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Complex Numbers

INTRODUCTION

Complex numbers are an extension of the real numbers degigned to solve equations
that have no solutions within the realm of real numbers. The history of mathematics
shows that man has been developing and enlarging his concept of number accarding
to the saying that “Necessity is the mother of invention”. In the remote past they started
with the set of counting numbers and invented, by stages, the negative numbers,
rational mumbers, irrational numbers etc. Since square of a positive as well as negative
number is a positive number, the square root of a negative number does not exist in the
realm of real numbers. Thercfore, square roots of negative numbers were given no
attention for centuries together. However, recently, properties of numbers involving
square roots of negative numbers have also been discuissed in detail and such numbers
have been found useful and have been applied in many branches of pure, applied,
financial and computational mathematics. -~

1.1 Complex Numbers
The numbers of the form z=a +ib,where a,be R and i=+/-1, are called complex

numbers. For example, 3 +4ij».?.~'§i, —7-21 etc, are complex mumbers and the set of

all complex mumbers is denoted by C.

1.1.1 Recugnition:_'nf Real and Imaginary Parts
Let us start with considering the following equation:

2Z+1 =0 :~ ¥’=-1 > x::l:J—_l

V-1 does iot belong to the set of real rumbers, We,

therefore, for convenience call it imaginary number

and dencte itby i (read as iota).

In the complex mumber z=a+ib, « is called real part and b is called imaginary part

of the complex number, For convenient, real part is denoted by Re z and imaginary part

by Im z of a complex number z, For example, if z= 3 + 4/, then
Rez=3andImz=4.

The product of a non-zero real mumber and 7 is also an imaginary number.

For example, E.i,ﬁii,ﬁi,-lz!:'m all imaginary mumbers.




Conjugate of Complex Numbers: Let z = a+ibbe a complex number, then a — ib is
called the complex conjugate of @ + ib. It is denoted by z . Thus 5 — 4{ is complex
conjugate of 5 + 4/ and -2 -3i is complex
conjugate of -2 + 34 57T A real number is seif-conjugate. |
1.1.2 Operations on Complex Numbers
With a view to develop algebra of complex numbexs, we state a few definitions.
The symbols a, b, ¢, d k. where used, represent real numbers.
(i} Addition: (a+ib)+(c+id)=(a+c)+i{b+d)
() k(a+ib)=ka+ikb
(iii) Subtraction: (g-+iB)—(c+id) = (a+ib)+[(c+id)] _
= a+ib+(—e—id)=(a—e)+i(b—d)
(iv) Multiplication: (g + ib)Y(c + id) =ac + iad + ibe+ Pbd = (ac — bd) + i(ad + bc)
1.1.3 Complex Numbers as Ordered Pairg'of Real Numbers
We can define complex numbers also by using ordered pairs.
Iﬂﬂbethnaatnfmdmﬁdpmnbelmmhkxﬂ which are subject to the
following properties: :
(i) (@b =(c.d)a=cab=d
@) (@b +{ed)=(@+cb+d)
(iii) (a, b)(e, d) = (ac— bd;ad+ be)
(iv) Ifkis any real number, then k(a,b)= (ka, kb)
Then C is called the set of complex numbers. Tt is casy to see that
| (@, b)- (¢, d)=la—¢, b-d)
Pmpmﬁss(i), {Jﬂ and (iii) respectively define equality, sum and product of two

complex numbers. Property (iv) defines the product of a real number and a complex
number,

Find the sum, difference and product of the complex numbers (8, 9) and
(5.—6)
A Sum = (8 + 5,9 -6)=(13,3)
Difference = (8 — 5,9 — (- 6) = (3, 15)
Product = (8-5 --6), 8(-6) + 9-5)
=(40 + 54, 48 +45)=(%4, -3)




1.1.4 Properties of the Fundamental Operations on Complex Numbers
It can be ecasily verified that the set C satisfies all the ficld axioms i.c., it possesses the
propexties of real mumbers.
By way of explanation of soms points we observe as follows:
(i) The additive identity in C is (0, 0).
(ii) Every complex number (g, b) has the additive inverse (—a, —5) i.e.,
(a, B)+ (= —5)=(0, 0)
(ili) The multiplicative identity is (1, 0) i.e., N}
(a B}(1,0)=(a1-50,b1 +al)=(a b) The set C of complex
= (1, 0)(a &) mumbers does npt satisfy the
(iv) Every non-zero complex number {i.e, mmber | ofder exiom fact, there
not equal to (0,0)} has a mulfiplicative inverse. | 1510 86036 in saying that one
The multiplicative invese of (a, b) is | COWPlex number is greater

PITEA I
a —b
@+b a* +b

) =10, ettty clemen

‘a. -b
N [‘é* +8’ a* +b‘) @)
V) (@ b)[(c.d) t(e.f)]=(a b)e;d) £(a, b)le.f)
[T 5 =(4, 2) mnd 2, =(3,~1), then find .

Z,
EITIT Given 2,=(4,2), 2, =(3,-1)
5 _(42) 4+
"z, (3-1) 3-i
Multiply the murierator and denominator by the complex conjugate of z, =3—i.
' 7 _4+2_4+20 3+i
z, 3—i 3-i 3+4i
() @D+ Q@)D 12+4i+6i+ 247
- @Y - N
12+10i—2 _ 10+10i
= 9-(1) = 10 =1+i s F==1

Thus, 2 =1+
z,

(a b) [

Now
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1L1.5 ﬂu'gand Diagram

Every complex number i8 represented by one and only one point of the coordinate plane and
every point of the plane represents one and only one complex mumber. The components of

the complex mmber are be the coordinates of the point Ay
representing it. In this representation the x-axis is called 47

the real axis and the y-axis is called the imaginary axis, 51—1‘,2}3" 40,2)
The coordinate plane itself is called the complex plane « “1¢ ]

or z — plane. The figure representing one or more %
complex numbers on the complex plane iz called an f(j—++k—aﬁ—l—i—++x
Argand diagram. The Argand disgrem is & way of _34'_1-;&]23‘

representing ong or more complex mumbers on the o 3L

complex plane. Points on the x-axis represent resl ' o ,| D)
mmbus wheress the points on the y-exis represent : 1
! 4;:.-' Figure ()

InanArgmddmgmm,ﬂmnumplexmmber x+iy Mqualyrepmsmwdhythemﬂer
pair {z, ¥). In Figure (i), the complex numbers 3+ 2i, -2+ 2/, 3 —2iand 2 —2{
correspond to the order pairs (3, 2), (-2, 2),__(:"‘._’_-. ~2) and (2, —2) respectively have been
represented geometrically by the point A, B, Cand D. ;
Modubis of & Complex Number: The real number
JE+3 is called the modulus of the complex number
x-+iy and it is denoted by |x+1|. In Figure (ii), (04|
represents the modulus of x+iy . In other words, the ’
modulus of a complex tumber is the distance from the
origin to the point representng the number.

ExampleElp #4y (Hﬂ) then evaluate [z| 4y  Tigure @)
Solution =(1+2i). =1+4~i+4r"=—3+4:'x 2+i=-ﬁ-3i+s:'+4i’
2-3 2-i 2—i  24i 2
—6+5i—4 _—10+5i
4D s
= z==2+i
Taking conjugate

T=—24i=-2-i
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o |=|=|—z—f|—J(—z) Ay =a

£ |E| =
P EXERCISE 1.1 _d
1. Find the mulliplicative inverse of each of the following complex numbers:
® 47 (@ (2,~5) () (1,0)
2. Separsic into real and imaginary paris (write as a simple complex, 'ﬁumhm}
2-Ti o (24307 L (a+3)*
® ars @ 1+i () {W) 4-3i

141 R0
3. Provethat z=z iff z is real. —
4. For ze C, show that:

O Ti-re(x) @ ﬂ=mg)*fii:~i‘? ) off a3

5, Uz=2+i5=3-2xn=1+3, lhmexprmz' in the form of a+ib.
2

6. Ifz=2+7iand z,=-5+ 3:,!55nﬂahn.telhnfﬂllﬂmg
® Pz—4z] @ Pa+2m @) Fz+25 @) |(@+w))
i Shawmm-f“l-fﬂ*ﬂlr'i*”+f~++—0 forallme N.

8. Fmdthetmlpmi‘nvavalunnfu, |f(|+!] =]

1—i
9. Shuwtl;tht,\ﬂ:wvalu::off'forncNandn':*dls; where r is the remamder when
n is diviged by 4.

1.2 Equality of Twe Complex Numbers
The two complex mumbers z, = a+bi and z, =c+di are said to be equal iff their real
and imaginary paris are equal i.e., a+bi =c+di<Sa=candb=d.
If (3+24)(x+#y)=5+12i , where x,ye R , then find the values of x and y.
EALTTTN Giventhat (3+2)(x+p) =5+12

=  Jx+3iy+2ix+ 2%y =5+12

= -2+ (2x+PYi=5+12i




x-2y=35 ®
2x+3y=12 (ii)
Multiply equation (i) by 3 and equation (ji) by 2, we have
Ox—Gp=15
4x+6y=24
Add the equations
9x— 6y +4x + 6y = 15 + 24
13x =39
x=3
Substitute x =3 in equation (i), we have
33)-2y=5
9-2y=35
—2y=-4
y=2
Thusx=3,y=2
1.2.1 Sgunare Root of a Complex Number
The square root of a complex nmumber is another complex mumber that, when squared,
gives the original complex mmber.
Let w= p+igis a square oot of & complex number z=x+iy, where p,q.x,ye R,
then w=+/z ...(7), taking square on both sides, we get
W=z
(p+ig) =x+1y
P +opgi-g=x+iy
Equating real and imaginary parts, we have
x=p-¢ (i)

\ y=2pq (iii)
W know that (72 + 5 = (52~ + %
Substitute x = p® —g*, y =2pg in the ebove equation, we get
(P + P =t
= Pri={F+) @)
From equations (i) and (iv), we have x= p* —¢*and p’+q1=1}x’+y2 . Solving for
the values p and g, we have

WP+ o 1Ix’+y’—x
F_i\IT and E—#JT




From equation (iii): y=2pg, we have
« y>0,ifpand ¢ have the same sign
« y<0,if p and ¢ have opposite signs
» y=0,ifp=00rg=10
Therefore, the square root of the complex mumber z=x+iy is given by

G 2 [T
2 54 2

or \E=iuz+: m o ] w=(v), where |z =q/x*+y” >0 ismodulus of z.

Equation (v) is the required formula for square root of the complex mumber x + #.
[ATTTT 5| Find the square root of complex

number 5 + 127 and also represent the square , o
root on an Argand diagram. , \PN 3t
[T Lot x-+ 3 =5-+124 g
= x=Sandy=12>0 7 |
. x
bispdii=sBalall " SR
Applying the square root formula for complex -1+
numbers, we get S|

13+5 ( 12¢ [13-5 =y
Em-o B B8 ) |
vy
=2(+9 +iJE )=£(3 +2:‘)
Thm,ihnsql;_‘amj:t;utufﬂlemlﬂmmhm5+12iare3+2imd—3—2iunlmwn

- P EXERCISE 1.2 4

1. Find the real values of x and y in each of the following:

@O x+iy+2-3=i5—D(3+4)
(i) (x+fr}(l—ﬂ-{2—31){—5+5¢}(—i§)

-F o R
@ 2+i 3-i
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2. If 2=-13+24i and z,=x+yi, find the real values of x and y such that
z, —2, =—27 +15¢

3. Find the real values of x and y ift
2i-3

@ (x+ip) =25+60i (i) (x+iy)' =64+48 (i) (x+ip)'= ;H

4. If 2=2+3i and 2, =1-a, find the real value of & such that Im(z,z,)=7.
5. li'zl=x+3n'an{lzz=a+b:’,fmdx.y.aandhsuchtha.tzl+zz=l_{}+4:':1mi

e =K1 N
z,—2Z, 612

Show that ¥V z,,2,.€C,2, 2, =2,2, \
7.  Find the square root of the following complex numbeny:., T .

0 —7-24 i) 8—6i (i) -15-360 - (iv) 119+ 120/
8. Pind the square root of 13— 2043 and repmaamknn an Argand diggram.
9. Find the real values of x and y if [—T+:’)Lx+m}-*-(—l SH=iN1-i)
10. Find the real values of x and y if (5— 21](x+11}}+3 11— —4

11. Flﬂﬂﬂ]nfﬂﬂlﬁlﬂﬂiﬂfﬂﬂmjﬂlfw 2 —-11:'
2«!—':’ 1-:

12. If z=4+5iand z, =a‘-2§_,ﬁndtharﬁal values of @ such that Re{z,z,}=20.

1.3 Complex Pulyndﬁi]#l& as a Product of Linear Factors

Ammplexpu]pmnlf{z)uap&lymm&lfmcﬂmuﬁhempkxm&blexmﬁ
complex coefficients. It 15 expressed in the general form as:

: P(z)=az" +a _z"' +..+az+a,
where n',ﬂﬂrm..,al,q, gre complex numbers (@, #0) , and n20 iz an integer
representing the degree of the polynomial,
For examples B(z)=(1—0z + 3, B@) =00 - 402 +(2 + Dz + 3 - 4)and
P(2)=(2—-i)z’+22%+(5+3i) are the examples of linear, quadratic and cubic
complex polynomials respectively. If n =0, then P{z) becomes a constant polynomial.

A fundamental property of complex polynomials is that they can always be factored
into & product of linear factors.

According to the Fundamental theorem of algebra, a polynomial of degree » 21 has
exactly n roots in complex number system C.
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Amrdlnntnthmﬁmumstaﬁmﬂmtanypulmnmﬁﬂz) of degree » can be factored
completely into a constant @ and # linear factor over C in the form

P(z)=a(z-2 Xz—2,)..(z—2,) (1
where z,,z,,...,2, are complex roots of the polynomial equation Pz} = 0. Once we know
the roots of a polynomial equation P(z) = 0 we can apply equation (1) to factored the
polynomial P(z) into » linesr factors. Specifically, if z and z, sre Toots of the
polynomial equation P(z) = 0, then the equation mmst be P(z)=(z—zXz—-z,). For
examples, the polynomial P(x)=x" +4 consists of real coefficient has no real roots, so
it cannot be factored into linear polynomials with real coefficients. However, if we
considered the polynomial P(z)=z*+4 sz a complex polynomial, we can casily be
factored o two linear factors as:
2l +4=(z+2i)(z—-2)
where 2 and —2i are the complex roots of z° +4=0

Hﬁz}nnpﬂlymnﬂdﬁmhm,ﬂnnhmﬂxﬁu@\ﬂhﬁyﬂx}-ﬂmnﬂhﬂhm
wmmmm&m&mwﬁgﬂmp{.}n ]
[RS8 6| Factorize the polynomial P(z) =2% + (i — 3)z— 3i.
EATT, PE) =2+ (- 33— 3 '

=2 +zi—3z-3i

=zz+)-3+i)

={z+i}z-3)
[FTTT 7| Factorize the polynomial P(z) =22 — 4iz + 12.
ST, Ae) =7 - 412

=2 =4iz=(-12)

=2 —4iz— 112 v =]

=7 —6iz + 22— P12

=2(z— 6i) + 2i(z~6i)

={z—6i){z + 2i)
(BT VT 8| Factorize the polynomial P()=2 + (1 +i ) +iz.
BT, P@) =2 +(1 +) 2 +is

=2+ (1 +Nz+i]

=z[zz+z+iz+f]

=zlz{z + 1) + iz + 1)]

=zl{z+ 1)z + )]

=z(z+ 1)z +i)




<> m@,

mmwmﬁmuwhNnummmmmﬂm of a
polynomial squation with integer coefficients. According to rational root theorem:
If & polynomisl P(x)=a.x"+06, %" +..+ax+a, hae mepar cocfficients, then cvery rational
m%{'mﬂuuwlﬁ' terms) satisfies:

L {i] pis & factor of the constunt teem &, (i} ¢ B & factor of the leading coefficient o,

EETT T 9| Factorize the polynomial P(z)=2"— 32" +z + 5.
Amdmgtnmuunalrmtthmthﬂpuﬁaiblnmatnﬂhammmﬂ
andﬂ:S On checking, we see that z—-1 is the root of P(z) = ﬂbmn

P =17 -3(-1P +(-1) +5=0. \
8o z+ 1 i a factor of the P(z). Using synthetic division

11315
1 45
T4 5 0V
Thercfore, 2 —32° +z+5=(z+1)(2* —4z+5) 6))
Next find the fastors of z* —4z+5using quadratic formula
Z~4z+5=0, here a=1,b=—4,¢=5

_ A 40X _ 4+416-20 _ 4444+
2(1) \ 2 2 2

7

= z=2%i -
The quadratic factors of 2% ~ 42+ 5= (z—(2+i))(z—(2-1)) =(z-2~1)(z-2+i)
Substituting in equation (i), we have the
2 -32%+z+5=(2+1)(2—-2-i)(z-2+i)

1.3.1 Seclufton of Quadratic Equation by Completing the Square
Aswe learned in previous classes, completing the square is a powerful and systematic
method for solving quadratic equations. This technique imvolves rewriting a quadmatic
equation in the form ax + bx + ¢ = 0 into a perfect square trinomial, which can then be
solved by taking the gquare root of both gides. This method is especially valuable when
the quadratic equation docs not factor easily. By completing the square, we can solve
any quadratic equation, even those with irrational or complex roots, making it a more
effective technique in algebra.

Solve the equation 22* — 12z + 50 = 0 by completing square method and
hence express it as a product of its linear factors.




22-12z+50=0

Dividing both sides by 2
2—-6z+25=0

= 2-23)x=-25

Add 3 on both sides
223z +3*=—25+3
(z—3)*=-16
= z-3=1J-16
=N z=314i

% J

Therefore, z=23+4ior z=3—4iare the required complex roots. .
Umghmﬂmaf%mmﬂhmﬁﬂgeﬁﬁqmmhﬁmﬁ
using the roots 3 +4i and 3 — 4i as:

27— 122+ 50 =2z — Gz + 25)=2{ z—(3+ 4i))(z— (3 4:)) 2{: 3—4i)(z—3+4)

Hence, 22° —12z+50= 2(2—3 #)(z 3+41)
rEXERCISE 13 J

. Factorize the following:
i) a+4 (i) 9a*+ I’ﬁb’ (i) 3P+HP (iv) 1447 + 2257
v) 22-2&-1 (vi) ﬁ+|,ﬁ§+ 13 (vil) 2+4z+5 (vill) 22° -222+465
2. TFactorize the following polynotmials into its linear factors:
@) 2+8 (i) 2+27 (i) 2-222+162-32 (iv) z*+2122-100
) 2-16 (vi) 2*+37-4 (vi) 2*+522+6 (vii) 2* - 327 3969
3. Find the roots of “‘+T 7*—144 =0 and hence express it as a product of linear
factors. :
4, Solve the fnllnmg complex quadratic equations by completing square method:
@) 22*=-3214=0 (i) z-6z+30=0 (i) 32°—18z+50=0
{iv) A +42+13=0 v 22°+46z+9=0 (vi) 32-5z+7=0
5. Solve the following squations:
@ 22-32-=0 (i) 32243z = 0 (iii) 52 -5z =0
(iv) 2-52+2z—5=0 (v) 4z'-257-21=0 (v) 2 +z"°+z+1=0
Find a polynomial P(z) of degree 3 with zeros 3, —2i, 2i and satisfying P(1} =20.
Find a polynomial P(z) of degree 4 with zeros 2i, —2i, 1, —1, and satisfying
P(2) =240,
8. Find a polynomial P{z) of degree 4 with zeros 4, —4, 1 + 14, | — 1 and satisfying
P(2)=T2.

N>




1.4 Three Cube Roots of Unity (Note

Let x be a cube root of unity We know that the numbers comaining
1 { are called imaginary swmbery. So
x =(1)3 1 \Ef '1 ‘\Ei
= =1 &= +2 wd — —2 are called
= £-1=0 : :
it (= 1)+ x+1) =0 kmﬂﬁ:mﬁw.
Either x-1l=0= x=1
or P+x+1=0
_ —1+/1-4
2 N
=9 Xx= -1:;@ e J-1=i)
Thus, the three cube roots of unity are: 7
1 _H;EI and. -1—2\5:

1.4.1 Properties of Cube Roots of Unify
(i) Each complex cube root of unity is square of the other

Tam L &, i -3 @,
2 2
and if _1_2@ = ,tbu:_i'.'-'l';@= @’ [@ i& read as omega]

(ii) The sum of all the three cube roots of unity is zero ie, 1+ o+ @*=0
(iii) The product ofall the three cube roots of unity is unity ie., l-@-a’=a’=1,

as a consequence of which, each imaginary cube root of umity is the reciprocal

nfﬂmdﬁar,ﬁmtii,m=%,m’=—1~.
@ @

142 Four Fourth Roots of Unity
Let x be a fourth root of unity

1
;lx:=l:1)I =5 =1 —— 2-1=0 = F-1F+1)=0
= #-1=0 = 2£=1 > x=+1
and 2+1=0 =2x=-1=x=1%i.
Hence four fourth roots of umity are: 1, -1, i,—i.
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1.43 Properties of four Fourth Roots of Unity
We have found that the four fourth roots of unity are:; 1, -1, + 7,1
(i) Sum of all the four fourth roots of unity is zero
1+ (1) +i+(H=0
(ii) The real fourth roots of unity are additive inverses of cach other,
1 and —1 are the real fourth roots of unity and 1 + (1) =0=(-1) + 1
(iii) Beoth the imaginary fourth roots of unity are conjugate of each other.
{ and —i are imaginary fourth roots of unity, which are uhnnm!y cottjugates
of each other.
(iv) Product of all the fourth roots of unity is —1 i.e., lx{—I)xtx{—t]——l
I Prove thati(e +5°) = x + )+ apdx +@y)
Proof: RHS =({x+y){x+ay)x+ a'y)
=(x+ )+ (o + o' px + &y A O
=@+ —xpt+)) =2 +y = L.H.s e m? 1, ®+a?=—1}

Hence proved.
VE EXERCISE ia d
I. Find the three cube rooty of:
® 8 @) 8 @2 @6 ) -125
2. Find the four fourth roots of 16 El “625. Also show that their sum is zero in each
CASC, N
3. 1If 1, @ o are the cube rt'l;bhi of unity, show that 1+@" +@&°"= 3where » is &
multiple of 3 mecuwly
4. EBvahuate:
S il I i 7
@ (_“ﬁ ]+[ ‘ ;’_3] @ (1433 +(1-3Y

5. Shcswmm w+ o)1 — o+ ') — 2 + &)1 - &' + &™) ... 10 21 factors = 2
6. vaelnai[”""rw [ J‘;’J =—1.

J 2
7. Evaluoate Z&J“ , where @ is an imaginery cube root of unity.

at+bo’ + o

2 =
G’ + b+

2 +ba' +ca’
aw' + ™ + car®

B. If @ isenimaginary cube roots of unity, prove that

9. If @is a cube roof of unity, prove that
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1.4 Polar Coordinates System

Polar coordinates are often more convenient than
Caricsian coordinates in situations mvolving
circular or rotational symmetry, or when a {b”h
problem depends ondistance from a fixed 4
point and angle relative to a reference direction.
Just as the Cartesian coordinate system uses an
ordered pair (x, y) to describe the position of a N
point, the polar coordinate system determines the _ Polar
position of a point using a directed distance r from =

a fixed origin O (called the pole) and an %— &
angle & that the line canmecting the origin to the A 3 ”
point makes with the polar axis (typically aligned £ C

with the positive x-axis). =
In polar coordinate gystem the location of a poiut P can be described by polar
coordinates in the form (r, @), where » and & are real numbers.

¥4 Rectangular coondinats ) 4 Polar coordinate

| Pr, 6)
==smusees Pl )

o Polar axis

o - E >

While 7 is typically considered non-negative (r 2 0), it is also possible for rto be
negative (# < 0). The value of r changes depending on

its sign, and this affects the position of the point in the A P[S. %]
plane.

When r > 0, the angle @ is the measure of any angle in
standard position whose terminal gide lies along the
lineg cormecting the origin to the point P, measured
from the polar axis (pogitive x-axis). 1

For example, the polar coordinates (5,;] represent a

]

o Poler axis

pnimilmiuawnyﬁnmpolcatmanglenf% radians.




When r < 0, the angle #is the measure of any
angle in standard position whose terminal side lics
along the line connecting the origin to the point 2, o
but the point Q is Jocated |r| units in the opposits /-' ‘fs,;
direction (i.z., @ + z) from the polar axis {positive g

x-axis). For example, the polar coordinates 9=0

(—5,5] represents a point 5 units away from the
pole, but in the direction of %+ = % ragians. E[—S.!)

a"" "
20 5,4y e 5, 5w74) st the same point n theplane |

1.4.1 The Polar Form of a Complex Numl:ler
Consider the adjoining diagram representing the <
complex mumber z=x+4# . From the diagram, - °
we see that x=rcosfandy=rsind , where.
r=| z| i3 modulus and @ is called an argiment
of z. )V *
Hence  x+iy=rcosf+irsing - ()

where r=|z|=4/x*+)* and H"-:’_‘hn_‘f

Equation {i)ism]]adﬂ;_&_pﬁlarﬁrmofthe v

complex mumberz. |

Express the complex number 1+i+/3 in polar form.

Shep I: Putrcos =1 andrsin@=+3

Step —11: " = (1) +(V3)
= P=1+3=4
= P=23

.-—-.

Hx=0,y>0then 8=9%0°
If =0,y <0 then 0 =-90°
Kx=0,y=0then 8 is undefined.
Ify=0,%>0then 0=0°,

If y=0, x<0 then 8= 180°.

Step — III: a=m-“{T3w=m-‘J§'= 60°

Thus 1+iv3 =2 cos 60° +i2sin 60°

FPrimcipal Argument: The principal argument 0 of a complex number z = a + bi is
the angle between the positive real axis and the line joining (a, 5) to the origin
in the Argand plane.
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Argz=9=m_l(g) (a+0)

It is denoted by Arg. It is 8 single, specific value of the argument, typically chosen
within a standard renge: Arg z € (—=x, x].

1.33 Operations on Complex Numbers in Polar Form

Addition and Subtraction of Complex number in Polar form

Let z, =r(cosf, +ising, ) and z, =r,(cosd, +ising,) be two complex mumbers in

polar farm. The addition and subtraction of these mumbers can be computed simply as
2, +2, =7 0086, +isind ) +7, (0086, +ising, )

and z -z, =7(cos6| +isind,)-r,(cosd, +isind, )

Multiplication of Complex number in Polar form -

Let z =r(cosd, +Hsing,) and z, =7 (cosd), +isind,) be two complex number in

polar form. Theprodmtnfthnsemmbmmbedmwﬂbynﬂuplymgﬂlmdnwﬂy

and simplifying

zp* zz—r{c-nsﬂ -Hﬁmﬂi} rz(msﬂz+mmﬂd

2, 2, = ;-1 0086, c08 G, +1 0080, KinG, +i%ing, cosd, + 1 sin, sin, )

z,- 2, =1,-7; [ (c086, cosd, —sin8, sind, }+ i(cosf, sind, +sind, c0sd,)] v i* =L

2o, = qq&[m:{ﬂl +8, )+isin(6, +E,]] (Using irigonometric identities)

Thus, multiplying two complex numbers in polar form involves multiplying their

moduli and summing their argnments i.e., arg(z - z,)=arg(z )+ arg(z,)

ththdpi"oﬂuctnfﬂ(m%ﬁuin%) and 4(ms‘%’ +m£].

2
Lﬁ 2, _S[nnug-i-l‘mn EJHI“I &= 4{ %H’m’n%}
Ix

Hero, 5 = Sand 6,=". while r, = 4and 6, ="

Substitute this value in the product formula
L, =h" 'i[m'(ﬂl +Hz)+iain(ﬂ] +62]]

. 7 35 cinl® 3| 2008 3F igin 3%
—5x4|:uus[ﬁ+ 2 J+ism[ﬁ+ 2 ﬂ m[mu 3 +igin 3)

Thus, the required product is Zﬂ[ms%-l-isin—ﬁ;j
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Division of Complex Number in Polar Form

Let z =r(cosé, +ising,) and z, =r,(c0s8, +isiné, ) be two complex numbers in
polar form. The formmula for division of these numbers in polar form can be derived as
below:

z, _ r(cosd, +isind,)

z, r(cosd, +isind,)

2 _ #{cosf, +isind,) (cosé, —isind,) Multiply and divide the R.TLS
2, r(c0s6, +ising,) (cosd, —isind,) (wmjumufmsﬂzﬁﬂnﬂj
z, _ 1, (c088, cosd, + sind,sinh, )+ i(siné, cosh, —cosh,sind,)

;' r cos’ 0, +sin’@

[m(a. ~6,)+isin(6, -8, )] (Using trigonometric identities)

Thm,ii'm modulus of the division of two complex uuni:m equals the quotient of
their moduli, while the arguments of the quotient is the difference between their

arguments,
Thus, when dividing two unmplunumbmﬂmmnd:ﬂunfﬂmmultmthemhunf
their moduli, and the argument of the result is the difference between their arguments

ic, mg[:—f}mg(q)—mw;l |
2

s o ) Yo £ 5]

6 i 2
-9 .. % 3 % -
‘Iatzl_—[m—+:'ﬁmﬁ]andz, 5(0{15[ Z}HM[ 2]]
% Tx 3 =
Here, ﬁ=j?";,ﬂi=?,li=g m&2=—i.

Substitute value in the quotient formula
—:f=£:[ms(ﬂl-ﬂz)+isin(ﬂl -8,)]

Sl e (5ol (-5))]

L
z, 21“’53 m.’!




[BTTTAR1S| If z=x + iy, then write the equation

Given [3z—i| = |3§+7| (i

mmenscs (IR

13z—i|= ‘3§+ ?| in terms of x and y.

Bz—i| = [3Gr+iy)—i| = [Fx+iBy-1)| =/Gx)* + By-1)?

32+ 7|=[Bx+3y+7|=3x-3p+7|=Px+7

Substitutes these values in (i)

VG2 +By-D* =y(Bx+7) +(-3))*
Taking square on both gides

Gxy +@y-D)*=0x+7 +(-3»°

92+ PP —6p+ 1 =9 +42x+ 49+ %7

= —fy+1=42x+49

= —6y =42x+48

ar =-Tx-8

The equation y = —7x—8represents a sl:rmgl:tﬂnu

+i(3Y)| =B+ 7V +(-3y)

hth.ammplmplans

[ETTITIi6) Show tha (x+2)'+* <5 g 212 |3 tor 211,

Solution

2i 4

z+2i _x+iy+ 2 z+i{y-‘1—2) x+l(y+2) x—i{y-2)

-2 x+iy-2 x+i(y-2) x+i(y- 2) x—i(y-2)
,+;?,1;(f+y’ —4)+4ix

2+yt-4 4x

= = = ki
8 (2] A= R0
b 2!.‘ Iz
As ) R )
\ .A"g.(z_zl"‘ 4
\ 4x N
I=+{3F**2)z AT Ax A
tant| L |=== = ——=tan——=-1
= 4y -4 4 ©+y -4 4
.t’-l-(y-Z): J
=5 ax=—1(x*+y*-4) = x+ax+y’=4

Completing the square for x*, we have
(x+2) +y'=8
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1.5 Complex Numbers in the Real World

(Voltage, Current and Resistance)
Olm’s Law is a fundamental principle in physics that describes the relationship
between voltage ¥, current I and resistance R in an electrical circuit. Mathematically
Ohm’'s Law can be expressed by the formmla V' =IR.
When dealing with alternating current (AC) circuits, resistance generalizes
to impedance (Z). Resistance in a circuit is due to
inductor (X,) and capacitor (X,.). Their difference is
reagtance X = (X;) — (X,), Geometrically it is shown
in the edjacent figure. Here Z=R+iX
Then for AC circuits, Obm's Law in Terms of
Impedance in expressed by the formula ¥'=I-Z. '
LA 17| If the impedance of circuit is 11[m55,35°+fﬂn 55.35"} ohms at a
voltage of Zj(ms.'iﬂ Fisin30 ) F’.ﬁnﬂﬂ:evalueofqm_mtmﬂmmmt.

Substitute the voltage 25(cos 30% -~ i sin 30°) and impedance
11(cos 55. 35°+iam55.35“)mmtbeaquaﬁnn?=12 where ¥ iz voltage, / denote
the current and Z is impedance.

25(cos 30°+1 sin 30°) = I .11(cos 55.35=+; sin 55.35°)
25(@95ﬁ»3ﬂ’+: sin 307)

~ 11(cos 55.35° + isin 55.35°)

1= oos(30°-5535°) +isin(30° - 55.35°)

or

‘T= 2.27[c0s(-25.35) + i sin(-25.35°) ~

Express into rectangnlar form
I'=227[0.90+#(-0.42) |=2.04-0.95

Thus, current m 2 04—-095i 4.

Cryptography: It is the science of securing information by transforming readable

messages called plaintext into secret code called ciphertext using mathematical

dlgorithms and encryption keys. It consists of two main processes i.e., encryption to

lock message with complex math, and decryption to unlock it with the right key.

AT 18|  Encrypt the word "MATH" by multiplying it with & complex number

k=12 + 3i and then decrypted back to its original form using the concept of

multiphcatrve mverse in complex mumbers.

Hach letter of the alphabet is assigned a numerical value as follows:
A=1,B=2,C=3,...,Z=26
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Fm“mmgnmluﬁﬂmﬁemd“mmanmp]nnmmﬂ:
zero imaginary part. The encryption and decryption are shown in the table below

Letter | Complex Numper (z)| zentrypied=zx& |zdecrypied = g emcrypied / k| Letier
M 13404 (13 +00(2+3H=26+3% (26+39)/ 2+3N=13+0i| M
A 1+0i (+00)2+30=2+31 | @+30/@+3=1+0i | A
T 20 +0i (20 +0)(2 + 3= 40 + 60i] (40+605)/2+3i=20+0i | T
H 8 +0F (B+02+3)=16+24i| 16+24i/2+3i=8+0i H
P EXERCISE 1.5 _d

1. Plot the following points:
o (275) ® (smw) @2 E] @) ( =]
5m

5 = ; 2z g lﬁm aclf 3
o (-55) o (3-%F) (50 Jew(-3. 3]
2. Express the following complex numhursmp-ﬂhlﬁ:r"m

@ 4+% @) 1+ {iii} 1+£i @) —%-%i
1-i B+is o 3+di
(ﬂ m E'“} " 1}51 . {"i‘) 4+3i
3. Cunw:rtmhufmcmmpluﬁ‘uﬁahm*zinthcmgulufmm x+iy:
Sr .. 5w T Tz
) 4(mﬂ?+:sm?] (ii) —[ﬂﬂﬂ 6 +igin— ]
(i) |z|=7. mr(&jé— @) |g=11, arg(#)=—%
(v) |z] ,mg{ )_—”—“ (vi) 2 cos(—33)+i 2sin (-33)

4, ]fz,=9(mss—ﬂ+ﬁinsﬁ)undzi—S[cas— + fgin— ]lhmﬁnil
4 kS 3 3

O ztz (i z-z (i) z-2 () 2

5. I 2=7cos=" +inr| and =11 mu“”’nmn!l”) then find the
12 12 12 12

4

following and ¢xpress the result into x + |y form

i) z+z (i) z-z (iii) z-z, (iv) L/
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6.

10.

11.

12.
13.

14.
15.

16.

17.

18.

9.

21,

If z, and 2, are two complex numbers, show that
0) Argzz)=Argz +Argz, () Am[%] = Argz,—Argz,

Divide z, = 6{cos 150° + { sin 1307} by 2, = 3{cos 30° + i sin 30°) and express in
x+ iy form.

Multiply z, = 2(cos 60° + i sin 60) end z, = 5(cos 90° + i sin 90”) end express in
x + iy form.

Find the modulus and argument of z =-2 - 2§,

Write the equation arg(2—2+ :')=sz in cartesian form, ifxwé{h-.

F-1+3i) o | 0
If z=x+iv and erg| - “%  show that & + *—\}x‘ +2y-5=0.
e 'E[EH-ZI‘)- 3 2

If z=x+iy and arg{z—2-3{)—urg(z+2+3i)=2x, that 2y =3x
Solve the equation |z—2:']=]§+';£|ﬁar z=x Q}\

For £=x+iy, solve the equation |5z @=|5E-3+2|’|.

Determine the set of poi x+iy that satisfy the equation
32-2+i|=[3z+i. 5\
1fz=x+§’andw=l;—ﬂ that |w| = 1 = z is real.

" - z,-2
Hamamgﬁmhxmbmmmzﬂﬂ,ﬁﬁ peL
&

An AC w@mp]iuamhage of F= 120[@954

with impedance Z = “;‘ﬁ ohms. Calculate fhe current in polar form.

An AC circuit has an impedance of Z= 3 — 6/ chms and is conmected to a voltage
source of V=90 + 30i volis. Find the current in both rectangular and polar form.
Encrypt the word "CODE" by multiplying the complex encryption key A=2—1.
Then decrypt it back to the original ward.

Congider the complex encryption key & = 3 — 3/, Encrypt the word "QUIZ", and
then recover the original word using the inverse of the key.

Encrypt the word “CLASS" by adding the complex encryption key k=- 3 +4i.
Then decrypt it back to the oniginal word.

+Eain% ]w:.-lu o & circuit




Functions and Graphs

INTRODUCTION

Functions are of fundements]l importance in mathematics, describing relationships
between inputs and outputs through a rule of correspondence. Understanding key
concepts such as domein, co-domain and range is essenfial for analyzing different
types of functions, including one-to-one, onto and bijective fimctions. Graphical
representation helps in identifying intersecting points, such as where a linear function
meets the coordinate axes, where two linear functions intersect or where a linear and
& quadratic function cross. These intersections provide valuable insights into solving
equations visually. Additionally, explering square root and cube root function graphs
allows for a decper understanding of their unique properties and behaviour. This unit
will enhance problem-solying skills by combining slgebraic and graphical approaches
to functions. :
2.1 Concept of Function
The term function was recognized by 8 Germn Mathematicien Leibniz (1646-1718)
to describe the dependence of one quantity on another. The following examples
illustrate how this term is used: \
(i)  Thearea A of s square depends on one of its sides x by the formuls 4= »*, so
we say that A is a function of x.
(i) The volume “¥” of a sphere depends on its radius » by the formula

P":%xr“, s0 e say that ¥ is a function of .

A function is a-rule of comespondence, relating two sets in such a way that each
element in the first set corresponds to one and enly one element in the second set.
Thus in, (i) above, a square of a given side has only one area and in, (ii) above, a
sphere of a given radius has only one volume.

Now we have a formal definition:

2.1.1 Definition (Function, Domain, Codomsin, Range)

A fanction f from a get X to a set ¥ is a rule of a correspondence that assigns to each
element x in X"a unigue element y in ¥, The set X is called the domain of f{

The set of comesponding elements y in ¥ ig called the range of 1 While the
codomain of a function is the set ¥ in which function’s output values (range) lie.
Unless stated to the contrary, we shall assume hereafter that the set X and ¥ consist of
real numbers.
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Codomaim is (he sel of all possible outputs but the mmgs is the seuel st of outputs
produced by the function under the given domain that is rangs set is always a subset of co-domain.

2.1.2 Notation and Value of a Function

If a veriable y depends on a variable x in such a way that each value of x determines
exactly one value of y, then we say that “y is a function of x™.

Swiss mathematician Buler (1707 — 1783) invented a symbolic way to write the
statement “y is a imction of x™ as y = j?'x},whi.churmdm“_}-ﬂequallnfbfx”

A function can be thought as a computing CJ
machine f that takes an input x, operates s Function .
on it in some way and produces exactly Inputx 4\:7’\‘:.) Ouiput £ (%)

one output f{x). This output f{x) is called _ .
the valoe of f st x or image of x under £ PR Mactine

The output f{x) is denoted by a single letter, nuyym&wwrﬁey—ﬁx}

The variable x is called the independent variable of f and the variable y is called the
dependent varlable of £ For now onward we shall only consider the fimction in
which the variables are real numbers and we say that f'is a real valued function of
real numbers. '

Given f{x)=x" — 2x*+4x - 1, find: @ N0 G AL
(ifi) A-2) (iv) AL+ %) v) f [i) x#0
T Ax) = - 2624 dx— |
() MO=0-0+0—1=-1
(i) AD=UP-201F+41)-1=1-2+4-1=2
(i) A2 =2 -2(-2) +4(-2)-1=-8-8-8-1=-25
(iv) A1+0)=(1+2-2(0 +xP+ 41 +x)-1
=1+3x+3C0+ -2 -dr— 27 +4+4x— 1
=x+x2+3x+2

0 {EH(L] L] L 13 2ot 00

Find the domain and range of f{x) =x".
[FITTGIT, For every real rumber x, f{x) =#” is a non-negative real rumber. So,
Domain /= set of all real mumbers ; Range /= set of all non-negative real mumbers.
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Find the domain and range of f ()= —"—.

EINTTTI, Atx =2 and x=-2, f(x]- ﬂnntdnﬁmd.Sn,
Dnmamfmietnfa]lrmlnumhmaxuptmiand2urﬂ-{~2,2}
7 4::-}'(1’ H=x=x’y-4y=x
Py—-x—4y=0
o TEDEVED 40Xy
2y
x=l:|: 1+16y"

2y
Clearly x is defined for ell y0

Let y=

, y=0

For y=0, wehave 0=

x
-4
This is f{0)=10
So, mngef—aetufa]]mlnumbmor{—wpm)

[Example]] Ftdﬂednmﬂnmdmﬁpo{f{x}—dx’—

Solution P.1 squarematﬂfanagaﬁhrmhar is not a real number, therefore

¥#-920 )

Let 2*-9=0=> x=43 .

Cﬂﬁna.l points divide the number line into three regions:
x=-41in (i), 16 - 920 (True)

Put.t 0 in (), 0 - 9:0(Fn1u) -

Putx=4m{1),lﬁ -9 > 0 (True) 3

So, domain f= (~e0, -3] L [3, x)

The smallest value of x°—9is 0 (when x=13),

= y=NP-9=40=0

As || increases beyond 3, 2* - 9 grows to +oo, 80 y grows 10+,
So, range [ = [0, =)

2.13 Vertical Line Test

The wvertical ling test is a method used to determine whether & graph represents a
fanction. A graph represents a function if and only if no vertical line intersects the
graph more than once. If any vertical line passes through the graph more than once, it
is not a fimction.

A

[P 8




Explanation is given in the following fgure.

¥ ¥ ¥ ¥y

S & A 1
i i : il

f\/l/\ i /—_\f\ A
I I

f!ﬂ i e i a ; 2d +|_; o

: al ,}/ x

{2) a fonction (b) = fanction (c) nntnﬁm:tlm (d) not a function

2.1.4 Types of Funciion

(i) One-to-One (Injective) Function

A function f°: x—rymme-teunenfdlﬂ‘emntmpmpm:mediﬁ:mtnmthans
if f(x;) = f(x,) implies x, :rmsmmﬂntnum&:ﬂhmtabmmmofthﬂ
domain map to the same element of the co-domain, b

For example, f(x) = 5:+7mm=—tn—on=becmtf‘5xl+'? 5x,+ 7 implies x,=x,,

(i Onto (Surjective) Function .

A function f: XY lscaﬂedunm(nrmechve}funmrm if every element in the
ao-dmmnfha&atlmutnmpm—mngnm_jhndﬂmmx In other words, for every ¥
in ¥, there exists an x in X such that f(x)=y

For example, f(x)=2x+3, where the domain and co-domain are both real sumbers,

Here y=2x+3= x='vT_3Hetr. for each y in R, there exists yT_"i in R such that

f(yT_a ): . Hmﬂcfls m.unh function.

(lify Bijective Function
A function f: XY is called bijective if it is both one-to-one and onto.
Piecewise Fomction

A piecewise fimction is a function that iz defined ¥

by different expressions (or “pieces™ over 3

differant intervals of its domain. Each piece 2

applies to a specific part of the domain, ¥ | ' "

— f(x}={2:+l }f x<0 -4-;-1_-1{{:/*1 234
x*=1 if x=20 /Y'_2

For x <0, the function behaves as 2x+1 and for 3

x20, it behaves as x* 1 Y
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-:|Shuwtlmttheﬁmmﬁn J(x)=x+1, where the domain and co-domain
are all real numbers, is bijective,
A function ig bijective if it is both cne-to-one and onto,
A function is one-to-one if f{x)= f(x) = x==x, for f(x)=x+1
Suppose f(x)=f(x,)

= x+l=x+1

=5 ¥ =
So, the given function is one-fo-one,
It is also onto becsuse for every resl number y, there is a real number x (specifically
=y—1) such that f (¥ —1) =y — 1 + 1 =. Hence, f(x) is bijective.
Show that the function f{x)=x’—2,whmlﬂ:}jddmaiu and co-domain
are all real numbers, is neither one-to-one nor onto,
ENTT\As f(x)=f(x) = 5 -2=5-2 28 =x
Teking square root, we got X, =X, Of X =—%
Tlﬁsduusmtimplythalxl—x,,furﬂmiﬁh
n=2xn=-"2=x+x andf(z) 2= 2.

Thus, fis not one-to-one.
Also, ﬂnedmm—zmﬂluw-ﬂomamﬂisthama]lut 2
value that f{x)= f-l_mmm,mdﬂmmly
achieved whenx=ﬂ,_'ﬂm,mynumbﬁlealt‘mn—z
(in co-domain R) is not the image of any real number x in 6
domain R. For gxatnple, fix) = -3 =>x*—2=—3hes no 24
real root. Hence, f(x) is nether one-to-one nor onto,

P EXERCISE 2.1 g
1. Given that (@) flx)=+-1 (o) f{x)=+2x+3

Find: () f(-3) (@) f(0) (@) flx-2) (v) fx*+3)
5 ffﬂ+ﬁ] f(@)

——————= and simplify where,

D fx)= ‘h+7 (i) flx)=sinx
(iii) Ax)=2>+x-1 (iv) f{x)=tanx
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Express the following:

(a) The area 4 of a square as a fimction of its perimeter P.

(b) The circumference C of a circle as a function of its area 4.
(c) The surface area § of a cube a2 a fimetion of ite volume V.
Find the domain and the range of the funclion g defined below:

6x+7,x<-2
D gx)=5-x (i) g(:r)-'dl:+2 (iai) 8(1}"{4_;‘. :}_2

) g0 =k-3 ©) gw= 2 g
Givenf(x)=2 -a*+bx+1. Tfﬂz)---s and f{-1)=0, rmdmevamcsofa
and &.
A stone falls from a height of 60m on the ground, Lhzhﬁgﬁlﬁaﬂerxmdsrs
approximately given by A(x) =40 — 10x°, \
(1) What is the height of stone when: Vo

(a) x=1sec? (b) x= 15&#? {¢) x=17sec?
(ii) Whmdnmﬁnmmhthagmpmd?
Congider the function f{(x)=3x 5.
3 Detmmeﬂzedamnmmdrmgeﬁff{r}.
(i) Istheﬂmnﬁmfmto—mﬂusﬁffmm
(iii) htheﬁmcﬁmfmmifthnw-dmnmaﬂmalmhm?mm
Letf: R >Rbedeﬁm:dby}"{x}— 2.
() Findth:domhmdrmgeoff(r}. (il Determine whether f(x) is onto.
(iii) Prove thatf(x) is one-to-one.
Consider ‘Lhi"mnntiuﬂﬁ R" — R' defined by f (x) = &™. Show that (x) 15 &
hzjmtw-.;
Let g R.-—- R be given by g(x) = 2 — 3x. Determine if g(x) is injective and/or
mumjective,

2.2 Finding the Intersecting Point(s) Graphically

The point of intersection is a point where two or more graphs meet on the coordinate
plane. This point represents the solution to the equation of the given function.

2.2.1 Intersection of a Linear Function and Coordinate Axes

As we know that linear function is a function in which the highest power of the
variable is one. While the coordinate axes refers to x-axis and y-axis in the Cartesian
coordinate system.




mmmm <> -m
Find the points of intersection of a linesr function y=2x+6und
mn:dmutugmphmﬂll}r.

EETTT, Table of values of y = 2x + 6 arc given
below:

x | y=2x+6
= 4
0 6
1 8

Hence, from the above graph, the points (-3, mmd(mﬁ)mmnpam::f
intersection of y = 2x+ 6and coondinate axes.
222 Intersection of Two Linear Functions

The point of intersection of two linear functions is the point where their graphs cross
mhnﬂ:er.m:mmthatwnfumﬁmhavethgm:mdyvghm at that point.

8| Find the point of intersection of (y = 3x+2 and y=—x+6 graphically.

-Table of different values of x amiy
is given below:

y=3x+2

y==¥+6

-]

—5

6

~

3

ET | BEEEEE. 45 @
-2
y
2.2.3 Intersection of a Linear Function and a Quadratic Function
A line and a parabola can gither intersect at two points, one point or not as intersect at
all. If there are two solutions, the sysiem has two points of intersection. A single

solution indicates that there is only on¢ intersection point, suggesting that the lme
may be tangent to the parabola. If no solution exists, it means the line and the

By plotting, the above points, we see that
(1, 5) is the point of intersection of both the
straight lines as shown in figure.
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/ :
Duﬂuhthn No Soluiien
[T 9| Solve the linear function y=—x+3 mdqmd:ﬁ.mhqﬁun

_}-..,.x’ 6x+ 3 graphically.

Cle!.r[y (3, 0) and (0, 3) are the x-intercept mdy-mtmuptrﬁpemvely of
y=—x+3.

y=x*-6x+3 [i}

Put x=01n (i), 50 (0, 3)is the y-intercept. ‘
Put y = 0 n (i), we have
0=x*—6x+3

o —{—6}th —40X3).)
5iJaﬁ-u &:1:-!_

2 2

= ﬁii{'= 3+ JE

326,36 =06,54
50 (0.6, 0) end (5.4, 0) are the x-intercepts.
Now we find vertex (&, k) of the parabola

. | |
& AR EREDD
k=3 -6(3)+3=—6 BTN

So, the vertex is (3,—6).
Hence (0, 3) and (5,—2)are the solutions (points of intersection) of the given
fanctions,




<>

2.3 raph of the Square Root

Function

[ETTTYI10| Graph the square root function y = 2+/x +1
Clﬂrljrﬂmdaminufy=2-\(;+lisx2ﬂ,utha!qummntofanngiﬁw

numbaisnntamalnumber.ﬁumgnufy=2\f;+lis}ral,
Table of values and the graph of the function are given below:

x |(yp=2 Jx+1
0 1
1 3
2 3.8
3 4.5
4 5
] 5.5
6 59
7 6.3
8 6.7
9 7
10 7.3

mmenscs (IR

B
~

& Oy @

—

L’ ]

O 1.2 34567809 mnt|

2.4 Graph of the Cube Root Function
Graph the cubié root function y=¥x—1

[T, Table of values and the graph of the function are given below:

y=Uxs1

1.8

s i

-1.6

-14

-1.3

-1

0

i

1.3

1.4

wlbfwl ol =l LILILI L[] =

1.6

E

4

25

2
15
1
035

1y

5543210
oS} 4
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2.5 Real Life Applications

Growth and Decay in Finance (Predicting Long-Term Stock Prices)
When something increases in quantlity or size over time, it is called growth. For
example, money in & bank account earning interest (it grows larger), & population of
rabbits is increasing over months.
When something decreases in quantity or size over time, it is called decay. For
example, a radiosctive substance is losing its stremgth over years, & cup of hot
wﬁbelsmolmg down over time,
The value of a stock follows the exponential gmwﬂimu&ul P{t} = P¢#",
whmfﬂisﬂwmihaistuckm'ice rhﬂ:&gﬂwthmpﬂ‘ywﬂﬂiristheﬂmein
years. Suppose a stock is currently valued at Rs. 5,000, mdlhlq:peotedmgmwata
rate of 5% per year.
(i) Find the value of the stock after 10 years. -
(i) After how many years will the stock double in value?
(') '['hefmmulafuﬂhﬂﬂpunenun!mwthm
P(f) = Pe" /
Given P, =5000,r= ﬂﬂS(S%growﬂlratu),mdt—lﬂyum
P(10) = 5000£™%51° =5000 ™
Using & ~1.6487
P(10) = 5000 %.1.6487 = 8244

So, the value of the stock after 10 years is approximately Rs. 8244
(i)  We want to find ¢ when the stock doubles, i.e., when P(f) = 2P, Using the

equation: |

2P, =P,

mﬁ&ngbommabyﬂ,whnez =g
Taking the natural logarithm on both sides: In 2 = ¢

and t==-E

=
_ 0.6931
005
=13.86
So, the stock will double in value i.¢., approximately 14 years.




<u> m@,
] The concentration of a pollutant in & lake, in parts per million (ppm),
dmy:mhmnmrdmgtuﬂufmuhnn
100
c)y=—
W Vi+1
where ¢ is the time in days since the pollutent was introduced.
(ij Whatis the concentration of the pollutant after 4 days?
{ii) Aft:rhnwydayswiﬂth:mmaﬁmdmphﬂuwlﬂppm?

(i) The pollutant concentration function is t.‘:(t}—F whexe tis the
time in days, P
Concentration after 4 days:
100
C)=—=
*) J4+1
_100
5
= 44,72 ppm

The concentration after 4 daymnl:rm:tﬁ,.?;ppm
(ii) When will the concentration drop below 10 ppm? Set C(f) = 10:

100
10 =
= i+1=10
= 1+1=100
= =99
After 99 days, the concentration will drop below 10 ppm.
_ P _EXERCISE 2.2 4
1. Find the point of miemection of the coordinate axes and the following linesr
functions graphically:
i) p=-S5x+10 () p=2x—1
(i) y=%x—3 (iv) }'=3.x+%

2. Find the peint(s) of intersection of the following functions graphically:
@) fx)=2x+5, g(x)=—x+5

(i) f@)=3x-2, g(x)=10-x




> e GO
(m) f(r) 2x—-4 , g(x)=3x-1

(iv) flx)=—3x—4, g(x}=ix+3

™ Sf(=x-1, g(x)=x"—-4x+3

(vi) f(x)=3x+4, g(x)=x"+2x-8

(vil) f()=-2x—1,g0)=2"—4x
(vid) f(x) = =" - 3x + 2, glx) =x +6

Graph the following functions: ﬁ@f‘
@ y=3x (i) p=vr+5 U@‘\J
(i) y=—14% ) y=—frilez’

) y=2x+1 (vi) p= 2&5—3

(vil) y=VYx"+x- \

Ahml-:imguhmghtnvertlmammudﬂ‘u.hyﬂ{r}—lﬂﬁ+2{}I:whmh15mmem
and ¢ is the time in months, The/Keight of a growing troc nearby is given by
() = 50+ 10+ £, &

) Mwhdtxmnwﬂlﬂm@dﬁgmdmhwﬂhemahmshﬂ

""""

Sketch thngmphnﬂfbdlﬁﬁmctmnﬂmddclunnm:m:umcwhmﬂ}:mwﬂl
overtake the hmgtrfﬁfmc building.

A mdmanu.!g-jmhsmnoe has & half-life ()i} of 2 years. If the initial quantity O,

'\( ) :
mzmwmmemuﬂdmyfmcuﬂnmg{l) {2,[ T,lhmﬁndlhe

remsining quantity after 6 years graphically.



Theory of
Quadratic Functions

INTRODUCTION

This unit explores methods to find the maximum and minimum values of quadratic
fanctions using completing the square and graphical analysis. It also covers the inverse
of quadratic functions, determining their domain and range. Additionally, students will
learn to solve absolute value quadratic equations and inequalities, as well as equations
of rational, radical and exponential forms that can be reduced to guadratic equations.
Finally, the unit demonstrates the practical applications of quadratic equations and
inequalities in solving real-world problems, providing a strong foundation for problem-
solving and analysis.
3.1 Quadratic Fanction
A quadratic function is a polynomial ﬂmauunnqurmtm It is typically expressed
in the standard form:
X =ad+bx+e

where a, 5 and c are real numbers, n.ﬁda-j:l]'
3.1.1 Analyzing Quadratic Fugction by Sketching
As we know shape of the graph of a quadratic
function f(x) = @ + bx + c is a parabola. The
parabola opens upward or downward, depending on
the sign of the leading coefficient g, as shown in the
given figure.
The tip of the parabola, labeled as ¥ in the diagrams above, is known as the vertex
having coordinates (h, k). The vertical line passing through the vertex serves as the
axis of symmetry for the parabola. The vertex represents a turning point, where the
graph changes direction.

« Ifa> 0, then the vertex is a minimum point.

e Ifa <0, then the vertax is a maximum point.
For sketching the quadratic function, we need to find the x-intercept, y-intercept and
the vertex. For analyzing the skeich of quadratic function, we find whether the vertex
i8 a minimum or a maximum point and indicate the intervals where the function is
increasing or decreasing,

-]
v
=

a<0




Mﬂmm <_'_:ts> m:uuu
[ZTTTTI 1] Sketch and analyze y = —* — 2x + 3.
Solution RASRE TR
The y-intercept is y =<0y~ 2(0) + 3 =3
The x-intercepts are found by solving the equation:
x-2x+3=0 or ¥*+2x-3=0
*+3ix—-x-3=0
xx+3)—1x+3)=0
x+3)x-1)=0
x+3=0,x-1=0
=—3,x=1
Now, we find the vertex
_ﬁ L
b o =- ;(_21))— o
k=—{-1P-2(-1)+3=-1+2+3=4 s AP
So, the vertex (—1, 4]inmnnmpﬂmt.'fhnﬁmmny
is increasing on (—o0, —1) and decreasing @.,(-lg o0),
3.1.2 Finding Maximam and)Minlmum Values of Quadratic
Functions by Completisg Square
Completing the squate is a technique used to tewrite a quadmatic function
f(x)=ax* + bx + ¢ in the following vertex form:
A= “afx - hY+ k&
b b
where vertex = {ﬁ.k},ﬁ ——Enndk C_E
< ]fa}ﬂfﬂammmmnmn]m:nfﬂ:]atx hisk
o Ifg <0, the maximum value of f{x) at x= his k.
[ZTTTN2| Find the maximum or minimum value of Pa.s
f(x) =—2x*+ 4x + 3 by completing square.
fx)=-2(*-2x)+3
fx)=-2*-2x+1-1)+3
Six)=2[x-1y-1]+3

i

Ax)==2x—-1P+2+3 -8
f) =—2x—1P+5 | Ly
Here a=-2<0 { 2

Therefore, the maximum value is 5, which occurs when x= 1. Y




Fmdﬂ:;mmmmnrmimmmvﬂmnf

f(x}—xz 2x-3.
XTI, Given that f(x) = x* —2x—3
Herea=1,.‘5——2,c——3

_(=2)_
h:
Eﬂ 2(1)
i n EH
and k=¢ 5 3 aQ) —4
Here a=1>0

Therefore, the minimum velue of f{(x) atx=1 is —4.

