d a VYeCtIor. :
: Eiwcﬂ’ representation of a vector.
@ Give the following fundament
o magnitude of & vector,
» coual vectors,
o nEgative of & vector,
« unit vector,
o reroinull vector,
» pasition vector,
llel vectors,
: mﬁun and subtraction of vectors,

o scalar multiplication.

vectors i and .

twio points in a given ra_:in.

Recognize rectangular coordinate system in space.
Define unit vectors i, j and K.

Recognize components of a veetor,

o Give analytic representation of & vector.

© Find magnitede of a vector,

have already been discussed.

& Sute and prove
» commutative law for vector addition.
o associative law for vector addition.

al definilions using geome

o trinngle, parallelogram and polygon laws of addition,

Represent a vector in Cartesian plane by defining fundamental unit

it 1 i tatiorn.
Recognize all above definitions using nnaJ;ﬂ.u:?I represen
Find a unit vector in the direction of another given vector. o
Find the position vector of & point which divides the line segment jomng

- L
Use vectors to prove simple theorems of descriptive geometry.

® [Repeat all fandamental definitions for vectors in space which, in the plane,

Not For Sale

trical representation,
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Prove that:

o U g the identity for vector addition.

e —A a5 the inverse for A

State and prove:

o commutative law for scalar multiplication,

e associative law for scalar multiplication,

e distributive lows for scalar multiplication. |

Erefine dot or sealar product of two vectors and give its geometrical interpretation.
Prove that, '

o fi=jf=kk=1,

o jf=ik=ki=(

Express dot product in terms of components,

Find the condition for orthogonality of two vectors,

Prove the commutative and distributive laws for dot product.

Explain direction cosines and direction ratios of a vector,

Prove that the sum of the squares of direction cosines is unity.

Use dor product to find the angle between two vectors.

Find the projection of a vector along another vector,

Find the work done by a constunt force in moving an object along a given vector,
Define ¢ross or vector product of two vectors and give its geometrical interpretation,
Prove that:

o ixi=fef =kxk=10,

5 i-)()l' =—f>(l- =k,

o Jrk=—fkxj=|

o kxi=—ixk =]

Express cross product in tenms of components,

Frove that the magnitude of A x B represents the area of a parallelogram with
adjacent sides Aand B,

Find the condition for parallelism of two non-zero vectors.

Prove that Ax B=-Bx A, {
Prove the distributive laws for cross product. i
Use cross product to find the angle between two vectors. )
Find the vector moment of a given force about a given point.

Diefine scalar triple product of vectors. ;

Express sealar triple product of vectors in terms of components (determinantal form),
Prove that:

o hixk=jkxi=kixj=1,

o Phxj=jisk=kjxni=—1I,

Prove that dot and eross are inter-changeable in sealar triple product.
Find the volume of
e 2 parallelepiped,
e ieirmhedron, determined by three given vectors.
Define coplanar veetors and find the condition for coplanarity of three vectors.




3.1 Introduction and work are measured by
. - , lemy gralure
Physical guantities such a3 “.'“,;.m_ “E:mmbm e called scalars. Seslars

er) umit A TH
prpbers mfe:gi :t snm:: t;::t‘su "o be added, cubtracted, multiplied and divided by
being just nu , ca 2

- laws of elemeatety gen 1, velocity, acceleration and

using the fundamentat ; : e
Other quantities exist such as displacer . tion as well as a scalar.

i i i specification : . i
Toe, W s e giﬁﬁ:ﬁ?:d pma:}' be represented by & fa:lfaighl hnc:ﬂ-'!th
ot be added, subtracted, multiplied or divided by ordinary

. it jangle rule or
¢ methods of veclor nddumn_{tr.attg r
L;::r ::sh':ytirml methods for their multiplication, for this

These quanities are
an arrow. Vectors cann
mathematical rules but
parallelogram rule) or ©

UFpOse-
i Yectors have many applicatior
We begin with geometrical interpretation @
ghall apply veclor methods o prove some

geomelry.
3,1.1 Scalar and Vector _
Scalar Quantity: A quantity which has only magnitude

2 scalar quantity or simply 2 scalar.
Examples of scalar are mass, temperature, Volume, work etc.

cations in Gromelry, Physics and Engincering.
[ u vector. HOwever, in the sr,quf:'l we
fundamental results of descriptive

and no direction is called

Vector Quantity: A guantity which has magnitude as well as direction is called &
vector quantity of simply & veclor. ) .
Examples of veclor are displacement, veloeity, acceleration, force eic.
3 4

&
3.1.2 Geometrical representation of 3 vector 1 o =
A vector is geometrically represented by an arrow o directed line segment
direction of the vector and the length of the

the magnitude of the vector. The tail end O
is called the

say OF , where the arrow indicates the

arrow specifies, on appropriate scale, C
of the arrow is called its origin or initial point and the head (tip) P

terminal point or terminus (Figure 3.1)

Terniinal Poind

In printed work, it is usual to denote all vectors by
bold faced letters @, b, v etc. In hand written work, the

vectors are denoted by @, b, ¥ etc. The other notation  ~“Initial point
used for vector is a, b, v ele. 0 Figurcll

=ris L

1.1.3 Fundamentals of a vector
(i) Magnitude of a vector " A
The magnitude or modulus of a vector OA or a is the
length of the line segment representing the vector to
the scale used. The magnitude of the vector OA
is denoted by 1941, lal, lal or a.

o
!
[
<

(i) Equal vector
Two vectors @ and b are said 1o be equal if they have
the same magnitude and direction regardless of the g
position of their initial point, Symbolically, we write b
a= b (Figore 3.3)

{iify  Mezmative of 2 vector

A vector having the same magnitude as another

vector a bul opposite in direction is called negative of a a
vector and is denoted by —a as shown in (Figure 3.4)

{iv) Zero vector or null vector Figure 3.4

A vector which has zero magnitude and arbi frection i
trary direction is
vector or null vector. Zero vector is denoted by O Oor0 R

v Unit vector

e d_m:}.mctc;r_ whose magni'fudc is one is called unit vector. It is used to represent
: direction of a vector. A unit vector is denoted by a letter with a hat over it, such

asa b, ¥ i i
. : elc. Any vector a can be written in terms of unit vectorasa = lala
ence unit vector in the direction of a is obtained as a = =

lal
i.e. unit vector in a direction = WVector in that direction

Modulus of the vector

{vi)  Parallel vectors
Two vectors a and b are parallel if and only if @ = ob, /

where @ is scalar. See for example (Figure 3.5)

( For v ﬂ
r Your Information Figure 3.5




{viiy Position Vector r space with the origin is called

joi i i in the plane o
ich joins a given point £ in o
: vﬁ::’::m of the point P and is denoted by op (Figure
posi

Il}"
i the i he
i sition vector is equal 10t "
e e p"" the orgin and whose or
distance between the given point and the ong ‘ =5
direction is the direction of the point from the ongin. 3 .
- O! Figure 3.6
tors.
Example 1: Using graph paper, draw the vecto ’ l F_I
3 -
—il c) —a Iz
{a} ‘.ln {h} * r L) 24
where a is given in (Figure 3.7} 1 ]
=3 4711 A
from its 11 1L Tk
Solution: {a) The head of the vector 4 — Dt
end point is 4 squares o the right and 2 squares J

up. Hence 2a is 8 squares to the right and % squares Figure 3.7

up. .
{:]—a is the negative of a, so its direction is opposite to a. Hence —a1s 4 squares (o

its end point.
the left and 2 squares down from 1ts & o .
(e} 2ais3 squares to the right and 1 and a half squares up as shown in (Figure 3.7)
4

Example 2: In Figure 3.8, vectors 4, p, g, r, § arc » A
shown. State each of the vectors p, g, r and & in the [ - 7 H
form ka.. + B ' . '
Solution: The direction of a is 2 squares to the right . : yi
and 4 sguares up. : . i - O
HBML‘.' P=-d'q=5ﬂ r "I

I [ L1

r=2a,s=%a Figure 3.8

ii, AB= 3€D

Example 3: What type of quadrilateral is ABCD, if (i) AB'=CD

ey i L . T T
Solution: (i) ABR=CD means that AB and CD are ¢ =
equal in length i.e. IABI=ITDI and AB Il CD. Hence
ABCD is & parallelogram as shown in(Figure 3.9.) :

A Figure 39 B

(i)  AB=3ED means < o
IABE=3ICD and AB I CD.
Hence ABCD is a trapezium as shown in (Figure 3.10.)

(viii) Addition and subtraction of vectors £ E
(a) Addition of vectors Figure 3.10 B

Any two vectors can be added by the following two laws.

