.

a, = a;-i‘(ﬂ']-) d |

el 13

of terms diference

in the
SEUENCE seqjiente sequence

S b dlledo:
After reading tus unil, '“‘M*

Define a sequence (progression) and j
& Know that a sequence can be constricted

definition,

¢ Recopnize triangle, factorial and pascal sequences.

¢  Define an anthmetic sequence. .

» Find the ath or general teom of an arjthmelic sequence,
¢  Solve problems involving arithmetic stgquence.

¢ Know arithmetic mean between two numbers,

-

-

-@

L]

15 termE. _ :
from u formula or zn indoctive

Insert n arithmetic means between two numbers.
Define an arithmetic series. : ) |
Estahblish the formula to find the sum to o terms of an arfithmetic series. |
Show that sum of n arithmetic means between two numbers is equal to n times '
their arithmetic mean, I
Solve real life problems involving arithmetic series.
Define & geometric sequence, |
Find the nth or general term of & peometric SEquence. |
Solve problems involving geometric sequence, |
Know peometric mean between two numbers,
Insert n geometric means between two numbers, |
Define a geometric serdes.
Find the sum of n terms of a geometric series.
Find the sum of an infinite geometric serjes, ‘
Convert the recurring decimal into an equivalent common fraction.
Solve real life problems involving EEOmElric series,
Recognizé a harmonic sequence,

Insert n harmonic means between pwo Numbers
e RS TIC
Mathematies-X1 P

Find nth term of harmonic sequence, |
Define a harmonic mean, {
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4.1 Introduction

In practical life you must have abserved many things follow a certai

pattern, such as ﬂm_pelals of a sunflower, the holes of a hone Eo N Dh ! certain

a maize cob, the spirals on a pineapple on a blbecnonyals yeomb, the grains on

[n our day-to-day life, we see pattemns of Eeomelric ﬁgL-il'eS on clothes, pictures
posters etc. They make the learners motivated to form such new pal_[cmql P
Number patterns are faced by learners in their study, Number pmu:r.n-s play an
important role in the field of mathematics. Let us study the following nur?:tbcr '
patterns

(2,4, 6, 8, 10.. (1) 1,15,2. 243, (iii) 10,7, 4, 1,-2_ (iv) 2,4,8,16,32,...
wid L, Ll . (v L e S

ok | (vil) 1, 11, 111,111, 11111,..,

It is an interesting study to find whether some specific names have been given to
some of the above number patterns and the methods of finding some next terms of
the given patlerns.
Observing various patlerns various sequences were defined to solve Varnous
summation problems,
Among various sequences AP, (Arithmetic progression), G.P. (Geometric
progression) and H.P (Harmonic progression) are most common.
Idea on A.P. was given by mathematician Carl Friedrich Gauss. who, a5 a young
boy, stunned his teacher by addingup 142+ 3 + ...... + 99 +100 within a few
minutes. Here's how he did it
He realized that adding the first and last numbers, 1 and 100, mives, 101 and
adding the second, and second last numbers, 2 and 99, gives 101, as well as
3 +98 = 101 and so on, Thus he concluded that there are 50 sets of 101. So the
sum of the series is 50(1 + 100) = 5050,
4.1.1. Sequence

A sequence is a function whose domain is the set of positive integers. The
numbers in the range of a sequence are real numbers, called terms of the
sequence,

4.1.2 Construction of a sequence from a formula (inductive definition)
Let fbe a function defined by
f(n)=2n, ne{l,2,3..}
then  f(1)=2, the first term
f(2) =4, the second term

f(3)=6, the third term .........eoe.

Thus the required sequence 18 2.4, 6, ...

Mathematics-X1 SEETH
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Unit 4 | Sequences and Serles o) Tor tho ot ¢
' ! i bol such as fn) ior erm Example 2: Find the fi
In sequences, instead of ualll::ﬁ ;E:if;_s the number that correspoands to a Ao Zn:l ‘:‘1'?5 fr;ur_t;n'ns of the recursive sequence that is defined by |
(usually called the general term) whi ol g, for f(n). When the nth term of Inition: The se P, !
the sym So +1he sequence is defined recursively, so we must find the terms in order

given integer n, it is customary to use equence by the symbol {a,},

g the entire § ay=3

& sequence is known then we denot nd term, the third term of the
g e P ﬁmmt:'é“r&femmmg the positive integers induce the up=20+1=23)+1=7

sequence (&, and so on, Since

ordering among the corresponding terms of the p=2m+1=27)+1=15

a=2na+ 1 =2(15)+ 1 =31 'ﬂﬁmﬂﬂﬁb‘l

i
Did You Know . i I
Ramamber s ' | ‘
|

uence, this clearly shows that the ordering — . .
;:;1 a vital role in lh::l:ﬁnilinn of o sequence, ﬁ‘g@ui’nmma}* be d_ﬁscnhed : £ ays possible to
g0 we can also define a sequence as follows. by specifying first few terms The first four l.erfns are 3,7,15, and 31, tennu_fxw
A sequence is a collection of numbers *_"_‘T?r_i-i‘q;;m&ula (oraset of 4.1.3 Some special Sequences e ;
arranged in particular order. fﬁ;@ﬂlﬂﬂ.’giﬂng;ﬁlmlatinn. Some well-known sequences are given in the following example !
The sequence 1,1,2,3,5,8,...can be written as between successive terms, Example 3: Write down the first five terms of each recursively defined sequence
%= 3= 1, fy=Xos + 5oz, 022, 0 N !-S“—m"3":-"_"-I'I"-”"-rIl B chupr @ =1, =t +#n+l), n=123,. . e !
This sequence of numbers is called the RECURSIVE FORMULA ) =l =(r+1)f, , r=0, 2 1 :
Fibonacei sequence. Some sequences may not (or RECURRENCE 0T v o P=012,3,,. \
be described by any rule 2,3, 5,7, 11,13, 17,... |REEATION): @ ek i ="*_—£p T ;
the formula for a,, the nth prime number hasnot = M= i iy eydyon ;
been found yet. Solution: {a) f, =] tl
Example 1: Write the first four terms a,, a, as, and as of each sequence, b=t 42214223 . !
where &, » f{a). L s 5
(a) f(n) = 2n=5 (b) f(n) = 4(2)"" ySht3s T3= ,
{C}ﬂnj__.(_l}nl:ni]} HBI‘IHI‘IIBH i-!—) 14=r3+4=1+1+3+4=1u |

Solution: Asequenice is said to be ty=t +5=142+3+4+5=15 !

a) Since f(n) = 205 finite if there is a first and () f=1
ai=f(1)=2(1) -5 =-3 st sl | : |
2= 1(2) = 2(2) -5 =-1 pebemnnile; AmRy i
In a similar manner, a;= f(3) =1 and a;= f{4)=3. e fi=2.f,=2x1=1 |
b) Sinfﬁffn}:ﬂﬁ}“ ( Did You Know ! ?) fi=3.f,=3x2x1=6 '
a=f{1)=4(2) " =4 T fo=4.f,=4x3x2x1=24
@ il T : | \=d.f,= =2
Similarly, 8;=8,a;=16and a,=32, ihﬁ e e This sequence is so important that it has its own special notation, r !, read

}e:zmﬂof ﬂ“-'.'__sﬂ“‘-‘.““"‘-" ; as ‘r factorial’, It is defined as: 0! =land (r+ 1! =(r+ D x rl,r=0,1,2,...

