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MISCELLANEOUS SERIES

term we end with

/ the formula for
5 the nth term
|~ /
I
/ —r

k=1
7 % the term we start with

sigma for
summation

k is the index *
(It's like a counter.
Some books use i.)

] i e e
R, ﬂ T .'.":Hl':i'-:f]. B

¢ Recognize sigma ( £) notation.
¢ Find sum of
= the first n natural numbers { £n),
« the squares of the first n natural numbers ( T n?),
« the cubes of the first n natural numbers ( £n?).
Define arithmetico-geometric series.
Find sum to n terms of the arithmetico-geometric series.
Define method of differences. Use this method to find the sum of n
terms of the series whose differences of the consecutive terms are
either in arithmetic or in Eeometric sequence.
Use partial fractions to find the sum to n terms and to infinity the

series of th ! 1
e ) @ aar I T

Introduction

In the previous chapier, we computed the sum of arithmetic and
geometric SeqUENCEs. In this chapter, we discuss a4 few more techniques for
computing SUMs of some Nhﬂf‘ sequences, Since we are already familiar with the
standard notation, called the sigma notation (1) ang its rules. However here we

roperly define it with a few examples of 5 mmation notation,
5,11 Sigmn Notation

The letrer * L of the Greek alphabet (pronounced as sigma) is used to
denote the sum of a given series. The leiter vjs placed before the rth term say,a
| We, thus write X a, to denote the sum of terms of the type a. If we want o su;n
gp terms @, for values of rcomesponding to r= L2,3,..n, we denote the sum by

.r:l. B L]
Sa oty Sa

51

| Example 1:  Find the following sum,
4

. 3 i
@ 2 Kk=-3) (ii) 2
e iz (k+1)

1]
(i) 3 -4k

Selution: (i) > k*(k-3) = 17 (1 -3) 4222 -3)+3* (3-3) 142 (4 - 3y
=D+ () +0+16 = 10
-I-. -:,i -jil ] 3

fii) Z_“_z_:__,..i_ _2._ 2

= Gt 0+ T 0+t @ay Yarn

far

=I+1+'—; +2=16

. 3
(i) 3 -k
k=3 !
= EDV2 + VB 4 VE + 5 +(=1*V6
=2 -3 + 2 -\JE + \J'E
Exnmplr: 2: Simp!if:,l 3 1 _}'x" o
S =
Sﬁh"i ) =2 J=1 _J"":?-
' cnl?‘[‘;l . ‘Ir. can be seen that most terms are common o both sums and will
e ©second sum, let &= j+2 and in the first sum, let k= j, then we

XiEmckihi

i o Ivd =
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Neried
= | ArisceMonemHi - 3

2 [l 'k =1
an
ample illustratcs BOY ch
invalving several sums.
:l.'.:; Exnlﬂl of sum of the first
i, Natural numbers
:r Squares of natura! numbers
iii. Cubes of natural a;l;r:bm
(=
;rmmpi:t:::::ﬁnﬂf:wm; o compute a wide variety of sums.
Suppose by, ba, ... , By, i8 @ SEQUENCE
I.I'In' n.f 'b; 1 IE;"r
then Z‘dj HE fb_.m _‘b_rj

=i J=l
EI&; —&) + (b =by) + ..+ (b =)
=B + (b =b) + (b b ).+ (b, =b)+b,
( bﬂ-ﬂ _ﬁ'
Thusif  a,=b, -5&

F R /

Z"ﬂ',- = Bapr— Iy

i=l

This ex

This statement seems very simple, yet in practice it can be very powerful,

"
Suppose we want to compute Z a;. If we can find a sequence by, ba,... such that
=l

=8, =a, , then we can write down the answer immediately, thatis &, =5 .
{1) Let hﬂ, = (1)
ﬂ“!n b_a-r _hj = {j_’. I};_jr
=2j+]
thus here, we take a=2j+l
Now U&il‘]g El 'af =bl'|l| ‘_'bl
i
:2 (2j+1)= (n+1)! = by (1)
wl

Mathomeatics-X

ging the index can simplify expressions

mentioned sums, here we discuss a general
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23 J+3 1=p* 4o,

I=l J=l

zz J+n=n42y

=l

ZZ J=n*+2n-p

J=l
2Y j=n*+n
i
Hence ; julath
2773
{ii) let b, =y

then b, =b =(j+1)' =7
=3/ +37+1
|I:uxh::reuj =3j2+3j+] .