¢ Head - to - tail or Triangle law of addition
Te add two vectors @ and

b that is, to combine them into / %
one vector, we draw them in such b
a way that the head of the first

vector coincides with the tail of a - =

the second vector. The sum or Figure 3.11
resultant veclor a-+b is obtained by Jjoining the tail of the first vector with the head
of the second vector as shown in (Figure 3.11).
We call this way of adding the vectors as Head-to-Tail or Triangle law of addition.
e Parallelogram Law of Addition & a D
If the two adjacent sides AB and AC of o
parallelogram represent the vectors @ and b as
shown in (Figure 3.12), then the diagonal AD
represents the vector sum or resultant @ + b of
veclorsa and b. Thus Ap=AF+AiC=a 4+ b
We call this way of adding the vectars as the
parallelogram law of addition.
= Polygon Law of Addition of Vectors
The method of vector addition of two vectors ¢
vectors. Leta, b, ¢, d be four given vectors.
L_ﬂ O be any point and let us draw the vectors
OA = a. From the terminal point A of the
vector a, draw AB 1o represent vector b,
From the terminal point B, draw BC 10
represent vector ¢. From the terminal point

C, draw CD 1o fepresent vector d. Join OD,
Then, from (Figure 3.13)

A —+'y

Figure 3.12

an be extended ;_o more than two




we have a+b+ctd =04 =
=GB+BC +CD e e
E:J'EE [‘:GA-I-AB-EGB}
22 [+ 0B +BC=0C]

i / inal
ctor OD joini initi ¢ of the first vector a and the termina
vector OD joining the initial point ol & :

;2: l:felht Jast vector d represents sum of the given vectors. This method of
addition is called the polygon law of additon.

[
b
(b) Subtraction of two veclors : [
The difference of two vectors anrtl b, !
denoted by a— b, is the vector ¢ obtained

i ative of b,
by adding vectora and the neg : )
that is c=a-b=a+ (k) . tth:t‘:;ih
i b is equal to & vector
the difference a — b of vectors a and ( Veck
when agi?::is;o b yields the vector a. The difference a - b is shown in (Figure 3.14)

tion )
g fﬁﬁ;ﬂmﬁm, we refer 1o real numbers as scalars. If k is a scalar

and a is & vector, then the multiplication of & by k, denoted as ka, is a vector whose

magnitude is k times that of @. Thus, if
(i) k=0, then ka is the zero yector b,
/a/;ﬂ o

(i) k > 0, then a and ka are in the same direction
For illustration, see (Figure 3.15). Figure 3.15

(iii) k < 0, then a and ka are in the opposite direction
Example 4t For the vectors a and b given in (Figure 3,16¢m) ,draw the veclor

()2ash  (ida-b (i) a=2b 1.
Bolutlon: The vectors are shown in - aass
(Figure 3.16 ®.) SEERIEZeaR
’: i “: 1 ':EE
/’ﬂ i Sgaas _ZE 1
1 A geeiel _E:%
— -
i HHHH
1 L L2

Figure 3,16 (a) Figure 3.16 ()

o, 8 1 i

Draw vector 2a and from the head of 2a draw b, T ¢
obtain 2a + b. a@draw b, Then use head-to-tail rule to

(i) Draw a followed by -b, use triangle law of addition of vectors to obtain g — b,
{ii) Draw a followed by =28, use triangle law of addition of vectors 1o obtain =25,

Example 5: In AABC, AB=a, AT = band D is the midpoint of AB

(Figure3.17), State in terms ofa, b, (1) AD (iiy OC (i) €D
Solution:
D AB=1 75 =la
2 2 e
(i) DC=AC -AD = .b_ég N
i B

(i) CD=-DC =La-p —

2 Figure 3,17

Theorem, For any vector a,

(i) The zero vector o has the property thato +a=a + o = a

(i) The negative vector —a of a has the
MOPErt =d-ag=
FProof. () easy, o

If OA =a, we have, according to the definition of the multiplication of vectors

by scalars, A0=(-1)a Thus, a+(-1)a=04 + A0 = 00 =0

(if) On account of this praperty, the vector (—1) a is called the negative of the
veclora, and we write — a = (- 1a

So that the relation a+{=1)a=0 2
.
may also be re-written as g + {(—a)=0 ’ ] I’_L_.,“l
-1 {m
Figure 3.18
A o’
Vector Zero vector




regui:rhﬂ&s““ AB (ors as scalar

ABCDEF is 2 ‘e ullowing s

and CD = ¢, state 3+
tinle of @ B or £ a o
Eﬂ 'EIE (i) EF GiDFA (V) ag {m:ﬂ 2
Hint: In a regular hexagon nT:IJII;l l:?t.
. m{]hls m\fwmsm o in Figure draw the vectors:
i gandbasi e =
?";W::h;b (ii) 2a- b (iii). 3a e j‘:'
I - e
g ﬁé:q.Risthtmidpnmlnf(}? SaaEmam:
ImAOPQ, OP =P that 1081 = 3i5Q. State in terms of P

and § lies on OQ such i T

y m‘% @Fg @@)OS (iv) RS

b parallel with 0A =@ and OF = b, AC is extended to D
ACBisa ogram

3hm |ACI =2ICDI Find in terms of fj"d b

(i) AD (ii) OD (iii) BD

ﬂ.ﬁ.ﬂ a l‘e w“h ﬂ.l'ip =4a BE -bq M 15 ule ““-dpﬁl"l 0‘[ Uh and G
15 mﬂ“s ]

{iv) 0G /P
P

@ oM () MB (i) MG

In A OPR, the mid-point of PR is M.
If OF =p and OR =r, find in terms of pand r.
@ PR @FPM (iii) OM

ABCDEF is a regular hexagon and O is its centre.

The vectors x and y are such that AB =x and BC =y.
Express in terms of x and y the vectors
E-E.C_D'aﬂdﬁ. C

3.1.4 Representation of a vector in a cartesian plane ¥
We recall from our previous class that a. rectangular
coordinate system consists of two lines xx' and vy’ drawn at
right angle to each other as shown in(Figure 3.20),are known as
coordinate axes, Their point of intersection is called origin * =X
and is denoted by O, The rectangular coordinate system is also
called as Cartesian coordinate system.
The horizontal line is called x-axis with positive
direction to the right and the vertical line is called y~axis with ¥
positive direction upward. If P is a point in plane, it has two - Figore 3.20
coordinates, one along x-axis and the other along y~axis. If the .
distances along x-axis and y-axis are determined by a ”
and b respectively, then the point P is assigned an ordered pair |
of real numbers as (a,8) or P {a,b) as shown in(Figure 3.21 . We !
call a and b the x—coordinate and y-coordinate of P L b
The set IR? = ((a.b): a,be IR) is called the Cartesian ' .
plane, Thus an element (a,b) € IR? represents a point Pfa,b)
which is uniquely determined by its coordinates & and b,
In this section, we use rectangular coordinate system to
represent a vector in the plane.
Let i denote the unit vector whose direction is dlong the Figure 3.21
positive x—axis and le1f denote the unit

y-axis. Then every vector &P in
vectors § and f as OF

'|l<l

vector whose direction is along the positive
the plane can be written uniquely in terms of the
=r=xi+y where ¥ and y are scalar. See {Figure 3.22).




of the point P. Thuys, the
= . called the tor OF Whose initial point is the origiy,
= IIIEW

position vector of &1 point P(3)

. int is P. .
«0" and whose terminal P2 cctor to any point P(,y) in the plag,

cd the components of the vector p,
the scalars X and iilc e component in j—direction is y,

AF=r=x+ :ﬂ.1 ity
as OP=T tion is X, W ane, Then the vector r represenited byt

in i~ direc ,
T (5. 4) be apointin e

For example, if 5 the point P(54) 15

position vector ¢ :
reaiay =i+

Ths,the i-direction component

Theorem: If a and b are position v

5 and the j-dimc{iun compaonent is —4,
gs of points A and B respectively,

then AB =b-a :es A and B respectively, then
R ectors ﬂ‘fth': pﬂlﬂts

Proof: If a and b are position ¥ #

a=0A andb=08 (Figure323) /N

Using triangle law af vector additions, we have )
A +AB =08 = AB =0B -OA

s 4
w AB=d-o ) aﬁgure 1.3
Example 6: Find the vecior AB from the point A (~4,6) to the point B {Err,E]l- |
Solution: The position vectors of A and B are OA =—4i + 6j and OB =6+ &.
Therefore by the above theorem

AB =OB —OA = (6 + &) — (i + 6) = 6i + § + 4i — 6 = 100+ %

Vectors with inittal point mot af the origin
We defined the component of a vector to be the eoordinates ©

vector whose initizl point is not at the origin. —
Suppose Pi(x,.y;) and Py(x,.y,) are two points in the plane. Suppose OF1 20
be the position vectors of P, and P, as shown in (Figure 3.24).

f its term'”"":
0
point when its initial point is at the origin. Now we will find the componen®s
=
d OF

Then Eﬁ :a".ﬁ, -Eﬁ
zf-f_vl"i'}';rj) —f{x; 43 )

Sla—xy i +(u=-yl J g Bzl
Thus the i<compaonent is 1, — &, and the f-component is % —,

3.1.5 Algebra of Vectors

In this section we define addition, subtraction, O ; -
scalar multiplication, and so on, for vectors in plane. Figure 3.24
Equal Vectors

Two vectors i = xf + v fand v = x,f + wJ are said to be equal if and only
if they have the same components that is

u=vifand only ifx, = x, and y,=y,
Example 7:  Ifu =20 + yjand v = 4 —j, then find x and ».

