A fror reading this umi: thestudenisa ill h-:.__;-.l_'tl-_'__iﬂ:____
A L = - - - - - - e

notation o expréss the product of

¢ Know Kramp's factorial
bers by nl. L
@ ::zugniz:ih]:: fundamental principle of counting and illustrate this principle |

_ using tree diagram.

s Explain the meaning of
and know the notation “Pr.

s Prove that "P=n(n-1)(n-2) ..

|
first n natural L

permutation of n different objects taken rat d time |

. (n-r+l1) and hence deduce that

e 0=l

s Apply "P, to solve relevant problems of finding the nu mber o
of n objects taken r.at a time {when all n objects are different
of them are alike).

o Find the armangement of different objects around a circle.

‘s Define combination of n different objects taken rat a time.

f arrangements
and when some

HENH )
[HFE-C7)

Solve problems involving combination,
Define the following:

sintistical experiment,

sample space and an event,
mutually exclusive events,
equally likely events,

dependent and independent events,

simple and compound events,

nT

Recognize the formula for probability of eccurrence of an event E, that

_n(E)

e (5)
nis)

, 0< P(E)S1

Apply the formula for finding probability in simple cases.

Use Venn diagrams and tree diagrams to find
occurrence of an event.

Define the conditional probability

the probability for the

Recognize the addition theorem ( or law) of probability

P(AUB)= P(A) +P(B)-P(ANB), wi
events,
Recognize multiplication theorem (oF law) of p

P(ANB) = P(A) P(BIA) or P(AMB) = P(B) P(AIB) where

d B are independent egvents.

are conditional probabilities.
Deduce that P(ANB) = P(A) P(B) where A a0
Use theorem of addition and multiplication ©
problems

were A and B are mutually exclusive

P(BIA) and P(AIB)

robability

f probability to solve related




Kills. People start to count

tal 8
-2t earlier. But how to count

mmkl en Or cven
. & LESC.

et ically 15 a lifelong &7 binatorics, the

- quickly, me;ﬂywm- By s first neoessaY 10 learn about CONTRIT

In order to study *

theory of counting.
I this unit, we Will ey ggmnulae are

number of objects in 8 Set determine

analyze algorithms. They ar¢ 31‘:; :i*"-’ 10t il occr.

that a certain outcome of aran peri the product of first n natural

s Factorial notation 10 express

the most fund

i and formulae for counting the
i 5 sed in computer science to
prﬂbat:rllitics, the likelihood

the notation n! (read “'n factorial™) is the product of all

If n is a positive integer,
positive integers from n down through 1.
a! =n{n-1) (n-2)———3) (2)(1)

0! (zero factorial), by definition, 0!=1

Examp

Bosuaiboe Technology g1
-. Hl!t'!hﬂFIctnrilk Mast calculators have factorial
[or=1 keys. To find 51, most calculators

=1 ' use one of the following:
ERr=2.1=2 Many Scientific Calculators
[31=3-2-1=6 5[
fal=4:3-2-1= Many Graphing Calculators
f51=5:4-3-2-1=120 s[] [ENTER]
E61=6-5-4-3-2-1=

F=7-6:5:4-3-2-1=5040

= §:7-6-5-4-3-2-1= 40,320

.;&9,’-.3-?«6-5-4-3.24-;5:,35;}.

Note The Difference |

123'=2(32) =12
| (23)!=6!=6:54-3:2:1=720

je 1: Simplify the following cxprmfms.l
8 p 2l oLyl o

—_— e 4

EETR TE TR TR TR TR TR el
81 871 _ B
solution: @ 5,==" =8
5! 543! 54
T TR TE TR T i
1 1

e . I IS, N
2041 3131 20413 31314 32141 3143

=n+l

d (n+1)! _(n+1)n!
T n!
n! a(n=1).(n=2)(n-3)!
e = 2 Pro
(n—-3)! {(n=3)! i
= nn—1).(n—2)=n"-3n" 4.2, Evaluate each factorial
Example 2: Write the following in factorial form: expression:

: Nm—D)(n — 14! .
1317 (n=3)(n—2)(n-1) - g L
9-8:7-5 nin—4) ik (m=1)t
Solutlon: {i}!}l? _17°16:15-14:1312! 1364

9-8:7-5 9-87-6:54!  16:15:14-13:12!
_17! 6-514113-12!_171131614!
91" 16551121 16%12191-5!

(i)

1)
n(n—4) PR

(n=1(n=1)(n-2)n=3)n-3)!
- nin=1)(n-2)(n=3)n-4)n-3) lin—4)!
(n=1)}n-5)! {ﬂ—I]{H-E]{n-S){n-d-]!
nln-4)! (n—4)!

(n=Din-5)! (m=D! _ [{n-—l}!]z{n—‘ﬁ]!
= Tn-d) @9l a9

nin—4)

(1=3)n=2)n-1) _(n=1)n=2)n-3)_ (n-Dn-2)n-3)n-4"




e How many different 6-place veh -
gxam e 3 A Piace vehicle number plates are possible if
e first 3 places A€ pied by letters and the final 3 by numbers?