] ay= (1) = (1) ( 1/141) =-112, rmate signs © :
ar=1(2) = (-1’ (212+1) = 23, e 2 4 (4 -
3 . = P =TPD=[T {1]54 P:=EPL= E {4}=6
a3=f(3) = 1) ( 33+1) =34, . :
= = (-1} 2 1 1
ag=f{4) = 1) (44+1) = 445, PJ=%F! Z[E](ﬁ]:a, p“=IP’=(E]H}=I .
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TBKEN ] meqmisicie win Seves (e, 3(b) and 3(c) ate special type of B ("“'F_.__“" Naaw L ()
e Sl g

iven i I ' snce and Pascal e o SPCE

The sequences given in examp. e the fﬂﬂlﬂ‘nﬂ’ sequence an 3 dl ation Nﬂ‘ﬂﬂﬂn . - r T _.‘-:.—ugrf
sequences, called the triangle number m;;;n;: important role in the expansion of SSummatiun notation is used to e ; SR i
sequence respectively. These sequences B the uppercase Greek letter si iparmte series effectively. The symboly, % I

binomial expressions like (x + ) ;{ Jis = €T s1gma, indicates a sum, : e

The complete Pascal sequence 10 J(E i _ rllois ¥

1,4,:5.4.1.0.110-0-"' i i . Yoap =8 + a2+ 83 +.oaa oy
This is only one of the families of Pascal sequences: Due to its importance, it has el

a special notation, The letter K is called the index of summation. The numbers 1 andn : |
A the subasc:::pts of the first and last terms in the series. They are called the |
(rJ y F=01,2.3,. lower limit and upper limit of the summation, respectively, L . |'

4 4) ﬂ (4) (4 (45' =0 and s
; L - =5 =4, | =1 . and 50 on, : :
B same (ﬂJ I'[.!J E [ LZLJ HJ EJ ( Practice ! ) ( Remember i i:} {

Obviously, different Pascal sequences will have different multiplying factor. Using summation notation Seri
i B Evaluate each series ' quenm ’_'"ﬂ = Fo
The general definition of a Pascal sequence 1s: A sequence is an ordered list, |
(1) %E. K2 whereasaseries is a sum of |
n (n n=r (n = the terms of a sequence. il
=1 nnd[ =— , r=0123.. F § L i
0 r+l r+l \r . (b} u"5 OF CXampie. : Il
2 : 1,3,57,9,11,13,15is a 1
We obtain the following Pascal sequences for n=0,1,2,3,4,... by using the i sequence, and il
bove general definition: e} X (2k-5) 1+34+5+7 + 9411+ 13 + 15 :
Kl a series.

=0:1,00000...
=1:110000,...
=2:1,2,1000,...
3:1,33100,...
4:1,4,6,4,1,0,...

Example 4:  Find the sum Zk:tk -2
k=i

Solution: ik"{k =N=1E{1-+22(2=-D+3(3-21+4'4-2)

|
m Which we exiract the well-known triangle, called ' =(=1)+0+(9)+(32) =40 ]
1
: 10

1 1 y) ; Example 5:  Find the sum Zr. ¢ 15 constant |
! k=t i

1 3 3 | i | |

; 3 6 4 1 Solution; Zc‘=r+r+::+,..+v=1ﬂt'

k=l

Not For Sale Mathematics-X1
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Unit 4 | Sequences and Series

4,2.2 The nth term of an Arithmetic Sequence
ERCISE 4.1

ite sequence e ﬁr:id :. f{btm.um for the nth _'Iﬂl‘rn of an arithmetic sequence. Let g be its
. ﬂghﬁﬁ?tf;!lqu- | ﬁm:l;:::::“a:cngivcn by its common difference. Then consecutive terms of the
FEy i s L T S a s
. l‘ : 3o ! {E'::r} !:.I ]'--I-I%P-EI;.“ I.-EI_E_?_‘ ; H| = E| —‘-{}.J - a| + { 1_1 }d.
e .ﬂj‘!sﬂ.u'{fq aqugnl‘-‘ﬂ "I'l"i;]qjl]'le given general terms: Bl
sofas

S

ﬁr_s:t i_.“i::i ur. n:.rm

0 : Sve=l st G =atd=(a+d)+d =a +2-d=a +(3-1)d
-'I-:..I -.ﬂriz."_l} : ¥ -' L) fii} E {-IJ 2 ﬂ4=ﬂj+d={a:+2'd}+d=ﬂ'|+3'd=ﬂ|+{¢-ljd
£) f_I_)n i) fiv) n{n-—lé{n-—i} ”5_=a4+d={"1+3-ff}-i-d=a|+4.d= (512
wnsthe nth term of each sequence as suggested by the pattern. -
1 E 3 4 ; iy 2,-4,6,-8,10,... i) L-11,-1.... . RS>
2F3f415|-r-

Example 7: Find the 15™ term of the arithmetic sequence whose first three terms

; fined recursively.
down the first five terms of each sequence defl ¥ Example 7: Find ¢

- Write

. ; a, H s .
ol o a,=3,0,,=5=4q, (i) =3 M—_-? Solution: Herea, =20,d =16.5-20=-3.5 and n=15. Substituting these values in
:-1.1';_:.‘?-,: :ﬁrﬂ{e Sachaf the fﬂ”ﬂ“"iﬂg series in Expﬂ“d&d fqnn. : the formula: a,=da+ [:" = '”d
e 5 T : We obtain, =20+(15-1)(-3.5) =20-49 = —
fReni (D) < 3 (27-3) (i) ¥ (-ni2 covtilny; oy=204(13-1)-3.5) w20 -dPu==g9 _
RA e e If any two terms of an Arithmetic sequence be given, the series can be
%-t T k! i completely determined; for the data furnish two simultaneous equations, the
: g AN = ; {iv} E[—] solution of which will give the first term and the common difference.
[ e M 2 b0 2 Example 8: The 8" term of an arithmetic sequence is 75 and the 20 term is
; 25 Gia Find the Pascal sequences for: (i) n=3 (i) n=6 (iii) n=8 by using its . 39. Find the first term and the common difference. Give a recursive formula for
B general recursive definition. the sequence.
D - Solution: We know that a, = a, +(n—1)d
4.2  Arithmetic Sequence (A.P) b . Td =75 "t
4.2.1. Numbers are said to be in Arithmetic Sequence (A.S) or Arithmetic WIER ARl .E}
Frogression (A.P) when its terms increase or decrease by a common difference. and  ay, =@, +19d =39 (i)
Thus each of the following sequence forms an Arithmetic Progression: Subtracting (ii) from (i), we obtain
£ 2 B [ SR SRRl R “12d=36 = d=-3
8. 2~4.-10, e, From (i) we get a, +7(=3)=T50r ai=96
a, a+d, a+2d, a+3d,..coiiiinnnnnna ; Since a,=a;+ (n-1)d =96 + (n=1)(-3) = 99-3n

T}lc ;ofm;!non difiwlhﬂmfis r“f““d by subtracting any term of the series from that
which follows it. In the first of the above examples the e AT . _ . ; S

ik ; ST common diffe 4:in te =g - 1 % . en arithmetic
the second it is —6; in the third it is d. ifference is iﬂ:qur:; c.lc tt,— 3 i% the required recursive formula for the givenary

Aus) =99 3n+l)=99-3In-3=96-3n =(99-3n)-3=a.~3

Mot For Sale
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H&MM(‘&M in Mmmﬂiﬂ Progre

When three numbers 2re
ﬁ the grithmetic mean of the other (Wo: isiﬂ _where @ and b are calleq
2

&N
ithmetic mean of (W0 numbers @ . .
A ed in the following way:

i & b}-;hmmmuth.:?:tll?; :I:::fan rween two numbers a and b,then a, A, b,
Let e anl el R
form an arithmetic sequence. By definition, We ha
A-a=b-4

ssion, the middle one is saig

24 =a+h
a+h
Hence . A=——1—
Thus the arithmetic mean of two numbers is equal to one-half of their sum.
Example 9: Find the arithmetic mean of +2 -3 and J2+3
Solution:  Here a=+2-3,  b=y1+3

A=E;_b=~5“3;ﬁ+3=@

Between two given pumbers it is always possible to insert any number of terms
such that the whole series thus formed shall be an A. P.; the terms thus inserted
are called the arithmetic means,
4.3.2 Inserting n Arithmetic Means (A.Ms)
Let A.A...A be n AMs between o and b then

a4, Ay AL b form a finite E:immeljc sequence of 42 terms, that is:

4, .=

a+(n+2-1)d = b, where d is the common difference

(n+l)d=bh-a

Thus .l£=£+d=u-¢___

A "'ﬂ+30'=n|+2r.b__'5.'|

Ln+ﬂ
-“-1=n+j|(f}_'_"1'
-r.l-'er

Similarly  Ai=g4q [E_—_g
n+]

Unit 4 | Sequences and Series

-"i,.=fe+n|f
]

b=gh

which are the required n A.Ms between a and b, Thus, A.A....A, are real nuiibers
such that a, 4, A4, b is an arithmetic sequence, then 4.4,.... A, are called the n i
arithmetic means between the numbers a and b, The l'.:iﬂl'.‘vE.ﬁ}i- of determining these
numbers is referred to as inserting n arithmetic means between g and b.