Solution: u=vorZi+y=w-j
By comparison we have x = 2 and y=-/
Addition of Veclors

Ifte = xji+y f and v = xd+y, fare two vectors, then their addition, denoted by u+v,
isdefinedas w + v = f{x4x) { + (y+1)j
Thus, to add twa vectors, we add their comesponding components,
Sealar Multiplication
The multiplication of the vector u = xi + yj by a scalar k, that is ku is defined as
ku = kfxd + yj) = (kxji + (k)i
Negative of a Vector
u = x + 3 is 2 vector, then negative of u, denoted by —u, is defined as
U = —~{xi+ ) = —od ~ 3
Thus, if we take & = -1 in the definition of scalar multiplication, we obtain
=it that is the negative of the vector .
Subtraction of Veclor
Hu=xi+yjandy = x4 + y.j are two vectors, then their difference,
denoted by u—v, is defined BU=V = (X, —x) | + fy, - vilf
Thus, 1o subtract two vectors, we subtract thej respor
Example 8: 1Ifu=23i+ djand v = 4i - 5,
Find (i) +v (ii) 21 (iii) = (iv) Zu = 3»

r comesponding components.

Salmljun:
(i) UtV =30+ )+ (4~ ) = (3 + )i 44+ (=5)) j=T7i =

() 2u=203+4j)=(23)i + (245 = 6i + &

() v =i = 5) = = i (- 5)f =it 4+ 5

W) 2u-3v=203i + 4j) - 34i - 5j) = 6i + & = 12i + 15 =—6i + 23]

87




2 'Ihe z.:z:,::c!m':m null vestor 1§ denoted
o g r m
e [fu:f;:f;i?umm sts magnitude 0710
© andis defined 38
lul=yx + Y

or length is denoted by lul

Sotation: b=y (D' =

o . .y ]1,
g.tlliiapﬂmﬁe of the given Veclor # = A+ s

is, & is & unit vector iflel =1

of of a Vector

gy o

Theorem  1fw=xi+) 153 Vecty .

@ 20 (i) lal=0if andonly if
(iiy -l =lul

(v)  lheel =kl bl
Proof.

) = Jo+y > 0 forall xand .

l=fx’ +y ~0ifand onlyifx=0andy =0

if and only if u = 0i + f
if and only if # = @ {zer0 vector)

(1ii) I—H|:|-rf-_ij|=q||{_x}z+t_}.}? - 'I.'E:-ry: =il
(ivl V=il = ~||||{h}= +{k1- . m
=i J+y? =l

3.1.6 A Unit Vector In the direction of another Vector i
If w = 4 + 3 is a vector with magnitude lu] 0, then T

whose direction is the same as that of a. It is usual to denote a unit vector in the

direction of vecior u by i,

Clearly any vector u can be written in terms of unit vector as u = Iul i

Hence a unit vector in the direction of u is given by

i A x4y

X . ¥ ;
N=— = = = i+ _[
Tl |'Ix:+}|z .'r"'+_v,.-‘ ?=x1+y’

jtis called a unit vector. That

gand k is a scalar, then
u =0 {zero vector)

(i)

is a unit vector

Example 10: Find a unit vector in the same direction as the vector 3=

Solution: Letu=3i-2f o

Then lul = (3 +(=2° =9+4 =413 -
The vector @ isin facta

- f=H A 3di-2j_ 3 2 ;
Since w=—, 50 u= S - f unit vector, because by
el is s property (iv) of magnitude
Notation for Vectors in Coordinate System of & vector i
. s A L n
Sometimes we use the notation [x,y] or <x,y> for the lu Hmjnm# 1

vector # =1 + 3 which has its initial point at the
origin of the rectangular coordinate svstem. The terminal point of r will have
coordinates of the form (xy). We call these eoordinates the components of r,
In this notation, the unit vectors { and f are given by =[1,0],7 =[0,1].1¢ ri=[x,y)
and ry =[x, ;] are vectors and & any scalar, then addition and scalarmultiplication
are defined as ry +r, = [x,y,]+ D] =[x + 3, 3 + 3] and ke =k{x,,3)=[ky, ky]
Using the definition of addition and scalar multiplication, the vector r = xi + ¥j can
be written as
r=ad+yf =x(1,0] + y[0,1] = [x,0] + [0,y] = {xy]

Thus r=ux+y = fxy]
3.1.7 Ratio Formula
Theorem: Let a and b be the position vectors of the poi i

et ; : points A and B respectively,
If C divides AB internally in the ratio p:q, then the position vector ¢ of (F;Eis givgn

h}f e =E£E
q+p
Proof: If C divides the line seglmum AR internally in the ratio p:q, then £=§-
as shown in the (Figure 3.25). -
B
Hence g AT=pFF = gle—a)=plb-¢) \q
C
= ge-ga=ph-pc = gc+pe=qa+pb c k?
= (g+ple=ga+ =®tob O 4 .
Ple=gatph=> = 210 Figare 325

Corollary: 1fp:q= 1 : 1, then C s the midpoint of AB and its pasition vector ¢ is

Ech h}l e= ﬂ;b




:‘ o b:_ﬁ--}‘
Then a=3i f
e 5. i ivides the segment AB in

respec is the position ,,,m.;.m-,:pmmc:m: divi
Supposc that € 15
ratio 43 (theorem above) - e ]

. i i 18i=J . :
Then by ratio theorem o e Py

g _
- Ja+4b =3{2| 3_;}:4{31"' 1) - = - -
T 344

oot s - thenrems of geometry.
?‘Iﬁ:s :::cl:'on = SH‘;I ey Fm?e‘ E?T?:::S ;Zn:!;f:ims of the two sides of
- 1 ikt line joInIn, :
Theorem: Prove that the sIralg T
i jel to the third side and equal to one h.flif o '; -
ntdnngfl;nsgi‘;l be a triangle and D.E be the midpomnts OF %
s Let

0
respectively (se¢ Figure 3.26_]_

Let OA =a, OB =b, then .S ’
oD =2 , OE= E s D & E are the mid-points of OA \\‘:
op ==, 0E= ,

v 2 -

0OA and OB

" g 3.26
& OB respectively B igure
Now DE =D0 +0F =-0D +0E
—_:E+E =£—_ﬂ. “:I
T I

.ﬁa-i_é +ﬁ_ﬁ‘=-ﬁi+5§ =—g+bh=b-a (2)

Therefore from (1) and (2}, we have
DE =l AB Hence DE | AB and DE is equal to-one half o
2

f AB

Theorem: The diagonals of a parallelogram bisect
each other.
Proof: Let the vertices of the parallelogram
be 0,A,B and C (See Figure 3.27)
Let a, b be the position vectors of A and B
respectively. 0 T A
Then OA =a, OB =b. 4 L Figure 3.27
By addition of vectors, we have OC =0A +0B =a+h

Not For Sale

The midpoint of the diagonal OC has the position vector

EE_n-r-f,-
e (1)

Again by addition of vectors, we have AB =OB -DA =b-a
The midpoint of the diagonal AB has the position vector

AB b—a _2a+b-a _a+h
= = 2
7 2 3 (2)
From (1) and (2}, we have e=d. o .
This shows that the midpoints of the diagonal 0C and AR are the same.

Thus the diagonals of the parallelogram bisect each other.

32 Vectors in Space ;

In section 3.1.4 we discussed vectors in the plane.
In this section, we again consider vectors, but vectors inspace,

— B
d.—:ﬂ.‘lﬁ*%— =4a +

3.2.1 Rectangular coordinate system In space .y

In space, a rectangular coordinate system (or
Cartesian  coordinate  svstem) consists of three
mutually perpendicular lines through a common point =
). The point O is called origin and the mutually
perpendicular coordinate lines xox', yoy' and zoz' are It
respectively x—, y— and z-axis (Figure 3.28). The I (T
positive x—axis points wowards the reader, the y-axis i e I]TI m.:-.ni
to the right and z-axis points upwards, i
The coordinate axes, taken in pair, determine three i
coordinate planes namely the xy-plane, the xz- /rT' ¥

plane and the yz~plane. If the distances along x—, y- o
and z- axes are denoted by a, b, ¢, then the point Pis ¢ Figure 3.29

assigned an ordered triple of real numbers as (a, b, ¢) z
or Pfa, b, ¢) as shown in Figure 3.29. We call a, b and %
¢ the x—coordinate, y=coordinate and z—coordinate ] e
f’fP-HL‘nce the point P whose coordinates are {4, 3, 6) i """""" [ e
15 4 units from O in the direction of 0X. 5 units from i ls
O in the direction of 6y. 6 units from O in the | -
direction of oz as shown in (Figure 3.30). # Lf--:r‘r
The set IR = {(a, b, ¢): a, b, ce IR) is called the -~ =
3 Figure 3.30

three- dimensional space (or 3-dimensional space).



simensional $P9CE
mw mutually perpend:

< g unit vector i
iiss unit vector ﬂuﬂglpﬂiitwc z-axis, 02
in Figere 3.31.
£ SHW;HJ{:. y, ) is any point in the space, then the
position vector F of the point P can be written in
the form,

oF =r=d+y+ik a5 shown in Figure

whose initial point is ot
terminal point is P.
t of a Vector
of the position vector 1o