Now, using the following i a, =b_  -h

i =l
__Y_‘. (3 +3j+1) =(n+1Y =1

jal

by ()

[}

=1

Z i +3§ I +i l =|:n+]:]]-I

£

3}: Py IS[»{H:}}”

J=1

=(n+1) -{n+l}——n(n+l}

'—1[2{n+ ) -2- 'hr]

=3

_ nn+1)(2n+1)
2

(2)

_-i'f 25 +2+4n—2~3u] =”—;—I~[2n’+n}

Mathemntics-X1
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orich

s - Lnna 102+ D]

= | yjpcclbamene’

6
Hence 'J_Z. ) (3}
s 'h =] : i ] e |
i Le b f o= 46 HA
__é __{_;-Fl_} =)
then By

we take =4 +6] 44
" Now, using Th* following

Z a, = b~

3 @ v6rajen) =D =1 by

J=l
421 +5Z I *42 f+E L=+t
Jul i =

4ZI 7 ﬁ(ﬂ H+Ut"’ﬂ+”j "_...-f";”)+n—_-{n+l}'-1

42 F=(asl) =l=nln+D(2n+1)=2n{n+1)}=n

=(n+ 1) =(n+1)—n{n+1)(2n+1) = 2n(n+1)

=(n+[(n+1)' =1-2n" =n—2n]
=(n+D[n’ +3n° +3n+1-1=-2" =3n] =(n+1) [0 +n’]

=n*(n+1)

= m+1)
Hence FaBEY
% F==
= +)7T
¥ pa [ n(n J]
- 2
Example 3; Find the sum of the n terms of the series.
12+23 434 0
Solution: Let 7; be the general term of the given series, then

T,=j(j+1)

and }:T E{;ﬂ}

f=1 I

MathematiceX1
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-2-"*2}

F=1 J=l

. nin 1-1;15{2-: +1) & nin+1)
2

[2n+1+3]

i1
P '[”ﬁ""” (2n+4) °
- M 1) 42)
#* 3 . e
Find the sum of the n terms of the series
12 +2:3* 4342 &

H[n+1

Example 4:

Solution: Here T, = j(j+1)
then > T,'=) (P+2j%+ )

Jal i=i
=Z j’+22 J-.z_i_z i
J=1 J=| =t
:i’_{ﬂi}:+_2ﬂn_+|){1n+1]+:|{'n+1]| |
4 (i 2 |
r:{n+-1_}
12

”U:;n [3n +11n+10]

S EJE nn+1)(n+2)(3n +5)

[3n? +3n+8n+446)

k -
X&mple S: - Find the sum of n terms of the series whose nth term is
2 48’ —6n*
Solution: Given that T
then T

Z!‘ E(E"-’rﬂ; -6j°)
J=1
—Z "H”+EZ j-63 j

=l =
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[,.'=¢,,+u= }ﬁ[glg*_ﬂ]
4
2-1

] o lﬂ"‘”}+s
Is . _—_-2‘—-]+ﬂ{ﬂ+”[2ﬂ:+2”_2n—1|
)

]

_2r =1+ D@ =1

g.“--.: T 4 G j.o"mﬁ"g;seﬁgﬁ upton ferms

£ M PaF+s+Te (@ P+ 42+ +22 434
(i) 2447 +6 4 i) P43 45"+ (P +5+9 4+
2. Find the sum 1.2 +2-3 4+ 34+ - 499100

3. Findthe sum 1*+3*+5%+7° P

4. Find the sum 2 4 (2+5) + (2 + 5+ 8}+--lo n terms
5. Sum 2+5-i~lﬂ+l?+u-:untcnns

6. Sum tonterms. [-2:3+ 234 4345+

7. Sum ton terms 1594 26-10+ 3 7- 114+

8.
9.