Example 10: Insert three arithmetic means between 2 and 9.

Solution: Let Ay, Az and A be the arithmetic means between 2 and 9 such that

2. A I As, !‘_1'. @ forms a finite ari:lnm:aig séquence of 5 terms with g = 2. b=9. Let
d be the common difference, then a;= b gives that

a+d4d =9 = 2+4d=9

s : .
4d =7 = d= 7 Thus the three arithmetic means are
T A5
A=a+d=21+—=—
4 4
™y
4::fr+2d=2+2[11=u
vd) 2
" 5]
Ay =a+3d =21—3+[:Jr--J:E
4 4

L. Find the 15th term of the arithmetic sequence 2,3, §, ...,
L The J™ term of an arithmetic sequence is 8 and the 21% term is 108.
Find the 7th term.

*. Find the number of terms in the arithmetic progression 6,9, 12, ..., 78

+. The nth term of a sequence is given by a;= 2n + 7. Show that it is an A.P.
Also, find its 7" term. ;

* Show that the sequence log a, log(ab). log(ab®). logtab™), ......... is an
A.P. Find its nth term.

O- Find the value of 'k' if 2k+7, 6k-2, 8k—-4 are in A.P. Also find the
Sequence,




i L ¥
=

&
i s
e i A

A e
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) pquence.

—r PSS
@"Tﬂ". Iag+a,=06and a,—d,
S - ’

it b+c_.;| c+ a=h at b=c.
A T B " 3 : first second, 21m

- red 34m during the st S » 21m
coverst nd how many meters it

_ 2 find ho avithmetic
3 1

ﬁ 9. A ball rolling up an incline ird second. F
y ' * during the sccond, 18m dunng the third s6¢
2 10 ?L:epawma Hllﬁs:frh;h::c:: I:sd ﬁec;mmg by 500 inhabitants each year If its

- jon in 19707
. population in 1960 was 20135, what was Its population in | .
11, Ahmad and Akram can climb 1000 feet in the first hour and IEH? feet in
each succeeding hour. When will they reach the top of a 5400 f‘?“:{'}'“ s
12. A man eamed $3500 the first year he worked. If he received a raise .[_,f
" $750 at the end of each year for 20 years, what was His salary during his
* - twenty first year of work? . _
" 13, Find the arithmetic mean between the given numbers:

) 12,18 (i) %_: (iii) —6,~216 (iv) (a+b).(a=b)

14, Insert: (i) Thres arithmetic means between 6 and 41.
(ii) Four arithmetic means between 17 and 32,

mH ntl
-+

15. For what value of n, [‘—!"‘ i5 the arithmetic mean between & and b7
a -+

16. Insert five arithmetic means between 5 and & and show that their sum is
five times the arithmetic mean between 5 and 8,

17, There are n arithmetic means between 5 and 32 such’ that the ratio of the
- 3rd and Tth means is 7:13, find the value of n.

d.4 Arithmetic Series
44.1 As we know that associated with every sequence is a series, the indicated
sum of the terms of lh.e_ sequence. If the sequence happens to be the arithmetic
sequence, then the associated series is called the arithmetic series.
Let {a,] be the arithmetic sequence then the serfes
n

Gta+.+a, =Y a, is called the arithmetic serics.
i L
in the general form or standard form is give

L

So = Hay +d) e, +2d)+ ..+ (g + (n-1)q) =D [a,
i=

The anthmetic series
I as:
+{k-1)d] (1)

where S, denotes the sum of the first n terms of the arithmetic ser;
IC series.

Mathematics-XI |28
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1 1 ;
—, =, —are in AP,
are in AP. then pI'U."'c g b ¢

44.2 Sum of first n terms of an Arithmetic Serles

The next result gives a formula for finding the sum of
arithmetic sequence.
Theorem: For an arithmetic sequence lag

the first n terms of an

|+ the sum S, of the first n terms is given

., N
by 8, =512a,+{n-ljd]
n
= —2 [ﬂ1 + n"]
Proof: The sum of the first n terms of an arithmetic sequence is denoted by Sh.
Let . S,;=a +a,+a,+..... +a '

Since d is the common difference between terms, S, can be written forward and
backward as follows.

Forward: Siart with

the first ieom, 8y ¥ i "

Keep pading d " a + (g +d) +(a) + 2d) +--- +a, )

Backnand: e with So= tlap=d) + (2= 2d1+---+ay %0 equations.
Ly Ll wi W) Ly

|h:cl1;|.|‘:unn.:..ﬁ.ic|:cr 13-: ={a +a) + (a; + )+ (A + a3, + ===+ (ay + a,)

subtrsgting 4.

= n sums of (a; + a,)
25 =nlay + a,)

n
EII = ;[fﬁ + ﬂ'_b]'

a.= aT+|:u— 1)d,

Solve for §,, dividing both sides by 2,

N - %'I[fh +a, +(n- I}LI} ;

: 8§ =20 ~1)d}.
P Lo 2{ a, +(n l}d}

Finding the sum of a finite arithmetic series. Use a formula to find the sum of the
arithmetic series 2+ 4+ 6+ 8 +........n0 + 100,

Solution:  The series 2 + 4 + 6 + 8 +........4+ 100 has n=50 terms with a; =2
and Aso= 100, We can use the formula § = (g, +q,) to find its sum.

Sso=50( 2+ 100) = 2550
2

[} y
We can also use the formula S, = 5 { 2o, +\n- '}d}‘

[

Sso= 5002 ( 2(2) + (50-1) 2) =2550

Mathematics-X1 SR
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§ terms i 285. If ays= 40,

Uﬂﬂ‘ | ﬁqﬁﬁcﬁldm | 5 e :
Example 12: The sum of an arithmene gerl
et formula
the sum il
Solution: To find aj, W apply e PATE
) -—-E{.r:r,+.1_}l withn =13 80
L3¢ +40) = 285
1;: a,+40 ) =570 Multiply bf{'ﬁf-
= Divide by 1
(ay+40)=38 |
I Subtract 40 45 and the sum 400. Find the

E

- The first term of & seri
B g d the common differen

es is 5, the last
ce.

numebr of terms, an o i
Solation: If st be the number of terms,
5.==(a,+a,)
- 2 ]
400=~(5+45);
2
Hence n=16.

If & be the commaon difference .
45= the 16" term = 5 + 15d;

Hence

Example 14: Find the sum of the first 200 positive odd integers.
Solotion: Since the positive odd integers:
1.35....2n-1,... form an arithmetic sequence with
a,=1,d=2,n=200 then a, =a, +(n—1)d
=1+ (200 -1)(2) = 399

d 22
=23

9
+5,=2+0) =3~2@{1+3991 :%{40{}} = 40000

Example 15: Find the 18 term and the sum of the 18 terms of the arithmetic
sequence: -8,-3,2,7, .. '

Solution: Since we are given that:

-8,-3,2,7,... isanarithmetic 5
4 A sequence.
Thcr1 @ =~8,d =5and n =18. We have 1o find a,, and §,,
Since n=ar+(n-J)d
48= =8+ 17 (5); putting valies ofa; & d

Mathematies-X1

=77
. n
b :E[m +a,)

18
Sy = > (=8+T7) putting values of a; & a,

= 2 (69)= 621
Example 16: The 10th term of an arithmetic sequence is 32 and the 18 term is
48, what is the sum of the first twelve terms?
Let a; be the first term, d be the common difference and n be the

Solution:
number of terms of the given arithmetic sequence.
Then a,=32, a,=48 ] .
a +(10=1)d =32, o, +(18-1)d =48
a,+94 =32 (i)
a +17d =48 (ii)
Subtracting (i) from (ii) we obtain
8d =16
d=2
(i) gives that a4+ 18 =32
ar= 14

= R
Mow § = E{?nl +in— de}

o

Sp= 1,;J'ﬁ1{k4]+1]{?.1} =6{28+22] =300
Example 17: Find the sum of all the integers lying between 100 and 600 that end
in 5.