¢) in the space as
called the components
and k are the unit base

any point P(x, ¥,
the scalars x, y and z are
of r. The unit vectors &, f

wectors for this coordinate system. s
coordinatesystem I 1153

3,24 Notation for vectors in

Ag in plane, we use the aotation [x, y, 2/
ar u.y.pfmthwecmrr:ﬁ-u:.f+ zk in
space,
In this notation, the unit vectors i, j and
K are given by

i=[1,00],j =010}, k=[00,1]
If ry = {x, 3, 2] and r;=(%, ¥, Bjare vectors

cular unit u:cmrsz in the direc

3.32

Thus, a position vector of the point P is a vector ar
. i the origin O and WhosE

tion

x Figure 3.32

PP =r=xi+) +k

{ Did You Know E )

i @ vector in space with

initial point Prix. ¥ %) antd
terminal point  Fylx, ¥ L

Then AP, = (xrx, )i+ -3 )*
{2~z )k. So the components of

PP, ini, jand k directions arc

(%), (=i (22) respectively.

and ¢ any scalar, thenaddition and scalar multiplication is defined as
rd n =[x, 4 + B Bl =% Yt z,+2;] and

ar=aly, .l =lax, ay, az]

Using these definitions, the vector r = ai+yj+zk can be written as
ro=xi+yi+zk =x1,00] + y[0,1,0] + 2[0,0,1]
= [x0,0] 4 [0y,01 + [0,0,7) =[xy.2]

Thus r=x+y +zk=[xnz]

3,2.5 Magnitude of a Vector

The magnitude or norm or length lul of a vector u = xi + yf + 2k in the space

is the distance of the point H
point P(x, y, z) from the origin. That ixmlzm

Unit Vector
If the magnitude of the vectoru = 21 + v i
O 1 = x1 -+ yf + zk is 1, it is called a unj
' nit vector. That is

lul=1 y
Example 12: [fu=2i—j+ 3k, v=i+j-k, then find
(i) w+2v (i) Ju—2v (iii) I(u-2v)

(iv) vl (v) I+l hri} %,
Solufion: fad

Q) 1+2v = (2R +2iHj—Hy= 2i5 43K 42042 ;
I e
_ - 3(9?—5.:‘:51:’1:15{_‘;;;??: iiaa
(iv) Tl = 1(2i=j 3+ (4R = |2ij+Fhei+j-k] = 13i4+0742K]
= JOP+@ +2? =\o+3 =13
Il = JOF D HEF 07 1)
= J4+149 +f1+1+1 =12 +.3

(i) R - gi;:fj-ﬁ = 2. . 3
5 B Bttt
3.2.6 Algebra of Vectors

In this section
: we define additio i
vectors. Our definitions : ion, subtraction scalar multiplicati
i F-..ﬁmlmm-, are the same as given for plane v plication ele of
e consider vectors in space. ectors except that in this

Equal Vectors
Two vectors w = x.d i
; =X+ W+ 5k and v =20 43,7 + 5,k are sai
:1{:;11 tulnl:,r if T.]'nel;.r have the Snmcrcom;uncnls. EHETS AT e
1su=vifandonly ifx, =%, y=pandz =z
3 = <2
?:d:liun of Vectors
e addition of two vecto
rs e = g0 + v j [ f i
- ; d+vf+gkandy =x,i 4y, '
- r_ (X +x,)i + (v + %l + (2 +g,)k i e
at g F
& o df]lﬂ two vectors, we add their corresponding components




gtive of 8 Vector . i 4 skisdefinedas

ﬂﬂﬂﬁwoﬁmmf_:,..{ﬁ-f—}j-l*ﬂ-'};-.ﬂ-}?"‘*-k

raction of a Vecto” oy i+ pkandy =Xl +3J +2K18
se¥ vectors i = Xt +y + gk an

ﬁcdiffﬂm‘:ﬂofm

o a5 upp:-‘f.t;

we subtract their corre

=i i+ Ok
vﬁwmgﬁufﬁ:ﬂ vector O is defined as D=0+
&

o nfl‘lifwmg pmpcrl.i-cs hold for vectors in plane as well as in space.

mfitzhimmandlel o and f# be scalars, then bl

va-m u (commutative property for de:l.'!llﬂ;l

_:rsﬂ-l-fwwj (Associative property ﬁ?r_ addition

i (Identity for vector addlt_mn}

s (Inverse for vector addition) e
o for scalar multiplication)

= .3 perty

a (fu) = (af)u (Associative pro

a Efiv}: cu +av  (Distributive property of scalar

vector addition) —
=ou+ (Distributive property 0 ver

il o scalar Addition)

multiplication over

or multiplication over

lu=u
cation to Gmmeu-:i —
nce between two points in Spa _
Let A(x;, ¥, %) and B(x Yo z;) be any two

. in space. Let 04 and OB be the position Al 3y a)
s of A and B (Figure 3.33). Then
i+ jrak, OB =%i+y,j+ ok

b

B(x; 33 %)

OA+ AB = OB
AB=0B-0A

=(x=,) § + (Y0l + (22 )k

NABIE (6 — %) +( — 1) +(2, - 2)
is called the distance formula.

=

Theorem: Let Afx, ¥, ;) ﬂﬂF' B(x,, ¥ %) be any two
points in space. The coordinate of point C which

divides AB in the ratio m :m, are
X LY LY, LY, Mz, +myz
ey =+ ' m, =+ m, ' ny + i,

Proof. Let Clx, y, z) divides AB in the ratio m,:m,
internally (Figure 3.34). If a is the position vector of
A and b is the position vector of B, then the position * Figure 3.34
vector ¢ of C already found in Ratio theorem is
nbh+m.a
— oo ——

i + i,

Fi AR iy + [ (x iy jrzh)tmfx ity j+z.k)]

_ (4o, Jit(my, +myy, i+ (mz, +myz) k

my + n,
= I X Ly, iy, s m,z +m,z, !
1, + i, my +m, m +m,

Comparing the corresponding components on both sides,

- sl M, + m,x, i myY, + Ly, e Mz, + g 2)
m, +m, m, +m, m, + nm,
Thus Clxy,z) = C (m,xl + X : my, + 0Ly, ; s, +m3:w g:‘:;::f:?v:;s
m, +m, my +m, m, + Eextm:aﬂ}rin
Corollary: If :T'i:!- = A, then the pninf C divides AB in the B atig
ratio A: 1 and C % s34
_tz‘ﬂl_'"_x_t o Ay, +y, _""1::+:|
+4 "7 1d YT 1aa. M
Theorem: Prove that the coordinates of the
centroid of a triangle ABC with vertices “
(X ¥ 2) (% Yoo 22Dy (%5, ¥y, 2,) are B y; 3
{ﬂ' HEG wtwty g5+ ) PERY Figure 3.35
3 g 4 3 !

!’ruuf: The centroid of the triangle ABC is the point G where all the three medians
Intersect each other in the ratio 2:1 (see Figure 3.35)



< ntxn Hth 5thy,
R 'I;MG[HCImsmcmﬂlnat&s M5 " 2 3
e, - ; pordinates
G dividing AM in the ratio AG:GM =2:1 hasthe
The point
? 2z +E;} ;
pytXa) gy DBTH )2
2+1 ' 2+1 2+1
. r pEyptn LELYL
—{-_'-L_T_'”ai._l lL._.n—-l1.__—31-—
= e 3 |
jan through O of the triangle OAB, where

« Find the length of the mr?d
s ~1)and B is the point (4, 1, 2).

:mis 'hme a fﬁ:hﬁﬂ be a triangle as shown in (Figure 3.36).
The coordinates of M the midpoint of AB are BH.LY
244 T+1 =142} _ ., 1
{ S T e (3, 4,)
2 2 2 2
So the length of OM is

Jiol
2

e I
IOMi= () +(4)F +{-E:J’ =

o

Figure 3,36
EXERCISE 3.2 '
Ifa=3i-5 and b ==2i + 3, then find

1' Y -
(i) a+2b (i) 3a-2b (i) 2a-b)
W lal
(iv) la+bl  (v) la-IBl (vi) B
2 Find the unit vector having the same direction as the vector given below,
s : TR
(i) 3 i) I -4 (iii) i+ f= 2k (iv) el
3 [fr=i-9%,a=i+2fand b = 5i - j, determine the real numbers p and §

such that r= pa + gb. !

4. Ifp=2i-jand g =x + 3, then find the value of x such that |p+ gl=3-

5. Find the length of the vector A from the point A(=3.5) to B (7,9). Also
find a unit vector in the direction of AR |

6. If ABCD is a parallelogram such that the coordinates of the vertices A, B
and C are respectively given by (-2,-3), (1, 4) and (0, 5). Find the
coordinates of the vertex D,

Find the components and the magnitude of PO
i. P(-12), Q(2,-1. 1. P(=2), Q(2,3).

iii. P (=11,2), Q:(2,-1,3), iv. P(2.4
; et el - Fl4,4.6), Q(1,-2, 3),
8. Find the initial point P or the terminal point Q Whigaivcr fsﬂissiﬂg‘
i PO =[-2,3], P(l,-2). ii. PO=[4,-5),Q(-1, ).

il FEE‘ [-;I 13:_2‘.]1 P’(Z&hll -3)' iv, P-_Q. = {g-r -31 -4]': Q(E -] 4}
9. M a@=itj+k , b=4i-2j+3k ande=i-2j+£, find a vector of
magnitude 6 units which is parallel to the vector 2d-b +3€

10.  Find the position vector of a point R which divides the line joining the points

whose position vectors are P(i + 2] — i ! ;
internally and externally. J—k) and Q(~1+ ] + k) in the ratio 2

11.  Find the position vectors of the point of division of the line segments Jjoining
(i) Point C with position vector 5 j and point D with position vector
4i+jin the ratio 2 : 5 internally.
(i) Point E with position vector 2i-3j and point F wi iti
ot £ _ point F with pos
3i42J in the ratio 4 : 3 externally. g
12.  Find a, so that |ai + (a + 1)f + 2k =3
13, Ifir=2/ +37 il Te=oi +3} £ and 7= f.+'6j + z,ﬂ: represent the sides of
a triangle. Find the value of z.
14, The position vectors of the points A, B, C and D are2f - j+k, 37 +]

2 +4j=2kand—i - 2j+k respectively, Show thar AR hpm;ﬂlcltua-).

