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Find algebraic golutions of linear inequalities 10
them on number line.
[nterpret graphically
Determine graphically ﬂ!lf rr.ginl
inequalities of non-negalive varl
Define

o linear programming problem,

o objective function,

¢ problem constraints,

e decision variables,

Define and show graphically the feasible
LP problem.

[dentify the feasible region of simple LP problems.
Define optimal solution of an LP problem.

Grming (LP) a5 planning o

the lingar inequalities in twi variables.

Find optimal solution (graphical) through the following Systema

o establish the mathematical formulation of LP problem,
« construct the graph,
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from the feasible region.
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Unit 9 | Linear Programming

.01 Introduetion

“resources in best possible maniner with the view to minimize cost of production”
and maximize profit, The limited resources may be in the form of cnpiral labour,
money, time manpower, maching capacity, ete. The linear prﬁgramn‘lil; s Th'-;
mathematical method used in decision making in business to maximize Il'%c profit

of TINEILL= the expenditure subject to certain restrictions which are a result of
limitations on resources,

The term programming means planning and refers to a process of

determining a particular program. The term linear means that all relationships
invalved in a particular program which can be solved by this method are linear

111,,|>;.]im:ar programming 1s & method for solving problems in which a linear
function (representing, cost, profit, distance, weight etc.) is to be maximized or
minimized. Such problems are wsually referred to as optimization problems or
more commonly known as linear programming problems.

The theory of linear programming iz a fairly recent advancement in mathematics.
It was Idﬂﬂtnpﬁﬂ over the past four decades to deal with the increasingly more
complicated problems of our technological society.

ngr prup:rnmming (LP) is planning of allocation of limited resources to
obtain an optimal result

0.2 Einear Invqualities

Recall that an inequality is a statement that one mathematical quantity is less than
{or greater than) or less than or equal to (or greater than or equal o) another
quantity. Thus, if @ and b are real numbers, we can compare their positions on the
real line by using the relations of less than, greater than, less than or equal to, and
Sreater than or equal to, denoted by inequality symbols << and 2 respectively.
'_I"]u: tni!omng table describes both algebraic and geometric interpretations of the
inequality symbuols,

[EI TR AR AT T T

a is less than b

a 15 greater than b a lies to the right of b

a is less than or equal to b a coincides with b or lies to the left of b.

a is greater than or equal to b | a coincides with b or lies to the right of b,
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Unit 9 | Linear Programimin

i sion, we shall conside
two ?an%léh‘ltf, "::: sh;l also interpret thes
9,21, Linear inequalities in ON€ variable i

[nequalities af the form % < a,“ a;' ; !,;D Mnne
" constants are called linear inequalit
in one variable.

jties in one variable ang

inear inequal
¢ lin aphicallj,r.

¢ inequalities B

or ax = b where a# 0, b are
variable or first depreg

§ > ¢ —3 are linear inequalities i

inequalities 5
e & +
For example, X < =2, <64 gt
oI .
one variable Ality in one variable x are the values of x

e 'I‘:re f:nlulinrs of a linear inegqu cet consisting of all solutions of the linear
ats
;E:rualsﬁ; is called
For example,
values of x that are greate
We solve a linear inequality in the sam .
Following are the steps involved in golving a linear inequal /
Step 1 Shift all terms containing x on one side of the in-:quu}u:,'_
Step IT Shift all other terms on the other side of the inequality.
1 Simplify the resulting inequality 10 find the values of x.

Solve the linear incquality x—2 = f. .
he left side; we need to shift the

Solution: Since the only term containing x is on L :
constant term to the other side. To do this, we add 3 1o both sides and then

simplify. x-5>0

(x-5)+3>04+3

x=>3
Thus, the solution of the inequality are all
The solution set={ x: x elfand x>5}
The solution set can also.be writien alternatively in the form of
Example 2: Solve the inequality 3x - 228+ 5x
Solution: To solve the given linear inequality, we use step (D=(111) to obtain the
following equivalent inequalities. /o

Did You Know

the solution set of the linear inequality x = 5 consists of all

r than 5.
spme way as we solve a linear equation,

ity in one variable.

Step
Example 1=

values of x that are greatct than 3.

interval (5, =)

Ix-2=8+5x
(3x-2)-5x2(8+ 5%) - 5x When both sides of an inequality arc n-.ultiphﬂd
Ix=-228 by a negative number, the order (or sense) of

the inequality is reversed, that is from -

(2x-2)+228+2
<to>, from =to =, from>to< Of fromZ 10~

Milllmalins-?([
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=2x =10

s \

[ )20l -;—jtm}.

x=5 Thus, the solution set
Note n
In the above graphical re :

] . presentatio b ma 2
the real line, the open (unshaded) circ?: IIIIlLar inequalities
not i:ue_lung 1o solution set. The filled o
‘;frlt point belongs to the solution ser

e solutions of linear inequalities i
R AR squalities in on - ;
on the real line in the following ﬂxﬂmptc: variable are graphically represented

={x:; xR and x=-5) = (~oo, =5]

: in one variable on
the point indicates i

; , . that the point does
in (shaded) circle at the point indicates that

i a3 . ! i |

4 3 2 e et~
.t B -1 U 1 2 3 4
(i) a>-l ,;lf-__l'- S : ; :