Solution: The integers lying between 100 and 600 that end in 5 are

105,115, 125, ... 395
which form an arithmetic sequence with
a,=105,d =10,a, =595

then o =da+n—1d
595=105+10n-10
10n=595-105+10
=500
n=30

Since §, = %{ﬁ', +a,)

i
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Un
Example 13: A “E“.- nLar costs Rs.1200000. Assume that it depreciates 24% the
First year, 20% the second year, 16% the third year and continues in the same

Unit 4 | Sequences and Series I

50{m+595] mannet flar Gk JARE It all the depreciations apply to the original cost, what is the

Which gives S0~ value of the carin Six years?
= 25(700) ” B
jon: Since the depreciations ne 1
e <5 mhﬂ“ﬂn 1 s“]I“lmf:lr:r. uence with b 24%, 20%, 16%, ... form an arithmetic
thn A pumbers is equal to n seq|

' a=24, d=-4andn=6

hers |
two num s between two

elation of AM of
443R arithmetic mean .
Caleulating the sum of the depreciations over six years

Theorem: The sum of n
imes their arithmetic mean. s betveEn @ andb <uch that
R e mc+ e 8, = C '|[ 2a,+(n- lfldlj
a,a+d.a +2d, .t % . 5 T . 2
: . i 2 terms.
forms an arithmetic sequence with o+ 0 - Hd] o N
. d)+b={2a+(n 2 S
a+la+d)+iat 2d)+ ..+ (adn 3 2
= 3{28) =34

=.'i.'f.3..f'a+{u+m+1}n’}]
9 b
n+21a . f’] b=a+(n+1) d Now the total depreciation in six years is 84% of 1200000

=
84
nt2 s = —— 1200000 = Rs.1003000
{a+d-}+(ﬂ_’_zar':_l_l“_'_{ﬂ+nd}=-—£—[a+h} l:_ﬁ‘l'b} IUU,
g (a+b) "n+2 ll Thus the value of the car in six years = 1200000 — 1008000= Rs.192000.
={a+ e ———
2 Example 20: A display of cans in a grocery store consists of 24 cansin the bottom

L

row, 21 cans in the next row and so on in an arithmetic sequence. The top row has

[a+b]
Al e
3 cans. Find the total numbet of cans in the display.

2/
an i g = n (arithmetic mean s a . oo . :
1":: ::“um&“r n d‘:;‘;”;:::ﬂm:;::a; (arith R ) Solution: Since the display of cans are in arithmetic sequence with
Example 18: Finding the sum of a finite arithmetic series ay =24, a, = 3 and d = — 3 calculating the number of rows, we have
aise cach a, =a +(n=1d

A person has a starting annual salary of Rs.300,000 and receives a 1500 1 _
year. y
(a) Calculate the total amount earned over 9 years. 3=24-3n+3
(b) Verify this value using a calculator. . In=24
=8

Selution: (a) Using §, =£{lﬂ|+[n-l:]d], & : on

; 3 Now the total number of cans is given by  §, = Sla+ a,)
80 = —-{2%300000+(10~1)1500} = 3,067,500 R 2
(b) To verify this result with a calculator, compute the sum g+ . 4 a, ++ +ay S e
= 300000+ 301500+ 303000 + 304500+ 306000 + 307 1T TRy . =4{2T)
+312000+313500= 3,067,500 500+ 309000+310500 = e !
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6.

S =

cated number of terms iy

of the indi
guEnce:

; sum

Find the indicated term afid mm?ﬂuﬂﬁliﬂ A

case of each of the following amt s
M) 9,75 3 . MRS

o 87 . 11™ term; 11 terms
b LI T U o
{ii) 3,313 n.d and Sy are given. Find the ones that

Some of the components 8

are missing: Y
() a=2n=17d=3

(iiy &= -7.d=8_4, = 225
Find the sum of all the numbers divisible by § from

The sum of three numbers in an arithmetic seguence: is 36 and the sum of
their cubes is 6336. Find them. [Hint: SUppose the numbers are & —d, a, a+ d]

ence, whose sum is 20 and the sum of
a-3d a-d a+d

(ii) “|=—-'I{],5” =210
(iv) ﬂ_‘:r-l, 5,=30
25 through 350,

Find four numbers in arithmetic sequ i
whose squares is 120. [Hint: suppose the numbers are

a + Jd]

X% X oang in AP X #3554 0= ~f and Xa+Xg+X 3 =—11, find
Xyt Xg+ Xy, )

Find: 143-5+7+9-11413415-17+... up to 3n terms.

Show that the sum of the first n positive odd integers 15 n™.

* Find the sum of all multiples of 9 between 300 and 700.

The sum of Rs 1000 is distributed among four people so that each person

after the first receives Rs. 20 less than the preceding person. How much

does cach person receive?

The distance which an object dropped from a cliff will fall 16ft the first

second, -IS ft the next second, 80 fi the third second and so on. What is

the total distance the object will fall in six seconds?

;szﬁ Khnl:i Sa;':‘;z Rst-"l the first day, Rs.2 the second, Rs.3 the third and
5. N on the nth day for thirty days. How s he sav :

of the thirtieth day? : i e

A theater has 40 rows wi ; .

26 in the third m-.:ro ::dl::ljﬂ;uﬁmljm sl 022 10 g L IO

+ HOW many seats are in the theater?

Insert enough arithmetic means he
Pt ) Ly
resulting series will be 450, een | and 50 so that the sum of the

Mathematics-XI
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4,5 Geometric Sequence

4.5.1 In nature, certain phenomena can be described by geometric sequences. For
example, archaeologists use the half-life of carbon 14 to estimate the age of
ancient objects. Carbon 14 is a radioactive element that decays gradually

. changing to nitrogen 14. The half-life (i.e. the time it takes for haif of a given

amount to decay) of carbon 14 is about 5600 years, Thus, one kg of carbon 14
’ P — 1 : 1 .
will be reduced to 2 kg in 5600 years, to 1 kg in 11200 years, to L] kg in 16800

3 | = o0

years and s0 on. Which is obviously a geometric sequence with r=

A geometric sequence (progression) is a sequence for which l:.'-rr:r!,r-'tﬁm'i after the
first is the product of the preceding term and a fixed number, called the common
ratio of the sequence. We use the same notations as we use in AP, with one
exception that is instead of d, the common difference, we use r. the common ratio

in geometric sequence.
Thus each of the following is a geometrical sequence.