Find the sum to 20 terms of the series whose nth term i5 4n™+35n+1

7

Find the sum of n terms of the series whose nth term is.
(i) ni@2n+3) (i) 3(4™+2n%) — 4n°

5.2 Arithmetico-Geometric series

Since we are already familiar with the arfthmetic and geometric sequences
and their related series. Now, we discuss here another important sequence and its
related sedies, which we obtain from arithmetic and geometric sequences.
B2.1 A scries which is obtained by multiplying the comesponding terms of an
arithmetic series and a geometric series is called Arithmetico—Geometric series,

For example,

iﬂ+{ﬂ+n']+{ﬂ+3d}+~.,+(a+{n— l'|d] [i et r"':]

pra

=a+{a+d)r+{a+2dyr +. +la+n=-Dd) r*"

which is arithmetico-geometric series,

FI-Intiu:mnlic_s-i'.i.I /35
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1 of Arithmetico-Geometric Series

nﬂ] tern

(. P. is called an arithmetico- i -
AP and o geometric series. Thus
ceries has the form [a+(n=Dd] x PR

5.2.2 Sum of n terms of Arithmetico-Geometric Serjes
Let S, =a+(a+d)r+(a+2d)r +...+[a+(n-1)a] (1)
pen 75, = ar+(a+d+. . +[a+(n-2d] 4 e RS it

subtracting (2) from (1) we obtain

(1= f'}S.. ..= fl -i-{f,l’.l'".*d.l": Pt ffr"-l}—[ﬂ ‘f'{ﬂ-"l.}'-"t] r

R T ’Vrfr{]—r""] | -
L e e —;idﬂu—i}ld]r
a dr_ dr _[a +I{ii—1}d]r‘ )
I—r (I=-r)" (1-r) (1-r)
which is the required sum of the n terms of arithmetico-geometric series. |

A ; 4 T 10
Example 6: Sum the series 14 3 +—+ ﬁ_+ to 1 terms.,
5

Solution: et 3='+i+l,+'—?+,....+3"‘,3 ( Mote g]
5 5 5"

A 5 5 7 |
I =, - Sum to infinity of an .
.-.§s=l+i_\..rll+_,_"+3""_f+3” 2 Arithmetico-Geometric
35 F 5 5 Series
M 8 E 3 3Y 32 B IS
it by statatetem ™5 e ssnot iy
~ Equation (3) reduces to
‘¥+3[l+l+ I “ - : J o dr
Shho T4 —t— =1l s Cvia xRV
5\ 55 5 ¥ iR
T, which is the required sum
=] + _3_ SH_I = 3‘” =" 2 1o inﬁ“i[}r ﬂ-f ?n’ll imenco—
-1 | 5" geomelric seres |
5
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7 1 154120~ ]ﬂ_.- 15 .
=3 5L 43
. fhie scries. o
1Si#3+ﬁ'9+3'szLSHNT:aT‘:+on-3"" M
+(2n-2) £ :
ution: e i ic series, we get
o2 l.'a’: L:l::r'i lhcmnununrn[iﬂﬂflhﬂ geometnC 3¢ (ii)
Multiplying by 3. -
3-S=2~3+4~9+ﬁ-2?+...+{2"'2}‘?' i
T i) el
gubtracting (ii) from (i), W E ot 3 (20~ 20— 5 }} _on3n.

J.5'=2-|+{3{4~2}+?{5—4]+2?{E—6
o (-2)-S=2:14+{2(3+9+2TH _.to(n-1) terms

=2+ 2[3-MJ— 2n-3"

& ]}—-21!-3"

3-1

—243°=3-203" =—1-3"(20n-1).

5'=—;-[|+3"{2!I—|}]

Example 8: If x<1, sum the series _
14 2x+32 +4x° +.....to infinity _

. ) (i)

Solution:  Let  §=1+2x+3x 35+ 5
s 5= 3+ 430+

Subtracting (11) from (i), we get
LS(1=2)=14x4 27 + X+

DA - e
The RH-S is an infinite geometric series with &, =1 and r=x<1
- 1
5 {1")2'} = —
=X
1

B e
(1-%)

_.'r. (Lild]

Mithématics=Nl
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= 1.. 4. 1
le 9: Show that 2% x 4% x g4y g "
Examp R ﬁ, % S
golution: Let  x=2%3 4%x 8l 165 x o
I i 1 .

log x = log 24 4 !og4i+1ngﬂ“'+1ng16§+..,w

1 1 1 1
logx=—log2+—logd+—lopR+—

- 3 log o108 3210315-}‘...6#
]Dg‘t=l]ng2+l]ogf+—]-lngz3+ilug‘2‘+ o0

4 8 16 32

1U’I_ll{]l2,+glu 24_31 2+4i 2
g _4 & 8 i I'&'Ug Eug S—

Ol 2 B ol ] 3
gr=|—"d—d=—F—f oo
log x [_4 e log2 (i)
1 2. 8. 4 : o o
MHow, —+§-+1—+F+...W 15 an ﬂﬂthm“c{!-gmmﬂtrlc scnes
1 2 3 4 ._
Let S=—+—F+—4—+...% {11)
5 48 16 32
lg 1, 2,3. 8. . (iii)