3.2 Inverse of Quadratic Function

Ty
5
4
3
P
=3 -)g v
1 | 1 ¥
"
'-|t-
i P
DA
e E ol
ey (D
...y‘ ocoamutr=1

Qua&mcﬂmmmmﬂpmﬂynntum—m—mm:hmmmdomﬂn To find an
inverse for a quadratic function, we must restrict its domain to a portion where it is
one-to-one. Commonly, we restrict the domaifi to either x > h (where h is the

x-coordinate of the vertex) or x < A.

_ 4| Find the inverse of f(x)—x"+dx+3,x2—2 Also find its domain and

ﬂxl-x’+4x+3 ) k22
y=x+4dx+3 "

=V +4y+3 " (Interchange x and y)

PHay+3-x=0
4 () -4()(3—x)
2)

_ y= —4++/16-12+4x
i 2

—4+J4+4x

y=

2
_—4+2fi+x
2

(Using the quadratic formula)

i@ =2+VTx (Replace y with £ ()
The sbove inverse function has both a positive and a negative component. To determine
which is the inverse, we find domain and range of the given fimction.

Domain f = [-2, )




Toﬂndmge.wemmedaa
fix) =2 +4x+3
=5 ) =@x+2y-1
Therefore, minimum value of f{x) is —1and hence
Range f =[-1, ©)

Domain /! =[-1,®) , Range /' =[2, )
Now, we substitute any value of x that falls within the domain of ! (), We choose
the value x = 0.

1O =2+1+0=—-1

0= -2-1+0=-3
We notice only —1 lies in the range of . Therefore, wediscﬂﬂ.mmre component.
Hence f'(x)=-2+1+x

3.3 Absolute Value
The sbsolute vatue of x, is defined as

|f={ , x20

%, %<0

33.1 Absolute Value Qnadra!:ln
Equations (
To solve the absoluts value quqﬂmm equaﬂm all answers must be substituted back

mmﬂmnﬂgmﬂequamnmwn:&rwhethﬂthﬁymnu&mmm
"extraneous” ﬂulutmmmyappmwhmhmnntmhdmdmmthnﬂhmmatedﬁnm
thnﬁmlmm

[ETITIS] Solve b 4| =5
W45

S
£-4=5 or #-4=-5
=9 a @=-1
x=13 or x=:|:-\1—_1=i1nlgi.ﬂﬂ:rf
Cheel: For x=3 For x=-3
|3 -4 =5 [(-3%)-4|=5
|5 =5 5] =35
5=5 5=5

Hence solution set = {13}




332 Abnalutc Value Quadratic Inequalities

Absolute value quadratic inequalitics are inequalitics that involve & quadrmatic
expreasion within abachute value bars. They are generally of the following forms:

e +bx+cl<d, |t +bxtc>d, @ +bx+c<d,|lad+bx+c|>d

Solve |x’—ﬁx—4|-r:3

EIIITTT, b® - 6x— 4] <3

d<-6x—4<3

3<r 64 and

Z—6x—-4+3>0 and
PG-1>0 @ |,

Here wesolve X —6x—1=0

= ~COEJ) - 401
2

6++/36+4
 6x+4D
rt —
2
_ 62410 O
2 ™\

x=3+10 -
x=3—ﬁ."l_ﬂ_ \ 3+Jﬁ
$=-016 , 6.16
Hence critical values divide the number line into three regions.
< JHJE e -0.16<x<6.16 x>6.16 >
B S (L | i i |

L] ¥ L] ]

2 0 1 2 3 4

Test x=—1 in (i), we have

1P-6(-1)-1>0= +6>0 (True)
Test x = 0 in (i), we have

OPF-6(0)-1>0 = -1>0 (False)
Test x =7 in (i), we have

(M-6M-1>0 = 6>0 (True)
Solution set is (-, 3 —/10) u (3 + V10, x)

P-6x-4<3
r—6x-4-3<0 \
P-6x-7<0 ()

x=

Ly
[= L
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Now, we consider (ii) and solve
2—6x-7=0
P2+x-Tx-7=0
xx+1)-Tx+1)=0
@+ 1)E-7)=0
x+1=0 , x-7=0
x==] x=7
These critical values divide the number line into three regions,
< x<-1 ke -1<x<7 H— ’\:I}T >
—t—t } t —i —— i i e ——t—ab
A RS U R (N I T S A

Testx=-2 , x=0 and x= 10 in (ii), we have
2*-6(-2)-7<0 = 9<0 (False)
(OP-6(0)-7<0 = -7<0 (Tme) .
(10)* - 6(10) -7 <0 = 33<0 (False}"-

Solution setis (1, 7)

Hence the solution set of the gnrmahmlutevﬂuf.quuiunc inequality iz

{3~ J_)u{3+«f_w)}ﬂ_ﬁ—___llf?j 1,3-Vio)u @3+ 0,7
P EXERCISE 3.1 4

1. Find the maximum or minimyin value of the following quadratic functions by
completing square:

n fx)= x’+ﬁx+13 W () Sfx)=x"+4x
(i) f(x}-—ﬁ+5:+13 (iv) f(x)=—x*-3z2-5
) f{x)=3x*+ﬁx 13 (vi) fx)=-25"-x+21

2. Find the mﬂumm or minimum point by sketching the following quadratic
functiond; Also find their domain and range:

O foy=x-4x @) f(x)=x-51+6
i) f(x)=—x*+2x-8 (iv) fx)=x*—-4x+4
W f(»)=x"+2x-83 i) f(x)=6-x—%
3. Find the inverse of the following quadralic functions. Also find their domain snd
TRNRC:
i) fx=x-3 x<0 (i) f(x)=r*+6x+4, x<-3

(i) f)=20"-8x+11, x22 (iv) f(x)=32"-2x+6, x25
™ f()=2(x=-3"+], x23 (i) fD)=-3(x+4)-5 x<—4




4, Snlw the following absolute value quadratic equations and ineguoalities:

@ [+1=5 () [5*+5x+4=0 (i) |x"-6x+8=4
(V) Pr*-Ta+2=x'-x+1 () |¥-4/<5 (vi) pP-3x+2[>4
(vii) | —5x-+6/<x+2 (vili) [25" -3x—5/ < 4
3.4 Solutions of Equations Reducible to the Quadratic
Equation

There are certain types of equations, which do not look to be of degree 2, but they can
be reduced to the quadratic equation. We shall discuss the solutions uf&tmw and
radical equations,

3.4.1 Rational Equations Reducible to the Qnadraﬂc Equanﬂn

A rational equation is an equation contsining one or more rational expreszions, where
rational wﬂmtgpmaﬂym a varigble in the dennuﬂrm
(ExamplefJhT -+—-=1 ,x#0,x#-1

Solution l+i =]
x x+1

Multiplying both sides by x(x+1), 'm'.m
(x+1)+ 2x=x(x+1) .
x+14+2x=x"+x _
Ix+l=x"+x
P +x-3x-1=0 -
x*—zx-1-d'
LD 4D
2(1)
ﬂz:t*ﬁl_

2

248
T2

_ 2222

2
=142
Hence, Solution Set = {12}




m@,
342 Radical Equations Reducible to the Quadratic Equation
Equations involving radical expressions of the variable are called radical equations. To
solve a radical equation, we first obtain an equation free from radicals. Every solution
of radical equation is also a solution of the radical-free equation but the new equation
has solutions that are not solutions of the original radical equation. Such extra solutions
{roots) are called extraneous roofs.

Solve ¥x+8++/x+3=12x+13
-Jx+8+Jx+3=q"12x+]3
Squaring both sides, we get
x+8+x+3+ 2 x+8)Vx+3) =12+ 13
2(x+8)(x+3)=10x+2

= (x+8}(x+3)=5x+1
Squaring again, we have
P+ 11x+24 =254+ 102+ 1
= U —x-23 =00

=  (24x+23)(x—-1)=0

=—-2—3 or x=1
24
Dnchechngmﬁndﬂhtng ismnmmusmHmmluﬁmm={l}

3.5 Real World Problems of Quadratic Equations and
Inequalities
We shall now proceed to selve the problems which, when expressed symbolically, lead
to quadratic equations in one variables.
In order to solve such problems, we musi:
(i)  Suppose the unknown quantities to be x or y etc.
(ii) Translate the problem into symbols and form the equation or inequality
satisfying the given conditions.
The method of solving the problems will be illustrated through the following examples:




LETTTIT 9| The length of a room is 3 metres greater than its breadth. If the area of the
room is 180 square metres, find length and the breadth of the room.
Let the breadth of room = x metres
and the length of room = (x + 3) metres
Area of the room = x{x + 3) square metres
By the given condition, we have
*(x+3) =180
= P+=x-180=0
= (x+15Kx-12)=0
J x=-15 or x=12
As breadth cannot be negative so x =135 is not admissible.
Whenx=12, wegetx+3=12+3=15
Hencebreadthefﬂ:emnm lZmetreaand}mgihnfﬂlemum 15 metres.
[ETTTII10) A company mamufactures laptops and its weekly profit function (in
thuumdnufdo!lm}iu P{x)=-x"+2x+3, where ¥ is the number of laptops
produced (in hundreds). Find the range nfpmduchmlﬂdawherethemmpmr
mekes at least $4,000 profit.
EINFTTT Here P(x)2 4
- +2x+3>4

—x* +2x+3-4>0
- +2x— 1>'ﬂ
f-_z::-nsu
(x-12<0
This only holds trhe when (x—1)" =0 =>x=1

The mpmymahs exactly $4,000 profit when 100 laptops arc produced (since x =1
means 100 laptops). There is no production level where profit is more than $4,000.

P _EXERCISE 3.2 4
1. Solve the following equations:
@ i i ) WL sl R N
x 6 1 x 2
(iii) L e B ix#-1,-2,-5

x+1 x+2 x+5
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a_, b _ 11 xl -1 i
(iv) T b:—l-ﬂ+b;'t=a’h (v) x-l+'x+l 2, x#L,x#-1
(i) 3% +15x— 22+ 5x+1=2 (vii) V2x+8+vx+5=7

(viil) V3x+4=2+2x—4 (ix) Vx+7+yx+2=+6x+13

(®) Jx+5-x-3=2

A farmer bought some sheep for Rs. 9000, If he had paid Rs. 100 less for each,
hcmuﬁhnugmammmfmmummay.ﬂowmy\gewdidhe
buy, when the rate in each case is uniform? O
H.mnnmldh‘msmkafumfmkn.zm.ﬁhnhadidmﬁhnwom&haw
got the same money by selling the whole for Rs. 0.50 m cheaper. How

many dozen eggn did he sell? @

A cyclist travelled 48 km at a uniform speed. ITh A}nwﬂnl:!knyhumshwm
he would have teken 2 hours more to perfo ourney. How long did he tuke
to cover 48 km?

To do a picee of work, Abdullsh ﬁjﬂynmmuttmnhhdulmdi.ngcthm
they finish the work in 12 days, would Abdul Hadi take to finish it
alone?

The braking distance (in metrdg))of a car is modeled by:
d’(:)=ﬂ.ﬂls’+ﬂ.1s,wb@,}mﬂm speed of car in km/h

If the maximumm @ngdisﬁmmi& 50 metres, find the range of speed where
braking is safe. \

A rocket rnw the height function A(f)=—5¢ + 20t + 30, where k() is the
height jd\tilres and ¢ is the time in seconds, Find the time inferval during which
the rotket is at least 40 metres above the ground.



Matrices and
Determinants

INTRODUCTION

This unit introduces the fundamental concepts and operations of matrices, equipping
students with the skills to perform matrix addition, subtraction and multiplication
involving both real and complex entries. It explores the essential propetties of
determinants and provides techniques for evaluating the determinant of 8 3x3 matrix
using cofactors and determinant properties. Students will leami to apply row
operations to delermine the inverse and rank of matrices, ad well ag distingnish
between consistent and imconsistent systems of linear equations through practical
examples, The unit farther explores into solving systems of lincar equations, both
homogencous and non-homogencous, using advanced methods such as matrix
inversion, Cramer’s Rule and Gaussian elimination. Emphasis is placed on the real-
world applications of matrices in diverse fields such as graphic design, cryptography,
data encryption, geomefric transformations and highlighting the importance and
versatility of matrix algebra in selving complex, practical problems.

4.1 Matrix

Whﬂemlvmgﬁmarnynmmnftqm a new notation was introduced to reduce
the amount of writing. For this new notation the word matrix was first used by the
English mathematician James Sylvester (1814 — 1897). Arthur Cayley (1821 — 1895)
developed the theory of matrices and used them in the linear transformations. Now-a-
days, matrices are used in high speed computers and also in other various disciplines,
The concept of determinants was used by Chinese and Japanese mathematicians but
the Japanese mathematician Seki Kowa (1642—1708) and the German Mathematician
Gottfried Wilhelm Leibniz (1646-1716) are credited for the invention of
determinants, G, Cramer (1704-1752) employed the determinants successfully for
solving the systems of lincar equations.

A rectanguler array of mumbers enclosed by a pair of bracket is called a matrix such as:

230
7 -1 3 _ )
[—s 4 ':] ¥ = 1355 @
41 -1
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called columns. The mumbers used in rows or columns are said to be the entrles or
elements of the matrix.

The matrix in (i) has two rows and threec columns while the matrix in (ii) has four
rows and three columns. Note that the number of the elements of the matrix in (ii) is
4x 3=12. Now the general definition of a matrix is:

Generally, a bracketed rectingular array of man elements g1, 2, 3, ..., m;
j=1,2,3, ..., n), arranged in m rows and n columns such as:

Gy Gy @y &,

Gy Gy iy " W, (i)

G Gy By " Oy,
is called an m by » matrix (written 85 mx n matrix), where mx n is called the erder
of the matrix in (iii). The matrices are usually represented by the capital letters such
as A, B, C, X, Y, etc., and small letters such &s @ b.ﬂ, Lm n ora,a,,a,,.., e,
are used to indicate the entries of the matrices.
Let the matrix in (iil) be denoted by A. The ith row and the jth column of 4 are
indicated in the following tabular representation of A.

fth column
-
(B BBy v By v Gy
GO % vy v &,
Uy Gy Gn v Gy Gy,
~o LI : : ()

dhrow | a, a, 2, .6 ..06

[ D1 Bz Oy Oy O
The elements of the ith row of A are a, a, 4, ... q,... a, while the elements of the
Jjth column of A are a,, @,, a,..a,..a, . We note that a, is the element of the ith
row and jth colummn of A. The double subscripts are vseful to name the elements of

2 -1
the matrices. For example, the element 7 is at a,, pnaitiminmnmntix[_s 4 ﬂ

For convenience, we shall write the matrix 4 as:




A=[agl s ,orA=[ay), for{=1,2,3, ..,m; =123, ..., n, where q is the
clement of the ith row and jfth column of 4,
The elements (entries) of matrices need not
always be numbers but in the study of | Thematrix 4is called real matrix
matrices, we shall take the elements of the | if all of its elementis are real,
matrices from R or C.

Row Matrlx or Row vector: A matrix, which has only one row, i.e., 1xn matrix of

the form [a, @, a, .. a,] is said to be a row matrix or a row vector.
Column Matrix or Celumn Vector: A matrix which has only ehe column ie.,

#u
@3y _
an mx 1 matrix of the form | a5 | in said to be & column matrix or a column vector.

Matriees and Determtunnts < 46 > m@,

Gy
A 2
For example [1 -1 3 4] is a row matrix having 4 columns and |—1|is & column
v & 3
matrix having 3 rows.
Rectangular Matrix: lfmaﬁn_,ﬂﬁnth:msh:ixixcalledaremnmﬁn’ matrix of
order mx n, that is, the matrix in which the number of rows is not equal to the
number of columns, is said to be a rectangular matrix. For example;
2 =30
[z 3 1] L. 24 :
and | gre rectangular matrices of onders 2x3 and 4x3
-1 0 4 13"-1 5
o 1 2
respectively.
Square Muatrix: If m = », then the matrix of order mx s is said to be a square matrix
of order n or m. i.e., the matrix which has the same number of rows and columns iz
1 1 2
called a square mairix, For example: [ﬂ],[_i z]md 2 -1 8| are square
3 5 4
matrices of orders 1, 2 and 3 respectively.
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LHA—[ap]beasqmmmmxofurdHn.thmthneuhim @1y Bony Chigs vy Gy, TOFM
the principal diagonal for the matrix 4 and the entries 4,,, 4,4, @,z s Gpy20 Gy
form the secondary diagonal for the matrix 4. For example, in the matnx
Gy G Gy Gy

fu @z @ O e entries of the principal disgonal are @,,, dy, s, @, and the
Gy Gy G Oy

Ay By Gy Gy

entries of the secondary diagonal are a,,4,,,a,, .4, -
Theprfnuipa[diqgtmulnfusqmmmmixisalaumﬂﬂ!ﬂmhlﬂhgﬂﬁgunﬂormdn
diagonal of the matrix.

Dngonal Matriz: Let 4 = [ay] be a square matrix of order n.
If ay = O for all i+ fand at least one ay # 0 for § = j, that is, some elements of the

pmmﬂmagmﬂafdmyhemhutmmmmmﬁzsmﬂedadmgmﬂ
mairix. The matrices

100
[7].]10 2 0| and
005

Sealsr Matriz: Lot A= [a;] bo & square matrix of order .
If ay =0for all Iatjanday =I‘-(amnnn—m scalar) for all § = j, then the matnix
A is called a scalar matrix of order . For example:

70] [* 20N 16300

[ﬂ 7], 0 a Of(a#0)and g o 3 o aroscalar matrices of order 2, 3 and 4
0 ﬂ a 0003

respectively:

Unit Matriz or [dentity Matriz: Let 4 =[ay] be a square matrix of order n. If a; =0
foralli=jand a; =1 for all { =}, then the matrix A ig called a unit matrix or identity
matrix of order n, We denote such a matrix by [, or simply I and it is of the form:

100 -0
010 -0
I=001 -
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100
ThaidmﬁtymahixnfmduEisdmﬁdbyl},thath.!,=|iﬂ 1 ﬂ]

001

Null Matrix or Zere Mairix: A square or rectangular mairix whose cach element is
zero, is called a null or zere matrix. An mx»n matrix with all its elements egual to
zero, is denoted by O,,,. Null matrices may be of any order. Here arc some

examples:
BD'E
2 oklo}
0 0 0

are null matrices of order 1, 1 % 3,2 x 3,2 x 2,3 x 1, 3 x4 respectively.

Equal Matrices: Two metrices of the same order are said to be equsl if their
comresponding entries are equal. For example, 4 = [g,], . , and B = [b], , , are
equal, ie, A =B iff q,=§, fori=1,23, ..,m j=123,.., n In other words, 4
and B represent the same matrix, s

Transpose of a Matriz: If 4 is s.mauix of order mxn then an ax mmatrix
obtained by interchanging the rows and columns of 4, is called the transpose of 4. Tt
is denoted by 4" Let 4=(ay] ., then the transpose of 4 is defined as:

4" =[a;],. where a,= a, fori=1,2,3, ..,nand j=1,2,3, ..., m

A By By By By
For example, if B=[by]s, =|by By by by |, them
_ by, b; by by,
B' ={b,],, where b)=b, fori=1,2,3,4andj=1,2,31ie,

by b Bi| (B by by
g |B B Bl |Ba B by
by By by |By by by
b bo Byl |Bu by by
Note that the 2* row of B has the same entries Tespectively as the 2™ column of
B and the 3™ row of B” has the same entries respectively as the 3% column of B etc.
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4.2 Matrix Operations

Matrix operations involve various techniques and procedures applied to mairices.
These operations are foundational in linear algebra and have applications in
numerous fields such as computer graphics, physics, statistics, etc. Here are some key
4.2.1 Addition of Matrices

Two matrices are confermable for addition if they are of the same order.

The sum A + B of two mxn, mafrices 4=|a, | and B=|b, | is the mx nmatrix

C-[c#] formed by adding the corresponding entries of 4 ﬂnﬂ B together. In
symbols, we write as C = A4 + B, that is:

[ey |=[a,+b, | where ¢, =a,+b,for i= L2.3, m;j—l,?,l..., n
4.22 Subtraction of Matrices _
If A=[a,]and B = [b,]arc matrices of order mx n,, then we define subtraction of B
from A as: :

A-B =4+(8)
= lay]+[-8,] =lay +(=8,)]= [ﬂr-%]fﬂf i=1,2,3,..,mj=123,.

Thus, the matrix 4 — Bisﬁxmedhysnbtwﬂngmhm&ynfﬂﬁnmthﬂ
corresponding entry of 4. '

1 0 <13 2.-1 3 1
BTTTEL] £ A4=[3 102 5|and B=[1 3 —1 4|, then show that
0-~<2"1 6 i 1 3 -1
(A+B) = Aty B
1 0021 2] [2 -1 3 17 [142 0+(-1) -143  2+1
A+B=[3.1 2 S[+{1 3 -1 4|=[3+41 143 241 5+4
0 2 1 6/ [3 1 2 -] [043 241 142 6+
R =i & &
—la 4 1 9
3 -1 3 5
34 3
ad (4+B) =|7 § '31 G)
3985




(TR e e <> 0

Taking transpose of 4 and B, we have

-l?ﬂ 2113
i_| 0 -2 t_|-1 3 1
=95 1 |™F={3 g »
2 5 6 1 4 -1
1 3 0 2 1 3 3 4 3
01 2|3 1| |42 .
= AF= o s 4 2|72 1 s @)
2 5 6] |1 4 < 395

From (i) and (ii), we have (4+~B)Y=4"'+5'
423 Scalar Multiplication

If d=[a,] B mxn mtmandhumalnrmmplexmhﬂ ﬂlmth:pmthctuftand
4, denoted by &4, uﬂmmamxfnmndh?mﬂﬂplmﬂchmyombyk,ﬂmm

kA=[kay] .
2\ If a is & positive integer, then
Obviously, order of k4 is mxn, A e

424 Multiplication of two Mntnces

Two matrices 4 and B are said to bé conformable for the product 4B if the mumber of
columns of 4 is equal to the number of rows of B.

Let .4=[::#]'I:|en. 2x3 mgﬁ#nmiﬂ=[b#]haaSXEmnhix,ﬂmthﬂplndlmtABin
defined to be the 2x 2 matrix C whose element ¢, is the sum of products of the

cmmapondmgdmmﬁufthc:thmwufdmﬂ:clmmt&ofﬂhm]mafﬂhr
example, thaelemu:lt ¢,, of C iz shown in the figure (A), that is

1“ colwmn of B

by

=

7" row ol A g, 8.0y
Figure (A)

Cn = Gy By + @by +a,, b, Thus

Aa{"“ e au] g,

o e an| |2 %

[an&n"'anbz;"'aub:: %ﬁﬁ@ﬂm] o
By by

Aoy + @phy + @by Gy tanhy +aghy




&,

[,
by by

(5 By ["”
[ by,a,, + b8,
by, + byt

| byay, +by,a,

a, Gy
@y dy

|

bay, +b,a,;  bya,+b,ay,
Byi@ia + bty by +Bpaay
byyayy +byay,  bya +byas,

(if)

From (i) and (ii), A8 and B4 are calculated their orders are 2x2and 3x3

respectively.
Netel. In peneral, A8+ BA

Note 2. If the product 45 is defined, then the ordﬂoftheprudmtmha:ﬂnmntadas

given below:
Order of A mxn
Order of B nxp
Order of A8 meg
2 -1 =2 3
[Example F1) (@ €2 N R -3 and B = -1. -4 6|, then compute 4B,
1 2 =3 0 -5 5
2 -1 AN[2 -4 0
A=A4=|1 2 -3[|11 2 -3
1.2 2||1 2 -2
(4-1+0 -2-2+0 0+3+0] [3 -4 3
=2+2-3 —1+4-6 0-6+6|=1 -3 0
1242-2 —1+44-4 0-6+4] |2 -1 -2
N3 -4 312 -2 3
. AB=|1 -3 0||-1 -4 6
2 -1 -2]|0 -5 5
(6+4+0 —6+16-15 9-24+15] [10 -5 ©
=|2+340 -2+1240 3-18+40|=|5 10 -15
(4+1+0 —4+4+10 6-6-10 5 10 -10

Note: Powers of square matrices are defined as:
AA=Ax A, A =AxAXA
AP =Ax A x4 x--tonfactors.
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43 l'rnperﬁﬂ of Matrix Addition, Scalar Multiplication and
Matrix Multiplication

If A, B and C are conformable for the indicated sum or product of matrices and ¢ and
d are scalars, then following properties are true:
@ Commutative property w.r.t. addition: 4+ B=8B+4
@) Associative property w.r.t additlon: (A+ B)+ C=A4+(8B+C)
(i) Assoclative property of scalar muitiplicatien: (cd)4d = c(d4)
(v) Existence of additive identity: 4+0 = O+ A=A [i__” | n;:]
(v) Existence of multiplicative identity: I4 = AI=4 ({is unit/identity matrix)
(vi) Distributive property w.r.t scalar multiplieation: , J

(8) cld+B)=cAd+cB () (e+d)d= cA+M
(vil) Associative property w.r.L. muktiplication: A@Q =({ABC
(viif) Lelt distributive property: 4(B+C) = ABh AC
(ix} Right distributive property: (4 +5:)c,f=ﬂf4c+ac

(x) o(AB)=(cA)B=A(cB) O
«“f2 0 1 1 -1 0
Find ABand BAif A=|1 4 2[and B=[2 3 -1
v 13006 1 -2 3

2 0 1)fU -1 o
1 _4*! 2 3 =1
3-0 6|1 -2 3
__"-_I"hl+ﬂx2+lx] 2x(~1)+0x3+1x(<2) 2x0+0x(-1)+1x3
= Ix 14 4% 2+ 2x1 Ix(-)+4x3+2x(-2) Ix0+4x(-1)+2x3

[ 3x14+0%246%] 3x{-1)+0x3+6x(-2) 3x0+0x(-1)+6x3

Solution V1T

(3 -4 3]
=ln 7 2 ®
|9 -15 18
1 -1 072 0 1
Bi=|2 3 -1||1 4 2
1 -2 3][3 06




rumensis (
(1% 2+{--1)x 140x3 Ix0+(-I)x4+0x0 1Ix1+(-Dx2+0x6

= 2% 2+3x1+(-1)x3 2x0+3x4+(-Dx0 2x1+3x2+(-1)x6
IX2+(-2)x1+3x3 1x0+(-2)x4+3x0 1Ix1+(-2)x2+3x6

1 -4 -1

=14 12 2 (ii) Matrix multiplication is not
9 -8 15 commutative in general.

Thus, from (i) and (ii), AB= BA
P EXERCISE 4.1 J O

1. 1f A=[g, L., then show that

@ La=4 @ 4,=4 ,oF
9 -4 3 8 & ™ 0 =2
2. w4={3 2 1|, B=|1 2 4| md 851 5 0| thenfind
1 0 % 12 1JAY [3 41
B 4-8 (iy B-C ﬁ},:ﬂ-ﬂﬁ—c (iv) A-(B-C)
3. It‘A:[f H], s.ir=[_'f l] ¥ 2 Il,ihenshﬁwthzl
} 1 S |
() (4BC=ABC) ' (i) AB+C)=4B+AC

4. If4andBare squn.mmsmb&n of the same order, then explain why in general;
(i) (A+B)’¢f+2ﬂ+8’ (i) (4—BY = A -24B+P*

(iii) {4{+B}(.«!—~H}§t A B

01
I 3

-1 @

7. If A and B are two matrices such that 48 = B and BA = 4, show that

A+B=4+B.

4.4 Determinants

The determinants of square matrices of order 123, can be written by the following
pattern. For example, ifn=3

2
6. Solve the matrin equation 4> —SA+4f - X =0 if A=|2
|




—

@y Gy Gy @ 4y 4y
A=|a, a, ay |, then the determinant of 4 =|dl=la,, a, ay,
Gy Gy Gy Gy By Gy

Now our aim is to compute the determinants of matrices of various orders.

4.4.1 Minor and Cofactor of an Element of 2 Matrix or its Determinant
Minor of an Element: Let us consider 8 square matrix 4 of order n, then the minor
of an element a,, denoted by M is the determinant fum:ed'bydelenngthe ith row

and the jth columm of A(or|4). _
& ay ﬂn
For example, consider a square matrix 4 of order 3, A= a,, gn Oy

|1 By Gy
To find the minor of the element a,,, delete the first row and second colummn of 4

o oy s Mym
@y ay ay

Cofactor of an Element: The mﬁumr-qu element a, of a square matrix A denoted
by 4, is defined by 4, = (-1)*/ 34

For example, 4, =(-1)" Mu‘_'%.{.—lf Iz
» oy i

lnu “za‘

4.4.2 Determinant ﬁf a Square Mairix of Order n =3

G @ Oy
[fA;ssmantE‘orﬂ.m'S thatis, 4=|a, a,, a, |, then:

A ay @ ay
|A|=41An+=ﬁzdu+ﬂ.;f*a fori=1,23
or |A|=ad,+a, b, +a b, for j=1,2,3
For example, for i=1, j=1andj=2, we have

|4|= a4, +a,A; +a,,4, o

of | A= ay A, +ay Ay +ay A (i)

of |A|=a, A, +8pdn +aydy (i)
(iii) can be written as: |4|=a, (1) M, +a, (1) M, +a,, (-1)** M,




Lo., |4 =—a,My, +an My —ayMs, (iv)
Similarly (i) can be written a8 | 4| = @, — M, + @M, )
Putting the values of M, ,M,, and M, in (v), we obtain

Gy
ﬂut: a3

OF |A|=8,)(a58y —Grftg) — Oy (@ — By ) + Gy (@0 — B 8) (vi)
OF || =88, + 3,800, +8,y3, 0 — Oy By~ Biyy Gy ~Giyapy | (Vi)
Equation (vii) is the required expansion of determinant of square matrix of order 3.

By Oxn %
By By

Gy, Ay

1 2 3
Examplef Evﬂunteﬂ:edeterminmtit‘d=[—2 3 l:| |
4 -3 2}

1 23
EOTTO |4=|-2 3 1
4 -3 2 .
using [ = My, — My +asMys W gt
4=13 J-en el 3
=1[6-1-3)+Z-2)(D)—O) @)]+3[(-2)(-3)—12]
=(6+3)+ AA-9+3(6-12) =9-16-18 =-25
1 -2 3
Fi:ﬂthm@qﬁém;gz,,dmmﬂ,g,ufj=[-2 3 1:]andﬁnd|d|.
4 -3 2
[T, Wie first find M,;, M, and M,
Mu-:‘f ;|--4_4--s ;MH=‘: ;-z-u =-10
1 3
md  My=| | |=1-(6) =T

Thus A= DM, = (1)(-8) = 8; 4, =(-1)""M,=1(~-10)=-10
Ay = CYP My =(-1X7) =-7

and 4] = 8,34, + @y Ay + @y sy = (~2)8+ H—10)+(=34=T)
= -16-30+21=-25
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443 Properﬁﬁ of Determinants

i.  For a square matrix 4, |4| =|4']
ii. If in a square matrix A, two Tows or two columns are interchanged, the

determinant of the resulting matrix is —|4|.

iii. 1fasquare matrix 4 has two identical rows or two identical columns, then |4/ =0.

iv. Ifall the entries of a row (or & column) of & square matrix A are zerp, then 4| =0.

v. If the entries of a row (or a column) in a square matrix A4 are multiplied by a
number k€ R, then the determinant of the resulting matrix is k4.

vi. If cach entry of a row (or a column) of a square matrix consists of two terms,
ﬂamﬁsdﬂemﬁmtmbewnﬁmasthemmofmdﬂunnmutgw if

(@, +By @

B =|ay+b, ay, ay|, then

Gy thy Gy ay

au+by @, ay| |Gy Gu Gy by @y @y

Bl = |ay+By 8y an|=|@h Gy Opt+ by Gy 6y

Gy thy @y Ga| ((By Gy Gy| By 4y 8y

vii. If any row (column) of a determinant is multiplied by a non-zero number £ and
the result is added to the corresponding entrics of another row (column), the
value of the determinant does not.change,

viii. Ifa matrix is in triangular form, then the value of its determinant is the product
nfﬂanﬂummdiagmal

Wlthmtemnnion.shnwthntx b+x c+al=0

x c+x a+b
IS0, Adding the entries of C, to the corresponding entries of C,.
x a+b+ec+x b+e
x a+b+c+x c+a
x a+bte+x a+b

=1 Be [bymk:ingxmmmﬁomq ml)

=:p(a+b+c+x): i ::g (@+b+c+x)common from C,

- I(ﬂ+b+ﬂ+ I)q n [.n. {‘. i:uld sz idﬂ.'lﬁﬂﬂl]
=0=R.H.S

LHS=
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45 Adjoint and Inverse of a Square Matrix

Gy Gy Gy 4, 4, AB]
Let A=|a, a, a, |, thenthematrixofco-factorsofd=|4, 4, 4|,
a4y Gy dy Ay Ay Ay
4, Ay 4
andadj A= |4, 4, ,;,]
Ay Ay Ay

Inverse of a Square Matrix of Order r 2 3: Let A be & non singular (14| # 0) square
matrix of ordet n. Hmmmuammammmmu:ﬂgl—.f;.mmﬂmmum

the multiplicative inverse of 4 and is denoted by 4™, It jsdhﬂmu that the order of
A7'is nxn.

Thus, A4 =1 and A74=1,

If 4 is non singular matrix then

4 =ﬁa¢ﬂ4{

1 052
Find Aif A=|0.2 1]|.
1, -1 1
[T, We first find the cofactors of the elements of A.

Ay =0 .~i|=_i‘-' G+D=3,  Ap=(-D"] ;‘=(—1)(—1)=1
A= 2 v 092 apmer)’) H-cnon——2
T T e R o e

~‘j-zu=(—1)!"'l =].({]_4}=_4. ng=[_1]nz

1 2
‘ ll= (~I)1-0)=—1

Ay=(-1)* =1-(2—0)=2

Qo ND -
L




_ m
e By Ay [3 % F
Thus [Aha=|4n 4n 4y |=(-2 -1 1
Ay Ay Ay] [4 -1 2
4§ <3 -4
and adjd=[LL,=|1 -1 -1 (- dy=4, fori,j=1,2,3)
-2 1 2
Since 4 = a4, +ay A, + a4y
= 1)+ 00 +2-2)
- Fp = Gl

3 2 4] [8Q 4
So .d"=|—;|adjz!=i1 1 -1 -1fs|-1"1 1
2 1 ANz <1 -2

P ExERrCiSE 42 4

I. Evaluate the following determinagfis

1 =3 =4 la+b a-b a 2% x x
® |3 -1 -3 @ a atb a-b @) |y 2y y
-2 3 2 ~ la=b a a+b g = 2
2. Without Expan.-.im:-nﬂﬁﬁr'thﬂt:
7 8 9[-\ 5 6 -1 -2 0 b
@ |5 6./7]=0 @) 2 2 0|=0 (ii){0 a —c=0
234 2 -8 10 c —b 0
I min 1 2 1 3x be a & | & o
Gv) m mw+l 1|=0 (V)2 3 9.:|-=utvi}aabb’=1b’ B
n l+m 1 3 515 ah ¢ & 1 & ¢
3. Using properties of determinants, show that:
3 5 {:J 310 a+x a a
@ |5 25 10=251 1 2 () | @ a+x a |=x(3a+x)
7 25 1 T 5 1 a a a+x




)

(vi)

(vii)

(viii)

(x)

(xi)

(xi)

mmenscs (IR

1 x 1 x x 1 &% %
1y =1y ) @ 1 ¥ Yi=(-yXy-2)z-2)
1 =z 1 2z 2 1z 2

1 1 1
a+l b+l c+1 |=(a-b)(b—c)(c—a)
(a+1) (B+1) (e+1)

a+b® c?

a@ b+ a |=42b

b ¥  +d

a b c
b+e c+a a+b=a'+b +c’—3abc >
a+b b+c c+a a"ad
2+t a a X

b b+t b =r’(a+b._-_!-'r-"¥r}

¢ € c+t -
a-b—¢ 2a ~.24

2b b*c-_-a. 2 |=(atb+c)

2c 2. c-a-b

y+z z+Xx ﬁ+y
x y Z
NP 7
1 1 1
a+1l B*+1 *+1
a+a BP+b J+e

={x+y+2)x—y)y-2z)(z—x)

= (a—b)(b—c)(c—ﬂ)(ab +bc+m—l)

1+4a 1 1 1 a &bk
1 1+5 | |=abe+ab+be+ea (xiii) |1 b B —ca=0
1 1 1+c 1 ¢ -ab
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2x+3 x+2 x+a

(xiv) 2x+5 x+3 x+b=0 ,h where2b=a+c

2x+7 x+4 x+c

b ¢
(xv) ¢ a b=(a+b+c)(a+bm+m’)(a+bm’+m#),wheremisan
[+
imaginary cube root of unity. .
1 2 -3 -5 -2 5
4, IA=|0 -5 0|amd B=|-3 -1 4| thenfind: O
g a7 "5 N
@ Agpdgdgand|d (@) By,By, B, and Bl
5. Fmd the values of x if* T I
2 1 = 1 »- i~3 o
M 1-4 —3=5 @ - ‘r3l 2(=9 Gi) 2 x 2=0
x 1 0 _5_.‘2 S 36
N 31
g -3 2 -1 -
6. Find |A4'| and |£ A if u) r”# [2 5 3] (i) Jn[z 2
\ I 3

7. 1 Ais a square muﬁ;%ﬁﬁhkr 3, then show that k4| =k"|4|.
%
8. Find the values of '‘4if 4 and B are singular,

423 [2 45
4=|7 A 8| B=|1 -2 1
233 1 'z 200
ER B
9. Find the inverse of 4= —*5 0 4 |andshow that A7 A=1,
(5 4 0
10 Verify that (4BY = B'4'iE
i 1 12

(i)_i=1 2 3 a3 o (i) 4=|1 glaas L 2
0 -3 1 5 9 S 4 =F 1
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4.6 Elementary Row Operations on a Matrix
Usually, a given system of linear equations is reduced to & simple equivalent system
by applying elementary operations which are stated as belaw:
(i) Interchanging two equations.
(ii) Multiplying an equation by a non-zero number.
(iii) Adding a muitiple of one equation to another equation.
Corresponding to these three elementary operations, the following elementary row
operations are applied to matrices to obtain equivalent matrices:
(i) Interchanging two rows
(i) Multiplying a row by a non-zero number
(iii) Adding a multiple of one row to another row
Notations that are used to represent row operations for (i)
to (iii) are given below:
« Interchanging £ and R, is cxpressed as R,H.R
» ktimes R,is demoted by kR, — R].

« Adding k times R, o R is expressed as. R,+.Hv: — K
(R is d:anawmwahmmadamrappmmmwapuamm

For equivalent matrices 4 and B, wnw‘nIaA RB.
FARBthenB R A
Upper Trinngular Matrix: A square mairix 4=[a,]is called an upper triangular
matrix if all elements below the principal diagonal are zero, that is,

%:ﬂﬂ:lra!l L?lj
Lower Triangular Matrix: A squarc matrix 4=[a,]is said to be lower triangular
matrix if all elenients above the principal disgonal are zero, that is,

ay=O0forall i< j
Trisngulsr Matriz: A square matrix 4 is named as triangular matrix whether it is
upper triangular or lower triangulas. For example, the matrices

1 000
s 25 3 200
0 1 4aml4 1 5ﬂmhiangulumaﬁ‘icnsufurdar3md4mlpucﬁwly.
94 12 31

The first matrix is upper trisngular while the | Disgonal matrices sre both upper
second is lower triangular, i i




4.7 Echelnl and Reduced Echelon Forms of Matrices

In any non-zero row of 4 matrix, the first non-zero enfry is called the leading entry of
that row.
Echelon Form of a Matrix
An mx amatrix A is called in echelon form if:
(i} The number of zeros before the leading entry is greater then the number zeros in
the preceding row.
(ii) Every non-zero row in 4 precedes every zero row (if any).
(iii) The first non-zero entry (or leading entry) in each row is 1.
01 =2 4 1 2 3 4
Thematrices |0 0 1 2|and (0 O 1 Zammmhnlohform
0 0 0 0 0 0 1

Reduced Echelon Form of o Matrix: An mx nmaitix 4 is said to be in reduced
(mw)whe]unfom:fthnﬁmmmmny(mlﬁdmgenny)m R liesin C,, then

all other entries of C; are zero.
010 4 1 2 0-._‘_0
The matrices |0 0 1 m:ui 0 0“1 0| arein(row) reduced echelon form.
0 00 00 0 1
2 ~1 9
AT 8] Reduce | 1 —! 2 m{mw}echeimanﬂmmmd(mw)echelm
form.

2,31 9 1 =1 2 =3

EIT L -1 2 3|, 82 3 -1 9| Byrer
31 3 2 31 3 2

it <K % -3 1 -1 2 -3

Bo 5 5 15| EACDR=E Rlg 1 g 3| Lp m
0 4 3 1| =HEEAE |y 4 3 1) ®

1 -1 2 -3 10 1 0

Blo 1 -1 3|R+r-»8 RBo0o1 -1 3|g+1r-x
00 1 - 00 1 -1




100 1
Rlo 1 0 2| ByR+-DR R
00 1 -1 end R, +1.%, = R
1 -1 2 -3 100 1
Thus|0 1 -1 3| and [0 1 0 2 |are(row) echelon and reduced (row)
g 0 1 =1 00141

echelom forms of the given matrix respectively. o
Inverse of & Matrix: Let 4 be a non-gingular matrix. If the application of elementary
row operations on 4/ in succession reduces A to 7, then the resulting matrix is /147",

5 5 1] &
[ETTTI 9| Find the inverse of the matrix 4=(3 4 2|0
1 202
- S R
4=3 4 2 =2(-8-4)-5(-6-2)~1(6-4)=-24+40-2=40-26=14
I V3,
As |40, 50 4 iz non-singular.
5 -1:100
Appending I, on the right of the matrix 4, wehave |3 4 2 010
o 2 21001
Interchanging R, and R, we get,
12 =2:001 1 2 2:ip D 1
34 2 501 0/80-2 8 :01 3|WEEIRoR
2 51 00] [0 1 310 -2fMETIRA
1 '
B.Y_?R:_’Rz:“w
i122:86 0 1 10 6 :0 1 =2
. 1 3 E l 3 ]
01 4:0 — 801 40— = [ByR+CDBRE
_ 2 2 2 2 |edB4+(2)R, >R
01 3 21 6§ =2 ﬂD?Ell——%
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ByR +(-6)R — R
and R, +4R, - R
7
;| o — W [ . A
7 T1a 2
4 b & '
7 14 2 "

Rank of & Matriz: Let 4 be a non-zero matrix, If 7 is the number of non-zero rows
when it is reduced to the echelon form, then 7 is called the rank of the matrix 4.

1(4°2 =3
(22T 7 10| Find the rank of the matrix- |2 0 7 -7
“[3 1 12 -n
1 1 2 -3 L £D2 2
~ +{-2)R -
TR |2 o 7 -7 |Bleh2 3 - :’:‘ { 3)3, %
3 1 12 <1116 4 6 2 i
1 -2 3 1 =t & =8

R

=
—

By iRoR Blo 1 2 inyRicor K
0.46 -2 000 0
As the number of non-zero rows is 2 when the given matrix is reduced to echelon
form, therefore, the rank of the given matrix is 2.
4.8 System of Non-Homogeneous Linear Equations
Three lingar equations in three varighles such as:

ax+by+cz =d,

axthytez =d, M

aFt+hy+ez =d,
is called a system of non-homogeneous linsar equations in the three variables x, v and
z, if constant terms &, d, and d, are not all zero,




: e (T
Consistent: A system of linear equations is said to be consistent if the system has s
unique sohution or it has infinitely many solutions,
Inconslstent: A system of linear equations is said to be inconsistent if the system has
1o solution.
Now we will solve the system of non-homogeneous linear equations with the help of
the following methods:
(i) Using reduced echelon form
(i) Using matrix inversion method
(iii} Using Cramer's rule
4.8.1 Reduced Echelon Form
Thaemfnﬂmngammwheamnfnm-hnmngmhmmﬁ)
(i) Convert to sugmented matrix
a b ¢ |4
i.e. a, b c,|d,
% b ¢ |d
(i) Convert to reduced echelon form
(iii} Solve by back substitution .
Solve the following and explain a consistent and inconsistent system:
(i) 2x+5y-z=5 ii) x+y+2z=1 (i) x-y+2z=1

Ix+dy+2z=11 2x—-y+Tz=11 2x—6y+52z=17
x+2y—-2z=-3 0 3x+5y+4z=-3 3x+5y+4z=-3
25 -1: 5
Solution Y&V 'I'huugmentadm&mafthepmsysmm ¥ 4 3 & 1]
1 2 2 : =3

Wanppiyﬂieilemmﬂqmopm&mhtbeabnwmﬂhmduuittnth&
equivalent reduced (row) echelon form, that is,
2 5 -1: 5§ 12 -2: 3
34 2 : 11|34 2 : 11| ByROR
1 2 =2 : 3 2 5 -1: 5§
1 2 2 i 3] 1 2 -2: -3

R0 -2 8 : 20 By R+(-3)R >R R|0 -2 8 : 20 |Byg+nr =R
2 5 -1: § 6 1 3 : 11




1
2
12 2: 3|10 6 : 17 _
RO 1 —4 i -10 gu1—45-1ﬂ]$:::j;232
01 3 1| oo 7 21
106 17 1 00 i -1
Eﬂl—df—lﬂﬂy%ﬁ‘,-}ﬂ; 5010?2 zﬂfiﬁ,ji
00 1 i 3| 001: 3

Th;m, the solution is8 x=-Ly=2andz=3, therefore the given Sysitem of linear
equations has unique solution end it is consistent. :

1 1 21
(ii) The augmented matrix of the given systemis |2 <1 7 § 11
I8 4 1 -3

i B EYME L 28 17T £
2 -1 7 11|R0 -3 3 i 9 |Adding (-2)R, to R, and (-3)R, to R,.

3 5 4: 3| |0 2 2: -6

| s U SO | 1 0% 3 &
: L A : S REY 4
Weget, B0 1 -1 3| By—2R—R, R|01 -1i-3| WA+CHAR>
02-2:-6 3 00 0 : 0| MEHCARRK
The given system is reduced 1 equivalent system
x+3z54
pz=-3
0z=0

The equation '0z= Dis satisfied by any value of z.
From the first and second equations, we get
x=-3z+4 {a)

and y=£-3 (b)
As z is arbitrary, 5o we can find infinitely many values of x and y from equations (z)
and (b) or the given system, is satisfied by x=4-3¢, p=¢—-3 and z=1¢ for any real
value of 2.
Thus, the given system has infinitely many solutions and it is consistent.

1 -1 2 : 1
(iii) The augmented matrix of the system is [z -6 5 ?]
3 5 4 : -3




7
< B & 1 10 2 4
Rlo 1 a3 By_lgz_,,g. 501_1 . _3| By R+ LR R
o 4 4 " 4| sndR+(-BR, >R,
08 2: -6 00 0 : 4 :

Thus, the given sysiem is reduced to the equivalent system

7 1
¥t—z=——r

i 4
LA
Y37

0z=4

The third equation 0z = 4has no solution,” authcsysbemasnwhuhhunusuluum
Thus, the system is inconsistent.
We sce thal in the casc of the &ys g‘i‘@.wm}mdmwmuh

mﬂmdhmhhimﬁ ity 3 which iz equal to the sumber of the variables in
the system (i).
Thoe, we obeerve that & linesr umndhlmwhﬁmlfﬂurmknfﬂﬁ
mcfﬂdmimmhﬁnmu the sugmented matrix of the systern and equal to number of
varisbles.

In the cuse of the % ﬂﬁmmﬂmmhhmuhdhmﬁd
mutrix of the mystem k which is Jess then the mumber of variables in the system (ii).
Thm.nnhmu mummmmmm;fmmnf&n
coefficient w angimentad matrix of the system are equal but the nank is leas than the aumber
ufvﬂhlu
hlhum%qm(ni}.mmhtﬂmnﬂm{ﬁnmﬁnummnumﬂhﬁsmkuf
the supmented metrix of the system.

Thus, we observe that & system is inconsistent if tha ranks of the coefficient matrix and the sugneted
| mairix of the sysiem are diffstent.

4.8.2 Matrix Inversion Mecthod
The mairix inversion method is a way to solve a system of lincar equations using the
inverse of @ matrix.

-

-2tk =—4
Uge matrix inversion method to solve the system 2x, —3x, +2x,=—6

2 +2+% =5




Themn.trmﬁmn of the given system is

HERRIH

o A4X=B (i)
1 -2 1 % 4
Where A=|2 -3 2|, X=|x, |and B=| -6
g 2 1 x 5
1 -2 1 1 =21
As  |4=12 -3 2/ =0 1 By B +(-2)R = K,
2 2 1 |2 2 1
Expanding by R, we have
11 '
=(-1 =1-2=-1, thatis, _ |
), | >
| 4|0, so the inverse of A exists and (i) can be written as
X=4'8 (i)
Now we find adj 4. _
= [Af]m 4 hl ”ﬁ
-1 0 1

Ay =T, 4, =2,4,=10,4, =4

COMATBER, =, Ay =6, 4y =1, 4, =0, 4, =1
L & -
So adjd=[2 -1 0
10 6 1

-7 4 -1 7 -4 1

and 47 Ild]A—J'Z—IU:—Zlﬂ

|d| 110 & 1 -10 6 -1




s LCy

41 [7 -4 1][4] [-28+24+5
$|=|-=2 1 of|-6|=| 8-6+0
5| |-10 6 -1]| 5| [ 40-36-5

T T3
5 |=| 2
%] -1

Thus, the solution set is {(x, x,, x,)} = {(1, 2,-1)}
4.8.3 Cramer’s Rule
Consider the system of equations,

By + 8% +ay% =k ]

GyyX, + 8Ty + X, = by

Oy + GagXy + 8%, = by |
These are three linear equations in three variablesx,x,,x,with coefficients and
constant terms in the real field R. We write the above system of equations in matrix
form as:

)

AX =8 ) (if)
A b,
where A=[g) i X=| x, | and B=|4
X B

We know that the matrix equation (if) can be written as: X =48 (if 4 exisis)

We have alrsady proved that A“=|%|adjd

Ay Ay 4,
and adj d=[Lha=|4, 4, 4

Ay 4y A
x { b 1 A.by+ Ayby + Ay
Thus | x, =H
X3

(.*. qu=4ﬂ)

4 4 4o lB=r

by Ak + Agh, + Al
4y An Ay B

A, + Anb, + Ayb,

A].l ‘421 ’!Sl]




<> —
'A,IMAFT, +Ab,
A
x
'.LE-} l&]: Al!h""jz;?““%
" %uraf'au,,b,
A

b a, a;
b, ay ay

b by rhdy b g o Lo,
Henece if).
4 4 &

& b a, L€
5 5 Ay
ﬁi‘u_&f_“?_b'sﬁa Tt l;{| ﬂ“ (iv)

*’11 a; b

ay ay b

_hd,+b 4, +bdy ey an b )
4 4

The method of solving the system with the help of resulis (jii), (iv) and (v) is often
referred to as Cramer’s Rule.

y+x,—-x,=-4
mUw&mamktos::Mmem X+ X 2.:3——4]
: =X+ 2%, X =1
3 1 -1
Hu'e|.d|=-1 1 -2=3-14+4)-1-(-1-2)-1-(2+1)
-1 2 -1
=94+3-3=9

-4
-4

1 -1
1 Z‘
1 2 -1 -—-4(- 4 —1(-8-
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12548 -8
9 9
3 < =
1 —4 -2
1 -1 3442+ 4(-1-2)-1(1—4)
AR T 9
_13 lz+a_g_l
9 9

3

1
-1 2 1] _30+8)-10-4)-4@2+1) _27+3-12_18

x!-

Hence x=-1x=1x=2
Thus, the solution set in {(x,, x,, x,)} = {(-1, 1, 2}}

4.9 System of Homogeneous Linear Equations
The system of following homogeneous lincar equations:
&%+ Xy + Xy =0
Gy % + 8y +ap X% =00 (i)
8y, X, + X, +ay Xy =0
is always satinfied by %= ﬂ,x, 0 and x, = 0, 5o such a system is always consistent.

Trivial Selution: 'Ihe._sulutlnu (0, 0, 0) of the above homogeneous system is called

the trivial solution. -

Nen-Trivial !ol.utl{m. Any other solution of system (i) other than the trivial solution

is called a nion-trivial solution,

4.9.1 Solution of System of Homogenmeous Linear Equatiens by
Gausgian Elimination Method

Gaussian Eliminetion is a systematic method for solving systems of linear equations,

named after the German mathematician Carl Friedrich Gauss, It involves performing

a series of row operations on the system's augmented matrix to transform it into row-

echelon form. Once the matrix is in thig simplified form, the solution to the system

can be determined through back substitution. This method is widely used due to its

efficiency and clarity in solving linear systems,
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] Solve the following system of equations by Gaussian Elimination

x+2y+tz=0
2x+ 3y + dz=0
4x+3p+2z=0
XTI, The augmented matrix is
1 2 1|0]
4=23 4|0
43 2|0
1 2 1]0 N
Blo -1 2|0|ByR,+(-DR - R mdR, +(~)R - R
0 -5 -2|0] .
1 2 1)a] |
= &lo 1 -2|0|By-DR, >R,
0 -5 2|0 <
1 2 1|0
=> Rlo 1 -2 |0|BR+5R >R
0 0 -12/0f
1 2 1[0
= %lo 1 >2(0 By(;—;)ﬂ, —R, (Rank of 4 =3 = number of variables)
0 0)1|0
The matrix {8 i row-echelon form.

Byhmk-mbsﬁhlﬁm,ﬁmnﬁmﬂ:i:ﬂmw,z=ﬂ.
From the second row: y —2z=0
y-2(0)=

iy

From the first row, x + 2y + z =0, substituting y = 0 and x = 0, we have
x+ 2+ 0=0

x=0

Thus, the system has only trivial solution, i.e., (x , y, z) = (0, 0, 0).
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_ Solve the following system of equations using Gaussian Elimination

Method.
x+ 5+ x =0
X~ X+3x% =0
% +36- x5 =0
[EITTTT, The argumented matrix is
1 1 1|0
A4,=|1 -1 3|0
1 3 -1/0
1 1 1]0 '_.
Elo -2 2|0| ByR+(-)R =R, and R+(-DR SR,
0 2 -2(0 N\
1 1 1|0
= Rlo 1 -1o By[ml)ﬂl—)}}; A
0 2 -2{0 . 2

1 1 10
= R0 1 -1|0| ByR+(-2)R, >R, (Rank of 4 <number of variables)
0o 0 0f0 .
The matrix is in row-echelon form
Thus, fhe above system is reduced to the equivalent system of equations
X txyte, =0 (D)
X5—%, =0 (i)
_ Ox, =0
From (i) and (i), we get
x =5 X (iid)
%=
Substituting x, =z, in (iii), we get
x =% —% =2
— x, ==2x, (iv)
As x, is arbitrary, so we can find infinitely many values of x; end x, from (jii) and (iv)
or the system is satisfied by x, =21, x, = ¢ and x, = £ for any value of 2.




From above examples we observe that:

Rule - [: Homogeneous system of linear equation has only trivial solution if
rank of 4 = number of variables.

Raule - [I; Homogeneous system of linear equation has non-trivial solution if
rank of 4 < number of variables.

4.10 Applications of Matrices in Real World

Matrices play 2 crucial role in solving real-world problems &cross various fields. In
graphic design, they help manipulate images through transformations like scaling,
rotation, and reflection. Data encryption and cryptogtaphy use matrices for secure
use matrices to model and predict earthquake wave behavior, Geometric
transformations, such as translation and dilation, tely on matrices to modify shapes in
compuier graphics. Additionally, social network enalysis leverages matrices to
and connections in a network, oK

Transformation or Reflection Matrix js a mathematical tool that represents the
reflection of a point or object across a mirror line in a coordinate plane. It’s 8 matrix
representation of a reflection transformation. In two dimensions, this typically means
reflecting across the x-gxis, y-axis or & ling such as y = x.

To reflect a matrix over the x-axis, we have to multiply it by

To reflect a matrix over the y-axis, we have to multiply it by

A\ % 01
Tomﬂcct&n;kh‘ixmthnliu:y=x,wehwemmniﬁplykby[l ﬂ]

[ZIINI16) A triangle has the vertices A(2, 3), B(-1, 4) and (3, —2). Find the
vertices of the reflected triangle over the x-axis by using transformation matrix.
Tomﬂectapuhtmmamﬁinnﬁurﬁnc,mhavemulﬁplyﬂmpum
a8 a cohumn vector by the corresponding transformation matrix,

Here, to reflect the given points over the x-axis, we use the transformation matrix

4,




Wnteihnpmntsaamhmnmtnm

RERRE

s s, £33

0 -1]13] |0-3

et 1 P o

0 -1|[4] | 0-4 _
_ 1 0737 [3-0] [3]
The vertex C" of the reflected image = [ﬂ _J [—z]{wz}[ﬁ}tm}

Thus, the vertices of the reflected triangle are 4°(2, —3), B'(~1, —4) and C'(3, 2)
Coding is the process of converting a message into a specific format using a cods. A
code i a system of symbols, words or signals used to represent other words or
meanings. It's often used to hide the actual meaning of a message.

To decode a message, we mmultiply coded matrix by the inverse of the given matrix.