3.6, 12, 24, couiiivinianni

o, ar, ar .rrrJ. ............ a
The common ratio, and it is found by dividing any term by that which

immediately precedes it

In the first of the above examples the common ratio is 2: in the second it is—]i :
in the third it is r. A geometric sequence is recursively defined by equations of
the form:

a,=a

and @, =ra, where a) and r are real numbers, a, #0,r 0, and ne N

4.5.2 The nth term of & Geometric Sequence
The nth term of a geometric sequence is given by: a, =a;r™"
To find a formula Tor the nth term of a geometric sequence, we write down

the first few terms using the recursive definition to observe the pattern:

Istterm =a, = alr" - 111;-“'
-1
2nd term =@, =ar =ar
2 31
3rd term = a, =a,r=ar° =ar




d=l

Unit 4 | Sequences and Series o

* =
dth term =g, =T

; a=l
nth term =4, =ar i
. and the 1€
Find the first five terms 8 Ny
fio=—=

t term 3 and common FAHE™
1

Solution:  Here ¢ =3,7="7
Then the first five (erms are -
33 33
=378 o
n the formula d, = &7

erm of the geometric

Example 21:

sequence having firs

Substituting the values i

I.- I -1
we have a,,,:f?,]{—z] with n=10

Example 22; Show that the sequence fa,}=7" is geomemnc and find its

commaon ratio
. - h
Solution: Since a,=2

and p=—t = as T
a f \one

The ratio of successive terms is a nonzero number independent of n, thus {a.} is

L

geometric sequence with r =-%
Example 23: If the third term of a geometric sequence is 5 and the sixth term is
— 40, find the eighth term.
Solution: Here o, =5 and a, =40 then we have ar'=5 and rt,-"["l — 40
or ar’=5 ()
and  ar’=-40 i)

Mathematics-X1 ST
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Uni

pividing the equation (ii) by the (i) we obtain

|:.|'|Jf'5 _ =40
fIIJ"?'- 5
G r=-8 =(-2=r=-2 and 4=2 by()
4

Now  a,=ar"" #[31{_2]'1 =-160

4.6 Geometric Means (G.Ms)

4.6.1 when three numbers are in Geometrical Progression, the middle one is
called the geometric mean between the other two.

Mathematically, it is derived in the following way:

Let @ and b be the two numbers; G the geometric mean then

E’_:E. since a, &, bare in G. P.,

G a

L G =ab;

G = ++/ab.
Example 24: Find the geometric mean of each of the following pairs of numbers.

{a) 9 and 16 ﬂ’}} — apd ==

Solution: (a) By the above definition

G=+ab =0x16 =144=12,8inceab>0 .. G>0
(b} = —JE CSinceab <0 . G=0

D -
_"'1..[\“5 Vi) N4 @ 2
4.6.2 To insert n Geometric Means between two numbers g and b

Since the terms between a and b of a geometric sequence are called the geometric
means of a and b. Thus Gy, Gg, ....., Gy, are the n geometric means between a and
bif a G, Gy, ..oy Go, b form a geometric sequence. Moreover it is a finite
geometric sequence of n+2 terms with 3y = aand a2 =b.

Let r be its comrhon ratio, then aga=b gives that ar™ =b, *a_=ar
1

B atl
-3

==l
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i - ( !3] )
: Gy=ar =(2)(2)" =8 Did You Know Sl
| ; |

= ro=ar =(202) =
Hence Chelt 3 fr=-2 then ﬂ.l'l'd. ‘.2.6 that if t!lﬂ mﬂ“bﬂ of:
2 required geometric means is

A n[%]- G =ar=(2)-2)=-4 even, a single set of geometric.
Gy= means is obtained, if the number
: . G, =ar =(2)-2)'=8 .- of required geometric
. 2 : means is odd, two sets of.

‘ = Eeometric means are obtained,

B|™ i -
anar‘.——'ﬂ'[i] !

[_— pween 64 and 123 i : i Write the first five terms of a geometric sequence given that: 1
‘Example 25: [nsert two geometnc rm,anspcmm“s betwieen 64 and 125 such har ; E
Solution:  Let Gi,Gy be the two geometne MEves ©- - - | (i) a=%r=3 (i) a=8r=—
o 64, Gy, G ,125 is 8 geomEITIC SEqUEnTe: .
» by, Loz S : 9 2 '
Thus ﬂ,=ﬁ4-”:4and a, =125 : i i | (i) Qy==——ir=—— {(1v) ﬂ'l=£;r=_l
Let r be the common ratio of the geometric sequence, then ' 16 3 y x
AR et ar =125 Wi o *Siipjose that the third term of a geometric se uence is 27 and the fifth
a, =125 m | f PP B i g q
64 =125 putting value of a, | term is 243. Find the first term and common ratio of the sequence.
j " ' 3. Find the seventh term of a geometric sequence that has 2 and —2 for
= 15 [E\' —p= | its second and third terms respectively.
64 4 4 = 4 How many terms are there in a geometric sequence in which the first
x (5) _ 5 . - _ 1,
Hence G =ar= {M}['ﬂ =8 G, [64}!‘\15 ol } ~and the last terms are 16 and =5 respectively and r = 5]
- Example 26: Insert three geometric means between 2 and 32. 3. Find x so that x+7,x~3,x-8 form a three term geometric sequence
Solution: Let G;.G5G; be the three geometric means between 2 and 32 such that s in the given order. Also give the sequence.
2,61.G:,Gy, 32 P & Wag=La,=ma,=n show that lr=n’
is a geometric sequence, - : T Show that the reciprocals of the terms of a geometric sequence also
We have g=2n=3 and a,=32 I’Eﬁ!‘m 4 geometric sequence.
let r be the common ratio, then . 8. Find the geometric mean of the following:
A () 314 and 2.71 il —=6and-216
- B ' N
: i i i) x+yandx—y () 243 and V2-3
gives ar =32 5 v
| 9, {1} Insert 5 geo i ans between 3— and 40—.
W= o @) = =42 ' geomeltric means 3 9 >
< wehave two sets of geometric means given below: If 1 = 2 (1) Insert 6 geometric means between 14 and ——.
then G =ar=(2)2)=4 § g o
Tl Ll =
Not For Sale Mathematics-X1 JFR0)
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' b is equal
i e hngweall a and qua

"‘n::**: ]”methﬂl'_f P
;' :v m:han Fﬂw‘a

- " v r.----_
12 For what value of 0, a b
" b7 1
4.7 Geometric Series ave a0 associated geometric series,

h
etric Mucp{‘s we
e of the terms of the geometsi

i A 1s called
then Eﬂ. =g ¥ "
al

4.7.1 Since with any ¢ sequence.

which is the indicated sum
Let [4,) is a geometric srs:queme.

a genmzmc series.
If r is the commo ratio, then

=]
za.r"' =a,tar+ar Pl e

the above serics can be written in the form
: .
(1}

l-l a .
known as the general form of the geomelric Seres.
of first n terms of & Geometric Series
:':Lflfeu: For a geometric sequence with first term &, and commaon ratio r 2 1, the

sum S, of the first n terms is:

ﬂ'“—fj = (4]
S =
' I=r
Proof: Let  §,=a+ar+ar +.+ar"

S, is the sum of the firstn
terms of the sequence.
Multiply bothsides of the
equation by r.

. 3 .3 -1
Se=ar+ayr+ar+ ...-,...+Ei]p +‘_ii||':'

Se=f+ AL+ HCH e+ 40+ 3y

S.—1Sy=a—m " Subtract the second equation from the first equation
Sa(l-n=a(1-r') Factor out S, on the left and a; on the right.

Sa = 8 1: ;“ }© Solve ff’I Sa by dividing both sides by 1-r
(assuming that r # 1),
which is the required sum of the first n terms of a geometric sequence.

Not For Sale
Mathematics-XI SR11]
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:I,I:l —-J'"}
ginee ST
a—ar" _a—(ar)r

I—r !—r

a,—a,r T

=— I_! Ja,=ar' s the last term { Remember !! ‘)
o i : F .'.

- ﬂi_ ‘_* ] (3y.  Itisbetter to use the forms
ap v = I

- '}
s the alternative form of the result given in (2) (iys, = = and

pxample 27: Approximate the sum for the given | §, = u, —%C whenever || <1 |

values of 0. (nIf 1r'| > then the following
1 . = i
(@) | +1/2 +1/4 + .. +(1/2)"";n=5, 10, and 20 forms are used s.=“-(r_“1‘l
a,r—
)3 — 6+ 12 — 24 + 48 - ... +3(=2, and S, 7:15- -
=3, 8 and I3 bﬂr:ause:mcnumﬂmsmd
L denominators are positive.
Selution:  (a) This geometric series has (1ii) If =1, we have the trivial |
geometric series: |

i

=] and r=%¥=0.5.