: L thre ;
golution: Since the first three places are to be oceupied by the leners 4,8,C,... 7
: ; - ihé final 3 places by rhctnumbcrs 0,1,2,....9 .
.1, Evaluate the following: AR eal (iv) ‘? Hence QCh eyt E, 1= 1,2,3 oceurs in m; = 26, i=1, 2, 3 different wa | |
34! (i) 1! (51) . i=4, 5, 6 occurs in my; = 10, i= i ys
0 gy 2 (n+ od each By i= 4 3, 6 occt i » #=4, 5, 6 different ways. Then by the
W 58 4! s ndamental counting principle the total number of vehicle number platesis j
2 Wit the following in S s ) 24681012 - gy My M M3 Mg = 26-26-26-10-1010 = 17576000 i
gy 1eisirieistd gy Meiler? grample 4  How many functions defined on n points is possible if cach !
i - nln’- 1) " i functional value 1s either 0 or 17 . i
3 Prove the following: 51 Solution: Letthe pointsbe 1,2, 3,...,n.
] (n+3)_ 2 :
o ) {ii) _-{n+3}!_" sy gineef (/) = 0 or 1 foreach i=1,2,3, ... n Hence each evem E;,i=1,2,3,...,n
(i 4'5_;+?'r+-3_r' T hasm;=2,i =1,2,3, ..., n possibilities. Thus by the fundamental counting
4. Find the value of n, when l (n=1)! principle the total numbers of possible functions is
! =L g
n(n) _ 120D (i) m: (n—4)! =i ! ey oy, = 2:2:2-02 =20
1 Example 5: There are 5 roads joining A to B and 3 roads joining B to C. Find

W -9 (n-4!
bow many different routes there are from A to C via B

5. Show u:m“,%Lz*(pa-s---{zu-m |

i) ZHo 2 (1:3:5 (201 20H) |

6.2 Permutation . i . L
vl atle 1 WA, R Solution; There are two operations to be performed in succession.

As we know that counting plays @ :
isti i iz zectl he nexl, WE

ility, statistics and computer science. In this section and in t ; _ :

ey i roblems and develop general formulae for AtoB St

shall look at special types of counting p
solving them. \ 1 : i
The following principle of counting will be helpful and basic t© all our work- BtoC y
6.2.1 Fundamental Principle of Counting g Number of routes from A to C=5x3=15 —_—
Let Ey, Ea, . . . ,Ex be a sequence of k events. If for each i, E; can occur 10 u':‘; - ample 6: How many 3-letter code symbols can be formed with the letters A. £,
Pia{:ﬂ 18 C """'I“huul o
repetition?

different ways, then the total number of ways the events may take

product myma. . . Mg
This principle is also known as the multiplication principle.

Sy s
lution; Consider placing the letiers in these hoxe:-.Djj




utation, Combination

=n(n=1){n=2)..(n=r+1)’

&I .lﬁ P I.h: :. JIP (
s Prove i s =nln—1 =)
Thenre:l'l'l | “ﬂ 2}...{n~.r+” and 1 i

of the 3 letters fromi
any 4 must be selected | possibility is wing: (i) "P.= iy =
follo (n—7)! F.=nl (i) 01=1

selected, the SeCONC T, L mined, since only 1 P
etters, After this, the third 1eE€t I;fai;hn:d :{ Jetters in the first D% E'F“eél:ih?:;
Jeft. That is, we can place 8 S © 0y ihe only remaining beties o g To find a formula for °p :

e in the box., : hown below. proof: > . We note th ;
remaining 2 lefters i ¢ ; sing a tree diagram, 85 § " . al the task of obtaini I
box, The possibilities can be arrived 8t U ordered arrangement of n elements in which only r<n of them are i ‘I

0 repetitions, requires making r selections. Therefore, for the A u“td without |
= c ABC are n choices; for IJI'IE second selection, there are (n — 1l ch;!'z::!}mum, l.hare
A {"‘:c —B ACB  pach putcome ihere are (n — 2) choices; and so on. Hence the events: S o i) [
0 U Pt E, occurs in m; = n ways 5
o—A letters ABC. ] i
A B eAl E; oceurs in mz = (n-1) ways
¢ {:3 A CBA .
E; occurs in m3 = (n—2) ways

We see that there are 6 possibilitics. The set of all the possibilities is |

[ABC, ACB, BAC, BCA, CAB, CBAJ. |
Example 7: How many 3.Jetter code symbols can be formed with the letters A, B, | =
and  E,occursinm,= (n—(r=1)) =(n-r+1) ways

C, D, and E with repetition (that is, allowing letters to be repeated)?
Thus by the Fundamental Counting Principle

Solutlon: Since repetition is allowed, there are 5 choices for the first letter, 5
the third. Thus there are 5-5-5, or 125 code :
P =memyemyem, =nin—1)n=2)-(n—r+l)

chaoices for the second, and 5 for

symbols.
mgig :,;::: ;aﬂ::; é:[::r .:gﬁ iuTebﬂﬂl;n ca:“::?rnmed with the letters A, B, | (i) Since "P. =n(n—1)(n—2)-(n-r+1)
Solution: We can select each of the 5 letters in 4 ways. That is, we can select the "P.=n(n—=1)(n=2)(n-r+1). (1)
first letter in 4 ways, the second in 4 ways, and so on, Thus there are 4°, or 1024 el
| =H{n—i]{n-2]---{:|—r+l}{r:—-r}! = il
(n—r)! T {n-n)!

EIT&.I]EBII]EI‘HS.
6.2.2 Explaining the meaning of permutation

. ﬁm ordered arrangement of a finite number of elements taken some or all
at a time is called a permutation of these elements.

| () Since "P,=n(n-1)(n~2)-(n-r+1)
Now, putting r = n in the above, we obtain:

"P. =n(n-1)n-2)(n-n+1) =nln=n-2)"1

We use the notation "2 or P(n,r) to denote the number of permutations of n |
soaontstakon, it o i whees £ scRl00 K Wi AL . : =n(n-1)(n-2)32:1 =n! al
. iii ; ST il m——=
D) Since"P, =n! then by using (i), we ob@R: Ty m

Now, we develop general formula f . ¢ i
i or the solution of special types of
counting problems. B pecial 1ype ,

1
0]';]—1:] :‘0’!:1




§; How mary 0
g if each in

3 g and each aumber wWe have
i i ce, this 15 a problem
find, consists of six digits Mo n:p:lilim‘l i
="

of permutation. y
. The reguired number of gix digit numbe
g.§7-6543! _9r8-7-6-5-4-3‘.
e _—_'_ji
3 !
=08 7654 =480

ade out of the jeners of the

words can be m _
¢ and end with el

Example 10: How many different W i
word ";:nFl‘eangle‘"! How many of these will begin with
Solution:

sriangle”. Therefore, the number of

flers in the word
8t _ 8! _ g =40320

different words = ‘K= W_ 5
(i) If ‘" and ‘e’ occUpy e first and last places, then We
different letters, Thus the number of different wards in this case 15
fp=61=720
11: How many different arrangements of 10 abjects taken 4 at i Lime

can be made with one particular ohject (i) never occurs (i1} always?