Uze matrix 4 = [; ﬂtu mnnde the message: ATTACK, where

leMAthmmnespundmgmth#numbmlmlﬁ

ST Her

¢C P BE.F G H 1 J K L M
1 z 3 4 5 6 7 8 9 10 11 12 13
N O P Q'R § T U V W X Y Z
4 15 16 47 18 19 20 21 2 23 24 25 2%

Divide the letters of the message into groups of two.
AT TA CK
Assign the.numbers to these letters and convert each pair of numbers into 2 x |

O -

SRtO— 1 |

Now to encods, we multiply, on the left, sach mairix of our message by the matrix 4.

o [ a0 2 28]




Matriees md Determiuants <-,~s> Mathematics

[1 2] Zﬂh_'iﬂ + 2'_ 22
3 1f| 1] |60 + 1] |61]
[1 2]737 [3 + 22] [25
(3 1] (1) (9 + 11] |20
11[227[25
So, the desired coded message is [23] 61:”:25]
P EXERCISE43 4 -
1. Find the inverses of the following matrices by using row upt.mﬁbﬂs
2 6 = 1 2 -1 1 ﬁ“i
®|0 =2 0 |0 -2 8| (i), 213 0
-2 5 6 1 0 2 __Hll-ll
2. Find the rank of the following matrices: "{I"_;HI_":
B N F
@261 -1 @| e |G I
5 4 @& b -1/0" 2 2 3 4 2 1
e 1 -1 2 5 2 -3 3
3. Solve the following syat;:;y?_{l‘nt“ lincar cquations by Cramer’s rule:
ty-z=1] o7 x+2%-3g5=0 2% — %, +% =1
@ *-p+22=39" @) n-%n=5) () %+2%+2%=2
3x+2y+z=4 2% +3x%,+ 25, =3 5 =20~ % =1
4, Bolve ﬂ_\; f:ollﬁwmg systems of linear eqguations by matrix inversion method:
'It"-,-'ﬁy+z-*-l 2x 4+ x,+3x,=3 X+y=1
(i) 3x+y-22=4 (i) x+3x,-2x,=0} (iii) 2x—z=1
y-z=1 Bx -5 +2x,=4 2y-3z=-1

S. Solve the following systems by reducing their sugmented metrices to the
echelon form and the reduced echelon forms:
x+2x,—2x,=-1 x+2y+z=2 x+éx,+x,=2
(i) 2x+3x4+x=1 ; (i) 2x+y+2z=3 (iit) 2x +x, - 25, =9
5x,+4x,-3x =1 2x+3y—-z=17 Int+x—x=12




10.
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Solve the following sysiems of homogensous linesr equaiions by using
Gaugsian elimination method:

x+4y—2z=10 % +4x,+2x, =0 n+2x-x=0
() 2x+y+35z=0p () 24+x-3%=0p (i) x-x+54=0
Sx+2y+8z=0 3% +2x,—4x,=0 2x+x+45=0

A triangle has vertices at 4(4,1), 8(-2,5) and C(0,-3). Find the vertices of (he
reflected triangle over the y-axis using 8 transformation matrix.

0 0
The point 4 is mapped to (30, 20, -s)hy:hemlingmm{j@ -5 0],
x\ 0 0 -5
Find the coordinates of A. ’\@’
[Hint: If 4 is mapped to A" by scaling mas , then PA = A"
Find the equation of the image of the curvey equation y = x* under the
msfummuﬂnwithaﬁmcialedm'r 2}

Use the matrix 4 = [2 -1 1) o encode the message: KEEP IT UP, where

lemechonépﬁmdlngmﬂmmbmlmm

\\Q"n 25722
Decode theqicgrage 20|10 || 14 | that was encoded using matrix

Q\Q) 43|41

A=|1 0 1|, where the numbers 1 to 26 are comesponding to the lstters
2 I ]

Ato Z , and 27 is representing space or ~,




Partial Fractions

INTRODUCTION

We have leamt in the previous classes how to add two or more rational fractions into a
single rational fraction. For example,
1 2 3x
O T

i 2 1 3 52" +5x-3
=0 it 2 ee3
In this unit we shall learn how to reverse the order in (i) and (ii) that is to express a
single rational fraction &s & sum of two or more gingle rational fractions which are
called Partial Fractions. 0N
Expressing a rational fraction as a sum of partial fractions is called Partial Fraction
Resclution. [t is an extremely valua]:le.-t‘pal"in the study of caleulus to decompose a
complex rational fraction into a sum-of simpler fractions.
An open sentence formed by using the sign of equality ‘=" is called an equation. The
exquations can be divided into the following two kinds:
Conditlonal equation: Ipis an equation in which two algebraic expressions are equal
for particular values of the variable c.g.,
(a) 2x=3isaconditional equation and it is true only

wa SAY
if x=.
i

For wimplicity, & conditional
equation is called an equation.

() x*+x—6=0is & conditional equation and it is
true forx =2, =3 only.

Identity: It is an equation which holds good for all values of the variable e.g.,

(a) (@+b)x=ax+bx is an identity and its two sides are equal for all values of x.

)  (x+3)x+4)=x"+Tx+12is also an identity which is true for all values of x.
For convenience, the symbol “=" shall be used both for equation and identity.
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5.1 Rational Fractien

An expression of the form ;?; where P(x) and O(x) are polynomials in x with real

cocfficients and (Xx) # 0, iz called a rational fraction. A rational fraction is of two
types.
5.1.1 Proper Rational Fraction

A-rtionial fraction % is called a Proper Ratlonal Fraction if the.degree of the
ponmmh]P(x]inﬂmmmmmhhnﬂlmﬂxlbgrwufth:pole{x]inthn
denominator. For example, ¥ A3 9¢ are pmpﬂnﬁoml fractions or

3 and
x+1 x'+4  x’-1
proper fractions.
5.1.2 Improper Rational Fraction

Ammgﬁ ismﬂudm[npmpwmﬂmﬂmmmhedemaofm

polynomigl P(x]mlhsnmmwru_m_l!mormﬁ:mthe degree of the
x  (x—2)x+1) x’—ﬂmx’—xl+x+l
2x-3 (x=D(x+4) 3x+1 P45
are improper rational fractions or improper fractions.
Any improper rational fraction can be reduced by division to a mixed form, consisting
of the sum of a polynomial and a proper rational fraction.
3:.’+]

For example,

Foraxmq:le, 7 is an improper rational fraction.
3x+6
| L4
By long division we obtain 2 T1 =3r+64- 20 matisan 235 +1
x—2 x_:z :|;3.x"$h_‘£'
improper rational fraction xz+1haah=mrudlmdtoﬂlem 6x+1
: . +6x712

ufapnlynmﬁalh+ﬁandaprapﬁmuunalﬁmhan — - I

When a rational fraction is separsted into partial fractions, the result is an identity;
Le., it is true for all values of the variable in the domain of the identity,
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The evaluation of the coefficients of the partial fractions is based on the following
theorem:
“}f two polynomials are egual for all values of the variable, then the
polynomials have same degree and the coefficients of like powers of the
variable in both the polynomials must be equal”.
For example,
If p* + @ —ax+b=2x 32" —4x+5, VYxthenp=2,g=-3,a=4and h=5.

5.1.3 Resolution of a Rational Fraction Pix }mm Partial Fraetmns

N x)
Following ate the main poiafs of fesolving 3 tatioual &anﬁong?;mto partial
fractions:
()  The degree of P(x) must be less than that of O), I not, divide and work with
the remainder theorem.
(i) Factorize the dmmmnmm)mmmmﬂbh&mwmﬁnmm
fraction into partial fractions. \

(iii) Multiply the idenﬁtjrw%mmwnmgfleﬂhmduﬂe.
(iv) Equate the coefficients of like terms (powers of x).
(v)  Solve the resulting equations for the coefficients.
We now discuss the following cases of partial fractions resolution.
Case I: Resolution uf-'g-%hm partisl fractions when O(x) hax only non-
The polynomial ((x) may be written as:
) =(x-a)(x—a,)...(x—a,) where g #a,#....#4a,
PR _ 4, A4 5. i A 4 eidety.
Nx) x-a x-a, x-da,
Where 44, 43, ..., 4y are numbers to be found.
The method is explained by the following examples:

Tx+25
[Example[] leve( e Yo into partial fractions,

Tx+25 _ A B
w(x+3](x+4)-x+-3+x+4




Multiplying both sides by (x+3) (x +4), we get
Tx+25 = A(x+4)+B(x+3)

= Tx+25 = Ax+44+Bx+38
= Tx+25 = (A+B)xt44+3B
this is an identity in x.

S0, equating the coefficients of like powers of x we have
7=4A+B and 25= 44+38
Solving these equations, weget A=4 and B=3.
4 3

Hence the partial fractions are: ——+—— .
+3 x+4

Alternative method
Tx+25 _ A + B
(x+3}x+4) x+3 x+4
=% Tx+25 =A@+ +B(x+3)
As two sides of the identity are equal for all valuss of x,
Letusputx=-3 and x=-4init s
For 4, putting x +3 =0 i.e, x=-3, weget
~21+25 =4(-3+4)
=» A=4
For B, putting x +4 =0 i.e.,x=—4, we get
~28+25=RB(-4+3)
= “\8=3

Suppose

Hence the partial fractions are: e S
“ x+3 x+4

X 2 -10x+13
(nel 02 Resolve into partial fractions.
{I il lxxz -§I+ ﬁ} p
EITTTON, The polynomial x* — 5x + 6 in the denominator can be factorized and its
faciorsarex— 3 and x— 2.
¥ -10x+13 ” x*=10x+13
(x-1x*—5x+6) (x—x—2)x—3)
*—10x+13 A B C
e = + +
{x-x-2)(x-3) x-1 x-=2 x-3

Supp
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= Z=10+13=Ax-2(x-3)+Bx-1}x- )+ Cx—1)x-2)
which is an identity in x.
For A, puttingx—1=0i¢c,x=1, we get
(1P=10(1)+13 =4(1-2)(1 -3)+B(1 = 1X1=-3)+C(1-1X1-2)
- 1—10+13 =A(-1) (-2) + B(0) (- 2) + C(0) (1)
4=24
4 A=
For B,putting x—2=01e,x=2, we get
(27 -10(2) + 13 =A(0) (2-3) +B2-1) (2 - 3)+t:’{2 1) (0)
=2 4-20+13 =B(1)(-1) .
= -3 =-8
B=3
For C, putting x—3 =0 1e,x=3, we gst \
@) - 10@) + 13=43-2) )+ B3 - 1) O +CB- 1) (3-2)

= 9-30+ 13= C2)(1)
= -8=2a"
{:,ué-l‘

£-10x+13 (2 3 4
" (=D - 5.':+E} x—1 x-2 %3

2 +x—-x—3 .

3 Rl ) o Pl actions.

2I’+Iz % 3manimprnpa'ﬁmunnsu first transform it into mixed
x(2x+3)(x-1)

form.

Denominator = x(2x + 3)(x — 1)=2¢* + 2 - 3x i

. Dividing2® +x*—x-3 by 227 +x*- 3x, zf.;f_a;)zfq.f..;ﬂg

we have Wi =

Quotient =1 and Remainder = 2x—3 2%—3
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20 +x" -x-3 _ 14 2x-3

X2x+3)x-1) *(2x+3)(x-1)

22-3 4, B  C

Suppose x(2x+3)(x-1) =x 21+3+E
= 2x—3 = A2x +3)(x— 1)+ B(x) (x— 1) + C(x) (2x + 3)
which is an identity in x.

For A, putting x = 0 in the ideatity, we get [4=1
For B, putting 2% +3 =0 :.‘u:-—% in the identity, we get B=—i :

For C, putting x — 1 = 0 => x =1 in the identity, we get ?(=Q§‘ '

26+x"-x-3_, 1 8 1_%

x(2x+3)x-1) x 5(2x+3) S(x=1)

Cage I1: thnﬂ{t}hurepuudllnurmctﬂu
E&spolymmaa]ﬂ(x)huampeatadhnmfwtum(x a)',n 22 and n is a positive

integer, then SEI; may be written nsthr. following identity:
Px) 4 4 4

ox) (I—u) (x— a} (:—a)"
where 4, 4y, ..., 4, m:mhmmheﬁmnd

The method is explained by the following examples:
_Rmiw x +x-1 into partial fractions,

Hence,

(x+2)
¥+x-1 A4 B C
Suppuile (x+2y - ;\:-rrZ-I'(:u.:-luz.‘;"‘-|.(.'|If-i-2)3L
= P4x-1=AF+2F+BE+2)+C ®
= X +x-1=4P+4x+4)+Bx+2)+C (ii)

For C, putting x + 2 =0, L.e, x=-2 in (i), we get
(-7 +2) - 1=40) + BO) +C
= 1=C
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Equating the coefficients of x* and x in (ii), we get 4=1
and 1=44+8
= 1=4+8B = B=-3
X+x=1_ 1 3 P
(x+2 x+2 (x+2) (x+2)°

1
LEELTI 5| Resolve GAIRGE-D)

I{m denominator = (x + 17 (- 1) (
=G+ IR+ ) (- 1) = (et 1R =1)
1

into partial fractions.

1 —
x+1P (-1 x+1) ' (x-1)

; 1 __A B C D
- (x-Dx+17° r-1+.r+1+ (x+1)? ":l-; (x+1
= 1=A@+ 10+ BeeHP (x— 1)+ Cle— 1)x+ 1) + Dz 1) (i)

= 1=A4("+32+3x+ 1)+ BE +a2—x - OGP - 1) + D(x - 1)
= 1=(A+Bp’+(BA+B+C*¥(B4-B+Dyx+(d-B-C-D) (i)
For 4, puttingx— 1=0 = x=1 in (i), we get
N

1=AQY = A=y

For D, puttingx+ 1=0 = x=—1 in (i), we get
1=D(C121) = D=-%

Equating the coefficients of x* and x* in (i), we get

O=A+B sy B 5 3=_%

L e 1

and 0=34+8+C = 0O0=-—-+C = C=—
8 & 4

Hence the partial fractions are:
1 1 1 1

8, B, 4, 2 _ 1 1 1 1
-1 x+1 (x+1)' (x+1)' 8&x-1) 8(x+D A(x+1)* 2(x+1)°
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P EXERCISE 5.1
Resolve the following into partial fractions:
. & . a-b g _ &%
> P “ maya-p @9 GinG-D
4 2x+3 . 2 +4x+5 ¢ 4x° +55"—3x—2
D xHDE+2DE+3) (IR +5x+6) - -1
. 3% -12x+11 q (x—1)(x—2Xx-3) " 2
D -D(x-2)x-3)  (x—4)x—5)(x-6) a0
x+1 F+x 3.:’+4'x 5
10. 7 11,————-——~( o 12, —~———~—{x_1}
3 1 14 40 -3x+1 s 12x'-48
O x(x+ly (x4 D(x—1 el (=20 (x+2)?

Case ITI: When ()(x) contains non-repeated irreducible quadratic factors

Definition: A quadratic factor is irreducible if it cannot be written as the product of
two linear factors with real coefficienis. For example, x* + x + 1 and »* + 3 are
irreducible quadratic factors.

If the polynomial ((x) contains. m—mgemd irreducible quadratic factors then ;E:i
may be written as the ldenﬁly'havmgpartml fractions of the form:

ﬂ ﬁha‘edandﬂare?hemmbmutnh&fmmd.
@’ +lx+c

Thnmnﬁodisuﬂilﬁhpdbythefollﬁﬁngmnplﬂ:
3x—11 , .
Resol fractions.
Example[] ¥ Yy D0 petial
3x-11 _4x+B_C
B S8 s DG +D) a7+ 343
= 3x-l11=(x+B) (x+3)+C@+1) )
= Ix-1l=(A+CP+(B4+Bx+(3B+0C) (i)
For €, puttingx+3=0 = x=-13 in (i), we get
—9-11=C0+1) = C=-2
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Equating the coefficients of x* and x in (ii), we get
0=4+C = A=-C = A4=12
and 3=34+F= B=3-34 = B=3-6= B=-13
Hirios, 3x-11 2x-3 2
(x’+1)(x+3} 2+l x+3

Examplegp ;i—:;‘f_g into partial fractions,

EZIFTN, Here, denominator = ¥+ 2x% +9 =(x2+2:+3){x1-2x+%}

4x* +8x _ 4x? 4+8x
42249 (P + 2043 =2x4-3)
4x* + 8x Ax+B Cx+D'

SUPOe A e BP—2xt3) Pa2xed  ¥i-2x43

= 42+ 8r=(dr+B) (¥ — 2+ 3)+(Cx+ D) (@ +2x+3)
= 4P+8r=(4+C)*+(24+B+AC+D) 2
+(3.A-23+3E‘+‘3?.D]x+38+3ﬂ (i)
which is an identity in x.
Equating the coefficients of x°, +%, x, .1:° in (i}. we have

0=4+C . (i)
4=-24+B+2C+D (iii)
8=34-2B+3C+2D (iv)
0=38+3D . )

Solving (ii), (i), (iv). and (v), we get

A=1, 8=2, C=-1 and D=-2
4x’+5.r x+2 —-x—-2
x* +2x7+9 x'+2x+3 x'=2x+3

Cage IV: When (¥(x) has repeated irreducible quadratic factors
If the polynomial O(x) contains a repeated irreducible quadratic factors (ax® + bx + ¢)",
n 2 2 and n is ¢ positive integer, then g: ; may be wrilten as the following identity:

Px) _ Ax+B Ax+B, _— Ax+B,

o(x) ax‘+&x+c (@ +bx+c) (a® +bx+c)"
where A1, By, A, Bz, ..., As, Bs are numbers to be found. The method is explained
through the following example:

Hence,
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CETTTIE Resolve ——% _ ingo pastial fractions.
FEPx-
Solution® P 4x* _Ax+B Cx+D  E

FE+D -1 &+l (x’+1}‘+x 1

= 4x* = (Ax+BY¥’+ 1)(x ~ 1) +(Cx + DYx— 1)+ B(’ + 1) ()

= A= U+E +(A+BY P+ A-B+C+2E) X

+(~A+B-C+D)x+(-B-D+E) (i)

ForE,puttingx—1=0 =x=1 in(i), we get ud
A=F(1+1} = E=1

Equating the coefficients of »*, ©°, 22, x, in (ii), we get
O0=A+E = A=—-EF = A-—,,,b[
0=-4A+B = B=4 :- ‘$=—l
4=A4-B+C+2E ,

= c=4-4+3-2&=4+1—-[_—'1i3-'=> c=2

and  0=-4+B-C+D

= D=A-B+C=-1+1%2=2 = D=2

4x* _ X —Li 2.r+2 1
¢ +1)’(:—1} Ul {x‘ +1}’ x-1
r EXERCISE 52 _d
Resolve imaq’ pnrual fractions:
; 2x*+3%+3 3 2x+1 2x+32
DR+ C (x—2Xx +3x+5) T (xx=2)( +2)
3F +3 4 = 6x* + 40x*

4,

2+ > 12241 5 G—PYE +a)




Sequences and Series

INTRODUCTION

In this unit, students will leam to analyze and selve problems invelving arithmetic,
geometric, and harmonic sequences and serics, including their real-world applications.
Students will identify various sequence types, compute finite and infinite sums, and
utilize sigma notation. Additionally, they will explore practical scenarios such as motor
vehicle leasing, investment planning, and financial calculatiops. This umit also
emphasizes applying these concepis to diverse fields, including healthcare, finance,
and traffic modeling. Finally, students will be able to solve both theoretical and real-
life problems using sequences and serieg effectively.

Let us observe the following paitern of numbets: >

i 511,17,23,... (ii}' 6,12, 24, 48, ..

24 8 16
(i) 4,2,0,-2,—4,. (1355,2_?,5...

In example (i), emynmnher(mptﬁrﬁfmedhyaddmgﬁmﬂmmummhm

Hence a specific pattern is followed in the arrangement of these numbers. Similarly, in

example (i), every number is obtained by multiplying the previous number by 2.

Similar cases are followed in example (jii) and (iv). When a set of mumbers follows a

pattern and there is a clear rule for finding next number in the patiern, then we have

sequence as in above examples.

6.1 Sequence

A sequence is a function whose domain is the set N of all natural numbers, whereas the

range may be any subset of real numbers or complex numbers. The numbers in &

sequence arg called its terms. We denote the first term of a sequence as @, second term

sna.zmdlnm.ﬁnn“m:nnfauuqmnnhdmntudhy#,,wﬁ:ﬂzmxyﬂmhamfﬁnﬂ

to as the general term of the sequence, and the terms immediately preceding it are called

the (» — 1)™ term, the (n —2)™ term and so on.

6.1.1 Finite and infinite Sequences

1. A sequence which consists of a finite number of terms is called a finite sequence.
For example, 2, 5, 8, 11, 14, 17, 20, 23 is a finite seguence of 8 terms.

2. A sequence which consists of an infinite number of terms is called an infinite
sequence. For example, 3, 10, 17, 24, ... is an infinite sequence, or more generally
as 3,10, 17, 24, ..., Tn — 4, ... to show how each term was generated.
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Hf a sequence is given, then we can find its A% term and if the #™ term of a saquence iz given |
then we can find the terms of the sequence.

Find the first four terms of the following sequences whose #™ terms are
given:
(D) a@=3n+1 () an=3n"-3
EITM® aa=3n+1
Substituting n =1, 2, 3 and 4 we have
a=3(1)+1=3+1=4
Similarly, a,=3(2)+1=6+1=7
a,=3(3)+1=9+1=10 &
a=34)+1=12+1=13 )
The first four terms of the sequence arc 4, 7, 10, 13,
(i) a:s=37"-3
Substituting # = 1, 2, 3 and 4 we have
2 =3(1F-3=0 X
Similacly, a, =322 -3=3(4)-3=12- 3=a
=3(3F-3=3(9)-3= 27 _3 =24
a,=3(4P -3 =3(16) -3 =483 =45
The frst four terms of the sequence are 0, 9, 24, 45.
Sequences of numbers are also called progressions. Depending on the paitern, the
progressions arc classified s follows:

() Arithmetic progression (ii) Geometric progression
(iii) Hnmmmprowsiun
~\J" EXERCISE 6.1 _J
1. Find the nﬂﬂaur terms of each sequence.
() 12 16,20, . G 3,1,-1,.

2.  Write down the fm:t three terms of each of the following anucnceﬁ
() @w=3n+5 (ii) a,,,=4a, —7 and a,=3
(ili) @ =(n-3)n+1) @ a=-1,a,,=-——

50 a +2
v) a,= R n V) a=1, a,,=03a,+2)
n
(vii) @, =(-24° (viii) a, = (-1y 7n°
n{n-+1

3. An expression for the »™ triangular number is T) Write down the 15%

triangular mumber. Make a friangle of dots by taking n = 3.
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4, Wrile down the n™ term of each of the following sequences:

@ 1,4,9,.. (5 1,1+2,1+2+3,..
(i) @, b, 2, b, a5 by, .... (iv) x, 2% 3%, ...
(v) al,a,_+d,u,+2d,... o) a,,ar,a0 ...

2 | 38 ol 11
e iﬁﬂa Chte, Bte {m)ﬂl atd a+2d

6.2 Arithmetic Progressiom or Arithmetic Sequence (A.P.)

A sequence {as} is called an arithmetic sequence or arithmetic progression (A.P.), if
@a — i1 18 the same number for all # € N and # > 1. The difference @ = an-1 (7> 1)
ie., the difference of two conseculive terms of an AP, mnn]ludﬂ:el:nmmnn
difference and is usually denoted by d.
MmmmmmgMunmamwemwMewhmmmeﬂmis

obtained by adding fixed constant to the previous term. This fixed constent is called
common difference of the arithmetic progression.

For example: Following sequences are in AP,

() 1,3,5,7, ... (common differenceis 2) |

(i) 54,51, 48, ... (common difference is <3)

An arithmetic progression with 2 terms can be written
as: ~

I.EHI “’:I E_‘l LLL ﬂ.,".ﬂinu,,
then d=dl—dl= a-—-a=..
whete a, is #® tem of the AP,

a, a+d, a+2d,..,a+(n-0d
The #* term of an arithmetie progression can be written as:
' a,=a+(n-1)d

@ 12+ 3"::::4 . of un AP. are denoted by 4, 4,, g, and a, respectively,

(i) #‘h&#ﬂﬁﬁﬁnuﬂuﬁnﬂ is (m — 1 + 1)® tarm where *m’ denotes the tofal momber of tarms
ofen A

{iif) Three mumbers g, b, ¢ are in A P. ifand only if 2b=a+e¢,

(iv) Any term {except first snd lsst) in sn ALP. is equal to helf of the som of two terms cquidistant
from it

(v) Ifthe werm g, is unknown or not given, the #™ texm cam be writen ss @, =a_ +{(n —m), n = m.

| Note that the subseript of the given torm and coefficient of d som to 5. )
The middle term of an A.P. depends upon the mumber of terms, for example

(i) 1,3,5,7,9,11isan AP. withn=6

(i) 1,3,5,7,9,11,13isan AP, withn="7
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i.e., If the total number of terms of an A.P. is even, then there are two middle terms i.e.,

{%T and [%H)a where n represent the number of terms. In example (i) 5, 7 are

two middle terms.
If the total number of terms of an AP, is odd, then there is only one middle term ie.,

["H]Amlnmple(u)‘?uﬂmnnhfmddlem

6.2.1 Selection of terms in A.P.

i) Thmcnnmﬁvetmmnfmﬂ.?.mhcuhmua—d,a,n+ﬂm'a,a-l-d,
ora+2d

(i) Four consecutive term of an A.P. maybewnﬂmhha 3d,a—da+d,a-r3af
ora,atd,a+2d a+t3d

(iii) Last four consecutive terms if £ is the last term can be written as below:

£-3d,0-2d,8—d ¢ AL
If each term of an A_P. is increased or decreased, multiplied or divided by same non-zero
mumber, then the resulting sequence is also anALP. that is, if a,, a,, a;, ..., G, ... are M ALP.
with common difference  then
{i) a,ik,alit,....a_ik,.“_alltﬂllsuin.ﬁ.]‘.wiﬂlmmmundiﬁerm‘d'.
(@) kay, kay, .. .ka,, ... ave dlso in AP. with common difference ‘&d”.

d

{111'] I I’- %,-alﬁpﬂl&nhhﬂw‘iﬂlmﬁndﬁﬂhﬂm T

(iv) Term by term additon or subtraction of two A.Ps. is also an AP, ie, If
Gy Gy B3y ws B . and b.b.b,..b,. are in AP, then gt b,qa = &,
ay + b, ... are algo in AP,

[ATIETIM 2| Find the general term and the eleventh term of the AP. whose first term

and the common difference are 2 and —3 respectively. Also write its first four terma,

Here, @, =2,d=-3

We lmow that a, =a, + (n— 1)d
So, a, =2+(@m-1}-3)=2-3n+3
a, =5-3n (i)
Thus, the general term of the AP. is 5-3a
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Putl‘.ingu 11 in (i), we have
&, =5-3(1)
=5-33=—-28
We can find a,, a,, a, by putting n =2, 3, 4in (1), that is,
a,=5-32)=-1
a,=5-3(3)=—4
g, =5-34)=-7
Hence, the first four terms of the sequence are: 2, -1, -4, -7. .
_Iﬁheﬁﬁtmnufandd’ is 13 and 17 term is 49, ﬁndil ‘and a,,.
EXIPTTT, Given that , =13 and a, =49
Puttingn=35ina, = a +(n—1)d, wehave a. =a,+(5~ l)a‘
as =y +4d :
13 =a,+4d Coa.=13 \ '(i)
Also  a, =g +(17-1)d ~
49 =g, +16d (. 0 =49)
49 =(a, +4d)+12d" .
49 =13+12d by ()
=5 12d =36 =.d=3
From (i), a, =13-4d=13-4(3)=13-12=1
Thus a,=1¥{n~1}3)=3n-2 and
a,=3(13)-2=39-2=37
Fhﬂ.th;nmhﬂrcfmmﬂmﬁf. ; ifa =3,d=T7eand a,=59
EZITTTTA, Using 4, =q, +(n~1)d, we have
T 59=3+@m-1x7 (ca =39, 4=3 and d=T7)
S6=(a-1)xT=>n-1-8=n=9
Thus, the terms in the AP. are 9.
[ZTTTIN S| If @, , =3n—11 find the 2™ term of the sequence.
EXNTTIT, Replacing n by #+2, we have
Gyo 2=3n+2)-11
ag,=3n+6-11
a,=3n-3
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12.
13.

14.

15.

16.

17.

18.
I9.

FEKERCISE&.ZJ
Find the common difference and write the next two terms of each arithmetic
sequence.

M 9 16,23,... () 5, 5++2,5+242,...

Write the first throe terms of each erithmetic sequence, with given information.
(M a=2d=13 (i =12,d=-13

Finda  ,and e, ifa, =4 +3n

Find the indicated torm of esch of the following arithmetic sequeridds:

® a=3d=7a, @ 83,2,...,0, C‘»‘

Thalﬂ"’nnd!ﬂ"’tumuofmmthmdmnqumm%l@
Hﬂwmnnf‘lmmnﬂfﬁm&ﬂqummleﬂthm!ﬂm?

Is30] a term of'the AP, 5,11, 17, ...7

1f2x, x + 8, 3x + 1 are in A.P., then find the val uf:r.
Which term of the AP, 3, 8, 13, ... 18 1237 Iﬁ\

Which term of the A.P., 30, 29.5, 29,. Mﬁ term?
T‘h:?‘“anle"tmmanfmAP m.‘i 07 respectively. Find the A_P. snd
its 100" term,

T AP mmhg\ﬁeshnwmmﬂf =3

a-¢ b-c a—c b-a
!-Iuwmmynnmhm of te are divisible by 77
Find the 8" term from ofthe AP, B, 11, 14, ..., 185.

. 3Y' (10 o .
Find the m&\g)ipmm[?j [?J (?j I the progression
an AP.?
If the ari progressions 3, 10, 17, ... and 63, 65, 67, ... are such that their
at ocqual, then find the value of ».
If the p® term of an AP, is g and the g™ term is p, prove thet its 2™ term is

(z+gq—n)

i1, i ! aein AP showthat bm222.
a b ¢ a+¢

I.f] ]anr.il inAP, ahuwthﬂlhammmdﬂ‘farmnemu
a b c 2ac

If a, and a_ denotes two different terms of an A_P., show that its »™ term is

a,+(u_k)[9§-:_;:m}
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20. 1If g,,a,,4;,..,4, arc positive and in!LP,.]:-mvc that
1 1 n-1
N N P J_+J_ Ja +fa,
21. Ifthe roots of the equation (b—c)x” +{c—a)x+{a—5)=0 are equal. Show that
a,b,cammAP
22, Ifthe sides of a right-angled triangle are in A P, find the ratio of ifs sides.
23. If the »® term of a progression is a linear expression in a, lhtntpmhwlhallh:s
progression 18 an AP,
6.3 Arithmetic Mean (A.M.) S
Ammherdlumdmbeﬂ:eﬁ_]ﬁ.hetwemthntwummhqﬂuandbfd,d b are in
A.P. If 4 is the common difference of this A.P., ﬂ:wn.d ~a=dmdb-A=d
Thus A-a=b-4

4 Ay Ay .., A, 8o said 1o be
e 24=a+b P hdwmmmmn?ﬂ&.ﬂn
ﬂ+b ‘*‘l“l“ﬂ' -.-;Jibnmﬂ.
= ant \ -

Let,q A, .{,bethm&a.Ma bmﬁmzﬁ Then,

V2 .4,4,4,,3\(" arein A.P.
Here a,=-.f§_!, n=.5;j.:_&;é$ﬁ using a,=q+{5—1)d,whs:w3~5=ﬁ+4d
NY2E L1
"N\ it
2 mi il et &
Now A =a+d= 2+,_!§'J§-,E
st 8
z!f,_Jal,+1d_1"‘,§+\|‘,:hT ;1 N

_—————




vait O Lt O e (I
P EXERCISE 6.3
1. Find A M. between the given numbers:
o LB @ (a+b)', (a8’
2. If6, 11, 16 are three A.Ms. between g and b, find a and 5.
3. Insert five A.Ms. between +/2 and E
4. The AM. of two numbers is 7 and their product is 45. Find the numbers.

5. If n arithmetic means are inserted between g and b, prove thmrd;%';-ﬁ+T , Where
(Y n+

d is the commen difference. %
6. 1f A isthe AM. between a and b, prove that (a— ,-i)f-l{d b) ——(a—b)jﬁ

B4l Bl

7. For what value of », ﬂa—b isthcAM.Wﬁcﬁamdb. where a= b.

T
6.4 Series
Thﬂsumofmﬂmufamqmuucalhdﬁeﬁmwufﬂumpﬂndmguqﬂm
For example, 1 +2+3 + .. +nmuﬁn‘iﬁmnfﬁmtnnamralmmhﬂm
Themucfﬁntutﬂrmnnfmumdmnmdb?&

Wewrte, Ss=a1+az+ - +da

Here, & =g, o\

S=a+te O

Sy=a +aytay .

8§, = a1+a,+a,+ - + @y i8 known as #™ partial sum,
Themmofﬂmmmnfmmﬂmenuaqumeueﬂledmmthmeucmen
Tudwelnphﬂhﬁﬂhforﬁ:esmofanymlﬁmﬂhcsmm.nm

-.al+(ﬂ.l+d')+[nl+?d)+m+(a —2d)+(a,—d)+a,

S, =a,+(a,~d)+(a,~2d)+ - + (a,+ 2d)+ (g, +d)+ g,

Thus, 28, =(a+a)+(g+a,)+(a+a)+ -+ (aq+a,)+(a+a,)+(a+a,)
=nla, +a,) [Wehawntﬁm of (e, +a,)]

# '\-

5, =%(ﬂ, +a,)
But, g =g+(n-0d
Thus, &, ='—z'[a,+a,+(n—1}d]=12'[2al+(n—l)d]




ZFTril 7| Find the sum of the first 100 V787 1007
positive integers. The sum §, of the first » teema of an arithmetic
[PIITIT, The seriegis 1+ 2+ 3+ .-+ 100, | beries is given by
Since we can see that g =1,4 =100and 3=_m+{. d]er 8, = #-rn,]
d=1.

Method-1 Method-2
S, -'2-’(4 +a,) 8, = E [2a, +(r-1)d]

Sn = 1+100) | Syo =120120)+Q00-DI] -
S0 = 53(1111) 8,0 = 50(101) '
S = 8100 = 5050
[ETTIT 8| Find the lgﬁmand the partial sumnfl?tumlofﬂ:emiﬂmem series:

2 Lt
p 2

Soiution}: GO z,a,—iaudd o= qg—-z—é

Using a, —c:,+(n—l)d_'
Substitute »=19 -~

ay = 2+(9-1
_ *—=2+ia(;]= 2+27=29
Using ) §,=7(a+a,)

19
S = (@t ay)

= See29)="0p="2

F'md'ﬂmmﬂ]m::m:slfm ﬁﬂhtﬂmu 19 and §, = g, +1.
Given that a, =19, that is,
a+4d =19 @
Using the other given condition, we have
.5;=‘-;[24,+(4u1}d]-a,+1
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4a +6d = g +8d +1
3a,~1=24
Substituting 24 = 3@, — 1in (i), we have
a,+2(3a,-1)=19
Ta=21 = a=3
From (i), we have,
4d = 19-a =19-3=16
= d=4
Thus, the seriegis 3+ 7+ 11 + .-, e
How many terms of the series 9 — 6 ~ 3 + 0+ ... gmount to 667
EITTT, Here, 4, =~9 andd=-6—(-9)=3. C
Let §, =66

Using S, =§[za, +(n—1)d], we have

ﬁﬁ=—~[2{—9)+(n-+133]
132=n[3n- 21] S 3= 3n(n-7) = H=n(n-T7)
n—-Tn-44=0 _
= 7= '? £ 4:+1’?ﬁ
'-='?:I:42225=‘H;15 = n=11,-4

But # cannot be fiegative in this case, so n = 11, that is, the sum of cleven terms is 66.
[T 13) Find the first three terms of an arithmetic series in which 2, =9, @, =105

and S, =741,
Step - 1t Since we know a,, 4,and §,, | Step-1I: Findd.
We use Sﬂny—(a, +a,) to find z. B
2 105=9+(13-1)d
n 96=12d
741=—(9+10
Z 0 +103) g
741=57n
13=n
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o

10.
11.

12.
13.

14,
I5.

16.

Step - 111: Use d to determine a, and a,.
@=9+8=17, a=17+8=25

The first three terms are 9, 17 and 25.
P EXERCISE 6.4 {4

Sum the series: _
() 3+6+9++ay, (i) %+J§+%+--+a,
Find 5, for each arithmetic serics: Q&
@) & =4 n=25a=100 G) a,=40,n=20,d
(iii) @, =52,8=21,d=—4 4{’}
Find a, for the arithmetic series: d =8, n=19, S, =Kf\§§’,ﬁ
How many terms of the series: 96+ 93 + 90 + - ount to 1071.
If the threc sides of a right-angled triangle hiving perimeter 36 om are in AP,
find them.
Sum the series C)
@ 3+5-7+9+11-13+15 9+ - 10 3n terms.

(ii) 1+4—1+1ﬂ+13—1ﬁ+51,g' 22— 25+ +«- 10 3n ferms.

Find the sum of 20 terms of thic gerice whose 7 term is 37+ 1.

The 5% and 9% term of ag{A'P. are 11 and 17 respectively. Find the sum of 20
terms.

Obtain the sum of g § gers in the first 1000 positive integers which are neither
divisible by 5 i

The sum of. 34erms of an A_P. is 171 and its eighth term is 31. Find the series.
The 5 & f an arithmetic progression is 21 and the sum of first gix terms is
90. 18® term.

The sum of three numbers in an AP. is 24 and their product is 440. Find the
numbers,

The first four terms of an A.P. are 2, 6, 10 and 14. Find the least number of terms
needed so that the sum of the terms is greeter than 2000.

Find four numbers in AP, whose sum is 32 and the sum of whose squares is 276,
Find the five numbers in A.P. whose sum is 25 and the sum of whose squares is
135.

-t 1 1 el AP thenshowthit &, 5, mein AP,
a+db e+a d+c
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17. I'he: sum of the first four terms of an AP, i8 56. The sum of the last four terms is
112, If its first term 15 11, then Fnd mumnber of terms.
1B. The first, second and last terms of an A.P. are @,  and ¢ respectively. Show that
(b+ec—-2a)(c+a)
2(b-a) '
19. Show that the sum of n AMs. between ¢ and b is » times the single A.M. between
them.
6.5 Geometric Progression (G.FP.)
Agmﬂemmmgmﬂanqumuummwﬁndhwhﬂhmhm
aﬂar{huﬁrstufmmdbymulhplymgﬁepmmbynmm ‘constant r called
common ratio.
L&amﬂmcﬁpmmmnmhbﬂmﬂmﬁaymmgaqmm
a, a,, a, and 8o on, g, #0. The »™ term iz a, and the previous term is a,,. So,

the sum of AP, is

a.l =r(ﬂ.__]]- Thusr r= a.

1
term by its previous term,
6.5.1 Rule for nth term of a G.P.
Eachtannnﬂ:erﬂ;eﬂmttumumrmlﬁhplaufﬁnpwedmgum Thus, we have,

a,=ar=ar"
& =ar=(ary= agr’-—ﬁr"’
e (ﬂ;i’al’“ﬁ?’ =gt

a_ a,r""‘iﬂéhichinﬂmgmmalm ofa G.P.

652 P'ruperﬁﬂi of G.P.
@) Ifmhtnmut‘a.ﬁ? is multiplied or divided by the same non-zero number, then
therﬁn]hngsegmcamalmaﬁl’ that is if g,, 2,, &) -s 2,5 .~ AT€ In G.P. and k iz

a non-zero number, then
(l) '@1! *Eg, %}, any AE‘.... are glso in G.P.

El Ez E: - _&_, inG.P.
(b) P are gl in G.P

(ii) The reciprocals of the term of a G.P. also form 2 G.P. that is if 2, b, ¢ are in G.P.,
1.1}

then — are also in G.P.
a’ b’ e




(iid) Ifem:htﬁmufnﬁ]‘ is raised to the same power, the resulting numbers also form
aG.P. thatis, if @, b, c are in G.P,, then &", &, " are alzo in G.P.

(iv) Three numbers a, b, ¢ are in G.P. if and only if ¥ = ac.

(v) Ifthe set of positive mmmbers a,, a,, a,,...; @,,... are in G.P,, then log g, log a,,

log @y v l0g @, ... 1€ in AP. and vice-versa.
(vi) Term by term mulitiplication or division of two G.P’s. are again in G.P. ie,
if 8, a,, 4..., &, ﬂndfa by, by, ... ,b,, are in G.P. then q!aaﬂ:h; ab,, ..

Example[F] Findmeelglrthterm of a geometric sequmﬁnwhmh a,=-3 and
r=-2
EITTTT, Here, 4, =-3, r=-2, n=8

a,=ar"

a,=(-3)- 2"

& =(-3)- (-128)

a; =384

Fmdthnu"‘tamnfﬂwﬁf 3,12,48, .

Hﬂrﬂﬂ. =3, r=4

a=a-r
a,=3 4%
[ETTTI14] Find the tenth term of the G.P., for which 4, = 108 and r=3.
Solution Step~ 1: Find @, Step - 2: Find @,
Hm,u 4, r=3, q,=108 Here, n=10, a,=4,r=3
a,=a-r" a,=a-r"
a,=a.-3" a,=4-3""
108 =274, a, = 78,732
4=a
=4

[ZTT 0115 Find the 5% term of the G.P., 3, 6, 12, ....

a 6
tio = =18, ===
lé[t‘..ﬂ:.nll 3.a therefore, r 3




Zin> . |
Using @, =ap™" for 2 =5, we have

as=ﬂ1r"1=3-2’4 =3.2 =48
[ETTT6) Find o, if o, = > and 2,= 2 ofa G.P.

27 729
Selution: To find 4, we have to find ¢, andr.
Using a =ar™" @)
a=ar' =ar , so ar =% (i) "
md a, -alr'.f—i nall"ﬁ . 80 ﬂl"‘ “ﬁ (.!-i-i} JI h.:-._ !
r® =
s, & _T29 _-8 : —_ZT
of B m; i (3 :
2? 7 .:-%.—: -
- r=-~§— ~ % (taking only real value of 7

Put 7 =_% in (i), to obtain a, that i&,

Bt

[.1}1 S )
ol m T 8

Now puiting g =~1 m@_%m(i].wgm

L .

s3] e (] e (]
" | EXERCISE 65 4

1. Find the 6® term of the G.P.: —6, -3, _E?’

Find the 8% term of the sequence, 3, 3%, 3%, -,

3. The »® terms of the sequences 1, 2, 4, 8, - and 256, 128, 64, --- are equal. Find
the value of n.

4. TFind the first five terms of each sequence deseribed:

i 1 1
@ @=243 r=; @) &=57, r=—)




5. Findthe 12% termof 1 +1i,2/, -2+ 2, ---.
6. Ifthe 4" and 9™ tevms of @ G.P. ure 54 and 13122 respectively. Find the G.P. Also
find its genersl term.
7. Ma,b,e,darein GP., prove that
@) a-b,b-cc—dacinGP.
(i) a*-b, b -c,c*—d" arein G.P.
(i) a®+&, b +c*,c* +d*arein GP.
B. If(p+ q)"term of a G.P.ismand (p— q]“’tmmmﬂ.lhﬂnﬁnﬂﬂ'l@\r“‘
9. Find three consecutive numbers in G.P. whmmmZﬁmd\tbPmedumleﬁ
10. The 3" term of a G.P. is the square of 1* term. Ifﬂ:ezmm@mgthcnﬁndmes"’

term. %)
3 3 I /:\
1. If —, —and — are in G.P. Show that the common Fatio is iJE.
RE e A v& ¢
12, 1fthe numbers 1, 4 and 3 are subtract hroe consecutive torms of an AP,
the resulting numbers are in G.P. F‘m{)h& inal mumbess if their sum ie 21.

13. If three consecutive numbers in Q a‘t*emr:mnaedbyl 4, 15 reapectively, the
regulting numbers are in G.P, t the original numbers if their sum iz 6,
14. pr,q"’termsufn(}.?.g and p respectively, show that (p + ¢)™ term

(li" & Ffj;i_-i : .,\CDQ

15. 1fa,2a+2, 3@3@. are in G.P., then find the fifth term.

6.6 Geomefric Mean (G.M.)
Annmhﬂﬂq;:pdm‘beagﬂmehmmm (G.M.) between two numbers a and b if a,

G, b are in G-P. Therefore
E =£ ll apﬁr ey G““'-id tli be a
a G G.Ms. betwoen 'ﬂ'ﬂmﬂhﬂﬂﬂ and & if g,
= G =+-Jab
nsert three G.Ms. between 2 and 1.

2
1

EITTT, Let G, G,, G; be three G.Ms. between 2 and E.Tlu'afn:a
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2 G, G, Gy, 3 arein G.P. Here = Z,a,-] and n=>5.

Ua'mg a, =ar"" we have

ag=ay*" thatis, a; =a* 0
Now substituting the values of a4, and g, in (i) we have
1 4 2.k i
E=Zr B (i1)
Taking square root of (if), we get N
ol
r"_:|:2
Wehm, !‘2—l ar r"-:_lﬂﬁ ( 1=;-.1.}
2 2
— e L
r_:t?; or r—iﬁi :
When s X E:m{il=2(i\=\& G.‘.=2[L =1 G-:z[ij:L
7 &SGR NE) TR
- ), g __1‘= Sf-1Y__ 1
When r=3.mmq-z( 21-.;;7"75’%‘2(45] L G z[ J 5
_ 4 _f N ) LN DY LI D
When r-\E.ﬂlmGl ?[‘z, V2i, G, z(ﬁ]: 1 G z[ﬁj 5
j = o (P2
| m\q 2(\(— ——&I.G Z[Ji]z— ] G,_ 2(\’5 = 2
M'mamﬂhﬁrmmmmmm“mmmmmm]
h P EXERCISE 6.6 4
Find G.M. between:
(i) —2and8 (i) —2iand 8i (iii) 6 and 9

Ingert four real geometric means between 3 and 96.
If both x and y are positive digtinct real numbers, show that the geometric mean
between x and y is less than their arithmetic mean

. ] n

For what value of s, -2 0
a +

= is the positive geometric mean between g and b7
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5. 'lhe A.M. of two positive integral numbers exceeds their (positive) G.M. by 2 and
their sum is 20, find the numbers.

6. The AM. between two numbers 18 5 and their (positive} GM. is 4. Find the
munbers.

7. The arithmetic mean between two positive numbers o and b is double their
geometric mean, Prove that a b=2++3:2—4f3.

§. If onc grometric mean G and two arithmetic means p and g arc inserted between
two positive numbers, show that G* =(2p—-g)( % p).

6.7 Geometric Series

Suppose you e-mail an Islamic quote to three friends on Monday. Eachnfthone friends
send it to three of their friends on Tuesday. Eech persen whn__rpmmthaquntenn
Tuesday sends it to three more people on Wednesday and 8o on.

E-Mail

D
]

Notice that every day, the mumber of people who read your Islamic quote is three times
the number that read it the day before. By Sunday, the number of people, including
yourself, who have read the quote is 1 +3 + 9 + 27 + 81 + 243 + 729 + 2187 or 3280.
The numbers 1, 3,9, 27, 81, 243, 729 and 2187 form a geometric sequence in which
a =1 mdrdéiThamdlmdmofﬂunumbmgmﬂmuqmu,1+3+9+2’T+

81+ 243 + 729 + 2187 is called a geometric series.

The sum of & geometric progression can be wriften as: §, R‘EI_:‘)

To develop & formula for the sum of a geometric series, consider
S =g +ar+ar'+ o +ar oy’ et ()]
7S = alr+a!r’+ . +a,r"" -i-ﬂrr‘_=+ﬂlr._l +ar’ (i1)

Subtracting (ii) from (i), we get
S —rS.,=a-ar" Hr=1,then 5.~ na,

. P#1
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5,(1-r)=a(1-r")

8, = ae-r,) rﬁ)- rzl
1-r

(BT 18| Find the sum of a terms of the geometric series if o, =[—3}[§)‘.

We can write (—3) [E]l a8:

0 I J._l - EI%J.lﬂlﬂmﬂ:[—gI%IJ

- HER ettt -
T :[I_GT ] x
e 32 )
LB
V_EXERCISE 6.7 4

1. Fmamesmmfﬁ:sbtsmmurmeer { ; ; :

2. The 3ﬂm,qEG.P, is 16 and the 6™ term is —128. Find the first term and the
sum of thefirst seven terms.

3.  Sum topgering the series:
@) 02+022402224 (ii) 3+33+333+.-

4, Sum to » terms the series:

) 1+(@+h)+(@+ab+b)+(a+ah+ab*+ 5+
(@) r+Q+BP+(l+k+E57 +--

s. Sumthcsﬁrim2+(1—r)+(:;]+--*m8t¢rms.

6. Show thai the ratio of the sum of first » terms of a G.P. to the sum of terms from
(a + 1)™ to (2a)" term is :_ , where » is the common ratio of the G.P.
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6.8 Anthmetlco-Genmemt: Progression (A.G.P )
Suppose a;, ay, gy, ... , G, ... 880 AP, and b, by, by, ... , b, ... is a G.P. them the
sequence formed by multiplymg the corresponding terms qu.P. and G.P., thatis, a,b,,
Gyby, Gyba, ... ; @ B, ... i said to be an arithmetico-geometric sequence.
Congideran AP, a,a+d a+2d, ..., fa+(n—1)d} and a G.P., b, br, b2, ..., br"~?
where r=1.
Multiplying the corresponding terms of AP. and G.P., wegﬂanmthmﬁﬂm-
geometric sequence :
ab, (a +dybr, (a +2d)br*, ..., {a+{rn—1)d}br" '~
Nutathstﬂanen“’mmofmthm:m-geumemﬂnqmmmpmdmﬂfnﬁmofﬂ
and n® term of G.P.
6.8.1 Arithmetico~Geometric Series
Sum of the terms of arithmetico-geometric sequence is called arithmetico-geometric
series. Thus, arithmetico-geametric series has the form
ab~+ (rz-hd)br-i-{a+2djbr315«»-.-il-'{a+(n—l)d]-h*"
Sum of first # Terms of Arithmetico-Geometric Serles
Let Sa=ab+(a+dbr+(a+2br?¥ - +[a+ (- 1)dbr ! )
Then 7§, = abr+ (@+dpr? + -k [a+{a—2)dlbr- +[a+ (n- 1)dbr” (i)
Subtracting (5) from (), we get.
(1 -7 8, =ab+[dbr+dbrA+ - +dbr"="|—[a+ (n - 1)d]br"
=ab+ L?:”" ~[a+ (n—1dlbr*
dbr  dbr"
- d=r 1-r
ab dbr  dbr® [at+(n-DdlBr" ..
% "t i G- b (i)
which is the sum of the n terms of arithmetico-geometric series.
6.8.2 Sum to Infinity of Arithmetico-Geometric Series
fii<l,thenr®* - 0andn” —0asp—»
- ab dbr
Therefore, (iii) reduces to S, =
1-r (] r)2
which is the sum to infinity of arithmetico-geometric series.

—[a+ (n—1)d]br"
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Sum the series upto n terms: 2-1+3-2+4-4 + 58+ -
Solution LetS =2-1+3-2+4-22+5-2°+ -~ to n terms
P termofthe AP, 2,3,4,5, - i8a,+(#—1)d =2+ (@—1)1)
=2+n-1=n+1
A" term of the GP., 1,2,2% 2%, - is g™ =127 1 = 27-!

So, 8,=21+32+422+52%+.+(@m+1)2""" )

Multiplying both sides by common ratio of G.P., we get O\
28, = 22432 +422+52 4+ M2+ mADP (D)

Subtracting (ii) from (i), we get @

S, —28=214(3-2)2+(@d-3) 2+ + <+ 1-n2" - (n+1)2"
~-8, =21+12+ 1224+ 122+ 0o 4 1«2**—}I -I-\(_:_u;-l'-'m'
-8, =2+ {2+2242°+ -+ 2* N} —(u+ 12"

2{2* -1 '

S =34 ~+ly 2
—SH=2+2“—2—112"—2" _
—5 =-n2”
S =n2"
s-ummmsmnm z+:+:+;+ ;
4 6 8
ORI, Lot §;= 2+ 42 o 1 terms
3Tg gy TR
n™ term of the AP, 2, 4, 6,8, ... is 2+ (n— 1)(2)
=242n-2=2
1
2 term of the G L
e ‘Pl’ayﬂ (1}]’43,_1
4 6 8 2n
=2+ 4 —F—F b —

So, 3 9 27 T3 ®
1 2 4 6 m-2 2n )
—85= 44—+ i
3" 379 27 3= g @
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(1—1]3 _p,4-2 6-4 8-6  2n-2r+2 2n
" 9 27

3 P
2 2 2 2 31 2n
— :2 —_—— Ly aw [
3% =24 35t +3H] 7

”zil_[zﬂ'
2 3 3 n
£ miy 2

3
{
2208
3-

§S=3_GT“%[§]’
s%‘%&]"_ “[%J'

[ETTI21) Find fhie'sum to # terms of the serics: 1+ 2x + 33 + 44 + .. where
41 Iflxlﬁ_l,mthcm:ieuhinﬁnity.

3 _i:&s;-l + 2%+ 3%+ At e b ! (i)
noox8, = 22+ + e+ (- e m” (i)
Subtracting (ii) from (i), we get
(1-2)8, =1 +tx+&+2 + o+
-2
1—-%
_1-x"—n(l-x)x"

1-x
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1—x" — ™ + ™
=

1-x
a-s, = 1—(n+:).x‘+m'"
-X
o 1—(p+Dx" +mc™
* (1-=y
Ifixi<l,thenx® —+0,nx" >0 asn — '
fa=-_1 o
Y a-a Q
P’ _EXERCISE 6.8 J 3

1. Find the 8 term of the arithmetico-geometric sequeudu. wb.m the arithmetic part
is 1,4, 7, ... and the geometric part is 5, 10, 20, ">
2, Find the a™ term of the anmmeuﬁu-gmmm ence, where the arithmetic part

83,7, 11, . mdthcgmmm:pm;-ig:}ls
3. Consider the mﬁmﬁ:u—gaumuh:(?nqﬂmm duﬁm:d by arithmetic part:

a,,=2n+5 andgmmeu-lnpmq = (3} Find the n™ term and the sum of

first three terms ofthamﬁn?éuc o-geometric sequence.
4. Sum to a terms the fu“o:#nng seTies:

) 1z+s4¢§‘s#ﬂs+ () 23+43+63+831+ .
11 3 .5 7
(iii) 2+%}+4,+ (iv) l+5+5‘+ 4
) ]§'E+T+w+
3 9 27
5. Sum the following infinite series:
R @ 2+3+5+llse

£ & -F
6. Showthat 2%- 4* - 8%- 16" --- 0=4

7. Showthat ¥4 - 416 - 64 - §256... o=
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8.  Sum to n terms the series 2+ 4x+6x" +8x" 4 -+« whare x=1

2n+1 (2041} . (20+1Y
9. Find the sum to a tarms of the series +3 +5 -
. — e =1 [za-l) (25-1]

10. Prﬁcthﬂt]+2[l+ 1]+3(I-I lj*l—... ton torms = ﬂz
n n

11. Sum the series to n terms 2+ 5x+ 82 +11x°+... and deduce the sum to infinity
if | <1. N

. J

6.9 Harmonic Progression (H.P.) W

A zequence of numbery is called a Harmonic Sequence uer‘nhhii‘:"ngmmim if the
mpromhufmumnmmaﬁﬂ:mnuapmmun Thheéquml %=%.§- is a
harmonic sequence since their reciprocala 1, 3, 5, ?I:Emﬁ.l’

Rmmbﬂ'thntthummcnlufmumnutdﬁﬁ!wd, so zero cammot be the term of a
harmonic sequence. 2

it 1 1 1
'ﬂ!ﬂgmmlﬁmnufﬂmhmmmqum — - -
umdl al+d’ d1+2d al+(n—l}d
Examplef?] Fiﬂﬂthﬁn"‘andﬁ“-’fumsnfﬂr.* % % %
mmﬂfﬂmmnﬂhﬂmﬂmﬁ
1 L. 1
275’8 o A8

Them:mlmz.s,s .- arein AP, so
q-!.‘anddns -2=3
Putting these values in a =g, +(n—1)d, we have
a, =2+(@-1)3
=3n -1
1 1

Thus, the ™ term of the given sequence= — =
’ T 3n1 31"
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we get the 8% term of the given HLP, whichis — =,
Ix8-1 23

Alternatively, a, of the AP. =q, +(8—1)d
=2+17(3)
=23

Th:s.'tha_sﬁtemqfthagimH.P.=%

If the 4* and 7* terms of the FLP. are % and % respectively, find the
sequsnice. ;
T Since the 4% term of the FLP. = -2 and i 7% term =~ therefore the 4°

"2

and 7* terms of the corresponding A P. are -153 and 2 reapectively.

Now taking q,MﬂrstEmandd.ﬂmcmm'd@ﬁ&mmaﬂh:mspMngM.,
we have, \

ﬂl+3d=% RV B
and a,+5d=% )
Subtracing () from (i), gives
j 3&=E—E=6 = d4=2
2 2
From (i), we get
- 13
87
e
13
o A
2

Thus a4, ofthe AP.=ag+d =—+2=

B3 = B3| = b2
b | La

and @ ofthe AP.= g +2d = +2(2)
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+4

2

1
=27
9
"2
2
9'13° "

Hmthumquimdﬂ.[’.is% %

6.2.1 Harmonic Mean (H.M.)

AnumherHiumdtobeﬂmhmmm{H.M}betwmtwansamdhf
a, f, b are in HLP. .

Lnta.bhnmumnmbommdﬂbammHM'Ihun%:%:%muﬂ
i 1 s
Therefore, L4 b_ ab _8+b,
? H 2 2 2ab
and  H- 2%
a+b

For example, .M, between 3 and 7is <
2x3x7 2x21 21
347 10 5
6.9.2 n Harmomic Meaus between two Numbers
H, H,, H,, -, H, arecalled » harmonic means (H.Ms.) between @ and b if
a, H,, H,, H, -, H,, b sre in HLP. If we want to insert » F.Ms., between a and b, we

firet find 7 AM 4, 4., 4, between %mé, then take their reciprocals o get 1

I-LMs.7::-a'l.wlurnama:mv:h‘.:r,ltmis,lri----,.i will be the required » H.Ms. between

4 4 4,
aend b.

Find three harmonic means between — nndﬁ

[T, Let A, A,, 4, be three A.Ms. between 5 and 17, that is,
5, A, A,, 4,17 are in A.P.
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Using a, = & +(n—1d, we get

17=5+(5-1d (- a.=17 and @,;=5)
4d=12
= d=3
Thus, A=5+3=8, A4,=542(3)=11 and 4,=5+3(3)=14
Hm%- %,%mMWMW ¢
P EXERCISE 6.9 J o
1. Find the 9 term of the following harmonic sequences: -_=
n Ll (ﬁ}jj_k&@
3! 51 7" ] a ‘h}h\
2. Insert five harmonic means between the fo ﬁmggmnumhm:
-2 2
@ 3 md-ﬁ (i) {'/@1‘; o

3. The firstterm of an HLP. is —— § n ﬁﬁ:mjsg Find its 9% term,
4, Ifﬁuthchmnmmmmhnwcmlmﬂb find b.

5. lfthcnumhmzimt?aud : aremharmnmcaaqumoe,ﬁndt.

el
6. Findaso im&yh&HM between g and b.
"+ b°

7 Ka .\&&E%G arein AP, showthata+ 5, c+aand b+ care in H.P.

8. Ifthe HM. and A M. between two numbers are 4 and % respectively, find the

numbers,

9. If the (positive) GM. and HM. between two numbers are 4 and — 16 , fnd the
numbers,

10, wlite-o.ctod eib ¢ . . AP, showthata, b, carsin P

a b ¢
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1l. Ifa, b, ¢, d are in H.P., show that 3(a—bXc—d)=(b—cXa—d).