.

3.5 Dot or Scalar Product
351  The dot or scalar product of two vectors @, b denoted by

a-b, is defined as a-b= lallbl cos 8 where 0 is the angle

between the vectors @ and b (Figure 3.37). ’

For-example, if lal = 2, Il =4, B = 60° (

then @ b=3%dcos60® = 12% 1 = 6. y ’
2 Figure 3.37

Thi : T 3 p .
his will be negative if 5 <8< Was cos # is negative, and lal, bl are always
positive, -




a
__._-—————'_'_}
tors . S b
3 nnd?gr::wlcﬂp;rﬂﬁlllc:l but in ‘hfr same direction a8 -
Ifa ~ .
i ,38). then
shown in (Figure & > = lallb! e 39
[n this case a-b = ?ITE:EL opposite direction as shown 1:? Figure (3.39)
H”";ﬁﬁpfm?s case a-b = lallbl cos 180° = —lall .
then &F=14"
i = [, then
th ial case when @ =1,
e aa = lallalcosl® = lallal = lal* ; b = 3—39
Figure 3.
Hmll:c lal= Jaa
(i) Orthogonal veclors .
If a sind b are orthogonal VEctors, then & = 90° and cos 90° = 0
o a- b= p| cos 90" =0 o
Hence the condition for orthogonality of two veclors 1S ab=(
353 Scalar product of unit vectors i, j and k A
ji=fijj cos0°=1,1j= il 1] cos 90" =0
j:f={_ﬂ|_ﬂcmﬂ°=f.j—k=]jﬁi| cos 9 =0 b
k-k::N'Hc.-nxﬂ“=f,k+|‘=h&1||llm59t?‘*=ﬂ .
| B [
Z

Figure 340

e a—

The dot product is always 3 nunqber_
{scalar). We sometimes refer to it 45
the scalar product or inner produc

Figure 341

Thus, biwji=kk=1 and if=jk=ki=0

o Thus, a-(b+c) =a-b+ac

A -

3.54 Expression of Dot Product in Terms of Components
Leta=xi+yj+z,k and b=x,i+y,j+ Z, k ( Remember

be two vectors in space. Then using the properties of S
dot product, we have Ifa = xi +y,jand b=

i+ 3f

are vectors in the plane,

fxi+yj+zkl-(x,i+ Wi+ k) it L =x_..:|_§‘. s

X Xy (B8} 4 X vy (8f) +.x, 2y (#R) + p,x, (i) + 3,3 G + v,z (k)
+ (ki) w2y (ki) + 2,2, 00k) = x,x, +y,y,+2,2, _

i ab=x0 +y 0 +22.

Thus, dot product of two vectors is the sum of the product of their corresponding

COmMpanents. )

Example 14: Ifa = 2i-3% + dkand b = £+37=2k, then find a.b in term® of their

cOMmponents.
Solution: ab

il

(2 —3f + k). (@ +3f-2k)
(20(1) + (=3)(3) + (4) {=2)= - 15
3.5.5 Commutative and Distributive Properties of Dot Product
Theorem: Ifa, b, and ¢ are vectors and « any scalar, then
(a) Dot product is commutative i.e. a-b = boa
{b) Dot product is distributive over vector addition i.e. afb +c)=ab+a-c

@ leta=xi+yj+zk andb=x,i+y,j+z,k
Using the properties of dot product and scalars, we have
a-h = 4’,1.',.:'+}',j+:,k).{.t'ir‘+}':j+z:kj

> RTEE R B S d AR S0 A T B

= b-a
Thu:., a-b=phg

(b)  Let ¢ = x,i+yj+1z,k then
a-(bic)=fx i+ yf+z,k}. fix,i+v,j+ Tok)e{ x i 4y k)]
= fxid+yg+z k). flxs 42, )i+ (v + 3, i+ (20 + 2, k)
= xfxg kgt v i+ ,)
= N XX XV YRt 2t 13,

= f.':1.1’: +¥ ¥+ 8 R XX+, +03; )= ab+ac




of Vectors

d
vector. Let & B an _
tive directions of the coordinate 4%

ie D, ST
::‘u:zd.iractinn angles of the vector”

- e ¥ be the u.l'_lEIL'S which

: =i 4y +2k beano es where each

e akes with the posi

- the : en Dand
v ¢s lies betwe

uﬁhﬁelﬂﬂjh 5 andy are caled

42). . . z
ﬁ:mf:ﬂﬁhs figure, we have three right triangles fe
BTN
OAP, OBP it nd OCP.Then =il i
. x in right triangle OAP 4
cosdE "I;-l" I.-"_'_}.!.I..:‘ a .\ﬁ )
[r 4 B

¥ in right trfangle OBF xr‘"g\

== —
cos i Tl :|r',r’+;.r'+z'
_ Figure 342

£ = - in right triangle OCP
cosY =ini T T_===
r ey +I N
{he direction cosines of the vector

called
numbers cos¢, cos § and cos yare : .
:11cl'ha directi on cosines cOS& , COS f# and cosy are usually denoted by 1, m and n

mlﬁf o, fand y are the direction angles of a vector r, then
costa +oost FHoosy =1
Pivmdt: By the: definition of direction

x " Y and cosy =—F—=—="
cosfi= —_—=I',c05ﬂ- - S 3 Ay
|‘|1:+J_1+z:1 ixl+}.—+z \||_l. e '::.
1 - 2
X

Y — 3
Xy I

cosines of the vector r, we have.

- cos? 2 +cos = G o v

,.mﬁfxﬂuﬁﬁ by .'[I'|':|'1+Z.1 rHy+z
Ky +T
.r‘.‘_l_:u‘!__l_zl

Using symbol's f,m and b, we may write the above result in the form f4+m+n?=1

Esnmpl155: Find the direction cosines of the vector from P(4,8,-3) 0 Q(-1,6:2)

Sidbtiéon: W e know that for any two points P and Q we have F_ézfiﬂ ~0F

Here {)_'Q-' = —i+Gj+2k, oP =4i+8j-3k
PQ = (~i+6j+2k){4i+8j-3k) = ~5i-2j+5k

Since 1PO | =¥ +y+2
So 1PO 1 = (-5 +(-27 +(5) = V53 = 3§

Hence direction cosines of the vector _515 -

CoSe =_'—_T. =-—Jj_.c:ns-:l,ﬁ'=—'_:"'-__=__,£ T e - 5
IPQI 36 1Po1 e 'Y_Ef_z_! e

3.,5.7 Direction Numbers or Direetion Ratios

The position vector OP of the point i i ii
S point P(x,y.2} in term of unit vectors ij and &
P =F= _1.']"+_!;f+.3k
i cos e, cos @ and cosy are the direction cosines of r, and pis a1pcsitive
constant, then the numbers Peosa , Peos# and Peosy are called the direction
numbers or direction ratios of the vector r. The direct
: direl ; rect
specify the direction of the vector r, R sraln
. Since x =lricos &, y = IHcos  and z = Irlcosy where IF is the length of the
veclor v, so a1, v and z are direction numbers of the v
J ] ector r,
coordinates of P(x,v.z) may be writien as (IFlcos e, Irleos 4 Hm:;,l PR
Hence OP =r=lIrcos @i + Irlcos B+ Irlcose k

e

= OP=lrlfeosai + cos Bf + cosyk) or
OF = Il {li+mj+nk)

(Did You Knew E]

Example 16: Find the direction numbers and direction | From the above, we
ubtain the components of
r fmm the direction
] n: cosines multiplying by

ince OP=r = 2i - 3j+ 6k |OP =7 2
direction cosines are . I theretore he i i‘-‘i:*iﬂﬂ -
components gives

cosines of the point P(2,-3,6).
Solution: The direction numbers are 2, -3, 6.