Solution:  There are 10 different objects and we are taking 4 at a tme. Then
(1)

= nwg o
the possible arrangements are = T

i) Since one of the objects never ooc

(i) There are 8 different le

are left only with 6

urs, so we are left with 9 objects. Thus

the possible arrangements taking datatime="P = ! = 3024 (2}
(9-4)!

rs is

{ii]l The pussihl_e arrangements that the particular object always occl
obtained by subtracting (2) from (1), ie. 5040~ 3024 = 2016
6.2.4. EPHmt&_ 5 ﬂt:ns with Repeated Elements
onsider the example of finding the number of different 9 digi crals
of git numer
that can be formed from the digits: 6, 6, 6, 6, 5, 5, 5, 4, 3 and consider one Stc
numeral; 665566543 (i)

Mot For Sale
Mathematies-X1

e o
with this orieriig oF t digits, there are 41
: o 5, ! Pe
¥ PpAES ?f tth' digits 5 which have no e[t'e:t“:n the
hereforc there Et:';, 4:-3. arrangements of digits in the numeral Iul:.m:re numeral.
do mot pesult In @ ¢ |.=Imngll_lishahte permutation of the given ni given in (i) which
is purnber of dm;;g”’s;‘“m“ permutations of the given 9 d:;?t: '5:5, ﬂ“:;“f if X
1 i the number of permutations " , then 4131 X=091,
ahere & oi s of 9 distinct elements taken 9 at atime
N 2520 ;
41-3!
The above example shows that in case of re
i ted
;ons is reduced, Hence we have the flJHUw?:; 'ﬁ:hﬁmtms, the number of

peﬂmltﬂi
Theorent: The nE|mh::r of distinguishable permutations of n el

| at a time, in which my are alike, m; are ali g g
J s ; are alike, . , . and my are alike is.
E"‘i Lo !
proof: Let X be the required number of distinguishable permutations. Now, if we

replace My alike elements by m, different elements, then the number of
permutations rlrf m, distinet elements taken all at a time is my!. Similarly the
replacement of ma, . . . M alike elements by different elements give rise to my!
.. my! permutations respectively. a
[ 1:!1us the simultaneous replacement of alike elements by different clements
increases the number of permutations to X. myl. myl. .. my!
S-- = = 3
ince n = my + ms + . . .+ my, then the number of permutations of n

distinet elements is n!
n!
s Remember
m, Lo Ly ! .

SXu gl l=n! =X =
I We usually omit those di;g'ils.
L .

which occur once. /|

Where X is generally denoted by, {

Ay My

Thus [ n n!
ks - . -
M. m, L, Lom, !

Exa .
the l::}::l; ul": Find the number of different arrangements that can
of the word “assassination” taken all together.

Solutj

Solutipn;

Lind 2 ::: The total number of letters is 13, out of W
TN, so0n= i3-m1=4.mz=3.m;=2.|m=2

be made out of

hichduresjma,z-m:

Thltg f
the pegui 13 13!
Quired number of permutations = " = ]= FTCTEIE ]|
Fof parmaimben: iy Bk ey 43.2.2) 4ea2ial
=108 10800




d‘m nt m;mbcrﬁ are pussiblr, using all of
git differe

b

o - syt — di
[
Example 13: How many &igh o

the digits 1, 1 b 1,22 3,47 "
Solutlon: The total namber of

s the total eight digitoumber =y, ) = 142 y

! is Rm“ﬂ a clrele ' ;
ments of Distinet Elemients T & seen that 4 elements
6.2.5 Arrang elements in & 1O and hav e irange 1heas

We have been armnging : ays. SUPPOS
row in 41 = 24 different Wiy ple let us amange AB,

it is 8, out of which four are 1§ and two
B

can be arranged in & Py mem, For exam
MJ; ¢EI=u;wi:;rusmTriﬂgtﬁﬂnt is shown in Figure 6.1 and others
C, D around 2 >
in Figure 6.2, A B
D c
Figurz 6.1,
0 sy~ wf
. \
i
B 3 sl S
Figure 6.2

Now to check, whether these four arrangements are different or not. Let us ignore
the positions of A, B, C, D and consider only their refative order as e 20 i
the circle in a specific direction. We see that these four arrangements are the
same. For example if we begin at A and move clockwise around any of the circles
we get the same arrangement, ABCD and then back to A again. Thus the four
different arrangements ABCD, BCDA, CDAB and DABC are not distiﬂE“i“h“hic
in a circular arrangement.