12. If between any two numbers there arc inserted two A Ms. 4y, 42, two G.Ms. Gy,

G and two H.Ms. Hi, Hs; show thar 2% _ # 5,
GG, HH,

13. The H.M. of two numbers is 4. The AM., 4 and the GM., (7 satisfy the relation
24 + G*= 27, Find the numbers.

14. First three of the four numbers @, b, ¢, d are in AP ., and the next three are in HP.,
show that ad = be. L

15. Ifa, b, c arcin G.P., show that log, x,log, x, log, xerein HP. ('

y

16. 1fa, b, e are in H.P,, show that .ﬂ:.q
_ b a
5 i) (a- + ~25+
(i) "% @) (a—c)=(a L}(a c}

17. 162 +4x,5+xand 9+ xarein ELP., find the value of B

18. 1fthe roots of the equation a(b — el + e — a)g*’c{a b) = 0 are equal, prove
that a, b, c are in H.P. L

#
k"

6.10 Miscellaneous Series . ()
The Greek letter Z(sigma) is used to dg!ghmmn of different types. For example, the

notation 2&, is used to cxpmsﬂ.u: ‘EIIIIIIE.+E'H+¢'+=+---+|I' and the sum

expression 1 + 3+ 5+ -~ mnmhmmZ(ﬂ —1), where 2k — 1 is the &®

Ekm]

te:mufihcmmdh&mﬂedﬂmmdmufnmxmaﬁm. 1 and » are called the lower
lﬂmtandu:ppﬁlcmutufummnhnnmmcchwiy
lhemmofﬁ\qﬁgﬂnmmﬂmmmemafﬂmnfﬁnﬁntnnmmmi
the sum of the cubes of the first # natural mimbers are expressed in sigma notation as!
1+2+3+~-+n=ik; 1 +2°+3 +---+n’=2k’ : l"+2’+3’+---+a's¢"‘=£.’c’i

kml kw1 Aml

We evaluate Z[k" —{k—1)"] for any positive integer » and we shall use this result

™
to find out formulae for three expressions stated above.
S I = -1 (" 07+ @71+ ("= 2 -

+[(=1)"~ (-2 [n"~ (D ]=n"




<us > Mathematios

ie, 3 [E-E-1"]=n"

t-l = L L
It m=1, then S K —G=1]=r' 16, Thn  |© 2@ BITatIn
=1 it a .
(i) Eﬂﬁﬂﬂzu.

I m=2, then 3 [ £ ~(k-1)'|=n?
=
To Find the Formulae for the Sums

® ?:f (i) :Z.F (i) ZP |
(i) Welknow that (k—1}1=k2—2k+l Mdthi&ldmtﬁymbewﬂttﬂlaS‘
B - (k-1)2=2k—1 (A

hﬁngmﬁunmbuﬂummfmfrmkﬂj&ﬁu,ﬁm
3 -Ek-n7 = ¥ @&-1)

ie, n’=22k—n (- ii_u)
k=] ) k=1
or 2iic= nl+n -
Eml -
5 D)
Thus k= —
lgl {“2
Similarly, we can prove easily
& o n(nFl)2n+1) e 5 [mn+) T
@ -2 (i) t):_lf_[—z ]

(BT 128 Find the sum of the series I +3' +5° +... to n terms.
ENTER, 5= (k-7 (14 2k -D)=2k-1)

= 8K —12k%+6k-1
Let §, denote the sum of a terms of the given series, then

5=3r,

Em]

or  8,=3 (8K -12k"+6k—1)
k=1
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=83 K -123 #2463 k-1
k=l Ewml kwm] =]
N a[n(rH1)]’_Iz[n{n+1}(2a:+l}]+ﬁ[n(u+l]}H
2 6 2

=20 (n+ 1) = 2n(n+1)2n+1)+ In(n+1)—n

=20 (0" + 2n+1)—2n(2n" + 3n+1)+ n(3n+3)—n

= 2n[(7* + 2n* +r)—(2n" +3n+1)]+ n(3n+3-1)

=2n(n" —2n—1)+n(3n+2)

=2n(n’ —2n—1)+ n(3n+2)

=n[2a"—4n—2+3n+2]

=n[2n" —n]=n{n(2n* -1)]

=n*[2n" -1] |
Find the sum of n terms of series whose n® terms s #°+> %4 n+1.
EMTTIT, Given that

1;=,,1+En=+l,,+1
2 2
Thus T, =R ) o k> Lk+1
AL 2
and 'S;¥£[P+Ek’+lk+lJ
y Ful 2 2

.3 3 1 .3 L
=§9+5£y+izt+21

kwml Eml Eml

_w@m+1)® 3 nr+D2n+D) 1 [&@E+D)
——4 +2x—ﬁ +21«:|:—2 ]+n

=E[n(n’ +2n+1)+(28" +3n+1)+ (p+1)+4]

=l;(f+2n’+n+zn*+3n+1+u+1+4)

:E(n‘ +4n® +5n+6)
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P EXERCISE 6.10 4
.  Sum the following series upto n terms.
) 1x3+2x5+3xT7+. (i) 1x5+2x8+3x]11+
(iif) 1x2+2%x5+3%x8+-- (@v) 1%3%x5+2%x4x6+3x5%XT+--
(V) 1%x2x44+2x3x7+3x4x10+-
(i) 22+ 4+ 6+ (vil) 32+ 62+ 92+ oo
(viii)4 x 12+ 7 x 2+ 10% P+ - (ix) 3+(3+*r)—1{3+?+11)+u- _
@ P+*+2h+*+2 439+ ~
2. Sum the geries.
@ P-2243*—41 Qa1 28

P P4+22 1242243

() —+ - +... 10 1 terms :
| 2 3
3. Find the sum to » terma of the serics whanenﬂ'ﬁmaregiven.
i) SP+2m+3 (ii) n’+zn 3
4. Given n™ terms of the series, find thusmfﬂn 2n terms:
D 3@+5n+2 [if}*‘n’+u —g

6. ll Rea] Life Problems inwlving Sequences and Series

7 Vehicle Arrival Sequence

Vch:luun?eatamﬂhnmhnamteoﬂ cars every 5 minutes. Represent the number
of cars mmgmhmu & sequence and predict the total number of cars sfter an
hour,

Thcwqumofunm\ralms
4,8,12, 16, .
Tlnnsm.a!.f_,wrﬂ:

“1=4‘d'=4,u= %:u'au=?

Using the formula for arithmetic sequence
u.l'l =‘11+(ﬂ—1]d
a, =4 +(12-1){4)
=4 +11(4)
=4 +44=4§
Thus, after one hour there will be 48 cars.
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Simple Intercst on Loan (Arithmetic Sequence with Particular Term)
To buy fumiture for a new apartment Tayyab borrowed Rs, 50,000 at 8%
simple interest for 11 years, How much interest will he pay?
EXTTTTY, Since 8% is the yearly interest rate, we have
Interest after one year = Ra. 50,000 x %Kl = Rs. 4000

Interest after two years = Rs, 50,000 x ﬁxzmﬂn.m
Therefore, we have the ALP.
4000, 8000, 12000, ...
Here, a, =4000, a, =8000,d=a, - a,=4000, n =11
Using the formula
a, =y +(n-1)d
a,;=4000+ (11 - 1)(4000)
= 4000 + 10(4000)
=4000 + 40000 .
= Rs. 44000
Thus, Tayyab will pay a total interest of Rs. 44000 on borrowed amount of Rs 50,000
after 11 years. ~

Compound Interest on Loan (Geometric Sequence with Particular Term)
Amna invests Rs. 200000 at 5% interest compounded anmually. What
total amount will she get after 10 years?

The isiterest for the finst year = P x % = P(0.05)

The total amount after first year =P + F(0.05) = F(1 + 0.05)
The interest for the second year = P(1 + 0.05) x 0.05
The total amount after second year = P(1 + 0.05) + P(1 + 0.05) x 0.05
=F{1 +0.05)(1 + 0.05)
=P(1 +0.05)
Similarly, the total amount after third year = P(1 + 0.05)°
Thus, we have sequence of amounts
P(1.05), P(1.057, P(1.059, ...
which is clearly a GG.P., with
a,=P(1.05), r=1.05,n =10, a,,=?
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Using the geometric sequence formula
g =ar!
@y =ayr'?!
= P(1.05) % (1.05¢°
= (200000)(1.05)!®  P=200000
= (200000)(1.62889)
= 325778.92
Thus, the total amount Amna will get after 10 years will be Rs. 32577892
Grid Column Distribution (Arithmetic Series Sum of Terms) ()
[B¥TTI30| A web designer is using 2 12-column grid system where each column
increases in width by 10px from the previous one. The first column Width is 50px wide.
Find the total width occupied by all 12 columns. '
it 04 This follows an arithmetic series with: _
First term = @, = 50, Common difference = 4= 10
Number of terms = 1 = 12 \
Using the formula for the sum of an arithmetic series:

" % ml +(n _lm

S = 5 [250)+ (12~ 1)(10)]

=6[100+ 110] = 6 [210]
= 1260px

Thus, the total width of all 12 columns is 1260px.
Motor Vehicle Leasing Using Arithmetic Sequence
AcnmpnnyMaamutnr?dﬁﬂln with the following terms:

e The first monthly payment is Rs. 15,000

e  Each subsequent payment increases by Rs. 500 due to inflation adjustments.

»  The lease term iz 24 months.
Find:

(iy What is the psyment in the 24 month?

(ii) What is the total amount paid over 24 months?

(iii) [f the company can enly afford to pay & total of Rs. 400,000, cen they

complete the 24-months lease?
(iv) Find maximum months # such that total, payment S, < 400,000
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[T, Given:

First term = a, = 15000
Common difference = d= 500
Number of terms = 5= 24
(i) Paymentin 24® month:
Using the formula

a4, =d +(ﬂ—]}d
a,, = 15000 + {24 — 1)}{500)
= 15000 + 23 x 500
= 15000 + 11500 = Rs. 26500
(ii) Total payment over 24 months using the formula

- g(“: +a,)
= ii‘ (15000 + 26500) = 12(41500) = Rs, 498000

(iii) Can the company afford the lease? No,tutilﬁfmenm(m. 498000) exceed the
budget of Rs. 400,000 by Rs. 98,000.

(iv) Using: §, =g[2n. +(n—1)d]< 400,000
Substituting the values: .
g [2(15000) + (& = 1)(500)] < 400,000

n [15000+ 250n — 250] < 400,000

. #(250m + 14750) < 400,000
250/ + 14750n — 400000 < 0
w+59m—1600<0

Associaed equation is #* +59n—1600=0

_ —59(59)" —4(1)(-1600)

2(1)
_ —59199.4
2
- -59-994 =-59+99.4
5 = 2
n==792,n=202

Clearly » = 20 gatisfy the inequality.
Bo, n =20 is the maximum months such that payment § < 400,000.
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1. A sum of Rs. 10400 is puid off in 40 instalment such that each insialment is Rs.10
more than the preceding instalment. Caloulate the value of the first instalment,

2.  Aninvestor invesis Rs. 150000 ot an snmual compound interest rate of 6% for 8
years. Find the lotal amount will he get afier 8 years.

3. The populetion of a town is 4084101 at present and five year ago it was 3200000.
Find its rate of increase if it increased geometnically,

4, Defermine the total worth of & yearly Rs. 5000 investment after 20 years if the
interest rate is 5% compounded annually. L:jw“

5. A weater tank hag a leakage. Each week, the tank loses 5 ggll{'ljé:}ufwaterduatu
the lealcage. Initially, the tank is full and contains 2000 gallgns.
(@) How many gaummimemzﬂwmm@ |
(ii) How many weeks until the tank is half-full
(iii) How many wecks until the tank is l:mplﬂ}x-

6. A drug company has manufactured 7 millidn doses of a vaceine to date. They

promise additional production at a rai¢ 5£.1.4 million doses/month over the next

(i) How many doses of the v , in total, will have been produced after a
year? f\@

(il) The general torm a,-describes the total mumber of doses of the vaceine
produced. Describe the meaning of the variable » in the context of this
mhmgmﬁmmq,

(iii) Find the value of a1 and interpret its meaning in words,

7. Atatollib6atl, the number of vehicles passing through during the first minute
is 106 Piie to road congestion, each minni= only 80% of the vehicles from the
previous minute manage to pass.

(i) Represent the number of vehicles passing each minute as a sequence.

(i) Find the total number of vehicles that pass through in 15 minutes,

(iif) What is the maximum number of vehicles that can pass in the long run (as

time £ —»c0)

8. A sum of Rs. 5000 is inverted at 8% simple interest per year. Calenlate the interest

at the end of each year. Do these inleresis form an AP.? If so find the inierest al
the end of 20 years making use of this fact.




9.

10.

11

13,

14,

15.

A machine is purchased for Re.20,000. Depreciates at 6% per anmum for the first
four years and after that §% per annum for the mext six years. Depreciation being
calculated on diminighing value. Find the value of the machine after a period of
10 years.

Two cars start ogether in the same direction from the same place. The first goes
with uniform speed of 20km/h. The second goes &t & speed of 12lom/h in the first
hour and increases the speed by 1 km/h each succeeding hour. After how many
hours will the second car overtake the Grst car if both care go non-sigp?

150 workezs were engaged to finish a piece of work in a certain of days.
Five workers dropped the second day, five more workers the third day
and go on. [t takes 10 more days to finish the work now, Fi number of days
in which the work was completed. <&

A radioactive product has & half life of § If tie radicactivity level is 68
mimMnhrlﬂymDﬂmmmum%I of redioactivity.

An object moving in & line is given an initfal Velocity of 4.5 m/s and a constant
acceleration of 2.5 m/s®. How long will it the object to reach s velocity of
20m/s?

In an integrated circuit with an initial current of 1080 mA, the tempersture in the

components decreases from 17% to 14%. Assuming that each temperature
decrease is caused by 8 defresse in the initial current, what is the valuc of the

current at fourth !
Show that the f & certain sum of money at compound interest of 7% per
year for n aGP.

e

Q



Permutations and
Combinations

INTRODUCTION

In our daily life, permutstions and History

combinations play a vitsl role in counting | Augustin Louis Cauchy

total mumber of possibilitics, as well asin | (1789 — 1857) is the father

ammangements and selections of objects, | °f pemmutation.

They are used in many fields of science. (T

Fﬂfmlﬂ Blalse Pascal and Plerre
In probability theory, permutations de Fermat (1607-1665)
and combinations are used to gave an idea to generate

compute how many times an event | ‘¢ combmations of
CHN DCCUT 1IN VETous Scensrios and m v
to estimate the odds of winning a

lottery. -r..m' and Lefbalz
=  Inbiology, these are usedto find owt -~ |the founder of m£

the total numbers of possible DNA:, | combinatorics.
SEqUEnCESs. AR a8
= In computer sgience, these are tised to count the possible number of passwords of
a given length by using some specific characters.
- Moreover, thege are the important parts of many encryption algorithms to ensure
the privacy and integrify of a data set.

7.1 Fundamental Principle of Counting
Danish wants to prepare invitation cards of 5 different
colours (red, blue, green, orange and yellow) by
changing any of 3 shapes (circle, square and rectangle).
How many cards can Danish make?

The problem is to count the total mumber of ways in
which Danish can make cards. One way to find the solution is by making tree diagram.
Let us discuss another scenario: Danish’s father wants o buy a table and has asked his
son to help him decide. He narrowed down his options for manufacturer, types of
material (wood, plastic, glass and marble) and types of shape (circle, square and
rectangle). Find the total number of table choices from the above options.

Again the problem is to count the total mumber of ways in which Danish's father can
choose a table.




From tree diagram, it i8 clearer there are 12 choices for Danish's father to buy a table
with ong type of material and one type of shape.
2*1 Way: By multiplying, Danish's father can find the total number of table choices to
buy a table with one kind of material and shape.
Total number of table choices = Total types of material x Total typei‘uf shape

=4 x 3 = 12 choices

These examples show that when making a choice mvolﬁnn nmlnplr: stages or
categmwecmﬁﬁdthah‘hlmbﬁrnfouhmbymmplmgmﬂmmhﬁrof
options &t each stage.
Statement -
Suppese 4 and B are two events, memdnmmmmdiﬁemjwuys.mdthewm
Bnenursmniﬁentmmmmmwgfmysmmemwmmemﬂ
another can oceur in m X i ways. /

Tnulnmherofmm mn
Proof: Let 4= {a,, a,, a,, ,a,.,}mdﬂ {by, by, by, +- , b, }. Let P denotes the event
that both events 4 and B ocour together then P = {(a,, b): a,€ 4, b.€ B, 1<i<m,
1<j<n} =4 x B. Hence the number of ways in which both events 4 and B can occur
is the number of elementz in A x B which is me.
This principle can be extended to three or more events. For instance, if event 4 can

mmmmﬂtﬂﬂmmmmnw&y&mﬂ Try youryelf!
event C canoccur in & ways, the number of ways | If three dice ate rolled together, how
that three events can occur all together is the | many totel numbers of ways occur?

product ;- - k&

Factorial ()

Suppose there are four chairs to be eccupied by four
students and we are interested in counting all the i
possible ways the students can be geated. T

To occupy the first chair there are 4 options. For the mnuhﬁmiul ii'::dnenﬂyimdiih
second chair, only 3 students remain, so there are 3

options. Similarly, for the third and fourth chairs, there are 2 and 1 options respectively.




Inthmway,we]mveinpﬂfumﬁ:m'mdependmtmm4 3, 2, and 1 options
respectively.

By the Fundamental Principle of Counting, the total number of ways to occupy all
the chairs is 4.3.2.1 = 24
Euchpmhlumnﬁaqumﬂynwnrh:daﬂyﬁﬁ,whmwehawhmuiﬁ]ﬂytheﬁmtn
natural numbers: 1, 2, 3, ---
Wemﬂth:spmmmtthafamdnlnfnmddmumnbynl or |a, thus for a natural
number n:

nl of m=nn-1)n-2)-.-321

For some reason we also define 0! = 1, [ngenﬂnl,lfnmanm-nagnhvemtager then
its factorial is denoted and defined as

b s if n=0
n{n a-2).. 3%«-1 if n21
For example, 11=1 .
- Challenge!
N=21=2 - .
3N=321=6 g o flad ot 23
41=4321=24
51 =54321=120
61=65432.1 =720
It can be easily observed that
' al=pn—-1) for 2>1
Exumpief [l T . (T3] Evaluste
81_87-6:54-3-2:1_ 9 (9876
0 R R L | Solution 6131 613.2.1)
2| Write 8 7-6-5 in the factorial " 9 _9-8-7- 5.5.4.3]=
form. 6131 6-5-4.3.2.1.3!
Emtmsres— oot d2L Bl o 957654321
4-3.2-1 41 or - =
6131 654-3-2:1-3-2-1




P EXERCISE 7.1
1. Evaluate cach of the following:
L1010 - 1440 2400 (n+2)!
O o Pagay Paatsz @ Gy
2. Write each of the following in the factorial form:
D #—n (i) nln—1Yn—-2)-(n—r+1)
3. Findn, if (n+4) =3024- a,
4. If%*f% E.ﬁnﬂz x_

3 vatt'ha.l_{__)‘ [1-3.5... @n—1)}2n+ D)]2" ﬁ

: R ) A3 MPa)
6. Express as a single fraction: o+ 2}!+{r+l)['
y Thomamfcmdmumtmlmcdbaﬂsmdfmrho}tﬂ&fumemlomauthmufthc
balls. Dﬂmmeihemb&ofpmsﬁlewmlhebaﬂs one each in a box, can be

placed such that a ball does not go o a.box of its own colour?

7.2 Permutations N
thmofmmwwofmmmdmh

number of ways that objects can be arranged in order.

Definition: An arrangement of all or part of set of objects in a specific order is called

a permutation. Number ofpuhﬁnm of (< n) objects taken from a set of n objects

is written as "F, an(#,mJ

'\'1..1

. B=

% F %

nl
(n-r)!
According mhﬁm:mtal principle of counting:
(i) Three books of mathemstics for grades 1, 2 and 3 can be
arranged in a row taken all at a time (if books are distinct)

P = P‘ on=prad

whenr<n

o8] a)m)]
o/e/a/na

B/ o]
o]

=31=3-2.1=6 ways

(ii) Number of ways of writing the letiers of the WORD taken
all at a time

III
EEIEEIEIE




—

°F.= 41‘; n=r=4 7 ="Totul mumber of thinge/objects
41 4, #=Ths number of salected things / ohjects

“@-4a o

=41=4-3-2-1=24 ways
Chnilenge! Do you know!
Can you make total nmomber of In 1974, “Bmo Rubik" inventsd a popular
pernutations for the “WORD" puzzle, each fum of the puzzle shows a

pictorially? permwiation of the different colours.
neme of this puzzle is “Rubik's Cobe”,

Theorem: Prove that: "F, =a(n—-1)(n—-2) - (n—r+1)= (nﬂ!r)'l- b

Proof: As there are » different objects to fill up rplm_m.-_ﬂn,'ﬂm first place can be
filled in n ways. Since repetitions are not allowed, so after placing one object we are
left with (n — 1) objects, thus the second place can be filled in (n—1) ways. Similarly
the third place can be filled in (n— 2)ways, and s6 oni. This continues until the »* place
which can be filled in #—(r—1)=n—7+1{ways. Therefore, by the Fundamental
Principle of Counting, rplaces can be filled by ndifferent objects in
rn—1)n—2) - (n—r+1) ways.

P =n(n—-Dn-2)..(n-r+1)
_ mn—D(rn-2).(n—r+1)(n—r)l
. .__i[ll'—r}ll

< =l

P nl
’ (n—r}[
[ZTnTIH4| How many different 4-digit numbers can be formed out from the
digits 1, 2, 3,4, 3, 6, when no digit is repeated?
The total number of digits = 6
The digits forming each mumber =4
So, the required number of 4-digit numbers is given by:
6! 6! 6-5-4-3-2-1
'5P¢-{5_4)1=5-1=T=6-5-4~3=360
L1l In how many ways can a set of 4 different mathematics books, 3 different
physics books and 2 different chemistry baoks be placed on & shelf with a space for 9
books, if:
(8) all the books are kept without any restriction.




mmnam- <1:_u> m
(b) &l the books of the same subject are kept together.

(¢) only the mathematics books are kept together.

restriction.
Total number of books =4+34+2=9
ZEEEZGEEEE
°p =91= 9.8.7.6.5:4-3.2.1 % W 1
= 362880 ways ( _.*'
(b) all the books of the same subject are kept together. \

‘PR . B, "B =413L2L3) ) é@
=24.6-2-6 Q‘-\lﬁrw

ﬂ!m AN ways 2| ways

=1728 ways
(c) un]yﬂmmaﬂrmuﬁmbmk:mkqﬂtngethﬁr'

‘B.R=416]

Inhuwmawwmjmleamwbesmoﬂumhmchﬁt

(a) there are no restrictions

(b) two people can it next to-each other

(<) twupenplanumutlﬂnmtnmhuﬂmr

.

(a) whenthaeismmuicﬁmﬂ:m Fel e
Hﬂmlsrufwnys- P, =5!=120 '

(b) mtwpenplemnﬁtnenmm

i AT+B{7| € D7 BT
=|41:;_ :}]3 |£I__ | :|I:I [-?I'.-l l-l,..

| R (R ML |
=41-21=24-2 zT‘”'_'wm 2 3 4
= 48 ways

(¢) when two people canmot sit next to each other, then 415 [
= P, — [2 cam sit next to each other] '
=5!1-48=120-4
=72 way

we 10 seated on 8 bl if 3
cannot sit next to each other?
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10.

1.

12.

1.

14.

15,

PV EXERCISE 7.2 _d
Evaluate the following:
@ "~ (i °A (iii) "7, iv) “A
Find the value of » when:

@ "P,=504 @) “P,=15-14-13-12.11 (i) "P,:""2P,=540:1
Prove from the first principle that:

@ "Pr=n-"'Pra @) “Pr=""PAr- P

How many words can be formed from the letters nfﬁnfnnuwm%ﬁesmingau
letters when no letter is to be repeated: O

() PYTHON (i) NETWORK (i) COMPUTER

How many signals can be given by 6 flags of different 'bm,mz flags at a
time?

How many signals can be given by 5 flags of di t colours, when any nomber

of flags are used al a time.
How many 4 digit numbers can be fo distinet digits, with each digit
odd?

How many numbers between 1 000 can be formed by using the digits
0,12 3.4,Swilhmtrep¢tiﬁm‘(3 many of them are divisible by 57

Find the mumbers grester i 35000 that can be formed from the digits
1,2,3,4, 5, 6, without ing any digit.

Find the number of S-digi bers that can be formed from the digits 1, 2, 4, 6,

How igit numbers can be formed, withowt repeating any digit from the
digita- G, 1} 2, 3, 4, 57 In how many of them will 0 be st the tens place?

How many S-cdigit multiples of 5 can be formed from the digits 2, 3, 5, 7, 9, when
no digit is repeated.

In how many ways can 8 different books including 2 on English be arranged on a
shelf in such a way that the English books are never together?

Find the mumber of arrangements of 3 different books on English and 5 different
books on Urdu for placing them on s shelf such that the books on the same subject
are fogether.

In how many ways can 5 boys and 4 girls be seated on a bench so that the girls
and the boys occupy aliemnate seats?




Mathauntis -
7.3 l’nrmuintmn of Objects Not All Different

Suppose we have to find the permutations of the letters of the word BITTER using all
the letters. The word BIT, T,ER consists of 6 different letters which can be permuted

among themselves in 6! ways.
‘We can see that all the letiers of the word BITTER are not different. It has 2Ts in

The replacement of the two T, by T, \’.2!“”‘.'/

and T, in any other permutation will
give rise to 2 permutations,
Hence, the number of permutations of
fhe letters of the word BITTER taken all ﬁ,‘,’f’“‘,ﬁ"m “";;m""’“ﬁ“',,,,. =
at a time. ol ( n ]
:: 5'5';'13'2'1-359“'!?3 g ,{_@nl-m! . n,, 8,
Inhuwmmywnynmthelaﬂmnﬁhnwmﬂhﬂﬁﬂ[ﬂﬂﬁﬂhamged
whmalltheIMammheuaﬂl? )
Tntulm:mbcroflu:tcmnﬂmword-ll
 (MISSISSIPPI

Lis repeated 4 times =41 ways

S ig repeated 4 times = 4! ways

P is repeated 2 times = 2! ways

M comes once only = 11 ways

Reqmredmmha'ufpmmmm =l—u=3465ﬂmﬁ

41-4).24 1!

Clrmlnr]“&nmtnﬂnn
The following circolar amangements mﬁhntlm £
The permutations in which the object epch other and considered jm ;

are arranged in a circular order are same when amticlockwise
known a5 circular permutations. ﬂm:{hm

Circular permutations can occur in two cases:

Case-1: When clockwise and anticlockwise arrangements are considered different
In a linear arrangement, changing the crder of objects results in a new arrangement.
However, in a circular arrangement, rotating the entire circle does not produce & new,
tisti




Matsenacis (1T
Fntmmple suppose three people A, B and C are gitting around a round table. The
following three linear arramgements

A-B-C,B-C—A and C— A —B are considered the same in circular permutations
because each one is simply a rotation of the other.

We conclude that:

3Enmpmumﬁmgi\reslcimﬂnrpmumﬁm

3! Hnwpmmglm 31———2[ permutations.

Generalizing the nbuvaidaaifnubjectsaremgedhacimle.themhuufdisﬁm
circular permutations is —_{n -

Cage-Il: When clockwise and anoticlockwise srrahgéments are considered
identical

In many real-life situstions, ammﬂm‘panma.unnnndltsnnmrmgtmnot
congidered different,

Fnrmmpia,:fﬂnmbmdsmd,hlun,nﬁd'hihnkmm:gedinnﬁng,ﬂmnm
arrangement and its reflection (as shown in the figure) are considered the same.
In such cases, we divide the total number of circular permutstions by 2 to eliminate
symmetrical duplicates. _
Thus, in this case the mumber of distinet circular permuiations is: © ©
(-1 Q 00 ©
2
Inligw many weays can 4 persans be seated at a round table, while:
() clockwise and anticlockwise arders are differcnt
(i) clockwise and anticlockwise orders are identical.
LHA,B.Cdehemﬂd-perm.
()  Ifclockwise and enticlockwise orders are different
According to Case-I
The possible number of ways are:

A N N W N NN

=321 =6ways. W N PR TARE SaRN TER 54




(ii) If clockwise and anticlockwise orders arc identical
According to Case-II

'l'lmpuulﬂ)hmmbﬂrofmm"(nml)l m{g}m
_(4- 1)1 W

2 2
-——B'Wl]rs
-

P EXERCISE73 4 O
1. How meany srrangements of the letters of the following wm@takm all together

can be made? ‘“T-
(i) PAKISTAN (ii) CURRICULUM (iii) ILITY
2. How many permutations of the letters of the . A" can be made, if

B must be the first letter in each srrangement
3. How many mrrangements of the letters gfﬁne ord TRIGONOMETRY can be
made, if each arrangement bogins with T and ends with ¥?

4, Abdullah bhas & collection of 9 consisting of 4 identical red marbles,
3 identical blue marbles and 2 i green marbles, If he wants to arrange all
of them is & straight row, how mauny distinc! armangements are possible?

5. In how many different wa following persons sit arcund a round table?
(a) 8 persons 7 persons (c) 6 persons

6. [n how many ways couples sit around a round teble if no two women are
sltt:ngtug:sﬂ:taﬂ\@

7. How many 6-digitnumbers can be formed from the digits 7, 7, 8, 8, 9, 97

8. 15 mem @]‘nuhhfm#mmmtlmnfSSﬁmd3mumbmmﬁ:ﬂnn
memb &8 member of more then one commitfee. Find the mumber of
c0 ;

9, The D.C.Os of 11 districts meet to discuss the law-and-order situation in their
districts. In how many ways can they be seated at 8 round table, when two
particular D.C.Os insist on sitting together?

10. The Governor of the Punjab calls a meeting of 14 officers. In how many ways can
they be sested at a round table?

11. Fatima invites 14 people for a dinner. There are 9 males and 5 females who are
seated at two differeni tzbles. Guests of one sex sit ai one round table and the
guests of the other sex sit at the second table, Find the number of ways in which
all guests can be seated.




12. Find the number of ways in which 5 men and 5 women can be seated at a round
table in such a way that no two persons of the same sex sit together.

13. In how many ways can B keye be arranged in 2 circular key ring?

14. How many necklaces can be made from 10 beads of different colowrs?

74 Combinations

Suppose, a teacher uses the names of few students to make s team for & writing
competition, Such as Ahmad, Sana, Hamza and Danigh, As a combination of team
members, (Ahmad, Sana, Hamza and Danish) is equivalent to (Eamza, Ahmad, Danish
and Sama ). Emsmmdmummmmbinaﬂumcwmhwm
same team because the order of the name of :

the students does not maiter. Hm Sang’.{* Danich l;::h
80, we are interested in the membership of the
teamandmtinthswuysthnmdmtamlnwd{mgeﬂ).

Definition

A combination of r ubjuolstnhmmtufuﬂbjm uu mbutnfrobjem ofasctofn
objects.

The number of combinations of » dﬁrﬂoﬂmhkmrntahmemmwdby g o

an(n,r)or[ deiugtmby "~ M

Crl(m=r)t

Theorem. Prove that “C, = !

Crt(a—-r)t
Proof: Elements of_g,_a,;iﬁsbt of r objects of a set of n objects can be amanged among
themselves in r!_wa;m."ﬁu, each combination will give rise to r{ permmutation. Thus,
there will be *Crx+! permutations of n different objects taken r at a time that is:

"Crx ""'__!t-:“ Py
n! n!
= Cexrl = o e TR -
- (n-r)! e ri(a=r)!
Which completes the proof.
Corollary:
O Wr=wten se=— 0 =3, [EEEHEEE
r=n, = e el R e
nl(n—n)l n!0! B oy ks i s o B
n! n! possible number of ways without

(i) If r=0,then "Co= 01 (n— ﬂ)1_ ol nl =1 listing them =ll.




Matsenacis (1T
74.1 hpplluﬂnnu of Combination in Real Life

[ZTTTIN 9| Zain has 8 different fruits. He wants to select 5 fruits out of 8 fruits to
make & fruit chat. How many combinations of fruits he can select?
Tumhuﬂﬁapmblm,mhmhﬂnﬂﬂmu:mbmnfmbimﬁmmuﬂﬁuﬂn
out of 8 fruits. In this situation, n =8 and r=3.

n!

G ri{n—r)!
After putting values
" 8l 81

c = —_— =
*si8-51 513!
_8xTx6x5! 8x7x 6
51 3 3-2-1
=8x 7=56 ways >
Zain has 56 different ways 1o select 5 different frnits 16 make a fruit chat.
ZEETIE10) Tn & school, a class consists of 12 girls and 8 boys. The teacher wants to
select 5 students for an activity. In how many ways can the students be selected

incloding? (i) 2 girls (ii). 'S boys (iii) 2 boys
Number of girls = 12

Nurmiber of boys = 8-
(i) Now let’s find the total number of ways to select students
whmmﬂﬂmgiﬂa Ti

~ 210! 3*5* E? ml "3.2.1.5
(ii) M‘sﬁudmnumbaufwwmsemmdmtswhmmﬁmumm
1
ic, - 8 _ 8 _87.63! - 56
51(B-5) 5131 5!3.2.1
(iif) Let’s find total number of ways to select students when exactly 2 studenis are boys.
81 | I I
', ue, - 81 121 _87-6! 12:1110-9! . .
216173191 2.6! 3.2.1.9!
7.42 Complementary Combinations
Theorem. Prove that: *C,="C,—
Proof: If from n different objects, we select 7 objects then (n — r) objectz are lefit.
Cormresponding to every combination of » objects, there is & combination of (n — 1)

=3696




objects :mdmm Thus, the number of combinations of n objects taken » at a time
i8 equal to the mumber of combinations of » objects taken (n — r) &t & time.

lcr _.C._,
” o nl
= (n—r)r—n+r)! 'G-whnﬂrhg.
= n! For examiple,
r!(n—r)! [} = L ¥ (12)- (11
= =%, = =6-11=66
C_="C L G o 2 N )

m C. md“ﬂl_,mhmuummmq .
w Find the rumber of the diagonals of a 6-sided figure. .-
A 6-gided figure has 6 vertices. Bg_;mnmgmytwuverhuus,wegntalmn
aeg;mmt.
6!

2 Number of line segments = 6 = ﬁ _-!. 15

But these line segments include 6 sides nfﬁuﬁgllm
' number of diagonals = 15—6= 9
Difference between permutatien and‘cembination

Permutstion ~ Combination

* Order is important. ~ *  Order is not important
e.g.,abmdbamd:ﬂ‘ermt(hem:e eg, ab and ba are same

order of any object is matter) {because order does not matier)
* Arrangement of objeets *  Selection of objects
e.g. arrangement oft e.g. selection of:
* ball of different colours * different colours
*Fﬂshshnlphabet(leﬂms} * members in a team

* people while sitting on chairs ® food items

Application of Permutations and Combinations in Cryptegraphy

ZIT012] Zain wants to generate a password for his laptop to secure the data. He
can take only 6 characters to generate a password. Each character can either be an upper
case letier (4 — Z) or digits from {0 —9).

Can you tell how many pusswords can be generated by using the above letters and
digits:

(i)  if repetition of characters is not allowed

(ii) if repetition of characters is allowed




mmm <136 > mﬂu
Total number of letters = 26

Total number of digits = 10

Total number of letters and digits =26 + 10 =36

n = total number of characters = 36

r = required number of characters = 6
(i) [Frepetition of characters is not allowed, we find out total possible permutations as.
36! 36!

"F=HP= =
T (36-6)1 301

36-35-34-33-32-31- 301
B 30!
=36-35-34-33-32-3]
=1,402,410,240 ways
Hence, 1,402,410,240 passwords can be generated by using the 26 alphabet and 10
digits. (If repetition of the characters is not allowed)
(i) If the repetition of the chamacters is allowed. Using fundamentsl principle of
counting: %

The total number of possible combinations = 36 x 36 x 36 x 36 x 36 x 36 =36°
Hence, 36° passwords can be genersted by using the 26 alphabets and 10 digits, If
repetition of characters is allowed.

Application of permutatons 14 estimate the odd of winning the lotiery.
A box contains }5 cards from (1 — 15). Danish is to select 5 cards. I all
the selected cards are the fivst five multiples of 2 then Danish will win the game. Find
Danish's chance of winning the game, when

(i) order is important (i) order is not important
EXTTTETTN, n=total number of cards = 15

r = required number of cards = 5
(i) 'When order is important,

s 151

Total possible ways="P. = "F, =

;
g
1
:
g
%




(ii) W‘hmnrﬂnrmnntnnpmﬁnt
n = Total number of cards = 15

# = Required rumber of cards = 5
151
S5K15-5)!
_ 18t 15x14x13x 12x 11x 101
51101 51. 10!

_15x14x13 x12x11
Sxdx3x2xl

Total possible ways = 'C'_ = HC" =

=3003 ways

Hencr, Daciiis dlinnes to-wis lic game= ﬁ= 0.00033
AppHeation of Permutation and Combination te chme diﬂermt sets of somgs for
Lerﬁm Oceasions
[ZTTTI14] On Independence Day, & DJ has a list of ten different national sangs. He
wmtsloa:kntmyﬂwnanmalsmgaﬁarﬂndny Find how many ways he can select
and play the songs:
(i) ifﬂ:enrdﬂufplamﬁemm
{u} if the order of playing the songs does not matier
ﬁ) When order matters
n = total number of national songs = 10
r = required tumber of national songs =5

Total sumber of ways= PP =%p

LA 30,240 ways

: T@o-5t s
Hence, the DJ ¢an play the five national songs in 30,240 differsnt ways.
(ii)  When order is not matter
n = total number of national songs = 10
r= total number of selected national songs = 5

Total number of ways = *C, = ''C; =

10!
5110-5)
_ 1ol

5.5

Hence, the DY can play the five national songg in 252 different ways.




10.

12,
13.

14.

15.

16.

P EXERCISE 74 4
Evaluate the following:
m “Cy @ "™c, @) “c, (iv) ¥,

@ I *C,:'C,=15:1,findn. (i) If *P.=120and *C, =20, find r.
Find the values of n and 7, when

(i) "C.=56,"P.=336 @ ¢ :"C "G =1:3:7
Prove that () "C, + "C, =™'C, @) r C, -(n—r+1)1c,_lc\}%~

Prove that product or r consecutive intergers is divisible by,
In how many ways can five subjects be selected uutqfwlit jects to select a

course programme?
Find the number nfpmﬁiblammgummhur@ letters from the English
alphabet?

In how meany ways 3 dishes of Desi
selected from 6 dishes of desi foods ishes of Chinese foods?

From a standard deck of 52 playi , there are 26 black cards and 26 red
cards. How meany different way;\ eight cards be selected if 3 are black and the
remaining 5 are red?

Ahﬁgummﬂmdbaﬂd@mﬂg!mhﬂs Find the total number of possible
wayamwhmhﬁveha]% selected in a way:

() 3redand2 (ii) 1 red and 4 green

(iii) 4 red and- (iv) all the red balls
Huwmm%‘d@maliudmﬂﬂcmbﬂfﬁmudhyjmngﬂmvmuufths

2 dishes of Chinese foods be

pnl}'wg 15 sides.

Find ber of sides of a polygon if the number of its diagonals iz 104,
How many trisngles can be formed by joining 15 points, 6 of which lie on the
same straight line?

The members of a club are 10 boys and 8 girls. In how meany ways can &
commitiee of 6 boys and 3 girls be formed?

How many commitiees of 7 members can be ¢hosen from & group of 10 pemsons
when each committee must include 2 particular persons?

In how many ways can & cricket team of 11 players be sclected out of 17 players?
How many of them will include a particular player?




19.

i

There are 6 men and 8 women members of a club. How many committees of seven
can be formed:

(i) with3 women (ii) withatmost3 women (iii) with at least S women
There are thres sections in & question paper; cach section has 3 questions, A
student has to solve all § guestions, choosing at least one question from each
section. In how many ways can the student make his choice?
Consider a cryptographic system that generates an 8-character password. Each
characier in the password can be either a lowercase letier (@ or a digit
(0-5). How many passworda can be generated if cach pasaw contain
exactly 5 lowercase letters and 3 digits:

(8) with repetition allowed 4
(b) without repetition A\@
On Defense Day, Teacher | compiles a list of istinet nationsl songs, while
Tewhcrl]pmpmanpmtcliutnfmdi@! jonal songs (with no overlep
between the two lists), The pringipal n% select 3 songs from Teacher I's list,
and 3 songs from Teacher II's list. {(,
Determine the number of possiblelg methods when:
(i) the order/sequence of the s songs is important,
(i) mmrleqmmof@ﬂmadmshmtw
O
QO
&
\\&Q)
¥



Mathematical Inductions
and Binomial Theorem

INTRODUCTION

Francesce Mourclico (1494-1575) devised the method of induction and applied this
device first to prove that the sum of the first n odd positive integers equals »°. He
presented many properties of integers and proved some of these properties using the
method of mathematical induction. In theoretical computer science, it bears the pivotal
role of developing the appropriate cognitive skills necessary for the effective design
and implementation of algorithms, assessing for both their correctness and complexity,
We are aware of the fact that even one exception or case to a mathematical formula is
mughtupmvuﬂtubcfahmﬁuuhnmmmﬁmmmﬂsm:mmhmaum
formmla or statement is called a counter example.

The validity of a formula or statement depending on a variable belonging to a certain
set is established if it is true for each element of the set under consideration.

For example, we consider the statement S(a)=a"—n+41 is a prime number for
every natural number 1. The valugs of the expression n” —a+41 for some first natural
numbers ate given in the table as shown below:

m |1 | 234 | 5|67 (8|9 |10 1
S(w) | 41(\43 (47 [ 53 | 61 | 71 | 83 [ 97 | 113 | 131 | 15]

From the table; it sppears that the statement §(s) has enough chance of being true. If
we go on trying for the next natural numbers, we find » = 41 as a counter example
which fails the claim of the above statement. So we conclude that to derive a general
formula without proof from some special cases is not a wise step. This example was
discovered by Euler (1707 — 1783).

Now we consider another example and try to formulate the result. Cur task iz to find
the sum of the first n odd natural numbers. We write first few sums to see the pattern
of sums,




=1

1+3=4=2
1+3+5=9=3%2
14345+7=16=4*
1+3+5+7+9=25=5*
143+5+74+9+11=36=6

The sequence of sums is (1)%,(2)%,(3)%,(4)%, ...
We see that each sum is the square of the number of terms in the sum. So the following
statement seems to be true.

For each natural mumber #, ~ 1
1+345+--+@n-1D=n% ...(@) < “nPterm=1+2(n-1)

But it is not possible to vetify the statement (i) for each positive integer n, because it

involves infinitely many calculations which never exid.

The method of mathematical induction is used to aveid such situations. Usually it is

used to prove the statements urfurmulaerﬂhhngtnﬂm et {1,2,3,...} but in some cases,

it is also used to prove the statements relating to the set {0,1,2,3,...}.

Hypothesis: A hypothesis is an educated guess or proposed explanation for a statement

based on limited svidence. It scrves as a starting point for further investigation and can

be tested through experiments and observations. In scientific research, a hypothesis is

usually framed as a statement that can be tested and either supported or rejected by

dm "

Induction of Hy_pﬂthéiil: It refers to the process of formulating a general statement

or hypothesis based on specific examples or patterns observed in particular cases. This

technique is often employed in mathematical reasoning to propose conjectures that

can later be ptoven rigorously using deductive methods.

8.1 Principle of Mathematical Induction

The principle of mathematical induction is stated as follows:

If a proposition or statement S(»n) for each positive integer » is such that

1. Base Case: S(1)istrucic, S(n)istruec forn=1.

2. Induction of Hypothesis: S(k + 1) is true whenever S(k) is true for any positive
integer k.

3. Conclugion: S(n) is true for all positive integers.
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Procedure for Induction of Hypothesia

« Substituting n = 1, show that the statement is true forn = 1.

» Assuming that the statement is true for any positive integer &, then show that it is
For the second condition, one of the following two methods can be used:

S(k + 1) is proved using S{(%).

S(k + 1) is established by performing algebraic operations on S(k).

Use mathematical induction to prove that 3+ 6+9-+.+3n 32040 gor

every positive integer n.
Let 5{n) be the given statement, that is,

5{n): 3+ E1—9+.._+3n=@

Base Cage: Whenn=1, S(1):3= M;ﬁs,_, Thus S(1) is true L., The hase

case is satisfied. _
Induction of Hypothesis: Let us assume that 5(n) is true for any » = ke N, that is,
S(k): 3+6+0+..+3k = 3'(;;;1) (A)
The statement for n = k+1 becoines
346494+ 3430k 1) = 3("+1)L(2*+1}+1]
y 3(k+1;{t+ 2 -

Adding _3{!;--1-.'1) on both the sides of (A) gives
3+ 6F0+... +3k+3 (k1) = @u{ku}

F—i E
3{k+|}(2+]]

_ 3(k+ Dk +2)
2
Thus S{k+ 1) is true if S(X) is true,
Congluslon: Since both the conditions are gatisfied, therefore, S{#) is truc for cach
positive integer ».




_ Use mathematical induction to prove that for any positive mteger n,

1’+2‘+3’+_.+£=w

Let 5(n) be the given statement,

Sy P 4243 4 bn = n(n-!—l);jznﬂ)
Base Case: Ifn = 1, SQ):(1)* 1n+1}{:ﬂ+1} Ixz"?':],mismm

(1) is true, i.c., The base case is satisfied.
Induction of Hypothesis: Let us assume that S(k) is true for amy kEN that is,

Sk P+22+¥+..4+K = —t{kﬂ}fkﬂ] O (A)

S(k+D: P42 +3 4o B+ +1? = (t+1)(t+1:n(2kj_+1+lj
_ R+ D(E+2) (2% +3)
Z X% ®)
Adding (k +1)" to both the sides of equation (4),, we have
P+2 43+ 4+ + (k1 -Q-WHHI}’

_ (k+DIR2E+1)+6(k+1)]
6
L (k+D(2k* + k+ 6k+6)
6
_(k+ 12k + Tk +6)
6

_ (k41 (k+2)(2k+3)
6

Thus, formula holds for & + 1.
Conclpsion: Since both the conditions are satisfied, therefore, by mathematical
induction, the given statement holds for all pogitive integers.

n’ +2n

[Example KJE:30040T represents an integer Vne N,
TR, Lot S()= ™ ”"Ezvssﬁ
Bage Case: Whenn=1, §(1)= E+20) ——1 Z . The base case is satisfied.

3
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IndleﬂnlfﬂypuMLetmmmeﬂmtS(n)intneﬁnmyn-kEH that is,
ﬁk)—k’+2kmpu'mlsanmtn=ger

Nuwwemnttu:huwthnt&'(k+ 1) is also an integer. Form = k + 1, the siatemnent

becomes
3
SE+H) = (k+1) -|3-2(k+1]
_ P43 +3k+142k+2 _ (8° +2K)+ (3K +3k+3)
3 3
3 1 '
_ (& +2i:}+:(k’+i:+1) _k ;H+{k’+k4-1) O

k' +2k
3 .

ke N. S(k+ 1) being sum of integers is an integer, Thus statements holds for k+ 1.
Conclusion: Since both the conditions are m:aﬁod, therefore, we conclude by

As is an integer by assumption and we know that. (¥ + k+1)is an integer as

mathematical induction that . ;h represents an integer for all positive integral
values of n. |
(Examplef} i mathematical induction to prove that
343.5+3 8 +-+3-5= 3{5-; D , whenever i is non-negative integer,
EXITTTT, Let S(n) be the given statement, that is, The dot () between two
. g 3(5!1-1_1) oumbee  sisnds [
S(n): 3+3-543.5 .43 5'=_4— mmiltiplicstion aymbaol.

Base Caset Farri=0, S(0):3-5°= w or3= 203

Thus 5(0) is true i.e., The base case is satisfied.
Induction of Hypothesis: Let us assume that S(k) is true for any ke W, that is,

1
S():3+3.5+3 5’+n.+3._1*=3'i5“T'1?r @*)
Here S (k+1) becomes
S(kH1):343 5435 400 43 5F +3.5H=3(—5‘“:“-1)
_ 35" -y

P (B)
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Adding 3.5**'on both sides of (A), we get
3(5” -1)

3+3-5+3 5 4t 3: 50 2.5 = A7 L q ek
_3{5*-*‘-1+4.s‘*‘)
4
_ysHa+4-1 s+ 1)
4 4

This shows that S{k + 1) is true when S(%) is true.
Concluglon: Since both the conditions are satisfied, ﬂ:erefm'o,byﬂmprmmplaof
mathematical induction, §{(x) in true foreach ne W.

_ Prove that 4°+6n—1 is divisible by 9 forall ne N
EITITTT, Let S(n) be the given statement,
§(n)=4"+6a-1 is divisible by 9 for all HEN
Base Case: Putn=1, S(1)=4'+6(1)—1=4+6-1=9'
Which is divisible by 9. Hence it is true forn=1.
Induction of Hypeihiesis: Suppose the statement is true forn =k ie.,

S(k) = 4* +6k—1 is divisible by 5 A
This implies S(k)=4* + 6k — 1 =9% for some integer k,
4 +6k—1=9k
Now puts =k+1,

Sk+D) =4" +6(k+1)-1=4-4 *+6 k- 6-1
=4(9k —6k+1)+6k+6-1
=36k — 24k + 4+ 6k +5
=36k —18k+9

=904k~ 2k +1) ®)
Which is divigible by 9.
Thus S(k) is true forn=k + 1.
Conclusion: Since both the conditions are satisfied, therefore, by the principle of
m:thmnﬁcal induction, the given staternent is true for all integers n 2 1.
[Example[ Uﬂ:mﬂﬂmmnﬁnalindmﬁunhpmmﬂﬂi

)Im l]{2k+1] Ty ],whmweruisapommmteger




T <> S—",
LetS’(n}beth:gim statement, that is,
1 #

B g(ﬂ:-l)(ﬂ: +l)m 2n+1

' ) . 1 1 1
Base Caser Forn=1, S(1): é(zk-lj(m-l}'z.m’

1 1

R = —=—

-3 2.1+1 3 3
Thus §(1) is trug i.e., The base case is satisfied. _
Induction of Hypethesis: Let us assume that $(#) is trug for n = m, thatis,

& 1 m j ]
Sm): 2. k) aE 1)~ 2mo &
Here S(m + l}hemeu 77N

m 1
e E(n 1}(:1“1) 2m+1 {Zm+1}(2m+3}
m(2m+3)+1  2pF +3mal . (m+1)(2m+1)
T (2m+1)(2m+3) " (2m+1)(2m+3) (2m+1)(2m+3)
» m+1 - m+1 e . m+1 (B)
2m+3 2m+2+1 Zm+1)+1
This shows that S(k + 1) is true when S(k) is true.
Concluglon; Since both the conditions are satisfied, therefore, by the principle of
mathematical induction, S(n) in true foreach ne N
8.1.1 Principle of Extended Mathematical Induction
Let i be an integer. A formula or identity or statement S(n) for » = § is such that
1. Base Case: 5{j) is true and
2. Induction of Hypothesis: S(k-+1) is true whenever S(&) is true for any integer
nw2i.
3. Conclusion: S{n) is true for all integers n21.
[ETTT 0 7| Show that 1 +3 +5 + -+ + (2n + 5) = (#+3)” for integral values of n2-2.
Base Case: Let S(n) be the given statement, then for n =2, S(—2) becomes,
A-2)+5=(2+3), ie, 1 = (1)’ which s true,
Thus S(-2) is true Le., The base case is satisfied.
Imduetion of Hypothesis: Let the equation be true forany =% Z, k 22, so that
SE): 143 + 54+ = +(2k+5) = (k+3) (A)
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S+ 1): 14+ 3+ 5+ A2k +5)+ RQk+1+5) = (k+1+3)* = (k+4) (B)
Adding (2k+1+5) = (2k + 7) on both sides of equation (A) we get,

1+3+5++(2k+5)+2k+T) =(k+3P+(2k+7)
=E+6k+9+2k+7
=+ 8k+ 16 =(k +4)
The formula holds for & + 1.
Conclupion: As both the conditions are satisfied, so we conclude that the S{#n) is true
for all integers n>-2.
ZSTiTI 8| Show that the inequality 4* > 3" + 4 s true, for integral values of n2> 2.
ETETTITY, Let S(n) represents the given statement ie., S(n):.4"> 3" +4 for integral
valuesof n2 2 7
Base Case: For n = 2, 8(2) becomes <
S(2): 4* >3 + 4, i, 16 >13 which is tme,-.
Thus S(2) is true, i.e., The base case is gatisfied.
Induction of Hypotiesis: Let the statement be irue for any n = k(= 2)e Z, thatis

S(h): 45 >3* +4 (A)
Multiplying both sides of inequality (A) by 4, we get
44" > 403" +4)
or 4™ > (3+1)3 +16
or 4 53 4030 12
ar 4" >3% 14 (v 3*+12>0) ®)

The inequality (B); The fornmia holds for k+ 1.

Conclusion? Since both the conditions are satisfied, therefore, by the principle of
extended mathematical induction, the given inequality is trus for all integers 722,
[ZTTTINS| e, = 27 + 1, then for n > 1, show that last digit of @, is 7.
ELTTTETT, We will prove the statement by mathematical induction.

Base case: Forn=2

ay= 2% +1=2%+ 1 = 17. Clearly unit digit is 7.

Inductive Hypothesis: Assume that a, = 2% + 1= 10m + 7 where k> 1 and m is some
positive integer.
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Now, a,,, =27 +1=22"11
= (21* )=+1=(1M+ 6)*+1

= 100m? + 120m + 36 + 1

=100m?+ 120m +30+ 7

=10(10m? + 12m +3) + 7
Thus, last digit of g, is 7 forall n> 1.
Conclusion: Since both the conditions are satisfied, therefore, by the principle of
mathematical induction, the given statement is true for all integers # >1.
8.1.2 Real Life Application of Mathematical Induction)
Mathematical induction iz a powerful method used o prove. statements that are
formulated for natural numbers. It is often used in mathematics to justify conclusions
abuutmqumam,anﬂa,mdaﬁurmmmmuﬁnmlw intcger values.
10| Faris starts a savings plan where he deposits 1,000 rupees into his bank
aﬂcﬁuntﬁvetymmth Uamgmnthnm:hmlmducﬂm,pmethatﬂ:em‘m!mmawed
after » months is given by:

S(n) = 1000 % nrupees .
where » is & positive integer representing the number of months.
T\ Given statoment $(x) = 1000 x »
Base Case: For n = 1: After the fitst month, Faris save 1000 rupees. Therefore, the
total savings after one month is 1000 % 1= 1000 rupees. The base case §(1) holds true.
Indutﬂnn of Hypothesis: Assume the statement is true for some positive integer £,
e., after k months, the total savings is S(k) = 1000 x k rupees.

Now,pmwthalﬂmsmmmholdsfori+ 1 months; After ¥ +1 months, you would
save an additional Rs. 1000, so the total savings becomes: S+ 1) = 1000 x £+ 1000
= 1000 x (k +1)ymupess. Thus, if the statement holds for £, it also holds for £+ 1.
Justification and Communication: Using mathematical induction, we prove that
saving Rs. 1000 monthly for n months totals 1000 X » rupees.
The base case (n = 1) bolds, and assuming it's true for ¥ months, we show it for k+ 1.
Thus, the statement is valid for all natyral rumbers #, making it reliable for real-life
applications.
LETTTIM A1) Al starts a daily exercise routine where each day he increases the number
of push-ups he does by 2. On the first day, he does 10 push-ups. Prove that after n®
day, the total number of push-ups Ali has done is »° +9a
AT, Base Case: For n = 1: On the first day, Ali do 10 push-ups. Total push-ups
(1)*+ 9(1) = 10. The base case 5{1) holds true.
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Indncﬂulaf'ﬂmthub:ﬁmmnthﬁﬂatmmtiamfmmmcpmiﬁw integer &,
i.e., the total nmmber of push-ups afier k days is S(k) = ¥* +94.
Now, prove it for £ + 1 days: On the (k + 1)th day, you do 10 + 2 x & push-ups. The
total after & + 1 days becomes: &*+9%+(10+2k) =& + 2k+1+9%+9
=(k+1)* +9(k+1)

The formula holds for S(k+1).
Conclusion: By mathematical induction, the total number of push-ups after » days is

n+9n

Suppose you aim to lose weight by reducing your caleries intake by 50
minnuemhwmk. If you start at 2500 ﬂlnnas,pmvﬂhntuﬂnrﬂmks,ymdaﬂy
mlakeisiﬂﬂl}—ﬁﬂnualonm

EXTTTTTY, Base Case: Forn= lﬁﬂﬂlmk.mnmmk:mzﬁm 50 = 2450 calories.
The base care 5{1) holds true.
mﬁwmmmmismfﬂrmpmmwmmﬂh
i.e., after k: weeks, your intake is S{¥): 2500—S0k calories.
Now, prove it for k + 1 weeks: Afterk + 1 weeks, your intake will be:

2500 — 50k — 50 = 2500 — 50(kx + 1) calories. The formula holds for ¥+ 1.
Cndﬂn:ﬂgmﬁemﬁmmmdﬁlyiﬂmaﬂernmmhﬁwmn

P _EXERCISE 8.1 _d
1. Use mathematical induction to prove the following formulae for every positive
imteger n.

(i) logx"=nlogx, where x is positive
(i) 2F5+8+...+(Gn-1)= %(3“ 1

(i) 2+(2+5}+{2+5+ﬂ)+---+%{3n+ l)=%(n+l}‘

@) 2+6+18+~ + 2x3* =3" 1

(V)  Ix3+2x5+3x T+ +ax(2n+])= n(n-+1) (4n +5)

6

1 11 1 1
vi g
T v e e
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10.

11.

12.