=32 P =8 £ K the direction cosines.
] 7° == =—adna——=—
1OP| lop1 7 =T

Exa b ) , —
Ample 17: Find the coordinates of P, if O is of length 6 units in the direction

of of where E iz the FNJil‘It . I 4)

Solution: We have OR = 2 jedk DR | = i




(ii) 1f:r=x,:‘+}'1}+;;__1knn'dﬁ=x,i+}.tj+ k
a'h_-'xl'ti"'}rﬂ'z:i{p!z : .

o

S

The direction cosines of OR are

2 =1 4
f=—— ,m=—x ,n= Pleys) ; i
i e : H m“dw=msimh -
The coordinates of P are (Irl#, Irhm, Irin) ;I ¥ (1) above
ﬂmH=|ﬁ]=ﬁ. Figure 3.43 ’ Cﬂﬁﬂ:ﬁ.ﬂﬁ. s Cosf= XX+ Y, +zr b
12 -6 24 3 b o Y [ D
Thﬂmrﬂmlﬂf=?2—.|ﬂm=jz—l,“ﬂ=?ﬂ‘ :_. . y 4 21-}.?.'_22 )
1 . | {ii) ab= HH cos 9 cme=!_£1_.|%#'£‘j—[=;£ a 3;
fal o] e

Hence the coordinates of P are [%.j% iji—llh

Example 18: A vector v has inclination 60° to @, 45° to @y Example 19: Find the angle between the vectors 5 and 0D where OP = 2i +j,

Find its inclination to a7 If l=12, express v as xd + ) + zk. 00 =-3+ 2
Solution: ! .Hcrc!n:mﬁﬂ“:—lr,m=ms45'=ﬁ= Solution: Let 8 be the angle between ¥
LI % the vectors OF and op
Let n = cosy, where v is inclination to oz, ; S
Then cosd = 2o __m% ;

Since P+mi+n? =1
S0 1 =1-=[m? = n? =]._.._.E=I

Il
orjoe s —lny
. Y B =
=3k 2y )20 Figure 3.45
N o

642
Cosd = =) 4561
= V1345

1
= i =+ —
z

This shows that v is inclined to 52 either at 607 or 1207,

-

Mow £i, mj, nk are components of : .50 :- = %,‘.;.::.z.,j.,. -%k 1 i
Buty =My = lzfg_l.'“j%—i-* %klnﬁi+ﬁﬁj+ﬁk Example 20: Find the value of t such that the vectors 2i — j + 2k and 3i + 24 are
358 mmmvnm;u ethogonal,

Solution: Leta = 2i~f + 2k and b =3i+2¢j, If a and b are orthogonal, then a-b=0

One use of the dot product is to calculate the angle between two vectors.
(i) Let a and b be the two vectors. Then by definition of dot product
a-h = |a|lb cos & where 0 se<x

o msﬂ:ﬁ%

i.e. the cosine of the angle beiween ¢ pt
divided by the product of their m lei:’-'ﬁ vectors is their dot product

L I (=I)2)+20)=0 = 2r=-bort=3

359 Projection of one Vector on another
Let a and b be two vectors and & be the angle betw

(Figure 3.46) ,0<@sx
7C i perpendicular to OB . Then OC is called the projection ofa on b.

rean them as shown in




From A OCA, we have
1ac!

—_— = OO & v a
(2F])
= [OC1 =104 | cos & = lalcos & ()
By definition of angle between vectors a -
Pl (2) o (oo ]
RN FTTY Figure 346
J:r

Using (1) and (2), we have iﬂCI e

iy ah

This gives that the projection of a on b is i-ﬁ' Similarly the projection of bona islu_I

Example 21t Find the projection of the vector a =i-2j+k to the vector b= 4i - 4j+7k.

b
Solution:  The projection of a on b = ?bT

Now @b = (i-2j+k). (Hi-df+7k)= (1) (4) + (=2) () + (1) (7} = 19
Andlbl = JP (=07 +(T) = J|5+us+4g =8 =9
I?

the projection of @ on b = M

3.5.10 Wark done hrnmuﬂmm
If a constant force F acts on an object during any interval of time and: the
object undergoss a displacement S, then the work done on the object by the force
Fis defined as F
W= F.5
or W= F¥ Cos B, where 8 is the angle between
the directions of F and 5, as in (Figure 3.47)

Example 22: Find the work done in mo - -
ving an ohject

along a vector W j+k1flhl:app]1¢dl'urccl~;3l+2;+k, ol

Solution:  Here Fo= 3= 4k ‘ Figure 347

S=0i-jk
W=FS=(3i+2+k) (Si-j+k)

=319) + 3(- H +11)
=27=24)

=26
Hence work done < 26 unity

1L Ma=ditdi-kb=i-j+ik

and ¢ = 2i + j — Sk then find
(i) ab . . i) ae (iif) a-(h+c)
(iv) (2a+3b)c (v} (a-b)c
2. Write a unit 'm:tnr in the direction of the sum of the vectars
an?l +2} 51’ ﬂmfﬁ'-21+} T.E

3. Find the angles between the following pairs of vectors:
(@) i=j+k, -i+j+2k ()34 4, 2j-5k (i)2-3k i+j+k

-

. Show that § + 7f + 3k is perpendicular to both i —f + 2k and 27 + j -3k,
Leta =i+ 2f+kand b =2f+ j— k& Find a vector that is orthogonal o
both a and b,

6. Leta =i+ 3j~4kand b=2i-3j + Sk Find the value of m sa that a+mb
is orthogonal to (i) a {ii}h .

g

7. Given the vectors d and b as follows:
G = —%_f-i-%k, b=i-2j-2k (i)a=—3i+j+2kb=nig+5k
Find in esch case the projection of aon band of b on a.

8. What is the cosine of the angle which the vector 2§ + j+ & makes with
y—axis?

9, A force F = 2i + 3i + k acts through a displacement $=2i +j-k.
Find the work done.

10. Find the work done by the force 7= 2i + 3j + k in the displacement of an
ohject from a point A(-2,1,2) to the point B(5.0.3).

11. (i) Show that the vectors 3i=2j +k, =3 j + 5k and 2i + j~dk form a right
lnang];ﬁr}ﬂhnwllmlﬂmsuofpmnm!’ (1013, @=(1L1.1)and R= {ll,m

form a right isosceles triangle.
12. Prove that the angle in a semicircle is a right angle.
13: Prove that perpendicular bisectors of the sides of a triangle are concurrent.
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In section 3.5 we noticed that dol product
of two vectors in plane or in space gives 2 scalar.
However, in this section we shall sce that there 5
ariother product known s cross or vector product,
which. gives the result as wveclor in three
dimensional space. -
261 Let @ and b be two non-zeno vectors. The

cross or vector product of a and b, denoted asa xb. - \’F

is defined by o e
axb=lal bl sindn i _—

where & is o unit véctor perpendicular to the plane Figure 3.43(b)

determined by a and b (See Figure 3.48 (2))
The direction of  is determined by the right hand rule .
“Join the tails of a, b, stretch the fingers of your right hand along the dircction of
first vectora and curl them towards the second vector b through smaller angle &
between a and b (0<#<180%), then the erected thurmb will show the direction of a
ora =b"

If a and b are as shown in (Figure 3.48 (2). and the plane containing a, b
represents upper surface of a table then @ « & is directed above the table.

Clearly, the direction of b = & by stretching fingers along b and curling
towards @ gives the direction of the thumb of right hand downwards (under the
table) direction from the plane (see Figure 3.48m)). :

Hence b xa==ibl lalsing n

. where i is a unit vector perpendicular to the plane directed upward,

In Figure 3480 b a is the scalar multiple of —5 .

Ifa and b are'two vectors, then the length of @ x b is given by la x bl = lal Ib] sing
362 lnlnm:dlnle consequences of the definition of Cross Product

(i}  Sincea x b=—bx a, hence vector product is not commutative i.e.

axhzhxa,
(i)  Parallel Vectors, Ifa and b are parallel but in the a
opposite direction as shown in Figure 3.4
then = 1307, - e —
Fil
II’I thi = i i H—
15 case a b= lal 1l sin 1807 n=() Figure 3.40(z)

(. sin 180°=0)

_ N For Sale
SN 106

If @ and & are parallel but in the same directi

shown in Figure 3.49(b). then §=0° g
In this case a x b=la| Wi sin 0°4=0 (- sin0°=0)

Hence in either caseax b=g b

If @ = b =0, then cither at least onie of the vectors a, b i Figure 3

zero or @ and b are parallel, e on

In particular @ = 0 =@ for all vectors a,

3.6.3 Expressing Cross Product in terms of components
Let a = xd+y,j+2,k and b=xyity, j+2,k be two vectors in space. Then using

the properties of cross product, we have

axh =(xi+ yJ+kyx(xi+ y 40

=xx ['I)d.]"" A X2 {ij]""‘iz: {E‘Kk:]+3'.11{_fx i}*’ b [J'XJ}"' Fels I.ka}

e (kxi)+y, (k3 j)+z2; (kxk)

= (0} 33, (k) 4202, (=) 430 (8)+ 205 (0) # 0z () #2.m () # 2094 (<) £ 2.5, (0)

= (02— 52— (52 =5 x) J+ (33 -y 5k {]}
The expansion of 3 x3 determinant '
ik
¥ | = ez -yl - (egeeli + (et (D)
T ¥z & i
ik
From (1) and (2), we have axb=lx, ¥ I,
oy &

364 Application to Geometry

Theorem: Prove that the magnitude of @ % b
represents the area of a parallelogram with adjacent
sides a and b.