Ss=1(1-0.5)=1.9375

S, = a4 =0y

1-0.5
-Sw=1(1-05") =1.998047
1-0.5
Sw=1(1-05") =1.999948
1-0.5
(b) This geometric series hasa, =3 andr = f ==2
S:=3(0-(=20 =9
1-(=2)
S1=3(1— (=2 =-255
1-¢2)
Sp=3(1-(2)" =8193
I-(=2)




Unit 4
fa 2. 51 ) .....,......ra? {ermis.
mp + Sum the series .5,, .3 Y
. ,ﬂl -
f P S
atio = _.3. hence by formul =
lution: The comma ¢ 2

3 T
jacigas]
3 900 (O e -
Thesum =——3 = 1+3

]-I-E 2
3{1*3@-} 2 2315 2 _463
EL S TR

= 5 3 128 2
2

Example 29;: Compule: 2+6+18+54+162+486

fi
i —Fp=—= =6
Solution:  In this case @, =27 = 5 3>Ln

Substituting the values in
. o
¢ 2ar-D

", r—1

b-
5, = 1{: 1”' =720 -1=728

Example 30: Given that 4, :3,4;' =48 and §, = 32%. find rand n

: 3
Solution: Since a= E'a“ =48

=% l|1=
rﬂ 64 @
Also, we have 5"._;_@;
1-r

Mathematics-XI
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EI_E 3 % —48r
4 NeF
120 -129r =3 _1099,
63r=—126
r=—2
From (i) we have
DV =64 = (2 = (-0
n-1=6= n=7
Example 31: Suppose that the third term of a geometric sequence is 27 and the
fifth term is 243. Find ay, r and S,

Solution: Since a, =27 and a, =243

Then we have ar® =27 (i)  ar* =243 (ii),

. A=l
a, =ar

Dividing (ii} by (i) we obtain
“'.!.’i-. 243
ulrl T a7
rr=9 = r=43

We obtain two different solutions since there are two values of r.

r=3 | r=-3
”'r: =27 . n!r: =127
a3y =27 4 (-3¢ =27
a,9=27 . @ 9=21
a =3 [ a =3
The first sequence is l The second sequence is
3,9,27,81,243, ... | 3,-9.27.-81.243,...
o _ nay—a, _ ra, —a,
e | oy
_ (3)(243)-3 | % (-3)(243)-3
a=] | R
=729-3 363 ! _-132 _ig3

4
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Consider the formula for the sum of the first n terms in a geometric

Unit 4 | Sequences and Beries ; equence: we have nlrread}' proved that: !
4 ‘tﬁ_zr ! ﬂ|+ﬂl+ﬂ‘,+,.,+ﬂ|=nu”r=1 3 ]
. sum i
Example 32: Find the = &= +a =+ (~1)"a, r=—] {
® : : i
0 3, gt gt 62 a(r* =1) d
2 = 62+62 +62 rE S =g\ =0 F
Salution; Zulﬁz e first is obtained by multiplying the " r—1 Iri>1 @
Il 5 |
eich term after t g (n=10), we need toknow _o» |
Do you see (. ¥ find the sum of he 10 KPP % (s or 12: 4U=7) <t |
precodiog tem BY & mon ratio, T, The fIF L 1=~ il
first term, &, an . . 5
:f_-lli. The m_;““m ratio is 2. (i) Since §, =na,, when r=1 I
he sum of the first n terms ofa As n increases, the sum of the infinite’ geometric series increases without e I
Sa= (1) Use the formula [o¢ limit. Symbolically it is written as: !
= r—l1 somelric sequence. ; = 1 =00 |
) 2 and n= 10 because fimS, = lim na,
=1k red an = A= g A £ 1
Sp=12@Y-n @ (the ;;‘u-st lerrll;}rm : Thus the infinite geometric series in this case does not have a finite sum.
= ten i R
2-1 are adding " (it} Here S, =a,-a,+a,-...+(-1) 'al when r=-1
= 12,276 Use a calcula The sum of the first n terms is ayor 0 according as n is odd or even:
i . - therefore the sum oscillates between the values 0 and 4. - |
oo 62 =12,2 . w2
1 el | |
R Thus, il {1ii) 3, =r_|_{r n 34 =1 =:IL—LI.H}I [
r— -F r— i
4,7.3 Sum of infinite Geometric series Since |r|>1, then the absolute value of each term is greater than the
. : Aricte se associated wit absolute value of the preceding term, 3 -infinite " ser
Our discussion of series has so far been restricted to those associated with iy g preceding Therefore such an-infinite’ series cannot
finite sequences. The series associated with the infinite sequence: Mathematically, it is shown that: |
i

lim 3, = lim [_ﬂ.r" -—EI—\I =1imr£"—]__i‘_ =l|:\-t:|n—--ﬂ—I = oa
a,arar,. ..o, . e Nfep 1'?'}. “"'Ll-i“ l=-r 1=r

is denoted by: _ {iv) 5 P E.-‘!*filwrn}.|1"|-::l

"

a1+ﬂtr+a|r1+...,a,r"1+...=Zarr"'r =F
# ) :i_a‘r 1|f|‘§|
. I=r 1-r

and is called an infinite series. Important questions arise over here are, what do This is the case which provides us a quite different situation and we have
we mean by the “sum” of an infinite pumber of terms, and under whal some useful resulr.

circumstances does such a "sum” exist? The answers to these questions depend Since |r| <1, then " approaches zero as n increases with out bound, that is,
upon the concept of I“Iimil“ which is studied in a course in the calculus. However,. "

for some particular infinite series we can give an intuitive idea of the concept Of We can make 1" or la— as close as we wish to 0 by taking n sufficiently large. It
'sum’”’. =¥
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1 [a
B g iNCIEASES withou
, follows that §, approaches =

5= - # a ar")
- Y _..J.i.lT.lﬂ._.,. —t e s

pound and we write

. gt
Mathematically, it can be shown a3 lim, .- 1—; r)
g A bim, 7"
l=r 1-r
—: _Fﬂ_ ..__ﬂ.?._ [‘U}
1-r l=r
5 = _al.—
T =7
This gives us the following:
. Theorem: If [r|<1,then the infinite geometric series:

i
- a=i P G . -
a +ar+art+otar’ +o has the sum: o

Example 33: Find the sum of the infinite SEOMELRC series: ;
32,3 3.
§ 16 32 64

Solution: Before finding the sum, we must find the common ratio.

r:i:—ﬂ :-1.&:—_].
L 38 16 3 2

Because r = —1/2, the condition that ] T ] <1 is met, Thus, the infinite geometnc
series has a sum

T This is the formula for the sum of an infinite

T-r geometsic series. Here ;= 3/8 andr= —1/2
=38 _38 32 |
1-(-1/2) 32 837%

Thus, the sum of §_1+_ +

| ) "
16 32 ’EE- Put in an informal way, as we

continue to-add moro and moce temms, the sum is approximately

Mathematics-X1
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cample 34: The sum !Df' an infinite number of terms in (3 P
fr i squares is 45. Find the serics, ms in G, P. is 15, and the sum

tion: Let a denote the first term, r the o i the
S mnn-;nn tatio; then the sum of the

. a . . . & . Y
e iS EIT;H and the sum of their square is =

|
[
ch'ﬂ. : =]5 ........................ {”
a*
e =S il (2)
L4} -
3 14 r 2
And from (1) and (3) = =35; = r=§. and therefore a=35.
=z o T 20 '
Thus the series js 3, PR T

I

Example 35: Find the sum of the infinite geometric sequence: l.i 1
37T

salution: i 1
Solution: Here g, =1, 7= " and |r|=q <1

Thus the sum exists and is given by the formula:

5 = e EN :.1_ = ..3_
T Rer Ty 12
=3
474 L"unvursiun of recurring Decimals into an equivalent fraction
Recurring decimals furnish a good illustration of infinite Geometrical Progressions,

Example 36: Convert 2.33 o a common fraction,
Solution: Since 2.33 =234+ 003 s
23
=— + 04444 ... ..
10

v

£3
= 10 + 0.04+0.004+-0.0004+. ...