LS "3 -2 _1 ﬂ 1 |2 :!3 A -
(i) a<2 - ) S

-4 3 2 A 0 1 2 H—r
i s Tt

-4 -3 -7 = | 0 1 IE é l:; -

9.2.2, Linear j iti
2.2. Linear inegualities in two variables

A |”|Ei'lr ”“—‘I"Lll”'l m two v h !|' a P
rﬂ < ana k"..'& A 1"‘“] 15 an ex !ESSiOII n! one l:" [Ilﬂ

{i i ;
{-!;F ax+ by <¢ (i1} ax+by>c
sl 3{::13 b ;e not both 0 and &, b and ¢ are real numbers
= " &= (hin the above i ities I
ih tan nequalities, then the resulting inequalid
F;if;rmsplﬂndmg linear inequalities in one vuri‘nh?ﬂmwmnb R e
am e, i } =] : : i i
illt'qualj:iss lr‘_f 3.1«;% {u.j 4x + _1.-_*{} iy x=2y>1 (iv)3x+ 3y = | are line
i v:nriublg.m “:}uﬁ ilies (l_j and _{m are in one variables while (iii]-mru'd {1v) ar i
% With cach linear inequality in two variables x and y is assuciat:dI:

linear :
equation i 'O Var
q n in two variables x and y called the associated or corresponding

equation,

For ex
A 1 1
< Ein.;lm?El the associated equation of ax + by Scisax+ by =¢ (1)
¢ associated equation of a linear inequality in two variables, simply
C} L]
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inﬂ. 4 k ¥ -,
Linear Programm : T our later work we' wilj
— for the s}'“’wl o 1ng_q|.lﬂi%::tsnﬂ straight line. :
oy nn“‘ﬂq“:l;uuﬁg:: (1) in- €Y Wﬁ'amw:l}ﬁbﬁs,.whiéh when substitmed:
BT U ity is the set of all A% ake thé inequality a trie
dapcL = mﬁ:l;:lll:s}} in. the -iﬂﬂqﬂﬂf‘ﬂ‘o;ﬂw X e
i r variables) 1 - solution set.

for & :a:nl':h:;vfnu inequality 15 10 ﬁ:d 1S i

tement. I _ | .
:;-2-1 Graphing l’“ﬂlu'miﬂ i T near equations, graphing them s

ore closely n?:lataq;;jémph of a lincar equation of the
pLions. .i:mt: i dis}"i“" Tegions as stated

The gn'[l.lﬁﬂl.'-l

i i lities
Since linear inequalilits = e
imi hing ling ol
i mmfa;}lti %:?E*: l?ne, which divides the P
form ax =
below.
fo
1) TheselD e 5307
i”l The set of ordered pairs (X, y)s 2 F
2 ions (1) and (2) are called hall‘-—;;;n 1'5' .
The ?gmm + by = ¢ that divides the p iy
The line =

. hat ax + by < €
TS {.":51 ﬂ 31.113!” .
rdl:fﬂ:d I ug_h that ax s b_'l-' }i.:_.

called the boundary of hoth half plam:f:. -l e ‘\
Lo (e, halfs “ ie hall-plane

(See figure 9.1). If the bﬂum.jrﬁl':'!' et | !,T{fuﬂ]fﬂf: L Lum;:- Eglane
included in either plane then it 15 © il s | <kl
closed half plane. Since a plane has |©— — — — .
infinite length and hrca:lih,_ it cnnnn: Il-n;
completely shown by a ttgure.hﬂng._n

has been shown 1 e
segment of the plane —

the figure.

a

left and right half-planes while
upper and lower half-planes.

ered pair of real
x=i ﬂ'l'ld

A vertical line divides the plane 1nio
nnn—‘ vertical line divides the plane info X "
A Solution of a linear inequality in two I'.'an:ﬂ?les e arI-sJ.F is r:nﬂf:hmmm
numbers (a, b) such that the inequality 15 satisfied when we &

}l;;f .mamplc. the ordered pair (-1, 2) is a solution of the inequality Ix=*
since  3(=1)+2=-3+2=-1<5 which is true.

v <5,

i
: i Il orders
The graph of a linear inequality in two variables x and y is the sel e

pairs that satisfy the inequality. _ m
=T 3 - e.
Thé graph of a single inequalityy in more than two variables, is a half plan

Mathematics-X1
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0,222 Procedure for Graphin
To graph a linear incquality,

& i Linear Inequality in Two variables

we follow the followi
Step-1: Replace the incquality
Muke the line solid if the inequalit
inequality involves < or =,
Step=2: Choose any
is not on the line, it is the

ng procedure.

y involves <or > , make the line dashed if the

point that is not on the
most appropriate chojce.
Step-3: Substitute the coording
inequality. If the test point satisfies

line as a test point. If the origin

tes of the test point into the original

; the inequality, shade the half-plane that
includes the test point, otherwise, shade (he hulfhpfanr: on the other sizcs of the
ling.

Example 3:  Graph the inequality 25 - 5y > 10, M

Solution: The associated equation of the inequality j If aline intersects x-axis
-5y = 10 (i) at (a,0), then a is called
2 -5y = 10 (ii) e utak e iee,
) If a line intersects y-axis
at (0,b), then b is called
y—intercept of the line.