<> mencmce (IR

i) rir +r*+...+r~-’(:::’), =1

(viil) a+(a+d)+(a+2d)+... +[a+(n—1)d] =%{2¢+(ﬂ-1}d]
(ix) a,=a,+(n—-1)d whena.a +d a +2d ... forman AP.
® a,=ar"" when a,ar.ar’, ... fomaGP.

@ (343} - (7H0) -
(xii) Tho sum of First » odd mitaral Tumbers is a2, O
Prove by mathematical induction that for all positive i ' ues of n

() #+n is divisible by 2 Gi) 5"— z"um@‘blnbya

G 810" -2l ity
m@@‘mm

Prw::thatzr‘—

x—ymafuctumt‘x —y" forall gral values of n, (x = »).

> 2" —| for integral values of n “4{/

4':-3"+2"‘furmt¢p-aiw]ui nz2.

l+mr<(l+x)* forn>22and £3=1.

Aliza invests Rs. 1,000,000 ih a business that promises a 6% return compounded

ammoally. Prove by induction that the amount of money after n years
is 1,000,000(1.06)"
A bank uﬂmmﬁ%mﬂmﬁmnﬂmﬂlmm:ﬂer If P rupees are invested,

ﬂlcunnum-@nymls given by: A(n)y=P(1 +r)

Prove on that this formula holds for all » > 0.

S&aﬁd%:“ﬂn. 500 in the frst month and increases his savings by Rs. 500
every subsequent month, Using mathematics] induction, determing whether his
total savings will reach af least Rs. 12,000 after 24 months,

Prove by mathematical induction that if Ali takes a loan of Rs. 2,000,000 and
pay Rs. 50,000 at the end of esch year, the remaining balance after m years is
Ra = 2,000,000 - 50,000n.

If Salman start savings with Rs. 5,000 and saves an additional Rs. 1,000 at the
end of every mounth, derive & formula S(n) for his total savings afler » months.
Prove the correctness of year formula using mathematical induction.
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8.2 DBinomial Theorem

An algebraic expresgion consisting of two terms such as e +x, x — 2y, ax + betc,, i
called a binomial or a binomial expression,

(@+h)* =a* +2ab+h* @
(a+h) =a® +3ah +3ab® + b (ii)

The right sides of (i) and (i) are called binomial expansions of the binomial
a + b for the indices 2 and 3 respectively.

In general, the rule or formula for expansion of a binomial raised to-any positive
inﬁegralpowaiuaﬂe&ﬁbﬁmmﬂalthnmfmymiﬂveinﬁmlmﬂum

For any positive integer »,

L T (T o
+[n) . .",,[ » Jazr-u[:]_‘,f_ - 5

or briefly (a+ 1)” =-Z [ ] gt whmaﬂ;ﬂiﬁmr:&lmmbﬂn.

The rule of expansion given sbove is called the binomial theorem and it also holds if g
or ) is complex,

Now we prove the binomial theorem for any positive integer n, using the principle of
mathematical induction. :

Proef: Let S{n) be the statement given above as (A).

nmmulfﬁl,mqbiﬁﬁsu}: (a+a)‘=[;)al+(3a'-lb=a+b which is true.

The baze case is satisfied.
Induction of Hypothesis: Let us assume that the statement is true for any n=ke N, then

S(R: (a+b}*¥[k]a‘+[k]¢*“b+[k]a“&2+ +( ’ Jf*"“ff‘#[ja**af
0 1 2 r—1 ¥
k K,
+ -»-+[k_JabH+[k]b (B)
Stk+ 1) (s1+§.:-]|""l =[k:] a””+(ki" 1) a"xﬁ+(’:; 1] g x b+ o

o & 4 k+1 " k+1 k+1
(r_}f b [ )a"‘“xb" [kJaxb’+[k+JbH ©
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Mulhphnnshnthmnfeqmﬂn(n)hy(ﬁb},wghaw

(a+BYa+B) = (ﬂ+b}[[ﬂ]ﬂ‘+(f)ﬂ“&+[z },x—zﬁ: "y [r* ]},mb,_:
e Pl
Lt
Tl
[ G G
(2o
(oG}

)l

(S8 R AR A
. (:HT}(:.__}[:t:‘]m[:}[,:}[*;I]Wm
. (a+B)” _[*;1},1+[k+lpb+[t+1}, -

k+!I k+1 k+1
e
Weﬁndthatlfﬂmmmmtmmfmu kthenitis | £n\ (=) (= =
o e =71 (n}[l}(z}m-(,)m
true for all positive integral vahues of n.
The following peints can be observed in the expansion of (g + b)®
(i) The mumber of terms in the expangion is one greater than its index.
(ii) The sumn of exponents of ¢ and x in each term of the expansion is equal to its
index.
(iii) The exponent of g decreases from index to zero.
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(iv) Theupmmtofbmmmﬂnmm to index.
{v) The coefficients of the terms equidistant from beginning and end of the expansion

wein Moo

n
(vi) Thn{r+1)“’tumintheaxpamiﬂnis( ]a"’b’andwadmmitaa I, le,
r

el

Aaaﬂﬁﬂmnfﬁummmhﬂﬁnm&ﬁmnﬂhypmgrﬂﬁl 2, ,n 8
we call it as the general term of the expansion.

[ETTTTiE Expand [E'%] sdilin Bl ke S ois,

(2-21-(2+(2))

’ a
af 32) 64
+6:=| == hk—
2[ a }a‘
& 5 ,.15., 0 9% 64
— e —— 2’{] Sty Ao 1 i i
64 8 4 P &
T,.;, the general term is given by

w5 (et
(-]
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Evaluate (9.9)° using binomial theorem.

9y’ =(0-0.1

= (10)° +5x (10)" % (-0.1)+ 10010)* % (-0.1)* +10(10)" x (-0.1)*

+5(10X(=0.1)* + (0.1
= 100000 — (0.5X10000) + (10000)(0.01) + 1000(—0.001)+ 50(0.0001) — 0.00001
= 100000 - 5000+ 100— 1+ 0.005—0.00001
= 100100 .005 — 5001 .00001

= 55099 .00459
LTI R 15] Find the specified term in the expansion of [%x—i F
() the torm involving x° (i) thefifthterm ('
(iii) the sixth term from theend  (iv) coefficient of the term involving x~'.
4

r N 11
(i) Let T,,,be the term involving x*in the expansion of [1x-i] , then

N Ot

= (1]) 3“_-r ;11-r.l(_..,-1)"-,3‘? i {-l}"-[l 1 Jju—zr s

r 21 1=r » 215-1-

As this term involves x°, $0 the exponent of x is 5, that is,

11-2r=5"or —2r=5-11=r=3

Thus 7, involves.x’

- )36 11.10-9 3¢
T e S | 0 g i g
% =k )J(EJEIHII ( )}2.,1 2‘:
_ 165243 5 40095
256 256

(i) Puttingr=4in T, wegetT,,

P-4 4.3.2.1 27
11-10:3 27 , 16527 4455
= . x’: xa- x’
1 128 64 64

I;=(~I)'[:1]‘3iix’“ WAEISE, 3 o
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(iii) The 6th term from the end term will have (11 + 1) -6 that is, 6 terma before it,
Tt will be (6 + 1)™ term, that is the 7 term of the expansion,

Thmaﬂ—l)‘[“]z:u e JH0ET 3
6

gie 5-4.3.2.1 2

_lix6x7 11 _ 71
1 3x32 =x 16x

) E is the coefficient of fhe term invalving x™'.

82.1 The Middle Term in the Expansion of (& + &)"
In the expansion of (a + b)Y, the total number of terms is » + 1

Case I: (nhﬂtn}ﬂuinevmﬁenn+linodd.m[gf]_]'.tp;mwi]lhﬂthe

only one middle term in the expangion.

n—+3
2

Case lI: (nis odd) ifnisodd thenn + 1 is mm[’%—l

]I terms of the

expansion will be the two middle terms.
y N 12
Findthefuﬂuwiuginth‘gmlpnnniunuf[%+%) ;
x

@ thetem independent Oy G) e middle term
EITTET, () Let 7., be the témm independent of x in the expangion of
X 2N
(?*?‘T"‘““

u x L2-r 2 r
(2R 2)
B [lz)xll: o {12] o
r )2 r

As the term is independent of x, so exponent of x, will be zero.
Thatis, 12-3r=0=>r=4,

12 -11-10-
Thestr, e et 7, =1 245 211109 4

_lix45 _495
2 T 16
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- il
(ii) In this case, n= 12 which is even, so [%‘—H] term is the middle term.

2 x J2=6 2 &
7 ¢ =[6](T] (?) Because T is the required term,
_(12)x° 2° _ 12x11x10x9x8x7T 4,
= S 4
6 )2° x* 63 Sx4x3Ix2x1
=12x1]x?=9’14

IE xﬁ

8.2.2 Some Deductions from the binomial expansion of '(#-'I-b ¥
We know that + @

(a+b}"=[;]n" +[;]f‘b+[;)fﬂ:’ oo

+{:)r'ﬁ J_;.;_.'.+[ & Jab"' +(:)b' (A)
() Ifweputa=1,in(A), then wehave;

RO A

=14nb+ Mhlq. wn e ]T(II—IXH—E) i {i':l—.l""l'].)b,._"_ e e

H]_ ! _2!:11::—I:-_,--.:I[_r}-—r+li{n—r;-'}!=ﬁ{r:—l}---{u—?'—li
(i) Putting a =1 and replacing b by—b, in (A), we get.
TS e e
LR eer () @

(iii) We can find the sum of the binomial cocfficients by putting ¢ = 1 and
5=1in(A)

e 0o =7 ()2 oo 7 Jo(0)
« 2o

Thus, the sum of coefficients in the binomial expansion squals to 2%,

F1ooelin—=rp st (n—r)l !




Unit ) porpmmire o P P Mamensces (I 00

(iv) Puttinga=1and h=-1, in (A), we have

a-wr=(s 13 HEHE e (Lren ()
whus (g (7} (3 (3 )2 Jrem( o

If » is odd positive integer, then

DO
e AT

s (Ao

2 3
(: ]+ 2[: ]+ 3[: J+ et l.[.:};l'tl-iﬂj;!—l) +3n(n-1;!{n—2)+ et ]

= {Hﬁ—l_}fwhﬂ]

AN )

P EXERCISES2 4

I. Using bindmial theorem, oxpand the following:

w3 . xY : a % T
® [}—?J (i) (za-;] (i) [‘E_ \/;]
2. Calculate the following by means of binomial theorem:
@ (97 i o) (i) (9.98)" (v) @17
3. Expand and simplify the following:
@ (a+v2x) +{a-v2x) iy (2++3f +(2-3)
4. Expand the following in ascending power of x:

@ @+x-x% @) Q-x+x")"
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S lmdthatcnnmm]vmg

13
(i) x*inthe expansionof (3—-2x)" (i) x"inﬂ:nexpamimaf[x-;zf]

11

{iﬂ}a“hﬂ:empmsiunof[%—a) (iv) y’inthee_xpmsinnuf(x—v';)
6. Find the coefficienl of
mn
@) x’inthgnzpmm'nnnf(x’ni] fﬁ]x'inthna:pmm’nnef[x’-%]’

10
7. Find 6™ term in the expansion of (.1:" - 2‘1 J .

8. Find the term independent of x in the following expanamuﬁ. .
I 10 10 i
® f_%'] (ii) (J} +Ex'1_'} (i) (1+'x‘-31’{1+;J
9. Determine the middle term in the following Expﬂ.n.mnns

o T T 3 Y : 1)"‘“
4y e 2) (id) (Tx "aj (iid) (h—a
H

O w
—|—-a_$-.—Fr.( ]: 2" =l
3.1 AN\

83 The Binomial Theorem (When the Index » is a Negative
Integer or a Fraction)
When m i5 a negative énl:q;e: or a fraction, then

ﬂ"‘-“)' 1+m:+"(" 1:';2.5."’:"‘2!("—2] 2y

n[n Di{n—-2) -~ (n— r+l)
¥l

n n
10. Show that: [ ]-I-[ ]+
1 2

provided | x|<1.

The seriea of the type 1—mx+
s The proof of this theorem iz beyond the scope of this book.

L} Bymbnll( )[ ),( Jmmmmuhtmw:ll

ai I}r;_ﬂ{_ﬂ—l}{*'i 2)

oy = X + - is called the

-

_n(n=1) (n—2)- (n—r+11

rl y

= The geneml term in the sxpansionis 7,




| Find the general term in the expansion of (1+x)" 3whun|x|*:l
T f—3) (—4) (=5) - (=3—r+1) o

7l

) (—l)’-3.4.5...(r+z)x, = 1y 1.2.3.4.5...(”;)2:'
rl 1. 2.1

i ljrrl-(r-l—l) {r+2]1,. =(_l),(r+l)(r—2)f
2:r! p)

Some particular cases of the expansion of (1 + x)%, n-:u.
(@) a-+ x)l*;'l"'x'l".'tz — (-1 2"+
() (+x)32=1-2x+32 -4 +., +(—I)"(r+1)x’
(i) (L+ 2 =1- 3+ 627 ~108 + o + (= 1}*5‘11J_11f
{iv) (I—2)" =l4+x+2 +x' + 42+
(v) (—2)"=1+2x+3" +4x" +.. +(r+l)¢"+...

(vi) (L—2)" =143x+652 +105° + - +Wx’+---

19| Find the coefficient of x mﬂmﬂqﬂnnmnf

(1 )z={l—x){1+x}"
=N 1)[1,,( h)gz)(a}ﬁ LEDE) (274 ]

rl
={-x+1)l+ {—1_}?;* [—1)23&’ ot LY x (e 10" 0]
= (=& + D1 + (=1)2% + ()32 + - +(—1)‘" =l 4+ 1 + D+ =]
Coefficient of x* =(-1) )" n+(=1)*(n+1)
~ (—1} 2D D) = ((1)'[r+ (2 +D)] = 1" (2n+1)
[ETT o ald200If x is so smuall that its cube and higher power can be neglected, show
1 -x 1 .

that | ——wl-x+—2x
1+x 2

VioE = Q- e
1+x

(3-) H))
= 1+%[—:)+2—-;—-{-x)2+m 1+[——;—)x+ 2 E X4 e

1-x
Q+x




3 :I[l-—;—x+%x’+--- ]
- [l-lz+ix*}+(-ix+Lx’J-Lx‘-i----
2 3 2 4 8

1.1 3.1 B g 1,
= e - ml-x+—
s [2 z) +(s+4 3)"’ & Ly

3
For y%(i}ﬂ(i]’ ; ﬂ[i] s

9 2221\ 9 2231 9
show that 5% + 10 y— 4 0 .
o - FLAY. 13 135 _
Solution P ke 2[ )+4.2I( ], (A)
Adding 1 to both sides of (A), wenbmm :
2
4 1-3( 4 1-3-5( 4.1
= ‘*?(?J*a..m(?) *gar _T] e ®)

Let the series on the right side of (B) be identical with
ﬂ(ﬂ‘l}:z 4. n(n—1)(a=2) A
2! 3]
which is the expansion of (1+ xJ'for| x | < 1and # is not a positive integer.
By comparing terms of bothithe series, we get

1+ nx+

S
n(n-1) o 13 .

2. "‘71'. % 21( 9) @
From(), x -=% (i)

Substituting x=iin(ii), ——

n(n—1) ilﬁmg(nljiliﬂ
2 ."?u 8 81 2 8ln* 8 81

or 2r-1)=6n or n—l-au:u-—%




n=—%in{iii),wegﬂx=g 21 = :
)
3] (3
T 9 5 J5
or J5(+)=3 )

Squaring both the sides of (iv), we get
5(142p+y)=9 or S5y +10y-4=0.

P~ _EXERCISE 83 _ ~ o
1. Expand the following upio 4 terms, taking the vﬂueﬁﬂf; juf:h that the expansion

J'T_
I

{_’ )/

m each case 1s valid:
0 Q™ @ @-30"7 ﬁu}‘@“iz— @ o2
V(1+x) l-x
2. Find the coefficient of x" in the mrpﬁnﬁfonn[
g e p‘(‘}ﬁ]f (14 2)?
(1+x)° ﬂ\ a-x*
3. lfxis&umaﬂdmtiwsqum\andhighﬂpm can be neglected, then show that:
LR
1-x 3 ) Vi+2x 3
wl-—x altd—x
@ T 22 o
O+7 -6+ 11 Jirz . 25
W Gs o ™ Ay e

4 Ifx m ac gﬂ:nhll that its cube and higher power can be neglected, show that:
) wl'i—x— -1-—x—%x‘ (ii) l+x m1+x+%x’

5. Ifxis very nearly equal 1, then prove that px* —gx® = (p—g)x™"
Identify the following series as binomial expansion and find the sum.

1 (1), L3 1Y 13501 Y,
204 ) 214\ 4 318\ 4

T 1 13 135
. al th to sh i — I /.
7. Use binomial theorem to show that +4+4-E+4.3.12+ J3
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¥
;;1:’* [1]+ prove that y? +2y—2=0,

1 13 1 13§ 1
D W o, D GTPR, D i Wk =2a0
AR R T A TR oy

is 4o .
(1-pXl-gx} p-g
8.4 Binomial Coefiicients Using Pascal’s Triangle
Binomial coefficients arise in the binomial expansion of powers of a binomial
expression, such as (x + )", These coefficients are denoted by: j
n nl
r r'(n r}!,whemﬂ <r<n
MM’ETW:M@&WWWWWMM
without dircetly using factorials. The construction of Pascal's triangle follows these rules:
i 2 Thcﬂ:ﬂm{wnesptmdmgwn“ﬂ)cmmpfaﬂnghml
2. Each subsequent row begins and ends with L
3. Emyﬂmmmﬂymthemafiheﬁmmﬁ:m&mﬂynhowﬂﬁumﬂm
Previous row.

10. Show that the coefficient of ¢ in

] #11
: ‘\i.r'
: e I‘MJZSJ
: }l\ l{(\f b
.5 e

Y
on it KA

Mnﬂ:tmmhcn]l}r this is expmmw Phual': llnla

puataaes (]G 1{")) ok

The entries in the r™ row of Pascal's Triangle correspond to the binomial

wutises 3}(1).-.()

For example, the binomial coefficients corresponding to n =4 are:

G OR B eOR G-




2R 22 Expand (x + y)* using Pascal’s triangle.
EXITTTT, The binomial coefficients for the expansion of correspond to the entries in
the n=4 row of Pescal’striangle: 14 64 1
Thus, the binomial expansion using Pascal’s triangle is
x+ ) =1+ 4y + &5+ A4 + 1y
G+ =t +acy + & +dp +)f

LA 1123 Expand (x — 2)° use the binomial theorem and using Pagcal’s triangle.
EXIITTTA Expand uging Binomial Theorem: :
-2y =G '+ G 2GS -2
+3C A=+ 3Cx (-2
=5" 105"+ 40 - 80 ¥’ + 80 x— 32. i
The binomial coefficients for the expansion of comregpond to the entries in the
n=35 row of Pascal’s triangle:1 5 10 10 5 1 _
(a+bY =Cod® B +3C1a*H +°C, & P +3C1 & B +°Cyd' B* +°Cs a” W
Replace binomial coefficient from Pascal trisngle and a =x , b =-2
(=2 =2 2P+ 52 (- + 1072 + 10 220 + Sx (- 2)*+ (- 2)°

=x—10x*+ 40>~ 802 + 80x—32.
8.5 Applications of Binomial Theorem
8.5.1 Finding Approximate Value Using Binomial Theorem
Approximations: We have geulin the particular cases of the expansion of (1+ x)”
that the power of x goes u@ﬁm&singinmchexpnsim Since |x| <1, 80
"<| #|forr=2,3,4, ...
This fact shows that terms in each expansion go on decreasing mumerica lly if |x|<1.
Thus, some initisl terms of the binomial series are enough for determining the
approximate values of binomial expansions having indices as negative integers or
fractions.
Summation of infinite series: The binomial series are conveniently used for
summation of infinite series, The serics (whose sum iy required) is compared with

oaln=1) . wln=1)(n=2) ,

14 nx+ x + 3 X
to find out the values of n and x. Then the sum iz calculated by putting the values of n
and x in {1+ x)".

s
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[FTT 0924 Expand (1-2x)Y*to four tenms and apply it to evaluste (0.8)" correct
to three places of decimal.

Thise:pmsinnisvaﬁdonlyif[zx|c:l or 2fd<t or|x .-:_% L that is

(1-20" = l%(—hnﬁt—wﬁ[%_q&_z)(-m o

B T i TR T r L
S W M
T BT

Putting x =.1 in the above expansion we have

=1—T—*T_i__..;~f ’ =+ 40% 0.001=0.04)
21— 0.06666~0.00444.~ 0.00049 =1 -0.07159 = 0.92841
Thus (.8)' "~ 928 N
Alternative method:

: 141 1[1 1

o -1 et A T | [0S
(03}“-(1—.2.)_'&.;1-—%4.#[)(_{}2}9+ I\3 - (3 )’—ﬂ.i)s—r-m
Simplify onward by yourself.

[ZTTTI28 Evaluate 330 correct to thres places of decimal,

V3= G0 = @7 +3))
3 173 l 173
o2 o)
27 9
=3(1+L]u3
9




i 1+3.1_1( )‘+3(1.]’+._. - 1+L_[L)’+...
39 g9i9 g1\ 9 27 \27
a3 [1+0.03704 - 0.001372] = 3 [1.035668] =3.107004

Thus 330 & 3.107

8.52 Fmﬂmg the Remainder Using Binomial Theoreat -
Usingbimmialﬁeurmﬂnﬁthﬂrmindﬂwhmi”isdiﬁdﬂby 13,
5” 53+ 3" =8 (FYT=8 25"

=5(26-1)*

e e pen e
O (T

=5.26® -5 ["’f)z&‘h 5.'.['4"")25‘" |

[5 2% -5, [ JZﬁ“+5 [ 9]w*+...-13]+s

=13k + Slwhereimanm‘teger
Hence, Smﬂmrmmmderwhenﬁ"'umwdﬂlbyﬁ
[EEi 3027 Using the binomial theorem, show that 117 — 104 leaves a remainder 1
when divided by 100 for all positive integers n.

11" =(1+10)" = (Jl'lo'+( ]1"“10‘+(2)1"‘10’+( ]1""10‘+ +(HJI"IG'

11" =1+ lﬂu+[:]lﬂl]+ [;]mnm w10

11"-10r=1+ 1ﬂﬂ[[:]+[:}(1ﬂ)+_"+mm:|




]l"—lﬂn 1+100x an integer

11"— 10a= 100 x an integer + 1
This show that 11"— 10n leaves a remainder 1 when divided by 100.

8.53 Finding Last Digit of a Namber

Using binomial theorem, find the last two digits of the number 112,
(11)2=(10+1)"

12 12 12 12 12
= 10121+ 1011 4 101912 4 ... 4 10114+ 10112

The last two digits can be found by the last two terms, because the remaining ferms
are the multiples of 100 and hence ﬂunutaﬂ‘mtﬂ]nlaﬁfﬁﬂdigﬁl_ﬁ_'_

12 1411 12 12 =
(u]ml +[u}u°l =120+ 1=121

The last two digits of 121 are 2, 1.
Hence the last two digits of 11" are 2, 1.
I}Mﬂ{b‘iﬂl}r Test
Show that (15)" + (13)'* mﬁmm‘ﬁi:hy 14,
(15)‘3 +(IDP =14+ D +4 ="
ot [1'.’-0:1l (14]1! + llc'l (14}12 + ﬂci (14}114. s o Bcu]
+ [15C, (14)5—5C) (144 + B, (14)2 — -+ + 5014 (14) — ¥C15]
= [°Co(14)" + 01 (14 £ B2 (1) 1+~ BCia(14) 1
O\ + 15C, (14) - 15C1 (14)! + -+ + 01 (14) - 1]
=14[3C, (14)'2 + BG4 + B0, (14)0+ -+ + 3Cpy
| y -+ 1500(14}14_ “Ci {14)13 P HCM]
= 14k, where & is an integer.
Thus, 14% is divisible by 14.
Comparing Two Large Numbers
[ZTTTIlI30) Which number is larger 512 or 4%+ 50%7

51% =(50 + 1%
- Jsoreay+ [‘](sn) +{ Joor@r+{ 5 oo+
= (50) +25-(50)* + 2- 2 (50 4 22 B gpyz

1-2-3




ww <ur> satcrats G

- 0-17- (50)*-25:(s0)" + 2 A (50) - 22 B2, .
By subtracting, we gat
51— 49% = z[zs -(50)" + 25114323 -(50)" +

- [(59)”+z- BAB (s0)° + - ]>5ﬂ”
= (5125 - (49)5 > 50 = (51" > (49)" + 50©
Hence, (517 is greater than 45% + 50%,
Emnomlc Forecasting with Compound [nterest 2
[ZTTa031] A bank offers a compound interest rate nfS%pnr]rmr Sumaira invests
Rs. 100,000 for 3 years. How nmuch will her investment be worth at the end of 3 years?
[ATTEIT, Using the compound interest formuls, the future value A of the investment
is given by: 4= P [ ﬂ '
Where, P = 100,000 (the principal), » = G.OS(ﬂlemtaﬁimte) n =1 (compounding
once per year), £ = 3 (the time in years). .
Substitute the values: 4 = 100000(1 + 0.05)" = 1000(1.05)°
Using the binomial expansion for (1.05)%:
(1+0.05° = 1 + 3(0:05) + 3(0.05)* + (0.05)°

=1+0.15 + 0.0075 +0.000125

= 1.157625
Now calculate the ﬁ:tltrcvahm A=100000 = 1.157625 = 115762.5
So.aﬂerSymﬂhsmvmhnmtwﬂlbewaﬂh Rs, 115762.5.

_ P EXERCISE 8.4 _d
1. Using binomial theorem find the value of the following to three places of
decimals: Ji
, : 4 o .y N1
@ V%9 @) 003 (@) e ™ 7

2. Pind the remainder when 8'% is divided by 7.

Find the remainder when 2'™ iz divided by 3.

4. Using the binomisl theorem, find which number is larger:
(@) 19°+2000or 217 @) 29" +30Yor31"s

"




ol B

10.
11.

12.

13,

14,

Using the hinomial theoremn, show that:

() 57+ 7°is divisible by 36. (i) (17)S+(13Y is divisible by 6
(i) (21°+(19)" isdivisibleby20  (iv) (31)*+(29)° is divisible by 30
(v) (101)*+(99Y is divisible by 100

Using the binomial theorem, find the remainder when 3'" is divided by 8.
Using the binomial theorem, find the last digit of the number (32)%.

Using the binomial theorem, show that 7% - 6# leaves remainder 1 when divided
by 6 for all positive integers n.

By using Binomial Theorem show that for each me N, 5" —1 is divigible by 4.

By using Binomial Theorem show that for sach ne N, 5" -2° visible by 3.

Show that & + (g + 2)* + (@ + 4)* + 1 is divisible by 12, er “a” is an odd
integer. @

Amnpanyﬂpecmimmmlmnhmataé&lmmurﬁ%pmm.m
revenue in year | is R = Rs. 10,000,000, Esg e company's revenue &fter
4 years using the binomial theorem for rates.

A bank offers a compound interest I 10% per year. Zafar invesis
m.z,um,mrm4ﬂmﬂwmm(£%mm=mhcwmmmemdar

4 years? <€]
Zaid is arganizing a sports competition with § teams, Every team plays against

every other team exacly once. ow many matches will be played in total? Use
Pascal's triangle to mlv:@'
S
A\
<

N\



m Division of Polynomials

DDUCTIUN

Polynomials play & fundamental role in glgebra and have wide-ranging applications
in various fields, including engineering, data science and digital communication. This
unit explores polynomial division to determine the quotient and remainder. The
remainder theorem is introduced as a powerful tool for evaluating) polynomials
efficiently, while the factor theorem is applied to factorize cubic polynomials. These
concepts extend beyond theoretical mathematics, finding practical applications in
polynomial regression, signal processing and coding theory. By mastering these
techniques, students will develop a deeper mdmdmg of polynomials and their
gignificance in solving real-world problems,
9.1 Polynomial Function
A polynomisl in x is an expression of the form

ax +a_x"+a 3" ..+ ax v aEta, (D
where 7 is a non-negative integer and the coefficients a,,4, ,,4, ,, .., @, and gjare
reel numbers. It can be considered as.a polynomial function of x, the highest power of
x in a polynomial is called th¢ degree of the polynomial. In the expression (i) if
a, # 0 then it is a polynomial of degree n. The polynomials X — 2x + 3,
32 + 2x%—5x+ 4 are of degree 2 and 3 respectively,
Divide ‘the cubic polynomial 3x* —10x*> + 13x — 6 by the linear
polynomial x — 2.'Also find quotient and remainder,

| 3¢ 4z+5
| x—2) 3¢ — 104 +13%—6
W 6
—4x + 13x
-4+ &
55— 6
5% 10

4
Hence, we can write: 3 — 1022+ 13x—6=(x—-2)(3 —4x +5) + 4
0, quotient = 3x*— 4x + 5 and remainder =4,




<> mm
Dmdcthcpolymnnalx‘ 3¢ + 5%~ Tx + 2by x**—x + 1. Also find
quohantandremmndﬁ

Enllliun _ .'t:’l 2x+2
Poxt1) 23 +5¢ - Tr+2

X #+ 4
2%+ 4 Tx
226+ 2 - 2x

2 —Sx+2
24 2xt2

-3z

So, quotient = x* — 2x + 2 and remainder = -3x
9.1.1 Remainder Theorem
Statement: If a polynomial f({x) of degreen =1 udmdndb}f x—a tll no x-term
exists in the remainder, then f{4)is the remainder;-
Proof: Suppose we divide the pulynummlf{:)‘by (xwa) Then there exists 2 unique
quotient q{x} andamiqusmahderkmhthat

J&x) = x—a)l) +R N €
Substituling x=a muquahnn(i).wegct

J(x)=(a-a)g{a)+ R W

fla)=R .
Hence remainder= f(a) -
[ZT 0 3|Find the remainder without performing division when f(x) =2* +2* + 2%+ 1
ud:wﬂuiby x+1.
I, Here f{x) =x'+X 4+ +1end x-a=x+1=a=-1

B.munﬂﬂ (=L (By remainder theorem)
' ==+ (1P +(-1)P+ 1
=1+(1)+1+1=2

[ZTT1 4| Find the value of k if the polynomial x° +&x"—7x+ 6 has a remainder
—4, when divided by x+2.
NI, Let f(x) =x° + kx’—Tx+ 6 and x — a = x+ 2, we have, a = -2

Remainder = f{—-2) (By remainder theorem)
=( 2P +k(2Y-7(-2)+6
=-8+4k+14+6

=4k+12




Given that remainder =—4

4k+12=—4
=» 4f =-16
= k=-4

9.1.2 Factor Theorem
Statement: The polynomial x—a is a factor of the polynomial f{x)iff f(a)=0.In
other words x —a is a factor of f{(x)if and only if x= g is the root of the polynomial
equation f{x)=0.
Proof: Suppoee g{x) is the quoﬁmtuﬂﬂmﬁnrmmduwhmﬂmpnl&mmnlf(x}
i divided by x — @, till no x-term ¢xists in the remainder, then: .~

J(2) =G-a)gx)+ R
Suppose f(a)=0 = R=0

S(x) = x—a) q(x)

(x—a) i8 a factor of f{x)
Gunvmely,lfﬁr a)mnﬂctnrofj{x),ﬂ]mﬂx]ﬁ(x—a}q(x)ﬁ:rmmlymmlﬂq(x)
a)=0

whohprcvuthetheurm
(FTTiT 5| Show that x— Ziaufauoraff{x) = x' —Tx+6 without factorizing.

I-Iare, F(H)=5—Tx# and a=2
f()=2~72)+6 (By factor theorem)
=8-14+6=0
8o, x—2is a factor of f(x).
To determing if. § given lincar polynomial x-ah:ﬁnﬁdf{x).mnﬂmﬂhﬂkj
whuﬂm-f@fﬂ.
[ZTTTI 6] 1F 2+ land x—2 are factars of 2 + g + gx+ 2. Find the values of p and g.
AT, Let f(0)=2+px* +qx+2
Since, x -+ 1 is a factor of f(x).
80, f(-1)=0 = -l+p-g+2=0

Note

p—q=—1 (D
Similarly, x—2 is also a factor of £(x).
So, A2)=0

B+4p+2g+2=0

4p+2¢=-10

ptg=5 (@




Hyadding(i)md(u) we have

p=-2

Put p=-2in(i), we have

g=p+l=-2+1=-1
9.1.3 Symthetic Division
There is a nice shortout method for long division of & polynomial fix) by a
polynomial of the form x —a. This process of division is called Synthetic Division.

To divide the polynomial px' +gx" +ex+d by x—a

P 9 ¢ d <— fitline (
I-EIEI*—Semdlm::_

T _

Outine of the Method
(i) Wntednmthﬂmﬁmmtuﬂfth&dmdmﬂf{:)ﬁumh&tonghtm

decreasing order of powers of x. Insert 0 for any misging term,
(i) To the left of the first line, write' @ of the divisor (x - a).
(iii) Use the following patterns to write the second and third lines:

Vertical pattern (4)  Addterms

Diagonal pattern ( A) - Multiply by .
If (x — 2) and (x + 2) are factors of x*—13x% +36. Using synthetic
Let f(x)=x*—13x" + 36

=x*+0x" 1322 +0x+36
Herex—a=x-2 = a=2mdx—a=x+2=x-(-2) = a=-2

By synthetic Division:
y4 2|1 0-130 36
2 4 -18 36
2 24-13
a2 |2__
i 049|

s Quotient = x* +0x—9= ¥ —9=(x+3)(x-3)
Therefore, other two factors are (x + 3) and (x — 3).




o0 of Potynemia <> m—ﬁ
P~ EXERCISE 9.1 _d

Find remainder and quotient by simplifying the following:

D GF-x+2)+(x-1) (i) (+12x"-3x+4)+(x-2)

(i) (* -5 -82+13x+12)+ (x—6) (iv) (5x*-32+22 1)+ (P +4)

™ (Gx*-52"+4x-6)+ (x* -3x+5)

Use the remeinder theorem to find the remainder when the first polynomial is

divided by the second polynomial. Q
@) »L+5xz+6 , x-2 (ii) x’+5x’+ﬁ
(i) S+ +x+x4+1 ,2-1 (iv) f+f€x+3

) F+2°+42 , x+2
Uﬂ&ﬂef&ﬁﬂﬂ:mremtnd&tmnﬁﬁﬂm@p\ulynmalmufam:nfthz
second polynomial.

@ x+1, #-1 C{%} x-2,2-55+6

(i) x+1 ,x*+x*+x-3 *,-Q (v) x-2, ¥ +x -Tx+2

v x-3 x 3f+x‘—x€£1

Use synthetic division wthﬂxmth:mooflhepolynmmlanduselhe
result to factorize the pelynomisl completely.

@ f—Tx+%‘ﬁz (i) *»—28x—48 x=—4

(iii) Zx*-li‘ﬁf‘r—dul —27x-18, x=2,x=-3

Use ¢ ¢ division to find the quotient snd the remainder when the
polynomiial x* —10x" —2x+4 i divided by x+3.

If x+ 1 and x — 2 are factors of x° — px” + gx+ 2. Using synthetic division, find
the values of p and q.

When the polynomial 4x° + 2%’ + k¢ +13 is divided by x+1, the remainder is
16. Find the value of .

When the polynomisl x* +x”+x-+kis divided by x+ 1, the reminder is 7.
Find the value of k.




9. Use factor thecrem to find the values of p and g if x+1 and x— 2 are the factors
of the polynomial x° + po® +gx+3,

10, Use metor theorem to find the values of g and b if—2 and 2 are the roots of the
polynomial 2° 4 4x®+ ax+ b,

9.2 Resl Life Applications of Remainder and Factor Theorems
In this article, we shall demonstrate how remainder and factor theorems are applied in
different areas such as polynomial regression (used in statistical modeling), signal
processing (used for filtering and eror detection) and coding theory (used in data
encryption and error comrection in commmunication systems), These applications
highlight the significance of polynomial analysis beyond theoretical mathematics.
Repression Anslysis: It is a statistical method unsed to model the relationship
between a dependent variable and one or mare independent variables,

Pelynominl Regression: It is a type of regressian analysis where the relationship
between the independent and dependent varisblés is modeled as an #%-degree
polynomial. It is used when the data shows a curved (non-linear) relationship, but we
still want to fit a smooth, contimious fimction. Factor theorem is useful for reducing
polynomial mmmdmmdwﬂwﬁuﬂmmhdpsmwﬂmﬁngpolynmuﬂs
atgivenpoinm.

Consider a date sét.of monthly sales figures. A polynomial regression
model P(x)=x=+f+z;ﬂia fitted to this data. If the observed sales in the 3%
month are 40 units, ﬁndthn percentage error.

-
Error = Observed — Predicted = 40 — P(3)
Now, PR =¥ +323)+1
=27+9+6+1
=43
Error =40-43
==3

x 100

So, Pmlm&mm%
=7.5%




Suppose a polynomial regression model P(x)=3x"—4x"+2x-5. If a
data point at x=—1is missing. What should be its predicted vslue?
[EXITTT), By remainder theorem
P(=1)=3(-1) —4(-1)*+2(~1)-5
=-3-4-2-5
=-14
So, the predicted value of given polynomisl regression model at x=—1is —14.
Digital Signal Frocessing (DSP): It is the used in computers or digital devices fo
analyze, change or improve signals like sound, images or sensor data. In the context
of DSP, we often deal with systems represented by transfor functigns in the z-domain,
denoted as H(z). These transfer functions are rational functions, meaning they are
ratios of two polynomials in z i.e., H(z)*:%,whme B(z) represents the numerator
polynomial (related to the system's zeros) and 4(z) represents the denominator
polynomial (related to the system's poles). '
In signal processing, finding the roots of the mumerator polynomial B(z) provides the
zeros of the system, If B(z) = 0, then (z — z.) is a factor of B(z). If |zl=1, this
corresponds to a frequency that the system blocks.
Similarly, finding the roots ﬂfmmmﬂnﬁﬂz!&)pmﬁdmmmlof
the system. If A{p,) = 0, then {z— p,) is & factor of A(z). The locations of these poles
in the complex z-plane are orwial for determining the stabillity of the system. For a
stable system, all poles must lie inside the unit circle (|po|<1).
LETTTITI10] A signal processing system has a transfer function with a denominator
d(z)=z=~q._3§L.Usa factor theorem to find the poles of the system and determine if
the system is stable.
The poles occur when A(z) = 0.
2 -025=0
Z-(05f =0
(z—0.5)(z+0.5)=0
z-05=0 orz +05=0
z=05
or z=-0.5




Thus, the system has poles at z = (.5 and z =—0.5. For stable system, all poles must
lie ingide the unit circle (1zl<1). Here, 10.51=0.5 < 1 and |-0.5] = 0.5 < 1. Since both
poles are inside the unit circle, the system is stable.

P EXERCISE 9.2 {4

I. Consider a daia set st monthly sales figures. A polynomial regression model
P(x)=x"+2x"+x-3 is fited to this data. If the observed sales in the 5%
month are 240 units, find the percentage error,

2. A retailer company has developed a polynomial regression to predict
weekly product demand: D{w) = w* — 2w* + Sw — 4, W w) represents
predicteddammd(:‘nmim}nndwisthewukm@ se the remainder
theorem to predict demand for 3 week. Emw{&mmzmm
calculate the prediction error,

3. A digital signal processing system has s function with & mumerator
B(:)=:2--z-2.Uneﬁmfactortheurmt94|q the zeros of the system.

z +3z42
4. A signal process system has ion H(z)=——————. Find the
. o %Zf ® z—02z+09
zero(s) of the transfer ﬁmeﬂn:%x factor theorem.

5. A gignal process m@hmﬁa funcrion H(z]=z;_3;;fl_m. Find the
zero{s) of the hmﬂfd\ﬁcunn by using factor theorem.
6. A signal system has a tramsfer fimection with a denominator
A =1 — 0.4. Use factor theorem to find the poles of the system and
ﬁm is stable,

3 mmnfﬂgmlpmmﬂngsym%mﬂmfmmﬁmmw
Afz) = 2 + 12z +0.35 Use factor theorem to determine the location of the
corresponding poles and sssess the stebility of the system.



Trigonometric Identities

INTRODUCTION

In this unit, we shall first establish the fundamental law of trigonometry before
discussing the Trigonometric Identitles. For this we should know the formmla to find
the distance between two points in a plane.

10.1 Distance Formula: (Recall) 20
Let P(x,,,) and Q(x,,y,)be two points. If*d ™ denotes the distince between them,
then d=|PQ|=f(x-xl+0-»)*
or ==Y +0-2) ¢
Find distance between the following points:
® 468 , BGH O
() Pleosx,co8y), Olsinx, sin y)

(i) Distance = | 4B|={(3-5)"+ (8—6)" =V4+4 =22

(ii) Distance = \Fg\gﬁmx—ﬂn.ﬂ' +(cos y—sin y)?

= _-J{_:uf.’x+ gin’ x—2cosx sin x +cos” p+ sin” y—2cos y siny

= [2-2cosxsinx—2cosy sin y

= ,/2—2(cosx sinx+ cosy sin y)
10.1.1 Fundamental Law of Trigonometry
Let a and £ be any two angles (real oumbers), then
cos{@—f) =cosa cosf +sina sinf

which is called the Fundamental Law of Trigonometry.




Proof: For our convenience, let us assume that &> §> 0.
Congider a unit circle with centre at
origin 0.
Let termingl sides of angles @ and f cut
the unit circle at 4 and B respectively.
Evidently mZAOB=a - B
Take a point C on the unit circle such that
mZX0C=m/A08B = a—-§#.
Join A,B and C.D.
Now angles @, # and a— /§ arc in standard position.
. The coordinates of A are {cos o, sin ).

The coordinates of B are (cos £, sin f)

The coordinates of C are (cos &z~ ,sina—f )\~
and the coordinates of D are (1, 0). %, O

Now AAOB and ACOD are congruent. | R [(SAS) theorem]
— == — —2

Thevofore,  [B|=|CD| = |4B[~|cD

Using the distance formula, we have:

(c08 & — cos A + (sin & — sini B = [(cos(@—A)-1F+ [sin (2-H) ~ OF
= coffa+corf — 2ms¢mﬂ+ﬂn’a+am’ﬂ 2sin a sin 8
= cos’{a — ) + 1 — 2 cos(a — f) +sin’(a - F)
= 2- 2(msmmnﬂ+masmﬂ} =2 -2 cos{a —f)
Hence "~ cos (@ —f)= cos acos f+sin asin .
(CT170 Although we have proved this law for @> 5> 0, it s trus for all values of zand 5. )
Suppose we know the values of sin and cos of two angles @ and 5, we can find
cos(¢ex — f) using this law &5 explained in the following example:

[ZTTTI0 2] Find the valne of sin %.

S A 1

As = =T75°=45°+30° = T’E




10.1.2 Deductions from Fundamental Law
1. We know that:

cos{a — ) = cos a cos §+ sin @ sin f
Putting a= % in it, we get

T _ K i A
m(i-ﬁ ) = msimﬁ+mimﬁ

= cn:(%— ﬁ) =0.cos f+1.8ing ( ccts. zzo,hh% =1

e o
2. Weknow that: N
cos (a—f) = mamsﬁ+5mﬁﬂnﬁ
Putlingﬂ=—— in it, we get Cy'
m[a—(—%)] =COB Q. m[—-—) + 8in @ sin (—%]
.. ' = sin r—£]= —B:inﬂ—' ==1
”—J_=~rma.n+sinn(-u % ;
2 J g T
\ \O mn[—+J= cos—=10
2 2

} g@%’-bm)--sinn (id)

3. Weknow that:
cos (% —ﬂ) =gin £ [(i) above]

= Gﬂﬂ(ﬂ-i-

Puuiug,ﬂ=%+a in it, we get

[5-(ire)- (i)




4. We know that:

cos{a— ) = cos @ cos f+sin @ sin
Replacing £ by £ we get
cos[a—(-fF)] = cos acos (—f)+sin @ sin (- F)
[ cost—f3) =cosf, sin(—F) = —sin f]
= cos{e+ /)= cosex cosfl—sinex sinf - (iv)
5. Weknow that: Oy
cos{a + ) = cos amﬂ*aﬂlu sin £

Replacing a by %+a. we get

w50}ty s

=3 m[%+(¢z+-ﬁ)} 22 sin o cos f#— cos @ sin A

= ~gin{+ ) = —|sin @ cos § + cos a sin ]
- sin(a +4) =sina cosf +cose sinf ¥
6. We know that:
sin(ex + ) = sin @ cos f+ cos e sin f [from (v) above]

Replacing f by - 5, we get
o _ _ v sin(-f) =—sinf
sin{er— f)=sin a cos (- f) + cos & sin (- £) cos(=F) = cos B

sin(z - 8)=sina cos f —cosa sin (vi)




7. Weknow that:
cos{z— ff) =cos @cos §+ sin @ sin §
Leta=2xand f=0
cos(2x— @) =cos 2x. cos @+ sin 2 gin &

~1-c0s 8+0-5in @ {ﬁ%’:ﬂl}
= cos @ (vii)
8. We know that:
sife— f) =sine-cos f—cosa- sinf
sin{27~ 9) = sin 27+ 008 O~ c08 2 sin 0
=0.cos8-1.8n@ _ N {g]sz?;:]?
=—gin @ AN (it
_ sin(@+f) _ sing cos f+cose sinf
9. an{a+fg) = cos(a +5) md.w_gﬁina sin 4
sing cosfl cosa sin g Diyiivg
_ cosa cosf cosa cosf numerator and
cosa coff  mina sinf denominator by
cos@ cosf  corex cosfi cos e cosff
_ +tanf i
e g "
\o _ 8in(@—g) _ sinz cosf—cosa sinf
W ORERY Sl cee sepiana g
sing cosf_ cosax sin § Dividing
_ cosa cosfl cosa cosf mumerator and
" cosa cosf . sine sinf denominstor by
cosa cosfl  cosa cosf cosa cosf
m{,._ﬂ]=M ®

1+ taner tanfl




Matsenacis (1T
10.2 Tngnnnmetnc Ratios of Allied Angles

Two angles « and § are said to be allied, ifa + §=n(90°),ne 2z

For example, + &, 90° ta, 180° + &, 270° + @ and 360° t a are some allied angles of a.
Using fundamenta] law of trigonometry, cos{a— ) =cos g cos §+ gin ¢ sin f and ifs
deductions, we derive the following identities:

m'n(f— ]=mu5‘, ma[f— ):ainﬂ, mn[ﬁ-ﬂ]=mte
2 2 2
nin(§+ﬂ)=mu 8, ma(§+e)=~m g, "“"(%"’9)=“°"‘-”"_‘

sin(r—0)=sin & , cos(z—B8)=—cos 8, tan(x —6)=—iai'®
gin (7 +6) =—sin 6, cos(x +)=—cos &, tan(7 +8) =tan &

sin(3—’~ﬂ]=-m 0, m{ﬁwsﬂ =-sin g, ﬁﬁ(a—"- J:mt 0
2 2 2
mn(g;i-ﬂ)—-ma g, M(%+ﬁ)-—ﬁﬂ (7 tsn[gf+ﬂ) =—cot @

sm(zx #)=—zgin @, cos(2w — E}-=muﬂ tan(2x —F)=—tan @
mn(Zx+B) sing |, cos(2z+@)=cos &, tan(2x +&)=tan

The above results also 1o the reciprocals of sine, cosine and tangent. These results
are to be applied in the sudy of trigonemetry and they can be remembered
byumgﬂtﬁallﬂmdmw

1. Ifﬂmaddnﬂ_._humsubhuctedﬁnmuidmﬂﬁphnfﬁghtmglu,ihu
trigonometric ratios change into co-raties and vice versa.
ie, gt e cos, tan £—> cof, sec > cosec

R A

: 8 Ifﬂinaddedmnrmhmmdﬂmmwmmlﬁpleaf%,ﬂmﬁpmﬁu
ratios shall remain the same,

3. So far as the sign of the results is concerned, it is determined by the quadrant
in which the terminal arm of the angle lies.
eg sin(g— PH=sin @, tan{z+@)=tnf, cos2x— F)=cosf




%
iR +ve All 4ve
x x
7+ 0 m%—ﬂ m tam +ve cos +ve
..y'
%w am—-6 | v »

(= i (& . (3 T
(a) Insm[iﬂﬂ], m[i+ﬂ],m[?ﬁ ] m:uism[? -HEI'J edd
mﬂﬁpﬁusnf%mimrulwd.

Therefore, sin will change into cos.
Moreover, the angle of measure

o) [g;-ﬂ]wﬂ1hm-_wsidainwt,
Sa, si {%—9}=m6;
i) (%e)wmmenmiaainomn.
So, sin [E+6’]=cm§;
'.(ﬁi} (%— ]wmhmmﬁnmmemw.m,
So, sin {%ﬁ—ﬂ] —
(iv) (%’-w)wmhmmmmmw.w,

Sa, sin {%+ﬂ)=— cos 6.




() In cos(x — B), cos(x + B), coa(2x — 8) and cos(2x + 8), even
mulﬁphnof%mtnmlvﬁd,

Therefore, cos will remain as cos.
Mareover, the angle of measure
() (x— &) will have terminal side in Quad. II, therefore
cos(x—F) =—cos 8;
(ii) (#+@) will have terminal side in Quad. IIT, s0
cos(x+ & =—cos & :
(iii) (27— @) will have terminal side in Quad. IV, 80
cos(2w— 0) =cas 4;
(iv) 27+ #) will have terminal side'inQuad. I, so
cos(2z+ @) =cos 0.
Without vsing the tables, write down the vahies of:
@) sin225° () tan600° () coi(—225°) @v) cosec(—420°)
1

(i) sin225° =sin (180 +45)° =—sin 45° = — Wi

() tan 600° =tan (540 + 60)° = tan (6 x 90 + 60)° = tan 60° = A
(i) oot (~225°)=—cot 225° =—cot(180 +45)° =—cot(2x 90 +45)° = ~(cot 45°) =1
(iv) cosec(—420°)=—cosec 420° = —cosec(360 + 60)° =—cosec(d x 90+ 60)°

= =2
=_—gogec 60° 5

N sin(180°—&) cos(360°—8) tan(90°+8)
T sin(90° —&) cos(180° + &) tan(270°-6)
sin(180°—#) =sind , cos(360°—@) = cosd
s Becanse < tan(90°+8) =-cot@, sin(90°—&) =cosd
c08(180° +0) =—cosf , tan(270°—-8) = cotd
gind- cosf- (—cotd) _ —sing _
cos & (—cos@)-cotl  —cosf

Therefore, tm &




E..'l

871 30] () Trigamometrie Ioentities <tss> P

Vv EXERCISE 10.1 P

Without using the tables, find the values of:

@ cos(—1230°) (i) tan (- 1035%) (iif) sec(1140°)
(iv) cosec(—690°) () cot(1320°) (vi) cos (- 240°)

Express ¢ach of the following as a trigonometric fumction of an angle of pogitive
degree measure of leas than 45°.

) cos168° (i) sin192° (i) cos 333°
(iv) tan213° () ocos(-435%) (vi) sin219°
(vii) tan (- 597°) (vii) cos (111°) (ix)- 5in (-390°)
Prove the following: L \"

() sin(180° + @) sin(90° - @) =-sina cos @
(i) sin810° sin 630° + cos 135° m‘nzzs==____~_%-ﬂ.

(i) tan 150° oot 330° —2sec 135° cosec 225° =3

@iv) sin 210° + cos 240° + tan 225° +cot 225° = 1

Prove that: ? B

. tn(180°+a) cot(90°-a ), &3
W sin(360° - @) cos(270° 40 )

N

[

cos

b cot® [:3;}4&]"@*(3—5} cosec(2r—8) )

i) 009" +6) sec(-6) tkn(180°—6) _ _
360(36(° —6) sin(180° + &) cot(90°—F)

Show thet: aﬂc[%" —ﬁ)m[%—ﬂﬂ _m[a?” -3] mn(%w] -

If a, §, y are the angles of a triangle ABC, then prove that

@ sl =wny i) sec(‘%}mg
(iii) coseca = : (iv) tan (a+f)+tan y=0.




103 Further Applications of Basic Identities
ETTI0S|  Prove that: sin(a+f) sina—f§) = sin® a—sin’ § o)

= cos? f§— cos? & (ii)

LHS. = sin ( + §) sinfa - )

= (gin & cos #+ cos & sin ) (sin & cos f - cos a #in f)
= sin® & cos® f— cos® a sin® §

= gin? (1 - gin? £) — (1 - sin? o) sin® £

= gin® @ — sin® a sin® f— gin® B+ sin® o 5in® §

=sin? o — sin? B ®
= (1-cos® @) — (1 — cos? ) %
=1-cosa—1+cos’f -

= cos’ f— cos® @ b (i)

Wﬂ:mtumngmhleu find the vnluﬂwfallmgnnumﬂtncﬁmchmuﬂﬂ?
As 105° = 607 + 45°

cogec 105° =

gin 105° = gin (60° + 45°) = mﬁﬂ“m4§“ +¢cos 60° gin 45°

(B2

cos 105° =cos (60° + 45°) = cos 60° cos 45° — sin 60° gin 45°

- @)

tan 60° + tan 45°

tan 105° = tan (60° + 45°) = et

_ B+l 14483
T1-PB1 1-3

1 _1-43
tanl05° 1++/3
1 _ 22
sinl05° 341
1 22
mnlﬂﬁ“ﬂ—ﬁ

cot 105° =

sec 105° =




11°+gin 11°
T Prove that: gon = 56°
PRI, Consider

_ B oy taN45°+tan11°
RH.S=tan 56 = o (45° +11) === o
I sinl1°
_lrnll® "Yooeiqe  cosli®+sinll® -
1-tanl1° 1__!“111' cosl1°—sinll®
cos8ll®
cos 11°+sin 11°
Heng = tan 56°
? cosll® —sinlP°
[Example[] If’nosaf——— t.un,ﬂ—— tlmta:mmnlmduuﬂhcmghufm:mea
umihaﬂquad:antmdthﬂnfﬁmmﬂmﬂlquaﬂ:ml,ﬁndﬂuvﬂuasuf.
(@ sin(atp) (i) | cos (z +5)

Inwhiohqndnmdmthstﬁminal"-éﬁdznfﬂlemgleofmmm
(a+ﬁ]he‘i'
EITTTTN, We know that sin” a + cos’ ar=l

2
Therefore, sina =tJ1—aus’q-j='j:,|il— —%] =¢!f:—;§=:t§

As the terminal side of the angle of measure of & is in the II quadrant, where sin & is

A0 24
So, sing = —
, 25

2
Now . secf =% 1ﬁ+taniﬂ=:t 1+(%J =;i:1?3

Aath::tnrminﬂsidl:nfthtangluofmmmﬂfﬂinthuqmdmﬁm,mucﬁisnﬁgnﬁw

:ecﬂ=—E and mﬁm—i

oy

Aﬁthetmmnalmufmeangleofmemﬁwmﬂle]]]quadrmt,mumﬂiumgaﬁve

T




sin(@+f) =sina cos f+cos a sin f

» [EJ[_E)_{_Z' {_g -120+84 __ 36
25)\ 13 25)0 13 325 325

and cos(a+pf) =cos acosf— sinasinf

=[ l)(_i]_[g“ [ EJ= 35+288 _ 323
25 13 25/ 13 325 325
As, sin{fa+ f)is—ve and cos(z+ fF)is +ve
Thus, the terminal arm of the angle of measure (@ + £) i3 in the quadrant [V,
§] If @, B, yare the angles of A ABC, prove that:
() tanegtianf+tany =tane tanf tany
- a B B oy e
(ii) ta.-.:nLE tnnEH:mE tnnEJ—tmE mE:=1
EXITIT, As e, /, y arc the angles of A ABC, therefore
a+f+y =180
atfl =180°F -y
(i) tan(z+fg)=tan (180° - )
ten ¢z + tang
1-tane tanf
tan @+ tan § =— tan phtan o tan F tan y
tan ¢ +tan f+tan y =tana tan B tan y

(ii) As a+ﬁ+y=]_.8_ﬂ'5- = E+£+1—5l'l:i'°

TR T
a B '
— A= -
27y 2
m[5+£]=m[w-z]
2 2
o B
mﬂi'i'mﬂ-z—:mtlz_ 1
1-tan? tan? 2 an?
2 2 2
o W B W ol @
lanztmz.muz ianz 1 lanztanz
2 tan? yon? wn? +rn? n® =1
g e




[ZTITI10) Express 3 sin 8+4 cos §in the form # sin(8+ ), where the terminal side

of the angle of messure ¢ is in quadrant 1.
Let 3 =rcos¢ ()
and 4=rsing (i)
Squaring then adding (i) and (ii)
3%+ 4% =1 cog® g+ sin’ ¢
Dividing (ii) by (i)
=  9+16=r*(cos’@+sin%) g{:‘;:
= 25=¢" 4 '
= S5=r ' 3=ﬁm¥'
= r=5§ 4 X
7 R

35in 6+4 cos § = rcos gsin 0+ r singh 008 6
= r(sin & cos ¢ + cos Asin ¢)

= rein(8+4).
where =3 and tan"¢=%
P EXERCISE 10.2
Without using table ﬁ_!'ﬂi"ﬂﬁ'e vahies of the following; Hint
(@) smi5 i) coslI5 (iii) tan 15° 15° = (45° - 30°) and

(iv) ainlﬂ_ﬁ"_ © (v) cos 105 (vi) tan 105° 1057 = (6P +45%)
Prove i) @) sin4S" +0) = = (Sina+oos @)

(ii) cos{a+45%) = %(mu a— sin a)
Prove that: (i) tan(45°+4)tan (45°—-4)=1

(i) m[f-e}m[%’w]-n (iif) ﬂn(ﬂ+%}rmn(ﬂ+§]-mﬂ

. 6
4 i BT @ ltmfmg _cos@+d)
cosf+sind tn? 2 1+tend tang  cos(0 )

2




10.

11.

12.

Show that: cos(a + ) cos(a— #) = cos® a—sin® f=cos’ f—sin’ @
sin{g + f)+sinfa - F)
Show et costs + )+ oonta— )

Show that: (i) sin*(a + -‘:l) —sin*(a —%) =sin2g.sin 4

= lan &

(i) sin® & +sin® £ + cos’ (a + 8) + 2sina.sin f.cos(z + f) =1

Show that:

@ m(a—ﬂ)-% @) sin(atf)= ;ﬁ:;,‘f
O Y
® cot(a+p) = Tmifi; )

If sin a=§—: md cos f= z—zgwhcmoﬂa-c% and ﬂ«:ﬂ{%.
Show that sin(a— ) = % r_-:_.\f"'if ?