_23 |
=l a, =004, |r|=0.1<1

' _23 (u.m)_zs 4 211

= + = =
10 \1-0.1 10 9 90

Mathematics-X1
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raction
{0 a common f 1+ 0.0021+ 0.000021+...

Example 37: Convert 021 =02

Solution: Since ﬂ,ﬁ =0,
=ﬂ.2|1‘ {ﬂ- . ! e 4
infinite geomelric series with @1

Which is an
+sts and is give
and |"| =001 < I.snmssumcnﬂs

= 17
Thus 02l =—
ok involving Geometric series

47.5 Real life problems ;
. time salary %
puting a lifetim ccer will receive 2 5 % pay Increase each

Example 38:  COTD each wa

A uion o ;l;ﬂ"‘“ et wid Rs. 20,000 the first year. What is
-ﬁ‘a"'- F e 3()-years per]ud'."
?;ﬂﬁ?“ﬂ?ﬁ;ﬁzﬁmﬁm it z{JTD{]ﬂ. With a 5% raise, the second-year
salary is computed as follows: + 0.05) = 20,000({1.05).

= 20,000 2ﬂ.ﬂI’(ﬂ.ﬂ§}=Eﬂ,ﬂmfil
ey B 1 what it was in the previous year. Thus, the

Each . the salary is 105 times
o 6 (1.05), or 20,000(1.05)". Thus

salary for year 3 is 1.05 times 20,000
a9 : Yearly Salaries
Year 1 Year 2 Year 3 Year 4 Year 5 i
20,000(1.05) ...

20000 20,000(1.05) 20,000(1.05) 20,000(1.05)"

n row form a geometric sequence with a; = 20,000 and
years, we use the formula

The numbers in the battor
r = 145 %=1+.05=1.05. To find the total salary over 30

for the sum of the first n terms of a geometric sequence, with n= 30.

o 3,(1-r*) 20,00001-(1.05)" =£m{l{l—{l-ﬂ5lm],_, 1,328,777

I-r 1-1.05 005 (Use a calculator)

The total salary over the 30-years period is approximately Rs.1,328,777.

Example 39:. The tip of a pendulum moves back and forth so that it sweeps out
an arc 12 inches in length and on each succeeding pass, the length of the arc

2
raveled, is - of the length of the preceding pass. What is the total distance

traveled by the tip of the pendolum?
Solution: Since the pendulum eventuall 1. Ve
the following geometric infinite Sﬁquencg_ comes o rest due to frietlon. We b2

Mathematics-X1
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T 7 2 7 3
12{5]{12},[%] {IE}.[E] (12),...

and the total distance traveled § = }2+[1)“2}+(1]:{123+ 7 :{m+
H E '3 & -

which is an infinite geometric series with

= Iz.rﬂ% and |r|<1 .50 the sum exists.
. : i Did You Know 7
Thus the total distance traveled = —— )
= The symbol == (infinity) it
px _IZ_ merely a notational device
_1_-" and does not .represent & |
8 real number. Loosely, it is |
=961 s the cmlqept of a mm.:.:.
= 96 inches beyond any finite value., |

Example 46:
A ball is dropped from x feet above a flat surface. Each time the ball hits the

ground after falling a distance h, it rebounds a distance rh where r < 1. Compute

the total distance the ball travels.
Solution: The path and the distance the ball travels is shown on the sketch of
figure. The total distance s is computed by the geometric series

s = + 28,0+ 2818+ 24, +... M

The common ratio is ;{}H—'r [y
1 =T

~ distance = &,

distance = Zayr

" 2
distance = 2a1”

*_,,rf"

. 3
L distance = 2a1
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Adding the first term of (I) with (ID %€ form
2a;r [I_-r-_r_]
5= E.1+I—_—r =i —r
Fur::cample.ifn.:ﬁﬂandr=2-"'3.

the w[al distance as

the ;u!al distance the ball travels is

1+2/3 _ 1t
1+2/3

5=10x

EXERCISE 4.5

1. Compute the sum: y

Q) 36e12e.4320 () a+4+§+1+...+Tg

s Bio B
(iii} 24+21+2i+___+2lﬂ (¥ '- E,—_L .3 -
2 1 1 11 A <
I 2.'-'_.].-_._..." (v L“p —_ T prsssmmarerss o T terms. |

(v) 55 - I. V%

L Some of the components a,a,,nr and 5, of a geomelric sequence are

given. Find the ones that are missing.
i 1

(i) a[:}.r=—2,g*=ﬁ4 (ii) r=—,aq,=1
(11i) r'=-2_,5'l=—|53.u_=-9ﬁ

3. Find the first five terms and the sum of an infinite geometric sequence
having a, =2 and g, =1 -

Find the value of: (i) 08 (i) .163 _(iii) 215 012

i
Find r such that: §,, = 2445,
Prove that: §,(S,, - §5,,}= (5, -5, )

&t oo

T Find the sum §, of the first n terms of the sequence {'[l] }
: 2

8. The sum of three numbers in G. P. is 38 i is 1728;
find them. y and their product is 1728;

qQ, The sum of first 6 terms of a geometrs e . -
n
first three terms. Find the curngmon ralj;ﬁ':nes i g times the sum of its

10.  How many terms of the series- 1443
: 3+3+... be he sum
40+13.3. ; s e

Mathematics-X1

th _th rl'h i
{1. Ifp.g.r termsofaG. P be abc respectively, prove that AP ],

2. Find an infinite geometric series whose sum is 6 and such
term is four times the sum of all the terms thay follow it gk e
2 -

g e
13. If y= 3 + 3 + 3 +.y where Q<re 3, then show that x=_1_3y_
+
14. A ball rebounds to half the height from which it is dropped FIf it is
dropped I"mlrn 10 ft, how far does it travel from the mum;:nt it is
dropped until the moment of its eighth bounce? -
15. A man wishes 10 save money by setting aside Rs.]

i : .1 the first day, Rs.2
the scmnq day, Elts.-i the third day and so on, doubling the amouit each
day. If this continued, how much must be set aside on the 15® day?
What is the total amount saved at the end of 30 days? -

16.  The number of bacteria in a culture increased geometrically from
64000 to 729000 in 6 days. Find the daily rate of increase if the rate is
assumed to be constant. '

48  Harmonic Sequence
4.8.1 A harmonic sequence is a sequence whose reciprocals form an arithmetic

sequence,
1111

|
2'4'6'8"10
15 not an arithmetic sequence. However the reciprocals of these numbers, namely:

(1)

The sequence:

) . .
2.4, 6, 8,10 do form an arithmetic sequence. Thus the sequence (1) is an example
of a harmonic sequence. A harmonic sequence is also called a harmonic

progression (H.P),

Example 41: Three numbers a,b,c are in P, when 2=2"2
c b-c
Solution: Given L sl then a(b=c)=cla-b)
¢ b-c
or ab—ac=ca-bc  Dividing by (abc), we obtain:
2 1.1 1
c b b i

Thus 1 1 1 :
5 o'y s Arein ALP. and hence a, b, ¢ are in H.P.

Mathematics-XI
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ding nth Term of 8 5
482 Fin g I “i.;sl.‘-q“““cc (H]

1

i | _'i'__w"'_____.__..—!-}—d""..
E'rﬁf'ﬂ;"‘z‘i a|+fn
of this H.P- 15

eque nce

H'_rmm:l.'lf 5

The typical form of 2 harmo 'MBII broperties of harmonic
progression can be obtained
from the corresponding

" arithmetic progression,

The general term o the i However, there is no

1 elementary I.'urmt‘lla for the
g +(n=1d sum of a harmonic sequence,
n-1)d isthe nth term of the AP

whose reciproca] G H harmonic progression: 6, 4. 3....