Graph the line (ii) by finding x—and y-intercepts,
To find the x- intercept, let y=0,
To find y-intercept, let x=0),

We have x=5(0y = 10 %
= x=5 5

and 2 (0) -5y = 10
—F V = —2 u

Therefore, the boundary line passes through (5, 0) and (0, ~2),
The line issolid because the inequality involves =,
We choose O(0,0) as a test

We cf point, because it is not on the line (i)
Substituting x= Oy=0

into the original inequality, i

4,
x-Sy=2 10 :
weget 2(0) -5 (0) = 10 :
= 0210 - =
which 9 T

. is not true. Therefore the test point does not
Satsfy the inequality, and so the solution is not the
half-plane that includes the origin.

Tf}us the solution is the half-plane not containing the ¥ | Figure9.2
ongin (see figure 9.2),

Mathematics-X1
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Unit9 1 Linear Programming

hie inegqu ality ¥ =%

le4: Graph! i ity i
::l::nt:.:; ﬂ:cpnssuciawd equation of the inequality 15
y>x-4 (f? '
y=x- 4 (ii)
i)

To find the x-intercept put y=0in

f=x-4= x= )
Similarly to find the y=intercept put x=0 in (ii),
y=0-4
= -4
= ¥ = g
Therefore the boundary line pusses through (4, 0) and ¥
(0, —4). The line is dashed because the inequality [
involves>. We choost O (0,0) as a tesl point, because “ ,_51'}"
—pt Uj I’ ity 1 =

it iz mot on the line (ii).
Substituting x =0, y=0 into the or

yox-4  weget 0>0-4 =8 “

F
ane

iginal inequality

which is true. Therefore the solution is the half-pl
that includes the origin (sec figure 9.3).
9.2.3. Region bounded by 2 or 3 simultaneous inequalities

(i.e. System of Linear Inequalities in Two Variables)
Two or more linear inequalities together form @

system of linear inequalities. The graph of a system

&
o
F0.-4)
A4/ (0-4) Figure 9.3

of linear inequalities in two variables x and y is the 4
B ]

set of all ordered pairs (x, y) that satisly |Se=ohof

simultaneously each of the linear inequalities in the
system. Thus, the graph of a system of linear |
inequalities can be obtained by graphing each

ineguality individually and then taking intersection
of all the graphs, The common region so obtained is
called the solution region for the system of linear inequalities.

Not For Sale
Mathematics-XI
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Example 5: Graph the syste i -
i, 53' 4}“1 of linear inequalities,

ATy 2 2
Solution: Following 1
e o i e e, e g of
(0,0) g.nl':.qﬁr:s the inequality, so the graph -.r ol i e
inequality 2x — ¥ < 4 is the upper h"‘“‘Plaml: j“:;ud}hc
the graph of the line 2x -y =4. The closed  half-plan -m'g
partially shown as a shaded region in Figure 9.4 e
Th.u graph of the line x4 y=2is drawn by -j{;ininn th
P*‘-'J_"“ (2,00 and (0, 2). The test pint (0, O) dne: nc:n
satisfy the original inequality. so the graph of the

. Figure 9.5
inequality x + ¥ =2 is the closed half gt
: alf-plane not on the origin =i i
ey . o " origin side of th
;;; o n_w c]us;_d half-plane s partially shown by shading in the figure E}SE "
solution region of the given system of linear inequalities J'sgd's II ed i
figure 9.6 by the shaded overlapping region of the graphs L ¥ b

.shown i[.i figure 9.4 and figure 9.5, The point (2, 0) is the
!nlcr.l;,l:t:llﬂll point of the graph of the sysiem of
inequalities that can also be found by solving the
cquations 2x -y =4 and x4y =2 |

Gragh of

Ex: =f: G i
ample 6: Graph the solution region of the following
(-3

system of linear inequalities in each case. Figure 9.6
-y 24 x=2y 56
a) riey 23 B Bew v =3
x4+ ¥y =< 4[ ¥ +3_:|' < l[ﬁ

S = Py ™. »
b:!““ﬂnﬁ (a) The graph of the inequalities 2x — y < 4 and x + y = 2 have already

en i Fer ; 57

' lplu:lufx:i in .hg_m-: 9.4 and figure 9.5 respectively and their solution region

Ea’]':“ ly shown in figure 9.6 of example (5).

3 :
m’ 13'Wllllg the procedure for graphing of linear inequalities, the graph of the
'I'I:j '-fiﬂll}j' X+ 2y =4 is partially shown in figure 9.7,
Qh‘.dl;tm.seeunn of the three graphs is the required solution region which is the

aded trangular region ABC (including its sides) shown in figure 9.8,

Mathematies-XI
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. Figure 9.7 i
ine x-2y=0 15 drawn by joining
O Emph.'::gﬂ:;.f;; gince the test point (0, O

the points 6,0 2y <6, thus the graph of

1,

i . jpequality x - ; . s
S:Eg;ez :“is :ﬁn;quppﬂ}r half-plane incluzlzgwli::gfn”nﬁ‘; ‘ ﬁﬁf«m;
of the line which is partially shown by a sha H_/,'*‘/"

Fipure 9.8
2115{:1::1:‘:1 of the ling 2x + ¥ = 2 is drawn .b}r jnin;ngd 1th Ly plre 9.9
points (1, M and (0, 2). Since the test Point (0, ) nc; g d7 ~\
pot satisfy the incquality 2x+¥ 2 2, thus l:he Lgr.’lph ul ol ,_\\
2xty22 is the closed half-plane which is shown _.4_‘“_%}1% SN

partially as shaded region in figure 9,10, -
The graph of the line ©+ 2y = 10 is dawn by joining the
points (10,0) and (0,5). Since the test point (0.0) sptisfies

the inequality x+2y < 70, thus the graph of x + 2y <10is
the lower half-plane including the gra

is partially shown by shading in figure 9.11.