In general, if there are X distinct circular arrangements of four elements,
there would be 4X arrangements of these elements along a row. But since the
number of arrangements along a row is 4!,

4! 43|

then wehave 4X=4! = X=—=——21I
4 4

Mathematics-X1

. ..I I ﬁmumtlun. Combination ﬁndmm

his, we have the following;
ol ingakstimble elreulur :
amber of distingal \ i permitations of
Th:I':H aging keys on a ring or different beads on a ““Ck?aii?:?:“a I (ne1)1,
the same if one arrangement can be obtained rmimmb: that tu;u
other by

menis are ;
ing over the ring for the necklace) is reflection of one another. Thus i
. in case

wre f four el
xample 15 of four clements A, B, C, D, the follow
:fp,-, llﬁfﬂ came under such conditions (reflection of one ﬂnn::h::!;_g two arrangements

A@ @B

Figure 6.3

Clmmqumtl}r. there are three different arrangements of four different keys on a
ring (or four different beads on a necklace), that is, the number of different

amangements is @-bi_>ls
2 2
More generally, the number of different arrangements of keys on a ring {or

ndifferent beads on a necklace) is _{u;'ﬂ-! .

Example 14: Tn how many ways can six people be seated around a circular table?

msﬂlﬂi_fnn: In this case n = 6, so that six people can be seated around a circular
ble in (6 - )l =5! =120 ways.

E

l}:""“I“h‘.‘ 15: How many different necklaces can be formed
s of different colors?

Ib)' stringing eight

n-1)!

Solutign, i
Wion:  The number of different necklaces is =

So
forn=g, we have B=D!_T! _3550 different necklaces.
g 2




10.

13.

14.

15.

. Evaluate (1)

_ Prove the following by Fundamental

P (i) “ P
p=o('R) (i) "B =000

principle of counting

‘R
Solve forn @) B =56CRV )
@y P =""F +r("F)
partment acrange eight suspecis in aline up?
«Fasting’ be arranged?

the digits 2.4, 5,7, 9.
even?

i)"P=n{""Fy)

In how many ways can a police de
I how many ways can letters of the word
How many 4 digit numbers can be formed with
(Repetitions not being allowed). How many of these are
How many three digit numbers can be formed from the digits 1,2, 3, 4and

5 if repetitions (i} are allowed (i} are not allowed.
How many different arrangements can be formed of the word “equation”
if all the vowels are to be kept together?
How many signals can be given by six flags
number of them are used at a time?

In how many ways can five students be seated in
(i) 'msis[icm sitting pext 1o each other?

(ii) refuse to sit next to each other?

How many numbers each lying between 10 and 1000 can be formed with
digits 2, 3, 4, 0, 8, 9 using only once?

How many different words can be formed from the letters of the following
words if the letters are taken all at a time?

(i) Bookworm (i) Bookkeeper. (iii) Abbottabad  (1v) Letter

Find the number of permutations of the word ‘EXCELLENCE'. How
many of these permutations (i) begin with E (ii) begin with E and end with
C (iii) begin with E and end with E (iv) do not begin with E. () contain
two 2L's together (vi) do not contain 2L's together.

of different colors when any

a row of eight seats if a

certain two students

If five distinct keys are placed on a key ring, how many different orders

are possible?
In IrEnw many ways can 7 people be arranged at a round table 5o
particular persons always sit together?

hat 2

t 6 | Permutation, Combination Ang pror s -

¢.3 Combination
So for, we have been ¢ erned

grrangements c-1f elements of a sa?ﬂlf!uw w"ﬁ’:;th Permutations, whiel
1 which order is not important that js Sllhs[:m??;s-nu[ discussion gn a;:igt::r:lerﬂd
: ey Ents

Notation: The notation, we use for the iktlber of
rof co

: mbinations of p elements

taken r at a time is "C, or
»
Example 16: Suppose S = {a, b, ¢, d}.Fi
s D, dLLF
4 |etters at a time. }-Find the number of combinations by taking
Solution:  The subsets of § taken th
ree elements i s
{a.b.c}, | ab,d}, {acd) (b,c,d] s at a time are:
Therefore. "Ci =4

The distinction between pe i
_permutations and combinations i i
:l;.dre;‘ ;:[ a :;ctlnf clements gives a different permutation but th;ssa‘{::l :;I::rnbhg‘mg'mt
Bat mp :ﬂ;n the ::bnw: example there are four subsets of {a.b,c.d}, mkzumn.
i mn:le bd ccause .Cf' =4, BuE the elements of each one of the four subsets can
T ped in a daﬁmtfz order in 3! or 6 different ways. Thus the total number of
ntarrangements in a definite order in all four subsets is
6-4 =‘P; or 31'C,="R
DIIIC3 = :ﬂ :—L
3 3(4-3)

6.3.2 Theorem: Provethmt "C =

and we have the following important formula.

: i
o And hence deduce that
riln—r)!

0o (e (ron (- ()

each

Proof:
rool: To find ¢, we must find the total number of subsets of r clements

of th :
ei that can be obtained from a set of
lh;“bmmmns (subsets) contains T eler
mselves in rl ways. Thus °C,
Permutations. But we know that the numbe

n elements. Since gach of these
an be permuted among

nents, which ¢
give "C,.r!

quch combinations will
r of permutations of n elements




!
gl =" = T :
: m{mratlﬁm‘h ‘P il n=r)! Pl
| .___[[_[__, :.1_ = Ir ﬂ!zl
Gy 1f r=n,hen C= a0
' pls B0y
iy If r=0, then lf;"ﬂ![u_m! n!
. ol _a(n=D!_
; i) Mr=t.ten CETETh -0t
nl O ala=1)
& B e — L m—
k: @) 1 r=n=1,then’C =PTmE_pen!  (a-DLI
:. {(v) Puting (n~r) for r, we have
, n! n .

lE-r= in :rj.'fn*fl+f.i'f' ] fr- rilr! T

Example 17: Provethat °C, +'C., = "iC,

Taking LHS="C,+'C,,
n! nl

= =) | (r=DNa—rah)]

Solution:

e S8

The number of combinations
of n things r at a time is equal
to the number of combinations
of n things n - r at a time i.e.

n! il
T rr=Dlin-r)! 7 (r=1)%n=r+1}n—r)

... I i
(r=DYn-rillr n=r+l "c2C,,
1 Such combinations are called
complementary.