If sin @ = dii’ and mﬁv —: where 3; <g<lir and x<fi< e . Find
@ sin(z+p) ‘fii) cos (@ -+ f) (iii) tan (@+f)
@v) ﬂ'ﬂ(ﬂ-ﬁ)‘\» s () eos(a-p) (vi) tan(a-A8).

Inwhmhquadrﬁhfsdothatmminalsiduufﬂmmgleﬁofmm(a+ﬁ)md
(z- ﬁ]hﬂ?‘
Fmﬂstg{a‘“ﬂ-ﬁ}andms (a+ f), given thal

44 tan /= :.mlﬂ'— % and neither the terminal side of the angle of measure

@ nor that of 4 is in the quadrant L.
) ten @=- % and gin f= - % and neither the termingl side of the angle

of measure o nor that of £ is in the quadrant [V,

cos 199 4-gin 19°
Prove that: ={an 64°.
veriE o8 19°—gin 19°

Prove that: cos{60° + &) cos(60° — &) + sin(60° + &) sin(60° — &) = cos 26




Matsenacis (1T

13. If @, f, y are the angles of & tnangle ABC, show that
a, B r a B _.7
cot— I = — oot™— cot =
2+nut2+nnt2 mz 2 2
14, If @+ +y=180°, show that: cota cot f+cot S coty+coty cota =1
15. Express the following in the form rsin(8+ ¢)or rsin(@—¢) where terminal
gides of the angles of measures & and ¢ are in the [irst quadsant:
(i) 24sinf+7cosf (i) 125inf-Scos § (iil) sin #—cos &
(iv) 8sinf@ —6cos 8@ (v} %ainﬂ+%mﬂ (vi) 135in 8- 84ces &
10.4 Double Angle Identities
Wehawdismmwdﬁnfollmdngmults
sin (& + f)=sin @ cos f+ cos asin #

cos(@+ ) =cosa cosf—ging sinf and tm[a ﬁ)

We can use them to obtain the double angle ldmuﬂsas follows:
() Put f =a in sin(a+p) = sin acos f+cos asinf
sin{e+ @) = sina cos @+ cos !.E.'lﬂ
Hence sin2g=2sina cosa
(i) Put fF-=ein mi[a+ﬂ),é;_msﬂ cos f-sin a sin B
cos(a+a) = cosa cos @—sine sine
Henee cos 2 @ =cos’ a—sinbo
cos 2 a =cos’ a— st
cos2a= mpi-nﬁ'-'ilwnm‘ @) (. sinf@=1-cos @)
:._.enﬁaﬁ-l+omza
cos 2 ¢ =2¢os a—1
cos2a'= cos® o —sin’ @
cos2a@= (1 —sin® @) —sin’ @ (- cos® @=1-sin’ &)
cos2a=1-2sin’a

% J

fana+tanfg
1-tane tanf

_ tma+tmf
(i) Put F=aintan{a+f)= l"tmurtanﬁ
_ tang +tanax
M{H-Fa)_l—mam
i Do = 2tan @

1-tan* e




10.5 Half Angle Identities
The formulas proved above can also be written in the form of half angle identities, in

the following way:
() cosa=2cos Z-1 oo i E SRR oop Luy JiRO0G
2 2 2 2
: 7 l-cosax 4 1—-cosa
cosz=1-2si? 2 = sin®Z= sin — ==+
(8] jconer Gl 2° 2 2 2
3 1-cosa !
i mOe 2N 2 o @y [roee
2 P 1+cosa 2 q1+maln
2 2 ~ 1
10.6 Triple Angle Identities _
(i) sin3@g=3sing-4sin’a (i) cosda@=4cos’ a—Jcoza
i Itan & — tan’ e £
tam 3=
e ST v o
Proof: (1) sin3e =sin(2a+a)
=sin2acos @ +cos 2asina

=2 gin @ cos @cos @ + (1 — 2 sin® @) sin
=2 gin ereos® @ + sin a— 2 sin’ @
=2 gin (1 — sin? &) +sin @ - 2 sin’ &
=24m @—2 sin’ ¢+ sin ¢ — 2 sin® &
gin 3@ =3 sin @—4sin’ @
) cos3z, " =oos Qa+a)
N\ = 08 2a cos 2 — sin 2z 8in a
=(2co8® @— 1) cos @¢— 2 sin ¢ cos ez sin
=2 cos’ @—cos @~ 2 sin® ¢ cos @
=2 cos’ a—cos @— 2(1 —cos” @) cos @
=2cos’ a—cosa—2cosz+2c08 @
cos3a =4cos’ a—-3cos @
(iii) tan3a=tan(2a+a)
tan 2o+ lan o
1—tan 2 tana

mmenscs (IR




— 3 tana 3
1—tan" o _ 2tana +lang—tan’ @

_ 2tana tong 1-tn’e-2an'e
1-tan'cx

_ 3tama-tan’a

"~ 1-3un’a
siné + sin 29

1+ cosé +cos 29 B
sind+2sinfcosf _ sinf(l+2cos8) !

tan’ a

|54+110111| Prove that:

Solutio LHS. = = L
___ 1+008¢ +2008°0~1  cosO(l+20086)
= B0 o O-RHS. r~
cosé
sin &@-+gin 29
Hence =tam 4.
1+cos #+cos2¢ L, O
: . 2tand .. 1-tan’8
E "412 Show that: gin2f = —— 20=
@ ity @ 020=p
‘2s8in® cosf  2sind cosd
Soluti in2f =2ginf @ = =
(i) sm cﬁ'g 1 mﬂzﬂ+ﬂiﬂzﬂ
2sind cosd zainﬂ

_ . cos'®  _ cosé
cos’f +8in’d  cos’d . sin’g
cos 8 cor’ @ cos'f

~ 2tan@
: ke 14 tan’ @

. ., ,_ ©08'@-sin’§ _ cos’§—sin’g
(ii) cos28 =cos® @-sin® 6 = 7 P 7
cos’d-sin’0 cos’f sin’d
_ cos’ # _ cos’f cod?d

cos” @ +sin’@ m‘ﬂ+sin’ﬂ
cos’ # cos’f cos’d

1-tan* @
1+tan®@

cos 28 =




[T vttt <> -
iAriu 13| Reduce cos® @ to an expression involving only function of multiples of
&, raised to the first power.
Welmowﬂ:mt

Zcost = 1+c0828 = euszﬂ=l+m'za

2

_ 1+2c08 26+ cos®28
4

- i[1+2msiﬂ+ms=25]

e
4

— ! praces26+1+ caa4&] |
4% 2 &

[1+2m29+1+“““‘9]

- %[3+4m26f__mi{ﬂ]'

P EXERCISE 103 _J

1. Find the values u!'&inZt_x;'cus 2 and tan 2a, when:
(1) Biﬂ.ﬂ=%. (i) m-sa=§, whueﬂ{a-:%

2. Prove lbe fOllowing identities:
' gin 2

=tane
1+cos2a

() odta—tamna=2 cota (ii)

1-cosa _jon @ (v) SETTNE oo —tan2a
sing 2 cosa +sing

(i

, &
@ [reme TR TG (vi) CouecO+2c08ec2d O
I-Ee T L secl 2

2
2ginf sin248
vii) 1 +tan o tan 2a = 2 if]) ——MMM—
(vif) ol Y T (viif) cosld +cos30

=tan2é tanf




(V1120 ) Triganometric Loeatiles <ios> Mamenais (T

gin38 cos3df cos3f gin3d
i . =2 + =4c0s28
0 as ooss T
G ]
tan 2 + oot = :
(i) —2—2 =sect (i) Sn30, 0830 _ ) cot26
g e cosd gind
Ol
(i) i+ms:: ;(mzﬂ+mtzﬂ) Gxiv) 1+m:g—1m’(%+ﬂ)
(xv) cos® > +cos? 3% oot >E oot E =g

8 8 8 8

3. Show that: 2c08 & =2+ v2+2c0s48
4. Reduce gin® @ to an expression involving only ﬁmaﬂm uf muiﬁples of 8, raised

to the Grst power.

5. Tind the values of sin fand cos @ without using tebte or calculator, when @ ig:
@D 18 (i) 36 {zﬁ) 54° (iv) 72°
Henoe prove that: cos 36° cos 72° mlﬂﬂ“ms 144° = é

Let £ =1g° v Let 8=3¢
58 =0° "‘\ 58 = 180°
(B6+28) =90° O 36+20 = 180°
30 'W-Zﬂ\;\m 39 = 180° - 28
sin 36 = sin(MF 5 26) oo sin 36 ~sin(180° — 26) ele.

10.7 Express the Product (of sines and cosines) as Sums or
I}iﬂ'erenm (of sines and cosines)

We know that:
sini#stﬂ] =sin @ cos § +cos asin g @)
gin{z—f) =sinacos f —cos asinf (ii)
cod(a+ ) =cos acos B —sin asin f (i)
cos (@— ) =cos @corf +sin @sin § (iv)
Adding (i) and (ii) we get
sin(e + f) + sin{er— ) =2 sin & cos f ")
Subtracting (ii) from (1) we get
sinf{ex + f) — sin{a — F)=2 cos asin B (vi)
Adding (iif) and (iv) we get

cos{@+ ) +cos (@—f)=2cos gcos § (vii)




Subuactlug (iv) from (iii}, we pet
cos{a+ f)—cos(e— ) =—2 min e ain (viii)

So, we get four identities as:

2sinacos f = sinf@+ 5 +sin{a- f)

2cos asin f = sinfo+ 5) —sin{a— B)

2cosacosf = cos(a + ) + cos{a— )

—2sinasinf = cos{o + ) — cos{a— f)
Now putting a + =P and - = 0, we gel

T2y -8

st P4 i 0 = 2&nP+Q

sinP-sinQ = ZMPZQ f‘ﬁ\
msP+msQ=2mr—+g:£P;g
20 ,P-0

cosP~cos Q= —-Zd{ >

Exsmple{T] Expmaaimn’?ﬁogﬂﬁ'uuumardlﬂ'ﬂem
XTI 2 sin 76 cos 36 =sin(76 + 38) + sin(76— 36)

~ ~=gin 100+ sin 40
Prove without using table / calculator, that

sin19° cos 11°+&in 71° sin 11° _1

LEL§ = sin 19° cos 11° + sin 71° sin 11°
= [2 sin 19° cosl1°+ 2 sin 71° sin 11°]

wosP™ =
3 AC

=%[{sm(19°+11")+m‘n(lyﬂ—11=)}—{ws(71°+11°]-‘=ﬂ#(71"-"")}]

= —;—[mn 30° +sin 8° —cos 82°+cos 60°)

= %E+ﬂhﬂ“—m{9ﬂ°—8“)+ %:I




Hence, sin19° cos 11°+sin71° mnu%

[T 16| Express sin Sx + sin 7x as a product.
ity Sx+ ain T = 28in 20" ¥ cos X 1% = 2 ginfrbos(—3)

2 2
=RAmEx conk (4 cos(— @) =08 0)

Express cos 8+ cos 38+ cos 58+ cos 78 as a product
cos §+cos 36+con 58 +cos 76 o

= (cos 38+ cos @) + (cos Tﬂ+m.5ﬂj

= 20083012 000 50510+ T6-50

2 2 \/ 2 2

=2 cos 20 cos 0+ 2 cos 68 cosd

=2 cos & (cos 68+ cos 28)

- 2mg[2m§€_+i$mm;m]

~ Zcmﬁ(z'b;iﬂ.ﬂw; 28) =4 cos 8 cos 28 cos 46
Example|T] sl}ﬁ,thatmsiﬂ”m4ﬂ°mED°=%
LH.S = cos 20° cos40° cos 80°

=%{4mzn=m4n= cos 80°)

[(2 cos 40° cos 20F) . 2 cos B0°]

B - A

ity

[(cos 60° -+ cos 20°) . 2 cos 80°]

(%+um2ﬂ")- 2 cos Eﬂ“]




{coz 80° + 2 cos B(® cos 20°)

{cos 80° + cos 100° + cos 607)

[cos 80° + cos(180° — B(®) + cos 60°]

[m Sﬂ“—mﬂﬂﬂ“+~;:| [ cos(180° —8)=—cosf ]

1(1) 1
=_{_|== = RHS
4[2) 8
1

Hﬂnnu,i:uu?.l}“mﬂdﬂ“mﬂﬂ"=i

P EXERCISE 104 4

Express the following products as sums uféliﬂ"cmncm:
(i) 2sin38 cos & (ii) -2 cos 56 sin 30
(iii) sin 58 cos 26 Aiv) 2¢in 78 sin26
(v) cos(r+y)sin(x—y) . (vi) cos(2x+ 30°) cos(2x— 30°)
(vii) sin 12° sin 46° (viii) sin(x + 45°) sin(x — 45°)
Express the following sums or differcnces as products:
(i) sin58+sn38 (ii) sin 8F—gind@
(iii) cos 68+ 0838 (i¥) cos 76—cos §
) m_l@“'.*mu 48° (vi) sin (x+ 30°)+ sin(x - 30°)
Prove-the Tollowing identities:
@) mn3x—mnx=mzx (i) mn'&x+un2x=m5x
cosX—cos3x cos8x+cos2x
sindA-sinB___ A-B __A+B . Bin 80°+sin 40° _
sind+gin B 2 3 @) mnﬂﬂ°+m¢ﬂ°_ﬁ
Prove that:
(i) cos 15°+cos 105° + cos 195" +cos 160° +cos 285° = 0

gin 24 + ain 44 + sin 60 + sm &7
i = tan 58
@ cos 28 +cos 48 + cos 60 +cos 84

-

1
4
1
4
1
4
1
4

(iii)




10.

) sin & +sm 38 +sim 59 + sin 76 o

cos + cos 39 +cos 58 +cos 70
Prove that:

D Bﬂliﬂ"ﬁﬂﬂ#ﬂ"mlﬁﬂ“mw-{l& d .L_

. ® X . x 45 _3 2O
W) sing sin"g sy S5 " 16 4

(iii) einlC° sin30° sin50° sin7 =¥1€ N

§in 3¢ . X
Prove that: —=mﬂ*deduccﬂm mlg‘ﬂmt'mn 15°
14 2cos 26

Prove that: tan75°—tan15° =23 <‘x;

Prove that: cosl5®—einl5® = J— \

sin’ & sm,é
Prove that: = tan
" sina cosar — m:rﬁmn {a+ﬁ}

-c.a
Prove that: _ \

s sl t+7)= 4o =17 s 237 ) 732

2



Trigonometric Functions
and their Graphs

In this unit, students will explore key concepts essential for understanding the role of
trigonometry in mathematics and its real-life applications. We will begin by learning
how to determine the domain and range of trigonometric functions to understand their
behavior. Next, we will discuss even and odd functions, along with their periodicity,
which explains their repeating patterns.
Smdmtswﬂlﬂlmlﬂmhnwtugraphmdma!yzemmsmq,e_mﬂﬁngmﬁmcum,
following this, we will focus on calculating the maximum aud minimum values of
sinusoidal functions and examining their unique propuﬁmmuhasnmphtudc
frequency, and phase shifis,
Finally, students will apply these trigonometric concepts to solve practical problems in
navigation, engineering, and physics, inclnding calculating distances, optimizing solar
panel angles, and analyzing forces in structures, Mastering these concepts will enable
students to solve both theoretical and real-world problems using trigonometry.
Iatunﬁrﬂtﬁnddnmmmdmgﬁnfhgnnmmmhafmﬂdmmngthw
graphs,
11.1 Domains and Ranges of Sine and Cosine Functions
We have slready defined irjgonometric functions sin 8,
cos &, tan 8, csc 6, sec'@ and cot 6. We know that if
P(x, v) is eny point on umit circle with centre at the 1)
origin O such that mZXOP = @ in standard position, )
then _ Xe
cos@~x and sinf =y

= for any real number @ there is one and only one

value of each x and y i.e., of each cos @ and sin &.
Hence sin & and cos & are the functions of 8 and their Figure 11.1
domain is R, the set of real numbers.
Since P(x, y) is a point on the unit circle with centre at the origin O, therefore

-1<x<1 and -1<y<1
= -1<comf=<1l and -l <ssmn@<1

Thus, the range of sine and cosine functions is [-1, 1].

& *MIALG

g, -1)




1) 1nd thetr Graphe <w> m@,
11.1.1 Domains and Ranges of Tangent and Cotangent Functions
From the Figure 11.1.
i) taméf= {,xato
—
=>  terminal side OP should not coincide with OY or OY” (the Y-axis)
x &  Sm

= é++—t—1—....
2 e

= 0= m+1)g~.mnez

Domain of tangent fanction= % — {x|x=(2a+1) %,n,_g._‘_z;' '

Ify-%.mﬂﬂém:—rﬂ,i—*imwmﬂmﬂﬁﬂfm
function = R = set of real numbers.

(ii) From Figure 11.1
L
cot @ ¥ y20

terminal side OP should riot coincide with OX or OX’ (the X-axis)

=
= 0=#0,tm+2x...
= 0+ nmwherene Z
Domain of cotangent function =R — {x |x=nz, ne Z}
If:—% nutﬂ—-lguy-—rﬂ, L—-imﬂlemforermgeofmt

function = ? = set of real numbers,
11.1.2 Domaip and Range of Secant Fanction
From the Figure 11.1
) .
sec A= g ,x#0

—  ferminal side OP should not coincide with O or O (the Y-axis)

4 S:r 5::'
g+ —*T— +— .
= UEEE T

= & m+!)%.whmenez

Domain of secant function =% — {x|x=(2n+1) %.ue Z}




e G <> mananecs (1
As 0=x<1 so, %El,sacﬂzl and -1<x<0 3o, %E—l,mﬂﬂ—l
As sec A attains all real values except those between —1 and |
Range of secant finction =R — {x| -1 <x<1}

11.1.3 Domain and Range of Cosecant Function
From the Figure 11.1

m9=l,y¢ﬂ

temnnﬂsﬂaﬂPshmﬂdnﬂmmmdemm OXWGX" {ﬁe.{—ma)
8+ 0,1txiln...
0+ nx, wherene Z .
Domain of cosecant function=R — {x|x = mp, ne 7}
Aumﬂntuuﬂa[lwhmemepﬂhmuh:twm—lmdl
Range of cosecant function R-f{;j[-—] <x<1}
The following table summarizes memmmsofmeﬁmmmﬂnuﬁm:

§ U U

r I. - |@ '\_’_."
y=sinx | (0,00)=R L1
J=conx (0, m) ﬁ [-1,1]
B Y (—w,au) x:(Z:Hl}—.r:EZ o= R
\ K
y=eotx | g= (-, o), x2nm,ne Z (~o0, ®)= R
y=secx )| (o0, —1] W1, =)

™S [—m,m}.x#@n+l}%.ﬂe z

y=cosecx | (—o0,00),x#ax,ne 2 o0, —1] W 1, )

11.2 Even and Odd Functions

A fimction f iz said to be even if f(—x)=f(x), forevery £ 700
number x in the domain of £

For example: (x)= x*is even fimction of x. Here
[(=X)=(=x=x"=f(x)




VTR 1) Acieamometric Functisns <> miu
A function [ is said to be odd if f(—x)=—f(x), for every number x in the domain of f .
For example: f{x)=x’ ia an odd function of x.

Here f(=x)=(=%)"=—%"=~f() sty
The function f(f)=cosf for all #e R iz an even ﬁ g
function (gee figure 11.2).

Here f(—&)=cos(—f)=cos & = f16). 0, 1)
Thus, f{#)=cos? is an even function. IW-?I“{H” gin §)
Similarly, the function () =sin@ forall ¢, g AR ,0)
@€ R is an odd function. i
Here f(—f)=sin(-f)=-sind=- f6). & Vs, 2) = (con 6, in )
Thus, £(§)=sin6 is an odd function. O G Piguie 112

Tn both the cuses, for each x in fh.]

domain of f, —x musi also the domain of /.

11.3 Period of Trigonoemefri¢c Functions
All the six trigonometric functions repeat their values for each increase or decrease of
2w in @ therefore, the values of trigonometric functions for & and # + 22, where
fe Rand n e Z, are the same. This behaviour of trigonometric functions is called
Period of a trigonometric function is the smallest positive mimber which, when added
to the original circular measure of the angle, gives the same value of the function. A
function is periodic, if f(8+ p)=(8), for all §in domain of function and the least
positive value of p is called the period of the function.
Now, let us discover the periods of the trigonometric functions.
Theoram 11.1: Sine is a periodic function and its period is 2.
Froof: Buppose p is the period of sine funetion such that
sin (8+ p)=sin fforall fe R (A)
Now put =10), we have
sin (0 +p)=sin0
=> smp=1{
=5 p=0,+m +2x +3mx,...




1>/ and their Graphs <204 > m@,
(i) If p=mn, then from (A)
4in (¢ + n) = sin & (not true) v sinfr+ @) =—siné
Thus = is not the period of sin &
(i) If p=2n, then from (A)
gin(f+2x)=sin 8, whichistrue -~ &n{d+2x)=38inb
As 2m is the smallest positive real mumber for which
sin (#+ 2x) =sin &
2 is the period of sin 4.
Theorem 11.2: Tangent is a periodic function and its period is 7.
Proof: Suppose p is the period of tangent function such that

NP T TRARR B _
p=0,m, 2%, 3n, -..

(i) I p=mr, then from (B) tan{@ + x) = tan &, | in finding the periods of aine
which is true .| and tangent, we can prove that

(i) 2 is the period of cos @

Asxwﬂ::maﬂempuumvcnmhﬁ'ﬁrwhch (i) 2 ia the period of cac @

tan (#+ n) =tan & {iﬂhilﬂupe_l'ioﬂui'mﬂ
TI t‘orc,mmﬂ:ﬂpcﬂudnfmnﬂ | (iv) nisthe period ofeot 6.
Findtlmparindauf: A @ sin2x (i) -3+m§
@Wekmwﬂ:atfmepeﬂadofm:sm
im{2x+2::]=am21 =5 sin 2(x + 5x) = sin 2x
It means that the value of sin 2x repeats when x i3 increased by =.
Hence 7 is the period of sin 2x.
(i) Tnﬁnﬂ__ﬁﬂpeﬂodaf3+un§,eonsidaronlyun§.
We know that the period of tangent is 1
X x 1 x
tan | —-+7 |=tan— tan —(x+37) =tan =
[3”"] 3 = B gedn) =ty

It means that the value of tan ; repeats when x is increased by 3n.

Hence the period of 3 +m§ is 3x. The addition of constant nymber 3 to the
tangent fimction does not affect the period.




Trigomemetric
and thelr Graphs

Fumetions

<us>

mmenscs (IR

¥ EXERCISE 11.1 _d

. Determine whether the following functions are even, odd or nefther odd nor even.

(i) sin®x (ii) sinx+cosx (iii) sin®x+cos'x

. 1 ., Sinx+sinidx
tan x-+ S

R N cosec’ x i) cos X+ cos3x

. 1 .. 1

(vir) seox+sec’ x (Vi) seex+oot’ x

2. Find the periods of the following functions: .
(@) sinSx () cos7x (iii) tan 3x (V) mt%

) 19 ﬁn[%x] (i) M(E)

3 iﬁi}

)

(viii) —5—33&(?#‘:+4:J

(ix}i_ .12+Iﬂt&n [ﬁxj

x =

(x) 6- 4mt[; EJ %

11.4 Values of Trigonometri¢c Functions

We know the values of trigonometric functions for angles of measure 0°, 30°, 45°, 60°,
and 90°. We have also established the following identities:

'S x 2=
-__{Ii} 9+ 30sec [15 15)

R R Ry N gu— tan (-0) =—tm @
gin(r—@)=sin &, | cos(x— &) =——cosf tan (n — &)=—tan @
gin{z+ §) =—sin & cos(m +6) =—cos ten (n + #)=tan &

sin@w—0) =4in® | cos2n—0) =c0sf | tan(@n—f)=—tan0

By using the above identities, we can easily find the values of trigonometric functions
of the angles of the following measures:
—30°, — 45°, — 60P, — 90° +120°, £ 135°, + 150°, + 180°
+210°, + 225°, + 240°, + 270° + 300°, + 315°, + 330°, + 360°
11.4.1 Graphs of Trigonometric Functions
To plot the graph we shall follow thege steps:
(i) Table of ordered pairs (x, y) is constructed, when x is the measure of the angle
and y is the value of the trigonometric function for the angle of measure x.
(i) The measures of the angles are taken along the X-axis.
(iii) The values of the trigonometric functions are taken along the Y-axis




Unit $3) fuirpravep:ci b <6 > Msthematios
(iv) The points corresponding te the ordered pairs are plotted on the graph paper.
{(v) These points are joined with the help of smooth curves.

11.4.2 Graph of y = sin x from — 2= to 2=
We know that the period of sine function is 2x so, we will first draw the graph for the
interval from (P to 360° (from 0 to 2x).

To graph the gine fimetion, first, recall that —1 <sinx<1 forall xe A.

We know the range of the sine function is [-1, 1], so the graph will be between
the horizontal lines y=+1 and y=-1
The table of the ordered pairs satisfying y = sin x ig ag follows:

o | & | x| 2 |2 |5 x| 4w SmiEr Lr|
- § 3 2 3 6 [ 3 2 3 6
or | or [ ox | of [ or | or | O | or | OR | OF | @ | ox | OF
0" | 30° | 60° | 90° | 120° | 150° | 1807 | 210° |'240° | 270° | 300° | 330° | 360°
Simx| O |05 (087| 1 (087 05| 0 |-05]-087 -1 |-087|-05| ©
To draw the graph: '

: ls:danfsuﬁl!sqtmemmax-mdﬂ“
() "Tike s conveniont sale {l side of big square on the y-axis=1mit

(ii) Draw the coordinate axes.
(iii) Plot the points corresponding 1o the ordered pairs in the table above
Le., (0, 0), (3ﬂn! 0.5), (5ﬂ°fﬂ-37) and so on.
(iv) Join the points with the help of a smooth curve as shown. So, we get the graph of
y =sin x from 0 to 360° i.c., from 0 to 2x.
hwmhtﬁn“ﬂl'qhnfmmﬁmhmmmmlhmmﬂmufﬁmn]

BEETENE: OF comers or breaks within thefr domain. This behaviour of the curve is called
continuity. It the trigemometric functions are contimuous, wherever they are defined
Marsover, 5s onomedric fometions are periodic so their curves repest afier fixed intervals.

Graph of y=sin x from (° i 360°
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In the similar way, we can draw the graph for the interval from (P to —360°. This will
complete the graph of y = sin x from —-360° to 360° (from —2x to 2x), which is given
below:

Graph of y = gin x from — 360° o 360°

The graph in the interval [0, 2r] is called a eycle and the maximum height of the wave

from its mid line is called amplitude. Since the period of side function is 2x, so the

sine graph can be extended on both sides of x-axis through every interval of 2z1.

Properties of graph of sine function ( y = sin x)

(i) The domain is the set of real numbers (o < X < ).

(ii) The range includes all real numbers from —1'1o 1, inclusive, [-1, 1].

(ifi) The graph of sine function is continucus for all real numbers,

(iv) The period of sine fimction is 27. Math¢ématically, we can cxpress it as
ﬂn(ﬁ+1:r)=ﬂinﬂ. _

(v} The sine function is an odd fumction. As the graph of sine function is symmetric
about the origin. Mathematically, it can be written as gin(—f }=—sinf

(vi) The maximum value of y=sinxis 1 when 1=%+2:m,whm neZ.

{vii) The minimum value of y=ginxis —1 when x=%+2ﬁn, where ne Z.

(viii) The z-intercepts of the sine function occurs &t x =7, where ne Z.

(ix) The y-intercept of the sine function is 0.

(x) The amplitude of sine function is 1.

(xi) Inunitcircle sin@ is equal to the y-coordinate of the given point.

11.4.3 Graph of y =cos x from — 2z to 2x

We know that the period of cosine function is 2x so, we will first draw the graph for
the interval from 0° to 360° (from 0 to 2n)

We know the range of the cosine function is [-1, 1], so the graph will be between the
horizontal lines y— +1 and y—=—1.
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Themblenfthenrdmdpmuﬂxﬁrlngy—msxins follows:

) x x F 2r | 5x « | 7@ | 4z | 3x | 5x | llx | g9
3 |3 |2 |8 | & I | F| ¥ &

Or | or | ot | of | of | of | or | O | Oof | Oof | Of | Of | or

0° | 30r | 60° | 907 | 120° | 1507 | 1ROP | 210° | 240° | 270° | 300° | 330° | 360°
cosx| 1 | 087 05 6 |05 -0D87 -1 |-087 05| 0 D5 (087 1

The graph of y = ¢os x from §° to 36(° iz given below:

Graph of y = cos x Fh.-“rhsﬂr

hmmmy,wmmmmzfﬁﬁemtmﬂﬁumﬂﬂtu—aw This will
complete the graph of y= cusxﬁ'om-Bﬁﬂ’tnMﬂ“m from —2x to 2z, which is given
below: )

As in the case of sine graph, the cogine graph is also extended on both sides of x-axis

through an interval of 2.

Properties of graph of cosine function (y=cosx)

i) The domsin is the set of real numbers (—o < x < ).

(ii) The range includes all real mumbers from -1 to 1, inclusive, [-1, 1].

(iliy The graph of cosine function is contimous for all real mumbers.

(tv)  The period of cosine function is 25, Mathematically, we can express it as
cos(8+2x) =cosd
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{(v) The cosine function is an even function, &s the graph of cosine fimction is

gymmetric about the y-axis. Mathematically, it can be written as cos(—#) =cos8.
(vi) The maximum value of y=cos xis 1 when x=xn, where  is an even integer.
(vii) The minimum valie of y=cos x is -1 when x = n, where n i3 an odd integer.

(viii) The x-intercepts of the cosine function occurs at x=%+mx, where ne Z.

(ix) The y-intercept of the cosine function is 1.

(x) The amplitude of cosine function is 1.

(xi) In unit circle cos# is equal to the x-coordinate nfﬂlngivenpoim--

11.4.4 Graph of y=tan x from -z to n

We know that tan (—x) = — tan x and tan (n —x)——‘mnx.snthewluauaf
tan x for x= (°, 30°, 60°, 90° can help us in making the table.
A]sn,weknawthatlanxianndaﬁnedut:—:kﬂﬂp wﬂéﬁ

{i) xapproaches — fmmleﬂx—b[zj tm:dmazesmﬂe;ﬁmtelym(]umdl
o
(ii) xappruaﬂm%&unr]dﬂie..x—i{%) , tan x decreases indefinitely in Quand IV.

(iii) x spproaches —% from-left ie, x—r(—%) , tan x increases indefinitely in
— N ¢
.I_
(iv) x appmnéhea—«.rg from right i.&.x—r{—%] , tan x decreases indefinitely in

Quard M.
We know that the period of tangent is &, 50 we shall first draw the graph for the interval
from 0 to & (from 0° to 180°).

The table of ordered pairs satisfying y = tan x is given below:

K x 4 " i 5n
o = =l e e | (Sl I n
. 6 x| 2 2 3 &
or or ar or or ar or or
0 3 60° | 90°-0 | 5070 | 120° | 1500 | 187
tmnx| 0 058 | L73 +oo -0 |-1L73|-05E| 6
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Since the period of tan x 18 7, 80 we have the following graph of y = tan x from —360°
to 360°.

&
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V.
Graph of y= tan x from - 360° to 360°

Propertiss of graph of tangent fasclion ( y = tan x)

(i) The domain is the set of red] numbers except the values where function is
undefined domain of tanx — (—co, &), ¥# {2::+'I)%. wherene Z

(i) The range includes all real mmbers (—, o)

(iii) The graph of tan x is not contirmons for all real numbers. It breaks at x=(2n+13§,
whr.:én‘e.z

(iv) The period of tan function is 7. Mathematically, we can express it as
tan(8+ ) =tand

(v) The tan function is an odd fumction, as the graph of tan fimetion is symmetric
about the origin. Mathematically, it can be written as Im:t(-ﬂ)=-=1anﬂ

(vi) The x-intercepts of the tangent fimction occurs at x=mn, where ne Z.

(vil) The y-intercept of the tangent function is 0

{viii) The amplitude of tangent function is undefined because it has no maximum or
minimum values,
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P EXERCISE 11.2 _d

1, Draw the graph of cach of the following function for the intervals mentioned
against cach:

() y=-sin2x, xe [-2x, 2n] (i) y=2cos2x, xe [-2x, 2n]
(i) y=tan 2% , 3 [, 7] ) y=tan 3 , xe[-2n,25]
(v) y=sin 7z , 2= [0,26] (vi) y=cos 5x ;5. % [, ]

2. Onthe same axes and to the same scale, draw the graphs of tllofﬂ!jowmg functions
for their complete period:

() y=sinxandy=sin2x (ii) y=muxan;fy-*=nm2:
3. Solve graphically: .\
(i) sinx=cosx xe[0,n] (i) sinx=ax, xe [0, ]
11.5 Maximam and Mlnimnm V:ilnen of Given Functions of
the Type :
s ag+bhsmn@ (N @ a+beos 8
o a+bsin(cO+d) s a+beos(cO+d)

e The reciprocals of the above, where 4, b, ¢ and 4 are real numbers,
The trigonometric functions like sine and cosine are periodic function because the
values of these function repeat over regular intervals. These functions are fimdamental
inmﬂemaﬁgs_hm”nhu repetition of their values at definite cycles and are used
to model vatious real-life situations, such as radio waves, light wave, and alternating
current in eleciricity and are also known as a specific case of sinusoidal functions.
The functions of the form f{8)=¢ + b sin 8, g(@)—a + b cos 6, f;(8) = a + b sin(cd + d)
and g,(6)=a+bcos(cd +d) are the types of sinusoidal functions.
Now consider the gencral form of sinusoidal fanction f,(f)=a+bsin(c8 +4)...(I)
here ‘a' represent the vertical shift refers to the vertical translation of the graph of the
function, achieved by shifting the entire graph upward or downward. This shift, also
known as the vertical displacement, moves the function's position along the y-axis
without altering its shape or period. Amplitude |b| is the maximum height of a wave
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measured from its midline. The period of (i) is equal to ?.Hmtﬁiﬂ‘d'indicﬂes
the horizontal translation of the graph of the function, determining how far the wave is
shified lefi or right along the x-axis. A positive 4 shifis the graph to the left, while a
negative d shifts it to the right, altering S0 =1+ 3sin (20)

the starting point of the wave without
changing its shape or period.

For Example, consider the function
f@=1+3gn(20). Hore g = 1 is

vertical shift, amplitude =[3| = |3|=
and pm'ud=422£=n as shown in the
adjscent figure.
Huw,ﬁndiugth:mximmdminimm__vﬂuen of the functions
f(@)=a+bsin(cd +d)and g(6)=a+bcos(cf+d) is not a difficult task. We lmow
that the maximum absolute values of sine and cosine are equal to 1, so the maxinmum
value of the product bsin® is |b].

Thus, the maxitum value of f{0) ‘or g(d) is : M =a+b|, whenever sinf=1 or
cosf =1 where M denotes the maxitium value of the function,

The minimum velue of £(0) ‘or g(d) function i m=a—|b|, whenever sinf=—1 or
cosf?=—1 and m denotes the minimum value of the function.

The sbeolutz valie of b is called the Amplitude of f(f) =a-+bsin 6. The vuloe of the
mpﬁm@ﬂmhdﬁmdmmmm
Maximum value— Minimum valne
4\\\ S
2
Find the maximum and minimum values of the following fimetions:
(i) 24 3sinx (ii) 5-—2cos3x (ii) reciprocal of (ii)
EMITG) Let f(x)=2+3sinx
The maximum value of f{x) will occur when sinx=1.Herea= 2and b= 3,
Maximum value of the finction: M=a+ [h|=2+3=5
The minimmum value of the function will occur whensinx=-1.
Minimmum value of the fimgtion; m=a— b =2-3=-1
Thus, mexinmum vale of the fanction is 5 and the mininmum value is —1
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The maximum value of fx) will occur when co83x=1.Herea=5and b=-2 ,
Maximum valye of the function: M=g+|b|=5+-2/=5+2=17.
The minimym value of the function will ocours when cos 3x=-1,
Minimgm value of the function: m=a- |b|=5-2|=5-2=13.
Thos, muximpm value of the fimction is 7 and the minimmm value is 3,
(i)  reciprocal of part i)

The reciprocal of 5—2co83x ig

1
Let -—
e

Tuﬁndthumhumm:!miﬁmmw]msufg{x),E:ﬂvy:wﬂl"-ﬁnﬂth:mﬁmnnmd
minimum values of 5—2cos3x, which are 7 and 3 respectively:
After finding the maximum and minimum valnes take their reciprocal. The reciprocal of the
maximum value is the minimum of g(x) and the regiprogal of the

minimum value is the maximum of g{x).

1
5—2cos3x

Maxinmum value of g(x)= % = %‘=_.D.33

Mitinum value of g{x)=.§'¥%=ﬂ.14

11.5.1 Real World Appiieations

Ferris Wheel Problems

The first Fesris wheel was invented by George W. Fesris. He
built the firat one fof 1893 World's Fair, A Fertis wheel is an
important example of periodic motion that can be described
using trigonometric functions, specifically sinuscidal
functiona. When we model the height of a rider on a Ferris
wheel over time, we can use these fimctions to capture the
periodic nature of the motion, The motion of Ferris wheel can
bemodeled by f{f)=a+ bsin{es +d) or f(fy=a+ beos{ct+d).

LTTIR 3| A Ferris wheel with a radius of 45 fioed has its lowest point located 5 feet above
the ground. It completes one full revolution every 60 seconds i counter clock wise direction.
Model an equation that describes the height of a rider on the Ferris wheel as a function of
time ¢, How high is the rider from the ground after 40 seconds?. Also graph the model equation.

EFIFTTT Since it takes 60 seconds for the Ferris wheel to complete one full revolution




(one cycle} which is the period of the Ferris wheel, that is period = 60
27

2% 3
_=m . — | J—
. = ¢ 0 — T 30

The amplitude b which is equal to the radius of a ferris wheel (in this case b = 45).
The vertical shift 4 is the height of the center of the Ferris wheel above the ground.
Since the lowest point is 5 feet above the ground, sog=5+b=5+45=50.

we can model the height of a rider using (sine or cosine), because it reflects the periodic
nature of the motion. We usually choose a cosine fumction if the rider starts at the
maximum or minimum height, or a sine fimction if the rider starts at the midpoint.
Smneﬂmndnruhrhatﬂmhmtpmntmﬂguenq&,wamumlymﬁdfbumquueﬂ
equation as a negative cogine function so,

h{t) =—bcos(ct)+a, where ¢ is time and / is height,

Now substituting the above values we get the function A(f)= -'45{:415[% r]+5ﬂ,

which is the required equaticn of Ferris wheel. .
Next, we find the height of the rider at #=40 seconds.

A(t)-~45m[%:]+su
For  ¢t=40, we have
.&(411}--45.:::(1 ]--Eﬁn?zjfmt

Thm.hdghmfddm*aﬁerd-ﬂmmﬂis?ﬁ:fm
Thegmphofthemdelequaﬁomuhmbehw

Heoight of » ridec after 40 greonds

X
5 10 15 20 25 30 35 40 45 50 535 60
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[ZTT T 4| The water level L (in feet) of & tidal river varies throughout the day.
Suppose the level of the ftidal mver can be modeled by the equation:
L) = E+4am[ﬁ ] where ¢ denotes the time (in hours). The water level oscillates

4 feet above and below an average level of § feet
(8) Find the water level at ¢ = 3 hours?
{(b) What is the minimum water level?

Solution (8) Given equation of water level: L{f)=8+4sin [%t] :
To find the water level, substitute £ = 3 into the equation
L{3}=8+4ﬁn[%-3]=8+4m(%)

L(3)=8+4(1)=12
Thus, water level at =3 hours is 12 feet,

(b) Nuw,tuﬁndﬁamm;mnnwatertmeamdlndﬂmmnewhmﬂmm
function attaing its minimum value. We know that the minimum value of

gin § =— 1, substitute the sin(%:)=—1 mtqtl:b;-.equatwn

L{:)=s+4ain[%r]=_--s;+4{—1)=s—4=4
Thus, minimum water level of the Gidal river is 4 feet.
From a point 100'm above the surface of a lake, the angle of elevation of
a peak of a cliff is found to'be 15° and the angle of depression of the image of the peak
is 30°. Find the height of the peak.
[EPAITET, Lot Abe the top of the peak AM and 4
MB be its image. Let P be the point of
observation and Z be the point just below P (on
the surface of the lake).
From P, draw PO L AM.
Let m PO =y metres and m AM = A metres.

£,
g
L

-

mAQ =h—mQM =h—mPL =h—100 B
From the figure,
o e AR B0 o e D YO0

Py
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Bydlmmn,wngﬂt
tml15° _ h—100
tan30° ~ k+100
By Camponendo and Dividendo, we have
tan 15°+1an 30° _k—100+h+100_ 2k _ &
tan 15° —tan 30°  h—100— 5100 —200 —100
_ tam 30°+tam 157 0.5774+0.2679
"= an 30— tan 15° 1% [us’m—um]xlm .
= k=273.117. Q\‘

Hence height of the peak = 273 m. (approximately) . Di“ |
P _EXERCISE 11.3 A .

1. Find the maxinmm and mimmum values ufthcfg]lnwmg functions:

A\ Vo
G 3-sindx @) 3+sin2x ;*;‘»»‘ (i) 1+m(5;+x)

(iv) g—-i-ms[x—%] (v) 1-3:1932:— (vi) 1+2,in(_;+_EJ

1 1 _ 1
O8I0 2amas }Jrl-:’nous(—h} ®) 5 Ses(3r-1)
2. The temperature T lﬂﬂﬁm Celsius of a certain city varies throughout the day

according to the quq{mn 1"(:')-E [’;r-%]ﬂs. where / is the time in

hours, with 1 = ﬂ"‘bmmﬁpondmgtu midnight.
(:} memmmmmwmmw
P,:Iddﬂ:em;m;tt-ﬂhnmﬁmlm}.

kA Amsnnn'thempufnlﬂﬂmhghhght-hnmmmhnamthtwushlpnﬂnthcsame
side of it, whose angles of depression from the man are 17° and 19° respectively.
Find the distance between the ships.

4. P and Q arc two poiniu in line with & tree, If the distance between P and ( be
30 m and the angles of elevation of the top of the tree at P and O are 12° and 15°
respectively, find the height of the tree.

5. A gianl Ferris wheel has s dismeter of 60 feet. The lowest point of the wheel is located
6 feet shove the ground. The wheel completes ane full revolution every 80 seconds.




(a) Model an equation that represent the height () of a rider on the Ferris wheel
at any given time f.

(b) Find the maximum height of the rider,

(c) Find the height of the rider from the ground after 35 seconds.

A child iz playing on a swing in a pleyground. The height k(f) of the swing seat above the

ground (in metres) at ime / (in seconds) is modeled by the function:

hi) = 1.5+ 1.2 sin{35)

(2) 'What ig the maximnm height reached by the swing seat? L

(b) What iy the minimym height reached by the swing seat? ,C\

()] me;dnunmﬁtthnminghmm:nnﬂﬂ] forth motion
(period)? “\

@ Atwhattm{:)dmihnm;mﬁmtnmnmmlzm

A carnival ride consists of 2 vertical wheel with g diameter of 40 feet. The centre

ﬂflhewhwlmzsfeﬂnbavelhzgwund.'fhevm | rotates at a constant speed and

takes 120 seconds to make one mmplem,ig\:xvﬁ'luuun Model an equation that

deacribes the height h(f) of & rider en tl:tﬁ‘ii'bﬂclaunﬁmc’non of time 1. How high

16 the rider from the ground after wmv At what times will the rider be

36 feet above the ground?

Smpmeﬂm@npﬂameE]@menhmnhﬁitquahmcﬁymnmmﬂh of

December  throughout thc“dny can be modeled by the equation:

F'=64+8 sm[ (I—El-)’ }hm ¢ 16 the time in hours. The temperature oacillatea

Edﬂgrmabuw Mﬁhwmwmgetawﬂmmnfﬂ degrees.

{a) Find Mtempmm at =9 hours?

(b) Atgliitﬁm: the temperature will be maximum?

(c) Calculate the maximum temperature.

Suppose the population of a coastal city follows a sinugoidal pattern due to
seasonal migration. The population of the city over the course of & year can be

modeled by the eguation: P(r)*m+]ﬂﬂﬂﬂm&[:f-EJ P is the

population at time r (¢ is the time in months, with ¢ = 0 comesponding to
Jamuary 1%). where ¢ denoted the months in a year.

(a) Find the population of the city at f =7 maonths,

(b) Find the maximum population.
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IN'I'RDDUCTION

In mathematics, the concept of limit and continuity is foundationsl in understanding
the behaviour of functions and gequences, especially when applied to real-world
scenarios. This unit will introduce and explore how to demonstrate anii-ﬁndthalimit
of a sequence and a function, understand continuous and discontirmous fimetions, and
apply these concepts in various contexts such as economics, finance, and natural
12.1 Limit of a Fanction

The concept of limit of a function is the basis on which the structure of calculus rests.
Befors the definition of the limit of a function, it is necessary to have a clear
understanding of the following phrases. -

12.1.1 Meaning of the Phrase “x stﬁp‘raaehes 2ero”

Suppose a sequence x,,=$ assumes a sequence of values as:
op 1 L 1 1
2 e
We can see that the sequence x,:% is becoming smaller and amaller as » increases and
can be made as small as we please by taking “»” sufficiently large. In other words,
= becorming closer and closer to 0 8 » becoming large. This unending decrease

of x i denoted by x, — 0 and read as “x, approaches zero” or “x. tends to zero a3 n—y 0,
That ig, the limit of the sequence x, 15 0.

12.1.2 Meaning of the Phrase “x approaches infinity”

Suppose a sequence x,= 10" assumes values as 1, 10, 107, 109, ..., 107, ...

It is clear that the sequence xx is becoming larger and larger as »# increases and can be
made as large as we please by taking » sufficiently large. This unending increase of the
SEquence X, 18 symbolically written as “x, —o0™ and is read as “x, approaches infinity”
or “z, tends to infinity™ as n— o0
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12.1.3 Meaning of the Phrase “x approaches a”

Symbolically it is written as "x—a" which ..

means that x is sufficiently close to 2 but different  The symbol x — 0 is quite diffecent
from the number @, from both the left and right fomx=0.

sides of a that i8 x—a becomes smaller and . ro o s vy GioRs o
smaller ag we plesse but x—a=0. x = 0 means that x is actmally zero.

12.1.4 Concept of Limit of a Function

() By Finding the Area of Circamscribed Regular Polygon (

Consider a circle of unit radius which circumscribes 8 square (4- aldeﬂ.rbg'u.larpnlygon)
as shown in Figure 12.1. .

The side of square is fmdimmhzmumuin Itisclué'thuthemmf
mmﬂ:ed#ﬂdedpnlygunummuthamufthe circum-circle

#=3.142(xr* =x(lY’=x=3.142). '

Figure 12.1; 4-sided polygon |~ Figure 12.2; 3-sidod polypon  ¥iggure 12.3:16-sided polygen
Bisecting the arcs bétween the vertices of the square, we get an inscribed 8-sided
regular polygon as shown in Figure 12.2. Iis area is 24/2 = 2.828 square nits which is
closer to the area of circum-circle. A further similar bisection of the arcs gives an
inscribed 16-sided regular polygon as shown in Figure 12.3 with area 3.061 square
units which is more closer to the arca of circum-circle.

It follows that as “a", the number of sides of the inscribed polygon increases, the area
of polygon increases and becoming near to 3.142 which is the area of circle of umit
tadius.
We express this situation by saying that the limiting value of the area of the inscribed
polygon is the area of the circle as # approaches infinity, Le.,

Area of inscribed polygon — Area of circle asm — =
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(i) Numerical Approach
Consider the function f (x) =x°
The domain of /(x) is the set of &ll real numbers.
Let us find the limit of f(x) = > as x approaches 2.

The table of values of f(x) for different values of x as x approaches 2 from left and right
is as follows:

From left of 2 »2 » from right of 2
% |1] 15| 18 | 19 | 199 | 1599[1.9999]z0001]2001] 201 | 21 22| 25 |3
)=x"| 1]3.375 | 5.832 | 6.859 [7.8806/7.8806( 7.9988 | 8.0012 | 8.012 | £.1206| 9.261 | 10.648 | 15.625 |27
The table shows that, &8 x gets closer and c]ulertuZ(mﬁmmﬂy«clﬂetn 2), from both
sides, f(x) pets closer and closer to 8.
W:saythalEmﬂminmtnfﬂx)whmxappmmhanﬂiswnthma&
flx)—>8asx—2 or ma’ 8

12.1.5 Limit of a Function
Let a function f(x) be defined in an open interval nﬂarﬂlemlmher “g" (need not be st

a). If, as x approaches “a” from both left and right side of “a” f (x} approaches a specific
number “L” then “L", mmﬂuﬂﬂmlim:tufﬁx}uxappmanhma Symbolically it is
written as:

lim ﬂ;}=Lmadaa“]imitu£f(;}"usx-+n,isL".

It is neither desirable nor practicable to find the limit of a function by numerical
approach. We must be able to evaluate a limit in some mechanical way. The theorems
on limits will serve this purpose. Their proofs will be discussed in higher classes.
12.1.6 Theeregns on Limits of Functions
Letfand g b two functions for which Lim f(x) =L and Limg(x)=M, then
Theorem 1: (i) ﬁﬂ:”:a’, where p> 0 and pe R
(iiy lime=e

Theorem 2: (a) The limit of the sum of two functions is equal to the sum of their

Hmits.

Lim{ f(x)+ g(x)]=Lim f() + Limg(x)=L+M
For example, Lim(x+5) =Limx+Lim 5=1+5=6
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{b) The limit of the difference of two functions is equal to the differemee of their
limita.

Lim{ f()~£0)]=Lim f(s) - Limg(x) =L~ M

For example, Lim(x—5)=Lim (¥)-Lim 5=3-5=-2
(¢) 1f & is amy resl mumber, then

Lim{kf ()] = K Lim /(x) =kL

For example, Lim(3x)=3Lim (x)=3(2)=6

(d) The limit of the product of the functions is equal m@éﬁ;ndm of thelr limits.
Lim[f(x) g(x)] = Lim f(x) - Lim:gfac) =LM
For cxample, Lim(2x)(x+4) =Lim (23) I.ﬁn (x+4)=(2)5)=10

{e) The limit of the guotient of the ﬁmcttnm is equal to the quotient of thelr lmiis
provided the limit of dannminu‘tur is non-zero.

[ Umf® 4
];E[E[x):l Img'(.:) -t provided g{x)#0 in a neighborhood of

a and M-nh
=42

Lim(x+3) 2+3

F

Ix+ 4] LimQx+9 644

10
For {I’a: =__=7
'“m-- r-»z[ i+3 5

() Limitof [ f(x)]", where = is an integer
Liml /() =[Lim /() =2
For example, £._ilb1‘1(21—3)’ =(£‘T} {2.:—-3))5 =(5)’=125

We conclude from the theorems on limits that limits are evaluated by merely
substituting the number that x approaches into the function,
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12.2 Limits of Important Functions

If by substituting the number that x approaches into the function, we get (g} then one
possible way to evaluate the limits is as follows:

We simplify the given function by using algebraic techniques of making factors if
possible and cancel the common factors. The method explained in the following

important limits.

122.1 Lim xx:z =na"" where » is 2 non-gero infﬂgcr-f_!lﬂd a>0

Case I:  Suppose n is & positive integer, |
By substituting x = a, we get (%]form. 50 we make factors.as follows:

P—a"=(x-a) + T L ;ﬁfﬁ“]
Lim® = _pm G—a)E" +a:*f_ +_¢_«?xﬁ'+ wt @)
x=+a8 x—{ 2 —»a ;L_ﬂ_

=Lim (™ +ax™* +@% 7+ ..+ a™)

T=¢a

O
=g +a 4@t "+ + .. ™!
=an—! +ﬂl—1:'-_|:_:hl-1_i_al—1-"+ ﬂl—l =na"i

Case IT: Suppmenh;-ﬁﬁw@{ﬂqn=—m}whmmhapmiﬁvemsa.

1 4 @@
Now, _iﬁ-ﬂ o e R
\\< x—4a x—-a x—-qa x-a
o AT -1 Yx*-a*
Lim =Lim
rsa X—& Hﬂ(x‘cr‘]( x—a J

=L ma™)  (by Case~D)

IM[XB_GFJ=M.-1 o ==
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1222 Lim***2- va_ 1

x==+0 Z-J_
By substituting x =0, wr.haw( ]fmm,mmhmlmngﬂmnnmﬂur
R N Gy €t R

——, Where » is an integer and a > 0.

i B Vrta+ida) P x(xra+a)
‘Pﬁ(J;TJJ
J.;:E+J“ J-:-J” e
Bvahuste: () Lim %~ o um 2
6 it (Qom AT

2ol D) gy

e W S i o T A
!-lez_x =1 xp...:lj =l x
1+1 2
I
5 R

i x—3 (\E+(}[ﬁ5‘\g) = B =
W tor 58N e = Lim(/x +V3) =3+43=23

12.2.3 Limit at Infinity

We have studied the limits of the funcions /(x), /(). &(s) and £€ 1/ ——

M £(5)
Let us see what happens to the limit of the function f{x) if ¢ is + oo or —oo (limits at
infinity) i.e., whenx — +worx — -,

() Limitasx —+
LetfG)= L, whenx#0
X

This function has the property that the value of f(x) can be made as close a5 we please
to zero when the number x i3 sufficiently large.
We express this phenomenon by writing Lim—l~=n

xm oy




XD <eb -,

{(b) Limitasx——x
This type of limits are handled in the same way as limits as x — +wm,

i, Lim l= O, where x #0.

Ll ol o

The following theorem is useful for evaluating limit at infinity.
Theorem: Let p be a positive rational number. If x*is defined, then
Lim -2 =0 and Hm%:ﬂ,wbﬁeais'wmulmhﬂ.

-3 w0 T-3-m

-
For example, M?-Dm}iﬂ{

12.2.4 Limit of n Sequence

Let {a,} be a sequence, thslmuut‘auequmpe{a,} mﬁle'mlue L that the terms of the
sequence approach as # — o, that is, .\
Lima, = L

If such an L exists, the sequence is said to ﬁmmLm {a,} is called
convergent sequence. If no such L exists, the sequence is said to diverge.

For example, consider the sequence {ﬁ:i}: Asn —Pw,i—lﬂ

Eo,wewmehma‘ EE"E;-—{].
Find the limit of the sequence a, = 2”:13.
. "
EXITETY, We can simplify the sequence:
3 3
=2n+3=n(2+r1)=2+;
n+l n[1+1] 1.1
n n
3 1 ; . 2+0
A 2 5 0and ——0, left with: Lim 2, = —— =2
En—rm,u—r an n—b 20 we are le “ﬂ]—-ma' 140

.le.?n+3
e B3 |

=2,
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Divergent Sequences: A sequence is divergent if it is not convergent. Divergence

can oceur in the following ways:

o  The sequence may increase or decrease without bound (e.g., @, = n* diverges to infinity).

e The sequence may oscillate between different values and not settle near any one
value (e.g., a,= (—1)" oscillaies between —1 and 1, so it does not converge).

12.2.5 Methods for Evalnating the Limits at Infinity

In this case we first divide each term of both the mumerator and the denominator by the
highest power of x that appears in the denominator and then use the theorems on limit.

521027 +1
1541713 | Evaluate Lim
& :_i_l_u_zx?_l_lﬁx:_'_iu

AN, Dividing sumerator and denominator by x°, we gét

5 101 Y.
5x* =102 +1 - X ;*‘x—,: ﬁ—q:q-n=_m__ e
l—l+=—3f+1uf+5'} 3—.4*_3+E+E 340+0 : x-l-x?_
X X7,

3 o
FTTTIA)  EBvaluate Lim % 5%

Py P -l';_'_'i;:i+1
I, Dividing numerator and dénominator by %, we get

: 4 35
: 4 -5 L 5 3B 0-0
Lim———— =Lm % % _— =
v P RS, 2 1 34040
%
N b 6 T
R Y e 3+ 457

Solution (D ]E[mJ:l:—z=|xf==-xmx<ﬂ
~  Dividing numerator and denominator by —x, we get

2

—Z43
> 033 13

“Jo+4 7 2

A=At = Lim
3w f3 14t Tw

3
244
x




o LT SRNG,
(ii) Here J?=|.\:|=.:a.sx:-l}
Dividing numerator and denominator by x, we get

2
2-3x ==3 p-3 .3
Lim ——— = Lim %2 = .
.t-n-mm x-H-m.J3 ,J[].+4 2
= o

R =¥ 0 ”n

12246 Lim (14— 1 T =g
By the binomial theorem, we have

e
bl Yo

Whenn — +m, i, %, %,... all tends to zero, therefore
I..im(]+1 )l =1+1+ —l-+l+ —l'--+ 4
=\ g 2! 31545
=1+1+0.5 +0L166667 +0.0416667 + ... =2.718281 ....
As approximate value of e is 2.718281.

1 L3 We can also show that
Lim(1+—}=e )
=g 1 um@+-j-.

1 =3~ n
Deduction: Ltm(l+x 5=
We know that }H[H ]. (D)

Pitnms @) o xm-
X n

1
When #—>o0,x—() 80, m[l+%].=l;'£tg(l+x)5

E=Iim(1+x}v o Lim (1+£J'=e

F—+0 P

Hence I.jm(l+x)E =e

=40
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Put &*—1 =y (i)
then a=1+y
So, x = log,(1+y)

From (i) whenx — 0,y — 0
Ejﬂfxi If{in%lng fl+y) Eﬁl log:{l-l-y)
1 \ I.'-lr
g _ _ ety
e T o e log,a ( ljg__!glﬂ) €)
log, (1+3)’ ~ 1
o=
Deduction: !fl.'lé{ S J= log,e=1
. (a*-1
Weknnwthmtlnrg log,a )
=% x P W
e -1
Putg= em(i}wknquﬁn( = ] tng,e 1
Important Results to Remember )
® Lime'=w O ) ma:m(ﬁ):u
Exptmsaaah‘linntmtumsnfe.
3
) }_ﬂ[ﬁﬂh (ii) I;E(qu)

(i) Observe the resemblance of the limit with Lim[1+l]‘ -
L n

B L




nit DF=r = <> mumenece (R
(ii) Observe the resemblance of the limit with gﬁ(uxﬁ =e
F
EJE(I+IH)E=EE[(1+2#)%}
put m=2n, whenn—0, m—0

Im(1+2n)« [[1+m)-T—e

12.2.8 The Sandwich Theorem
Latfgmdﬁbcﬁmnhunsmchﬂmtﬁx)ﬂgﬁr){h[x)ﬁnaﬂnumhm;mmmeupm
interval containing “c”, except posaibly at c itself. :

If Lim f()=L and Limh(x) =L then Limg()=L |

Meny limit problems arise that cannot be directly evaluated by algebraic technigues.
Mmmanmmmmwmmmmmm

12.2.9 1103 measured in radis, then Lin¥2 “’; _1.