The required graph of the solution region of the system 15
the shaded overlapping tnangu
its sides) termed by the three griphs as shown'in

figure 9.12.
In example (6), we see that the solution region of either

system is the shaded triangular region ABC as solution in
figures 9.5 and 9,12 respectively where A, B and C arc
the points of the solution regions, obtained by the
intersection of its boundary lines. Such points are

ph of the line which H

lar region ABC (including __ 455, |

b

Al

!
\ el

Figure 9.10

Not For Sale
Mnthunaﬁns—}ﬂ
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R e points or vertices of the salutio
region. Thus,a point of a solution region wh . Ty
two of its boundary lines where 1\ I

. intersect, is ¢
corner point or a vertex alled a

of the solution regi

1 \ region.

The comer pointsof the solution resion cfn b
" i . . " *

uhmm_.d by solving the associated eqtatic e

linear inequalities in pairs, R

For example, in example 6 (a) the following three

P

comer points are obtained by solvi ; Figure 9,12
pirs. ¥ solving the associated equations of the inequalities in
Associated Equations of Inequaliii 3

x-y=4, x+y=2 aiies Comer Points

2x-y=4, x4+ 2y=4 Af2,0)

Y+y=2, —X+ly=4 Efﬁig

The graph of & solution region of the 5
hul:!nded or unbounded. The graph of the solut
region 15 bounded if it can be enclosed '.:;1:(3“
some circle of sufficiently large radius while [];ln
graph of the solution region is unbounded, if i
cu:_m‘.fl be enclosed in any circle how l.'lr;rc 1|Ii
::z ius mayv be. Inlcxampfe (5}, the solution r:ginﬁ
S‘u-rll.'lﬂl.lndl.‘li while in example (6), the solution
;_Lillll:: ptlal' I;utg systems (a) and (b) is bounded,

& 7t Graph the 1 2i i i
system of linear Elnuquafi[::zjz:dm;mln u.f.mc iblioyiig oA
graph of the solution region is huu:::]‘ct;h::;:mﬂ AN Ch:Ck ISR

ix + 3}- {ﬁl

ystem of linear inequalities may be either
¥

Ix - 3y <6
x 2 {rl
Solution: The associ

) on: sociated ations . ;
linear Inegualities gk : | x

ZX+3y €6 and 2x- Iy 6
T}:;ﬂ- 1}':+,7I-y =6 (i) and 2X-3y =6 (ii)

g i 5 eyl

@ “}; J:‘l;nr ?f line [JI:I ts drawn by joining the points (3, 0)and (0, 2).The test point
sdlishies the inequality. Thus the graph of the inequality 2x + 3y <6 is the

Figure 9.14

Mathematics-X1




Unit 9 | Linear Programming The closed half plane is partially

e line.
uding the 2eaph ©f th

: incl
|yl ol o pis o in figure 0.13.

shown 85 8 shaded regio oining the
m satisfies

ipequality ————""" :

Figure 9,15
. ¥

'r"‘-\.\_\_\.. .';..
s ¥ ks
e ol

- = @

7

= [ i}‘?'—' '
{ the {x=0) Ti e

solution 18 i
g5 15 the jntersection

gure 913, figure 0,14
displayed a3 the

in figure 9.15. The 5%
tem of linear inequaliti
partially ghown in i ,
5, This region 15
in (Figure 9.16) .

-2), BG,O) and C(0

it

T T
e

P
e Figure 9.16

7). The graph of the solution

5Ys
graph
and figure 9.1 _
chaded overlapping region
The comer points are ALD,
region is clearly bounded.

olution set in each case
Solve the following inequalities and graph the solution s€
1. 80 :
. i x+3<7 (ii)

(iv) "-’_I—3'_l.-'bﬁr

Ax-254

@) x+y<2 ™
following systems of linear inequalities.

2, Graph the
iy x=y Sl
(i) 2x-=3y El’l} () ody md
3x+2y £6
Gig 2x+ y =24 vy 2x + ¥y S sl
x+yz3 x+ ysb6 I

Muthcmuti:s-?ﬂ
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3. Graph the solution region of the followin

the comer points in each case. Also tell whether the graph is bounded or

unbounded.
(i) 2x+ y<6 i IRt
X+2y =6 sl <
20 o

4. Graph the 5L‘r|1l.lliun region of the following system of linear inequalities and find
the comer points in each case. Also tell whether the graph is bounded or
unbounded.

(i) 2x + 3y = 12 e
3X + ¥ s ]2 T d 5 5
X < 3 = 2 e }. 2

9.3 Feasible region

9.3.1 Define linear programming problem, objective function, problem
consiraints and decision variables

As mentioned earlier, linear programming consists of methods for finding the
maximum or minimum value of a lingar function in two varables of the form
fix.y) = ax + by:a belR,

where the variables x and y are subject to the set of conditions or constraints given
in the form of linear inequalities, In order to maximize or minimize the linear
tunction fix, ¥) = ax + by, called the objective funciion, we need to find points
{x, ¥) that make the function largest (or smallest) possible. Such points occur at
the comer of the feasible region as the following theorem asserts.