_ nl A=r+l+r
(r=DMm=r)t| rin=r+1) Put r=u, then ey ="Cr =1

. - (n+1)n!
| b Fr=1Na~r+1j{n—r)

_ﬁ-ﬂL_ (0
ria=r+)l Aney—p) - O RHS ]
: R Not For Sale
Mathematics-X1

= —

- el

b

——— =

|

nit 6 | p.'n.-!u1nunn. Combination And Probabifity

U -
Example 18: From 12 books in how many ways can a selection of 5 be made,
(iywhen one specified book is always included, (i) when one specified book
excluded? .
{i) Since the specified book is to be included in every selection, we
have only to choose 4 out of thee remaining 11.

Hence the number of ways ="'C, I

_ 1Ix10x9x%8
Ixaxaxd
{it) Since the specified book is always 10 be excluded, we have (o
choose the 5 books out of the remaining 11,

is always
golution:

‘
Hence the number of ways="'C, = -EM =462
I 2x3xdxs
Cxample 19: Out of 14 men in how many ways can an eleven be chosen? !
The required number =", = "¢, J19%13%12 _ 164
1x2%3 - |

¥

Solution:

[. Solve the following for n,
(i) “C, =36 (1) ™6, =6."C,

ti 76, =30."C,

2, Findnandrif "P. =840 and "C =35
3. Findn when 'C, : "C, =36 :3
4. Prove that (1) *'C, ¢ =" il k"C. =a"'c,
5. How many \i/ straight lines (11 triangles are determined by 12 points,
n{: three of which lie on the same straight line.

?- Find }h: total number of diagonals of a hexagon.

+ Consider a group of 20 people. If everyone shakes hands with everyone
: else, how many handshakes take place?

oA student is to answer 7 out of 10 questions in an examination. How many
g choices has he, if he must answer the first 3 questions?

An 8-person commiltee is to be formed from a group of 6 women and -7

men. In how many ways can the committee be chosen if (i} the committee

:::St;::cntnin four men and four women? (11! there must be at least two men??
must be at least two women? () there must be more women than men?

Mathematics-X1 S



i A T
ohability l11lcffll'!r’ 15 N od i
F plying it withodt ren!i-.ung. The phm&;:;s like He i
eally every One is apply ot likely to cOme and s0 on I_I.m all probabiliyg,
reliable” “He is il jar’, ".H': l? ing" pmhﬂhiﬁt}" theory. B“b:““y‘ th;;,hi“lty
a.m; we use (hem by Eiid o pames of _chuncc] 61;.1 W ]'.; . d“?tlupgd
originated in pﬂ'ﬁ'r:n-ln:nﬁ1 (1623 - 1662) and Fermat (L : _hll 65). Tota,
mathematically BY pﬂﬁ‘-ﬁr beyond the area ”E, games of ¢ L:._I“ ?ml o
pility has growe isurance physics, social sciences, engineering qo.
icatl i enelics, 3
applications in g | | |
v i ertain ek «
mulpcmg;fm defining probability, We define and explain certain erms which sy
ysed in its definition. o
64101 ciment one pictures a procedure being carried o
Intuitively by an eXpe procedure can be repeated any numbers of

: itions. The ,
pnder a ﬁa;} SZL;]T:’;"LF conditions and upon completion of the procedure
times un "

i+ ocults are observed. The experiments are of two t}l‘pcs. = ==
o experiment An experiment is deterministic if, given the
{a) P’lﬂﬂﬂiﬂhim the experiment is carried out, the outcome is completely
i’;ﬁlﬁlﬂéﬁmp}c if pure water 1% hrnrughl_ o a lemperature _ul’ ll'}_ﬂ‘ C amd
760 Hg of atmospheric pressure (he oulcome s that the water will boil,

i hich the outcome cannol be
Random experiment An experiment for w : , _
;Ehridicrnd except that it is known to be one of a set of possible outcomes, is called

& random expenment.

Uit 6 | Permotation, Combination And Probabilty '

: i

For example (i) Tossing a coin (i) Rolling a die,
Since our interest lies in the random experiment, $o in this text
mean random experiment,
(i)  Sample space and an event
The set of all possible outcomes of & random experiment is called &

ints Of
sample space and is donated by S, The elements of § are called sample points
ffcomes,

by expenment We

For example (1)  Tossing a coin once, then

S={H.T)  where Hand T are the possible outcomes.

(b)  Tossing a coin twice, then the possible outcomes in the sample SPa -

.HH, HT, TH, TT.

e e B

Rolling a pair of dice, then we have the following sample space
s= {G.:iJ = 12,3,456)

Ly .2y A3 L4 0.5 0,6
(20 (22) 23) 249 (2.5 2.6
(3.0 (32) (33 G4 G335 0.8
4D 42 @3 @4 45 @6
(3.1) 5:2) (53) (5.4 (55 (5.6
(6.1) (62) (6.3) (64) (6,5 (6,6))

Event: Let S be the sample space of an experiment. Any subset E of § is called

an event associated with the experiment. For example E = [HH, TT} is an event
associated with the experiment of tossing a coin 1wice,

iy Muuaily Exclusive events
Two events are said to be mutually exclusive if they cannot both occur at
the same time. Mathematically, it is expressed as:
If AmB=¢,then AandB are mutually exclusive events.
_ For example rolling a die, let A be the event that even number has shown up
while B be the event that odd number has shown up and C be the event that a
number less than 4 has occurred.

Here  8={1,2,3,4,5,6)

Let A = {even number has shown up } ={2, 4, 6)
B = {odd number has shown up | = (1, 3, 5}

and  C = {a number less than 4 has occurred)= (1,2,3)

Now A B =¢=A and B are mutually exclusive while AnC ={2 ) and
BnCc={13 ) showing that A, C and B, C are not mutually exclusive.

