ) — sin(fa— A

2eosacos S = cos(a + ) + cos{e— )

~2sinasing = coso + B — cosia— )
Now putting e + =P and x — 5= 0, we get

P+Q P—

—_——_——— d _——,—™—™
a=— and B 3

gin P+ginQ = sz;Q i Q,(
s B Q\

Pyt Q;""/\’ Q

cosPteosQ = 2co8———

coBP—cos 0= —Esh:fe

2
T 14| Express 2 m?ﬂml’:ﬁ-‘u a sum or difference,

[PITTRE, 2 sin 76 cos 30 =sin(76+ 36) + sin(76— 36)
| =sin 100+ sin 40
(HTT915| Prove withont using table / caleulator, that
sin 190 cos 11°+sin 71° sin 110 = -
[LH.S=5in 19° ¢os 11° + gin 71 sin 11°

=%[25in 19° cos11°+2 sin 71° sin 11°]
= [{sin(15°+11°) + sin(19° -11° )} ~{cos(71°+11°) - cos(71°-11°)} |

=—{in 30°+sin 8°—cos 82°+cos 60F|

|k Pl | e

=—[l+sin8"—ous(90“—8°)+£|

bl
[N ]




Hence, sin1%° cos 11° 4+ sin 71° sin11°=%

| 1016| Express gin Sx + &in 7x es a product.
gin 5x + sin Tx = zsins";?"mﬁ;?" — 2sin B bos(—)
=2 gin 6x coE X ('~ cos(— @)=cos &)

Express cos 8+ cos 38+ cos 58+ cos 78 as a product.
cos 8+ cos 36+ cor 58 +cos 76

=(cos 36+ cos @) + (cos 768+ cos’56)

- 2m3€+9m3ﬂ—3+2mj€+*59 m?ﬂ—Sﬂ

2 2 ¢ 2 2

=2cos 20 cos 0+ 2 cos 60 cosé

=2 cos & (cos 68 +cos 283)
604+20 68-28

5 i ]
=2 cosf (2 cos 48 cos 28) =4 cos & cos 28 cos 46
Show that cos 20° cos4ﬂ°cos80"=%
LH.S=cos 20° cos40° cos 80P
1

= 2@0&6[2005

{4 cos 20° cor 40° coa 80P)

[(2 cos 40° cos 20F) . 2 coa 80P)

[{cos 60° + cos 207) . 2 cos 80°]

(-

R S R - R




(coz B(P + 2 cos B(° cos 2(F)

{cos B0® + cos 10{P + cos 60°)

[cos BO° + cos(18(° — 80"} + cos 60°]

[mﬁ 80“—ms80‘+%] [ cos(180° —8)=—cosf ]

[l]=1 - RIS

1
4
1
4
1
4
1
4

—

4,2) 8

Hence, cos 20° cos 40F cos BOF = ]E

P’ _EXERCISE 104

Express the followmng products as sums pr"ﬂﬂfémnm:

(i) 2sin38 cos @ (i) -2 cos 56 3in 34

(iii) sin 58 cos 28 (iv) 2 gin 78 sin 28

(V) coslx+y)sin(x—y) v (vi) cos(2x+ 30°) cos(2x — 30°)

(vii) sin 12° gin 46° ' (viid) sin(x + 45°) sin(x — 45°)

Express the following gums or differences as produets:

(i) sin58+sn38", (ii) sin 8#—&in 48

(iii) cos 64+ cos 30 (iv) cos78—cos &

(v) cos _12‘-'. + cos 48° (vi) sin (x+ 30°) + sin(x — 30°)

Proverthe Tollowing identities:;

o) gin3x—sin x ok 2 (i) sin8x+ein2x — tanSx
COEX—CcoB3X cosdx+cosx

(i) sinA—s?nﬂ-':mA—B m.A+B (iv) gin 80° +sin 40° _h
smA+sn B 2 2 cos B0° +cos 40°

Prove that:

(L) cos 15°+cos 105° + cos 195° +cos 160° +cos 285°= 0
on  8iN 28 +8In 48 + 5in 68 + 8in 87

= tan 5¢
(i) co8 28 + cos 48 + cos 68 + cos 89




10.

0 et{f2 o5

(iv) sin(:—ﬂ]sin[‘:+ﬂ]=%m2ﬂ

. sin A +aim 34 +sm 59 +-gin 78 .
= tan 48
S e e e

Prove that;
(@ cos20° cos 40° cos 60° cos 80° = %

o .o .2 . x . 4r 3
(ii) min— sin— sin— sin— = — R\
9 9 3 9 16 o™
(iii) sinl(° sin3(° sinS0° .aiﬂm:%
Prove that: — 0 _ —ging: deduce the yaWEof sin 15°
1+2cos 26
Prove that: tan75°—tan15° =243  \_J

Prove that: cos15°—sinl5® 4.

J:._*
. sinfa- su:t.ﬁt
Prove that: pre _-gn*ﬂc-osﬂ =tan{a +§ )
Prove that: =3
g st a2 )2