"The maximum (or minimum) value of the ohjective function is achieved at one
of the corner of the feasible region.”

Many practical problems arising in the field of business, economics, the sciences
and engineering involve systems of linear inequalities. In such problems the
choice of values of the varables is not entirely free but subject to some
restrictions or conditions given in the form of linear inequalities. The
linear inequalities involved in the problem are called problem constraints. The
vaniables wsed in the system of linear inequalities relating to the problem are
non-negative and called non-negative constraints or decision variables,

Mathematics-X1
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Unit 9 | Linear Programming .
Z i o of the system of linear
The graph of the solution region O
inequalities

=2y<6

Ix+y22 ¢

x+2y=10 . ;
is given in (Figure 9.1':}:}% D'T:;:znﬂ:: ::h;mfrjll-l::c::

i system of linear 1 i "
Sﬂ?m” DH!;E:h;ﬁ!IIr quadrant, However, the solution :cg::l:]-:
can be restricted 1o the first quadrl:m-t ; Lo
pon-negative constraints x= 0,y 0 are inclods
the system of lincar inequalities. In cmjmplc f {b.L
if x 20 and ¥ 2 0 are included within the .syhtum
of linear inequalities, then the solution region can
be restricted to the first quadrant.t is the polygonal

region ABCDE (including its sides) as shown in

Figure 9.18 _
9.3.2 A region (which is restnc _
region, Each point of the feasible region is called fensible solution of the system

of linear inequalities (or for the sel of given constraints). In other words any
ordered pair (x, y) that satisfies all the constraints is called a fensible solution of
the system of linear inequalities and the set of all feasible solutions is c;ﬂlc:ll a
feastble solutlon set, .

Example 8: Graph the feasible region of the following system of linear

inequalities.
3r +5y S I3
3

ied 1o the first quadrant) is referred 10 as a fensible

~x +3y =
x 20
y 2 0
Solutlon: The associated equations for the inequalities
3x+5y<lI5 and —x+3y<£3
are  3x+5y=15 -(1) and -t+3y =3 (i)

The graph of line (i) is drawn by joining the points (3, 0) and (0, 3) by a solid ling.

Unit 9 | Linear Programming v e
Similarly, the graph of line (ii) is drawn b Eainin ¥
the points (3, 03 and (0,1) bysa solid Hnﬂ_? g ' '\:

Since the test point (0, 0} satisfies both the qu.:,-y-*

inequalities 3x+5y<15 and-x+3y<3, so both the )
elosed half-planes are on the origin sides of It 3 e o
(i) and (ii). e St £ ol

‘Iﬁw intersection of these closed hali- planes e f,_f'“
16 the shaded overlapping region as shown in Figure 9.19 .

H
FER
S - = X
Figure 9.20 Figure 9.21
ﬂlc graph of £ = 15 partially shown in Figure 9.20. The Y
intersection of graphs shown in Figure 9.19 and Fisure i
= 4

9.20 is partially displayed as a shaded region in Figure
9.21, -_,_,

The graph of y = 0 is partially plotted in Figure 9,22, iy=gyi” x
The intersection of graphs shown in Figure 9.19 and i
Figure 9.22 is partially displayed as shaded region in I
Figure 9.23, | Fige 922

The graph of the given
system of linear inequalities
is the intersection of the
graphs shown in Figure 9.21
and Figure 9.23 which is
indicated as shaded region in
Figure 9.24. This shaded Figure 9.23
region is the required feasible region of the given system of linear inequalities.




asible region sU%)

ect 1o the following constraints,

Did You Know EI'

Example9: Graph a . wemtySH
ay, =81 I: 3 +2y 2 8 The feasible solution
s +2) 2 x+2y S 10 region in example 9(y)
5 &S 20 iz unbounded while the
y 20 y el feasible solution regiop
. tions for the , in gxample 9(b) is
{ (a) The associated €q17 6 bounded.
sﬂ“m;;:ir:{sﬂ} 1y dy< 12 and 3% nyﬂ 6 (i)
N are 3x—4y = 12 @ afu:.l Mm: ';:5;3 (4, 0y and (0, =3) by a solid
ina (1) i5 drawn by joining . N
The graph ‘:f 1:“'1 ﬁ;ﬁt ?;}E () satisfies the inequality 3x = 4y EYIE- so the graph of
ine. Since the tes - igi 4
!_:,I:E: il;;; 12 is the closed half-plane On ']_]::: i i
side of line 3x— 4y = 12. The graph of SYSE€ <
3 - 4y =12 : -"f\:'}‘-
120 i
.o Figure 9.25. o P
: ; ed region in Figure 9 : -3}
» Pef'ma“}r _;h::-w;;n: Su]-:'afmg (i?} is drawn by joining <
e 3 an (0, 3) by a solid line. Since the ] Figure 9.25

the points (2, () and .
test i?}mt does not satisfy the inequality 3x + 2y 2 6,

5o the graph of 3x + 2y 2 § is the closed half-plane not on
line 3x+ 2y =6. The graph of system .