Proof: Let @ and b be two non-zero vectors 1B, ik .
representing the two adjacent sides of the
parallelogram and @ be the angle between themas |

shown in Figure 3.50. We know from geomelry that o W :
Area of parallelogram = base x altitude Figure 3.50
: o = lal 16} sin @ =la = bl

Thus Area of parallelogram = la x bl

l_
|



eorem: Prove that the arca of a triangle by
Pmul" From Figure 3.5]1, we have that :,:'
area of triangle = '% (area of parallclogram). —i-ﬂ
By above theorem Figure 3.51

. 1
' i =—laxbl
Area of parallelogram = la=bl Area of triangle 5 a .

wheére @ and b are vectors along the two adjacent sides of the tiangle,
Example 23: Find the area of the triangle whose vertices arc A(2,2,00,
B(-1,0,2) and C(0.4.3).

Solution: Let AB and AC be the adjacent sides of the parallelogram determined,

so the required area of the triangle is half the area of the parallelogram, that is

Aix AE

1
Area of the triangle = 3

Since AR = (-1,0.2)-(22,0)=(-3-2.2) and
AC = (D43) - (22,00 = (=2.2.3),

i j ok
s0 AB = AC = |-3 -2 2 =-—10i+ 5 -10k
-2 2 3

= [4B % AC|= (-10+ (5+ (-10)° = V225 = 15
Arcaof the tdangle = % ‘AEJ:A_C"} = Iz—j
3.6.5. Scalar triple product of i and k
By applying the definition of cross product to unit vectors
£, j and k, we have
@ il sin0%n =0
Jef= sin0tn =0
o ks k=K sin0®n =0
by =Wl 590k = &
J % k= il Kl sin90% = §
ki = kLWl 5in90% = j

(08 3 40 e

2 )
r e Fopon

Jxi=—(ix )=
kxJj =~ xt)=vy
iPxk =-ﬂ‘><:‘}=-:f

|
A
Thus ; !
':“{=J"Kj=i'xk=ﬂ I
[x'{‘;k’jx#:&h‘f:j i
Jx ‘_-'_k’k'sz-'l';l'k:k:-j
|

For convenience we arrange unit fiLk i
clockwise order as shown in Fi!ugrc 3,53, v';:;:m;h‘;!;f;
product c}-f any wo consecutive vectors is the remaining third . s
vector with a plus sign or a minus sign according as the order
of the product is clockwise of anticlockwise, /
!

366 Antlcommutative .
Theorem:  Ifa, b are vectors, then Figure 3.53
axb=-bxa i ‘
Pr!u'ﬁ [}
;I::;s property has already been proved geometricaly. Analytically we prove it as |
DWS. |
Leta =xi+yj+ 2k b=xi+yj+ sk ' |
i J ki ok

axb=1x, ¥ g|=-lx, y, z,| (byinterchanging the rows of the determinant)
Rt B T4 U )
=-bxa
Thus axbh =-bxa

Ifa=00rb=0orsin@=0, then clearlya x b =0
3.6.7 Distributive Property
Theorem: If a, b and ¢ are vectors, then
(i) fa+bh)xe=axc+bxe (i) ax(bicl=axb+axe
Proof: .
(i) Leta=xi+yj+zkb=xi+pf+sk andec=xi+ 3j+ 3k then
arb=(x, +x,)i+(y, +y ji+(z,+2,)k and so ;
i j k| li 7 K i j &
(a+b)xc={x+x, w+y H+z|=ln » o+ >
z y

Xy « N 43 X3 Ny %5 Xy ¥

Thusfa+b)x c=axc+hb xe
(i}  Proofis similor to (i) above




:c5  Angle between two vectors ;
gff use ut"r::: cross product is to calculate the angle between tWO Ao

(i) Let a and b be the two vectors. Then by definition of cross product
la = Bl = lal 161 singwhere 0 =8<x

L‘I—X—EJ i.e. the sine of the angle between b
lallb]
the two vectors is the modulus of their cross product v
divided by the product of their moduli. m 2
Hence E=Sin-1 |ﬂ = bl ﬁ,g'l-lﬂ: 3-54
Jalfe

Example 24: For the vectorsa = 2i + 5 + 3k b =3+ 3j + 6k and c=2i+7j +k,

find

i) (a-b)x(c-a) :

(ii)  aunit veetor perpendicular to both @ and b

(iii) sin# where & is the angle between a and b.

Solution: (i) a-b =(2%+5+3k)- (3i+3j+0k) =—i + 2f = 3k
c—a =(2i+7j +4k)—(2i+ 5 +3k)= 2+ k

s sinf=

i ik
sla-Byxle-a)={-1 2 -3 (24 6)i= (=1 =0)f +(=2— 0 =8i +j-2k
g 2 .l
(i)  Let & be the required unit vector orthogonal to both a and b, then
:! & axh e
laxbl
§ok

(213+(-3)+(-9) = /531 =359
Putting in (1}, we have
;’ a 2)i-3j-9% - Ti— j=3k

o s s
(i Since la x bl = lal Ibl sin@ where @ is the angle between a, b, we have
< P
sinf = ::::: csinf=-_2__ Wi _ 35 2 V59
Vs Paxss  admm - 6T on

Mathcmaﬂnsaxr '

369 gmmmdfrm
he moment M of a force F aho
; Ut a point P is 4
M= |F| d. where d is the (perpendicular) distance helween::i:::ddtr o
of action L of F as shown in (Figure 3,55) eline -

1f r is the vector from P to any point Q on L, then

d= || sin &
o =Pl = iFling

Since & is the angle betweenrand F,s0 M= rxF
The vector M=r x F s called the moment vector or vector moment of F aboutQ
Example 25: Find the moment about a point A(2,1,1) of the force F=7i + 4j — 3k
applied at (1,-2,3) L

Sn!utian: Ifr is the position vector of the point P of application relative to the
point A about which the moment is calculated, then moment M is given by M=r=F

where r= AP = (2i+j+k) - (i-2j+3k) = (i+3j-2k).  Hence,

Figure 3.55.

i j k
M=rxF =1 3 2| =—[(-9+8)i +(-144+3)j + (4-21)k] =i + 11j + 17k
7 4 -3

I.  Find the following cross products. i

() J=x(2j+38 (i) (2i- 3 xk  (iii) (2i— 3/ +3F) % (61 + 2j-3k)
2. Show in two different ways that the vectors & and b are parallel:

(i) T=—i+2]—3k, D=2i-4j+6k (ii)T=3i+6/-9%k b=i +2J-3k
3. Find a unit vector that is orthogonal to the given two Veclors:

(i) T = i-2J+3k,b=2i+J-k (ii) @ =3i—J + 6k, b= i+4j+k
4 1F7=3i— 6+ 5k b =2i-Jj+akC=i+]-k compue _

@HaExd . (i) b= ({ii) (T+b ) x(T-Db)
5. Use the vector product to compute the area of the triangle with the given

vertices: (i) P: (:2,3).Q: (3.2). R: (-1.-8)

(i) P: (-2, -1.3), Q: (1.2, -1 R: (4.3,-3)

6. A force F= 3i—2Jj+ Sk acts on a patticle at (1, =2. 2). Find the moment or

torque of the force about (i) the origin: (ii) the point (1,2,1).

7. If A+B + C=0, show that AXB=BxC=CxA.




- 8 (i) Find.a unit vector perpendicular t0 bot i =i+ +2k, andb=-21 +J =3k

(ii) Find  vector of magnitude 10 and perpendicular t0
T=20-3+4kb =4i-2)-4k .
9.  Find the area of a parallelogram whose diagonals are:
(i E=4i+] =2k and B=-20+3/+4k
(inE=31+2/-2k and B=i-3/+4k

37  Scalar Triple Product of Vectors
- 371 Leta, b and ¢ be three vectors. The scalar triple product of the vectors a, b

and ¢ is defined by a(bxe¢)orfaxb) ¢ -
The use of parenthesis with @ x b is not important, as the only other alternative
given to the expression @ X b-c, namely a x (b-c) is meaningless. The scalar triple

product a-b x ¢ is usually denoted by [a bel.
372 Expression of Scalar Triple Product in Terms of Components
Let a=xi+yj+z,k, b=xi+y j+2,k and e=xi+yj +z,k be vectors, then

E o ok
bxe =lx, y, 7| = bxes(yrynli-(xzxnli+xy-5nk
O 4
@b x ¢)= x(ysz; = ¥iTs) = Y22+ 1) (GY5%3)s)
N oM g
Gl £ T
x‘! ¥ z;
4 B g
y:t I;
HoM L

Thus a(b x ¢)

"
]

which is called the determinantal form for scalar tiple product of vectors a, b and ¢.
Theorem: Forany vectors a, b and ¢, a-(b x ¢) = bo(c x ) = Sic) &
Proof: Leta=xi+yj+z,k, bz_,‘-:;ﬂ. Jizk i
I k J g ande=x Y42 k, then b F
form for scalar triple product of vectors a, b and : w: h a':e. o

5 % g
#OXY =% e B )