) Byually tikely eveuts

ha T“'U evenls are said to be equally likely if they have equal chances of

uxi‘mn:ng_ I'_* other words, each event is as likely to occur as the other. For
.f;l‘,]c folling a die we have S={1.23.4.5.6) and each simple event
L) 1=1,2.3.45.61) is as lik dAovear o the -cahar: Bleans ey ame

2qually likely events. | is as likely to appear as the other y




e ]

—

._ i

. is, while an event l:{rnm_inin
Jled simple eVen 2
) veats of the fmn_lsl ;u:d =: compound event. For ﬂalr‘l.p]t Ei = [HH) i
at least two samPle Pﬂdnu}l;wuﬂ | is a compound event IO Wit (e
Er= | HE
imple event ﬂﬂdl L 5
asl iﬂ 1 of tossing g comn wncﬁ A we say that the event A occurg op
“Pﬁ-lmﬂn - L qesults in & ands€
I the random eXpEATET” " ¢ one of (Did You Know ?
o R |
happens i s if all Aj OGCUT. Favorable or Successiul
the Aj oceurs. The "j"""*,w:'" Outcomes :
s A fA e outcomes which entaj
Cthen A (complement OF & “The outcame ntail
lf_lhﬂ event ﬁuc:ul'i ¥ the happening of an event are
reative ta §) fails 10:0¢24F q  said to befavorable (successful)
€42 Let § be the sample space of 3 random - the event,
: d E be an event. The probability  gor example rolling a die, the
expamans? ' edby P(E)is  numberof outcomes
ill oeeur, denoted by I3 ko
that an event E will o favorable (successiul) to the
given by happening of event of even
) nl ) integers are three,i.e 2.4 and 6.
P(E)==—5
n(5)

the number of favorable (successful | outcome
the total number of outcomes
_ no. of elements in the event E
" no.of elementsinthe sample space S

Since E is a subset of §, then abviously
0= n(E)Y<n(S) Dividing by n (5], we obtain

nis) ni{&) nis)

Hence the probability of an event is always a number between 0 and 1 inclusive.

By the above definition, it is quite clear that P (¢) = 0 and P(5)=!

is why $is called an impossible event while § is called sure or certain event IfE

and F e two events such that P(E)< P(F) , then we say that F is more 1</
to oecur than E and if P(E) = p (F), the events E and F are equally likely.

Ord s PE) 51

gxample 20: (a) If a coin is flipped, find the probabil

{b) If a fair die is tossed, find the probabil;
ot e probability that

{a) HereS5={H,T}
Let A = | head has shownup | = [ H }
gince, the outcomes are equally likely, then using the formula:

an even number

Solution:

_n(4) 1
H}_Jr{S} S 2
(o) Here S5=(1,2,3,4,56])

Let B = even number has shownup }=1{2,4,6 )

1
n{f) 6 2
Example 21: In a three child family what is the probability of having
{i) three boys? (ii) at most one boy 7
{iii) at least one boy {(iv) exactly one boy ?
Sg&uﬁ;m Sometimes a tree diagram is very helpful in constructing a sample
space 5.

Since, the outcomes are equally likely, then we have p(B)=2 (8 _3

First Second Third Chutcomes
child child child
<v B BBE
B - 6 BEG
B /, B BGE
A G
G 8GG
x B GBB
B <
a2 @ GBG
\ 8 GGB
G <
& GGG

H
Ulf:::ce S = { BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG | and the
omes are equally likely. nid) _1

(1) Let A = i & P(A)=—"=
{ having three boys } = | BBB | then P({4) n(5) 3




- e boy )
g jeast B GBG. GGB |

rH ={h in| i

(i) Let D_ : E[:;S,EE B, BGB. BGG,GBB,
1 /S

f then PGS 8 _
i d ) et E=(having exactly one boy J= | BGG, GBG, GGB |
| v,

! F(E}=uf5}=§
o TG

3 L LetS=1(1L23.4 5. ) be the sample SPace of rolling & die. What is the
o number less than one?

}Rolling a 57 (i) Rolling
iii) Rolling a pumber greater than 07 (iv) Rolling 3 multiple of 37

(v} Ralling a number greater than or equal to 47
6 green balls. 3 balls are drawn at

y All arc green (ii) All are white.

! probability of (i

2 Al:-agmmains*iwiﬁw.jmdmd

random. What is the probability that (3
student guesses the

3, A true or false test contains eight questions. If a
answer for each question, find the probability:

(i) 7 answers are correct and 1 is incormect.

iiy & answers are comecl.
{iii} 6 answers are comecl and 2 are incomrect.
fiv) at least 6 answers are commect.

4. Three unbiased coins are tossed. What is the probability of obtaining
{iii) one head

(i) all heads {ii) two heads
vit All tails.

{iv) at least one head  (v) at east two heads

5. Acummﬂmcufipﬁmismbesehmdalmudwﬂﬁmuﬁmmandﬂwmﬂ-

Find the probability that the committee will consist of
(i) 3 men and 2 women (ii) 2 men and 3 women.

Mathematics-X1
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S card is drawn at random £ .
57 Tom g
Then find the probability of each of the fn;";::iﬂ‘mmad pack of 52 cards.
ng.