the origin side of the

Jr + 2y 26 ,
xz0
y = 0 is partially drawn as shaded
region inFigure 9.26.
The graph of the system =
3x — 4y 12
Ix+ 2y 26
xz20
y 2 0 i"il_lttl'il 9.26

is the intersection of the graphs shown in (Figure 9.25) and
figure 9.26 and it is partially displayed in (Figure 9.27) as shaded rag:'un.l
This shaded region in the graph of the feasible region subject to the given
constraints,

Mathematics-XI
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Corner Points: (2, 0), (4, 0), (0,3)
(b) The graph of the system
Ix -4y €12
I+ 2y 26
2z 0

¥z 0 is partially shown in Figure 9.27

Figure 9.27

The graph of the system

Y

X+ 29210 - i

xz 0 \\\uﬁi

¥ = s shown by shaded region in figure 9.28 : 23,

U -

The graph of the svstem ot 2 Ll
3x— dy £12 -
3r+ 2y =6 Figure 9.28

r+ 3y <10
Xz

¥ = Uis the intersection of the graphs shown in figure 9.27 and figure
9.285 and it is indicated in figure 9.29 as shaded region.
Comer Points;
o . i} g \I
(2,00, (4,0), | —, =], @5 0,3
\ 5 i
%44, Optimal solution

%.4.1 There are infinitely many feasible solutions

in the feasible region. The feasible solution which

maximizes or minimizes the objective function is / £
called the Optimal Solution, : Figure 9.29
The procedure for finding the optimal solution (maximum or minimum value) of

t!]{: objective function f(x, y)= ar + by, subject to a set of linear constraints
(inequalities) in variables xand y is as following:
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A _‘_ﬁ e 5 iz plillw] golutlon i £(0,0) = 200) + 3(0) = 0
i in aly
9.4,2 Procedure for ﬂl‘“l;“ feasible region by graphing the qualities £5.0) = 25) 4 3(0) = 10
; Determing e : : -
SIEP'L ™ that form the L‘Dl'lif-f_ﬂm's'f fws_ih]c n}gi’-’-‘lﬂ- by solving two equations ;::} i:-: ;t{ll:; =4 i{T; - ;4
) .1 the corner points &% - - e feasible region. ; ) = + 31 = -
Bops Fmd'm: of the boundary lines of the Thus the minimum value of f(x, ¥) is 0 at the comer point O(0, 0) and the
. at @ tme o f the objective function flx.y) = ax+by at each maximum value of f{x, y) is 14 at the corner point (1, 4),
Step-3: Compute the va_tuc of moTprf e el e \
~ of the comer potnls. . celect the Jargest value computed ip of the function fix.y) = 4x+ 2y subject to the constraints ™ :
i solution, ) d SN ‘
Step-4 To find the ﬁpt:ma1 “;!n' has 1o be maximized, and sélect the : + hz Z ; - .
step-3 if fixy) =r j‘T: ) = ax + by hasto be minimized. il & S X*} "
: . ) I - s =y 5
apaltss: vﬂlu.“ J minimurm values of the function t=0 A
Example 10: Find the maximum an y 20 Fligare 9.31

2y + 3y subject 10 the constrainls ;

fixy) = Solution: The solution region of the system

4+ 2y < -
- y2 - S5 (ﬁ"u“_— @
x+ ¥y =5 T
x+ ys 3 5y ) F In example 11, the function f{x, ¥) has maximum |
xz 0 =% yS38 value at two corner points (4,0) and (3,2). It follows |

s 0 xz20 that fix, ¥) has maximum value at all the points of
y= i ! y2 0 the line segment between the points (3.2} and (2,3).
sy >—1is theclosed half-plane on the % :
Solution: The graph of the ineguality 3 = oh of the inequality x + y <5 is is the shaded region OABCD shown in figure 9.31. We see that the feasible
origin side of the line Jr-y=-1 and [hﬂ graph ol LW ’ | region is bounded and its corner points are O(0, 0), A (4, 0). B (3, 2), C(2.3) and
e closed half-plane also on the origin side of the line x + ¥ =J. D (0, 4}, We compute the values of the function f{x, ¥) at the comer points to find
The graph of the system its maximum and minimum values. The value of f{x, y) at the comer points are
& gr

given in the following table.

. e Comer Points Ry =ax ¥ 2y
S Sl u\Y ; (0, 0) FO =410y + 2000 = 0
xz 0 (0,5) (4, 0 L iy =40y & 200 = In
=D (3:2) (3. 2)=4(3) +2(2)=1b
45 shown as a shaded region in Figure 9.30. o1} o {2,3) [ AV =M2 +203) = 14
This shaded region is the feasible region. —— 7+ | 0.4) e e

1
[_?]..m

We see that the feasible region is bounded

and its comer points are O0,0), A (5, 0), B(l, 4)
and C (0,1). Evaluating the given function y J
f{x, v) at the corner points, we get

From the above table, we see that the minimum value of the function f{x,y) is 0 at
the corner point (0, () and the maximum value of fix, v) is 16 at the comer points

Figure 9.30 (4, 0) and (3,2).