E TR 1

LI SR 1 R A T
similarly bo(e Xa) =x, ¥ z| ==[x, y, gz
xroNn g x‘ ¥
XN g
= blexa)=x, ¥ z (2)
n B L
Ho¥ o5 5 % 4
id ofa Xxb) =% ¥ 4| =% W L
X N &L X ¥ 4
BT ST
= efaxb)=1x ¥ 4 (3) From (1), (2) and (3), we have
X ¥ &

a(bxc)=b(cxa)=c(axbh)
By virtue of above theorem [a b el =[b ¢ al=[cab]
17.3. Sealar triple product of ij and k
Theorem: Let §, f and k be the unit vectors, Prove that
{a) if %k =jkxi=kixj=1and b ikxj =jixk=kjxi==1
Proof: The proof is simple, so it is left for students. ;
3.7.4 Dot and cross are inter-changeable in scalar triple product
Theorem: The positions of dot and cross in the scalar triple product can be
interchanged.
Proof: Let a= x,i+yj+zk, and b=xi+y.j+zk and c=xi+yi+ck be any three
vectors. Then

L
asibxe) = X Vo5 (1)
X ¥y 4
By definition
i jJ ok
exp =N o= (22 X2 Xl Hxyym Ik
b Yy %3

(axble =(y "-—Z;_'i'_ui-"ﬁ}"'f-f:C:‘*Tr"':f."'.f"‘f&)’:‘? iz (2)

e 4




Z
EA R o N N 5 z'
=|x »n &=1% hob :'rl % ;
x % 4 e ¥ & R
: x b)e P
Sty ﬁmﬁ};‘ ::;.Em :-ffi:.t ﬂ;: Tmsl';n the scalar triple product can be
This shows that the
interchanged. " .
375 'Iht\"nhmennhthullt_hplpd
Let u:l:::'nnsidzr the parallelepiped with @, b an:]r: D ?/r ,.-—"'F
as co-terminal edges are shown in (Figure 3.56). i

Thena=04, b= OR, ¢ =0C

Leta x b = d. Then by definition of cross product
d is perpendicular to the plane conteining @ and b g
and geometrically represents the area of the o =
parallelogram OQAFB  given by laxbl. The Figure 3.56
parallelogram s regarded as base for the i
parallelepiped. If 8 is the angle between the vectors d and ¢, then | 0D = lef cos @
being the projection of ¢ ond represents the height of the pmﬂeiepipeﬂ. '_I'hen from
elementary geometry, we know that the volume v of the perallelepiped is the area

of the base multiplied by height.

|

Henee volume of parallelepiped = (Area of parallelogram) (Height)
= v = lax bllel cosé
= Vv = faxhb)c

The scalar triple product will be positive if & is acute and ¢ lies on the same side

of the plane which contains a and b.

As b x ¢l represents the area of the other side OCGB of parallelepiped, hence
v=afbhxc)

Therefore v=a(bxc)=(axb)e

This shows that a-(F = ) or (@ % b)c i ; : 2

N m—-wr{miunlJndgLs. '} is the volume of the parallelepiped with a, &,

375 () Volume of Tetrahedron- A tetrahedron is determined by three edge
vectors a, b, ¢ as shown in (Figure 3.57).

The volume of a tetrahedron with i oy ‘

given by b, by € asits co-terminal edges is

1-'=é [abe] = é {a-(bxe))

37.6 Properties of Scalar Triple Product '
(i)  ab x c being the volume of a parallelepiped with g, b, ¢ as co-terminal
edges, hence the evaluation of the determinant
"
%, ¥ I.| givesthe volume of the parallelepiped as discussed earlier,

P ke i

0N Iy

(iiy  If two of the three vectors are equal, then the value of the scalar triple '
product is zero because for any two identical rows, the determinant |
yanishes. it
(iiiy [ b ¢]=0if and only if the three vectors a, b, ¢ are coplanar.’ '
Example 26: Find the volume of the parallelepiped determined by : 1

a=2i+3k b=6G-2k oandce=-3i+3f |
Solution: Let v be the volume of the given parallelepiped.

2 0D 3
Then V=ghxe =0 6 =2 =2(04+6)-00=6)+3(0+ 18)
-3 3 0

=12-0+34=66
Example 27: Find the volume of tetrahedron with a, b, ¢ as adjacent edges where
a=i+2k b=4i+6 +2k and e¢=3i + 3 -6k
Solution: Let V be the volume of tetrahedron.

I B

= ]E [(=36-6)-0(-24-6)+2(12-18)]

w oh =2

(42-12) = == =9

lﬁ ("Did You Know ﬂ)

We ignore the minus sign, because volume is always Two or more vectors &
non-negative, imd ml‘;s:mphmzllf they
E : Show s A(4,-2.1).B(5,1,6), T DG e P

xample 29: Show that the points A(4, 1.B{ i, Sl

C(2, 2, -5), D(3, 5, 0) are coplanar. ik -
S Non=coplanar vectors hie
Let @ = 75 = (5—4)i+{]1+2)j+(6-1k=i+3j+5k inthree-dimensional space.
b= BC = (2-5)i+(2-1)j+(-5-6k==3i+j-11k
¢ = CD = (3-2)i+(5-2)j+(0+5)k=i+3j+5k
The four points are coplanar if the vectors AB . BC, CD are coplanar. We have




1 3 5
[abe)=(-3 1 =11 =

1 3 5
Hence the four points are

1(5433)-3(-15+] {-5(-9-1) = 38+12-5=0

ik E:-f+2?+i:und$=3f+]+2£

2 Find the volume of the parallelepiped whusn";dges are represented by
d=d+-k p=2i-3f+k, €= i-3f-

=i+ +k c:l—jd-‘ﬂi'
3. Forthevestors a=3i+2k b= f:b 'hutarbxcn—(:Xﬁ-a

verify that a-bxec=b.-cxa=c-ax g ¢
4. veﬂrf};thai'th;u-iplnpmducmf i-f, j-k nnd. k-1 is zero,
5 Leta = a i+ af + ak and b = bji + byj+ bk Find axb and prove that

() axb is orthogonal to both a and b (use dot product) (ii) Find (ax b)’
-
(iii) Find (a8)’, Jaf’, Jo
{iv) Show that |a xbf' = (a-a) (b:b)=(a- by’
6. Do the points (4-2.1), (5, 1,6), (2, 2,-5) and (3, 5, 0) liein a plane?
For what values of ¢ the following vectors are coplanar?
(i) w=i+2i+3%k v=2-3f+dk, w=3+j+ck
(i) u=i+j=-£k v=i-2+k w=ci+j-ck
(iii) w =1+ + 2k, v=2+3+k w=ci+2f+06k
8. Find the volume of tetrahedron with the following
(i) Vectors as coterminous edges a=i +2f +3k, b = 4 +57 + 6k, c=7j+8k
(ii) Points A(231), B(-1-2,0), C(0,2-5), D(0, 1-2) as vertices.
9. (i) Write the value of (Ex f). E + 1] (ii) Write the value of (& x J). 1 + J.k

REVIEW EXERCISE 3 T

'1. Choose the correct option,
() The value of i+(JxF) +fi(ix Ey+k-{ixd)

1. Find E(Eua‘}, ifi=21++

]

g L S © 1 (@) 3

(i)  The vector 3 + 5] + 2k, 27— 3] - 5% po o an 1
a triangle which is and 57 4 2." 3k form the sides of
(a) Equilateral

(b}isosceles, but not right-angled

(c) Right-angled, but not isosceles (d) ﬂght-sngled and isosceles

(vil)

(viii)

The two vectors T=27T+ 7+ 3%, 5 =41~ AT+6F are parallel if A=
_r;n] _? - (b) -3 (c)3 {d) -2

If [a 45| =|@~B| , then

(2) @is paralleltod (BYFLE

() [@]=[B]  (d) None of these
The projection of the vector 27 +37-2F on the vector T+27+3F is
= (B) —
i iz
Find non-zero scalms &, fforwhich a(@+2b ) - fa+(4F-3) =0for
all vectors @ andb .

3
r“:ﬁ; {d) None of these

(a) ¢=-2,0=-3 (b) =2, f=-3°
fe) =1, f=-3 (d) g==2, =3

If a, b, ¢ are position vectors of the vertices of a A ABC, then
AB+BC+CA= ‘
(@) 0 (b} 2a {c)2b (d) 3¢ -

If @ be the angle between any two vector @ and b, then|a 5=|ax B,
when & is equal to
(2) @ OF S {c}% (dym

Find dand g if (T+37+9% ) x{f— Aj+ ,uﬂ =0.

If §=97 -7 +k andb =27 -27 -k , then find a unit vector parallel to the
vector T+5.

If F=xi+yj+zk, find(Fxi).(Fxj)+a.

If =77+]-4k and b =2+6j+3K, then find the projection of @ on b.
Find 4, if the vectors d={+3]j+k, b=2-]-kand F=A4j+3k are

coplanar, " 2 ) . .
Vector & and b are such that |&| =3, 5| = = and (axﬁ] is a unit

vector. Write the angle between @ and b.
Find the area of a triangle whose vertices are (0.0,2), (~1,3,2), (1,0.4).

Find the area of the parallelogram with vertices A(1,2,-3), B(3.8,1),
C (4,-2,2),D(0,-8,-2).

Prove that in any triangle ABC

(iya? = b* + ¢*—2bc cos A (Cosine Law)

(iiya = b cosC + ¢ cosB (Projection Law)