-3
2 8 16 32 o4
On subtracting Eq(iii) from Eqii), we get
1 1 1.1 1 .
o

— e e e, B0
Z 4 8 16 32
l —I_ﬁ.b_1_+_l_+_l.:+ £
y) LR L
3
| 72
ESZI I
2
i 1
273
5=1

(i) =>logx=1xlog2
logx=1log2

Bl & 8
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" e allowing Se1eS
3, Sum tom b 11"*'] { i II+4.I+?J:I L1024
@ 12+22+%2 +42 ' =7
(iv] I+-&+-§F+a§'+...
(iii) 14+2x43%° pdr+- 274
vl ]-—?.r+13x’ ~195* .=
: = Find the sum 0 infinity of the follpwing series o
A e
M P +3’x+5‘x1+?’x’+..,.x:l (i) 1+ :5;-'* 7 MEY +
3,  Findthe ath term of the following uritl‘lmeticur-gwmﬂtric series
—+-]—+-+E+-—+-E-+
3 8 16 32
4. Find the sum of the following Arjﬂmwﬁcn—geumﬂriu geries
7 11
S4—tltte
3 27
5 If the sum {0 infinity of the series 3 + 51+ TP i R 18 5
find the value af r.
53 The Method of Differences .
hich the difference of successive lerms form an
nd the nth term. The sum

[n the case of some series inw
hod can be employed to fi

AP, or G.P., the following met
en be obtained.

of such @ series (0 n terms may th
f the series

Example 10: Find the nth term and the sum to 0 terms o
1+7+17+31 F A9+ crrenie
Solution: a,—a, =6
a,-a1=ll]
We have a,-a,=14

(n-1)th term of thesequence 6,10,14,...

a,=a,,=

Adding column-wise, we gel
a —a, =6+10+14+18+...s0(n = 1)terms,

Mathemall

(it 5[ Miscellancous Serics

L

n-1
g~ -_--—_-’—E,'J!- 6+ (n—2)-4]

a ---.t:l'i -'_-F-:'I—[]."Z.'l"q'ﬂ—ﬂj:ﬁ 4
] 2 | n+¢}={n_.|}{-2n+zj

~a,=1¥ An=1p(n+1) [ra, =1]
g, = |
A, = 2}': —1

Irl{:1+!}{2ﬂ+1}

= 4,=0+(n-1)(2n-2)

n(n+1)(2n+1)
=n

1 1 1 6 s 3

:,”ﬂ"' ) (2n+1)=3n _ nin+2)(2u-1)

3 3
. the required sum ) = W
3

Example 11: Find
3 - the nth term and
1 sum Lo 0 lerms i
b ':.'If lj'll! SENes

I+ 549+ 17+ 3014 e,

Solution: .= =2
=i, = 4
We hav
= a, =y = 8 i

Whichisa C "
ich is a G.P. Adding column-wise, we gel

i —gq =7
oty =34+ B Jo(n—Drerms,

[ a =3]

222" .
2] +n=2"+n-2

X P
[tql.'sllﬁjsum=qnﬂ+" 2

a, —a,_ ,=(n-1)th termof thesequence2,4.8,..

Mathemntics-X1
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i
oy
3
P, 1
E‘.; . 52
S 5 2R3+t ’
o ctions
[ :on by the method of Fa:l-lial Fl:r: o cts of the reciprocals of
B f g series CONSISLS of the P i be split up into
Irthe gene e ?ems of an AP, then the term thod is illustrated in the
vwo 05 B cumﬁu;h::mﬂs can be summed. The me
al fractions &n _
; ns
Iollnwmgﬂﬂﬂ'FP o ?11_4_. IHS i_ﬂ-ﬁ'Jr .tontert i g
Example 12: Sum li'lfe.-ﬁﬂ'l m]ﬂl AomomRAIOS are the products of two successive
Solution: Here actors
terms of an A P:'l-? 11, 15, 19, |