Mathemuntics-X1
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9.43. Real life LP Problems oroblem, first formulate a mathematical mode] of
To solve a linear programming jure given in section 9.4 to solve it,

ming problem

the problem and then use the proce s
tlon af & TEC0 it ning problem involves the

thematical formula !
%?: ::aThematica] formulation of a linear programs
following basic steps: . {assign § ymbol x an d yto them. These
decision yariable an g lues we wish 1o determine

jes whose values :
{ constraints and express them as linear equations /
of the decision variables. These constraints are the

Step 1 Identify the _
f 151 decision variables are those quantil

Step 2 Identify the set 0
inequations in terms

iven condilions. b

Henti function and express 1

tep 3 Identify the ohjective !
g decis[?n variables. It might take the form O

:on or minimizing cost. " _ |

Step 4 Eﬁ:?: non-negativity restrictions on the dccmmn_vnrlabtus, as in the

= physical problems, negative values of decision variables have no valid
interpretation.

Example 12: A furniture deale

{ a5 a hinear function of
f maximizing profit or

r deals in only two Hlems, viz., tables and chairs,
He has Rs. 10,000 to invest and a space L0 store at most 60 pieces, A table cosig

him Rs. 500 and chair Rs. 200. He can sell 4 table at a profit of Rs. 50 and a chair
at a profit of Rs. 15. Assume that he can <all all the items that he buys. Formulate

this problem as on LPP, 50 that he can maximize the pmm_. .
Solution: Let x and y denote the pumber of tables and chairs respectively (xand ¥y

are decision variables).
The cost of x tables = Rs, 500

Therefore, the total cost of x tables and
cannot be more than 10000, Thus  500x + 2

Also, x +y < 60 (constraint) as the dealer has
items. It is obvious that x = 0, y= 0 (non-negative restrictions} as 1

tables and chairs cannot be negative.
Profit on x tables = 50x,  Profit on y chairs = 15y

Hence, the profit on x tables and y chairs = Rs. 50x + 13y (objective function).
Obviously, the dealer wishes to maximize the profit Z=50x + 13y
Thus, the mathematical formulation of the LPP is
: Maximize Z = 50x + 15y subject to the constraints
Sx+2y< 100

X+ y<E0
xz0, =20

x. The cost of y tables = Rs. 200 y

» chairs = Rs. (500 x+ 200 ), which
D0y < 10000 { Constraint}

the space to store at the most 60
he number of

Not For Sale
Mathematics-X1
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Example 13: o
twa '“E:l‘hil!t:s L‘:.l;l;;ﬁ;; produces two types of food containers A and B by using
minutes. Similarly, 1o pn;l;;::nl:::l-‘gun.:: anlr,ain:r A, M; watks 3 minites-and Ms. 4
PR T e, ontainer B, M, i b
minutes. The profit for container A is Rs. 20 a:l'l d“f'g:k; :k‘ nR'.:m:;;s :{n{l M3, 4
. S 4 oW Imamny

container of each type shoul
achieved? pe should be produced so that a maximum profit can be

Solution: Let x = the number of container A per minute and
¥ = the number of container B per minute.

If per hour production of M, and M. | i
: duct vl and M3 15 x container A an - { -
profit per hour i5 given by the profit function P (x, ¥)= Eé;jx}l:fin;amfr i

The constraints are

et Bys 60 (Resulting from machine M)
A4+ 4ys 60 (Resulting from machine Ma)
0]

B
y 2 0] (since container cannot be negative)

n

The above system of linear i litie ai i
Sl S e r mequalities/ constraints can be written in the
X+ dy < 30
X+ 3 51Is
xz 0
yz 0
We maximize the profit function P under the given constraints
As l'n:ll-.ru. graphing the linear inequalities,
we obtain the feasible region OABC which
is shaded in Figure 9.32. Solving the equations
X+ ﬂfrn-':ﬁ{]_ and x + y=15, we get x = 10, y=5,
Iah.-n is, their point of intersection is (10, 5).
Thus, the comer points of the feasible resion
are O(0,0), A(15,0), B(10,5) and C 0, 29,
4
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We find the value of the

p(10,5)=2

P (0,

0 4229 () +430F

Unit 9 | Linear Programming

Comer Points
(0,0)

(60, 0
g P (60, 0) = 50 (60) + 40(0) = 3000
S P (20, 60) = 50 (20) + 40 (60) = 3400
P (0, 80) = 50 (D) + 40 (80) = 3200
From

[]'H: Jhu‘-‘L [JI][E WE Seg h' r
Al I.h{‘. maximum pn‘] 1t 15 g i at
= . 1.h|: comer