(i) ID}HW".["E an ace card, 0 Poadiwa
(iii) Drawing a diamond card, (i) rawing either spade or hearts
{v) Mot drawing an ace of hearts, Drawing a face card :

Two dice are thrown simultane

y ously, Find =

(i} doublet of even numbers (71) a sum !Hs‘i*:aﬁrgl?;l];;ltw of getting:

s ; as

(iv) asum greater than 10 (v) a sum at least 10 {vi) ,um ET" then 1
six"as the product

; (viii

{ix) a multiple of 3 as the sum (%) : 2;[!& numbee a5 the sum

; a5 a pme number

(vii}) an even number as the sum

643 Laws of Probability
It is casier (o compute the probability of an event from k
g NOWn

probabilitics of other events. This is true if the event can be ex

umfm or intersection of two other events or as the complement of ;“:ftd i
basic clementary laws of probability are given below in the form of th bt
6.44 Use Venn diagrams to find the probability for the murr:m :r::zml

IfAdand B TEd
S and B .
are disjoint are overlapping IfRc A —[

,.:;Ib._ A

I A
‘ﬂn

=5

——

We know :
, that if A and B : g
?:Em];" i iort ALy are two sets, then the shaded pans in the following
¢ above diag v
Probabilities. grams help us in understanding the formulae about the sum of two
::;hm“ that:
i s
Ifa -'llfc[m: probability of the occurrence of an event E
P{a) = “;’.i are two events, then '
" e probability of the occurrence of event A;

=
r i




B
nce of event B
the 0CUMT® of ALBL

; mp{::ﬁl:hm of the peclmence S
s hahility of the nc:une.!'hfﬁ a -

addition o probabilities are:
when A and 5 are disjoint.

(B
F{Auﬁ'}
The formulae for the
) p(AUB)=P@A)+PEN

i) P(AUB)=PA)+PE)

when A :sdﬂmawlnppingar Bc A

mdBmm}'fW"""“‘sj
(B)-P(ANB):

p(AnB)

n & sample space S, then
Theorem: [TA
p(AauB)=F( A)+P

an diagram, it is clear that

—

Proof: From the Ve

::{Au3}=u{A}+n[’ﬂ]—n[ﬁﬁﬂ]

andn( ANB ) has been subtracted simply becaus
Now, by definition we have
H[AUB]_H{A}-I-H{E]—u[ﬂ.ﬁﬂ}
n(8) n(§)
n(4) . n(B)  n(ANB)
= + =
HI:S} ﬂ'{S} "{S}
=P(4) + P(B) = P(ANB)
This law is generally called, addition law of probability.

P(AUB)=

¢ it has been considered twice.

oy 1 If A and B
ﬁauﬂ’”"‘“”ﬂ}
?]-mﬂ Since A and B are mutually exclusive events, then
AnB=¢ and P(AnB)=P(p)=0
P{AUB]I=FI[-*‘I}+P[B]-P{Aﬁﬂ]reducesln
I;{,1u3]=P[A]+P{B]

are mutually  exclusive events, then

Hend€

Now, ggnzraii'-’jﬂg the above, we have the following;

Corollary 2 If Ay o Az, .oy A are mutually exclusive events, then

P[,hudzu-”uﬂu .]= P(A )+ P(A }+--~+P{A.}

Example 22: One integer is chosen at random from the numbers 1, 2, 3
Whit is the probability that the chosen number is divisible by 6 or 8 7
Solution:  Here §={1.2,3.--,50) and n(§)=50

Let A={ numberisdivisible by 6 }=1{ 6, 12, 18,24, 30, 36,42, 48 |

and B = | number is divisible by ¥ |
=[8,16,24,32,40,48 ) then ArB={24,48)

Now, substituting  P{ A =i Pl B =£ d Pl Ar =i
(4)=g5 P(B)=g5 and P(AnB)=y

inthe following, we obtain

$,6 2126

/ 50 50 50 50 25
xample 23; If two dice are rolled, find the probability of obtaining a total

of Torll.
Solution: Here S= {(i,jyi,j = 1,2,3,4,56] and n( §)=36
Let A ={ atotal of 7 occurs }
= [ (6.1, (5.2), (4,3), (3.4), 25) (1.6} }
and B = a total of 11 occurs |

P(AUB)=P(A)+P(B)-P(ACB)=




2
_6 and P(B)=35
Now P(A)=3¢

i have
and B are mutually exclusive, 50 we .

1]
Since A == + 36
p(avs)=P(A)+F(B) =36 * 36

2
9

s oyenls #
Compleneniary €4 Shkoitae (events) E and E' such that
pace m

Suppose we divide 2 SumplE S EUE =S

@ EnE=pwd @

i = E' are called
Then called the complement of E relative o § and E and
E 15

entary events. 5
s £ and E' ar complementary events,  then P(E')=1-P(E)
Theorem: IfEan
Proof: Since EUE'=5 Then P(EVE)=P(S)

o P(E)+P(E)=1. ¥
or P{E’}=I—P{£]

EnE'=g

i ility that
Example 24: A coin is tossed 6 times in succession. What is the probability tha
xam :
at least one head occurs? q
: i ==
Solution: Tossing a coin 6 times in succession, we have n(§)=2
Let E=[atleast]1Hoccurs) then E'={ noH occurs ]

ils pceur.
and P(E')= 5%' " there is only one outcome event , where all ails oc

P{E}:l-P{E’]zl—ézg

The probability of an eveq

. her event is piven
urrence of anot Lis given,
o0 Jom from certain population, the
w’“g uld not be too high. However,
smoker i provided, then

may change if the
For example,
Probability of thay
if information that ¢
one wounld certainly want

Let A= { Anadult has lung cancer |
and B ={ An adult is a heavy smoker |

Then the probability of an event A, given
called a conditional probability and is denoted byP(AIB) .

For events A and B in an arbitrary sample space 8, we define

i PlAMB
prabability of A given Bby  P( AIB) = ( )

P(B) " P(B)>0.
Similarly, P{Eldjz%?—:—f—}, P(4)>0.

Example 25: What is the probability of rolling a
given that an odd number has turned up?