Proof: To evaluateﬂauhmr,walpplyanﬁwmhmqu. Take 8 be positive acute
mrnlwgteufnmufawclemthmdmr 1. As shown in the figure, O4B

mpmnmuamofamle.lmndmdﬂmdmdﬂﬂmﬂmchﬂm OA | 1D,

Als-n draw BC | ()( on OA. ™\
Given | QA4 |=| 08| =1 (radiieflmit circle)

In the right AGCB, amﬂ--‘an-ﬂﬂﬂl
In the right AOAD, wao<l4P|_ 75|

|04] D
() Area of ADAB = |OA|| BC| = , (1sin )= sin 6

@) Areaof sector DAE:%:-’B= %(1}(9)= %a and

(i) ArmufﬂﬂAD=%| OA|| 4D | = %uxm H}=%‘Ian 0

From the figure we see that o u i
Area of AOAR < Area of sector OAB < Area of AOAD r=1 ¢ 4
g & N Figure 12.4

= —gn® < — < —tan@

2 2 2




. Limdt of
Ausinﬁilpndﬁve,mnndivisimby%ah 8, we et

‘E-:——_ﬂ < L [ﬂ{ﬂ{f]
sind cos @ 2
gin 0 sin 0

1.e., I:-T:-msﬂ or nmﬁ-:T-r;]
when 6 —0,cos8— 1

Since %ﬂ is smndwiched between 1 and o quantty (LN

approaching 1 itself. So, by the sandwich theorem, it must &lso r-‘zﬂ
snsprtach T il Tim 2009 =2

TR

Evaluate Lim 510

Letx =76, so that 0=

when 8 — 0 we havex — 0

_ sin78 i oo x
Loy ~uns T8, ~0=?

7 O\
. 1—"00‘65
EllﬂlPEEI ==

I—msﬂ-;i';cmﬂ_ 1+c08 0 _ 1-cos’ 6
8 & l+cos ® ©(1+cosB)

=L"’H=dna[sinﬂ) 1
8(1+cos 6) 8 /\l+cos @

. [(1-c0s ) __. L : S % =
Eﬁ[ 0 ]_H’gma'EHT'{'—%(HMBJ-@(‘}[IHJ 0

Solation

P _EXERCISE 12.1 g

1. Find the limit of the following sequences if exists:

2 2 _
ﬁ}ﬂ‘___hﬂ 2n4+3 Sn A d n*=3n+1

a1 O Ty @ ey WA
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2

and Centiouity

<>

Fvaluate each limit by vsing theorems of limits:

@

(iv) 5-_'134:-%4 () Lim(/x*+1-v x%5) (vi) Lim

];iE(ZI+4) (ii) ]Jﬂ:l;l(:ix" —2x+4)

(1)

Evaluate cach limit by using algebraic technigunes:

mmenscs (IR

L:ng-r}x'+ x+4
. 2%+ 5x

-1 Jy-2

N e XX . (£ =5x+6 ; A ¥ -8
G o ﬁjﬂ?(f-h—ﬂ} o= l‘ﬁ[r’ 5,r+ﬁ)
L ¥ =350+ 331 * —6x+12%-8 [ x*-1
G) Lim X-x ® E-nﬂl[ x—4x ](ﬂ) H’[:’ 3:+2]
; x-2 oo NEA=E, O .. P
vii) Eﬂm_ﬂ (m}{-ﬂ P -,_@x) E-IE;,J"_‘;'
Evaluate the following limits: o~
(iv) Lims:inx—mx ) Eﬂﬂ‘ﬂ;}mk i) L]mtanx;l
.:-i; I_E I’. ! ot (I D
i) %Hl_“ﬂf“ o Lig ST iy gy 2
& xlﬂg:+3hgx - ) Lim 2D
x—+3 . x 3 n—rnl —CORX
Tmpresseach‘lirmt in terms of e.
@ Lim(l-i»lj" ) le(l 1]’ (i) le[ -1j
] " = R A= 0 n
i) Lim[l-r-l]. ) m[l E i) mmmr
) =" : £
(vi) Lim(1+25%) m (ix) E”&(HJ
1 !
® Lim% lx<0 (9 yg"{——“l.nu ) Lim =

e*+1

e +1
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12.3 Continuity and Discontinuity of Functions
12.3.1 One-Sided Limits
In defining Li_fnf(x). we restricted x in an open interval containing c i.e., we studied

the behaviour of f on both sides of ¢. However, in some cases it is necessary to
investigate one sided limits that is, the lefl hand limit and the right hand limit.

() The Left Hand Limit

Lim f(x)= medusﬂ:elﬁnﬁaff(x}maqmltomenppmnhuaﬁ'umthﬂeﬁ

Lc.,ﬁarnllxmﬁﬂmﬂ}rclmtuc,hutlﬁaﬂ:anc.'lhnwhmofﬂx)mnhcmadom
close as we please to L. N

(i) The Right Hand Limit The rules for
Lim f(x)=M is read as the limit of /{x) is equal to M ag x". gng fhe Ief hand
' " | snd the right hund limits
approaches ¢ from the right Le., for all x sufficiently close t0 | urs the same 5w studisd
c.bulgrentﬂﬂmnc.ﬂmvn!mnfﬂﬂmbcmﬂcﬂchue to calculate limits in the

B8 we please to M. preceding section,
12.3.2 Criterion for Existence of Limit uf a Funetion
Lim f(x)=L if and ouly if Lim f()= Lim f () =L
Determine whether Lim f(x) and Lim f(x)exist, when
2¢+1 if " 0<x<2
@)= ?—x-'-_--ff 2<x <4
x\< if 4<x<56
{t) I.mf{:):lm(hﬂ] 441=5
' Lu:nf(x)an(T x)=7-2=5

Since Lim f(x)= Lim f(x)=5

= yﬂf{x}misuandiuqualms.
@  Limf(x)=Lim(7-x)=7-4=3

Lim f(x)= Lim(x) =4

Since Lim £(x) # Lim ()
Therefore, Eﬂf (x)does not exist.
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12.3.3 Continulty of a Function at a Point

() Continnous Function

A function fis said to be continuous at 8 number “c” if and only if the following three
@) flc)is defined (i) Lim f(x)exists (i) Limf(x)=£(c)

(b) Discontinmous Function

If one or more of these three conditions fail to hold at “¢", then the ﬁmcuunfu said to
be discontinuous at “c”,

At 10010) Consider the function _aF‘(Jr:)—E dismmthemnﬂmﬂw uffatx i

-1’
Hmﬂl}unntdeﬁnai
=> f{x) is discontinuous at 1.

For f(x)=3x"— 5:+4d1msmnmtyoffatx—l
(TP, Lim f(x) = Lim(3x® —5x-+4) =3~ 5_+,§-_=_ﬂmd fD=3-5+4=2
= Lmf(x)=sQ) 'y

Therefore, f{x)iumﬂjﬁ:n‘ﬁt.lsntx-l
Discuss the continuity of the fanctions /{x) and g(x) atx=3

P
(ﬂ) f(x}__: “_I-:'S_ if x#3
|6 if x=3

(.b)_ g(x) {L: if x«3

x=
Solution YORMORL

Now, Lim f(x)=Lim* 2
z-%3 =33 y=3
- (x+3]£;;-*’3j
333 J(I—‘/ﬁ

=Lim(x+3)=3+3=6
As Lim f(x)=6=7(3)

f(x) is continuous at x = 3. It is noted that there is no break
in the graph. Figure 12.5
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(b) ‘g(x}=E if x#3
x-3
As g(x) is not defined at x =3
= glx)is discontinuous at x =13
It is noted that there is a break in the graph at x = 3 near
x =13 as shown in the Figure 12.6.
Disguss continuity of /() at x =3, when

F)= -1 , if x<3
2x+1 , if x23
T 0TY A gketch of the graph of fis shown in the Figure 12.7. Wa,maenhntmm
is a break in the graph at a point whenx=13. "

Now f13)=2(3)+1=7 s O
= Condition (i) is satisfied A
Lim f(x) = Lim(x—1) =3-1=2
Hmf{x}: Lim(h+1)=ﬁ+l=
hmf(x)#lef(x) _
1.e., condftion (ii) is not ﬂlMed.
3 Eﬂ_ﬂf(x}ﬂmnﬂtwh
Hmnu,ﬂx}ismtgmiﬁ‘nunmntx=3

P~ EXERCISE 122 _4

1. Determine thck:ﬁhand limit and the right hand limit and then, find limit of the
following ﬁm@hens when x — ¢.
-9

(D Iﬁ;;}_-'?.r’+.:—5,c=1 (i) f{x)-— ¢=-3
(i) f(x)=|x-5],c=5
2, Discuss the continuity of flx) atx=¢
3x-1if x<1
2x+5 ifx<2

: y €=2 ii =¢ 4 if x=1 , e=1
Q) TR a oo @ f&= ifx=1,e¢
2x i x>1

Figure 12.7

3x if x=-2
3. IEf(x)={x*-1 if —2<x<2 Disousscontimityaix=2andx=-
3 if x22




Unit €D Forpie e <vi> Mamensces (I 00

x+2
4 1If f(x)= {

c+2 x>—1
find "¢ so that Lunl_f‘[x}l exists.
X

5. Find the values of m and &, so that given function f'is continuous at x =3
mex if x<3

O f& no if x=3 (i) f(®) ={
-2x+9 if x>3

V2x+5-x+7 A
6. flx)= 2 y XP2 53
£ P

Find value of k so thet /'is continuous x=2
2x+3, z2s51]
x+4, x>1

Discuss the limit and continmity atx=1,~
124 Application of Transcendémtal Functions to Limits and

Continuity on Real World Problems

Limit and continuity of transcendental functions are fundamental concepts in calculus
with numerous real-world applications.
These concepts help us model, analyze and solve problems in various fields such as
growth and decay, ﬁmnw,mnomm, surveying and predicting long-term stock
pnneu.
Grnwthndﬂmy(ﬂnﬁuehnﬂnuy}
ﬁﬂnﬂmuﬁwdmyufambnhnmug:mbytheﬁmsﬁmi{t) = Ae ¥, where 4, is
the initiel amount of the substance, & is the decay constant, and £ is the time in ycars.
Find the limit of the amount of substance as 1 0.

We need to compute the limit: I.‘HA(QE%

As t—>wm,e™ 50, 80 Lim 4™ = 4,x0=0

Thus, the amount of radioactive substance approaches 0 as time increases indefinitely.
Finance (Compound Interest)

The value of an investment grows according to the formula for continuous
compounding A(?) = P ¢”, where P, is the initia] principal, r is the annual inferest rate,
and ¢ is the time in years. What happens to the value of the investment ag t 5 7

mx if x<3
X if x23

7. Given the function f(x) =-[
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Wemud to compute the limit: I..th{r) LunPe"’

Since " — ooas ¢ —» oo for any positive 7, the value of the investment grows without
bound:

LimPe" =co
[ 1]

Thus, the value of the investment increases indefinitely a3 time approaches infinity.
[ZT01016 Economics (Supply and Demand)
In economics, the demand function IXp) decreases as the price p increases. Suppose

the demand function is given by D{p) —%,whumithncemdﬂlm Find the

limit of the demand as the price becomes very large, ie., Imﬂ(p}

SONETY Lim D(p) = Limﬁ
Y = p+1
100

As p—om, ﬂ:adﬂnumimmrhwnmmmhrgc,m -“'p+l

Thus, uﬁenocbnmmuvﬁylngs,medm&appmmhﬂiﬁ
Examplef§ v 5"
The apparent brightness B(d) of a starﬂ.em'ms as the distance from Earth increases

ﬁaﬂmgﬁemvmmmlawﬂ{d} = whureLmthsWslummwty Find the

limit of the brightness as d—w:f.

Ca I,
P B @i
As d - the denominator becomes very large, so:

Ve I
Lim—==0

Thm,althudlstnmmueam indefinitely, the aspparent brightness of the star
approaches (.

=0

P EXERCISE 123 _d

1. A substance decays exponentially following the formuls A(f) = 4 ™", where 4

is the initial amownt. Find the limit of 4(f) a8 1 > .
- g 100, 000 :
2. A town’s population is modeled byP(£}=] 9t ° What is the long-term
e

population 88 1 — .
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A company's weskly sales (in thousands) follow the function §(1) = L‘?:j . What
is the limit of 5(1) as t — = and what does it represent?
1000

4. Signal strength S(d) at a distance < from a tower is modeled as S‘{d}—-d—

(i) Whatis the signal strength at d= 10?
(ii) What happens to signal strength a8 d - ?
5. A stock price grows accarding to the function P{f)= 50",
(i) Find the limit of P(f) 88 ¢t > 0. (
(ii) Calculate the price after 10 years. 2O
6. The factory’s cost function is given as: L-:/-'I""'
10x+500 i x<100
1264300 if  x>1000
Is the cost function continuous at x= 1007 .
7. Inflation is modeled by /(f) = 1 :““‘r)}hmla is the initial price index and ¢ is
the number of years f\,'
(i) Find the inflation rate nt’tmiym il I =100.
(i) thtutbeﬁp:nta&#ﬂp&hd:xx&ﬁr 10 years?
8. The mmmpmducexmﬁms

C“Hmzn if x<10
6x+10 if x>10

I:iﬁ:mit?ﬂﬂtionunnﬂmnua atx=107

e &

C(x)

e '.
-

-



% Differentiation

IJNTRDDUCTIDN
The ancient Greeks knew the concepts of area, volume, centroids etc. which are related
to integral calculus. Later on, in the seventeenth century, Sir Isaac Newton, an English
mathematician (1642 — 1727) and Gottfried Whilhe G, W. Leibniz, a German
mathematician, (1646 — 1716} considered the problem of instantaneous tates of change.
They reached independently to the invention of differential. calculus. After the
development of calculus, nmthmmﬂmhemapowarﬁﬂtnulﬁvrdmlmgmthm
of change and describing the physical universe. ;
13.1 Tangent to a Curve at a Point
Let P(x, f(x)) and Olx + 85, f(x + &) be two: /||
points on arc A8 of graph of [ defined by the -
equation ¥ = f{x) as shown in Figure 13.1.
Where 8x is the increment in the value'of x (read
as delta x) o
TheﬂuePQummufm:mmmdslopenf
sar.:uthnﬂpammgthMLghIP(x,j{x})andQ(1+Ex,ﬂr+ﬁr))i::
_RO _[fx+E)—f(z)

me = o s D &
Where m.i8 slope of the sccant line,
Revolving the secant line PO towards 2
P, some of ita successive positions ol

shown in the Lol

PQ, PQ,. PQ,, .. areshown in I |
Figure 13.2. Points 0,(i=1, 2,3, ...} 4
are getting closer and closer to the 7.‘/':':?:' >x
point P and PR are approaching I

ZETO.
In other words, as &x — 0, the point O approaches P, and the secant line becomes
the tamgent line. The revolving secant line becomes the tangent line PT at P while &x

r B

e




approaches zero, that is,
. Eﬂf&*ﬁ;"ﬂx) @

where m,_, denotes the slope of tangent line. We see that m i3 the limit of m_ as O
approaches P along the curve y = f{x).

LETTTI0 1] Find the gradient and an equation of tangent line to the graph of
1{.:3 =x2-2 at the point P(~1, —1).
ENTTTTY To ﬁndthug'admntmﬂopenfﬁetmgentlineaipnmt{—l —i),]mt:— -1

maqnntim(z}
- f(_l"—ax)_f{_l) = - —
My = Lim . 2 EE e
[ o yeRerE -2
(-1+82)° -2-((-1)*-2) 0 O
= Bx VA ‘;3 e
" ~ 2+ B —2—(1-2) o L %
s 0 Y P -4-:1-3:1@' 1234
i= 2az+5;= 241, ‘“Jhx+&P | e lei
mlm Y
b=+ 0 &I-a-._n._ fx =)
4] |
_(2*_5"‘1 Lm:[—2+&.|:] -3 L 24
ﬁ.—H:I

Now to ﬂndtheequsqunpf_tangentlmwumthspﬁm slope form of equation of line
with slope =—2 and poirt {~1, —1)
y—(D=2(x~(=D) = y+1=-2x-2

or y=-2x~3, which is the required equation of tangent line,
The graph of f and tangent line are shown in the above figure.
13.2 Derivative as the Limit of a Difference Quotient
Let fbe a real valued fanction continuous in the interval (x, x,) < D, (domain of 1),
J(x)-f(x) (i)
IL—I
represents the average rate of change in the value of fwith respect to the change x, —x
in the value of independent variable x.

then difference quotient
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If x, approaches to x, then TimZ/@)=/(*)

5=z X —x
provided this limit exists, is called the instantaneous rate of change of fwith respect to
x &nd is written as f'(x).
If x, =x+8x i.e., x,—x=28&r,then the expression (i) can be expressed as

[e+8)=1) )
and Yim S(x+&x)—f(x) (iii)
Bx—s 0 ax

provided the limit exist, is defined to be the derivative of f (or differential coefficient
of f) with respect to x and is denoted by f'(x) (read as “f - pritne of x*). The domain of
J' consists of all x for which the limit exisis, If x;:@,_mtif"(x) exists, then fis said to
be differentiable at x. The process of finding f” i called differentiation.

13.2.1 Derivative as the Rate of Clinnige of Velocity

The rate of change is a fundamental concept in describing the motion of an object
moving in a straight line. Tn physics; this is typically analyzed using position, velocity,
and acceleration, which are all related through derivatives (rates of change).

The position versus time graph provides a simple inierpretation of the average velocity
over a given time interval.

Suppose a particle moves in a straight line and its position at time { is given by the
function s(f). The average velocity over the interval from ¢ to # denoted by v, is
defined as:

p=Ta0 @

Equation (i) also represents the slope of secant line passing fhrough the points
(2,5(r)) and (¢, 5(z,)) . If the interval ¢ — ¢ is not small, this average velocity does not
accurately represent the rate of change at time ¢.

To illustrate this, consider a particle whose position at time ¢ (in seconds) is given by a
fimction s{f) =27+ ¢ in metres. The average rate of change over various time intervals
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starting at #= 3 seconds is shown in the table below:

Imferval t=3 eocato ¢=5 socs t=13 pecs ta 1 = 4 sice t=3 poce to £ = 3.5 soca
63
Average| 5(5)—s3) =3’0-12 il »{(4) - 5(3}= 20 -12 - ,05}_,@}_7-12 i
velocity 5.3 2 4-3 1 35-3 05
&

50 @ 30

40 40

30 30

20 B-13-1 | 2}

10 o 10

2
1234546

We observe that these values are not closely approximate the particle's velocity at
exactly 3 seconds. To obtain a better approximation of velocity at x = 3, we use smaller

intervals: Yt Avers gt velocity
2 £
t=3secsto £=13.1 secs (R +_§f?} 12 = 0.71 =171
353 od
£=3 gecs to £= 3,01 seca {{3_._#!.)'——&10!} L TOARIE 7.01
w  +3.01-3 n.o1
=3 a0 10 £=1,001 goug [0 000) +3000 12 007001 _
. 3.001-3 0.001

We see as the length of the time interval decreases, the average velocity becomes
instantaneous velocity at’f = 3. Based on the trend, we estimate the instantaneous
velocity to be approximately 7 m/sec.

Thus, over a sufficiently small interval, the velocity changes negligibly. If ¢, is very

close to ¢, the #verage velocity over ¢ —z approximates the instantaneous velocity at #.
As t, approaches f, the average velocity is called the instantencous velocity.
This is similar to approximating the slope of a tangent line by calculating the slope of
a secant line. Mathematically, the instantaneous velocity denoted by v is given by
the following limit:
=Lim* @~ (provide the limit exist)

R —t
For convenient, if’ ¢ — ¢+ 8¢, then as 4 — ¢ =8¢ — 0, thus above equation becomes:
ums(H &) —&(t) (i)

b0 ot

Vit

Vo =
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In other words, the instantanecus velocity is the derivative of the position function 5(1)
with respect to time,
A particle moves along a line such that its position after ¢ hours is given
by: s{f)=4£+ 21+ 1(in miles)

(a) Find the average velocity over the interval [2, 5]

(b) Find the instantaneous velocity at £=13
Ao (8) given position function s(f) = 4£ + 2¢+ |, where 2<¢<5

The average velocity over the interval 2<7< 5 is:
_s(9)-s2) _ 4{:)‘+z(s)+1-[4(;).’+z(z)+1]

Average velocity= L
Y= 5o )

(b) Instantaneous velocity can be found umngtheformu]a
Instantaneous velocity = m—ﬂt +%) T"{r)‘

8
A3+ +2(3+80)+1-[ 4(3)*+ 2(3)+1 ]

=Lim -

B0 ~ o
Eumd[9+65f+af’}+6+28t+1-43

P 5z

. 36+ 2451+ 45£* + 64251 +1-43

=Lim
B0 B
2
T 43+ 265t + 46t —43= LimZﬁﬁt_l_w
~) B0 8 s0  §
=LimM=Lim[zﬁ+ 45¢)=26
50 & &0

Thus, instantaneous velocity at = 3 is 26 miles/hour
13.3 Process of Finding Derivative f(x) by Definition
12.3.1 Notation of Derivative
Several notations are used for derivatives. We have used the functional symbol f(x),
for the derivative of fat x. For the function y = f{x).
y+oy=[(x+&) (iv)




Dividing both the sides of (iv) by &x, we get

3y _ flx+dx)—f(x) (v)
8x ax
Taking limit of both the sides of (v) as &x — 0, we have
leg s umf(ﬁ‘ﬁx}—f{x} (vi)

B0 8y &0 &x
Lim 2 is denoted by %, so (vi) is written as %-;"(;}

Bx—+0 {1

‘\._-
The symbol %inmedmﬂmdaimﬁw ofywiﬂlmnmct@ndhmit is

& L
not a quotient of dy and dx. Eiu]_mdmtﬂdh?;y'a—‘r-“

Now we write, in a table the notations for derivative of ¥ = f(x) used by different
mathematicians: X
Name of mathematiclan | Lelbniz Nim'lnn Lagrange Enler
Notation used for derivative g or % F®ory | /@ Dftx)
Ifwaraplanex+6:byxnndxhya,ﬁﬁnthe&xpmsaimf{x+ﬁx]—f(x}hmnmm
f(x)—f(a) and the change & in the independent variable, in this case, is x —a.

&y x—-a
Taking the limit of the expression (vii) when x — a, gives Limd & =F@ _

-3

X—kd x

Here f"(a)is called the derivetive or gradient of fat x=a.

13.3.2 Finding /'(x) by Definition of Derivative

Given a function £, then f (x) if it exists, can be found by the following four steps:
Stepl:  Find f(x +8x)

Step II:  Simplify /(x + &x) — f(x)

Step IIT: Divide f(x + &) —f(x) by 5x to get 7 *+ 52')'("1 and simplify it.

en TV: Find Tim J EHE)—1(x)
StepIV: Find Lim .

The method of finding derivatives by this process is called differentiation by definition
or by ab-initio or from first principle.




Find the derivative of the following functions by definition

- Ea; ﬁx} =g ®) fH=x
lnﬂon. a x)=c¢

(@) f+8x)=c

() fx+&)-fx)=c-c=0

gy SG+HEI)-fx) 0 _

(ii) % =20

(‘“r) }l{ﬁf(x*‘&a: f(x}nm{o)=u
Thus, (<) =0, that is, %(.:):ﬂ

(b) f)=x _
@ fi&+8x)=(x+8)
(i) flx+8x)—fix)=(x+8&) —2*= x‘+zxax+{ax}= X =(2x+ 8x) &x
i) SEH8)-FE) @&, G Bre0)
B

(iv) mf (’*Eg f&) Lm(ix-l—ix) 2%

ie, f@)=2%
Find the derivative of «/ 8t x = a from first principle.

EMTII I f(x)=+/x , then

@) fle+x)=a+dx amd @) F+8)—f()=x+dx—x
4 (fx+8x —r)x+ 8 +x) [raﬂomli:ing m;]

Jx+8x++x
x+bx—x

Jx+&t+ x

numerator

ie. f(x+&3—f(x)=ﬁ o
(iif) Dividing both sides of (1) by &x, we have
fa+@)-f@)_ &
8x Sor(v/x+8x ++/x)

i 1
N N e et 0)




(iv) Taking limit of both the sides as 8z — 0, we have
Lim 18— f(%) =;L";3[ 1 )

CELE Jrrox+x
. T I T o &
1e., f('t} JJ_I-I'JJ_: 2";:{ }ﬂ} Bﬂdf'(} Z'JE

Alternate method:  Puttingx =g in f(x)=Jx, gives f(a) =va
So, S@-f@=vz—a

Using alternative form for the definition of the derivative, we hwa

f()-f@ _Vx—a

x—a xX—a

_Gar-ayada) N\
R o e {mm Ihﬁmnnmtnr}

X—da

(x-—a)(J— +a) J_ +'-f" B ™
Taking limit of both the sides of (2) as x—+a; gim
Lim S ®) -~ 1@} 1
S x-a “*"\Fhﬁ 5

- (o) = ﬂ-

wh:chmthemdlmt“uffatx a.

-_S]I_fy;l:,ﬂzmﬁnd%atx-—lbynh-i:ﬁﬁumﬂmd.
X

T e,y = -, 0 0
1 ;
= ii
y+y G+ 5) (i)
Subtracting (i) from (ii), we get
SN N = C2 )

(482 ¥ Px+8)
_ x4 (x+ 8} {x—(x+8x)}
2+ )




_ (2x+8x)—8x)  —Bx(2x+8x)
T Pa+d)? Pl &)
Dividing both sides of (iii) by &x, we have
8y —Br(2x+8x) {2x+&)
& Plr+@x)-8 P(o+dx)
Taking limit as &x — 0, gives
(i - iy 048
0 fy mﬂuf(x.,.ax)’

(iii)

@x =0)

(x ) LN

=) dy 2 -2
= AP and =2
& X dx|u (— 1}’ =

@*

ie.,

The value of & at
¥ dr

The gradient of fat x =—1 is m= 2. ==l inwritien o) %L
13.4 Derivation of x* where a € Z

(=) We find the derivative of x* when » is positive integer,

(b) Let y=x". Then °

y+5r=(x+_8._a_t_).‘

and  By=(xtB—2"

Using the binomial theorem, we have

‘ajé[fﬂf—‘-ﬁw

n(n—

= l)x""(&r}’+ +(w]

\ :c ﬁy=a:[nx’" +ﬂ2‘!9x‘-ﬂ~ Sx+ ---+(5:}"1] (i)

Dividing both sides of (i) by &x, gives
Y ot 2Dt g (i)
Nuhthatmhmrmmthc:ighhmdmdenf{n)mvolmﬁxexc@heﬁntw:m.m

taking the limit as ﬁx—)u,wega%qw"l

Asy=2,80 2 (")=p- 2+
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(b) Lety=x"where n is negative integer.
Let n =—m{m is & positive integer), Then

ymxm=— 6
1 .
and y+8 = i (i)
Subtracting (i) from (ii), gives
o L1 _F (&)
T FHE)” 2"+ (
P v T "‘("’T?“x' @)+ 2260
= " (x+ 85)"
{expanding (x + 8x)™ by binomisl theorem) ”
[m""+—m(m:l}x""&i#=¥-+(ﬁx)"")
e 2T A
X" (¥ 80)"
. . [ﬂ-_-"ib,"ﬂ"'__llx'-’- x4+ ---+{ﬁ=)"-‘J
& (+E)" Lo 21

Taking]imitwhanﬁx—rﬂ weget

B e L it (aﬂtermamtamng&rmsh)
dx x" . x™
=—m" ! :""""
g
ax fn‘H [ —m=n]
or :!{x)" =mx"

dx
So, we have proved that i(x")=nx"’, ifneZ
The above rule also holds if n € -Z, i.e. for rational powers.
For example, _.(x:),_.E;: ‘“11“
3 383
The proof of %{x")=m:'"l when pe O — Z is left as an excrvise.
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13.5 Connection Between Derivatives and Continuity
Calculus is 8 powerful branch of mathematics that allows us to study change and
motion. Two of its foundational concepts of continuity and derivatives are deeply

connected. While each concept has its own definition and application, inderstanding
how they relete to each other is essential for solving resl-world problems in

mathematics,
As discussed in previous units, 8 fimction is continuous &t & point if its graph has no
breaks, jumps, or holes at that point. On the other hand, the derivative of a function st
a point measures the instantaneous rate of change or equivalently, the slope of the
tangent line at that point. However, this definition depends on the function being well-
behaved around the point. This leads to 8 well-known result: |
If a function is differentiable at a point, it must also be continuous there, This means
that differentiability implies confinuity, but the reverse i8 not necessarily true. For
example, consider the function fx)=lx| , clearly thig function is continuous at x = O(see
Figure 13.3). Now we check the differentiability'of fx)=Ix| atx=0.
f@ =[x '
JO)=[0]=0and, .
F(0+ &) =0+ 8x] = [8x] +y
so  fO0+&)-f(0)=||-0
SO+8)—f(0) _|8(

e ax & 3

8x| >, ”
Ahe f{x) l:-tl|ﬁ;|
Because |[8x| = §x when x>0
and |8 =—8x  when8x<0, ¥ T
80, we consider one-sided limits
lel&! .o —bx

= Lim —=1 and [..u:n'ax] Lim —=-1
E—+0" fx  G-0" fix f-+0" By -0 §x

The right hand and left hand limits are not equal, therefore, the H'E'dﬂﬂﬂnﬂtmﬁ

This implies that derivative of / at x = ( does not exist, and thus, there is no tangent
line to the graph of fat this point (see Figure 13.3). However, the derivative exists at
all other points of fi.e., it is 1 on the right side and -1 on the left side. A function can
be continnous at a point but not necessarily differentiable there.

4
e
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PV EXERCISE 13.1

Find by definition, the derivatives w.r.t. 'x’ of the following functions defined as:
O 2¢+1 @ 2-vx (iii) —} (iv) x(x-3)
x

Fimi% from first principle and find gradient of the curve at the given point:

@ Jx+2atx=6 (ii) 71:1-I-=¢ atx=g QL

1
(i) Find the derivative of x* m:a&ommcﬁm;m:ip@g
(i) Find the derivative of x*+ 2x+ 3 by definition. _ ~ I
Find from first principle, the derivatives of the follows Jexprunriuns w.r.L their
respective independent variables: '\?\
O (Bx-2)° @) @+ (Ql?aww}’
Find the gradient and equation of the ladgeni line to y =3 —4x+ l sl x=2,
For the fimetion fx) = 2x+x, equation of the tangent line at x=—1.
Find the coordinates ufthepnh]téfgfnngmcyandme equation of the tangent line
for i) =2 2etl mbx=1. N\
Find&ngmdiﬂnofmmqugﬁi)=3f+1xux=1.

Find the gradient and ag sfuation of tangent line to the graph of f()= Vx at
x=9 J

The position of ’jﬂcrrhuumhgivmby: 5(f) = 234 + 1 (in kilometres)
() Findthe velocity over the interval [1, 4]

(i) Find the jnstantaneous velocity at £=2

Antnmi&‘ﬁnw upwards and its height afler ¢ seconds is given by:

5(8)="16£ + 32¢+ 10 (in feet), Find the instantansous velocity at ¢ = |

The outdoor temperature (in °C) over time is modeled by; ) =— £+ 121+ 10,
where ¢ is the time in hours. Find the instantancous rate of change at 1= 2.

13.6 Theorems on Differentiation
We have, so far, proved the following two formulas:

j

2.

i(g;,:u that is, the derivative of 2 constant function is zero.

i(f):nx'-‘,pcmrfnmnln(nrmlﬁ]whmniumyrulmmhﬁ.




Now we will prove other important formulas (or rules) which are used to dstermine
derivatives of different functions efficiently. Henceforth, in all subsequent discussion,
1, g, & etc, ell denote functions differentiable at x, unless stated otherwise.
3. Derivative of y = cf (x)
Proof: Lety =cf(x), Then
@ ytdy=cfixtdx)and
(i) y+8y—y=cflxt &) —cflx)
or 8y =c[f(x+ &) —f(x)] (Pactoringoutc)
(i) %: cl:f{-“"' ﬁx}-f(-ﬂ}

&
Taking limit when éx — 0 -
(iv) H%-Ejﬂﬁ f(x+5;:_'f{x) - Liﬂlf(x-i-a:}-f{x]

i 30 _.ﬂx
A congtant factor can be taken out from a limit sign. .

Thus, & - gr1x), thatis [ (6)] = 7@ o 2l Gl=c-o L f)]

. 2

T 6| Calculate %(h’k&%{ﬂ} (Using Formula 3)
O, s i

S3x 472425 (Using power rule)

3
4. Derivative of n sum ora difference of functiony
If f and g are differentiable at x, then f+ g, f— g are algo differentiable at x and

[Sa+g@] = £/G)+8'0), thatis, & L)+ g(a)]= L]+ 2 12

dx
Also [ F(x)-g(@)] = /() g'), that is,%mx)—g(xn - %U{x}]-i[x{x}]

Proofl: Leté(x) =Afx)+g(x). Then
(i) @x+&) =fix+ &)+ glx + &) and
(i) $r+8x) —@lx) =S(x + &)+ g0x + &) — [x) + 2(x)]
=[G +&)—f(x) +[gx+ &x)—g(x)] (rearranging the terms)
iy G0 _SEx+E)-f(x) gletbn)-g()
dx dx &x
Taking the limit when dx — 0
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@) ppfE A0yl S /) e85
fx =0 H-bl &x

L FEHEI-f() . g+ 80)—g(9)
fic -0 ax ] o
(The limit of a sum is the sum of the limits)

#0) =) + 2'6), that is [£(x) + ()] =/(2) + &' (2
o 2 )+g0]= LU @IS 186
The proof for the semdput is simi]w

wﬂmmmmmhmmmﬁnddq%ﬁwﬁmmﬂ

two functions,
[ETTIT 7| Find the derivative of y= %x +§x’+%§ +2x+5 wrtx

y=11‘+§x’+§xz+h+5

Differentiating with respect to x, we have

e R f+zx+s]=i('3f]+i[3f]+i(lf]+i(zx)+i(51
d: 4 dx dx

dr dx dx\ 3 de\ 2
(Uaingfm‘tnu]ad-} ;
-%% ) ( )+ (x‘)+zi(x}+u (Using formula 3 and 1)

=%(4x‘-‘)+§(3£ﬂ)+—£(2x" - 20.5) (By power formula)

=3¢’ +2x 1 +2
[TTI0 8] Find the derivative of y = (¢ + 5X»° + 7) with respect to .
y=2+5)R2+7N=+5>+1*+35
Diﬂ’m-mﬁaﬁngwﬁhmspwttuz,wtgct
& _d
5 dx[x’+3x"‘+'?x‘+35]
_4 4 4oy, 4 ;
—ﬂ(x’}+5ﬂ(x’}+?dt(xz]+dt(35} (Using formulas3 and 4)
=52 " +5% 32+ 7% 2x* 1 +0
=5x* +15x" +14x
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Find the derivative of y= (2 + 2)(x—x)

y=x+2)(x—7)
=2z +1)- x(x -1y = 2Jx(Sx + D -1)

1 1
=20x(x-1)=2(x% —x2)
Differentiating with respect to x we have

dy _d
& dx[zw ’]]

d 3 d: 33401 1
=2[ax"—3x’]=2[§x —EI ]
=3x"‘-x’=3J—-T T
5. Mﬂﬂﬂnfn?rndutt(ﬂlﬁl_‘mdqﬂﬂiule}
If fand g are differentiable at x, thenfg'is.alm differentiable at x and
[Ax)gl=)" =S 'Lrlgj(x} +f(x) g'(x), that is

2 {1 wat- [%-Ef(x)]] s +f(x)[§[g(x}]]

Proof: Let ¢(x)=f()g(x). Then
() Px+8x) = (ot 8x) glx + 8x) and
(i) Plx+BX)~ $(s) =F (x + 8x) gx + 8x) — (%) 8(3)
Subtracting and sdding f(x) g(x + &) in step (ii), gives
$lx+ 8x) — $(x) =/ (x + 82) gl + 8x) ~ £ () g + &x) + 1 (5) g5 + &) — Ax)e(x)
=[x+ &) —f(%)] glx + &x) + () [ glx + ) — g(x)]

o Hx+E)—¢(x) _[ fx+E8)-F(x) £(x+8x)—g(x)
Gy Kt BIAR)_| OIS | oty o) B4 ]

Taking limit when &x — 0




Gc—0 ax

=E_?g|:‘r(x+ﬁx}_f(x} 5 g{x+ﬁr)+f(x)- E(x-l'at)_g(x}:l

8x
L‘iﬂﬂﬂﬁg JSx) -Lim g(x+ &)+ Lim £(x)- LtmE(‘+a:i g(x)
(Using limvit theorem)

This ¢ ()= /() §@) +f( ¢ | Limge+8)=g(0)]

o 2 0= SO @+ 1) S g |

Find derivative of p = (2% +2)(x — J")u&ﬂmspmttnx
e = (2Vx+ 23— Vx) '

= 2(x + D(x—J7x)

Difﬁnﬂ:ﬁaﬁngwithmapncttnx,wmgut -
ay _
_al( 2 e = d. ..
_z_[#__(ﬁ+1]](x 2+ +1) s JE)}

=2 [%xl“wJ(x—J;)ﬂ&ﬂ)x (1—%5" ]]

i :ﬁ;(xuﬁhﬁ;*n“ ( “2_31__:]]

A Y e
_2_ 2Jx o 1)[ 2fx ]}

%[x—4;+2x—ﬁ+245—1]

3x-1
Jx
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6. Derivative of a Quotient (The Quotient Rule)

Iff and g are differentiable at x and g(x) # 0, for any xe D(g) then 7 is differontiable
g

at x and (f ) ] _ g -f(x) g'®)
[e(x)f*

g(x)

hatis 4 [S() [%fﬂ-“)] g(x)—f(x) [i[&'(x]]:l

is = =

e
@)

Froof:  Let ¢(x)= g{x)'Thm

5 S(x+8%)
(i) ﬂﬂf&ﬁ)—g{:-!'-&x]md

_fe48x) _ f(x) _ fix+8x) g(x)—f(x) glx+38x)
W wepala~ s -
Subtracting and adding f(x) #(x) it the mumerstor of step (i), gives
4+ 8x)—g () = L+ 8) £)~f () g(x)— /(1) glx+Ex)+ f(x) g(x)

. 8(x) glx+&)
= mmm}—f (xDglx)— f(x)(g(x+bx)— g(x))]
o frrE) - 1 S+E)—fx) . g(x+E-g(x)
o & g(x) glx+ Bx)[ fx F- i) i ]
Taking limit when &x — 0
(v) Lim?&+3)—$()
&0 ,ﬁx

—1i 1 S x+8x)—-f(x) _ oty Ex+8x)—g(x)

_“Dﬂ[s(r) z{x+ﬁr)[ TR LS J]
Using limit theorems, we have

1

5 s ® - T £ ( Lin g(x+80) = g[x})

¢(x)=




s [f(x} j _I'®) @) g')

g(x) [T
o) |V e 16| s |
[g{x) eGP
Differeatinte 2% x;‘f:”mwm
27 -3 45
EIITTTT Let gx)=—"————— = . Then

f(@®=22-37+5 md g(x)= x+1
Now f(x)=-—~[2.r’ 3x* +5]=203x") - 3{2::}+0 G.t’ 6x

and g“(x)——[x +1]=2x+0=2x
Using the quotient formuls ¢'(zy=2 (")E(I‘;( ;]1{*) £0)  We obisin
2x* — 3=’+5 (ﬁx’ 6x)(x” + 1) —(2x" —3x* +5)(2x)
d:: x’+1 : (+ 1)
: _5x4~6x3+6x1 —6x—(4x" - 62" +10x)
(* +1)°
_ 6x" —6x" +6x° —6x—4x" +6x° ~10x)
; (2 +1)°
_2x* 4627 16k
S

V" _EXERCISE 132 _{

1. Differentiate w.r.l “x'.

@ #4204 () xP+27743 iy 2%-3
2x+1

) “*“’;\}ff“" ® (\E?%]“ ) (-5)3-2)




. (1) . -y 2x—1
i) 5T i) 552 ® 2
) a—x (x0) JI’+I

g+ x =1

:
2. Find % if y= OE+DGZ D)

xt-1

y {x#1)

s 3
.
3. Differentiste V% 4-31)(1*] D with respect to x.
x: == x!

4, If_1r=~f;—~l—‘ show that udy+_,,- = Jx
dx

Vx
5. Hy=x'+2x"+2, Pm\fﬁl-hﬂl -4::“!' o, \4

13.7 Application of lefereuﬂatlnn
Wewﬂlnpptymptnfd:ﬁmhnhmtnmnlﬂwmldmblm such as (profits on
diminishing returns, environmental faetors, financial investments, population growth,
spread of disesses, movement of particles, time-speed in tramsportation, structural
stress, material required that iy changes in construction).

Profits on Diminishing Retiynis

A company's profit fimction is given by P(x) = 100x - 5x% ,where x is the
numh‘nfunﬂpmﬁmti Determine the marginal profit when x = 8 units.

Tha magitmi profit is the derivative of the profit function with respect to x.
F{:Jn-—{lﬂ!:-—i:’)mlﬂﬂ—l[t:

Now, substitute x =8§: P'(8)=100— 10(8)=20

So, the marginal profit is 20 when 8 units are produced (in the given currency).
Movement of Particles

A particle moves along a line according to the position function
5(f) = 4£ -3¢ + 2t, where 5(f) is the position in metres and ¢ is the time in seconds, Find
the velocity and acceleration at { = 2 seconds.

\Te.lucityisﬂmdﬂ'iﬂﬁw of the position function:

1{:}=%{4¢’-3¢= +20)=12 - 6142
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Substitute 1= 2:

W2)=1202)" -&(2)+2=48—-12+2=38

So, the velocity at 1 =2 is 38 m/s.

Acceleration is the derivative of the velocity function:
alt)= %(12:’—&+2)=24t-6

Substitute t=2

a(2)=24(2)-6=48—6=42
8o, the acceleration at ¢ = 2 is 42 m/s%. N\
Fhiuucial []]U'El"‘[l]i‘ntl \
Ahmkuﬂim'sammpwndmmmeonanmvﬂmmmmem
nfthemmsﬂnantaﬂar:yammmby ¥(£) = 5000(1+0. mt)ﬂ Find the rate of change
of the investment value after 10 years.
Therut:afchmgenfthem:tnmtmﬂudmwnﬁwnf?{r}mﬂlmﬂtut

V()= —(5000{1 +0. m:)‘}-imn(z)(u 9.0#1(0.04)

V' (£)=400(1 + 0.04¢)
Substitute t= 10:

y'(10)= M{l+ﬂ.[}4xlﬂ}—4wg+ﬂ.40) =400x1.4=560
So, the inveatment is growing at a rate of Ra.560 per year after 10 years.
Structural Strew
Thasmmahnmmduawmusmudaledby&x) 500x — 2.,
whmm}wmumsmw&a}mdxmmmmmﬁm]&mmweams
fixed end. Find the rate of change of stress at x = 5 metres.
[XITTTN, The rate of change of stress is the derivative of S{x) with respect to x,

S (5003 -2)=500- 65
Substitute %= 5:
§(5)=500— 6(5)* = 500—6x 25 =500 - 150 =350
Bo, the stress is increasing at a rate of 350 Pa per metre at x = 5 metres.

P EXERCISE 133 _§

1. A ecar's position at time t is given by (f) = 5£ — 3# + (. Find the velocily by
differentiating the position function with respect to time,

2. Structural stress on & bridge is modeled by the finction S{x) = 100 — 5x%, where x
is the distance from the canter of the bridge. Calculate the rate of change of stress
at that point.
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A company's revenne function is given by R (x) = 1000x —10x* where is the
number of units produced. The cest function is C{x) = 300x + 2000.

(1) Find the profit fimction P(x)

(ii) Determine the marginal profit when x = 15

An investment grows according to the function A(z) = 10000(1 + 0.057)°, where
A(?) is the value of the investment and ¢ is the time in years.

(i) Find the rate of change of the investment after 8 years.

(ii) What is the investment value after 8 years?

The position of a particle moving along a line ig given by s(r}=5ﬂ\-=12r1+ﬂr,
where 5(7) is the position in meters and / is the time in seconds,

M Dﬁmmethewiﬂml}nfﬂ:puucle:tr=4mm\c§)

(ii) Find the acceleration at ¢ =4 seconds

(iii) When is the particle at rest? Q)r‘

The position of & car traveling along a straight b is given by

() = 30¢2—4¢, where x (7) is the distance traveléd In kilometres and ¢ is the time
in hours. ,Q:(‘

i) Findthccafnﬂncilyal.h:ihm@?

(ii) Determine the car's mm%“f}b' hours
The stress on & besm under s varyfg 108d is given by S(x) =400x —x°, where 5(x)

is the stress in pascals (Pa) - i8 the distance from the fixed end in metres.
Caloulate the rets of changg of'stress at 6 meters.
The cost Cfr) 1o WllBh‘lJ&; u ¢ylindrical tank depends on the radins of the base,

and is given by(l'{ra?}%ﬂﬂm“ Lo

ufﬂwbmmﬁéemundtmmmpmmtxﬂmmﬂuﬂhemlls Determine the
rate of e pf the cost at r = 4 metres.

"




Vectors in Space

In this unit, we will look into the rectangular coordinate system in three-dimensional
We will begin by understanding the dot product (or scalar product) and the cross product
(or vector product) of two vectars and learn about their geometric interpretation. Further,
we emphagize their practical applications, For example, we will see how these concepts
can be used to calculate the area of a triangle and the area of a patallelogram. Finally, we
will explore the extensive use of vectors in three-dimensionsl space, particularly in
physics, where they play an important role in determining forces, velocities, and other
essential physical quantities. For example, determining the work done by a constant force
when moving an object along a specified vector.

14.1 Vectors (Reecall)

In previous clasases, we learned about two fundamental quantities: acalars and vectors.
A scalar is a quantity that has only magnitude or size, such as mass, time, density,
temperature, length, volume, épeed, work ete. On the other hand, a vector is a quantity
that has both magnitude -and direction, for example displacement, velocity,
acceleration, weight, force, momentum, electric and magnetic ficlds, ete.
Geometrically, avector is represented as a directed line segment ﬁwilhd as its indtial
point and B a8 the terminal point.

In two-dimension (R?) a vector has components that can be represented by an ordened pair
[x, ] of real mumbers. For the vector u = [x, ¥], x and y represent the components of .
Addition of Vectors: For any two vectors 4= [x;, ;] and y = [x,, y,], we have

gt y=[n,nltl =[x tx,n tr
Scalar Multiplication of a Vector: For ¥ =[x, y] and e R, we have
av=alx, y] =[ax,ay]
Equal Vectors: Two vectors u n[.rl, 3’1] and E—-—[.tz., ¥, | of R*are said to be equal
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if and only if they have the same components. Thatis,

[%, »]=[, 3] if and only if x =x, and y =y, and

we wrile ¥ =y \ E;\
Inother words, two vectors  and v are said to be equal, if

they have same magnitude and same direction.

Parallel Vectors: Two vectors are parallel if and only if they are non-zero scalar
multiple of each other.
3

—_— — —
For example, vectors AB; — AB and 3 AB are parallel.

Magnitude of & Vector
The magnitude (or norm or length) of a vector in 2D
represents the length of the vector from the origin to the

point represented by the vector. For any vector #=[x,y] »

in R?, weda:ﬁneﬂmmmitude,aaﬁedﬂtmwnﬂhe Pis 7)
point P(x, y)from the origin O. 7 xY
/o + ¥
Magnmldﬁuf{?P=|Of’1=|y_i=Jx’+y* .
Now, we will leam some mathematical operations * =

invelving vectors in three- dimensional space.
14.1.1 Rectangular Coordiniate System in Space

In space a rectangular coordinate system is constructed
using three mutually orthogonal (perpendicular) axes,
which hsve origin as their common point of
intergection. When sketching figures, we follow the
convention that the positive x-axis points towards the
reader, the posifive y-axis to the right and the positive
z-8xis points upwards,

These exes are also labeled in accerdance with the right-
hand rule. The fingers of the right hand, pointing in the direction
of the positive x-axis, curled images toward the pogitive y-axis,
and the thumb will point in the direction of the positive z-axis.
A point P in space hag three coordinates, one along x-axis,
the second elong y-axis and the third slong z-axis. If the
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directed distances along x-axis, y-axis and z-axis x Habo)
respectively are 4, b and ¢, then the point P is written with a
unique triple of real numbers as P (g, &, ¢) (see figure).
14.1.2 Concept of & Vector in Space = -~
The set B* = {(x, », 2): X, », z € R} is called 3-dimensicnal /_--____.." w
space. An element (x, v, z} of R® represents a point P(x, y, z),
which is uniquely determined by its coordinates x, y z P, y.2)
and z. Given a vector g in space, there ¢xists 2 unique point
P(x, v, z) in space such that the vector OF is equal 1o u (see
figure). Now each element (x, y, z) € R is associated with a
unin_mdmduiple(x,y,z),whinhMthamm
u=0P =[x,y,2]. €
14.1.3 Fundamental Mathematical Operatious for Vectors in Space
We define addition and scalar multiplication in £ by:.
(i) Addition of Vectors: For any twe vectors ¥=[x, y, z] and y = [x’, ), 2] we have
utv=[xyz|H{#. 5.2 ]=[x+7, 54 iz + 2]
(ii) Scalar Multiplication of a Vector; For u =[x, y, z] and a € R, we have
ax = alx, y, z] = [ex, ay, @]
The set of all ordered triples [, 3, 2] of real numbers, together with the rules of addition
and scalar multiplication is called the set of vecters im 8%, For the vector
=[xy, 2], %, y and z are called the components of k. The definition of vectors in B*
states that vector addition and scalar multiplication are to be carried out also for vectors
in space just as for vectors in the plane. Similarly, we define in £°;
(8) The negative of the vector & = [x, y, 2] as ~¢ = (-Du ={—x,— y,~ z]
(b) The difference of two vectors =[x, ¥, z'] and w = [x", y", z"] as
v-w=v+(-W) ¥, y'~ .z~
(t) The zero veetor as 0= [0,0, 0]
(d) Equality of two vectors: Two vectors y= [’ 3, 2'] and w = [x", ¥", z"] are equal
thatis v= w if and only if x’=x", p'=y" and 2"'=2".
(e) Positlom Vector
For any point P (x, , z)in R, a vector g = [x, ¥, z] is represented by a directed line
segment OP, whose initial point iz at origin. Such vectors are called pogition
vectors in R°,

.

=

s

S—
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14.1.4 Mbagnitude of a Vector in Space
We define the magnitude, norm, or length of 2 vector u = [x, y, z] in space by the distance
of the point P(x, y, z) from the origin O. = ﬁx.'v.:}
08 =lu| =% + y* + 2 /i

EETETT 1] For the vestors, & = [1,2, 3], y = [2, 1, 3] and
w = [-1, 4, 0], find the following:

@ vtw () 2w {iid) jul 7

(iv) v—2w| ) Pon-v+3w| J
BTG pt+w=[2-1,1+4,3+0]=[L5,3]
(i) 2w=2[-1,4.01=[-2,8,0] O
() u/=[L-23] =+ 27 +@P =V1+4+9=414 -
(iv) lv-2wl=|2+2,1-8,3-0]|=|[4,-7,3]| b

= Y@ +CT +0) = 16+ 49+ =74
O [2u—v+3w=[2[1,-2,3][2,1,3]+ 3[-1,40] = [2-4,6]-[21,3]+[-3,12,0]
=[-3,7,3] = J(3 + (TP +0O) =0 +49+9 =67

14.1.5 Components of a Vector,
As in plane, we introduce three special vectorsi=[1, 0, 0],
j=[0,1,0]and k =[0,0,1]in &

As magitude of {7 + 0 + 07 =1
magnimdaof"i=ﬁ!0“+lz+o’=1md

magnitude of k= JE+C+P =1.50,i, )
and % are called unit vectors elong x-axis, y-axis and z-axis respectively. Using the
definition of addition and scalar multiplication, the vector [x, v, z] can be written as:
u=[x, y, 2] =[x,0, 0] + [0, », 0]+ [0, 0, z]
=1, 0, 0]+ y[0, 1, 0] + 2[0, 0, [ =xi + yj + zk
Thus, each vector [, y, z] in R? cen be uniquely represented by xi + )7 + z&.

Unit Vector
A umit vector is defined as a vector whose magnitude is unity. In three-dimengional

space the nit vector of the vector « = xi+ yj + zk is written as % (tead as u hat) and

&
L)
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is defined by

h=fe L _—yp 2 j+ —_Z__4
I R R T e
In terms of unit vector i, j, and &, the sum & + v of two vectors.
§=[xny1=zl] and 1’=[3:u.?2-zz]iswzimw
etv=[x+ 5,5+ 35 +2]
=(x+x)i+ (0 +y)it(n+2)k
[ETT I 2| Find the unit vector of u = 2i+ 57 — k.
[T, Given vector u =24+ 57—k, to find the unit vector

= |u=J@+6) +(-1) =430
The unit vector is:
nqu_zzi-l-sj_im 1 L . b
- g LAY

Thus, ﬁ-——(zhs; k) mﬂmmqmmdm:tmk:r

T3 I u=2i+3j+k, 1_.r=45,+6£+zgmﬂy=—5£ 9j—3k, then show thal
u,v and ware parallel to each other..
v =4i+6j+2E=2(2U+3/+EK)
SOX=2 A

=> wuand v are parallel vectors.

w=—6i-97-3k

==32°+3j+B) .~ w=-3u
= yand ware parallel vectors,
Bence u, vand w are parallel to each other.

14.1.6 Properties of Vectors
Let u, v and w be vectors in the plane or in space and let a, b € R, then they have the

following properties:
@ uty=v+u (Comnmutative property)
(i) (+V+w=u+{E+w)  (Associstive property)
(i) uto-u (Additive Identity)
(iv) ut(-lu=u-u=g (Inverse for vector addition)
(v altwl=avtaw (Distributive property)

(vi) a(b) = (ablu (Scalar multiplication)
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hmf'(:) Since for any two real numbers @, b €R, a+ &= b + a, it follows that for
any two vectors ¥ = [x, y, z] and v =[x, ¥/, 2] in R’, where components of uand v

belong to R.
We have uty =[xy zH[x,y, ]
=Rxtx,yty,z+z]
=[x"+x,y +y 2 +z] * a+b=h+a
"[I-F,y",ﬂ*‘[.l‘,}’. z]
=yri

So, addition of vectors in R® is commutative. _

(i) Since for any three real numbers a, b, c € R, (a + b) + c=a + (5 + ¢), it follows
that for any three vectors, 4= [x, y, z}, v = [x'l.}":z']m‘];ﬂ-.[x":y'tf']inﬂ!'
Where components of 1, v and w belong to R o,

Wehave (u+¥)+tw=[x+x,y+), z+2]+[" )" 2"]

==[{x+::')+_1",(y+y’]~t-.y:‘,-1-[z?+z'}+z"]
=[x+ ' +27),y + (), 2+ (2 + 2]
S la+b+e=a+(b+c)
= 2]+ RS Y 4y 2 2]
=u++w)
So, addition of vectors in R is associstive,
(ili) Since for any real number g-and 0
a + 0 = a, it follows that
for any vectors, u= [x, y, z], and o = [0, 0, 0], where o is the zero vector in R,
We have g+ a=[x»z]+[0,0,0]
=[x+0,y+0,z+0]
=xyzl=u
| uto=u

Thus, g is the'additive identity in R

(iv) Since for any real oumber g, there exist —¢ such that

a+(—a)=a—-a=0 , it follows that
fﬂ‘-'m]f"m.;ﬂ"[mﬁ'ﬂ']:ﬂm'ﬂﬂﬁm—!'[“l-‘%-ﬁ]iﬂﬂa

Suchthat  wt (w)=[ry 2+ 53 —2= [x+ (D), y+ () 2+ (2)]

=k-xy-yz-2]
= [0, 0, 0] = g, where g is the additive identity
ut+{u)=o

Thus —u is the additive inverse of u in R?

The proofs of the other parts are left as an exercise for the students.




14.1.7 Distance Between Two Points in Space
If D_Eandarz are the position vectors of the P
points B(x,,2 ) and (%752, )
The vector A F, is given by

—_— —s —»

BE=0R - OR=[x,- Jaryz;hszz“xl
Distance between P} and P, = |[PB|

= V‘(-’z“:)z +{ ‘Y;)l"'(za'z!)z _ )
This is called distance formula between two points £ and P, in &,
[ETTTT4] Suppose a butterily's flight path passed fhrough points (2, 4, 7) and
(6, 1,3), where cach unit represents a metre. What is the magnitude of the displacement
the bunuﬂyaxpeﬂmndlnmﬁnghmrmﬁ:qw.m points?
Dismnnehﬂtwammmmthﬁwmnpmaiu given by the
formula

d=(x-x) +(r-n) #(z~2)

Substitute the coordinates of the given points into the formula:
d=(6-2) +(1-4) +(3-7)°
d=16+9+16=J41=6.40

The magnitude of the dz@!acmen.tﬂ:e'l:muu'ﬂy experienced in traveling between
these two points iy approximately 6.40 metres.

14.1.8 Dirgbfioh Angles and Direction Cosines of a Vector
Let 5:555-::;+y£'+ zk be a non-zero vector, let a, fand 7

denote the angles formed between r and the unit coordinate
vmmgimdg respectively,

where 0<a<xn, 0<f<mand 0<y<w
(i)  The angles a, £ and y are called the direction
angles of the vector r.