A
is Rs. 515 per hour at : St (7
. s i profit 18 Bz 10U e point (20, 60). Thus, the farm Tt [
From the above l??!]ckra'ii:ucsmtlll:r optimal production ot that _m:,.”;;nu-;.u the acres of crop A and 60 acres ::re.zr:pl.“ggm the maximum profit if he cultivates 20
corner POl Bﬁg by Fll'clldl.]{:'lﬂg 10 containers of A and 5 thﬂ1-11ﬂfi-fh of B.
profti2 ac::lm Af Tmcf msm§5c5 a0 acres of land and wish 10 grow two types of
frz;?fk]ind -B C::li.vmiun of crop & requires 3 hou$ ;1:::':::i;;d*"lléﬁuw;11‘"11:1 :J[ 1. Graph the feasible region of the following . i i
I i ar GUTES. Working hours ¢ e : gels a finc the comer poi g system of linear inequalit
crop B requires 2 houts I;L;n‘lr":';p A and RS 40 per acre for crop B, then how | g Lw:;us{.: & : qualities and also .
profit of Rs. 50 per RIS i aximize his profit. = (i) 3% o= i ]
should be cultivated 1o max 2 ( ¥
many acies of :Mh Cl'ﬂ]j‘ " . " [ cro A X 4+ »'g 8 . +
Solution: Let x = ACTES required for cultivation @ oA =T y< 5 .
andy = Acres rgqui[{:d for cu1!i~.-;j,tinn of crops By i x 20 j x> 0 .
If P(x, y) is the profil function, then '\T - y 240 i3 o
= 50 + 40y g ; | .
PEII y" 5 L ialecﬁ%‘. Ty 4 vz 6 (iv) _— I ]
T8, 5i20.80) ; 2 : £
The constraints are B X x+ 3y = 12 2x + 3y < 12 1
Ik ~x+ y< 2 "
x+ y< 8O (Restriction of land) i e [ X ¥y 2} I
i . . 23 : |
It Iy 180 ( Restriction due 10 timad 1 § S x 2 0 _~
——1T [ £ = ] y 2 'U'_I .
1 2, ) Maximize f(x, y) = o {
x 20 Non-negative constraints, 1B imize f(x, ¥) = 2x + y subject to the constraints I
y 20 since acres cannot be negative 1 f+vEQ i
' 1 x+y21
3 x,yz0 !
o 5 i , ] A T i y
: 1 'H.mﬁf‘ : Maximize f(x, v} = 3x+ 5y subject to the constraints
Graphing the inequalities, we obtain the feasible region OABC which 15 displal 2e+3y 212
Jx+2y €12 |

by shading in figure 9.33. Solving x + y = 80 and 3x + 2y =180, I

we get x=20 and y= 60, that is their point of intersection is (20, 610). "“1_“5 Eh. x+ y=z2

comer points of the feasible region are 0(0, 0), A (60, 0), B (20, 60) and C b xz0
yz0

we find the values of the function P at the corner points.

a
! _ Muthemntit‘i‘XI Mathematies-X1
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function flx.y)=5242y
Unit9 o

56) Find the fraximum and mun

ubject to the CONSURIE gy y 2 2

yalues of

es of the function flxy)=Tx+2ly

i d
(i1) Find the mmmrm;: an
subject 10 the constrainits 5

1B b
. veles, model A and mn;_}de. ) by
anufactures W8 models of hiC}"-'lE"n_ e s Sk’
m : ;

' hag 4t most S
A ‘Tﬁmmr:nﬁ?n:s M, and Mo :Eh:;id la\’“ﬂahle. Manufm:l.urw;ir_t:d TL ::1
usIng sl O in macmne i
. s ! aped 4 hours
maching Mz has @ : . My &

i hours in machin® oo s i
bicycle requites :mﬂ'dd B bicycle rﬁlm{‘:s‘; h“;l 40 per model A bicycle and
rofi ]

. craring of : J] d be
T:in;?:;;l[:'ﬂ T'i*' 1f e mmﬁﬂfg Ei[:c!{}c how many of each model shoul
2 ot yele.

fit of Rs. 50 per @ e .
fnr:m{mumd e - .o 7 units of chemical and 1 u.1_1|t
4 duct A by using = VIS emict 2 unis
5. . A machine ca% Pﬂﬁ:ﬁ: gmrﬂducl B by using | unit gf | u:hft.:;::.mmwund 5
o i 0r5=::; FEJDEI units of chemical and 1000 unst; 1111 bt mwumcw
e ﬂfmif"}tu“i;oﬁl :;;u:r wnit of A and B are s 30 ang B
ayailable. 1DE

wad 1o achieve the
any units of each product should be produced 10 F
Determing how many
maximum profit |
] 5, L ¢
A company manufactures and gells two mq}dc.l? &1;1&:;12! e
' féliuwing table 1o determine how many of each type © P
to achieve a maximum profit?

= NI Mo

“Ugﬂilﬂﬂ

Las d
1d be F.md'ﬂﬂf

in machine v and § houts .

{11

(i)

Y11

Choose the correct option

The solution of the system of inequalities x =0, x5 =0and x = ¥y
is a polygonal region with the vertices as

(1) (0,0), (5,00, (5,5) (b) (0,0), (0,5). (5,3)
() (5,5). (0,5), (5,0)

(d) (0.0, (0.5). (5.0)
Find the profit function p if it yields the value 11 and 7 at (3,7} and
(1,3) respectively
(n) p=—8x + 5y ib)p=8x — 5y
{c) p=8x+ 5y {d)p= —(Bx+3y)

The vertices of closed convex polygon representing the feasible
region of the objective function are (6, 2), (4, 6), (3. 4) and (3, 6).
Find the maxirmum value of the function f = Tx + 11¥

1) 64 (b) 79 (c) 94 {d) 87
Which of the following is a point in the feasible region determined
by the linear inequations 2x + 3y < 6 and 3x — 2y = 167
() (4, -3 (=24 (©@G.-2 (dE -9

The maximum value of the function f= Sx + 3y subjected to the
constraints x = 3and y = 3 is

(a) 15 (byu (el

Iid" does not exist

Maximize 5x + 7y, subject 1o the constraints 2¢ + 3y < 12,
x+y<= 5 x=0andy=0

(a) 29 (b3 30 (e} 25 dh 21

Maximize Z= 4x+3y subject to the constraints
3x o+ dy=24
Bx + Oy =45
xS 5;
y< 6

xyz 0