: F elveth term of the

Example 42: Find the Iw b

" - Solution: The 12 term of the corresponding AP
iy i1 twelvih '

E- [

4= |
B, Wl

o I
T

1
is &, =%+{12-1][ﬁ}

- =12
with a; = n=12

| =

a, =a+{n=1d

_13
12
; . 12
Thus the 12 term of the given H.P is Tt
4,9 Harmonic Means (H.Ms) i |
4.9.1 (i) A number H is said to be the Harmonic Mean (H.M) between w0
number aand b (a # 0,6 # 0)if ¢, H, bare in H.P.

; £
are in AP, and lz-l—[] +l] e H is the AM

1 1
Then 2 H'D H 2\a b/
hetween l and i .
R | b
1 _a+h
H  2ab
2ab |

H=m 15 the H.M. between a and b

(ii)The numbers H,,H,,...H, are said to be the n Harmonic Means (H.Ms)
between two number aand b (a=0,b#0) if

Mathematics-X1 §§ 5

Then obviously:

Solution: H =

Solutinn:

nit 4 | Sequences and Series

a, H,;HE,H],,...H,,.!: are in H.P,

1.1 1 1 1
n"HJ ‘EE-’:‘E; are in AP with n+2 terms.
p— I - ri
a+(n+2—]jd=s,ut1l1zmga¢=a;+{n-ljd
- i a=b
ab(n+1)
Thus '1"=-I=+ - H=a—M£j'—”
H, a ab{n+1) ' nb+a
_l___—_l.l.z a_b— or EHM
H, a abin+l) “(n=1}b+2a
L:l.}.] a—b or 3=—M
H, a abn+l) (n=2)b+3a
_=l+n_“_b oF Hsz_[f.ﬂ
H —a  abln+1) " b+na

between a and b.
Example 43: Find the harmonic mean of 24 and 16

2ab

, where a=24,b=16

a+b
Then g 224)06) _2x24x16 9%
24+16 40 5

1 1 .
_E.HI,Hl.HJ.H,,E are in H.P

13 arein AP

. 1
by using i +id, i=123,..,n Hence H,H, H,,..H_, are the n HMs

E";aml’lf 44: Insert four harmonic means between — %andé .

Let H,H, H, and H, be the required H.Ms, then

T
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with @=-2

| Harmonic Sequences are
A &= 13 | N“ﬁdhmﬂmiﬁ (oA
”a+5d=l3 of their use in the study
2+5d =13 of musical chords and their
) 1-!"3 relationship, that is, harmony,
1 :1::‘.”1':1 -
— =243
Now H,
|
_-]—:1+:'|'=4ﬂ'ﬂ!;£
H, :
-1—=4+3=T:HJ£“-F
H,
1
_[.=]r+3-L]ﬂ.—-:'H,'—']_ﬂ'
vl 1 1
——aid —

| =

Hence 1 1 x: are the required 4 H.Ms. between T
e -
o ri Harmuonic
xam i i tic, Geometric And Ha
:F fion among Arithmetic,
Example 45: Find a rela

Means. -
Solution Let a#0b#0 beanytwo posiive numbers,
olution: ;
A—ﬂ+b
then -—-—1
H=£ and  G=+ab
a+h
| y .
i ""xH=n+b"2nb =ab =[u'ﬂb) -G = A.G,H arc in Gl
W 2 a+h \

b
(i) A::-Gif%‘—“-“-‘rﬂ_b
a+b:»2u'r|’.r_g
a+b-2ab >0,
(Va = b >0, which is always true

" Not For Sale
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Ax=G (1

G5 Hif Vab> 2.

a+h

a+.!':}1u'lﬁ

(Wa = J& ¥ >0, which is always true
G>H (2)
(land (2} = A>G>H

Find the indicatcd term of each of (he following  harmonic

ProgressIons,

1 1 I : 6
Sigigres 9 term i1 6,2,=,..s 20" 1
2'5'8 5 =
¥ BRI i
=325, B term
: X & F
7. Find five more terms of the H.P, -;-,l.—l..., s
1
The second term of an H.P is o~ and the fifth term is e Find the
_ 12" term. -
Find the arithmetic, harmonic and geometric means of each of the
following. Also verify that Ax H =G>
314 and 2.71 —6and -216 r+yandx—y
L] mel
5 For what value of n will — T be the harmonic mean between a and b?
a
6 Insert two harmonic means between 12 and 48,
5 7
7, Insert four harmonic means between % ang:l—l.
-
‘ 8. Prove that the square of the geometric mean of two numbers equals the
( product of the arithmetic mean and the harmonic mean of the two
numbers, y
; 9. The arithmetic mean of two numbers is 8, and the harmonic mean is 6.
' What are the numbers?
{ 10,

The harmonic mean of two numbers is 4% and the geometric mean is 6.
What are the numbers?




- 1. Choose the “‘”‘;{',.;rﬁ'ofm series 1+ 4+ 6+ 5+ 114 64 e 1S
o ,:[ﬂj.?,ﬂm

{iy The sum
(a) mﬁﬂﬂ y [u']H““‘e

- 30,200 :
;;ﬂmmofmcﬂﬁcsi+5+ﬂ+]l.,...,
of the terms is :

{a) 100 () 200 ) 150
If a, b, ¢ arein G.F., then
(w) &, b, c*are in G-
a, b, _C seinGP

3 is 60100, then the number

)
(d) 250

¢ (bc)c” (a+b), b? (a+c) are inG.P.
(i) None of these

(i} (b}

Clpec cta @ _ .
vy If the nth term of an A.Pis 4n+ 1, then the common difference 18
I y iy
! 3 E rhli]spr.!
( Whi wing is not a G.F.¢
(v} w'hlchﬂfthﬁfﬂ‘uﬂ E 5 5. 251 125'625' ------

(1) Zd.Bdbyceeemee )
{;} LS, 1.0, 6.0, 120..... tdy 8, 16, B AT i
] I.hﬂ'kﬁuc means berween 2 and -18. The means are

{vi) There are four an
vi i) —4, =1, -10, ~13 iy 1, -4,-7,—10
(©) =2, -5-9% =13 s =2, -6, =10, =14 B
M. of any two posiive

iviiy If A, G and H are AM, GM and H.
between A, G and H.

numbers, then find the relation

{a} A= GH LGP =AH () H* =AG G*=A"H
iviii Find the number of terms to be added in the series 27, 9 3, .coon. 50

that the sum is 1093/27

(4) 6 (hy7 ci8 (439

(ix) Find the value of p (p>0) if §+ p*%+ 2p and 2+p are the three

consecutive terms of a geometric progression

=3 " 5 3
(a) = (n)— 4+ e e
4 4 3 2
(x) The 10" term of harmonic progression 1/5, 4/19, 249, 4/17,...is
() 1174 (b) 13/4 () 4/13 ) 4411
txi) Find the sum of 3 geomietric means between 1/3 and 1/48 (r>0).
()14 (b).5P24  (cJI4 © (1)1

- Mathematics-X1 SIS

c -

Un

s

9.

10,

If the first term and common differe i
nce m oan AP are 8 and -1

~  respectively, then find:

(i}GeneraI s (i1} The Progression i) The 10th

(iv) The expression for sum to n terms and hence sum i lulr.xm and

If the sum of the n terms of the series 54, 51. 48 . 010 terms,

value of n. » 51,48, .... i3 513, then find the

If the sum of n terms of an AP .i\; 1 4
& +3n : ;
find the nth term » generate the progression and

Find the sum of all natural numbers bet
exactly divisible by 3. ween 250 and 1000 which are
Find the sum of the series 1, 2/5, 4/25, 8/125, . @

Ifa,b,carein AP.and x, y, z are in G.P, show that x"y*7* = x° y* 2

Find the arithmetic mean between 10 1 and Ejl
2 v 23

Find three numbers of a G.P. whose sum is 26 and product is 216

W an L'de migge E',I]‘Imn W“h

A gas_-ﬁlled balloon has risen 100 feet.
|!1 each succeeding minute, the balloon
rises only 50% as far as it rose in the
|:ircw'm|s minute. How far will it rise in
5 minutes? ‘
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