(ii) The numbers cos a, cos f and cos y are called direction cosines of the
vector r.
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Important Result:

Prove that cos’ @+ cos® f+cos’ y=1
Proof: Let

[=[I,_}', =]= I'_i'*'y_f_."'zt

L |=NF R =

then £z I:x L z]mmuumtwuturmmmmmnnfﬂmmmrr opP

[

It can be visualized that the triangle OAP is a right P
triangle with m 24 =9¢°.
Therefore, in right triangle OAP,
mu:g.:-f-‘nm' 'hﬂ?
OF r
m;?%. cosy == o 4
The numbers ma:—.muﬁ:%mﬂ mur:;m called the direction cosines
of OP
:r‘ y’ o +y‘+e" P
msa+msﬁ+mr oy r’+r’ 2 =3 =1
r E-XERC[SE 14.1 4
1. Letu=3i+2j-5 i; v—: 5j—kandw=—4i— j+7k. Find the following:
(i) u 25 w (i) v-3w (iif) |3v+w|
2. Find lhanmglnxhulcoflhc vector v and write the direction cosines of v.
@) v=¥-2j+6k () v=—4i+4j+2k (i) v=—-6i+8]

3. Find f, so that [2i+(¢—1))+tk|=

4. Find 8 unit vector in the direction of v=—i+4/ -8k

5. Wu=2i+)-3k v=—i+4/+2% and w=3/-2/+ £k, Find & unit vector paraliel
o du—3v-+2w.

6. Find a vector whose
(i) magnitude is 5 and is parallel to 3i+4j-k
(ii) magnitude is 7 and is parallel to —i+ j+ k.
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7. I u=xit2j+3k, v=ityj-3k and w=-2i-3 represent the sides of &
triangle. Find the values of x and y.

8. The position vectors cfthe points 4, 8, Cand Dare u =1+2f+k, v=Ti+Bj+44k,
w=—i+kand z=i+2j+2k respectively. Show that AB is p&mllclmEﬁ

9. We sy that two vectors y and w in space are parallel if there is a scalar ¢ such
that v = cw.The veclors point in the same direction if' ¢ > 0 and ihe veciors point
in the opposile direction if2 < 0 \

(a) Find two vectors of length 2 parallel to the vector v=ﬂ~4j+4k
(b) Find the constant @ so that the vectors v—i—3j+4!.; and w=ai+9j—12k

are parallel.
(c) Fmdnvmmrufhngthiinmeﬂmmmﬂeﬁutuf =i-2j+3k

(d) Find a and b so that the vectors 3i— j+ﬁandm+b; 2k are parallel.

10. A spacecraft moves from point (120, 24[] HS{}) to point (130, 210, 80) in
kilometres, What is the magnitude of g displacement vector in kilometres?
11. Find the direction cosines for tbq_gi‘vm vecton

0 w=-6i+3j+2 O @) v=4i+2j-5k

(i) PQ, where P(9,3,13) and (11,6,19).

12. Which of the fullnwmgﬁmla can be the directicn angles of a single vector?

L 45°45°, ﬁﬂ“ (i) 30°, 45", 60° (iif) 45°, 60°, 60°
Product of ectors: Multiplication of two vectors is an important algebraic
operation in'vector algebre. This algebraic operation plays & fundamental role for
understanding various physical and mathemnatical real-life situation. Unlike the
multiplication of numbers, product of vector can be performed in two distinet ways.
The two primary types of vector multiplication are the det product and the crows
product. The dot product is a scalar number while cross product is a vector quantity.

14.2 Dot or Scalar Product

14.2.1 Dot or Scalar Product of Two Vectors and Fts Geametrical Interpretation

We shall now consider products of two vectors that originated in the study of physics
and engineering. The concept of angle between two vectors is expressed in terms of 2
scalar product of two vectors,




vmhupm <> muu
Definition 1:  Let two non-zero vectors g and v, in the plane or in space, have same
initial point, The dot product of » and v, writien as u- v, is defined by

u-v=|gl||y cosd

A YD) A\

Where ) in the angle between y and vand 0 <0 <=
Definition 2: '
(8) If u=ai+hjand 3=¢,§+bzimtwunnn-mwctnn_ﬁ'ﬂ:éplma. The dot

product - vis defined by: A

u-y=aya, +bb,

(&) Wu=ai+hj+ek snd v=a,i+b, j+c,kdre two non-zero vectors in space.

The dot product u- vis definedby (.

u- v=aa ¥ bib, +cc;

(£ The dot product is also roferred as the sealar product or the inner product.
Prove the equivalence of ahove two definitions of dot product of two
(i) Ify =[x, y]andw =[x, y,] are two vectors in the planc, then ¥ w =x,x, +, ¥,
(i) Ifgmﬂyﬂemhnﬁn-mwcminﬂmplme,thmz-w_vﬂﬂIgjumﬂ,whm

flis the angle between vand wand 0 < A<=
Proof:  Letyandw be the sides of a triangle then the

third side opposite to the angle 6, has length [y—w| ¥ i
By law of cosines, A
ly-wP =3P+l -2z wlcos®  ..(1) ¥
if ¥ =[x, »]a0d w=[x; 3], then The law of cosine:
=W =[x —X, 3 -~ ¥l Erathe—ldcon
So, equation (1) becomes:

(=P + Oy -y =5 +3f+x+yi—2|v||w|cos ©
—2xx — 2y y,=—2|v||w|cos &
= xxntyy;=|v||w|cosb=v-w




14.2.2 Deduction of the Important Results
By applying the definition of dot product to unit vectors i, j and k, we have

(8) ii=l|icesl®=1

14.2.3 Projection of a2 Vector along Another Vector

In many physical applications, it is required to know “how much” of & vector is applied
along s given direction. For this purpose, mﬁudﬁlﬁpro]ﬁ:hnn of one vector along
the other vector.

Let D4 =y and OB =v
Latﬁbuthn.uglel:etwmlhmmchﬁatﬂﬁﬂﬂn
Draw BM L OA.Then OM nealledﬁaprqecuunaf

valong u. &

From the figure : g=mﬁ¢thui is,
OB =
OM =|OB|cos0=|v|cos8 (1)
Now, u(v=|ul|v|cos® ul(|v|co) =|u|(OM)
- =(magnitude of ). (projection of v along )
Thus, geometrically, the dot product of two vectors represents the product of the
magnitude of one vector and the projection of the other vector onto it. In other words,

the dot product of two vectors shows how much one vector extends in the direction of
another.

Now, by definition, cos f =

u.v

@

|
From (1) and (2), OM=|p| =E =22

1=
o
I=
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Projection of v along u =

IE
e

[ =
tE

= |

Similarly, projection of u along v

14.2.4 Properties of Dot Product
Let u, v and w be vectors and let ¢ be any real number, then

® uv=0=>u=0orv=00ruly

(i} wy=ru (Comunuutative property)
@) w.(v+tw=uv+u.w  (Distributive property)
(iv) (cu)v=c(u.v) (e is scalar)

®  wu=l

14.2.5 Dot Product of Vectora in terms of thefr mmpnnenu
Letu=a;i+bj+ckandy= a;Hsz-f*c,kbetwnmn-mvmm
From distributive law we can write: .
u-v= (ai+hj+ek) (gi+bj+ek) -
=aa,(- D+eh(i: Hran( B be,U - D+bbU- N+de(- D
+aa (k- D+ebk- )reck- b
= wv=agthhtae () A=
\ i-j=j-
Hmthedntpmﬁuﬂnfmmuthnmuﬂh:m&mdthﬁirmmdmg
numpmem
Shuwthatﬂmmmmunfavmmﬂnpmw&mmﬁhmm
along ;,imﬂkmpecuvely
Proof: Letw=ai +bj + ck,then

ijmﬁnnufgatms;-fﬁ'-[aﬁbﬁcﬂ-i—a
il =

tﬂ-
*-....

Pr\ojeclmnofvalangj- =(@i+bj+ck) j=b

1 p—
h-'i

ijanhmnfvnbngk—!:fl-{ai+bg+n§)-l_:=c

Hence components a, b and ¢ of vector v=ai + bj + ck arc projections of vector v
along i, j and k respectively.
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Prove that in any trisngle ABC

() @=b0+c*—2becos A (Cosine Law)

(i) a=bcosC+eccos B (Projection Law)

Proaf:  Let the vectors a, b and ¢ be along the sides BC, C4 and 4B of the triangle
ABC as shown in the figure.

@ at+btc=0
= a=-(+g
Now ara={(b+go)-(b+g)
=% =b b+b-¢cte - b+e ¢
= @=P+2%-c+JF (vbhc=c b
= &=+ 2bccos(n—4A)
a@=bF+c*-2bccos A
(i) a+bte=0
= ag=-b-¢
Take dot product with g
ga-a=—a-b-ag-¢
=—ab cos(x — C}—ac cos(x — B)
= —ab{-cos C) - ac{-—cos B)
@ =abcos C+accos B
=  a=bcosC+ccosh
Pmﬂmt'um(u—ﬁ) cos & cos & + gin ¢ gin §
Proof: | MGAdeBbeﬂletm:tmmmthe y
xy —plane making angles @ and § with the positive x-axis. 4 P
Sothat mZAOCB=a- £
Nuwa=mai+aim,_f B
and OB =cos fi +sin ) a-g
: Eiaﬂj(maﬁsinai}(mﬁﬁainjﬂ ; ,,,
= |0A4||OB| cos{a—8) = cos & cos S + sing sin § ey e
cos{a — §) = cos & cos f+zine sin § (o |CA|=|08|=1)
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14.2.6 Orthogonality of Two Vectors
Defimition: Two non-zero vectors u and v are orthogonal (perpendicular) if and only if
u-v=0.

The dot product of two vectors y and v becomes Na—————— 1
The rero vector o is orthogonal to
zero when uJ.y.E=9ﬂ'or£ﬂdim. every vector because:

2
B=0V
¥y =|u|l|v|cos90P=0 g b=0VE

Thus, - y=0 <> ulvy
B i u=3i— j—2k and v=i+2j—£, then find u-v.

ERPT v = BX1) + D) + (2X=1) =3 AN
If u=2i—4/+5k and v=4i-3]~4k, thenprove that uand v sre
EOTTT, &- v =(X4) + (HE) HHH=0
= wuand y are perpendicular ~
Find a scaler a suﬂntﬂmm 2itaj+ 5k and 3i+j+ akare

urllmgonal ) W
Solution § 923 u—i.t+aj-r5kmdv=3£+j+nk
Itis g;[mthutg_ngd!murthugunﬂl
Loww

=  @Faj+5k).Gi+ Jrak)=0

= _6+a+ia=0

7~ a=-1
14.2.7 Angle Between Two Vectors
The angle between two vectors w and v is determined from the definition of dot product,
that is

() u.v=|u||v|cosb, where 0<8<n
= cos B =—"'%
|||

m Hu=agithjtak and v=ait+bhjtek, then
u-v=aa+ bk + g6

lul=J@+B+3 and |v|=J@+E+&




18512, 14 Vecters in Space <m> mm
uy
l#]|v]
cos B Mt b +ac
V& +B +c} i +8+¢]

Find the angle between the vectors.

u=2-j+k and v=—i+]
SO w.v =(2— j+E)-(—i+ j+ 0F)

= (@)1} + (-1X1) + (1}0) =3

and  |u|=(2%-j+k| =J@QP+P+O =6
vl it j 4Ok = JEDP+@P+QF =V2

cog B =

Now cosf=—22
|az [¥|
V6-2
__¥B
2
g =% k.
6 )

- —
[ETTari13| Show that the vectors AB = 2i — j + k, BC=i - 3j - Skand
AC= 3i — 4 ~ 4k are the/sides of a right triangle.
[TNTT Given 4B =26 - j + k, BC=i -3 - 5k and
AC- 3 -4) -4k
Now  AB+BC= (2i-j+K)+@-3j -5k
= 3i—4j— 4k=AC (third sids)

—_— — —

AB, BC and AC form a triangle ABC.
Further we prove that A4BC is a right triangle

AB-BC= (i-j+B)-(-3]-58

=@+ CIX3) +()-5) =2+3-5=0
& ABLBC
Hence, AABC is a right friangle.
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14.2.8 Work Done By a Constant
Force
If a constant force F, applied to a body, acts
at an angle @ to the direction of motion,
then the work done by F is defined to be the
product of the component of F in the
direction of the displacement and the
distance that the body moves.
In fipure, a constant force F acting on a
body, displaces it from A4 to 8.
5. Work done = (mponanlnfEnlungAﬂ){dluﬁmemﬂ
=(Foos O)AB)=F-AB=F d +
The constant forces 2i + 5j + 6k :md —i Zj kact on a body
displnwdfmm position P(4,-3,-2) to 06, 1, 3}¢Filﬂﬂle total work done.
Solution Total forve = (21+51+6§)+(—s£—‘~21 k)

= F=i+3j+5k /|
The displacerment of the body = PO = (6~ 4)i + (1+3)) + (-3+ 2k
=  d=2i+4j 7121

LY
Ty B
\

.. Workdone =F- 4
m{;*aﬁsg}(mn; k)=2+12 -5 = % units
rEXERCISE 14.2_4

1. Findthe cuﬂups of the angle # between wand y .
® g'ﬂk+3 j+k v=-i+2j+2k (i) w=[-3.25], v=[1,6-2]

2 ¥ g+§+._:-—__ﬂ and |a|=3, || =5 and |¢|=7. Pind the angle between a and b.
If |a|=3, |b|=4 and |a+8|=35. Find the angle between 2 and 5.

Calculate the projection of g along & and projection of b along g when:
() e=20+3j-k b=i-2j+4k (i) a=4i-2j+3k b=i+j+k

5. Find a real number a 5o that the vectors % and v are perpendicular:
() wu=aitdj+k, v=i-2j+ak (i) u=ait2ej-k v=itaj+3k
6. Find the number z so that the triangle with vertices 4(3, 0, —2), B(0,3,1) and
C(, 1, z)is & right triangle with right angle at C.
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7. IfﬁaﬂdsurclmitvucmmsndEﬂisﬂmmglﬁbeﬂ:wmlhmnhuwihal
sinf=—|a—5).
2
If |a+ b =|a—b|, then show that a and bare perpendicular.
9. (i) Show thatthe vectors 3i—2j+k, i—3j+5k and 2i+ j—4k form s right

triangle.
(i) Show that the set of points P(4,~1, 2),0(L3,~and R(-2, 4, 6)forma
right triangle. N~
10. Prove that the cos(ar + ) =cosa cosf —sing sinff QQ
11. Prove that in any triangle ABC. wQ
() b=coosd +acosC (i) c=acosB +bovsA

(i) 3 =c® +d*—2cac08B  (iv) ¢ =4 +B—2ZabeosC

12, Show that for any vectors g and b, |la|—|b ﬁz{g‘-&é|£|c_=|+|f_f|

13. Find the work done, if the pohtmwhicyﬁf?u;nmr force F=2i+ 5_j+3$is
applicd to an objcct, moves it from P_Lii.{;_a, Dt B(7,5,3).

14. A particle, acted by consiant mx*ﬂﬁijrd-l kand F,=i+4)-k, is
displaced from  A(2,1,3) to %ﬁ?ﬂl}. Find the work done.

15. A particle is displaced fromythe point 4(5,—5,—7) to the point B(6,2,—2) under
the action of _Jorces defined by 10i-j+11k, 4i+5j+9% and
~2i+ j— 9k Sht{wguthc total work done by the force is 102 units.

16. A force of ma fude 6 wnils acting paralle] to 4i-+3 /- kdisplace the point of
applicatip A(2,-1,3) to B(7,3,2). Find the work done.

143 C%’ll Product or Vector Product
143.1 The Cross Product or Vector Product of Two Veclors and its
Geomeirical Interpretation

One of'the key multiplication operations involving vectors in space is the cross product.
Unlike the dot product, which results is a scalar, the cross product of two vectors yields
a vector quantity. The vector product of two veciors is widely used in Physics,
particularly in ficlds of mechanics and electricity. It is only defined for vectors in space.
Let i and 1 be two non-zero vectors. The cross or vector product of u and v gives a
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vector that is perpendicular to both the vectors i and v, written a8 u X v, is defined by
uxv={(u||x|snd)n
where 0 is the angle between the vectors, such that 0 < 8 < x and mis a unit vector

perpendicnlar to the plane of ¥ and v with direction given by the right-hand rule.

e " Right hand )
< ()=
N e
Figure (x) Figiiee (b)

Right hand rule
(i) Ifthnﬁngmoftherughthanﬂpumtahngﬁewmrgmdthmmlm
the vector v, then the thumb will give the direction of n which is u x v. [t is
shown in the figure (a). 0
(i) In igure (b), the right hand rule shows the direction of y X .
14.3.2 Parallel Vectors
If u and y are parallel vectors, then (8= 0 =>sin 0 =0).
uxv=|ul||v|sinOn
uxv=0 or ()" |luxy=0
And if ux y=0,theneithersin8=0 or |u|=0 or |v|=0
i) Ksinf=0 ﬂ-ﬁ#?u‘lﬂﬂ“.%ichﬂhmﬂmtthﬂwmgandxmpmﬂd.
(i) Ifg=0orp=0, then since the zero vector has no specific direction, we adopt the
convention that the zero vector is parallel to every vector.

Zers, veotor is both parallel and parpendiculsr o cvery vechor. This spparent
S contradiction will ganse no troubls, sincs the angls between two vectors is never appliad
when one of them is zaro vector.

14.3.3 Derivation of Useful Resulis of Cross Produocts
By applying the definition of cross product to unit vectors
1, j and k, we have:

(@) ixi=|i||i|sin0Pn=0 &
ixj=1jlljlsin0°n =0 9 i
kxk = |k||k|sin0Pnr =

[ g




® ixj=|i||j|sin90Pk=k [SLN The emss prdoct of
Jxk=|/||k|sin90°i=¢ |bJENAE s :
kx i =|k||i|sin90° j =y |7 e E Pt @
() wxu=|u||u|sin0n=0 | belphlmromembering "\
14.3.4 Properties of Cross Product
The cross product possesses the following properties:
B uxy=0ifu=0o0r y=0 (i) uxv=—vxu
(i) ux (v+w)=ux v+uxw (V) ux (kv)=(ku) xv=Kxv)
@) uxu=0
The proofs of these properties arc left as an exercise for the students,
14.3.5 Analytical Expressions of y X y (Determifinnt formula for  x v)
Let u=ai+hj+ck and v=ai+h, j+ck, then
ux v={(ai+hj+ek)x (@i+bh,j+ek)
= aa,(ixD+ab(ix f)+ac,@xk) (| (bydistibutiveproperty)
+ B UxD+BbU X D+ X | - ix j-k=—jxi,
+ aakxDtobEx racxk) | jxk=i=-kxj,
O kxi= j=—ixk,
) ixi=jx j=kx k=0
=abk-ac/<hak +beitaa ) —obi
= uxv=(be, —eh)i—(ac ~ 6a)j + (@b, — ba)k @
i ok
=la, b o|=Ga -cab)i— (e, —a@)j + (@b, - ba)k
& b g

The terms on R.H.S of equation (i} are the same a3 the terms in the expansion of the
above determinant.

: J
Hence uxv=|a 4 (ii)
& b

which is known as determinant formula for u x v,
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F The expression on BLELS. of equatisn () is not an actual determinane, sinos it entries sre ]
not

all scalars. It is simply a way of remembering the complicated expression on RIS of
equation (i),

Find & vector perpendicular to sach of the vectors. Also verify that g
andbare ltogax b
a=2-j+k and b=4i+2j -k

BT, A vector perpendicular to both the vectors g and b is g % b.

i j ok

axh = 2 -1 1|=—i+6j+8k

4 2 -1

Verification:

aaxb=(2-j+k) (-i+6j+8k)= (2)(—1)+(—1ﬁﬁ)+(1)(ﬂ) 0
and b-axb=(4i+2) —k) (- +6] +8k) = (H-1)+(2)(6)+(-1)(8) = 0
Hence g % b is perpendicular to both the vectors @ and 5.

14.3.6 Angle Between Two Vectors(Cross Product)
Thaamauftheanﬂebetwmmmgmmwﬂmimmmﬂdeﬁnmmof
cross product.

1£'6 is the sine of the angle between@ and b, then |ax b| =|a||b| sin®

B=|gxé.l )
|al |5}
Example T & =4!'+3:;_+§ mdé:?i—i+){:.Finﬂaunitvmtnrpupmﬂimﬂm'

to both g and b. Also find the sine of the angle between the vectors g and 5.
i j ok

I, ) axb=|4 3 1=7i-6j-10k
2 -1

and  |ax B = /() +(-6)' +(-10)° =185
A umit vector perpendiculsrtoaand b =

=

axh _Ti-bj-10k
|a x B| J185

Now |a|=@"+@) +@1) =26
B = @F + (D' +(2f =3




If 8 is the angle between g and b, then |a x b| = | 2| | 5| sin@

|axb| _ Vi85
la||B] 326
[ETT17) Prove thetsin (a +6) = sin & cos f + cos asin §
Proof: Let O4 and OB be two unit vectors in the xy-plane making angles « and —#
with the positive x-axis respectively.
Eﬂma.t_‘m&!lﬂ.ﬁ=a+ﬁ
Now OA = cos @i+ sine j
and OB =cos (~f)i+sin(-£)j
= cos i sin 8]
OB x 04 ={cos Bi—sin 8 /)x (cosai+sinx i)
i J &Y
—_— e ;
=  |OB||OA|sin(@+ f)k = cos B —sin’B. O
cose _sing’ 0
= sinfe+ Bk =(sina cos #-+cos & sin HHk
ginfa + f) =sing cos f+ 008 o sin §
In any triangle ABC, prove that
= -_:*_'b =~ (Law of Sines)
sind. ¥nB sinC
Proof:  Suppose vectors g, b and ¢ ere glong the sides BC, CA and AB respectively
of the triangle ABC.

= gin =

X

a+btc=0
= . bte=-a ()
Take cross product with ¢
bxc+exe=—axe R—A
bxe=cxa (. cxc=0)
b
= |bxe|=|cxal
|8 |e| sin{w — 4)=| ¢| |a| sin{z — B) x—C
== begindA=casmB = bsnA=agnB ; = ol
2.2 ) /?.4

sinB sin A
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Similarly, by taking cross product of (i) with b, we have
a ¢
= (iii)
ginA sinC

a b _ ¢

sind ginB sinC

e 19| M u=2~j+k and v=4i+2 j—k,, find by determinant formula

From (ii) and (iti), we get

@) uxu (i) uxy (iil) vxu
g=2%-j+k and v=4i+2j-k D 3g
By determinant formula

i g L€
() uxu=2 -1 1/=0 (- Two rows arc same)
2 <1 1 S
i J kK Ay
(@  wxv=[2 -1 1|=(1-2)i~(2-49)j+(@+k=-i+6j+8k
4 2 -1 ¥
P g R
() wxu=(4 2 —1E(2-1)i-(4+2)j+(~4-Ak=i-6j-8k

2 -1 a
143.7 Real Wﬂrlr.l Applimtiﬁns en Cross or Vector Product
(a) Area of Parallelogram
and # is the angle between them, and
suppose that || and |v| represent the length
of the adjacent sides of a parallelogram, (see
figure). We know that:
Area of parallelogram = Base x Height
= (Base) (4)= |u[[v|sind

. Area of parallelogram = [ux V|

H'll'
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(b) Aren of Triangle
From figure it is clear that

Area of triangle = -;- (Ares of parallelogram)
Area of triangle = %mxﬂ lﬁ >

where u and v are vectors along two adjacent sides of the triangle,
thmufﬂlepmﬂdngramwhmvmﬁmm
0,0), 0(-1,2,4), R@2, -1, 4) and (1, 1, §).
Amufpmunlnmm PO x PR
Whera IPQE and |PR] are two adjacent sides of the parallelogram -
PQ OQ UP={—1 0} +(2-0)] +{d—0)k=—i+2j+4k
_R'=aﬂ—ﬂp—(z—u};+(—|—n)j+(4-ﬁ}g—2g—if+4;
i] ok '
Now POxPR=[1 2 4|=(8+4)i~ (4- 3};+(1 4k
2 -1 4 :
=124+12j-3k '
. Area of perallclogram = [P x PR~ [12i+12; -3k
N = 144+144+9 = /297 square units
Find the arca of the triangle with vertices A(L,—1,1), B(2,1,~)and
C(-1,L2). Alunﬁndauniwentnrpmpendiml:rtnﬂmplmenfuimglam.
T\ AB =OB—0A = =@2-Di+(1+1)j+(1-Dk=i +2j-2k
A:_:‘ =.HE—DA=(—1 —Di+(1+1)] +2-Dk=-2i+2]+k

ABxAC=|1 2 -2|=Q@+&)i—(1-4)j+@+4)k=6i+3j+6k
2 2 1

The area of the parallelogram with adjacent sides |4B| and [AC]| and is given by
—> —
|ABx AC|= 6i+ 3]+ 6k|=/36+9+36 =81=9
Ares of trangle = i|ﬁx:&j"l|ﬁi+3j+ﬁki=2!qﬂmuﬂh
AHxAC
[4Bx AC| 9

A unit vector L to the plane ABC = £ (5;4-3 +6k)= (2;+;+2t)




fc) Moment if, Force
Let a force F(P() act at a point P, as shown in the figure. The
moment of F about O

-Pmmntuffmﬁmdﬂmperpendlmludnmﬂﬁmthe
direction of ».
—_— —

=£’?Kﬂ%]=(@(ﬂﬂﬂﬂﬂ(!)

=0Px PO =g X [F
Find the moment about the point M (-2, 4, —6) of the fotee represented
byzul whaemord:m‘teu ofpnmts.d and Bare (1, 2, -3)and (3, -4, Z}respecnvel:,r
AB OB-04-= B-Di+(-4-2)j+(2+3)k= Zi—-ﬁ’z+5k

11&1_(1+2)x_+(2—4)i+(—3+ﬁ)§—3;—2&!_-31;

Moment of AB sbout M{-2, 4, —6) =r xgeﬁl@xﬁ
A
=3 <2 3
26 5
= (-10+18)i-(15-6)/ + (-18+ Ak
) =8i-9j-14k

Magnitude of the moment =.J(s)1+(w9)=+(—14)= = +/341
rEXERCISE 143 4

1. Computg thtm product gxb end bxa. Check your answer by showing that

each g Afid ) are perpendicular to ax 5 and bxa.
G a=2+j-k, b=i-j+k @) a=i+3j+2k b=2i-j+k
@if) a=2-2j+k , b=—i+j+3k  (iv) a=—4i+j-2% b=2A+j+k

2. Find a unit vector perpendicular to the plane containing g end . Also find sine
of the angle between them:

i a= i+6j—3k b=2i+j8k (i) a=—i—j-k b=2i-3j+4k
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3.

10,

11
12,

13.

14.

1.

16.

Find the area of the triangle, formed by the poinis P, O and R.

@ £2535);31,20;84,1,2) @@ AG01);02-1,2);R(-13,2)
Find the arca of a parallelogram, whose vertices are:

@M 4(1,1,1);84,2,3); C5,6,7),D(2,5,5)

(i) 4(4,5,6);5(1,3,2); O-2,0,1);1(1,2,5)

If the cross product of the vectors u="7i—4j+5kand v=ai-5bj+3k is zero,
then find the values of ¢ and b.

Which vectors, if any, are perpendicular or paraliel (5%‘
O u=Si-j+Ev=j-Skiw=—15i+3j~3% o
(@) w=i+2j—kiv=—i+j+hiw=—"i-mj+ ’@Jr
3128
Use the definition of cross product, fﬂflﬂfmﬂ%ﬂ. v, wand scalar &, prove that
O we-9=0 @) wkvd=peu

) wx)=Caxy=hxy) () ux@+w=@x)+ @xw)

Prove that: @x (b+c)-+bdx (g+¢_:)-t;;i?-: +5)=10.

I a+bic=0 , then prove thatlax b=bx c=cx

Prove that: sin(e—f) = sifi'e cos £ + cos « gin f

Show that |ax (' = |l 6f ~( a-5)’

Usnlhedﬁﬁnitlw\& crogs product, prove that for any vectors ¢ and v

(o +w)x (=) = —2ux v).

Find ent about the point M{1, -3, 3) nflheﬁxnemprmnwdbyﬁ_!i
where the coordinates of poinis A(4, 3, —1) and B(—1, 3, 7) are given.

A foroe F=6i+4j—4k is appliod at the point A(1,~1,2). Find the moment of
the foros sbout the point B(3,—2,3).

Give & forse F=2i+ j—3kacting st a point A(l,~2,1). Find the moment of
about the point (2, 0, - 2).

A force F=—2i+ j—3kis spplied at A1, -3, 2). Find its moment about the
point (X4, 2, 2).




14.4 Scalar Triple Product

The scaler triple product is a key concept in vector calculus with wide-ranging
applications covering various felds. In three-dimensional space, it provides a
significant role in calculating the volume of peometric shapes such as patallelepipeds
and tetrahedrons, defined by three vectars, which we will learn later in this chapter.
Additionally, it plays as & vital teol for determining the coplanarity of vectors,
providing a condition to verify whether three vectors lie within the same plane.
There are two types of triple product of vectors:

(a) Scalar Triple Product: u- (v X w)

(b) Vector Triple Product: u x (¥ x w)
Inﬂ:isaﬁmnnweshn]ls‘md}'themhrmplepmduﬂuni}'
Let u, v and w be three non-zero vectors
The scalar triple product of vector u, v and w is defined by

w(vxw) or v(wxu) or  w(uxy)
The scalar triple product u- (vxw) is writtenas ,
u (v W)=z v w]

14.4.1 The Volume of the Parallelepiped
The triple scalar product (¢ X ) - w

represents the volume of the parallelepiped e
having u, v and w as its conterminous edges.
As it is seen from the formula that: ;
. height = |w| cos 8 +d
(4 x v)-w=|uxy||w|cos & P
Hencs, (i) [@Xv|areaof the o ol

parallelogram with two adjacent sides i and .
(ii) |w| cos 6=height of the parallelepiped
(& x v} w=|uxv|| w| cos @ = (Area of Parallclogram) (height)
= Volume of the parallelepiped
Similarly, be taking the base plane formed by v and w, we have
The volume of the parallelepiped = (v x w)- u

And by taking the base plane formed by w and ¥, we have

The volume of the parallelepiped = (w x &) ¥
So, wehave: (uxv) - w={*xn) - u=@wxu)-»




14.4.2 The Volume of the Tetrahedron
Volume of the temhedmnaiﬂﬂD:% (area of AdBC)(height
of D above the place ABC)

= XX A )

=1 (Arca of parallelogram with A and AC as adjacent sides) (A)

-—-m

= (Volume of the parallclepiped with g v, w as cdges)

14.4.3 Scalar Triple Product of Vectors in Terms of Components
Letu=aithj+ek, v=a,i+h j+ck and w=aji+h, j+ck

i j kK
=a, b, ¢

a b ¢

Now, 3

E

5 vxw=(-holi-(an-as)]+ @h-ahk
u.(vx W) = (b, =b)-h (a6 -a6 )+ a(ah —ah;)
a-b q

o b o

4 & g

thhucaﬂaﬂthadﬂunﬂnuthrmﬂlﬁrscﬂmmﬂumdmtnfn v and w in
onent form.
l‘.fmlllplt Prove that dot and cross product are interchangeable n scalar triple

product.
ETITTIT, Consider #=ait+hjteky=aitbhjtek ad w=aithjtak

are the arbitrary vectors.
The determinant formulea for scalar triple product of vectors &, v and w iz given by:

% B g
a b ¢
@ b ¢

== - (vx u_;}*—

!-{lth‘:'l_yﬁ=




=w-{uxy)=(uxy)w (- a b=b-a)
, e (v W) =(uxv) w

Thus,thc puamnn of dot and cross can be interchanged msmlarmpkpmduot.
24| Assuming i, j m&mmtmmmammmtesym

Prove that I jx k=j. kxi=k-ix.j
EXTTIIT, Given £, f and k are unit vector, .
So, we can write i=i+0j+0k j= 'ﬂl+j+ﬁ.1c,k 0i+ 0j+kthen determinant
fonnfursmlarhplepmdmtofumtwmhimdkcmbewnm“

1 00

i.jxk=[0 1 0=10-0)-00-1)+0(0-0)=1
0 0 1 '

1 0.0 1
Therefore i.ik E = i. EI !.m i .g'x i

(Zir w28 Find the volume of the parallelepiped determined by
u=i+2j-k y=i-2j+3% w=i-Tj-4%

01 01
j.kxi=|0 0 1;-?'=ﬁ(ﬂ+-ﬂ)—1{ﬂ—-1]+0{ﬂ-ﬂ}=ludJ_c.g'ximE 0 0=l
|

1 2 -1
Volume of the parallelepiped = u.vx w=1 -2 3
1 -7 4

=  Volume = 1(8 +21)-2(-4-3)-1(-7 + 2)=29+ 14 +5
= 48 cubic units




M e <o -,

Find the volume of the tetrahedron whose vertices are A(2, 1. 8),
B(3, 2,9).5(‘_2. LjaﬂD{S,S.ﬂ}.
[T 4B = OB — OA = (3-2)i + 2-1)j+ (9-B)k =i+ j+&

i+j+
AC=0C-04=(2-Di+(1-1)j+@-B)k =0i-0j-4k

4D = 0B - 04= (+3-2)i+(3-1)j+ (0-B)k =i+2;-8k
1 —»—>—>

Volume of the tetrahedron = - [4B 4C 4D]

n% %[l{ﬁ-d- 8)—1(0-+4)+1(0=0)]

—_— D -
L = R

!
il -
-8
—[3-4] 4 imbu: umm |
14,44 Coplanar Vectors and Cunrﬂﬂ&n for Cnpl:muﬂty of Three Vectors
Vectors are coplanar if they lie in the same plane or can be
combined in the same plane.
Consider the three coplanar veciors u, umdwmap]a.noas
shown in & figure.
The cross product vx w gives a vector that is perpendicular
to both the vectors vand w, As u;».and ware coplanar, so
vx wis also perpendicular to. u )
Thus, the dot product of uland vxw is zero. Le.,
w- (vxw)=0- - If vecrars @ and b are perpndicular then a-5=0

Thus, we conchude that if the three vectors u, v and w are coplanar then their scalar
triple product is Zero.
Properties of Scalar Triple Product
1. If &, v and w are coplanar, then the volume of the parallelepiped so formed is zero

that is (¥ % ¥)- w = 0 and hence the vectors u, v, w are coplanar & (% ¥): w=10
2, If any two vectors of scalar triple product are equal, then its value is zero i.e.,

[upw]=[uyv]=[uww]=0
LAFT 27 Prove that four points
A(=3, 5,—4), B(-1,1, 1), C(=1, 2, 2) and D(-3, 4, —5) are coplanar.
Proof:  AB=OB-04 = (-1+3)i+(1-5)j + (1+4)k =2-4j+5k

AC=0C—04 = (1+3)i+(2-5)j + 2+ A)k =23+ 6k
AD=0D-OA= (-3+3i+(@-5)j+(-5+4k =0i— j-k=-j—k




<> -,

Volume of the parallelepiped formed AB, AC and AD is
2 4 5
[ABACAD] =2 -3 6|=2(3+6)+4-2-0)+5(2-0)
0 -1 -
~18-8-10
=0

Auﬁum!mmm,mﬁcpomdﬂ C and D are coplaner.

Find the value of &, so that @i+ j, i+j+3k and 2;-1-} -2k are
nuplannr

Latu- @i+ j+ 0k , v=i+ j+3k mnd w= 2;+j 2]: be three given
vectors. Scalar triple product of given vectors is

10
Mvw] =11 1 3

e _
= a(-2-3)-1(~2-6)+0(1~2).

=-5a+8

The vectors will be noplanarifhg_i'u;l'-'ﬂ =0= a=§

14.4.5 Applications @f Vectors in Real World

A plumber exerts a force of 30
pounds along the negative y-axis on a lever LTI DIl  Toue quantifies the

{ . afn un
connccted to 8 machinie. The pivot point of the  Teiew =P tis K o ie
lever is at the origin (0, 0, 0), and the force 8 o ool o i e 7
applied at the point (1.2 fi, 0.5 fi, 0 fi). Determine  (wpich extends from o pivot point o the
the torque produced by this force about the pivot — pelncwhes the force Is applied) snd the force
point. veotr I itaelf, o A e
[ZITT, The position vector  from the origin =
to the poin (1.2, 0.5, 0) is given by
r=12i+0.55+0k

= . T
The force /' is exerted downward elong negative
y-axis with a magnitude of 30 pounds js ~Pbemslaly, I=rxF
F =0i-30j +0k
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Torgue T produced by the force = rx F
Using determinant formula of cross product

Sﬁkpmmd-feet
mmmmaﬁ&ﬂpumdsmﬁnnmve z-direction
ﬁmgnhulﬂngmnahmhun,ammﬁaﬁumwtﬂpu]lnm
block. represented by the vector F = [4500, 3300, 2140] Newton, Each component
corresponds to the force cxerfed along the x, v, n.nd:uea,mspl:mly ‘What is the
mngmmdenflhisﬁm:?
Uungthaﬂarmn]nforthenmgmmdaofamm:mﬂ:md:mmmﬂspm

F|=yx*+y*+2 |
= J4500% + 3300° +2140°
= /20250000 + 10890000+ 4579600

=+/35719600 "
=59?6559.i
The magnitude of the forge exerted by the crane is approximately 5976.59 Newton.
The. components of u=300i + 250, +180k represent the respective
number ufr}&ckm shoes, and handbagssold st a store. The components of
v=3500i + 4-2'30_; +6840k represent the respective prices (in rupees) per unit for
each product. Find u- v and explain what the result tells us in real life.
EITITTT, The dot product of u and v =u-v
=(3001 + 250, +180k - (3500: + 4200, + 6840k)
= 1,050,000 + 1,050,000 + 1,231,200
=13,331,200
The result - v= 3,331,200 tells us that total revenue generated from selling all the
thres product is Rs. 3,331,200.
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10.

11.

P EXERCISE 14.4

Find the volume of pamllelepiped for which the given vectors are three edges
O 2=3+2%k; v=i+2j+k; w=j+4k

() w=i-4j-k v=i—j-2%; w=2-3j+k

(i) u=i-2j+3k; v=2-j-k; w=j+k

Verify that a-bxe=hcxa=c-axh
Ifa=3i-j+5k; b=4i+3j-2k and c=2+5j+k
Prove that the vectors i—2)+3k, —2i+3j—4k and i- 3j+ﬁcﬂ}cmplmﬁr
Find the conatant a such that the veclors are coplanar. f'\.
@ i-j+k, i-2j-3kand 3i—aj+5k ,&@
(i) i-22j-k, i-2j+2%kend @i-2j+k
Prove that the points whose posi 5%\ tors  arc A(-6i+3j+2k),
B(3i—2j+4k), C(5i+17 j+3k), D{—lS@_—{r} are coplanar.
(a) Find the value of : <(/
O 2x20k @ 37«1 @ [eij] G [iik]
() Prove et s (v -9 (i) o0 (e ) = 3 Gt )

Fmdva!umnufmh? ith the vertices
(1) (0: 1,2}, (3:%# (lrzr 1) m{ﬁlﬁlﬁ)

@ 1,8), %), (2,1,4) and (3,3,10)

Prove that the whose position vectors are A(3i+2j—£), B(i-2j+k),
C(6i+ @,D(ﬁ+ﬁj 3k) are coplanar.

Prove-that for any three non-zero vector 4, yand w

@+ v+ wx(w+2)]=2[u v w]

Consider a parallelepiped determined by the vector 4 = 2i+ 47 -3k,
v=>5i—3;+6k and w=4i -7 j—2k. If the base of the parallelepiped is
define by the vectors u and y then find the height of the parallelepiped.

A mechanic appliez s force of 50 pounds along the positive x-axis on a wrench
conneoted to 4 bolt. The pivot peint of the wrench is at the origin (0, 0, 0), and

the force is applied ot the point (0 f, 2 f, 3 ). Determine the torque produced
by this force ebout the pivot point.
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12.

A drone flies from point (1, 2, 5) to point (4, 6, 9), with each unit representing a
meter, What is the magnitude of the displacement the drone experienced during
this flight?

The vector u=>50i+75/+65k shows how many belts, pants, end shirts were
sold el & store. The vecior w=1500i +3500 + 3000k shows the price (in rupees)
of each item, Find u- w and explain what the result tells us in real life.

A force F= (20,10, 30)N is applied al a point P(2, —1, 4) in 3D space. The
pivot point is at M(1, 2, —3). Calculate the torque produced by force sbout
the pivot point M. O

An eleciric shop sells three types of spplisnces: Fans, H and Ovens. The
maonthly sales quantities are 500 units ﬂFm.!Hﬂgﬂl Heaters and 200 units
of Ovens, The profit per unit for each appli is K 500 for Fans, Rs 400 for
Heaters, and Rs 2,000 for Ovens. h‘me?‘

(8) Represent the monthly sales quantitiés and the profit per unit as vectors.
(b) cﬂmmmmtymzﬁ;@mm

K

O
&‘?’Q
QQ)
>

N\
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V _EXERCISE12 4.
L () x=19y=22 (i) x=9,y=6 ()z=-11,y=28 2. 1-14._?-9
3. xﬂnr y=2{5 awz=-3f5, y=-25 @ xu@?__;ﬁuﬁux--éﬁ y=-2f2

(iif) x = 0.46,y=095 or x=-046,y=-095 . 4 ¢=_§ 5 x=8y=3, a=2b=1

T @) I-alor-3+41 () 3-for-3+i (i) 2V3=3Bior 245 +345i (v) 12+ Stor-12-5i

8. 1(5—2@] 9, x=%.y=%m _::.y-s—; 11. u=—R v=13 12. a—%

V EXERCISE13 J

1. () (a+i2bfa-i2B (ﬁ}{iﬂﬁ-lﬁj[ﬂn —i4p) (iif) 3(x+iy){x —&) (iv)9(4x+i5y)(4x —iSy)
W) (z-DE-) ) (243 2)(z+3+20)  (viD) (2+2—i)(z+ 2+1)

(will) 2( 11- EJI. f]+3!] . g
3 1

2 @ (e diaB)em1-n) @ {z+3}[x-—+—Iz Z-T]
(iil) {2-2){3—41}[1+dﬂ} ) (z—-2)(z+2)(z—5)(z+50)
W) (s—2)(z+2)(z-2)(=z+2) (vi) (z+1}z-1){z+ 2i){z—2i}
(vil) (2 v2i){ s+ V) (5-Bi)(z+ ) @) (- 9N+ O Tid T
3+ /23
4

3. Roote:3,-3,4i, 4 Linearfactor: (z+3)(z-3)(z+4)(z-4) 4. () ==

(i) x=3+421 (i) 1"31@ (i) z=—2+3i (v) zn—%:t;i (vi) z= Si{ﬁi

N3 fBi
™ V7=, i

o) 1,0,




- <> nensccs (I

6. x=-2462"-Bz+24 7. x=10z'+302"—40 B x= —3z'+6z'+425" —06z+96
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L9 @202 ) (-2-10,-207 i) {-3,-30,-307) i) {440,407}
V) {5.5e-50f) 2 @ 2,-2,2 -2 @ 3,-3.3f_. —3i
G 5,-55,-5 4 ® -1 @ -2
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L 9 5(cos36.87 +isin3687) i) ﬁ(m%ﬂain%ll i) l-[m%ﬂrhl—:;J

W S(eafrmnt] @ "(“[’%}'_ﬁﬁ%n
] oot

@22 @ -?—%i (i) 676-181  (v) —10.62-2.850
() 086432l  (vi) 168-1.09 4. () —3.86-2.03 (i) ~8.86-106%

19% 19 9 11x 11z
i) 4-5[»:0-: 7 -l-i'lhﬁ-] (iv) 5(::“ 2 +isin 12]

5 () -3.86+1.031-() 17.38~4.650 (i) —66.68+3851 (i) —%er
7. 2coel20 +7ain120), —1+43 & 10(cos150 +isin150),, —543 +51

5, |.|-1-E:ug{x}-5T'+zm 0. y=y3e-2841 13 y=—x W4 y--—%x—%

1 & R
18 ]r-—x-l-i 17. 1 18 Im(mﬂﬁ-:mﬁ}

19. Rectangular form: 2+ 14;, Polar From: 10v2(c0s81.87 +/sin81.87 )
¥V EXERCISE2.1 J
L (8 @ 8 @@-1 (i) 2* —4x+3 iv) x*+6x*+8
®ONS3 @ @Vl @ V249




- > et (N

. @ 4 (i) %ms[a+g}ﬁn[§] @ik +3ah+ h+3a *+ 20

st P
k A=—— &= Z'J A S=6eV%"
oty T WASE W s

4. @ Domaing = (—0,x), Range g=(—0,%0)
(i) Domain g =[-2,00),Range g=[0,)
(iii) Domgin g = (—o0,0), Range g = (~0,10)
(tv) Domain g = (—o0,00), Range g=[0,)
() Domaing = R—{3},Rangeg=R—{-1}
5. a=2,b=2
6 @ (@ 30m () 175m () 1l1m (i) x=2sec
% (& Domainf={-w,x),Rage f=(-<0,®) _
(i) Yes, the fanction is one-to-one, because equal cutpafs implics equal inputs.
(iii) Yes, the fanction is onto when the codomain is all réal numbers,
8. (i) Domain f = R-{-1},Range f = R~{2}
(i) f(x)is not onto,
10, gix) is sgjective.
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1 1 3 8 1 3 33XV
L Oy @y % {‘3'”-215 @ 22'%'14'5%2'87 4 13

4. -10 5 67 6 -1 & 3,6arf,3 8. Z,Eurﬂi,z 17. 19

V' EXERCISE 6,104

i {ijn[n+1):h+5] @) n(n+1}:2u+3} ﬁ-i'}."',{“']} @) n{n+1}(n:4)(s+5}
W n{n+1‘j{n1+2219u+7] ) Mnff?ﬁ+1] i) 3n(n+1i{2;+1}
(viid n(n+I}9" +13n 4 2) @ _?{;q-lj(dus} @ nln+1Y(n+2)
12 K2 E. 12
L @-nn ) @D s @ i ednes)
g 2EE Il *:"’"’ 40 @)  oean+gnss) @) mewtIcd) ;’3"'2}

“F_EXERCISE 6.11 J

1. Re.65 2.Rs, 23907750  3.5% 4.Rs 173596 5 (a) 900 kitres, (b) 200 wecks,
[c}dtﬁwh 6. (a) 23.8 millien () 7+ L4n ()21 7.(s) 100, BO, 64,51.2, ...
{b}ﬂz,dl(nj 8 Yes, Rs BO00 9. Rs 946822 10. 17hours 11, 25days 12, 1088

13. 72 scconds 14, 410.4md

V _EXERCISE7.1 4

L@ % (i) 220 @) 20 (iv) m+2 2 () (D! @ _~l 3 5
(n-2)l {n—rl

4, 81 6 G+Dir+r+d) 9 9

(r+2)!
V _EXERCISE7.2 J

1. () 30240 (H) 20 (i) 5040 () 720 2. () 9 () 5 ()10 4 @) 720
() 5040 (&) 40320 5.30 6 325 7. 120 B 100,36 9 408
10. () 48 (@) 72 1L 600, 120 12, 24 13, 30240 14. 1440 15, 2380




- Anwers <> Mathematies
¥ EXERCISE73 J

1. () 20160 (i) 151200 (i) 9979200 2 10 A 907200 4. 1260
5 (@)5040 () 720 (c) 120 6 2880 7. S0 B 12612600
8 725760 16, 13} 11, 967680 12, 28BD 13. 60 14, 60

V _EXERCISE74 J

L @1 ()1 (D120 v} 1140 2 (2 ()3 3 () 83 (i) 6 2
6 56 7. 120 8.560 9. 171028000 10 (D 1176 (i) 280 (ii) 490 (iv) 56
11, 50, 455 12, 16 13 435 14, 11760 15, 56 16. 12376, BOOR

17. () 840 () 1016 (i) 1016 18 108 19. (a) 94058495 (b) 4838400
20. (i) 518400 (i) 14400 \"

V EXERCISES.2 J

e

(i) 1284 d44Ra’x | 67245 560ar’ |zsui; ug_ ] 145. =
{iii:-% %Iﬁf Eﬂl% §|§ % @DOSI26T (i) 16.64966416

(iil) 992023968016 (iv) 4084101 3. (D2*+ 2452484 (i) T4
4, (D 16+32r— B — 403 + 2%+ 2005 + 2ef — A’ + 2
() 1 -de + 1027 - 162 + 1824 — 165+ 10F= A7+ 2 5 (1) 151202 (i) — 41184x2

g 15308 .. (-1)y{2m! 15309
G e 6 OSg— @ o T F

8 (D -8064 (ﬂ}? @3 & O @ Jrred
2 S ma S S 2
‘¢ _EXERCISES3 J
W 1,214 ST
L@ 1—5=+§x'—_§—lx‘ o s valid f [ < 1

T ARG | S
W2 5% 5 nvaud;f|.u|<!{ﬂu1 2+ 22 -2+ fnvalidif [ <1
(i) 1 - x+ 2% — 2 + g walid if [x] < L

] 2

{iv}1+z=+%.=+ze+---h_nmin1<i L OCIrm @ 6

¥V EXERCISE 84 J

1L (9950 ()1.010 G033 (¥)0935 2. Remsinder=1 3. Remainder=1
4 D210>19M4+200  (@315>209+30' 6 Remainder=3 7. 6
12. Rs. 12,616,000 13, Rs 2,928200 14. 28 maiches

V' EXERCISES.1 J

1. () Quotient=3x+2,Remainder=4 (i) Quotiont=x*+ 14x 25, Remainder = 54




. <o -,

(iii) Quotient =x* +2*— 2x+ 1, Remainder = 18 (iv) Quotient = 5x*—3x- 18,
Remminder=12x+71 (v) Quotient =37+ 4x—3, Remsindar=-25x+9 2. (i) 20
(i) 10 (i) 5 (v) 91 () 10 3. (i) x+1unfaﬂhruf:=-

(i) x—2izafactorofx” - Sc+6 (i) x+lisnotafactorofs’+x"+x-3

{iv)y x-2isafactorof2+2-Tc+2 (v} =x-3Jianctafactorofz?-3"+2-x+1

4 () -2Ax—1Xx+3) ) G+4(x—6)x+2) (i) - x+3x+1){2x+3)
5, Quotient=x"-3¢-x+ |, Remainder =1 6. p=2,¢=-1 7. k=1 B k=8
S p sq b 10. a=-8,4=-16

= B

¥V EXERCISES2 J

2625% 2. 20uwnits, 2unite 3. z=2,-1 4 z=-2,-1 8) z=-05,1
6 x=—0.5,0.8, the system is stable. 7. 2=—0.5,—0.7, the system ix gtable.

¥ _EXERCISE 10.1 J

Lo —% @1 @2 w2 o J' v) = ('} —co8 12° (i) —zin 12°

(ifiy o827 (iv)tan33° (¥) sin 15° (vi) -anw--wm-mar (viil) —sin21° (ix) - sin 30°

V_EXERCISE10.2 J

L® %(ﬁ)% @) 2-43 ) ‘% ® ‘fﬁz ) —2-+3
% —% ﬁﬂ—% {@E ) g ¢ —g (vi —E

Thetnmmnlmufnﬁq:_ﬂ'ﬂmmm&u*ﬂuﬂa ﬂmmmmdliqm
respectively,

7
10. () %,-% (i J‘%.ﬁg 15, () 2sia(0 + ) md = @) 13ein (0-9),
5\ O : 3
mp=a. (iii) V2 sin(@—¢), tang =1 () lﬁsh{ﬂ—pkmp=z

™ 1sin(@+p)tmp =+3 (v 85sin(d— ¢}.m¢——
¥ _EXERCISE 103 J

l.{i‘,’:lli:|:|2f.1r=E ye00dey =l.m2a=E {ﬁ)sinin=£.m2n=l.m2a=ﬁ
25 25 T 25 25 7
3—4cos 28+ con 48 -1 10+ 245

4 wmle= T . = 5 () smi18°= ‘ET.m-muff

J10-245 J5+1 J5+1 Jio-245
4 P

() sin36 = =— =", cou 36" = g (i) sin54 = , cos54° =




- S —,
Jio+24f5 J5-1
4

(iv) 8in 72° = oo TP =

¥ _EXERCISE 104 J

1. () sind4@+sin2¢ (if)sin BH—ain26 (iii) %(umwmuza} (iv) cos56-c0s98

() 3 (in 25— sin2p) (vi) 3 (c00 4+ con 60°) (VD 3 oon 34°—cou 58) (v 3 (008 90" o0 22

2 () 2am40cosf (i) Zoos60sin20 (i) 2eosy coay (v) ~Zsin4fsin30

(v) 2c0830°cor18° (vi) 2 sinx cos 30°

¥ EXERCISE 11.1 J
L (i) even (i) neitherevennorodd (iii) even {iv}ndﬁg';ﬁmodd {¥) odd
() odd (vi) even (vil) even 2. @ 2 (@) 2 ()5 (V)28 () 40 () S

i) 2 i 2 @) 30 @ oD 30w

r mﬂcisE iz 4
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y=o08 2*

y=sin 3%
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L (@) -2 (i) 0 o

y=cofx and y=coslc

r EXERCISE 11.3 J

(i) Max=4, Min=2 (i) Max=4, Min=2 (ﬂ;m=g,mm=? (h}Mq;#’%,Hin=—
() Max=4, Min=-2 (vi) Max=3, Min=—1 (vii) m-%,m-% .;gahj"ﬂn;-.}.m=

(ix) !u'lu-E » Min= % & (8) Max. temperature =21.5 ‘G,Min. temperature = 8.5 °C

{(b) Temperature at 9 a.m.=8.89°C 4. duhnm—i@?ﬂ‘ﬂ 4. height=30.92m
(a) h{t}=-30m(%f]+.‘!ﬁ (b) 66 fest (c) ﬁs'mﬂm 6. (2) 27m (b) O3m

(c) %mmrl (@ 0.058ecomd 7. (8) :.i(l)'=iﬂ—2ﬂnm(ﬁr) (b) 28 feel
() 3787sand82135 & (1) ﬁﬁ.ﬁf? .. (b) 14br or2pm. () 72F

(a) 65000 (b) 20000

rEXERCISEnlJ
® 2 @o (ﬁ}ﬁm Eﬂr}— 2@ 10G)5 @4 @O @O

(vi) ; a6 2 (n}; @@ 1260 0 (3 0 (v)—4 (viD) 2
P

s ANO. . » ' O "
(i) ﬂ; (ix) ;dﬂ 4 @ 5 (i) 120 G 0 v 2
2

B
o) 2 ()2 (viED) :,—_d, (ix) ; %) 6-logd (xi) 2log2

OFHE@D; MO @S e @

@l 1@ @

V _EXERCISE 12.2 J
2. (i) fis contimuous et x = 2 (ii) f'is discontinuous at x = 1




O <o wacnse

3. (i) fiscontinuous at x=2 (ii) fis discontinnous atx=-2 4. e=-1

5 (@ m=1n=3 () m=4 6 k=% 7.  f{x)is discomtinuous at x= 1.

¥V EXERCISE 12.3 J

L0 2.0 100000 3 500 4. @10 O 5 () = (i) 8244
6 oy 7. () 1618% (@) 1M99 & yes

V EXERCISE 13.1 J

1. {@H4ax [ﬁ}ﬁ: {ﬁi}-%_{m{ﬁ;}h—S 2 [ﬂﬁ;ﬂj}'ﬁzﬁ 3. ﬁ}%- (if) 2+ 2

4. (ﬂ@:i,)n (D 10(2t+3)* (i) 7olaw+ by 5. E.y=u+1; '_'__i. jr=?x-r4

T (,0,y=x-1 & 8 9.%,ﬁyﬂx+ﬂ 10. (i) 28km/k’ ()13 km/h
11. 0 12. 8°clir 13, (i) not diffecentinble (i) notdifferentiablle

¥V EXERCISE132 J

(D 42 + 622 +2x {ii}4@+#)(ﬁ:}ﬁ ﬁﬂ% () 1-2% +2%2

rt
"

wi-x LY wgls e
@) -a D) =2x 2 3 - 2772 -3x+2 3 £-3d+3x-1
Va-x(a+x? WEFIE-1P8 T ik WE-1P Hx (7 - £

A EXERCISE 133 4
v=15f-6f+1 - 2. Maximum Stress= 100, Rate of change=0
HPE)=—107+700x—2000 (i)Rs.400 4. (2940 (i) 27440
@ 152mfs (i) S6mis? 6 (1) 72w (i) —12w 7. 292Pa/m N 191686.6 unita/m
¥V EXERCISE 14.1 J

. " 1-26 -2 2
1. @i-9; (131-2j-REG@HZIE 2 @ wEahs g TP
1+4f17 1,4 174-12j- 16k

(i) 10; %’r;-ﬂ 3 = 2 4.-gi+ ;j-%} !.T
6. @EH-TI ﬁ (i)~ \T’”-T!‘FT‘E T x==3,y=-5 2. {IJ% ;f
2 4

B il

£l |

uil-h-




L L <om> D |
10, 10,179 kilometers 1. (i) —g.%.% (i) #%_% i) ;,%;

12, Only the triple (iif) 45°, 60°, &0° satiafies the condition for direction mgles of o single vector.

¥V EXERCISE 142 J
2 0=60 3. =90

2 -1
O = ® e
4 @ Projectionofaslong —;‘g .nqimﬁm@m;—z%g
(i) Projection of a slong b: %g; Projection of b along a : SQ 5 (3 (i.i}..l-ur-%

6 2o0r-3 13, S6units 04 32units 15 102units 16 -;,%'w:iu

F_EXERCISE 143 -

L @ axi=-3)-3k;bxg=3/+3k () gxb=Si+3}=Tk bxa=-5i-3]+7k
(i) axb=-71-7/ ;b%a=74+7j () @xb=3i-6k:bxa=-31+6k

M-9NE e AtArSE R Sk
- ﬁ} _‘m ;&n ‘\Jﬁ i \h_g =1 '\\fﬁ ("i} _\&.HGB
13i+/+22k
{iv) % \lj;j a. {i] @ummﬁ i) %@uummﬁu

4 @ VBiwuewmis () VOsquewmis 5 amz ,b=o

6. (i) Parallel vectors: & and w ; Perpendiculsr vectors: No

(ii) Parallel vector: ¥ and w ; Perpendicullar vectors: u and v ; vand w
13, 48§-4J+ 30K 14, 14714k
18. 31+3j43 16 1511515k

¥ EXERCISE 144 J
1. (i)25 cubicunits (ii) 14 cubic units {iif) 10 cubicwnits 4. (i) % (i) +1

6 @ @4 3 GDI @O 7 @ 5cubiounits (i) cubiounits
301
1630

13. Rs. 532500, which is the total revenue from the sales of all items.

14. -20i+110/+50kNm 15 () [500,300,200], [500,400,2000] (b) Ra. 770000

10. 11. 150 100k (in pound feet) 12. /41 metars