S
.. rih term of the given R i l}{4r+ 3)

as the difference of its partial fractions, we have

il § - 2 ]
% =%ar-1 4r+3

(n=1),n in succession,

Expressing 4,

e gel
By putting r= 12,3 we g

.\iutlu.-m-.uiu-;-}&-l

Afiscellancous Series

1 1

1
o 4[4n~ 5 4;:-1]

a —l[ -
" 4l dn-1 4n+3

Adding column-wise, we get

1 n
zﬂ 4[’* 4rr+1] 3(4n+13)

3[4:+3j'

+ The required sum =

Example 13: Find the sum of the series:

Rl
e — i i
= 4-".-'+':-m to infinity.
|
Some Hive T, =
Solution " (Br=-2)3n+1)

Breaking it into Partial Fractions, we have
| A i

+_
(3n=2)3n+1) 3r|—-1 In+l

Multiplying both sides by (3n—-2)3a+1) , we have
1= A(3n+ 1)+ B(3n-12)

Comparing the coefficient of n and the constants both sides, we get
0=3A+38 (1)
1=A-28 (ii)

y an ' . 1
Solving (i) and (ii) we get A=l; ) H=~E

I S =l[ 1 __1__]
"= 30— 3on+l)  3[W-2 il

nndz.’r _—E( E—I 3i-|+1]

k=]

N i
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| 1l
,[V'jm Sum of n terms of the series 1° + 3% 4 57, 79
q) n*(2n’ - s
(a) (20 ) (b) 20" +3n* () n¥( €
Sum the series 1o n lerms 1.242.343.4 n-1)  (d)n’+8n+ 4
' . K.

Sum the series 1-3-54-2
4 6+3-5.7+1
01 terms,

1. Find the : i (1) .l—+35 e B 1o 1 terms:
] 1 .. tonterms 13 ¥ er o
(i} 1'._"":3'5+3-4+ ot ik +_._.—+__'.—-+...m infinity. e b L
(i) J-+L'+JT+...winﬁﬁ‘¥' ™ Fi3 @ 2 P T
535758 8 . b 5. Sumthe series 5+12x+19x? +26x +
" ﬁndsumg.fthe i % 9]:’1-31'-? ,- g to n lerms.
- . &, Sum the series: L+L+—!u+
" Fm.jgumufﬂlﬂffﬂﬂﬂ‘: E F":H ) 1.2 2.3 34 7 to n lerms,
' : £ 7 Find the sum of n terms of the series
2 % N —_— k 3 :
4 Find sum of the caries: ?:.' EFCTINT] (i1 Sum the series: 1:22+3:324542+ o 1 term
— —._.--.—.-"-".—.—wf-_." .- | 1) » series: s
RE\{]EE:__XEE_E[__S_E_}L_ b {ii) Swim the series: 31345224732 4 10 11 terms
L L S g Find the sum of n terms of ; 1
; i s of the s -
. Chosse the correct option o Gy 43" — l.-l"?Ei"lcs whose nth term 15
@ It =6n+ S henten= B 5. Find Gi) 262430 Gil) D). ) B
e s e o L @ 65 | g, ind the sum of the first n terms of the series
H i 3+TH] 34 L Lokain
(iiy  Thesum 10 infinity of the series | +'§_+ 32"" _“_:'g+ '1%;1"- 10 I;'” : S b
i i @3 s F ind 1!u,{ 1™ term and the sum to n terms of the series
1+ L+ et e Ly s aed et
SAIUS AS PRIUS s s dhe

(i) Sum the series: 1+ 23+ 3F + .o + 10027
() 992+ 1 (d) 1000:2""

(@) 992'% () 100-2"™
{iv) The nth term of the series 12423 +34+ .08 = e
(a) @*-m)  (b) mi+m) (@0 (d) None of these
(v)  The sum of n terms of the serics whose nth term is 142"
(@) n+2"" () (a+ D+ 27! (¢)n+22"%-1) (d) None of these ,‘A
{vi) Evaluatezr3+2'j,wh:mr=1.2.3..... 10 1 —
(a) 2051 (b) 2049 (c) 2076 (d) 1052 '
Whalislhnnlhtennﬂftl'its:rics ]+—-——~{H1}+—-—-—-—“+2+3}+.~'?
2 3
I e

(vii)
n+l n(n+l 1)(2n+3
(a) =g { J—-z—‘]' ey n’ = (n+1) (d) Sﬂf‘—jii—’-lj—l
Not For Sale

Al hematics-Xl

Mathematic