Solotion: Here$=1{1,23,4,5.6 }
Let A= { a prime number has rolled I={2.3,5)
and B= [ an odd number has turned up}={1,3,5}
then AnB={3,5}

We have P B}=% and P AnB }=%

va.usiug the formula P{AlB) =_.";__—' P(B)#0

2

-
P(AIB)=4-=> Sice P(BlA)=

6

information of the
if an adult is selected at
person having lung cancer
he person is also a heavy

10 revise the probability
gpward.

the oceurrence of another event B, is

the conditional

prime number in tossing a die,

P(ANB)

P(4)




i Y A Ii . " it
W M Al ) .”I‘Iq:ﬂmlllll i“".'“l““w il h:- :i'::::h':::.; :.l:::'. l..::..ll. o I
This s ot | !:-":':“m o e mmll;:u |.11“:'n1 Wi

- v ke allve L

wlmhqlurhl:f“:m Lot s e il !
bl g 1 T

1A
"M A=
= B Al

T G Pt sk ol evenis

jh sl B

Palen

10 st Y e PTG ILLY I

(A mal
" RSl |

LY

The alwivd Pl v I oasdly i
1 ; TR

P e anple Doy v o (e By OUTN Al 0 1; I,

"l Andton j= 1 AT HEAYLO e

v e bl A bkl b i,

stk e vl l

Eaample Jp A
e Gl hoa g

i b ol 1l

gt vl anel ot
(e

el il gt b
10 i ol el A {4 weeh il g

|
salutlomn Tl ponnithier ol bl = 10
(o hw A |t 1 bl it i el |
1o |t 2 Dl s il |

il
i g i st bt e,

I vl ol il =P AR ) =P AV iy

1 .
Substiting ' A )= m wd PLDIA)= 3
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Y 15

(i) Let  C= [ the 1" ball deawn b5 vesd )

and D = | the 2™ ball drawn is green |
So using the multiplicative theorem again,

P(red and green)=P(CAD)=P(C)P(DIC)
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PlASB)=P(A)P(BIA) i)

=P(B)P{ALD) (i)

Further, A und B are independent, then we have PBIA)=F(B) and

Iz
LAln )= P{ A) substituting in ( i ) and { ii ) we get the required result:

LT




o \=p(A)P(B)
e S e
s e .:r:n:]r:. ....Ir-l...ﬂ._'lsF{ﬁL,}F[AI] Pl A) .
. q’ ; o chuttle has four 'Lnde;ntlrndnnt cm:ﬂp::a:c{'sc::]n:::1';-:uf:;?{::3_ 5
E“mgra::lgtyifs?:i‘:um of any one system 15 0.001, \
Ifl::lul::c of 1l foar systems ?

E=| Failure of system =123 4|

:*- i = i ind dent, so using th
2 i n o be independent, g the
o j Since the events E;.i= 12,34 are give
! following- . E - d
[ P(ENENED E)=PLE )Pl E) P& )P E), i=L2%3
= =qu.ﬂaa1]‘=u.nummmm
Ij-_-. .I e I F T T e R —
"- EXERCISEGIS]
— { = e ; 1 ; -2_
se events A and B are such that P(A '_i=-5— : P ﬂ‘]_.s

g | 1. Suppo
| and P(AUB)=5. Find P(ANE).

: 2. If A and B are 2 events in 2 sample space S such that
g - 2 =3 Find (i) P(ANB) (i) P(ANB)
p(A)=1.p(B)=3 PAVE) =5 Fid ()L

3. Given P(A)=0.5and P(AuB)=0.6, find P(B] if A and B are

5 mutually exclusive.
| 4. A bag contains 30 tickets numbered from 1 1o 30. One ticket is -.-uh.-clmj ;ﬂ
g candom, Find the probability that its number is cither odd or the squars @

i an integer. .

- (i 5. A student finds that the probability of passing an algebra test s :. » Whet
§ is the probability of failing the test? '

' 6. In the two dice experiment, given that the first dic shows %, what s 1€
k| probability that the second die shows a number grealer than 4 7
Rl 7. One card is drawn from a pack of 52 cards, what is the probability th i
| card drawn is neither red nor king,
. i
202

Un

'it'ﬁ' I permutation, Combination And mhh[lh}r

[ a pair of dice i thrown, find the probabili s
8 neither 7 nor 11. probability that the sum of digits is

g, Ajmal and Bushri appear in an interview for 2 : o
heir selection being = and SRR T oy
of theirs B = ab 3 respectively. Find the probability that

(i) both will be selected (11) only one is selected

(iii) none will be selected (iv) at least one of them will be selected

10. A basket contains %{J apples and 10 oranges out of which 5 apples and 3
oranges are defective. If a person takes out 2 at random what is the
probability that either both are apples or both are good?

i) In how many ways can we name the vertices of a pentagon using an
five of the letters O, P, Q. B, 8, T, U in any ordec? B ey
{a} 2520 (b 9040 icy 5140 id) 4880

fiiy  How many two-digit odd numbers can be formed from the digits
| 1.2,3, 4,5, 6,7} if repeated digits are allowed?
{a) 14 ()42 (c) 28 (d) 21

(it} How many six-digit pumbers can be formed from the digits
(2, 3, 4,6,7.8} without repetition if the digits 3 and 7 must be together?
{a) 120 (hy 180 (¢} 144 {cd) 96

(n+ D)1 n-1)! ;
(a) (n=3) (b) (n=1) ifii'{““—':'% d E_I:,_ii_i

fivl  Evaluste

[ -

e I." h“'f" many different ways can 5 couples be seated around a circular
table if the couples must not be separated?

s (u) 768 (hy 724 {c) 844 () 696

Y11 A commitiee of 4 people will be selected from § girls and 12 boys in 8
class. How many different selections are possible if at least one SO}
must be selected?

(a) 2865 (b)3755  (€)4225 () 4773
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